The Journal of Machine Learning Research
Print-Archive Edition
Volume 18 (papers from 2017)
Issues 1–73

Microtome Publishing
Brookline, Massachusetts
www.mtome.com

The Journal of Machine Learning Research
Print-Archive Edition
Volume 18 (papers from 2017)
Issues 1–73
The Journal of Machine Learning Research (JMLR) is an open
access journal. All articles published in JMLR are freely available
via electronic distribution. This Print-Archive Edition is published
annually as a means of archiving the contents of the journal in
perpetuity. The contents of this edition are articles published
electronically in JMLR in 2017.
JMLR is abstracted in ACM Computing Reviews, INSPEC, and
Psychological Abstracts/PsycINFO.
JMLR is a publication of Journal of Machine Learning Research,
Inc. For further information regarding JMLR, including open
access to articles, visit http://www.jmlr.org/.
JMLR Print-Archive Edition is a publication of Microtome
Publishing under agreement with Journal of Machine Learning
Research, Inc. For further information regarding the Print-Archive
Edition, including subscription and distribution information and
background on open-access print archiving, visit Microtome
Publishing at http://www.mtome.com/.
Collection copyright © 2017 The Journal of Machine Learning
Research, Inc. and Microtome Publishing.
Individual articles copyright © 2017 by their respective authors
and distributed under a Creative Commons Attribution 4.0
International License.
ISSN 1532-4435 (print)
ISSN 1533-7928 (online)

JMLR Editorial Board
Editor-in-Chief
Bernhard Schölkopf, MPI for Intelligent Systems, Germany
Editor-in-Chief
Kevin Murphy, Google Research, USA
Managing Editor
Aron Culotta, Illinois Institute of Technology, USA
Production Editor
Charles Sutton, University of Edinburgh, UK
JMLR Web Master
Chiyuan Zhang, Massachusetts Institute of Technology, USA
JMLR Action Editors
Ryan Adams, Princeton University, USA. Shivani Agarwal, University of Pennsylvania, USA. Edoardo M. Airoldi, Harvard University, USA. Anima Anandkumar,
California Institute of Technology, USA. Peter Auer, University of Leoben, Austria.
David Barber, University College London, UK. Samy Bengio, Google Research, USA.
Yoshua Bengio, Université de Montréal, Canada. Jeff Bilmes, University of Washington, USA. Karsten Borgwardt, ETH Zurich, Switzerland. Léon Bottou, Facebook
AI Research. François Caron, University of Oxford, United Kingdom. Miguel A.
Carreira-Perpinan, University of California, Merced, USA. Alexander Clark, King’s
College London, UK. Corinna Cortes, Google Research, USA. Koby Crammer,
Technion, Israel. Sanjoy Dasgupta, University of California, San Diego, USA. Inderjit S. Dhillon, University of Texas, Austin, USA. Jennifer Dy, Northeastern University,
USA. Gal Elidan, Hebrew University, Israel. Charles Elkan, University of California
at San Diego, USA. Barbara Engelhardt, Princeton University, USA. Rob Fergus,
New York University, USA. Kenji Fukumizu, The Institute of Statistical Mathematics,
Japan Amir Globerson, Tel Aviv University, Israel Moises Goldszmidt, Microsoft
Research, USA. Russ Greiner, University of Alberta, Canada. Arthur Gretton, University College London, UK. Maya Gupta, Google Research, USA. Isabelle Guyon,
ClopiNet, USA. Moritz Hardt, Google Research, USA. Thomas Hofmann, ETH
Zurich, Switzerland Bert Huang, Virginia Tech, USA. Aapo Hyvärinen, University of
Helsinki, Finland Alex Ihler, University of California, Irvine, USA. Tommi Jaakkola,
Massachusetts Institute of Technology, USA. Samuel Kaski, Aalto University, Finland Sathiya Keerthi, Microsoft Research, USA. Emtiyaz Khan, RIKEN Center for
Advanced Intelligence, Japan George Konidaris, Duke University, USA. Andreas
Krause, ETH Zurich, Switzerland Sanjiv Kumar, Google Research, USA. Christoph
Lampert, Institute of Science and Technology, Austria Daniel Lee, University of Pennsylvania, USA. Qiang Liu, Dartmouth College, USA. Gábor Lugosi, Pompeu Fabra
University, Spain Michael Mahoney, University of California at Berkeley, USA. Shie
Mannor, Technion, Israel Jon McAuliffe, University of California at Berkeley, USA.
Robert E. McCulloch, University of Chicago, USA. Chris Meek, Microsoft Research,
USA. Qiaozhu Mei, University of Michigan, USA. Vahab Mirrokni, Google Research, USA. Mehryar Mohri, New York University, USA. Joris Mooij, University of
Amsterdam, Netherlands Boaz Nadler, Weizmann Institute of Science, Israel. Long
Nguyen, University of Michigan, USA. Sebastian Nowozin, Microsoft Research, Cambridge, UK Una-May O’Reilly, Massachusetts Institute of Technology, USA. Manfred

Opper, Technical University of Berlin, Germany Laurent Orseau, Google Deepmind,
USA. Luis Ortiz, University of Michigan - Dearborn, USA. Jie Peng, University of
California, Davis, USA. Jan Peters, Technische Universitaet Darmstadt, Germany Avi
Pfeffer, Charles River Analytics, USA. Joelle Pineau, McGill University, Canada.
Massimiliano Pontil, Istituto Italiano di Tecnologia (Italy), University College London
(UK) Luc de Raedt, Katholieke Universiteit Leuven, Belgium Alexander Rakhlin,
University of Pennsylvania, USA. Ben Recht, University of California, Berkeley, USA.
Lorenzo Rosasco, Massachusetts Institute of Technology, USA. Saharon Rosset, Tel
Aviv University, Israel Ruslan Salakhutdinov, University of Toronto, Canada. Sujay Sanghavi, University of Texas, Austin, USA. Mark Schmidt, University of British
Columbia, Canada. Marc Schoenauer, INRIA Saclay, France John Shawe-Taylor,
University College London, UK Xiaotong Shen, University of Minnesota, USA. David
Sontag, New York University, USA. Peter Spirtes, Carnegie Mellon University, USA.
Nathan Srebro, Toyota Technical Institute at Chicago, USA. Ingo Steinwart, University of Stuttgart, Germany Amos Storkey, University of Edinburgh, UK Csaba
Szepesvari, University of Alberta, Canada. Olivier Teytaud, INRIA Saclay, France
Ivan Titov, University of Amsterdam, Netherlands Ryan Tibshirani, Carnegie Mellon
University Ryota Tomioka, Microsoft Research Cambridge, UK Koji Tsuda, National
Institute of Advanced Industrial Science and Technology, Japan Zhuowen Tu, University of California at San Diego, USA. Nicolas Vayatis, ENS Cachan, France S V N
Vishwanathan, Purdue University, USA. Manfred Warmuth, University of California at Santa Cruz, USA. Kilian Weinberger, Cornell University, USA. David Wipf,
Microsoft Research Asia, China Daniela Witten, University of Washington. Stefan
Wrobel, Fraunhofer IAIS and University of Bonn, Germany Eric Xing, Carnegie Mellon
University, USA. Tong Zhang, Baidu Inc, China Zhihua Zhang, Peking University,
China Hui Zou, University of Minnesota, USA.
JMLR MLOSS Editors
Alexandre Gramfort, INRIA, Université Paris-Saclay, France Antti Honkela, University of Helsinki, Finland Balázs Kégl, CNRS / Université Paris-Saclay, France Cheng
Soon Ong, Australian National University, Australia
JMLR Editorial Board
Naoki Abe, IBM TJ Watson Research Center, USA Yasemin Altun, Google Inc,
Switzerland Jean-Yves Audibert, CERTIS, France Jonathan Baxter, Australia
National University, Australia Richard K. Belew, University of California at San
Diego, USA Kristin Bennett, Rensselaer Polytechnic Institute, USA Christopher
M. Bishop, Microsoft Research, Cambridge, UK Lashon Booker, The Mitre Corporation, USA Henrik Boström, Stockholm University/KTH, Sweden Craig Boutilier,
Google Research, USA John Patrick Cunningham, Columbia University, USA Nello
Cristianini, University of Bristol, UK Peter Dayan, University College, London, UK
Dennis DeCoste, eBay Research, USA Thomas Dietterich, Oregon State University,
USA Saso Dzeroski, Jozef Stefan Institute, Slovenia Ran El-Yaniv, Technion, Israel
Peter Flach, Bristol University, UK Dan Geiger, Technion, Israel Claudio Gentile,
Università degli Studi dell’Insubria, Italy Sally Goldman, Google Research, USA Thore
Graepel, Google DeepMind and University College London, UK Tom Griffiths, University of California at Berkeley, USA Carlos Guestrin, University of Washington, USA
Stefan Harmeling, University of Düsseldorf, Germany David Heckerman, Microsoft
Research, USA Katherine Heller, Duke University, USA Philipp Hennig, MPI for Intelligent Systems, Germany Larry Hunter, University of Colorado, USA Jens Kober,
Delft University of Technology, Netherlands Risi Kondor, University of Chicago, USA
Aryeh Kontorovich, Ben-Gurion University of the Negev, Israel Samory Kpotufe,

Princeton University, USA John Lafferty, University of Chicago, USA Erik LearnedMiller, University of Massachusetts, Amherst, USA Fei Fei Li, Stanford University,
USA Yi Lin, University of Wisconsin, USA Wei-Yin Loh, University of Wisconsin,
USA Richard Maclin, University of Minnesota, USA Sridhar Mahadevan, University of Massachusetts, Amherst, USA Vikash Mansingkha, Massachusetts Institute of
Technology, USA Yishay Mansour, Tel-Aviv University, Israel Jon McAuliffe, University of California, Berkeley, USA Andrew McCallum, University of Massachusetts,
Amherst, USA Raymond J. Mooney, University of Texas, Austin, USA KlausRobert Muller, Technical University of Berlin, Germany Kevin Murphy, Google,
USA Guillaume Obozinski, Ecole des Ponts - ParisTech, France Pascal Poupart,
University of Waterloo, Canada Konrad Rieck, University of Göttingen, Germany Cynthia Rudin, Massachusetts Institute of Technology, USA Suchi Saria, Johns Hopkins
University, USA Robert Schapire, Princeton University, USA Fei Sha, University of
Southern California, USA Shai Shalev-Shwartz, Hebrew University of Jerusalem, Israel
Padhraic Smyth, University of California, Irvine, USA Bharath Sriperumbudur,
Pennsylvania State University, USA Alexander Statnikov, New York University, USA
Jean-Philippe Vert, Mines ParisTech, France Martin J. Wainwright, University of
California at Berkeley, USA Chris Watkins, Royal Holloway, University of London, UK
Max Welling, University of Amsterdam, Netherlands Chris Williams, University of
Edinburgh, UK Alice Zheng, GraphLab, USA
JMLR Advisory Board
Shun-Ichi Amari, RIKEN Brain Science Institute, Japan Andrew Barto, University of Massachusetts at Amherst, USA Thomas Dietterich, Oregon State University,
USA Jerome Friedman, Stanford University, USA Stuart Geman, Brown University,
USA Geoffrey Hinton, University of Toronto, Canada Michael Jordan, University
of California at Berkeley at USA Leslie Pack Kaelbling, Massachusetts Institute of
Technology, USA Michael Kearns, University of Pennsylvania, USA Steven Minton,
InferLink, USA Tom Mitchell, Carnegie Mellon University, USA Stephen Muggleton,
Imperial College London, UK Kevin Murphy, Google, USA Nils Nilsson, Stanford
University, USA Tomaso Poggio, Massachusetts Institute of Technology, USA Ross
Quinlan, Rulequest Research Pty Ltd, Australia Stuart Russell, University of California at Berkeley, USA Lawrence Saul, University of California at San Diego, USA
Terrence Sejnowski, Salk Institute for Biological Studies, USA Richard Sutton, University of Alberta, Canada Leslie Valiant, Harvard University, USA

Journal of Machine Learning Research
Volume 18 (papers from 2017)
Volume year 2018

Part A
18(1):1–29

Averaged Collapsed Variational Bayes Inference
Katsuhiko Ishiguro, Issei Sato, Naonori Ueda

18(2):1–45

Scalable Influence Maximization for Multiple Products in ContinuousTime Diffusion Networks
Nan Du, Yingyu Liang, Maria-Florina Balcan, Manuel Gomez-Rodriguez,
Hongyuan Zha, Le Song

18(3):1–35

Local algorithms for interactive clustering
Pranjal Awasthi, Maria Florina Balcan, Konstantin Voevodski

18(4):1–5

SnapVX: A Network-Based Convex Optimization Solver
David Hallac, Christopher Wong, Steven Diamond, Abhijit Sharang,
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Alexandre Bouchard-Côté, Arnaud Doucet, Andrew Roth

18(29):1–53

Certifiably Optimal Low Rank Factor Analysis
Dimitris Bertsimas, Martin S. Copenhaver, Rahul Mazumder

18(30):1–52

Group Sparse Optimization via lp,q Regularization
Yaohua Hu, Chong Li, Kaiwen Meng, Jing Qin, Xiaoqi Yang

18(31):1–32

Preference-based Teaching
Ziyuan Gao, Christoph Ries, Hans U. Simon, Sandra Zilles

18(32):1–40

Nonparametric Risk Bounds for Time-Series Forecasting
Daniel J. McDonald, Cosma Rohilla Shalizi, Mark Schervish

18(33):1–39

Online Bayesian Passive-Aggressive Learning
Tianlin Shi, Jun Zhu

18(34):1–41

Asymptotic Analysis of Objectives Based on Fisher Information
in Active Learning
Jamshid Sourati, Murat Akcakaya, Todd K. Leen, Deniz Erdogmus,
Jennifer G. Dy

18(35):1–39

A Spectral Algorithm for Inference in Hidden semi-Markov Models
Igor Melnyk, Arindam Banerjee

18(36):1–30

Simplifying Probabilistic Expressions in Causal Inference
Santtu Tikka, Juha Karvanen

18(37):1–22

Nearly optimal classification for semimetrics
Lee-Ad Gottlieb, Aryeh Kontorovich, Pinhas Nisnevitch

18(38):1–39

Bridging Supervised Learning and Test-Based Co-optimization
Elena Popovici

18(39):1–5

GFA: Exploratory Analysis of Multiple Data Sources with Group
Factor Analysis
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Bayesian probabilistic models are powerful because they are capable of expressing complex structures underlying data using various latent variables by formulating the inherent uncertainty of the
data generation and collection process as stochastic perturbations. To fully utilize such Bayesian
probabilistic models, we rely on Bayesian inferences that compute the posterior distributions of the
model given the data. Bayesian inferences infer the shapes of the posterior distribution, in contrast
to the point estimate inferences such as Maximum Likelihood (ML) inferences and Maximum a Posterior (MAP) inference that approximate a complicated parameter distribution by a single parameter
(set).
Two Bayesian inference algorithms are frequently used for Bayesian probabilistic models: the
Gibbs sampler and variational Bayes (cf. Bishop, 2006; Murphy, 2012). The former guarantees
asymptotic convergence to the true posteriors of random variables given infinitely many stochastic

1. Introduction

This paper presents the Averaged CVB (ACVB) inference and offers convergence-guaranteed and
practically useful fast Collapsed Variational Bayes (CVB) inferences. CVB inferences yield more
precise inferences of Bayesian probabilistic models than Variational Bayes (VB) inferences. However, their convergence aspect is fairly unknown and has not been scrutinized. To make CVB more
useful, we study their convergence behaviors in a empirical and practical approach. We develop
a convergence-guaranteed algorithm for any CVB-based inference called ACVB, which enables
automatic convergence detection and frees non-expert practitioners from the difficult and costly
manual monitoring of inference processes. In experiments, ACVB inferences are comparable to
or better than those of existing inference methods and deterministic, fast, and provide easier convergence detection. These features are especially convenient for practitioners who want precise
Bayesian inference with assured convergence.
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samples. Variational Bayes (VB) solutions (cf. Attias, 2000; Blei et al., 2016) often enjoy faster
convergence with deterministic iterative computations and massively parallel computation thanks
to the factorization. The VB approaches also allow easy and automatic detection of convergence.
However, VB yields only local optimal solutions due to its use of approximated posteriors.
We can improve these inference methods by developing collapsed estimators, which integrate
some parameters out from inferences. Collapsed Gibbs samplers are one of the best inference solutions since they achieve faster convergence and better estimation than the original Gibbs samplers.
Recently, collapsed variational Bayes (CVB) solutions have been intensively studied, especially for
topic models such as latent Dirichlet allocation (LDA) (Teh et al., 2007; Asuncion et al., 2009; Sato
and Nakagawa, 2012) and HDP-LDA (Sato et al., 2012). The seminal paper by Teh and others
examined a 2nd-order Taylor approximation of variational expectation (Teh et al., 2007). A simpler
0th-order approximated CVB (CVB0) solution has also been developed as an optimal solution in
the sense of minimized α-divergence (Sato and Nakagawa, 2012). These papers report that CVB
and CVB0 yield better inference results than VB solutions and even slightly better than exact collapsed Gibbs in data modeling (Kurihara et al., 2007; Teh et al., 2007; Asuncion et al., 2009), link
prediction, and neighborhood search (Sato et al., 2012).
In this paper, we are interested in the convergence issue of CVB inferences. The convergence
behavior of CVB inferences remains difficult to analyze theoretically, but basically there is no guarantee of convergence for general CVB inferences. Interestingly, this problem has not discussed in
the literature with one exception (Foulds et al., 2013), where the authors studied the convergence of
CVB on LDA. Unfortunately, their proposal is an online stochastic approximation of MAP which
is only valid for LDA. The convergence issue of CVB inference is, however, a more general and
problematic issue for practitioners who are unfamiliar with, but still want to tackle state-of-the-art
machine learning techniques to various models, not limited to LDA. Since there is no theoretically
sound way of determining and detecting convergence of CVB inferences, users must manually determine the convergence of the CVB inferences: a daunting task for non-experts. In that sense,
CVB is less attractive than naive VB and EM algorithms, whose convergences are guaranteed and
easy to detect automatically. These reasons motivate us to study the convergence behaviors of CVB
inferences. Even though the problem remains difficult in theory, we take an empirical and a practical approach to it. We first monitor the naive variational lower bound and the pseudo leave-one-out
(LOO) training log likelihood, and then empirically show that the latter may serve as convergence
metrics. Next, we develop a simple and effective technique that assures CVB convergence for
general Bayesian probabilistic models. Our proposed annealing technique, called Averaged CVB
(ACVB), guarantees CVB convergence and allows automatic convergence detection. ACVB has
two advantages. First, ACVB posterior updates offer assured convergence due to a simple annealing mechanism. Second, fixed points of the CVB algorithm are equivalent to the converged solution
of ACVB, if the original CVB algorithm has fixed points. Our formulation is applicable to any
model and is equally valid for CVB as well as CVB0. A convergence-guaranteed ACVB will be
the preferred choice for practitioners who want to apply state-of-the-art inference to their problems.
In Table 1, we summarize the existing CVB works and this paper, based on applied models and the
convergence issue.
We validate our proposed idea on two popular Bayesian probabilistic models. As a simpler
model family, we choose LDA (Blei et al., 2003), which is a finite mixture model for a typical Bagof-Words document data where an observation is governed by a single latent variable. As a more
complex model family, we choose the Infinite Relational Model (IRM, Kemp et al., 2006), which
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HDP
HDP
HDP
HMM
PCFG

DPM

LDA

LDA

Applied model
LDA
LDA

X

-

-

partially

-

Convergence
-

First attempt at IRM
Convergence assurance for any models

First attempt at HDP
Approx. solution
Stochastic approx.
First attempt at HMM
First attempt at PCFG

Stochastic approx. MAP rather than
CVB0, only valid for LDA
First attempt at DPM

Optimality analysis by α-divergence

Averaged CVB

Paper
Teh et al. (2007)
Asuncion et al.
(2009)
Sato and Nakagawa
(2012)
Foulds et al. (2013)

IRM
LDA, IRM

Comments
The seminal paper
Introduces CVB0

Kurihara et al.
(2007)
Teh et al. (2008)
Sato et al. (2012)
Bleier (2013)
Wan (2013)
Wang and Blunsom
(2013)
Konishi et al. (2014)
This paper

Table 1: CVB-related studies summary: in terms of applied models and convergence
is an infinite mixture model for a relational (network) data where an observation link is governed by
two latent variables.
In experiments using several real-world relational datasets, we observe that the Averaged CVB0
(ACVB0) inferences offer good data modeling performances, outperform naive VB inferences in
many cases, and often show significantly better performances than the 2nd-order CVB and its averaged version. We also observe that ACVB0 typically converges quickly in terms of CPU time,
compared to the 2nd-order CVBs and ACVBs. The ACVB0 achieves competitive results with the
0-th order CVB0 inference, which is known to be one of the best Bayesian inference methods. In
addition, the ACVB0 guarantees the convergence of the algorithm while the CVB0 does not. Based
on these findings, we conclude that ACVB0 inference is convenient and appealing for practitioners
because it shows good modeling performance, assures automatic convergence and has relatively fast
computation.
The contributions of this paper are summarized as follows:
1. We empirically study the convergence behaviors of CVB inferences and propose a simple but
effective annealing technique called Averaged Collapsed Variational Bayes (ACVB) inference
that assures the convergence of CVB inferences for all models.
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2. We confirm that CVB0 with the above averaging technique (ACVB0) inference offers competitive modeling performances compared to the CVB0 inference, which is one of the best
Bayesian inference solutions. We report that the ACVB0 and CVB0 solutions i) outperform
naive VBs in most cases, ii) are often significantly better than the 2nd-order counterparts, and
iii) are in general computationally faster than the 2nd-order ACVB and CVB solutions.
3
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The rest of this paper is organized as follows. In the 2nd section, we first introduce Bayesian
probabilistic models used in experimental validation. Then we briefly review the variational Bayes
and the collapsed variational Bayes inferences. Then we present the convergence issue of the CVB
inferences using two sections. In section 3, we first empirically show that we can monitor the convergence of the CVB inference by a handy measurement: the pseudo leave-one-out log-likelihood.
In section 4, we propose a simple but effective variant of the CVB, the averaged collapsed variational
Bayes (ACVB) inference that ensure the convergence of the inference process. The 5th section is
devoted to experimental evaluations, and the final section concludes the paper.

2. Background
2.1 Generative Models

In experimental validations, we chose two types of different Bayesian probabilistic models. In this
section we first briefly explain them.
2.1.1 LDA

Latent Dirichlet allocation(LDA) (Blei et al., 2003) is a popular Bayesian probabilistic model for
topic modeling of Bag-of-Words (BoW) style document data collections. In this paper, we employ
LDA as a representative of a model family where an observed word (sample) is governed by a single
latent variable.

(4)

(3)

(2)

(1)

Assume the observed BoW data collection consists of D documents, where each d(∈ {1, 2, . . . , D})th document has Nd tokens. A token may choose a value (word) from the set of unique words whose
cardinality is V. Then a probabilistic generative process of LDA is written as follows:

βk | β0 ∼ Dirichlet (β0 ) ,

θd | α ∼ Dirichlet (α) ,

zd,i | θd ∼ Discrete (θd ) ,


xd,i | βk , zd,i ∼ Discrete βzd,i .

Topic models including LDA are characterized by the notion of topics. A topic is represented
as a V-dimensional vector whose v-th attribute indicates the mixing ratio of a v-th word, βk , in
Equation (1). We assume the number of topics is given as a hyperparameter, and denote the number
of topics by K and thus k ∈ {1, 2, . . . , K}. A document is formulated as a mixture of topics. The
mixing proportion of the K topics for d ∈ {1, 2, . . . , D}th document is θd , in Equation (2).
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zd,i in Equation (3) denotes a topic assignment of the dth document’s ith observed word. Because θ is a K-dimensional vector, zd,i = k ∈ {1, 2, . . . , K}. Throughout our paper, we interchangeably choose the 1-of-K representation of Z, where zd,i = k is equivalently represented by
zd,i,k = 1, zd,i,l,k = 0. We generate the observed i-th observation (token) of the d-th document from
a V-dimensional Discrete distribution, as in Equation (4). xd,i = v means the i-th token is the v-th
symbol (word) out of V vocabularies.

4

z1,i |α1 ∼ CRP (α1 ) ,

z2, j |α2 ∼ CRP (α2 ) ,


xi, j |Z 1 , Z 2 , {θ} ∼ Bernoulli θz1,i ,z2, j .

(6)





l=3

(b)

2nd domain object j (sorted)
l=2
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where Z denotes all of the hidden variables (assume Z = {Z 1 , Z 2 } for the IRM case), Φ denotes all
of the associated parameters (e.g., αd and βk in LDA, θk,l in IRM), X denotes all of the observations,
and q(·)s are variational posteriors that approximate the true posteriors. The form of the variational
posteriors are chosen to make the inference algorithm efficient. For example, all variational posteriors are assumed to be independent from each other when the mean-field approximation is employed.
The lower bound is derived from the following re-formulation of the marginal log likelihood (model
evidence) p (X) by Jensen’s inequality (Bishop, 2006; Murphy, 2012):
Z
log p (X) = log p (X, Z, Φ) dZdΦ
Z
p (X, Z, Φ)
= log q (Z, Φ)
dZdΦ
q (Z, Φ)
Z
p (X, Z, Φ)
≥
q (Z, Φ) log
dZdΦ = L .
q (Z, Φ)

It is beneficial to quickly derive a VB solution for comparison with a collapsed VB inference. For
the VB inference of LDA and IRM, we maximize the VB lower bound, which is defined as:
Z
p (X, Z, Φ)
L =
q (Z, Φ) log
dZdΦ ,
(12)
q (Z, φ)

2.2 Variational Bayes (VB) Inference

unlike the multi-domain IRM. Even though we focus on the multi-domain IRM, all discussions are
also valid for a single-domain IRM.
Lastly, we assume two-place relations throughout this paper, but extension that covers higherorder relations is straightforward.

Thus maximizing the lower bound by identifying good variational posteriors q is reasonable in the
sense that it is an approximation of the marginal log likelihood. Maximizing the VB lower bound

(11)

(10)

k=3

k=2

k=1

l=1

The generative model clearly shows the difference of a multi-domain IRM (Eqs. (5-8)) and a singledomain IRM (Eqs. (9-11)). In the latter, there are only N objects in domain D, and they serve as
either from-nodes or to-nodes in the network. Object indices i and j point to the same domain. On
the other hand, a multi-domain IRM distinguishes the first domain object i from the second domain
object j.
Konishi et al. (2014) first introduced CVB algorithms for the single-domain IRM. However, it
is not applicable when the number of from-nodes and to-nodes are different. Further, its use is inappropriate if the relations are directional. Thus, the single-domain model has limited applicability,

xi, j |Z, {θ} ∼ Bernoulli θzi ,z j .

zi |α ∼ CRP (α) ,

In Equation (5), θk,l is the strength of the relation between cluster k in the first domain and cluster
l in the second domain. z1,i in Equation (6) and z2, j in Equation (7) denote cluster assignments in
the first and the second domains, respectively. Each domain has its own CRP prior, therefore two
domains may have different numbers of clusters. We generate observed relational data xi, j following
N1
2
Equation (8), conditioned by cluster assignments Z 1 = {z1,i }i=1
, Z 2 = {z2, j }Nj=1
and strengths θ. A
typical example of IRM is shown in Figure 1. The IRM infers the appropriate cluster assignment of
objects Z 1 = {z1,i } and Z 2 = {z2, j }, given observation relation matrix X = {xi, j }. We can interpret
the clustering as the permutation of object indices to discover the “block” structure (Figure 1 (b)).
As a special case, we can build an IRM for a binary two-place relation between the same domain
objects D × D → {0, 1}. The probabilistic generative model of the single-domain IRM is described
as follows:

θk,l |ak,l , bk,l ∼ Beta ak,l , bk,l ,
(9)

(8)

(a)

2nd domain object j
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Figure 1: Example of Infinite Relational Models (IRM): (a) input observation X. (b) a visualization
of inferred clusters Z.

1st domain object i

(7)

As a slightly complex model family, we also employ the Infinite Relational Model (Kemp et al.,
2006), which is an infinite mixture model for a relational (network) data where an observation link
is governed by two latent variables: the cluster assignments of the from-node and the to-node.
IRM is an application of the Dirichlet Process Mixture (DPM) (Sethuraman, 1994; Ferguson,
1973; Blackwell and MacQueen, 1973) for relational data. First, assume a binary two-place relation
on the two sets (domains) of objects, namely, D1 × D2 → {0, 1}, where D1 = {1, . . . , i, . . . , N1 } and
D2 = {1, . . . , j, . . . , N2 }. IRM divides the set of objects into multiple clusters based on the observed
relational data matrix of X = {xi, j ∈ {0, 1}}. Data entry xi, j ∈ {0, 1} denotes the existence of a
relation between a row (the first domain) object i ∈ {1, 2, . . . , N1 } and a column (the second domain)
object j ∈ {1, 2, . . . , N2 }. In an online purchase record case, the first domain corresponds to a user
list, and object i denotes specific user i. The second domain corresponds to a product item list, and
object j denotes specific item j. Data entry xi, j represents the relation between user i and item j: the
purchase record.
For such data, we define an IRM as follows:

θk,l |ak,l , bk,l ∼ Beta ak,l , bk,l ,
(5)

2.1.2 IRM

Averaged CVB

1st domain object i (sorted)
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p (Z, Φ | X)
dZdΦ = L + KL q | p∗ .
q (Z, Φ)

(17)

(16)

Averaged CVB

q (Z, Φ) log

1 00
f (E[x]) V[x] .
2

8

(18)
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It is theoretically guaranteed that each iteration of VB monotonically increases the variational lower
bound (Equation (12)) (Attias, 2000; Bishop, 2006). This means VB inference monotonically improves the approximated posterior, and eventually converges to its local optimal solutions. Thus, VB
inference yields easy detection of convergence by monitoring the lower bound, and the algorithm
automatically halts when it reaches a local optimal point.

3.1 Our Interest: No Assurance for CVB Convergence

3. Convergence Issue of CVB

Obviously, the CVB0 solution is simpler than that of the 2nd-order approximation. However it is
often superior to the 2nd-order CVB in terms of the perplexity of the learned model (Asuncion
et al., 2009; Sato and Nakagawa, 2012; Sato et al., 2012). This may seem counter-intuitive since
a 0th-order approximation does not approximate anything. To answer this question, we note that
a 0th-order approximation CVB0 is in fact a 1st-order approximation: “CVB1”. Recall that in
Equation (17) the 1st-order term vanished. This indicates that the 0th-order expansion is equal to
the 1st-order expansion. Moreover, it is reasonable that the 1st-order approximation works well in
general cases and indeed may outperform higher-order approximations due to uncertainties within
the data and imperfections in inference algorithms.

E[ f (x)] ≈ f (E[x]).

The 0th-order term is constant. The 1st-order term is canceled because x − a becomes zero by taking
the expectation. V denotes the posterior variance.
There are two types of approximations in CVB studies. The original CVB (Teh et al., 2007)
employs 2nd-order Taylor approximation and considers the variance, as in Equation (17). (Asuncion
et al., 2009) revealed that the 0th-order Taylor approximation performs quite well in practice for
LDA. This is called the CVB0 solution, which approximates the posterior expectation by

= f (E[x]) +

1
= f (a) + E[ f 00 (a) (x − a)2 ]
2

1
E[ f (x)] ≈ E[ f (a)] + E[ f 0 (a) (x − a)] + E[ f 00 (a) (x − a)2 ]
2

Taking the expectations of both sides of Equation (16) yields the following equation:

1 00
f (a) (x − a)2 .
2

is also equivalent to minimizing the Kullback-Leibler divergence between true posteriors p∗ and
variational posteriors q:
Z
log p (X) = L −

(14)

f (x) ≈ f (a) + f 0 (a) (x − a) +

One difference is that CVB computes the soft cluster assignments of Z while the collapsed Gibbs
sampler computes hard assignments for each process. We repeat this process on all objects. This
one sweep of updates corresponds to one iteration of CVB inference.
One problem is that it is difficult to conduct precise update computations for CVB unlike the
original VB, even for such relatively simple Bayesian probabilistic models as LDA and IRM. More
specifically, taking expectations over q(Z \i ) require intractable discrete combinatorial computations.
To remedy this issue, CVB inference approximates these expectations by Taylor expansion. If we
denote the expectation of predicate x as a = E[x], we have:

(13)

We can readily obtain a general update rule of variational posterior q (Z) and q (Φ) (Bishop,
2006; Murphy, 2012). For example, we have the following update rule for the variational posterior
of the ith hidden variable:



q (zi ) ∝ exp Eq( Z \i ),q(Φ) log p (X, Z, Φ) ,

p (X, Z)
dZ.
q (Z)

where Z \i denotes all of the hidden variables excluding the ith hidden variable. Note that the variational posterior of a hidden variable is dependent on the current values of q (Φ), i.e., the variational
posteriors of all of the associated parameters. The resulting update rules boil down to simple updates of the sufficient statistics of the distributions for hidden variables and parameters for LDA and
IRM.
2.3 Collapsed Variational Bayes (CVB) Inference

q (Z) log

The general idea of CVB inferences for hierarchical probabilistic models (Kurihara et al., 2007; Teh
et al., 2007, 2008; Asuncion et al., 2009; Sato and Nakagawa, 2012; Sato et al., 2012) assumes the
variational posteriors of the hidden variables of the model where the parameters are marginalized
out beforehand. In Equation (12), since parameters Φ are not marginalized (collapsed) out, we need
to compute their variational posteriors as well. The variational posteriors of the parameters impact
the inference results and may increase the risk of being trapped at a bad local optimal point.
CVB inference first marginalizes out the parameters in an exact way (as in a collapsed Gibbs
sampler). After that, the remaining hidden variables are assumed to be independent from each other.
This brings two advantages to CVB. First, the effects of the marginalized parameters are correctly
evaluated in CVB while VB approximates them. This means that the variational posteriors computed by CVB will approximate the true posteriors better than those of VB. Second, we can reduce
the number of unknown quantities to be inferred because the parameters are already marginalized.
This makes the inference faster, more stable, and decreases the risk of being trapped in local optimal
solutions. Mathematically, it has been proven that the lower bound of CVB is always tighter than
that of the original VB (Teh et al., 2007). This means CVB is always a better approximation of the
true posterior than VB.
The following is the formal definition of the CVB lower bound:
Z
L [Z] =

This is the same formulation as Equation (12) except for the absense of marginalized parameters.
Therefore, a general solution is derived in the same manner as in the VB case:



q (zi ) ∝ exp Eq( Z \i ) log p (X, Z) .
(15)

JMLR 18(1):1-29, 2017

The CVB inference procedure resembles collapsed Gibbs samplers. We remove one object from
the model, recompute the posterior of the object cluster assignment, and return it to the model.
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(20)

In this section, we propose a more direct and convergence-guaranteed technique for general CVB
inferences called Averaged CVB (ACVB) and prove that it reaches the fixed point of the original
CVB algorithm, if it exists.
Generally it is fruitful to offer an easy convergence detection algorithm for CVB (not restricted
to LDA and IRM). For many practitioners, manually determine the convergence of the inference
algorithms is difficult. This might be one reason why EM-based algorithms are preferred by prac-

k


P 
We can easily confirm that k p xi , zi = k | X\i , Z \i is in fact a normalization term of a typical collapsed Gibbs posterior by decomposing joint distributions between xi and zi . One merit of pseudo
LOO log likelihood is its computation cost. It requires no additional cost to compute this quantity
during the collapsed Gibbs, since we inevitably compute this normalizer to conduct sampling. Importantly this also holds for the CVB inference; solving Equation (15) typically results in a softened

i

We can decompose the above log likelihood as the following simpler sum over samples i:
X
X 

log
p xi , zi = k | X\i , Z \i .

i

We cannot correctly compute the true CVB lower bound in Equation (14). Therefore, our first
approach is to find some quantities that can serve as proxies of it.
For that purpose, we examine two quantities. The first candidate is an approximation of the
naive VB lower bound in Equation (12). The VB lower bound is always a lower bound of the true
CVB lower bound. Given the variational posterior of hidden variables q(Z), we use this posterior
as a proxy of q(Z) of the naive VB inference. Computing the variational posteriors of marginalized
parameters yields an evaluation of the naive VB lower bound (Equation 12). Of course, this is not
equal to the “true” VB lower bound computed by the naive VB inference, but it may be useful for
detecting convergence in CVB inferences.
The second one is the pseudo Leave-one-out (LOO) log likelihood of the training data set. The
CVB solutions (and the Gibbs sampler) compute the predictive distribution of an object, say, z1,i ,
in a LOO manner. Therefore, we might be able to detect the convergence of CVB inference by
watching these predictive distributions. To simplify the explanation, consider a simple model where
sample xi is associated with hidden variable zi through some probabilistic distributions. A pseudo
LOO log likelihood is an approximation of the entire log likelihood (Besag, 1975):
X


log p (X | Z) u
log p xi |X\i , Z .
(19)
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version of the collapsed Gibbs solution, requiring the same normalizing term. Thus computing the
pseudo LOO log likelihood incurs no extra computation cost for CVB inference.
For example, in the case of IRM, we compute the sum of the r.h.s. of Equation (23) (in the
appendix) over all the possible values of z1,i = k ∈ {1, 2, . . . , K} when we update the variational

P
posterior of q(z1,i ). Let us denote this sum as C1,i , which corresponds to k p xi , zi = k | X\i , Z \i in
Equation (20). In the same manner, we collect C2, j in the second domain updates as the counterpart
P
P
of C1 . The total log sum C = i log C1,i + j log C2, j then serves as a “pseudo” log likelihood of
the training dataset for CVB.
For LDA and IRM, we synthesize small and large artificial data to test the two quantities. We
generated two synthetic Bag-of-Words datasets for LDA. The sizes of these datasets were D =
500, V = 1000, K = 10 (smaller synth 1 data), and D = 1500, V = 5000, K = 40 (larger synth
2 data). Similarly, we generated two synthetic relation datasets for IRM. The sizes and the true
numbers of the clusters of these datasets were N1 = 100, N2 = 200, K1 = 4, K2 = 5 (smaller synth
1 data), and N1 = 1, 000, N2 = 1, 500, K1 = 7, K2 = 6 (larger synth 2 data).
Figures 2 and 3 respectively present the evolutions of these two quantities in CVB and CVB0.
The hyperparameters are set in the same procedure of the experimental validations (see the Experiment section).
We first notice that the behaviors of the naive VB lower bound (the solid lines) are different in
LDA and IRM. This is not desirable behavior as a cue of convergence detection. In the case of LDA
(upper panels in the figures), the VB lower bounds first rise to maximum values, and converge at
the lower levels. In the case of IRM (lower panels in the figures), on the other hand, the VB lower
bound steadily increases and converges at its highest values. It is not surprising that the naive VB
lower bound exhibits such strange behaviors. Recall that CVB inference does not directly increase
the VB lower bound, which is a looser bound than that of CVB. We also note that the computation
load of the lower bound is much heavier than the CVB updates. Thus there is no strong reason to
adopt the naive VB lower bound as a convergence monitoring quantity of CVBs.
In contrast, the pseudo LOO training log likelihood (dashed lines) shows similar behaviors in
all cases; monotonically increases its value over the iterations (seemingly) and converges at the
maximum values. This behavior is preferable as a cue of the convergence than the case of the lower
bound. It is also remarkable that pseudo LOO training log likelihood incurs no extra computation
loads over the original CVB updates. Since the property of the quantity more or less resembles the
model evidence, the pseudo LOO log likelihood is a good choice for convergence detection.
Based on these results, it is preferable to monitor the pseudo LOO log likelihood to asses the
convergence of the CVB inferences. However, we stress that there is no theoretical guarantee that
the convergence of the pseudo LOO log likelihood is somehow related to the convergence of the
CVB inference.

Unfortunately, no theoretical guarantee of CVB convergence has been provided so far, probably
because we cannot correctly evaluate the posterior expectations over Z. What we try to find in
CVB solutions is a stationary point of a Taylor-approximated CVB lower bound; we are not sure
that the procedure actually monotonically improves the true lower bound. Moreover, it is unknown
whether if the CVB update algorithm has a (algorithmic) fixed point. We are not sure whether the
algorithm will even stop after infinitely many iterations. Convergence analysis of CVB inference
remains an important open problem in the machine learning field. However, the problem has not
been well discussed in the literature though many researchers reported that CVB inference yields
better posterior estimations in various cases.
Instead of tackling this problem directly, we study two aspects of CVB convergence in this
paper. First we empirically study the convergence behaviors of CVB by monitoring a couple of
quantities: a naive VB lower bound and the pseudo leave-one-out log likelihood. We show that the
latter is potentially useful for CVB convergence detection. We also propose yet another way to deal
with CVB convergence, based on a simple annealing technique. We explain the first aspect in this
section and the annealing technique in the next section.

3.2 Assessing Candidate Quantities for CVB Convergence Detection
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!
S
1
1
1 X (s)
q̄(s) +
q(s+1) , or q̄(S ) =
q ,“
s+1
s+1
S s=1

This technique is based on monitoring the changes of q(Z). The rationale is simple: it is reasonable
to monitor q(Z) since the CVB solutions are trying to obtain the stationary point of the Taylorapproximated lower bound with respect to q(Z) , even though we don’t know whether the stationary
point exists, as explained before.
Our solution is a simple annealing technique called Averaged CVB (ACVB) which assures the
convergence of CVB solutionDfwe s. We emphasize that the ACVB discussion is not limited to
LDA and IRM; this technique is applicable to CVB inference on any model. Also, ACVB is equally
valid for CVB (2nd order) and CVB0.
After a certain number of iterations for “burn-in”, we gradually decrease the portion of the
variational posterior changes:

4.1 Procedure of ACVB

Figure 3: Evolution of two quantities over CVB0 iterations. Solid lines indicate the evolution of
naive VB lower bound. Dashed lines indicate the evolution of pseudo LOO log likelihood
on training data. Error bars denote the standard deviations. Upper panels: LDA results
on two synthetic data. Lower panels: IRM results on two synthetics data.
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Figure 2: Evolution of two quantities over CVB iterations. Solid lines indicate the evolution of
naive VB lower bound. Dashed lines indicate the evolution of pseudo LOO log likelihood
on training data. Error bars denote the standard deviations. Upper panels: LDA results
on two synthetic data. Lower panels: IRM results on two synthetics data.

titioners: they are convergence guaranteed and the convergence is easy to detect. A convergenceguaranteed ACVB motivates users to use CVB inference, which is more precise than naive VB in
theory, with automatic computation termination at a guaranteed convergence.
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To the best of our knowledge, a paper by Foulds et al. (Foulds et al., 2013) is the only work
that proposes convergence-assured CVB inference. This model, which is based on the Robbins and
Monro stochastic approximation (Robbins and Monro, 1951), is only valid for LDA-CVB0. More
precisely, the solution presented in the paper is a MAP solution, leveraging the fact that the MAP
solution closely resembles the CVB0 solution in the case of LDA. They changed the CVB0 update
by ignoring the subtraction of a topic assignment probability vector from sufficient statistics and
manually adjusting the Dirichlet parameters, which makes the CVB0 update is equal to the MAP
update in LDA. However, this approach is not valid for IRM because the MAP and CVB0 solutions
are different. On the contrary, the ACVB is valid for any probabilistic models and indeed for both
CVB and CVB0.
11

This means

is convergence-assured: ∀ > 0, ∃S 0 , s.t. ∀S >

13

N
1 X (S )
−1)
q̄ − q̄(S
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= .
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If we set S 0 = 2 , then ∀S > S 0 ,

Thus,

we have

Proof Since

Lemma 1 Averaged variational posterior
PN (S )
−1)
S 0 ⇒ N1 i=1
q̄i − q̄(S
< .
i

q̄(s)

Concerning the convergence of ACVB, there are three points to note. The first is rather evident but
makes ACVB useful for practical CVB inference. ACVB assure convergence, and we can easily
detect it by taking the difference of q̄ in successive iterations.

4.2 Properties of ACVB

where s denotes the iterations after completion of the “burn-in” period, q̄(s) denotes the “annealed”
variational posterior at the sth iteration, q(s) denotes the variational posterior by CVB inference at
the sth iteration, and S is the total number of iterations. After the “burn-in” period, we monitor the
ratio of changes of q̄ and detect the convergence when the ratio falls below a predefined threshold.
As the final result, we use q̄(s) , not q(s) . During the burn-in period, we monitor the changes of q,
which in most cases quickly converges before entering the annealing process.
Hereafter, we respectively denote the (naive) CVB solution and the CVB0 solution, both for
ACVB, as ACVB and ACVB0 solutions.

Averaged CVB

lim

s→∞

(q(s) − q∗ ) = M > 0,

lim q̄(s) = q∗ .
s→∞

S − S0
/2 ≤ /2 + /2 = .
S

0

S
X
1 (s)
M
+
(q − q∗ )
S
S
s=S +1

S
X
1 (s)
(q − q∗ )
S
s=1

≤ /2 +

<

∀S > S 0 , |q̄(S ) − q∗ | =
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Note that the literature fails to resolve whether the CVB algorithm (based on Taylor approximation)
has an algorithmic fixed point. However, ACVB remains useful because it assures the convergence
of the inference process and will find the true solution if CVB has a fixed point. No solutions to the
convergence problem of CVB have ever been published, to the best of our knowledge.
As the third point, we note on the required iteration, S , for the convergence of ACVB. The
following lemma provides -an insight to set up the maximum number of iterations.

Therefore,

s=1

s0
X

M
M
= 0 ⇔ ∀ > 0, ∃s00 s.t. ∀s > s00 ⇒
< /2.
s
s

When S 0 = max{s0 , s00 }, we have

and thus,

Here, we define

s→∞

lim q(s) = q∗ ⇔ ∀ > 0, ∃s0 s.t. ∀s > s0 ⇒ |q(s) − q∗ | < /2.

Proof Let q∗ be a fixed point of the CVB update algorithm. With this assumption,

Lemma 2 If variational posterior q(s) converges to a fixed point of the CVB update algorithm, then
averaged variational posterior q̄(s) also converges to the fixed point of the CVB algorithm.

Thus, we can automatically stop the ACVB inference by a stopping rule based on the difference of
the ACVB posteriors.
The second point is also noteworthy and validates the use of ACVB in Bayesian inference.
We can prove that converged q̄ is asymptotically equivalent to the fixed point of the CVB update
algorithm, if it exists (note that it is unclear whether the original CVB update algorithm has a fixed
point in theory).

Ishiguro, Sato, and Ueda

Averaged CVB

Lemma 3 The maximum distance between the averaged variational posteriors of consecutive steps
is upperbounded by a term proportional to 1s where s is the number of iterations.
Proof Consider the averaged variational posterior concerning one hidden variable, zi . Also consider
that q̄(zi ) is a real-valued vector on a simplex (say, on a K dimensional simplex). From the definition,
we see:
1
q̄(s) (zi ) − q̄(s+1) (zi ) .
q̄(s+1) (zi ) − q̄(s) (zi ) =
s+1
√
The maximum L2 distance between two simplex vectors is 2. Therefore:
√
1
2
q̄(s) (zi ) − q̄(s+1) (zi ) ≤
.
s+1
s+1
q̄(s+1) (zi ) − q̄(s) (zi ) =

Using this lemma, we roughly expect the number of maximum iterations to satisfy a certain threshold of the averaged CVB posterior differences. For example, we have q̄(s+1) (zi ) − q̄(s) (zi ) <
1.4 × 10−3 with s = 1000 iterations, and q̄(s+1) (zi ) − q̄(s) (zi ) < 1.0 × 10−4 with s = 14000 iterations. We can use these s as the number of maximum iterations for running the program. In
practice we typically need much fewer iterations to achieve the designed threshold.

5. Experiments
This section presents our experimental validations. In summary, we obtained the following results.
1. For almost all the datasets, CVB and ACVB inferences achieved better modeling performance
than the naive VB, in both LDA and IRM.
2. CVB0 and ACVB0 inferences often performed significantly better than their 2nd-order counterparts.
3. The computations of the CVB0 and ACVB0 inferences are generally faster than the other
VB-based methods.
5.1 Procedure
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We compared the performance of the proposed averaged CVB solutions (ACVB, ACVB0) with
naive variational Bayes (VB) and CVB solutions (CVB, CVB0), which are the baseline deterministic inferences. As a reference, we also include comparisons with the collapsed Gibbs samplers
(Gibbs) with a small number of iterations.
Initialization and hyperparameter choices are important for a fair comparison of inference methods. We employ hyperparameter updates for all solutions: fixed point iterations for VB, CVB,
CVB0, ACVB, and ACVB0 and hyper-prior sampling for Gibbs. For LDA, we fixed the initial hyperparameter values based on knowledge from the existing (many) LDA works, especially relying
on the result of (Asuncion et al., 2009). For IRM, we tested several initial hyperparameter values
and report the results computed using the best hyperparameter setting. All of the hidden variables
were initialized in a completely random manner with the uniform distribution to assign soft values
15

Dataset
20 news group
Enron
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D
10,000
10,000

V
13,178
15,258

N
1,046,101
937,113

Table 2: Dataset sizes used in our LDA experiments.

of p(zi = k). In the case of Gibbs, we performed hard assignments of zi = k to the most weighted
cluster. For the VB, CVB, CVB0, ACVB, and ACVB0 solutions, we normalized the assigned
weights. For the LDA experiments, we set the number of topics as K ∈ {50, 100, 200}. For the IRM
experiments, all of the inferences except Gibbs require a number of truncated clusters a priori. To
assess the effect of the truncation level, our experiments examined K1 = K2 = K ∈ {20, 40, 60}. In
practice, we just need to prepare a sufficiently large K to handle data complexity.
We compared the performance of the inference methods by test data perplexity for LDA and by
the averaged test data marginal log likelihood for IRM. Given an observation dataset, we excluded
roughly 10% of the observations from the inference as held-out test data. After the inference was
finished, we computed the perplexity or the marginal log likelihoods of the test data. The test data
were randomly sampled for each run. The perplexity and the log likelihood were computed for 20
runs with different initialization and hyperparameter settings.
In the experiments, we set the maximum numbers of inference iterations and iterated the inferences until we reached that maximum. Then we reported the final values of the perplexities (for
LDA) or the averaged log likelihood (for IRM) as well the evolutions of these values versus the
CPU times.
For the reference Gibbs sampler on LDA, we iterated the sampling procedure 1, 000 times and
discarded the first 100 iterations as the burn-in period. For the reference Gibbs sampler on IRM, we
iterated the sampling procedure 3, 000 times and discarded the first 1, 500 iterations as the burn-in
period.
5.2 Datasets
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For our experiments, we prepared several real-world datasets that allowed us to assess the inference
performance at several scales and densities.
For the LDA experiments we employed two popular real-world datasets and converted them to
the BoW format.
The first dataset is the 20 news group corpus (Asuncion et al., 2009; Sato and Nakagawa, 2012),
including randomly chosen D = 10, 000 documents with a vocabulary size V = 13, 178. The second
dataset is the Enron email corpus (McCallum et al., 2005) including randomly chosen D = 10, 000
documents with a vocabulary size of V = 15, 258. Stop words were eliminated. Note the reference
materials for detailed information of these datasets. The data sizes and densities are summarized in
Table 5.2.
For the IRM experiments, we collected small and large real-world datasets. We explain them
more closely since the IRM and the relational data analysis are probably less common than the LDA
and the topic model researches for many readers.
The first real-world relational dataset is the Enron e-mail dataset (Klimt and Yang, 2004), which
has been used in many studies (Tang et al., 2008; Fu et al., 2009; Ishiguro et al., 2010, 2012). We

16

N1
151
151
151
151
1,892
6,099

N2
151
151
151
151
1,892
1,088

# of “1” entries
257
439
707
377
21,512
23,253

Density
1.13%
1.93%
3.10%
1.66%
0.60%
0.35%
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1. Provided by HetRec2011. http://ir.ii.uam.es/hetrec2011/
2. We note that all of the ACVB0 results on LDA are significantly better than the other VB-based methods, although
CVB0 is significantly better than ACVB0 in almost cases.

We start by presenting the numerical performances of the inferences. For LDA, we present the perplexities after 150 iterations in Table 5.3. For IRM, we present the averaged test data log likelihood
after 200 iterations in Table 5.3. The results of the best setup are presented for each solution. In
addition, we conducted statistical significance tests using t-tests.
First, we review the results of the deterministic (VB-based) inference methods on LDA. CVB0
and ACVB0 inferences always outperformed the naive VB, CVB, and ACVB for LDA2 . These
results are in good accordance with existing CVB researches. The 2nd-order CVB and ACVB
inferences often performed worse than the naive VB. (Asuncion et al., 2009) reported that the superiority of CVB inference over naive VB gradually diminishes as the number of topics K increases
to roughly more than 100. Our results are probably related to this report.

5.3 Results

extracted monthly e-mail transactions for 2001. The dataset contains N = N1 = N2 = 151 company
members of Enron. xi, j = 1(0) if there is (not) an e-mail sent from member i to member j. Out of
twelve months, we selected the transactions of June (Enron Jun.), August (Enron Aug.), October
(Enron Oct.), and December (Enron Dec.).
The second real-world relational dataset is the Lastfm dataset1 , which contains several records
for the Last.fm music service, including lists of most listened-to musicians, tag assignments for
artists, and friend relations among users. We employed the friend relations among N = N1 = N2 =
1892 users (Lastfm UserXUser). xi, j = 1(0) if there is (not) a friend relation from user i to user j.
This dataset has ten times more objects and 100 times more matrix entries than the Enron dataset.
We also employed the artist-tag relations between 17, 632 artists and 11, 946 tags. Since the relation
matrix is too large for Gibbs and naive VB inference, we truncated the number of artists and tags.
The original observations were the co-occurrence counts of (artist name, tag) pairs. We binarized
the observations as to whether the (artist name, tag) pair counts exceeded; we ignore singletons of
(artist name, tag). If the counts exceeded 1, then the observation entries were set to 1; otherwise,
they were set to 0. Then all the rows (artists) and columns (tags) that have no “1” entries were
removed. The resulting binary matrix consisted of N1 = 6, 099 artists and N2 = 1, 088 tags (Lastfm
ArtistXTag). xi, j = 1(0) if artist i is (not) assigned tag word j more than once.
The data sizes and densities are summarized in Table 5.2.

Table 3: Dataset sizes used in our IRM experiments.

Dataset
Enron Jun.
Enron Aug.
Enron Oct.
Enron Dec.
Lastfm UserXUser
Lastfm ArtistXTag

Averaged CVB

CVB
3397*
2753*
CVB
3100*
2384*

(B): K = 100
Gibbs
VB
1718
2937*
1368
2469*
(C): K = 200
Gibbs
VB
1618
3040*
1307
2504*

Dataset
20 news group
Enron
Dataset
20 news group
Enron

CVB0
1587
1184

CVB0
1791
1378

CVB0
2009
1608

ACVB
3097*
2382*

ACVB
3395*
2751*

ACVB
3393*
2922*

ACVB0
1589
1188*

ACVB0
1797*
1387*

ACVB0
2016*
1617*
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3. although we empirically observed that the pseudo LOO log likelihood may serve as a convergence detector.

CVB0 significantly outperformed ACVB0 in most cases, given the same number of inference
iterations. However, ACVB0 provides an easy convergence detection scheme with some theoretical
supports, while CVB0 has no such mechanism3 . In that sense there is no strong reason to choose
CVB0 instead of the convergence-guaranteed ACVB0.
Second, we examine the IRM results. For IRM, the CVB and ACVB inferences are significantly
better than naive VB in many cases. The ACVB0 inference especially often significantly outperformed the other VB-based methods when K is small. One possible reason is that the averaged
posteriors are smoothed versions of the original CVB posteriors. This smoothing may work well
for sparse relational data, where inferred solutions tens to be peaky. This result serves as a good
reason to adopt ACVB(0) inference: ACVB not only assures the termination of inference algorithm,
but also provides better inference solutions than the original CVB in IRM cases.
Third and finally, we compared the performance of the ACVBs and the Collapsed Gibbs sampler. Interestingly, 1, 000 iterations of collapsed Gibbs on LDA performed significantly better than
ACVBs, and 3, 000 iterations of the collapsed on IRM did not work as well as expected. We believe
this basically depends on the complexity of the model. LDA is a simple probabilistic model. Thus
1, 000 iterations of the collapsed Gibbs are adequate for obtaining good posterior computations.
However, IRM is a relatively more complex model than IRM, especially because of the existence
of two hidden variables (z1 , z2 ) for one observation. This indicates that the (A)CVB inference algorithms on IRM are more likely to be trapped at bad local optima, whereas the collapsed Gibbs
sampler yielded stable but not good solutions regardless of the initial Ks. As reported in (Albers
et al., 2013), the collapsed Gibbs for IRM requires millions of iterations to obtain better results.

Table 4: Test perplexity on LDA (10% test data) after 150 iterations. Smaller values are better.
Boldface indicates the best method within deterministic methods and is significantly better than method(s) marked with ∗ (by t-test, p = 0.05). Numbers of Gibbs sampler are
computed after 1, 000 iterations. Upper panel: K = 50, middle panel: K = 100, lower
panel: K = 200.

CVB
3394*
2923*

(A) K = 50
Gibbs
VB
1909
2877*
1554
2479*

Dataset
20 news group
Enron

Ishiguro, Sato, and Ueda

Gibbs
-0.0585
-0.0830
-0.1268
-0.0740
-0.0283
-0.0160

(A): K = 20
VB
CVB
-0.0579
-0.0559
-0.0786
-0.0762
-0.1274* -0.1125
-0.0726* -0.0675
-0.0289* -0.0273*
-0.0169* -0.0163*
CVB0
-0.0560
-0.0777
-0.1123
-0.0665
-0.0271
-0.0161

ACVB
-0.0595
-0.0809
-0.1171
-0.0706
-0.0271
-0.0162*

ACVB0
-0.0567
-0.0759
-0.1110
-0.0663
-0.0270
-0.0160

Averaged CVB

Dataset
Enron Jun.
Enron Aug.
Enron Oct.
Enron Dec.
Lastfm (UserXUser)
Lastfm (ArtistXTag)
ACVB0
-0.0564
-0.0769
-0.1140
-0.0680
-0.0269
-0.0163
ACVB0
-0.0561
-0.0770
-0.1119
-0.0673
-0.0268*
-0.0166

ACVB
-0.0582
-0.0819
-0.1172
-0.0731
-0.0272
-0.0164
ACVB
-0.0675*
-0.0776
-0.1162
-0.0691
-0.0244
-0.0166*

CVB0
-0.0564
-0.0753
-0.1140
-0.0682
-0.0269
-0.0165*
CVB0
-0.0558
-0.0781
-0.1144
-0.0679
-0.0269*
-0.0164

(B): K = 40
VB
CVB
-0.0567
-0.0549
-0.0808
-0.0770
-0.1286* -0.1129
-0.0722
-0.0694
-0.0292* -0.0275*
-0.0172* -0.0164
(C):K = 60
VB
CVB
-0.0577
-0.0572
-0.0829
-0.0791
-0.1253* -0.1122
-0.0735
-0.0678
-0.0295* -0.0273*
-0.0174* -0.0164

Gibbs
-0.0595
-0.0838
-0.1256
-0.0750
-0.0280
-0.0161
Gibbs
-0.0573
-0.0862
-0.1281
-0.0794
-0.0283
-0.0160

Dataset
Enron Jun.
Enron Aug.
Enron Oct.
Enron Dec.
Lastfm (UserXUser)
Lastfm (ArtistXTag)
Dataset
Enron Jun.
Enron Aug.
Enron Oct.
Enron Dec.
Lastfm (UserXUser)
Lastfm (ArtistXTag)

Table 5: Marginal test data log likelihood per test data entry (10% test data) on IRM after 200 iterations. Larger values are better. Boldface indicates the best method within deterministic
methods and is significantly better than method(s) marked with ∗ (by t-test, p = 0.05).
Numbers of the Gibbs sampler are computed after 3, 000 iterations. Upper panel: K = 20,
middle panel: K = 40, lower panel: K = 60.

Thus it is perfectly possible that a collapsed Gibbs outperformed all the VB-based techniques, given
more sophisticated sampling techniques and many more iterations.
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Our results demonstrate one point of contention. The ACVB and CVB inferences are significantly better than naive VB inference for almost all the IRM cases. This apparently conflicts with
a former IRM-CVB study (Konishi et al., 2014) for single-domain IRMs. They reported that CVB
inference is inferior to VB for sparse relational data. However, in our experiments, VB never outperformed ACVB or CVB. Our speculation is that this is due to the model structure of the multi-domain
IRM (the focus of this paper) and the single-domain IRM in Konishi et al. (2014). In the observation
process of a multi-domain IRM (Equation 8), two hidden variables from two independent domains
interact (i.e., z1,i and z2, j ), whereas two from the same domain do not (e.g., z1,i and z1,i0 ). On the
19
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other hand, in the case of a single-domain IRM (Equation 11), two hidden variables from the same
(and the sole) domain interact (i.e. zi and z j ). Given that LDA has no such variable interactions, we
believe the multi-domain IRM is one step closer to LDA than the single-domain IRM in terms of
interaction complication. Therefore, perhaps the behaviors of the (A)CVB and VB inferences in the
multi-domain IRM resembles the LDA cases: CVB is superior to VB.
Figures 4 and 5 present examples of the clustering attained for the Synth2 and Lastfm UserXUser
data in K = 60. All of the object indices in the figures are sorted so that the objects are grouped into
blocks. The horizontal and vertical color lines respectively indicate the borders of the object clusters
for first domain k and second domain l. We show the MAP assignments and assign an object to the
cluster with the highest posterior probability.
Finally, we show a few plots of performance measures over CPU time. Figure 6 illustrates the
time evolution of the test data perplexity of LDA on different data sets. Figure 7 illustrates the time
evolution of the test data likelihood of IRM on different data sets. We refrain from presenting the
CPU time evolutions of our naive implementations of the collapsed Gibbs samplers, since there is a
number of very efficient sampling methods for LDA (Li et al., 2014).
We observe that the ACVB0 and CVB0 inferences generally proceed faster than the other inference methods. Combined with assured convergence and the good numerical performances, we
conclude that the ACVB0 solution is a good inference choice for practical usages.

6. Conclusion
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In this paper, we proposed an Averaged Collapsed Variational Bayes (ACVB) inference, which is
a convergence-guaranteed and useful deterministic inference algorithm that is expected to replace
naive VB in practical applications.
We studied the convergence aspect of CVB inference in two ways to address its open problem.
We started by examining two possible convergence metric candidates for CVB solutions. Next,
we proposed a simple and effective annealing technique, Averaged CVB (ACVB), to assure the
convergence of CVB solutions. ACVB posterior updates offer assured convergence due to their
simple annealing mechanism. Moreover, the fixed point of the original CVB update algorithm is
equivalent to the converged solution of ACVB, if the CVB algorithm has a fixed point (an issue
unresolved in the literature). ACVB is applicable to any model and is equally valid for CVB and
CVB0.
In experiments using several real-world relational data sets, we concluded that the Averaged
CVB0 (ACVB0) inference offers the following impressive performances. It outperforms naive VB
inference in many cases and often shows significantly better performances than 2nd-order CVB
and its averaged version. ACVB0 typically converges faster than the 2nd-order CVB and ACVB.
ACVB0 achieves competitive results with 0-th order CVB0 inference, which is one of the best
Bayesian inference methods. In addition, ACVB0 guarantees the convergence of the algorithm
while CVB0 does not. Based on these findings we conclude that ACVB0 is an appealing Bayesian
inference method for practitioners, who needs precise posterior inferences with guaranteed computational convergences.
For future work, we will enhance the inference speed, especially for relatively slower IRMs.
One candidate is to stochastically approximate the sample size as in SGD. Recently, (Foulds et al.,
2013) proposed such an approximation for LDA. Another approach parallelizes the inference procedure (Hansen et al., 2011; Albers et al., 2013); they examined the parallelization of collapsed
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Figure 4: MAP clustering assignments for Synth2 dataset. All object indices are sorted.
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Figure 5: MAP clustering assignments of Lastfm UserXUser data set. All object indices are
sorted.
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ACVB0 clustering results on Lastfm UserXUser
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Figure 7: Averaged test data marginal log likelihoods vs. inference CPU times of IRM for Enron
data (upper panels) and Lastfm data (lower panels). Horizontal axis denotes CPU times
[sec], and vertical axis denotes average test data marginal log likelihoods per relation entry. Presented Gibbs results are those of sampled assignments, not of averaged posteriors.
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Figure 6: Test data perplexity vs. inference CPU times of LDA for Enron data (upper panels) and
news 20 data (lower panels). Horizontal axis denotes CPU times [sec], and vertical axis
denotes perplexity.
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+ log p z1,i |Z \(1,i)
− log q z1,i
1

(22)
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X(1,i) = {xi,· } denotes the set of all the observations concerning object i of the first domain. The
remaining observations, the hidden variables excluding z1,i , and the statistics computed on these
data, are denoted by \(1, i). E x [y] indicates the expectations of y on the variational posterior of x.
Taking the derivative of Equation (22) w.r.t. q(z1,i ) and equating it to zero, we have the following
update rule for q(z1,i ):

h

i
h

i

q z1,i ∝ exp E Z \(1,i) ,Z 2 log p X(1,i) |X\(1,i) , z1,i , Z 1\(1,i) , Z 2 + E Z \(1,i) ,Z 2 log p z1,i |Z 1\(1,i)
. (23)

z1,i

The IRM model in this paper is a multi-domain model where observation xi, j is governed by row
latent variable z1,i and column latent variable z2, j . Since we distinguish the row and the column
objects, there are N1 + N2 latent variables.
The CVB inference of IRM was first studied in (Konishi et al., 2014). However, their paper
focused on a single-domain model, where the observation matrix is a N × N square matrix and
the cluster assignment is only defined on N objects without distinguishing rows and columns. Its
CVB scheme is slightly different from the multi-domain IRM, which is our focus in this paper. For
readers’ convenience, we briefly describe the CVB posteriors for multi-domain IRMs. Since we do
not fully explain the actual update rules, readers are referred to (Konishi et al., 2014) to obtain them.
The CVB inference procedure resembles collapsed Gibbs sampling more than ordinary VB
inference. We take one object from the model, recompute the posterior of the object cluster assignment, and put it back in the model. One difference is that CVB computes the soft cluster assignments
of Z = {Z 1 , Z 2 }, while the Gibbs sampler computes hard assignments for each process. We repeat
this process on all the objects, and one iteration(sweep) of CVB inference completes.
Next we derive the update rule of the hidden cluster assignment of the first domain z1,i . First,
we modify the representation of the CVB lower bound. The integral is replaced by the summation
because Z is discrete:



i X X 
h
p X(1,i) , X\(1,i) , z1,i , Z 1\(1,i) Z 2 
  \(1,i) 
\(1,i)


q z1,i q Z 1

L z1,i , Z 1 , Z 2 =
q (Z 2 ) log
 

q z1,i q Z \(1,i)
q (Z 2 )
z1,i Z \(1,i) ,Z
1
2
1

X


n
=
E Z \(1,i) ,Z 2 q z1,i log p X(1,i) |X\(1,i) , z1,i , Z \(1,i)
, Z2
1

Appendix A. CVB inference algorithm for multi-domain IRM

k−1
Y

\(1,i)
M1,k
0 + α1

.

(24)

j=1

N2
X

+(1,i)
Nk,l
=

j=1

N2
X

z2, j,l (1 − xi, j ) .

j=1

N2
X

z1,i,k z2, j,l (1 − xi, j )

z1,i,k z2, j,l xi, j ,
\(1,i)
= Nk,l −
Nk,l

j=1

N2
X

\(1,i)
M1,k
= M1,k − I(z1,i > k) ,

m\(1,i)
1,k = m1,k − I(z1,i = k) ,

n\(1,i)
= nk,l −
k,l
z1,i,k z2, j,l (1 − xi, j ) ,

z2, j,l xi, j ,

i=1 j=1

N1 X
N2
X

i=1 j=1

k0 =k+1

m1,k0 ,

z1,i,k ,
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K1
X

N1
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z1,i,k z2, j,l xi, j ,

> k) =

I(z1,i = k) =

I(z1,i
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N1 X
N2
X

i=1
N1
X

N1
X
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In the experiment section, we examined the performances of several inference solutions fixing the
number of inference iterations. Based on the evolutions in Figure 6, we think the LDA inferences
have already almost reached the converged status with 150 iterations. However, the results of IRM
(Figure 7) indicate that the inference may take some additional time until convergence. Then it
is natural to ask that how the performances of the inferences change when we keep the algorithm
iterates until convergence (on IRM).
We need to decide which parameter/statistics to be monitored to detect convergence. For the VB
solution, we monitored the VB lower bound. For the CVB and CVB0 solutions, we monitored the
pseudo LOO log likelihood of the training data set in Sec. 3. For the ACVB and ACVB0 solutions,
we used the annealed posteriors. We determined the solution convergence from the relative changes

Appendix B. Numerical Performance after Convergence

The final step is to compute intractable expectations with a help of Taylor-expansion approximation. Since this step is completely identical with (Konishi et al., 2014) thus we refrain from
presenting details.

n+(1,i)
=
k,l

Nk,l =

nk,l =

M1,k =

m1,k =

In the above, we introduced the following sufficient statistics:



p X(1,i) |z1,i = k, Z \(1,i)
, Z 2 , X\(1,i)
1
 


 
K2 Γ a + b + n\(1,i) + N \(1,i) Γ a + n\(1,i) + n+(1,i) Γ b + N \(1,i) + N +(1,i)
Y
k,l
k,l
k,l
k,l
k,l
k,l
k,l
k,l
k,l
k,l
 . (25)

 
 
=
+(1,i)
\(1,i)
\(1,i)
\(1,i)
+ Nk,l
+ n+(1,i)
+ Nk,l
Γ bk,l + Nk,l
Γ ak,l + bk,l + n\(1,i)
l=1 Γ ak,l + nk,l
k,l
k,l

\(1,i)
\(1,i)
\(1,i)
m\(1,i)
1,k + M1,k + α1 + 1 k0 =1 m1,k0 + M1,k0 + α1 + 1

m\(1,i)
1,k + 1

To evaluate the above equation, we first need to compute the arguments of the expectations. We
employ finite truncation of the Stick breaking process (Sethuraman, 1994) as a prior of Z. With
straightforward computations we have the following (cf. (Konishi et al., 2014)):

Gibbs samplers for IRM. It is also important to explore efficient CVB algorithms for more advanced models such as MMSB and its variants (Airoldi et al., 2008; Miller et al., 2009; Griffiths
and Ghahramani, 2011). Aside from the representation of multiple cluster assignments, few studies
have addressed other issues. For example, (Fu et al., 2009; Ishiguro et al., 2010) focused on the
dynamics of network evolution in the context of stochastic blockmodels (MMSB and IRM). Subset
IRM (Ishiguro et al., 2012) is another extension of IRM that automatically filters out nodes from
the clustering if they are not very informative for grouping. Applying CVB to these models might
make it easier for practitioners to examine the depth of various relational data.


p z1,i = k|Z \(1,i)
=
1
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Averaged CVB

Gibbs
-0.0585
-0.0830*
-0.1268*
-0.0740*
-0.0283*
-0.0160*

(A) K = 20
VB
CVB
-0.0578
-0.0559
-0.0797
-0.0763
-0.1275* -0.1125
-0.0727* -0.0675
-0.0289* -0.0273*
-0.0171* -0.0163*

Averaged CVB

Data Set
Enron Jun.
Enron Aug.
Enron Oct.
Enron Dec.
Lastfm (UserXUser)
Lastfm (ArtistXTag)
(B) K = 40
VB
CVB
-0.0564
-0.0549
-0.0809* -0.0769
-0.1271* -0.1128
-0.0722
-0.0693
-0.0292* -0.0273*
-0.0174* -0.0164*
(C) K = 60
VB
CVB
-0.0576
-0.0572
-0.0826* -0.0791
-0.1275* -0.1121
-0.0736
-0.0676
-0.0294* -0.0273*
-0.0177* -0.0164*

Gibbs
-0.0595
-0.0838*
-0.1256*
-0.0750*
-0.0280*
-0.0161
Gibbs
-0.0573
-0.0862*
-0.1281*
-0.0794*
-0.0283*
-0.0160

Data Set
Enron Jun.
Enron Aug.
Enron Oct.
Enron Dec.
Lastfm (UserXUser)
Lastfm (ArtistXTag)
Data Set
Enron Jun.
Enron Aug.
Enron Oct.
Enron Dec.
Lastfm (UserXUser)
Lastfm (ArtistXTag)

CVB0
-0.0560
-0.0777
-0.1119
-0.0665
-0.0271
-0.0161*
CVB0
-0.0564
-0.0753
-0.1140
-0.0682
-0.0269
-0.0165*
CVB0
-0.0558
-0.0780
-0.1143
-0.0679
-0.0269*
-0.0164*

ACVB
-0.0570
-0.0750
-0.1143
-0.0678
-0.0244
-0.0163*

ACVB
-0.0552
-0.0736
-0.1140
-0.0691
-0.0272
-0.0162

ACVB
-0.0550
-0.0772
-0.1155
-0.0680
-0.0271
-0.0161*

ACVB0
-0.0540
-0.0759
-0.1119
-0.0673
-0.0268*
-0.0163*

ACVB0
-0.0534
-0.0765
-0.1140
-0.0680
-0.0269
-0.0161

ACVB0
-0.0561
-0.0748
-0.1110
-0.0656
-0.0269
-0.0158

Table 6: Marginal test data log likelihood per test data entry ( 10% test data) on IRM after convergence. Larger values are better. Boldfaces indicate the best method, which is significantly
better than the method(s) marked with ∗ (by t-test, p = 0.05). The numbers of the Gibbs
sampler is that of after 3, 000 iterations. Upper panel: K = 20, middle panel: K = 40,
lower panel: K = 60.

in the monitored quantity; if the changes were smaller than 0.001% of the current value of the
quantity, we assumed that the algorithm had converged.
The modeling performances are presented in Table 6. They show the averages of the test data
marginal log likelihood after convergence. The results of the best setup are presented for each
solution. In addition, we conducted statistical significance tests using t-tests.

JMLR 18(1):1-29, 2017

Overall, we observe that ACVB and ACVB0 performed slightly better than the experimental
results with a fixed number of iterations. This result indicates that the smoothed posteriors of ACVB
and ACVB0 are possibly close to good local solutions of the true CVB posteriors.
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Online social networks play an important role in the promotion of new products, the spread
of news, the success of political campaigns, and the diffusion of technological innovations. In
these contexts, the influence maximization problem (or viral marketing problem) typically

1. Introduction

A typical viral marketing model identifies influential users in a social network to maximize a single product adoption assuming unlimited user attention, campaign budgets, and
time. In reality, multiple products need campaigns, users have limited attention, convincing users incurs costs, and advertisers have limited budgets and expect the adoptions to
be maximized soon. Facing these user, monetary, and timing constraints, we formulate the
problem as a submodular maximization task in a continuous-time diffusion model under the
intersection of one matroid and multiple knapsack constraints. We propose a randomized
algorithm estimating the user influence1 in a network (|V| nodes, |E| edges) to an accuracy
of  with n = O(1/2 ) randomizations and Õ(n|E| + n|V|) computations. By exploiting the
influence estimation algorithm as a subroutine, we develop an adaptive threshold greedy
algorithm achieving an approximation factor ka /(2 + 2k) of the optimal when ka out of
the k knapsack constraints are active. Extensive experiments on networks of millions of
nodes demonstrate that the proposed algorithms achieve the state-of-the-art in terms of
effectiveness and scalability.
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For example, Facebook (i.e., the host) needs to allocate ads for various products with
different characteristics, e.g., clothes, books, or cosmetics. While some products, such as
clothes, aim at influencing within a short time window, some others, such as books, may
allow for longer periods. Moreover, Facebook limits the number of ads in each user’s sidebar (typically it shows less than five) and, as a consequence, it cannot assign all ads to a
few highly influential users. Finally, each advertiser has a limited budget to pay for ads on
Facebook and thus each ad can only be displayed to some subset of users. In our work,
we incorporate these myriads of practical and important requirements into consideration in
the influence maximization problem.
We account for the multi-product and timing constraints by applying product-specific
continuous-time diffusion models. Here, we opt for continuous-time diffusion models instead of discrete-time models, which have been mostly used in previous work (Kempe et al.,
2003; Chen et al., 2009, 2010a,b, 2011, 2012; Borgs et al., 2012). This is because artificially discretizing the time axis into bins introduces additional errors. One can adjust
the additional tuning parameters, like the bin size, to balance the tradeoff between the
error and the computational cost, but the parameters are not easy to choose optimally.
Extensive experimental comparisons on both synthetic and real-world data have shown
that discrete-time models provide less accurate influence estimation than their continuoustime counterparts (Gomez-Rodriguez et al., 2011; Gomez-Rodriguez and Schölkopf, 2012;
Gomez-Rodriguez et al., 2013; Du et al., 2013a,b).
However, maximizing influence based on continuous-time diffusion models also entails
additional challenges. First, evaluating the objective function of the influence maximization

• Product Constraints: seeking initial adopters entails a cost to the advertiser, who
needs to pay to the host and often has a limited amount of money.

• User Constraints: users of the social network, each of which can be a potential
source, would like to be exposed to only a small number of ads. Furthermore, users
may be grouped by their geographical locations, and advertisers may have a target
population they want to reach.

• Timing Constraints: the advertisers expect the influence to occur within a certain
time window, and different products may have different timing requirements.

• Multiple-Item Constraints: multiple products can spread simultaneously among
the same set of social entities. These products may have different characteristics, such
as their revenues and speed of spread.

has the following flavor: identify a set of influential users in a social network, who, when
convinced to adopt a product, shall influence other users in the network and trigger a large
cascade of adoptions. This problem has been studied extensively in the literature from both
the modeling and the algorithmic aspects (Richardson and Domingos, 2002; Kempe et al.,
2003; Leskovec et al., 2007; Chen et al., 2009, 2010a,b, 2011, 2012; Ienco et al., 2010; Goyal
et al., 2011a,b; Gomez-Rodriguez and Schölkopf, 2012), where it has been typically assumed
that the host (e.g., the owner of an online social platform) faces a single product, endless
user attention, unlimited budgets and unbounded time. However, in reality, the host often
encounters a much more constrained scenario:
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problem (i.e., the influence estimation problem) in this setting is a difficult graphical model
inference problem, i.e., computing the marginal density of continuous variables in loopy
graphical models. The exact answer can be computed only for very special cases. For example, Gomez-Rodriguez and Schölkopf (2012) have shown that the problem can be solved
exactly when the transmission functions are exponential densities, by using continuous time
Markov processes theory. However, the computational complexity of such approach, in general, scales exponentially with the size and density of the network. Moreover, extending the
approach to deal with arbitrary transmission functions would require additional nontrivial
approximations which would increase even more the computational complexity. Second,
it is unclear how to scale up influence estimation and maximization algorithms based on
continuous-time diffusion models to millions of nodes. Especially in the maximization case,
the influence estimation procedure needs to be called many times for different subsets of
selected nodes. Thus, our first goal is to design a scalable algorithm which can perform
influence estimation in the regime of networks with millions of nodes.
We account for the user and product constraints by restricting the feasible domain over
which the maximization is performed. We first show that the overall influence function of
multiple products is a submodular function and then realize that the user and product constraints correspond to constraints over the ground set of this submodular function. To the
best of our knowledge, previous work has not considered both user and product constraints
simultaneously over general unknown different diffusion networks with non-uniform costs.
In particular, (Datta et al., 2010) first tried to model both the product and user constraints
only with uniform costs and infinite time window, which essentially reduces to a special
case of our formulations. Similarly, (Lu et al., 2013) considered the allocation problem
of multiple products which may have competitions within the infinite time window. Besides, they all assume that multiple products spread within the same network. In contrast,
our formulations generally allow products to have different diffusion networks, which can
be unknown in practice. Soma et al. (2014) studied the influence maximization problem
for one product subject to one knapsack constraint over a known bipartite graph between
marketing channels and potential customers; Ienco et al. (2010) and Sun et al. (2011) considered user constraints but disregarded product constraints during the initial assignment;
and, Narayanam and Nanavati (2012) studied the cross-sell phenomenon (the selling of the
first product raises the chance of selling the second) and included monetary constraints for
all the products. However, no user constraints were considered, and the cost of each user
was still uniform for each product. Thus, our second goal is to design an efficient submodular maximization algorithm which can take into account both user and product constraints
simultaneously.
Overall, this article includes the following major contributions:
• Unlike prior work that considers an a priori described simplistic discrete-time diffusion model, we first learn the diffusion networks from data by using continuous-time
diffusion models. This allows us to address the timing constraints in a principled way.
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• We provide a novel formulation of the influence estimation problem in the continuoustime diffusion model from the perspective of probabilistic graphical models, which
allows heterogeneous diffusion dynamics over the edges.
3
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• We propose an efficient randomized algorithm for continuous-time influence estimation, which can scale up to millions of nodes and estimate the influence of each node
to an accuracy of  using n = O(1/2 ) randomizations.

• We formulate the influence maximization problem with the aforementioned constraints
as a submodular maximization under the intersection of matroid constraints and knapsack constraints. The submodular function we use is based on the actual diffusion
model learned from the data for the time window constraint. This novel formulation provides us a firm theoretical foundation for designing greedy algorithms with
theoretical guarantees.

• We develop an efficient adaptive-threshold greedy algorithm which is linear in the
e
number of products and proportional to O(|V|
+ |E ∗ |), where |V| is the number of
nodes (users) and |E ∗ | is the number of edges in the largest diffusion network. We then
prove that this algorithm is guaranteed to find a solution with an overall influence
ka
of at least 2+2k
of the optimal value, when ka out of the k knapsack constraints
are active. This improves over the best known approximation factor achieved by
polynomial time algorithms in the combinatorial optimization literature. Moreover,
whenever advertising each product to each user entails the same cost, the constraints
reduce to an intersection of matroids, and we obtain an approximation factor of 1/3,
which is optimal for such optimization.

• We evaluate our algorithms over large synthetic and real-world datasets and show that
our proposed methods significantly improve over previous state-of-the-arts in terms
of both the accuracy of the estimated influence and the quality of the selected nodes
in maximizing the influence over independently hold-out real testing data.

In the remainder of the paper, we will first tackle the influence estimation problem in
section 2. We then formulate different realistic constraints for the influence maximization
in section 3 and present the adaptive-thresholding greedy algorithm with its theoretical
analysis in section 4; we investigate the performance of the proposed algorithms in both
synthetic and real-world datasets in section 5; and finally we conclude in section 6.

2. Influence Estimation

We start by revisiting the continuous-time diffusion model by Gomez-Rodriguez et al. (2011)
and then explicitly formulate the influence estimation problem from the perspective of
probabilistic graphical models. Because the efficient inference of the influence value for
each node is highly non-trivial, we further develop a scalable influence estimation algorithm
which is able to handle networks of millions of nodes. The influence estimation procedure
will be a key building block for our later influence maximization algorithm.

2.1 Continuous-Time Diffusion Networks

JMLR 18(2):1-45, 2017

The continuous-time diffusion model associates each edge with a transmission function, that
is, a density over the transmission time along the edge, in contrast to previous discrete-time
models which associate each edge with a fixed infection probability (Kempe et al., 2003).

4

i∈V

Y

p (ti |{tj }j∈πi ) ,
(1)

5
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where each πi denotes the collection of parents of node i in the induced DAG, and each
term p(ti |{tj }j∈πi ) corresponds to a conditional density of ti given the infection times of
the parents of node i. This is true because given the infection times of node i’s parents, ti
is independent of other infection times, satisfying the local Markov property of a directed
graphical model. We note that the independent cascade model only specifies explicitly
the pairwise transmission function of each directed edge, but does not directly define the
conditional density p(ti |{tj }j∈πi ).

p ({ti }i∈V ) =

The continuous-time independent cascade model is essentially a directed graphical model for
a set of dependent random variables, that is, the infection times ti of the nodes, where the
conditional independence structure is supported on the contact network G. Although the
original contact graph G can contain directed loops, each diffusion process (or a cascade)
induces a directed acyclic graph (DAG). For those cascades consistent with a particular
DAG, we can model the joint density of ti using a directed graphical model:

2.2 Probabilistic Graphical Model for Continuous-Time Diffusion Networks

j∈πi

fji (ti |tj )
l∈πi ,l6=j

Y
S(ti |tl ),

(2)

(j,i)∈E

fji (τji ),

(3)

(j,l)∈q

τjl ,

(4)

(5)

6
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The significance of the relation is that it allows us to transform a problem involving
a sequence of dependent variables {ti }i∈V to one with independent variables {τji }(j,i)∈E .
Furthermore, the two perspectives are connected via the shortest path algorithm in weighted
directed graph, a standard well-studied operation in graph analysis.



Pr {ti ≤ T |A} = Pr gi {τji }(j,i)∈E |A ≤ T .

where the transformation gi (·|A) is the value of the shortest-path minimization. As a
special case, we can now compute the probability of node i infected before T using a set of
independent variables:

q∈Qi

X

ti = gi {τji }(j,i)∈E |A = min

Based on the Shortest-Path property of the independent cascade model, each variable ti can
be viewed as a transformation from the collection of variables {τji }(j,i)∈E . More specifically,
let Qi be the collection of directed paths in G from the source nodes to node i, where each
path q ∈ Qi contains a sequence of directed edges (j, l). Assuming all source nodes are
infected at time zero, then we obtain variable ti via

 Y
p {τji }(j,i)∈E =

which is the sum of the likelihoods that node i is infected by each parent node j. More
precisely, each term in the summation can be interpreted as the likelihood fji (ti |tj ) of node
i being infected at ti by node j multiplied by the probability S(ti |tl ) that it has survived
from the infection of each other parent node l 6= j until time ti .
Perhaps surprisingly, the factorization in Equation (1) is the same factorization that
can be used for an arbitrary induced DAG consistent with the contact network G. In this
case, we only need to replace the definition of πi (the parent of node i in the DAG) to the
set of neighbors of node i with an edge pointing to node i in G. This is not immediately
obvious from Equation (1), since the contact network G can contain directed loops which
seems to be in conflict with the conditional independence semantics of directed graphical
models. The reason why it is possible to do so is as follows: any fixed set of infection
times, t1 , . . . , td , induces an ordering of the infection times. If ti ≤ tj for an edge j → i
in G, hji (ti |tj ) = 0, and the corresponding term in Equation (2) is zeroed out, making the
conditional density consistent with the semantics of directed graphical models.
Instead of directly modeling the infection times ti , we can focus on the set of mutually
independent random transmission times τji = ti − tj . Interestingly, by switching from a
node-centric view to an edge-centric view, we obtain a fully factorized joint density of the
set of transmission times

X

However, these conditional densities can be derived from the pairwise transmission functions based on the Independent-Infection property:

Moreover, it also differs from discrete-time models in the sense that events in a cascade
are not generated iteratively in rounds, but event timings are sampled directly from the
transmission function in the continuous-time model.
Continuous-Time Independent Cascade Model. Given a directed contact network,
G = (V, E), we use the independent cascade model for modeling a diffusion process (Kempe
et al., 2003; Gomez-Rodriguez et al., 2011). The process begins with a set of infected
source nodes, A, initially adopting certain contagion (idea, meme or product) at time zero.
The contagion is transmitted from the sources along their out-going edges to their direct
neighbors. Each transmission through an edge entails random waiting times, τ , drawn from
different independent pairwise waiting time distributions(one per edge). Then, the infected
neighbors transmit the contagion to their respective neighbors, and the process continues.
We assume that an infected node remains infected for the entire diffusion process. Thus, if
a node i is infected by multiple neighbors, only the neighbor that first infects node i will
be the true parent. As a result, although the contact network can be an arbitrary directed
network, each diffusion process induces a Directed Acyclic Graph (DAG).
Heterogeneous Transmission Functions. Formally, the pairwise transmission function fji (ti |tj ) for a directed edge j → i is the conditional density of node i getting infected
at time ti given that node j was infected at time tj . We assume it is shift invariant:
fji (ti |tj ) = fji (τji ), where τji := ti − tj , and causal: fji (τji ) = 0 if τji < 0. Both parametric
transmission functions, such as the exponential and Rayleigh function (Gomez-Rodriguez
et al., 2011), and nonparametric functions (Du et al., 2012) can be used and estimated from
cascade data.
Shortest-Path Property. The independent cascade model has a useful property we
will use later: given a sample of transmission times of all edges, the time ti taken to infect
a node i is the length of the shortest path in G from the sources to node i, where the edge
weights correspond to the associated transmission times.
p (ti |{tj }j∈πi ) =
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2.3 Influence Estimation Problem in Continuous-Time Diffusion Networks

hX

i∈V

i X
I {ti ≤ T |A} =

i∈V

Pr {ti ≤ T |A} ,
(6)

Intuitively, given a time window, the wider the spread of infection, the more influential the
set of sources. We adopt the definition of influence as the expected number of infected nodes
given a set of source nodes and a time window, as in previous work (Gomez-Rodriguez and
Schölkopf, 2012). More formally, consider a set of source nodes A ⊆ V, |A| ≤ C which get
infected at time zero. Then, given a time window T , a node i is infected within the time
window if ti ≤ T . The expected number of infected nodes (or the influence) given the set
of transmission functions {fji }(j,i)∈E can be computed as
σ(A, T ) = E

Z
0

∞

···

Z
T

ti =0

···

Z
0

∞ Y
j∈V

p tj |{tl }l∈πj

 Y

j∈V


dtj ,

(7)

where I {·} is the indicator function and the expectation is taken over the the set of dependent
variables {ti }i∈V . By construction, σ(A, T ) is a non-negative, monotonic nondecreasing
submodular function in the set of source nodes shown by Gomez-Rodriguez and Schölkopf
(2012).
Essentially, the influence estimation problem in Equation (6) is an inference problem for
graphical models, where the probability of event ti ≤ T given sources in A can be obtained
by summing out the possible configuration of other variables {tj }j6=i . That is
Pr{ti ≤ T |A} =

which is, in general, a very challenging problem. First, the corresponding directed graphical
models can contain nodes with high in-degree and high out-degree. For example, in Twitter,
a user can follow dozens of other users, and another user can have hundreds of “followers”.
The tree-width corresponding to this directed graphical model can be very high, and we
need to perform integration for functions involving many continuous variables. Second,
the integral in general can not be evaluated analytically for heterogeneous transmission
functions, which means that we need to resort to numerical integration by discretizing the
domain [0, ∞). If we use N levels of discretization for each variable, we would need to
enumerate O(N |πi | ) entries, exponential in the number of parents.
Only in very special cases, can one derive the closed-form equation for computing
Pr{ti ≤ T |A}. For instance, Gomez-Rodriguez and Schölkopf (2012) proposed an approach
for exponential transmission functions, where the special properties of exponential density
are used to map the problem into a continuous time Markov process problem, and the computation can be carried out via a matrix exponential. However, without further heuristic
approximation, the computational complexity of the algorithm is exponential in the size
and density of the network. The intrinsic complexity of the problem entails the utilization
of approximation algorithms, such as mean field algorithms or message passing algorithms.
We will design an efficient randomized (or sampling) algorithm in the next section.
2.4 Efficient Influence Estimation in Continuous-Time Diffusion Networks
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Our first key observation is that we can transform the influence estimation problem in
Equation (6) into a problem with independent variables. With the relation in Equation (5),
7
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i∈V

hX

we can derive the influence function as
X


Pr gi {τji }(j,i)∈E |A ≤ T
σ(A, T ) =
i∈V
i


I gi {τji }(j,i)∈E |A ≤ T ,

=E

(8)

where the expectation is with respect to the set of independent variables {τji }(j,i)∈E . This
equivalent formulation suggests a naive sampling (NS) algorithm for approximating σ(A, T ):
draw n samples of {τji }(j,i)∈E , run a shortest path algorithm for each sample, and finally
average the results (see Appendix A for more details). However, this naive sampling approach has a computational complexity of O(nC|V||E| + nC|V|2 log |V|) due to the repeated
calling of the shortest path algorithm. This is quadratic to the network size, and hence not
scalable to millions of nodes.
Our second key observation is that for each sample {τji }(j,i)∈E
P, we are only interested in
the neighborhood size of the source nodes, i.e., the summation i∈V I {·} in Equation (8),
rather than in the individual shortest paths. Fortunately, the neighborhood size estimation
problem has been studied in the theoretical computer science literature. Here, we adapt a
very efficient randomized algorithm by Cohen (1997) to our influence estimation problem.
This randomized algorithm has a computational complexity of O(|E| log |V| + |V| log2 |V|)
and it estimates the neighborhood sizes for all possible single source node locations. Since
it needs to run once for each sample of {τji }(j,i)∈E , we obtain an overall influence estimation
algorithm with O(n|E| log |V| + n|V| log2 |V|) computation, nearly linear in network size.
Next we will revisit Cohen’s algorithm for neighborhood estimation.

2.4.1 Randomized Algorithm for Single-Source Neighborhood-Size
Estimation

Given a fixed set of edge transmission times {τji }(j,i)∈E and a source node s, infected at
time zero, the neighborhood N (s, T ) of a source node s given a time window T is the set
of nodes within distance T from s, i.e.,


N (s, T ) = i gi {τji }(j,i)∈E ≤ T, i ∈ V .
(9)

(10)

Instead of estimating N (s, T ) directly, the algorithm will assign an exponentially distributed
random label ri to each network node i. Then, it makes use of the fact that the minimum of a
set of exponential random variables {ri }i∈N (s,T ) is still an exponential random variable, but
with its parameter being equal to the total number of variables, that is, if each ri ∼ exp(−ri ),
then the smallest label within distance T from source s, r∗ := mini∈N (s,T ) ri , will distribute
as r∗ ∼ exp {−|N (s, T )|r∗ }. Suppose we randomize over the labeling m times and obtain
m . Then the neighborhood size can be estimated as
m such least labels, {r∗u }u=1

m−1
|N (s, T )| ≈ Pm u .
u=1 r∗

JMLR 18(2):1-45, 2017

which is shown by Cohen (1997) to be an unbiased estimator of |N (s, T )|. This is an elegant
relation since it allows us to transform the counting problem in (9) to a problem of finding
the minimum random label r∗ . The key question is whether we can compute the least label
r∗ efficiently, given random labels {ri }i∈V and any source node s.

8

(12)

(11)

(13)

9

r∗ = mini∈A minj∈N (i,T ) rj ,

JMLR 18(2):1-45, 2017

(15)

This is true because each source independently infects its downstream nodes. Furthermore,
to calculate the least label list r∗ corresponding to N (A, T ), we can simply reuse the least
label list r∗ (i) of each individual source i ∈ A. More formally,

i∈A

When we have a set of sources, A, its neighborhood is the union of the neighborhoods of
its constituent sources
[
N (A, T ) =
N (i, T ).
(14)

2.4.2 Constructing Estimation for Multiple-Source Neighborhood Size

Finally, to estimate |N (s, T )|, we generate m i.i.d. collections of random labels, run Algorithm 3 on each collection, and obtain m values {r∗u }m
u=1 , which we use in Equation (10) to
estimate |N (i, T )|.
The computational complexity of Algorithm 3 is O(|E| log |V| + |V| log2 |V|), with expected size of each r∗ (s) being O(log |V|). Then the expected time for querying r∗ is
O(log log |V|) using binary search. Since we need to generate m set of random labels and
run Algorithm 3 m times, the overall computational complexity for estimating the singlesource neighborhood size for all s ∈ V is O(m|E| log |V| + m|V| log2 |V| + m|V| log log |V|).
For large-scale network, and when m  min{|V|, |E|}, this randomized algorithm can be
much more efficient than approaches based on directly calculating the shortest paths.

r∗ = r(l) , where d(l−1) > T ≥ d(l) .

where {·}(l) denotes the l-th element in the list. (see Appendix B for an example).
If we want to query the smallest reachable random label r∗ for a given source s and a
time T , we only need to perform a binary search on the list for node s:

r(1) < r(2) < . . . < r(|r∗ (s)|) ,

∞ > d(1) > d(2) > . . . > d(|r∗ (s)|) = 0

where the inner minimization can be carried out by querying r∗ (i). Similarly, after we
obtain m samples of r∗ , we can estimate |N (A, T )| using Equation (10). Importantly, very
little additional work is needed when we want to calculate r∗ for a set of sources A, and
we can reuse work done for a single source. This is very different from a naive sampling
approach where the sampling process needs to be done completely anew if we increase the
source set. In contrast, using the randomized algorithm, only an additional constant-time
minimization over |A| numbers is needed.

Cohen (1997) designed a modified Dijkstra’s algorithm (Algorithm 3) to construct a data
structure r∗ (s), called least label list, for each node s to support such query. Essentially, the
algorithm starts with the node i with the smallest label ri , and then it traverses in breadthfirst search fashion along the reverse direction of the graph edges to find all reachable nodes.
For each reachable node s, the distance d∗ between i and s, and ri are added to the end
of r∗ (s). Then the algorithm moves to the node i0 with the second smallest label ri0 , and
similarly find all reachable nodes. For each reachable node s, the algorithm will compare
the current distance d∗ between i0 and s with the last recorded distance in r∗ (s). If the
current distance is smaller, then the current d∗ and ri0 are added to the end of r∗ (s). Then
the algorithm move to the node with the third smallest label and so on. The algorithm is
summarized in Algorithm 3 in Appendix B.
Algorithm 3 returns a list r∗ (s) per node s ∈ V, which contains information about
distance to the smallest reachable labels from s. In particular, each list contains pairs of
distance and random labels, (d, r), and these pairs are ordered as

Q

(j,i)∈E

fji (τji ).

(16)

{riu }i∈V

10
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where Λ := maxA:|A|≤C 2σ(A, T )2 /(m − 2) + 2V ar(|N (A, T )|)(m − 1)/(m − 2) + 2a/3 and
|N (A, T )| ≤ |V|, and for each set of random transmission times, draw m sets of random
labels. Then |b
σ (A, T ) − σ(A, T )| ≤  uniformly for all A with |A| ≤ C, with probability at
least 1 − α.

Theorem 1 Draw the following number of samples for the set of random transmission
times


CΛ
2|V|
n ≥ 2 log
(17)

α

What is even more important is that the number of random labels, m, does not need
to be very large. Since the estimator for |N (A, T )| is unbiased (Cohen, 1997), essentially
the outer-loop of averaging over n samples of random transmission times further reduces
the variance of the estimator in a rate of O(1/n). In practice, we can use a very small m
(e.g., 5 or 10) and still achieve good results, which is also confirmed by our later experiments. Compared to (Chen et al., 2009), the novel application of Cohen’s algorithm arises
for estimating influence for multiple sources, which drastically reduces the computation
by cleverly using the least-label list from single source. Moreover, we have the following
theoretical guarantee (see Appendix C for the proof).

2. Given a set of

{τijl }(j,i)∈E ,

Q
sample m sets of random labels
∼
i∈V exp(−ri ).


P
P
ul
3. Estimate σ(A, T ) by sample averages σ(A, T ) ≈ n1 nl=1 (m − 1)/ m
.
ul =1 r∗

1. Sample n sets of random transmission times {τijl }(j,i)∈E ∼

Continuous-Time Influence Estimation (ConTinEst):

suggests the following overall algorithm :



m−1
σ(A, T ) = E{τji }(j,i)∈E [|N (A, T )|] = E{τji } E{r1 ,...,rm }|{τji } Pm u ,
u=1 r∗

So far, we have achieved efficient neighborhood size estimation of |N (A, T )| with respect to a
given set of transmission times {τji }(j,i)∈E . Next, we will estimate the influence by averaging
over multiple sets of samples for {τji }(j,i)∈E . More specifically, the relation from (8)

2.4.3 Overall Algorithm
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The theorem indicates that the minimum number of samples, n, needed to achieve
certain accuracy is related to the actual size of the influence σ(A, T ), and the variance
of the neighborhood size |N (A, T )| over the random draw of samples. The number of
random labels, m, drawn in the inner loop of the algorithm will monotonically decrease the
dependency of n on σ(A, T ). It suffices to draw a small number of random labels, as long
as the value of σ(A, T )2 /(m − 2) matches that of V ar(|N (A, T )|). Another implication is
that influence at larger time window T is harder to estimate, since σ(A, T ) will generally
be larger and hence require more random samples.

3. Constraints of Practical Importance
By treating our proposed influence estimation algorithm ConTinEst as a building block, we
can now tackle the influence maximization problem under various constraints of practical
importance. Here, since ConTinEst can estimate the influence value of any source set
with respect to any given time window T , the Timing Constraints can thus be naturally
satisfied. Therefore, in the following sections, we mainly focus on modeling the MultipleItem Constraints, the User Constraints and the Product Constraints.
3.1 Multiple-Item Constraints

X

ai σi (Ri , Ti ),

(18)

Multiple products can spread simultaneously across the same set of social entities over
different diffusion channels. Since these products may have different characteristics, such
as the revenue and the speed of spread, and thus may follow different diffusion dynamics,
we will use multiple diffusion networks for different types of products.
Suppose we have a set of products L that propagate on the same set of nodes V. The
diffusion network for product i is denoted as Gi = (V, Ei ). For each product i ∈ L, we search
for a set of source nodes Ri ⊆ V to which we can assign the product i to start its campaign.
We can represent the selection of Ri ’s using an assignment matrix A ∈ {0, 1}|L|×|V| as
follows: Aij = 1 if j ∈ Ri and Aij = 0 otherwise. Based on this representation, we define
a new ground set Z = L × V of size N = |L| × |V|. Each element of Z corresponds to the
index (i, j) of an entry in the assignment matrix A, and selecting element z = (i, j) means
assigning product i to user j (see Figure 1 for an illustration). We also denote Z∗j = L×{j}
and Zi∗ = {i} × V as the j-th column and i-th row of matrix A, respectively. Then, under
the above mentioned additional requirements, we would like to find a set of assignments
S ⊆ Z so as to maximize the following overall influence
f (S) =

i∈L

where σi (Ri , Ti ) denote the influence of product i for a given time Ti , {ai > 0} is a set of
weights reflecting the different benefits of the products and Ri = {j ∈ V : (i, j) ∈ S}. We
now show that the overall influence function f (S) in Equation (18) is submodular over the
ground set Z.
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Lemma 2 Under the continuous-time independent cascade model, the overall influence
f (S) is a normalized monotone submodular function of S.
11
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i

Figure 1: Illustration of the assignment matrix A associated with partition matroid M1
and group knapsack constraints. If product i is assigned to user j, then Aij = 1 (colored
in red). The ground set Z is the set of indices of the entries in A, and selecting an element
(i, j) ∈ Z means assigning product i to user j. The user constraint means that there are at
most uj elements selected in the j-th column; the product constraint means that the total
cost of the elements selected in the i-th row is at most Bi .

Proof By definition, f (∅) = 0 and f (S) is monotone. By Theorem 4 in Gomez-Rodriguez
and Schölkopf (2012), the component influence function σi (Ri , Ti ) for product i is submodular in Ri ⊆ V. Since non-negative linear combinations of submodular functions are
P still submodular, fi (S) := ai σi (Ri , Ti ) is also submodular in S ⊆ Z = L×V, and f (S) = i∈L fi (S)
is submodular.

3.2 User Constraints

Each social network user can be a potential source and would like to be exposed only to a
small number of ads. Furthermore, users may be grouped according to their geographical
locations, and advertisers may have a target population they want to reach. Here, we will
incorporate these constraints using the matroids which are combinatorial structures that
generalize the notion of linear independence in matrices (Schrijver, 2003; Fujishige, 2005).
Formulating our constrained influence maximization task with matroids allows us to design
a greedy algorithm with provable guarantees.
Formally, suppose that each user j can be assigned to at most uj products. A matroid
can be defined as follows:

Definition 3 A matroid is a pair, M = (Z, I), defined over a finite set (the ground set)
Z and a family of sets (the independent sets) I, that satisfies three axioms:

1. Non-emptiness: The empty set ∅ ∈ I.

2. Heredity: If Y ∈ I and X ⊆ Y , then X ∈ I.

JMLR 18(2):1-45, 2017

3. Exchange: If X ∈ I, Y ∈ I and |Y | > |X|, then there exists z ∈ Y \ X such that
X ∪ {z} ∈ I.

12

f (S)

p=1

P
\

Ip ,

1 ≤ i ≤ k,

(19)

13
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where, for simplicity, we will denote all the feasible solutions S ⊆ Z as F. This formulation
in general includes the following cases of practical importance :

S∈

subject to c(S ∩ Zi∗ ) ≤ 1,

maxS⊆Z

Based on the above discussion of various constraints in viral marketing and our design
choices for tackling them, we can think of the influence maximization problem as a special
case of the following constrained submodular maximization problem with P = 1 matroid
constraints and k = |L| knapsack constraints,

3.4 Overall Problem Formulation

Importantly, these knapsack constraints have very specific structure: they are on different groups of a partition {Zi∗ } of the ground set and the submodular function f (S) =
P
i ai σi (Ri , Ti ) is defined over the partition. In consequence, such structures allow us to
design an efficient algorithm with improved guarantees over the known results.

c(S ∩ Zi∗ ) ≤ 1, ∀i.

Group-knapsack: partition the ground set into Zi∗ = {i} × V each of which
corresponds to one row of A. Then a feasible solution S ⊆ Z satisfies

Seeking initial adopters entails a cost to the advertiser, which needs to be paid to the
host, while the advertisers of each product have a limited amount of money. Here, we will
incorporate these requirements using knapsack constraints which we describe below.
Formally, suppose that each product i has a budget Bi , and assigning item i to user j
costs cij > 0. Next, we introduce the following notation to describe product constraints
over the ground set Z. For an element z = (i, j) ∈ Z, define its cost as P
c(z) := cij . Abusing
the notation slightly, we denote the cost of a subset S ⊆ Z as c(S) := z∈S c(z). Then, in
a feasible solution S ⊆ Z, the cost of assigning product i, c(S ∩ Zi∗ ), should not be larger
than its budget Bi .
Now, without loss of generality, we can assume Bi = 1 (by normalizing cij with Bi ),
and also cij ∈ (0, 1] (by throwing away any element (i, j) with cij > 1), and define

3.3 Product Constraints

I1 = {S|S ⊆ Z and |S ∩ Z∗j | ≤ uj , ∀j} .

Partition matroid M1 : partition the ground set Z into Z∗j = L × {j} each of
which corresponds to a column of A. Then M1 = {Z, I1 } is

for some given parameters u1 , . . . , ut . The user constraints can then be formulated as

14
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There exist algorithms for submodular maximization under multiple knapsack constraints
achieving a 1 − 1e approximation factor by (Sviridenko, 2004). Thus, one may be tempted
to convert the matroid constraint in the problem defined by Equation (19) to |V| knapsack
constraints, so that the problem becomes a submodular maximization problem under |L| +
|V| knapsack constraints. However, this naive approach is not practical for large-scale
scenarios because the running time of such algorithms is exponential in the number of
knapsack constraints. Instead, if we opt for algorithms for submodular maximization under
k knapsack constraints and P matroids constraints, the best approximation factor achieved
1
by polynomial time algorithms is P +2k+1
(Badanidiyuru and Vondrák, 2014). However,

4.1 Overall Algorithm

In this section, we first develop a simple, practical and intuitive adaptive-thresholding greedy
algorithm to solve the continuous-time influence maximization problem with the aforementioned constraints. Then, we provide a detailed theoretical analysis of its performance.

4. Influence Maximization

User Group Constraint. Our formulation in Equation (19) essentially allows for general matroids which can model more sophisticated real-world constraints, and the proposed
formulation, algorithms, and analysis can still hold. For instance, suppose there is a hierarchical community structure on the users, i.e., a tree T where leaves are the users and
the internal nodes are communities consisting of all users underneath, such as customers
in different countries around the world. In consequence of marketing strategies, on each
community C ∈ T , there are at most uC slots for assigning the products. Such constraints
are readily modeled by the Laminar Matroid, which generalizes the partition matroid by
allowing the set {Zi } to be a laminar family (i.e., for any Zi 6= Zj , either Zi ⊆ Zj , or
Zj ⊆ Zi , or Zi ∩ Zj = ∅). It can be shown that the community constraints can be captured
by the matroid M = (Z, I) where I = {S ⊆ Z : |S ∩ C| ≤ uC , ∀C ∈ T }. In the next section, we first present our algorithm, then provide the analysis for the uniform cost case and
finally leverage such analysis for the general case.

In this case, the influence maximization problem defined by Equation (19) becomes the
problem with P = 2 matroid constraints and no knapsack constraints (k = 0). In addition,
if we assume only one product needs campaign, the formulation of Equation (19) further
reduces to the classic influence maximization problem with the simple cardinality constraint.

I2 = {S|S ⊆ Z and |S ∩ Zi∗ | ≤ bi , ∀i} .

Partition matroid M2 : for the product constraints with uniform cost, define a
matroid M2 = {Z, I2 } where

Uniform User-Cost. An important case of influence maximization, which we denote as
the Uniform Cost, is that for each product i, all users have the same cost ci∗ , i.e., cij = ci∗ .
Equivalently, each product i can be assigned to at most bi := bBi /ci∗ c users. Then the
product constraints are simplified to

An important type of matroid is the partition matroid where the ground set Z is partitioned into disjoint subsets Z1 , Z2 , . . . , Zt for some t and

I = {S | S ⊆ Z and |S ∩ Zi | ≤ ui , ∀i = 1, . . . , t}
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for ρ ∈

2d
+ δ) P +2k+1
, . . . , P 2|Z|d
+2k+1

do

Continuous-Time Influence Maximization of Multiple Items

2d
P +2k+1 , (1

f (Sρ )

Call Algorithm 2 to get Sρ ;

Algorithm 1: Density Threshold Enumeration
Input: parameter δ; objective f or its approximation fb; assignment cost c(z), z ∈ Z
Set d = max {f ({z}) : z ∈ Z};
n
o

1
2
3

Output:

argmaxSρ

this is not good enough yet, since in our problem k = |L| can be large, though P = 1 is
small.
Here, we will design an algorithm that achieves a better approximation factor by exploiting the following key observation about the structure of the problem defined by Equation (19): the knapsack constraints are over different groups Zi∗ of the whole ground set,
and the objective function is a sum of submodular functions over these different groups.
The details of the algorithm, called BudgetMax, are described in Algorithm 1. BudgetMax enumerates different values of a so-called density threshold ρ, runs a subroutine
to find a solution for each ρ, which quantifies the cost-effectiveness of assigning a particular product to a specific user, and finally outputs the solution with the maximum objective
value. Intuitively, the algorithm restricts the search space to be the set of most cost-effective
allocations. The details of the subroutine to find a solution for a fixed density threshold
ρ are described in Algorithm 2. Inspired by the lazy evaluation heuristic (Leskovec et al.,
2007), the algorithm maintains a working set G and a marginal gain threshold wt , which
geometrically decreases by a factor of 1 + δ until it is sufficiently small to be set to zero. At
each wt , the subroutine selects each new element z that satisfies the following properties:

f (z|G) := f (G ∪ {z}) − f (G)

1. It is feasible and the density ratio (the ratio between the marginal gain and the cost)
is above the current density threshold;
2. Its marginal gain
is above the current marginal gain threshold.
The term “density” comes from the knapsack problem, where the marginal gain is the mass
and the cost is the volume. A large density means gaining a lot without paying much. In
short, the algorithm considers only high-quality assignments and repeatedly selects feasible
ones with marginal gain ranging from large to small.

JMLR 18(2):1-45, 2017

Remark 1. The traditional lazy evaluation heuristic also keeps a threshold, however, it
only uses the threshold to speed up selecting the element with maximum marginal gain.
Instead, Algorithm 2 can add multiple elements z from the ground set at each threshold
according to the descending order of their marginal gains, and thus reduces the number of
rounds from the size of the solution to the number of thresholds O( 1δ log Nδ ). This allows
us to trade off between the runtime and the approximation ratio (refer to our theoretical
guarantees in section 4.2).
15
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Set G = ∅;
for t = 0, 1, . . . , L, L + 1 do
for z 6∈ G with G ∪ {z} ∈ F and f (z|G) ≥ c(z)ρ do
if f (z|G) ≥ wt then
Set G ← G ∪ {z};

Input: parameters ρ, δ; objective f or its approximation fb; assignment cost
c(z), z ∈ Z;set of feasible solutions F; and d from Algorithm 1.
Set dρ = max {f ({z}) : z ∈ Z, f ({z}) ≥ c(z)ρ};


dρ
δd
Set wt = (1+δ)
and wL+1 = 0;
t for t = 0, . . . , L = argmini wi ≤ N

Algorithm 2: Adaptive Threshold Greedy for Fixed Density

1
2
3
4
5
6
7

Output: Sρ = G

Remark 2. Evaluating the influence of the assigned products f is expensive. Therefore,
we will use the randomized algorithm in Section 2.4.3 to compute an estimation fb(·) of the
quantity f (·).
4.2 Theoretical Guarantees

Although our algorithm is quite intuitive, it is highly non-trivial to obtain the theoretical
guarantees. For clarity, we first analyze the simpler case with uniform cost, which then
provides the base for analyzing the general case.
4.2.1 Uniform Cost

As shown at the end of Section 3.4, the influence maximization, in this case, corresponds
to the problem defined by Equation (19) with P = 2 and no knapsack constraints. Thus,
we can simply run Algorithm 2 with ρ = 0 to obtain a solution G, which is roughly a
1
P +1 -approximation.
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Intuition. The algorithm greedily selects feasible elements with sufficiently large marginal
gain. However, it is unclear whether our algorithm will find good solutions and whether it
will be robust to noise. Regarding the former, one might wonder whether the algorithm will
select just a few elements while many elements in the optimal solution O will become infeasible and will not be selected, in which case the greedy solution G is a poor approximation.
Regarding the latter, we only use the estimation fb of the influence f (i.e., |fb(S) − f (S)| ≤ 
for any S ⊆ Z), which introduces additional error to the function value. A crucial question,
which has not been addressed before (Badanidiyuru and Vondrák, 2014), is whether the
adaptive threshold greedy algorithm is robust to such perturbations.
Fortunately, it turns out that the algorithm will provably select sufficiently many elements of high quality. First, the elements selected in the optimal solution O but not selected
in G can be partitioned into |G| groups, each of which is associated with an element in G.
Thus, the number of elements in the groups associated with the first t elements in G, by
the property of the intersection of matroids, are bounded by P t. See Figure 2 for an illustration. Second, the marginal gain of each element in G is at least as large as that of any
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Analysis. Suppose G = {g1 , . . . , g|G| } in the order of selection, and let Gt = {g1 , . . . , gt }.
Let Ct denote all those elements in O \ G that satisfy the following: they are still feasible
before selecting the t-th element gt but are infeasible after selecting gt . Equivalently, Ct are
all those elements j ∈ O \ G such that (1) j ∪ Gt−1 does not violate the matroid constraints
but (2) j ∪ Gt violates the matroid constraints. In other words, we can think of Ct as the
optimal elements “blocked” by gt . Then, we proceed as follows.
S
By the property of the intersection of matroids, the size of the prefix ti=1 Ct is bounded
by P t. As a consequence of this property, for any Q ⊆ Z, the sizes of any two maximal
independent subsets T1 and T2 of Q can only differ by a multiplicative factor at most P .
This can be realized with the following argument. First, note that any element z ∈ T1 \ T2 ,

The parameter δ introduces a tradeoff between the approximation guarantee and the
runtime: larger δ decreases the approximation ratio but results in fewer influence evaluations. Moreover, the runtime has a linear dependence on the network size and the number
of products to propagate (ignoring some small logarithmic terms) and, as a consequence,
the algorithm is scalable to large networks.

Theorem 4 Suppose fb is evaluated up to error  = δ/16 with ConTinEst. For influence
maximization with uniform cost,
 Algorithm 2 (with
 ρ = 0) outputs a solution G with f (G) ≥
1−2δ
e |Ei∗ |+|V|
+ |L||V|
.
3 f (O) in expected time O
δ2
δ3

element in the group associated with it (up to some small error). This means that even
if the submodular function evaluation is inexact, the quality of the elements in the greedy
solution is still good. The two claims together show that the marginal gain of O \ G is not
much larger than the gain of G, and thus G is a good approximation for the problem.
Formally, suppose we use an inexact evaluation of the influence f such that |fb(S) −
f (S)| ≤  for any S ⊆ Z, let product i ∈ L spread according to a diffusion network
Gi = (V, Ei ), and i∗ = argmaxi∈L |Ei |. Then, we have:

Figure 2: Notation for analyzing Algorithm 2. The elements in the greedy solution G are
arranged according to the order in which Algorithm 2 selects them in Step 3. The elements
in the optimal solution O but not in the greedy solution G are partitioned into groups
{Ct }1≤t≤|G| , where Ct are those elements in O \ G that are still feasible before selecting gt
but are infeasible after selecting gt .

O\G

G

Gt
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In this section, we consider the general case, in which users may have different associated
costs. Recall that this case corresponds to the problem defined by Equation (19) with P = 1
matroid constraints and k = |L| group-knapsack constraints. Here, we will show that there
is a step in Algorithm 1 which outputs a solution Sρ that is a good approximation.

4.2.2 General Case

P
Finally, since by submodularity, f (O) ≤ f (O ∪ G) ≤ f (G) + j∈O\G f (j|G), Claim 3
shows that f (G) is close to f (O) up to a multiplicative factor roughly (1 + P ) and additive
factor O(P |G|). Given that f (G) > |G|, it leads to roughly a 1/3-approximation for our
influence maximization problem by setting  = δ/16 when evaluating fb with ConTinEst.
Combining the above analysis and the runtime of the influence estimation algorithm, we
have our final guarantee in Theorem 4. Appendix D.1 presents the complete proofs.

j∈O\G

Claim 3 The marginal gain of O \ G satisfies
X
f (j|G) ≤ [(1 + δ)P + δ]f (G) + (6 + 2δ)P |G|.

Since the evaluation of the marginal gain of gt should be at least τt , this claims essentially
indicates that the marginal gain of j is approximately bounded by that of gt .
Since there are not many elements in Ct (Claim 1) and the marginal gain of each of its
elements is not much larger than that of gt (Claim 2), we can conclude that the marginal
S|G|
gain of O \ G = i=1 Ct is not much larger than that of G, which is just f (G).

Claim 2 Suppose gt is selected at the threshold τt . Then f (j|Gt−1 ) ≤ (1+δ)τt +4+ Nδ f (G)
for any j ∈ Ct .

Now, we consider the marginal gain of each element in Ct associated with gt . First,
suppose gt is selected at the threshold τt > 0. Then, any j ∈ Ct has marginal gain bounded
by (1 + δ)τt + 2, since otherwise j would have been selected at a larger threshold before τt
by the greedy criterion. Second, suppose gt is selected at the threshold wL+1 = 0. Then,
any j ∈ Ct has marginal gain approximately bounded by Nδ d. Since the greedy algorithm
must pick g1 with fb(g1 ) = d and d ≤ f (g1 ) + , any j ∈ Ct has marginal gain bounded by
δ
N f (G) + O(). Putting everything together we have:

{z} ∪ T2 violates at least one of the matroid constraints since T2 is maximal. Then, let
{Vi }1≤i≤P denote all elements in T1 \ T2 that violate the i-th matroid, and partition T1 ∩ T2
arbitrarily among these Vi ’s so that they cover T1 . In this construction, the size of each Vi
must be at most |T2 |, since otherwise by the Exchange axiom, there would exist z ∈ Vi \ T2
that can be added to T2 , without violating the i-th matroid, leading to a contradiction.
Therefore, |T1 | is at most P times |T2 |.
St
Next, we apply the above property as follows. Let Q be the union of Gt and
St i=1 Ct .
t
On one hand, G is a maximal independent subset of Q, since no element in i=1
S Ct can
be added to Gt without violating the matroid constraints. On the other hand,S ti=1 Ct is
an independent subset of Q, since it is part of the optimal solution. Therefore, ti=1 Ct has
size at most P times |Gt |, which is P t. Note that the properties of matroids are crucial for
this analysis, which justifies our formulation using matroids. In summary, we have
Pt
Claim 1
i=1 |Ci | ≤ P t, for t = 1, . . . , |G|.
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Intuition. The key idea behind Algorithm 1 and Algorithm 2 is simple: spend the budgets
efficiently and spend them as much as possible. By spending them efficiently, we mean to
only select those elements whose density ratio between the marginal gain and the cost is
above the threshold ρ. That is, we assign product i to user j only if the assignment leads
to large marginal gain without paying too much. By spending the budgets as much as
possible, we mean to stop assigning product i only if its budget is almost exhausted or no
more assignments are possible without violating the matroid constraints. Here we make use
of the special structure of the knapsack constraints on the budgets: each constraint is only
related to the assignment of the corresponding product and its budget, so that when the
budget of one product is exhausted, it does not affect the assignment of the other products.
In the language of submodular optimization, the knapsack constraints are on a partition
Zi∗ of the ground set and the objective function is a sum of submodular functions over the
partition.
However, there seems to be a hidden contradiction between spending the budgets efficiently and spending them as much as possible. On one hand, efficiency means the density
ratio should be large, so the threshold ρ should be large; on the other hand, if ρ is large,
there are just a few elements that can be considered, and thus the budget might not be
exhausted. After all, if we set ρ to be even larger than the maximum possible value, then
no element is considered and no gain is achieved. In the other extreme, if we set ρ = 0 and
consider all the elements, then a few elements with large costs may be selected, exhausting
all the budgets and leading to a poor solution.
Fortunately, there exists a suitable threshold ρ that achieves a good tradeoff between
the two and leads to a good approximation. On one hand, the threshold is sufficiently small,
so that the optimal elements we abandon (i.e., those with low-density ratio) have a total
gain at most a fraction of the optimum; on the other hand, it is also sufficiently large, so
that the elements selected are of high quality (i.e., of high-density ratio), and we achieve
sufficient gain even if the budgets of some items are exhausted.

max {ka , 1}
f (O)
(2|L| + 2)(1 + 3δ)

Theorem 5 Suppose fb is evaluated up to error  = δ/16 with ConTinEst. In Algorithm 1,
there exists a ρ such that
f (Sρ ) ≥

where ka is the number of active knapsack constraints:



|Ei∗ |+|V|
δ2

+

|L||V|
δ4



.

ka = |{i : Sρ ∪ {z} 6∈ F, ∀z ∈ Zi∗ }| .
e
The expected running time is O
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1
Importantly, the approximation factor improves over the best known guarantee P +2k+1
=
1
2|L|+2 for efficiently maximizing submodular functions over P matroids and k general knapsack constraints. Moreover, since the runtime has a linear dependence on the network size,
the algorithm easily scales to large networks. As in the uniform cost case, the parameter δ
introduces a tradeoff between the approximation and the runtime.
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2f (O)
P +2k+1 ,

where O is the optimal
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Analysis. The analysis follows the intuition. Pick ρ =
solution, and define

O+ := {z ∈ O \ Sρ : z 6∈ O− } .

O− := {z ∈ O \ Sρ : f (z|Sρ ) < c(z)ρ + 2} ,

Note that, by submodularity, O− is a superset of the elements in the optimal solution that
we abandon due to the density threshold and, by construction, its marginal gain is small:

f (O− |Sρ ) ≤ ρc(O− ) + O(|Sρ |) ≤ kρ + O(|Sρ |),

where the small additive term O(|Sρ |) is due to inexact function evaluations. Next, we
proceed as follows.
First, if no knapsack constraints are active, then the algorithm runs as if there were no
knapsack constraints (but only on elements with density ratio above ρ). Therefore, we can
apply the same argument as in the case of uniform cost (refer to the analysis up to Claim 3
in Section 4.2.1); the only caveat is that we apply the argument to O+ instead of O \ Sρ .
Formally, similar to Claim 3, the marginal gain of O+ satisfies

f (O+ |Sρ ) ≤ [(1 + δ)P + δ]f (Sρ ) + O(P |Sρ |),

where the small additive term O(P |Sρ |) is due to inexact function evaluations. Using
1
that f (O) ≤ f (Sρ ) + f (O− |Sρ ) + f (O+ |Sρ ), we can conclude that Sρ is roughly a P +2k+1
approximation.
Second, suppose ka > 0 knapsack constraints are active and the algorithm discovers that
the budget of product i is exhausted when trying to add element z to the set Gi = G∩Zi∗ of
selected elements at that time. Since c(Gi ∪ {z}) > 1 and each of these elements has density
above ρ, the gain of Gi ∪ {z} is above ρ. However, only Gi is included in our final solution,
so we need to show that the marginal gain of z is not large compared to that of Gi . To do
so, we first realize that the algorithm greedily selects elements with marginal gain above
a decreasing threshold wt . Then, since z is the last element selected and Gi is nonempty
(otherwise adding z will not exhaust the budget), the marginal gain of z must be bounded
by roughly that of Gi , which is at least roughly 21 ρ. Since this holds for all active knapsack
ka
constraints, then the solution has value at least k2a ρ, which is an P +2k+1
-approximation.
Finally, combining both cases, and setting k = |L| and P = 1 as in our problem, we
have our final guarantee in Theorem 5. Appendix D.2 presents the complete proofs.

5. Experiments on Synthetic and Real Data

JMLR 18(2):1-45, 2017

In this section, we first evaluate the accuracy of the estimated influence given by ConTinEst and then investigate the performance of influence maximization on synthetic and
real networks by incorporating ConTinEst into the framework of BudgetMax. We show
that our approach significantly outperforms the state-of-the-art methods in terms of both
speed and solution quality.
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Figure 3: Influence estimation for core-periphery, random, and hierarchical networks with
1,024 nodes and 2,048 edges. Column (a) shows estimated influence by NS (near ground
truth), and ConTinEst for increasing time window T ; Column (b) shows ConTinEst’s
relative error against number of samples with 5 random labels and T = 10; Column (c) reports ConTinEst’s relative error against the number of random labels with 10,000 random
samples and T = 10.
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In this section, we first evaluate the effectiveness of ConTinEst to the classic influence
maximization problem where we have only one product to assign with the simple cardinality
constraint on the users. We compare to other influence maximization methods developed
based on discrete-time diffusion models: traditional greedy by (Kempe et al., 2003), with
discrete-time Linear Threshold Model (LT) and Independent Cascade Model (IC) diffusion
models, and the heuristic methods SP1M, PMIA and MIA-M by (Chen et al., 2009, 2010a,
2012). For Influmax, since it only supports exponential pairwise transmission functions,

5.1.2 Influence Maximization with Uniform Cost

To the best of our knowledge, there is no analytical solution to the influence estimation
given Weibull transmission function. Therefore, we compare ConTinEst with the Naive
Sampling (NS) approach by considering the highest degree node in a network as the source,
and draw 1,000,000 samples for NS to obtain near ground truth. In Figure 3, Column (a)
compares ConTinEst with the ground truth provided by NS at different time window
T , from 0.1 to 10 in networks of different structures. For ConTinEst, we generate up
to 10,000 random samples (or sets of random waiting times), and 5 random labels in the
inner loop. In all three networks, estimation provided by ConTinEst fits the ground truth
accurately, and the relative error decreases quickly as we increase the number of samples
and labels (Column (b) and Column (c)). For 10,000 random samples with 5 random labels,
the relative error is smaller than 0.01.

5.1.1 Influence Estimation

where α > 0 is a scale parameter and β > 0 is a shape parameter. The Weibull distribution
(Wbl) has often been used to model lifetime events in survival analysis, providing more
flexibility than an exponential distribution. We choose α and β from 0 to 10 uniformly at
random for each edge in order to have heterogeneous temporal dynamics. Finally, for each
type of Kronecker network, we generate 10 sample networks, each of which has different α
and β chosen for every edge.

We generate three types of Kronecker networks (Leskovec et al., 2010) which are synthetic
networks generated by a recursive Kronecker product of a base 2-by-2 parameter matrix
with itself to generate self-similar graphs. By tuning the base parameter matrix, we are
able to generate the Kronecker networks which can mimic different structural properties
of many real networks. In the following, we consider networks of three different types of
structures: (i ) core-periphery networks (parameter matrix: [0.9 0.5; 0.5 0.3]), which mimic
the information diffusion traces in real-world networks (Gomez-Rodriguez et al., 2011), (ii )
random networks ([0.5 0.5; 0.5 0.5]), typically used in physics and graph theory (Easley
and Kleinberg, 2010) and (iii ) hierarchical networks ([0.9 0.1; 0.1 0.9]) (Clauset et al.,
2008). Next, we assign a pairwise transmission function for every directed edge in each
type of network and set its parameters at random. In our experiments, we use the Weibull
distribution from (Aalen et al., 2008),
 
β t β−1 −(t/α)β
f (t; α, β) =
e
, t ≥ 0,
(20)
α α

5.1 Experiments on Synthetic Data
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we fit an exponential distribution per edge by NetRate (Gomez-Rodriguez et al., 2011).
Furthermore, Influmax is not scalable. When the average network density (defined as the
average degree per node) of the synthetic networks is ∼ 2.0, the run time for Influmax

Figure 5: Over the 64 product-specific diffusion networks, each of which has 1,048,576
nodes, the estimated influence (a) for increasing the number of products by fixing the
product-constraint at 8 and user-constraint at 2; (b) for increasing product-constraint by
user-constraint at 2; and (c) for increasing user-constraint by fixing product-constraint at
8. For all experiments, we have T = 5 time window.

(a) By products

influence

Figure 4: Influence σ(A, T ) achieved by varying number of sources |A| and observation
window T on the networks of different structures with 1,024 nodes, 2,048 edges and heterogeneous Weibull transmission functions. Top row: influence against #sources by T = 5;
Bottom row: influence against the time window T using 50 sources.
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is more than 24 hours. In consequence, we present the results of ConTinEst using fitted
exponential distributions (Exp). For the discrete-time IC model, we learn the infection
probability within time window T using Netrapalli’s method (Netrapalli and Sanghavi,
2012). The learned pairwise infection probabilities are also served for SP1M and PMIA,
which approximately calculate the influence based on the IC model. For the discretetime LT model, we set the weight of each incoming edge to a node u to the inverse of
its in-degree, as in previous work (Kempe et al., 2003), and choose each node’s threshold
uniformly at random. The top row of Figure 4 compares the expected number of infected
nodes against the source set size for different methods. ConTinEst outperforms the rest,
and the competitive advantage becomes more dramatic the larger the source set grows.
The bottom row of Figure 4 shows the expected number of infected nodes against the time
window for 50 selected sources. Again, ConTinEst performs the best for all three types
of networks.
Next, using ConTinEst as a subroutine for influence estimation, we evaluate the performance of BudgetMax with the uniform-cost constraints on the users. In our experiments
we consider up to 64 products, each of which diffuses over one of the above three different
types of Kronecker networks with ∼ one million nodes. Further, we randomly select a subset
of 512 nodes VS ⊆ V as our candidate target users, who will receive the given products,
and evaluate the potential influence of an allocation over the underlying one-million-node
networks. For BudgetMax, we set the adaptive threshold δ to 0.01 and the cost per user
and product to 1. For ConTinEst, we use 2,048 samples with 5 random labels on each
of the product-specific diffusion networks. We repeat our experiments 10 times and report
the average performance.
We compare BudgetMax with a nodes’ degree-based heuristic, which we refer to as
GreedyDegree, where the degree is treated as a natural measure of influence, and a baseline
method, which assigns the products to the target nodes randomly. We opt for the nodes’
degree-based heuristic since, in practice, large-degree nodes, such as users with millions of
followers in Twitter, are often the targeted users who will receive a considerable payment if
he (she) agrees to post the adoption of some products (or ads) from merchants. GreedyDegree proceeds as follows. It first sorts the list of all pairs of products i and nodes j ∈ VS in
descending order of node-j’s degree in the diffusion network associated to product i. Then,
starting from the beginning of the list, it considers each pair one by one: if the addition of
the current pair to the existing solution does not violate the predefined matroid constraints,
it is added to the solution, and otherwise, it is skipped. This process continues until the end
of the list is reached. In other words, we greedily assign products to nodes with the largest
degree. Due to the large size of the underlying diffusion networks, we do not apply other
more expensive node centrality measures such as the clustering coefficient and betweenness.
Figure 5 summarizes the results. Panel (a) shows the achieved influence against number
of products, fixing the budget per product to 8 and the budget per user to 2. As the number
of products increases, on the one hand, more and more nodes become assigned, so the total
influence will increase. Yet, on the other hand, the competition among products for a
few existing influential nodes also increases. GreedyDegree achieves a modest performance,
since high degree nodes may have many overlapping children. In contrast, BudgetMax, by
taking the submodularity of the problem, the network structure and the diffusion dynamics
of the edges into consideration, achieves a superior performance, especially as the number
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We compare our method to two modified versions of the above mentioned nodes’ degreebased heuristic GreedyDegree and to the same baseline method. In the first modified
version of the heuristic, which we still refer to as GreedyDegree, takes both the degree
and the corresponding cost into consideration. In particular, it sorts the list of all pairs of
products i and nodes j ∈ VS in descending order of degree-cost ratio dj /cj in the diffusion
network associated to product i, instead of simply the node-j’s degree, and then proceeds
similarly as before. In the second modified version of the heuristic, which we refer as
GreedyLocalDegree, we use the same degree-cost ratio but allow the target users to be
partitioned into distinct groups (or communities) and pick the most cost-effective pairs
within each group locally instead. Figure 6 compares the performance of our method with
the competing methods against four factors: (a) the number of products, (b) the budget
per product, (c) the budget per user and (d) the time window T , while fixing the other
factors. In all cases, BudgetMax significantly outperforms the other methods, and the
achieved influence increases monotonically with respect to the factor value, as one may have
expected. In addition, in Figure 6(e), we study the effect of the Laminar matroid combined
with group knapsack constraints, which is the most general type of constraint we handle in
this paper (refer to Section 3.4). The selected target users are further partitioned into K
groups randomly, each of which has, Qi , i = 1 . . . K, limit which constrains the maximum
allocations allowed in each group. In practical scenarios, each group might correspond to
a geographical community or organization. In our experiment, we divide the users into 8
equal-size groups and set Qi = 16, i = 1 . . . K to indicate that we want a balanced allocation
in each group. Figure 6(e) shows the achieved influence against the budget per user for
K = 8 equally-sized groups and Qi = 16, i = 1 . . . K. In contrast to Figure 6(b), the total

In this section, we evaluate the performance of BudgetMax under non-uniform cost constraints, using again ConTinEst as a subroutine for influence estimation. Our designing of
user-cost aim to mimic a real scenario, where advertisers pay much more money to celebrities with millions of social network followers than to normal citizens. To do so, we let
1/n
ci ∝ di where ci is the cost, di is the degree, and n ≥ 1 controls the increasing speed of
cost with respect to the degree. In our experiments, we use n = 3 and normalize ci to be
within (0, 1]. Moreover, we set the product-budget to a base value from 1 to 10 and add a
random adjustment drawn from a uniform distribution U (0, 1).

5.1.3 Influence Maximization with Non-Uniform Cost

of product (i.e., the competition) increases. Panel (b) shows the achieved influence against
the budget per product, considering 64 products and fixing the budget per user to 2. We
find that, as the budget per product increases, the performance of GreedyDegree tends to
flatten and the competitive advantage of BudgetMax becomes more dramatic. Finally,
Panel (c) shows the achieved influence against the budget per user, considering 64 products
and fixing the budget per product to 8. We find that, as the budget per user increases, the
influence only increases slowly. This is due to the fixed budget per product, which prevents
additional new nodes to be assigned. This meets our intuition: by making a fixed number
of people watching more ads per day, we can hardly boost the popularity of the product.
Additionally, even though the same node can be assigned to more products, there is hardly
ever a node that is the perfect source from which all products can efficiently spread.
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Figure 6: Over the 64 product-specific diffusion networks, each of which has a total
1,048,576 nodes, the estimated influence (a) for increasing the number of products by fixing
the product-budget at 1.0 and user-constraint at 2; (b) for increasing product-budget by
fixing user-constraint at 2; (c) for increasing user-constraint by fixing product-budget at
1.0; (d) for different time window T; and (e) for increasing user-constraint with group-limit
16 by fixing product-budget at 1.0.
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Figure 8 compares the performance of increasingly selecting sources (from 1 to 10) on
small Kronecker networks. When the number of selected sources is 1, different algorithms
essentially spend time estimating the influence for each node. ConTinEst outperforms
other methods by order of magnitude and for the number of sources larger than 1, it can
efficiently reuse computations for estimating influence for individual nodes. Dashed lines
mean that a method did not finish in 24 hours, and the estimated run time is plotted.
Next, we compare the run time for selecting 10 sources with increasing densities (or the
number of edges) in Figure 9. Again, Influmax and NS are order of magnitude slower due
to their respective exponential and quadratic computational complexity in network density.
In contrast, the run time of ConTinEst only increases slightly with the increasing density
since its computational complexity is linear in the number of edges. We evaluate the speed
on large core-periphery networks, ranging from 100 to 1,000,000 nodes with density 1.5
in Figure 10. We report the parallel run time only for ConTinEst and NS (both are
implemented by MPI running on 192 cores of 2.4Ghz) since Influmax is not scalable. In
contrast to NS, the performance of ConTinEst increases linearly with the network size
and can easily scale up to one million nodes.

Figure 9: Runtime of selecting 10 sources in networks of 128 nodes with increasing density
by T = 10.
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Figure 8: Runtime of selecting increasing number of sources on Kronecker networks of 128
nodes and 320 edges with T = 10.
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Figure 7: The relative accuracy and the run-time for different threshold parameter δ.

estimated influence does not increase significantly with respect to the budget (i.e., number
of slots) per user. This is due to the fixed budget per group, which prevents additional new
nodes to be assigned, even though the number of available slots per user increases.
5.1.4 Effects of Adaptive Thresholding
In Figure 7, we investigate the impact that the threshold value δ has on the accuracy and
runtime of our adaptive thresholding algorithm and compare it with the lazy evaluation
method. Note that the performance and runtime of lazy evaluation do not change with
respect to δ because it does not depend on it. Panel (a) shows the achieved influence against
the threshold δ. As expected, the larger the δ value, the lower the accuracy. However, our
method is relatively robust to the particular choice of δ since its performance is always over
a 90-percent relative accuracy even for large δ. Panel (b) shows the runtime against the
threshold δ. In this case, the larger the δ value, the lower the runtime. In other words,
Figure 7 verifies the intuition that δ is able to trade off the solution quality of the allocation
with the runtime time.
5.1.5 Scalability
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time(s)

time(s)

time(s)

In this section, we start with evaluating the scalability of the proposed algorithms on the
classic influence maximization problem where we only have one product with the cardinality
constraint on the users.
We compare it to the state-of-the-art method Influmax (Gomez-Rodriguez and Schölkopf,
2012) and the Naive Sampling (NS) method in terms of runtime for the continuous-time
influence estimation and maximization. For ConTinEst, we draw 10,000 samples in the
outer loop, each having 5 random labels in the inner loop. We plug ConTinEst as a subroutine into the classic greedy algorithm by (Nemhauser et al., 1978). For NS, we also draw
10,000 samples. The first two experiments are carried out in a single 2.4GHz processor.
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Figure 11: Over the 64 product-specific diffusion networks, each of which has 1,048,576
nodes, the runtime (a) of allocating increasing number of products and (b) of allocating 64
products to 512 users on networks of varying size. or all experiments, we have T = 5 time
window and fix product-constraint at 8 and user-constraint at 2.

time(s)

Figure 10: For core-periphery networks by T = 10, runtime of selecting 10 sources with
increasing network size from 100 to 1,000,000 by fixing 1.5 network density.
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We first trace the flow of information from one site to another by using the hyperlinks among
articles and posts as in the work of Gomez-Rodriguez et al. (2011); Du et al. (2012). In
detail, we extracted 10,967 hyperlink cascades among top 600 media sites. We then evaluate
the accuracy of ConTinEst as follows. First, we repeatedly split all cascades into a 80%
training set and a 20% test set at random for five times. On each training set, we learn one
continuous-time model, which we use for ConTinEst, and a discrete-time model, which we
use for the competitive methods: IC, SP1M, PMIA and MIAM-M. For the continuous-time

5.2.1 Influence Estimation

In this section, we first quantify how well our proposed algorithm can estimate the true
influence in the real-world dataset. Then, we evaluate the solution quality of the selected
sources for influence maximization under different constraints. We have used the public
MemeTracker datasets (Leskovec et al., 2009), which contains more than 172 million news
articles and blog posts from 1 million mainstream media sites and blogs.

5.2 Experiments on Real Data

Finally, we investigate the performance of BudgetMax in terms of runtime when using ConTinEst as subroutine to estimate the influence. We can precompute the data
structures and store the samples needed to estimate the influence function in advance.
Therefore, we focus only on the runtime for the constrained influence maximization algorithm. BudgetMax runs on 64 cores of 2.4Ghz by using OpenMP to accelerate the first
round of the optimization. We report the allocation time for increasing number of products
in Figure 11(a), which clearly shows a linear time complexity with respect to the size of
the ground set. Figure 11(b) evaluates the runtime of allocation by varying the size of the
network from 16,384 to 1,048,576 nodes.

Figure 12: In MemeTracker dataset, comparison of the accuracy of the estimated influence
in terms of mean absolute error.
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We first apply ConTinEst to the continuous-time influence maximization task with the
simple cardinality constraint on the users. We evaluate the influence of the selected nodes in
the same spirit as influence estimation: the true influence is calculated as the total number
of distinct nodes infected before T based on C(u) of the selected nodes. Figure 13 shows
that the selected sources given by ConTinEst achieve the best performance as we vary the
number of selected sources and the observation time window.

5.2.2 Influence Maximization with Uniform Cost

model, we opt for NetRate (Gomez-Rodriguez et al., 2011) with exponential transmission
functions (fixing the shape parameter of the Weibull family to be one) to learn the diffusion
networks by maximizing the likelihood of the observed cascades. For the discrete-time
model, we learn the infection probabilities using the method by Netrapalli and Sanghavi
(2012).
Second, let C(u) be the set of all cascades where u was the source node. By counting the total number of distinct nodes infected before T in C(u), we can quantify the real
influence of node u up to time T . Thus, we can evaluate the quality of the influence estimation by computing the average (across nodes) Mean Absolute Error (MAE) between
the real and the estimated influence on the test set, which we show in Figure 12. Clearly,
ConTinEst performs the best statistically. Since the length of real cascades empirically
conforms to a power-law distribution, where most cascades are very short (2-4 nodes), the
gap of the estimation error is not too large. However, we emphasize that such accuracy
improvement is critical for maximizing long-term influence since the estimation error for individuals will accumulate along the spreading paths. Hence, any consistent improvement in
influence estimation can lead to significant improvement to the overall influence estimation
and maximization task, which is further confirmed in the following sections.

Figure 13: In MemeTracker dataset, (a) comparison of the influence of the selected nodes by
fixing the observation window T = 5 and varying the number sources, and (b) comparison
of the influence of the selected nodes by fixing the number of sources to 50 and varying the
time window.
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Next, we evaluate the performance of BudgetMax on cascades from Memetracker
traced from quotes which are short textual phrases spreading through the websites. Because
all published documents containing a particular quote are time-stamped, a cascade induced
by the same quote is a collection of times when the media site first mentioned it. In detail, we
use the public dataset released by Gomez-Rodriguez et al. (2013), which splits the original
Memetracker dataset into groups, each associated to a topic or real-world event. Each group
consists of cascades built from quotes which were mentioned in posts containing particular
keywords. We considered 64 groups, with at least 100,000 cascades, which play the role
of products. Therein, we distinguish well-known topics, such as “Apple” and “Occupy
Wall-Street”, or real-world events, such as the Fukushima nuclear disaster in 2013 and the
marriage between Kate Middleton and Prince William in 2011.

We then evaluate the accuracy of BudgetMax in the following way. First, we evenly
split each group into a training and a test set and then learn one continuous-time model and
a discrete-time model per group using the training sets. As previously, for the continuoustime model, we opt for NetRate (Gomez-Rodriguez et al., 2011) with exponential transmission functions, and for the discrete-time model, we learn the infection probabilities using
the method by Netrapalli and Sanghavi (2012), where the step-length is set to one. Second,
we run BudgetMax using both the continuous-time model and the discrete-time model.
We refer to BudgetMax with the discrete-time model as the Greedy(discrete) method.
Since we do have no ground-truth information about cost of each node, we focus our experiments using a uniform cost. Third, once we have found an allocation over the learned
networks, we evaluate the performance of the two methods using the cascades in the test
set as follows: given a group-node pair (i, j), let C(j) denote the set of cascades induced by
group i that contains node j. Then, we take the average number of nodes coming after j
for all the cascades in C(j) as a proxy of the average influence induced by assigning group
i to node j. Finally, the influence of an allocation is just the sum of the average influence
of each group-node pair in the solution. In our experiments, we randomly select 128 nodes
as our target users.

Figure 14 summarizes the achieved influence against four factors: (a) the number of
products, (b) the budget per product, (c) the budget per user and (d) the time window T,
while fixing the other factors. In comparison with the Greedy(IC) and a random allocation,
BudgetMax finds an allocation that indeed induces the largest diffusion in the test data,
with an average 20-percent improvement overall.

JMLR 18(2):1-45, 2017

In the end, Figure 15 investigates qualitatively the actual allocations of groups (topics or real-world events; in red) and sites (in black). Here, we find examples that intuitively one could expect: “japantoday.com” is assigned to Fukushima Nuclear disaster or
“finance.yahoo.com” is assigned to “Occupy Wall-street”. Moreover, because we consider
several topics and real-world events with different underlying diffusion networks, the selected nodes are not only very popular media sites such as nytimes.com or cnn.com but also
several modest sites (Bakshy et al., 2011), often specialized or local, such as freep.com or
localnews8.com.
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We have studied the influence estimation and maximization problems in the continuous-time
diffusion model. We first propose a randomized influence estimation algorithm ConTinEst,
which can scale up to networks of millions of nodes while significantly improves over previous state of the art methods in terms of the accuracy of the estimated influence. Once
we have a subroutine for efficient influence estimation in large networks, we then tackle
the problem of maximizing the influence of multiple types of products (or information) in

6. Conclusion

Figure 14: Over the inferred 64 product-specific diffusion networks, the true influence
estimated from separated testing data (a) for increasing the number of products by fixing
the product-constraint at 8 and user-constraint at 2; (b) for increasing product-constraint
by fixing user-constraint at 2; (c) for increasing user-constraint by fixing product-constraint
at 8; (d) for different time window T.
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realistic continuous-time diffusion networks subject to various practical constraints: different products can have different diffusion structures; only influence within a given time
window is considered; each user can only be recommended a small number of products;
and each product has a limited campaign budget, and assigning it to users incurs costs.
We provide a novel formulation as a submodular maximization under an intersection of
matroid constraints and group-knapsack constraints, and then design an efficient adaptive
threshold greedy algorithm with provable approximation guarantees, which we call BudgetMax. Experimental results show that the proposed algorithm performs remarkably
better than other scalable alternatives in both synthetic and real-world datasets. There are
also a few interesting open problems. For example, when the influence is estimated using
ConTinEst, its error is a random variable. How does this affect the submodularity of the
influence function? Is there an influence maximization algorithm that has better tolerance
to the random error? These questions are left for future work.

Figure 15: The allocation of memes to media sites.
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Ashwinkumar Badanidiyuru and Jan Vondrák. Fast algorithms for maximizing submodular
functions. In SODA. SIAM, 2014.
Eytan Bakshy, Jake M. Hofman, Winter A. Mason, and Duncan J. Watts. Everyone’s an
influencer: Quantifying influence on twitter. In International Conference on Web Search
and Data Mining (WSDM), pages 65–74, 2011.
Christian Borgs, Michael Brautbar, Jennifer Chayes, and Brendan Lucier. Influence maximization in social networks: Towards an optimal algorithmic solution. arXiv preprint
arXiv:1212.0884, 2012.
Wei Chen, Yajun Wang, and Siyu Yang. Efficient influence maximization in social networks.
In Knowledge Discovery and Data Mining (SIGKDD), pages 199–208. ACM, 2009.

Du, Liang, Balcan, Gomez-Rodriguez, Zha and Song

Edith Cohen. Size-estimation framework with applications to transitive closure and reachability. Journal of Computer and System Sciences, 55(3):441–453, 1997.

Samik Datta, Anirban Majumder, and Nisheeth Shrivastava. Viral marketing for multiple
products. In International Conference on Data Mining series (ICDM), pages 118–127,
2010.

Nan Du, Le Song, Alex Smola, and Ming Yuan. Learning networks of heterogeneous influence. In Neural Information Processing System (NIPS), pages 2789–2797, 2012.

Nan Du, Le Song, Manuel Gomez-Rodriguez, and Hongyuhan Zha. Scalable influence estimation in continuous time diffusion networks. In Neural Information Processing System
(NIPS), 2013a.

Nan Du, Le Song, Hyenkyun Woo, and Hongyuan Zha. Uncover topic-sensitive information
diffusion networks. In Artificial Intelligence and Statistics (AISTATS), 2013b.

David Easley and Jon Kleinberg. Networks, Crowds, and Markets: Reasoning About a
Highly Connected World. Cambridge University Press, 2010.

Satoru Fujishige. Submodular functions and optimization, volume 58. Elsevier Science
Limited, 2005.

Manuel Gomez-Rodriguez and Bernhard Schölkopf. Influence maximization in continuous
time diffusion networks. In International Conference on Machine Learning (ICML), pages
313–320, 2012.

Manuel Gomez-Rodriguez, David Balduzzi, and Bernhard Schölkopf. Uncovering the temporal dynamics of diffusion networks. In International Conference on Machine Learning
(ICML), 2011.

Manuel Gomez-Rodriguez, Jure Leskovec, and Bernhard Schölkopf. Structure and Dynamics
of Information Pathways in On-line Media. In International Conference on Web Search
and Web Data Mining (WSDM), 2013.

Amit Goyal, Wei Lu, and Laks V. S. Lakshmanan. Celf++: optimizing the greedy algorithm
for influence maximization in social networks. In World Wide Web Conference (WWW)
(Companion Volume), pages 47–48, 2011a.

Wei Chen, Chi Wang, and Yajun Wang. Scalable influence maximization for prevalent
viral marketing in large-scale social networks. In Knowledge Discovery and Data Mining
(SIGKDD), pages 1029–1038. ACM, 2010a.
Wei Chen, Yifei Yuan, and Li Zhang. Scalable influence maximization in social networks
under the linear threshold model. In International Conference on Data Mining series
(ICDM), pages 88–97. IEEE, 2010b.

Amit Goyal, Wei Lu, and Laks V. S. Lakshmanan. Simpath: An efficient algorithm for
influence maximization under the linear threshold model. In International Conference on
Data Mining series (ICDM), pages 211–220, 2011b.

36

JMLR 18(2):1-45, 2017
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• Query: r∗ (c, 0.8) = r(a) = 1.5

• Least-label list:
r∗ (c) : (2, 0.2), (1, 0.3), (0.5, 1.5), (0, 1.8)

• Neighborhoods:
N (c, 2) = {a, b, c, e}; N (c, 3) = {a, b, c, d, e, f };
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Figure 16: Graph G = (V, E), edge weights {τji }(j,i)∈E , and node labeling {ri }i∈V with the
associated output from Algorithm 3.

))15))

3

))553)1

• Node labeling :
e(0.2) < b(0.3) < d(0.4) < a(1.5) < c(1.8)
< g(2.2) < f (3.7)

The notation “argsort((r1 , . . . , r|V| ), ascend)” in line 2 of Algorithm 3 means that we sort
the collection of random labels in ascending order and return the argument of the sort as
an ordered list.

Appendix B. Least Label List

Although the naive sampling algorithm can handle arbitrary transmission function,
it is not scalable to networks with millions of nodes. We need to compute the shortest path for each node and each sample, which results in a computational complexity of
O(n|E| + n|V| log |V|) for a single source node. The problem is even more pressing in the
influence maximization problem, where we need to estimate the influence of source nodes
at different location and with increasing number of source nodes. To do this, the algorithm
needs to be repeated, adding a multiplicative factor of C|V| to the computational complexity (C is the number of nodes to select). Then, the algorithm becomes quadratic in the
network size. When the network size is in the order of thousands and millions, typical in
modern social network analysis, the naive sampling algorithm become prohibitively expensive. Additionally, we may need to draw thousands of samples (n is large), further making
the algorithm impractical for large-scale problems.

3. Average the counts across n samples.

The graphical model perspective described in Section 2.2 suggests a naive sampling (NS)
algorithm for approximating σ(A, T ):
n o
n
l
1. Draw n samples,
τji
, i.i.d. from the waiting time product distribution
(j,i)∈E l=1
Q
f
(τ
);
ji
ji
(j,i)∈E
n o
l
2. For each sample τji
and for each node i, find the shortest path from source
(j,i)∈E
n o

l
nodes to node i; count the number of nodes with gi
τji
≤ T;

Appendix A. Naive Sampling Algorithm
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Algorithm 3: Least Label List
Input: a reversed directed graph G = (V, E) with edge weights {τji }(j,i)∈E , a node
labeling {ri }i∈V
Output: A list r∗ (s) for each s ∈ V
1 for each s ∈ V do ds ← ∞, r∗ (s) ← ∅;
2 for i in argsort((r1 , . . . , r|V| ), ascend) do
3
empty heap H ← ∅;
4
set all nodes except i as unvisited;
5
push (0, i) into heap H;
6
while H 6= ∅ do
7
pop (d∗ , s) with the minimum d∗ from H;
8
add (d∗ , ri ) to the end of list r∗ (s);
9
ds ← d∗ ;
10
for each unvisited out-neighbor j of s do
11
set j as visited;
12
if (d, j) in heap H then
13
Pop (d, j) from heap H;
14
Push (min {d, d∗ + τjs } , j) into heap H;
else if d∗ + τjs < dj then
Push (d∗ + τjs , j) into heap H;
15

2|V|
α

Figure 16 shows an example of the Least-Label-List. The nodes from a to g are assigned
to exponentially distributed labels with mean one shown in each parentheses. Given a query
distance 0.8 for node c, we can binary-search its Least-label-list r∗ (c) to find that node a
belongs to this range with the smallest label r(a) = 1.5.

Appendix C. Theorem 1
CΛ
log
2

Theorem 1 Sample the following number of sets of random transmission times


n>

where Λ := maxA:|A|≤C 2σ(A, T )2 /(m − 2) + 2V ar(|N (A, T )|)(m − 1)/(m − 2) + 2a/3,
|N (A, T )| 6 a, and for each set of random transmission times, sample m set of random
labels. Then we can guarantee that
|b
σ (A, T ) − σ(A, T )| 6 
simultaneously for all A with |A| 6 C, with probability at least 1 − α.

JMLR 18(2):1-45, 2017

Proof Let Sτ := |N (A, T )| for a fixed set of {τji } and then σ(A, T ) = Eτ [Sτ ]. The
randomized
estimator Sbτ = (m −
Pm ualgorithm with mbrandomizations produces an bunbiased
1)/( u=1
r∗ ) for Sτ , i.e., Er|τ [Sτ ] = Sτ , with variance Er|τ [(Sτ −Sτ )2 ] = Sτ2 /(m−2) (Cohen,
1997).
39
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Then Sbτ is also an unbiased estimator for σ(A, T ), since Eτ,r [Sbτ ] = Eτ Er|τ [Sbτ ] =
Eτ [Sτ ] = σ(A, T ). Its variance is

V ar(Sbτ ) := Eτ,r [(Sbτ − σ(A, T ))2 ] = Eτ,r [(Sbτ − Sτ + Sτ − σ(A, T ))2 ]

!

1
n

b

(21)

l=1 Sτ l ,

Pn

= Eτ,r [(Sbτ − Sτ )2 ] + 2 Eτ,r [(Sbτ − Sτ )(Sτ − σ(A, T ))] + Eτ,r [(Sτ − σ(A, T ))2 ]

= σ(A, T )2 /(m − 2) + V ar(Sτ )(m − 1)/(m − 2)

= Eτ [Sτ2 /(m − 2)] + 0 + V ar(Sτ )

n2

2V ar(Sbτ ) + 2a/3

Then using Bernstein’s inequality, we have, for our final estimator σ
b(A, T ) =
that

Pr {|b
σ (A, T ) − σ(A, T )| > } 6 2 exp −

where Sbτ < a 6 |V|.
Setting the right hand side of relation (21) to α, we have that, with probability 1 − α,
sampling the following number sets of random transmission times

 
2
2V ar(Sbτ ) + 2a/3
log
n>
2
α
 
2σ(A, T )2 /(m − 2) + 2V ar(Sτ )(m − 1)/(m − 2) + 2a/3
2
log
2
α
=

CΛ
log
2

2|V|
α

we can guarantee that our estimator to have error |b
σ (A, T ) − σ(A, T )| 6 .
If we want to insure that |b
σ (A, T ) − σ(A, T )| 6  simultaneously hold for all A such
that |A| 6 C  |V|, we can first use union bound with relation (21). In this case, we have
that, with probability 1 − α, sampling the following number sets of random transmission
times


n>

we can guarantee that our estimator to have error |b
σ (A, T ) − σ(A, T )| 6  for all A with
|A| 6 C. Note that we have define the constant Λ := maxA:|A|≤C 2σ(A, T )2 /(m − 2) +
2V ar(Sτ )(m − 1)/(m − 2) + 2a/3.

Appendix D. Complete Proofs for Section 4
D.1 Uniform Cost

JMLR 18(2):1-45, 2017

In this section, we first prove a theorem for the general problem defined by Equation (19),
considering a normalized monotonic submodular function f (S) and general P (Theorem 7)
and k = 0, and then obtain the guarantee for our influence maximization problem (Theorem 4).

40
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Claim 2. Suppose gt is selected at the threshold τt . Then, f (j|Gt−1 ) ≤ (1 + δ)τt + 4 +
δ
N f (G), ∀j ∈ Ct .
Proof First, consider τt > wL+1 = 0. Since gt is selected at the threshold τt , we have that
fb(gt |Gt−1 ) ≥ τt and thus f (gt |Gt−1 ) ≥ τt − 2. Any j ∈ Ct could have been selected at an

To prove the property, note that for any element z ∈ T1 \ T2 , {z} ∪ T2 violates at least
one of the matroid constraints since T2 is maximal. Let {Vi }1≤i≤P denote all elements in
T1 \ T2 that violate the i-th matroid, and then partition T1 ∩ T2 using these Vi ’s so that they
cover T1 . Note that the size of each Vi must be at most that of T2 , since otherwise by the
Exchange axiom, there would exist z ∈ Vi \ T2 that can be added to T2 without violating
the i-th matroid, leading to a contradiction. Therefore, |T1 | is at most P times |T2 |.
St
Now we apply the property to prove the claim. Let Q be the union of Gt and
St i=1 Ct .
t
On one hand, G is a maximal independent subset of Q, since no element in i=1
S Ct can
be added to Gt without violating the matroid constraints. On the other hand,S ti=1 Ct is
an independent subset of Q, since it is part of the optimal solution. Therefore, ti=1 Ct has
size at most P times |Gt |, which is P t.

• T ∪ {z} 6∈ F for any z ∈ Q \ T .

• T ∈F =

• T ⊆ Q;

for any z ∈ Z and S ⊆ Z.
Pt
Claim 1.
i=1 |Ci | ≤ P t, for t = 1, . . . , |G|.
Proof We first show the following property about matroids: for any Q ⊆ Z, the sizes of
any two maximal independent subsets T1 and T2 of Q can only differ by a multiplicative
factor at most P . Here, T is a maximal independent subset of Q if and only if:

|fb(z|S) − f (z|S)| ≤ 2

Also, when |f (S) − fb(S)| ≤  for any S ⊆ Z, we have

fb(z|S) = fb(S ∪ {z}) − fb(S).

and its approximation is denoted by

In the following, we will prove three claims and then use them to prove the Theorems 7
and 4. Recall that for any i ∈ Z and S ⊆ Z, the marginal gain of z with respect to S is
denoted as
f (z|S) := f (S ∪ {z}) − f (S)


Suppose G = g1 , . . . , g|G| in the order of selection, and let Gt = {g1 , . . . , gt }. Let Ct
denote all those elements in O \ G that satisfy the following: they are still feasible before
selecting the t-th element gt but are infeasible after selecting gt . Formally,

Ct = z ∈ O \ G : {z} ∪ Gt−1 ∈ F, {z} ∪ Gt 6∈ F .

Continuous-Time Influence Maximization of Multiple Items

δ
N d.

f (j|G) =
t=1 j∈Ct

|G|
X
X

≤ (1 + δ)

f (j|G) ≤ (1 + δ)

t=1

t=1

|G|
X

|G|
X

t=1

|G|
X

|Ct |
|Ct |τt + δf (G) + 4P |G|.

|Ct |τt + δf (G) + 4

Since the

with dual
W

V

s.t.

=

s.t.

=

ρi σi
σi−1 ≤ t, t = 1, . . . , K,

i=1

K
X

tut−1
ut ≥ ρi , i = 0, . . . , K − 1,

i=1

K
X
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ut ≥ 0, t = 0, . . . , K − 1.

t=i

K−1
X

u

min

σi ≥ 0, i = 1, . . . , K − 1

i=1

t
X

σ

max

Proof Consider the linear program
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Pt
Lemma 6 If
i=1 σi−1 ≤ tPfor t = 1, . . . , K and ρi−1 ≥ ρi for i = 1, . . . , K − 1 with
P
K
ρi , σi ≥ 0, then K
i=1 ρi−1 .
i=1 ρi σi ≤

P|G|
P|G|
Further, t=1 |Ct |τt ≤ P t=1 τt by Claim 1Pand a technicalP
lemma (Lemma 6). Finally,
the claim follows from the fact that f (G) = t f (gt |Gt−1 ) ≥ t (τt − 2).

j∈O\G

X

Proof Combining Claim 1 and Claim 2, we have:

j∈O\G

Claim 3. The marginal gain of O \ G satisfies
X
f (j|G) ≤ [(1 + δ)P + δ]f (G) + (6 + 2δ)P |G|.

δ
f (G) + 4.
N
The claim follows by combining the two cases.

f (j|G) <

Second, consider τt = wL+1 = 0. For each j ∈ Ct , we have fb(j|G) <
greedy algorithm must pick g1 with fb(g1 ) = d and d ≤ f (g1 ) + , then

f (j|Gt−1 ) ≤ (1 + δ)τt + 2.

earlier stage, since adding j to Gt−1 would not have violated the constraint. However, since
j 6∈ Gt−1 , that means that fb(j|Gt−1 ) ≤ (1 + δ)τt . Then,
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Continuous-Time Influence Maximization of Multiple Items

As ρi ≥ ρi+1 , the solution ui = ρi − ρP
i+1 , i = 0, . . . , K − 1 (where ρK = 0) is dual feaP
K
K
t(ρ
sible with value
t−1 − ρt ) =
i=1 ρi−1 . By weak linear programming duality,
t=1 P
PK
K
i=1 ρi−1 .
i=1 ρi σi ≤ V ≤ W ≤

1
4P |G|
f (O) −

(1 + 2δ)(P + 1)
P + cf

Theorem 7 Suppose we use Algorithm 2 to solve the problem defined by Equation (19)
with k = 0, using ρ = 0 and fb to estimate the function f , where |fb(S) − f (S)| ≤  for all
S ⊆ Z. It holds that the algorithm returns a greedy solution G with
f (G) ≥
where O is the optimal solution, using O( Nδ log Nδ ) evaluations of fb.
j∈O\G

Proof By submodularity and Claim 3, we have:
X
f (j|G) ≤ (1 + δ)(P + 1)f (G) + (6 + 2δ)P |G|,

f (O) ≤ f (O ∪ G) ≤ f (G) +

which leads to the bound in the theorem.
Since there are O( 1δ log Nδ ) thresholds, and there are O(N ) evaluations at each threshold, the number of evaluations is bounded by O( Nδ log Nδ ).

1−2δ

Theorem 7 essentially shows f (G) is close to f (O) up to a factor roughly (1 + P ), which
then leads to the following guarantee for our influence maximization problem. Suppose product i ∈ L spreads according to diffusion network Gi = (V, Ei ), and let i∗ = argmaxi∈L |Ei |.
Theorem 4. In the influence maximization problem with uniform cost, Algorithm 2 (with
ρ = 0) is able to 
output a solution G that satisfies f (G) ≥ 3 f (O) in expected time

e |Ei∗ |+|V|
O
.
+ |L||V|
δ2
δ3
Proof In the influence maximization problem, the number of matroids is P = 2. Also note
that |G| ≤ f (G) ≤ f (O), which leads to 4|G| ≤ 4f (O). The approximation guarantee
then follows from setting  ≤ δ/16 when using ConTinEst (Du et al., 2013a) to estimate
the influence.
The runtime is bounded as follows. In Algorithm 2, we need to estimate the marginal
gain of adding one more product to the current solution. In ConTinEst (Du et al., 2013a),
building the initial data structure takes time


1
|V|
O (|Ei∗ | log |V| + |V| log2 |V|) 2 log
δ
δ

N
δ

log Nδ
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evaluations where N = |L||V|, the runtime of our algorithm fol-

and afterwards each function evaluation takes time


1
|V|
O
log log |V| .
log
δ2
δ
As there are O
lows.
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D.2 General case

As in the previous section, we first prove that a theorem for the problem defined by Equation (19) with general normalized monotonic submodular function f (S) and general P
(Theorem 8), and then obtain the guarantee for our influence maximization problem (Theorem 5).

max {1, |Aρ |}
f (O) − 8|Sρ |
(P + 2k + 1)(1 + 2δ)

Theorem 8 Suppose Algorithm 1 uses fb to estimate the function f which satisfies |fb(S) −
f (S)| ≤  for all S ⊆ Z. Then, there exists a ρ such that
f (Sρ ) ≥

where Aρ is the set of active knapsack constraints:

Aρ = {i : Sρ ∪ {z} 6∈ F, ∀z ∈ Zi∗ }.

2
f (O). By submodularity, we
Proof Consider the optimal solution O and set ρ∗ = P +2k+1
h
i
2d
have d ≤ f (O) ≤ |Z|d, so ρ ∈ P +2k+1
, P 2|Z|d
+2k+1 , and there is a run of Algorithm 2 with ρ
such that ρ∗ ∈ [ρ, (1 + δ)ρ]. In the following we consider this run.

Case 1 Suppose |Aρ | = 0. The key observation in this case is that since no knapsack
constraints are active, the algorithm runs as if there were only matroid constraints. Then,
the argument for matroid constraints can be applied. More precisely, let

O+ := {z ∈ O \ Sρ : f (z|Sρ ) ≥ c(z)ρ + 2}

O− := {z ∈ O \ Sρ : z 6∈ O+ } .

(23)

(22)

Note that all elements in O+ are feasible. Following the argument of Claim 3 in Theorem 7,
we have:

f (O+ |Sρ ) ≤ ((1 + δ)P + δ)f (Sρ ) + (4 + 2δ)P |Sρ |.

Also, by definition, the marginal gain of O− is:

f (O− |Sρ ) ≤ kρ + 2|O− | ≤ kρ + 2P |Sρ |,

(6 + 2δ)P |Sρ |
f (O)
−
.
(P + 2k + 1)(1 + δ) (P + 1)(1 + δ)

where the last inequality follows from the fact that Sρ is a maximal independent subset, O−
is an independent subset of O ∪ Sρ , and the sizes of any two maximal independent subsets
in the intersection of P matroids can differ by a factor of at most P . Plugging (22)(23) into
f (O) ≤ f (O+ |Sρ ) + f (O− |Sρ ) + f (Sρ ), we obtain the bound
f (Sρ ) ≥
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Case 2 Suppose |Aρ | > 0. For any i ∈ Aρ (i.e., the i-th knapsack constraint is active),
consider the step when i is added to Aρ . Let Gi = G ∩ Zi∗ , and we have c(Gi ) + c(z) > 1.
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(24)

2(|Gi | + 3 + δ)
1
2(|Gi | + 3 + δ)
ρ
−
≥
ρ∗ −
(2 + δ)
(2 + δ)
2(1 + 2δ)
(2 + δ)
f (O)
≥
− 5|Gi |.
(P + 2k + 1)(1 + 2δ)

(25)

max {ka , 1}
f (O)
(2|L| + 2)(1 + 3δ)
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where ka is the
 number of active
 knapsack constraints. The expected runtime to obtain the
e |Ei∗ |+|V|
solution is O
+ |L||V|
.
δ2
δ4

f (Sρ ) ≥

Theorem 5. In Algorithm 1, there exists a ρ such that

Suppose item i ∈ L spreads according to the diffusion network Gi = (V, Ei ). Let i∗ =
argmaxi∈L |Ei |. By setting  = δ/16 in Theorem 8, we have:

Summing up over all i ∈ Aρ leads to the desired bound.

fi (Gi ) ≥

Combining Eqs. 24 and 25 into fi (Gi ∪ {z}) = fi (Gi ) + fi ({z} |Gi ) leads to

fi ({z} |Gi ) ≤ (1 + δ)fi (Gi ) + 2(2 + δ).

Note that Gi is non-empty since otherwise the knapsack constraint will not be active. Any
element in Gi is selected before or at wt , so fi (Gi ) ≥ wt − 2. Also, note that z is not
selected in previous thresholds before wt , so fi ({z} |Gi ) ≤ (1 + δ)wt + 2 and thus,

fi (Gi ∪ {z}) ≥ ρ[c(Gi ) + c(z)] − 2(|Gi | + 1) > ρ − 2(|Gi | + 1).

Since every element g we include in Gi satisfies fb(g|G) ≥ c(g)ρ with respect to the solution
Gi when g is added. Then f (g|G) = fi (g|Gi ) ≥ c(g)ρ − 2, and we have:

Continuous-Time Influence Maximization of Multiple Items

Abstract

KVODSKI @ GOOGLE . COM

NINAMF @ CS . CMU . EDU

PRANJAL . AWASTHI @ RUTGERS . EDU

JMLR 18(3):1-35, 2017

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided at
http://jmlr.org/papers/v18/15-085.html.

c 2017 Pranjal Awasthi, Maria Florina Balcan, Konstantin Voevodski.

Clustering is usually studied in an unsupervised learning scenario where the goal is to partition
the data given pairwise similarity information. Designing provably-good clustering algorithms is
challenging because given a similarity function there may be many possible clusterings of the data.
Traditional approaches resolve this ambiguity by making assumptions on the data-generation process. For example, there is a large body of work on clustering data that is generated by a mixture of
Gaussians (Achlioptas and McSherry, 2005; Kannan et al., 2005; Dasgupta, 1999; Arora and Kannan, 2001; Brubaker and Vempala, 2008; Kalai et al., 2010; Moitra and Valiant, 2010; Belkin and
Sinha, 2010), and finding clusters with certain density (Rinaldo and Wasserman, 2010; Chaudhuri
and Dasgupta, 2010). But instead of making such assumptions and trying to set the corresponding hyperparameters, we can use limited user (expert) supervision to help the algorithm reach the
correct answer.
Interactive clustering algorithms have been facilitated by the availability of cheap crowd-sourcing
tools in recent years, which enable collection of relevant user input. In certain applications such as
search and document classification, where users are willing to help a clustering algorithm arrive
at their own desired answer with a small amount of additional feedback, interactive clustering algorithms are very useful. The works of Balcan and Blum (2008) and Awasthi and Zadeh (2010)
provide some initial theoretical results in this new and exciting research area, but their models are
not very practical.

1. Introduction

We study the design of interactive clustering algorithms. The user supervision that we consider is in
the form of cluster split/merge requests; such feedback is easy for users to provide because it only
requires a high-level understanding of the clusters. Our algorithms start with any initial clustering
and only make local changes in each step; both are desirable properties in many applications. Local
changes are desirable because in practice edits of other parts of the clustering are considered churn
- changes that are perceived as quality-neutral or quality-negative. We show that in this framework
we can still design provably correct algorithms given that our data satisfies natural separability
properties. We also show that our framework works well in practice.
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1. Given 2 different k-clusterings, δu and δo is at most k2 .
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We observe that in many practical settings we already start with a fairly good clustering computed with semi-automated techniques. For example, consider a massive online news portal that
maintains a large collection of news articles. Suppose that the news articles are clustered on the
“back-end,” and are used to serve several “front-end” applications such as recommendations and
article profiles. For such a system, we do not have the freedom to compute arbitrary clusterings and
present them to the user, which has been suggested in prior interactive clustering work (Balcan and
Blum, 2008; Awasthi and Zadeh, 2010). But it is still feasible to get specific feedback on the current
proposed clustering and locally edit this clustering. In particular, we may only want to change the
“bad” part of the clustering that is revealed by the feedback without changing the rest of the clustering. Our intuition for only considering local edits is that in practice changes to other parts of the
clustering are considered churn - changes that are perceived as quality-neutral or quality-negative.
This observation is especially true for large clustering systems that serve many users, which operate on the assumption that if some of the data is broken, it will be pointed out by a user. For
such applications it is undesirable to change what the user is not complaining about. Motivated by
these observations, in this paper we study the problem of designing local algorithms for interactive
clustering.
We propose a theoretical interactive clustering model and provide strong experimental evidence
supporting its utility in practice. In our model we start with some initial clustering of the data. The
algorithm then interacts with the user in stages. In each stage the user provides limited feedback on
the proposed clustering in the form of split and merge requests. The algorithm then makes a local
edit to the clustering that is consistent with user feedback. Such edits are aimed at improving the
problematic part of the clustering pointed out by the user. The goal of the algorithm is to quickly
converge (using as few requests as possible) to a clustering that the user is happy with - we call this
clustering the target (ground truth) clustering.
In our model the user may request a certain cluster to be split if it is overclustered (intersects
two or more clusters in the target clustering). The user may also request to merge two given clusters
if they are underclustered (both intersect the same target cluster). Note that the user does not tell
the algorithm how to perform the split or the merge; such input is unrealistic because it requires a
manual analysis of the data points in the corresponding clusters. We also restrict the algorithm to
only make local changes at each step - in response we may change only the cluster assignments of
the points in the corresponding clusters. If the user requests to split a cluster Ci , we may change
only the cluster assignments of the points in Ci , and if the user requests to merge Ci and Cj , we
may only reassign the points in Ci and Cj .
The split and merge requests in our model are a natural form of feedback. It is easy for users
to spot over/underclustering errors and request the corresponding splits/merges (without having to
provide any additional information about how to perform the edit). For our model to be practically
applicable, we also need to account for noise in the user requests. In particular, if the user requests
a merge, only a fraction or a constant number of the points in the two clusters may belong to the
same target cluster. Our model (see Section 2) allows for such noisy user responses.
We study the complexity of algorithms in this framework (the number of edits requests needed
to find the target clustering) as a function of the error of the initial clustering. We define clustering
error in terms of underclustering error δu and overclustering error δo (see Section 2). Given that the
initial error is often fairly small 1 , we would like to develop algorithms whose complexity depends
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polynomially on δu , δo and only logarithmically on n, the number of data points. We show that this
is indeed possible given that the target clustering satisfies a natural stability property (see Section 2).
In addition, we develop provably correct algorithms for the well-known correlation-clustering objective (Bansal et al., 2004), which considers pairs of points that are clustered inconsistently with
respect to the target clustering (see Section 2).
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1.1 Our Results
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In this section we give an overview of the related work in the literature.
Interactive Clustering: Interactive clustering models in previous works (Balcan and Blum,
2008; Awasthi and Zadeh, 2010) were inspired by an analogous model for learning under feedback
(Angluin, 1998). In this model, the algorithm can propose a hypothesis to the user (in this case, a
clustering of the data) and get some feedback regarding the correctness of the current hypothesis.
As in our model, the feedback in Balcan and Blum (2008); Awasthi and Zadeh (2010) is in the
form of split and merge requests. The goal is to design efficient algorithms that require few user
requests. A major limitation in the models of Balcan and Blum (2008) and Awasthi and Zadeh
(2010) is that the algorithm is able to choose any arbitrary clustering as the starting point, and can
make arbitrary changes to the clustering in each step. Hence these algorithms may propose a series
of “bad” clusterings to the user to quickly prune the search space and reach the target clustering.
Our interactive clustering model is in the context of an initial clustering; we are restricted to only
making local changes to this clustering to correct the errors pointed out by the user. This model is
well-motivated by several applications, including the Google application described in Section 5.1.
Active Clustering: Other active clustering frameworks have been proposed, where active either refers to selecting which pairwise similarities to consider (not studied here), or requesting user
supervision with respect to the ground-truth clustering. For the former problem, Erikkson et al.
(2011) study minimizing the number of pairwise similarities needed for an algorithm to compute an
accurate clustering. They propose an adaptive algorithm that selects which pairwise similarities to
consider. The assumption on the similarity function that they study, which they call tight clustering
condition, is equivalent to the strict separation property studied here. Krishnamurthy et al. (2012)
propose a different framework to adaptively select which pairwise similarities to consider. They
also study an assumption on the similarity function, which is a generalization of the strict separation property that considers the expected pairwise similarities. Their framework recursively splits
clusters; they propose a spectral-clustering algorithm to perform the split. They also suggest using
the k-means algorithm to perform the split (albeit with no provable guarantees). In our experimental
section we compare our proposed split procedures with a similar spectral clustering algorithm and
the k-means algorithm (see Section 5.1).
For the latter semi-supervised clustering problem, Nie et al. (2012) develop a clustering algorithm that iteratively extends class labels. It may be used with an empty set of initial labels (unsu-

1.2 Related work

When the data satisfies stronger assumptions, we present more efficient split and merge algorithms that do not require global pairwise similarity information. These procedures compute the
edit by only considering the similarities between the points in the user request.
In Section 5 we demonstrate the effectiveness of our algorithms on real data. We show that for
the purposes of splitting known overclustering instances, our split algorithm performs better than
well-known algorithms in unsupervised split/merge clustering literature, such as spectral clustering
and k-means. We also test our entire interactive clustering framework on the 20 Newsgroup data
set, which is known to very challenging for unsupervised (Telgarsky and Dasgupta, 2012; Heller
and Ghahramani, 2005; Dasgupta and Hsu, 2008; Dai et al., 2010; Boulis and Ostendorf, 2004;
Zhong, 2005) and semi-supervised clustering methods (Basu et al., 2002, 2004). We find that in
many scenarios our framework is able find the target Newsgroup clustering after a limited number
of edit requests.

1−η

Our local interactive clustering model is summarized in Section 2.4. This model is then instantiated
with specific split/merge algorithms in Section 3 and Section 4. In Section 3 we study the η-merge
model. Here we assume that the user may request to split a cluster Ci only if Ci contains points
from several ground-truth clusters. The user may request to merge Ci and Cj only if an η-fraction
of the points in each Ci and Cj are from the same ground-truth cluster. Note that these restrictions
are on the user requests, and not the clustering we are editing. In particular, there may be pairs of
clusters Ci and Cj where a smaller fraction of the points are from the same target cluster. But we
assume that the user will not request to merge Ci and Cj in such cases because there is not enough
evidence to request this merge. Instead, we assume that the user will ask for a split of Ci and/or Cj
first, or ask for another merge involving Ci or Cj (where there is more evidence that they need to be
merged). This is a realistic restriction because we assume that the merge requests come from highlevel observations about the clusters, for example from observing the cluster profiles/summaries.
For this model for η > 0.5, given an initial clustering with overclustering error δo and underclustering error δu , we present interactive clustering algorithms that require δo split requests and
2(δu + k) log 1 n merge requests to find the target clustering, where n is the number of points in
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the data set. For η > 2/3, given an initial clustering with correlation-clustering error δcc , we present
algorithms that require at most δcc edit requests to find the target clustering.
In Section 4 we relax the condition on the merges and allow the user to request a merge even if
Ci and Cj only have a single point from the same target cluster. We call this the unrestricted-merge
model. Here the requirement on the accuracy of the user response is much weaker and we need
to make further assumptions about the nature of the requests. In particular, we assume that each
merge request is chosen uniformly at random from the set of possible merge requests. Under this
assumption we present algorithms that with probability at least 1 −  require δo split requests and
O(log k δu2 ) merge requests to find the target clustering.
Our interactive clustering algorithms take either global or local pairwise similarity data as input.
Our most general algorithms use the global average-linkage tree Tglob to compute local clustering
edits. This tree is constructed from all the data points in the clustering, but it is too large to be
directly pruned by users. Still, we can use this global tree to compute accurate local clustering edits.
Our split algorithm finds the node in Tglob where the corresponding points are first split in two. It
is more challenging to design a correct merge procedure, given that we allow “impure” merges,
where the clusters in the merge request intersect more than one ground-truth cluster. To perform
such merges, in the η-merge model we design an algorithm to extract the “pure” subsets of the
two clusters, which must only contain points from the same target cluster. Our algorithm searches
for the deepest node in Tglob that has enough points from both clusters. In the unrestricted-merge
model, we develop another merge algorithm that either merges the two clusters or merges them and
splits them. This algorithm always makes progress if the requested merge is “impure,” and makes
progress on average if it is “pure” (both clusters are subset of the same target cluster).
3

5
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in our framework merges may only be initiated by user requests, while Ding and He (2002) propose
automatically selecting the next clusters to merge using the max-min-cut criterion (without any user
supervision), which they show works well in practice. However, the experiments of Ding and He
(2002) also assume that we know the target number of clusters, while our model does not make such
assumptions.
Lee et al. (2012) propose a different unsupervised split/merge framework based on optimizing
Bayes error. They propose spectral clustering and k-means for computing the splits, which we
compare with in our experimental section (see Section 5.1). To perform merges, they again only
consider returning the union of the two clusters; the next two clusters to merge are selected by optimizing Bayes error. Unlike Ding and He (2002), they do not assume that we know the number
of target clusters. They show good experimental results for video segmentation, but their unsupervised approach may not work for challenging data sets like 20 Newsgroups, where it may not be
possible to find the ground truth without user feedback. Chaudhuri et al. (1992) propose another
unsupervised split/merge framework for image-segmentation applications. Their split procedure is
application-specific because it considers gray-scale values (we cannot compare with it), while their
merge is based on edge density.
Data Separability Properties: The data separability (stability) property that we consider in
this work is a natural generalization of the “stable marriage” property (see Definition 2), which has
been studied in a variety of previous works (Balcan et al., 2008; Bryant and Berry, 2001). It is
the weakest among the stability properties that have been studied recently such as strict separation
and strict threshold separation (Balcan et al., 2008; Erikkson et al., 2011; Ackerman et al., 2012;
Ackerman and Dasgupta, 2014; Balcan et al., 2014). This property is also known to hold for realworld data. In particular, Voevodski et al. (2012) observed that this property holds for protein
sequence data, where similarities are computed with sequence alignment and ground truth clusters
correspond to evolutionary-related proteins. Other stronger separability properties have also been
considered in the literature (Awasthi and Balcan, 2015).

pervised setting), or with a non-empty set of initial labels (semi-supervised setting). The algorithm
minimizes an estimate of Bayes error with respect to the unlabeled instances.
Basu et al. (2002) study the same semi-supervised clustering problem in the context of the kmeans objective. Their algorithm has access to the class labels of some seed fraction f of the points
in the data set. They propose two variations of a supervised k-means algorithm: one which only
uses the known labels to compute the initial clustering (termed Seeded K-Means), and another that
also enforces that the known labels do not change while the centers/clusters are updated (termed
Constrained K-Means). They perform experiments on the same 20 Newsgroups data sets that we
consider in Section 5.2. The experiments of Basu et al. (2002) show that even though the supervision
improves accuracy, even for f > 0.5 the output clustering still has many mistakes. They also show
that the accuracy depends on how difficult the data set is w.r.t. the separability of the ground-truth
clusters, and show improved accuracy on an easier instance (termed Different-3 Newsgroups) when
compared to a harder one (termed Same-3 Newsgroups). In a related work, Basu et al. (2004)
study the same problem but with supervision in the form of pairwise must-link and cannot-link
constraints. They propose another supervised k-means algorithm and perform experiments on the
same 20 Newsgroups data sets. They are still unable to come close to recovering the groundtruth for a difficult Newsgroups data set (termed News-sim3), but have more success with an easier
Newsgroup data set (termed News-diff3). Ashtiani et al. (2016) also study the k-means objective
with supervision in the form of pairwise must-link and cannot-link constraints, which are modeled as
oracle queries. For center-based clustering instances (specified by a Voroni decomposition around a
set of centers) that satisfy a separability condition with respect to the cluster centers, they propose an
accurate algorithm that requires a limited number of queries; they do not provide any experimental
results.
In our experimental section we give a comparison of our results on the 20 Newsgroups data sets
with those of Basu et al. (2002) and Basu et al. (2004) (see Section 5.2.4). Our comparison considers
the amount of required supervision and accuracy of the final clustering output. We show that only
our framework is able to fully recover the ground-truth clustering, albeit we can do this consistently
only with some restrictions on the requested merges. On the other hand, Basu et al. (2002) and Basu
et al. (2004) do not come close to finding the ground-truth for the harder Newsgroups data sets even
when they use a large amount of supervision.
We also note that the supervision considered by Nie et al. (2012), Basu et al. (2002), Basu
et al. (2004) and Ashtiani et al. (2016) is harder for the user to provide. Such supervision requires
an understanding of the individual data points on the part of the user. The user must study the
individual data points to provide instance class labels as in Nie et al. (2012) and Basu et al. (2002),
or study pairwise relationships between individual data points to provide must-link and cannot-link
constraints as in Basu et al. (2004) and Ashtiani et al. (2016). The supervision in the form of cluster
split/merge requests that we consider here is a more realistic form of interaction - it only requires
the user to understand the high-level properties of the clusters.
Split/Merge Techniques: Several unsupervised split/merge frameworks have also been proposed (Ding and He, 2002; Lee et al., 2012; Chaudhuri et al., 1992). They focus on designing
split/merge algorithms but do not consider any user feedback. Ding and He (2002) propose to use a
spectral clustering algorithm to perform the splits. To perform merges, they only consider returning
the union of the points in the two clusters. In our experiments, we compare the effectiveness of our
split procedures with splits given by spectral clustering (see Section 5.1). With respect to merges,
our merge algorithms for η = 1 are equivalent to the merge proposed by Ding and He (2002), but
dist(C, C 0 ) =

6

Ci ∈C

X

dist(Ci , C 0 ).
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This distance is the number of additional clusters in C 0 that contain points from Ci ; it evaluates
to 0 when all points in Ci are contained in a single cluster in C 0 . Naturally, we can then define the
distance between C and C 0 as:

dist(Ci , C 0 ) = |{Cj0 ∈ C 0 : Cj0 ∩ Ci 6= ∅}| − 1.

Given two clusterings C and C 0 , we define the distance between a cluster Ci ∈ C and the clustering
C 0 as:

2.1 Clustering Error

Given a data set X of n points we define C = {C1 , C2 , . . . Ck } to be a k-clustering of X where
the Ci ’s represent the individual clusters. Given two clusterings C and C 0 , we next define several
notions of clustering error, which are used in our theoretical analysis.

2. Notation and Preliminaries
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Definition 1 (Local algorithm) We say that an interactive clustering algorithm is local if in each
iteration only the cluster assignments of the points involved in the edit request may be changed. If
the user requests to split Ci , the algorithm may only reassign the points in Ci . If the user requests
to merge Ci and Cj , the algorithm may only reassign the points in Ci ∪ Cj .
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Note that the assumptions about the split requests are the same in both models. With respect
to the merges, in the η-merge model the oracle may request to merge two clusters if both have a
constant fraction of points from the same target cluster. In the unrestricted-merge model, the oracle
may request to merge two clusters even if both only have some points from the same target cluster.
In each model, we will refer to the split/merge requests that satisfy these definitions as valid edit
requests.
Also note that in the η-merge model the restrictions on valid merge requests are with respect to
the oracle requests, and not the clustering we are editing. In particular, there may be pairs of clusters
Ci and Cj where a smaller fraction of the points are from the same target cluster. But we assume
that the oracle will not request to merge Ci and Cj in such cases. Instead, we assume that the oracle
will ask for a split of Ci and/or Cj first, or ask for a different (valid) merge involving Ci or Cj .

Definition 6 (unrestricted-merge model) The oracle may request to split a cluster Ci only if Ci
contains points from more than one target cluster. The oracle may request to merge two clusters Ci
and Cj only if Ci and Cj both intersect the same target cluster.

Definition 5 (η-merge model) The oracle may request to split a cluster Ci only if Ci contains
points from more than one target cluster. The oracle may request to merge two clusters Ci and Cj
only if at least an η-fraction of the points in each Ci and Cj belong to the same target cluster.

We model the user as an oracle that provides edit requests. In order for our algorithms to
make progress, the oracle requests must be somewhat consistent with the target clustering, which is
captured by the following definitions.

Definition 4 (Strict threshold separation) Given a clustering C = {C1 , C2 , · · · Ck } over a domain X and a similarly function S : X ×X 7→ <, we say that C satisfies strict threshold separation
with respect to S if there exists a threshold t such that, for all i, x, y ∈ Ci , S(x, y) > t, and, for all
i 6= j, x ∈ Ci , y ∈ Cj , S(x, y) ≤ t.

Definition 3 (Strict separation) Given a clustering C = {C1 , C2 , · · · Ck } over a domain X and a
similarly function S : X × X 7→ <, we say that C satisfies strict separation with respect to S if for
all i 6= j, x, y ∈ Ci and z ∈ Cj , S(x, y) > S(x, z).

In addition to the stability property, we also study the stronger strict separation and strict threshold separation properties, which were first introduced in Balcan et al. (2008). They are defined
below. Clearly, we can verify that strict separation and strict threshold separation imply stability.

Definition 2 (Stability) Given a clustering C = {C1 , C2 , · · · Ck } over a domain X and a similarly
function S : X × X 7→ <, we say that C satisfies stability with respect to S if for all i 6= j,
and for all A ⊂ Ci and A0 ⊆ Cj , S(A, Ci \ A) > S(A, A0 ), where for any two sets A, A0 ,
S(A, A0 ) = Ex∈A,y∈A0 S(x, y).

We next define the properties of a clustering that we study in this work, which describe how
separable the ground-truth clusters are.

Notice that this notion of clustering distance is asymmetric: dist(C, C 0 ) 6= dist(C 0 , C). Also
note that dist(C, C 0 ) = 0 if and only if C refines C 0 . Observe that if C is the ground-truth clustering,
and C 0 is a proposed clustering, then dist(C, C 0 ) can be considered an underclustering error, and
dist(C 0 , C) an overclustering error.
An underclustering error is an instance of several clusters in a proposed clustering containing
points from the same ground-truth cluster; this ground-truth cluster is said to be underclustered.
Conversely, an overclustering error is an instance of points from several ground-truth clusters contained in the same cluster in a proposed clustering; this proposed cluster is said to be overclustered.
In the following sections we use C ∗ = {C1∗ , C2∗ , . . . Ck∗ } to refer to the ground-truth clustering, and
use C to refer to a proposed clustering. We use δu to refer to the underclustering error of a proposed
clustering, and δo to refer to the overclustering error. In other words, we have δu = dist(C ∗ , C)
and δo = dist(C, C ∗ ). We use δ to denote the sum of the two errors: δ = δu + δo . We call δ the
under/overclustering error, and use δ(C, C ∗ ) to refer to the error of C with respect to C ∗ .
We observe that the under/overclustering error δ(C, C ∗ ) may also be restated in terms of the
bipartite cluster-intersection graph of Xiang et al. (2012). This bipartite graph G = (C, C ∗ , E)
describes the relationships between the clusters of C and C ∗ , with nodes on one side corresponding
to the clusters of C and nodes on the other side corresponding to the clusters of C ∗ . The set of
(unweighted) edges E corresponds to the intersections between the two sets of clusters: there is an
edge if the corresponding clusters intersect on at least one data point (Xiang et al., 2012). Then
we can express the under/overclustering error δ(C, C ∗ ) using vol(G), the sum of the degrees of the
nodes of G:
δ(C, C ∗ ) = vol(G) − |C| − |C ∗ |.

In addition to the under/overclustering error defined above, in parts of our analysis we define
the distance between two clusterings using the correlation-clustering objective function. Given a
proposed clustering C, and a ground-truth clustering C ∗ , we define the correlation-clustering error
δcc as the number of (ordered) pairs of points that are clustered inconsistently with C ∗ :
δcc = |{(u, v) ∈ X × X : c(u, v) 6= c∗ (u, v)}|,

where c(u, v) = 1 if u and v are in the same cluster in C, and 0 otherwise; c∗ (u, v) = 1 if u and v
are in the same cluster in C ∗ , and 0 otherwise. In our analysis we also call each such pair of points
a pairwise correlation-clustering error.
Note that as before we may divide the correlation-clustering error δcc into overclustering component δcco and underclustering component δccu :
δcco = |{(u, v) ∈ X × X : c(u, v) = 1 and c∗ (u, v) = 0}|,

δccu = |{(u, v) ∈ X × X : c(u, v) = 0 and c∗ (u, v) = 1}|.

Observe that by definition δcc = δcco + δccu .
2.2 Definitions
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Our interactive clustering model concerns computing local clustering edits, which only change the
part of the clustering that the user is complaining about. This intuition is captured by the following
definition.
7
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For additional discussion about comparing clusterings see Meilă (2007). Note that several criteria
discussed in Meilă (2007) satisfy our first two properties (given that we replace “must decrease

3. The η-merge model

• perform corresponding local clustering edit

while (there exists split/merge request from oracle)

Figure 1: Local interactive clustering model

We now give a general overview of our local interactive clustering model. This model is then instantiated by specific split/merge algorithms in Section 3 and Section 4 (depending on the assumptions
about the oracle requests and the separability of the data).
Our approach is outlined in Figure 1 - we iteratively keep on making the local edits requested
by the oracle. Note that the oracle does not provide the algorithm with any additional information
about how to execute the split/merge. The description in Figure 1 also assumes that the requests
come one at a time. Batch requests can be handled as well by queuing them in arbitrary order and
then executing them one at a time (as long as the clusters in the request have not changed).
Given that the oracle requests must be somewhat consistent with the target clustering (see our
assumptions about the validity of such requests in Section 2.2), and that our algorithms must therefore make progress with respect to finding the target clustering (see our analysis in Section 3 and
Section 4), we expect the loop to terminate when we reach the target clustering.
Also note that the description in Figure 1 does not say anything about the sequence of oracle requests. The algorithms for the η-merge model in Section 3 are consistent with this description; they
make no additional assumptions about this sequence. However, the algorithms in the unrestrictedmerge model in Section 4 do make an additional assumption that each merge request is drawn
uniformly at random from the set of valid merge requests.

2.4 Local interactive clustering

the error” with “must increase the similarity” in Definition 7). In addition, the Rand criteria and
the Mirkin criteria discussed in Meilă (2007) are closely related to the correlation clustering error
defined here (all three measures are a function of the number of pairs of points that are clustered
incorrectly).
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In this section we describe and analyze our split/merge algorithms in the η-merge model. As a
preprocessing step for all our split/merge algorithms, we first run the hierarchical average-linkage
algorithm on all the points in the data set to compute the global average-linkage tree, which we
denote by Tglob . The leaf nodes in this tree contain the individual points, and the root node contains
all the points. The tree is computed in a bottom-up fashion: starting with the leafs in each iteration
the two most similar nodes are merged, where the similarity between two nodes N1 and N2 is the
average similarity between the points in N1 and the points in N2 .
We assign a label “impure” to each cluster in the initial clustering; these labels are used by the
merge procedure but are not visible to the user. Given a split or merge request from the oracle, a
local clustering edit is computed from the global tree Tglob as described in Figure 2 and Figure 3.

Proof Given any proposed clustering C, and any target clustering C ∗ , we may transform C into C ∗
via the following sequence of edits. First, we split all overclustering instances using the following
iterative procedure: while there exists a cluster Ci that contains points from Cj∗ and some other
ground-truth cluster(s), we split it into two clusters Ci,1 = Ci ∩ Cj∗ and Ci,2 = Ci − Ci,1 . Note that
this iterative split procedure will require exactly δo split edits, where δo is the initial overclustering
error. Then, when we are left with only “pure” clusters (each intersects exactly one target cluster),
we merge all underclustering instances using the following iterative procedure: while there exist
two clusters Ci and Cj that contain only points from the same target cluster, merge Ci and Cj .
Note that this iterative merge procedure will require exactly δu merge edits, where δu is the initial
underclustering error. Let us use γ to refer to any natural clustering error of C with respect to C ∗ .
By the first property of natural clustering error, each split must have decreased γ by at least one.
By the second property, each merge must have decreased γ by at least one as well. Given that we
performed exactly δ = δo + δu edits, it follows that initially γ(C, C ∗ ) must have been at least δ.

Theorem 9 For any natural clustering error γ, any proposed clustering C, and any target clustering
C ∗ , γ(C, C ∗ ) ≥ δ(C, C ∗ ).

Claim 8 The under/overclustering error and the correlation clustering error satisfy Definition 7
and hence are natural clustering errors.

We expect a lot of definitions of clustering error to satisfy the above criteria (especially the first
two properties), in addition to other domain-specific criteria. Clearly, the under/overclustering error
δ = δu + δo and the correlation-clustering error δcc are also natural clustering errors (Claim 8).
Given a natural clustering error γ, a proposed clustering C and the target clustering C ∗ , we will
use γ(C, C ∗ ) to denote the magnitude of the error of C with respect to C ∗ . We can also prove that
the under/overclustering error defined in the previous section is the lower-bound on any natural
clustering error (Theorem 9).

• The error is integer-valued.

• If there exist two clusters that contain only points from the same target cluster, then merging
them into one cluster must decrease the error.

• If there exists a cluster Ci that contains points from Cj∗ and some other ground-truth cluster(s), then splitting this cluster into two clusters Ci,1 = Ci ∩ Cj∗ and Ci,2 = Ci − Ci,1 must
decrease the error.

Definition 7 We say that a clustering error is natural if it satisfies the following properties:

We observe that the clustering errors defined in the previous section may be generalized by abstracting their common properties. We define the following properties of what we call natural clustering
error, which is any integer-valued error that decreases when we locally improve the proposed clustering.

2.3 Generalized clustering error
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in Figure 2 and Figure 3 require at most δo split requests and 2(δu + k) log 1 n merge requests to
1−η
find the target clustering.
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Figure 2: Split procedure

= η. Similarly set

for

Cj .
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Proof a. For purposes of contradiction, suppose the returned split is not clean: Ci,1 and Ci,2 contain
points from the same ground-truth cluster Cj∗ . It must be the case that Ci contains points from several ground-truth clusters, which implies that w.l.o.g. Ci,1 contains points from some other groundtruth cluster Cl6∗=j . This implies that N1 is not laminar w.r.t. C ∗ , which contradicts Lemma 12. b. By
our assumption, at least η|Ci | points from Ci and η|Cj | points from Cj are from the same groundtruth cluster Cl∗ . Clearly, the node N 0 in Tglob that is equivalent to Cl∗ (which contains all the points
in Cl∗ and no other points) must contain enough points from Ci and Cj , and only ascendants and

b. The new cluster added by the merge procedure in Figure 3 must be “pure”, i.e., it must contain
points from a single ground-truth cluster.

a. The split procedure in Figure 2 always produces a clean split.

Lemma 14 If the ground-truth clustering satisfies stability and η > 0.5 then,

We now prove the following properties regarding the correctness of the split/merge procedures;
these properties are then used in the proof of Theorem 10.

Definition 13 (Clean split) A partition (split) of a cluster Ci into clusters Ci,1 and Ci,2 is said to
be clean if Ci,1 and Ci,2 are non-empty, and for each ground-truth cluster Cj∗ such that Cj∗ ∩Ci 6= ∅,
either Cj∗ ∩ Ci = Cj∗ ∩ Ci,1 or Cj∗ ∩ Ci = Cj∗ ∩ Ci,2 .

It follows that the split computed by the algorithm in Figure 2 must also be consistent with the
target clustering; we call such splits clean.

Proof The proof of this statement can be found in Balcan et al. (2008). The intuition is that if there
is a node in T that is not laminar w.r.t. C ∗ , then the average-linkage algorithm, at some step, must
have merged A ⊆ Ci∗ , with B ⊂ Cj∗ for some i 6= j. However, this will contradict the stability
property for the sets A and/or B.

Lemma 12 Suppose the ground-truth clustering C ∗ over a domain X satisfies stability with respect
to a similarity function S. Let T be the average-linkage tree for X constructed with S. Then every
node in T is laminar w.r.t. C ∗ .

Definition 11 (Laminar) A node N is laminar with respect to a clustering C if for each cluster
Ci ∈ C we have either N ∩ Ci = ∅, N ⊆ Ci , or Ci ⊂ N .

In order to prove the theorem, we must do some preliminary analysis. First, we observe that if
the target clustering satisfies stability, then every node of the average-linkage tree must be laminar
(consistent) with respect to the target clustering. Informally, each node in a hierarchical clustering
tree T is said to be laminar (consistent) with respect to the clustering C if for each cluster Ci ∈ C,
the points in Ci are first grouped together in T before they are grouped with points from any other
cluster Cj6=i . We formally state and prove these observations next.

To implement Step 1 in Figure 2, we start at the root of Tglob and “follow” the points in Ci down
one of the branches until we find a node that splits them. In order to implement Step 2 in Figure 3, it
suffices to perform a post-order traversal of Tglob and return the first node that has “enough” points
from both clusters.

Algorithm: S PLIT P ROCEDURE
Input: Cluster Ci , global average-linkage tree Tglob .
1. Search Tglob to find the node N at which the set of points in Ci are first split in two.
2. Let N1 and N2 be the children of N . Set Ci,1 = N1 ∩ Ci , Ci,2 = N2 ∩ Ci .
3. Delete Ci and replace it with Ci,1 and Ci,2 . Mark the two new clusters as “impure”.

= 1 else set

η1

η2

The split procedure is fairly intuitive: if the average-linkage tree is consistent with the target
clustering, it suffices to find the node in the tree where the corresponding points are first split in two.
It is more challenging to develop a correct merge procedure: note that Step 2 in Figure 3 is only
correct if η > 0.5, which ensures that if two nodes in the tree have more than an η-fraction of the
points from Ci and Cj , one must be an ancestor of the other. If the average-linkage tree is consistent
with the ground-truth, then clearly the node equivalent to the corresponding target cluster (that Ci
and Cj both intersect) will have enough points from Ci and Cj ; therefore the node that we find in
Step 2 must be this node or one of its descendants. In addition, because our merge procedure may
replace two clusters with three, we require pure/impure labels for the merge requests to terminate:
“pure” clusters may only have other points added to them, and retain this label throughout the
execution of the algorithm.
Figure 3: Merge procedure
Algorithm: M ERGE P ROCEDURE

is marked as “pure” set

η1

Input: Clusters Ci and Cj , global average-linkage tree Tglob .
1. If
Ci

2. Search Tglob for a node of maximal depth N that contains enough points from Ci and
Cj : |N ∩ Ci | ≥ η1 |Ci | and |N ∩ Cj | ≥ η2 |Cj |.
3. Replace Ci by Ci \ N , replace Cj by Cj \ N .
4. Add a new cluster containing N ∩ (Ci ∪ Cj ), mark it as “pure”.
We now state the performance guarantee for these split and merge algorithms.

JMLR 18(3):1-35, 2017

Theorem 10 Suppose the target clustering satisfies stability, and the initial clustering has overclustering error δo and underclustering error δu . In the η-merge model, for any η > 0.5, the algorithms
11
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We can also restate the run-time bound in Theorem 10 in terms of any natural clustering error
γ. The following corollary follows from Theorem 10 and Theorem 9.

Using Lemma 14 and Lemma 15, we can now prove the bounds on the number of split and
merge requests stated in Theorem 10.
Proof [Proof of Theorem 10] We first give a bound on the number of splits. Lemma 15 shows
that each split reduces the overclustering error by exactly 1. It is easy to verify that merges cannot
increase overclustering error. Therefore the total number of splits may be at most δo .
We next give the argument about the number of impure and pure merges. We call a merge pure
if both clusters have the label “pure”, and call it impure otherwise. We first argue that we cannot
have too many impure merges before each cluster in C is marked pure. Consider the clustering
P = {Ci ∩ Cj∗ | Ci is marked “impure” and Ci ∩ Cj∗ 6= ∅}. Clearly, at the start |P | = δu + k. A
merge does not increase the number of clusters in P , and the splits do not change P at all (because
of the clean split property). Moreover, each impure merge depletes some Pi ∈ P by moving at least
η|Pi | of its points to a pure cluster. Clearly, we can then have at most log1/(1−η) n merges depleting
each Pi . Since each impure merge must deplete some Pi , it must be the case that we can have at
most (δu + k) log1/(1−η) n impure merges in total.
Notice that a pure cluster can only be created by an impure merge, and there can be at most
one pure cluster created by each impure merge. Clearly, a pure merge removes exactly one pure
cluster. Therefore the number of pure merges may be at most the total number of pure clusters that
are created, which is at most the total number of impure merges. Therefore the total number of
merges must be less than 2(δu + k) log1/(1−η) n.

= δ1 − 1.

= δ1 − k1 + (k2 + k3 ) − 1

δ2 = δ1 − (k1 − 1) + (k2 − 1) + (k3 − 1)

Proof Suppose we execute Split(C1 ), and call the resulting clusters C2 and C3 . Call δ1 the overclustering error before the split, and δ2 the overclustering error after the split. Let’s use k1 to refer
to the number of ground-truth clusters that intersect C1 , and define k2 and k3 in the same manner.
Due to the clean split property, no ground-truth cluster can intersect both C2 and C3 , therefore it
must be the case that k2 + k3 = k1 . Also, clearly k2 , k3 > 0. Therefore we have:

Lemma 15 If the ground-truth clustering satisfies stability, then the split algorithm in Figure 2
must reduce overclustering error by exactly 1.

14
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We first argue that a split of a cluster Ci must reduce δcc . Given that the split is clean, it is easy
to verify that the outcome may not increase δccu (u) for any u ∈ Ci . We can also verify that for each
u ∈ Ci , δcco (u) must decrease by at least 1. This completes the argument, given that for all other
points w ∈
/ Ci , δcco (w) and δccu (w) remain unchanged.
We now argue that if η > 2/3, each merge of Ci and Cj must reduce δcc . Without loss of
generality, suppose that |Ci | ≥ |Cj |, and let us use P to refer to the “pure” subset of Cj that is

δccu (u) = |{v ∈ X : c(u, v) = 0 and c∗ (u, v) = 1}|.

δcco (u) = |{v ∈ X : c(u, v) = 1 and c∗ (u, v) = 0}|,

Proof Recall that we may express the correlation clustering error δcc as a summation of overclustering error δcco and underclustering error δccu (see Section 2.1). Consider the contributions of
individual points to δcco and δccu , which are defined as:

Theorem 17 Suppose the target clustering satisfies stability, and the initial clustering has correlationclustering error δcc . In the η-merge model, for any η > 2/3, using the split and merge procedures
in Figures 2 and 4 requires at most δcc edit requests to find the target clustering.

Here instead of creating a new “pure” cluster, we add the corresponding points to the larger of
the two clusters in the merge request. Notice that this algorithm is much simpler than the merge
algorithm in Figure 3, and does not require pure/impure labels. Using this merge procedure and the
split procedure presented earlier gives the following performance guarantee.

Input: Clusters Ci and Cj , global average-linkage tree Tglob
Search Tglob for a node of maximal depth N that contains enough points from Ci and Cj :
|N ∩ Ci | ≥ η|Ci | and |N ∩ Cj | ≥ η|Cj |
if |Ci | ≥ |Cj | then
Replace Ci by Ci ∪ (N ∩ Cj )
Replace Cj by Cj \ N
else
Replace Ci by Ci \ N
replace Cj by Cj ∪ (N ∩ Ci )
end if

Figure 4: Merge procedure for the correlation-clustering objective
Algorithm: M ERGE P ROCEDURE

To efficiently find the target clustering with respect to the correlation clustering error, we propose a
different merge procedure, which is described in Figure 4.

3.1 Algorithms for correlation-clustering error

Corollary 16 Suppose the target clustering satisfies stability, and the initial clustering has clustering error γ, where γ is any natural clustering error as defined in Definition 7. In the η-merge model,
for any η > 0.5, the algorithms in Figure 2 and Figure 3 require at most O((γ + k) log 1 n) edit
1−η
requests to find the target clustering.

descendants of N 0 may contain more than an η > 1/2 fraction of points from both clusters. Therefore, the node N that we find in Step 2 in Figure 3 must be N 0 or one of its descendants, and will
only contain points from Cl∗ .

We also prove an additional property of the split algorithm - it always makes progress with
respect to reducing overclustering error. This property is then used in the proof of Theorem 10.
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moved to Ci . We observe that the outcome must remove at least δ1 pairwise correlation-clustering
errors (see Section 2.1), where δ1 satisfies δ1 ≥ 2|P |(η|Ci |). Similarly, we observe that the outcome
may add at most δ2 pairwise correlation-clustering errors, where δ2 satisfies:
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δ2 ≤ 2|P |((1 − η)|Ci |) + 2|P |((1 − η)|Cj |) ≤ 4|P |((1 − η)|Ci |).
It follows that for η > 2/3, δ1 must exceed δ2 ; therefore the number of pairwise correlationclustering errors must decrease, giving a lower correlation-clustering error.

16
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Corollary 20 Suppose the target clustering satisfies strict separation, and the initial clustering has
clustering error γ, where γ is any natural clustering error as defined in Definition 7. In the η-merge
model, for any η > 0.5, the algorithms in Figure 5 and Figure 6 require at most O((γ +k) log 1 n)
1−η
edit requests to find the target clustering.

As in Corollary 16, we may also restate the run-time bounds in Theorem 18 and Theorem 19
in terms of any natural clustering error γ. The following corollaries follow from Theorem 18,
Theorem 19 and Theorem 9.

4. Add a new cluster containing N ∩ (Ci ∪ Cj ), mark it as “pure”.

3. Replace Ci by Ci \ N , replace Cj by Cj \ N .

2. Search Tloc for a node of maximal depth N that contains enough points from Ci and Cj :
|N ∩ Ci | ≥ η1 |Ci | and |N ∩ Cj | ≥ η2 |Cj |.

1. If Ci is marked as “pure” set η1 = 1 else set η1 = η. Similarly set η2 for Cj .

Input: Clusters Ci and Cj , local average-linkage tree Tloc .

Figure 6: Merge procedure under strict separation
Algorithm: M ERGE P ROCEDURE

2. Delete Ci and replace it with Ci,1 and Ci,2 . Mark the two new clusters as “impure”.

1. Let Ci,1 and Ci,2 be the children of the root in Tloc .

Input: Cluster Ci , local average-linkage tree Tloc .

Figure 5: Split procedure under stronger assumptions
Algorithm: S PLIT P ROCEDURE

To verify that the split procedure always produces a clean split, again let us use L∗ to refer to
the ground-truth clustering of the points in the split request. If the target clustering satisfies strict
threshold separation, we can again verify that every node in the local average-linkage tree Tloc must
be laminar (consistent) w.r.t. L∗ . It follows that the split procedure always produces a clean split
and must reduce overclustering error by exactly 1. Note that clearly this argument does not depend
on the setting of η.
We now verify that the new cluster added by the merge procedure in Figure 7 must be “pure”
(must contain points from a single target cluster). Observe that due to the strict threshold separation
property, in the graph G in Figure 7, all pairs of points from the same target cluster must be connected before any pairs of points from different target clusters. It follows that the first component
that contains at least an η-fraction of points from Ci and Cj must be “pure”. Note that this argument
applies for any η > 0.

Observe that the runtime bound in Theorem 17 is tight up to a constant: in some instances any
local algorithm requires at least δcc /2 edits to find the target clustering. To verify this, suppose the
target clustering is composed of n singleton clusters, and the initial clustering contains n/2 clusters
of size 2. In this instance, the initial correlation clustering error δcc = n, and the oracle must issue at
least n/2 split requests before we reach the target clustering (one for each of the n/2 initial clusters).
3.2 Algorithms under stronger assumptions
When the data satisfies stronger separability properties we may simplify the presented algorithms
and/or obtain better performance guarantees. In particular, if the data satisfies the strict separation
property (see Definition 3), we may change the split and merge algorithms to use the local averagelinkage tree, which is constructed from only the points in the edit request. In addition, if the data
satisfies strict threshold separation (see Definition 4), we may remove the restriction on η and use
a different merge procedure that is correct for any η > 0.
Theorem 18 Suppose the target clustering satisfies strict separation, and the initial clustering has
overclustering error δo and underclustering error δu . In the η-merge model, for any η > 0.5, the
algorithms in Figure 5 and Figure 6 require at most δo split requests and 2(δu + k) log 1 n merge
1−η
requests to find the target clustering.
Proof Let us use L∗ to refer to the ground-truth clustering of the points in the split/merge request.
If the target clustering satisfies strict separation, it is easy to verify that every node in the local
average-linkage tree Tloc must be laminar (consistent) w.r.t. L∗ . We can then use this observation
to prove the equivalent of Lemma 14 for strict separation for the split procedure in Figure 5 and
the merge procedure in Figure 6. Similarly, we can prove the equivalent of Lemma 15 for strict
separation for the split procedure in Figure 5. The analysis in Theorem 10 remains unchanged.

Theorem 19 Suppose the target clustering satisfies strict threshold separation, and the initial clustering has overclustering error δo and underclustering error δu . In the η-merge model, for any η >
0, the algorithms in Figure 5 and Figure 7 require at most δo split requests and 2(δu + k) log 1 n
1−η
merge requests to find the target clustering.
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Proof If the target clustering satisfies strict threshold separation, we can verify that for any η > 0,
the split procedure in Figure 5 and the merge procedure in Figure 7 still have the properties stated
in Lemma 14 and Lemma 15. The analysis in Theorem 10 remains unchanged.
15

3. If the sets Ci0 and Cj0 are the same as Ci and Cj , then add Ci ∪ Cj , otherwise add Ci0 and
Cj0 .

3. While true:
Connect the next-closest pair of points in G;
Let Cˆ1 , Cˆ2 , . . . , Cˆm be the connected components of G;
if there exists Ĉl such that |Ĉl ∩ Ci | ≥ η|Ci | and |Ĉl ∩ Cj | ≥ η|Cj | then
N = Ĉl ;
break;
end if

17
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Theorem 22 Suppose the target clustering satisfies stability, and the initial clustering has overclustering error δo and underclustering error δu . In the unrestricted-merge model, assuming that each

In this section we further relax the assumptions about the nature of the oracle requests. As before,
the oracle may request to split a cluster if it contains points from two or more target clusters. For
merges, now the oracle may request to merge Ci and Cj if both clusters contain only a single
point from the same ground-truth cluster. We note that this is a minimal set of assumptions for
a local algorithm to make progress, otherwise the oracle may request irrelevant splits or merges
that prevent the algorithm from finding the target clustering. For this model we propose the merge
algorithm described in Figure 8. The split algorithm remains the same as in Figure 2.
To provably find the ground-truth clustering in this setting we require that each merge request
must be chosen uniformly at random from the set of valid merge requests. This assumption is
consistent with the observation in Awasthi and Zadeh (2010) that in the unrestricted-merge model
with arbitrary request sequences, even very simple clustering instances require a prohibitively large
number of requests. We do not make additional assumptions about the nature of the split requests;
in each iteration any valid split may be proposed by the oracle. In this setting our algorithms have
the following performance guarantee.

4. The unrestricted-merge model

1−η

Corollary 21 Suppose the target clustering satisfies strict threshold separation, and the initial clustering has clustering error γ, where γ is any natural clustering error as defined in Definition 7.
In the η-merge model, for any η > 0, the algorithms in Figure 5 and Figure 7 require at most
O((γ + k) log 1 n) edit requests to find the target clustering.

5. Add a new cluster containing N , mark it as “pure”.

4. Replace Ci by Ci \ N , replace Cj by Cj \ N .

2. Delete Ci and Cj .

2. Let G = (V, E) be a graph where V = Ci ∪ Cj and E = ∅. Set N = ∅.

18

= δ1 − (k1 + k2 ) + (k10 + k20 ) < δ1 .
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δ2 = δ1 − (k1 − 1) − (k2 − 1) + (k10 − 1) + (k20 − 1)

Proof Suppose Ci ∪ Cj intersects several ground-truth clusters, and hence we obtain two new
clusters Ci0 , Cj0 . Let us call δ1 the overclustering error before the merge, and δ2 the overclustering
error after the merge. Let’s use k1 to refer to the number of ground-truth clusters that intersect Ci ,
k2 to refer to the number of ground-truth clusters that intersect Cj , and define k10 and k20 in the same
manner. The new clusters Ci0 and Cj0 result from a “clean” split, therefore no ground-truth cluster
may intersect both of them. It follows that k10 + k20 < k1 + k2 . Therefore we now have:

Lemma 24 The merge algorithm in Figure 8 does not increase overclustering error.

The δo bound on the number of split requests follows from the observation that each split reduces
the overclustering error by exactly 1 (see Lemma 15), and the fact that the merge procedure does
not increase overclustering error (see Lemma 24).

Proof We prove the contrapositive. Suppose Ci and Cj both contain points from Cl∗ , and in addition Ci ∪ Cj contains points from some other ground-truth cluster. Let us define S1 = Cl∗ ∩ Ci and
S2 = Cl∗ ∩ Cj . Because the clusters Ci0 , Cj0 result from a clean split, it follows that S1 , S2 ⊂ Ci0 or
S1 , S2 ⊂ Cj0 . Without loss of generality, assume S1 , S2 ⊂ Ci0 . Then clearly Ci0 6= Ci and Ci0 6= Cj ,
so Ci and Cj are not merged.

Lemma 23 If the algorithm in Figure 8 merges Ci and Cj in Step 3, it must be the case that
Ci ⊂ Cl∗ and Cj ⊂ Cl∗ for some ground-truth cluster Cl∗ .

Theorem 22 is proved in the following lemmas. We first state a lemma regarding the correctness
of the Algorithm in Figure 8. We argue that if the algorithm merges Ci and Cj , it must be the case
that both Ci and Cj only contain points from the same ground-truth cluster.

merge request is chosen uniformly at random from the set of valid merge requests, with probability
at least 1 − , the algorithms in Figure 2 and Figure 8 require δo split requests and O(log k δu2 )
merge requests to find the target clustering.

1. Let Ci0 , Cj0 = Split(Ci ∪ Cj ), where the split is performed as in Figure 2.

Input: Clusters Ci and Cj , global average-linkage tree Tavg .

Input: Clusters Ci and Cj .

1. If Ci is marked as “pure” set η1 = 1 else set η1 = η. Similarly set η2 for Cj .

Figure 8: Merge procedure for the unrestricted-merge model
Algorithm: M ERGE P ROCEDURE
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Figure 7: Merge procedure under strict threshold separation
Algorithm: M ERGE P ROCEDURE
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If Ci and Cj are both subset of the same ground-truth cluster, then clearly the merge operation has
no effect on the overclustering error.
Finally, Lemma 25 and Lemma 26 bound the number of impure and pure merges. Here we
call a proposed merge pure if both clusters are subset of the same ground-truth cluster, and impure
otherwise.
Lemma 25 The merge algorithm in Figure 8 requires at most δu impure merge requests.

Xi =
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As in Section 3.2, if the data satisfies strict separation, then instead of the split procedure in Figure 2
we can use the procedure in Figure 5, which uses the local average-linkage tree (constructed from

4.1 Algorithms under stronger assumptions

Corollary 27 Suppose the target clustering satisfies stability, and the initial clustering has clustering error γ, where γ is any natural clustering error as defined in Definition 7. In the unrestrictedmerge model, assuming that each merge request is chosen uniformly at random from the set of valid
merge requests, with probability at least 1 − , the algorithms in Figure 2 and Figure 8 require
O(log k γ 2 ) edit requests to find the target clustering.

As in the previous section, we also restate the run-time bound in Theorem 22 in terms of any
natural clustering error γ. The following corollary follows from Theorem 22 and Theorem 9.

Clearly, when Xi = 1 it must be the case that C1 and C2 are merged. Assuming that each
merge request is chosen uniformly at random from the set of valid merge requests, we observe that
Pr[Xi = 1] > 2δi1+1 . To verify this, observe that in each merge request the probability that the
1
user requests to merge C1 and C2 is m
,
and
the
probability
that the user requests a pure merge
i
involving C1 or C2 and some other cluster is less than 2δ
m , where m is the total number of valid
merge requests; we can then bound the probability that the former happens before the latter.
We can then use a Chernoff bound to argue that after t = O(log k δi2 ) repeated merge requests,
Pt
Xi < δi (which must be true if we need more repeated merge requests)
the probability that i=1
is less than /k. Therefore, the probability that we need more than O(log k δi2 ) repeated merge
requests is less than /k.
By the union-bound, the probability that we need more than O(log k δi2 ) repeated merge requests for any ground-truth cluster Ci∗ is lessPthan k · /k = . Therefore
Pwith probability at least
1 −  for all ground-truth clusters we need i O(log k δi2 ) = O(log k i δi2 ) = O(log k δu2 ) repeated merge requests, where δu is the underclustering
error of the initial clustering. Also recall
P
that for all ground-truth clusters we need i O(δi2 ) = O(δu2 ) original merge requests. Adding the
two terms together, it follows that with probability at least 1 −  we need a total of O(log k δu2 ) pure
merge requests.

of the initial clustering with respect to Ci∗ : δi = dist(Ci∗ , C). To verify this, consider that we assign
exactly δi + 1 new identifiers in Step 2, and each time we assign a new identifier in Steps 4 and 5,
δi decreases by one.
We say that a pure merge request involving points from Ci∗ is original if the user has never
asked us to merge clusters with the given identifiers, otherwise we say that this merge request is
repeated. Given that the maximum value of cluster-id is bounded by O(δi ), the total number of
original merge requests must be O(δi2 ).
We now argue that if a merge request is not original, we can lower bound the probability that it
will result in the merging of the two clusters. For a repeated merge request Mi = Merge(C1 , C2 ),
let Xi be a random variable defined as follows:

 1 if neither C1 nor C2 have been involved in a pure merge request since
the last time a merge of clusters with these identifiers was proposed.
0 otherwise.

Proof We argue that the result of each impure merge request must reduce the underclustering error
δu by at least 1. Recall from Section 2.1 that we may express δu as a summation of underclustering
error with respect to each target cluster. Suppose the oracle requests to merge Ci and Cj , and Ci0
and Cj0 are the resulting clusters. Clearly, the local edit has no effect on the underclustering error
with respect to target clusters that do not intersect Ci or Cj . In addition, because the new clusters Ci0 and Cj0 result from a clean split, for target clusters that intersect exactly one of Ci , Cj , the
underclustering error must stay the same. For target clusters that intersect both Ci and Cj , the underclustering error must decrease by exactly one; the number of such target clusters is at least one.

Lemma 26 Assuming that each merge request is chosen uniformly at random from the set of valid
merge requests, the probability that the algorithm in Figure 8 requires more than O(log k δu2 ) pure
merge requests is less than .
Proof We first consider the pure merge requests involving points from some ground-truth cluster Ci∗ , the total number of pure merge requests (involving any ground-truth cluster) can then be
bounded with a union-bound. To facilitate our argument, let us assign an identifier to each cluster
containing points from Ci∗ in the following manner:
1. Maintain a cluster-id variable, which is initialized to 1. To assign a “new” identifier to a
cluster, set its identifier to cluster-id, and increment cluster-id.
2. In the initial clustering, assign a new identifier to each cluster containing points from Ci∗ .
3. When we split a cluster containing points from Ci∗ , assign its identifier to the newly-formed
cluster containing points from Ci∗ .
4. When we merge two clusters that are not both subset of the same target cluster, if one of the
clusters contains points from Ci∗ , assign its identifier to the newly-formed cluster containing
points from Ci∗ . If both clusters contain points from Ci∗ , assign a new identifier to the newlyformed cluster containing points from Ci∗ .
5. When we merge two clusters C1 and C2 , and both contain only points from Ci∗ , if the outcome
is one new cluster, assign it a new identifier. If the outcome is two new clusters, assign them
the identifiers of C1 and C2 .
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Observe that when clusters containing points from Ci∗ are assigned identifiers in this manner,
the maximum value of cluster-id is bounded by O(δi ), where δi denotes the underclustering error
19
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Google maintains a large collection of data records representing businesses, which as of 2013 contained more than 100 millions records. These records are initially clustered using a similarity function. Each cluster is expected to contain records about the same distinct business. Clusters are
then summarized; these summaries are served to users online via various front-end applications.
Users report bugs such as “you are displaying the name of one business, but the address of another”
(caused by overclustering), or “a particular business is shown multiple times” (caused by underclustering). The clusters involved in these requests are often quite large and usually contain records
about several businesses. Therefore this setting closely matches our interactive clustering model
- users provide high-level feedback requesting cluster merges/splits, where the corresponding data
points intersect several ground-truth clusters.
Here we evaluate the effectiveness of our proposed split algorithm in such cases. Correctness
of a split is evaluated with respect to the ground-truth labels, which are obtained through manual
inspection of the listings in the cluster. For example, from manual inspection it is very easy to see
that two Starbucks records with different addresses are in fact different businesses (have different
ground-truth labels) even if, say, they have the same corporate phone number. But this observation
is not necessarily captured by the noisy similarity function, causing the listings to incorrectly cluster
together.
We consider two criteria to determine whether a split is correct or not, and show experimental
results for both. We first consider a binary split correct if the two resulting sub-clusters are “clean”
according to Definition 13. Note that a clean split is sufficient and necessary for reducing the
under/overclustering error in our model. To compute the splits, we use the algorithm in Figure 5,
which we refer to as Clean-Split. This algorithm is easier to implement and run than the algorithm
in Figure 2 because it only requires local pairwise similarities (for the listings in the cluster). But
this algorithm is still provably correct under stronger assumptions on the data (see Theorem 18 and
Theorem 19), which we believe are still satisfied in this application.
We compare performance with two well-known split algorithms from split/merge clustering literature: the optimal 2-median clustering (2-Median), and a “sweep” of the second-smallest eigenvector of the corresponding graph Laplacian matrix. With respect to the spectral split algorithm, let
{v1 , . . . , vn } be the order of the vertices when sorted by their eigenvector entries. We compute the
partition {v1 , . . . , vi } and {vi+1 , . . . , vn } such that its conductance is smallest (Spectral-Balanced),
and a partition such that the similarity between vi and vi+1 is smallest (Spectral-Gap).
We compare the split algorithms on overclustering instances that were discovered during a manual clustering quality evaluation. We consider 20 such instances to ensure that our results are consistent, given that there may be differences in the difficulty of each instance. We have anonymized

5.1 Clustering business listings

We perform two sets of experiments. We first test our proposed split algorithm on the clustering of
business listings maintained by Google. We then test the proposed model in its entirety on the 20
Newsgroups data set.

5. Experimental Results

12

3

22

2. The anonymized Google business listings data sets are available here.
3. http://people.csail.mit.edu/jrennie/20Newsgroups/
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In order to test our entire interactive clustering model, we perform experiments on the 20 Newsgroups data set.3 The points in the data set are posts to twenty different online forums (called
newsgroups). We sample these data to generate 5 data sets of manageable size (containing 276-301
points), which are labeled A through E in the figures. Each data set contains some documents from
every newsgroup. The purpose of these 5 data sets is to check the consistency of our results, given
that there may be considerable variation in how separable the ground-truth clusters are in each case.
For each data set, the ground-truth is determined by the newsgroups that the documents belong to.
Each Newsgroup document is represented by a term frequency - inverse document frequency
(tf-idf) vector (Salton and Buckley, 1988). We use cosine similarity to compare these vectors, which
gives a similarity score in [0, 1]. We compute an initial clustering by using the following procedure
to perturb the ground-truth: for each document we keep its ground-truth cluster assignment with
probability 0.5, and otherwise reassign it to one of the other clusters, which is chosen uniformly
at random. This procedure generates initial clusterings with overclustering error of about 100,
underclustering error of about 100, and correlation-clustering error of about 5000.

5.2 Clustering Newsgroup documents

these data-sets and made them publicly available. 2 The results are presented in Table 1. We observe that the Clean-Split algorithm works best, giving a correct split in 19 out of the 20 cases.
The well-known Spectral-Balanced technique usually does not give correct splits in this application. The balance constraint causes it to put records about the same business on both sides of the
partition (especially when all the “clean” splits are not well-balanced), which increases clustering
error. As expected, the Spectral-Gap technique improves on this limitation (because it does not
have a balance constraint), but the result is often still incorrect. The 2-Median algorithm performs
fairly well, but it is still a limited approach in this application: the optimal centers may correspond
to listings about the same business, and even if they represent distinct businesses, the resulting split
is still sometimes incorrect.
In addition to using the clean-split criterion, we also evaluate the computed splits using the
correlation-clustering (cc) error. We find that using this criterion Clean-Split and 2-Median compute
the best splits, while the other two algorithms perform significantly worse. The results for CleanSplit and 2-Median are presented in Table 2 - we see that Clean-Split is more reliable because it
fails to reduce the cc-error only once, compared to 4 such failures for 2-Median. Table 2 also
reinforces our theoretical understanding of the effectiveness of our split algorithm. We know that
a clean split is sufficient to reduce the cc-error, but it is not necessary. Our experiments illustrate
these observations: Clean-Split makes progress in reducing the cc-error in 19 out of 20 cases (when
the resulting split is clean), while we have also confirmed that 2-Median sometimes still reduces the
cc-error even when the resulting split is not clean.

13

Table 1: Number of correct (clean) splits on the Google business listings data sets.
Clean-Split 2-Median Spectral-Gap Spectral-Balanced

only the points in the user request). Similarly, we can modify the merge procedure in Figure 8 to
perform the split as in Figure 5. We can then prove the equivalent of Theorem 22 and Corollary 27
for strict separation for these split/merge algorithms.
19
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Data Set
-14
-5
-11
-117
-42
-4
-12
-27
-6
-6
+6
-10
-6
-12
-6
-10
-11
-10
-11
-10

Clean-Split
-14
-5
-11
-117
+90
-4
-30
-27
-6
-6
-8
+14
-6
-22
-6
+14
-27
-10
-5
-10

2-Median

Table 2: Change in correlation-clustering error for splits on the Google business listings data sets.
A negative value corresponds to a decrease in error.

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
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To simulate user feedback, we compute the set of all valid split and merge requests. Consistent
with our model, a split of a cluster is considered valid if it contains points from 2 or more groundtruth clusters, and a merge is considered valid if at least an η- fraction of the points in each cluster
are from the same ground-truth cluster. We then choose one of the valid splits/merges uniformly
at random, and ask the algorithm to compute the corresponding split/merge. We continue to iterate
until we find the ground-truth clustering or reach a limit on the number of edit requests (set to
20000).
The Newsgroup data is know to be very challenging for unsupervised (Telgarsky and Dasgupta,
2012; Heller and Ghahramani, 2005) and semi-supervised clustering algorithms (Basu et al., 2002,
2004). In particular, on harder Newsgroup clustering instances Basu et al. (2002) and Basu et al.
(2004) report that they are unable to come close to finding the ground-truth clustering even with
considerable supervision.
To study how our algorithms perform on easier clustering instances, we also slightly prune our
data sets. Our heuristic iteratively finds and removes the outlier in each target cluster, where the
outlier is the point with minimum sum-similarity to the other points in the target cluster. For each
23
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data set, we perform experiments with the original (unpruned) data set, a pruned data set with 2
points removed per target cluster, and a pruned data set with 4 points removed per target cluster,
which prunes 40 and 80 points, respectively. Our pruning heuristic generates clustering instances
where the ground-truth clusters are more separable, similar to the Different-3 data set of Basu et al.
(2002) and the News-diff3 data set of Basu et al. (2004).

5.2.1 E XPERIMENTS IN THE η- MERGE MODEL

We first experiment with algorithms in the η-merge model. Here we use the algorithm in Figure 2
to perform the splits, and the algorithm in Figure 3 to perform the merges. We show the results for
data set A in Figure 9; the complete experimental results are in Appendix B. We find that for larger
settings of η, the amount of supervision (number of split/merge requests needed to find the target
clustering) is quite low and consistent with our theoretical analysis. The results are better for pruned
data sets, where we get very good performance regardless of the setting of η. The results for the
algorithms in Figure 2 and Figure 4 (for the correlation-clustering objective) are very favorable as
well.

5.2.2 E XPERIMENTS IN THE UNRESTRICTED - MERGE MODEL

We also experiment with algorithms in the unrestricted merge model. Here we use the same algorithm to perform the splits, and use the algorithm in Figure 8 to perform the merges. We show the
results on data set A in Figure 10; the complete experimental results are in Appendix B. We find
that again for larger settings of η the amount of supervision is quite low and consistent with our
theoretic analysis (we only show results for η ≥ 0.5), and performance improves further for pruned
data sets. Our investigations show that for unpruned data sets and smaller settings of η, we are still
able to quickly achieve very small clustering error (results not shown), but the algorithms are unable
to converge to the ground-truth clustering due to inconsistencies in the average-linkage tree. We can
address some of these inconsistencies by constructing the tree in a more robust way, which indeed
gives improved performance (see Appendix C).

5.2.3 E XPERIMENTS WITH SMALL INITIAL ERROR

We also consider a setting where the initial clustering is already very accurate. In order to simulate
this scenario, when we compute the initial clustering, for each document we keep its ground-truth
cluster assignment with probability 0.95, and otherwise reassign it to one of the other clusters,
which is chosen uniformly at random. This procedure usually gives us initial clusterings with overclustering and underclustering error between 5 and 20, and correlation-clustering error between 500
and 1000. Note that this setting also closely matches the scenario where the initial clustering is
computed using a good clustering algorithm, which is quite realistic in some applications.
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As expected, in this setting our interactive algorithms perform much better, especially on pruned
data sets. Figure 11 displays the results; we can see that in these scenarios it often takes less than
one hundred edit requests to find the target clustering in both models.
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Figure 9: Experimental results in the η-merge model for data set A. The second chart corresponds
to algorithms for correlation clustering error.
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In this section we give a performance comparison on the 20 Newsgroups data sets with the semisupervised clustering models of Basu et al. (2002) and Basu et al. (2004). The accuracy of the output
clustering is stated in terms of normalized mutual information (NMI) (see Strehl et al., 2000).
Table 3 shows a comparison on a harder Newsgroup clustering instance; table 4 shows a comparison on an easier instance. The performance of our approach is with respect to the η-merge model,
using the algorithm in Figure 2 to perform the splits, and the algorithm in Figure 3 to perform the
merges; we focus on a single setting of η = 0.7. To compare the amount of supervision used by
each model, consider that n instance class labels in the framework of Basu et al. (2002) are equivalent to n(n − 1)/2 pairwise labels in the framework of Basu et al. (2004). Let us also oversimplify
and assume that the cost of a pairwise label in the framework of Basu et al. (2004) is the same as
the cost of one/split merge request in our framework. Also, we can adjust for differences in data set
size by assuming that the proportion of supervision does not change. In particular, 1500 instance
class labels on a data set of 3000 documents correspond to 150 instance class labels on a data set
of 301 documents. These 150 instance class labels are then equivalent to 150 * 149 / 2 = 11175
pairwise labels. Similarly, 1500 instance class labels on a data set of 3000 documents correspond to
138 instance class labels on a data set of 276 documents, which are then equivalent to 138 * 137 / 2
= 9453 pairwise labels.
Then for a harder clustering instance we observe that we need less supervision than Basu et al.
(2002) and roughly 7.5 times more supervision than Basu et al. (2004) to achieve a completely
correct clustering (NMI = 1.0) as opposed to a clustering that is only half-correct (NMI = 0.44, 0.55).
For an easier clustering instance, we observe that we need roughly 2.7 times less supervision than

5.2.4 C OMPARISON WITH OTHER SEMI - SUPERVISED CLUSTERING MODELS

Figure 10: Experimental results in the unrestricted merge model for data set A.
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Other user feedback models have also been proposed (see Appendix A for how they relate to
the split/merge feedback considered here). It is valuable to further study the practical applicability
of each kind of feedback and understand under what conditions they are equivalent.

Several directions come out of this work. It would be interesting to relax the condition on η
in the η-merge model, and the assumption about the request sequences in the unrestricted-merge
model. It is also important to study additional properties of an interactive clustering algorithm. In
particular, it is often desirable that the algorithm never increase the error of the current clustering.
Our algorithms in Figures 2, 4 and 8 have this property, but the algorithm in Figure 3 does not.

In this work we motivated and studied a new framework and algorithms for interactive clustering.
Our framework models practical constraints on the algorithms: we start with an initial clustering that
we cannot modify arbitrarily, and are only allowed to make local edits consistent with user requests.
In this setting, we develop several simple, yet effective algorithms under different assumptions about
the nature of the edit requests and the structure of the data. We present theoretical analysis that
shows that our algorithms converge to the target clustering after a limited number of edit requests.
We also present experimental evidence that shows that our algorithms work well in practice.

6. Discussion

Basu et al. (2002)
Basu et al. (2004)
Interactive clustering

Table 4: Framework comparison on easier Newsgroup clustering instance.
Framework
Data Set Name Data Set Size Amount of Supervision
Output Accuracy

Basu et al. (2002)
Basu et al. (2004)
Interactive clustering

Table 3: Framework comparison on harder Newsgroup clustering instance.
Framework
Data Set Name Data Set Size Amount of Supervision
Output Accuracy

These are favorable comparisons for our model - we are able to compute more accurate clusterings while using a comparable amount of supervision. We also note that for Basu et al. (2002)
and Basu et al. (2004), additional supervision does not improve accuracy - the stated performance
is the best accuracy they can achieve. Our framework is the only approach that has demonstrated a
complete recovery of the ground truth on the Newsgroup data.
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Basu et al. (2002), and 3.9 times more supervision than Basu et al. (2004) to achieve a completely
correct clustering (NMI = 1.0) as opposed to a mostly-correct clustering (NMI = 0.88).
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Figure 11: Experimental results for initial clusterings with small error. Results presented for pruned
data sets (4 points per cluster). The second chart corresponds to algorithms for correlation clustering error.
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Appendix B. Complete experimental results
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The following figures show the complete experimental results for all the algorithms. Figure 12
shows the results in the η-merge model. Figure 13 shows the results in the η-merge model for the
algorithms in Figure 2 and Figure 4 (for the correlation-clustering objective). Figure 14 shows the
results in the unrestricted-merge model.

20000
18000
16000
14000

12000
10000
8000
6000
4000
2000
0

20000
18000
16000
14000

12000
10000
6000
4000
2000
0

20000
18000
16000
14000

12000
10000
6000
4000
2000
no pruning

32

Figure 12: Experimental results in the η-merge model.
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Appendix A. Other feedback models
Besides the cluster split/merge feedback considered here, two other kinds of feedback have also
been studied in the literature: cluster-assignment feedback (Basu et al., 2002; Nie et al., 2012) and
must-link/cannot-link feedback (Basu et al., 2004; Ashtiani et al., 2016). The former reveals the
ground-truth cluster assignment of a single data point; the latter reveals whether or not a pair of
points are in the same ground-truth cluster.
Claim 28 Cluster-assignment feedback and must-link/cannot link feedback can be converted to
cluster split/merge feedback in the unrestricted-merge model.
Proof We first observe that cluster-assignment feedback can be converted to must-link/cannot-link
feedback as follows. For every two known cluster assignments for points x and y s.t. x and y
belong to the same ground-truth cluster, output a must-link feedback for (x, y). For every two
known cluster assignments for points x and y s.t. x and y belong to different ground-truth clusters,
output a cannot-link feedback for (x, y).
We next observe that must-link/cannot-link feedback can be converted to cluster split/merge
feedback in the unrestricted merge model as follows. For every must-link feedback for points x and
y, if x and y belong to different clusters in the proposed clustering, request to merge these two clusters. For every cannot-link feedback for points x and y, if x and y belong to the same cluster in the
proposed clustering, request to split this cluster. Observe that by definition, the output split/merge
requests satisfy the assumptions of the unrestricted-merge model.
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However, the conversion in Claim 28 is sometimes vacuous: cluster split/merge feedback is only
output when the cluster-assignment or must-link/cannot-link feedback disagrees with the current
clustering. Still, it is reasonable to assume that while the proposed clustering is not equivalent to
the ground truth, a constant fraction of such feedback will disagree with the proposed clustering.
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Figure 14: Experimental results in the unrestricted-merge model.
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Figure 13: Experimental results in the η-merge model for algorithms for correlation-clustering objective.
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Appendix C. Experiments with robust average-linkage tree
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When we investigate instances where our algorithms are unable to find the target clustering, we
observe that there are outlier points that are attached near the root of the average-linkage tree,
which are incorrectly split off and re-merged by the algorithm without making any progress towards
finding the target clustering.
We can address these outliers by constructing the average-linkage tree in a more robust way:
first find groups (“blobs”) of similar points of some minimum size, compute an average-linkage tree
for each group, and then combine these trees using average-linkage. The tree constructed in such
fashion may then be used by our algorithms.
We tried this approach, using Algorithm 2 from Balcan and Gupta (2010) to compute the blobs.
We find that using the robust average-linkage tree gives better performance for the unpruned data
sets, but gives no gains for the pruned data sets, as expected. Figure 15 displays the comparison in
the unrestricted merge model for the five unpruned data sets. For the pruned data sets, we expect
the robust tree to be very similar to the standard tree, which explains why there is little difference in
performance (results not shown).
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Figure 15: Experimental results in the unrestricted-merge model using a standard versus robust
average-linkage tree. Results presented for unpruned data sets.
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Convex optimization is a widely used approach of modeling and solving problems in many
different fields, as it offers well-established methods for finding globally optimal solutions.
Numerous general-purpose optimization software packages exist (Sturm, 1999; Byrd et al.,
2006; Mosek, 2010; Diamond and Boyd, 2016), but they typically rely on algorithms that
are difficult to scale, so many modern machine learning problems cannot be solved by
these common, yet general, approaches. Instead, solving large scale examples often requires
developing problem-specific solution methods, which can be very fast but require significant
optimization expertise to build. Furthermore, they are limited in scope, as they must be
fine-tuned to only one particular type of problem and thus are hard to generalize.
In this paper, we build on the observation that many large convex optimization examples
follow a common form in that they can often be split up into a series of subproblems using a
network (graph) structure. Nodes are subproblems, representing anything from timestamps
in a time-series data set to users in a social network. The edges then define the coupling, or
relationships between the different nodes, and the combination of nodes and edges yields the

1. Introduction

SnapVX is a high-performance solver for convex optimization problems defined on
networks. For problems of this form, SnapVX provides a fast and scalable solution with
guaranteed global convergence. It combines the capabilities of two open source software
packages: Snap.py and CVXPY. Snap.py is a large scale graph processing library, and
CVXPY provides a general modeling framework for small-scale subproblems. SnapVX
offers a customizable yet easy-to-use Python interface with “out-of-the-box” functionality.
Based on the Alternating Direction Method of Multipliers (ADMM), it is able to efficiently
store, analyze, parallelize, and solve large optimization problems from a variety of different
applications. Documentation, examples, and more can be found on the SnapVX website
at http://snap.stanford.edu/snapvx.
Keywords: convex optimization, network analytics, graphs, data mining, ADMM
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Variable xi is associated with node i, for i = 1, . . . , |V| (the size of xi can vary at each node).
In problem (1), fi is the cost function at node i, and gjk is the cost associated with edge
(j, k). Constraints are represented by extended (infinite) values of fi and gjk . Note that
nodes and edges can also have local, private optimization variables (which can also vary in
size). These remain confined to a single node or edge, though, whereas the xi ’s are shared
between different parts of the network. We consider only convex objectives and constraints
for fi and gjk , so the entire problem is a convex optimization problem.
To solve problem (1), SnapVX uses a splitting algorithm based on the Alternating Direction Method of Multipliers (ADMM) (Boyd et al., 2011). With ADMM, each individual
component of the graph solves its own subproblem, iteratively passing small messages over
the network and eventually converging to an optimal solution. See the SnapVX developer
documentation for more details on the underlying derivation. By splitting up the problem
into a series of subproblems, SnapVX is able to solve much larger convex optimization examples than standard solvers, which solve the whole problem at once. ADMM also keeps
the optimality benefits that general solvers enjoy: not only are we guaranteed to obtain an
optimal solution, but we also are given a certificate of optimality in the form of primal and
dual residuals; see (Parikh and Boyd, 2014).
SnapVX stores the network using a Snap.py graph structure. This allows fast traversal
and easy manipulation, as well as efficient storage. On top of the standard graph, each
node/edge is given convex objectives and constraints using CVXPY syntax. To find a
global solution, SnapVX automatically splits up the problem and solves each subproblem
using CVXPY, iteratively handling the ADMM message passing behind the scenes. Though
wrapped in a Python layer, CVXPY uses ECOS and CVXOPT (two high-performance numerical optimization packages) as its primary underlying solvers (Andersen et al., 2014;
Domahidi et al., 2013), so the Python overhead is not significant and allows for easier interpretability and improved user interface. To parallelize the solver, a worker pool coordinates

Consider an optimization problem on an undirected graph G = (V, E), with vertex set V
and edge set E, of the form:
P
P
gjk (xj , xk ).
minimize
fi (xi ) +
(1)
x
i∈V

2. SnapVX General Form

original convex optimization problem. This representation can refer to problems defined on
actual networks, such as social or transportation systems, or questions classically modeled
in other ways, such as control theory or time-series analysis.
Here, we present SnapVX, a solver that is both scalable and general on optimization
problems defined over networks. It combines the graph capabilities of Snap.py (Leskovec
and Sosič, 2016) with the general modeling framework from CVXPY (Diamond and Boyd,
2016). We show how SnapVX works, present syntax and supported features, scale it to large
problems, and describe how it can be used to solve convex optimization problems from a
variety of different fields. The full version of our solver, which is released under the BSD
Open-Source License, can be found at the project website, http://snap.stanford.edu/
snapvx. In addition to the source code, the download contains installation instructions,
unit tests, documentation, and several examples to help users get started.
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updates for the separate subproblems using Python’s multiprocessing library. SnapVX is
built to run on a single machine, parallelizing across multiple cores and allowing “out-ofthe-box” functionality on machines ranging from standard laptops to large-memory servers.

3. Syntax and Supported Features
We now present usage of SnapVX on a simple example. Complete documentation and more
examples are available on the SnapVX website. Consider two nodes with an edge between
them. We solve for a problem where each node has an unknown variable xi ∈ R1 . The first
node’s objective is to minimize x12 subject to x1 ≤ 0, the second’s is to minimize |x2 + 3|,
and the edge objective penalizes the square norm difference between the two variables,
kx1 − x2 k22 . The following code specifies the optimization problem and solves it:
from snapvx import ∗
gvx = TGraphVX() #Create a new graph
x1 = Variable(1, name=’x1’) #Create a variable for node 1
gvx.AddNode(1, Objective=square(x1), Constraints=[x1 <= 0]) #Add new node
x2 = Variable(1, name=’x2’) #Repeat for node 2
gvx.AddNode(2, abs(x2 + 3), [])
gvx.AddEdge(1, 2, Objective=square(norm(x1 − x2)), Constraints=[]) #Add edge between nodes
gvx.Solve() #Solve the problem
gvx.PrintSolution() #Print the solution on a node−by−node basis
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ECOS
SnapVX

SnapVX Solution Time (Minutes)
0.79
2.95
6.06
27.30
55.42
106.33
161.95

Table 1: SnapVX convergence time for
several different problem sizes.
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Figure 1: Timing comparison of SnapVX
and a general-purpose solver.

approximately linearly with problem size. We compare SnapVX and a general solver for a
problem on a 3-regular graph. Each node solves for an unknown variable in R9000 , where
the node objectives are sum-of-Huber penalties (Huber, 1964) and edges have network lasso
penalties (Hallac et al., 2015). By varying the number of nodes, we can span a wide range
of problem sizes. The time required for SnapVX to converge, on a 40-core CPU where the
entire problem can fit into memory, is shown in Table 1. Figure 1 displays a comparison to
a general-purpose solver (ECOS, via CVXPY) in log-log scale.

5. Applications
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SnapVX was created to allow users without significant optimization expertise to solve large
network-based convex optimization problems by taking advantage of the powerful and scalable ADMM algorithm. Common examples from many different fields can be formulated in
a SnapVX-friendly manner. Our software has been used to solve real-world machine learning
problems ranging from housing price prediction (Hallac et al., 2015) to ride-sharing analysis
(Ghosh et al., 2016) to high-dimensional regression (Yamada et al., 2016), often significantly
outperforming other commonly used approaches. Examples in the SnapVX download package and on the project website — including financial modeling, network inference, image
processing, PageRank, and time-series analysis — guide users towards applying the software
to a variety of applications. Both user and developer documentation help new users get
started and, if they are interested, contribute to the code base. A robust set of unit tests
ensures that the software has been properly downloaded and that the code is functioning as
expected. Overall, our open-source software provides an easy-to-use ADMM solver that can
scale to large problems and apply to a wide variety of examples. With an active user base
and rising interest from a range of scientific and engineering fields, we hope that SnapVX
can become a useful tool for convex optimization problems, both in research and industry.
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One of the biggest benefits of SnapVX is that it allows us to solve large problems very
efficiently. It does so by automatically parallelizing the ADMM updates across multiple
cores of a single machine using Python’s multiprocessing class. Note that SnapVX is meant
to be run on a single machine, rather than in a distributed computing environment. Convergence time depends on the problem complexity, but we empirically observe that it scales

As SnapVX is meant to be a general-purpose solver, it has many customizable options
to help easily and efficiently solve a wide range of convex optimization problems. These
include ADMM iteration limits, verbose mode (to list intermediate steps at each iteration),
and defining customized convergence thresholds. Two key features are highlighted below:
• Bulk Loading - Often, the objectives and constraints at each node or edge will share
a common form. For example, all the nodes could be trying to minimize kx − ai k2
for different values of ai . Rather than requiring users to manually input each of these
values, SnapVX allows for “bulk loading” of data. The functions AddNodeObjectives and
AddEdgeObjectives allow the user to specify the general form of the objectives and an
external file with separate data, and SnapVX fills in the details. This functionality makes
practical and significantly speeds up the loading of very large data sets.
• ADMM ρ-update - The convergence time of ADMM depends on the value of the
penalty parameter ρ (Nishihara et al., 2015), as it affects the tradeoff between primal
and dual convergence, both of which need to be obtained for the overall problem to be
solved. SnapVX users are not only able to select the value of ρ (it defaults to ρ = 1), but
can also define a function to update ρ after each iteration based on the primal and dual
residual values (He et al., 2000; Fougner and Boyd, 2015).
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(A1) the predictors x ∈ Rp are independent σx -subgaussian random vectors with whose
covariance Σ has smallest eigenvalue σp (Σ) > λmin and largest eigenvalue σ1 (Σ) <
λmax ;

where the rows of X ∈ Rn×p are predictors, and the components of y ∈ Rn are the responses.
To keep things simple, we assume

Explosive growth in the size of modern datasets has fueled interest in distributed statistical
learning. For examples, we refer to Boyd et al. (2011); Dekel et al. (2012); Duchi et al.
(2012); Zhang et al. (2013) and the references therein. The problem arises, for example,
when working with datasets that are too large to fit on a single machine and must be
distributed across multiple machines. The main bottleneck in the distributed setting is
usually communication between machines/processors, so the overarching goal of algorithm
design is to minimize communication costs.

y = Xβ ∗ + ,

To keep things simple, we focus on sparse linear regression. Consider the sparse linear
model

2. A divide-and-conquer approach to sparse regression

Keywords: Distributed Sparse Regression, Averaging, Debiasing, lasso, high-dimensional
statistics

1. Introduction

asymptotically normal term and a remainder term. As long as m . s logNp , where s is the
sparsity of the unknown regression coefficients, the reminder term is asymptotically negligible. Thus the averaged estimator converges at the same rate as a centralized estimator.
Further, the averaged estimator is model selection consistent under a weak minimum signal
strength condition. In the following section, we review the theoretical properties of the lasso
and debiased lasso and describe our contributions more formally.

Abstract

jonathan.taylor@stanford.edu

yuekai@umich.edu

qliu@cs.dartmouth.edu

JasonLee@marshall.usc.edu

In distributed statistical learning, the simplest and most popular approach is averaging:
each machine forms a local estimator θ̂k with the portion of the data stored locally,
and a
1 Pm
“master” averages the local estimators to produce an aggregate estimator: θ̄ = m
k=1 θ̂k .
Averaging was first studied by Mcdonald et al. (2009) for multinomial regression. They
derive non-asymptotic error bounds on the estimation error that show averaging reduces the
variance of the local estimators, but has no effect on the bias (from the centralized solution).
In follow-up work, Zinkevich et al. (2010) studied a variant of averaging where each machine
computes a local estimator with stochastic gradient descent (SGD) on a random subset of the
dataset. They show, among other things, that their estimator converges to the centralized
estimator.
More recently, Zhang et al. (2013) studied averaged empirical risk minimization (ERM).
1
They
show that the mean squared error (MSE) of the averaged ERM decays like O N − 2 +

m
N , where m√is the number of machines and N is the total number of samples. Thus, so
1
long as m . N , the averaged ERM matches the N − 2 convergence rate of the centralized
ERM. Even more recently, Rosenblatt and Nadler (2014) studied the optimality of averaged
ERM in two asymptotic settings: N → ∞, m, p fixed and p, n → ∞, np → µl ∈ (0, 1), where
n = N
m is the number of samples per machine. They show that in the n → ∞, p fixed
setting, the averaged ERM is first-order equivalent to the centralized ERM. However, when
p, n → ∞, the averaged ERM is suboptimal (versus the centralized ERM).
We develop a divide and conquer approach to statistical learning. In the high-dimensional
setting, regularization is essential. The key idea is to average debiased or desparsified regularized M-estimators. Under suitable conditions, it is possible to show that the local
debiased estimators are asymptotically normal. thus the averaged estimator delivers the
same statistical performance as the computationally infeasible centralized M-estimator.

eP √1
Formally, we show that the error of the averaged estimator decomposes into a O
N

Lee et al.

We devise a communication-efficient approach to distributed sparse regression in the highdimensional setting. The key idea is to average “debiased” or “desparsified” lasso estimators. We show the approach converges at the same rate as the lasso as long as the
dataset is not split across too many machines, and consistently estimates the support under weaker conditions than the lasso. On the computational side, we propose a new parallel
and computationally-efficient algorithm to compute the approximate inverse covariance required in the debiasing approach, when the dataset is split across samples. We further
extend the approach to generalized linear models.
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X are subgaussian, setting δ ∼

The parameter δ should large enough to keep the problem feasible, but as small as possible
to keep the bias (of the debiased lasso estimator) small. As we shall see, when the rows of
1
log p  2
is usually large enough to keep (2) feasible.
n

(1)

(2)

λmax (Σ)
λmin (Σ)


n
√
log
p  21 o
8
κσx2
EGC (Σ̂) := GC(Σ̂, Σ−1 ) ≤ √
c1
n

occurs with probability at least 1 − 2p−2 for some c1 > 0, where κ :=
number of Σ.

∆T Σ̂∆ ≥ µl k∆S k22

4
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with probability at least 1 − c2 exp (−c2 n) . Their result implies the RE condition holds on
C(S) (for any S ⊂ [p]) as long as n & |S| log p, even when there are dependencies among the
predictors. Their result was extended to subgaussian designs by Rudelson and Zhou (2013),
also allowing for dependencies among the covariates. We state their result verbatim.

log p
1
kX∆k22 ≥ µ1 k∆k22 − µ2
k∆k12 for any ∆ ∈ Rp
n
n

The RE condition requires Σ̂ to be positive definite on C(S). When the rows of X ∈
Rn×p are i.i.d. Gaussian random vectors, Raskutti et al. (2010) show there are constants
µ1 , µ2 > 0 such that

for some µl > 0 and any ∆ ∈ C(S).

We say Σ̂ satisfies the RE condition on the cone C(S) when

C(S) := {∆ ∈ Rp | k∆S c k1 ≤ 3 k∆S k1 }.

Definition 3 (RE condition) For any S ⊂ [p], let

As we shall see, the bias of the debiased lasso estimate is of higher order than its
variance under suitable conditions on Σ̂. In particular, we require Σ̂ to satisfy the restricted
eigenvalue (RE) condition.

is the condition

Lemma 2 (Javanmard and Montanari (2013a)) Under (A1), when 16κσx4 n > log p,
the event

The preceding definition is a generalization of the usual notion of coherence as it appears
in the compressed sensing literature. Assume the columns of X are normalized so that
kxj k2 = 1, and Θ = I. The diagonal entries of Σ̂Θ − I vanish. Thus GC(Σ̂, Θ) is the
largest off diagonal entry of Σ̂, which is the largest inner product between columns of X:
1
T T
n maxi6=j ei X Xej . We recognize the preceding quantity as the coherence of X.

GC(Σ̂, Θ) = maxj∈[p] kΣ̂ΘjT − ej k∞ .

Definition 1 (Generalized coherence) Given X ∈ Rn×p , let Σ̂ = n1 X T X. The generalized coherence between Σ̂ and Θ ∈ Rp×p is

(A2) the regression coefficients β ∗ ∈ Rp are s-sparse, i.e. all but s components of β ∗ are
zero;
(A3) the components of the noise  are independent, mean zero σy -subgaussian random
variables.

1
ky − Xβk22 + λkβk1 .
2n

Given the predictors and responses, the lasso estimates β ∗ by
β∈Rp

β̂ := arg min
There is a well-developed theory of the lasso that says, under suitable assumptions on X,
the lasso estimator β̂ is nearly minimax optimal(e.g. see Hastie et al. (2015), Chapter 11
for an overview). More precisely, under some conditions on n1 X T X, the MSE of the lasso
p
estimator is roughly s log
n , which is the minimax rate.
2.1 Background on the lasso and debiasing

1
Θ̂X T (y − X β̂),
n

However, the lasso estimator is also biased1 . Since averaging only reduces variance, not bias,
we gain (almost) nothing by averaging the biased lasso estimators. That is, it is possible
to show if we naively averaged local lasso estimators, the MSE of the averaged estimator
is of the same order as that of the local estimators. The key to overcoming the bias of the
averaged lasso estimator is to “debias” the lasso estimators before averaging.
The debiased lasso estimator by Javanmard and Montanari (2013a) is
β̂ d := β̂ +

θT Σ̂θ

where β̂ is the lasso estimator and Θ̂ ∈ Rp×p is an approximate inverse to Σ̂ = n1 X T X.
Intuitively, the debiased lasso estimator trades bias for variance. The trade-off is obvious
when Σ̂ is non-singular: setting Θ̂ = Σ̂−1 gives the ordinary least squares (OLS) estimator
(X T X)−1 X T y.
Another way to interpret the debiased lasso estimator is a corrected estimator that compensates for the bias incurred by shrinkage. By the optimality conditions of the lasso, the
correction term n1 X T (y − X β̂) is a subgradient of λ k·k1 at β̂. By adding a term proportional to the subgradient of the regularizer, the debiased lasso estimator compensates for
the bias incurred by regularization. The debiased lasso estimator has previously been used
to perform inference on the regression coefficients in high-dimensional regression models.
We refer to the papers by Javanmard and Montanari (2013a); van de Geer et al. (2013);
Zhang and Zhang (2014); Belloni et al. (2011) for details.
The choice of Θ̂ in the correction term is crucial to the performance of the debiased
estimator. Javanmard and Montanari (2013a) suggest forming Θ̂ row by row: the j-th row
of Θ̂ is the optimum of
θ∈R

minimize
p

subject to kΣ̂θ − ej k∞ ≤ δ.
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1. We refer to Section 2.2 in Javanmard and Montanari (2013a) for a more formal discussion of the bias of
the lasso estimator.

3

−

n
4
4000σx

and p >

, where C and C 0 are universal constants.

Cp 
s̃

 3 log p  1
1
1
2
kX T k∞ ≤ maxj∈[p] (Σ̂j,j ) 2 σy
n
c2 n

1
T
n kX k∞

≤ λ,

kβ̂ − β ∗ k1 ≤

3
3√
sλ and kβ̂ − β ∗ k2 ≤
sλ.
µl
µl

2.

1
T
n kX k∞

≤ λ,

5

1. Σ̂ satisfies the RE condition on C(supp(β ∗ )) with constant µl

Lemma 7 If in addition to (A2) and (A3),

JMLR 18(5):1-30, 2017

When the lasso estimator is consistent, the debiased lasso estimator is also consistent.
Further, it is possible to show that the bias of the debiased estimator is of higher order
than its variance. Similar results by Javanmard and Montanari (2013a); van de Geer et al.
(2013); Zhang and Zhang (2014); Belloni et al. (2011) are the key step in showing the
asymptotic normality of the (components of) the debiased lasso estimator. The result we
state is essentially Javanmard and Montanari (2013a), Theorem 2.3.

2.

1. Σ̂ satisfies the RE condition on C(supp(β ∗ )) with constant µl

Lemma 6 (Negahban et al. (2012)) If in addition to (A2) and (A3),

When Σ̂ satisfies the RE condition and λ is large enough, Negahban et al. (2012) show
that the lasso is consistent.

with probability at least 1 − ep−2 for any (non-random) X ∈ Rn×p .

Lemma 5 Under (A3),

When the RE condition holds, the lasso and debiased lasso estimators are consistent for a
suitable choice of the regularization parameter λ. The parameter λ should be large enough to
dominate the “empirical process” part of the problem: n1 X T y ∞ , but as small as possible
1
to reduce the bias incurred by regularization. As we shall see, setting λ ∼ σy logn p 2 is a
good choice.

and λmin (Σ)− 2 .

1

Proof The lemma is a consequence of Rudelson and Zhou (2013), Theorem 6. In their
1
notation, we set δ = √12 , k0 = 3 and bound maxj∈[p] kAej k22 and K(s0 , k0 , Σ 2 ) by λmax (Σ)

occurs with probability at least 1 − 2e

Lemma 4 (Rudelson and Zhou (2013)) Under (A1), if n > 4000s̃σx2 log
s̃, where s̃ := s + 25920κs = C 0 s, the event
o
n
1
ERE (X) = ∆T Σ̂∆ ≥ λmin (Σ)k∆S k22 for any ∆ ∈ C(S)
2
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3δ
µl sλ.

1
ˆ
Θ̂X T  + ∆,
n

1

3 log p  2
,
c2 n

6
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Although the divide-and-conquer approach is communication efficient, it is costly in
terms of floating point operations. The parallel runtime of debiasing is roughly equivalent
to the cost of evaluating p lasso estimators, due to computation of Θ̂. In the rest of this
p
section, we describe a more sophisticated approach to debiasing: each machine debiases m
,
instead of all p, regression coefficients. Thus the parallel runtime of the more sophisticated
approach is roughly m times smaller than that of a naive approach.
In Section 4, we further refine the approach to reduce the sample complexity from
n & ms2 log p to n & ms log p. In Section 6, we show via simulation experiments that

2. a thresholded version of the averaged estimator is model selection consistent as long as
1
p2
the minimum signal strength is at least log
. We remark that the model selection
N
consistency result does not require X to obey an irrepresentability condition, which
the centralized lasso does require.

1. the averaged estimator converges at the same rate as the communication-intensive
centralized lasso estimator. In particular, a thresholded version of the averaged estimator attains the same estimation rate as the centralized lasso estimator kβ̄ ht −β ∗ k2 .
1
s log p  2
, and only requires one round of communication.
N

The rest of the paper is organized as follows. In the subsequent section, we describe a
divide-and-conquer approach to sparse regression and derive its theoretical properties. We
show that

√ 0
1
δ maxj∈[p] (Σ̂j,j ) 2 s log p
ˆ ∞ ≤ 3√ 3
k∆k
σy
.
c2
µl
n

1

2. λ = maxj∈[p] (Σ̂j,j ) 2 σy

Corollary 8 If in addition to the conditions of Lemma 6,
1
1. (Σ̂, Θ̂) has generalized incoherence δ 0 logn p 2 ,

Lemma 7, together with Lemmas 5 and 2, shows that the bias of the debiased lasso
estimator is of higher order than its variance. In particular, setting λ and δ to be the order
of the upper bounds on inf Θ∈Rp×p GC(Σ̂, Θ) and n1 kX T k∞ given by Lemmas 5 and 2 gives

ˆ ∞ that is OP s log p . By comparison, the variance term 1 kΘ̂X T k∞ is the
a bias term k∆k
n
n
maximum of p subgaussian random variables with mean zero and variances of O(1), which
1

is O logn p 2 . Thus the bias term is of higher order than the variance term as long as
n & s2 log p.

ˆ ∞≤
where k∆k

β̂ d = β ∗ +

the debiased lasso estimator has the form

3. (Σ̂, Θ̂) has generalized incoherence δ,
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the averaged debiased estimator outperforms averaging local lasso estimates, and performs
as well as the centralized lasso. Section 5 generalizes our approach from least-squares to
generalized linear models such as logistic regression.
Finally in Section 7, we show the optimality of our estimator in terms of the amount of
communication, and rounds of communication using recent work on communication lower
bounds. We also provide a comparison of the average debiased estimator and the centralized
lasso estimator. The parallel runtime of the averaging debiased estimator is only larger than
the centralized lasso by a constant multiplicative factor.
2.2 Averaging debiased lassos
Recall the problem setup: we are given N samples of the form (xi , yi ) distributed across m
machines:


 
X1
y1


 
X =  ...  , y =  ...  .
Xm
ym

k=1

(3)

The k-th machine has local predictors Xk ∈ Rnk ×p and responses yk ∈ Rnk . To keep things
simple, we assume the data is evenly distributed, i.e. n1 = · · · = nk = n = N
m . The averaged
debiased lasso estimator (for lack of a better name) is

k=1

m
m

1 X d
1 X
β̄ =
β̂k =
β̂k + Θ̂k XkT (yk − Xk β̂k ) ,
m
m

We begin by studying the error of the β̄ in the `∞ norm.
Lemma 9 Suppose the local sparse regression problem on each machine satisfies the conditions of Corollary 8, that is when m ≤ p,



1
2

+

µl

cGC cΣ

1

σy

s log p 
n

log p  2
,
n

1. {Σ̂k }k∈[m] satisfy the RE condition on C(supp(β ∗ )) with constant µl ,

1

3 log p  2
.
c2 n



N

cΩ log p

2. {(Σ̂k , Θ̂k )}k∈[m] have generalized incoherence cGC
3. λ1 = · · · = λm = cΣ σy
Then

kβ̄ − β ∗ k∞ ≤ cσy
1

and cΣ := maxj∈[p],k∈[m] ((Σ̂k )j,j ) 2 .

with probability at least 1−ep−1 , where c > 0 is a universal constant, cΩ := maxj∈[p], k∈[m] ((Θ̂k Σ̂k Θ̂kT )j,j )
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Lemma 10 hints at the performance of the averaged debiased lasso. In particular, we
1
p2 
note the first term is O log
,
which
matches
the
convergence
rate
of
the
centralized
N
1
p2
p
is negligible compared to log
, and the error
estimator. When n is large enough, s log
n
N
1
p2 
is O log
.
N
Next, we show the conditions of Lemma 10 occur with high probability when the rows
of X are independent subgaussian random vectors.
7
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j,j

1

) 2 σy

1

3 log p  2
,
c2 n

and form {Θ̂k }k∈[m] by (2),



Lemma 10 Under (A1), (A2), and (A3), when m < p, p > s̃,

3
2
4
1. n > max 4000s̃σx2 log( Cp
s̃ ), 8000σx log p, c1 max{σx , σx } log p ,
1

√ 2 log p  2
√8
n
c1 κσx

2. λ1 = · · · = λm = maxj∈[p],k∈[m] ((Σ̂k

3. δ1 = · · · = δm =

1
  maxj∈[p] Σ−1 log p  21 √κ max
s log p 
j∈[p] (Σj,j ) 2 2
j,j
kβ̄ − β ∗ k∞ ≤ c σy
+
σx σy
N
λmin (Σ)
n

with probability at least 1 − (8 + e)p−1 for some universal constant c > 0.

The averaged debiased lasso has one serious drawback versus the lasso: β̄ is usually
dense. The density of β̄ detracts from the intrepretability of the coefficients and makes the
estimation error large in the `2 and `1 norms. To remedy both problems, we threshold the
averaged debiased lasso:

HTt (β̄) ← β̄j · 1{|β̄j |≥t} ,
STt (β̄) ← sign(β̄j ) · max{|β̄j | − t, 0}.

As we shall see, both hard and soft-thresholding give sparse aggregates that are close
to β ∗ in `2 norm.

Lemma 11 As long as t > kβ̄ − β ∗ k∞ , β̄ ht := HTt (β̄) satisfies
1. kβ̄ ht − β ∗ k∞ ≤ 2t,
√
2. kβ̄ ht − β ∗ k2 ≤ 2 2st,
√
3. kβ̄ ht − β ∗ k1 ≤ 2 2st.

The analogous result also holds for β̄ st := STt (β̄).
Proof By the triangle inequality,

∞

kβ̄ ht − β ∗ k∞ ≤ kβ̄ ht − β̄k∞ + kβ̄ − β ∗ k∞

≤ t + β̄ − β ∗

≤ 2t.

Since t > β̄ − β ∗ ∞ , β̄jht = 0 whenever βj∗ = 0. Thus β̄ ht is s-sparse and β̄ ht − β ∗ is
2s-sparse. By the equivalence between the `∞ and `2 , `1 norms,
√
kβ̄ ht − β ∗ k2 ≤ 2 2st,
√
kβ̄ ht − β ∗ k1 ≤ 2 2st.
The argument for β̄ st is similar.
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By combining Lemma 11 with Lemma 10, we show that β̄ ht converges at the same rates
as the centralized lasso.

8

j∈[p]

 max

j∈[p]

 max

+

2

1

log p
n .

log p
,
n

2

3
2

σx2 σy s

σx2 σy s

p
σx2 σy s log
n ,

κ maxj∈[p] (Σj,j ) 2
λmin (Σ)

1

κ maxj∈[p] (Σj,j ) 2
λmin (Σ)

1

κ maxj∈[p] (Σj,j ) 2
λmin (Σ)

√

√

√

+

+

1

2

1

2

1

2
Σ−1
j,j s log p
N

Σ−1
j,j s log p
N

Σ−1
j,j log p
N

j∈[p]

Σ−1
j,j log p
c2 N

j∈[p]

 4 max

N

2

1
s2 log p 

1

s log p  2
,
N

1

log p  2
,
N

.

1

.P

s2 log p 
N

1

1
2

s log p  2
,
N

1

log p  2
,
N

.

n
,
s2 log p

1

log p  2
N

for any j ∈ supp(β ∗ ).

9
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Proof As long as we threshold at t > kβ̄ ht − β ∗ k∞ , supp(β̄ ht ) ⊂ supp(β ∗ ). That is, all the
zero components of β ∗ are correctly estimated. Further, as long as the non-zero components
of β ∗ have magnitude at least 2t, they are not set to zero by thresholding at t. By Theorem
1
p2
12, there is such a t ∼ log
.
N

Then supp(β̄ ht ) = supp(β ∗ ).

2. β-min: |βj∗ | &

1. m .

Corollary 14 Under the conditions of Lemma 10, further assume

The estimator β̄ ht matches the convergence rates of the centralized lasso in `1 , `2 , and
`∞ norms. Furthermore, β̄ ht can be evaluated in a communication-efficient manner by a
one-shot averaging approach.

3. kβ̂ −

β∗k

2. kβ̂ − β ∗ k2 .P

1. kβ̂ − β ∗ k∞ .P

The convergence rates for the centralized lasso estimator β̂ are identical (modulo constants):

3. kβ̄ ht − β ∗ k1 .P

2. kβ̄ ht − β ∗ k2 .P

1. kβ̄ ht − β ∗ k∞ .P

n
Remark 13 By Theorem 12, when m . s2 log
, the variance term is dominant and the
p
convergence rates given by the theorem simplify:

3. kβ̄ ht − β ∗ k1 .P σy

2. kβ̄ ht − β ∗ k2 .P σy

 max

p
σx2 σy s log
gives
n

1. kβ̄ ht − β ∗ k∞ .P σy

1
√ √
48 6 κ maxj∈[p] (Σj,j ) 2
√
c1 c2
λmin (Σ)

Theorem 12 Under the conditions of Lemma 10, hard-thresholding β̄ at σy
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2

1
+
m

k=1

1 X
β̂k + Θ̂k XkT (y − Xk β̂k ).
m

(4)

m

m

k=1

k=1

1 X
1 X T
β̂k + Θ̂
Xk (y − Xk β̂k ).
m
N

(5)

where Θ̂j,· ∈

k=1

is a row vector.

1
m

k=1

rows of Θ̂ and debiases
m
1 X

XkT (y − Xk β̂k ) ,
β̂j + Θ̂j,·
N

p
m

p
m

coefficients:

1
kXk,j − Xk,−j γk22 + λj kγk1 , j ∈ [p],
2n

10

−γ̂p,1 −γ̂p,2 . . .

−γ̂p,p
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where Xk,−j ∈ Rn×(p−1) is Xk less its j-th column Xk,j . Implicitly, we are forming


1
−γ̂1,2 . . . −γ̂1,p
−γ̂2,1
1
. . . −γ̂2,p 


Ĉ :=  .
..
..  ,
..
 ..
.
.
. 

γ∈Rp−1

γ̂j := arg min

As we shall see, each machine can perform debiasing with only the data stored locally.
Thus, forming the estimator (5) requires two rounds of communication.
The question that remains is how to form Θ̂j,· . We consider an estimator proposed by
van de Geer et al. (2013): nodewise regression on the predictors. For some j ∈ [p] that
machine k is debiasing, the machine solves

Rp

β̃j =

m
X

3. each machine, given the averages, forms

1. each machine sends β̂k and n1 XkT (y − Xk β̂k ) to a central server,
1 Pm
1 Pm
T
2. the central server forms m
k=1 β̂k and N
k=1 Xk (y−Xk β̂k ) and sends the averages
to all the machines,

To evaluate (5),

β̃ =

forming Θ̂k is (roughly speaking) p times as expensive as solving the local lasso problem,
making it the most expensive step (in terms of floating point operations) of evaluating the
averaged estimator. To trim the cost of the debiasing step, we consider an estimator that
forms only a single Θ̂ :

1 T
minimize
γ Σ̂k γ − Σ̂k γ + δ kγk1 ,
γ∈Rp
2

The estimator requires each machine to form Θ̂k by the solution of (2). Since the dual of
(2) is an `1 -regularized quadratic program:

β̄ =

The averaged estimator we studied has the form

3. A distributed approach to debiasing

Lee et al.
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1
1
kXj − X−j γ̂j k22 + λj kγ̂j k1 2 ,
n

γ̂j,j−1 1 γ̂j,j+1 . . .


γ̂j,p .
(6)

where the components
indexed by k ∈ {1, . . . , j − 1, j + 1, . . . , p}. We scale the
 of γ̂j are

τ̂1 , . . . , τ̂p , where
rows of Ĉ by diag

τ̂j =

1 
γ̂j,1 . . .
τ̂j2

to form Θ̂ = T̂ −2 Ĉ. Each row of Θ̂ is given by
Θ̂j,· = −

≤

λj
τ̂j2

(7)

Since γ̂j and τ̂j only depend on Xk , they can be formed without any communication.
Before we justify the choice of Θ̂ theoretically, we mention that it is an approximate
“inverse” of Σ̂ (in a component-wise sense). By the optimality conditions of nodewise
regression,
1
τ̂j2 = kXj − X−j γ̂j k22 + λj kγ̂j k1
n
1
1
T
γ̂j
= kXj − X−j γ̂j k22 + (Xj − X−j γ̂j )T X−j
n
n
1
Xj (Xj − X−j γ̂).
n
=

Recalling the defintition of Θ̂, we have

∞

1
1 1
Θ̂j,· X T Xj =
(Xj − γ̂jT X−j )T Xj = λj and
n
n
τ̂j2

λj
≤ 2.
τ̂j

1
1 1
kΘ̂j,· X T X−j k∞ = 2
(Xj − γ̂jT X−j )T X−j
n
τ̂j n
for any j ∈ [ p ]. Thus
max kΘ̂j,· Σ̂ − ej k∞

j∈[ p ]

van de Geer et al. (2013) show that when the rows of X are i.i.d. subgaussian random vectors and the precision matrix Σ−1 is sparse, Θ̂j,· converges to Σj−1 at the usual
convergence rate of the lasso. For completeness, we restate their result.
We consider a sequence of regression problems indexed by the sample size N , dimension
p, sparsity s0 that satisfies (A1), (A2), and (A3). As N grows to infinity, both p = p(N )
and s = s(N ) may also grow as a function of N. To keep notation manageable, we drop the
index N. We further assume

sj2 log p
n

JMLR 18(5):1-30, 2017

∼ o(1), where sj is the sparsity of Σj−1 .

(A4) the covariance of the predictors (rows of X) has smallest eigenvalue λmin (Σ) ∼ Ω(1)
and largest diagonal entry maxj∈[p] Σj,j ∼ O(1),
(A5) the rows of Σ−1 are sparse: maxj∈[p]

11

log p  2
n

1

satisfies

Lee et al.



sj2 log p
n

2

1

for any j ∈ [p].

Lemma 15 (van de Geer et al. (2013), Theorem 2.4) Under (A1)–(A5), (6) with suitable parameters λj ∼

kΘ̂j,· − Σj−1 k1 .P

We show that the averaged estimator (5) matches the convergence rate of the centralized
lasso.

1

log p  2
,
n

j ∈ [p], k ∈ [m] satisfies

N

2

 log p  1

+

smax log p
,
n

Theorem 16 Under (A1)–(A5), (5), where Θ̂ is given by (6), with suitable parameters
λj , λk ∼

kβ̄ − β ∗ k∞ .P
where smax := max{s0 , s1 , . . . , sp }.
Proof See the appendix.

+

By combining the Lemma 11 with Theorem 16, we can show that β̃ ht := HT(β̃, t) for
an appropriate threshold t converges to β ∗ at the same rates as the centralized lasso.

1

log p  2
N

the variance term is dominant, so the conver-

s0 smax log p
,
n

n
,
s2max log p

s0 smax log p
.
n

√

smax log p
,
n

+

+

+

s02 log p  21
N

1

s0 log p  2
N

1

log p  2
N

Theorem 17 Under the conditions of Theorem 16, hard-thresholding β̃ at t ∼
smax log p
gives
n
1. kβ̃ ht − β ∗ k∞ .P
2. kβ̃ ht − β ∗ k2 .P
3. kβ̃ ht − β ∗ k1 .P

1

2
smax
log p  2
.
N

1

smax log p  2
,
N

1

log p  2
,
N

Theorem 17 shows that for m .
gence rates simplify:

.P

1. kβ̃ ht − β ∗ k∞ .P
2. kβ̃ ht − β ∗

k2

3. kβ̃ ht − β ∗ k1 .P
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Thus, estimator β̃ ht shares the advantages of β̄ ht over the centralized lasso (cf. Remark 13).
It also achieves computational gains over β̄ ht by amortizing the cost of debiasing across m
machines.

12

N

 log p 
1
2

+

√
s0 log p 
.
n

s20 log p  12
N

+

log p
.
n

3/2

s0

s20 log p  12
.
N

1

s0 log p  2
,
N

13
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Thus, by forgoing estimation error in the `∞ norm, it is possible to reduce the sample
log p
complexity of the averaged estimator to m . s0 N
. When m = 1, we recover the sample
complexity of the centralized lasso estimator.

2. kβ̄ ht − β ∗ k1 .P

1. kβ̄ ht − β ∗ k2 .P

By Theorem 20, when m . s0 N
log p , the variance term is dominant and the convergence rates
given by the theorem simplify to the convergence rates of the (centralized) lasso estimator:

2. kβ̄ ht − β ∗ k1 .P

Theorem 20 Under the conditions of Theorem 16, hard-thresholding β̃ at t = |β̃|(ŝ0 ) for
some ŝ0 ∼ s0 , i.e. setting all but the largest ŝ0 debiased coefficients to zero, gives
1
log p  2
p
1. kβ̃ ht − β ∗ k2 .P s0 N
+ s0 log
n ,

kβ̄ − β ∗ k(∞,c0 s0 ) ∼ OP

Theorem 19 Under the conditions of Theorem 16,

By Lemma 18, the estimator (5) is consistent in the (∞, s0 ) norm. The argument is
similar to the proof of Theorem 16.

where c is a constant that depends only on c0 and Σ.

Lemma 18 Under the conditions of Theorem 16,
√
ˆ k k(∞,c0 s ) .P c s0 log p for any k ∈ [m] for any c0 > 0,
k∆
0
n

When l = 1, the (∞, l) norm of x is its `∞ norm. When l = p, the (∞, l) norm is the `2
norm (rescaled by √1p ). Thus the (∞, l) norm interpolates between the `2 and `∞ norms.
Javanmard √and Montanari (2013b), Theorem 2.3 shows that the bias of the debiased lasso
s log p
is of order 0n .

kxk(∞,l) :=

kx k
maxA⊂[p],|A|≥l √Al 2 .

ρ̈(y, a) =

d2
ρ(y, a).
da2

k=1

k=1

m
m
1 X

1 X
β̂k + Θ̂
∇`k (β̂k ) ,
m
m

(8)



i,i

1

:= ρ̈(yi , xTi β̂k ) 2 .

γ̂j,j−1 1 γ̂j,j+1 . . .
1
1
kX
− Xβ̂k ,−j γ̂j k22 + λj kγ̂j k1 2 .
n β̂k ,j

1 
γ̂j,1 . . .
τ̂j2
τ̂j =

Θ̂j,· = −


γ̂j,p ,

1
kX
− Xβ̂k ,−j γk22 + λj kγk1 , j ∈ [p],
2n β̂k ,j

14
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−1
s2 log p
(B2) the rows of E ∇2 `k (β ∗ )
are sparse: maxj∈[p] j n ∼ o(1), where sj is the sparsity
 2


−1
of E ∇ `k (β ∗ )
.
j,·


(B3) the smallest eigenvalue of E ∇2 `k (β ∗ ) is bounded away from zero and its entries are
bounded.

γ∈Rp−1

maxi∈[N ] kxi k∞ . 1;


the projection of Xβ ∗ ,j on R(Xβ ∗ ,−j ) in the E ∇2 `k (β ∗ ) inner product is bounded:
kXβ ∗ ,−j γβ ∗ ,j k∞ . 1 for any j ∈ [ p ], where


γβ ∗ ,j := arg min E kXβ ∗ ,j − Xβ ∗ ,−j γk22 .

(B1) the pairs {(xi , yi )}i∈[N ] are i.i.d.; the predictors are bounded:

We assume

where

and forms

γ∈Rp−1

γ̂j := arg min

That is, for some j ∈ [p] that machine k is debiasing, the machine solves

Wβ̂k

where β̂k is the local `1 regularized M-estimator: β̂k := arg minβ∈Rp `k (β) + λk kβk1 . As
before, we form Θ̂ by nodewise regression on the weighted design matrix Xβ̂k := Wβ̂k Xk ,
where Wβ̂k is diagonal and its diagonal entries are

β̄ :=

P
We define `k (β) = n1 ni=1 ρ(yi , xTi β), where the sum is only over the pairs on machine k.
The averaged estimator is

d
ρ(y, a),
da

The distributed approach to debiasing extends readily to `1 regularized M-estimators. As
before, we are given N pairs (xi , yi ) stored on m machines. Let ρ(yi , a) be a loss function
function, which is convex in a, and ρ̇, ρ̈ be its derivatives with respect to a. That is

It is possible to obtain a sharper estimation result by forgoing the `∞ norm convergence rate.
n
By sharper, we mean the sample complexity of the averaged estimator from m . s2 log
to
p
0
n
m . s0 log p .
The sharper estimation result depends on a result by Javanmard and Montanari (2013b),
which we combine with Lemma 15 and restate for completeness. Before stating the results,
we define the (∞, l) norm of a point x ∈ Rp as
ρ̇(y, a) =

5. Averaging debiased `1 regularized M-estimators

Lee et al.

4. A sharper estimation result

Communication-efficient Sparse Regression

Communication-efficient Sparse Regression

1
n kXk (β̂k

|ρ̈(y,a)−ρ̈(y,a0 )|
|a−a0 |

≤ K for some δ > 0.

− β ∗ )k22 .P s0 λk2 and kβ̂k − β ∗ k1 .P s0 λk .

|ρ̈(y, xT β) − ρ̈(y, xT β ∗ )| ≤ |xT (β − β ∗ )|.

(B4) for any β such that kβ − β ∗ k1 ≤ δ for some δ > 0, the diagonal entries of Wβ stays
away from zero, and

(B5) we have

i

maxi∈[N ] sup|a,a0 −xT β ∗ |≤δ supy

(B6) the derivatives ρ̇(y, a), ρ̈(y, a) is locally Lipschitz:

Further,

supy |ρ̈(y, a)| ∼ O(1).

maxi∈[N ] supy |ρ̇(y, xiT β)| ∼ O(1),

maxi∈[N ] sup|a−xT β ∗ |≤δ
i


−1 
 
−1
E ∇2 `k (β ∗ )
E ∇`k (β ∗ )∇`k (β ∗ )T E ∇2 `k (β ∗ )

(B7) the diagonal entries of

are bounded.

j ∈ [p], k ∈ [m] satisfies
2

+

smax log p
,
n
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(9)

The preceding assumptions deserve elaboration. Assumptions (B1), (B4), (B6), and
(B7) are standard in the literature on high-dimensional regression. They ensure the various
intermediate quantities, such as ρ(y, xT β) and its derivaties, remain bounded. Assumption
(B2) is perhaps the most restrictive. The assumption serves to ensure that the debiasing step
is effective in reducing the bias of the regularized estimator. It may be relaxed (at the cost of

−1
additional technicalities) to the rows of E ∇2 `k (β ∗ )
admit a sj -sparse approximation.
We refer to Bühlmann and Van De Geer (2011) for the details. Assumption (B3) is a
quantitative version of the usual rank condition in regression. It ensures the regression
coefficients are identifiable in the limit. Assumption (B5) is not necessary; it is implied by
the other assumptions. We refer to Bühlmann and Van De Geer (2011), Chapter 6 for the
details. Here we state it as an assumption to simplify the exposition.
We are ready to state our main results concerning the averaged estimator(8). It shows
the averaged estimator achieves the convergence rate of the centralized `1 -regularized Mestimator.

1

log p  2
,
n

N

 log p  1

Theorem 21 Under (B1)–(B7), (8) with suitable parameters
λj , λk ∼

kβ̄ − β ∗ k∞ .P
where smax := max{s0 , s1 , . . . , sp }.

15

k=1
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1 X
β̂k − Θ̂∇`k (β̂k )(β̂k − β ∗ ) − β ∗ .
m

m

Proof The averaged estimator is given by
β̄ − β ∗ =
By the smoothness of ρ,

ρ̇(yi , xiT β̂k ) = ρ̇(yi , xiT β ∗ ) + ρ̈(yi , ãi )xiT (β̂k − β ∗ ),
m

where ãi is a point between xiT β̂k and xiT β ∗ . Thus

k=1

1
m


Pm
∗
k=1 ∇`k (β )

+

k=1


1 X
I − Θ̂Qk (β̂k − β ∗ ).
m

m

1 X
β̂k − Θ̂(∇`k (β ∗ ) + Qk (β̂k − β ∗ )) − β ∗
β̄ − β ∗ =
m
= −Θ̂

1
m


Pm
∗
k=1 ∇`k (β ) ∞

+

m

k=1

1 X
m


I − Θ̂Qk (β̂k − β ∗ )

∞

.

Pn
ρ̈(yi , ãi )xi xiT , where the sum is over the data points on machine k.
where Qk = n1 i=1
Taking norms, we obtain
kβ̄ − β ∗ k∞ ≤ Θ̂

∞

+ Θ̂(∇2 `k (β̂k ) − Qk )(β̂k − β ∗ )

kβ̂k − β ∗ k1

∞

∞

≤

smax log p
.
n

λj
1  log p  21
. 2
.
n
τ̂j2
τ̂j

and, by (B5),

kβ̂k − β ∗ k1 .P

log p  2
n

∞
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∞

1

log p  2
1 Pm
∗
, which corresponds to
It is possible to show that Θ̂ m
k=1 ∇`k (β ) ∞ .P
N
the first term in (9). We refer to Bühlmann and Van De Geer (2011), Chapter 6 for the
details.
We turn our attention to the second term. By the triangle inequality,

k(I − Θ̂Qk )(β̂k − β ∗ )k∞

I − Θ̂∇2 `k (β̂k ) (β̂k − β ∗ )
≤

i=1

1

1X
kΘ̂xi k∞ ρ̈(yi , xiT β̂k ) − ρ̈(yi , ãi )xiT (β̂k − β ∗ ) .
n

n

≤ maxj∈[p] ejT − Θ̂j,· ∇2 `k (β̂k )

+

We proceed term by term. By (7),

maxj∈[p] ejT − Θ̂j,· ∇2 `k (β̂k )

.P

 max{s , s } log p  1
2
0 j
n

By van de Geer et al. (2013), Theorem 3.2,

∞

|τ̂j2 − τj2 | .P
Thus maxj∈[p] ejT − Θ̂j,· ∇2 `k (β̂k )

maxj∈[p] ejT − Θ̂j,· ∇2 `k (β̂k )

16

1
k(Xk,β ∗ )j k∞ k(γ̂j − γj )k1 .
τj2

1
k(Xk,β ∗ )j − (Xk,β ∗ )−j γ̂j k∞
τj2
1
k(Xk,β ∗ )j − (Xk,β ∗ )−j γj k∞
τj2

.P

i=1

n

i=1

1
s0 log p
kXk (β̂k − β ∗ )k22 .P
.
n
n

1 Pm
∗
We put the pieces together to deduce m
k=1 I − Θ̂Qk (β̂k − β )
.P
smax log p
.
n

gives

2. kβ̃ ht − β ∗ k2 .P

1. kβ̃ ht − β ∗ k∞ .P

maxj∈[p] sj log p
n

1

√

17

s0 smax log p
,
n

smax log p
,
n

+

+

s0 log p  2
N

1

log p  2
N

1

log p  2
N

+
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Theorem 22 Under the conditions of Theorem 21, hard-thresholding β̃ at t ∼

By combining the Lemma 11 with Theorem 16, we can show that β̃ ht := HT(β̃, t) for an
appropriate threshold t converges to β ∗ at the same rates as the centralized `1 -regularized
M-estimator.

.
∞

n
1X
ρ̈(yi , xTi β̂k ) − ρ̈(yi , ãi )xTi (β̂k − β ∗ ) ,
n

1X
kΘ̂xi k∞ ρ̈(yi , xTi β̂k ) − ρ̈(yi , ãi )xTi (β̂k − β ∗ )
n

sj log p
.
n

which, by (B5) and (B6), is at most

Thus

.P 1 +

which, by (B1) and van de Geer et al. (2013), Theorem 3.2,

+

.P maxj∈[p]

.P maxj∈[p]

Again, by van de Geer et al. (2013), Theorem 3.2,

T
kΘ̂xi k∞ ≤ maxj∈[p] kΘ̂j,· XkT k∞ . maxj∈[p] kΘ̂j,· Xk,β
∗ k∞
1
≤ maxj∈[p] 2 k(Xk,β ∗ )j − (Xk,β ∗ )−j γ̂j k∞ .
τ̂j

We turn our attention to the second term. We have kΘ̂xi k∞ .P 1 because

(Σ = I, p =

104 ,
n=5×

4

103 )

1

2

3

4

5
4

Total Number of Samples (nk) x 10
(Σij = 0.5|i−j| , p = 104 , n = 5 × 103 )

−2.6

s20 log p  21
N

+

s0 maxj∈[p] sj log p
.
n

1

s20 log p  21
.
N

s0 log p  2
,
N

1

log p  2
,
N

n
,
s20 log p

the variance term is domi-
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We validate our theoretical results with simulations. First, we study the estimation error
of the averaged debiased lasso in `∞ norm. To focus on the effect of averaging, we grow
the number of machines m linearly with the (total) sample size N. In other words, we
fix the sample size per machine n and grow the total sample size N by adding machines.
The tuning parameters were set to their oracle values stated in the Theorem 12. Figure 1
compares the estimation error (in `∞ norm) of the averaged debiased lasso estimator with
that of the centralized lasso. We see the estimation error of the averaged debiased lasso
estimator is comparable to that of the centralized lasso, while that of the naive averaged
lasso is much worse.
We conduct a second set of simulations to study the effect of the number of machines
on the estimation effort of the averaged estimator. To focus on the effect of the number of

6. Simulations

3. kβ̃ ht − β ∗ k1 .P

2. kβ̃ ht − β ∗ k2 .P

1. kβ̃ ht − β ∗ k∞ .P

Assuming s0 ∼ smax , Theorem 22 shows when m .
nant, so the convergence rates simplify to

3. kβ̃ ht − β ∗ k1 .P

Figure 1: The estimation error (in `∞ norm) of the averaged debiased lasso estimator versus
that of the centralized lasso when the predictors are Gaussian. In both settings,
the estimation error of the averaged debiased estimator is comparable to that of
the centralized lasso, while that of the naive averaged lasso is much worse.
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machines k, we fix the (total) sample size N and vary the number of machines the samples
are distributed across. The tuning parameters were again set to the oracle values stated in
the Theorem 12. Figure 2 shows how the estimation error (in `∞ norm) of the averaged
estimator grows as the number of machines grows. When the number of machines is small,
the estimation error of the averaged estimator is comparable to that of the centralized
lasso. However, when the number of machines exceeds a certain threshold, the estimation
1
p
p2
error grows with the number of machines. This transition occurs when s log
& log
,
n
N
1
2
. The preceding observation is consistent with the
or equivalently, when k & s2 N
log p
prediction of Lemma 10: when the number of machines exceeds a certain threshold, the
p
p
bias term of order s log
becomes dominant. Since s log
∝ k, we expect the error to grow
n
n
linearly with k, which agrees with the trends in Figure 2.
We conduct a third set of simulations to study the effect of thresholding on the estimation
error in `2 norm. The tuning parameters were set to the oracle values stated in the Theorem
12. Figure 3 compares the estimation error incurred by the averaged estimator with and
without thresholding versus that of the centralized lasso. Since the averaged estimator is
usually dense, its estimation error (in `2 norm) is large compared to that of the centralized
lasso. However, after thresholding, the averaged estimator performs comparably versus the
centralized lasso. This demonstrates the importance of the thresholding step to achieve low
`2 error.
In practice, it is possible to set the tuning parameter δ by the bisection method in the
accompanying code to Javanmard and Montanari (2013a); via bisection, they search for the
smallest δ such that the optimization program in (2) is feasible. The lasso tuning parameter
λ is set by first estimating the noise variance using the residuals and then using the formula
19
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In recent years, there has a been a flurry of work on establishing communication lower
bounds for mean estimation in the Gaussian distribution. In other words, they establish
the minimum communication C needed to obtain `22 risk R , where kβ̂ − β ∗ k22 ≤ R (Duchi
et al., 2014; Garg et al., 2014). These results are not directly applicable to sparse linear

7.1 Communication and Computational complexity

We devised a communication-efficient approach to distributed sparse regression in the highdimensional setting. The key idea is first “debiasing” local lasso estimators, and then
averaging the debiased estimators. We show that as long as the data is not split across
too many machines, the averaged estimator achieves the convergence rate of the centralized
lasso estimator. In the appendix, we show that by foregoing consistency in the `∞ norm,
it is possible to further reduce the sample complexity of the averaged estimator to that
of the centralized lasso estimator. Further, the distributed approach to debiasing extends
readily to other `1 regularized M-estimators. In concurrent work, the approach of averaging
debiased M-estimators was proposed by Battey et al. (2015) for high-dimensional inference.

7. Summary and discussion

√
λ = σ 2 log p. The parameter λ can be chosen independently of σ, if we replace the lasso
with the sqrt-lasso Belloni et al. (2011); all of the same theoretical guarantees still apply,
since the sqrt-lasso has the same consistency guarantees. For generalized linear models, the
oracle choice of λ depends on known quantities Negahban et al. (2012).

Figure 3: The estimation error (in `2 norm) of the averaged estimator with and without
thresholding versus that of the centralized lasso when the predictors are Gaussian. In both settings, thresholding reduces the estimation error by order(s) of
magnitude. Although the estimation error of the averaged estimator is large
compared to that of the centralized lasso, the thresholded averaged estimator
performs comparably, or even better than, the centralized lasso.

(Σ = I, p = 104 , n = 5 × 103 )

log10 `2 Error

−2.2
−2.3
−2.4
−2.5
−2.6
−2.7
−2.8
5

Number of Machines (k)
(Σ = I, p = 104 , nk = 2 × 105 )

log10 `∞ Error

Figure 2: The estimation error (in `∞ norm) of the averaged estimator as the number of
machines k vary. When the number of machines is small, the error is comparable
to that of the centralized lasso. However, when the number of machines exceeds
a certain threshold, the bias term (which grows linearly in k) is dominant, and
the performance of the averaged estimator degrades.

log10 `∞ Error

1

1

1

Thus
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√
1
1
1
1
k(Σ− 2 zi )j (Σ 2 zi )k − δj,k kψ1 ≤ 4k(Σ− 2 zi )j kψ2 k(Σ 2 zi )k kψ2 ≤ 4 κσx2 ,

kXY kψ1 ≤ 2 kXkψ2 kY kψ2 .

where kXkψ1 and kY kψ2 are the sub-exponential and sub-Gaussian norms of the random
variables X and Y . Recall for any two subgaussian random variables X, Y, we have

k(Σ− 2 zi )j (Σ 2 zi )k − 1{j = k}kψ1 ≤ 2k(Σ− 2 zi )j (Σ 2 zi )k kψ1 ,

1

Proof [Proof of Lemma 2] Let zi = Σ− 2 xi . The generalized coherence between X and Σ−1
is given by
n
1
1 X −1
|||Σ−1 Σ̂ − I|||∞ = |||
(Σ 2 zi )(Σ 2 zi )T − I|||∞ ,
n
i=1
P
1
1
where |||X|||∞ is the maximum entry of a X. Each entry of n1 ni=1 (Σ− 2 zi )(Σ 2 zi )T − I is
a sum of independent subexponential random variables. Their subexponential norms are
bounded by

1

Appendix A. Proofs of Lemmas

(Σ)
by a multiplicative factor of σσmax
log 1 , which is substantially larger when the problem is
min (Σ)
poorly conditioned.
In light of the fact that our approach is essentially optimal in terms of communication
cost, we turn to the computational complexity of our method. The most intensive step
of our approach is the computation of Θ̂. To compute one row of Θ̂ requires solving an
optimization problem whose cost is equivalent to a lasso in dimension p with n samples.
For the purpose of comparison, let us assume that the lasso solver performs T iterations.
Thus the complexity of solving a lasso in dimension p with n samples is O(npT ). In the
simple approach of Section 2 where each machine computes its own Θ̂, the parallel runtime
is O(np2 T ). However using the approach of Section 3, each machine is only computing p/m
2
rows of Θ̂. This brings down the parallel runtime to O( npmT ). In comparison, the cost of
solving the lasso using a state-of-art optimization method such as Agarwal et al. (2012)
p
has parallel runtime O(npT ), so our computational cost is larger by a factor of O( m
). It
p
is reasonable to think of m
as a constant, since as the number of variables p increases the
dataset sizes increases and we will be forced to use a larger cluster size m due to memory
constraints on a single machine. Although our computational complexity is larger in the
distributed setting, the dominant factor is often bottlenecked by the communication and
latency limitations, rather than local computation.

p
munication is required. Our approach communicates Õ(mp) bits to achieve risk of s log
N ,
so is communication-optimal when p . n. To our knowledge, lowest known communica(Σ)
tion complexity for solving the lasso is at least mp σσmax
log 1 , for any desired accuracy
min (Σ)
q
p
(Agarwal et al., 2012). This communication cost is larger than our algorithm
 & s log
n

regression, since they do not impose sparsity on the mean. In Braverman et al. (2015),

p
the authors established that to obtain risk R ≤ s log
at least Ω m min(n,p)
bits of comN
log p
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n

i=1

n
1 X

2

1
1
−c1 min{ nt4 , nt2 }
σ̃x σ̃x ,
(Σ− 2 zi )j (Σ 2 zi )k − δj,k ≥ t ≤ 2e

n

i=1

n
1 X

1
− 12
zi )(Σ 2 zi )T −
i=1 (Σ

Pn

to obtain

1

3 log p  2
c2 n

to obtain the desired conclusion.

1
1
Θ̂X T (y − X β̂) = β ∗ + Θ̂Σ̂(β ∗ − β̂) + Θ̂X T .
n
n

1
1
Θ̂X T (y − X β̂) = β ∗ + (Θ̂Σ̂ − I)(β ∗ − β̂) + Θ̂X T .
n
n

(10)
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where δ is the generalized incoherence between X and Θ̂. By Lemma 6, kβ̂ − β ∗ k1 ≤ µ3 sλ.
ˆ ∞.
We combine the bound on kβ̂ − β ∗ k1 with (10) to obtain the stated bound on k∆k

|(Θ̂Σ̂ − I)(β ∗ − β̂)| ≤ maxj kΣ̂mTj − ej k∞ kβ̂ − β ∗ k1 ≤ δkβ̂ − β ∗ k1 ,

ˆ
We obtain the expression of β̂ d by setting ∆.
ˆ to obtain
ˆ ∞ ≤ 3δ sλ, we apply Hölder’s inequality to each component of ∆
To show k∆k
µ

β̂ d = β ∗ +

ˆ = β ∗ − β̂, we obtain
By adding and subtracting ∆

β̂ d = β̂ +

Proof [Proof of Lemma 7] We start by substituting the linear model into (1):

2
σy
We set t = maxj∈[p] Σ̂j,j

1

1



c2 n2 t2
Pr kX T k∞ > t ≤ e exp −
+ log p .
2
n
σy maxj∈[p] Σ̂j,j

1 T
nX 


 c n2 t2 


c2 n2 t2
2
|xTj | > t ≤ e exp − 2 T 2 ≤ e exp −
.
2
n
σy kxj k2
σy maxj∈[p] Σ̂j,j

1

We take a union bound over the p components of

Pr

Proof [Proof of Lemma 5] By Vershynin (2010), Proposition 5.10,

1
n

1
1
2σ̃ 2  log p  21 
≤ 2p−4 .
(Σ− 2 zi )j (Σ 2 zi )k − δj,k ≥ √ x
c1
n

We obtain the stated result by taking a union bound over the p2 entries of
I.

Pr

√
where c1 > 0 is a universal constant and σ̃x2 := 4 κσx2 . Since σ̃x4 n > log p, we set t =
1

2
2σ̃
√ x log p 2 to obtain
n
c1

Pr

where σx = kzi kψ2 . By a Bernstein-type inequality,

Lee et al.

j,j

m
X

+

k=1

m

...

k=1

1 X ˆ
k∆k k∞ .
m

Θ̂k Σ̂k Θ̂kT


j,j

≤ cΩ N,

. By a union bound over j ∈ [p],

k=1


T . By Vershynin
Θ̂m Xm
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k=1

∞

m
m
1 X
1 Xˆ
Θ̂k XkT k +
∆k .
N
m

k=1

m
1 X
Θ̂k XkT k
N

β̄ − β ∗ =

Proof [Proof of Lemma 10] By Lemma 7,

We take norms to obtain
kβ̄ − β ∗ k∞ ≤



kXk Θ̂kT ej k22 = n

 c N 2 t2 
2
e exp −
kaj k22 σy2


We focus on bounding the first term. Let ajT := ejT Θ̂1 X1T
(2010), Proposition 5.10,

 1
aT  > t ≤
Pr
N j
m
X
k=1

for some universal constant c2 > 0. Further,
kaj k22 =

1

2cΩ log p  2
c2 N

to deduce
1 T
N aj 

≥ σy

1

2cΩ log p  2
c2 N



≤ ep−1 .



 c N t2

1
2
Pr maxj∈[p]
aT  > t ≤ e exp −
+ log p .
N j
cΩ σy2

where cΩ := maxj∈[p],k∈[m] Θ̂k Σ̂k Θ̂kT

We set t = σy

Pr maxj∈[p]

= ··· =
λm

= λ :=



1

maxj∈[p],k∈[m] ((Σ̂k j,j ) 2 σy

1

 log p  1
3
2
,
c2 n

em
p2

≥ 1 − ep−1 . By

We turn our attention to bounding the second term. By Lemma 5 and a union bound
over j ∈ [p], when we set
λ1

we have n1 kXkT k∞ ≤ λ for any k ∈ [m] with probability at least 1 −
Lemma 7, when

have generalized incoherence

log p  2
,
n

We put the pieces together to obtain
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√

1
s
log
p
2c
3
3
c
Ω log p 2
GC cΣ
+√
σy
,
c2 N
c2 µl
n

√
s log p
3√ 3 cGC cΣ
c2 µl σy n .

cGC

1. {Σ̂k }k∈[m] satisfy the RE condition on C(supp(β ∗ )) with constant µl ,
2.

{(Σ̂k , Θ̂k )}k∈[m]

the second term is at most

kβ̄ − β ∗ k∞ ≤ σy
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Proof [Proof of Lemma 10] We start with the conclusion of Lemma 10:
√

1
3
3 cGC cΣ s log p
2c
Ω log p 2
+√
kβ̄ − β ∗ k∞ ≤ σy
σy
.
c2 N
c2 µl
n

1

First, we show that the two constants cΩ = maxj∈[p], k∈[m] (Θ̂k Σ̂k Θ̂kT )j,j and cΣ := maxj∈[p],k∈[m] ((Σ̂k )j,j ) 2
are bounded with high probability.

i=1

1 X T −1 2
−1
−1
(xi Σ·,j ) − Σj,j
+ Σj,j
.
n

n

Lemma 23 Under (A1),

−c1 min{ n2 , σn }
−1
x
σx
Pr maxj∈[p] Σj−1 Σ̂Σj−1 > 2 maxj∈[p] Σj,j
≤ 2pe
for some universal constant c1 > 0.

Proof [Proof of Lemma 23] We express

−1
−1
−1
−1
−1
−1
Σj,·
Σ̂Σj,·
= Σj,·
Σ̂Σj,·
− Σj,j
+ Σj,j
=
1

−1

1

−1
Since the subgaussian norm of zi = Σ− 2 xi is σx , xiT Σ·,j
is also subgaussian with subgaussian
norm bounded by

−1 2
kxT Σ−1 k ≤ kzi kψ2 kΣ·,j2 k2 ≤ σx (Σj,j
) .
ψ
i
2
·,j
Pn
−1 2
−1
We recognize n1 i=1
(xiT Σ·,j
) − Σj,j
as a sum of i.i.d. subexponential random variables
with subexponential norm bounded by

−1 2
−1
−1 2
−1 2
−1
k(xiT Σ·,j
) − Σj,j
kψ1 ≤ 2k(xiT Σ·,j
) kψ1 ≤ 4kxiT Σ·,j
kψ2 ≤ 4σx2 Σj,j
.

By Vershynin (2010), Proposition 5.16, we have

i=1

nt2
n
1 X

−c1 min{
, nt }
2 (Σ−1 )2 4σ Σ−1
16σx
−1 2
−1
x j,j
j,j
Pr
(xiT Σ·,j
) − Σj,j
> t ≤ 2e
n

−1
for some absolute constant c1 > 0. For t = Σj,j
, the bound simplifies to

i=1

n
1 X

−c1 min{ n 2 , 4σn }
−1 2
−1
−1
x
16σx
Pr
(xiT Σ·,j
) − Σj,j
> Σj,j
≤ 2e
.
n

We take a union bound over j ∈ [p] to obtain the stated result.

(Θ̂k Σ̂k Θ̂kT )j,j ≤ maxj∈[p] (Σ−1 Σ̂k Σ−1 ))j,j .

Since we form {Θ̂k }k∈[m] by (2),
Lemma 23 implies

−c1 min{

n
n
2 , σx }
σx

.
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−1
maxj∈[p] (Σ−1 Σ̂k Σ−1 ))j,j ≤ 2 maxj∈[p] Σj,j
for each k ∈ [m]

with probability at least 1 − 2pe

24

1

√
1

2 maxj∈[p] (Σj,j ) 2 ) ≤ 2pe

3
c1

Pr cΩ <

2 max Σ−1
j,j
j

max{σx2 , σx } log p,


3
c1

2 maxj∈[p] (Σj,j ) ) ≥ 1 − 2mpe

1
2

−c1 min{

n
n
2 , 4σx }
16σx

max{σx2 , σx } log p, the right side is again at most 2p−1 .

n
4
4000σx

≥ 1 − 2p−1 .


Pr ∩k∈[m] EGC (Σ̂k ) ≥ 1 − 2p−2 .

−

kβ̄ − β k∞ ≤ σy

∗



c2 N

1
4 maxj∈[p] Σ−1
j,j log p 2

to obtain

√ √
1
48 6 κ maxj∈[p] (Σj,j ) 2 2 s log p
+√
σx σy
.
c1 c2
λmin (Σ)
n

√ 2
√8
c1 κσx ,

.
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Σ̂k;j,j = Σ̂j,j = Σ̂j,j − Σj,j + Σj,j
i=1

and
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1X 2
=
xi,j − Σj,j + Σj,j .
n

n

Proof [Proof of Lemma 24] We follow a similar argument as the proof of Lemma 23:

µl =

1
2 λmin (Σ)

Since m < p, the probability is at least 1 − 2p−1 .
√
1
We apply the bounds cΩ ≤ 2 maxj∈[p] Σ−1
2 maxj∈[p] (Σj,j ) 2 , cGC =
j,j , cΣ ≤

4. By Lemma 2,

1 − 2me

Σ̂1 , . . . , Σ̂m all satisfy the RE condition with probability at least

4
n > max{4000s̃σx2 log( Cp
s̃ ), 8000σx log p},

3. By Lemma 4, as long as

When n >

Pr(cΣ <

√

.

.

n
n
2 , 4σx }
16σx

n
n
2 , σx }
σx

−1

−c1 min{

−c1 min{

≥ 1 − 2p

2. By Lemma 24 (and a union bound over k ∈ [m]),

Since m ≤ p, when n >

Pr(cΩ ≥ 2 maxj Σ−1
j,j ) ≤ 2mpe

1. By Lemma 23 (and a union bound over k ∈ [m]),

We put the pieces together to obtain the stated result:

for some universal constant c1 > 0.

Pr(maxj∈[p] (Σ̂j,j ) 2 >

Lemma 24 Under (A1),
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1

1

−c1 min{

nt
nt2
2 Σ2 , σx Σj,j
16σx
j,j

}

−c1 min{

n
n
2 , 4σx }
16σx

.

kβ̃ − β ∗ k∞ ≤

k=1

m

1
1 X
k(I − Θ̂Σ̂k )(β̂k − β ∗ )k∞ +
Θ̂X T 
m
N

and taking norms, we obtain

k=1

∞

.

∞

.P

N

2

 log p  1

.

(11)

26

We put the pieces together to deduce each term is O

smax log p 
n

:
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−1
∗
∗
≤ maxj∈[p] keTj − Σ−1
j Σ̂k k∞ kβ̂k − β k1 + kΣj − Θ̂j,· k1 kΣ̂k (β̂k − β )k∞ .

≤ k(I − Σ−1 Σ̂k )(β̂k − β ∗ )k∞ + k(Σ−1 − Θ̂)Σ̂k (β̂k − β ∗ )k∞

k(I − Θ̂Σ̂k )(β̂k − β ∗ )k∞

We turn our attention to the first term in (11). It’s straightforward to see each term in the
sum is bounded by

1
Θ̂X T 
N

By Vershynin (2010), Proposition 5.16, and Lemma (23), it is possible to show that

Subtracting

β∗

k=1
m

m

1 X
1
β̂k − Θ̂Σ̂k (β̂k − β ∗ ) + Θ̂XkT k
m
n

1 X
1
=
β̂k − Θ̂Σ̂k (β̂k − β ∗ ) + Θ̂X T .
m
N

β̃ =

Proof [Proof of Theorem 16] We start by substituting the linear model into (5):

We take a union bound over j ∈ [p] to obtain the stated result.

Pr(|Σ̂j,j − Σj,j | > Σj,j ) ≤ 2e

for some absolute constant c1 > 0. For t = Σj,j , the bound simplifies to

Pr(|Σ̂j,j − Σj,j | > t) ≤ 2e

By Vershynin (2010), Proposition 5.16, we have

kΣ̂j,j − Σj,j kψ1 ≤ 2kx2i,j kψ1 ≤ 4kxi,j k2ψ2 ≤ 4σx2 Σj,j .

P
We recognize Σ̂j,j − Σj,j = n1 ni=1 x2i,j − Σj,j as a sum of i.i.d. subexponential random
variables with subexponential norm bounded by

2
zi kψ2 ≤ σx (Σj,j ) 2 .
kxi,j kψ2 ≤ kΣj,·

1

Since the zi = Σ− 2 xi is subgaussian with subgaussian norm σx , xi,j is also subgaussian
with subgaussian norm bounded by
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√
1

s0 λk .

∞

+

1 T
X k
n k
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1. By Lemmas 4, 6, 24, kβ̂k − β ∗ k1 .P
log p  2
.
n

1 T
X (yk − Xk β̂k )
n k

2. By Lemma 15, kΣj−1 − Θ̂j,· k1 .P sj

kΣ̂k (β̂k − β ∗ )k∞ ≤

3. By the triangle inequality,

1

1

log p  2 
.
n

∞

.

By the optimality conditions of the (local) lasso estimators, the first term is λk , and
it is possible to show, by Lemma 23 and Vershynin (2010), Proposition 5.16, that the
log p 
n

second term is OP
Since λk 

2
, by a union bound over k ∈ [m], we obtain


1
log
p
s
2
max log p
+
,
N
n

kβ̄ − β ∗ k∞ ∼ OP

where smax := max{s0 , s1 , . . . , sp }.

sj2 log p

maxj∈[p] kΘ̂j,· − Σj−1 k1 .P sj

1

log p  2
,
n

Proof [Proof of Lemma 18] The result is essentially Javanmard and Montanari (2013b),
Theorem 2.3 with Ω̂ = Θ̂ given by (6). Lemma 15 shows that

max

j∈[p]
Since
n
Theorem 2.3:

log p  2
.
n

≤

.

(12)

1

∼ o(1), Θ̂ satisfies the conditions of Javanmard and Montanari (2013b),
√
c s0 log p
for any k ∈ [m],
n
ˆ k k(∞,c0 s ) .P
k∆
0

The bound is uniform in k ∈ [m] by a union bound for suitable parameters λk ∼

m

k=1

1 Xˆ
1
∆k + Θ̂X T .
m
N

k=1

(∞,c0 s0 )

1
Θ̂X T 
N

∞

.
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Since the (∞, l) norm is non-increasing in l,

We focus on showing the second

(∞,c0 s0 )

Proof [Proof of Theorem 19] We start by substituting the linear model into (5):
β̃ =

√
c s0 log p
.
n

1
1 X ˆ
k∆k k(∞,c0 s0 ) +
Θ̂X T 
m
N

m

Subtracting β ∗ and taking norms, we obtain
kβ̃ − β ∗ k(∞,c0 s0 ) ≤

1

log p  2
.
N

By Lemma 18, the first (bias) term is of order
(variance) term is of order

1
Θ̂X T 
N
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∞

1

We put all the pieces together to obtain


log
p  21 
.
N

log p  2
.
N

∼ OP

By Vershynin (2010), Proposition 5.16 and Lemma 23, it is possible to show that
1
Θ̂X T 
N
Thus the second term in (12) is of order
the stated conclusion.

kβ̃ ht − β ∗ k2 .

√

s0 kβ̃ ht − β ∗ k(∞,c0 s0 ) .

2
kβ̃ ht − β ∗ k22 . s0 kβ̃ ht − β ∗ k(∞,c
0s )
0

Proof [Proof of Theorem 20] Since β̃ ht − β ∗ is 2s0 -sparse,
or, equivalently,
By the triangle inequality,

≤ 2kβ̃ − β ∗ k(∞,c0 s0 ) ,

kβ̃ ht − β ∗ k(∞,c0 s0 ) ≤ kβ̃ ht − β̃k(∞,c0 s0 ) + kβ̃ − β ∗ k(∞,c0 s0 )

1


s
s
0 log p 2
0 log p
+
.
N
n

where the second inequality is by the fact that thresholding at t = |β̃|(c0 s0 ) minimizes
kβ − β ∗ k(∞,c0 s0 ) over c0 s0 -sparse points β. Thus
kβ̃ ht − β ∗ k2 = OP

To complete the proof, we observe that the estimation error bound of β̃ ht in the `1 norm
follows by the fact that β̃ ht − β ∗ is 2s0 -sparse.
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We have so far identified one mechanism by which to estimate marginals: we can directly marginalize our approximation q(x), which is tractable by construction. These same
estimates (when not extremal) can be found as first derivatives of the variational function
(in the above description, the KL-divergence), as we later show. Second order derivatives
of the KL-divergence are also possible and can give covariance estimates. These covariance
estimates are called linear responses, since they measure the response of some expectation
(the first derivative estimate) to an infinitesimal linear perturbation (the second derivative).
Linear response and marginalization estimates are tractable for variational approximations;
and for some statistics, we can use either method to obtain an estimate for the same quantity.

A given variational framework may be minimized by several algorithms, and it is interesting that many famous heuristic algorithms developed independently of variational
frameworks have been shown to be particular solutions to variational approximations. Most
notably loopy belief propagation has been shown to be one method to solve the Bethe
variational approximation, and expectation propagation was shown to be one method to
solve the expectation consistent variational approximation. This connection to variational
frameworks has allowed interesting insight into algorithm construction, proofs of solution
existence and convergence (see Yedidia et al., 2005; Wainwright and Jordan, 2008; Yuille,
2002).

In a basic variational approximation an intractable probability distribution p(x) is approximated by a tractable one q(x), the parameters of q are determined by minimizing
the Kullback Leibler (KL) divergence DKL [p||q]. The challenge of marginalization is thus
replaced by two linked challenges: appropriate construction of q, and minimization
Q of a
KL-divergence. An example of a tractable distribution is a factorized one: q(x) = i q(xi ),
which leads to a mean-field variational approximation; KL-divergence could then typically
be minimized by an iteration of fixed point equations (see Wainwright and Jordan, 2008;
Mezard and Montanari, 2009). It is common for the estimates obtained by variational approximations to be over-confident, the uncertainty in some variables is reduced since the
structure of the approximation q discounts some sources of variance.

Approximation of marginal probability distributions (called marginals henceforth) with
high accuracy is NP-hard even in the case of Ising spins (binary variables) with pairwise
interactions (see Dagum and Luby, 1993; Long and Servedio, 2010), but in practice, many
schemes might be applied successfully. Approximate inference of marginal distributions is
often performed by Markov chain Monte Carlo (MCMC) procedures (see Andrieu et al.,
2003). These methods are a workhorse of inference, but have some disadvantages: the estimates are achieved with an accuracy that decays only slowly with time resources (exploiting
the central limit theorem), the result is stochastic, and takes a non-parametric form. For
these reasons variational approximations are often preferred, the price being a (difficult
to quantify) bias in the approximations (see Wainwright and Jordan, 2008; Mezard and
Montanari, 2009; MacKay, 2004).

distributions provide insight into phase transitions and thermodynamic phases (see Parisi,
1987).
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Given a probability distribution p(x), estimation of marginal probability distributions such
as p(xi ) and p(xi ; xj ) is one of the most important inference tasks addressed in graphical models, alongside estimation of the maximum probability state and the log partition
function (see Wainwright and Jordan, 2008; Mezard and Montanari, 2009; MacKay, 2004).
The challenge is addressed in many research fields by a variety of methods. In Boltzmann machine learning and probabilistic independent component analysis the expectationmaximization algorithm requires such estimates (see Wainwright and Jordan, 2008; Miskin
and MacKay, 2000). In heuristic optimization, a branch and bound search (or decimation
procedure) over a high dimensional space can be made more efficient, by branching on xi
(or some small set of variables) in an informed manner using approximate probabilities (see
Montanari et al., 2007). In channel coding we wish to determine the likely state of a bit sent
over a noisy channel, which can be inferred with a measure of certainty from the marginal
probability (see Richardson and Urbanke, 2008). In statistical physics, marginal probability

1. Introduction

Keywords: variational inference, graphical models, message passing algorithms, statistical physics, linear response

Inference methods are often formulated as variational approximations: these approximations allow easy evaluation of statistics by marginalization or linear response, but these
estimates can be inconsistent. We show that by introducing constraints on covariance, one
can ensure consistency of linear response with the variational parameters, and in so doing
inference of marginal probability distributions is improved. For the Bethe approximation
and its generalizations, improvements are achieved with simple choices of the constraints.
The approximations are presented as variational frameworks; iterative procedures related
to message passing are provided for finding the minima.
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(1)

Variational Methods and Linear Response

a=1

M
1 Y
ψa (xa ) ,
Z

We will consider variational approximations applied to a model of N discrete variables
xi defined by probability 1
p(x) =
where ψa are the potentials (also called factors) and are non-negative functions of the
variables indexed by subset a, xa = {xi : i ∈ a}, Z is the partition function. Probabilities of
this kind can be represented as a factor graph (see Wainwright and Jordan, 2008; Mezard
and Montanari, 2009), as shown in Figure 1. Our aim is to demonstrate a mechanism
whereby existing variational schemes can be leveraged for improved inference of marginals.
This paper considers a new self-consistent approximation to improve variational methods, with an emphasis on the Bethe approximation and its generalizations (called regionbased, or cluster-variational, approximations). We propose the addition of constraints requiring the consistency of estimates obtained via direct marginalization and linear response.
We minimize the variational function subject to an agreement of these estimates and show
that the resulting unique estimate is an improvement on the two estimates that are obtained
without the constraints.
1.1 Literature Review

4
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In Section 2, we define a set of variational approximations and motivate the inclusion of additional constraints. In Section 3, we describe methods to minimize the free energy subject to
these constraints. In Section 4, we compare the performance of constrained approximations
against exact results on some standard models, demonstrating a significant advantage in
many cases. In Section 5, we discuss our findings in the context of all experimental results

1.2 Outline

shown promise in Opper, Paquet, and Winther (2013) and Paquet, Winther, and Opper
(2009), but at this point come with few theoretical guarantees.
In the context of machine learning, other related approaches for improving mean-field
estimation have been successfully demonstrated in Kappen and Rodriguez (1998) and Giordano, Broderick, and Jordan (2015). Mean-field variational Bayes is an important application of variational approximations, but the absence of an accurate understanding of
covariance in the model parameters had been a weakness. Recently it was shown by Giordano, Broderick, and Jordan (2015) that linear response could be used to more accurately
estimate these quantities.
The Bethe variational approximation is also an important approximation in the context
of sparse graphical models, for which loopy belief propagation (LBP) is the most famous
algorithm. Linear response has also been used to improve this approximation, examples include Montanari and Rizzo (2005) and Mooij, Wemmenhove, Kappen, and Rizzo (2007). A
large part of this development has been through loop-correction algorithms since the failure
of the approximation is known to be related to loops in the graphical model representation.
There also exist elegant loop correction methods not relying on the linear response: libDAI
is a code repository that has collected some of the methods together (see Mooij, 2010), we
developed our methods based on this library, in particular, the implementation of Heskes,
Albers, and Kappen (2003). An expansion about the loop free approximation was developed
by Chertkov and Chernyak (2006), but is cumbersome when many loops are present.
Several papers related to an extension of the Bethe approximation were published
by Yasuda and Tanaka (2013), Raymond and Ricci-Tersenghi (2013b),Raymond and RicciTersenghi (2013a) and Yasuda (2013). The idea was very similar to that of adaptive-TAP, to
minimize the variational function subject to the constraint of statistical consistency. When
applied to the mean-field approximation it was realized these methods were equivalent to
adaptive-TAP, but in the context of Bethe and region-based free energies improved performance was identified. In Raymond and Ricci-Tersenghi (2013b) and Huang and Kabashima
(2013) linear response frameworks were also leveraged in the reverse direction to solve the
inverse-Ising problem (inferring parameters from statistics).
These variational frameworks were applied initially to Bethe and mean-field approximations on pairwise binary state models, in Yasuda (2013) an extension to general discrete
states was provided, whereas Raymond and Ricci-Tersenghi (2013b) applied the technique to
region-based variational frameworks and a broader range of constraint types. In this paper,
we consider generic discrete alphabets, region-based free energies (inclusive of the Bethe approximation) and both single-variable and pairwise variable consistency constraints. Building on a belief propagation approach we derive tools for minimizing constrained variational
free energies.

The linear response has been leveraged to improve estimates of marginals in a variety of
problems, the idea originating in statistical physics (see Parisi, 1987; Opper and Winther,
2003; Welling and Teh, 2004).
Physics approaches often aim to improve understanding of phase transitions for problem
classes in the limit of a large number of variables (see Parisi, 1987), rather than in development of algorithmic approaches to solve particular finite instances. An early application of
linear response was the self-consistent Ornstein-Zernike approximation (SCOZA), proposed
by Høye and Stell (1977), which was later applied by Dickman and Stell (1996) to simple
graphical models. The SCOZA has been applied to disordered models where marginals
are not homogeneous, for example to the random field Ising model in Kierlik, Rosinberg,
and Tarjus (1999), but in the service of estimating globally averaged and disorder averages
quantities, and never in such a way as to understand particular single variable or pairwise
marginals, which is the question we address.
Opper and Winther (2001) proposed the adaptive-TAP approach as an extension of
the standard Thouless-Anderson-Palmer mean-field method; in the original formulation of
this method, a self-consistency relation between the linear response and magnetizations of
a mean-field approximation were reconciled to arrive at a more advanced mean-field theory. Opper and Winther (2005) and Winther and Opper (2005) later reinterpreted this
method as a special case of expectation consistent approximate inference, that made a connection between moment-matching algorithms such as expectation propagation and variational frameworks, as well as expanding the range of applications. Expansions of the
expectation consistent approximation to mitigate for errors on higher order cumulants have
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1. For brevity in expressions we will use the notation x both for a random variable and its realization,
relying on context for the distinction.

3

i=1

5
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2. Special care should be taken in cases where ψa (xa ) = 0 for some xa , in such cases it may not be
meaningful to
P perturb by ν. Furthermore, we note that ν are a redundant set of parameters since
variation of y νi,y leaves the probability unchanged.
3. For binary variables, we will use Ising spins s = ±1 in place of binary states b ∈ {0, 1}. The transformation s = 1 − 2b allows conversion between these two conventions.

This coincides with (1) in the limit ν → 0. The product on y is over all possible states
of xi . For our method to apply the probability needs to be differentiable with respect to
the parameters ν, though modifications allow for the more general case2 . The choice of
statistics {δxi ,y } simplifies our presentation, but more generally we might consider a set of
single variable functions {φy (xi )}, this is discussed in Appendix B.2.
A Boltzmann machine will be presented as a running example. The model3 has Ising
spin variables x ∈ {−1, 1}N , fields h and pairwise couplings J. A connected graphical model
will be assumed for notational simplicity, so each variable has connectivity ki ≥ 1, and a
unique connected component exists. If an edge set E = {(i, j)} specifies the interacting

a=1

Variational free energy approximations are powerful tools for approximate inference (see
Yedidia et al., 2005; Opper and Winther, 2005; Wainwright and Jordan, 2008; Mezard and
Montanari, 2009). We introduce in this section the mean-field, Bethe, and region-based
(also called Kikuchi) approximations. A set of simplified expressions appropriate to the
Bethe approximation for an Ising model is given alongside the general expressions. We first
introduce a generalization of the probability over the N variables x, introducing auxiliary
parameters ν,
"
#
M
N
Y
Y
1 Y
pν (x) =
ψa (xa )
exp (νi,y δxi ,y ) .
(2)
Z(ν)
y

2. Constrained Variational Approximations

and other insights gained, before concluding in Section 6. Appendices include exact expressions for the fully connected ferromagnet example, pseudocode and algorithmic details,
proofs of convergence for some methods, discussion of solution existence and convergence,
and how to select constraints for inclusion.

Figure 1: The constrained variational approximations we present can be applied to models
with multi-variable interactions, as represented by factor graphs. Two examples are shown.
Top: the alarm network is a well-known toy example of a Bayesian net, here represented
as a factor graph. Squares denote factors ψa (xa ), which act over subsets of variables xa ,
each variable represented by a circle. Bottom: N = 10 variables interacting according to a
random cubic graph is represented, each coupling (J) is represented by a factor with two
connections, each field (h) by a singly connected factor.

Variational Methods and Linear Response

pν (x) =
(i,j)∈E

i

Y
Y
1
exp(Jij xi xj )
exp[(hi + νi )xi ] ,
Z(ν)

(3)

i,y

a

xi

(5)

i

6
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4. qA (xA ) denotes a variational parameter, that can be interpreted as an approximation to the marginal
probability p(xA ).

with ki equal to the variable connectivity (the number of factors in which variable i participates). The reason this approximation may improve upon mean-field is that through qa (xa )
some correlations amongst variables may be explicitely represented, which are absent in
the factorial form of mean-field. The variational parameters, qa and qi , are referred to as
beliefs.
The Bethe approximation is a special case of the more general region-based approximation (see Yedidia et al., 2005), where the entropy approximation is implied by a choice of
outer regions. Each outer region is defined by a set of variables xα , and a generalized factor
ψα (xα ) that describes the interactions between those variables. The outer regions must
be chosen to span all variables, and the factors (as wellQas auxiliary parameters ν) can be
distributed amongst the generalized factors such that α ψα (x) ∝ pν (x). Some examples
of region selections discussed in this paper are shown in Figure 2.
The entropy approximation is implied by the choice of outer regions: it is the sum of
the entropy on the outer regions α corrected by a weighted sum of entropies on region

xa

which is the tractable part of (4). The optimal variational parameters q ∗ are those minimizing (5).
In the
Q simplest mean-field approximation a factorized variational form is considered
q(x) = N
i=1 qi (xi ). The parameters {qi } are precisely marginal distributions on single
variables. Iterative methods are often successful in minimizing the VFE.
P
In another class of approximations the entropy term in the VFE, − x q(x) log q(x), is
decomposed as a truncated sum of marginal entropies. In the Bethe approximation a redundant set of marginal probability distributions {qa (xa ); qi (xi )}4 are introduced in one-to-one
correspondence with the model factors and variables, and the entropy is approximated as
X
XX
X
X
−
q(x) log q(x) ≈ −
qa (xa ) log qa (xa ) −
(1 − ki )
qi (xi ) log qi (xi ) ,
(6)
x

a

Fν (q) = DKL [q||pν ] − log Z(ν) ,

The variational free energy (VFE) is defined

x

where we use a non-redundant set of auxiliary parameters νi = νi,1 − νi,−1 .
In a variational approximation a trial probability distribution q(x) is related to the
log-partition function of the full model, derived from the Kullback-Leibler divergence


X
X
X

DKL [q||pν ] =
q(x) log q(x) −
νi,y δxi ,y −
log ψa (xa ) + log Z(ν) .
(4)

variables, then
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(a)

Pairwise Bethe

Generic Bethe

(c)

Variational Methods and Linear Response

(b)

Square lattice Kikuchi

qα (xα ) log

qα (xα )
ψα (xα )

xβ

(d)

Region−based

(7)

Figure 2: In a region-based approximation (Bethe is a special case), the assignment of
outer regions determines the entropy approximation. Sensible choices collect nearby sets
of strongly dependent variables. A region graph has outer regions (blue) and intersection
regions (red), such that every factor is associated to exactly one outer region; the set of
factors in a region α define an auxiliary interaction (8). Selection (a) is a Bethe approximation, the outer regions are pairs of variables, that intersect on single variables. (b)
Alternatively, for a square lattice, we might consider outer regions of 4 variables (the central interaction could be assigned to either the right or left region), that intersect on pairs
of variables, which in turn intersect on single variables. This approximation is powerful for
square lattice models (see Raymond and Ricci-Tersenghi, 2013b; Domı́nguez et al., 2011;
Lage-Castellanos et al., 2013). (c) The Bethe approximation on a factor graph with mixed
(multi-variable) interaction types has outer regions containing exactly one factor and its
variables, the intersections are single variables. (d) On a locally tree-like graph, we can also
make an interesting approximation: outer regions are stars that intersect on edge regions.
This approximation relates to the loop-correction algorithm of Montanari and Rizzo (2005).

XX

α

β

intersections (β). The region based free energy is defined

 X X
qβ (xβ ) log qβ (xβ ) ,
+
cβ
Fν (q) =

xα

where cβ take integer values according to a simple rule (see Yedidia et al., 2005; Heskes
et al., 2003). Larger regions are capable of capturing more correlations between variables
explicitely, but at a computational cost that scales (in the absence of further approximations) exponentially with region size. This trade-off determines the choice of regions.
In the Bethe approximation, the outer regions (α) are in one-to-one correspondence
with the factors (a) of the model, and intersection regions are single variables. In our
running example of the Boltzmann machine (3), a Bethe approximation has edges as regions.
Generalized factors can be chosen as


hi + νi hj + νj
ψ(i,j) (xi , xj ) = exp Jij xi xj +
+
.
(8)
ki
kj

qα (xα ) = qβ (xβ ) ;

∀α, ∀β ⊂ α .
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(10)

We can define marginal variational parameters for each marginal probability in the free
energy and then minimize (7) subject to local consistency constraints
X
qα (xα ) = 1 ;
∀α ,
(9)
xα

X

xα \xβ

7

Raymond and Ricci-Tersenghi

∂qα (xα )
∂νi,y

q=q ∗

.

Minimization of this free energy is a well-studied problem. Heuristic approaches normally
lead to message passing algorithms, which are often convergent to good solutions even where
guarantees of convergence are lacking. It is always possible to find minima of the region
based free energy using a convex-concave procedure, which is guaranteed to converge to a
local minima (see Yuille, 2002; Heskes et al., 2003).
Having found a minimum of the free energy at q = q ∗ , we can define the linear response
in the beliefs to a perturbation in νi,y , as

∗
(xα ) =
qα,(i,y)

Whereas the variational parameters q have an interpretation away from the fixed point, the
linear response is only defined about a global (or heuristically, local) minima. Notation ∗
will be used to denote an evaluation at such a fixed point.
The entropy approximations (6-7) can be interpreted as truncated series (see Pelizzola,
2005; Wainwright and Jordan, 2008), that can be made good either by considering sufficiently large regions (those defining a junction tree, see Wainwright and Jordan, 2008), or
including loop corrections (see Chertkov and Chernyak, 2006). The made-good approaches
are not tractable in many interesting models of modest scale. The region based methods
most often lead to improvements over mean-field, but entropy expansion can also lead to
counterintuitive features. For example, the entropy estimate can be negative under such an
approximation.

2.1 Inconsistency of Covariance Approximations

The covariance of a pair of statistics φ1 and φ2 , under probability distribution p is defined
as

x

Vp (φ1 , φ2 ) = Ep (φ1 φ2 ) − Ep (φ1 )Ep (φ2 ) ,
X
p(x)φ(x) .
with Ep (φ) =

For the case φ1 (xα ) = δxi1 ,y1 and φ2 (xα ) = δxi2 ,y2 , we can replace the probability of interest
p by qα to obtain

Vp (δxi1 ,y1 , δxi2 ,y2 ) ≈ C(i1 ,y1 ),(i2 ,y2 ) := Vqα [δxi1 ,y1 , δxi2 ,y2 ] .

∂ 2 log Z(ν)
.
∂νi1 ,y1 ∂νi2 ,y2

(11)

C will be called the marginal approximation to the covariance, and is a function of the
variational parameter qα . The optimal value C ∗ = C(q ∗ ) is independent of the region α,
owing to the consistency constraints (9)-(10).
Alternatively, we can begin with a second derivative identity. By introducing parameters
ν conjugate to each statistics (2), we have

Vp (δxi1 ,y1 , δxi2 ,y2 ) =

xα
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We obtain a tractable approximation replacing log Z(ν) by −Fν (q ∗ )
X
∗
qα,(i
(xα )δxi2 ,y2 ,
1 ,y1 )

Vp (δxi1 ,y1 , δxi2 ,y2 ) ≈ χ(i1 ,y1 ),(i2 ,y2 ) :=

8

(13)

9
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We would like to use the linear response information, in a safe manner to select the best
covariance estimate, but also to make the approximation self-consistent. Rather than
simply minimizing the free energy to determine q ∗ , we do this in the subspace where
{∆(i1 ,y1 ),(i2 ,y2 ),α = 0} for a subset of the covariances.
An important question will be which covariances to constrain. Expansion methods indicate that adding all constraints is best when the approximation is very good (see Raymond
and Ricci-Tersenghi, 2013a). More generally we wish to add important constraints in so
far as it does not prevent solution existence and allows algorithmic stability as discussed in
Appendices B.1-B.3.
Although general expressions are derived, experimental sections in this paper are restricted principally to the Bethe approximation, and with simple patterns of constraints

2.2 Covariance Constraints

Graphical models in which the Bethe approximation is most successful have relatively weak
correlations and/or few short loops. In these cases it is known that the linear response
estimate (15) improves significantly upon (14) for i1 6= i2 (see Welling and Teh, 2004;
Raymond and Ricci-Tersenghi, 2013a). However, as the approximation breaks down (due
to poor approximations of loops in the graphical model), the response estimate can be
much worse, even giving infinite values for bounded statistics. For pairs with i1 = i2 (called
diagonal), bounds can be violated even in regimes where the approximation is good. A
simple example is the model of Section 4.1 with zero field (h = 0): whilst it is true that
Vp (xi , xi ) ≤ 1 for any model, χi,i > 1 for in the weakly coupled (high temperature) regime.

Except for some simple models
− χ is non-zero, exposing an inconsistency in the variational method. The best marginal approximation does not match the best linear response
estimate. To decide which estimate to use, either connected correlations or linear responses,
we might consider the distance of these two different estimates from the correct value:


(1)
∆(i1 ,y1 ),(i2 ,y2 ) = C(i∗ 1 ,y1 ),(i2 ,y2 ) − Vp δxi1 ,y1 , δxi2 ,y2 ,
(14)


(2)
∆(i1 ,y1 ),(i2 ,y2 ) = χ(i1 ,y1 ),(i2 ,y2 ) − Vp δxi1 ,y1 , δxi2 ,y2 .
(15)

C∗

∗
∆(i1 ,y1 ),(i2 ,y2 ),α (qα , qα,(i
) = C(i1 ,y1 ),(i2 ,y2 ) − χ(i1 ,y1 ),(i2 ,y2 ) .
1 ,y1 )

[(i1 ,y1 ),(i2 ,y2 )]∈ω α

10
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5. This terminology arises by considering which elements of the covariance matrix are constrained.

with Lagrange multipliers set to meet the constraints. The global minima q ∗ for fixed λ can
often be found. In cases where local minima can be avoided this is done either heuristically
following a constrained loopy belief propagation (CLBP) approach, or in a more robust
manner using a provably convergent method, as discussed in Appendix B. CLBP has the
same (asymptotic) computational complexity as belief propagation, and is procedurally
similar.

α

We choose a Lagrangian formulation for minimizing the constrained free energy, introducing
a Lagrange multiplier for each constraint connecting a linear response approximation to
a marginalization approximation. Each statistic pair constraint will be associated with
some unique outer region α, as this allows for a cavity heuristic that we later introduce.
This association is not unique and may affect (to a limited extent) the convergence of
the algorithms we will develop, but not the fixed points that might be achieved. This is
discussed further in Appendix B.3. The set of constraints associated to region α are denoted
ω α = {[(i1 , y1 ), (i2 , y2 )]} with an associated set of Lagrange multipliers λα = {λ(i1 ,y1 ),(i2 ,y2 ) }.
The constrained minimization is then achieved by minimizing the Lagrangian


X
X
∗

Fν (q, λ, χ) = Fν (q)+
λ(i1 ,y1 ),(i2 ,y2 ) ∆α,(i1 ,y1 ),(i2 ,y2 ) (qα , qα,(i1 ,y1 ) ) , (16)

3. Minimizing with Respect to the Constraints

When evaluated at minima of the free energy, both the approximation by marginalization
C ∗ , and approximation by linear response χ, are symmetric.

xi ,xj

Vp (xi , xj ) ≈ Ci,j := Vq(ij) (xi , xj ) ,
X
∗
Vp (xi , xj ) ≈ χi,j :=
q(ij),i
(xi , xj )xj .

In the case of our running example of the Boltzmann machine (3) we are considering a
variation of νi = νi,1 − νi,−1 , accordingly we can abbreviate notation everywhere (i, y) to i.
In the diagonal constraint approximations, we will require consistency of V(xi , xi ) ∀ i. In
the on and off diagonal constrained approximations, we require in addition consistency of
V(xi , xj ) for all coupled pairs of variables.
The quantities made consistent are written more concisely as

2.3 Bethe Approximation to the Boltzmann Machine

discussed in Appendix B.2. The Bethe approximation with the addition of all possible constraints (called on and off diagonal5 ) is considered, as well as the Bethe approximation with
addition of only constraints for which i1 = i2 (diagonal). In Section 4.1 we also present results for the mean-field approximation with all possible constraints (since i1 = i2 in all cases,
this is also called diagonal), as well as the Bethe approximation including only constraints
for which i1 6= i2 (off-diagonal). In other experiments, we do not present these latter two
regimes since they performed consistently worse except in some narrow parameter ranges
where all regimes were performing poorly.

for any α containing i2 , which is called the linear response estimate. χ will be called the
linear response approximation to the covariance, it is defined only at the minima q ∗ , and
is a symmetric matrix. We do not need to make explicit reference to the region α used in
Eq. (11) since the linear response χ does not depend on that choice.
The name ‘linear response’ for the quantity χ comes from the fact it can be interpreted
as
∂Ep [δxi1 ,y1 ]
∂Ep [δxi2 ,y2 ]
χ(i1 ,y1 ),(i2 ,y2 ) ≈
=
,
(12)
∂νi2 ,y2
∂νi1 ,y1
ν=0
ν=0

that is the linear variation of the mean value of a single variable statistic to a small perturbation in the the parameter ν conjugated to another single variable statistic.
We denote the difference of these estimates for two statistics on variables (i1 , i2 ) contained in region α as
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Compute the minima q*
of the free energy F(q, λ,χ)
Compute Lagrange multipliers λ
by solving {C* = χ} on outer regions

Variational Methods and Linear Response

Compute the linear responses χ

Figure 3: The basic scheme for minimizing our constrained variational free energy. The
first stage is solved by a procedure closely related to belief propagation (that minimizes a
convex-concave function), the second by a procedure related to susceptibility propagation
(that solves a system of linear equations), and the final stage by a cavity approximation.
In our experiments, we take λ = 0 as the initial condition. In the experiments presented
we gradually increase or decrease T using the solution at T ± δT as an initial condition for
the next experiment, this enables a solution to evolve continuously from a well-understood
limit, but is not necessary for convergence in general.

It is shown in Appendix B.6 that given such a fixed point, whether a local or global minimum, it is subsequently relatively easy to calculate the linear response. The method we propose is procedurally similar to susceptibility propagation, originally introduced in Mezard
and Mora (2008), which is a computational procedure that minimizes the variational parameters. If the number of constraints is linear in the size of the system the computational
complexity is quadratic in system size. We call the linear response scheme constrained loopy
susceptibility propagation (CLSP). Yasuda and Tanaka (2013) proposed a closely related
approach, specific to the case of diagonal constraints in the Bethe approximation.

Suppose we also have a method for iteratively determining λ, then we can approach the
problem of finding a constrained local minima by a 3-stage iterative procedure (the same
as proposed in Yasuda and Tanaka (2013)), and shown schematically in Figure 3. We also
experimented with other minimization schemes, but found this to be algorithmically the
most stable, and also pleasing in that we move all uncertainty in convergence of the method
onto the two questions: (1) does there exist a fixed point at all and (2) does the iterative
scheme for λ converge. These two questions are unfortunately very difficult to answer in
general. To determine λ a heuristic cavity method is proposed in Section 3.1.
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We found that in weakly correlated regimes the CLBP and CLSP, and iterative updating
of λ quickly converges. However, in some other regimes where the variational approximation
is less accurate, we found that the effect of non-zero λ could be either a help or a hindrance
to the convergence of the CLBP. We also found that λ would sometimes not converge, even
with strong damping (implementation of damping is discussed in Appendix C). Associated
with regimes of non-convergence, we normally find a divergence of some λ values as discussed
in the experimental section. This indicates that failure of the method is most likely related
to non-existence (or criticality) of constrained solutions, the issue of solution existence is
discussed in Appendix B.1.
11

Raymond and Ricci-Tersenghi

3.0.1 Bethe Approximation to the Boltzmann Machine

(i,j)∈E xi ,xj

qij (xi , xj ) log qij (xi , xj ) +

i

(1 − ki )

xi

For the on-and-off diagonal constrained case, the Lagrangian for the Boltzmann machine
can be written in the form6 .
X X
X
X
qi (xi ) log qi (xi )

i

(i,j)∈E

i

j



X
X


1X
λ(i,j) 
qij (xi , xj )xi xj − Mi Mj − χi,j  , (17)
λi,i (1 − Mi2 ) − χi,i +
2
x ,x

Fν (q, λ, χ) =

+

P
introducing abbreviations for single variable magnetization Mi := xi qi (xi )xi . We recover
the diagonal constraint regime when λi,j = 0
∀i, j, and the unconstrained regime when
all multipliers are zero. Constraints introduce quadratic functions of q, but terms are neither
convex nor concave.
For given λ, a set of message passing equations can be written as a generalization of
loopy belief propagation, a simplification of the general case in Appendix B.5 is presented
here. At time t the edge-belief is approximated as the solution to the equation

xi xj


exp (Jij − λij )xi xj + (hj +

t
µ(i,k)→i
(xi ) ,

+

t
λij Mij,i
)xj

+

t
λij Mij,j
xi



(19)

,

(18)

∝ µt
(xi )µt
(xj )
i→(i,j)
j→(i,j)


t
t
t
t
exp (Jij − λij )xi xj + (hi + λij Mij,j
+ λi Mij,i
)xi + (hj + λij Mij,i
+ λj Mij,j
)xj ,

t
qij
(xi , xj )

t
Mij,i
=

where we introduce two auxiliary magnetization parameters per edge7
X
t
xi qij
(xi , xj ) .

xj

Y

k∈∂i \j

t
λj Mij,j

Then we can define messages8 µ which are determined iteratively as
X
t
µj→(i,j)
(xj )
t
µ(i,j)→i
(xi ) ∝

t+1
µi→(i,j)
(xi ) =

where ∂i are the variables interacting with i. Following message updates q t and M t must
be made consistent, in the examples of this paper (and in general for small λ) this can be
achieved simply by iterating Equations (18) and (19). For the experiments messages and
beliefs are initialized as constants.
There are several methods by which linear response can be established. One standard
approach is susceptibility propagation, which simply involves linearizing the above equations
accounting for a small perturbation in some component of ν, this is the approach taken for
the examples of this paper; for the general case, expressions are provided in Appendix B.6.
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6. To maintain consistency with published research on Ising spin models a factor 1/2 precedes the diagonal
constraint term.
7. Note that at intermediate stages of the message passing, magnetizations for variable i on different beliefs
(say Mij,i , Mik,i ) may not agree, but will agree after convergence.
8. These differ by a simple transformation from the messages of the Appendix B.5, so that the limiting case
(λ = 0) agrees with standard presentations for Ising models in the literature.
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i

a

j
Inward responses
(to perturbations of
variables in alpha).

λ=λt

∗
δλt+1
= − ∆α (q ∗ , q(·)
)
α
λ=λt

,

(20)

pT (x) ∝ p(x)1/T .

q∗

∗
q(·)

13

14

JMLR 18(6):1-36, 2017

∆α

JMLR 18(6):1-36, 2017

#−1

We can minimize with relative ease both the constrained and unconstrained free energies in the large T regime, and expect approximations to be correct at leading order
in 1/T (see Raymond and Ricci-Tersenghi, 2013a). In some cases of small T , in which
the probability is well described by a single mode, concentrated about some unique value
xGS = argmax pT (x), the approximations we present are also exact up to O(T ) corrections.

∂λα

∗ )
∂∆α (q ∗ , q(·)

The maximum absolute deviation (MAD) on the marginals is defined as the largest error
over all variables, or pairs of variables, depending on error type.
It is interesting to understand how the quality of approximation changes as a function
of the goodness of the approximation, to do this we introduce a temperature parameter T
in each model, that can sharpen or flatten the distribution.

∆(i,y) (q ∗ ) = q ∗ (xi = y) − p(xi = y) .

(0)

In this section, we study the performance of our method on well-understood toy model
frameworks. The scale and/or symmetries of these models mean they are exactly solvable,
allowing precise statistical estimates to evaluate the method quality.
In Section 4.1 we study a fully connected ferromagnetic model (that is a model with a
positive coupling between any pair of variables) with symmetry broken (that is with a nonzero mean value for each variable). This is a simple model for which we can present analytic
results and understanding. There is either no mode (for weak coupling), or one dominating
mode (for strong couplings). We expect the method to be weakest for intermediate coupling
strength since the Bethe approximation becomes exact (with corrections O(1/N )) in the
limit of strong (a single mode) or weak (no modes) coupling. In Section 4.2 we study
a model with frustration (that is couplings have different signs and it is not possible to
find a configuration satisfying them all at the same time) and a random distribution of
optima and sub-optima. The problem is multi-modal in the limit of strong couplings and
the Bethe approximation breaks down. In Section 4.3 we consider a simple model with an
expanded discrete alphabet, where randomness is introduced through a random graphical
structure. Like the ferromagnetic example, a single mode dominates for strong couplings.
We anticipate the Bethe approximation to become exact in the limit of large problems, but
for smaller problems the presence of short loops leads to inaccuracy. In the final example of
Section 4.4 we consider a well-studied toy model involving both multi-variable interactions
and multi-states, both the Bethe approximation and linear response perform poorly on this
model. These examples cover a range of scenarios in which our method might be applied.
Special cases of the variational approximation we present have previously been applied to
lattice models commonly studied in statistical physics, and sparse prior models in Bayesian
image modeling (see Raymond and Ricci-Tersenghi, 2013b,a; Yasuda and Tanaka, 2013;
Yasuda, 2013).
We present behaviour of the Lagrange multipliers λ, the self-consistency error (13),
errors on the pair statistics when using either marginals (14) or linear responses (15), and
errors on the marginal estimates

4. Results
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where the dependence of
and
on λ follows from (??) and (28) with messages fixed.
An alternative expression based on a closed form for the covariance matrix approximation χ is discussed in Appendix C, alongside some other technical details on the determination of λ.

"

To determine λ we propose the following scheme. We wish to solve at each α a set of non∗
∗
linear equations {∆α (qα , qα,(·)
) = 0}, where qα and qα,(·)
are functions of all λ (through the
system of message passing equations). One possibility is to linearize these equations about
the current estimate (that is apply Newton’s method), but this leads to an impractical
O(N 3 ) procedure, dominating other algorithmic time-scales for moderately sized systems.
Instead, we resort to a locally consistent and parallelizable approximation: For some
λ we find a minimum defined by messages µ (Appendix B.5), and the linear response for
these messages (Appendix B.6). If λ is approximately correct then the messages passing
into the region α should be weakly dependent on any changes to λα in that region. Since
we can define ∆α in terms of the local parameters λα , and the incoming messages (which
we argue are unchanged by an update of λα ) the problem for determining λ is reduced to
solving for λα independently on every region.
In this way, we arrive at a cavity-approximation style argument common in the motivation of message passing algorithms, see Figure 4. However, it is noteworthy that unlike
LBP, incoming messages and responses depend on λα locally. There is a direct feedback
that exists even in the absence of loops.
Unfortunately, ∆α = 0 remains a (small) system of non-linear equations in λα , that does
not allow a closed form solution in general. One exception is when only diagonal constraints
are applied (see Yasuda, 2013; Yasuda and Tanaka, 2013), and the cavity argument is applied
to single-variable regions. More generally we use Newton’s method to solve these equations

3.1 Determination of λ

Figure 4: Given C ∗ and χ, determination of λ breaks into a set of independent problems on
outer regions α. This can be understood as a cavity approximation. Assuming the incoming messages, and responses, to be fixed and approximately independent of the Lagrange
multipliers to be set (λα ), we can independently, on each region, solve the system of equations ∆α = 0 for λα . A similar assumption often justifies message passing and mean-field
iterative heuristics.

Region α
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Inward messages
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Figure 5: Results for the fully connected model (21) with N = 10 and h = 1. Results are presented for the mean-field and Bethe approximation schemes, with and without
constraints. (left) The magnetization is overestimated in the Bethe and Mean-field approximations, the effect of the constraints is to suppress the magnetization. Certain solutions
exist only in the high-temperature or low-temperature regimes, those solutions are demarcated by ’x’. One solution to the Bethe approximation with off-diagonal constraints only
suppresses the magnetization too strongly, there is another solution that is present only at
low temperature, where the estimate is more reasonable. Where it exists, the Bethe approximation with on and off-diagonal constraints is the most accurate. (right) There are at most
two independent values for λ in this model: diagonal λ0 and off-diagonal λ1 . The Lagrange
multipliers deviate most from zero at T ∼ 1/N (this is related to a ferromagnetic phase
transition). λ diverge rapidly in some solutions demarcating regions where no solutions can
be found.

Lagrange multiplier, λ

Variational Methods and Linear Response

We find that in many of the models, minimization of the constrained free energy is slow
or impossible for T over some intermediate range, or below some threshold. To extend the
range of T for which solutions could be found, an annealing procedure is employed: beginning at large (or small) T and proceeding through a sequence of models slowly changing
T , and using the solution to the previous model as the initial condition for the subsequent
minimization. Under this procedure, we find that λ(T ) and the variational parameters q
evolve smoothly, but that there appears still to be a limit in the accessible temperature
range. In the applications presented we did not find fixed points that appeared discontinuously. Solutions are reached by annealing from low temperature, from high temperature,
or are absent.
Our motivation for introducing T is threefold: to study the breakdown of the approximation (absence of solutions), to mitigate for non-convergence, and to increase the speed
of convergence. The annealing procedure introduces additional computational costs. We
have not made timing comparisons against loopy belief propagation or other competitors,
for either the simple or annealed procedure. Instead, we have prioritized an exploration of
the nature of solutions that can be discovered, and we have sought very accurate estimates
to the parameters describing those solutions. Compromises in the accuracy of constraint
satisfaction, annealing rate (or absence of annealing), and damping can all have a significant
impact on the speed of the method.
4.1 The Fully Connected Ferromagnet


1
1
exp 
Z
2T

We begin with a simple but informative case, that of a fully connected ferromagnetic Ising
model in an external field.

pT (x) =
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Variables are Ising spins xi = ±1. The marginals for this model can be solved up to O(1/N )
by the mean-field approximation, and up to O(1/N 2 ) by the Bethe approximation. Accuracy
is a function of temperature; when this is large or small compared to 1/N , the accuracy is
correspondingly high. Under our method the equations to be solved and associated errors
can be expressed concisely; this is done in Appendix A.
Three kinds of constraint are considered: diagonal {∆ii = 0, ∀ i}; off-diagonal {∆ij =
0, ∀i 6= j}; and on-and-off diagonal applying both sets. Results for both the mean-field
and Bethe approximations are presented. Only diagonal constraints can be applied in the
mean-field case since the variational parameters are consistent only with zero off-diagonal
covariances.
The left panel in Figure 5 shows the behavior of the magnetizations, E(xi ) for the
case N = 10 and h = 1. The most accurate estimates are obtained with on and offdiagonal constraints applied at the Bethe approximation at high and low temperature.
The unconstrained approximations overestimate the magnetization (bias in variables). The
addition of constraints corrects this bias: in one constrained regime (off-diagonal constraints
only) the suppression is clearly too strong at intermediate T , while in all other cases effective.
15

Magnetization, E[xi]

Y

exp(hi xi /T ) .

17

18

We might seek to extend the range of convergence for CLBP by clever modifications.
However, it seems that breakdown of convergence is closely related to breakdown of the
underlying (Bethe) approximation. Algorithmic innovations would not extend significantly
the range of problems for which the constrained approximation is useful in practice; just as
the availability of double loop methods has not revolutionized the use of the Bethe approximation: where LBP fails the Bethe approximation is almost always a poor approximation.

The LBP implementation follows the same procedure as the constrained cases of Appendix B, with the difference that the innermost do-while loop is always convergent in one
iteration, and λ = 0. Using a double loop procedure we might force convergence to a
minimum of the Bethe approximation, but the convergence properties of LBP are still an
interesting point of comparison.
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exp(Jij xi xj /T )

For this type of problem a significant improvement to the Bethe approximation is made
in moving to a plaquette-based Kikuchi approximations for the case of regular lattices (see
Domı́nguez et al., 2011; Lage-Castellanos et al., 2013). Limited experiments on constrained

(i,j)∈E

The failure of CLBP is most often due to non-convergence of λ, rather than a failure in
the CLBP or CLSP iterative algorithms (at fixed λ). Figure 8 indicates why the iterative
update is failing: some Lagrange multipliers are diverging in a strongly correlated manner
and it seems likely there is a critical value of T close to the failure point beyond which no
solutions exist, as found in Section 4.1.

On-diagonal constraints allow an increased range (in T ) for convergence. Qualitatively,
we offer the following explanation. In the constrained regimes (in the high-temperature
regime, the only one for which we demonstrate solutions) the majority of Lagrange multipliers are negative. The effect is to suppress biases and decrease susceptibility (the sensitivity
of biases to small changes in the parameters). We assume that reduced susceptibility also
correlates with reduced sensitivity to small fluctuations in the messages, which should aid
algorithmic stability. With on-and-off diagonal constraints the diagonal and off-diagonal
Lagrange multipliers are strongly dependent where they constrain the same variable. The
off-diagonal multipliers are typically negative, and suppressing biases; by contrast, the diagonal multipliers are positive and reinforce biases. The typical net effect is to reduce biases
and susceptibility, as with the on-diagonal case. However, the strongly correlated nature of
the parameters may be the source of convergence problems.

Fields hi are independent and identically distributed (iid) samples from [−0.25, 0.25] and
couplings Jij are sampled i.i.d on [−1, 1]. The Bethe approximation fails on these models
for smaller T owing to multi-modality of the distribution, but for larger T (where correlations are weaker) the approximation is a significant improvement upon the mean-field
approximation.
Diagonal {∆i,i = 0, ∀ i}, or diagonal and off-diagonal {∆i,j = 0, ∀(i, j) ∈ E} constraint
regimes are studied for the Bethe approximation.
We considered 20 instances for L = 4 and L = 7, and plot the MAD results in Figures
6 and 7. Shown are the quartiles, for cases where methods did not converge we assigned
value +Inf to the MAD so that the quartile values are truncated in cases where the fraction
of non-convergent cases exceeded the quartile. For the smaller (L = 4) system, the Bethe
approximation succeeds for typical cases to full scale (T = 1) either without constraints or
with only diagonal constraints; the on-and-off diagonal scheme fails in a larger fraction of
cases. For the larger (L = 7) system, LBP and CLBP fail at full scale: the model which
prevails to lowest temperature is CLBP with diagonal constraints; the model failing soonest

pT (x) =

Y

A common toy model on spin variables xi = ±1 is the Wainwright-Jordan set-up where
N = L × L Ising spins are arranged on a square grid (see Opper et al., 2009).

4.2 The Wainwright-Jordan Set-up

is CLBP with on and off-diagonal constraints. The exact range of T for which methods
were convergent was sensitive to the annealing procedure, the amount of damping used,
and the convergence criteria; strong damping and slow annealing broaden the range for all
methods.

In some constrained approximations there is a smooth evolution of the optimal beliefs
with T , which reflects the behavior of the exact marginals. In others, the optimal beliefs
for different T are not continuously related.
When off-diagonal constraints are applied in the Bethe approximation, either alongside
or without diagonal constraints, we see a discontinuous emergence of the strongly magnetized solution. In the case of only off-diagonal constraints, there is a coexistence of two
fixed points for small T . This means that as we vary the parameter T the q ∗ moves discontinuously from a relatively smooth approximation to one characterized by a single mode.
As N increases the domain with coexistence shrinks, and all approximation approach the
correct result for large N .
With on and off-diagonal constraints we find a range of T for which no solutions can be
found by a continuous evolution of the low or high-temperature solutions. It seems highly
likely that no solution exists, and empirically we were not able to find fixed points (for any
model) that were not continuously related to either a high or low-temperature solution.
The behaviour of λ (see right panel in Figure 5) and indeed a careful examination of
the fixed points indicate why solutions disappear in this simple case. The values of the
Lagrange multipliers diverge, and this is related to marginals approaching their boundary
values where variational inference breaks down due to the inflexibility of the parameters.
By decreasing h or N we decrease the accuracy of the Bethe approximation at intermediate
T , this can lead to discontinuity also for the diagonal constrained solution, and reduces
the range of temperatures over which the low-temperature solution (the one with a large
magnetization) can be found for constrained problems.

Where the algorithm is convergent, there is significant improvement adding diagonal
constraints, and more so with on and off-diagonal constraints.We find the improvement in
the maximum deviation represents well the changes seen across the entire distribution of
marginals in most models, almost all marginals are improved. The quartiles in figures 6 and
7 reflect model to model variations, and demonstrate that the MAD advantage is robust.
For N = 16, we can compare the median behavior against that reported in Opper, Paquet,
and Winther (2009); where the strongest method (tree-EP) also improves the MAD result
for marginals by approximately one order of magnitude. Expansion methods offer some
further, but modest gains (see Paquet et al., 2009; Opper et al., 2013).
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Kikuchi approximations also indicate a modest decrease in error on marginals with the
application of constraints.

exp Jij δxi ,xj /T

4.3 Potts Model in an External Field

(ij)∈E

Next we consider random 3-regular graphs G = {V, E} of N = |V | variables, where each
variable is allowed 3 states: xi ∈ {0, 1, 2}. The problems are defined by the probability
Y
Y
exp (4δxi ,0 /T ) ,
p(x) ∝
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where couplings are i.i.d. random variables Jij ∈ {−1, 1}. An example of a corresponding
factor graph is shown in Figure 1 (lower panel). Like the fully connected Ising model, typical
instances of this model are solved at leading in order in N by the Bethe approximation,
with finite size effects strongest at intermediate temperatures. At high temperature, the
probability is relatively flat and disperse, whereas at low temperatures there is a single
dominating mode concentrated about the value 0 = argmaxx p(x).
We consider a diagonal constrained Bethe approximation: a set of 4 non-redundant
statistic pairs are constrained per variable.
Figure 9 demonstrates that in graphs of size N = 40, the MAD on p(xi ) is significantly
improved with the addition of diagonal constraints. Furthermore, we see that as the Bethe
approximation becomes accurate (high and low temperature, or large N ) it becomes easier
to enforce the constraints, as indicated by smaller values for the Lagrange multipliers.
19
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Two constraint regimes were applied: in the first pure-diagonal constraints were applied: {(i, y), (i, y) : ∀i, y}, and in the second all block-diagonal constraints were applied
{(i, y1 ), (i, y2 ) : ∀i, y1 , y2 }. The ability of both methods to improve local statistics were
comparable and modest; for both the local diagonal and off-diagonal statistics as shown in
Figure 10. Other schemes such as tree-EP and LCBP show improvements of one or two
orders of magnitude on this problem (see Mooij et al., 2007; Opper et al., 2009). However,
the Bethe approximation and linear response estimates are known to be poor on this model,
so it is not a surprise to see modest gains for our scheme.

The alarm net is a pedagogical example of a graphical model that has been studied in
the context of loop correction algorithms and is available in libDAI repository (see Mooij
et al., 2007; Mooij, 2010). It has 37 variables, each variable takes either 2, 3 or 4 states
(a mixture of Ising and Potts spins). Variables have biases, and participate in 2, 3 and
4 point interactions as shown in Figure 1 (upper graph). The model involves a mixture
of factor types and variables. The Bethe approximation performs relatively poorly, due to
short loops. We can again add a temperature and consider solutions up to the full scale
T = 1 that defines the model.

4.4 The Alarm Network

Figure 7: L = 7 Wainwright-Jordan set up: Trends are comparable to the smaller system in
Figure 6. Where solutions exist, significant gains are made in all models with the addition
of constraints. However, all approximations are now failing to reach full scale (T = 1). The
method which is stable to lowest temperature is the model with diagonal constraints only,
while the one with on-and-off constraints is the most accurate.
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Figure 6: L = 4 Wainwright-Jordan set-up: The error on the marginals, and connected correlations (which together provide a sufficient description of pair probabilities) are improved
everywhere by adding constraints, as long as the method converges. As discussed, the MAD
for Cij is worse than for χij , although they are becoming comparable approaching T = 1.
On the right the median over 20 models is shown, on the left the median and quartiles. The
advantage is consistent across all models.
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Figure 8: A typical problem in the Wainwright Jordan set up for N = 16. (left) Negative
λ has the effect of effectively reducing the coupling strength; as with the fully connected
ferromagnetic model, a mode of failure for the approximation is to over-estimate the bias
in variables, and constraints appear to work by mitigating this effect. Bars indicate the 3
quartiles of the distribution, and the extremal values are also plotted. In the Bethe approximation with only diagonal constraints, most λ including the extremal value are negative.
With on and off-diagonal constraints λ with a net effect of reducing interaction strength,
values diverge approaching the point of algorithmic failure. (right) Adding diagonal constraints not only removes the diagonal self-consistency error, but also reduces the error in
the unconstrained (off-diagonal) statistic. Adding both on and off diagonal constraints removes inconsistency for both types. The self consistency errors (13) grow with decreasing
temperature.
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Figure 9: Errors and Lagrange multipliers are shown for the 3-states Potts model on 3regular random graphs. (left) The diagonal constraint regime yields a significant improvement in maximum absolute deviation of p(xi ) over the raw approximation on graphs with
N = 40. (right) The Bethe approximation improves as N → ∞ at all temperatures (due
to the disappearance of many short loops). The Lagrange multipliers enforcing diagonal
consistency typically decrease (in mean squared value) as system size increase. Quartiles
are based on at least 20 samples per system size.
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An interesting direction for investigation would be understanding whether partially reducing the violation, rather than eliminating it, might yield comparable results within a
more robust algorithmic framework. There are two possibilities: (1) softening the constraint, introducing a penalty term that increases with |∆| rather than requiring strict
compliance; (2) expanding the range of solution existence by bounding λ. This would presumably maintain a large part of the method advantage by removing some pathologies.
Further work could also relate to the choice of constraints, especially for non-Ising models

We have expanded upon results for rather simple approximations, in easy to understand
model frameworks: the marginals are improved in all cases, and in many scenarios by
amounts measurable in orders of magnitude. The combination of a weak approximation
method with constraints may result in there being no solutions and in marginal cases in
a slow convergence of our proposed algorithm. On the other hand, if we are looking for a
mechanism by which to leverage a good approximation this approach seems appropriate.

The aim of this paper is to show that for a range of models and variational methods we
can have improved accuracy in marginal estimates by inclusion of a set of self-consistent
constraints, and to propose this as a general mechanism by which to improve approximations
with inconsistency between marginalization (first derivative) and linear response (second
derivative) approximations.

5. Discussion

Figure 10: Results for the alarm network. (left) The diagonal and block-diagonal constraint
regimes have indistinguishable performance in the MAD for p(xi ), and improve modestly
on the unconstrained problem. (inset) At intermediate T there is a qualitative change in
the self-consistency error, as some variable subsets become strongly polarized. (right) The
values for λ are for the most part small, with extreme values diverging as T approaches 1;
a mixture of positive and negative Lagrange multipliers are required to enforce constraints.

MAD for marginals, max(|∆(0)|)
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where the number of statistics available to constrain is large. Two directions are proposed
in Appendix B.2.
Some powerful approximation methods are not variational and so the insight we provide
cannot be leveraged. In other cases there is no inconsistency to exploit, this is true of
adaptive-TAP and some moment matching methods. These have variational free energy
frameworks, but by the Gaussian approximations therein used, there is a consistency of
pairwise approximations, making redundant the constraints we suggest. This is in line with
our thinking that good approximations should not violate these constraints.
We believe our method also sheds light on, or is inclusive of, previous attempts to
leverage linear response. Consider the region-based free energy built on the set of regions
indicated by Figure 2(d). Every outer region is a hub surrounded by leaves, and if we add
constraints over the leaves within each region, a linear expansion in the Lagrange multipliers
agrees with the linear expansion obtained in the scheme of Montanari and Rizzo (2005);
however, outside of the linearized regime there are important differences.
There are three reasons one might not want to improve a variational approximation
by adding self-consistency constraints: 1) The cost of the method which is dominated by
a linear response evaluation (a cost that can be as large as O(N 2 ) using susceptibility
propagation), might be prohibitive in some applications. 2) Introducing such constraints
may prevent the existence of any solutions (the method may reveal the uncomfortable truth
that the approximation used is quite bad). 3) Even where a fixed point exists, it may be
slow to reach it using a local iterative scheme for λ such as (20).

6. Conclusion

We have demonstrated that adding covariance constraints, which make the linear response
and marginalization estimates consistent, improves the performance of the Bethe approximation for a variety of simple model types. We have argued this is true more generally
of variational frameworks, and have provided an algorithmic framework for mean-field and
region-based frameworks, generalizing previous results. The regimes of adding all possible
constraints (on-and-off diagonal) and adding constraints only over single variable covariances (diagonal) were examined. The former tends to lead to better results, whilst the
latter is simpler to implement and can yield solutions across a broader range of models.
The usefulness of this paper is not in the specific algorithm developed, but in the principle of statistical consistency. We hope it might be extended to other variational frameworks
in which inconsistencies exist between first and second derivative estimates. We have presented and tested an algorithmic framework; the framework can solve the constrained free
energy where solutions exist, but a rather expensive (annealed in T ) procedure was exploited to obtain our results. Further work is required to make this reliable and competitive
with state of the art marginal estimation.
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n=0

N
−2 
X

h→ =


µi→(ij) (1)
µi→(ij) (−1)


.

(22)

(23)
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−1
Abbreviating χ−1
i,i = a and χi,j(j6=i) = b we can write the components of the covariance
matrix approximation

1
a + (N − 2)b if i = j .
χi,j =
otherwise.
(a − b)(a + (N − 1)b) −b

If we solve this pair of equations for λ = 0, we find an alternative representation of (22).
Explicit expressions for the covariance matrix approximation χ are derived in Raymond and
Ricci-Tersenghi (2013b) and Raymond and Ricci-Tersenghi (2013a), these can be concisely
expressed in the inverse as
h
i
(
C2
1
− λ0
if i = j .
2 1 + (n − 1) (1−M 2 )2 −C 2
−1
1−M
[χ ]i,j =


P
−1/T + x1 ,x2 x14x2 log qij (x1 , x2 ) − (1−M C
otherwise.
2 )2 −C 2

1

We can restrict attention to symmetric solutions Mi = M and Cij = C, similarly at
most two distinct Lagrange multiplier values need be considered: λi,i = λ0 , when diagonal
constraints are applied, and λi,j = λ1 when off-diagonal constraints are applied. Minimizing
the variational free energy (17) with respect to M and C leads to the following pair of
equations


X x1
qij (x1 , x2 )
0 = −[(n − 1)M/T +λ0 M ] + atanh(M )+(N −1)
qj (x2 ) log
,(24)
2
qi (x1 )
x1 ,x2
X x1 x2
log qij (x1 , x2 ) .
(25)
0 = −[1/T − λ1 ] +
4
x ,x

(1 + Mi xi )(1 + Mj xj ) + Cij xi xj
qij (xi , xj ) =
.
4

Since we will place constraints on Vq (xi , xj ) a convenient parameterization for the pair
probability in our approximation will be

h→ = h + (N − 1)T atanh [tanh(1/T ) tanh(h→ /T )] ;

1
log
2


1
h→
xi xj +
(xi + xj ) ,
T
T

where the log-ratio messages h→ are defined as the solution to

qij (xi , xj ) ∝ exp






N −2
(h + [N − 2 − 2n])2 1
h + [N − 2 − 2n]
exp
+ xi xj +
(xi +xj ) .
2T
T
T
n

By contrast in the Bethe approximation

pT (xi , xj ) ∝

It is straightforward to calculate the exact marginal distributions for (21), for any pair of
variables

Appendix A. Exact Expressions for the Fully Connected Ising model
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Certain models are known to be solved at leading order in some control parameter by regionbased, Bethe or mean-field approximation. Examples are ferromagnetic random graphs or
fully connected models in the limit of large number of variables (N ), arbitrary models in
the weakly interacting limit (also called high temperature T ), finite models in the limit of
strong biases on the variables (h). In these models, we find, of course, that the deviation
between the linear response and marginal estimates are small in the corresponding control
parameter. Expanding in this parameter (for example 1/T , 1/N ) it is straightforward
to show the existence of solutions, and quantify the effectiveness of the constraints (see
Raymond and Ricci-Tersenghi, 2013a). However, even outside the regime where expansions
about the Bethe approximation are appropriate, we find solutions: this includes models
where the covariance matrix has divergent terms, due to a mean-field phase transition as
described in Raymond and Ricci-Tersenghi (2013b).
However, in experiments, we present it is shown that variation of the temperature (which
controls the smoothness of the probability) can lead to models with no solutions, for some
constraint sets. In the case of both on and off-diagonal constraints in Ising models defined
on some graph G = {V, E}, with |V | variables and |E| edges, we have |E| + |V | variational
parameters but also |E| + |V | constraints—solving a system of non-linear equations where
the number of parameters matches the number of constraints seems optimistic; and perhaps
it should not be surprising that as the Bethe approximation breaks down solutions fail to

B.1 Existence

Our approach to find solutions depends on their existence, this is discussed generically before
we consider the impact of constraint selection strategies (and constraint representation)
on solution existence and algorithmic stablity. We then show that an exact method for
minimizing the Lagrangian exists for some fixed values of the Lagrange parameters λ. The
CLBP and CLSP algorithms are then presented in pseudocode. Finally, we discuss heuristics
for the calculation of λ.

Appendix B. Algorithm for Finding Optimized Lagrangian Parameters,
and the Linear Responses

Thus we have up to four parameters {M, C, λ0 , λ1 }, depending which constraints are applied.
We solve (24) and (25) in combination with either, or both, (1−M 2 = χi,i ) and (Cij = χi,j ).
These are non-linear equations in M , C and λ0 ; we resort to local search to find solutions;
solutions are possible by expansions at small or large T , or for large N . For the solution to
be valid, we also check that the Hessian is positive definite, and that p(xi , xj ) ≥ 0.
Solutions for the equations are trivial for large or small T , and approach the solutions of
the unconstrained approximation. By slowly varying T we can discover the solutions that
evolve continuously from these two fixed points. We did not find any solutions appearing
discontinuously, nor did we find any evidence for symmetry breaking (that is solutions in
which the magnetizations, or correlations, differed by label index).
It is also straightforward to apply the same methodology for the mean-field approximation: there is one saddle-point equation, (24) with C = 0; and up to one type of
covariance constraint (χi,i = 1 − M 2 ), where the inverse covariance matrix elements become
[χ−1 ]i,j = −1/T , and [χ−1 ]i,i = 1/(1 − M 2 ) − λ0 .
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We found that off-diagonal typically performed worse than on-diagonal, as well as being
computationally more challenging. In the final experiment of Section 4.4 we also tried one
basis dependent set of constraints, the so-called pure-diagonal regime. Despite breaking the
paradigm of basis independence, it performed just as well as the block-diagonal regime that
is basis independent, so this indicates that basis independence is not an essential feature in
constraint selection.

Raymond and Ricci-Tersenghi

Topological distinctions amongst constraints can also be made. In a region-based approximation, we can distinguish the “2-core” from the rest of the graph. The 2-core is the
set of variables that are found by recursively removing variables that are involved in at
most one “outer region” (generalized interaction). We advise constraining variables on the
2-core only. The reason for this is that the set of variables that are not in the 2-core form a
forest—a set of disconnected trees for which the approximation is conditionally exact even
without constraints. If we have the core correct, then other constraints will be redundant.
It is only in the case of the alarm net (Figure 1, Section 4.4) that the 2-core is distinguished
from the full graph and we make this approximation. Other topological distinctions could
be applied, distinguishing constraints by the distance between variables might be one possibility (in Figure 2(b) for example there are nearest, and next nearest neighbors within the
regions); however, in the Bethe approximation (all experiments we present) only nearest
neighbors might be constrained so the example is mute.

exist; applying all constraints is certainly a marginal case unless some are redundant. If we
move to alphabets with more than 2 states per variable the number of pair-statistics for onand-off diagonal constraints exceeds the number of variables (with no obvious redundancy);
certainly such a system can have no solutions. We must think carefully on which constraints
to implement, and this is discussed in Appendix B.2.
In the experiments of this paper we have introduced for all models the control parameter
T , with all models being well approximated by Bethe (and Mean-field) approximations in the
weak coupling limit (T → ∞), and some models also being well approximated in the strong
coupling limit (T → 0). To extend the regime in which our algorithms are convergent, an
annealing approach was taken—slowly increasing 1/T (or T ) and following a solution which
evolved continuously in the marginals and Lagrange multipliers from the exactly solved
regime. In many cases, solutions were found to reach a critical point T ∗ beyond which
they could not be continuously evolved to new solutions. At these points we invariably
found no new solutions emerging discontinuously by simply iterating our procedures. By
undertaking annealing, it would in principle be possible to miss some solution that emerges
discontinuously; the example of Section 4.1 shows this is possible (there is coexistence of
two solutions at low temperature for the case of off-diagonal constraints only), but in the
other examples of this paper we found no evidence for this. We expect in most practical
applications, and for good choices of the constraints, coexistence will be absent.
A common feature in solution discontinuity during annealing is the divergence of some
Lagrange multiplier(s); this indicates that the failure was due to inviability of solutions
rather than a breakdown of algorithmic dynamics. Unlike the Bethe approximation, which
can be forced to converge to a local minimum at any T , replacing LBP by a convex-concave
procedure. We speculate that the constrained free energy has no solutions in strongly
coupled regimes and that where practical solutions do exist the cavity based algorithms will
be sufficient if combined with appropriate damping and/or annealing.

Beyond these considerations, we did not attempt to further restrict the set of constraints
in a model specific manner, but several options might be worth exploring, in particular: (1)
Consider the covariance matrix restricted to a single variable “block”, χ(i,·),(i,·) . For a
given approximation (for example Bethe) there is a unique orthonormal basis {φi } that
diagonalizes the covariance matrix. This would provide a natural choice for the statistic
basis. The eigenvalue-vector pairs determine which direction is most susceptible to a change
in parameters, and so (loosely speaking) most sensitive to approximation errors. We might,
therefore, rank constraints by this eigenvalues for inclusion. (2) If we can solve the problem
to obtain qi∗ , then we can consider defining only one perturbation statistic per variable as
φ(xi ) ∝ log(Y q ∗ (xi )). Since we know approximations tend to be overconfident, it would
seem a natural choice to constrain in line with the belief, rather than wasting resources on
unimportant directions in parameter space.

B.2 Selection of Constraints for Best Solutions
In this section we consider reasonable choices for the constraints, assuming a solution existents, and algorithmic convergence is possible.

For our constraint regimes (diagonal, on-diagonal and on-and-off diagonal), the allocation
of constraints to specific regions, the choice of statistical basis, the initial condition of the
algorithm and the damping, leave the algorithmic fixed points unchanged. Owing to our slow
annealing approach (increasing or decreasing T ) our results were not very sensitive to the
other implementation details. However, these choices do impact convergence significantly.
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We find that a non-redundant orthonormal set of statistics leads to faster convergence.
Orthonormality ensures that, at leading order, the Lagrange multipliers are independent of
one another, which isP
the criterium that guarantees the success of our method. A redundant
Y −1
statistic is φ(xi ) =
y=0 δxi ,y , where xi has Y states, and so only Y − 1 orthonormal

B.3 Assignment of Constraints to Regions, and Basis selection, for Best
Convergence

Since we are applying constraints to discrete models it is clear that the apriori constraints
selection should be independent of the labeling convention. Furthermore, we note that we
made the rather arbitrary choice in (2) of perturbations in the set of statistics {δxi ,y : y =
1 . . . Y }, Y being the number of states. Whilst this is invariant under
P relabeling, and spans
all possible perturbation directions (and one redundant direction y δxi ,y ), we might get
different covariances according to our choice. It would seem sensible to choose our constraint
regime so that any set of statistics that spans the set of perturbations yields the same result.
To achieve this we must pick a complete basis {φ}, and apply constraints on all-covariance
pairs.

JMLR 18(6):1-36, 2017

The consideration of bases motivates the regimes we have explored: diagonal, offdiagonal, on-and-off diagonal. These schemes are basis-independent. If the condition
C(i,·),(j,·) = χ(i,·),(j,·) is met in one basis for all elements, then a change between two (orthonormal) basis is a rotation, and the identities remain intact.
27
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converges to values that are minimizing arguments of F (q).

0
qt+1
= argminq F (q, qt0 ) ,

that guarantee that the iterative procedure

3 F (q, q 0 ) ≥ F (q)

2 F (q, q 0 = q) = F (q)

1 Convexity of F (q, q 0 ) with respect to q.

JMLR 18(6):1-36, 2017

(26)

We prove that it is possible to minimize (16) in q by a convex-concave decomposition.
In Heskes, Albers, and Kappen (2003) by introducing auxiliary parameters q 0 over the inner
regions, a pair of convex optimization procedures were developed that led to minima of
the region based free energy. With the addition of our constraints, we only need to make
a minor modification to their argument. Consider an auxiliary free energy F (q, q 0 ), where
q 0 are additional parameters in one to one correspondence with the original variational
parameters. Heskes et al. outline three requirements of this free energy

B.4 Convex Concave Procedure

[(i,s1 ),(j,s2 )]∈ωα

Y

+ Eqα (δxi2 ,y2 )Eqα (δxi1 ,y1 ) .

n
o
exp −λ(i1 ,y1 ),(i2 ,y2 ) φ̂(i1 ,y1 ),(i2 ,y2 ) (xα ; qα ) ,
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Simplified expressions for the Ising model are presented in the main text. Terms here have
an interpretation compatible with Heskes, Albers, and Kappen (2003), with U are the set
of outer regions, and V are the set of intersection regions (see Figure 2). In the case of a
Bethe approximation U are the set of edges, and V are the set of variables.




φ̂(i1 ,y1 ),(i2 ,y2 ) (xα ; qα ) = δxi1 ,y1 − Eqα (δxi1 ,y1 ) δxi2 ,y2 − Eqα (δxi2 ,y2 )

and

ψα (xα ; λα , qα ) = ψα (xα )

In Algorithm 1 we consider an auxiliary region interaction including both interactions
and the Lagrange multiplier terms

We determine q by the constrained loopy belief propagation (CLBP) algorithm, described
in Algorithm 1, which is a modified form of the Heskes, Albers, and Kappen (2003) loopy
belief propagation algorithm, that uses the convex-concave procedure with guaranteed convergence.

B.5 Pseudocode for Determining the Fixed Point of q Given λ

The double loop procedure, despite not changing the asymptotic complexity of message
passing O(N ) is often considered impractical, but, in the framework we are proposing, the
largest cost is the evaluation of the linear response, implementing a double loop procedure may be sensible. In practice we have used the variation on loopy belief propagation,
rather than the double-loop procedure, to extremize the Lagrangian. Despite the absence
of theoretical guarantees, the 3-fold scheme proves to be reliable: solving for variational parameters (by CLBP); solving for the linear response (by CLSP); and update of the Lagrange
multipliers.

To minimize our region-based free energy with constraints (16) we substitute (27) for (13)
and follow the procedure in Heskes, Albers, and Kappen (2003) for the remaining terms.
The free energy meets the criteria for convergence under the iterative scheme (26).

(27)

Since the violation term (13) is a quadratic function of the variational parameters q(xα ),
it can be expressed by a constant A0 , a vector of linear coefficients A1 and quadratic
coefficients A2 that define a symmetric matrix. A2 can be decomposed as a positive definite
−
and negative semi-definite part (A+
2 and A2 ). It is then easy to define a function in vector
notation

statistics need be implemented. A nice approach to the selection of an orthonormal basis
is discussed in Yasuda (2013), for Ising spins, a unique choice per variable is xi .
We allocated constraints in a naive manner, assigning each constraint to the first available “outer region”. For diagonal constraints an approach where constraints are allocated to
single-variable regions was proposed by Yasuda et al., and this allows some simplifications
as well as implying a unique allocation (see Yasuda, 2013). Approaches that do not allocate
constraints to regions, such as iteration by linear expansion of the covariance matrix have
been attempted (29), but those were slower to converge.
As a general rule, we wish to group Lagrange multipliers together as much as possible.
In this way, correlations amongst the Lagrange multipliers are accounted for locally. A
potentially better approach than our fixed assignment suggestion might be to update all
Lagrange within some outer region. Where a constraint could be allocated to more than
one region, the results could be averaged, or regions could be selected differently on each
cycle to avoid conflicting assignments.
A damping factor that begins as 1 and decreases during the annealing procedure (as
required to enable convergence) is applied in the experiments. In simulations without
an annealing scheme, a rate . 0.5 could be essential to prevent oscillations that arise
from correlated updating of Lagrange multipliers. In particular, off-diagonal values λij and
diagonal values λii can be anti-correlated. If they are not updated on the same region
undamped iteration can lead to slow convergence or oscillations.
Initial conditions are chosen as λ = 0; so that the first iteration is equivalent to an unconstrained approximation. One advantage of the annealing approach (where we first solve
the trivial model T = 0 or +∞, and then increase or decrease T , initializing by the current
solution), is that we do not require the convergence of the unconstrained approximation to
find a solution in the constrained regime.
0
∗
∗
) + q T A1 + (q 0 )T A2 q 0 + (q − q 0 )T A+
) = A0 (q(·)
∆+ (q, q 0 , q(·)
2 (q − q ) .
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qα (xβ ) =

X

xα\β

qα (xα )

(xβ0 )

(xβ )

µα→β (xβ )

qα (xβ )
µβ→α (xβ )

Y

α⊃β

µα→β (xβ ) =

(xβ ) =

qβ

(num)

(num)

qβ

0
xβ

qβ (xβ ) = P

(num)

qβ

Algorithm 1 λ compatible Heskes-Albers-Kappen algorithm
while ¬ converged do
for all β ∈ V do
for all α ∈ U, α ⊃ β do

end for

for all α ∈ U, α ⊃ β do

µβ→α (xβ )

(num)
qα
(xα )
(num) 0
(xα )
0 qα
xα

β⊂α

Y

qβ (xβ )
µβ→α (xβ ) =
µα→β (xβ )

qα (xα ) = P

qα(num) (xα ) = ψα (xα ; λ, qα )

while ¬ converged (solve self-consistently) do

end while
end for
end for
end while

B.6 Linear Response about the Fixed Point

JMLR 18(6):1-36, 2017

By linearizing the CLBP method, we obtain a constrained loopy susceptibility propagation
(CLSP) method. Qualitatively similar is the I-SUSP algorithm of Yasuda and Tanaka
(2013), which applies only to the case of diagonal constraints and the Bethe approximation.
31
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X

xβ

qβ (xβ )δ q̂β

(num)

qα (xα0 )δ q̂α(num) (xα0 ) ;

∂ log ψ(xα ; λα , qα )
;
∂qα (xα0 )

β⊂α

qα (xα0 )δ q̂α (xα0 )

X

x0α

(xβ ) ;

The implementation we use follows Algorithm 1, but with the following replacements
for each equation (in order):

X qα (xα )
δ q̂α (xα ) ;
qβ (xβ )

xα\β

(xβ ) −

= δ q̂α (xβ ) − δ µ̂β→α (xβ ) ;
X
δ µ̂α→β (xβ ) ;
=

δ q̂α (xβ ) =
δ µ̂α→β (xβ )
(num)
(xβ )
δ q̂β

α⊃β

(num)

δ q̂β (xβ ) = δ q̂β

xi ,y

X

δ µ̂β→α (xβ ) = δ q̂β (xβ ) − δ µ̂α→β (xβ ) ;
δ I(i ∈ α) X
+
δ µ̂β→α (xβ )
ki
δ q̂α(num) (xα ) =

+

0
xα

δ q̂α (xα ) = δ q̂α(num) (xα ) −

(28)

where I(i ∈ α) is an indicator function evaluating to one if i is contained in α, and ki is the
number of outer regions containing i. From the converged quantities we can identify

∗
qα,(i,y)
(xα ) = qα (xα )δ q̂α (xα ) .

Since the linear response is a linearized method, the innermost do-while loop of Algorithm 1
could be replaced by a method for solving linear equations. Both have been tried with similar
outcomes.

Appendix C. Solving for λ, Explicit Expressions and Simplification
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The diagonal update scheme of I-SUSP relies on a similar reasoning as that undertaken
in Yasuda and Tanaka (2013) and Yasuda (2013). The difference between the two approaches is that in the works by Yasuda et al. only diagonal constraints (restricted to single
variable consistency relations) are considered. As such it is possible to choose in general a
single variable cavity i, rather than a region cavity α (see Figure 4). To consider statistics
not restricted to single variables our scheme is required. The I-SUSP method has an advantage over our method in that there is a simplification of the expressions on a single variable
region that allows a closed form for updating the Lagrange multipliers. One advantage of
our scheme is that we may fix several Lagrange multipliers on a region simultaneously, thus
accounting for correlations in their values, and perhaps reducing the number of updates to
convergence.
In practice, damping within the 3-cycle of Figure 3 can be necessary for convergence.
In practice, we replace λt+1 = dλt + (1 − d)λ∗ , where λ∗ is the cavity approximation. As
1/T was increased (or decreased) at a constant rate we increased d whenever the solution
failed to converge, and this modification extended the region of convergence.
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where W ∈ RM ×M is the connectivity matrix defining the recurrent dynamics, Z ∈ RM ×L is the
weight vector describing how the input drives the network, f (·) : RM → RM is an element-wise
nonlinearity evaluated at each node and [n] ∈ RM represents the error due to potential system imperfections (Jaeger, 2001; Wilson and Cowan, 1972; Amari, 1972; Sompolinsky et al., 1988; Maass
et al., 2002). In an ESN, the connectivity matrix W is random and untrained, while the simple
individual nodes have a single state variable with no memory. This is in contrast to approaches such
as long short-term memory units (Sak et al., 2014; Lipton et al., 2016; Kalchbrenner et al., 2016)
which have individual nodes with complex memory properties. As with many other recent papers,
we will also focus on linear networks where f (·) is the identity function (Jaeger, 2001; Jaeger and
Haas, 2004; White et al., 2004; Ganguli et al., 2008; Ganguli and Sompolinsky, 2010; Charles et al.,
2014; Wallace et al., 2013).
The memory capacity of these networks has been studied in both the machine learning and
computational neuroscience literature. In the approach of interest, the short-term memory (STM) of
a network is characterized by quantifying the relationship between the transient network activity and
the recent history of the exogenous input stream driving the network (Jaeger and Haas, 2004; Maass
et al., 2002; Ganguli and Sompolinsky, 2010; Wallace et al., 2013; Verstraeten et al., 2007; White
et al., 2004; Lukoševičius and Jaeger, 2009; Buonomano and Maass, 2009; Charles et al., 2014).
Note that this is in contrast to alternative approaches that characterize long-term memory in RNNs
through quantifying the number of distinct network attractors that can be used to stably remember

x[n + 1] = f (W x[n] + Zs[n] + [n]),

Recurrent neural networks (RNNs) have drawn interest from researchers because of their effectiveness at processing sequences of data (Jaeger, 2001; Lukoševičius, 2012; Hinaut et al., 2014). While
deep networks have shown remarkable performance improvements at task such as image classification, RNNs have recently been successfully employed as layers in conventional deep neural
networks to expand these tools into tasks with time-varying data (Sukhbaatar et al.; Gregor et al.,
2015; Graves et al., 2013; Bashivan et al., 2016). This inclusion is becoming increasingly important
as neural networks are being applied to a growing variety of inherently temporal high-dimensional
data, such as video (Donahue et al., 2015), audio (Graves et al., 2013), EEG data (Bashivan et al.,
2016), two-photon calcium imaging (Apthorpe et al., 2016). Despite the growing use of both deep
and recurrent networks, theory characterizing the properties of such networks remain relatively
unexplored. For deep neural networks, much of the computational power is often attributed to flexibility in learned representations (Mallat, 2016; Vardan et al., 2016; Patel et al., 2015). The power
of RNNs, however, is tied to the ability of the recurrent network dynamics to act as a distributed
memory substrate, preserving information about past inputs to leverage temporal dependencies for
data processing tasks such as classification and prediction. To understand the success and limitations of RNNs, it is critical that we advance our analysis of the fundamental memory properties of
these network structures.
There are many types of recurrent network structures that have been employed in machine learning applications, each with varying complexity in the network elements and the training procedures.
In this paper we will focus on RNN structures known as echo state networks (ESNs). These networks have discrete time continuous-valued nodes x[n] ∈ RM that evolve at time n in response to
the inputs s[n] ∈ RL according to the dynamics:

1. Introduction
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input patterns with the asymptotic network state. In the vast majority of the existing theoretical
analysis of STM, the results conclude that networks with M nodes can only recover inputs of length
N ≤ M (White et al., 2004; Wallace et al., 2013) when the inputs are unstructured.
However, in any machine-learning problem of interest, the input statistical structure is precisely
what we intend to exploit to accomplish meaningful tasks. For one example, many signals are
well-known to admit a sparse representation in a transform dictionary (Elad et al., 2010; Davies and
Daudet, 2006). In fact, some classes of deep neural networks have been designed to induce sparsity
at higher layers that may serve as inputs into the recurrent layers (LeCun et al., 2010; Kavukcuoglu
et al., 2010). For another example, a collection of time-varying input streams (e.g., pixels or image
features in a video stream) are often heavily correlated. In the specific case of single input streams
(L = 1) with inputs that are K-sparse in a basis, recent work (Charles et al., 2014) has shown
that the STM capacity can scale as favorably as M = O (K logγ (N )) ≤ N , where γ ≥ 1 is a
constant. In other words, the memory capacity can scale linearly with the information rate in the
signal and only logarithmically with the signal dimension, resulting in the potential for recovery
of inputs of length N  M . Unfortunately, existing analyses (Jaeger, 2001; White et al., 2004;
Ganguli and Sompolinsky, 2010; Charles et al., 2014) are generally specific to the restricted case of
single time-series inputs (L = 1) or unstructured inputs (Verstraeten et al., 2010).
Conventional wisdom is that structured inputs should lead to much higher STM capacity, though
this has never been addressed with strong analysis in the general case of ESNs with multidimensional input streams. The main contribution of this paper is to provide general results characterizing
the STM capacity for linear randomly connected ESNs with multidimensional input streams when
the inputs are either sparse in a basis or have significant statistical dependence (with no sparsity assumption). In both cases, we show that the number of nodes in the network must scale linearly with
the information rate and poly-logarithmically with the total input dimension. The analysis relies on
advanced applications of random matrix theory, and results in non-asymptotic analysis of explicit
bounds on the recovery error. Taken together, this analysis provides a significant step forward in our
understanding of the STM properties in RNNs. While this paper is primarily focused on network
structures in the context of RNNs in machine learning, these results also provide foundation for the
theoretical understanding of recurrent network structures in biological neural networks, as well as
the memory properties in other network structures with similar dynamics (e.g., opinion dynamics in
social networks).

2. Background and Related Work
2.1 Short Term Memory in Recurrent Networks

JMLR 18(7):1-37, 2017

Many approaches have been used to analyze the STM of randomly connected networks, including
nonlinear networks (Sompolinsky et al., 1988; Massar and Massar, 2013; Faugeras et al., 2009;
Rajan et al., 2010; Galtier and Wainrib, 2016; Wainrib, 2015) and linear networks (Jaeger, 2001;
Jaeger and Haas, 2004; White et al., 2004; Ganguli et al., 2008; Ganguli and Sompolinsky, 2010;
Charles et al., 2014; Wallace et al., 2013) with both discrete-time and continuous-time dynamics.
These methods can be broadly be classified as either correlation-based methods (White et al., 2004;
Ganguli et al., 2008) or uniqueness methods (Jaeger, 2001; Maass et al., 2002; Jaeger and Haas,
2004; Charles et al., 2014; Legenstein and Maass, 2007; Büsing et al., 2010). Correlation methods
focus on quantifying the correlation between the network state and recent network inputs. In these
studies, the STM is defined as the time of the oldest input where the correlation between the network
3
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state and that input remains above a given threshold (White et al., 2004; Ganguli et al., 2008). These
methods have mostly been applied to discrete-time systems, and have resulted in bounds on the STM
that scale linearly with the number of nodes (i.e. M > N ).
In contrast, uniqueness methods instead aim to show that different network states correspond
to unique input sequences (i.e. the network dynamics are bijective).1 For uniqueness methods,
the STM is defined as the longest input length where this input-network state bijection still holds.
These methods have been used under the term separability property for continuous-time liquid
state machines (Maass et al., 2002; Vapnik and Chervonenkis, 1971; Legenstein and Maass, 2007;
Wallace et al., 2013; Büsing et al., 2010) and under the term echo-state property for discrete-time
ESNs (Jaeger, 2001; Yildiz et al., 2012; Buehner and Young, 2006; Manjunath and Jaeger, 2013).
The echo-state property is the method most related to the approach we take here, and essentially
derives the maximum length of the input signal such that the resulting network states remain unique.
While this property guarantees a bijection between inputs and network states, it does not take into
account input signal structure, does not capture the robustness of the mapping, and does not provide
guarantees for stably recovering the input from the network activity.
2.2 Compressed Sensing

(2)

The compressed sensing literature and its recent extensions include many tools for studying the
effects of random matrices applied to low-dimensional signals. Specifically, in the basic compressed
sensing problem we desire to recover the signal s ∈ RN from M measurements2 generated from a
random linear measurement operator,

x = A (s) + ,

where  ∈ RM represents the potential measurement errors. Typically, s is assumed to have lowdimensional structure and recovery is performed via a convex optimization program. The most
common example is a sparsity model where s can be represented as

s = Ψa,

where Ψ ∈ RN ×N is a transform matrix and a ∈ RN is the sparse coefficient representation of s
with K  N of its entries non-zero. Under this sparsity assumption, the coefficient representation
is recoverable if the linear operator A satisfies the restricted isometry property (RIP) that guarantees
uniqueness of the compressed measurements. Specifically, we say that A satisfies the RIP(2K,δ) if
for every 2K-sparse signal s, the following condition is satisfied:

C (1 − δ) ≤ ||As||22 / ||s||22 ≤ C (1 + δ) ,

such that

||x − A (Ψa)||2 ≤ ||||2 ,

(3)

where 0 < δ < 1 and C > 0 is a positive constant. When A satisfies the RIP(2K,δ) the sparse
coefficients a can be recovered by solving an `1 -norm based optimization function
a

a = arg min ||a||1

covery guarantees are based on some semblance of a bijection.

1. We note that uniqueness-based methods imply recovery-based methods, modulo a recovery algorithm, as often renumber of measurements in this section

JMLR 18(7):1-37, 2017

2. In the case of RNNs, the network node values act as the measurements of our system, prompting the use of M as the

4

such that
||x − A (S)||2 ≤ ||||2 ,

(5)

5
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where the Forbenius norm k · k2F is defined as the sum of the squares of all the matrix entries. This
bound demonstrates that perfect recovery is achievable in the case where there is no error ( = 0).
We note that alternate optimization programs with similar guarantees have been proposed in the
literature for inferring low-rank matrices (i.e. Ahmed and Romberg, 2015), but we will focus on
nuclear norm optimization approaches due to the extensive literature on nuclear-norm solvers and
the connections to sparse vector inference.

where the nuclear norm ||S||∗ is defined as the sum of the singular values of S (Candès and Tao,
2010; Candès and Plan, 2010; Recht et al., 2010; Chen and Suter, 2004; Fazel, 2002; Singer and Cucuringu, 2010; Toh and Yun, 2010; Liu and Vandenberghe, 2009; Jaggi et al., 2010). This optimization procedure is similar to the `1 -regularized optimization of Equation (3), however the nuclearnorm induces sparsity in the singular values rather than the matrix entries directly.
The solution to Equation (5) can be shown to satisfy performance guarantees via the dualcertificate approach (Candès and Plan, 2010; Ahmed and Romberg, 2015). This technique is a
proof by construction and shows that a dual certificate (i.e., a vector whose projections into and
out of the space spanned by the singular vectors of S are bounded) exists. Showing that such a
certificate exists demonstrates that Equation (5) converges to a valid solution and is key to deriving
accuracy bounds (Candès and Plan, 2010; Ahmed and Romberg, 2015). Specifically, if the dual
certificate exists, then the solution to Equation (5) satisfies the recovery bound
!
r
2N L + M
b −S
S
≤ 4 min(N, L)
+ 2 ,
(6)
M
F

S

S = arg min ||S||∗

where Q ∈ RL×R and V ∗ ∈ RR×N . There is a rich and growing literature dedicated to establishing
guarantees for recovering low-rank matrices from incomplete measurements. Due to the difficulty
of establishing a general matrix-RIP property for observations of a matrix (Recht et al., 2010), the
guarantees in this literature more commonly use the optimality conditions for specific optimization
procedures to show that the resulting solution has bounded error with high probability. The most
common optimization program used for low-rank matrix recovery is the nuclear norm minimization,

S = QV ∗ ,

||s − b
s||2 ≤ α ||||2 + β

ΨT (s − sK ) 1
√
,
(4)
K
where α and β are constants (Candès et al., 2006). The first term of this recovery error bound depends on the norm of the measurement error , while the second term depends on the `1 difference
between the true signal and the best K-sparse approximation of the true vector (sK ). This term essentially measures how closely the signal matches the sparsity model. The `1 optimization program
in (3) required for recovery can be solved by many efficient algorithms, including neurally plausible
architectures (Rozell et al., 2010; Balavoine et al., 2012; Shapero et al., 2014; Charles et al., 2012).
When the data of interest is a matrix S ∈ RL×N , other low-dimensional models have also
been explored. For example, as an alternative to a sparsity assumption, the successful low-rank
model assumes that there are correlations between rows and columns such that S has rank R <
min{L, N }. We can then write the decomposition of the matrix as

up to a reconstruction error given by
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K 2
µ (Ψ) log5 (N ) log(η −1 ),
δ2

sup

N
−1
X

Ψm,n e−jtm ,

6

3. We use O(1) notation to indicate that a variable is a finite constant.
JMLR 18(7):1-37, 2017

expresses the types of sparsity√that are efficiently stored in the network. Essentially this coherence
factor is large (on the order of N ) for inputs sparse in the Fourier basis, and is very low (essentially
a small constant) for inputs that are sparse in bases different from the Fourier bases (e.g. wavelet
transforms). For the extreme case of Fourier-sparse inputs, the number of nodes must again exceed
the number of inputs. When this coherence is low and K  M , this bound is a clear improvement
over existing results as it allows for N > M . However, this result is restricted to single input
streams with one type of low-dimensional structure. The current paper addresses the much more
general problem of multidimensional inputs and other types of low-dimensional structure.

n=1,...,N t∈[0,2π]
m=0

µ (Ψ) = max

This theorem proves a rigorous and non-asymptotic bound on the length of the input that can
be robustly extracted from the network nodes. By showing the RIP property on the network dynamics, the recovery bound given in Equation (4) establishes the recovery performance for any
N -length, K-sparse signal from the resulting network state at time N . In short, the number of
required nodes scales linearly with the information rate of the signal (i.e., the sparsity level) and
poly-logarithmically with the length of the input. The coherence factor µ2 (Ψ), defined as

then for a universal constant C, with probability 1 − η the mapping of length-N input sequences
into M network state variables satisfies the RIP(2K, δ).

M ≥C

Theorem 1 (Theorem 4.1.1, Charles et al., 2014) Suppose N ≥ M , N ≥ K, N ≥ O(1),3 and
L = 1. Let U be any unitary matrix of eigenvectors (containing complex conjugate pairs) of the
connectivity matrix W and for M an even integer, denote the eigenvalues of W by {ejwm }M
m=1 . Let
M/2
the first M/2 eigenvalues ({ejwm }m=1 ) be chosen uniformly at random on the complex unit circle
M/2
(i.e., {wm }m=1 is uniformly distributed over [0, 2π)) and the other M/2 eigenvalues as the complex
conjugates of these values. Furthermore, let the entries of the input weights z be i.i.d. zero-mean
1
Gaussian random variables with variance M
. Given RIP conditioning δ and failure probability
4
1
−
log
N
N
≤ η ≤ e , if

The ideas and tools from the compressed sensing literature have recently been used to show that
a-priori knowledge of the input sparsity can lead to improvements recovery-based STM capacity
results for ESNs. For a single input stream under a sparsity assumption, Ganguli and Sompolinsky
(2010) analyzed an annealed version of the network dynamics to show that the network memory
capacity can be larger than the network size. Building on this observation, Charles et al. (2014)
provided an analysis of the exact network dynamics in an ESN (for the single input case of L = 1),
yielding precise bounds on a network’s STM capacity captured in the following theorem:

2.3 STM Capacity via the RIP
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Single Sparse Input:

Multiple Joint-Sparse Inputs:
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Multiple Low-Rank Inputs:

Figure 1: Echo-state networks can efficiently store inputs with a variety of low-dimensional structures. Top-Left: With a single input stream, the coefficients a represent chunks of activity
in the input stream s[n] (shown in red boxes). The raw input stream values then drive the
network via Equation (1), resulting in a transient network state x[N ] that encodes the
input stream. Top-Right: In the case of multiple inputs that are jointly sparse, each coefficient can now represent a chunk of activity both across time and across input streams
(as depicted by the red boxes). Bottom: When the multiple input streams are instead
low-rank, each input stream is instead described by a linear combination of prototypical
vectors vk . The matrix Q represents how the prototypical vectors are combined in order
to obtain the input sequences fed into the network.

3. STM for Multi-Input Networks

L
X

z l sl [n] + e[n]

(7)

In this work we will use the tools of random matrix theory to establish STM capacity results for
recurrent networks under the general conditions of multiple simultaneous input streams and a variety
of low-dimensional models. The temporal evolution of the linear network with multiple inputs is
similar to the previous ESN definition, with the main difference being that the input at each time-step
s[n] ∈ RL is a length L vector that drives the network through a feed-forward matrix Z ∈ RM ×L
rather than a feed-forward vector,
x[n] = W x[n − 1] +

l=1

= W x[n − 1] + Zs[n] + e[n].

N
X
k=1

W N −k Zs[k] + ,
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We denote the columns of Z as z l to separately notate the vectors mapping each input stream.
We can write the current network state as a linear function of the inputs by iterating Equation (7),
x[N ] =

7

C HARLES , Y IN AND ROZELL

PN
W N −k e[k] is the accumulated error, and then rewriting sum as a
where the error term  = k=1
matrix-vector multiply,


T
Z, W Z, · · · , W N −1 Z sT [N ], sT [N − 1], · · · , sT [1] + .

x[N ] =

Depending on the signal statistics in question, we will find it convenient in some cases to express
the network dynamics in terms of a linear operator applied to an input matrix, i.e.

x[N ] = A (S) + ,

T
where S = sT [N ], sT [N − 1], · · · , sT [1] . In other cases, we find it more convenient to reorganize the columns into an effective measurement matrix applied to a vector of inputs. By defining
the eigen-decomposition of W = U DU −1 , we can re-write the dynamics process as


T
x[N ] = U D 0 U −1 Z, DU −1 Z, · · · , D N −1 U −1 Z sT [N ], sT [N − 1], · · · , sT [1] + .

To simplify this expression, we can reorganize the columns of the linear operator (and the rows of
the vector of inputs) such that all the inputs corresponding to the lth input vector zl create a single
block. The k th row of the lth block of out matrix is now represented by D k−1 U −1 zl , which can be
el dk−1 , where Z
el = U −1 zl and dk−1 is the vector of the diagonal elements of D raised
written as Z
to the (k − 1) power. We can more concisely by defining the matrix F consisting of the eigenvalues
of W raised to different powers (i.e. Fi,j = dij−1 ), resulting in the expression
h
i

e1 F , Z
e2 F , · · · , Z
eL F sT , sT , · · · , sT T +  = Ae
x[N ] = U Z
s + .
(8)
1
2
L

Since the eigenvalues of W here are restricted to reside on the unit circle, we note that F is a
Vandermonde matrix whose rows are Fourier basis vectors. From Equation (8) we see that the
current state is simply the sum of L compressed input streams, where the compression for each block
essentially performs the same compression as for a single stream, but modulated by the different
feed-forward vectors z l .
3.1 Sparse Multiple Inputs

max

max

sup

l,k=1,...,L n=1,...,N t∈[0,2π]

l,k
kΨm
k2

PN −1 l,k −jtm
m=0 Ψm,n e

(9)
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To begin, we consider the direct extension of previous results based on sparsity models to the multiinput setting. In this setting we consider the model where the composite of all input signals is sparse
N L×N L so that e
in a basis
s = Ψe
a. This means that each signal stream can be written as
PL Ψ ∈l,kR
e This signal model captures depenΨ ak where Ψl,k is the {l, k}th N ×N block of Ψ.
sl = k=1
dencies between input streams because a given coefficient can influence multiple channels. While
in many application the basis Ψ is pre-specified (i.e. wavelet decomposition in image processing; Christopoulos et al., 2000), these bases can also be learned from exemplar data via dictionary
learning algorithms (Olshausen and Field, 1996; Aharon et al.). This sparsity model can be a useful
model for signals of interest, such as video signals, where similar sparse decompositions have been
used for action recognition (Guha and Ward, 2012) and video categorization (Chiang et al., 2013).
With this model, we will use a generalized notion of the coherence parameter used in (Charles et al.,
2014):
µS (Ψ) =

8

K 2
µ (Ψ) log5 (N L) log(η −1 ),
δ2 S

M/2
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9

4. Simulation
To empirically verify that these theoretical STM scaling laws are representative of the empirical
behavior, we generated a number of random networks and evaluated the recovery of (sparse or lowrank) input sequences in the presence of noise. For each simulation we generate a M × M random

The proof of Theorem 3 is in Appendix A.2 and follows a golfing scheme to find an inexact dual
certificate. In fact, we note that since our architecture is extremely similar mathematically to the
architecture in (Ahmed and Romberg, 2015), our proof is also very similar. The main difference is
that due to the unbounded nature of our distributions (i.e. the feed-forward vectors Z are Gaussian
random variables) and the fact that our Fourier vectors are on the unit circle (rather than gridded),
we can consider our proof as a generalization of the proof in (Ahmed and Romberg, 2015).
Theorem 3 is qualitatively similar to Theorem 2 in the way the STM capacity scales. In this
case, the bound still scales linearly with the information rate as captured by the number of elements
in the left and right matrices that compose S: RN + RL. Interestingly, due to the left singular
vectors interacting with the measurement operator first, the coherence term only affects the portion
of the bound related to the number of elements in Q. Additionally, as before, the number of total
inputs LN only impacts the bound poly-logarithmically.

then, with probability at least 1−O((LN )1−β , the minimization in Equation (5) recovers the rank-R
input matrix S up to the error bound in Equation (6).


M ≥ cR N + µ2L L log3 (LN ),

jwm }
by {ejwm }M
m=1 . Let the first M/2 eigenvalues ({e
m=1 ) be chosen uniformly at random on the
M/2
complex unit circle (i.e., we chose {wm }m=1 uniformly at random from [0, 2π)) and the other M/2
eigenvalues as the complex conjugates of these values. For a given coherence µL as defined as in
Equation (10), if

Theorem 3 Suppose N L ≥ M , N ≥ R, N ≥ O(1) and L ≥ O(1). Let z be i.i.d. zero-mean
1
Gaussian random variables with variance M
. For M an even integer, denote the eigenvalues of W

where fω = [1, e−jω , · · · e−j(N −1)ω ]T is the Fourier vector with frequency ω. This coherence
parameter mirrors the coherence used for the sparse-input case. As µS measured the similarity between the measurement vectors and the sparsity basis Ψ, µL measures the similarity between the
measurements and the left singular vectors of the measured matrix. The intuition here is that measurements that align with the left singular vectors are unlikely to measure significant information
about the S.
To analyze the STM of the network dynamics with respect to low-rank signal statistics, we
leverage the dual certificate approach (Candès and Plan, 2010, 2011a; Ahmed and Romberg, 2015)
to derive the following theorem,

Next we consider the case of a very different type of low-dimensional structure where the input
signals are correlated but not necessarily sparse. Specifically, in this setting we assume that the
inputs arise from a process where R prototypical signals combine linearly to form the various
input streams. Such a signal structure could arise, for instance, due to correlations between input streams at spatially neighboring locations. A number of interesting applications display such
correlations, including important measurement modalities in neuroscience (e.g. two-photon calcium imaging; Denk et al., 1990; Maruyama et al., 2014 and neural electrophysiological recordings; Berényi et al., 2014; Ahmed and Romberg, 2015), and remote sensing applications (e.g. hyperspectral imagery; Zhang et al., 2014; Veganzones et al., 2016). The applicability of RNNs and
machine learning methods to data well described by this low-rank model is also increasingly relevant as there is increasing interest in applying neural network techniques to such data, either for
detection (Apthorpe et al., 2016), classification (Chen et al., 2016, 2014), or as samplers via variational auto-encoders (Gao et al., 2016). In this case, we can write out the input matrix in the reduced
form S = QV ∗ , where V ∗ ∈ RR×N is the matrix whose rows may represent environmental causes
generating the data and Q ∈ RL×R represents the mixing matrix that defines the input stream. We

3.2 Low Rank Multiple Inputs

The proof of Theorem 2 is provided in Appendix A.1. Note that when L = 1, Theorem 2 reduces
to Theorem 1. In this result we see that that the number of nodes relies only linearly on the underlying dimensionality (K) and poly-logarithmically on the total size of the input (N L). This
means that under favorable coherence and sparsity conditions on the input, the network can again
have STM capacities that are higher than the number of nodes in the network. Specifically, showing
that A satisfies the RIP property, Theorem 2 ensures that standard recovery guarantees from the
sparse inference literature hold. In particular, any K-sparse input is recoverable from the network
state at time N up to the error bound of Equation (4) by solving the `1 -regularized least-squares
optimization of Equation (3).

then A satisfies RIP-(2K, δ) with probability exceeding 1 − η for a universal constant C.

M ≥C

Let the first M/2 eigenvalues ({ejwm }m=1 ) be chosen uniformly at random on the complex unit
M/2
circle (i.e., we chose {wm }m=1 uniformly at random from [0, 2π)) and the other M/2 eigenvalues as the complex conjugates of these values. For a given RIP conditioning δ, failure probability
4
N − log N ≤ η ≤ 1e , and coherence µS (Ψ) as defined as in Equation (9), if

M/2

Theorem 2 Suppose N L ≥ M , N ≥ K and N ≥ O(1). Let U be any unitary matrix of eigenvectors (containing complex conjugate pairs) and the entries of Z be i.i.d. zero-mean Gaussian random
1
variables with variance M
. For M an even integer, denote the eigenvalues of W by {ejwm }M
m=1 .

ω∈[0,2π]

(10)

will assume both L ≥ R and N ≥ R, meaning that S is low-rank. With this model we use a
definition of coherence given by:

In this case, each N × N block must be different from the Fourier basis to achieve high STM
capacity. This restriction is reasonable, since if a single sub-block of Ψ was coherent with the
Fourier basis, then at least one input stream could be sparse in a Fourier-like basis and hence would
be unrecoverable. Using this network and signal model, we obtain the following theorem on the
stability of the network representation:
µ2L = R−1 sup ||V ∗ f ω ||22 .
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(b) RMSE: Haar wavelet basis

(c) RMSE: DCT basis

S EQUENCE M EMORY IN R ECURRENT N ETWORKS

(a) RMSE: No basis

Figure 2: ESNs can have high STM capacity for multidimensional sparse inputs. Relative meansquared error (rMSE) of the recovery for canonical sparse inputs (a) and Haar waveletsparse inputs (b) is very low for a range of sparsity and network sizes satisfying M < LN .
The rMSE for DCT-sparse inputs (c), as predicted by our theoretical results, remains high
(approximately 100% error).

ksk22

kb
s − sk22

,

orthogonal connectivity matrix W 4 and a M × L random Gaussian feed-forward matrix Z. In
both cases we fixed the number of inputs to L = 40 and the number of time-steps to N = 100
while varying the network size M and underlying dimensionality of the input (i.e., the sparsity level
or the input matrix rank). For the sparse input simulations, inputs were chosen with a uniformly
random support pattern with random Gaussian values on the support. For low-rank simulations, the
right singular vectors were chosen to be Gaussian random vectors, and the left singular values were
chosen at random from a number of different basis sets.
In Figure 2 we show the relative mean-squared error of the input recovery as a function of the
sparsity-to-network size ratio ρ = K/M and the network size-to-input ratio γ = M/N L. Each
pixel value represents the average recovery relative mean-squared error (rMSE), as calculated by
RMSE =

over 20 randomly generated trials with a noise level of kk2 ≈ 0.01. We show results for recovery of
three different types of sparse signals: signals sparse in the canonical basis, signals sparse in a Haar
wavelet basis, and signals sparse in a discrete cosine transform (DCT) basis. As our theory predicts,
for canonical- and Haar wavelet-sparse signals the network has very favorable STM capacity results.
The fact that the capacity achieves M < N L is demonstrated by the area left of the M = N L point
(γ = 1) where the signal is recovered with high accuracy. Likewise, for the DCT-sparse signals we
find that the inputs are never recovered well for any M < N L. This behavior is also predicted by
our theory because of the unfavorable coherence properties of the DCT basis.
For the low-rank trials we see that recovery of low-rank inputs for a range of M < LN is
possible as predicted by the theoretical results. As with the sparse input case we consider three
types of low-rank inputs. Instead of changing the sparsity basis, however, we change the right
singular vectors V of the low-rank input matrix S. We explore the cases where the elements of V
matrix.
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4. Orthogonal connectivity matrices were obtained by running an orthogonalization procedure on a random Gaussian
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(a) RMSE: No basis

C HARLES , Y IN AND ROZELL

(b) RMSE: Haar wavelet basis

(c) RMSE: DCT basis

Figure 3: ESNs can have high STM capacity for multidimensional inputs with low-rank structure.
The rMSE of the input recovery for inputs with canonical right singular vectors (a) and
Haar wavelets for right singular vectors (b) is very low for a range of input rank and network sizes satisfying M < LN . The rMSE for inputs with DCT right singular vectors (c)
remains high, a behavior predicted by our theoretical results.

are chosen from the canonical basis, the haar basis and the DCT basis. These results are shown in
Figure 3 with plots similar to those in Figure 2, but with only showing the range γ < 0.5 to reduce
computational time. As our theory predicts, the recovery of inputs with canonical- and Haar right
singular vectors is more accurate for a larger range of ρ, γ pairs than the inputs with DCT right
singular vectors.

5. Conclusions

JMLR 18(7):1-37, 2017

Determining the fundamental limits of memory in recurrent networks is critical to understanding
their behavior in machine learning tasks. In this work we show that randomly connected echo-state
networks can exploit the low-dimensional structure in multidimensional input streams to achieve
very high short-term memory capacity. Specifically, we show non-asymptotic bounds on recovery
error for input sequences that have underlying low-dimensional statistics described by either joint
sparsity or low-rank properties (with no sparsity). For multiple sparse inputs, we find that the
network size must be linearly proportional to the input sparsity and only logarithmically dependent
on the total input size (a combination of the input length and number of inputs). For inputs with
low-rank structure, we find a similar dependency where the network size depends linearly on the
underlying dimension of the inputs (the product of the input rank with the input length and the
number of inputs) and logarithmically on the total input size. Both results continue to demonstrate
that ESNs can have STM capacities much larger than the network size.
These results are a significant (conceptual and technical) generalization over previous work that
provided theoretical guarantees in the case of a single sparse input (Charles et al., 2014). While
the linear ESN structure is a simplified model, rigorous analysis of these networks has remained
elusive due to the recurrence itself. These results isolate the properties of the transient dynamics
due to the recurrent connections, and may provide one foundation for which to explore the analysis
of other complex network attributes such as nonlinearities and spiking properties. We also note that
knowledge of how well neural networks compresses structured signals could indicate methods to
pick the size of recurrent network layers. Specifically, if a task is thought to require a certain time-
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13

(AΨ)H AΨ − I
K

≤ δ.
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(11)

holds with high probability for all K-sparse a. This is equivalent to bounding the following probability of the event

(1 − δ) ||a||22 ≤ ||AΨa||22 ≤ (1 + δ) ||a||22 ,

In this appendix we prove Theorem 2, showing that the matrix representing the network evolution
with L inputs and i.i.d. Gaussian feed-forward vectors satisfies the RIP. Recall that we have x[N ] =
Ae
s, where A ∈ RM ×N L is derived in Section 3 and that e
s (the vectorization of S) is sparse with
respect to the basis Ψ, meaning that there is a K-sparse signal a such that e
s = Ψa. Similar
to (Charles et al., 2014), this proof is based on showing conditions on M such that A satisfies the
RIP with respect to Ψ, i.e.

A.1 RIP for Multiple Gaussian Feed-forward Vectors
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frame of an input signal, the overall sparsity (or rank) of the signal in that time-frame can be used
in conjunction with the length of that time-frame to give a lower bound for the required number of
nodes in the recurrent layer of the network.
While the current paper is restricted to orthogonal connectivity matrices, previous work (Charles
et al., 2014) has shown that a number of network structures can satisfy these criteria, including
some types of small-world network topologies. Additionally, we explored here low-rank and sparse
inputs separately. The methods we have used to prove Theorem 3, however, have also been used
to analyze recovery signals with other related structures (e.g. matrices that can be decomposed
into the sum of a sparse and low-rank matrix) from compressive measurements (Candès and Plan,
2011b). Our bounds presented here therefore could open up avenues for similar analysis of other
low-dimensional signal classes.
While the context of this paper is focused on the role of recurrent networks as a tool in machine learning tasks, these results may also lead to a better understanding of the STM properties in
other networked systems (e.g., social networks, biological networks, distributed computing, etc.).
With respect to the literature relating recurrent ESN and liquid-state machines to working memory
in biological systems, the notion of sparsity has much of the same flavor as the concept of chunking (Gobet et al., 2001). Chunking is the concept of humans learning to remember items in highly
correlated groups rather than remembering items individually as a way of artificially increasing their
working memory. Similarly, the use of sparsity bases allow RNNs to ‘chunk’ items according to
the basis elements. Thus, each basis counts only as one item (the true underlying sparsity) and the
network needs only store these elements rather than storing every input separately.
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sup

h
b = Z
e1 F
A

e2 F
Z

···

K

. Therefore we only need

i=1

PM/2

H

Vi ViH −I/2 and B2 =

z̃i,l FiH Ψi .

K

i=1


1
,
2

K

≤

q

i=1

K



14

2 ] E ||B || +
C1 K log4 (N L) E [Vmax
1 K

s

(12)
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K
h h
p
√
≤ 2E E C0 Vmax K log (100K) log (4N L) ln (5M )
v

u
u M/2
u X

|Vi , i = 1, ..., M/2
Vi ViH
·t

i=1

We can now apply Lemma 8.2 from Rauhut (2010), giving us


M/2
X
H


i Vi Vi
E [||B1 ||K ] ≤ 2E

i=1

and we only need to show that ||B1 ||K ≤ δ with high probability when M is large enough. We can
easily see that when i 6= j, 1 ≤ i, j ≤ M/2, ViH and VjH are independent.
First we show that E [||B1 ||K ] is small with high probability when M is large enough. We then
show that ||B1 ||K is concentrated around its mean with high probability when M is large enough.
By Lemma 6.7 in Rauhut (2010), for a Rademacher sequence i , i = 1, ..., M/2, we have




M/2
M/2
X
X
1
H
H
.
E [||B1 ||K ] = E 
(Vi Vi −
I)  ≤ 2E 
i Vi Vi
M

H
i=M/2+1 Vi Vi −I/2; it is easy to check that B1 and
b HA
b −I
= B1 +B2 . Therefore A
≤ 2 ||B1 ||K ,
K

PM

l=1

L
X

b A−I
b
B2 are complex conjugates, and that A

Let B1 =

ViH =

b i.e.,
holds with high probability when M is large enough. Let ViH denote the ith row of A,

2

, and use the result to bound the tail

i
eL F Ψ,
Z

K

y H Ay
.
||y||22

(AΨ)H AΨ − I

y is K−sparse

b H A,
b then for any a ∈ RN L , ||AΨa|| = Aa
b
Since (AΨ)H AΨ = A
2
to prove that
b HA
b −I
≤ δ,
A

First we let

A.1.1 E XPECTATION

First we bound the expectation of
probability of the event (11).
Proof

||A||K :=

where the norm ||A||K is defined as
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z̃ l,i FlH Ψi (p).

max |Vl (p)|

||Ψi (p)||22 µ2 (Ψ) = µ2 (Ψ),

i=1

L
X
i=1

VlH (p) =

|FlH Ψi (p)|2 ≤

L
X
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L
X
i=1

Vmax =

(14)

(13)

where the last inequality results due to 25K ≤ N L, 5M ≤ 4N L, the Cauthy-Schwarz inequality
and the triangle inequality, and Vmax = max1≤l≤M/2 ||Vl ||∞ . Note that the pth element of VlH can
be written

and since we know that

and
1≤l≤M/2
1≤p≤N L

we can now use Corollary 5. Setting Q = M N L/2, µ0 = µ(Ψ) in Corollary 5 yields


MNL
µ2 (Ψ)
2
log
≤ η,
P Vmax
>
M
2η
and
 2  µ2 (Ψ)
MNL
µ2 (Ψ)
E Vmax
≤
(log
+ 1) ≤ C2
log (N L).
M
2
M

E [||B1 ||K ]

Returning to the inequality in Equation (12), considering (14), we have
q
≤a
+ 1,

E [||B1 ||K ]

E [||B1 ||K ] ≤ δ 0 .

C3 Kµ2 (Ψ) log5 (N L)
,
M≥
δ0

q
q
2
2
where a = C1 C2 K log5 (N L)µ2 (Ψ)/M . Then E [||B1 ||K ] ≤ a2 + a 21 + a4 . When a ≤ 1/2,
we get E [||B1 ||K ] ≤ a. Let 0 < A0 ≤ a ≤ 1/2, and we can conclude that when

then
A.1.2 TAIL B OUND

M/2
X

Vi ViH − Vi0 Vi0H ,
i=1
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(15)

Now we study the tail bound of ||B1 ||K . First we construct a second set of random variables Vl0 ,
which are independent of Vl and are identically distributed as Vl . Additionally, we let
e1 =
B

K

and then according to Charles et al. (2014), there is
h
i
e1
B
≤ 2E [||B1 ||K ] ,
E

15

Now since we have

and
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K

2
||Vi ||∞

K

K

},

i
>u .

K

2
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,

, Vi0 Vi0H
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B

||y||22

||y||12

≤ 2 max{ Vi ViH

sup

y is K−sparse

h
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≤

K

P [||B1 ||K > 2E [||B1 ||K ] + u] ≤ 2P

Vi ViH

Vi ViH − Vi0 Vi0H

Vi ViH

K

>

K

(16)

02 ,
≤ KVmax




MNL
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Kµ2 (Ψ)
2
log
≤ P Vmax
>
log
≤ η.
M
2η
M
2η

2
then we know that max1≤i≤M/2 Vi ViH K ≤ KVmax
and max1≤i≤M/2 Vi0 Vi0H
0
where Vmax
= max1≤l≤M/2 ||Vl0 ||∞ then by Equation (13), we obtain
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Vi ViH
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Vi0 Vi0H
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≤

Kµ2 (Ψ)
MNL
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M
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Since the probability theorems depend on bounded random variables, we define F to denote the
following event
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(19)

(18)

(17)

such that P FC ≤ 2η. Furthermore, we define IF as the indicator function of F, and let

b 1 = PM/2 ξi Vi V H − V 0 V 0H IF , where ξ = {ξi }, i = 1, 2, ..., M/2 is a Rademacher sequence
B
i
i i
i=1

and independent of Vi . The truncated variable Yi = ξi Vi ViH − Vi0 Vi0H IF has a symmetric dis2Kµ2 (Ψ)
NL
ln M2η
. By Proposition 19 in Tropp et al.
M
h

b1
B

tribution and ||Yi ||K is bounded by Bmax :=
(2009), we have

P

P

K

for all u, t ≥ 1. Following Tropp et al. (2009), we find that
h
i
h
i
 
b1
>v ≤P B
> v + P FC ,
and

e1
B

By combining Equations (17), (18), and (19), we get
i
i
h
h
2
+ tBmax ) ≤ e−u + e−t + 2η.

P

K
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In Equation (20), let η < 1/e, u = log η −1 and t = log η −1 . These values yield
h
h
i
i
p
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For an arbitrary δ with 0 < δ < 1/2, we let
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, for a constant C6 . This inequality reduces our probability statement to
h
i
p
P ||B1 ||K > 2δ 0 + 2C4 δ 0 log η −1 + C5 C6 log η −1 δ 02 ≤ 8η.

4

log5 (N L)

log( 12 M N Lη −1 )

indicating that when η ≥ (N L)− log

We observe now that

P ||B1 ||K

0
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#
p
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> 2δ + 2C4 δ log η −1 + C5 log η −1
≤ 8η.
log5 (N L)

where δ 0 < 1/2, we obtain
"

By choosing

Now we can combine Equations (15), (16), and (20) to get
h
i
p
P ||B1 ||K > 2E [||B1 ||K ] + 2C4 log η −1 E [||B1 ||K ] + C4 (log η −1 )Bmax ≤ 8η.
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Noticing that Equation (23) holds for all possible values of ai and bi completes the proof.

is χ2 distributed. We use χ2 to denote a two-degree χ2 distributed random variable. According to
the results on χ2 distributions, we have




− Pn M u2 2
− M2u
2M u
P |w|2 > u|ai , bi = P χ2 > Pn
|ai , bi = e i=1 (ai +bi ) ≤ e µ0 .
(23)
2
2
i=1 (ai + bi )

when i 6= j, xi , yi are independent of xj , yj , and x and y are conditionally independent. Thus,
conditioned on ai and bi ,
2M
2
Pn
2 |w| ,
2
i=1 (ai + bi )

Cov(ai xi − bi yi , ai yi + bi xi |ai , bi ) =

1 Pn
2
2
Then conditioned on ai and bi , x and y have distribution N (0, 2M
i=1 (ai + bi )).
The next step is to prove the conditional independence of x and y. Since

w=

Proof We use x and y to denote the real and imaginary parts of w, and ai and bi to denote the real
and imaginary parts of φi . We have

then for w =

i=1

n
X

Lemma 4 Suppose we have n complex Gaussian random variables, z1 , z2 , · · · zn , zi = xi + jyi ,
where xi and yi denote the real and imaginary parts of zi . Let xi and yi i.i.d Gaussian r.v.’s with
mean 0 and variance 1/2M . φ1 , φ2 , · · · φn r.v.’s which are independent of zi for all i and satisfy

A.1.3 L EMMAS FOR T HEOREM 2

which completes the proof.

there is

M≥

Now by plugging (22) into (21), we know that when (N L)− ln
constant C such that when
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|φil |2 ≤

µ02 .

 2

− M2u
P wmax
> u ≤ Qe µ0 .

Z
∞

P



2
wmax

ln Q

log Q


> u du
Z

2
µ0
M

∞



µ2
Q
2
P wmax
> 0 log
≤ η.
M
η

=
2
µ0
M

1du +

µ0

− M2u

du

Pn
zil φil and zil = xil + jyil , where xil ,
Corollary 5 For Q r.v.’s, w1 , w2 , · · · , wQ , let wi = l=1
yil , 1 ≤ i ≤ Q, 1 ≤ l ≤ n are i.i.d. Gaussian distributed with mean 0 and variance 1/2M . Suppose
for any i, there is
n
X

l=1

 2  µ02
E wmax
≤
(ln Q + 1).
M



µ2
Q
2
P wmax
> 0 log
≤ η,
M
η

And let wmax = max1≤i≤Q |wi |, then for η > 0, we have

and

and there is


0

Z
0

µ02
(log Q + 1).
M

Qe

Proof According to Lemma 4 and by using union bound, we have

µ0

− M2u

Let η = Qe

Then we have
E

2
wmax

≤
=

A.2 Proof of Low-rank Recovery
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In this appendix we prove Theorem 3 where a low-rank input matrix S can be recovered from the
network state x[N ] via nuclear norm optimization (Candès and Tao, 2010; Candès and Plan, 2010;
Recht et al., 2010). To prove this theorem we use the dual certificate approach used to prove similar
results in (Ahmed and Romberg, 2015; Candès and Plan, 2011a). In this methodology we seek a
certificate Y whose projections into and out of the space spanned by the singular vectors of S are
bounded appropriately. Specifically if we consider the singular value decomposition of S as
S = QΣV ∗
19
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(24)

and we consider the projection PT which projects a matrix into the space T spanned by the left and
right singular vectors,

PT (W ) = QQ∗ W + W V V ∗ − QQ∗ W V V ∗

F

≤

1
√
2 2γ
1
2

(26)

(25)

the conditions for the dual certificate are that A is injective on T and there exists a matrix Y which
satisfies

PT (Y ) − QV H

||PT ⊥ (Y )|| ≤

where the projection PT ⊥ is the projection onto the perpendicular space to T ,

PT ⊥ (W ) = (I − QQ∗ ) W (I − V V ∗ )

Yk = Yk−1 + κAk∗ Ak (QV ∗ − PT (Yk−1 )),

(27)

The remainder of this proof will be devoted to demonstrating that there does exist a certificate
Y by iteratively devising Y via a golfing scheme (Gross, 2011; Candès and Plan, 2011a; Ahmed
et al., 2014). The golfing scheme essentially generates an iterative method which defined a series
of certificate vectors Yk for k ∈ [1, · · · , κ] which converge to a certificate Yκ which satisfies the
necessary conditions. As in (Ahmed and Romberg, 2015), we can initialize the 0th iterate to zero,
and define the k th iterate in terms of the Yk−1 as

where

A (W ) = vec (hAn , W i) .

We can see that since every iterate has Ak∗ applied to it, every iteration is projected in to the range of
A∗ , indicating that the final iteration Y will also be in the range of A∗ . In (Ahmed and Romberg,
2015), Asif and Romberg define a simpler iteration

Yek = (PT − κPT Ak∗ Ak PT )Yek−1 ,

Yek = PT (Yk ) − QV ∗ .

which is expressed in terms of the modified certificate

F

k

≤ max ||PT − κPT Ak∗ Ak PT || Yek−1

F

F
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What remains now is to demonstrate that this iterative procedure converges, with high probability, to a certificate which satisfies the desired dual certificate conditions. We start by using
Lemma 9 and observing that the Forbenious norm of the k th iterate is well bounded with probability 1 − O((LN )−β ) by
Yek

≤ 2−k Ye0

≤ 2−k ||QV ∗ ||F
√
≤ 2−k R,

20

1
2

k=1

2

2−k

k∈[1,...κ]

F

κA∗k Ak Yek−1

κA∗k Ak Yek−1 − Yek−1

κA∗k Ak Yek−1 − Yek−1

κA∗k Ak Yek−1 − Yek−1



PT ⊥ κA∗k Ak Yek−1 − Yek−1



PT ⊥ κA∗k Ak Yek−1

max

κ
X
1

k=1

κ
X

k=1

κ
X

k=1

κ
X

k=1

κ
X

k=1

κ
X

F

Xi

p
≤ C max σX t + log(L + N ), Uα log1/α





M Uα2
2
σX



i=1

21

i=1

for some constant C and the variance parameter defined by

1/2
M
M
 X
X
σX = max
E [Xi Xi∗ ]
,
E [Xi∗ Xi ]


i=1

M
X

1/2

.
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(t + log(L + N )) ,

Theorem 6 (Matrix Bernstein’s Inequality) Let Xi ∈ RL,N , i ∈ [1, . . . , M ] be M random matrices such that E [Xi ] = 0 and ||Xi ||ψα < Uα < ∞ for some α ≥ 1. Then with probability
1 − e−t , the spectral norm of the sum is bounded by

The lemmas required in our main result depend heavily on the matrix Bernstein inequality (Tropp,
2012). This inequality uses the variance measure and Oricz norm of a matrix to bound the largest
singular value of the matrix. The matrix Bernstein inequality is summarized as

A.2.1 M ATRIX B ERNSTEIN I NEQUALITY AND O LICZ N ORM

− Yek−1 with probability
We use Lemma 10 to bound the maximum spectral norm of
1 − O((LN )1−β . Taking κ ≥ log(LN ) shows that the final certificate Yκ satisfies all the desired
properties, completing the proof.

≤

≤

≤

≤

≤

=

||PT ⊥ (Yκ )|| ≤

so long that M ≤ cβκR(N + µ20 L) log2 (LN ). As in (Ahmed and Romberg, 2015) we observe
that when we choose κ ≥ 0.5 log2 (8γ 2 R), the bound for the Frobenious norm of Yeκ is bounded by
√
≤ (2 2γ)−1 .
Yeκ
F
To show that the second condition on the certificate is also satisfies, we apply Lemma 10. We
begin with writing the quantity we wish to bound in terms of the past golfing scheme iterate

S EQUENCE M EMORY IN R ECURRENT N ETWORKS

(28)

ψ1

≤ 2 ||X||2ψ2 .

ψ1

i
o
n
h
2
= inf y : E e||zn ||2 /y ≤ 2


Z
1
1
2
2
= inf y : √
e−zn (1/2σ −1/y) dzn ≤ 2 M
2πσ R
2σ 2
=
1 .
1 − 4− M

(29)

22

||κPT A∗k Ak PT − PT || .

Proof
Lemma 9 bounds the operator norm

k∈[1,...,κ]

1
max ||κPT A∗ APT − PT || ≤ .
2
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for a constant β > 1, then with probability greater then 1 − O(κ(LN )−β , we have

Lemma 9 Let PT be defined as in Equation (24) and Ak be the restricted measurement operator
as defined in Equation (27). Then if the number of nodes scale as

M ≥ cβκR N + µ20 L log2 (LN ),

A.2.2 B OUND ON ||κPT A∗k Ak PT − PT ||

||z n ||22

Lemma 7 relates the Orlicz-1 and -2 norms for a random variable and it’s square. Lemma 8
allows us to factor an Orlicz-1 norm of a sub-exponential random variable as the product of two
subgaussian random variables. Finally we find useful the following calculation for the Orlicz-1
norm of the norm of a random Gaussian vector z n with i.i.d. zero-mean and variance σ 2 entries:

||X1 X2 ||ψ1 ≤ c ||X1 ||ψ2 ||X2 ||ψ2 .

Lemma 8 (Lemma 7, Ahmed and Romberg, 2015) Let X1 and X2 be two subgaussian ranfom
variables. Then the product X1 X2 is a subexponential random variable with

||X||2ψ2 ≤ X 2

Lemma 7 (Lemma 5.14, Tropp, 2012) A random variable X is subgaussian iff X 2 is subexponential. Furthermore,

In particular we will use the matrix Bernstein inequality with the Orlicz-1 and Orlicz-2 norms,
since subgaussian and subexponential random variables have bounded Orlicz-2 and -1 norms, respectively. To calculate these norms, we find the following lemmas from (Tropp, 2012; Ahmed and
Romberg, 2015) useful:

n
h
i
o
α
α
||X||ψα = inf y > 0|E e||X|| /y ≤ 2 .

where Orlicz-α norm ||X||ψα is defined as

C HARLES , Y IN AND ROZELL

Since

E [Ak∗ Ak ]
=

1
κ I,

S EQUENCE M EMORY IN R ECURRENT N ETWORKS

(PT (An ) ⊗ PT (An ) − E [PT (An ) ⊗ PT (An )]) .

this norm is equivalent to

κPT Ak∗ Ak PT − PT
n∈Γk

= κPT Ak∗ Ak PT − E [κPT Ak∗ Ak PT ]
X
= κ

κPT Ak∗ Ak PT − E [κPT Ak∗ Ak PT ] = κ

X

n∈Γk

(Ln − E [Ln ]).

We can also define here Ln (C) = hPT (An ), CiPT (An ) which has ||Ln || = ||PT (An )||F2
which gives us

n∈Γk

X  
E Ln2 − E [Ln ]2 ≤ κ2

n∈Γk

n∈Γk

To calculate the variance, we can use the symmetry of Ln to only calculate


X  
X
E Ln2 = κ2 E 
kPT (An )kF2 Ln  .

κ2

n∈Γk

E



 

N kQ∗ z n k22 + kz n k22 kV ∗ f n k22 Ln


E kQ∗ z n k22 Ln
X

kz n k22 Ln



= hQQ∗ z n f n∗ , z n f n∗ i + hz n f n∗ V V ∗ , z n f n∗ i − hQQ∗ z n f n∗ V V ∗ , z n f n∗ i

= hPT (An ), An i

We now need to bound kPT (An )kF2 , which can be done by the following:
||PT (An )||F2

≤

X

+ sup kV ∗

f n k∞

n∈Γk

X 

E kz n k22 Ln

n∈Γk

X 

E kQ∗ z n k22 Ln + Rµ02
n∈Γk

n∈Γk

E

≤ N kQ∗ z n k22 + kz n k22 kV ∗ f n k22 .

= kfn k22 kQ∗ z n k22 + kz n k22 kV ∗ f n k22 − kQ∗ z n k22 kV ∗ f n k22

||PT (An )||F2 Ln 

Using this calculation we can write


X
X

n∈Γk

E
≤ N

≤ N



E kQ∗ z n k22 (PT (An ) ⊗ PT (An ))



≤ kPT k E kQ∗ z n k22 (An ⊗ An ) kPT k
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E kQ∗ z n k22 {zn [α]zn∗ [β]f n f n∗ }α,β .

We now need to bound these two quantities. First we look to bound the first quantity
X

n∈Γk

≤

23

E 

(

l=1

X

l6=m

,

)

α,β





α,β

Re(hql , qm izn [l]zn∗ [m]) zn [α]zn∗ [β]IN 
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kql k22 |zn [l]|2 + 2

l=1

1 
kQkF2 IN δα=β + 2hqα , qβ iIN δα6=β
M2



R+1
1
kQkF2 + kQQ∗ k ≤
.
E kQ∗ z n k22 (PT (An ) ⊗ PT (An )) ≤
Mκ
Mκ

α,β

L
1 X
2
kql k22 IN δα=β + 2 hqα , qβ iIN δα6=β
M2
M

Expanding, we have:

L
X
∗ =

=
=
giving us

X

n∈Γk



1
L
E kz n k22 (PT (An ) ⊗ PT (An )) ≤
kIkF2 =
.
Mκ
Mκ

Similarly, for the second term we can take Q = IL to get

X

n∈Γk

Putting the pieces together, we get

"

X

m

#

|zn [m]|2 |fn [m]|2 =

1
N
kf k2 =
,
M n 2 M

N + µ02 L
2
σX
= κR
.
M
To use the matrix Bernstein inequality, it now remains to bound the following Orlicz-1 norm:
κ ||Ln − E [Ln ]||ψ1 . By the PSD quality of Ln and its expectation,
n
o
||Ln − E [Ln ]||ψ1 ≤ max ||Ln ||ψ1 − ||E [Ln ]||ψ1 .
The norm of ||E [Ln ]|| can be calculated via

||E [Ln ]|| = ||E [PT (An )]||F2 = E

ψ1

≤ N kQ∗ z n k22

ψ1

+ RN µ02 kz n k22

ψ1

,

indicating that the second term is simply ||E [Ln ]||ψ1 = N/(M log(2)). To calculate ||E [Ln ]||ψ1 ,
we use the definition of the Orlitcz-1 norm in Equation (28) to see that
||Ln ||ψ1 = ||PT (An )||22

ψ1

+ RN µ02 kz n k22
!

1
N
Rµ02
+
M M (1 − 4− R1 ) 1 − 4− L1

2R N + Lµ02
.
log(2)M

≤ N kQ∗ z n k22

JMLR 18(7):1-37, 2017

ψ1

where the inequality stems form the fact that kV ∗ f n k22 ≤ RN µ02 and kf n k22 ≤ N . Using the result
in Equation (29) with σ 2 = 1/M in the first term and in σ 2 = R/M in the second term yields
||E [Ln ]||ψ1

≤
≤

24

)
κRβ(N + µ20 L)
βκR(N + µ20 L)
2
log(LN ),
log (LN ) ,
M
M

M ≥ CβκR(N + µ20 L) log2 (LN ).

(r

=R

−1

sup

ω∈[0,2π]

Yek∗ f ω
2

2

,

(30)

25

Xn = κ(hG, An iAn − E [hG, An iAn ]),
JMLR 18(7):1-37, 2017

Proof
Lemma 10 essentially bounds the operator norm of κA∗ A−I. In particular, to prove Theorem 2,
the reduced version with κ = 1 is needed. Lemma 2 essentially uses the matrix Bernstein inequality
to accomplish this task, taking

k

max κA∗k Ak (Yek−1 ) − Yek−1 ≤ 2−(k+1) .

then with probability at least 1 − O(M (LN )−β ), we have

µ2k

where µ2k is the coherence term defined by

Lemma 10 Let Ak be defined as in Equation (27), κ < M be the number of steps in the golfing
scheme and assume that M ≤ LN . Then as long as

M ≥ cβκ max N + µ20 L log2 (N L),

A.2.3 B OUND ON k(A∗ A − I)(G)k

Taking the union bound over the κ partitions completes the proof of the lemma.

we can see that we would need

||κPT A∗k Ak PT − PT || ≤ c max

Thus to appropriately bound

βκR(N + µ20 L)
≤ c
log2 (LN ).
M

Likewise we can bound the second term:




4∆κR(N + µ20 L)
M U12
(t
+
log(L
+
N
))
≤
2βU
log
log(LN )
U1 log
1
2
σX
log2 (2)M

We now have appropriate bounds on both the variance and Orliscz norm, permitting a bound on
the largest singular value via the Matrix Bernstein inequality. Specifically, we can see that the first
term in Theorem 6 with t = β log(LN ) > log(N + L) is bounded as
r
p
N + µ20 L
σX t + log(L + N ) ≤ 2κRβ
log(LN ).
M

S EQUENCE M EMORY IN R ECURRENT N ETWORKS

E [Xn∗ Xn ]

≤

n∈Γk

X

n∈Γk

X
h
i
E ||f n ||22 |hG, An i|2 z n z ∗n



E |hG, An i|2 An A∗n

3N κ
||G||2F ,
M

= κ2

≤ κ2

E [Xn Xn∗ ]

n∈Γk

X

Lκ
sup(kGfω k22 )
M ω
Lκ 2
µ kGk2F .
M

n∈Γk

X

1N



E kGf n k22 f n f ∗n



E |hG, An i|2 A∗n An

Lκ2
sup(kGfω k22 )
M2 ω

Lκ2
M2

n∈Γk

X

κ
kGk2F max {µ0 L, 3N } ,
M

=

≤

≤

=

≤ κ2

26

≤ cκ ||hG, An i||ψ2 ||||An ||F ||ψ2
r
||f n ||22 ||z n ||22
≤ cκ ||hG, An i||ψ2
ψ2
s
N
 |||trace(f n z ∗n G)||ψ2
= cκ
M 1 − 4−1/L
s
L
X
N

≤ cκ
||hgl , fn i||ψ2
M 2 1 − 4−1/L l=1
r
N 2 Lµ20 kGk2F
≤ cκ
.
M2

U1 = ||X||ψ1 ≤ 2κ ||hG, An iAn ||ψ1
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and to use Proposition 1 we just need to bound kXkψ2 . To start, we can see that

2
σX
≤

Using these bounds, we can write

n∈Γk

X

where the second inequality is due to Lemma 11 and ||f n ||22 ≤ N . For the other expectation

n∈Γk

X

P
P
and we just need to control || E [Xn Xn∗ ]|| and || E [Xn∗ Xn ]||. To bound the second of these, we
can calculate

C HARLES , Y IN AND ROZELL

σX

p



S EQUENCE M EMORY IN R ECURRENT N ETWORKS



r

LN µk2
log
M

t + log(L + N ) ≤ c ||G||F

(t + log(L + N ))
s
κ

s
LN µk2
log
M

s

M c ||G||F2 κ2

κβ
max{µk2 L, N } log(LN ),
M

LN µk2
M2
κ ||G||F2 max{µk2 L, N }

β log(LN )

c∆κLN µk2
M max{µk2 L, N }

!
β log(LN )

We can now apply the matrix Bernstein theorem with the calculated values of U1 and σX . Again
using t = β log(LN ), the first portion of the bound is


∆U12
σX

and the second portion of the bound is
U1 log
≤

c ||G||F

≤ c ||G||F κ
≤ cβ ||G||F κ


LN µk2
log min{µk2 L, N } log(LN ).
M

2
−β
2
We can now use Lemma
√ 12 to bound µk ≤ µ0 with probability 1−O(M (LN ) ) and Lemma 9
to bound
≤ 2−k R, which gives us a bound of

||Gk ||F

)
q
βκ
µ02 LN
log2 (LN ))
M

(r
κβR log(LN )
||(A∗ A − I)G|| ≤ c2−k/2 max
log(max{µ02 L, N }),
M

q
βκ
µ02 LN
log(LN ) log(min{µ02 L, N }) .
M

κβR log(LN )
log(LN ),
M

Simplifying the bound using R ≤ min{L, N },
(r
||(A∗ A − I)G|| ≤ c2−k/2 max

Taking
M ≥ cβκR max{N, Lµ02 } log2 (LN ),
proves the lemma. To simplify the bound on the probability, we note that Lemma 12 holds with
probability 1 − O(M (LN )−β ) and this lemma holds with probability 1 − O(κ(LN )−β ). Since κ <
M and assuming that M ≤ LN , we can write that the result holds with probability 1−O((LN )1−β ).
Additionally, since Lemma 12 holds when
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M ≥ cβκR N + Lµ02 log2 (LN ) ≥ cβκR max{N, Lµ02 } log2 (LN ),

Then both lemmas hold under the same condition.

27
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A.2.4 B OUND ON E |hC, An i|2 z n z n∗

Lemma 11 bounds the spectrum of the expected matrix


E |hG, An i|2 z n z n∗ :

L
X

l=1

zn [l]cl∗ f n

!∗

l=1

L
X

zn [l]cl∗ f n

zn [l]cl∗ f n zn [α]zn∗ [β]

L
X

l=1

!

zn [α]zn∗ [β]

#

Lemma 11 Suppose An = z n f n∗ be defined as the outer product of an i.i.d. random Gaussian
vector z n with zero mean and variance 1/M and a random Fourier vector f n . Then the operator
|hC, An i|2 z n z n∗ satisfies


3
Ez |hC, An i|2 z n z n∗  2 kC ∗ f n k22 IM ,
M
and


3
Ez,f |hC, An i|2 z n z n∗  2 kCkF2 IM .
M
Proof
To begin the proof, we look at the expectation of each element of the matrix. We first calculate
the expectation with respect to z n ,


2
"

∗ = Ez 

= Ez

l=1

k6=l



L
X
X
Re (zn∗ [l]zn [k]hcl∗ f n , ck∗ f n i) zn [α]zn∗ [β]
= Ez 
|zn [l]|2 |cl∗ f n |2 zn [α]zn∗ [β] + 2
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3
1
2
=
|c∗ f |2 + 2 kCf n k22 δα=β + 2 hcα∗ f n , cβ∗ f n iδα6=β .
2M 2 α n
M
M
We can then use the matrix formulation


3
1
Ez |hC, An i|2 z n z n∗ =
diag(Cf n f n∗ C ∗ ) + 2 kCf n k22 IM
2M 2
M
2
2
+ 2 Cf n f n∗ C ∗ + 2 diag(Cf n f n∗ C ∗ )
M
M
1
1
=
kCf n k22 IM + 2Cf n f n∗ C ∗ − diag(Cf n f n∗ C ∗ )
M2
2
3

kCf n k22 IM ,
M2
where to obtain the result we first use the linearity of the expectation along with the with the positivesemidefinite property of diag(Cf n f n∗ C ∗ ), proving the fist portion of the Lemma. To prove the
second portion we simply take an expectation with respect to f n :




3
3
kCf n k22 IM  2 kCkF2 I,M ,
Ez,f |hC, An i|2 z n z n∗  Ef
M2
M
completing the proof.

28

≤

2−1 µ2k−1 ,

l=1

2

l=1

n∈Γk

X X
1

sup
κhPT (An ), el f ∗ ihYek−1 , An i − hYek−1 , el f ∗ i
R ω
n∈Γk
l=1

2
L
h
i
X
X
1
∗ e
∗ e

sup
κhPT (An ), el f ihYk−1 , An i − E κhPT (An ), el f ihYk−1 , An i  .
R ω

L

L

X
1
hYek , el f ∗ i2
sup
R ω

n∈Γk

n∈Γk

≤ κ2

≤ κ

2

n∈Γk

X

n∈Γk

X

n∈Γk

E



z n f ∗n , el f ∗ i

+

hz n f ∗n V

V , el f i

∗

i

29
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i

+|hQQ∗ z n f ∗n V V ∗ , el f ∗ i|2 |hYek−1 , An i|2 .

|hQQ∗ z n f ∗n , el f ∗ i|2 + |hf ∗n V V ∗ , f ∗ izn [l]|2

+hQQ∗ z n f ∗n V V ∗ , el f ∗ i|2 |hYek−1 , An i|2

E [|hQQ

∗

h
i
−|E hPT (An ), el f ∗ ihYek−1 , An i |2

As in the matrix Bernstein formulation, we require both the variance and Orlicz norm. First we find
the variance,
i
X
X h
E [Xn Xn∗ ] = κ2
E |hPT (An ), el f ∗ i|2 |hYek−1 , An i|2

n∈Γk

To bound this quantity we use the scalar Bernstein inequality on each of the inner quantities
h
i
X
X
Xn =
κhPT (An ), el f ∗ ihYek−1 , An i − E κhPT (An ), el f ∗ ihYek−1 , An i .

=

=



µ2k =

Proof
In Lemma 12 we show that the coherence term reduces at each golfing iteration. Observe that

for all k ∈ [1, · · · , κ].

µ2k

then with probability at least 1 − O(κ(LN )−β ),

Lemma 12 Let µ2k be the coherence factor as defined in Equation (30), and additionally assume
that L > 1 and that LN > Rµ40 . If

M ≥ cβκR N + Lµ20 log2 (LN ),

A.2.5 C ONTRACTIVE P ROPERTY OF µ2k
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Using the fact that |zn [l]|2 = e∗l z n z ∗n el and Lemma 11, we obtain
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For the second term we have

n∈Γk

X

This sum consists of three terms. The first of which can be bounded using Lemma 11,
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Finally, for the third term, we have
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Summing the three bounds and using ||ql || ≤ 1 yields
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M 0
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≤ ||Q∗ z n ||2 ||Λk−1 V ∗ f n ||2

To use the Bernstein inequality it remains to find the Orlicz-1 norm of Xn . From Lemma 10 we
have
hYek−1 , An i

For the first term we have
2
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2

For the second term we have
2
2
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Similarly, for the final term we have
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Now we can calculate the total Orlicz norm as
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Since we wish to bound the square of the sum of terms, we calculate the square values of the
two terms in the Bernstein inequality. The first term is bounded by


N
||ql ||22 + 2Rµ02 log(LN ),
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and the second term is bounded by
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where the last step assumes L > 1 and LN > Rµ04 . Each summand is then bounded by the
maximum of these two quantities with probability 1 − O(|Γk |(LN )−β ), the |Γk | term coming from
the union bound over all terms in each inner sum.
Using this bound on each summand, we obtain the total bound by taking a union bound, summing over l ∈ [1, · · · , L], and dividing by R, yielding a bound of the maximum of


N
+ 2Lµ04 log(LN ),
M
and
t2 Uα2 log2

with probability 1 − O(M (N L)−β ). To complete the proof, we note that if we have

M ≥ cβκR N + Lµ02 log2 (LN ),

2 .
then both terms in this bound are less than µk−1
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Many data sets can be viewed as a noisy sampling of an underlying space, and tools from
topological data analysis can characterize this structure for the purpose of knowledge discovery. One such tool is persistent homology, which provides a multiscale description of
the homological features within a data set. A useful representation of this homological
information is a persistence diagram (PD). Efforts have been made to map PDs into spaces
with additional structure valuable to machine learning tasks. We convert a PD to a finitedimensional vector representation which we call a persistence image (PI), and prove the
stability of this transformation with respect to small perturbations in the inputs. The
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(ii) the representation is stable with respect to input noise,

(i) the output of the representation is a vector in Rn ,

JMLR 18(8):1-35, 2017

Problem Statement: How can we represent a persistence diagram so that

In recent years, the field of topology has grown to include a large set of computational tools
(Edelsbrunner and Harer, 2010). One of the fundamental tools is persistent homology, which
tracks how topological features appear and disappear in a nested sequence of topological
spaces (Edelsbrunner and Harer, 2008; Zomorodian and Carlsson, 2005). This multiscale
information can be represented as a persistence diagram (PD), a collection of points in the
plane where each point (x, y) corresponds to a topological feature that appears at scale
x and disappears at scale y. We say the feature has a persistence value of y − x. This
compact summary of topological characteristics by finite multi-sets of points in the plane is
responsible, in part, for the surge of interest in applying persistent homology to the analysis
of complex, often high-dimensional data. Computational topology has been successfully
applied to a broad range of data-driven disciplines (Perea and Harer, 2013; Dabaghian
et al., 2012; Chung et al., 2009; Heath et al.; Singh et al., 2008; Topaz et al., 2015; Pearson
et al., 2015).
Concurrent with this revolution in computational topology, a growing general interest
in data analysis has driven advances in data mining, pattern recognition, and machine
learning (ML). Since the space of PDs can be equipped with a metric structure (bottleneck
or Wasserstein (Mileyko et al., 2011; Turner et al., 2014)), and since these metrics reveal
the stability of PDs under small perturbations of the data they summarize (Cohen-Steiner
et al., 2007, 2010; Chazal et al., 2014), it is possible to perform a variety of ML techniques
using PDs as a statistic for clustering data sets. However, many other useful ML tools
and techniques (e.g., support vector machines (SVM), decision tree classification, neural
networks, feature selection, and dimension reduction methods) require more than a metric
structure. In addition, the cost of computing the bottleneck or Wasserstein distance grows
quickly as the number of off-diagonal points in the diagrams increases (Di Fabio and Ferri,
2015). To resolve these issues, considerable effort (which we review in §2) has been made
to map PDs into spaces which are suitable for other ML tools (Bubenik, 2015; Reininghaus
et al., 2015; Rouse et al., 2015; Adcock et al., 2016; Donatini et al., 1998; Ferri et al., 1997;
Chung et al., 2009; Pachauri et al., 2011; Bendich et al., 2016; Chen et al., 2015; Carrière
et al., 2015; Di Fabio and Ferri, 2015). With the benefits and drawbacks of these approaches
in mind, we pose the following question:

1. Introduction

discriminatory power of PIs is compared against existing methods, showing significant performance gains. We explore the use of PIs with vector-based machine learning tools, such
as linear sparse support vector machines, which identify features containing discriminating
topological information. Finally, high accuracy inference of parameter values from the dynamic output of a discrete dynamical system (the linked twist map) and a partial differential
equation (the anisotropic Kuramoto-Sivashinsky equation) provide a novel application of
the discriminatory power of PIs.
Keywords: topological data analysis, persistent homology, persistence images, machine
learning, dynamical systems
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(iii) the representation is efficient to compute,
(iv) the representation maintains an interpretable connection to the original PD, and
(v) the representation allows one to adjust the relative importance of points in different
regions of the PD?
The main contribution of this paper is to study a finite-dimensional-vector representation of a PD called a persistence image (PI). We first map a persistence diagram B to an
integrable function ρB : R2 → R called a persistence surface. The surface ρB is defined as
a weighted sum of Gaussian functions,1 one centered at each point in the PD. The idea of
persistence surfaces has appeared even prior to the development of persistent homology, in
Donatini et al. (1998) and Ferri et al. (1997). Taking a discretization of a subdomain of
ρB defines a grid. A persistence image, i.e., a matrix of pixel values, can be created by
computing the integral of ρB on each grid box. This PI is a “vectorization” of the PD, and
provides a solution to the problem statement above.
Criterion (i) is the primary motivation for developing PIs. A large suite of ML techniques and statistical tools (means and variances) already exist to work with data in Rn .
Additionally, such a representation allows for the use of various distance metrics (p-norms
and angle based metrics) and other measures of (dis)similarity. The remaining criteria of
the problem statement (ii-v) further ensure the usefulness of this representation.
The desired flexibility of (v) is accomplished by allowing one to build a PI as a weighted
sum of Gaussians, where the weightings may be chosen from a broad class of weighting
functions.2 For example, a typical interpretation is that points in a PD of high persistence
are more important than points of low persistence (which may correspond to noise). One
may therefore build a PI as a weighted sum of Gaussians where the weighting function is
non-decreasing with respect to the persistence value of each PD point. However, there are
situations in which one may prefer different measures of importance. Indeed, Bendich et al.
(2016) find that, in their regression task of identifying a human brain’s age from its arterial
geometry, the points of medium persistence (not high persistence) best distinguish the data.
In such a setting, one may choose a weighting function with largest values for the points of
medium persistence. In addition, the Homology Inference Theorem (Cohen-Steiner et al.,
2007) states that when given a sufficiently dense finite sample from a space X, the points
in the PD with sufficiently small birth times (and sufficiently high persistence) recover the
homology groups of the space; hence one may choose a weighting function that emphasizes
points near the death-axis and away from the diagonal, as indicated in the leftmost yellow
rectangle of Figure 2.4 in Bendich (2009). A potential disadvantage of the flexibility in (v) is
that it requires a choice; however, prior knowledge of one’s particular problem may inform
that choice. Moreoever, our examples illustrate the effectiveness of a standard choice of
weighting function that is non-decreasing with the persistence value.
The remainder of this article is organized as follows. Related work connecting topological
data analysis and ML is reviewed in §2, and §3 gives a brief introduction to persistent homology, PDs from point cloud data, PDs from functions, and the bottleneck and Wasserstein
metrics. PIs are defined in §4 and their stability with respect to the 1-Wasserstein distance
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1. In general, ρB can be a weighted sum of probability density functions
2. Weighting functions are restricted only to the extent necessary for our stability results in §5.

3
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between PDs is proved in §5. Lastly, §6 contains examples of ML techniques applied to
PIs generated from samples of common topological spaces, an applied dynamical system
modeling turbulent mixing, and a partial differential equation describing pattern formation
in extended systems driven far from equilibrium. Our code for producing PIs is publicly
available at https://github.com/CSU-TDA/PersistenceImages.

2. Related Work

The space of PDs can be equipped with the bottleneck or Wasserstein metric (defined in §3),
and one reason for the popularity of PDs is that these metrics are stable with respect to small
deviations in the inputs (Cohen-Steiner et al., 2007, 2010; Chazal et al., 2014). Furthermore,
the bottleneck metric allows one to define Fréchet means and variances for a collection of
PDs (Mileyko et al., 2011; Turner et al., 2014). However, the structure of a metric space
alone is insufficient for many ML techniques, and a recent area of interest in the topological
data analysis community has been encoding PDs in ways that broaden the applicability of
persistence. For example, Adcock et al. (2016) study a ring of algebraic functions on the
space of persistence diagrams, and Verovšek (2016) identifies tropical coordinates on the
space of diagrams. Ferri and Landi (1999) and Di Fabio and Ferri (2015) encode a PD using
the coefficients of a complex polynomial that has the points of the PD as its roots.

Bubenik (2015) develops the notion of a persistence landscape, a stable functional representation of a PD that lies in a Banach space. A persistence landscape (PL) is a function
λ : N × R → [−∞, ∞], which can equivalently be thought of as a sequence of functions
λk : R → [−∞, ∞]. For 1 ≤ p ≤ ∞ the p-landscape distance between two landscapes λ
and λ0 is defined as kλ − λ0 kp ; the ∞-landscape distance is stable with respect to the bottleneck distance on PDs, and the p-landscape distance is continuous with respect to the
p-Wasserstein distance on PDs. One of the motivations for defining persistence landscapes
is that even though Fréchet means of PDs are not necessarily unique (Mileyko et al., 2011),
a set of persistence landscapes does have a unique mean. Unique means are also a feature
of PIs as they are vector representations. An advantage of PLs over PIs is that the map
from a PD to a PL is easily invertible; an advantage of PIs over PLs is that PIs live in
Euclidean space and hence are amenable to a broader range of ML techniques. In §6, we
compare PDs, PLs, and PIs in a classification task on synthetic data sampled from common
topological spaces. We find that PIs behave comparably or better than PDs when using
ML techniques available to both representations, but PIs are significantly more efficient to
compute. Also, PIs outperform PLs in the majority of the classification tasks and are of
comparable computational efficiency.
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A vector representation of a PD, due to Carrière et al. (2015), can be obtained by
rearranging the entries of the distance matrix between points in a PD. In their Theorem 3.2,
they prove that both the L∞ and L2 norms between their resulting vectors are stable with
respect to the bottleneck distance on PDs. They remark that while the L∞ norm is useful
for nearest-neighbor classifiers, the L2 norm allows for more elaborate algorithms such as
SVM. However, though their stability result for the L∞ norm is well-behaved, their constant
for the L2 norm scales undesirably with the number of points in the PD. We provide this as
motivation for our Theorem 10, in which we prove the L∞ , L1 , and L2 norms for PI vectors

4

statistical point of view by Chen et al. (2015); their applications in Section 4 use the L1
norm between these surfaces, which can be justified as a reasonable notion of distance due
to Theorem 9 that proves the L1 distance between such surfaces is stable.
Zeppelzauer et al. (2016) apply PIs to 3D surface analysis for archeological data, in
which the machine learning task is to distinguish scans of natural rock surfaces from those
containing ancient human-made engravings. The authors state they select PIs over other
topological methods because PIs are computationally efficient and can be used with a broader
set of ML techniques. PIs are compared to an aggregate topological descriptor for a PD: the
first entry of this vector is the number of points in the diagram, and the remaining entries
are the minimum, maximum, mean, standard deviation, variance, 1st-quartile, median, 3rdquartile, sum of square roots, sum, and sum of squares of all the persistence values. In their
three experiments, the authors find the following.

are stable with respect to the 1-Wasserstein distance between PDs, and in which none of
the constants depend on the number of points in the PD.
By superimposing a grid over a PD and counting the number of topological features in
each bin, Rouse et al. (2015) create a feature vector representation. An advantage of this approach is that the output is easier to interpret than other more complicated representations,
but a disadvantage is that the vectors are not stable for two reasons:
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4. Another standard representation is the barcode (Ghrist, 2008).

3. Our weighting function is continuous and zero for points of zero persistence, i.e., points along the diagonal.

5

Homology is an algebraic topological invariant that, roughly speaking, describes the holes in
a space. The k-dimensional holes (connected components, loops, trapped volumes, etc.) of
a topological space X are encoded in an algebraic structure called the k-th homology group
of X, denoted Hk (X). The rank of this group is referred to as the k-th Betti number, βk ,
and counts the number of independent k-dimensional holes. For a comprehensive study of
homology, see the textbook by Hatcher (2002).
Given a nested sequence of topological spaces X1 ⊆ X2 ⊆ . . . ⊆ Xn , the inclusion
Xi ⊆ Xi0 for i ≤ i0 induces a linear map Hk (Xi ) → Hk (Xi0 ) on the corresponding k-th
homology for all k ≥ 0. The idea of persistent homology is to track elements of Hk (Xi )
as the scale (or “time”) parameter i increases (Edelsbrunner and Harer, 2008; Zomorodian
and Carlsson, 2005; Edelsbrunner and Harer, 2010). A standard way to represent persistent
homology information is a persistence diagram (PD),4 which is a multiset of points in the
Cartesian plane R2 . For a fixed choice of homological dimension k, each homological feature
is represented by a point (x, y), whose birth and death indices x and y are the scale parameters at which that feature first appears and disappears, respectively. Since all topological

6

3. Background on Persistent Homology
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Furthermore, Zeppelzauer et al. (2016, Table 1) demonstrate that for their machine learning
task, PIs have low sensitivity to the parameter choices of resolution and variance (§4).

• The authors added PIs and the aggregate descriptor to eleven different non-topological
baseline descriptors, and found that the classification accuracy of the baseline descriptor was improved more by the addition of PIs than by the addition of the aggregate
descriptor.

• When the natural rock and engraved surfaces are first preprocessed using the completed
local binary pattern (CLBP) operator for texture classificiation (Guo et al., 2010), PIs
outperform the aggregate descriptor.

• When classifying natural rock surfaces from engravings using PDs produced from the
sublevel set filtration, PIs outperform the aggregate descriptor.

Source (i) of instability can be improved by first smoothing a PD into a surface. This idea
has appeared multiple times in various forms—even prior to the development of persistent
homology, Donatini et al. (1998) and Ferri et al. (1997) convert size functions (closely related
to 0-dimensional PDs) into surfaces by taking a sum of Gaussians centered on each point in
the diagram. This conversion is not stable due to (ii), and we view our work as a continued
study of these surfaces, now also in higher homological dimensions, in which we introduce
a weighting function3 to address (ii) and obtain stability. Chung et al. (2009) produce a
surface by convolving a PD with the characteristic function of a disk, and Pachauri et al.
(2011) produce a surface by centering a Gaussian on each point, but both of these methods
lack stability again due to (ii). Surfaces produced from random PDs are related to the
empirical intensity plots of Edelsbrunner et al. (2012).
Reininghaus et al. (2015) produce a stable surface from a PD by taking the sum of a
positive Gaussian centered on each PD point together with a negative Gaussian centered
on its reflection below the diagonal; the resulting surface is zero along the diagonal. This
approach is similar to PIs, and indeed we use a result of Reininghaus et al. (2015, Theorem 3) to show that persistence surfaces are stable only with respect to the 1-Wasserstein
distance (Remark 6). Nevertheless, we propose our independently-developed surfaces as an
alternative stable representation of PDs with the following potential advantages. First, the
sum of non-negatively weighted Gaussians in PIs may be easier to interpret than a sum
including negative Gaussians. Second, we produce vectors from persistence surfaces with
well-behaved stability bounds, allowing one to use vector-based learning methods such as
linear SVM. Indeed, Zeppelzauer et al. (2016) report that while the kernel of Reininghaus
et al. (2015) can be used with nonlinear SVMs, in practice, this becomes inefficient for a
large number of training vectors because the entire kernel matrix must be computed. Third,
while the surface of Reininghaus et al. (2015) weights persistence points further from the
diagonal more heavily, there are situations in which one may prefer different weightings, as
discussed in §1 and item (v) of our Problem Statement. Hence, one may want weightings on
PD points that are non-increasing or even decreasing when moving away from the diagonal,
an option available in the PI approach.
We produce a persistence surface from a PD by taking a weighted sum of Gaussians
centered at each point. We create vectors, or PIs, by integrating our surfaces over a grid,
allowing ML techniques for finite-dimensional vector spaces to be applied to PDs. Persistence
images are stable, and distinct homology dimensions may be concatenated together into
a single vector to be analyzed simultaneously. Persistence surfaces are studied from the

(ii) a PD point emerging from the diagonal creates a discontinuous change.

(i) an arbitrarily small movement of a point in a PD may move it to another bin, and
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features die after they are born, necessarily each point appears on or above the diagonal
line y = x. A PD is a multiset of such points, as distinct topological features may have
the same birth and death coordinates.5 Points near the diagonal are often considered to be
noise while those further from the diagonal represent more robust topological features.
In this paper, we produce PDs from two different types of input data:
(i) When the data is a point cloud, i.e., a finite set of points in some space, then we
produce PDs using the Vietoris–Rips filtration.
(ii) When the data is a real-valued function, we produce PDs using the sublevel set filtration.6

inf

γ:B→B 0

u∈B

X

p
||u − γ(u)||∞

1/p

,

For setting (i), point cloud data often comes equipped with a metric or a measure of internal (dis)similarity and is rich with latent geometric content. One approach to identifying
geometric shapes in data is to consider the data set as the vertices of a simplicial complex
and to add edges, triangles, tetrahedra, and higher-dimensional simplices whenever their
diameter is less than a fixed choice of scale. This topological space is called the Vietoris–
Rips simplicial complex, which we introduce in more detail in §A.2. The homology of the
Vietoris–Rips complex depends crucially on the choice of scale, but persistent homology
eliminates the need for this choice by computing homology over a range of scales (Carlsson,
2009; Ghrist, 2008). In §6.1–6.4.1, we obtain PDs from point cloud data using the Vietoris–
Rips filtered simplicial complex, and we use ML techniques to classify the point clouds by
their topological features.
In setting (ii), our input is a real valued function f : X → R defined on some domain X.
One way to understand the behavior of map f is to understand the topology of its sublevel
sets f −1 ((−∞, ]). By letting  increase, we obtain an increasing sequence of topological
spaces, called the sublevel set filtration, which we introduce in more detail in §A.3. In
§6.4.2, we obtain PDs from surfaces u : [0, 1]2 → R produced from the Kuramoto-Sivashinsky
equation, and we use ML techniques to perform parameter classification.
In both settings, the output of the persistent homology computation is a collection of
PDs encoding homological features of the data across a range of scales. Let D denote the
set of all PDs. The space D can be endowed with metrics as studied by Cohen-Steiner et al.
(2007) and Mileyko et al. (2011). The p-Wasserstein distance defined between two PDs B
and B 0 is given by
Wp (B, B 0 ) =

γ:B→B u∈B

where 1 ≤ p < ∞ and γ ranges over bijections between B and B 0 . Another standard
choice of distance between diagrams is W∞ (B, B 0 ) = inf 0 sup ||u − γ(u)||∞ , referred to as
the bottleneck distance. These metrics allow us to measure the (dis)similarity between the
homological characteristics of two data sets.
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5. By convention, all points on the diagonal are taken with infinite multiplicity. This facilitates the definitions of the p-Wasserstein and bottleneck distances below.
6. As explained in §A.3, (i) can be viewed as a special case of (ii).
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1 −[(x−ux )2 +(y−uy )2 ]/2σ2
e
.
2πσ 2

We propose a method for converting a PD into a vector while maintaining an interpretable
connection to the original PD. Figure 1 illustrates the pipeline from data to PI starting with
spectral and spatial information in R5 from an immunofluorescent image of a circulating
tumor cell (Emerson et al., 2015).
Precisely, let B be a PD in birth-death coordinates.7 Let T : R2 → R2 be the linear
transformation T (x, y) = (x, y − x), and let T (B) be the transformed multiset in birthpersistence coordinates,8 where each point (x, y) ∈ B corresponds to a point (x, y − x) ∈
T (B). Let φu : R2 → R be a differentiable probability distribution with mean u = (ux , uy ) ∈
R2 . In all of our applications, we choose this distribution to be the normalized symmetric
Gaussian φu = gu with mean u and variance σ 2 defined as
gu (x, y) =

We fix a nonnegative weighting function f : R2 → R that is zero along the horizontal axis,
continuous, and piecewise differentiable. With these ingredients, we transform the PD into
a scalar function over the plane.

u∈T (B)

Definition 1 For B a PD, the corresponding persistence surface ρB : R2 → R is the function
X
f (u)φu (z).
ρB (z) =

p ρB

˜

dydx.

The weighting function f is critical to ensure the transformation from a PD to a persistence
surface is stable, which we prove in §5.
Finally, the surface ρB (z) is reduced to a finite-dimensional vector by discretizing a relevant subdomain and integrating ρB (z) over each region in the discretization. In particular,
we fix a grid in the plane with n boxes (pixels) and assign to each the integral of ρB over
that region.

Definition 2 For B a PD, its persistence image is the collection of pixels I(ρB )p =

PIs provide a convenient way to combine PDs of different homological dimensions into a
single object. Indeed, suppose in an experiment the PDs for H0 , H1 , . . . , Hk are computed.
One can concatenate the PI vectors for H0 , H1 , . . . , Hk into a single vector representing all
homological dimensions simultaneously, and then use this concatenated vector as input into
ML algorithms.
When generating a PI, the user makes three choices: the resolution, the distribution
(and its associated parameters), and the weighting function. A strength of PIs is that they
are flexible; a weakness is that these choices are noncanonical.
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7. We omit points that correspond to features with infinite persistence, e.g., the H0 feature corresponding
to the connectedness of the complete simplicial complex.
8. Instead of birth-persistence coordinates, one could also use other choices such as birth-death or (average
size)-persistence coordinates. Our stability results (§5) still hold with only a slight modification to the
constants.
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diagram T(B)

surface
image

Figure 1: Algorithm pipeline to transform data into a persistence image.

birth

diagram B

9

JMLR 18(8):1-35, 2017

Due to the unavoidable presence of noise or measurement error, tools for data analysis
ought to be stable with respect to small perturbations of the inputs. Indeed, one reason
for the popularity of PDs in topological data analysis is that the transformation of a data

5. Stability of Persistence Surfaces and Images

We use f (x, y) = wb (y), where b is the persistence value of the most persistent feature in all
trials of the experiment.
In the event that the birth coordinate is zero for all points in the PD, as is often the
case for H0 , it is possible to generate a 1-dimensional (instead of 2-dimensional) PI using
1-dimensional distributions. This is the approach we adopt. Appendix B displays examples
of PIs for the common topological spaces of a circle and a torus with various parameter
choices.

Resolution of the image: The resolution of the PI corresponds to the grid being
overlaid on the PD. The classification accuracy in the PI framework appears to be fairly
robust to choice of resolution, as discussed in §6.2 and by Zeppelzauer et al. (2016).
The Distribution: Our method requires the choice of a probability distribution associated to each point in the PD. The examples in this paper use a Gaussian centered at each
point, but other distributions may be used. The Gaussian distribution depends on a choice
of variance: we leave this choice as an open problem, though the experiments in §6.2 and
those of Zeppelzauer et al. (2016) show a low sensitivity to the choice of variance.
The Weighting Function: In order for our stability results in §5 to hold, our weighting
function f : R2 → R must be zero along the horizontal axis (the analogue of the diagonal
in birth-persistence coordinates), continuous, and piecewise differentiable. A simple choice
is a weighting function that depends only on the vertical persistence coordinate y. In order
to weight points of higher persistence more heavily, functions which are nondecreasing in y,
such as sigmoidal functions, are a natural choice. However, in certain ML tasks such as the
work of Bendich et al. (2016) the points of small or medium persistence may perform best,
and hence one may choose to use more general weighting functions. In our experiments
in §6, we use a piecewise linear weighting function f : R2 → R which only depends on the
persistence coordinate y. Given b > 0, define wb : R → R via


0 if t ≤ 0,
wb (t) = bt if 0 < t < b, and


1 if t ≥ b.

data

death

Persistence Images

persistence

(1)

(2)

by (2) and (1)

kρB − ρB 0 k∞ ≤

√

10

JMLR 18(8):1-35, 2017


10 kf k∞ |∇φ| + kφk∞ |∇f | W1 (B, B 0 ).

Theorem 4 The persistence surface ρ is stable with respect to the 1-Wasserstein distance
between diagrams: for B, B 0 ∈ D we have

≤ kf k∞ |∇φ| ku − vk2 + kφk∞ |∇f | ku − vk2

= kf k∞ |∇φ| + kφk∞ |∇f | ku − vk2 .

≤ kf k∞ |φu (z) − φv (z)| + kφk∞ |f (u) − f (v)|



|f (u)φu (z) − f (v)φv (z)| = f (u) φu (z) − φv (z) + f (u) − f (v) φv (z)

Proof For any z ∈ R2 , we have


Lemma 3 For u, v ∈ R2 , we have kf (u)φu −f (v)φv k∞ ≤ kf k∞ |∇φ|+kφk∞ |∇f | ku−vk2 .

since for any z ∈ R2 we have |φu (z) − φv (z)| = |φu (z) − φu (z + u − v)| ≤ |∇φ| ku − vk2 .
Recall that our nonnegative weighting function f : R2 → R is defined to be zero along
the horizontal axis, continuous, and piecewise differentiable.

kφu − φv k∞ ≤ |∇φ| ku − vk2

Recall φu : R2 → R is a differentiable probability distribution with mean u = (ux , uy ) ∈
R2 . We may safely denote |∇φu | by |∇φ| and kφu k∞ by kφk∞ since the maximal directional
derivative and supremum of a fixed differentiable probability distribution are invariant under
translation. Note that

|h(u) − h(v)| ≤ |∇h| ku − vk2 .

For h : R2 → R differentiable, define |∇h| = supz∈R2 k∇h(z)k2 to be the maximal norm
of the gradient vector of h, i.e., the largest directional derivative of h. It follows by the
fundamental theorem of calculus for line integrals that for all u, v ∈ R2 , we have

5.1 Stability for general distributions

set to a PD is stable (Lipschitz) with respect to the bottleneck metric and—given some
mild assumptions about the underlying data—is also stable with respect to the Wasserstein
metrics (Edelsbrunner and Harer (2010)). In §5.1, we show that persistence surfaces and
images are stable with respect to the 1-Wasserstein distance between PDs. In §5.2, we
prove stability with improved constants when the PI is constructed using the Gaussian
distribution.

Adams, et al.

u∈T (B)

X

f (u)φu −

f (γ(u))φγ(u) k∞

Persistence Images

u∈T (B)

kf (u)φu − f (γ(u))φγ(u) k∞
by Lemma 3.

√

Proof Since we assume B and B 0 consist of finitely many points, there exists a matching
γ that achieves the infimum in the Wasserstein distance. Then
X
X
kρB − ρB 0 k∞ = k

≤
u∈T (B)

√

√

ku − γ(u)k∞

u∈T (B)

X

u∈B


10 kf k∞ |∇φ| + kφk∞ |∇f | W1 (B, B 0 ).

10 kf k∞ |∇φ| + kφk∞ |∇f |

since kT (·)k2 ≤

5k · k∞

√
√
 X
ku − γ(u)k∞ since k · k2 ≤ 2k · k∞ in R2
2 kf k∞ |∇φ| + kφk∞ |∇f |

u∈T (B)

 X
≤ kf k∞ |∇φ| + kφk∞ |∇f |
ku − γ(u)k2
≤
≤
=

The step transforming from a sum over all u ∈ T (B) to one over all u ∈ B is necessary because the Wasserstein distance is defined
√ using birth-death coordinates, not birth-persistence
coordinates. The bound kT (·)k2 ≤ 5k · k∞ follows from the fact the unit ball with respect
to the L∞ norm in R2 (i.e., a square) gets mapped√under T to a parallelogram contained
inside a ball with respect to the L2 norm of radius 5.
It follows that persistence images are also stable.

√

Theorem 5 The persistence image I(ρB ) is stable with respect to the 1-Wasserstein distance
between diagrams. More precisely, if A is the maximum area of any pixel in the image, A0
is the total area of the image, and n is the number of pixels in the image, then
√

kI(ρB ) − I(ρB 0 )k∞ ≤ 10A kf k∞ |∇φ| + kφk∞ |∇f | W1 (B, B 0 )
√

kI(ρB ) − I(ρB 0 )k1 ≤ 10A0 kf k∞ |∇φ| + kφk∞ |∇f | W1 (B, B 0 )

10nA kf k∞ |∇φ| + kφk∞ |∇f | W1 (B, B 0 ).
kI(ρB ) − I(ρB 0 )k2 ≤

ρB dydz −

p

p

ρB − ρB 0 dydx
by Theorem 4.

¨

p

√
The constant for the L2 norm bound containing n goes to infinity as the resolution of
the image increases. For this reason, in Theorem 10 we provide bounds with better constants
in the specific case of Gaussian distributions.
Proof Note for any pixel p with area A(p) we have
¨
¨
ρB 0 dydx
|I(ρB )p − I(ρB 0 )p | =

=

≤ A(p)kρB − ρB 0 k∞
√

10A(p) kf k∞ |∇φ| + kφk∞ |∇f | W1 (B, B 0 )
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≤
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Hence we have
kI(ρB ) − I(ρB 0 )k∞ ≤
kI(ρB ) − I(ρB 0 )k1 ≤
kI(ρB ) − I(ρB 0 )k2 ≤
≤

Adams, et al.

nkI(ρB ) − I(ρB 0 )k∞

10nA kf k∞ |∇φ| + kφk∞ |∇f | W1 (B, B 0 ).

√

10A kf k∞ |∇φ| + kφk∞ |∇f | W1 (B, B 0 )

10A0 kf k∞ |∇φ| + kφk∞ |∇f | W1 (B, B 0 )
√

√

√

Remark 6 Recall D is the set of all PDs. The kernel k : D × D → R defined by k(B, B 0 ) =
hI(ρB ), I(ρB 0 )iRn is non-trivial and additive, and hence Theorem 3 of Reininghaus et al.
(2015) implies that k is not stable with respect to Wp for any 1 < p ≤ ∞. That is, when
1 < p ≤ ∞ there is no constant c such that for all B, B 0 ∈ D we have kI(ρB ) − I(ρB 0 )k2 ≤
cWp (B, B 0 ).

5.2 Stability for Gaussian distributions

In this section, we provide stability results with better constants in the case of Gaussian
distributions. With Gaussian distributions, we can control not only the L∞ distance but
also the L1 distance between two persistence surfaces.
Our results for 2-dimensional Gaussians will rely on the following lemma for 1-dimensional
Gaussians.

0

´t

kagu

√2
π

− bgv k1 ≤ |a − b| +

2

2 min{a, b}
|u − v|.
π
σ

e−u du. We show in Appendix C that

(3)

Lemma 7 For u, v ∈ R, let gu , gv : R → R be the normalized 1-dimensional Gaussians,
1
2
2
defined via gu (z) = √ e−(z−u) /2σ . If a, b > 0, then
σ 2π
r
Proof Let Erf(t) =

kagu − bgv k1 = F (v − u),
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where F : R → R is defined by
(
|a − b|

 2
 if z = 0
2
2 ln(a/b)
F (z) =
−z +2σ 2 ln(a/b)
√
√
aErf z +2σ
otherwise.
−
bErf
zσ2 2
zσ2 2
p
p
The roots of F 00 are z = ±σp 2 ln (a/b) and z = ±iσ 2 ln (a/b). If a > b, the unique
unique positive real root is
positive real
p root is za ≡ σ 2 ln (a/b)
p while if b > a, the p
zb ≡ −iσ 2 ln (a/b). Since F 0 (za ) = b 2/π/σ and F 0 (zb ) = a 2/π/σ, we conclude that
r
r
2 min{a, b}
2 min{a, b}
, and hence F (z) ≤ |a − b| +
|z|.
kF 0 k∞ =
π
σ
π
σ
The result follows by letting z = v − u.

12

u∈T (B)

X

f (u)gu −

kf (u)gu − f (γ(u))gγ(u) k1

u∈T (B)

X

u∈T (B)

X

f (γ(u))gγ(u)
1

r

13
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Theorem 10 The persistence image I(ρB ) with Gaussian distributions is stable with respect
to the 1-Wasserstein distance between diagrams. More precisely,
!
r
√
10 kf k∞
kI(ρB ) − I(ρB 0 )k1 ≤
5|∇f | +
W1 (B, B 0 )
π σ
!
r
√
10 kf k∞
kI(ρB ) − I(ρB 0 )k2 ≤
5|∇f | +
W1 (B, B 0 )
π σ
!
r
√
10 kf k∞
0
kI(ρB ) − I(ρB )k∞ ≤
5|∇f | +
W1 (B, B 0 ).
π σ

It follows that persistence images are also stable.

≤ |∇f | +

!
X
2 kf k∞
ku − γ(u)k2 by Lemma 8, where min{f (u), f (v)} ≤ kf k∞
π σ
u∈T (B)
!
r
√
√
10 kf k∞ X
5|∇f | +
ku − γ(u)k∞ since kT (·)k2 ≤ 5k · k∞
≤
π σ
u∈B
!
r
√
10 kf k∞
5|∇f | +
=
W1 (B, B 0 ).
π σ

≤

kρB − ρB 0 k1 =

Proof Since we assume B and B 0 consist of finitely many off-diagonal points, there exists
a matching γ that achieves the infimum in the Wasserstein distance. Then

Theorem 9 The persistence surface ρ with Gaussian distributions is stable with respect to
the 1-Wasserstein distance between diagrams: for B, B 0 ∈ D we have
!
r
√
10 kf k∞
0
kρB − ρB k1 ≤
W1 (B, B 0 ).
5|∇f | +
π σ

The proof of Lemma 8 is shown in Appendix C and uses a similar construction to that
of Lemma 7. We are prepared to prove the stability of persistence surfaces with Gaussian
distributions.

Lemma 8 For u, v ∈ R2 , let gu , gv : R2 → R be normalized 2-dimensional Gaussians. Then
!
r
2 min{f (u), f (v)}
ku − vk2 .
kf (u)gu − f (v)gv k1 ≤ |∇f | +
π
σ

Persistence Images

p

p

X¨
10 kf k∞
π σ

W1 (B, B 0 )

|ρB − ρB 0 | dydz

!

R2

¨
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Our synthetic data set consists of six shape classes: a unit cube, a circle of diameter one,
a sphere of diameter one, three clusters with centers randomly chosen in the unit cube,
three clusters within three clusters (where the centers of the minor clusters are chosen as
small—i.e., <0.1—random perturbations from the major cluster centers), and a torus with
a major diameter of one and a minor diameter of one half. We produce 25 point clouds of
500 points sampled uniformly at random from each of the six shapes, and then add a level
of Gaussian noise. This gives 150 point clouds in total.
We then compute the H0 and H1 PDs for the Vietoris–Rips filtration (§A.2) built from
each point cloud which have been endowed with the ambient Euclidean metric on R3 .
Our goal is to compare various methods for transforming PDs into distance matrices
to be used to establish proximity of topological features extracted from data. We create
32 · 22 = 36 distance matrices of size 150 × 150, using three choices of representation (PDs,

6.1 Comparison of PDs, PLs, and PIs using K-medoids Classification

We perform several experiments in order to assess the added value of our vector representation of PDs. First, in §6.1, we compare the performance of PDs, PLs, and PIs in a
classification task for a synthetic data set consisting of point clouds sampled from six different topological spaces using K-medoids, which requires only a metric space (instead of a
vector space) structure. We find that PIs produce consistently high classification accuracy,
and furthermore, the computation time for PIs is significantly faster than computing bottleneck or Wasserstein distances between PDs. In §6.2, we explore the impact that the choices
of parameters determining our PIs have on classification accuracy. We find that the accuracy
is insensitive to the particular choices of PI resolution and distribution variance. In §6.3, we
combine PIs with a sparse support vector machine classifier to identify the most strongly
differentiating pixels for classification; this is an example of a ML task which is facilitated
by the fact that PIs are finite vectors. Finally, as a novel machine learning application,
we illustrate the utility of PIs to infer dynamical parameter values in both continuous and
discrete dynamical systems: a discrete time system called the linked twist map in §6.4.1,
and a partial differential equation called the anisotropic Kuramoto-Sivashinsky equation in
§6.4.2.

6. Experiments

by Theorem 9. The claim follows since k · k2 ≤ k · k1 and k · k∞ ≤ k · k1 for vectors in Rn .

r

ρB 0 dydx ≤

5|∇f | +

p

¨

√

ρB dydz −

= kρB − ρB 0 k1 ≤

kI(ρB ) − I(ρB 0 )k1 =

Proof We have
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Persistence Images

PLs, PIs), three choices of metric (L1 , L2 , L∞ ),9 two choices of Gaussian noise (η = 0.05,
0.1), and two homological dimensions (H0 , H1 ). For example, the PD, H1 , L2 , η = 0.1,
distance matrix contains the 2-Wasserstein distances between the H1 PDs for the random
point clouds with noise level 0.1. By contrast, the PI, H1 , L2 , η = 0.1 distance matrix
contains all pairwise L2 distances between the PIs10 produced from the H1 PDs with noise
level 0.1.
We first compare these distance matrices based on how well they classify the random
point clouds into shape classes via K-medoids clustering (Kaufman and Rousseeuw, 1987;
Park and Jun, 2009). K-medoids produces a partition of a metric space into K clusters
by choosing K points from the data set called medoids and assigning each metric space
point to its closest medoid. The score of such a clustering is the sum of the distances from
each point to its closest medoid. The desired output of K-medoids is the clustering with
the minimal clustering score. Unfortunately, an exhaustive search for the global minimum
is often prohibitively expensive. A typical approach to search for this global minimum is
to choose a large selection of K random initial medoids, improve each selection of medoids
iteratively in rounds until the clustering score stabilizes and then return the identified final
clustering with the lowest score for each initialization. In our experiments, we choose 1,000
random initial selections of K = 6 medoids (as there are six shape classes) for each distance
matrix, improve each selection of medoids using the Voronoi iteration method (Park and
Jun, 2009), and return the clustering with the lowest classification score. To each K-medoids
clustering we assign an accuracy which is equal to the percentage of random point clouds
identifed with a medoid of the same shape class. In Table 1, we report the classification
accuracy of the K-medoids clustering with the lowest clustering score, for each distance
matrix.
Our second criterion for comparing methods to produce distance matrices is computational efficiency. In Table 1, we report the time required to produce each distance
matrix, starting with 150 precomputed PDs as input. In the case of PLs and PIs, this
time includes the intermediate step of transforming each PD into the alternate representation, as well as computing the pairwise distance matrix. All timings are computed on
a laptop with a 1.3 GHz Intel Core i5 processor and 4 GB of memory. We compute
bottleneck, 1-Wasserstein, and 2-Wasserstein distance matrices using the software of Kerber et al. (2016). For PL computations, we use the Persistence Landscapes Toolbox by
Bubenik and Dlotko (2016). Our MATLAB code for producing PIs is publically available
at https://github.com/CSU-TDA/PersistenceImages.
We see in Table 1 that PI distance matrices have higher classification accuracy than
nearly every PL distance matrix, and higher classification accuracy than PDs in half of the
trials.
Furthermore, the computation times for PI distance matrices are significantly lower
than the time required to produce distance matrices from PDs using the bottleneck or pWasserstein metrics. There is certainly no guarantee that PIs will outperform PDs or PLs
in any given machine learning task. However, in this experiment, persistent images provide
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9. The L1 , L2 , L∞ distances on PDs are more commonly known as the 1-Wasserstein, 2-Wasserstein, and
bottleneck distances.
10. For PIs in this experiment, we use variance σ = 0.1, resolution 20 × 20, and the weighting function
defined in §4.
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96.0%

Accuracy
(Noise 0.05)

24656s

37346s

Time
(Noise 0.05)

91.3%

96.0%

Accuracy
(Noise 0.1)

25138s

42613s

Time
(Noise 0.1)

Table 1: Comparing classification accuracy and times of PDs, PLs, and PIs. The timings
contain the computation time in seconds for producing a 150 × 150 distance matrix from 150
precomputed PDs. In the case of PLs and PIs, this requires first transforming each PD into
its alternate representation and then computing a distance matrix. We consider 36 distinct
distance matrices: three representations (PDs, PLs, PIs), two homological dimensions (H0 ,
H1 ), three choices of metric (L1 , L2 , L∞ ), and two levels of Gaussian noise (η = 0.05, 0.1).

91.3%

Distance Matrix
PD, H0 , L1

564s

1042s

PD, H0 , L2

97.3%

703s

66.7%

33s

1149s

984s

96.7%

2s

34s

63.3%

527s

82.0%

48s

96.0%
100%

29s

63.3%

657s
81.3%

29s

80.7%

1133s

92.7%

2s

9s

69s

100%
L∞

PD, H1 , L2

77.3%

36s

66.7%

60.7%

PL, H0 , L1

60.7%

66.7%

PD, H0 , L∞

PL, H0 , L2

83.3%

8s

50s

PD, H1 , L1

PL, H0 , L∞

83.3%

PD,

PL, H1 , L1

74.7%

H1 ,

L∞

PL, H1 , L2

PI, H1 , L1

PI, H0 , L∞

PI, H0 , L2

PI, H0 , L1

100%

100%

100%

94.0%

92.7%

93.3%

17s

17s

17s

9s

9s

9s

96.0%

96.0%

95.3%

96.0%

95.3%

95.3%

18s

18s

18s

9s

9s

9s

PL,

PI, H1 , L2

H1 ,

PI, H1 , L∞

a representation of persistent diagrams which is both useful for the classification task and
also computationally efficient.
6.2 Effect of PI Parameter Choice
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In any system that relies on multiple parameters, it is important to understand the effect of
parameter values on the system. As such, we complete a search of the parameter space used
to generate PIs on the shape data set described in §6.1 and measure K-medoids classification
accuracy as a function of the parameters. We use 20 different resolutions (ranging from 5 × 5
to 100 × 100 in increments of 5), a Gaussian function with 20 different choices of variance
(ranging from 0.01 to 0.2 in increments of 0.01), and the weighting function described in
§4. For each set of parameters, we compute the classification accuracy of the K-medoids
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6.3 Differentiating Homological Features by Sparse Support Vector Machine

The 1-norm regularized linear support vector machine (SVM), a.k.a. sparse SVM (SSVM)
classifies data by generating a separating hyperplane that depends on very few input space
features (Bradley and Mangasarian, 1998; Zhu et al., 2004; Zhang and Zhou, 2010). Such a
model can be used for reducing data dimension or selecting discriminatory features. Note
that linear SSVM feature selection is implemented on vectors and therefore, can be used on
our PIs to select discriminatory pixels during classification. Other PD representations in
the literature (Reininghaus et al., 2015; Pachauri et al., 2011) are designed to use kernel ML
methods, such as kernel (nonlinear) SVMs. However, constructing kernel SVM classifiers

Figure 3: SSVM-based feature (pixel) selection for H1 PIs from two classes of the synthetic
data. Selected pixels are marked by blue crosses. (a) A noisy circle with the two selected
pixels (indices 21 and 22 out of 400). (b) A noisy torus with the two selected pixels (indices
59 and 98 out of 400). The PI parameters used are resolution 20 × 20 and variance 10−4 ,
for noise level 0.05.

We adopt the one-against-all (OAA) SSVM on the sets of H0 and H1 PIs from the six
class shape data. In a one-against-all SSVM, there is one binary SSVM for each class to
separate members of that class from members of all other classes. The PIs were generated
using resolution 20 × 20, variance 0.0001, and noise level 0.05. Note that because of the
resolution parameter choice of 20 × 20, each PI is a 400-dimensional vector, and the selected
features will be a subset of indices corresponding to pixels within the PI. Using 5-fold crossvalidated SSVM resulted in 100% accuracy comparing six sparse models with indications
of the discriminatory features. Feature selection is performed by retaining the features
(again, in this application, pixels) with non-zero SSVM weights, determined by magnitude
comparison using weight ratios; for details see Chepushtanova et al. (2014). Figure 3 provides
two examples, indicating the pixels of H1 PIs that discriminate circles and tori from the other
classes in the synthetic data set.

using the 1-norm results in minimizing the number of kernel functions, not the number of
features in the input space (i.e., pixels in our application) (Fung and Mangasarian, 2004).
Hence, for the purpose of feature selection or more precisely, PI pixel selection, we employ
the linear SSVM.

Adams, et al.

Feature selection produces highly interpretable results. The discriminatory pixels in the
H1 PIs that separate circles from the other classes correspond to the region where highly
persistent H1 topological features exist across all samples of a noisy circle (highlighted
in Figure 3a). Alternatively, the discriminatory pixels in H1 PIs that separate tori from
the other classes correspond to points of short to moderate persistence (see Figure 3b).
In this way, Figure 3b reiterates an observation of Bendich et al. (2016) that points of
short to moderate persistence can contain important discriminatory information. Similar
conclusions can be drawn from the discriminatory pixels of others classes (Appendix D).
Our classification accuracy of 100% is obtained using only those pixels selected by SSVM (a
cumulative set of only 10 distinct pixels).

clustering with the minimum clustering score on the two sets of noise levels for the homology
dimensions H0 and H1 . We observe that the classification accuracy is insensitive to the choice
of resolution and variance.
The plots in Figure 2 are characteristic of the 2-dimensional accuracy surface over all
combinations of parameters in the ranges of variances and resolutions we tested. In an
application to archeology, Zeppelzauer et al. (2016) find a similar robustness of PIs to the
choices of resolution and variance.

Figure 2: K-medoids classification accuracy as a function of resolution and variance for the
data set of six shape classes. First column: noise level η = 0.05. Second column: noise level
η = 0.1. First row: fixed variance 0.1 with resolutions ranging from 5 × 5 to 100 × 100 in
increments of 5. Second row: fixed resolution 20 × 20 with variances ranging from 0.01 to
0.2 in increments of 0.01.
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6.4 Application: Determination of Dynamical System Parameters
Models of dynamic physical phenomenon rarely agree perfectly with the reality they represent. This is often due to the presence of poorly-resolved (or poorly-understood) processes
which are parameterized rather than treated explicitly. As such, determination of the influence of a model parameter—which may itself be an incompletely-described conglomeration
of several physical parameters—on model dynamics is a mainstay of dynamical system analysis. In the case of fitting a dynamic model to data, i.e., explicit determination of optimal
model parameters, a variety of techniques exist for searching through parameter space, which
often necessitate costly simulations. Furthermore, such approaches struggle when applied
to models exhibiting sensitivity to initial conditions. We recast this problem as a machinelearning exercise based on the hypotheses that model parameters will be reflected directly
in dynamic data in a way made accessible by persistent homology.
6.4.1 A discrete dynamical model

mod 1,

mod 1

We approach a classification problem with data arising from the linked twist map, a discrete
dynamical system modeling fluid flow. Hertzsch et al. (2007) use the linked twist map
to model flows in DNA microarrays with a particular interest in understanding turbulent
mixing. This demonstrates a primary mechanism giving rise to chaotic advection. The linked
twist map is a Poincaré section of eggbeater-type flow (Hertzsch et al., 2007) in continuous
dynamical systems. The Poincaré section captures the behavior of the flow by viewing a
particle’s location at discrete time intervals. The linked twist map is given by the discrete
dynamical system
yn+1 = yn + rxn (1 − xn )

xn+1 = xn + ryn (1 − yn )
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where r is a positive parameter. For some values of r, the orbits {(xn , yn ) : n = 0, . . . , ∞}
are dense in the domain. However, for other parameter values, voids form. In either case,
the truncated orbits {(xn , yn ) : n = 0, . . . , N ∈ N} exhibit complex structure.
For this experiment, we choose a set of parameter values, r = 2.5, 3.5, 4.0, 4.1 and
4.3, which produce a variety of orbit patterns. For each parameter value, 50 randomlychosen initial conditions are selected, and 1000 iterations of the linked twist map are used
to generate point clouds in R2 . Figure 4 shows examples of typical orbits generated for
each parameter value. The goal is to classify the trials by parameter value using PIs to
capitalize on distinguishing topological features of the data. We use resolution 20 × 20 and a
Gaussian with variance σ = 0.005 to generate the PIs. These parameters were chosen after
a preliminary parameter search and classification effort. Similar results hold for a range of
PI parameter values.
For a fixed r parameter value and a large number of points (many thousands), the
patterns in the distributions of iterates show only small visible variations for different choices
of the initial condition (x0 , y0 ). However, with few points, such as in Figure 5, there are
more significant variations in the patterns for different choices of initial conditions, making
classification more difficult.
We perform classification and cross-validation with a discriminant subspace ensemble.
This ML algorithm trains many “weak” learners on randomly chosen subspaces of the data
19
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Figure 4: Examples of the first 1000 iterations, {(xn , yn ) : n = 0, . . . , 1000}, of the linked
twist map with parameter values r = 2, 3.5, 4.0, 4.1 and 4.3, respectively.

Figure 5: Truncated orbits, {(xn , yn ) : n = 0, . . . , 1000}, of the linked twist map with fixed
r = 4.3 for different initial conditions (x0 , y0 ).

(of a fixed dimension), and classifies and assigns a score to each point based on the current
subspace. The final classification arises from an average of the scores of each data point over
all learners (Ho, 1998). We perform 10 trials and average the classification accuracies. For
the concatenated H0 and H1 PIs, this method achieves a classification accuracy of 82.5%;
compared to 49.8% when using only H0 PIs and 65.7% when using H1 PIs. This experiment
highlights two strengths of PIs: they offer flexibility in choosing a ML algorithm that is
well suited to the data under consideration, and homological information from multiple
dimensions may be leveraged simultaneously for greater discriminatory power.
This application is a brief example of the utility of PIs in classification of data from dynamical systems and modeling real-world phenomena, which provides a promising direction
for further applications of PIs.

6.4.2 A partial differential equation


2 
2
∂
∂
u +
u ,
∂x
∂y
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(4)

The Kuramoto-Sivashinsky (KS) equation is a partial differential equation for a function
u(x, y, t) of spatial variables x, y and time t that has been independently derived in a variety
of problems involving pattern formation in extended systems driven far from equilibrium.
Applications involving surface dynamics include surface nanopatterning by ion-beam erosion
(Cuerno and Barabási, 1995; Motta et al., 2012), epitaxial growth (Villain, 1991; Wolf, 1991;
Rost and Krug, 1995), and solidification from a melt (Golovin and Davis, 1998). In these
applications, the nonlinear term in the KS equation may be anisotropic, resulting in the
anisotropic Kuramoto-Sivashinsky (aKS) equation

∂
u = −∇2 u − ∇2 ∇2 u + r
∂t

20

2

2

21
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Figure 7: To illustrate the difficulty of our classification task, consider five instances of
surfaces u(x, y, 3) for r = 1.75 or r = 2, plotted on the same color axis. These surfaces
are found by numerical integration of Equation (4), starting from random initial conditions.
Can you group the images by eye?

Numerical simulations of the aKS equation for a range of parameter values (columns) and
simulation times (rows) are shown in Figure 6. For all simulations, the initial conditions were
low-amplitude white noise. We employed a Fourier spectral method with periodic boundary
conditions on a 512 × 512 spatial grid, with a fourth-order exponential time differencing
Runge-Kutta method for the time stepping. Five values for the parameter r were chosen,
namely r = 1, 1.25, 1.5, 1.75 and 2, and thirty trials were performed for each parameter
value. Figure 7 shows the similarity between surfaces associated to two parameter values
r = 1.75 and r = 2 at an early time.

Figure 6: Plots of height-variance-normalized surfaces u(x, y, ·) resulting from numerical
simulations of the aKS equation (4). Each column represents a different parameter value:
(from left) r = 1, 1.25, 1.5, 1.75 and 2. Each row represents a different time: t = 3 (top)
and t = 5 (bottom). By t = 5 any anisotropic elongation of the surface pattern has visibly
stabilized.

∂
∂
where ∇2 = ∂x
2 + ∂y 2 , and the real parameter r controls the degree of anisotropy. At
∗
a fixed time t , u(x, y, t∗ ) is a patterned surface (periodic in both x and y) defined over
the (x, y)-plane. Visibly, the anisotropy appears as a slight tendency for the pattern to be
elongated in the vertical or horizontal direction.
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11. Accuracy reported is averaged over 100 different training and testing partitions.

Figure 8: Histograms of the variances of surface heights for each parameter value, and the
normal distribution fit to each histogram, for times (a) t = 3 and (b) t = 5.
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We aim to identify the anisotropy parameter for each simulation using snapshots of
surfaces u(x, y, ·) as they evolve in time. Inference of the parameter using the surface
alone proves difficult for several reasons. First, Equation (4) exhibits sensitivity to initial
conditions: initially nearby solutions diverge quickly. Second, although the surface u(x, y, t∗ )
at a fixed time is an approximation due to the finite discretization of its domain, the spatial
resolution is still very large: in fact, these surfaces may be thought of as points in R266144 .
We were unable to perform standard classification techniques in this space. It was therefore
necessary to perform some sort of dimension reduction. One such method is to simply
‘resize’ the surface by coarsening the discretization of the spatial domain after computing
the simulation at a high resolution by replacing a block of grid elements with their average
surface height. The surfaces were resized in this way to a resolution of 10 × 10 and a
subspace discriminant ensemble was used to perform classification. Unsurprisingly, this
method performs very poorly at all times (first row of Table 2).
The anisotropy parameter also influences the mean and amplitude of the surface pattern.
We eliminate differences in the mean by mean-centering each surface after the simulation. To
assess the impact of the variance of surface height on our task, classification was performed
using a normal distribution-based classifier built on the variances of the surface heights. In
this classifier, a normal distribution was fit to a training set of 2/3 of the variances for each
parameter value, and the testing data was classified based on a z-test for each of the different
models. That is, a p-value for each new variance was computed for membership to the five
normal distributions (corresponding to the five parameter choices of r), and the surface
was classified based on the model yielding the highest p-value. After the pattern has more
fully emerged (by, say, time t = 5) this method of classification yields 75% accuracy,11 as
shown in Table 2. However, early on in the formation of the pattern, this classifier performs
very poorly because height variance is not yet a discriminating feature. Figure 8 shows the
normal distribution fit to the variance of the surfaces for each parameter value at times t = 3
and 5, and illustrates why the variance of surface height is informative only after a surface
is allowed to evolve for a sufficiently long time.

density

Persistence Images

Answer: (from left) r = 1.75, 2, 1.75, 2, 2.

Persistence Images

Time
t=3
26.0 %
20.74%
58.3 %
67.7 %
72.7 %

Time
t=5
19.3%
75.2%
96.0 %
87.3 %
95.3 %

Time
t=10
19.3 %
77.62 %
94.7 %
93.3%
97.3 %

Table 2: Classification accuracies at different times of the aKS solution, using different
classification approaches. Classification of times t = 15 and 20 result in accuracies similar
to t =10.
Classification Approach
Subspace Discriminant Ensemble, Resized Surfaces
Variance Normal Distribution Classifier
Subspace Discriminant Ensemble, H0 PIs
Subspace Discriminant Ensemble, H1 PIs
Subspace Discriminant Ensemble, H0 and H1 PIs

Variance of a surface is reflected in its sublevel set filtration (see §A.3 for more details)
PD. Yet, the PD and the subsequent PI contain additional topological structure, which
may reveal other influences of the anisotropy parameter on the evolution of the surface.
Persistence diagrams were computed using the sublevel set filtration, and PIs were generated
with resolution 10 × 10 and a Gaussian with variance σ = 0.01. We think of our pipeline
to a PI as a dimensionality reduction in this case, taking a surface which in actuality is
a very high-dimensional point and producing a much lower dimensional one that retains
meaningful characteristics of the original surface.
We again use a subspace discriminant ensemble to classify PIs by parameter. Table 2
compares these results to the same technique applied to low dimensional approximations
of the raw surfaces and the normal distribution-based classifier built from surface variance
alone. At each time in the system evolution, the best classification accuracy results from using PIs, improving accuracies over using either low resolution approximations of the surfaces
or variance of surface height alone by at least 20%, including at early times in the evolution
of the surface when pattern amplitudes are not visibly differentiated (see Figure 7). We
postulate that PIs capture more subtle topological information that is useful for identifying
the parameter used to generate each surface.
As we observed in §6.4.1, concatenating H0 and H1 PIs can notably improve the classification accuracy over either feature vector individually. We again note that classification
accuracy appears insensitive to the PI parameters. For example, when the variance of the
Guassians used to generate the PIs was varied from 0.0001 to 0.1, the classification accuracy
of the H0 PIs, changed by less than one percentage point. The classification accuracy for H1
fluctuated in a range of approximately five points. For a fixed variance, when the resolution
of the image was varied from 5 to 20, the H0 accuracy varied by little more than three points
until the accuracy dropped by six points for a resolution of 25.
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PIs performed remarkably well in this classification task, allowing one to capitalize on
subtle structural differences in the patterns and significantly reduce the dimension of the
data for classification. There is more to be explored in the realm of pattern formation and
persistence that is outside the scope of this paper.
23

7. Conclusion

Adams, et al.

PIs offer a stable representation of the topological characteristics captured by a PD. Through
this vectorization, we open the door to a myriad of ML tools. This serves as a vital bridge
between the fields of ML and topological data analysis and enables one to capitalize on
topological structure (even in multiple homological dimensions) in the classification of data.

We have shown PIs yield improved classification accuracy over PLs and PDs on sampled
data of common topological spaces at multiple noise levels using K-medoids. Additionally,
computing distances between PIs requires significantly less computation time compared to
computing distances between PDs, and comparable computation times with PLs. Through
PIs, we have gained access to a wide variety of ML tools, such as SSVM which can be used
for feature selection. Features (pixels) selected as discriminatory in a PI are interpretable
because they correspond to regions of a PD. We have explored data sets derived from
dynamical systems and illustrated that topological information of solutions can be used for
inference of parameters since PIs encapsulate this information in a form amenable to ML
tools, resulting in high accuracy rates for data that is difficult to classify.

The classification accuracy is robust to the choice of parameters for building PIs, providing evidence that it is not necessary to perform large-scale parameter searches to achieve
reasonable classification accuracy. This indicates the utility of PIs even when there is not
prior knowledge of the underlying data (i.e., high noise level, expected holes, etc.). The
flexibility of PIs allows for customization tailored to a wide variety of real-world data sets.
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Appendix A. Homology and Data
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Homology is an invariant that characterizes the topological properties of a topological space
X. In particular, homology measures the number of connected components, loops, trapped
volumes, and so on of a topological space, and can be used to distinguish distinct spaces
from one another. More explicitly, the k-dimensional holes of a space generate a homology
group, Hk (X). The rank of this group is referred to as the k-th Betti number, βk , and counts
the number of k-dimensional holes of X. For a comprehensive study of homology, see the
textbook of Hatcher (2002).
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• A square is included at scale  if all four of its vertices are present.

• An edge is included at scale  if both of its vertices are present.
Our PDs are obtained by taking the persistent homology of the sublevel set filtration of this
cubical complex.

• A vertex v is included at scale  if u(v) ≤ .

If X is a simplicial complex, then one can produce an increasing sequence of simplicial complexes using a modification of this procedure called the lower star filtration (Edelsbrunner
and Harer, 2010). Similarly, if X is a cubical complex (an analogue of a simplicial complex
that is instead a union of vertices, edges, squares, cubes, and higher-dimensional cubes),
then one can produce an increasing sequence of cubical complexes.
In §6.4.2, we study surfaces u : [0, 1]2 → R produced from the Kuramoto-Sivashinsky
equation. The domain [0, 1]2 is discretized into a grid of 512 × 512 vertices, i.e., a 2dimensional cubical complex with 5122 vertices, 511 · 512 horizontal edges, 511 · 512 vertical
edges, and 5112 squares. We produce an increasing sequence of cubical complexes as follows:

f −1 ((−∞, 1 ]) ⊆ f −1 ((−∞, 2 ]) ⊆ . . . ⊆ f −1 ((−∞, m ]).

Let X be a topological space and let f : X → R be a real-valued function. One way
to understand the behavior of map f is to understand the topology of its sublevel sets
f −1 ((−∞, ]), where  ∈ R. Indeed, given 1 ≤ 2 ≤ . . . ≤ m , one can study map f
using the persistent homology of the resulting filtration of topological spaces, known as the
sublevel set filtration:

A.3 Persistence Diagrams from Functions

a large number of connected components, and selecting  too large results in a topological
space that is contractible (equivalent to a single point).
The idea of persistent homology is to compute homology at many scales and observe
which topological features persist across those scales (Ghrist, 2008; Carlsson, 2009; Edelsbrunner and Harer, 2008). Indeed, if 1 ≤ 2 ≤ . . . ≤ m is an increasing sequence of
scales, then the corresponding Vietoris–Rips simplicial complexes form a filtered sequence
S1 ⊆ S2 ⊆ . . . ⊆ Sm . As  varies, so does the homology of S , and for any homological
dimension k we get a sequence of linear maps Hk (S1 ) → Hk (S2 ) → . . . → Hk (Sm ). Persistent homology tracks the homological features over a range of values of . Those features
which persist over a larger range are considered to be true topological characteristics, while
short-lived features are often considered as noise.
For each choice of homological dimension k, the information measured by persistent
homology can be presented as a persistence diagram (PD), a multiset of points in the plane.
Each point (x, y) = (, 0 ) corresponds to a topological feature that appears (is ‘born’) at
scale parameter  and which no longer remains (‘dies’) at scale 0 . Since all topological
features die after they are born, this is an embedding into the upper half plane, above the
diagonal line y = x. Points near the diagonal are considered to be noise while those further
from the diagonal represent more robust topological features.

Adams, et al.

One way to approximate the topological characteristics of a point cloud data set is to build
a simplicial complex on top of it. Though there are a variety of methods to do so, we restrict attention to the Vietoris–Rips simplicial complex due to its computational tractability
(Ghrist, 2008). Given a data set Y (equipped with a metric) and a scale parameter  ≥ 0,
the Vietoris–Rips complex S has Y as its set of vertices and has a k-simplex for every
collection of k + 1 vertices whose pairwise distance is at most . However, it is often not
apparent how to choose scale . Selecting  too small results in a topological space with

A.2 Persistence Diagrams from Point Cloud Data

where [v0 , . . . , vˆi , . . . , vk ] is the (k − 1)-simplex obtained from [v0 , . . . , vk ] by removing vertex vi . We define two subspaces of Ck : subspace Zk = ker(∂k ) is known as the k-cycles,
and subspace Bk = im(∂k+1 ) = ∂k+1 (Ck+1 ) is known as the k-boundaries. The boundary
operator satisfies the property ∂k ◦ ∂k+1 = 0, which implies the inclusion Bk ⊆ Zk .
Homology seeks to uncover an equivalence class of cycles that enclose a k-dimensional
hole—that is, cycles which are not also boundaries of k-simplices. To this end, the k-th
order homology is defined as Hk (S) = Zk /Bk , a quotient of vector spaces. The k-th Betti
number βk = dim(Hk (S)) is the dimension of this vector space, and counts the number
of independent holes of dimension k. More explicitly, β0 counts the number of connected
components, β1 the number of loops, β2 the number of trapped volumes, and so on. Betti
numbers are a topological invariant, meaning that topologically equivalent spaces have the
same Betti numbers.

i=0

k
X
∂k ([v0 , v1 , . . . , vk ]) =
(−1)i [v0 , . . . , vˆi , . . . , vk ],

Here, vector space Ck consists of all F-linear combinations of the k simplices of S, and has
as a basis the set of all k-simplices. The linear map ∂k : Ck → Ck−1 , known as the boundary
operator, maps a k-simplex to its boundary, a sum of its (k − 1)-faces. More formally, the
boundary map acts on a k-simplex [v0 , v1 , . . . , vk ] by

k
· · · → Ck+1 −−−→ Ck −→
Ck−1 → · · · .

∂k+1

The following setup is necessary for a rigorous definition of (simplicial) homology. To a
simplicial complex, one can associate a chain complex of vector spaces over a field F (often
a finite field Z/pZ for p a small prime),

• the non-empty intersection of any two simplices in S is a simplex in S.

• if σ is a simplex in S then S contains all lower-dimensional simplices of σ, and

Simplicial complexes are one way to define topological spaces combinatorially. More precisely, a simplicial complex S consists of vertices (0-simplices), edges (1-simplices), triangles
(2-simplices), tetrahedra (3-simplices), and higher-dimensional k-simplices (containing k + 1
vertices), such that

A.1 Simplicial Complexes and Homology

Persistence Images

Persistence Images

We remark that PDs from point cloud data in §A.2 can be viewed as a specific case of
PDs from functions. Indeed, given a data set X in some metric space (M, d), let dX : M → R
be the distance function to set X, defined by dX (m) = inf x∈X d(x, m) for all m ∈ M . Note
−1
that dX
((−∞, ]) is the union of the metric balls of radius  centered at each point in X.
For 1 ≤ 2 ≤ . . . ≤ m , the persistent homology of

−1
−1
−1
dX
((−∞, 1 ]) ⊆ dX
((−∞, 2 ]) ⊆ . . . ⊆ dX
((−∞, m ])

is identical to the persistent homology of a simplicial complex filtration called the Čech
complex. Furthermore, the persistent homology of the Vietoris–Rips complex is an approximation of the persistent homology of the Čech complex (Edelsbrunner and Harer, 2010,
Section III.2).

Appendix B. Examples of Persistence Images
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Figure 9: Examples of PIs for homology dimension H1 arising from a noisy circle with a
variety of resolutions and variances. The first row has resolution 5 × 5 while the second has
50 × 50. The columns have variance σ = 0.2, σ = 0.01, and σ = 0.0001, respectively.
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Figure 10: Examples of PIs for homology dimension H1 arising from a noisy torus with a
variety of resolutions and variances. The first row has resolution 5 × 5 while the second has
50 × 50. The columns have variance σ = 0.2, σ = 0.01, and σ = 0.0001, respectively.

Appendix C. Proofs of Equation (3) and Lemma 8

aErf

(
|a − b|

z 2 +2σ 2 ln(a/b)
√
zσ2 2



− bErf



−z 2 +2σ 2 ln(a/b)
√
zσ2 2



otherwise.

if z = 0

Let u, v ∈ R and a, b > 0. Equation (3) states that kagu −bgv k1 = F (v−u), where F : R → R
is defined by

F (z) =

ˆ

∞

z∗ =

ˆ

z∗

agu (z) − bgv (z)dz +

v 2 − u2 + 2σ 2 ln(a/b)
.
2(v − u)

|agu (z)−bgv (z)|dz =

−∞

bgv (z) − agu (z)dz .

(5)
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∞

z∗

ˆ

Proof If v = u then the statement follows from the fact that gu and gv are normalized to
have unit area under the curve. Hence we may assume u 6= v.
For u 6= v a straightforward calculation shows there is a unique real solution z ∗ to
agu (z) = bgv (z), namely

Note

kagu −bgv k1 =

−∞

28

∞

agu (z) dz =

Nearly identical calculations show

by substitution t =

−z 2 +2σ 2 ln(a/b)
√
.
zσ2 2

z∗
ˆ z∗

ˆ

z−u
√
σ 2

Plugging back into (5) gives kagu − bgv k1 = F (v − u).

a
(1 − Erf(P (v − u)))
2
b
bgv (z) dz = (1 + Erf(Q(v − u)))
2
−∞
ˆ ∞
b
bgv (z) dz = (1 − Erf(Q(v − u))) ,
2
z∗

z 2 +2σ 2 ln(a/b)
√
.
zσ2 2

|∇f | +

2 min{f (u), f (v)}
π
σ

!
ku − vk2 .
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Proof The result will follow from the observation that we can reduce the two-dimensional
case involving Gaussians centered at u, v ∈ R2 to one-dimensional Gaussians centered at 0
and r = ku − vk2 . Let u = (ux , uy ) and v = (vx , vy ); we may assume ux > vx w.l.o.g. Let
(r, θ) be the magnitude and angle of vector u − v when expressed in polar coordinates. The
change of variables (z, w) = Rθ (x − vx , y − vy ), where Rθ is the clockwise rotation of the

kf (u)gu − f (v)gv k1 ≤

r

Lemma 8. For u, v ∈ R2 , let gu , gv : R2 → R be normalized 2-dimensional Gaussians. Then

We now give the proof of Lemma 8.

where Q(z) =

where P (z) =

ˆ

ˆ z∗
a
2
2
agu (z) dz = √
e−(z−u) /2σ dz
σ 2π −∞
−∞
ˆ P (v−u)
a
2
e−t dt
=√
π −∞
!
ˆ P (v−u)
ˆ 0
a
2
2
=√
e−t dt
e−t dt +
π
0
−∞
√

√
a
π
π
=√
+
Erf(P (v − u))
2
2
π
a
= (1 + Erf(P (v − u))) ,
2

z∗

There are four integrals to compute, and we do each one in turn. We have
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Figure 11 shows locations of pixels in the vectorized PIs selected by OAA SSVM that
discriminate each class from all the others.

We performed feature selection using one-against-all (OAA) SSVM on the six classes of
synthetic data with noise level η = 0.05. The PIs used in the experiments were generated
from the H1 PDs, with the parameter choices of resolution 20 × 20 and variance σ = 0.0001.
Note that because of the resolution parameter choice of 20 × 20, each PI is a vector in
R400 , and the selected features will be a subset of indices corresponding to pixels within
the PI. We trained an OAA SSVM model for PIs of dimension H1 . In the experiment,
we used 5-fold cross-validation and obtained 100% overall accuracy. Feature selection was
performed by retaining the features with non-zero SSVM weights, determined by magnitude
comparison using weight ratios (Chepushtanova et al., 2014). The resulting six sparse models
contain subsets of discriminatory features for each class. Note that one can use only these
selected features for classification without loss in accuracy. These features correspond to
discriminatory pixels in the persistence images.

Appendix D. SSVM-based Feature Selection

kf (u)gu − f (v)gv k1
ˆ ∞ˆ ∞
f (u) −[(x−ux )2 +(y−uy )2 ]/2σ2
f (v) −[(x−vx )2 +(y−vy )2 ]/2σ2
=
e
−
e
dy dx
2
2
2πσ
2πσ
−∞ −∞
ˆ ∞ˆ ∞
f (u) −[w2 +(z−r)2 ]/2σ2
f (v) −[w2 +z 2 ]/2σ2
=
e
−
e
dz dw
2
2πσ 2
−∞ −∞ 2πσ
ˆ ∞

ˆ ∞
1
f (v)
f (u) −(z−r)2 /2σ2
2
2
2
2
√ e−w /2σ
√ e
− √ e−z /2σ dz dw
=
σ 2π
σ 2π
−∞ σ 2π
ˆ ∞−∞
1
−w2 /2σ 2
√ e
=kf (u)gr − f (v)g0 k1
dw with g0 , gr 1-dimensional Gaussians
−∞ σ 2π
=kf (u)gr − f (v)g0 k1
r
2 min{f (u), f (v)}
ku − vk2 by Lemma 7
≤|f (u) − f (v)| +
π
σ
!
r
2 min{f (u), f (v)}
≤ |∇f | +
ku − vk2 .
π
σ

plane by θ, gives
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Persistence Images

Figure 11: SSVM-based feature (pixel) selection for H1 PIs from the six classes of the
synthetic data. The parameters used are resolution 20 × 20 and variance 0.0001, for noise
level 0.05. Selected pixels are marked by blue crosses. (a) A noisy solid cube with the two
selected pixels (indices 59 and 79 out of 400). (b) A noisy torus with the two selected pixels
(indices 59 and 98 out of 400). (c) A noisy sphere with the five selected pixels (indices 58,
59, 60, 79, and 98 out of 400). (d) Noisy three clusters with the one selected pixel (index
20 out of 400). (e) Noisy three clusters within three clusters with the seven selected pixels
(indices 20, 40, 59, 60, 79, 80, and 98 out of 400). (f) A noisy circle with the two selected
pixels (indices 21 and 22 out of 400).
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1. The present paper was indeed developed in parallel with these two, first as a short version submitted to
ICML in 2011.

Spectral methods (Luxburg, 2007) are particularly suited for nonparametric settings,
where the underlying clusters are usually far from convex, making standard methods like
K-means irrelevant. However, a drawback of standard spectral approaches such as the wellknown variant of Ng, Jordan, and Weiss (2002) is their inability to separate intersecting
clusters. Indeed, consider the simplest situation where two straight clusters intersect at right
angle, pictured in Figure 1 below. The algorithm of Ng et al. (2002) is based on pairwise
affinities that are decreasing in the distances between data points, making it insensitive
to smoothness and, therefore, intersections. And indeed, this algorithm typically fails to
separate intersecting clusters, even in the easiest setting of Figure 1.
As argued in (Agarwal et al., 2005, 2006; Shashua et al., 2006), a multiway affinity
is needed to capture complex structure in data (here, smoothness) beyond proximity attributes. For example, Chen and Lerman (2009a) use a flatness affinity in the context of
hybrid linear modeling, where the surfaces are assumed to be affine subspaces, and subsequently extended to algebraic surfaces via the ‘kernel trick’ (Chen, Atev, and Lerman,
2009). Moving beyond parametric models, Arias-Castro, Chen, and Lerman (2011) introduce a localized measure of flatness.
Continuing this line of work, we suggest a spectral clustering method based on the estimation of the local linear structure (tangent bundle) via local principal component analysis
(PCA). The idea of using local PCA combined with spectral clustering has precedents in
the literature. In particular, our method is inspired by the work of Goldberg, Zhu, Singh,
Xu, and Nowak (2009), where the authors develop a spectral clustering method within a
semi-supervised learning framework. This approach is in the zeitgeist. While writing this
paper, we became aware of two concurrent publications, by Wang, Jiang, Wu, and Zhou
(2011) and by Gong, Zhao, and Medioni (2012), both proposing approaches very similar to
ours.1 We also mention the multiscale, spectral-flavored algorithm of Kushnir, Galun, and
Brandt (2006), which is also based on local PCA. We comment on these spectral methods

Figure 1: Two rectangular clusters intersecting at right angle. Left: the original data.
Center: a typical output of the standard spectral clustering method of Ng et al.
(2002), which is generally unable to resolve intersections. Right: a typical output
of our method.
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The task of multi-manifold clustering, where the data are assumed to be located near
surfaces embedded in Euclidean space, is relevant in a variety of applications. In cosmology,
it arises as the extraction of galaxy clusters in the form of filaments (curves) and walls
(surfaces) (Valdarnini, 2001; Martı́nez and Saar, 2002); in motion segmentation, moving
objects tracked along different views form affine or algebraic surfaces (Ma et al., 2008; Fu
et al., 2005; Vidal and Ma, 2006; Chen et al., 2009); this is also true in face recognition, in
the context of images of faces in fixed pose under varying illumination conditions (Ho et al.,
2003; Basri and Jacobs, 2003; Epstein et al., 1995).
We consider a stylized setting where the underlying surfaces are nonparametric in nature,
with a particular emphasis on situations where the surfaces intersect. Specifically, we assume
the surfaces are smooth, for otherwise the notion of continuation is potentially ill-posed. For
example, without smoothness assumptions, an L-shaped cluster is indistinguishable from
the union of two line-segments meeting at right angle.

1. Introduction

We propose a spectral clustering method based on local principal components analysis
(PCA). After performing local PCA in selected neighborhoods, the algorithm builds a
nearest neighbor graph weighted according to a discrepancy between the principal subspaces in the neighborhoods, and then applies spectral clustering. As opposed to standard
spectral methods based solely on pairwise distances between points, our algorithm is able
to resolve intersections. We establish theoretical guarantees for simpler variants within
a prototypical mathematical framework for multi-manifold clustering, and evaluate our
algorithm on various simulated data sets.
Keywords:
multi-manifold clustering, spectral clustering, local principal component
analysis, intersecting clusters
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in more detail later on. In fact, an early proposal also based on local PCA appears in the
literature on subspace clustering (Fan et al., 2006)—although the need for localization is
perhaps less intuitive in this setting.
The basic proposition of local PCA combined with spectral clustering has two main
stages. The first one forms an affinity between a pair of data points that takes into account
both their Euclidean distance and a measure of discrepancy between their tangent spaces.
Each tangent space is estimated by PCA in a local neighborhood around each point. The
second stage applies standard spectral clustering with this affinity. As a reality check, this
relatively simple algorithm succeeds at separating the straight clusters in Figure 1. We
tested our algorithm in more elaborate settings, some of them described in Section 4.
Other methods with a spectral component include those of Polito and Perona (2001)
and Goh and Vidal (2007), which (roughly speaking) embed the points by a variant of LLE
(Saul and Roweis, 2003) and then group the points by K-means clustering. There is also the
method of Elhamifar and Vidal (2011), which chooses the neighborhood of each point by
computing a sparse linear combination of the remaining points followed by an application
of the spectral graph partitioning algorithm of Ng et al. (2002). Note that these methods
work under the assumption that the surfaces do not intersect.
Besides spectral-type approaches to multi-manifold clustering, other methods appear in
the literature. Among these, Gionis et al. (2005) and Haro et al. (2007) allow for intersecting surfaces but assume that they have different intrinsic dimension or density—and
the proposed methodology is entirely based on such assumptions. We also mention the
K-manifold method of Souvenir and Pless (2005), which propose an EM-type algorithm;
and that of Guo et al. (2007), which propose to minimize an energy functional based on
pairwise distances and local curvatures, leading to a combinatorial optimization.
Our contribution is the design and detailed study of a prototypical spectral clustering
algorithm based on local PCA, tailored to settings where the underlying clusters come from
sampling in the vicinity of smooth surfaces that may intersect. We endeavored to simplify
the algorithm as much as possible without sacrificing performance. We provide theoretical
results for simpler variants within a standard mathematical framework for multi-manifold
clustering. To our knowledge, these are the first mathematically backed successes at the
task of resolving intersections in the context of multi-manifold clustering, with the exception
of (Arias-Castro et al., 2011), where the corresponding algorithm is shown to succeed at
separating intersecting curves. The salient features of our algorithm are illustrated via
numerical experiments.
The rest of the paper is organized as follows. In Section 2, we introduce our method
in various variants. In Section 3, we analyze the simpler variants in a standard mathematical framework for multi-manifold learning. In Section 4, we perform some numerical
experiments illustrating several features of our approach. In Section 5, we discuss possible
extensions.

2. The Methodology
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We introduce our algorithm and simpler variants that are later analyzed in a mathematical
framework. We start with some review of the literature, zooming in on the most closely
related publications.
3

2.1 Some Precedents

Arias-Castro, Lerman, and Zhang

Using local PCA within a spectral clustering algorithm was implemented in four other
publications we know of (Goldberg et al., 2009; Kushnir et al., 2006; Gong et al., 2012;
Wang et al., 2011). As a first stage in their semi-supervised learning method, Goldberg,
Zhu, Singh, Xu, and Nowak (2009) design a spectral clustering algorithm. The method
starts by subsampling the data points, obtaining ‘centers’ in the following way. Draw y 1 at
random from the data and remove its `-nearest neighbors from the data. Then repeat with
the remaining data, obtaining centers y 1 , y 2 , . . . . Let C i denote the sample covariance in
the neighborhood of y i made of its `-nearest neighbors. An m-nearest-neighbor graph is
then defined on the centers in terms of the Mahalanobis distances. Explicitly, the centers
y i and y j are connected in the graph if y j is among the m nearest neighbors of y i in
Mahalanobis distance
−1/2
kC i
(y i − y j )k,
(1)

Spectral Graph Partitioning (Ng, Jordan, and Weiss, 2002)

or vice-versa. The parameters ` and m are both chosen of order log n. An existing edge
between y i and y j is then weighted by exp(−Hij2 /η 2 ), where Hij denotes the Hellinger
distance between the probability distributions N (0, C i ) and N (0, C j ). The spectral graph
partitioning algorithm of Ng, Jordan, and Weiss (2002)—detailed in Algorithm 1—is then
applied to the resulting affinity matrix, with some form of constrained K-means. We note
that Goldberg et al. (2009) evaluate their method in the context of semi-supervised learning
where the clustering routine is only required to return subclusters of actual clusters. In
particular, the data points other than the centers are discarded. Note also that their
evaluation is empirical.
Algorithm 1

Input:
Affinity matrix W = (Wij ), size of the partition K

Steps:
p
Pn
Wij .
1: Compute Z = (Zij ) according to Zij = Wij / ∆i ∆j , with ∆i := j=1
2: Extract the top K eigenvectors of Z.
3: Renormalize each row of the resulting n × K matrix.
4: Apply K-means to the row vectors.
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The algorithm proposed by Kushnir, Galun, and Brandt (2006) is multiscale and works
by coarsening the neighborhood graph and computing sampling density and geometric information inferred along the way such as obtained via PCA in local neighborhoods. This
bottom-up flow is then followed by a top-down pass, and the two are iterated a few times.
The algorithm is too complex to be described in detail here, and probably too complex to
be analyzed mathematically. The clustering methods of Goldberg et al. (2009) and ours
can be seen as simpler variants that only go bottom up and coarsen the graph only once.
In the last stages of writing this paper, we learned of the works of Wang, Jiang, Wu, and
Zhou (2011) and Gong, Zhao, and Medioni (2012), who propose algorithms very similar to
our Algorithm 3 detailed below. Note that these publications do not provide any theoretical
guarantees for their methods, which is one of our main contributions here.

4

Connected Component Extraction: Comparing Covariances

(2)
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5

6

2.2.2 Connected Component Extraction: Comparing Local Projections
We present another variant also based on extracting the connected components of a neighborhood graph that compares orthogonal projections onto the largest principal directions.
See Algorithm 3.
We note that the local intrinsic dimension is determined by thresholding the eigenvalues
of the local covariance matrix, keeping the directions with eigenvalues within some range
of the largest eigenvalue. The same strategy is used by Kushnir et al. (2006), but with
a different threshold. The method is a hard version of what we implemented, which we
describe in Algorithm 4.
We note that neither algorithm includes an intersection-removal step as Step 2 in Algorithm 2. The reason is that the algorithms work without such a step. Indeed, we show in

of points within distance ε, including some across an intersection, so each cluster is strongly
connected. At the same time, ε needs to be small enough that a local linear approximation
to the surfaces is a relevant feature of proximity. Its choice is rather similar to the choice
of the scale parameter in standard spectral clustering (Ng et al., 2002; Zelnik-Manor and
Perona, 2005). The covariance scale η needs to be large enough that centers from the same
cluster and within distance ε of each other have local covariance matrices within distance
ηr2 , but small enough that points from different clusters near their intersection have local
covariance matrices separated by a distance substantially larger than ηr2 . This depends on
the curvature of the surfaces and the incidence angle at the intersection of two (or more)
surfaces. Note that a typical covariance matrix over a ball of radius r has norm of order
r2 , which justifies using our choice of parametrization. In the mathematical framework we
introduce later on, these parameters can be chosen automatically as done in (Arias-Castro
et al., 2011), at least when the points are sampled exactly on the surfaces. We will not
elaborate on that since in practice this does not inform our choice of parameters.
The rationale behind Step 2 is as follows. As we just discussed, the parameters need to
be tuned so that points from the same cluster and within distance ε have local covariance
matrices within distance ηr2 . Strictly speaking, this is true of points away from the boundary of the underlying surface. Hence, although xi and xj in Step 2 are meant to be from
different clusters, they could be from the same surface near its boundary. In the former
situation, since they are near each other, in our model this will imply that they are close to
an intersection. Therefore, roughly speaking, Step 2 removes points near an intersection,
but also points near the boundaries of the underlying surfaces. The reason that we require
xi and xj to be within distance r, as opposed to ε, is because otherwise removing the points
in Step 2 would create a “gap” of ε near an intersection which then cannot be bridged in
Steps 3-4. (Alternatively, one could replace r with ξ ∈ (r, ε) in Step 2, but this would
add this additional parameter ξ to the algorithm.) This step is in fact crucial as the local
covariance varies smoothly along the intersection of two smooth surfaces.
Although this method works in simple situations like that of two intersecting segments
(Figure 1), it is not meant to be practical. Indeed, extracting connected components is
known to be sensitive to spurious points and therefore unstable. Furthermore, we found
that comparing local covariance matrices as in affinity (2) tends to be less stable than
comparing local projections as in affinity (3), which brings us to our next variant.
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In words, the algorithm first computes local covariances (Step 1). It removes points that
are believed to be very near an intersection (Step 2)—we elaborate on this below. With
the remaining points, it creates an unweighted graph: the nodes of this graph are the data
points and edges are formed between two nodes if both the distance between these nodes
and the distance between the local covariance structures at these nodes are sufficiently small
(Step 3). The connected components of the resulting graph are extracted (Step 4) and the
points that survived Step 2 are labeled accordingly. Each point removed in Step 2 receives
the label of its closest labeled point (Step 5).
In principle, the neighborhood size r is chosen just large enough that performing PCA
in each neighborhood yields a reliable estimate of the local covariance structure. For this,
the number of points inside the neighborhood needs to be large enough, which depends on
the sample size n, the sampling density, intrinsic dimension of the surfaces and their surface
area (Hausdorff measure), how far the points are from the surfaces (i.e., noise level), and the
regularity of the surfaces. The spatial scale parameter ε depends on the sampling density
and r. It is meant to be larger than r and needs to be large enough that a point has plenty

4: Extract the connected components of the resulting graph.
5: Each point removed in Step 2 is grouped with the closest point that survived Step 2.

Wij = 1I{kxi −xj k≤ε} · 1I{kC i −C j k≤ηr2 } .

Steps:
1: For each i ∈ [n], compute the sample covariance matrix C i of Nr (xi ).
2: Remove xi when there is xj such that kxj − xi k ≤ r and kC j − C i k > ηr2 .
3: Compute the following affinities between data points:

Input:
Data points x1 , . . . , xn ; neighborhood radius r > 0; spatial scale ε > 0, covariance scale
η > 0.

Algorithm 2

Nr (x) = {xj : kx − xj k ≤ r}.

We start with our simplest variant, which is also the most natural. The method depends
on a neighborhood radius r > 0, a spatial scale parameter ε > 0 and a covariance (relative)
scale η > 0. For a vector x, kxk denotes its Euclidean norm, and for a (square) matrix A,
kAk denotes its spectral norm. For n ∈ N, we denote by [n] the set {1, . . . , n}. Given a
data set x1 , . . . , xn , for any point x ∈ RD and r > 0, define the neighborhood

2.2.1 Connected Component Extraction: Comparing Local Covariances

We now describe our method and propose several variants. Our setting is standard: we
observe data points x1 , . . . , xn ∈ RD that we assume were sampled in the vicinity of K
smooth surfaces embedded in RD . The setting is formalized later in Section 3.1.

2.2 Our Algorithms

Spectral Clustering Based on Local PCA

Algorithm 3

Spectral Clustering Based on Local PCA

Connected Component Extraction: Comparing Projections

Input:
Data points x1 , . . . , xn ; neighborhood radius r > 0, spatial scale ε > 0, projection scale
η > 0.

.

(3)

Steps:
1: For each i ∈ [n], compute the sample covariance matrix C i of Nr (xi ).
2: Compute the projection Qi onto the eigenvectors of C i with corresponding eigenvalue
√
exceeding η kC i k.
3: Compute the following affinities between data points:
Wij = 1I{kxi −xj k≤ε} · 1I
{kQi −Qj k≤η}

4: Extract the connected components of the resulting graph.

Theorem 1 that Algorithm 3 is able to separate the clusters—the only drawback is that it
may possibly treat the intersection of two surfaces as a cluster. And we show via numerical
experiments in Section 4 that Algorithm 4 performs well in a number of situations.
2.2.3 Covariances or Projections?

S1 = [−1, 1] × {0},

S2 = {(x, x tan θ) : x ∈ [− cos θ, cos θ]}.

In our numerical experiments, we tried working both directly with covariance matrices as
in (2) and with projections as in (3). Note that in our experiments we used spectral graph
partitioning with soft versions of these affinities, as described in Section 2.2.4. We found
working with projections to be more reliable. The problem comes, in part, from boundaries.
When a surface has a boundary, local covariances over neighborhoods that overlap with the
boundary are quite different from local covariances over nearby neighborhoods that do not
touch the boundary. Consider the example of two segments, S1 and S2 , intersecting at an
angle of θ ∈ (0, π/2) at their middle point, specifically

r2
12



1 0
,
0 0

C x1 =

r2
3

r2
,
4



1 0
,
0 0

r2
3

r2
sin θ.
3
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cos2 θ
sin(θ) cos(θ)
,
sin(θ) cos(θ)
sin2 θ

kC x1 − C x2 k =

C x2 =

Assume there is no noise and that the sampling is uniform. Assume r ∈ (0, 12 sin θ) so
that the disc centered at x1 := (1/2, 0) does not intersect S2 , and the disc centered at
x2 := ( 21 cos θ, 21 sin θ) does not intersect S1 . Let x0 = (1, 0). For x ∈ S1 ∪ S2 , let C x
denote the local covariance at x over a ball of radius r < 21 sin θ, so that the neighborhoods
of x0 , x1 , x2 are “pure”. The situation is described in Figure 2.
Simple calculations yield
C x0 =
so that
kC x0 − C x1 k =

7

Qx0 = Qx1 =

S1

−0.5

S2

kQx0 − Qx1 k = 0,

0.0

x2

●

●

●

x0

1.0

x1

0.5

kQx1 − Qx2 k =

8

√

2 sin θ.
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The following variant is more robust in practice and is the algorithm we actually implemented. The method assumes that the surfaces are of same dimension d and that there are
K of them, with both parameters K and d known.
We note that y 1 , . . . , y n0 forms an r-packing of the data. The underlying rationale
for this coarsening is justified in (Goldberg et al., 2009) by the fact that the covariance
matrices, and also the top principal directions, change smoothly with the location of the
neighborhood, so that without subsampling these characteristics would not help detect the
abrupt event of an intersection. The affinity (4) is of course a soft version of (3).

2.2.4 Spectral Clustering Based on Local PCA

While in theory points within distance r from the boundary account for a small portion
of the sample, in practice this is not the case, at least not with the sample sizes that we
are able to rapidly process. In fact, we find that spectral graph partitioning is challenged
by having points near the boundary that are far (in affinity) from nearby points from the
same cluster. This may explain why the (soft version of) affinity (3) yields better results
than the (soft version of) affinity (2) in our experiments.

so that

Therefore, when sin θ ≤ 43 (roughly, θ ≤ 48o ), the local covariances at x0 , x1 ∈ S1 are
farther (in operator norm) than those at x1 ∈ S1 and x2 ∈ S2 . As for projections, however,




1 0
cos2 θ
sin(θ) cos(θ)
, Qx2 =
,
0 0
sin(θ) cos(θ)
sin2 θ

Figure 2: Two segments intersecting. The local covariances (within the disc neighborhoods
drawn) at x1 and x2 are closer than the local covariances at x1 and x0 , even
though x0 and x1 are on the same segment.
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−1/2

(xi − xj )k + kC j

(xj − xi )k.
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That said, using Mahalanobis distances makes the procedure less sensitive to the
choice of ε, in that neighborhoods may include points from different clusters. Think
of two parallel line segments separated by a distance of δ, and assume there is no
noise, so the points are sampled exactly from these segments. Assuming an infinite
sample size, the local covariance is the same everywhere so that points within distance
ε are connected by the affinity (2). Hence, Algorithm 2 requires that ε < δ. In terms
of Mahalanobis distances, points on different segments are infinitely separated, so a

We actually tried this and found that the algorithm was less stable, particularly
under low noise. Introducing a regularization in this distance—which requires the
introduction of another parameter—solves this problem, at least partially.

kC i

−1/2

• Mahalanobis distances. Goldberg et al. (2009) use Mahalanobis distances (1) between
centers. In our version, we could for example replace the Euclidean distance kxi − xj k
in the affinity (2) with the average Mahalanobis distance

• Neighborhoods. Comparing with Goldberg et al. (2009), we define neighborhoods over
r-balls instead of `-nearest neighbors, and connect points over ε-balls instead of mnearest neighbors. This choice is for convenience, as these ways are in fact essentially
equivalent when the sampling density is fairly uniform. This is elaborated at length
in (Maier et al., 2009; Brito et al., 1997; Arias-Castro, 2011).

We highlight some differences with the other proposals in the literature. We first compare
our approach to that of Goldberg et al. (2009), which was our main inspiration.

2.2.5 Comparison with Closely Related Methods

3: Apply spectral graph partitioning (Algorithm 1) to W .
4: The data points are clustered according to the closest center in Euclidean distance.

Steps:
0: Pick one point y 1 at random from the data. Pick another point y 2 among the data
points not included in Nr (y 1 ), and repeat the process, selecting centers y 1 , . . . , y n0 .
1: For each i = 1, . . . , n0 , compute the sample covariance matrix C i of Nr (y i ). Let Qi
denote the orthogonal projection onto the space spanned by the top d eigenvectors of C i .
2: Compute the following affinities between center pairs:
!
!
ky i − y j k2
kQi − Qj k2
Wij = exp −
· exp −
.
(4)
ε2
η2

Input:
Data points x1 , . . . , xn ; neighborhood radius r > 0; spatial scale ε > 0, projection scale
η > 0; intrinsic dimension d; number of clusters K.

Algorithm 4

Spectral Clustering Based on Local PCA

s=1

d
Y

!α
cos θs (i, j)

,

10
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where ∆ij = 1 if xi is among the `-nearest neighbors of xj , or vice versa, while ∆ij = 0
otherwise; θ1 (i, j) ≥ · · · ≥ θd (i, j) are the principal (a.k.a., canonical) angles (Stewart and
Sun, 1990) between the estimated tangent subspaces at xi and xj . ` and α are parameters
of the method. Gong et al. (2012) define an affinity that incorporates the self-tuning method
of Zelnik-Manor and Perona (2005); in our notation, their affinity is
!


(sin−1 (kQi − Qj k))2
kxi − xj k2
exp −
· exp − 2
.
εi εj
η kxi − xj k2 /(εi εj )

Wij = ∆ij ·

As we mentioned above, our work was developed in parallel to that of Wang et al. (2011)
and Gong et al. (2012). We highlight some differences. First, there is no subsampling, but
rather, the local tangent space is estimated at each data point xi . Wang et al. (2011) fit a
mixture of d-dimensional affine subspaces to the data using MPPCA (Tipping and Bishop,
1999), which is then used to estimate the tangent subspaces at each data point. Gong
et al. (2012) develop some sort of robust local PCA. While Wang et al. (2011) assume all
surfaces are of same dimension known to the user, Gong et al. (2012) estimate that locally
by looking at the largest gap in the spectrum of estimated local covariance matrix. This
is similar in spirit to what is done in Step 2 of Algorithm 3, but we did not include this
step in Algorithm 4 because we did not find it reliable in practice. We also tried estimating
the local dimensionality using the method of Little et al. (2009), but this failed in the most
complex cases.
Wang et al. (2011) use a nearest-neighbor graph and their affinity is defined as

• K-means. We use K-means++ for a good initialization. We found that the more
sophisticated size-constrained K-means (Bradley et al., 2000) used in (Goldberg et al.,
2009) did not improve the clustering results.

if C i and C j are full-rank. While using these distances or the Frobenius distances
makes little difference in practice, we find it easier to work with the latter when it
comes to proving theoretical guarantees. Moreover, it seems more natural to assume a
uniform sampling distribution in each neighborhood rather than a normal distribution,
so that using the more sophisticated similarity (5) does not seem justified.

• Hellinger distances. As we mentioned earlier, Goldberg et al. (2009) use Hellinger distances of the probability distributions N (0, C i ) and N (0, C j ) to compare covariance
matrices, specifically
!1/2
det(C i C j )1/4
1 − 2D/2
,
(5)
det(C i + C j )1/2

version based on these distances would work with any ε > 0. In the case of curved
surfaces and/or noise, the situation is similar, though not as evident. Even then, the
gain in performance is not obvious since we only require that ε be slightly larger in
order of magnitude than r.
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Intuitively, a surface has reach exceeding r if and only if one can roll a ball of radius r on
the surface without obstruction (Walther, 1997; Cuevas et al., 2012). Formally, for x ∈ RD
and S ⊂ RD , let

Arias-Castro, Lerman, and Zhang

s∈S

dist(x, S) = inf kx − sk,

B(S, r) = {x : dist(x, S) < r},

r ≤ ε/C,

12

ε ≤ η/C,

η ≤ 1/C,

(7)

(8)
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• Algorithm 3 returns at least two groups, and such that two points from different clusters
are not grouped together unless one of them is within distance Cr from the intersection.

• Algorithm 2 returns exactly two groups such that two points from different clusters are
not grouped together unless one of them is within distance Cr from the intersection.

for a large-enough constant
C ≥ 1 that depends on the configuration. Then with probability

at least 1 − Cn exp − nrd η 2 /C :

τ ≤ rη/C,

Theorem 1. Consider two connected, compact, twice continuously differentiable submanifolds without boundary, of same dimension d, intersecting at a strictly positive angle, with
the intersection set having strictly positive reach. Assume the parameters are set so that

We state some performance guarantees for Algorithm 2 and Algorithm 3.

3.2 Performance Guarantees

and the goal is to recover the groups I1 and I2 , up to some errors.

where si is drawn from the uniform distribution over S1 ∪ S2 and z i is an additive noise
term satisfying kz i k ≤ τ —thus τ represents the noise or jitter level. When τ = 0 the points
are sampled exactly on the surfaces. We assume the points are sampled independently of
each other. We let
Ik = {i : si ∈ Sk },

xi = si + z i ,

where TS (s) denote the tangent subspace of submanifold S at point s ∈ S, and θmin (T1 , T2 ) is
the smallest nonzero principal (a.k.a., canonical) angle between subspaces T1 and T2 (Stewart and Sun, 1990).
The clusters are generated as follows. Each data point xi is drawn according to

which is often called the r-tubular neighborhood (or r-neighborhood) of S. The reach of
S is the supremum over r > 0 such that, for each x ∈ B(S, r), there is a unique point in
S nearest x. It is well-known that, for C 2 submanifolds, the reach bounds the radius of
curvature from below (Federer, 1959, Lem. 4.17). For submanifolds without boundaries,
the reach coincides with the condition number introduced in (Niyogi et al., 2008).
When two surfaces S1 and S2 intersect, meaning S1 ∩ S2 6= ∅, we define their incidence
angle as

θ(S1 , S2 ) := inf θmin (TS1 (s), TS2 (s)) : s ∈ S1 ∩ S2 ,
(6)

and

where εi is the distance from xi to its `-nearest neighbor. ` is a parameter.
Although we do not analyze their respective ways of estimating the tangent subspaces,
our analysis provides essential insights into their methods, and for that matter, any other
method built on spectral clustering based on tangent subspace comparisons.

3. Mathematical Analysis
While the analysis of Algorithm 4 seems within reach, there are some complications due to
the fact that points near the intersection may form a cluster of their own—we were not able
to discard this possibility. Instead, we study the simpler variants described in Algorithm 2
and Algorithm 3. Even then, the arguments are rather complex and interestingly involved.
The theoretical guarantees that we obtain for these variants are stated in Theorem 1 and
proved in Section 6. We comment on the analysis of Algorithm 4 right after that. We note
that there are very few theoretical results on resolving intersecting manifolds—in fact, we are
only aware of (Arias-Castro et al., 2011) (under severe restrictions on the dimension of the
intersection). Some such results have been established for a number of methods for subspace
clustering (affine surfaces), for example, in (Chen and Lerman, 2009b; Soltanolkotabi and
Candès, 2012; Soltanolkotabi et al., 2014; Wang and Xu, 2013; Heckel and Bölcskei, 2013;
Tsakiris and Vidal, 2015; Ma et al., 2008).
The generative model we assume is a natural mathematical framework for multi-manifold
learning where points are sampled in the vicinity of smooth surfaces embedded in Euclidean
space. For concreteness and ease of exposition, we focus on the situation where two surfaces
(i.e., K = 2) of same dimension 1 ≤ d ≤ D intersect. This special situation already
contains all the geometric intricacies of separating intersecting clusters. On the one hand,
clusters of different intrinsic dimension may be separated with an accurate estimation of
the local intrinsic dimension without further geometry involved (Haro et al., 2007). On
the other hand, more complex intersections (3-way and higher) complicate the situation
without offering truly new challenges. For simplicity of exposition, we assume that the
surfaces are submanifolds without boundary, though it will be clear from the analysis (and
the experiments) that the method can handle surfaces with (smooth) boundaries that may
self-intersect. We discuss other possible extensions in Section 5.
Within that framework, we show that Algorithm 2 and Algorithm 3 are able to identify
the clusters accurately except for points near the intersection. Specifically, with high probability with respect to the sampling distribution, Algorithm 2 divides the data points into
two groups such that, except for points within distance Cε of the intersection, all points
from the first cluster are in one group and all points from the second cluster are in the
other group. The constant C depends on the surfaces, including their curvatures, separation between them and intersection angle. The situation for Algorithm 3 is more complex,
as it may return more than two clusters, but most of the two clusters (again, away from
the intersection) are in separate connected components.
3.1 Generative Model
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Each surface we consider is a connected, C 2 and compact submanifold without boundary
and of dimension d embedded in RD . Any such surface has a positive reach, which is what
we use to quantify smoothness. The notion of reach was introduced by Federer (1959).
11

13

2. The code is available online at https://math.cos.ucf.edu/tengz.
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We started by applying our method2 on a few artificial examples to illustrate the theory.
As we argued earlier, the methods of Wang et al. (2011) and Gong et al. (2012) are quite
similar to ours, and we encourage the reader to also look at the numerical experiments they
performed. Our numerical experiments should be regarded as a proof of concept, only here
to show that our method can be implemented and works on some stylized examples.
In all experiments, the number of clusters K and the dimension of the manifolds d are
assumed known. We choose the spatial scale ε and the projection scale η automatically as

4.1 Some Illustrative Examples

4. Numerical Experiments

Thus, as long as, (8) is satisfied, the algorithms have the above properties with high
probability when rd η 2 ≥ C 0 log n/n, where C 0 > C is fixed. In particular, we may choose
η  1 and ε  r  τ ∨ (log(n)/n)1/d , which lightens the computational burden.
We note that, while the constant C > 0 does not depend on the sample size n, it depends
in somewhat complicated ways on characteristics of the surfaces and their position relative
to each other, such as their reach and intersection angle, but also aspects that are harder
to quantify, like their separation away from their intersection. We note, however, that it
behaves as expected: C is indeed decreasing in the reach and the intersection angle, and
increasing in the intrinsic dimensions of the surfaces, for example.
The algorithms may make clustering mistakes within distance Cr of the intersection,
where Cr  τ ∨ (log(n)/n)1/d with the choice of parameters just described. Whether this is
optimal in the nonparametric setting that we consider—for example, in a minimax sense—
we do not know.
We now comment on the challenge of proving a similar result for Algorithm 4. This
algorithm relies on knowledge of the intrinsic dimension of the surfaces d and the number of
clusters (here K = 2), but these may be estimated as in (Arias-Castro et al., 2011), at least in
theory, so we assume these parameters are known. The subsampling done in Step 0 does not
pose any problem whatsoever, since the centers are well-spread when the points themselves
are. The difficulty resides in the application of the spectral graph partitioning, Algorithm 1.
If we were to include the intersection-removal step (Step 2 of Algorithm 2) before applying
spectral graph partitioning, then a simple adaptation of arguments in (Arias-Castro, 2011)
would suffice. The real difficulty, and potential pitfall of the method in this framework
(without the intersection-removal step), is that the points near the intersection may form
their own cluster. For example, in the simplest case of two affine surfaces intersecting at a
positive angle and no sampling noise, the projection matrix at a point near the intersection—
meaning a point whose r-ball contains a substantial piece of both surfaces—would be the
projection matrix onto S1 + S2 seen as a linear subspace. We were not able to discard
this possibility, although we do not observe this happening in practice. A possible remedy
is to constrain the K-means part to only return large-enough clusters. However, a proper
analysis of this would require a substantial amount of additional work and we did not engage
seriously in this pursuit.

Spectral Clustering Based on Local PCA

η=

median

(i,j):ky i −y j k<ε

1≤i≤n0 j6=i

kQi − Qj k.

ε = max min ky i − y j k,

(9)

r
0.02 (0.034R)
0.1 (0.017R)
0.2 (0.059R)
0.1 (0.028R)
0.1 (0.069R)
0.07 (0.048R)

median misclustering rate
4.16%
1.16%
3.98%
2.22%
9.73%
10.42%

5%
76
85
100
85
0
0

10%
89
85
100
86
67
12

15%
89
86
100
88
97
91
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Table 1: Choices for r and misclustering statistics for the artificial data sets demonstrated
in Figures 3 and 4. The statistics are based on 100 repeats and include the median
misclustering rate and number of repeats where the misclustering rate is smaller
than 5%, 10% and 15%.

data set
Three curves
Self-intersecting curves
Two spheres
Möbius strips
Monkey saddle
Paraboloids

Here, we implicitly assume that the union of all the underlying surfaces forms a connected
set. In that case, the idea behind choosing ε as in (9) is that we want the ε-graph on the
centers y 1 , . . . , y n to be connected. Then η is chosen so that a center y i remains connected
in the (ε, η)-graph to most of its neighbors in the ε-graph.
The neighborhood radius r is chosen by hand for each situation. Although we do not
know how to choose r automatically, there are some general ad hoc guidelines. When r
is too large, the local linear approximation to the underlying surfaces may not hold in
neighborhoods of radius r, resulting in local PCA becoming inappropriate. When r is
too small, there might not be enough points in a neighborhood of radius r to accurately
estimate the local tangent subspace to a given surface at that location, resulting in local
PCA becoming inaccurate. From a computational point of view, the smaller r, the larger
the number of neighborhoods and the heavier the computations, particularly at the level
of spectral graph partitioning. In our numerical experiments, we find that our algorithm
is more sensitive to the choice of r when the clustering problem is more difficult. We note
that automatic choice of tuning parameters remains a challenge in clustering, and machine
learning at large, especially when no labels are available whatsoever. See (Zelnik-Manor
and Perona, 2005; Zhang et al., 2012; Little et al., 2009; Kaslovsky and Meyer, 2011).
Since the algorithm is randomized (see Step 0 in Algorithm 4) we repeat each simulation 100 times and report the median misclustering rate and number of times where the
misclustering rate is smaller than 5%, 10%, and 15%.
We first run Algorithm 4 on several artificial data sets, which are demonstrated in the
LHS of Figures 3 and 4. Table 1 reports the local radius r used for each data set (R is the
global radius of each data set), and the statistics for misclustering rates. Typical clustering
results are demonstrated in the RHS of Figures 3 and 4. It is evident that Algorithm 4
performs well in these simulations.

and

follows: we let
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Figure 3: Performance of Algorithm 4 on data sets “Three curves” and “Self-intersecting
curves”. Left column is the input data sets, and right column demonstrates the
typical clustering.

0.02
0.02
0.02
0.02

r
(0.034R)
(0.034R)
(0.034R)
(0.033R)

median misclustering rate
2.08%
3.33%
5.53%
27.87%

5%
98
92
32
0

10%
98
94
59
2

15%
98
94
59
2

In another simulation, we show the dependence of the success of our algorithm on
the intersecting angle between curves in Table 2 and Figure 5. Here, we fix two curves
intersecting at a point, and gradually decrease the intersection angle by rotating one of
them while holding the other one fixed. The angles are π/2, π/4, π/6 and π/8. From
the table we can see that our algorithm performs well when the angle is π/4, but the
performance deteriorates as the angle becomes smaller, and the algorithm almost always
fails when the angle is π/8.

Intersecting angle
π/2
π/4
π/6
π/8

JMLR 18(9):1-57, 2017

Table 2: Choices for r and misclustering statistics for the instances of two intersecting curves
demonstrated in Figure 5. The statistics are based on 100 repeats and include the
median misclustering rate and number of repeats where the misclustering rate is
smaller than 5%, 10% and 15%.
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Figure 4: Performance of Algorithm 4 on data sets “Two spheres”, “Möbius strips”, “Monkey saddle” and “Paraboloids”. Left column is the input data sets, and right
column demonstrates the typical clustering.
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π π π π
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Figure 5: Performance of Algorithm 4 on two curves intersecting at angles

Spectral Clustering Based on Local PCA

Spectral Clustering Based on Local PCA (for small data sets)
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3. In (Elhamifar and Vidal, 2011), λ is the `1 -penalty parameter and at each point the optimization is
restricted to the L nearest neighbors.

First we test the algorithms on a simulated data set of two curves, which is subsampled
from the first data set in Figure 5 with 300 data points. We plot the clustering result from
Algorithm 5, SMCE, LLE in Figure 6. For Algorithm 5, K is set to be 10. For SMCE3 ,
λ = 10 and L = 60, and we remark that similar results are obtained for a wide range of
parameters. For LLE, we follow the implementation in (Polito and Perona, 2001), use 10nearest neighbors to embed the data set into R2 and run K-means on the embedded data
set. It is clear from the figure that Algorithm 5 resolves the problem of intersection well

3: Apply spectral graph partitioning (Algorithm 1) to W .

Steps:
1: For each i = 1, . . . , n, compute the sample covariance matrix C i of from the N nearest
neighbors of xi . Let Qi denote the orthogonal projection onto the space spanned by the
top d eigenvectors of C i .
2: Compute the following affinities between n data points:
!


kQi − Qj k2
kxi − xj k2
Wij = exp −
·
exp
−
.
ε2
η2

Input:
Data points x1 , . . . , xn ; neighborhood size N > 0; spatial scale ε > 0, projection scale
η > 0; intrinsic dimension d; number of clusters K.

Algorithm 5

In this section, we compare our algorithm with several existing algorithms on multi-manifold
clustering. While many algorithms have been proposed, we focus on the methods based on
spectral clustering, including Sparse Manifold Clustering and Embedding (SMCE) (Elhamifar and Vidal, 2011) and Local Linear Embedding of (Polito and Perona, 2001; Goh and
Vidal, 2007). Compared to these methods, a major difference of Algorithm 4 is the size
of the affinity matrix W : SMCE and LLE each creates an n × n affinity matrix while our
method creates a smaller affinity matrix of size n0 × n0 , based on the centers chosen in step
0 of Algorithm 4. This difference enables our algorithm to handle large data sets such as
n > 104 , while these other two methods are computationally expensive due to eigenvalue
decomposition of the n × n affinity matrix. In order to make a fair comparison, we will
run simulations and experiments on small data sets. We modified our algorithm to make
it more competitive in such a setting: we modify Steps 0 and 1 in Algorithm 4 slightly and
use all data points {xi }ni=1 as centers, that is, y i = xi for all 1 ≤ i ≤ n. The motivation is
that, when there is no computational constraint on the eigenvalue decomposition (due to
small n), we may improve Algorithm 4 by constructing a larger affinity matrix by including
all points as centers. The resulting algorithm is summarized in Algorithm 5.

4.2 Comparison with Other Multi-manifold Clustering Algorithms

Arias-Castro, Lerman, and Zhang
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Figure 6: Performance of Algorithm 5 on two intersecting curves. Left top: the input data
set. Right top: the clustering result by Algorithm 5. Left bottom: the clustering
result by SMCE. Right bottom: the clustering result by LLE.

[1,2]
8.59%
8.59%

[1,3]
11.72%
11.72%

[1,4]
10.94%
8.59%

[1,5]
4.69%
0.00%

[1,6]
8.59%
4.69%

[1,7]
7.81%
8.59%

[1,8]
5.47%
9.38%

[1,9]
7.03%
4.69%

by using the affinity from estimated local subspaces, while SMCE and LLE tend to give a
larger affinity between nearby data points and have difficulties in handling intersection.
Next, we run experiments on the Extended Yale Face Database B (Lee et al., 2005),
with the goal of clustering face images of two different subjects. This data set contains
face images from 39 subjects, and each subject has 64 images of 192 pixels under varying
lightening conditions. In our experiments, we found that the images of a person in this
database lie roughly in a 4-dimensional subspace. We preprocess the data set by applying
PCA and reducing the dimension to 8. We also “normalize” the covariance of the data
set when performing dimension reduction, such that the projected data set has a unit
covariance. We record the misclustering rates of Algorithm 5, SMCE and LLE in Table 3.
For SMCE, we follow (Elhamifar and Vidal, 2011) by setting λ = 10 and we let L = 30.
For Algorithm 5, we let the neighborhood size be 40. From the table, we can see that the
two methods perform similarly.
subjects
Local PCA
SMCE

JMLR 18(9):1-57, 2017

Table 3: Some misclustering rates for the Extended Yale Face Database B.
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5. Discussion
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We distilled the ideas of Goldberg et al. (2009) and of Kushnir et al. (2006) to cluster points
sampled near smooth surfaces. The key ingredient is the use of local PCA to learn about
the local spread and orientation of the data, so as to use that information in an affinity
when building a neighborhood graph.

In a typical stylized setting for multi-manifold clustering, we established performance
bounds for the simple variants described in Algorithm 2 and Algorithm 3, which essentially
consist of connecting points that are close in space and orientation, and then extracting
the connected components of the resulting graph. Both are shown to resolve general intersections as long as the incidence angle is strictly positive and the parameters are carefully
chosen. As is commonly the case in such analyses, our setting can be generalized to other
sampling schemes, to multiple intersections, to some features of the surfaces changing with
the sample size, and so on, in the spirit of (Arias-Castro et al., 2011; Arias-Castro, 2011;
Chen and Lerman, 2009b). We chose to simplify the setup as much as possible while retaining the essential features that make resolving intersecting clusters challenging. The resulting arguments are nevertheless rich enough to satisfy the mathematically thirsty reader.
Whether the conditions required in Theorem 1 are optimal in some sense is an interesting
and challenging open question for future research. Note that very few optimality results
exist for manifold clustering; see (Arias-Castro, 2011) for an example.

We implemented a spectral version of Algorithm 3, described in Algorithm 4, that
assumes the intrinsic dimensionality and the number of clusters are known. The resulting
approach is very similar to what is offered by Wang et al. (2011) and Gong et al. (2012),
although it was developed independently of these works. Algorithm 4 is shown to perform
well in some simulated experiments, although it is somewhat sensitive to the choice of
parameters. This is the case of all other methods for multi-manifold clustering we know of
and choosing the parameters automatically remains an open challenge in the field.

6. Proofs

We start with some additional notation. The ambient space is RD unless noted otherwise.
For a vector v ∈ RD , kvk denotes its Euclidean norm and for a real matrix M ∈ RD×D ,
kM k denotes the corresponding operator norm. For a point x ∈ RD and r > 0, B(x, r)
denotes the open ball of center x and radius r, i.e., B(x, r) = {y ∈ RD : ky − xk < r}. For
a set S and a point x, define dist(x, S) = inf{kx − yk : y ∈ S}. For two points a, b in the
same Euclidean space, b − a denotes the vector moving a to b. For a point a and a vector
v in the same Euclidean space, a + v denotes the translate of a by v. We identify an affine
subspace T with its corresponding linear subspace, for example, when saying that a vector
belongs to T .

JMLR 18(9):1-57, 2017

For two subspaces T and T 0 , of possibly different dimensions, let 0 ≤ θmax (T, T 0 ) ≤ π/2
denote the largest and by θmin (T, T 0 ) the smallest nonzero principal angle between T and T 0
(Stewart and Sun, 1990). When v is a vector and T is a subspace, ∠(v, T ) := θmax (Rv, T )
this is the usual definition of the angle between v and T .

20

dist(s0 − s, T ) = ks0 − PT (s0 )k = dist(s0 , T ),

κ 0
ks − sk2 .
2

dist(s0 , T ) 1 −

 κ
κ
dist(s0 , T ) ≤ kPT (s0 ) − sk2 ,
2
2


κ
κ 0
ks − sk2 =
kPT (s0 ) − s0 k2 + kPT (s0 ) − sk2 ,
2
2

(13)

κ 0
ks − sk2 ,
2

1
3κ ,

21

dist(t, S) ≤ κkt − sk2 .

Moreover, for t ∈ TS (s) such that ks − tk ≤

dist(s0 , TS (s)) ≤ κkPTS (s) (s0 ) − sk2 .

and when dist(s0 , TS (s)) ≤ 1/κ,

dist(s0 , TS (s)) ≤

Lemma 2. For S ∈ Sd (κ), and any two points s, s0 ∈ S,

JMLR 18(9):1-57, 2017

(12)

(11)

(10)

Hence,
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kPS (x) − PT (x)k ≤ kP T 0 (x − s0 ) − P T (x − s0 )k + kP T (s0 − t̃)k + ks0 − t̃k.

PT (x) = P T (x − t̃) + t̃ = P T (x − s0 ) + P T (s0 − t̃) + t̃.

PS (x) = PT 0 (x) = P T 0 (x − s0 ) + s0

Proof. Let T = TS (s) and define t = PT (x), s0 = PS (x) and t̃ = PT (s0 ), and also T 0 =
TS (s0 ) and θ = θmax (T, T 0 ). We have

for a numeric constant C4 > 0.

kPS (x) − PTS (s) (x)k ≤ C4 κkx − sk2 ,

Lemma 4. Consider S ∈ Sd (κ) and s ∈ S. Then for any x ∈ B(S, r), we have

The following result is on approximating a smooth surface near a point by the tangent
subspace at that point. It is based on (Federer, 1959, Th. 4.18(2)).

(14)

The following bounds the difference between the metric projection onto a surface and
the orthogonal projection onto one of its tangents.

sin θmax (TS (s), TS (s0 )) ≤ 6κks0 − sk.

Lemma 3 (Boissonnat et al. (2013)). For S ∈ Sd (κ), and any s, s0 ∈ S,

We will need a bound on the angle between tangent subspaces on a smooth surface as
a function of the distance between the corresponding points of contact.

This concludes the proof of (12).

dist(t, S) ≤ kt − s0 k = dist(s0 , T ) ≤ κkt − sk2 .

and (11) follows easily from that. For (12), let r = 1/(3κ) and s0 = PT−1 (t), the latter being
well-defined by Lemma 5 below and belongs to B(s, r(1 + κr)) ⊂ B(s, 4/(9κ)). By (10),
ks0 − sk ≤ 8/(81κ) < 1/κ, and by (11),

so that

dist(s0 , T ) = kPT (s0 ) − s0 k ≤

and (10) comes from that. Based on that and Pythagoras theorem, we have

Immediately, we have

dist(s0 − s, T ) ≤

Proof. Let T be short for TS (s). (Federer, 1959, Th. 4.18(2)) says that
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Lemma 1. Consider S ∈ Sd (κ) and x ∈ RD such that dist(x, S) < 1/κ. Then s = PS (x)
if and only if kx − sk < 1/κ and x − s ⊥ TS (s).

The following comes directly from (Federer, 1959, Th. 4.18(12)). It gives us a simple
criterion for identifying the metric projection of a point on a surface with given reach.

6.1.1 Smooth Surfaces and Their Tangent Subspaces

This section gathers a number of general results from geometry and probability. We took
time to package them into standalone lemmas that could be of potential independent interest, particularly to researchers working in machine learning and computational geometry.
When needed, we use C to denote a constant that may change with each appearance.

6.1 Preliminaries

For a subset A ⊂ RD and positive integer d, vold (A) denotes the d-dimensional Hausdorff measure of A, and vol(A) is defined as voldim(A) (A), where dim(A) is the Hausdorff
dimension of A. For a Borel set A, let λA denote the uniform distribution on A.
For a set S ⊂ RD with reach at least 1/κ, and x with dist(x, S) < 1/κ, let PS (x) denote
the metric projection of x onto S, that is, the point on S closest to x. Note that, if T is an
affine subspace, then PT is the usual orthogonal projection onto T , and we let P T denote
the orthogonal projection onto the linear subspace of same dimension and parallel to T . Let
Sd (κ) denote the class of connected, C 2 and compact d-dimensional submanifolds without
boundary embedded in RD , with reach at least 1/κ. For a submanifold S ∈ RD , let TS (x)
denote the tangent space of S at x ∈ S.
We will often identify a linear map with its matrix in the canonical basis. For a symmetric (real) matrix M , let β1 (M ) ≥ β2 (M ) ≥ · · · denote its eigenvalues in decreasing
order.
We say that f : Ω ⊂ RD → RD is C-Lipschitz if kf (x) − f (y)k ≤ Ckx − yk, ∀x, y ∈ Ω.
For two reals a and b, a ∨ b = max(a, b) and a ∧ b = min(a, b). Additional notation will
be introduced as needed.

Spectral Clustering Based on Local PCA

On the one hand,
κ 0
ks − sk2 ≤ 2κkx − sk2 ,
2

Spectral Clustering Based on Local PCA

kP T (s0 − t̃)k ≤ ks0 − t̃k = dist(s0 , T ) ≤
by (10) and the fact that
ks0 − sk ≤ ks0 − xk + kx − sk = dist(x, S) + kx − sk ≤ 2kx − sk.
On the other hand, applying Lemma 18 (see further down)
kP T 0 (x − s0 ) − P T (x − s0 )k ≤ kP T 0 − P T kkx − s0 k = (sin θ)kx − s0 k,
sin θ ≤ 6κks0 − sk ≤ 12κkx − sk.

with kx − s0 k ≤ kx − sk and, applying Lemma 3,

All together, we conclude.
Below we state some properties of a projection onto a tangent subspace. A result similar
to the first part was proved in (Arias-Castro et al., 2011, Lem. 2) based on results in (Niyogi
et al., 2008), but the arguments are simpler here and the constants are sharper.
Lemma 5. There is a numeric constant C5 ≥ 1 such that the following holds. Take S ∈
Sd (κ), s ∈ S and r ≤ 1/C5 κ, and let T be short for TS (s). PT is injective on B(s, r)∩S and
its image contains B(s, r0 ) ∩ T , where r0 := (1 − C5 (κr)2 )r. Moreover, PT−1 has Lipschitz
constant bounded by 1 + C5 (κr)2 ≤ 1 + κr over B(s, r) ∩ T .

sin ∠(s00 − s0 , T 0 ) ≤

κ 00
ks − s0 k,
2

Proof. Take s0 , s00 ∈ S distinct such that PT (s0 ) = PT (s00 ). Equivalently, s00 −s0 is perpendicular to T . Let T 0 be short for TS (s0 ). By (13) and the fact that dist(v, T ) = kvk sin ∠(v, T )
for any vector v and any linear subspace T , we have

and by (14),
sin θmax (T, T 0 ) ≤ 6κks − s0 k.
π
= ∠(s00 − s0 , T ) ≤ ∠(s00 − s0 , T 0 ) + θmax (T, T 0 ),
2

Now, by the triangle inequality,

so that


κ 00
π
ks − s0 k ∧ 1 ≥ − sin−1 6κks0 − sk ∧ 1 .
2
2
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When ks0 − sk ≤ 1/12κ, the RHS is bounded from √
below by π/2 − sin−1 (1/2),√which then
implies that κ2 ks00 − s0 k ≥ sin(π/2 − sin−1 (1/2)) = 3/2, that is, ks00 − s0 k ≥ 3/κ. This
precludes the situation where s0 , s00 ∈ B(s, 1/12κ), so that PT is injective on B(s, r) when
r ≤ 1/12κ.
The same arguments imply that PT is an open map on R := B(s, r) ∩ S. In particular,
PT (R) contains an open ball in T centered at s and PT (∂R) = ∂PT (R), with ∂R = S ∩
23
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cos θmax (Ta , T ) ≥ cos sin−1 (6κksa − sk ∧ 1) ≥ ζ := 1 − (6κr)2 ,

kPT (ṡa )k = kṡa k cos ∠(ṡa , T ) ≥ kṡa k cos θmax (Ta , T ),

∂B(s, r) since ∂S = ∅. Now take any ray out of s within T , which is necessarily of the
form s + R+ v, where v is a unit vector in T . Let ta = s + av ∈ T for a ∈ [0, ∞). Let a∗
be the infimum over all a > 0 such that ta ∈ PT (R). Note that a∗ > 0 and ta∗ ∈ PT (∂R),
so that there is s∗ ∈ ∂R such that PT (s∗ ) = ta∗ . Let sa = PT−1 (ta ), which is well-defined
on [0, a∗ ] by definition of a∗ and the fact that PT is injective on R. Let Jt denote the
differential of PT−1 at t. We have that ṡa = Jta v is the unique vector in Ta := TS (sa ) such
that PT (ṡa ) = v. Elementary geometry shows that

with

by (14) and fact that ksa − sk ≤ r (and assuming 6κr ≤ 1). Since kPT (ṡa )k = kvk = 1, we
have kṡa k ≤ 1/ζ, and this holds for all a < a∗ . So we can extend sa to [0, a∗ ] into a Lipschitz
function with constant 1/ζ. Together with the fact that s∗ ∈ ∂B(s, r), this implies that

r = ks∗ − sk = ksa∗ − s0 k ≤ a∗ /ζ.



cos θmax (T 0 , T ) ≥ cos sin−1 6κks0 − sk ≥ 1 − (6κh)2 = ζ,

kPT (u)k = kuk cos ∠(u, T ) ≥ kuk cos θmax (T 0 , T ),

Hence, a∗ ≥ ζr and therefore PT (R) contains B(s, ζr) ∩ T as stated.
For the last part, assume r ≤ 1/Cκ, with C large enough that there is a unique h ≤
1/12κ such that ζh = r, where ζ is redefined as ζ := 1 − (6κh)2 . Take t0 ∈ B(s, r) ∩ T and
let s0 = PT−1 (t0 ) and T 0 = TS (s0 ). We saw that PT−1 is Lipschitz with constant 1/ζ on any
ray emanating from s of length ζh = r, so that ks0 − sk ≤ (1/ζ)kt0 − sk ≤ r/ζ = h. The
differential of PT at s0 is PT itself, seen as a linear map between T 0 and T . Then for any
vector u ∈ T 0 , we have

with

as before. Hence, kJt0 k ≤ 1/ζ, and we proved this for all t0 ∈ B(s, r) ∩ T . This last set
being convex, we can apply Taylor’s theorem and get that PT−1 is Lipschitz on that set with
constant 1/ζ. We then note that ζ = 1 + O(κr)2 .

6.1.2 Volumes and Uniform Distributions

Below is a result that quantifies how much the volume of a set changes when applying
a Lipschitz map. This is well-known in measure theory and we only provide a proof for
completeness.

Vdt (A) :=

inf

(Ri )∈Rt (A)

i∈N

X
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diam(Ri )d ,

Lemma 6. Suppose Ω is a measurable subset of RD and f : Ω ⊂ RD → RD is C-Lipschitz.
Then for any measurable set A ⊂ Ω and real d > 0, vold (f (A)) ≤ C d vold (A).
Proof. By definition,
t→0

vold (A) = lim Vdt (A),

24

diam(f (Ri ))d ≤ C d
i∈N

X

diam(Ri )d .

vol(A 4 B)
.
vol(A ∪ B)

Then

vol(A ∪ B) = voldim(A) (A ∪ B) = voldim(A) (A) = vol(A),

vol(A ∩ U ) vol(B ∩ U ) vol(B ∩ U ) vol(B ∩ U )
−
+
−
vol(A)
vol(A)
vol(A)
vol(B)
| vol(A ∩ U ) − vol(B ∩ U )| vol(B ∩ U ) | vol(A) − vol(B)|
+
vol(A)
vol(B)
vol(A)
2 vol(A 4 B)
,
vol(A)

25
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and we conclude with the fact that vol(A ∪ B) ≤ vol(A) + vol(B) ≤ 2 vol(A).

≤

≤

|λA (U ) − λB (U )| =

so that

vol(A ∩ U ) vol(B ∩ U )
λA (U ) − λB (U ) =
−
,
vol(A)
vol(B)

in both cases because voldim(A) (B) = 0. So the result works in that case.
Therefore assume that A and B are of same dimension. Assume WLOG that vol(A) ≥
vol(B). For any Borel set U ,

and

vol(A 4 B) = voldim(A) (A 4 B) = voldim(A) (A) = vol(A),

Proof. If A and B are not of same dimension, say dim(A) > dim(B), then TV(λA , λB ) = 1
since λA (B) = 0 while λB (B) = 1. And we also have

TV(λA , λB ) ≤ 4

Lemma 7. Suppose A and B are two Borel subsets of

RD .

Remember that for a Borel set A, λA denotes the uniform distribution on A.

TV(P, Q) = sup{|P (A) − Q(A)| : A Borel}.

We compare below two uniform distributions. For two Borel probability measures P
and Q on RD , TV(P, Q) denotes their total variation distance, meaning,

Taking the infimum over (Ri ) ∈ Rt (A), we get VdCt (f (A)) ≤ C d Vdt (A), and we conclude
by taking the limit as t → 0, noticing that VdCt (f (A)) → vold (f (A)) while Vdt (A) →
vold (A).

i∈N

X

vol(f (A) ∩ U )
,
vol(f (A))

26

JMLR 18(9):1-57, 2017

Proof. If dist(x, S) > r, then S ∩ B(x, r) = T ∩ B(x, r) = ∅, and if dist(x, S) = r, then
S ∩ B(x, r) = T ∩ B(x, r) = {s}, and in both cases the inequality holds trivially. So it
suffices to consider the case where dist(x, S) < r.
Let Ar = B(s, r), Br = B(x, r) and g = PT for short. Note that T ∩ Br = T ∩ Ar0 where
r0 := (r2 − δ 2 )1/2 and δ := kx − sk. Take s1 ∈ S ∩ Br such that g(s1 ) is farthest from s,
so that g(S ∩ Br ) ⊂ Ar1 where r1 := ks − g(s1 )k—note that r1 ≤ r. Let `1 = ks1 − g(s1 )k
and y 1 be the orthogonal projection of s1 onto the line (x, s). By Pythagoras theorem,

Lemma 9. There is a constant C9 ≥ 3 depending only on d such that the following is
true. Take S ∈ Sd (κ), r < C19 κ and x ∈ RD such that dist(x, S) < κ. Let s = PS (x) and
T = TS (s). Then

vol PT (S ∩ B(x, r)) 4 (T ∩ B(x, r)) ≤ C9 κ(kx − sk + κr2 ) vol(T ∩ B(x, r)).

Now comes a technical result on the intersection of a smooth surface and a ball.

From this we conclude.

| vol(A) − vol(f (A))| ≤ (C d − 1) vol(A).

And taking V = A, we also get

| vol(A ∩ V ) − vol(f (A) ∩ U )| ≤ (C d − 1) vol(A ∩ V ) ≤ (C d − 1) vol(A).

f being invertible, we have f (A ∩ V ) = f (A) ∩ U and f −1 (f (A) ∩ U ) = A ∩ V . Therefore,
applying Lemma 6, we get
vol(f (A) ∩ U )
C −d ≤
≤ C d,
vol(A ∩ V )

so that

λf (A) (U ) =

| vol(A ∩ V ) − vol(f (A) ∩ U )| | vol(A) − vol(f (A))|
+
.
vol(A)
vol(A)

vol(A ∩ V )
,
vol(A)

|λfA (U ) − λf (A) (U )| ≤

and as in (16),

λfA (U ) =

Proof. First, note that A and f (A) are both of same dimension, and that C ≥ 1 necessarily.
Let d be short for dim(A). Take U ⊂ f (A) Borel and let V = f −1 (U ). Then

TV(λfA , λf (A) ) ≤ 2(C dim(A) − 1).

Lemma 8. Suppose A ⊂ RD is Borel and f : A → RD is invertible on f (A), and that both
f and f −1 are C-Lipschitz. Then

We now look at the projection of the uniform distribution on a neighborhood of a surface
onto a tangent subspace. For a Borel probability measure P and measurable function f :
RD → RD , P f denotes the push-forward (Borel) measure defined by P f (A) = P (f −1 (A)).

whereS Rt (A) is the class of countable sequences (Ri : i ∈ N) of subsets of RD such that
A ⊂ i Ri and diam(Ri ) < t for all i. Since f is C-Lipschitz, diam(f (R)) ≤ C diam(R) for
any R ⊂ Ω. Hence, for any (Ri ) ∈ Rt (A), (f (Ri )) ∈ RCt (f (A)). This implies that

VdCt (f (A)) ≤

Arias-Castro, Lerman, and Zhang
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vol(T ∩ Br )
vol(T ∩ Br )
rd
≤
= d = (1 + κr)d .
vol(g(S ∩ Br ))
vol(T ∩ Br0 )
r0

Spectral Clustering Based on Local PCA

1≤

vol(S ∩ Br ) ≥ vol(g(S ∩ Br )) ≥ (1 + κr)−d vol(T ∩ Br ),

vol(S ∩ Br ) ≤ (1 + κr)d vol(g(S ∩ Br )) ≤ (1 + κr)d vol(T ∩ Br ).

i

m
X
i=1

ωd
(r/4)d ,
2

i

vol(Bi ) ≥ m min vol(Bi ),
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From this the lower bound follows. The proof of the upper bound is similar.

s∈S

We follow this with the union bound, to get


3
d
P min N (B(s, r)) ≤ nrd /(2C) ≤ me−(3/32)np ≤ Cr−d e− 32C nr .

P (N (Bi ) ≤ np/2) ≤ P (N (Bi ) ≤ npBi /2) ≤ e−(3/32)npBi ≤ e−(3/32)np .

by Lemma 10, where ωd is the volume of the d-dimensional unit ball. This leads to m ≤ Cr−d
and p := mini pBi ≥ rd /C, when κr ≤ 1/C, where C > 0 depends only on S.
Now, applying Bernstein’s inequality to the binomial distribution, we get

min vol(Bi ) ≥

and assuming that κr is small enough, we have

vol(S) ≥

Proof. For a set R, let N (R) denote the number of sample points in R. For any R
measurable, N (R) ∼ Bin(n, pR ), where pR := vol(R ∩ S)/ vol(S). Let x1 , . . . , xm be a
maximal (r/2)-packing of S, and let Bi = B(xi , r/4) ∩ S. For any s ∈ S, there is i
such that ks − xi k ≤ r/2, which implies Bi ⊂ B(s, r) by the triangle inequality. Hence,
mins∈S N (B(s, r)) ≥ mini N (Bi ).
By the fact that Bi ∩ Bj = ∅ for i 6= j,

Lemma 11. Consider S ∈ Sd (κ). There is a constant C11 > 0 depending on S such that
the following is true. Sample n points s1 , . . . , sn independently and uniformly at random
from S. Take 0 < r < 1/(C11 κ). Then with probability at least 1 − C11 r−d exp(−nrd /C11 ),
any ball of radius r with center on S has between nrd /C11 and C11 nrd sample points.

We now look at the density of a sample from the uniform on a smooth, compact surface.

And we conclude with the inequality (1 + x)d ≤ 1 + 2dx valid for any x ∈ [0, 1/d] and any
d ≥ 1.

and

We therefore have

That g −1 is Lipschitz with constant 1 + κr on g(S ∩ Br ) also implies that g(S ∩ Br ) contains
T ∩ Br0 where r0 := r/(1 + κr). From this, and the fact that g(S ∩ Br ) ⊂ T ∩ Br , we get

(r1 /r0 )d − (r2 /r0 )d


vol(T ∩ Ar0 )

(1 + 4κδ)d − (1 − 2κδ − κ2 r2 )d vol((T ∩ Br ))

= (1 − (r2 /r0 )d ) vol(T ∩ Ar0 ).

= ((r1 /r0 )d − 1) vol(T ∩ Ar0 ).

we have kx − s1 k2 = kx − y 1 k2 + ky 1 − s1 k2 . We have kx − s1 k ≤ r and ky 1 − s1 k =
ks − g(s1 )k = r1 . And because `1 ≤ κr12 < r by (11), either y 1 is between x and s, in which
case kx−y 1 k = δ−`1 , or s is between x and y 1 , in which case kx−y 1 k = δ+`1 . In any case,
r2 ≥ r12 + (δ − `1 )2 , which together with `1 ≤ κr12 implies r12 ≤ r2 − δ 2 + 2δ`1 ≤ r02 + 2κr12 δ,
leading to r1 ≤ (1 − 2κδ)−1/2 r0 ≤ (1 + 4κδ)r0 after noticing that δ ≤ r < 1/(3κ). From
g(S ∩ Br ) ⊂ T ∩ Ar1 , we get

vol g(S ∩ Br ) \ (T ∩ Br ) ≤ vol(T ∩ Ar1 ) − vol(T ∩ Ar0 )


≤

≤

We follow similar arguments to get a sort of reverse relationship. Take s2 ∈ S ∩ Br such
that g(S ∩ Br ) ⊃ T ∩ Ar2 , where r2 := ks − g(s2 )k is largest. Assuming r is small enough, by
Lemma 5, g −1 is well-defined on T ∩ Ar , so that necessarily s2 ∈ ∂Br . Let `2 = ks2 − g(s2 )k
and y 2 be the orthogonal projection of s2 onto the line (x, s). By Pythagoras theorem, we
have kx−s2 k2 = kx−y 2 k2 +ky 2 −s2 k2 . We have kx−s2 k = r and ky 2 −s2 k = ks−g(s2 )k =
r2 . And by the triangle inequality, kx − y 2 k ≤ kx − sk + ky 2 − sk = δ + `2 . Hence,
r2 ≤ r22 + (δ + `2 )2 , which together with `2 ≤ κr22 by (11), implies r22 ≥ r2 − δ 2 − 2δ`2 − `22 ≥
r02 − (2δ + κr2 )κr22 , leading to r2 ≥ (1 + 2κδ + κ2 r2 )−1/2 r0 ≥ (1 − 2κδ − κ2 r2 )r0 . From
g(S ∩ Br ) ⊃ T ∩ Ar2 , we get

vol (T ∩ Br ) \ g(S ∩ Br ) ≤ vol(T ∩ Ar0 ) − vol(T ∩ Ar2 )
All together, we have
vol g(S ∩ Br ) 4 (T ∩ Br )

≤ Cdκ(δ + κr2 ) vol((T ∩ Br )),

when δ ≤ r ≤ 1/(Cκ) and C is a large-enough numerical constant.

we have

We bound below the d-volume of a the intersection of a ball with a smooth surface.
Although it could be obtained as a special case of Lemma 9, we provide a direct proof
because this result is at the cornerstone of many results in the literature on sampling points
uniformly on a smooth surface.
1
(d∨C5 )κ ,

vol(S ∩ B(s, r))
≤ 1 + 2dκr,
vol(T ∩ B(s, r))

Lemma 10. Suppose S ∈ Sd (κ). Then for any s ∈ S and r <
1 − 2dκr ≤

where T := TS (s) is the tangent subspace of S at s.

vol(g(S ∩ Br ))
≤ 1.
vol(S ∩ Br )
JMLR 18(9):1-57, 2017

Proof. Let T = TS (s), Br = B(s, r) and g = PT for short. By Lemma 5, g is 1-Lipschitz
and g −1 is (1 + κr)-Lipschitz on T ∩ Br , so by Lemma 6 we have
(1 + κr)−d ≤

27

and 0 < δ ≤ 1. Then

0

Z
t

1
r2 (drd−1 )dr =
.
d+2

∀r ∈ [0, 1].

f (x)P (dx),

29
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Lemma 14. Suppose λ and ν are two Borel probability measures on Rd supported on B(0, 1).
Then
√
k Cov(λ) − Cov(ν)k ≤ 3d TV(λ, ν).
k E(λ) − E(ν)k ≤ d TV(λ, ν),

and let E(P ) = P (x) and Cov(P ) = P (xx> ) − P (x)P (x)> denote the mean and covariance
matrix of P , respectively.

P (f ) =

We now show that a bound on the total variation distance between two compactly
supported distributions implies a bound on the difference between their covariance matrices.
For a measure P on RD and an integrable function f , let P (f ) denote the integral of f with
respect to P , that is,
Z

Now the covariance matrix of the uniform distribution on T ∩B(0, a) equals E[(aX)(aX)> ] =
a2 E[XX > ], which is exactly the representation of a2 cP T in the canonical basis of RD .

1
1
1
E(X12 ) = E(X12 + · · · + Xd2 ) = E(R2 ) =
d
d
d

By symmetry, E(Xi Xj ) = 0 if i 6= j, while

vol(T ∩ B(0, r))
P (R ≤ r) =
= rd ,
vol(T ∩ B(0, 1))

Proof. Assume WLOG that T = Rd × {0}. Let X be distributed according to the uniform
distribution on T ∩ B(0, 1) and let R = kXk. Note that

Lemma 13. Let T be a subspace of dimension d. Then the covariance matrix of the uniform
1
.
distribution on T ∩ B(0, a) (seen as a linear map) is equal to a2 cP T , where c := d+2

The result below describes explicitly the covariance matrix of the uniform distribution over
the unit ball of a subspace.

6.1.3 Covariances

This concludes the proof.

= 2 vol(B(0, 1))(1 − γ d ).

≤ 2 vol(B(y, 1)) − 2 vol(B(x, γ))

vol(B(x, δ) 4 B(y, 1)) = vol(B(x, δ)) + vol(B(y, 1)) − 2 vol(B(x, δ) ∩ B(y, 1))

Proof. It suffices to prove the result when kx − yk < 1. In that case, with γ := (1 − kx −
yk) ∧ δ, we have B(x, γ) ⊂ B(x, δ) ∩ B(y, 1), so that

vol(B(x, δ) 4 B(y, 1))
≤ 1 − (1 − kx − yk)d+ ∧ δ d .
2 vol(B(0, 1))

Lemma 12. Take x, y ∈

Rd

Next, we bound the volume of the symmetric difference between two balls.

Spectral Clustering Based on Local PCA

k E(λ) − E(ν)k2 =
k=1

∀k = 1, . . . , d.

d
X
(λ(fk ) − ν(fk ))2 ≤ d TV(λ, ν)2 ,

|λ(fk ) − ν(fk )| ≤ TV(λ, ν),

k,`

+|ν(f` )||λ(fk ) − ν(fk )|



k Cov(λg ) − Cov(λ)k ≤ η(diam(A) + η).

Cov(X) − Cov(Y ) =
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1
Cov(X − Y, X + Y ) + Cov(X + Y, X − Y ) ,
2

For the covariances, we first note that

k E X − E Y k ≤ E kX − Y k = E kX − g(X)k ≤ η.

Proof. Take X ∼ λ and let Y = g(X) ∼ λg . For the means, by Jensen’s inequality,

k E(λg ) − E(λ)k ≤ η,

Lemma 15. Let λ be a Borel distribution with compact support A ⊂ RD and consider a
measurable function g : A 7→ RD such that kg(x) − xk ≤ η. Then

The following compares the mean and covariance matrix of a distribution before and
after transformation by a function.

using the fact that |λ(fk )| ≤ 1 and |ν(fk )| ≤ 1 for all k.

≤ 3d TV(λ, ν),

k,`

≤ d max |λ(fk` ) − ν(fk` )| + |λ(fk )||λ(f` ) − ν(f` )|


k Cov(λ) − Cov(ν)k ≤ d max |λ(fk` ) − ν(fk` )| + |λ(fk )λ(f` ) − ν(fk )ν(f` )|

we have

∀k, ` = 1, . . . , d.


Cov(µ) = µ(fk` ) − µ(fk )µ(f` ) : k, ` = 1, . . . , d ,

Since for any probability measure µ on Rd ,

|λ(fk` ) − ν(fk` )| ≤ TV(λ, ν),

which proves the first part.
Similarly, let fk` (t) = tk t` . Since |fk` (t)| ≤ 1 for all k, ` and all t ∈ B(0, 1), we have

Therefore,

we have

TV(λ, ν) = sup{λ(f ) − ν(f ) : f : Rd → R measurable with |f | ≤ 1},

Proof. Let fk (t) = tk when t = (t1 , . . . , td ), and note that |fk (t)| ≤ 1 for all k and all
t ∈ B(0, 1). By the fact that

Arias-Castro, Lerman, and Zhang
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When κr is small enough, we know that g is 1-Lipschitz, and by Lemma 5, g −1 is welldefined and is (1 + κr)-Lipschitz on A0 . Hence, by Lemma 8 and the fact that dim(A) = d,
we have
g
TV(λA
, λg(A) ) ≤ 2((1 + κr)d − 1) ≤ 4dκr,

Arias-Castro, Lerman, and Zhang

diam(A) for all x ∈ A, we get

where

Note that

vol(g(A) 4 A0 )
≤ 4C9 κ(r + κr2 ) ≤ 8C9 κr,
vol(A0 )

k Cov(λg(A) ) − Cov(λA0 )k ≤ 3dr2 TV(λg(A) , λA0 ),
TV(λg(A) , λA0 ) ≤ 4

?
Cm = Cm
−
m

1
x̄x̄T ,
m

x̄ :=

+k Cov(λg(A) ) − Cov(λA0 )k

m

i=1

1 X
xi .
m
i=1

1 X
xi xiT ,
m

1
kx̄k2 .
m

?
Cm
:=

?
kC m − Σk ≤ kC m
− Σk +
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Proof. Without loss of generality, we assume that the distribution has zero mean and is
now supported on B(0, 2r). In fact, by a simple rescaling, we may also assume that r = 1.
Let x1 , . . . , xm denote the sample, with xi = (xi,1 , . . . , xi,d ). We have

Lemma 17. Let C m denote the empirical covariance matrix based on an i.i.d. sample of
size m from a distribution with support in B(0, r) ⊂ Rd with covariance Σ. Then

 t m 

mt
P kC m − Σk > r2 t ≤ 4d exp −
min
,
, ∀t ≥ 0.
(43)
16
32 d

Next is a lemma on the estimation of a covariance matrix. The result is a simple consequence of the matrix Hoeffding inequality of Tropp (2012). Note that simply bounding the
operator norm by the Frobenius norm, and then applying the classical Hoeffding inequality (Hoeffding, 1963) would yield a bound sufficient for our purposes, but this is a good
opportunity to use a more recent and sophisticated result.

From this, we conclude.

≤ 2κr3 + 12d2 κr3 + 24dC9 κr3 .

g
g
) − Cov(λg(A) )k
)k + k Cov(λA
≤ k Cov(λA ) − Cov(λA

kM − N k = k Cov(λA ) − Cov(λA0 )k

by Lemma 7 and Lemma 9, and assuming that κr is small enough.
By the triangle inequality,

with

get

using the inequality (1 + x)d ≤ 1 + 2dx, valid for any x ∈ [0, 1/d] and any d ≥ 1.
Noting that λA0 is also supported on Br , applying Lemma 14 with proper scaling, we

where Cov(U, V ) := E((U − E U )(V − E V )T ) is the cross-covariance of random vectors U
and V . By Jensen’s inequality, the fact kuv T k = kukkvk for any pair of vectors u, v, and
then the Cauchy-Schwarz inequality,
k Cov(U, V )k ≤ E(kU − E U k · kV − E V k) ≤ E(kU − E U k2 )1/2 · E(kV − E V k2 )1/2 .
Hence,
k Cov(X) − Cov(Y )k ≤ k Cov(X − Y, X + Y )k

1/2 
1/2
≤ E kX − Y − E X + E Y k2
E kX + Y − E X − E Y k2
.

By the fact that the mean minimizes the mean-squared error,

1
2


1/2

1/2

1/2
E kX − Y − E X + E Y k2
≤ E kX − Y k2
= E kX − g(X)k2
≤ η.

In the same vein, letting z ∈ RD be such that kx − zk ≤

1/2
E kX + Y − E X − E Y k2


1/2
≤ E kX − z + Y − zk2

1/2

1/2
≤ E kX − zk2
+ E kY − zk2

1/2

1/2
≤ 2 E kX − zk2
+ E kX − g(X)k2

≤ diam(A) + η.
Using the triangle inequality twice. From this, we conclude.

Next we compare the covariance matrix of the uniform distribution on a small piece of
smooth surface with that of the uniform distribution on the projection of that piece onto a
nearby tangent subspace.

kM − N k ≤ C16 κr3 .

Lemma 16. There is a constant C16 > 0 depending only on d such that the following is
1
D
true. Take S ∈ Sd (κ), r < C16
κ and x ∈ R such that dist(x, S) ≤ r. Let s = PS (x) and
T = TS (s). If ζ and ξ are the means, and M and N are the covariance matrices, of the
uniform distributions on S ∩ B(x, r) and T ∩ B(x, r), respectively, then
kζ − ξk ≤ C16 κr2 ,

Proof. We focus on proving the bound on the covariances, and leave the bound on the
means—whose proof is both similar and simpler—as an exercise to the reader. Let T =
TS (s), Br = B(x, r) and g = PT for short. Let A = S ∩ Br and A0 = T ∩ Br .
First, applying Lemma 15, assuming κr is sufficiently small, we get that
κ 2
κ 
r 2r + r2 ≤ 2κr3 ,
(38)
2
2
g
k Cov(λA ) − Cov(λA
)k ≤
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because diam(A) ≤ 2r and kg(x) − xk ≤ κ2 kx − sk2 ≤ κ2 r2 for all x ∈ A by (10).
g
Let λg(A) denote the uniform distribution on g(A). λA
and λg(A) are both supported on
Br , so that applying Lemma 14 with proper scaling, we get

g
g
k Cov(λA
) − Cov(λg(A) )k ≤ 3dr2 TV(λA
, λg(A) ).

31



√
mt2
.
P(|x̄j | > t/ d) ≤ 2d exp −
8d
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The lemma below is a perturbation result for eigenspaces and widely known as the sin Θ
Theorem of Davis and Kahan (1970). See also (Luxburg, 2007, Th. 7) or (Stewart and Sun,
1990, Th. V.3.6).

Proof. For two affine subspaces T, T 0 ⊂ RD of same dimension, let π2 ≥ θ1 ≥ · · · ≥ θD ≥ 0,
denote the principal angles between them. By (Stewart and Sun, 1990, Th. I.5.5), the
singular values of P T − P T 0 are {sin θj : j = 1, . . . , q}, so that kP T − P T 0 k = maxj sin θj =
sin θ1 = sin θmax (T, T 0 ). Suppose now that T and T 0 are of different dimension, say dim(T ) >
dim(T 0 ). We have kP T − P T 0 k ≤ kP T k ∨ kP T 0 k = 1, since P T and P T 0 are orthogonal
projections and therefore positive semidefinite with operator norm equal to 1. Let L =
P T (T 0 ). Since dim(L) ≤ dim(T 0 ) < dim(T ), there is u ∈ T ∩ L⊥ with u 6= 0. Then v > u =
P T (v)> u = 0 for all v ∈ T 0 , implying that P T 0 (u) = 0 and consequently (P T −P T 0 )u = u,
so that kP T − P T 0 k ≥ 1.

Lemma 18. For two affine non-null subspaces T, T 0 ,
(
sin θmax (T, T 0 ), if dim(T ) = dim(T 0 ),
kP T − P T 0 k =
1,
otherwise.

We relate below the difference of two orthogonal projections with the largest principal angle
between the corresponding subspaces.

6.1.4 Projections

which concludes the proof.

Applying the union bound and using the previous inequalities, we arrive at


p
P (kC m − Σk > t) ≤ P (kC ?m − Σk > t/2) + P kx̄k > mt/2




mt2
m2 t
≤ 2d exp −
+ 2d exp −
512
16d


mt
t m
≤ 4d exp −
min
,
,
16
32 d

1
Noting that m
(xi xTi − Σ), i = 1, . . . , m, are independent, zero-mean, self-adjoint matrices
with spectral norm bounded by 4/m, we may apply the matrix Hoeffding inequality (Tropp,
2012, Th. 1.3), to get


t2
P (kC ?m − Σk > t) ≤ 2d exp − 2 , σ 2 := m(4/m)2 = 16/m.
8σ

j=1

d
X
(d)

sin θmin (T1 , T2 ) = sin θmin (T̃1 , T̃2 ).

kt1 − PT1 ∩T2 (t1 )k = kt̃1 k,

k

34
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Proof. Assume the result is not true, so there is a sequence (xn ) ⊂ RD such that dist(xn , S1 ∩
S2 ) > n maxk dist(xn , Sk ). Because the surfaces are bounded, we may assume WLOG
that the sequence is bounded. Then dist(xn , S1 ∩ S2 ) is bounded, which implies that
maxk dist(xn , Sk ) = O(1/n). This also forces dist(xn , S1 ∩ S2 ) → 0. Indeed, otherwise
there is a constant C > 0 and a subsequence (xn0 ) ⊂ (xn ) such that dist(xn0 , S1 ∩ S2 ) ≥ C.
Since (xn0 ) is bounded, there is a subsequence (xn00 ) ⊂ (xn0 ) that converges, and by the fact
that maxk dist(xn00 , Sk ) = o(1), and by compactness of Sk , the limit is necessarily in S1 ∩S2 ,
which is incompatible with the fact that dist(xn00 , S1 ∩S2 ) ≥ C. Since dist(xn , S1 ∩S2 ) → 1,
we have
n max dist(xn , Sk ) < dist(xn , S1 ∩ S2 ) = o(1).
(47)

Lemma 21. Suppose S1 , S2 ∈ Sd (κ) intersect at a strictly positive angle and that reach(S1 ∩
S2 ) ≥ 1/κ. Then there is a constant C21 such that

dist(x, S1 ∩ S2 ) ≤ C21 max dist(x, S1 ), dist(x, S2 ) , ∀x ∈ RD .

The following result says that a point cannot be close to two compact and smooth
surfaces intersecting at a positive angle without being close to their intersection. Note that
the constant there cannot be solely characterized by κ, as it also depends on the separation
between the surfaces away from their intersection.

So assume that T1 ∩ T2 = {0}. By (Afriat, 1957, Th. 10.1), the angle formed by t1 and
PT2 (t1 ) is at least as large as the smallest principal angle between T1 and T2 , which is
θmin (T1 , T2 ) since T1 ∩ T2 = {0}. From this the result follows immediately.

and

kt1 − PT2 (t1 )k = kt̃1 − PT̃2 (t̃1 )k,

Proof. We may reduce the problem to the case where T1 ∩T2 = {0}. Indeed, let T̃1 = T1 ∩T2⊥ ,
T̃2 = T1⊥ ∩ T2 and t̃1 = t1 − PT1 ∩T2 (t1 ). Then

Lemma 20. Take any two linear subspaces T1 , T2 ⊂ RD . For any point t1 ∈ T1 \ T2 , we
have
dist(t1 , T2 ) ≥ dist(t1 , T1 ∩ T2 ) sin θmin (T1 , T2 ).

We start with an elementary result on points near the intersection of two affine subspaces.

6.1.5 Intersections

where P M and P M denote the orthogonal projections onto the top d eigenvectors of M
and N , respectively.

(d)

Lemma 19. Let M be positive semi-definite with eigenvalues β1 ≥ β2 ≥ · · · . Suppose that
βd − βd+1 > 0. Then for any other positive semi-definite matrix N ,
√
2kN − M k
(d)
(d)
kP N − P M k ≤
,
βd − βd+1

Applying the union bound and then Hoeffding’s inequality to each coordinate—which is in
[−2, 2]—we get

P(kx̄k > t) ≤
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k

snk k

sn‡ k

min kxn − sk ≤ kxn − sn k,

s∈S1 ∩S2

(49)

Assume n is large enough that dist(xn , S1 ∩ S2 ) < 1/κ and let snk be the projection of
xn onto Sk , and sn‡ the projection of xn onto S1 ∩ S2 . Let Tk = TSk (sn‡ ) and note that
θmin (T1 , T2 ) ≥ θ := θ(S1 , S2 )—see definition (6). Let tnk be the projection of snk onto Tk .
Assume WLOG that ktn1 − sn1 k ≥ ktn2 − sn2 k. Let tn denote the projection of tn1 onto T1 ∩ T2 ,
and then let sn = PS1 ∩S2 (tn ).
By (47), we have
n max kxn −
≤ kxn −
= o(1).
(48)
We start with the RHS:
kxn − sn‡ k =

κ 1
ks − sn‡ k2 ≤ κ(ksn1 − xn k2 + kxn − sn‡ k2 ) = o(1).
2 n

(51)

(50)

and first show that kxn − sn k = o(1) too. We use the triangle inequality multiple times in
what follows. We have
kxn − sn k ≤ kxn − sn1 k + ksn1 − tn1 k + ktn1 − tn k + ktn − sn k.

ksn1 − tn1 k ≤

From (48), kxn − sn1 k ≤ kxn − sn‡ k = o(1), so that ksn1 − sn‡ k = o(1), and by (10),

We also have
t∈T1 ∩T2

min ktn − sk ≤ ktn − sn‡ k ≤ ktn − tn1 k + ktn1 − sn‡ k = o(1).

s∈S1 ∩S2

ktn1 − tn k = min ktn1 − tk ≤ ktn1 − sn‡ k ≤ ktn1 − sn1 k + ksn1 − xn k + kxn − sn‡ k = o(1). (52)
Finally,
ktn − sn k =

ktn − sn k ≤ κktn − sn‡ k2 ≤ κ(ktn − sn k + ksn − xn k + kxn − sn‡ k)2 .
(53)

We now proceed. The last upper bound is rather crude. Indeed, using (12) for S =
S1 ∩S2 and s = sn‡ , and noting that TS1 ∩S2 (sn‡ ) = T1 ∩T2 , and using the fact that ktn −sn‡ k =
o(1), we get

Using (49),
ktn − sn k ≤ κ(ktn − sn k + 2ksn − xn k)2 ≤ 5κkxn − sn k2 ,
eventually, since ktn − sn k = o(1).
Combining (49), (50), (51) and (53), we get

kxn − sn k ≤ 2kxn − sn1 k + 2ktn1 − tn k,

(54)

kxn − sn k ≤ kxn − sn1 k + O(kxn − sn1 k2 + kxn − sn k2 ) + ktn1 − tn k + O(kxn − sn k2 ),
which leads to

n−2
max kxn − snk k.
k
2
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when n is large enough. Using this bound in (48) combined with (49), we get
ktn1 − tn k ≥

35

We then have

with

k

1 1
ks − sn2 k
2 n
1 1
(kt − tn2 k − ksn1 − tn1 k − ksn2 − tn2 k)
2 n
1
dist(tn1 , T2 ) − ksn1 − tn1 k,
2
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max kxn − snk k ≥
≥
≥

ksn1 − tn1 k = O(kxn − sn1 k2 + kxn − sn‡ k2 ) = O(kxn − sn k2 ) = O(ktn1 − tn k2 ),

due (in the same order) to (51), (48)-(49), and (54). Recalling that ktn1 − tn k = dist(tn1 , T1 ∩
T2 ), we conclude that

dist(tn1 , T2 ) = O(1/n) dist(tn1 , T1 ∩ T2 ) + O(1) dist(tn1 , T1 ∩ T2 )2 .

However, by Lemma 20, we have dist(tn1 , T2 ) ≥ (sin θ) dist(tn1 , T1 ∩ T2 ), so that dividing by
dist(tn1 , T1 ∩ T2 ) above leads to

1 = O(1/n) + O(1) dist(tn1 , T1 ∩ T2 ),

which is in contradiction with the fact that dist(tn1 , T2 ) ≤ ktn1 − tn k = o(1), established in
(52).

6.1.6 Covariances near an Intersection

The following compares a covariance matrix of a distribution supported on the union of two
smooth surfaces with that of the projection of that distribution on tangent subspaces.

Lemma 22. Consider S1 , S2 ∈ Sd (κ) intersecting at a positive angle, with reach(S1 ∩ S2 ) ≥
1/κ. Fix s ∈ S1 and let A = B(s, r) ∩ (S1 ∪ S2 ), where r < 1/κ. Let C denote the empirical
covariance of an i.i.d. sample from a distribution ν supported on A of size m and define
Σ = Cov(ν). Then



mt
P kC m − Σk > r2 t + 3κr3 ≤ C22 exp −
min(t, m) , ∀t ≥ 0,
C22
where C22 depends only on d.

Proof. Let T1 = TS1 (s), and if dist(s, S2 ) ≤ r, let s2 = PS2 (s) and T2 = TS2 (s2 ). Define
g : A 7→ T1 ∪ T2 where g(x) = PT1 (x) if x ∈ S1 , and g(x) = PT2 (x) otherwise. By (10),
kg(x) − xk ≤ κ2 r2 for all x ∈ A. Let Σg = Cov(ν g ). Also, let νm denote the sample
g
g
g
= Cov(νm
). Note that νm
is the
distribution and note that C m = Cov(νm ). Let C m
empirical distribution of an i.i.d. sample of size m from ν g , so the notation is congruent. If
dist(s, S2 ) > r, ν g is supported on B(s, r) ∩ T1 , which is a d-dimensional ball of radius r,
g
so that (43) applies to C m
and Σg . If dist(s, S2 ) ≤ r, ν g is supported on
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(B(s, r) ∩ T1 ) ∪ (B(s2 , r) ∩ T2 ) ⊂ B(s, 2r) ∩ (T1 ∪ T2 ) ⊂ B(s, 2r) ∩ (T1 + T2 ),

36

2 4

≤ 2κr + κ r /2 +

kC gm

− Σ k,

g

if min(dist(x, T2 ), dist(y, T2 )) ≤ r

p
1 − 1/γ 2 .


vol (A1x ∪ A2x ) 4 (A1y ∪ A2y )

vol (A1x ∪ A2x ) ∪ (A1y ∪ A2y )

(64)

For (65), we consider several cases.

37

(66)
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bd − ad = (b − a)(bd−1 + abd−2 + · · · + ad−2 b + ad−1 ) ≤ dbd−1 (b − a) ≤ d(b − a).

where t := kx − yk and t2 := kx2 − y 2 k. Note that t2 ≤ t by the fact that PT2 is 1-Lipschitz.
For (64), we have 1 − (1 − t)d+ ≤ dt. This is obvious when t ≥ 1, while when t ≤ 1 it is
obtained using the fact that, for any 0 ≤ a < b ≤ 1,

and assuming WLOG that δ ≤ η (i.e., ky − y 2 k ≥ kx − x2 k) and after proper scaling, we
get
vol(A2x 4 A2y )
≤ ζ := η d − (η − t2 )d+ ∧ δ d ,
(65)
2 vol(A1x )

vol(A1x 4 A1y )
≤ 1 − (1 − t)d+ ,
2 vol(A1x )

≤ 12d

vol(A1x 4 A1y ) + vol(A2x 4 A2y )
.
vol(A1x )
p
Note that A2x = B(x2 , η) ∩ T2 where x2 := PT2 (x) p
and η :=
1 − kx − x2 k2 ∧ 1.
2
Similarly, Ay = B(y 2 , δ) ∩ T2 where y 2 := PT2 (y) and δ := 1 − ky − y 2 k2 ∧ 1. Therefore,
applying Lemma 12, we get

≤ 12d

≤ 3d TV(λA1x ∪A2x , λA1y ∪A2y )

kΣT (x) − ΣT (y)k = k Cov(λA1x ∪A2x ) − Cov(λA1y ∪A2y )k

Proof. Assume without loss of generality that r = 1. Let Ajx = B(x, 1) ∩ Tj for any x and
j = 1, 2. By Lemma 14 and then Lemma 7, we have

kΣT (x) − ΣT (y)k ≤ 4γr kx − yk,

We note that, when d = 1, we also have the bound

Lemma 23. Let T1 and T2 be two linear subspaces of same dimension d. For x ∈ T1 ,
denote by ΣT (x) the covariance matrix of the uniform distribution over B(x, r) ∩ (T1 ∪ T2 ).
Then, for all x, y ∈ T1 ,
(
5dr kx − yk,
if d ≥ 2,
p
kΣT (x) − ΣT (y)k ≤
r kx − yk + 2 r3 kx − yk, if d = 1.

Here is a continuity result.

as in (38).

3

kC m − Σk ≤ kC m − C gm k + kC gm − Σg k + kΣg − Σk

where the latter is a ball in dimension d0 := dim(T1 + T2 ) ≤ 2d of radius 2r, so that (43)—
with 2r in place of r and 2d in place of d—applies to C gm and Σg . Then, by the triangle
inequality and Lemma 15,
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√
1−a−

√

1−b= √

√
b−a
b−a
b−a
√
≤√
≤√
= b − a.
1−a+ 1−b
1−b+b−a
b−a

`

38
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ΣT (`v) = ΣT (hv) for all max(0, h − 1/2) ≤ ` ≤ min(1/ sin θ0 , h + 1/2).

Proof. Assume without loss of generality that r = 1. If the statement of the lemma is
not true, there are subspaces T1 and T2 of same dimension d, a unit length vector v ∈
T1 ∩ (T1 ∩ T2 )⊥ and 0 ≤ h ≤ 1/ sin θ0 , such that

where the infimum is over 0 ≤ h ≤ 1/ sin θ0 and the supremum over max(0, h − 1/2) ≤ ` ≤
min(1/ sin θ0 , h + 1/2), and C24 ≥ 1 depends only on d and θ0 .

h

inf sup kΣT (hv) − ΣT (`v)k ≥ r2 /C24 ,

Lemma 24. Let T1 and T2 be two linear subspaces of same dimension d with θmin (T1 , T2 ) ≥
θ0 > 0. Fix a unit norm vector v ∈ T1 ∩ (T1 ∩ T2 )⊥ . With ΣT (hv) denoting the covariance
of the uniform distribution over B(hv, r) ∩ (T1 ∪ T2 ), we have

The following is in some sense a converse to Lemma 23, in that we lower-bound the
distance between covariance matrices near an intersection of linear subspaces. Note that
the covariance matrix does not change when moving parallel to the intersection; however,
it does when moving perpendicular to the intersection.

In summary, when d ≥ 2, we can therefore
bound kΣT (x) − ΣT (y)k by dt + 4dt = 5dt;
√
and when d = 1, we bound that by t + 2 t.

0≤

using (70), preceded by the fact that, for any 0 ≤ a < b ≤ 1,

• When η ≥ t2 + δ and d = 1, we have
p
√
ζ = η − δ ≤ ky − y 2 k2 ∧ 1 − kx − x2 k2 ∧ 1 ≤ 2 t,

ky − y 2 k ≤ ky − xk + kx − x2 k + kx2 − y 2 k = kx − x2 k + t + t2 .

where (66) was applied in the first line and the triangle inequality was applied in the
last line, in the form of

≤ 2d(t + t2 ) ≤ 4dt,

= d(ky − y 2 k ∧ 1 + kx − x2 k ∧ 1)(ky − y 2 k ∧ 1 − kx − x2 k ∧ 1)

= d(ky − y 2 k2 ∧ 1 − kx − x2 k2 ∧ 1)

ζ = η d − δ d ≤ dη d−1 (η − δ) ≤ dη(η − δ) ≤ d(η 2 − δ 2 )

• When η ≥ t2 + δ and d ≥ 2, we have

• When t2 < η ≤ t2 + δ, then ζ = η d − (η − t2 )d ≤ dt2 ≤ dt, by (66).

• When η ≤ t2 , then ζ = η d ≤ η ≤ t2 ≤ t.
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(75)

1/2

1 >
u ΣT (x)u ≥ αu> P T1 u + (1 − α)t2 u> P T2 u
c

u> P T1 u = a2 + kvk2 + 2ab cos θ1 + b2 cos2 θ1 = 1 − b2 sin2 θ1 ≥ 0,

u> P T2 u = b2 + 2ab cos θ1 + a2 cos2 θ1 = (a cos θ1 + b)2 .

and we conclude with 1 − α ≥ td /2.

40
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This last bound is always worst. Hence, by the Courant-Fischer theorem (Stewart and Sun,
1990, Cor. IV.4.7), we have
c
βd+1 (ΣT (x)) ≥ (1 − α)t2 (1 − cos θ1 )2 ,
4

1 >
u ΣT (x)u ≥ (1 − α)t2 (1 − cos θ1 )2 /4.
c

and using the fact that α ≥ 1 − α ≥ (1 − α)t2 , we get

≥ (1 − cos θ1 )2 (a2 + b2 ) ≥ (1 − cos θ1 )2 /4,

u> P T1 u + u> P T2 u ≥ (a + b cos θ1 )2 + (a cos θ1 + b)2

If |b| ≤ 1/2, then u> P T1 u ≥ 3/4, implying that 1c u> ΣT (x)u ≥ 3α/4 ≥ 3/8. Otherwise,

and

with

and we then use the fact that 1 − α ≤ td .
For the lower bound in (76), let θ1 ≥ θ2 ≥ · · · ≥ θd denote the principal angles between T1 and T2 . By the definition of principal angles, there are orthonormal bases for
T1 and T2 , denoted v 1 , . . . , v d and w1 , . . . , wd , such that v j> wk = 1Ij=k · cos θj . Take
u ∈ span(v 1 , . . . , v d , w1 ), that is, of the form u = av 1 + v + bw1 , with v ∈ span(v 2 , . . . , v d ).
Since P T1 = v 1 v 1> + · · · + v d v d> and P T2 = w1 w1> + · · · + wd wd> , when kuk = 1, we have

≤ (1 − α)(c + δ 2 (x)),

≤ c(1 − α)t2 kP T2 k + α(1 − α)δ 2 (x)

βd+1 (ΣT (x)) ≤ kΣT (x) − αcP T1 k

with α(1 − α) ≤ td . Hence, (75) is proved.
For the upper bound in (76), by Weyl’s inequality (Stewart and Sun, 1990, Cor. IV.4.9)
and the fact that βd+1 (P T1 ) = 0, and then the triangle inequality, we get

β1 (ΣT (x)) ≤ αckP T1 k + (1 − α)ct2 kP T2 k + α(1 − α)kx − x2 k2 ≤ c + α(1 − α)δ 2 (x),

with α ≥ 1 − td . And because of the triangle inequality, we have

βd (ΣT (x)) ≥ αckP T1 k = αc,

ΣT (x) = αcP T1 + (1 − α)ct2 P T2 + α(1 − α)(x − x2 )(x − x2 )> ,

Proof. Applying (72), we have
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∧ (h + 1/2)}

d/2

β1 (ΣT (x)) ≤ c + δ 2 (x)(1 − δ 2 (x))+ ,

(77)

where x2 := PT2 (x) and α := (1 + td )−1 with t := (1 − δ 2 (x))+ . Because all the matrices
in this display are positive semidefinite, we have

vol(B(hv, 1) ∩ T1 )
vol(B(hv, 1) ∩ T1 )
1
=
=
.
vol(B(hv, 1) ∩ (T1 ∪ T2 ))
vol(B(hv, 1) ∩ T1 ) + vol(B((h cos θ)w, t) ∩ T2 )
1 + td

This is because ` 7→ ΣT (`v) is continuous once T1 , T2 and v are chosen. By projecting onto
(T1 ∩T2 )⊥ , we may assume that T1 ∩T2 = {0} without loss of generality. Let θ = ∠(v, T2 ) and
note that θ ≥ θ0 since T1 ∩ T2 = {0}. Define u = (v − PT2 v)/ sin θ and also w = PT2 v/ cos θ
when θ < π/2, and w ∈ T2 is any vector perpendicular to v when θ = π/2. B(hv, 1) ∩ T1 is
the d-dimensional ball of T1 of radius 1 and center hv, while—using Pythagoras theorem—
B(hv, 1) ∩ T2 is the d-dimensional ball of T2 of radius t := (1 − (h sin θ)2 )1/2 and center
(h cos θ)w. Let λ denote the uniform distribution over B(hv, 1) ∩ (T1 ∪ T2 ) and λk the
uniform distribution over B(hv, 1) ∩ Tk . Note that λ = αλ1 + (1 − α)λ2 , where
α :=
By the law of total covariance,
Cov(λ) = α Cov(λ1 ) + (1 − α) Cov(λ2 ) + α(1 − α)(E(λ1 ) − E(λ2 ))(E(λ1 ) − E(λ2 ))> . (72)
with E(λ1 ) = hv and E(λ2 ) = h cos(θ)w, and Cov(λ1 ) = cP T1 and Cov(λ2 ) = t2 cP T2 , by
Lemma 13. Hence,
ΣT (hv) = αcP T1 + (1 − α)t2 cP T2 + α(1 − α)(1 − t2 )uu> ,

≤`≤

(1/ sin θ0 )

(73)

using the fact that v − (cos θ)w = (sin θ)u and the definition of t. Let θ1 = θmax (T1 , T2 ) and
let v 1 ∈ T1 be of unit length and such that ∠(v 1 , T2 ) = θ1 . Then for any 0 ≤ h, ` ≤ 1/ sin θ0 ,
we have
kΣT (hv) − ΣT (`v)k ≥ |v 1> ΣT (hv)v 1 − v 1> ΣT (`v)v 1 | = |f (th ) − f (t` )|,

: (h −

1/2)+

ctd+2 (cos θ1 )2 td (1 − t2 )(u> v 1 )2
c
+
+
.
1 + td
1 + td
(1 + td )2

where th := (1 − (h sin θ)2 )1/2 and
f (t) =

=

{t`

It is easy to see that the interval
Ih

is non empty. Because of (71) and (73), f (t) is constant over t ∈ Ih , but this is not possible
since f is a rational function not equal to a constant and therefore cannot be constant over
an interval of positive length.
We now look at the eigenvalues of the covariance matrix.

≤ βd (ΣT (x)),

Lemma 25. Let T1 and T2 be two linear subspaces of same dimension d. For x ∈ T1 ,
denote by ΣT (x) the covariance matrix of the uniform distribution over B(x, 1) ∩ (T1 ∪ T2 ).
Then, for all x ∈ T1 ,
d/2 

c 1 − (1 − δ 2 (x))+
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c
d/2+1
d/2
(1 − cos θmax (T1 , T2 ))2 (1 − δ 2 (x))+
≤ βd+1 (ΣT (x)) ≤ (c + δ 2 (x))(1 − δ 2 (x))+ , (76)
8
where c := 1/(d + 2) and δ(x) := dist(x, T2 ).
39

(83)

α :=

vol(A1 )
.
vol(A1 ) + vol(A2 )

α0 :=

vol(A01 )
.
vol(A01 ) + vol(A02 )

k(1 − α)D 2 − (1 − α0 )D 02 k ≤ cr2 |α0 − α| + (1 − α)kD 2 − D 02 k.

41
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kα(1 − α)(µ1 − µ2 )(µ1 − µ2 )> − α0 (1 − α0 )(s − s2 )(s − s2 )> k

≤ |α0 − α|ks − s2 k2 + α(1 − α)3r kµ1 − sk + kµ2 − s2 k .

Assuming that κr ≤ 1/C16 , by Lemma 16, we have kD 1 − D 01 k ∨ kD 2 − D 02 k ≤ C16 κr3 .
Because |α0 (1−α0 )−α(1−α)| ≤ |α0 −α| and the identity kaa> −bb> k ≤ (kak+kbk)ka−bk,
we also have

and similarly,

kαD 1 − α0 D 01 k ≤ |α0 − α|kD 01 k + αkD 1 − D 01 k ≤ cr2 |α0 − α| + kD 1 − D 01 k,

By the triangle inequality, we have

where

ΣT (s) = α0 D 01 + (1 − α0 )D 02 + α0 (1 − α0 )(s − s2 )(s − s2 )> ,

Recall that T1 = TS1 (s) and T2 = TS2 (s2 ), and define A0k = Br ∩ Tk , so that Br ∩ (T1 ∪ T2 ) =
A01 ∪ A02 . Note that E(λA01 ) = s and E(λA02 ) = s2 , and by Lemma 13, D 01 := Cov(λA01 ) =
cr2 P T1 and D 02 := Cov(λA02 ) = c(r2 − δ 2 )P T2 , where c := 1/(d + 2). Applying (72), we have

where

Σ(s) = αD 1 + (1 − α)D 2 + α(1 − α)(µ1 − µ2 )(µ1 − µ2 )> ,

Proof. We note that it is enough to prove the result when r is small enough. Let δ =
dist(s, S2 ) and let s2 = PS2 (s), so that ks − s2 k = δ. We first treat the case where δ ≤ r.
Let Br be short for B(s, r) and define Ak = Br ∩ Sk , µk = E(λAk ) and D k = Cov(λAk ), for
k = 1, 2. Applying (72), we have

kΣ(s) − ΣT (s)k ≤ C26 κr3 .

vol(Ak )
≤ 1 + κr,
vol(PTk (Ak ))

vol(Ak )
≤ (1 + κr)(1 + 2C9 κr) ≤ 1 + Cκr,
vol(A0k )

vol(PTk (Ak ))
≤ 1 + 2C9 κr,
vol(A0k )

|α − α0 | ≤ Cκr.
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Proof. We use the notation of Lemma 26 and its proof. In addition, we let C > 0 denote a
constant that depends only on S1 and S2 whose value increases with each appearance.
Define t1 = PT10 (s) and t2 = PT20 (t1 ). Let δ0 = kt1 − t2 k, δ1 = ks − t1 k, δ2 = ks2 − t2 k.
p
Define A01 = T10 ∩ B(t1 , r) and A02 = T20 ∩ B(t1 , r). Note that A02 = T20 ∩ B(t2 , r2 − δ02 )

kΣ(s) − Σ0T (s)k ≤ C27 r5/2 .

Lemma 27. Consider S1 , S2 ∈ Sd (κ) intersecting at a positive angle, with reach(S1 ∩ S2 ) ≥
1/κ. There is a constant C27 ≥ 1, depending on S1 and S2 , such that the following holds. For
s ∈ S1 with dist(s, S2 ) ≤ 2r, assuming r ≤ C127 , let Σ(s) and Σ0T (s) denote the covariance
matrices of the uniform distributions over B(s, r) ∩ (S1 ∪ S2 ) and B(PT10 (s), r) ∩ (T10 ∪ T20 ),
where Tk0 := TSk (s0 ) and s0 := PS1 ∩S2 (s). Then

Applying the triangle inequality to kΣ(s) − ΣT (s)k and using the bounds above, we conclude.
We assumed above that δ ≤ r. When δ > r, A2 = A02 = ∅ and α = α0 = 1. In this case,
µ2 , D 2 , D02 are not well-defined, but one can easily check that the above calculations, and
the resulting bound, remain valid. In fact, in this case Σ(s) = D 1 and ΣT (s) = D 01 .

we then get

k = 1, 2,

a0
a
|a − a0 | ∨ |b − b0 |
−
≤
≤ 1 − a/a0 | ∨ |1 − b/b0 |,
a + b a0 + b0
(a + b) ∨ (a0 + b0 )

for some constant C > 0. Since for all a, b, a0 , b0 > 0 we have

1 − Cκr ≤ 1 − 2C9 κr ≤

Hence,

1 − 2C9 κr ≤

when κr is small enough, implying

k = 1, 2,

k = 1, 2.

k = 1, 2.

vol(PTk (Ak ) 4 A0k )
≤ C9 κ(r + κr2 ) ≤ 2C9 κr,
vol(A0k )

Then by Lemma 9,

1≤

By Lemma 16, we have kµ1 − sk ∨ kµ2 − s2 k ≤ C16 κr2 . Assuming that κr ≤ 1/3, PT−1
is
k
well-defined and (1 + κr)-Lipschitz on Sk ∩ Br . And being an orthogonal projection, PTk is
1-Lipschitz . Hence, applying Lemma 6, we have

Below are two technical results on the covariance matrix of the uniform distribution on
the intersection of a ball and the union of two smooth surfaces, near where the surfaces
intersect. The first one is in fact a stepping stone to the second. The latter will enable us
to apply Lemma 23.

Lemma 26. There is a constant C26 ≥ 3 such that the following holds. Consider S1 , S2 ∈
1
Sd (κ). Fix r ≤ C26
κ , and for s ∈ S1 with dist(s, S2 ) < 1/κ, let Σ(s) and ΣT (s) denote the
covariance matrices of the uniform distributions over B(s, r) ∩ (S1 ∪ S2 ) and B(s, r) ∩ (T1 ∪
T2 ), respectively, where T1 := TS1 (s) and T2 := TS2 (PS2 (s)). Then
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when δ0 ≤ r, and A20 = ∅ when δ0 > r. We have ks − s0 k ≤ Cr by Lemma 21, which then
implies δ1 ≤ Cr2 by Lemma 2. Assuming that κr is small enough,
δ2 = ks2 − t2 k ≤ kPS2 (s) − PT20 (s)k + kPT20 (s) − PT20 (t1 )k
≤ C4 κks − s0 k2 + ks − t1 k ≤ Cr2 ,

where in the second line we used Lemma 4 and the fact that any metric projection is
1-Lipschitz. Hence,
|δ0 − δ| ≤ kt1 − t2 k − ks − s2 k ≤ kt1 − sk + kt2 − s2 k = δ1 + δ2 ≤ Cr2 .

ΣT0 (s) = α0 D 10 + (1 − α0 )D 20 + α0 (1 − α0 )(t1 − t2 )(t1 − t2 )> ,

Note that E(λA10 ) = t1 and, by Lemma 13 (with c denoting the constant defined there),
D 10 := Cov(λA10 ) = cr2 P T10 . If δ0 ≤ r, E(λA20 ) = t2 and D 20 := Cov(λA20 ) = c(r2 − δ02 )P T20 ;
if δ0 > r, then A20 = ∅, and we define D 20 = 0 in that case. Applying (72), we have

where
vol(A10 )
.
α0 :=
vol(A10 ) + vol(A20 )

kD 10 − D 10 k = kcr2 P T1 − cr2 P T10 k = cr2 kP T1 − P T10 k,

Note that α0 = 1 when δ0 > r (i.e., when A20 = ∅). We focus on the case where max(δ, δ0 ) ≤
r, which is the most complex one. We have

and
kD 20 − D 20 k = kc(r2 − δ 2 )P T2 − c(r2 − δ02 )+ P T20 k ≤ cr2 kP T2 − P T20 k + c|δ 2 − δ02 |,

kP T2 − P T20 k ≤ 6κks2 − s0 k ≤ Cr,

vol(A20 ) = ωd (r2 − δ0 2 )d/2 ,

ks2 − s0 k ≤ ks2 − sk + ks − s0 k ≤ 2r + Cr.

kP T1 − P T10 k ≤ 6κks − s0 k ≤ Cr,

by the triangle inequality and the fact that kP T k ≤ 1 for any affine subspace T . By
Lemma 3 and Lemma 18, we have

since

vol(A10 ) = ωd r2 ,

(1 − δ/r)d/2 − (1 − δ0 /r)d/2 .
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1
1
−
1 + (1 − δ/r)d/2 1 + (1 − δ0 /r)d/2

vol(A20 ) = ωd (r2 − δ 2 )d/2 ,

And since |δ 2 − δ02 | ≤ 2r|δ − δ0 | ≤ Cr3 , we have kD k0 − D k0 k ≤ Cr3 for k = 1, 2. Let ωd
denote the volume of the d-dimensional unit ball. Then
vol(A10 ) = ωd rd ,
so that
|α0 − α0 | =
≤

43

Arias-Castro, Lerman, and Zhang

kΣT (s) − ΣT0 (s)k ≤ Cr5/2 .

Proceeding as when we bounded ζ in the proof of Lemma 23, we get
p
√
|α0 − α0 | ≤ d |δ − δ0 |/r ≤ C r.
Hence, we proved that

We use this inequality, (83), and the triangle inequality, to get

kΣ(s) − ΣT0 (s)k ≤ kΣ(s) − ΣT (s)k + kΣT (s) − ΣT0 (s)k ≤ Cr5/2 ,
which is what we needed to prove.

6.2 Performance Guarantees for Algorithm 2

I?c = {i : ∃j s.t. Kj 6= Ki and ksj − si k ≤ r}.

I? = {i : Kj = Ki , ∀j ∈ Ξi },

We deal with the case where there is no noise, that is, τ = 0 in (7), so that the data points
are s1 , . . . , sN and sampled exactly on S1 ∪ S2 according to the uniform distribution. We
explain how things change when there is noise, meaning τ > 0, in Section 6.4.
We start with some notation. Let Ξi = {j 6= i : sj ∈ Nr (si )}, with (random) cardinality
Ni = |Ξi |. For i ∈ [n], let Ki = 1 if si ∈ S1 and = 2 otherwise, and let Ti = TSKi (si ), which
is the tangent subspace associated with data point si . Let P i be short for P Ti . Let

or equivalently,

r ≤ ε/C,

ε ≤ η/C,

η ≤ 1/C,

(90)

Thus I? indexes the points whose neighborhoods do not contain points from the other
cluster.
We will soon define a constant C• and will require the following
C• ≥ C,

for a large enough constant C ≥ 1 that depends only on S1 and S2 .

6.2.1 A Concentration Bound for Local Covariances

Objective. We derive a concentration bound for the local covariances.

Define

JMLR 18(9):1-57, 2017

vold (S1 )∧vold (S2 )
vold (S1 )+vold (S2 ) .

Let Ξi = {j 6= i : sj ∈ Nr (si )}, with (random) cardinality Ni = |Ξi |. When there is no noise,
C i is the sample covariance of {sj : j ∈ Ξi }. Also, let Σ(s) denote the covariance matrix
of the uniform distribution over B(s, r) ∩ (S1 ∪ S2 ), and note that Σi := Σ(si ) = E(C i |si ).
Given Ni , {sj : j ∈ Ξi } are uniformly distributed on B(si , r) ∩ (S1 ∪ S2 ), and applying
Lemma 22, we get that for any t > 0




Ni t
P kC i − Σi k > r2 t + 3κr3 si , Ni ≤ C22 exp −
min t, Ni .
(91)
C22

Assume that r < 1/(C11 κ) and let n‡ := nrd /(2C11 /χ) where χ :=

Ω1 = {∀i : Ni > n‡ }.
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I?c

= {i : ∃j s.t. Kj 6= Ki and ksj − si k ≤ r}.
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By definition, I? indexes the points whose neighborhoods do not contain points from the
other cluster.

or equivalently,

I? = {i : Kj = Ki , ∀j ∈ Ξi },

For i ∈ [n], let Ki = 1 if si ∈ S1 and = 2 otherwise. Let Ti = TSKi (si ), which is the tangent
subspace associated with data point si . Let

Objective. We show that there is an appropriate choice of parameters as in Theorem 1
such that, away from the intersection—when confined to I? —two points belonging to the
same surface and within distance ε are neighbors, while two points belonging to different
surfaces are not neighbors.

6.2.2 Away from the Intersection

for another constant C that depends on C• and d.

≤ Cn exp(−nrd η 2 /C),

≤ nC22 exp(−n‡ (η/C• )2 /C22 ) + Cn exp(−nrd /C)

P(Ωc2 ) ≤ P(Ωc2 |Ω1 ) + P(Ωc1 )

where C• will be chosen large enough, but fixed, later on. Assume that n‡ ≥ η/C• . Note
that η ≤ 1 by assumption, and we may assume n‡ to be larger than any given constant, for
if not, the statement in Theorem 1 is void. Based on the union bound and (91), we have

for some other constant C > 0. (We used the fact that the left-hand side can be made
greater than 1 when nrd ≤ 1 by choosing C large enough, so that we may focus on the case
where nrd ≥ 1.) Define the event
n
o
Ω2 = ∀i : kC i − Σi k ≤ r2 η/C• + 3κr3 ,

≤ Cn exp(−nr /C),

d

P(Ωc1 ) ≤ 2 exp(−χn/C) + C11 r−d exp(−(χn/2)rd /C11 )

(We also used the fact that χ = χ1 ∧ χ2 .) With this, we may apply Lemma 11, to get

meaning that Ni0 counts the number of neighboring points from the same surface. We
d (Sk )
have that #{i : Ki = k} ∼ Bin(n, χk ) where χk := vold (Svol
, and using a standard
1 )+vold (S2 )
concentration inequality for the binomial distribution, there is a numeric constant C > 0
such that
P(#{i : Ki = k} ≥ χn/2) ≥ 1 − exp(−χn/C).

Ni ≥ Ni0 := #{j 6= i : Ki = Kj and sj ∈ B(si , r)},

Note that, for any i,
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∀i ∈ I? .

ζ := η/C• + (3 + C16 )κr.

∀i ∈ I? ,

∀i, j ∈ I? .

(98)

(97)

(96)

(95)

(99)

1
1
dist(si , S1 ∩ S2 ) + dist(sj , S1 ∩ S2 ) ≤ C21 ε.
2
2

and similarly,

46

1
kΣT,j − Σ0j k ≤ 6κ(C21 + 1/2)ε.
cr2

1
kΣT,i − Σ0i k ≤ 6κksi − sk ≤ 6κ(C21 + 1/2)ε,
cr2
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Let Ti0 denote the tangent subspace of SKi at s and let Σ0i be the covariance of the uniform
distribution over Ti0 ∩ B(s, r). Define Tj0 and Σ0j similarly. Then, as in (99) we have



1
1
max ks − si k, ks − sj k ≤ dist(z, S1 ∩ S2 ) + ksi − sj k ≤ C21 ε + ε.
2
2

Assuming C21 ε < 1/κ, let s = PS1 ∩S2 (z). Then, by the triangle inequality again,

dist(z, S1 ∩ S2 ) ≤

Let z be the mid-point of si and sj . By convexity and the display above,

by the triangle inequality and (98). Therefore, if η > 6cκε + 2ζ, then any pair of points
indexed by i, j ∈ I? from the same cluster and within distance ε are direct neighbors in the
graph built by Algorithm 2.
Take i, j ∈ I? such that Ki 6= Kj and ksi − sj k ≤ ε. By Lemma 21,


max dist(si , S1 ∩ S2 ), dist(sj , S1 ∩ S2 ) ≤ C21 ksi − sj k.

1
kC i − C j k ≤ 6cκε + 2ζ,
r2

where c := 1/(d + 2). This implies that

1
kΣT,i − ΣT,j k = sin θmax (Ti , Tj ) ≤ 6κksi − sj k ≤ 6κε,
cr2

Take i, j ∈ I? such that Ki = Kj and ksi − sj k ≤ ε. Then by Lemma 13, Lemma 18
and Lemma 3, and the triangle inequality, we have

kC i − C j k ≤ kΣT,i − ΣT,j k + 2ζr2 ,

The inequality (96) leads, via the triangle inequality, to the decisive bound

where

kC i − ΣT,i k ≤ kC i − Σi k + kΣi − ΣT,i k ≤ ζr2 ,

Under Ω2 , by the triangle inequality and (95), we have

kΣi − ΣT,i k ≤ C16 κr3 ,

For i ∈ I? , let ΣT,i denote the covariance of the uniform distribution on Ti ∩ B(si , r).
Applying Lemma 16, this leads to
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Moreover, by Lemma 13 and Lemma 18,
1
kΣ0 − Σj0 k = sin θmax (Ti0 , Tj0 ) ≥ sin θS ,
cr2 i
where θS is short for θ(S1 , S2 ), defined in (6). Hence, by the triangle inequality,
1
kΣT,i − ΣT,j k ≥ sin θS − 12κ(C21 + 1/2)ε,
cr2
and then
1
kC i − C j k ≥ c sin θS − 12cκ(C21 + 1/2)ε − 2ζ,
(100)
r2
by the triangle inequality and (98). Therefore, if η < c sin θS − 12cκ(C21 + 1/2)ε − 2ζ, then
any pair of points indexed by i, j ∈ I? from different clusters are not direct neighbors in the
graph built by Algorithm 2.
In summary, we would like to choose η such that
cκε + 2ζ < η < c sin θS − 12cκ(C21 + 1/2)ε − 2ζ.
Recalling the definition of ζ in (97), this holds under (90).
6.2.3 The Different Clusters are Disconnected in the Graph
Objective. We show that Step 2 in Algorithm 2 eliminates all points i ∈
/ I? , implying by
our conclusion in Section 6.2.2 that the two clusters are not connected in the graph.
Hence, take i ∈
/ I? with Ki = 1 (say), so that dist(si , S2 ) ≤ r. By Lemma 21, we have
dist(si , S1 ∩ S2 ) ≤ C21 r. Assume r is small enough that C21 κr < 1/2. Let s0 = PS1 ∩S2 (si )
and define Tk0 = TSk (s0 ) for k ∈ {1, 2}. For s ∈ S1 such that dist(s, S2 ) ≤ 2r, define ΣT0 (s)
as in Lemma 27.
Assuming that si 6= s0 (which is true with probability one) and s0 = 0 (by translation
invariance), let h = ksi − s0 k and v = (si − s0 )/h. Note that si = hv. Because v ⊥ T10 ∩ T20
by Lemma 1, and that θmin (T10 , T20 ) ≥ θS , we apply Lemma 24 to find ` ∈ h ± r/2 such that
kΣT0 (`v) − ΣT0 (hv)k ≥ r2 /C24 , where C24 ≥ 1 depends only on θS and d. Letting s̃ = `v,
we have ks̃ − si k = |h − `| ≤ r/2, so that
dist(s̃, S2 ) ≤ ks̃ − si k + dist(si , S2 ) ≤ r/2 + r ≤ 3r/2.
By Lemma 21, we have dist(s̃, S1 ∩ S2 ) ≤ C21 2r < 1/κ, and consequently, PS1 ∩S2 (s̃) = s0 ,
by Lemma 1. Hence, by the triangle inequality and Lemma 27,
kΣ(si ) − Σ(s̃)k ≥ kΣT0 (s) − ΣT0 (s̃)k − kΣ(si ) − ΣT0 (si )k − kΣ(s̃) − ΣT0 (s̃)k
≥ r2 /C24 − 2C27 r5/2 .

Take any s̄ ∈ S1 such that ks̄ − s̃k ≤ r/2. By Lemma 23,
p
p
r3 ks̄ − s̃k ≤ (5d + 2)r3/2 ks̄ − s̃k.
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dist(s̄, S2 ) ≤ ks̄ − s̃k + dist(s̃, S2 ) ≤ r/2 + 3r/2 ≤ 2r,

kΣT0 (s̄) − ΣT0 (s̃)k ≤ 5drks̄ − s̃k + 2

Noting that
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we apply the triangle inequality and Lemma 27, and we get

kΣ(s̄) − Σ(s̃)k ≤ kΣT0 (s̄) − ΣT0 (s̃)k + kΣ(s̄) − ΣT0 (s̄)k + kΣ(s̃) − ΣT0 (s̃)k
p
≤ (5d + 2)r3/2 ks̄ − s̃k + 2C27 r5/2 .

When ks̄ − s̃k ≤ r/C‡ , we have

kΣ(s̄) − Σ(si )k ≥ kΣ(si ) − Σ(s̃)k − kΣ(s̄) − Σ(s̃)k
p

≥ r2 1/C24 − (5d + 2)/ C‡ − 4C27 r1/2 ≥ r2 /(2C24 ),

k=1

2 n
o
\
∀s ∈ Sk : #{i : Ki = k and si ∈ B(s, r/C‡ )} ≥ 2 .

assuming C‡ is large enough and r is small enough. Fixing such a constant C‡ ≥ 2, define
the event
Ω3 =

By the same arguments bounding P(Ω1c ) in Section 6.2.1, we have that there is a constant
C such that, when r ≤ 1/(Cκ),

P(Ω3c ) ≤ Cn exp(−nrd /C).

Under Ω3 , there is sj ∈ S1 ∩ B(s̃, r/C‡ ). Taking s̄ = sj above, we have that kΣj − Σi k ≥
r2 /(2C24 ). Under Ω2 , by the triangle inequality,

≥ r2 /(2C24 ) − 2r2 η/C• ≥ r2 /(3C24 ),

kC j − C i k ≥ kΣj − Σi k − kC i − Σi k − kC j − Σj k

choosing C• sufficiently large. (Recall that η ≤ 1 by assumption.) Therefore, choosing η
such that η < 1/(3C24 ), we see that kC j − C i k > ηr2 , even though

ksj − si k ≤ ksj − s̃k + ks̃ − si k ≤ r/C‡ + r/2 ≤ r.

6.2.4 The Points that are Removed are close to the Intersection

Objective. We show that the points removed by Step 2 are within distance Cr of the
intersection.

Let I◦ = {i ∈ I? : Ξi ⊂ I? }. By our choice of parameters in (90), we see that i ∈ I◦ is
neighbor with any j ∈ Ξi , so that i survives Step 2. Hence, the nodes removed at Step 2
are in I◦c = {i ∈ I? : Ξi ∩ I?c 6= ∅} ∪ I?c , with the possibility that some nodes in I◦c survive.
Now, for any i ∈ I?c , there is j with Kj 6= Ki such that ksi − sj k ≤ r, so by Lemma 21,

dist(si , S1 ∩ S2 ) ≤ C21 ksi − sj k ≤ C21 r.
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And for any i ∈ I◦ \ I?c , there is j ∈ I?c such that ksj − si k ≤ r, by definition of Ξi , so that
dist(si , S1 ∩ S2 ) ≤ C21 r + r, by the triangle inequality. In fact, we just proved that the
last inequality holds for all i ∈ I◦c . Hence, the points removed in Step 2 are within distance
(C21 + 1)r of S1 ∩ S2 .
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(109)

= ktm − sk − ksm − tm k
κ
≥ ε1 − ksm − sk2
2

κ
≥ 1 − (1 + κε1 )2 ε1 ε1
2
≥ ε/5,

dist(sm , S1 ∩ S2 ) ≥ dist(tm , S1 ∩ S2 ) − ksm − tm k
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when ε is sufficiently small. We used (10) in the second inequality. We assume r/ε is
sufficiently small that ε/5 ≥ r0 +r. Then under Ω3 , there are j1 , j2 such that sjm ∈ B(sm , r)∩
S1 , and by the triangle inequality, we then have that dist(sjm , S1 ∩ S2 ) ≥ ε/5 − r ≥ r0 , so

We also have

ksm − sk ≤ (1 + κε1 )ktm − sk = (1 + κε1 )ε1 ≤ ε/3.

so that it suffices to show that the subset of nodes {i : si ∈ R} is connected.
Define W = S1 \ S2 and let {Wm } denote the connected components of W . (Note that
there might only be one, for example, when S1 and S2 are circles in dimension D = 3, not
in the same plane, that intersect at a single point.) Define Rm = Wm \ B(S1 ∩ S2 , r0 ). Since
W = tm Wm = S1 \ (S1 ∩ S2 ), we have R = tm Rm . In fact, when r (and therefore r0 )
is small enough, Rm is connected, and assuming this is the case, {Rm } are the connected
components of R.
Suppose R1 and R2 are two adjacent connected components of R, meaning that R1 ∪R2 ∪
S2 is connected. We show that there is at least one pair j1 , j2 of direct neighbors in the graph
such that sjm ∈ Rm . Take s on the connected component of S1 ∩ S2 separating R1 and R2 .
We construct two points, s1 ∈ R1 and s2 ∈ R2 , that are within distance of order ε from s,
and then select sjm as the closest data point to sm . Let T k = TSk (s) and let H be the affine
subspace parallel to (T 1 ∩T 2 )⊥ passing through s. Take tm ∈ PT 1 (Rm )∩H∩∂B(s, ε1 ), where
ε1 := ε/4, which exists when ε is sufficiently small. Note that t1 , t2 ∈ T 1 and assuming
that ε is sufficiently small that ε1 < 1/κ, we have PS1 ∩S2 (tm ) = s by Lemma 1. Define
m
1 2 ∈ S . Lemma 5 not only justifies this construction
sm = PT−1
1
1 (t ) and note that s , s
when κε1 < 1/C5 , it also says that PT−1
1 has Lipschitz constant bounded by 1 + κε1 , which
implies that

any si ∈ S1 such that dist(si , R) < r survives Step 2,

Take, for example, the cluster generated from sampling S1 . Before we start, we recall that
I?c was eliminated in Step 2, so that by our choice of η in (90), to show that two points
si , sj sampled from S1 are neighbors it suffices to show that ksi − sj k ≤ ε.
Define R = S1 \B(S1 ∩S2 , r0 ), where r0 := (C21 +2)r. By our conclusion in Section 6.2.4,
we have that

Objective. We show that the points that survive Step 2 and belong to the same cluster
are connected in the graph, except for possible spurious points within distance Cr of the
intersection.

6.2.5 Each Cluster is (essentially) Connected in the Graph

Spectral Clustering Based on Local PCA

≤ r + ε/3 + ε/3 + r
2
=
ε + 2r ≤ ε,
3

m
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We keep the same notation as in Section 6.2 and go a little faster here as the arguments
are parallel. Let di denote the estimated dimensionality at point si , meaning the number

6.3 Performance Guarantees for Algorithm 3

We worked under the assumption that (90), with a constant C large enough and depending
only on S1 and S2 . This is compatible with the statement of Theorem 1. In Section 6.2.1,
we derived a concentration inequality for local covariances. This lead to a uniform bound
(defining the event Ω2 ) which holds with probability at least 1 − Cn exp(−nrd η 2 /C) for
some constant C > 0. In Section 6.2.2, we showed that among points away from the
intersection (indexed by I? ), those that are in the same cluster are neighbors in the graph if
they are within distance ε, while those in different clusters cannot be neighbors in the graph.
In Section 6.2.3, we showed that Step 2 removes points not indexed by I? , thus implying
that the two clusters are not connected in the graph. In the process, we assumed that an
event (denoted Ω3 ) held, which happens with probability at least 1 − Cn exp(−nrd /C) for
some constant C > 0. In Section 6.2.4, we showed that the points removed in Step 2 are
within distance O(r) from the intersection of the surfaces. In Section 6.2.5, we showed that,
except for points within distance O(r) of the intersection, two points in the same cluster
are connected in the graph.
We conclude that, after Step 4, Algorithm 2 returns two groups, and each group covers
an entire cluster except for points within distance O(r) of the intersection. In Step 5,
each point removed in Step 2 is included in the group which contains its closest point (in
Euclidean distance). Theorem 1 is silent on the accuracy of doing this step. So the proof
of Theorem 1, as it relates to Algorithm 2, is complete.

6.2.6 Summary and Conclusion

Because R1 is connected, ∪m
is necessarily connected. Under Ω1 , and C26 ≥ 2,
all the balls B(sm , r), m = 1, . . . , M, contain at least one si ∈ S1 , and any such point
survives Step 2, because of dist(si , R1 ) < r and (109). Assume r/ε ≤ 1/4. Then two
points si and sj such that si , sj ∈ B(sm , r) are connected, since ksi − sj k ≤ 2r ≤ ε.
And when B(sm1 , r) ∩ B(sm2 , r) 6= ∅, si ∈ B(sm1 , r) and sj ∈ B(sm2 , r) are such that
ksi − sj k ≤ 4r ≤ ε. Hence, the points sampled from R1 are connected in the graph under
Ω1 .

B(sm , r)

assuming r/ε is sufficiently small.
Now, we show that the points sampled from any connected component, say R1 , form a
connected subgraph. Take s1 , . . . , sM an r-packing of R1 , so that
[
G
(R1 ∩ B(sm , r/2)) ⊂ R1 ⊂ (R1 ∩ B(sm , r)).
m

ksj1 − sj2 k ≤ ksj1 − s1 k + ks1 − sk + ks − s2 k + ks2 − sj2 k

that sjm ∈ Rm . Moreover,
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√
of eigenvalues of C i exceeding η kC i k. Recall that Qi denotes the orthogonal projection
onto the top di eigenvectors of C i .
6.3.1 Estimation of the Intrinsic Dimension
Objective. We show that, for i ∈ I? , di = d (the correct intrinsic dimension) with high
probability.

∀m = 1, . . . , D.

Take i ∈ I? . Under Ω2 , (96) holds, and applying Weyl’s inequality (Stewart and Sun, 1990,
Cor. IV.4.9), we have
|βm (C i ) − βm (ΣT,i )| ≤ ζr2 ,

βd+1 (C i ) ≤ ζr2 .

ζ
βd+1 (C i )
√
≤
< η,
β1 (C i )
c+ζ

βd (C i ) ≥ (c − ζ)r2 ,

By Lemma 13, ΣT,i = cr2 P i , so that βm (ΣT,i ) = cr2 when m ≤ d and βm (ΣT,i ) = 0 when
m > d. Hence,
β1 (C i ) ≤ (c + ζ)r2 ,
This implies that
βd (C i )
c−ζ
√
≥
> η,
β1 (C i )
c+ζ

when ζ ≤ η/2 and η is sufficiently small, which is the case under (90). When this is so,
di = d by definition of di . (Note that kC i k = β1 (C i ).)
6.3.2 Each Cluster is (essentially) Connected in the Graph
Objective. We show that each cluster is connected in the graph, except possibly for some
points near the intersection.
Note that the top d eigenvectors of ΣT,i generate Ti . Hence, applying Lemma 19, and (96)
again, we get that (recall that c = 1/(d + 1))
√
√
2 ζr2
= ζ 0 := 2(d + 2)ζ, ∀i ∈ I? .
cr2
kQi − P i k ≤

1
kΣT,i − ΣT,j k + 2ζ 0 ,
cr2

∀i, j ∈ I? ,

This is the equivalent of (96), which leads to the equivalent of (98):
kQi − Qj k ≤

using the fact that ΣT,i = cr2 P i . When i, j ∈ I? are such that Ki = Kj , based on (99), we
have
kQi − Qj k ≤ 6κε + 2ζ 0 .
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Hence, when η > 6κε + 2ζ 0 (which is the case under (90)), two nodes i, j ∈ I? such that
Ki = Kj and ksi − sj k ≤ ε are neighbors in the graph. The arguments provided in
Section 6.2.5 now apply in exactly the same way to show that nodes i ∈ I◦ such that Ki = 1
are connected in the graph. The same is true of nodes i ∈ I◦ such that Ki = 2.
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6.3.3 The Clusters are (essentially) Disconnected in the Graph

Objective. We show that the two sets of nodes {i ∈ I◦ : Ki = 1} and {i ∈ I◦ : Ki = 2}—
shown to be connected above—are disconnected in the graph.

When we take i, j ∈ I? such that Ki 6= Kj , we have the equivalent of (100), meaning,

kQi − Qj k ≥ sin θS − 12κ(C21 + 1/2)ε − 2ζ 0 .

β1 (Σ(s)) ≤ β1 (ΣT (s)) + C26 r3 ,

We choose η smaller than the RHS, so that these nodes are not neighbors in the graph.
We next prove that a point indexed by I? is not neighbor to a point near the intersection
because of different estimates for the local dimension. Let C denote a positive constant
which increases with each appearance. Take s ∈ S1 such that δ(s) := dist(s, S2 ) ≤ r.
Reinstate the notation used in Section 6.2.3, in particular s0 , T10 and T20 , as well as ΣT0 (s).
Define ΣT (s) as in Lemma 26. Also, let T10 = TS1 (s) and T20 = TS2 (s2 ) where s2 := PS2 (s).
By Lemma 26 and Weyl’s inequality, we have

βd+1 (Σ(s)) ≥ βd+1 (ΣT (s)) − C26 r3 ,

which together with Lemma 25 (and proper scaling), implies that

c
(1 − cos θmax (T10 , T20 ))2 (1 − δ(s)2 /r2 )d/2+1 − C26 r3
β (Σ(s))
d+1
≥ 8
.
β1 (Σ(s))
c + (δ(s)/r)2 (1 − δ(s)2 /r2 )d/2 + C26 r3

Then, by the triangle inequality,

θmax (T10 , T20 ) ≥ θmax (T10 , T20 ) − θmax (T10 , T10 ) − θmax (T20 , T20 ).


θmax (T20 , T20 ) ≤ sin−1 6κks2 − s0 k ∧ 1 ≤ Cr,

By definition, θmax (T10 , T20 ) ≥ θS , and by Lemma 3,

θmax (T10 , T10 ) ≤ sin−1 6κks − s0 k ∧ 1 ≤ Cr,
and similarly,

when

1 − δ(s)2 /r2 ≥ ξ := C∗ η 1/(d+2) ,

(118)

because ks − s0 k ≤ Cr by Lemma 21 and then ks2 − s0 k ≤ r + ks − s0 k ≤ Cr. Hence, for
r small enough, θmax (T10 , T20 ) ≥ θS /2, and furthermore,
βd+1 (Σ(s)) √
≥ η
β1 (Σ(s))
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(119)

where C∗ is a large enough constant, assuming r/η and η are small enough. The same is
true for points on s ∈ S2 if we redefine δ(s) = dist(s, S1 ). Hence, for si close enough to the
intersection that δ(si ) satisfies (118), di > d. Then, by Lemma 18, kQi − Qj k = 1 for any
j ∈ I? . By our choice of η < 1, this means that i and j are not neighbors.
So the only way {i ∈ I? : Ki = 1} and {i ∈ I? : Ki = 2} are connected in the graph
is if there are si ∈ S1 and sj ∈ S2 such that ksi − sj k ≤ ε and both δ(si ) and δ(sj ) fail
to satisfy (118). We now show this is not possible. Let ΣT,i = ΣT (si ) and define ΣT,j
similarly. (These are well-defined when ε < 1/κ, which we assume.) By Lemma 26, we have

kΣi − ΣT,i k ≤ C26 r3 .

52

2

3

kQj − P j k ≤ C(η/C• + ξ d/2 + r).


1  2
r η/C• + 2ξ d/2 r2 + (3κ + C26 )r3 ≤ C(η/C• + ξ d/2 + r).
αi cr2
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kD i − C i k = k Cov(X) − Cov(Y )k

1/2  
1/2

1/2 
≤ E kX − Y k2
· E kX − xi k2
+ E kY − xi k2

≤ τ · (r + (r + τ )) = r2 2τ /r + (τ /r)2 ,

So far we only dealt with the case where τ = 0 in (7). When τ > 0, a sample point xi
is in general different than its corresponding point si sampled from one of the surfaces.
However, when τ /r is small, this does not change things much. For one thing, the points
are close to each other, since we have kxi − si k ≤ τ by assumption, and τ is small compared
to r. And the corresponding covariance matrices are also close to each other. To see this,
redefine Ξi = {j 6= i : xj ∈ Nr (xi )} and C i as the sample covariance of {xj : j ∈ Ξi }. Let
D i denote the
P sample covariance of {sj : j ∈ Ξi }. Let X be uniform over {xj : j ∈ Ξi } and
define Y = j sj 1I{X=xj } . Starting from (33), we have

6.4 Noisy Case

when the constant in (90) is large enough. (Recall the definition of ξ above.) Therefore i
and j are not neighbors, as we needed to show.

kQi − Qj k ≥ kP i − P j k − kQi − P i k − kQj − P j k
1
≥ sin(θS − Cε) − C(η/C• + ξ d/2 + r) ≥ sin θS > η,
2

by Lemma 3. Hence, by the triangle inequality,

θmax (Ti , Tj ) ≥ θmax (T10 , T20 ) − θmax (Ti , T10 ) − θmax (Tj , T20 ) ≥ θS − Cε,

By Lemma 18, kP i − P j k = sin θmax (Ti , Tj ). Let s0 = PS1 ∩S2 (si ), and define T10 and T20 as
before. Not that ksi − s0 k ≤ Cε by Lemma 21 and the fact that dist(si , S2 ) ≤ ksi − sj k ≤ ε.
Also, ksj − s0 k ≤ ksi − s0 k + ksj − si k ≤ Cε. We then have

Similarly,

kQi − P i k ≤

3

r + C26 r .

d/2 2

Since βd (P i ) = 1 and βd+1 (P i ) = 0, by Lemma 19, we have

kC i − αi cr P i k ≤ r η/C• + 3κr + 2ξ

2

where the second inequality we used the fact that αi = 1 if δ(si ) > r, and in very last
inequality comes from δ(si ) not satisfying (118). Hence, under Ω2 , with (119) and the
triangle inequality, we get

≤ 2(1 − αi )r2 ≤ 2(1 − δ(si )2 /r2 )+ r2 ≤ 2ξ d/2 r2 ,

d/2

kΣT,i − αi cr2 P i k ≤ c(1 − αi )t2i r2 + αi (1 − αi )δ 2 (si )
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k∇f (θ) − ∇f (θ0 )k ≤ Lkθ − θ0 k ,

H 1 The function g : Rd → [0, +∞] is convex, not identically +∞, and lower semicontinuous. The function f : Rd → R is convex, continuously differentiable on Rd
and there exists a finite non-negative constant L such that, for all θ, θ0 ∈ Rd ,

This problem occurs in a variety of statistical and machine learning problems, where f
is a measure of fit depending implicitly on some observed data and g is a regularization
term that imposes structure to the solution. Typically, f is a differentiable function
with a Lipschitz gradient, whereas g might be non-smooth (typical examples include
sparsity inducing penalty).

(P)

This paper deals with statistical optimization problems of the form:

1. Introduction

We study a version of the proximal gradient algorithm for which the gradient is
intractable and is approximated by Monte Carlo methods (and in particular Markov
Chain Monte Carlo). We derive conditions on the step size and the Monte Carlo
batch size under which convergence is guaranteed: both increasing batch size and
constant batch size are considered. We also derive non-asymptotic bounds for an
averaged version. Our results cover both the cases of biased and unbiased Monte
Carlo approximation. To support our findings, we discuss the inference of a sparse
generalized linear model with random effect and the problem of learning the edge
structure and parameters of sparse undirected graphical models.
Keywords: Proximal Gradient Methods; Stochastic Optimization; Monte Carlo
approximations; Perturbed Majorization-Minimization algorithms.
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def

(2)

2

Tγ (θ) = Proxγ,g (θ − γ∇f (θ)) .

def
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(3)

When γn = γ for any n, it is known that the iterates of the proximal gradient
algorithm {θn , n ∈ N} (Algorithm 1) converges to θ∞ , this point is a fixed point of
the proximal-gradient map

θn+1 = Proxγn+1 ,g (θn − γn+1 ∇f (θn )) .

Algorithm 1 (Proximal gradient algorithm) Given θn , compute

Note that under H1, there exists an unique point ϑ minimizing the RHS of (1) for
any θ ∈ Rd and γ > 0. The proximal gradient algorithm is an iterative algorithm
which, given an initial value θ0 ∈ Θ and a sequence of positive step sizes {γn , n ∈ N},
produces a sequence of parameters {θn , n ∈ N} as follows:

In this paper, we focus on the case where f + g and ∇f are both intractable. This
setting has not been widely considered despite the considerable importance of such
models in statistics and machine learning. Intractable likelihood problems naturally
occur for example in inference for bayesian networks (e.g. learning the edge structure and the parameters in an undirected graphical models), regression with latent
variables or random effets, missing data, etc... In such applications, f is the negated
log-likelihood of a conditional Gibbs measure πθ known only up to a normalization
constant and the gradient of ∇f (θ) is typically expressedRas a very high-dimensional
integral w.r.t. the associated Gibbs measure ∇f (θ) = Hθ (x)πθ (dx). Of course,
this integral cannot be computed in closed form and should be approximated. Most
often, some forms of Monte Carlo integration (such as Markov Chain Monte Carlo,
or MCMC) is the only option.
To cope with problems where f +g is intractable and possibly non-smooth, various
methods have been proposed. Some of these works focused on stochastic sub-gradient
and mirror descent algorithms; see Nemirovski et al. (2008); Duchi et al. (2011); Cotter
et al. (2011); Lan (2012); Juditsky and Nemirovski (2012a,b). Other authors have
proposed algorithms based on proximal operators to better exploit the smoothness
of f and the properties of g (see e.g. Combettes and Wajs (2005); Hu et al. (2009);
Xiao (2010); Juditsky and Nemirovski (2012a,b)).
The current paper focuses on the proximal gradient algorithm (see e.g. Beck and
Teboulle (2010); Combettes and Pesquet (2011); Parikh and Boyd (2013) for literature
review and further references). The proximal map (Moreau (1962)) associated to g is
defined for γ > 0 and θ ∈ Rd by:


1
def
Proxγ,g (θ) = argminϑ∈Θ g(ϑ) +
kϑ − θk2 .
(1)
2γ

H 2 The set argminθ∈Θ F (θ) is a non empty subset of Θ.

We denote by Θ the domain of g: Θ = {θ ∈ Rd : g(θ) < ∞}.

where ∇f denotes the gradient of f .
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(4)

Under H1 and H2, when γn (0, 2/L] and inf n γn > 0, it is indeed known that the
iterates of the proximal gradient algorithm {θn , n ∈ N} defined in (2) converges to a
point in the set L of the solutions of (P ) which coincides with the fixed points of the
mapping Tγ for any γ ∈ (0, 2/L)
def

L = argminθ∈Θ F (θ) = {θ ∈ Θ : θ = Tγ (θ)} .
(see e.g. (Combettes and Wajs, 2005, Theorem 3.4. and Proposition 3.1.(iii))).
Since ∇f (θ) is intractable, the gradient ∇f (θn ) at n-th iteration is replaced by
an approximation Hn+1 :

∇f (θn )

(5)

P

n χn

vn+1 ≤ vn − χn+1 + ξn+1

< ∞ and limn vn exists.

X

n≥0

X

n≥0

4

γn+1 ηn+1 ,

then there exists θ∞ ∈ L such that limn θn = θ∞ .

γn+1 Tγn+1 (θn ), ηn+1 ,

n≥0

X

(6)

(7)
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2
γn+1
kηn+1 k2 ,

Theorem 2 Assume H1 and H2. Let {θn , n ∈ N}
P be given by Algorithm 2 with step
sizes satisfying γn ∈ (0, 1/L] for any n ≥ 1 and n γn = +∞. If the following series
converge

for the sequence {θn , n ∈ N} to converge to a point θ∞ in the set L of the minimizers
of F . Denote by h·, ·i the usual inner product on Rd associated to the norm k · k.

ηn+1 = Hn+1 − ∇f (θn ) ,

def

Applied with vn = kθn − θ? k for some θ? ∈ L, this lemma is the key result for the
proof of the following theorem, which provides sufficient conditions on the stepsize
sequence {γn , n ∈ N} and on the approximation error :

Proof See Section 6.2.1

then

Lemma 1 Let {v
Pn , n ∈ N} and {χn , n ∈ N} be non-negative sequences and {ξn , n ∈
N} be such that n ξn exists. If for any n ≥ 0,

The key property to study the behavior of the sequence the perturbed proximal
gradient algorithm is the following elementary lemma which might be seen as a deterministic version of the Robbins-Siegmund lemma (see e.g. (Polyak, 1987, Lemma 11,
Chapter 2)). It replaces in our analysis (Combettes, 2001, Lemma 3.1) for quasi-Fejer
sequences and modified Fejer monotone sequences (see Lin et al. (2015)). Compared
to the Robbins-Siegmund Lemma, the sequence (ξn )n is not assumed to be nonnegative. When applied in the stochastic context as in Section 3, the fact that the result
is purely deterministic and deals with signed perturbations ξn allows more flexibility
in the study of the dynamics.

2. Perturbed proximal gradient algorithms

Theorem
6 also provide non asymptotic bounds for the difference
Pn
Pn 4 and Theorem
ak − min F in Lq -norm for q ≥ 1. When the batch size
ak F (θk )/ k=1
∆n = k=1
sequence mn+1 increases linearly at each iteration while the step size γn+1 is held
constant, ∆n = O(ln n/n). We recover (up to a logarithmic factor) the rate of the
proximal gradient algorithm. If we now compare the complexity of the algorithms
in terms of the number of simulations N needed (and not the number of iterations),
the error bound decreases like O(N −1/2 ). The same error bound can be achieved by
√
choosing a fixed batch size and a decreasing step size γn = O(1/ n).
In section 4, these results are illustrated with the problem of estimating a highdimensional discrete graphical models. In section 5, we consider high-dimensional
random effect logistic regression model. All the proofs are postponed to section 6.

Hn+1

Algorithm 2 (Perturbed Proximal Gradient algorithm) Let θ0 ∈ Θ be the initial solution and {γn , n ∈ N} be a sequence of posi–tive step–sizes. For n ≥ 1, given
construct an approximation
of
and compute
(θ0 , . . . , θn )
θn+1 = Proxγn+1 ,g (θn − γn+1 Hn+1 ) .
We provide in Theorem 2 sufficient conditions on the perturbation ηn+1 = Hn+1 −
∇f (θn ) to obtain the convergence of the perturbed proximal gradient sequence given
by (5). We then consider an averaging scheme of the perturbed proximal gradient algorithm: given non-negative weights
Theorem 3 provides non-asymptotic
Pn{an , n ∈ N},P
n
ak F (θk )/ k=1
ak and the minimum of F . Our
bound of the deviation between k=1
results complement and extend Rosasco et al. (2014); Nitanda (2014); Xiao and Zhang
(2014).
R
We then consider the case where the gradient ∇f (θ) = X Hθ (x)πθ (dx) is defined as an expectation (see H3 in section 3). In this case, at each iteration ∇f (θn )
(j)
−1 Pmn+1
is approximated by a Monte Carlo average Hn+1 = mn+1
j=1 Hθn (Xn+1 ) where
(j)

mn+1 is the size of the Monte Carlo batch and {Xn+1 , 1 ≤ j ≤ mn+1 } is the Monte
Carlo batch. Two different settings are covered. In the first setting, the samples
(j)
{Xn+1 , 1 ≤ j ≤ mn+1 } are conditionally independent and identically distributed
(i.i.d.) with distribution πθn . In such case, the conditional expectation of Hn+1 given

all the past iterations, denoted by E [ Hn+1 | Fn ] (see section 3), is equal to ∇f (θn ).
(j)
In the second setting, the Monte Carlo batch {Xn+1 , 1 ≤ j ≤ mn+1 } is produced by
(j)
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running a MCMC algorithm. In such case, the conditional distribution of Xn+1 given
the past is no longer exactly equal to πθn which implies that E [ Hn+1 | Fn ] 6= ∇f (θn ).
Theorem 4 (resp. Theorem 6) establish the convergence of the sequence {θn , n ∈
N} when the batch size mn is either fixed or increases with the number of iterations n.
(j)
When the Monte Carlo batch {Xn+1 , 1 ≤ j ≤ mn+1 } is i.i.d. conditionally to the past
the two theorems essentially say that with probability
one, {θn , nP
∈ N} converges to an
P
2 /m
element of the set of minimizer L as soon as n γn = +∞ and n γn+1
n+1 < ∞.
Hence, one can choose either a fixed step size γn = γ and a batch size {mn , n ∈ N}
increasing at least linearly (up to a logarithmic factor); or a decreasing step size and
(j)
a fixed batch size mn = m. When {Xn+1 , 1 ≤ j ≤ mn+1 } is produced by a MCMC
algorithm (under appropriate
essentially say that the same
Passumptions) our
P theorems
2
convergence result holds
P if n γn = ∞ and n γn+1 < ∞ when mn = m is constant
across iterations or n γn+1 /mn+1 < ∞ if the batch size is increased.
3

−

k=1

n
X

n

ak hTγk (θk−1 ) − θ? , ηk i +
k=1

n
X

ak γk kηk k2 . (8)

n

5
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When
with ηn = 0, Theorem 3 gives
Papplied
Pnan explicit bound of the difference ∆n =
n
A−1
a
F
(θ
)
−
min
F
where
A
=
j
j
n
n
j=1
k=1 ak for the (exact) proximal gradient
sequence {θn , n ∈ N} given by Algorithm 1. When the sequence {an /γn , n ≥ 1} is
−1
non decreasing, (8) shows that ∆n = O(an A−1
n γn ).
Taking ak = 1 for any k ≥ 0 provides a bound for the cumulative regret. When
ak = 1, γk = 1/L for any k ≥ 0, (Schmidt etPal., 2011, Proposition 1) provides a
bound of order O(1) under the assumption that n kηn+1 k < ∞. Using the inequality
| T1/L (θk ) − θ? , ηk+1 | ≤ kθk − θ? kkηk+1 k (see Lemma 9), the upper bound Un (θ? )
in (8) is also O(1).
When an = γn for any n ≥ 0, then supn Un (θ? ) < ∞ under the assumptions that
the series
X
X
γn hTγn (θn−1 ) − θ? , ηn i ,
γn2 kηn k2 ,

Proof See Section 6.2.3.

k=1

where Tγ and ηn are given by (3) and (6) respectively and

n 
X
ak
ak−1
a0
def 1
Un (θ? ) =
−
kθk−1 − θ? k2 +
kθ0 − θ? k2
2
γk
γk−1
2γ0

k=1

Theorem 3 Assume H1 and H2. Let {θn , n ∈ N} be given by Algorithm 2 with
γn ∈ (0, 1/L] for any n ≥ 1. For any non-negative weights {a0 , · · · , an }, any θ? ∈ L
and any n ≥ 1,
n
X
ak {F (θk ) − min F } ≤ Un (θ? )

Let {a0 , · · · , anP
} be non-negative real numbers. Theorem 3 provides a control of
the weighted sum nk=1 ak (F (θk ) − min F ).

Theorem 2 applied with ηn+1 = 0 provides sufficient conditions for the convergence
of
P
Algorithm 1 to L: the algorithm converges as soon as γn ∈ (0, 1/L] and n γn = +∞.
Sufficient conditions for the convergence of {θn , n ∈ N} are also provided in Combettes and Wajs (2005).PWhen applied to our settings (Combettes and Wajs, 2005,
Theorem 3.4.) requires n kηn+1 k < ∞ and inf n γn > 0, which for instance cannot
accommodate the fixed Monte Carlo batch size stochastic algorithms considered in
this paper. The same limitation applies to the analysis of the stochastic quasi-Fejer
iterations
(see Combettes and Pesquet (2015a)) which in our particular case requires
P
n γn+1 kηn+1 k < ∞. These conditions are weakened in Theorem 2. However in all
fairness we should mention that unlike the present work, Combettes and Wajs (2005)
and Combettes and Pesquet (2015a) deal with infinite-dimensional problems which
raises additional technical difficulties, and study algorithms that include a relaxation
parameter. Furthermore, in the case where ηn ≡ 0, larger values of the stepsize γn
are allowed (γn ∈ (0, 2/L]).

Proof See Section 6.2.2.
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k=1

k=1

n
1 X
ak θk .
An

(9)

∇f (θ) =

X

Z

Hθ (x)πθ (dx) ,

(10)

We then form
Hn+1 = m−1
n+1

6

j=1

X

mn+1
(j)

Hθn (Xn+1 ) .
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Note that X is not necessarily a topological space, even if, in many applications,
X ⊆ Rd .
Assumption H3 holds in many problems (see section 4 and section 5). To approximate ∇f (θ), several options are available. Of course, when the dimension of the state
space X is small to moderate, it is always possible to perform a numerical integration
using either Gaussian quadratures or low-discrepancy sequences. Another possibility
is to approximate these integrals: nested Laplace approximations have been considered recently for example in Schelldorfer et al. (2014) and further developed in Ogden
(2015). Such approximations necessarily introduce some bias, which might be difficult
to control. In addition, these techniques are not applicable when the dimension of the
state space X becomes large. In this paper, we rather consider some form of Monte
Carlo approximation.
When sampling πθ is doable, then an obvious choice is to use a naive Monte Carlo
(j)
estimator which amounts to sample a batch {Xn+1 , 1 ≤ j ≤ mn+1 } independently of
the past values of the parameters {θj , j ≤ n} and of the past draws i.e. independently
of the σ-algebra
def
(j)
Fn = σ(θ0 , Xk , 0 ≤ k ≤ n, 0 ≤ j ≤ mk ) .
(11)

for some probability measure πθ on a measurable space (X, X ) and an integrable function (θ, x) 7→ Hθ (x) from Θ × X to Θ.

H 3 for all θ ∈ Θ,

In this section, it is assumed that Hn+1 is a Monte Carlo approximation of ∇f (θn ),
where ∇f (θ) satisfies the following assumption:

3. Stochastic Proximal Gradient algorithm


Pn
Under H1 and H2, F is convex so that F θ̄n ≤ A−1
n
k=1 ak F (θk ). Therefore,
Theorem 3 also provides convergence rates for F (θ̄n ) − min F .

θ̄n =

def

Consider the weighted averaged sequence {θ̄n , n ∈ N} defined by


!−1 
 Pn

n
X
γ
F
(θ
)
k
k
k=1
.
Pn
− min F = O 
γk
k=1 γk

converge. In this case, we have

Atchadé, Fort and Moulines
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def

def

Conditionally to Fn , Hn+1 is an unbiased estimator of ∇f (θn ). The batch size mn+1
can either be chosen to be fixed across iterations or to increase with n at a certain
rate. In the first case, Hn+1 is not converging. In the second case, the approximation
error is vanishing. The fixed batch-size case is closely related to Robbins-Monro
stochastic approximation (the mitigation of the error is performed by letting the
stepsize γn → 0); the increasing batch-size case is related to Monte Carlo assisted
optimization; see for example Geyer (1994).
The situation that we are facing in section 4 and section 5 is more complicated
because direct sampling from πθ is not an option. Nevertheless, it is fairly easy to
construct a Markov kernel P with invariant distribution π . Monte Carlo Markov
θ
θ
Chains (MCMC) provide a set of principled tools to sample from complex distributions
(j)
over large dimensional spaces. In such case, conditional to the past, {Xn+1 , 1 ≤ j ≤
mn+1 } is a realization of a Markov chain with transition kernel Pθn and started from
(m )
Xn n (the last sample draws in the previous minibatch).
Recall that a Markov kernel P is an application on X × X , taking values in [0, 1]
such that for any x ∈ X, P (x, ·) is a probability measure on X ; and for any A ∈ X ,
x 7→ P (x, A) is measurable. Furthermore, if P is a Markov kernel on X, we denote by
k
P
the
k-th iterate of P defined recursively as P 0 (x, A) = 1A (x), and P k (x, A) =
R k−1
P
(x, dz)P (z, A), k ≥ 1. Finally, the kernel P acts on probability measure: for
any probability measure µ on X , µP is a probability measure defined by
Z
µ(dx)P (x, A),
A ∈ X;

def

µP (A) =

Z

f (y) P (x, dy).

and P acts on positive measurable functions: for a measurable function f : X → R+ ,
P f is a function defined by

def

P f (x) =

We refer the reader to Meyn and Tweedie (2009) for the definitions and basic properties of Markov chains.
In this Markovian setting, it is possible to consider the fixed batch case and
the increasing batch case. From a mathematical standpoint, the fixed batch case is
trickier, because Hn+1 is no longer an unbiased estimator of ∇f (θn ), i.e. the bias Bn
defined by
i
Pmn+1 h
def
(j)
E H (X
) F − ∇f (θ )
B = E [H
| F ] − ∇f (θ ) = m−1
n
n+1
n
n
n
n
θ
n
n+1
n+1
j=1
Pmn+1 j
(0)
(12)
j=1 Pθn Hθn (Xn+1 ) − ∇f (θn ) ,

−1
= mn+1
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does not vanish. When mn = m is small, the bias can even be pretty large, and the
way the bias is mitigated in the algorithm requires substantial mathematical developments, which are not covered by the results currently available in the literature (see
e.g. Combettes and Pesquet (2015a); Rosasco et al. (2014); Combettes and Pesquet
(2015b); Rosasco et al. (2015); Lin et al. (2015)).
To capture in a common unifying framework these two different situations we
assume that
7
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−1
Hn+1 = mn+1

(j)

Hθn (Xn+1 ) ;

(j)

j=1

mn+1
X

H 4 Hn+1 is a Monte Carlo approximation of the expectation ∇f (θn ) :

(m )

(m0 )

= x? ∈ X). For all

for all n ≥ 0, conditionally to the past, {Xn+1 , 1 ≤ j ≤ mn+1 } is a Markov chain

started from Xn n and with transition kernel Pθn (we set X0
θ ∈ Θ, Pθ is a Markov kernel with invariant distribution πθ .

x∈X

|f (x)|
,
V (x)

kµkV =

def

f,|f |V ≤1

sup

Z

f dµ .

For a measurable function V : X → [1, ∞), a signed measure µ on the σ-field of X,
and a function f : X → R, define
def

|f |V = sup

θ∈Θ

sup Pθ W p ≤ λW p + b .

H 5 There exist λ ∈ (0, 1), b < ∞, p ≥ 2 and a measurable function W : X → [1, +∞)
such that
θ∈Θ

sup |Hθ |W < ∞ ,

In addition, for any ` ∈ (0, p], there exist C < ∞ and ρ ∈ (0, 1) such that for any
x ∈ X,
(13)
θ∈Θ

sup kPθn (x, ·) − πθ kW ` ≤ Cρn W ` (x) .

Sufficient conditions for the uniform-in-θ ergodic behavior (13) are given e.g. in (Fort
et al., 2011, Lemma 2.3), in terms of aperiodicity, irreducibility and minorization
conditions on the kernels {Pθ , θ ∈ Θ}. Examples of MCMC kernels Pθ satisfying this
assumption can be found in (Andrieu and Moulines, 2006, Proposition 12), (Saksman
and Vihola, 2010, Proposition 15), (Fort et al., 2011, Proposition 3.1.), (Schreck
et al., 2013, Proposition 3.2.), (Allassonnière and Kuhn, 2015, Proposition 1), and
(Fort et al., 2015, Proposition 3.1.).
The proof of the results below consists in verifying the conditions of Theorem 2
(j)
−1 Pmn+1
with the error term defined by ηn+1 = mn+1
j=1 Hθn (Xn+1 ) − ∇f (θn ). If the
approximation is unbiased in the sense that E [ ηn+1 | Fn ] = 0, then {ηn , n ∈ N} is a
martingale increment sequence. In all the other cases, we decompose ηn+1 as the sum
of a martingale increment term and a remainder term. When the batch size {mn , n ∈
N} is increasing, the martingale increment sequence can be set to ηn+1 − E [ ηn+1 | Fn ]
and the remainder term E [ ηn+1 | Fn ] will be shown to be vanishingly small. When
the batch size {mn , n ∈ N} is constant, then E [ ηn+1 | Fn ] does not vanish. A more
subtle definition of the martingale increment has to be done, introducing the Poisson
equation for Markov chain (see Proposition 19 in section 6).

3.1 Monte Carlo approximation with fixed batch-size
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We first study the case when mn = m for any n ∈ N. Theorem 4 provides sufficient conditions for the convergence towards the limiting set L and for a bound for
P
n
k=1 ak F (θk ) − min F . Consider the following assumption

8

|Hθ − Hθ0 |W

kPθ (x, ·) − Pθ0 (x, ·)kW
+ sup
+ kπθ − πθ0 kW ≤ C kθ − θ0 k .
W (x)
x

(i) there exists a constant C such that for any θ, θ0 ∈ Θ

Lq

≤C

k=1

a2k

!1/2
+

k=1

k=1

n
X

ak γk + υ

k=1

k=1

n
X

|ak − ak−1 |

!
n
n
n
X
X
a0 X ak
ak−1
+
−
+
ak γk + υ
|ak − ak−1 |
γ0
γk
γk−1

ak {E[F (θk )] − min F }

k=1

n
X



9
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where υ = 0 if the Monte Carlo approximation is unbiased and υ = 1 otherwise.

k=1

n
X

and

n
a0 X ak
ak−1
≤C +
−
+
γ0
γk
γk−1

k=1

ak {F (θk ) − min F }



k=1

n
X

(ii) For any q ∈ (1, p/2] there exists a constant C such that for any non-negative
numbers {a0 , · · · , an }

Theorem 4 Assume Θ is bounded. Let {θn , n ≥ 0} be given by Algorithm 2 with
γn ∈ (0, 1/L] for any n ≥ 0. Assume H1–H5, mn = m ≥ 1 and, if the Monte Carlo
approximation is biased, assume also H6.
P
P
(i) Assume that n γn = ∞ and n γn2 < ∞. With probability one, there exists
θ∞ ∈ L such that limn→∞ θn = θ∞ .

Assumption H6-(i) requires a Lipschitz-regularity in the parameter θ of the Markov
kernel Pθ which, for MCMC algorithms, is inherited under mild additional conditions
from the Lipschitz regularity in W -norm of the target distribution. Such conditions have been worked out for general families of MCMC kernels including HastingsMetropolis dynamics, Gibbs samplers, and hybrid MCMC algorithm; see for example
Proposition 12 in Andrieu and Moulines (2006), the proof of Theorem 3.4. in Fort
et al. (2011), Lemmas 4.6. and 4.7. in Fort et al. (2015) and the references therein. It
is a classical assumption when studying Stochastic Approximation with conditionally
Markovian dynamic (see e.g. Benveniste et al. (1990), Andrieu et al. (2005), Fort et al.
(2014)).
We prove in Proposition 11 that when g is proper, convex, Lipschitz on Θ, then
H6-(ii) is satisfied. In particular, if Θ is a closed convex set, H6-(ii) is satisfied with
the Lasso or fused Lasso penalty. If Θ is a compact convex set, then H6-(ii) is satisfied
by the elastic-net penalty.
For a random variable Y , denote by kY kLq = (E[|Y |q ])1/q .

(ii) supγ∈(0,1/L] supθ∈Θ γ −1 kProxγ,g (θ) − θk < ∞.
P
(iii)
n |γn+1 − γn | < ∞.

H6

On Perturbed Proximal Gradient Algorithms

L

−p/2

E [kηn+1 kp |Fn ] ≤ C mn+1 W p (Xn(mn ) ) .

and

≤C

n

k=1

n
X

a2k m−1
k

n

!1/2

+

k=1

n
X

ak γk m−1
k

n

+υ

k=1

n
X

k=1

k=1

k=1

!

,



ak m−1
k

X
X
a0 X ak
ak−1
+
−
+
ak γk m−1
+υ
ak m−1
k
k
γ0
γk
γk−1

ak {E[F (θk )] − min F }

ak
ak−1
+
−
γk
γk−1

Lq

10
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where υ = 0 if the Monte-Carlo approximation is unbiased and υ = 1 otherwise.

k=1

n
X

k=1

n
X

ak {F (θk ) − min F }
a0
≤C +
γ0



k=1

n
X

(ii) For any q ∈ (1, p/2], there exists a constant C such that for any non-negative
numbers {a0 , · · · , an }

Theorem 6 Assume Θ is bounded. Let {θn , n ≥ 0} be given by Algorithm 2 with
γn ∈ (0, 1/L] for any n ≥ 0. Assume H1–H5.
P
P 2
−1
(i) Assume
γ = +∞,
n γn+1 mn+1 < ∞ and, if the approximation is biP n n −1
ased, n γn+1 mn+1 < ∞. With probability one, there exists θ∞ ∈ L such that
limn→∞ θn = θ∞ .

Proof The first inequality follows from (12) and (13). The second one is established
in (Fort and Moulines, 2003, Proposition 12).

(mn )
kE [ ηn+1 | Fn ] k ≤ C m−1
),
n+1 W (Xn

Proposition 5 Assume H3, H4 and H5. There exists a constant C such that w.p. 1
for any n ≥ 0,

The key property to discuss the asymptotic behavior of the algorithm is the following
result

3.2 Monte Carlo approximation with increasing batch size

√
An upper bound O(ln n/ n) can be obtained from Theorem 4 by choosing an = γn =
−1/2
(n + 1)
.

k=1

When an = 1 and γn = (n + 1)−1/2 , Theorem 4 shows that when n → ∞,


n
X
1
.
n−1
F (θk ) − min F
=O √
n
q

Proof The proof is postponed to Section 6.3.

Atchadé, Fort and Moulines

!−1

n
X

ak F (θk ) − min F
Lq

=O


ln n
n



On Perturbed Proximal Gradient Algorithms

Proof See Section 6.4.

ak
k=1

Theorem 6 shows that when n → ∞,
n
X
k=1

by choosing a fixed stepsize γn = γ, a linearly increasing batch-size mn ∼ n and a
uniform weight an = 1. Note thatPthis is the rate after n iterations of the Stochastic
n
Proximal Gradient algorithm but k=1
mk = O(n2 ) Monte Carlo samples. Therefore,
√
the rate of convergence expressed in terms of complexity is O(ln n/ n).

1≤j<k≤p

4. Application to network structure estimation

k=1

To illustrate the algorithm we consider the problem of fitting discrete graphical models
in a setting where the number of nodes in the graph is large compared to the sample
size. Let X be a nonempty finite set, and p ≥ 1 an integer. We consider a graphical
model on Xp with joint probability mass function


p
X

X
1
θkk B0 (xk ) +
θkj B(xk , xj ) ,
(14)
exp


Zθ
fθ (x1 , . . . , xp ) =

for a non-zero function B0 : X → R and a symmetric non-zero function B : X × X →
R. The term Zθ is the normalizing constant of the distribution (the partition function), which cannot (in general) be computed explicitly. The real-valued symmetric
matrix θ defines the graph structure and is the parameter of interest. It has the same
interpretation as the precision matrix in a multivariate Gaussian distribution.
We consider the problem of estimating θ from N realizations {x(i) , 1 ≤ i ≤ N }
(i)
(i)
from (14) where x(i) = (x1 , . . . , xp ) ∈ Xp , and where the true value of θ is assumed sparse. This problem is relevant for instance in biology (Ekeberg et al. (2013);
Kamisetty et al. (2013)), and has been considered by many authors in statistics and
machine learning (Banerjee et al. (2008); Höfling and Tibshirani (2009); Ravikumar
et al. (2010); Guo et al. (2010); Xue et al. (2012)).
The main difficulty in dealing with this model is the fact that the log-partition
function log Zθ is intractable in general. As a result, most of the existing works
estimate θ by using the sub-optimal approach of replacing the likelihood function by
a pseudo-likelihood function. One notable exception that tackles the log-likelihood
function is Höfling and Tibshirani (2009), using an active set strategy (to preserve
sparsity), and the junction tree algorithm for computing the partial derivatives of the
log-partition function. However, the success of this strategy depends crucially on the
sparsity of the solution1 . We will see that Algorithm 2 implemented with a MCMC
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1. Indeed the implementation of their algorithm in the BMN package is very sensitive to the sparsity
of the solution, and their solver typically fails to converge if the regularization parameter is not
large enough to produce a sufficiently sparse solution. In our numerical experiments, we were not
able to obtain a successful run from their package for p = 100.
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1≤k≤j≤p

X

def

θjk ϑjk , with norm kθk =

p
hθ, θi.

approximation of the gradient gives a simple and effective approach for computing
the penalized maximum likelihood estimate of θ.
Let Mp denote the space of p×p symmetric matrices equipped with the (modified)
Frobenius inner product
def

hθ, ϑi =

i=1

N
E
1 XD
θ, B̄(x(i) ) − log Zθ and g(θ) = λ
N

1≤k≤j≤p

X

|θjk | ;

Equipped with this norm, Mp is the same space as the Euclidean space Rd where
d = p(p + 1)/2. Using a `1 -penalty on θ, we see that the computation of the penalized
maximum likelihood estimate of θ is a problem of the form (P) with F = −` + g
where
`(θ) =

B̄kj (x) = B(xk , xj ) , k 6= j .

the matrix-valued function B̄ : Xp → Rp×p is defined by
B̄kk (x) = B0 (xk )

i=1

Z
N
1 X
B̄(x(i) ) −
B̄(z)fθ (z)µ(dz) ,
N
Xp

(16)

(15)

It is easy to see
Pthat in this example, Problem (P) admits at least one solution θ?
that satisfies λ 1≤k≤j≤p |θjk | ≤ p log |X|, where |X| denotes the size of X. To see this,
PN
log fθ (x(i) ) ≥ 0. Hence
note that since fθ (x) isPa probability, −`(θ) = −N −1 i=1
F (θ) ≥ g(θ) → ∞, as 1≤k≤j≤p |θjk | → ∞ and since F is continuous, we conclude
that it admits at least one minimizer θ? that satisfies F (θ? ) ≤ F (0) = log Z0 =
p log |X|. As a result, and without any loss
P of generality, we consider Problem (P)
with the penalty g replaced by g(θ) = λ 1≤k≤j≤p |θjk | + 1(θ), where 1(θ) = 0 if
maxij |θij | ≤ (p/λ) log |X|, and 1(θ) = +∞ otherwise. Hence in this problem, the
domain of g is Θ = {θ ∈ Mp : maxij |θij | ≤ (p/λ) log |X|}.
Upon noting that (14) is a canonical exponential model, (Shao, 2003, Section
4.4.2) shows that θ 7→ −`(θ) is convex and
∇`(θ) =

where µ is the counting measure on Xp . In addition, (see section B)

k∇`(θ) − ∇`(ϑ)k ≤ p (p − 1)osc2 (B) + osc2 (B0 ) kθ − ϑk,
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where for a function B̃ : X × X → R, osc(B̃) = supx,y,u,v∈X |B̃(x, y) − B̃(u, v)|.
Therefore, in this example, the assumption H1 and H2 are satisfied.
The representation of the P
gradient in (15) shows that H3 holds, with πθ (dz) =
N
fθ (z)µ(dz), and Hθ (z) = N −1 i=1
B̄(x(i) ) − B̄(z). Direct simulation from the distribution fθ is rarely feasible, so we turn to MCMC. These Markov kernels are easy to
construct, and can be constructed in many ways. For instance if the set X is not too
large, then a Gibbs sampler (see e.g. Robert and Casella (2005)) that samples from
the full conditional distributions of fθ can be easily implemented. In the case of the

12

1{|θn,ij |>0} 1{|θ∞,ij |>0}
, and Precn =
j<i 1{|θ∞,ij |>0}

P

j<i

P

1{|θn,ij |>0} 1{|θ∞,ij |>0}
.
j<i 1{|θ∞,ij |>0}

P

j<i

P

13
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2. this depends heavily on n, p, the actual true matrix θtrue , and depends also heavily the choice of
the regularization parameter λ

Senn =

2Senn Precn
We also compute the statistic Fn = Sen
which measures the recovery of the
n +Precn
sparsity structure of θ∞ along the iteration. In this definition Senn is the sensitivity,
and Precn is the precision defined as

def

We run Solver 2 for Niter = 5p iterations, where p ∈ {50, 100, 200} is as above. And
we set the number of iterations of Solver 1 so that both solvers draw approximately
the same number of Monte Carlo samples. For stability in the results, we repeat
the solvers 30 times and average the sample paths. We evaluate the convergence of
each solver by computing the relative error kθn − θ∞ k/kθ∞ k, along the iterations,
where θ∞ denotes the value returned by the solver on its last iteration. Note that we
compare the optimizer output to θ∞ , not θtrue . Ideally, we would like to compare the
iterates to the solution of the optimization problem. However in the present setting a
solution is not available in closed form (and there could be more than one solution).
Furthermore, whether the solution of the optimization problem approaches θ? is a
complicated statistical problem2 that is beyond the scope of this work. The relative
errors are presented on Figure 1 and suggest that, when measured as function of
resource used, Solver 1 and Solver 2 have roughly the same convergence rate.

2. Solver 2: A version with increasing Monte Carlo batch size mn = 500 + n1.2 ,
√1
and fixed step size γn = 25
p 50 .

1. Solver 1: A version with a fixed Monte Carlo batch size mn = 500, and decreas1
ing step size γn = 25
p n0.7 .

Illustrative example We consider the particular case where X = {1, . . . , M },
B0 (x) = 0, and B(x, y) = 1{x=y} , which corresponds to the well known Potts model.
We report in this section some simulation results showing the performances of the
stochastic proximal gradient algorithm. We use M = 20, B0 (x) = x, N = 250 and for
p ∈ {50, 100, 200}. We generate the ‘true’ matrix θtrue such that it has on average p
non-zero elements below the diagonal which are simulated from a uniform distribution
on (−4, −1) ∪ (1, 4). All the diagonal elements are set to 0.
p
By trial-and-error we set the regularization parameter to λ = 2.5 log(p)/n for all
the simulations. We implement Algorithm 2, drawing samples from a Gibbs sampler
to approximate the gradient. We compare the following two versions of Algorithm 2:

Gibbs sampler, since Xp is a finite set, Θ is compact, fθ (x) > 0 for all (x, θ) ∈ Xp × Θ,
and, θ 7→ fθ (x) is continuously differentiable, the assumptions H4, H5 and H6(i)-(ii)
automatically hold with W ≡ 1. We should point out that the Gibbs sampler is
a generic algorithm that in some cases is known to mix poorly. Whenever possible
we recommend the use of specialized problem-specific MCMC algorithms with better
mixing properties.

0

20

40

60

80

Solver 1
Solver 2

0

50

100

150

Solver 1
Solver 2

0
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We numerically investigate the extension of our results to a situation where the assumptions H2 and H3 hold but H1 is not in general satisfied and the domain Θ is
not bounded. The numerical study below shows that the conclusions reached in sec-

5. A non convex example: High-dimensional logistic regression with
random effects

The values of Fn are presented on Figure 2 as function of computing time. It shows
that for both solvers, the sparsity structure of θn converges very quickly towards that
of θ∞ . We note also that Figure 2 seems to suggest that Solver 2 tends to produce
solutions with slightly more stable sparsity structure than Solver 1 (less variance on
the red curves). Whether such subtle differences exist between the two algorithms (a
diminishing step-size and fixed Monte Carlo size versus a fixed step-size and increasing
Monte Carlo size) is an interest question. Our analysis does not deal with the sparsity
structure of the solutions, hence cannot offer any explanation.

Figure 2: Statistic Fn plotted as function of computing time for Solver 1 and Solver
2.

0

Solver 1
Solver 2

Figure 1: Relative errors plotted as function of computing time for Solver 1 and Solver
2.
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The Hessian of the log-likelihood ` is given by (see e.g.(McLachlan and Krishnan,
2008, Chapter 3))

Atchadé, Fort and Moulines

,

(18)

 )
Z (N
X
x
πθ (u) du .
(Yi − s(xi0 β + σzi0 u)) 0 i
zi u
i=1

JMLR 18(10):1-33, 2017

N
X

i=1

   0
 xi
xi
,
s(xi0 β + σzi0 u) 1 − s(xi0 β + σzi0 u)
zi0 u zi0 u

5.2 Numerical application

N
X
i=1

(Yi − F (xi0 β + σzi0 u))

 
xi
.
zi0 u

The assumption H3 is satisfied with πθ given by (21) and
Hθ (u) = −

N
Y

i=1

N
Y

i=1

π̄PG wi ; xi0 β + σzi0 u



πθ (u) ;


exp σ(Yi − 1/2)zi0 u − wi (xi0 β + σzi0 u)2 /2 ρ(wi )1R+ (wi ) ,

π̃θ (u|w) ≡ Nq (µθ (w); Γθ (w))

16

π̃θ (w|u) =

i=1

N
Y
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π̄PG (wi ; |xi0 β + σzi0 u|)

PN
where ln Cθ = −N ln 2 − `(θ) + i=1
(Yi − 1/2)xi0 β. This target distribution can be
sampled using a Gibbs algorithm: given the current value (ut , wt ) of the chain, the
next point is obtained by sampling ut+1 under the conditional distribution of u given
wt , and wt+1 under the conditional distribution of w given ut+1 . In the present case,
these conditional distributions are given respectively by

π̃θ (u, w) = Cθ φ(u)

in this expression, π̄PG (·; c) is the density of the Polya-Gamma distribution on the
positive real line with parameter c given by

π̄PG (w; c) = cosh(c/2) exp −wc2 /2 ρ(w)1R+ (w) ,
P
where ρ(w) ∝ k≥0 (−1)k (2k +1) exp(−(2k +1)2 /(8w))w−3/2 (see (Biane et al., 2001,
Section 3.1)). Thus, we have

π̃θ (u, w) =

The distribution πθ is sampled using the MCMC sampler
R proposed in Polson et al.
(2013) based on data-augmentation. We write −∇`(θ) = Rq ×RN Hθ (u)π̃θ (u, w) dudw
where π̃θ (u, w) is defined for u ∈ Rq and w = (w1 , · · · , wN ) ∈ RN by
!

(22)

R
and supθ∈Θ kuk2 πθ (u) du < ∞ (see section A), ∇2 `(θ) is bounded on Θ. Hence,
∇`(θ) satisfies the Lipschitz condition showing that H1 is satisfied.

∇θ2 `c (θ|u) = −

where Eπθ and Covπθ denotes the expectation and the covariance with respect to the
distribution πθ , respectively. Since



∇2 `(θ) = Eπθ ∇θ2 `c (θ|U) + Covπθ (∇θ `c (θ|U))

tion 2 and section 3 provide useful information to tune the design parameters of the
algorithms.
5.1 The model

(17)

N ∈ {0, 1} as N conditionally independent realizaWe model binary responses {Yi }i=1
tions of a random effect logistic regression model,


ind.
Yi |U ∼ Ber s(xi0 β + σzi0 U) , 1 ≤ i ≤ N ,

Z
N
Y
1−Yi
φ(u)du ,
s(xi0 β + σzi0 u)Yi 1 − s(xi0 β + σzi0 u)

where xi ∈ Rp is the vector of covariates, zi ∈ Rq are (known) loading vector, Ber(α)
denotes the Bernoulli distribution with parameter α ∈ [0, 1], s(x) = ex /(1 + ex ) is the
cumulative distribution function of the standard logistic distribution. The random
effect U is assumed to be standard Gaussian U ∼ Nq (0, I).
The log-likelihood of the observations at θ = (β, σ) ∈ Rp × (0, ∞) is given by
`(θ) = log
i=1

where φ is the density of a Rq -valued standard Gaussian random vector. The number
of covariates p is possibly larger than N , but only a very small number of these
covariates are relevant which suggests to use the elastic-net penalty


,
(19)

λ

1−α
kβk22 + αkβk1
2

1−α
kβk22 + αkβk1
2

Pp
where λ > 0 is the regularization parameter, kβkr = ( i=1
|βi |r )1/r and α ∈ [0, 1]
controls the trade-off between the `1 and the `2 penalties. In this example,


+ 1(0,+∞) (σ) ,
(20)
g(θ) = λ

i=1

N
X



Yi xi0 β + σzi0 u − ln 1 + exp xi0 β + σzi0 u

where 1A (x) = +∞ is x ∈
/ A and 0 otherwise. Define the conditional log-likelihood
of Y = (Y1 , . . . , YN ) given U (the dependence upon Y is omitted) by
`c (θ|u) =

and the conditional distribution of the random effect U given the observations Y and
the parameter θ
πθ (u) = exp (`c (θ|u) − `(θ)) φ(u) .
(21)
Z

∇θ `c (θ|u) πθ (u) du =

The Fisher identity implies that the gradient of the log-likelihood (18) is given by
∇`(θ) =

15

I + σ2

i=1

N
X

wi zi zi0

!−1

,

µθ (w) = σΓθ (w)
i=1

N
X


(Yi − 1/2) − wi x0i β zi .

17
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Each algorithm is run for 150 iterations. The batch sizes {mn , n ≥ 0} are chosen
so that after 150 iterations, each algorithm used approximately the same number
of Monte Carlo samples. We denote by β∞ the value obtained at iteration 150. A
path of the relative error kβn − β∞ k/kβ∞ k is displayed on Figure 3[right] for each
algorithm; a path of the sensitivity Senn and of the precision Precn (see section 4 for
the definition) are displayed on Figure 4. All these sequences are plotted versus the
total number of Monte Carlo samples up to iteration n. These plots show that with
a fixed batch-size (Algo 1 or Algo 2), the best convergence is obtained with a step
√
size decreasing as O(1/ n); and for an increasing batch size (Algo 3 to Algo 5), it
is better to choose a fixed step size. These findings are consistent with the results
in section 3. On Figure 3[left], we report on the bottom row the indices j such that
βtrue,j is non null and on the rows above, the indices j such that β∞,j given by Algo 1
to Algo 5 is non null.
We now study the convergence of {F (θn ), n ∈ N} where θn is obtained by one of
the algorithms described above. We repeat 50 independent runs for each algorithm
and estimate E [F (θn )] by the empirical mean over these runs. On Figure 5[left],
n 7→ F (θn ) is displayed for several runs of Algo 1 and Algo 3. The figure shows

(ii) with increasing batch size: γn = γ = 0.005, mn = 200 + n (Algo 3); γn =
√
√
γ = 0.001, mn = 200 + n (Algo 4); and γn = 0.05/ n and mn = 270 + d ne
(Algo 5).

(23)
Exact samples of these conditional distributions can be obtained (see (Polson et al.,
2013, Algorithm 1) for sampling under a Polya-Gamma distribution). It has been
shown by Choi and Hobert (2013) that the Polya-Gamma Gibbs sampler is uniformly
ergodic. Hence H5 is satisfied with W ≡ 1. Checking H6 is also straightforward.
We test the algorithms with N = 500, p = 1, 000 and q = 5. We generate the N ×p
covariates matrix X columnwise, by sampling a stationary
RN -valued autoregressive
p
model with parameter ρ = 0.8 and Gaussian noise 1 − ρ2 NN (0, I). We generate
the vector of regressors βtrue from the uniform distribution on [1, 5] and randomly set
98% of the coefficients to zero. The variance of the random effect is set to σ 2 = 0.1.
We consider a repeated measurement setting so that zi = ediq/N e where {ej , j ≤ q} is
the canonical basis of Rq and d·e denotes the upper integer part. With such a simple
expression for the random effect, we will be able to approximate the value F (θ) in
order to illustrate the theoretical results obtained in this paper. We use the Lasso
penalty (α = 1 in (19)) with λ = 30.
We first illustrate the ability of Monte Carlo Proximal Gradient algorithms to find
a minimizer of F . We compare the Monte Carlo proximal gradient algorithm
√
(i) with fixed batch size: γn = 0.01/ n and mn = 275 (Algo 1); γn = 0.5/n and
mn = 275 (Algo 2).

Γθ (w) =

with
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Figure 4: The sensitivity Senn [left] and the precision Precn [right] along a path,
versus the total number of Monte Carlo samples up to time n
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Figure 3: [left] The support of the sparse vector β∞ obtained by Algo 1 to Algo 5;
for comparison, the support of βtrue is on the bottom row. [right] Relative
error along one path of each algorithm as a function of the total number of
Monte Carlo samples.
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2

Figure 5: [left] n 7→ F (θn ) for several independent runs. [right] E [F (θn )] versus the
total number of Monte Carlo samples up to iteration n

that all the paths have the same limiting value, which is approximately F? = 311;
we observed the same behavior on the 50 runs of each algorithm. On Figure 5[right],
we report the Monte Carlo estimation of E[F (θn )] versus the total number of Monte
Carlo samples used up to iteration n for the best strategies in the fixed batch size
case (Algo 1) and in the increasing batch size case (Algo 3 and Algo 4).

6. Proofs
6.1 Preliminary lemmas

(24)

Lemma 7 Assume that g is lower semi-continuous and convex. For θ, θ0 ∈ Θ and
γ>0


1
g Proxγ,g (θ) − g(θ0 ) ≤ − Proxγ,g (θ) − θ0 , Proxγ,g (θ) − θ .
γ

For any γ > 0 and for any θ, θ0 ∈ Θ,


k Proxγ,g (θ)−Proxγ,g (θ0 )k2 +k Proxγ,g (θ)−θ − Proxγ,g (θ0 )−θ0 k2 ≤ kθ−θ0 k2 . (25)

Proof See (Bauschke and Combettes, 2011, Propositions 4.2., 12.26 and 12.27).

Lemma 8 Assume H1 and let γ ∈ (0, 1/L]. Then for all θ, θ0 ∈ Θ,


− 2γ F (Proxγ,g (θ)) − F (θ0 )

≥ k Proxγ,g (θ) − θ0 k2 + 2 Proxγ,g (θ) − θ0 , θ0 − γ∇f (θ0 ) − θ . (26)

k Proxγ,g (θ)

JMLR 18(10):1-33, 2017

+ 2 Proxγ,g (θ) − θ0 , ξ − γ∇f (ξ) − θ − kθ0 − ξk2 . (27)

If in addition f is convex, then for all θ, θ0 , ξ ∈ Θ,



− 2γ F
− F (θ0 ) ≥
− θ0 k2
Proxγ,g (θ)

19
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1
kp − θ0 k2 .
2γ

Proof Since ∇f is Lipschitz, the descent lemma implies that for any γ −1 ≥ L

f (p) − f (θ0 ) ≤ ∇f (θ0 ), p − θ0 +

(28)

(32)

(31)

(30)

(29)

This inequality applied with p = Proxγ,g (θ) combined with (24) yields (26). When
f is convex, f (ξ) + h∇f (ξ), θ0 − ξi − f (θ0 ) ≤ 0 which, combined again with (24) and
(28) applied with (p, θ0 ) ← (Proxγ,g (θ), ξ) yields the result.

Lemma 9 Assume H1. Then for any γ > 0, θ, θ0 ∈ Θ,

kθ − γ∇f (θ) − θ0 + γ∇f (θ0 )k ≤ (1 + γL)kθ − θ0 k ,

kTγ (θ) − Tγ (θ0 )k ≤ (1 + γL)kθ − θ0 k .

If in addition f is convex then for any γ ∈ (0, 2/L],

kθ − γ∇f (θ) − θ0 + γ∇f (θ0 )k ≤ kθ − θ0 k ,

kTγ (θ) − Tγ (θ0 )k ≤ kθ − θ0 k .

def

Proof (30) and (32) follows from (29) and (31) respectively by the Lipschitz property
of the proximal map Proxγ,g (see Lemma 7). (29) follows directly from the Lipschitz
property of f . It remains to prove (31). Since f is a convex function with Lipschitzcontinuous gradients, (Nesterov, 2004, Theorem 2.1.5) shows that, for all θ, θ0 ∈ Θ,
L h∇f (θ) − ∇f (θ0 ), θ − θ0 i ≥ k∇f (θ) − ∇f (θ0 )k2 . The result follows.
def

Lemma 10 Assume H1. Set Sγ (θ) = Proxγ,g (θ − γH) and η = H − ∇f (θ). For
any θ ∈ Θ and γ > 0,
kTγ (θ) − Sγ (θ)k ≤ γkηk .
(33)

Proof We have kTγ (θ) − Sγ (θ)k = k Proxγ,g (θ − γ∇f (θ)) − Proxγ,g (θ − γH)k and
(33) follows from Lemma 7.

6.2 Proof of section 2

k≥n+2

X

ξk + M ≤ wn − χn+1 .

6.2.1 Proof of Lemma 1
P
P
def
k≥n+1 ξk + M with M = − inf n
k≥n ξk so that inf n wn ≥ 0. Then
Set wn = vn +

0 ≤ wn+1 ≤ vn − χn+1 + ξn+1 +

JMLR 18(10):1-33, 2017

{wn ,Pn ∈ N} is non-negative
Pand non increasing; therefore it converges. Furthermore,
n
0 ≤ k=0
χk ≤ w0 so that n χn < ∞. The convergence of {wn , n ∈ N} also implies
the convergence of {vn , n ∈ N}. This concludes the proof.

20

2

+

2
2γn+1
kηn+1 k2

− 2γn+1 Tγn+1 (θn ) − θ? , ηn+1 . (34)

k=φm

n
X

γk+1 { Tγk+1 (θk ) − θ∞ , ηk+1 + γk+1 kηk+1 k2 } .


 1
aj+1 F (θj+1 ) − min F ≤
2



21
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aj+1 aj
aj
−
kθj − θ? k2
kθj − θ? k2 +
γj+1 γj
2γj
aj+1
−
kθj+1 − θ? k2 − aj+1 hθj+1 − θ? , ηj+1 i .
2γj+1

Multiplying both sides by aj+1 gives:

Let θ? ∈ L; note that F (θ? ) = min F . We first apply (27) with θ ← θj − γj+1 Hj+1 ,
ξ ← θj , θ0 ← θ? , γ ← γj+1 :

F (θj+1 ) − min F ≤ (2γj+1 )−1 kθj − θ? k2 − kθj+1 − θ? k2 − hθj+1 − θ? , ηj+1 i .

6.2.3 Proof of Theorem 3

For any  > 0, there exists m such that the RHS is upper bounded by . Hence, for
any n ≥ φm , kθn+1 − θ∞ k2 ≤ , which proves the convergence of {θn , n ∈ N} to θ∞ .

kθn+1 − θ∞ k2 ≤ kθφm − θ∞ k2 − 2

showing that F (θ∞ ) = min F .
By (34), for any m and n ≥ φm

n→∞

min F = lim inf F (θφn ) ≥ F (θ∞ ) ≥ min F ,

− min F ) < ∞ and limn kθn −
Under (7) and (34), Lemma 1 shows that n γn (F (θn ) P
θ? k exists. This implies that supn kθn k < ∞. Since n γn = +∞, there exists a
subsequence {θφn , n ∈ N} such that limn F (θφn ) = min F . The sequence {θφn , n ≥ 0}
being bounded, we can assume without loss of generality that there exists θ∞ ∈ Rd
such that limn θφn = θ∞ .
Let us prove that θ∞ ∈ L. Since g is lower semi-continuous on Θ, lim inf n g(θφn ) ≥
g(θ∞ ) so that θ∞ ∈ Θ. Since F is lower semi-continuous on Θ, we have

P

kθn+1 − θ? k2 ≤ kθn − θ? k2 − 2γn+1 (F (θn+1 ) − min F )

Hence,

− hθn+1 − θ? , ηn+1 i ≤ γn+1 kηn+1 k2 − Tγn+1 (θn ) − θ? , ηn+1 .

We write θn+1 − θ? = θn+1 − Tγn+1 (θn ) + Tγn+1 (θn ) − θ? . By Lemma 10, kθn+1 −
Tγn+1 (θn )k ≤ γn+1 kηn+1 k so that,

kθn+1 − θ? k ≤ kθn − θ? k − 2γn+1 (F (θn+1 ) − min F ) − 2γn+1 hθn+1 − θ? , ηn+1 i .

2

Let θ? ∈ L, which is not empty by H2; note that F (θ? ) = min F . We have by (27)
applied with θ ← θn − γn+1 Hn+1 , ξ ← θn , θ0 ← θ? , γ ← γn+1

6.2.2 Proof of Theorem 2

On Perturbed Proximal Gradient Algorithms

n
X

aj−1
aj
−
γj
γj−1
kθj−1 − θ? k2

θj − Tγj (θj−1 ), ηj

≤ γj kηj k2 which concludes the proof.

m

k=1

1 X
Hθ (xk )
m

Z

Z

···

···

Z

Z

πθ (dy1 )

Pθ (yk−1 , dyk )1B (y1 , . . . , ym ) ,
Pθ (yk−1 , dyk )1B (y1 , . . . , ym ) ,

k=2

k=1

m

1 X
W (xk ) ;
m

22

(36)
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0 ≤ γ −1 kθ − Proxγ,g (θ)k2 ≤ g(θ) − g(Proxγ,g (θ)) ≤ K kθ − Proxγ,g (θ)k .

Proof For all θ ∈ Θ, we get by Lemma 7

kProxγ,g (θ) − θk ≤ Kγ .

Proposition 11 Assume that g is proper convex and Lipschitz on Θ with Lipschitz
constant K. Then, for all θ ∈ Θ,

6.3.1 Preliminary results

k=2

m
Y

Pθ (xm , dy1 )

for any (x1 , . . . , xm ) ∈ Xn and B ∈ X ×n .

π θ (B) =

P θ (x1 , · · · , xm ; B) =

m
Y

W (x1 , · · · , xm ) =

the kernel Pθ and its invariant measure πθ by

H θ (x1 , · · · , xm ) =

The proof of Theorem 4 is given in the case m = 1; we simply denote by Xn the
(1)
sample Xn . The proof for the case m > 1 can be adapted from the proof below, by
substituting the functions Hθ (x) and W (x) by

6.3 Proof of Section 3.1

By Lemma 10, we get

.

a0
kθ0 − θ? k2 . (35)
2γ0



hθj − θ? , ηj i = θj − Tγj (θj−1 ), ηj + Tγj (θj−1 ) − θ? , ηj

We decompose hθj − θ? , ηj i as follows:

j=1



aj hθj − θ? , ηj i +

j=1

j=1

−

n

n

X
an
1X
kθn − θ? k2 +
aj {F (θj ) − min F } ≤
2γn
2

Summing from j = 0 to n − 1 gives
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sup kTγ (θ)k < ∞ .

Proposition 12 Assume H1, H2 and Θ is bounded. Then
sup
γ∈(0,1/L] θ∈Θ

If in addition H6-(ii) holds, then there exists a constant C such that for any θ, θ̄ ∈ Θ,
γ, γ̄ ∈ (0, 1/L]

Tγ (θ) − Tγ̄ (θ̄) ≤ C γ + γ̄ + kθ − θ̄k .

Proof Let θ? such that for any γ > 0, θ? = Tγ (θ? ) (such a point exists by H2 and
(4)). We write Tγ (θ) = (Tγ (θ) − θ? )+θ? . By Lemma 9, there exists a constant C such
that for any θ ∈ Θ and any γ ∈ (0, 1/L], kTγ (θ) − θ? k ≤ 2 kθ − θ? k ≤ 2 kθk + 2 kθ? k.
This concludes the proof of the first statement. We write Tγ (θ) − Tγ̄ (θ̄) = Tγ (θ) −
Tγ̄ (θ) + Tγ̄ (θ) − Tγ̄ (θ̄). By Lemma 7
θ∈Θ

Tγ̄ (θ) − Tγ̄ (θ̄) ≤ θ − θ̄ − γ̄∇f (θ) + γ̄∇f (θ̄) ≤ kθ − θ̄k + γ̄ sup k∇f (θ)k .

sup γ −1

.

Hθ (y)πθ (dy) .

θ − θ0

− θk .

W

(37)

<∞

By H1 and since Θ is bounded, supθ∈Θ k∇f (θ)k < ∞. In addition, using again
Lemma 7,
θ∈Θ

sup

kProxγ,g (θ)

kTγ (θ) − Tγ̄ (θ)k ≤ (γ + γ̄) sup k∇f (θ)k + kProxγ,g (θ) − Proxγ̄,g (θ)k .
We conclude by using

≤ (γ + γ̄)

Z

γ∈(0,1/L] θ∈Θ

kProxγ̄,g (θ) − Proxγ,g (θ)k ≤ kProxγ̄,g (θ) − θk + kθ − Proxγ,g (θ)k

Lemma 13 Assume H5 and H6-(i).

and for any (θ, x) ∈ Θ × X,

≤C
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b θ (x) such that supθ∈Θ H
bθ
(i) There exists a measurable function (θ, x) 7→ H
b θ (x) − Pθ H
b θ (x) = Hθ (x) −
H

W

(ii) There exists a constant C such that for any θ, θ0 ∈ Θ,
b θ − Pθ0 H
b θ0
Pθ H

Proof See (Fort et al., 2011, Lemma 4.2).
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Lemma 14 Assume H4 and H5. Then, supn E [W p (Xn )] < ∞.

Proof The conditional distribution of Xj given the past Fj−1 is Pθj−1 (Xj−1 , ·).
Therefore, we write



E [W p (Xn )] = E [E [ W p (Xn ) | Fn−1 ]] = E Pθn−1 W p (Xn−1 ) .

We then use the drift inequality to obtain E [W p (Xn )] ≤ λE [W p (Xn−1 )] + b. The
proof then follows from a trivial induction.

kθn+1 − θn k ≤ Cγn+1 (1 + kηn+1 k) .

Lemma 15 Assume H1, H6-(ii) and Θ is bounded. There exists a constant C such
that w.p.1, for all n ≥ 0,

Proof We write

θn+1 − θn = θn+1 − Proxγn+1 ,g (θn ) + Proxγn+1 ,g (θn ) − θn .

Since by Lemma 7, θ 7→ Proxγ,g (θ) is Lipschitz for any γ > 0, we get
θn+1 − Proxγn+1 ,g (θn )

θ∈Θ

= Proxγn+1 ,g (θn − γn+1 ηn+1 − γn+1 ∇f (θn )) − Proxγn+1 ,g (θn )


≤ γn+1 kηn+1 + ∇f (θn )k ≤ γn+1 kηn+1 k + sup k∇f (θ)k .

sup γ −1 kProxγ,g (θ) − θk ≤ C2 .

γ∈(0,1/L] θ∈Θ

sup

By H1, w.p.1. supθ∈Θ k∇f (θ)k < ∞; hence, there exists C1 such that w.p.1. for all
n ≥ 0, θn+1 − Proxγn+1 ,g (θn ) ≤ C1 γn+1 (1 + kηn+1 k). Finally, under H6-(ii), there
exists a constant C2 such that, w.p.1.,
n

−1
sup γn+1
Proxγn+1 ,g (θn ) − θn ≤

This concludes the proof.

Lemma 16 Assume H1, H4, H5 and Θ is bounded. There exists a constant C such
that w.p.1, for all n ≥ 0, kηn+1 k ≤ CW (Xn+1 ).

JMLR 18(10):1-33, 2017

Proof By H4 and H5, kηn+1 k ≤ (supθ∈Θ |Hθ |W ) W (Xn+1 ) + supθ∈Θ k∇f (θ)k. The
result follows since ∇f is Lipschitz by H1, and since W ≥ 1.
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n

an+1 kηn+1 k



2

n

Lq

≤C
k=1

n
X

n≥0

ak .


 X
≤ sup E kηn+1 k2
an+1 .

ak kηk k2

ak+1 kηk+1 k2

Lq

n

≤ sup kηn k2L2q
k=1

n+1
X

ak .
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sup kAγ (θ)k < ∞ .

γ∈(0,1/L] θ∈Θ

sup
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(38)

Proposition 18 Assume H1, H3, H4, H5, Θ is bounded and the Monte Carlo approximation is unbiased. Let {an , n ∈ N} be a deterministic positive sequence and
{Aγ (θ), γ ∈ (0, 1/L] , θ ∈ Θ} be deterministic matrices such that

The supremum is finite by Lemma 14 and Lemma 16.

k=0

n
X

By Lemma 14 and Lemma 16, supn kηn+1 kL2 < ∞ so the RHS is finite. By the
Minkovski inequality, we write since ak > 0,

X

n≥0



E

Proof We write

k=1

n
X

(ii) for any q ∈ [1, p/2], there exists a constant C such that for any non-negative
numbers {a1 , · · · , an },

Lemma 17 Assume H1, H4, H5 and Θ is bounded.
P
P
2
(i) If ak ≥ 0 and ∞
n≥1 an kηn k < ∞.
k=1 ak < ∞ then with probability one,

P
note that they are both of the form n γn+1 Aγn+1 (θn )ηn+1 with, respectively, Aγ (θ)
equal to the identity matrix, and Aγ (θ) = Tγ (θ). In the case the Monte Carlo is unbiased, we apply Proposition 18 with an ← γn and
P Aγ (θ) equal to the identity matrix
and we obtain the almost-sure convergence of n γn ηn ; we then apply Proposition 18
with
P an ← γn and Aγ (θ) = Tγ (θ), and we obtain the almost-sure convergence of
n γn+1 Tγn+1 (θn ), ηn+1 - note that by Proposition 12, Tγ (θ) satisfies the assumptions on Aγ (θ). In the case the Monte Carlo is biased, the steps are the same except
we use Proposition 19 instead of Proposition 18.
For the control of the moments, we use Theorem 3 and again Lemma 17 and
Proposition 18 for the unbiased case (or Proposition 19 for the biased case).

n

Lq

ak+1 Aγk+1 (θk )ηk+1
Lq

≤C
k=0

n
X

a2k+1
.

k=0

n an γn

P

q

 L

≤C 1+


ak+1 Aγk+1 (θk )ηk+1

k=0

n
X

a2k+1

26

!1/2

+

k=1

n
X

k=1

ak γk






.
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|ak+1 − ak | +

n
X

b θ (Xn+1 ) − Pθ H
b θ (Xn+1 )
ηn+1 = H
n
n
n

 

b θ (Xn ) + Pθ H
b θ (Xn ) − Pθ H
b θ (Xn+1 )
b θ (Xn+1 ) − Pθ H
= H
n
n
n
n
n
n+1
n+1


b θ (Xn+1 ) − Pθ H
b θ (Xn+1 ) .
+ Pθn+1 H
n
n
n+1

(i) By H4 and Lemma 13-(i), we write

Proof

k=0

n
X

(ii) For any q ∈ (1, p/2], there exists a constant C such that

(i) P
If

P 2
P
< ∞,
n an < ∞ and
n |an+1 − an | < ∞ then the series
n≥0 an+1 Aγn+1 (θn )ηn+1 converges P-a.s.

γ∈(0,1/L] θ∈Θ

Proposition 19 Assume H1, H3–H6 and Θ is bounded. Let {an , n ≥ 0} be a positive
sequence and {Aγ (θ), γ ∈ (0, 1/L] , θ ∈ Θ} be (deterministic) function-valued matrices
such that there exists CA and for any γ, γ̄ ∈ (0, 1/L] and θ, θ̄ ∈ Θ

Aγ (θ) − Aγ̄ (θ̄) ≤ CA γ + γ̄ + θ − θ̄ . (39)
sup sup kAγ (θ)k < ∞ ,

Lemma 14 and Lemma 16 imply that supn kηn+1 kLq < ∞; we then conclude with
(38).

k=0



Proof P
Since θn ∈ Fn , we have E an+1 Aγn+1 (θn ) ηn+1 |Fn = 0, thus showing that
n
{Mn = k=0 ak+1 Aγk+1
P (θk )ηk+1 , n ∈ N} is a martingale. This martingale converges
almost-surely if S = n≥0 a2n+1 kAγn+1 (θn )k2 kηn+1 k2 < ∞ P-a.s. (see e.g. (Hall and
Heyde, 1980, Theorem 2.17)). Using (38) and Lemma 17, S < ∞ P-a.s.
Consider now the Lq -moment of Mn . We apply (Hall and Heyde, 1980, Theorem
2.10): for any q ∈ (1, p/2], there exists a constant C such that for any n ≥ 0,
!1/2
n
n
X
X
2
ak+1 Aγk+1 (θk )ηk+1
≤C
ak+1 Aγk+1 (θk )ηk+1 Lq
.

k=0

n
X

converges P-a.s.

!1/2

n≥0 an+1 Aγn+1 (θn )ηn+1

P

(ii) For any q ∈ (1, p/2], there exists a constant C such that

< ∞, then the series

The proof of the almost-sure convergence consists in verifying
assumptions of
P the
2 kη
2
Theorem 2. Let us start with the proof that almost-surely, n γn+1
n+1 k < ∞.
This property is a consequence of Lemma 17 applied with an ← γn2 . It remains to
prove that almost-surely
X
X
γn ηn < ∞,
γn+1 Tγn+1 (θn ), ηn+1 < ∞;

2
n≥0 an

(i) If

P

Atchadé, Fort and Moulines

6.3.2 Proof of Theorem 4
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an+1 Aγn+1 (θn )


b θ (Xn+1 ) − Pθ H
b θ (Xn ) < ∞ ,
H
n
n
n



b θ (Xn ) − Pθ H
b θ (Xn+1 ) < ∞ ,
Pθn H
n
n+1
n+1
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X

n

We prove successively that w.p.1,

X
an+1 Aγn+1 (θn )



b θ (Xn+1 ) − Pθ H
b θ (Xn+1 ) < ∞ .
an+1 Aγn+1 (θn ) Pθn+1 H
n
n
n+1

n≥0

X

n≥0

(40)
(41)
(42)

b θ (Xn+1 ) − Pθ H
b θ (Xn ), n ∈ N} is a martingale
Proof [Proof of (40)] By H4, {H
n
n
n
increment w.r.t. the filtration {Fn , n ≥ 0}. The proof is along the same lines as the
proof of Proposition 18 upon noting that by Lemma 13 and H5, there exists C such
that w.p.1 for all n ≥ 0,
b θ (Xn+1 ) − Pθ H
b θ (Xn )k ≤ C {W (Xn+1 ) + W (Xn )} .
kH
n
n
n
P
b
Proof [Proof of (41)] The sum is equal to
n≥0 ∆n+1 Pθn Hθn (Xn ) with ∆n+1 =
an+1 Aγn+1 (θn ) − an Aγn (θn−1 ). On one hand, by Lemma 13 and H5, there exists C
such that w.p.1 for all n ≥ 0,
b θ (Xn ) ≤ C W (Xn ) .
Pθn H
n

On the other hand, by (39), Lemma 15 and Lemma 16, there exists C such that a.s.


k∆n+1 k ≤ C |an+1 − an | + an (γn + γn+1 ) W (Xn ) .
for all n ≥ 0,

By Lemma 14,

 2

W (Xn ) < ∞. Therefore,
h
i by (39) and the assumptions on
b θ (Xn ) < ∞; which concludes the proof.
∆n+1 Pθn H
n

nE

P

supn E

{an , n ≥ 0}, we have

Pθn+1 Hθn+1 (Xn+1 )

Pθn Hθn (Xn+1 )

kθn+1

θn k

W (Xn+1 )

Proof [Proof of (42)] By (39) and Lemma 13, there exists a constant C such that
w.p.1 for any n


b
b
−
≤C
−
.
Aγn+1 (θn )

By Lemma 15 and Lemma 16, there exists a constant C such that w.p.1,

for all n ≥ 0,
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n an+1 γn+1 E

P

kθn+1 − θn k W (Xn+1 ) ≤ Cγn+1 W 2 (Xn+1 ) .

W 2 (Xn+1 ) <
From Lemma 14 and the assumptions on {an , n ≥ 0},
∞ from which (42) follows.
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b θ (Xn+1 ) − Pθ H
b θ (Xn )
H
n
n
n


≤C


b θ (Xk ) − Pθ H
b θ (Xk+1 )
Pθk H
k
k+1
k+1

Lq

n
X

k=0

2
ak+1

!1/2

.

(ii) We start from the same decomposition of ηn+1 in three terms. The first one
is a martingale, and following the same lines as in the proof of Proposition 18, we
obtain
n
X
k=0

ak+1 Aγk+1 (θk )

For the second term, we write
n
X
k=0

k=1

b θ (Xn+1 )
b θ (X0 ) − an+1 Aγ (θn )Pθ H
≤ a1 Aγ1 (θ0 )Pθ0 H
n+1
n+1
n+1
0
n
X
b θ (Xk ) .
∆k+1 Pθk H
k

+

ak+1 Aγk+1 (θk )

1 + an+1 +

k=1

n 
X

Lq

|ak+1 − ak | + ak (γk + γk+1 )



b θ (Xk ) − Pθ H
b θ (Xk+1 )
Pθk H
k
k+1
k+1
≤



!

.

By the Minkovski inequality, it is easily seen that there exists a constant C such that
n
X
k=0

ak+1 Aγk+1 (θk )



b θ (Xk+1 ) − Pθ H
b θ (Xk+1 )
Pθk+1 H
k+1
k
k

Lq

≤C

k=0

n
X

ak+1 γk+1 .

Finally, for the last term, following the same computations as above, we have by the
Minkovski inequality
n
X
k=0

6.4 Proof of Theorem 6

We write ηn+1 = Bn + (ηn+1 − Bn ) where Bn is given by (12). Observe that {ηn+1 −
Bn , n ∈ N} is a martingale-increment sequence. Sufficient conditions for the almostsure convergence of a martingale and the control of Lq -moments can be found in (Hall
and Heyde, 1980, Theorems 2.10 and 2.17). Then the proof follows from Proposition 5
and Lemma 14.

Appendix A. Proofs of section 4
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By using the Cauchy-Schwartz inequality, it holds
Z
1/2
Z
exp(`c (θ|u)) φ(u)du ≥
exp(0.5`c (θ|u)) φ(u)du

28

2
exp(`c (θ|u)) kuk2 φ(u) du
Z
 Z

≤
exp(0.5`c (θ|u))φ(u) du
exp(3`c (θ|u)/2)kuk4 φ(u)du

Xp

def

πt (dz) = R


exp B̄(z), tϑ + (1 − t)θ

,
exp B̄(x), tϑ + (1 − t)θ µ(dx)

R

B̄ij (x)πt (dx) is differentiable with derivative
Z
d
B̄ij (x)πt (dx)
dt


Z
Z
= B̄ij (x) B̄(x) − B̄(z)πt (dz), ϑ − θ πt (dx),

= Covπt B̄ij (X), B̄(X), ϑ − θ ,
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This implies the inequality (16).
Acknowledgments: We are grateful to George Michailidis for very helpful discussions. This work is partly supported by NSF grant DMS-1228164.

k≤l

where the covariance is taken assuming that X ∼ πt . Hence
Z 1

dt Covt B̄ij (X), B̄(X), ϑ − θ
(∇`(θ) − ∇`(ϑ))ij =
0
sX
osc2 (B̄kl )kθ − ϑk2 .
≤ osc(B̄ij )

and that t 7→

defines a probability measure on Xp . It is straightforward to check that
Z
Z
(∇`(θ) − ∇`(ϑ))ij = B̄ij (x)π1 (dx) − B̄ij (x)π0 (dx),

For t ∈ [0, 1] let

Xp

For θ, ϑ ∈ Θ, the (i, j)-th entry of the matrix ∇`(θ) − ∇`(ϑ) is given by
Z
Z
(∇`(θ) − ∇`(ϑ))ij =
B̄ij (x)πϑ (dx) −
B̄ij (x)πθ (dx).

Appendix B. Proof of section 5

θ∈Θ

Since exp(`c (θ|u)) ≤ 1 and

kuk4 φ(u)du = q(2 + q), we have
Z
p
sup kuk2 πθ (u)du ≤ q(2 + q) .

R

which implies that
R
Z
exp(`c (θ|u))kuk2 φ(u)du
R
kuk2 πθ (u)du =
exp(`c (θ|v))φ(v)dv
Z
1/2
≤
exp (3`c (θ|u)/2) kuk4 φ(u) du

Z
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Differential privacy formalises privacy-preserving mechanisms that provide access to a
database. Can Bayesian inference be used directly to provide private access to data?
The answer is yes: under certain conditions on the prior, sampling from the posterior distribution can lead to a desired level of privacy and utility. For a uniform treatment, we
define differential privacy over arbitrary data set metrics, outcome spaces and distribution
families. This allows us to also deal with non-i.i.d or non-tabular data sets. We then
prove bounds on the sensitivity of the posterior to the data, which delivers a measure of
robustness. We also show how to use posterior sampling to provide differentially private
responses to queries, within a decision-theoretic framework. Finally, we provide bounds on
the utility of answers to queries and on the ability of an adversary to distinguish between
data sets. The latter are complemented by a novel use of Le Cam’s method to obtain lower
bounds on distinguishability. Our results hold for arbitrary metrics, including those for
the common definition of differential privacy. For specific choices of the metric, we give a
number of examples satisfying our assumptions.
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The Bayesian framework for statistical decision theory incorporates uncertainty into decision
making in a probabilistic manner. This makes the framework attractive, as predictions
and modelling can all be made with the machinery of probability. More specifically, a
Bayesian statistician begins by assuming that the world is described by a probabilistic
model within some family, and he assigns a prior belief to each one of the models. After
observing data, this belief is adjusted through Bayes’s theorem to the so called posterior
belief. This expresses the statistician’s conclusion given the data and the prior assumptions.
The statistician can then release the posterior to the world, for others to build upon, or use
for principled decision making under uncertainty.
Unfortunately, it is frequently the case that the data acquired by the statistician is
sensitive. Consequently, there is a fear that any information released by the statistician
that depends on the data—be that the posterior distribution itself or any decisions that
follow from the calculated posterior—may reveal sensitive information in the original data.
Recently, the framework of differential privacy has been proposed to codify this leakage
of information. If an algorithm is differentially private, then its output can only leak a
bounded amount of information about its input.
We are interested in the question of how one can build differentially-private algorithms
within the Bayesian framework. More precisely, we examine when the choice of prior is
sufficient to guarantee differential privacy for decisions that are derived from the posterior
distribution. Our work develops a unified understanding of privacy and learning in adversarial environments, under a decision-theoretic framework. We show that under suitable
assumptions, standard Bayesian inference and posterior sampling can achieve uniformly
good utility with a fixed privacy budget in the differential privacy setting. We also indicate
strong connections between robustness and privacy. Under the base level of data privacy
provided by the posterior distribution, the statistician can safely respond to external queries
using samples from the posterior. When estimating a linear model from sensitive data, for
example, samples from the posterior correspond to different possible fits. The more samples
used, the more privacy is leaked, while query responses may be more accurate.
Our proposed approach complements existing mechanisms rather well, and may be particularly useful in situations where Bayesian inference is already in use. For this reason,
we provide illustrative examples in the exponential family. However, our setting is wholly
general and not limited to specific distribution families, or i.i.d. observations. Any family
could be chosen: so long as it either satisfies our assumptions directly, or can be restricted
so that it does. For example, our framework applies to families of discrete Bayesian networks with directed-acyclic topologies (e.g., Markov chains; see Lemma 24 on page 21) and
multivariate Gaussians (see Lemma 23), where the observations may not satisfy the i.i.d.
assumption.
Summary of setting. A Bayesian statistician (B) wishes to communicate results about
data x to a third party (A ), but without revealing the data x itself. We make no assumptions on the data x, which could be a single observation, an i.i.d. sample, or a sequence of
observations. The protocol of interaction between B and A is summarised below.

1. Introduction

Keywords: Bayesian inference, differential privacy, robustness, adversarial Learning
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1. B selects a model family (FΘ ) and a prior (ξ).
2. A is allowed to see FΘ and ξ and is computationally unbounded.
3. B observes data x and calculates the posterior ξ(θ | x) but does not reveal it.
Then, for steps t = 1, 2, . . ., repeat the following:
4. A sends his utility function u and a query qt to B.
5. B responds with the response rt maximising u, in a manner that depends on the
query and the posterior.
Let us now elaborate. In this framework, the choice of the model family FΘ is dictated by the
problem. The choice of ξ is normally determined by the prior knowledge of B, but we show
that this also affects what level of privacy is achieved. Informally speaking, informative
priors achieve better privacy, as the posterior has a weaker dependency on the data. It
is natural to assume that the prior itself is public, as it should reflect publicly available
information. The statistician’s conclusion from the observed data x is then summarised in
the posterior distribution ξ(θ | x), which remains private.
The second part of the process is the interaction with A . We adopt a decision-theoretic
viewpoint to characterise what the optimal responses to queries should be. More specifically,
we assume the existence of a “true” parameter θ ∈ Θ, and that A has a utility function
uθ (qt , rt ), which he wishes to maximise. For example, consider the case where θ = (µ, Σ)
are the parameters of a normal distribution. An example query qt is “what is the expected
value Eθ xi = µ of the distribution?”. The optimal response rt , would then be a real vector
that depends on the utility function. A possible utility function is the negative squared L2
distance:
uθ (qt = “what is the mean?”, rt ) = −k Eθ xi − rt k22 .

Dimitrakakis, Nelson, Zhang, Mitrokotsa and Rubinstein

is that robustness and privacy are linked via smoothness. Learning algorithms that are
smooth mappings—their output (e.g., a spam filter) varies little with perturbations to input
(e.g., similar training corpora)—are robust: outliers have reduced influence, and adversaries
cannot easily discover unknown information about the data. This suggests that robustness
and privacy can be simultaneously achieved and are in fact deeply linked.
We provide a uniform mathematical treatment of the privacy and robustness properties
of Bayesian inference based on generalised differential privacy to arbitrary data set distances,
outcome spaces, and distribution families. This paper can be summarised as making the
following distinct contributions:

• Under certain regularity conditions on the prior distribution ξ or likelihood family
FΘ , we show that the posterior distribution is robust: small changes in the data set
result in small posterior changes.

• We introduce a novel posterior sampling mechanism that is private.2 Unlike other
common mechanisms in differential privacy, our approach sits squarely in the nonprivate (Bayesian) learning framework without modification.

• We provide necessary and sufficient conditions for differentially private Bayesian inference.

• We introduce the notion of data set distinguishability for which we provide finitesample bounds for our mechanism: how large would Θ̂ need to be for A to distinguish
two data sets with high probability.

• We provide examples of conjugate-pair distributions where our assumptions hold,
including discrete Bayesian networks. We find that even though Bayesian posterior
sampling does provide privacy guarantees directly, those appear to be very weak for
standard conjugate families. However, with a small modification of the prior, it is
easy to obtain good privacy guarantees.

We consider the problem of a Bayesian statistician (B) communicating with an untrusted
third party (A ). B wants to convey useful responses to the queries of A (e.g., how

2. Problem Setting

4
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Paper organisation. Section 2 specifies the setting and our assumptions. Section 3
proves results on robustness of Bayesian learning. Section 4 proves our main privacy results.
In particular, Section 4.1 shows that the posterior distribution is differentially private,
Section 4.2 describes our posterior sampling query response algorithm, Section 4.3 derives
bounds on data set indistinguishability, Section 4.5 shows how to obtain matching lower
bounds for distinguishability, while Section 4.4 shows how utility and privacy can be traded
off within our framework. Examples where our assumptions hold are given in Section 5. We
present a discussion of our results, related work and links to the exponential mechanism and
robust Bayesian inference in Section 6. Appendix A contains proofs of the main theorems.
Finally, Appendix B details proofs of the examples demonstrating our assumptions.

While θ is unknown, B has information about it in the form of a posterior distribution.
Using standard decision-theoretic notions, the optimal response of B would maximise the
expected utility Eξ (u | qt , rt , x), where the expectation is taken over the posterior distribution. However, this deterministic response cannot be differentially private.
In this paper, we promote the use of posterior sampling to respond to queries. The
posterior sampling mechanism draws a set Θ̂ of i.i.d. samples from the posterior distribution.
Then, all the responses only depend on the posterior through Θ̂. Since our algorithm only
takes a single sample set Θ̂, further queries by the adversary reveal nothing more about the
data than what can be inferred from Θ̂. The empirical distribution induced by Θ̂ serves as
a private surrogate for the exact (non-private) posterior. Consequently, we can respond to
an arbitrary number of queries with a bounded privacy budget, while guaranteeing good
utility for all responses.
We show that if FΘ and ξ are chosen appropriately, this results in differentially-private
responses, as well as robustness of the posterior.1 In addition, we prove upper and lower
bounds on how easy it is for an adversary to distinguish two -close data sets. Finally,
we bound the loss in utility incurred due to privacy. The intuition behind our results

2. Although previously used e.g., for efficient exploration in reinforcement learning (Thompson, 1933; Osband et al., 2013), posterior sampling has not previously been employed for privacy.
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1. More specifically, that small changes in the data result in small changes in the posterior in terms of the
KL divergence.

3

Θ

4. I.e., the Radon-Nikodym derivative of Pθ relative to some dominating measure ν.

3. Meaning that ρ(x, y) = 0 does not necessarily imply x = y.

5
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We now recall the concept of differential privacy (Dwork, 2006). This states that on neighbouring data sets, a randomised query response mechanism yields (pointwise) similar distributions. We adopt the view of mechanisms as conditional distributions under which
differential privacy can be seen as a measure of smoothness. In our setting, conditional
distributions conveniently correspond to posterior distributions. These can also be interpreted as the distribution of a mechanism that uses posterior sampling, to be introduced
in Section 4.2. The precise definition depends on the notion of neighbourhood, with the
following choice being common:

This paper focuses on the Bayesian inference setting, where the statistician B constructs a
posterior distribution from a prior distribution ξ and a training data set x. More precisely,
we assume that data x ∈ S have been drawn from some distribution Pθ? on S, parameterised
by θ? , from a family of distributions FΘ . B defines a parameter set Θ indexing a family of
distributions FΘ on (S, SS ), where SS is an appropriate σ-algebra on S:

F Θ , { Pθ : θ ∈ Θ } ,

2.1.3 Privacy

2.1.2 Bayesian Inference

t=1

T
Y

Pθ (xt ),
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i.e., Pθ defines an i.i.d. distribution on the alphabet. This family corresponds to a set of
Bernoulli models. The set of parameters Θ will be chosen to discretise the parameter space
of Bernoulli distributions over ∆-sized intervals. For this, the k-th model’s parameter will
be θk = ∆k, with ∆ ∈ (0, 1) and k ≤ 1/∆.

Pθ (x1 , . . . , xT ) =

For any sequence of observations x1 , . . . , xT , we have, with some abuse of notation,

For the above family, we can use a uniform prior distribution ξ(θk ) = ∆. The posterior
distribution is easily calculated, since we need only sum over a finite number of parameters.

Pθ (x) = θ I {x = 1} + (1 − θ) I {x = 0} .

Example 1 (Finite Bernoulli family.) Consider a finite family of distributions FΘ =
{ Pθ : θ ∈ Θ } on alphabet X = { 0, 1 }, with θ ∈ [0, 1], such that for any model in the family
and any observation x

While the choice of the prior is generally arbitrary, this paper shows that its careful selection can yield good privacy guarantees. Throughout the paper, we shall use the following
simple example to ground our observations and theory. This consists of a finite family of
distributions, on a finite alphabet. Consequently, calculation of the posterior distribution
is always simple. It is also easy to verify our assumptions on this model.

Central to the notions of privacy and robustness, is the concept of distance between data
sets. Firstly, the effect of data set perturbation on learning depends on the amount of
noise as quantified by some distance. This is useful for characterising robustness to noise
or adversarial manipulation of the data. Secondly, the amount that an attacker can learn
from queries can be quantified in terms of the distance of his guesses to the true data
set. Finally, it allows for a unified mathematical treatment, as it permits different types
of neighbourhoods to be defined. To model these situations, we equip S with a pseudometric3 ρ : S × S → R+ . This generalisation has also been used by Chatzikokolakis et al.
(2013), which has laid the groundwork for metric-based differential privacy. While this
concept has many applications in the context of geographical information systems, we apply
this generalisation of differential privacy without necessarily referring to some underlying
physical distance.

2.1.1 Distances Between Data Sets

We begin with our notation. Let S be the set
S of alln possible data sets. For example, if X is
a finite alphabet, then we might have S = ∞
n=0 X , i.e., the set of all possible observation
sequences over X . However, S can have arbitrary structure and so social network or mobility trace data are also handled in this framework. Probability measures on parameters
θ are usually denoted by ξ, while measures and densities
on data are denoted by Pθ or pθ
R
respectively. Expectations are denoted by Eξ g , Θ g(θ) dξ(θ), where the subscript denotes
the underlying distribution with respect to whichR we are taking expectations. In case of
ambiguity, we explicitly write e.g., Ex∼Pθ f (x) = S f (x) dPθ (x) to denote which variables
are drawn from which distributions. Finally, we use I {π} to be the identity function, taking
the value 1 when the predicate π is true, and 0 otherwise.

where φ is the corresponding marginal density given by:
Z
φ(x) ,
pθ (x) dξ(θ) .

and where we use pθ to denote the corresponding densities4 when necessary. To perform
inference in the Bayesian setting, B selects a prior measure ξ on (Θ, SΘ ) reflecting B’s
subjective beliefs about which θ is more likely to be true, a priori; i.e., for any measurable set
B ∈ SΘ , ξ(B) represents B’s prior belief that θ? ∈ B. In general, the posterior distribution
after observing x ∈ S is:
R
pθ (x) dξ(θ)
ξ(B | x) = B
,
(1)
φ(x)

many people suffer from a disease or vote for a particular party) without revealing private
information about the original data (e.g., whether a particular person has cancer). This
requires communicating information in a way that strikes a balance between utility and
privacy. In this paper, we study the inherent privacy and robustness properties of Bayesian
inference and explore the question of whether B can select a prior distribution so that a
computationally unbounded A cannot obtain private information from queries.

2.1 Definitions and Notation

Dimitrakakis, Nelson, Zhang, Mitrokotsa and Rubinstein
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Definition 1 ((, δ)-differential privacy) A conditional distribution P (· | x) on (Θ, SΘ )
is (, δ)-differentially private if, for all B ∈ SΘ and for any x ∈ S = X n

Differential Privacy for Bayesian Inference through Posterior Sampling
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θ ∈ Θ.

(2)

(3)

JMLR 18(11):1-39, 2017

In other words, this assumption says that the log probability is Lipschitz with respect to
ρ for any parameter value. Consider Example 1 for the Bernoulli model. It is easy to see
that a model with ∆-sized intervals satisfies the above assumption with L = ln 1/∆.
However, it may be difficult for this assumption to hold uniformly over Θ in general.
This can be seen by the following counterexample for the Bernoulli family of distributions:
when the parameter is 0, then any sequence x = 0, 0, . . . has probability 1, while any

`(θ) ≤ L,

Assumption 1 (Lipschitz continuity) We assume there exists some L < ∞ such that:

Our first assumption is uniform smoothness for all parameters.

`(θ) , inf { u : |f (x, θ) − f (y, θ)| ≤ uρ(x, y)∀x, y ∈ S } .

In the sequel, we show that if the distribution family FΘ or prior ξ satisfies certain assumptions, then close data sets x, y ∈ S result in posterior distributions that are close. In that
case, it is difficult for a third party to use such a posterior to distinguish the true data set
x from similar data sets.
To formalise these notions, we introduce two possible assumptions one could make on
the smoothness of the family FΘ with respect to some metric d on R+ . The first assumption
states that the likelihood is smooth for all parameterisations of the family. First, we define
our notion of smoothness. Let f (x, θ) , ln pθ (x) be the log probability of x under θ. The
Lipschitz constant for a parameter value θ is:

2.2 Our Main Assumptions

≤ e(+ )ρ(x,y) P (B | y)P 0 (B 0 | y) + (δ + δ 0 )ρ(x, y)

0

Proof For any y ∈ S
h
i
Q(B × B 0 | x) ≤ eρ(x,y) P (B | y) + δρ(x, y) P 0 (B 0 | x)
h 0
i
≤ eρ(x,y) P (B | y) e ρ(x,y) P 0 (B 0 | y) + δ 0 ρ(x, y) + δρ(x, y)

0 is
satisfies ( + 0 , δ + δ 0 )-differentially private under the pseudo-metric ρ. Here SΘ ⊗ SΘ
0
the product σ-algebra on Θ × Θ0 .

0
Q(B × B 0 | x) = P (B | x)P 0 (B 0 | x), ∀B × B 0 ∈ SΘ ⊗ SΘ
0

Theorem 4 (Composition) Let conditional distributions P (· | x) on (Θ, SΘ ) be (, δ)0 ) be
differentially private under a pseudo-metric ρ : S × S → R+ and P 0 (· | x) on (Θ0 , SΘ
0
(0 , δ 0 )-differentially private under the same pseudo-metric. Then the conditional distribution
0 ) given by
on the product space (Θ × Θ0 , SΘ ⊗ SΘ
0

P (B | x) ≤ e P (B | y) + δ,
for all y in the Hamming-1 neighbourhood of x. That is, y may differ in at most one entry
from x: there is at most one i ∈ {1, . . . , n} such that xi 6= yi .
A typical situation where this definition is employed, is when x, y are matrices and xi is a
single row in the matrix. Then, the data sets are neighbours if a matrix row is changed.5
In our setting, it is reasonable to generalise this to arbitrary data set spaces S that are
not necessarily product spaces. To do so, we use the notion of differential privacy under a
pseudo-metric ρ on the space of all data sets, which allows for more subtle representations
of attacker knowledge and for a more general treatment:
Definition 2 ((, δ)-differential privacy under ρ.) A conditional distribution P (· | x)
on (Θ, SΘ ) is (, δ)-differentially private under a pseudo-metric ρ : S × S → R+ if, for all
B ∈ SΘ and for any x, y ∈ S,
P (B | x) ≤ eρ(x,y) P (B | y) + δρ(x, y) .
In our setting, ρ replaces the notion of neighbourhood. It is of course possible to use ρ that
corresponds to the usual meaning of neighbourhood in differential privacy:
Pn
Remark 3 If S = X n and ρ(x, y) = i=1
I {xi 6= yi } is the Hamming distance, this definition is analogous to standard (, δ)-differential privacy. When considering only (, 0)differential privacy or (0, δ)-privacy, it is an equivalent notion.6
Proof For (, 0)-DP, let ρ(x, z) = ρ(z, y) = 1; i.e., the data differ in one element. Then,
from standard DP, we have P (B | x) ≤ e P (B | z) and so obtain P (B | x) ≤ e2 P (B |
y) = eρ(x,y) P (B | y). By induction, this holds for any x, y pair. Similarly, for (0, δ)-DP, by
induction we obtain P (B | x) ≤ P (B | y) + δρ(x, y).
Definition 1 allows for privacy against a powerful attacker A , who attempts to match the
empirical distribution induced by the true data set, by querying the learned mechanism
and comparing its responses to those given by distributions simulated using knowledge of
the mechanism and knowledge of all but one datum—narrowing the data set down to a
Hamming-1 ball. Indeed the requirement of differential privacy is sometimes too strong
since it may come at the price of utility. Definition 2 allows for a much broader encoding of
the attacker’s knowledge via the selected pseudo-metric. It also allows a more fine-grained
notion of privacy. This is quite useful for geographical information systems, as proposed
by Chatzikokolakis et al. (2013), to which we refer the reader for a broader discussion of
the use of metrics in differential privacy.
Finally, we can show that this generalisation of differential privacy satisfies the standard
composition property.

JMLR 18(11):1-39, 2017

5. Another common choice for neighbourhoods is to say that two data sets are neighbours if one results
from the other by addition of a row.
6. Making the definition wholly equivalent is possible, but results in an unnecessarily complex definition.
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7. The ∆ = 0.2 family only has two steps, as the Lipschitz constant is symmetric about θ = 0.5.

Example 2 (Continuation of Example 1) These conditions can be examined in terms
of the finite family of Example 1. Figure 1 demonstrates the assumptions for ∆ = 0.2 (red
dashed lines) and ∆ = 0.05 (blue solid lines).
In particular, the two thick lines Figure 1a show the probability mass of L-Lipschitz
parameters for the two families. They are both step functions, as the families are discrete.7

By not requiring uniform smoothness, this weaker assumption is easier to meet but still
yields useful guarantees. In fact, in Section 5, we demonstrate that this assumption is
satisfied by many important example distribution families. However, it will be illustrative
to consider the discrete Bernoulli family example at this point.

ξ(ΘL ) ≥ 1 − exp(−c(L − L0 )) .

to be those parameters for which Lipschitz continuity holds with Lipschitz constant L. Then,
there are some constants c, L0 > 0 such that, for all L ≥ L0 :

ΘL , { θ ∈ Θ : `(θ) ≤ L }

Assumption 2 (Stochastic Lipschitz continuity; Norkin, 1986) First, define the subset of parameter values

sequence containing a 1 has probability 0. The same thing occurs when we take ∆ → 0 in
Example 1. To avoid such problems, we relax the assumption by only requiring that B’s
prior probability ξ is concentrated in the regions of the family for which the likelihood is
smoothest:

Figure 1: The mass of L-Lipschitz parameters, for two finite familes of Bernoulli distributions with ∆ ∈ { 0.2, 0.05 } (thick lines) together with their respective stochastic Lipschitz
bounds (thin lines) and the corresponding uniform Lipschitz constant L.

ξ(ΘL )

Pθ (x)
≤ Lρ(x, y),
Pθ (y)

or

ln

φ(y)
≤ Lρ(x, y)
φ(x)

(6)
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8. Although our results are stated in terms of metrics, it is easy to translate them to neighbourhood-based
results, simply by bounding the ρ-distance of any neighbouring data sets. See also the discussion in
Section 6.

The extent to which our assumptions hold for a particular family of distributions FΘ depends
mainly on ρ.8 The choice of metric is also important for achieving differential privacy with

2.2.2 The Choice of Metric and Sufficient Statistics

In our main results, we show that the first part of the conditions, which is equivalent to our
first assumption, is also sufficient. However, the second part is too weak to imply differential
privacy on its own.

φ(y)
Lρ(x, y) and ln φ(x)
> Lρ(x, y). Simply adding the two, we obtain ln ξ(θ|x)
ξ(θ|y) > 2Lρ(x, y), and
so the resulting posterior is not L-differentially private.

Proof If neither condition holds for some pair (x, y) then there is θ such that ln PPθθ (x)
(y) >

for all x, y ∈ X .

θ∈Θ

sup ln

Theorem 6 For a prior ξ to be 2L-differentially private for a family FΘ , either

Finally, let us discuss whether the above conditions are necessary to achieve differential
privacy. In fact, either the first condition must be true, or a similar condition must hold on
the marginals for every possible data set pair (x, y). Our second condition can be seen as a
specific case of the necessary condition for the marginals, as explained below.

2.2.1 Necessary Conditions

and constant L (or c).

Lemma 5 If FΘ satisfies Assumption 1 (resp. Assumption 2) with respect to pseudo-metric
n
ρ and constant L (or c), then,
Q for any fixed n ∈ N, the product family FΘ with densities
(sim. measures) pnΘ ({ xi }) = ni=1 pΘ (xi ) satisfies the same assumption with respect to:
P
ρn ({ xi } , { yi }) = ni=1 ρ(xi , yi )

For completeness, we now show that verifying our assumptions for a distribution of a
single random variable lifts to a corresponding property for the product distribution on i.i.d.
samples.

The × and ◦ symbols show the corresponding Lipschitz constants for the two families respectively, and we can clearly see ∆ = 0.2 has about half the Lipschitz constant of ∆ = 0.05.
The thinner curves depict the highest lower bound on the probability mass defined in Assumption 2. There we see that the higher curve is achieved by ∆ = 0.2.
In order to improve the lower bound, we need to modify our prior distribution on the
family members so as to place less mass on the more sensitive parameters. The result of
this operation is shown in Figure 1b, which uses the prior ξ(θ) ∝ exp(−`(θ)), i.e., it places
exponentially smaller weight in more sensitive parameters. This results in both lower bounds
being shifted upwards, corresponding to a higher c constant in Assumption 2. Of course,
this has no effect on Assumption 1.
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ln

1. Under a pseudo-metric ρ and L > 0 satisfying Assumption 1,

D (ξ(· | x) k ξ(· | y)) ≤ 2Lρ(x, y) .

P?
(x)
1
θ
(x)
= max P ML
≤ max
,
x ξ(θ ? (x))
x
Θ Pθ (x)ξ(θ)
ML
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We next examine the differential privacy of the posterior distribution. We show in Section 4.1 that this can be achieved under either of our assumptions. The result can also be

4. Privacy and Utility

there is therefore a natural dependency on the prior mass placed on maximum-likelihood
estimators.
Finally, χ is going to be 1 for most metric spaces of interest. A notable exception is when
the Hamming distance is used, which requires χ < 1 as an additional technical condition
for c < 2. However, this only affects our results under the second assumption.

CξFΘ

Note that the second claim bounds the KL divergence in terms of B’s prior belief that
L is small, which is expressed via the constant c. The larger c is, the less prior mass is
placed in large L and so the more robust inference becomes. Of course, choosing c to be
too large may decrease efficiency.
It is important to also discuss the constant CξFΘ . To get a better intuition, consider the
? (x) be the maximum-likelihood estimate for x. Then
case where Θ, X are finite. Let θML
we have that:

where CξFΘ is the ratio between the maximum and marginal likelihoods (9), and assuming there exists χ ∈ (0, 1] such that: ∀x, y ∈ S there is a sequence {zk } ⊂ S, with
z0 = x, zn = y, satisfying χρ(zk , zk+1 ) ≤ c − 1 ∀zk .

2. Under a pseudo-metric ρ and c > 1 satisfying Assumption 2,

D (ξ(· | x) k ξ(· | y)) ≤ CξFΘ 1 + 2L0 + c−1 ρ(x, y) ,

(7)

Theorem 7 When ξ is a prior distribution on Θ and ξ(· | x) and ξ(· | y) are the respective
posterior distributions for data sets x, y ∈ S, the following results hold:

The following theorem shows that any distribution family FΘ and prior ξ satisfying one of
our assumptions is robust, in the sense that the posterior does not change significantly with
small changes to the data set. It is notable that our mechanisms are simply tuned through
the choice of prior.

S

the case where we measure the distance between the posteriors in terms of the well-known
KL-divergence:
Z

ξ(B | x) = ξ(B | y) , ∀B ∈ SΘ .

D (P k Q) =

respect to it. Let us specifically consider metrics defined in terms of a difference in statistics:
ρ(x, y) , kτ (x) − τ (y)k ,

⇒

where τ : S → V is a statistic mapping from data sets to a normed vector space.
In that case, our assumptions imply that τ must be a sufficient statistic, since if τ (x) =
τ (y) then ρ(x, y) = 0 and it follows that Pθ (x) = Pθ (y). More generally, ρ must be such
that if the distance between x, y is zero, then their probabilities should be equal. We will
see some examples of such statistics for conjugate distributions in the exponential family in
Section 5. That means that we cannot use a metric which simply ignores part of the data,
for example.
Similarly, the very definition of differential privacy (Definition 2) implies that τ must
be a Bayes-sufficient statistic. That means that for any x, y, it holds
τ (x) = τ (y)

Note that this is a slightly weaker condition than a sufficient statistic, which is necessary
for our assumptions to hold.
2.3 Summary of Results
Given the above assumptions, we show: firstly, that if we choose an informative prior ξ,
the resulting posterior is robust in terms of KL-divergence to small changes in the data.
Secondly, that the posterior distribution is differentially private. Thirdly, that this implies
that sampling from the posterior can be used as part of a differentially-private mechanism.
We complement these with results on how easily an adversary can distinguish two similar
data sets from posterior samples. Finally, we characterise the trade-off between utility and
privacy, stated here informally for ease of exposition:
Claim 1 If A prefers to use the prior ξ ? , but B uses a prior ξ satisfying Assumption 1, and
A ’s utility is bounded in [0, 1], the following is true for the posterior sampling mechanism
with N samples:
• The mechanism is 2N L-differentially private.


p
• A ’s utility loss is O [1 − ξ ? (ΘL )] + 1/N w.h.p., where ΘL is the support of ξ.

The following sections discuss our main results in detail. We begin by proving that
our assumptions result in robust posteriors, in the sense that the KL divergence between
posteriors arising from similar data sets is small. Then we show that they also result in
differentially private posterior distributions, and analyse the resulting posterior sampling
mechanism. We conclude with some examples and a discussion of related work.

3. Robustness of the Posterior Distribution
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We now show that the above assumptions provide guarantees on the robustness of the
posterior. That is, if the distance between two data sets x, y is small, then so too is the
distance between the two resulting posteriors, ξ(· | x) and ξ(· | y). We prove this result for
11

13
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9. This holds, for example, for hamming distance as in the Beta-Binomial example presented in Lemma 21.

This is a conceptually different definition from the original RDP, as the measure over which
the randomness is defined is not the data distribution, but the prior measure ξ.
This property of the posterior distribution directly leads to the definition of a posterior
sampling mechanism which will be differentially private. This is explained in the following
section.

i.e., the posterior ξ is (2L, 0, exp(−c(L − L0 )))-randomly differentially private (Hall et al.,
2011) under pseudo-metric ρ.

P [∀B ∈ SΘ : ξ(B | x) ≤ exp {2Lρ(x, y)} ξ (B | y) , ∀x, y ∈ S] ≥ 1 − exp(−c(L − L0 )) .

Corollary 9 Under pseudo-metric ρ, c > 1 and L ≥ L0 > 0 satisfying Assumption 2:

The difference between the two bounds’ form is due to the fact that while the first claim
has a direct proof, the second claim arises from the KL divergence bound in Theorem 7.
Finally, we show that posterior distributions are also randomly differentially private.

2. Under a pseudo-metric ρ and c > 1 satisfying Assumption 2, CξFΘ defined in (9), for
all x, y ∈ S, B ∈ SΘ :
s
CξFΘ
|ξ(B | x) − ξ(B | y)| ≤
(1 + 2L0 + c−1 ) ρ(x, y),
2
q


i.e., the posterior ξ is 0, O( CξFΘ (L0 + 1/c)) -differentially private9 under pseudo√
metric ρ.

i.e., the posterior ξ is (2L, 0)-differentially private under pseudo-metric ρ.

ξ(B | x) ≤ exp{2Lρ(x, y)}ξ(B | y) .

Theorem 8
1. Under a pseudo-metric ρ and L > 0 satisfying Assumption 1, for all
x, y ∈ S, B ∈ SΘ :

We consider our generalised notion of differential privacy for posterior distributions (Definition 2); and show that the type of differential privacy exhibited by the posterior depends
on which assumption holds.

4.1 Differential Privacy of Posterior Distributions

interpreted as the differential privacy of a posterior sampling mechanism for responding to
queries (described in Section 4.2), for which we prove a bound on the utility depending on
the number of samples taken. Section 4.3 examines an alternative notion of privacy, data
set distinguishability, similar to Wasserman and Zhou (2010). For this, we prove a bound on
privacy, that also depends on the number of samples taken. Together, these exhibit a trade
off between utility and privacy controlled by choosing the number of samples appropriately,
in a manner described in Section 4.4.

Differential Privacy for Bayesian Inference through Posterior Sampling
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Utility and optimal responses. We assume the collection of a set of utility functions
U = { uθ : θ ∈ Θ }, such that the optimal response for a given parameter θ is the one
maximising a utility function uθ : Q × R → [0, 1]. If we know the true parameter θ, then we
should respond to any query q with r ∈ arg maxr uθ (q, r). However, since θ is unknown, we
must select a method for conveying the required information. In a Bayesian setting, there
are three main approaches we could employ. The standard methodology is to maximise

Proof This follows directly from Theorems 8 and 4 (composition), as the algorithm samples from the posterior distribution, which is differentially private.

2. Under a pseudo-metric ρ and c > 1 satisfying Assumption 2, CξFΘ defined in (9), the
q


algorithm is 0, O(N CξFΘ (L0 + 1/c)) -differentially private under pseudo-metric
√
ρ.

1. Under a pseudo-metric ρ and L > 0 satisfying Assumption 1, the algorithm is (2N L, 0)differentially private under pseudo-metric ρ; or

Corollary 10 Algorithm 1 is differentially private under the conditions of Theorem 8,
namely:

Algorithm 1 BAPS: Bayesian Posterior Sampling
1: input prior ξ, data x ∈ S
2: Calculate posterior ξ(θ | x).
3: for k = 1, . . . , N do
4:
Sample θ(k) ∼ ξ(θ | D).
5: end for

6: return Θ̂ = θ (k) : k = 1, . . . , N .

Given that we have a full posterior distribution which is differentially private, we can use
it to define a private mechanism. We may allow the adversary to submit an arbitrary set
of queries { qt } with each qt ∈ Q. Each query warrants a response rt in a set of possible
responses R. The adversary is allowed to condition the queries on our previous responses.
We extend our original approach (Dimitrakakis et al., 2014) to take some utility function
u into account, which scores preferences of responses given a query. The algorithm requires
a prior ξ to be defined on a family FΘ of probability distributions, whose members do
not necessarily generate i.i.d. observations. They could be Markov chains for example.
The first step is to simply draw a number of samples from the posterior, as in the original
approach (Algorithm 2). After the algorithm calculates the posterior distribution ξ(· | x), N
parameter samples are drawn from it, producing a parameter set Θ̂. Thereafter, responses
depend only on the utility function and the sample Θ̂, and we do not draw new samples
after every query. This allows us to work with a fixed privacy budget.

4.2 Posterior Sampling Mechanism
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uθ (qt , r) dξ(θ | x) .
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Θ

Z

expected utility with respect to the posterior. This corresponds to marginalising out θ, and
responding with:

r

rt ∈ arg max

ρ(x, y) ≥

1

≤

3 1
ln .
n δ

3
1
ln .
4Ln δ

1
3

 ln .
δ
2n CξFΘ + 2L0 c−1

16
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By construction, in our setting there are three ways with which to tune privacy. The first
is the choice of family; the second is the choice of prior; and the third is how many samples
N to draw. The choice of family is usually fixed due to other considerations. However, we
have the choice of either tuning the prior, so that we can satisfy our assumptions with some
suitable constants L or c, or by tuning the number of samples N in the posterior sampling
framework.
The following lemma bounds the regret we suffer in terms of utility when the private
posterior we use is ξ, in the case where the posterior we would like to use (assuming no
privacy constraints) was ξ ? .

4.4 Trading off Utility and Privacy

Consequently, either smoother likelihoods (i.e., decreasing L), or a larger concentration
on smoother likelihoods (i.e., increasing c), increases the effort required by the adversary and
reduces the sensitivity of the posterior. Note that, unlike the results obtained for differential
privacy of the posterior sampling mechanism, these results have the same algebraic form
under both assumptions.

ρ(x, y) ≥

Under Assumption 2, this becomes:

Theorem 13 Under Assumption 1, the adversary can distinguish between data x, y with
probability 1 − δ if:

We can combine this bound on the adversary’s estimation error with Theorem 7’s bound
on the KL divergence between posteriors resulting from similar data to obtain a measure
of how fine a distinction between data sets the adversary can make after a finite number of
draws from the posterior:

n
− P|S
P̂|S

Lemma 12
p For any δ ∈ (0, 1), let M be a finite partition of the sample space S, of size
m ≤ log2 1/δ, generating the σ-algebra S = σ(M ). Let x1 , . . . , xn ∼ P be i.i.d. samples
n be the
from a probability measure P on S, let P|S be the restriction of P on S and let P̂|S
empirical measure on S. Then, with probability at least 1 − δ:
r

Then, the adversary needs only to construct the empirical distribution to approximate the
posterior up to some sample error. By bounds on the KL divergence between the empirical
and actual distributions we can bound his power in terms of how many samples he needs
in order to distinguish between x and y.
Due to the sampling model, we first require a finite sample bound on the quality of the
empirical distribution. The adversary could attempt to distinguish different posteriors by
forming the empirical distribution on any sub-algebra S.

The second is to use the maximum a posteriori value of θ. The final, which we employ here,
is to use sampling; i.e., to reply to each query using parameters sampled from the posterior.
This allows us to reply to arbitrary queries without compromising privacy, since the most
information an adversary could obtain is the set of sampled parameters. By adjusting the
number of samples used, we can easily trade off between privacy and utility.
After this we respond to a series of queries. For the t-th received query qt , the algorithm
returns the optimal response over the sampled parameter set Θ̂, in the manner shown in
Algorithm 2. Since we allow arbitrary queries, the third party could simply ask for Θ̂ with
a suitable choice of the utility function. Then if u is bounded, it is easy to show that the
loss due to sampling is bounded.

input Parameter sample Θ̂.
for t = 1, . . . do
Observe query qt ∈ Q,P
perhaps depending on r1 , . . . , rt−1 and q1 , . . . , qt−1 .
return rt ∈ arg maxr θ∈Θ̂ uθ (qt , r)
end for

Algorithm 2 PSAQR: Posterior Sample Query Response
1:
2:
3:
4:
5:

Lemma
11 The returned responses of the PSAQR mechanism have a utility which is within
p
O
ln(1/δ)/N of the optimal value with probability at least 1 − δ for any δ > 0.

Now that we have demonstrated bounds on the utility for the algorithm above, we turn to
the issue of how utility and privacy can be optimally tuned. First, we try and quantify the
amount of samples an adversary needs to distinguish two data sets.
4.3 Distinguishability of Data Sets

JMLR 18(11):1-39, 2017

In this section, we wish to relate the size of the sample Θ̂ to the amount of information
about x that can be obtained by the adversary A . More precisely, we need to bound how
well A can distinguish x from all alternative data sets y. Within the posterior sampling
query model, A has to decide whether B’s posterior is ξ(· | x) or ξ(· | y). However, he can
only do so within some neighbourhood  of the original data. In this section, we bound A ’s
error in determining the posterior in terms of the number of samples used. This is analogous
to the data set-size bounds on queries in interactive models of differential privacy (Dwork
et al., 2006), as well as the point of view of privacy as hypothesis testing (Kairouz et al.,
2015; Wasserman and Zhou, 2010) where an adversary wishes to distinguish the data set
from two alternatives.
For this section, we consider a utility function whose optimal response is Θ̂. This
corresponds to the most powerful query possible under the model shown in Algorithm 2.
15

A, B ⊂ S .

sup
ξi ∈co(Ξi )

kξ1 ∧ ξ2 k .
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In what follows we study, for different choices of likelihood and corresponding conjugate
prior, what constraints can be placed on the prior’s concentration to guarantee a desired
level of privacy. These case studies closely follow the pattern in differential privacy research

5. Examples Satisfying our Assumptions

is the expected distance between the real data x and the guessed data ψ(θ) when θ is drawn
from the posterior distribution. Consequently, it is possible to apply this method directly to
obtain results for specific families of posteriors. These would of course be dependent on the
family, the prior and the metric. While we shall not engage in this exercise, we point the
interested reader to (Yu, 1997), which provides two simple examples with minimax rates of
O(n−4/9 ) and O(n−4/5 ).

Θ

This lemma has an interesting interpretation in our case. The quantity
Z
Eξ (ρ(ψ, x) | x) =
ρ(ψ(θ), x) dξ(θ | x) ,

x∈S

sup Eξ (ρ(ψ, x) | x) ≥ δ

Lemma 18 (Le Cam’s method) Let ψ be an estimator of x on Ξ taking values in the
metric space (S, ρ). Suppose that there are well-separated subsets S1 , S2 such that ρ(S1 , S2 ) ≥
2δ. Suppose also that Ξ1 , Ξ2 are subsets of Ξ such that x ∈ Si for ξ(· | x) ∈ Ξi . Then:

Now we can re-state the following well-known lemma for our specific setting.

ρ(A, B) , inf { ρ(x, y) : x ∈ A, y ∈ B } ,

the family of posterior measures in the parameter space, for a specific prior ξ. Consequently,
now S plays the role of the parameter space, while ρ is used as the pseudo-metric. The
original family FΘ plays no further role in this construction, other than a way to specify
the posterior distributions from the prior.
Now let ψ be an arbitrary estimator of the unknown data x. As in (LeCam, 1973), we
extend ρ to subsets of S via

Ξ , { ξ(· | x) : x ∈ S } ,

It is possible to apply standard minimax theory to obtain lower bounds on the rate of
convergence of the adversary’s estimate to the true data. In order to do so, we can for
example apply the method due to LeCam (1973), which places lower bounds on the expected
distance between an estimator and the true parameter. In order to apply it in our case, we
simply replace the parameter space with the data set space.
Le Cam’s method assumes the existence of a family of probability measures indexed by
some parameter, with the parameter space being equipped with a pseudo-metric. In our
setting, we use Le Cam’s method in a slightly unorthodox, but very natural manner. Define
the family of probability measures on Θ to be:

4.5 Lower Bounds
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In practice, our choice of ξ gives us a base amount of privacy that depends only on L. By
keeping ξ fixed and increasing N , we can easily trade off privacy and utility.
Finally, we should note that the adversary could choose any arbitrary estimator ψ to
guess x. Section 4.5 below describes how to apply Le Cam’s method to obtain matching
lower bounds in this case, by defining data set estimators as a model for the adversary.

We now just need to couple this with Lemmas 14 and 11 to directly obtain the stated bound
on the utility.

= 2[1 − ξ ? (ΘL )] .

kξ − ξ ? k1 = ξ(ΘL ) − ξ ? (ΘL ) + ξ ? (Θ \ ΘL ) − ξ(Θ \ ΘL )

Proof For (a) note that due to composition, N repetitions give 2LN -differential privacy.
For (b), let ΘL be the support of ξ. Then, because ξ is the restriction of ξ ? on ΘL , it holds
that:

Theorem 17 If, instead of using a non-private prior ξ ? , we use a prior ξ restricted on
ΘL (such that it satisfies Assumption 1 with constant L) and generate N samples from the
posterior, then (a) the sampleis 2LN -differentially privateand (b) the loss of A in terms
p
of the ξ ? -expected utility is O [1 − ξ ? (ΘL )] + ln(1/δ)/N , with probability at least 1 − δ
for any δ > 0.

Consequently, if A believes the correct prior should be ξ ? , he can use the private posterior
sample to make decisions, incurring a small loss. Finally, we already showed that A cannot
distinguish between data that are closer than O (1/N ) with high probability. Hence, in this
setting we can tune N to trade off utility and privacy.
The following theorem characterises the link between the choice of prior, the number of
samples, privacy and utility directly. This connects several of our results in one place.

Corollary 16 If A has a preferred prior ξ ? , while the private prior used by B is ξ and it
satisfies
conditionsof Lemma 15, then the loss of A in terms of the ξ ? -expected utility
 the
p
is O η + ln(1/δ)/N , with probability at least 1 − δ.

We can now combine Lemmas 11 and 14 with Lemma 15, to obtain the following result:

where φ? is the ξ ? marginal distribution.

Ex∼φ? D(ξ ? (· | x)kξ(· | x)) ≤ 2η ,

Lemma 15 If ∀θ ∈ Θ, | ln ξ ? (θ)/ξ(θ)| ≤ η then the expected KL divergence is

Finally, consider the case where B, being a true Bayesian, is convinced that
is the
correct prior distribution to use, but needs to use the prior ξ in order to achieve privacy. The
following theorem bounds the expected KL divergence between the two resulting posteriors.

ξ?

Lemma 14 If our utility is bounded in [0, 1], the private posterior we use is ξ, while the
ideal posterior is ξ ? , then the regret suffered is bounded by 2kξ − ξ ? k1 .
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where the main theorem for a new mechanism is a set of sufficient conditions on (e.g.,
Laplace) noise levels to be introduced to a response in order to guarantee a level  of
-differential privacy.

For exponential families, we have the canonical form pθ (x) = h(x) exp ηθ> τ (x) − A(ηθ ) ,
where h(x) is the base measure, ηθ is the distribution’s natural parameter corresponding to
θ, τ (x) is the distribution’s sufficient statistic, and A(ηθ ) is its log-partition function. For
distributions in this family, under the absolute log-ratio distance, the family of parameters
>
ΘL of Assumption 2 must satisfy, for all x, y ∈ S: ln h(x)
h(y) + ηθ (τ (x) − τ (y)) ≤ Lρ(x, y).
If the left-hand side has an amenable form, then we can quantify the set ΘL for which this
requirement holds. Particularly, for distributions where h(x) is constant and τ (x) is scalar
(y)|
(e.g., Bernoulli, exponential, and Laplace), this requirement simplifies to |τ (x)−τ
≤ ηLθ .
ρ(x,y)
One can then find the supremum of the left-hand side independent from θ, yielding a simple
formula for the feasible L for any θ. For each example, a detailed proof can be found in Appendix B. Note that in the following examples, we are making the conventional assumption
in machine learning that data are bounded (||x|| ≤ B). Also we use ξ(θ)1[c1 ,c2 ] to denote
the trimmed density function obtained by setting the density outside [c1 , c2 ] to zero and
renormalising the density.
We begin with a few simple examples for single observations, that are nevertheless
illustrative.
Lemma 19 (Exponential-Exponential conjugate prior) The exponential distribution
Exp(x; θ) with a trimmed exponential conjugate prior θ ∼ Exp(θ; λ)1[c1 ,c2 ] , λ > 0, satisfies

Assumption 2 with parameter c = λ, L0 = c1 , CξFΘ = c2 / min c1 e−c1 B , c2 e−c2 B and metric
ρ(x, y) = |x − y|.
Consequently, the trimmed-exponential
q prior results in a posterior sampling mechanism
1 FΘ
2 Cξ (1 + 2c1 + 1/λ). It is also (0, δ)-DP under the

that is (0, δ)-DP under ρ, with δ =
classical definition if x, y ∈ [0, 1].

n


2 min

c2 
n
o
2 min 2c1 , 2c1 exp −B−µ
c1
2
1
c2

o
1
, 1 exp µ−B
2c2 2c1
c1

,

x≥µ

Lemma 20 (Laplace-Exponential conjugate prior) The distribution Laplace(x; s, µ)
with a trimmed exponential conjugate prior 1/s = θ ∼ Exp(θ; λ)1[c1 ,c2 ] , µ ∈ R, s ≥ 1/L,
λ > 0 satisfies Assumption 2 with parameters c = λ, L0 = c1 ,


, x<µ

,
CξFΘ =

and metric ρ(x, y) = |x − y|.

It should come as no surprise that the same type of (0, δ)-privacy is achieved for the Laplace
distribution with a trimmed exponential prior. Now we move on to an example from which
we draw multiple samples.
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Lemma 21 (Beta-Binomial conjugate prior) The Binomial distribution Binom(θ, n),
with prior θ ∼ Beta(α, β), α = β > 1 satisfies Assumption 2 for L0 = ln n, c = 2−2α+1 /B(α),
19
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n + 2α − 1 n + 2α + 1
,
2
2

where B(α) denotes the beta function with parameters α = β,

CξFΘ = B(α)/B

and metric ρ(x, y) = kx − yk1 , where x, y ∈ {0, 1}n .

This is an example of a conjugate prior pair that is (0, δ)-DP without trimming the prior,
q
1 FΘ
2α−1 B(α)). Unfortunately, δ is increasing with n, and
with δ =
2 Cξ (1 + 2 ln n + 2
as Zheng (2015) shows, this result is essentially unimprovable with direct posterior sampling
unless the prior is trimmed.
We next present two results on normal distributions.



c1 c22
2

2λ
max{ |µ|,1 } ,



=



c23
2



c1 max{ |µ|,1 }
,
2

, exp

L0

Lemma 22 (Normal distribution with known mean and unknown variance) The
normal distribution N (x; µ, σ 2 ) with a trimmed exponential prior 1/σ 2 = θ ∼ Exp(θ; λ)1[c1 ,c2 ]


p
c2 /c1 exp

satisfies Assumption 2 with parameter c =

CξFΘ = min

and metric ρ(x, y) = x2 − y 2 + 2 |x − y|.

This example is interesting, because privacy is achieved under a rather unusual metric.
However, note that the posterior is classically (0, 3δ)-DP for data in [0, 1].
Unbounded observation spaces are generally a problem for privacy, even for finite parameter spaces, generally because likelihoods become vanishingly small, thus making log
likelihood ratios arbitrarily large. However, the following two examples circumvent this
problem. In the first example, we consider a general multivariate extension of Lemma 22.
In the second we consider the case of discrete Bayesian networks, where privacy depends
on the network connectivity and the probability of rare events—we have also considered
posterior sampling of networks under complementary conditions, and output perturbation
applied to posterior updates, in recent work (Zhang et al., 2016). In these examples, data
is usually not i.i.d. (depending on the choice of network or covariance matrix) and the
observation space is not a product space.

Lemma 23 (Multivariate normal distribution) The multivariate normal distribution
Pn
1
N (x; µ, A−1 ) satisfies our Assumption 1 with L = 21 ( i=1
λi2 ) 2 max{1, ||µ||2 } under metric
ρ(x, y) = ||xx> − yy > ||F + 2||x − y||2 . When µ = 0, Assumption 1 is satisfied with L =
1 Pn
2 12
>
>
2 ( i=1 λi ) under metric ρ(x, y) = ||(xx − yy )||F .

Once more, we achieved (, 0)-DP under our metric, which implies a (3, 0) classical DP for
bounded data.
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Lemma 24 (Discrete Bayesian networks) Consider a family of discrete Bayesian networks on K variables, FΘ =Q
{ Pθ : θ ∈ Θ }. More specifically, each member Pθ , is a distriK
bution on a finite space S = k=1
Sk and we write Pθ (x) for the probability of any outcome

20

δk (x, y) ,
t=1

T
X

I {xk,t 6= yk,t } .

22
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6. Discussion

We have presented a unifying framework for private and secure inference in a Bayesian setting. Under concentration conditions on the prior, we have shown that Bayesian inference
is both robust and private. Firstly, we prove that similar data sets result in posterior distributions with small KL divergence. Secondly, we establish that the posterior is differentially
private. This allows us to use a general posterior sampling mechanism for responding to
queries, where privacy and utility are easy to trade off by adjusting the number of samples
taken.
Owing to the fact that no additional machinery is required, this framework may serve
as a fundamental building block for more sophisticated, private Bayesian inference. As
an additional step towards this goal, we have demonstrated the application of our framework to deriving analytical expressions for well-known distribution families, and for discrete Bayesian networks. Finally, we bounded the amount of effort required of an attacker
to breach privacy when observing samples from the posterior. This serves as a principled
guide for how much access can be granted to querying the posterior, while still guaranteeing
privacy.
Conversion of our results to the neighbourhood formulation. We state most of our results
on specific models using a distance based on a sufficient statistic. Hence, to convert these
to standard differential privacy, we only need to bound the ρ-distance of any neighbouring
data sets. A good example are DBNs, where the case ρ(x, y) = 1 corresponds exactly to
that of one record changing in a databse.

6.1.1 Differential Privacy

In the past, little research in differential privacy focused on the Bayesian paradigm, with Dimitrakakis et al. (2014) being the first to establish conditions for differentially-private Bayesian
inference. Nevertheless, our paper has many interesting links with both previous and follow
up work, with respect to differential privacy, robustness and Bayesian inference, which we
outline below. First, we discuss relations to other mechanisms achieving differential privacy
and theoretical works about differential privacy; secondly, we discuss related work on the
connection between robustness and privacy; and we conclude the related work section with
a discussion of previous versions of this paper and follow-up work.

6.1 Related Work

Practical application of our results. In general, it is hard to verify whether an existing
model family will satisfy DP, because it implies checking whether the log-likelihood function
is Lipschitz. Some parametric conjugate families, like the ones we examined in the examples,
are amenable to analytic treatment. In practice, though, this might not be possible. It is
for this reason that we propose to use rejection sampling in order to sample from the
truncated posterior distribution. In particular, it is possible to resample from the posterior
distribution, until a sample within the allowed interval of parameters is obtained. This is
an approach we recently used in an application paper successfully (Zhang et al., 2016).

Dimitrakakis, Nelson, Zhang, Mitrokotsa and Rubinstein

In our paper, we employ a Bayesian framework whereby optimal responses are characterised by the fact that they maximise expected utility. In Bayesian statistical decision
theory (Berger, 1985; Bickel and Doksum, 2001; DeGroot, 1970), learning is cast as a statistical inference problem and decision-theoretic criteria are used as a basis for assessing,
selecting and designing procedures. In particular, for a given utility function, the Bayesoptimal procedure maximises the expected utility under the posterior distribution.
In our setting, however, decisions using the data are not taken by the statistician B.
Instead, A provides a utility function, and trusts B to give him responses to queries
that maximise expected utility. However B must also balance the need for privacy of the
data provider, which results in some utility loss for A . This is naturally captured by the
difference in utility by making the decision private. This idea had already been explored in
the exponential mechanism by McSherry and Talwar (2007), which connected differential
privacy to mechanism design.
The exponential mechanism can be seen as a generalisation of the Laplace mechanism,
which adds Laplace noise to released statistics (Dwork et al., 2006). The exponential mechanism releases a response with probability exponential in a utility function describing the
usefulness of each response, with the best response having maximal utility. An alternate approach, employed for privatising regularised empirical-risk minimisation (Chaudhuri et al.,
2011), is to alter the inferential procedure itself, in that case by adding a random term to
the primal objective. We view our posterior sampling mechanism as a Bayesian counterpart. Further results on the accuracy of the exponential mechanism with respect to the
Kolmogorov-Smirnov distance are given in (Wasserman and Zhou, 2010), which introduced
the concept of privacy as hypothesis testing where an adversary wishes to distinguish two
data sets. This is similar to our notion of data set distinguishability.

Consequently, discrete Bayesian networks, endowed with any prior on the family given in the
above example, are (2 ln 1/ε, 0)-DP under ρ. This also implies that they are 2kvk∞ ln 1/εDP under the classical definition.
A simple application of this example is to data drawn from a Markov model on a
finite state space. In particular, consider a time-homogeneous family of transition matrices
θi,j , Pθ (xt+1 = i | xt = j). Then a prior consisting of product of truncated Dirichlet
distributions that bound all multinomial probabilities above ε satisfies our assumptions and
results in a 4 ln 1/ε-DP mechanism.
The above examples demonstrate that our assumptions are reasonable. In fact, for
several of them we recover standard choices of prior distributions. However, for the privacy
guarantees to be reasonable, it is best to restrict the prior to a set of parameters that is not
very sensitive.

Then Assumption 1 is satisfied with L = ln 1/ε.

ρ(x, y) , v > δ(x, y),

x = (x1 , . . . , xK ) in S. Let ε , minθ,xk ,xP(k) Pθ (xk | xP(k) ), be the smallest conditional
probability in the graph, where P(k) are the parents
 of node k.
Our observations can be independent samples xt : t ∈ [T ] of dependent variables xt1 , . . . , xtk .
Define the connectivity vector v ∈ NK such that vk = 1 + deg(k), where deg(k) is the outdegree of node K. We now define the distance between two data sets x, y to be

Differential Privacy for Bayesian Inference through Posterior Sampling

Learning from private data. In a different direction, Duchi et al. (2013) provided
information-theoretic bounds for private learning. This essentially represents the protocol for interacting with an adversary as an arbitrary conditional distribution, rather than
restricting it to specific mechanisms or models. In this way, they obtain fundamental bounds
on rates of convergence from differentially-private views of data.

Differential Privacy for Bayesian Inference through Posterior Sampling

Dimitrakakis, Nelson, Zhang, Mitrokotsa and Rubinstein

24

JMLR 18(11):1-39, 2017

Although we have shown how Bayesian inference can already be differentially private by
appropriately setting the prior, we have not examined how this affects learning. While
larger c improves privacy, it also concentrates the prior so much that learning would be

6.2 Future Directions

Another important follow up work is that of Dwork et al. (2015). They have shown that
any differentially private algorithm results in robustness, in the sense that the divergence
between posterior distribution arising from similar data is small. This has a direct impact
on the generalisation ability of statistical models and inferences drawn, and consequently
allows for what they call the “re-usable hold-out”. In our work, on the other hand, we have
shown that with the right choice of prior, Bayesian inference is both private and robust.
We have also shown that if the posterior distribution is robust, then it is also differentially
private. In conclusion, robustness and privacy appear to be deeply linked, as our works
have jointly shown conditions when one implies the other in three different ways: not only
the same sufficient conditions can achieve both privacy and robustness, but privacy can also
imply robustness, and robustness implies privacy. Further links between the two concepts
are likely, as explained in the next section.

Finally, we note that preliminary versions of this work appeared on arXiv (Dimitrakakis
et al., 2013. Latest version 2015.) and ALT (Dimitrakakis et al., 2014). This version corrects technical issues with one proof, which affected the leading constants. We also replaced
the original mechanism with one taking a fixed sample, which allows us to maintain a fixed
privacy budget for an arbitrary number of queries. We make a novel use of Le Cam’s method
to prove lower bounds on indistinguishability, and we complement our original bounds with
bounds for the utility of the mechanism. Finally, we discuss the relationship between posterior sampling, the exponential mechanism and the safe Bayesian generalisation of Bayesian
inference. Follow-up work includes: Wang et al. (2015) who, under similar assumptions
proved differential privacy results for Gibbs samplers; Zheng (2015) who improved some
of our original bounds and also presented new results for other members of the exponential family; and Zhang et al. (2016) who recently initiated the exploration of the posterior
sampler in probabilistic graphical models on multiple random variables.

6.1.3 Previous Versions and Follow Up Work

In the Bayesian setting, robustness is typically handled through maximin policies. This
is done by assuming that the prior distribution is selected arbitrarily by nature. In the
field of robust statistics, the minimax asymptotic bias of a procedure incurred within an
ε-contamination neighbourhood is used as a robustness criterion giving rise to the notions of
a procedure’s influence function and breakdown point to characterise robustness (Hampel
et al., 1986; Huber, 1981). In a Bayesian context, robustness appears in several guises
including minimax risk, robustness of the posterior within ε-contamination neighbourhoods,
and robust priors (Berger, 1985). In this context Grünwald and Dawid (2004) demonstrated
the link between robustness in terms of the minimax expected score of the likelihood function
and the (generalised) maximum entropy principle, whereby nature is allowed to select a
worst-case prior.

Bayesian inference and privacy. Other work at the intersection of privacy and Bayesian
inference includes that of Williams and McSherry (2010) who applied Bayesian inference
to improve the utility of differentially-private releases by computing posteriors in a noisy
measurement model. In a similar vein, Xiao and Xiong (2012) used Bayesian credible
intervals to respond to queries with as high utility as possible, subject to a privacy budget.
In the PAC-Bayesian setting, Mir (2012) showed that the Gibbs estimator (McSherry and
Talwar, 2007) is differentially private. While their algorithm corresponds to a posterior
sampling mechanism, it is a posterior found by minimising risk bounds; by contrast, our
results are purely Bayesian and come from conditions on the prior. It is also worthwhile
noting that our Assumption 1 can in some cases be made equivalent to the definition of
Pufferfish privacy (Kifer and Machanavajjhala, 2014), a privacy concept with Bayesian
semantics. Thus, our results imply that in some cases Pufferfish privacy also results in
differential privacy. Finally, independently to our preliminary work (Dimitrakakis et al.,
2014), Wang et al. (2015) later proved differential privacy results for Gaussian processes
under similar assumptions.
6.1.2 Robustness and Privacy
Dwork and Lei (2009) made the first connection between (frequentist) robust statistics
and differential privacy, developing mechanisms for the interquartile, median and B-robust
regression. While robust statistics are designed to operate near an ideal distribution, they
can have prohibitively high global, worst-case sensitivity. In this case privacy was still
achieved by performing a differentially-private test on local sensitivity before release (Dwork
and Smith, 2009). In later work, Dwork et al. (2015) show that differentially-private views
of the data result in good generalisation abilities. We discuss this more extensively in
Section 6.1.3.
In a similar vein Chaudhuri and Hsu (2012) drew a quantitative connection between
robust statistics and differential privacy by providing finite-sample convergence rates for
differentially-private plug-in statistical estimators in terms of the gross error sensitivity,
a common measure of robustness. These bounds can be seen as complementary to ours
because our Bayesian estimators do not have private views of the data but use a suitablydefined prior instead.
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Smoothness of the learning map, achieved here for Bayesian inference by appropriate
concentration of the prior, is related to algorithmic stability which is used in statistical
learning theory to establish error rates (Bousquet and Elisseeff, 2002). Rubinstein et al.
(2012) used γ-uniform stability to calibrate the level of noise when using the Laplace mechanism to achieve differential privacy for the SVM. Hall et al. (2013) extended this technique
to adding Gaussian process noise for differentially private release of infinite-dimensional
functions lying in an RKHS.
23
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For Assumption 2, consider sub-family ΘL from Eq. (4) for marginal pθ and pseudon in terms of product distribution pn
metric ρ, and define the corresponding sub-family ΘL
θ

Proof of Lemma 5 For Assumption 1, the proof follows directly from the definition of
the absolute log-ratio distance; namely,
P
| ln pnθ ({ xi }) − ln pnθ ({ yi })| ≤ ni=1 | ln pθ (xi ) − ln pθ (yi )|
P
≤ L ni=1 ρ(xi , yi ) .

Appendix A. Proofs of Main Results
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As also noted by Wang et al. (2015), this has a similar form to the posterior distribution, by
setting u(θ, q) = ln pθ (x) and setting µ = ξ to the prior. This idea was used independently
by Zhang et al. (2016) for releasing MAP point estimates. In this framework, privacy is
achieved by setting  to a sufficiently small value. However, it is interesting to note that this
is how Grünwald (2012) obtains robustness results for modified Bayesian inference. This
implies that in some cases we can gain both privacy and efficiency. We note that in our
case, we have proven that privacy is attainable by altering the prior, which corresponds to
the base measure in the exponential mechanism. Consequently, we believe it is worthwhile
examining settings where adjusting both  and the prior measure may be advantageous.

f (θ) ∝ eu(θ,q)

n . Hence, the
and pseudo-metric ρn . Then the same argument as above shows that ΘL ⊆ ΘL
n.
same prior and parameter c yield the lower bound of Eq. (5), for ΘL

inhibited. Thus, c could be chosen to optimise the trade-off between privacy and learning.
However, we believe that the choice of the number of samples is easier to control.
From the theoretical side, we believe that the constant CξFΘ could be substantially
improved, since right now it seems to be rather loose. It is also possible that its existence
is only an artefact of the analysis, since it only appears for Assumption 2. However, we
thought it crucial to include the results from this assumption in the paper, since they are
connected to the second necessary condition. Hopefully, future work will uncover improved
bounds for Assumption 2, or a similar condition to it.
Other future directions include investigating the links between posterior sampling and
the exponential mechanism, as well as with the safe Bayesian approach (Grünwald, 2012) to
inference. Consider an exponential mechanism which, given a utility function u : Θ×Q → R
and a base measure µ on Θ returns θ ∈ Θ sampled from the density

Θ

B

pθ (x)
,
φ(x)

D (ξ(· | x) k ξ(· | y)) ≤ CξFΘ

Replacing, we obtain:

θ

CξFΘ (x) , sup

|Θ

Z

ln

A
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B

Z
pθ (x)
φ(y)
dξ(θ) +
ln
dξ(θ | x) .
pθ (y)
φ(x)
Θ
{z
}
{z
} |

x

CξFΘ , sup CξFΘ (x) .

so that the left-hand side term is the ratio between the maximal likelihood and marginal
likelihood. Using the same steps, we can bound B in the same manner.
Now, let us define a data-dependent and a data-independent bound:

as before. Now, let us re-write the A term as
Z
Z
pθ (x) pθ (x)
pθ (x)
pθ0 (x)
ln
ln
dξ(θ) ≤ sup
dξ(θ) ,
0
p
(y)
φ(x)
φ(x)
pθ (y)
θ
θ
Θ
Θ

A

Claim 2 is dealt with similarly. Once more, we can break down the distance in parts. In
more detail, we first write:
Z
Z
pθ (x)
φ(y)
dξ(θ | x) ,
D (ξ(· | x) k ξ(· | y)) ≤
dξ(θ | x) +
ln
ln
pθ (y)
φ(x)
Θ
Θ
{z
}
|
{z
} |

D (ξ(· | x) k ξ(· | y)) ≤ 2Lρ(x, y) .

Combining this with (11) we obtain

From Assumption 1, pθ (y) ≤ exp(Lρ(x, y))pθ (x) for all θ so:
Z
φ(y) =
pθ (y) dξ(θ)
Θ
Z
≤ exp(Lρ(x, y))
pθ (x) dξ(θ) = exp(Lρ(x, y))φ(x) .

Proof of Theorem 7 Let us now tackle claim 1. First, we can decompose the KLdivergence into two parts.
Z
dξ(θ | x)
ln
D (ξ(· | x) k ξ(· | y)) =
dξ(θ | x)
dξ(θ | y)
Θ
Z
Z
pθ (x)
φ(y)
ln
=
ln
dξ(θ | x) +
dξ(θ | x)
pθ (y)
φ(x)
Θ
Θ
Z
Z
φ(y)
pθ (x)
ln
≤
ln
dξ(θ | x) +
dξ(θ | x)
pθ (y)
φ(x)
Θ
Θ
φ(y)
.
(11)
≤ Lρ(x, y) + ln
φ(x)
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Now, to bound the individual terms, we start from A and note that theorem 3 of (Norkin,
1986) on the Lipschitz property of the expectation of stochastic Lipschitz functions applies.

Eξ

Lξ -Lipschitz,

Lξ

Eξ

Theorem 25 (Norkin, 1986) If ξ is a probability measure on Θ and f : S × Θ → R is a
ξ-measurable function, such that for any θ ∈ Θ, f (·, θ) is `(θ)-Lipschitz, then the function
,
f (x, θ) is
where
=
`(θ).
fξ (x)

F (t) , ξ ({ θ ∈ Θ : `(θ) ≤ t }) = ξ(Θt ) ,

Recall that the
R ∞expectation of a non-negative random variable can be written in terms
of its CDF F as 0 [1 − F (t)] dt. In our case, `(θ) is a random variable on Θ, and we can
write its cumulative distribution function as

∞

[1 − ξ(Θt )] dt ≤ L0 ξ(ΘL0 ) + [1 − ξ(ΘL0 )]

0

by the definition of Θt . It follows that ln pθ (x) is Lξ -Lipschitz, where through the formula
for the expectation of positive variables:
Z
Z ∞
e−ct dt ≤ L0 + c−1 .
(12)

Lξ =

0

Eξ e`(θ)ρ(x,y) = Eξ [e`(θ)ρ(x,y)


So, term A becomes CξFΘ L0 + c−1 ρ(x, y).
Now let us move on to term B. For technical reasons, we start by considering a pair
x, y such that ρ(x, y) ≤ c − 1. This also implies that c > 1, since the distance cannot be
negative.
Z
Z
Z
`(θ)ρ(x,y)
(b)
(c)
φ(x) (a)
pθ (x)
p
θ (y)e
=
dξ(θ) ≤
dξ(θ) ≤ CξFΘ
e`(θ)ρ(x,y) dξ(θ) .
(13)
φ(y)
φ(y)
Θ φ(y)
Θ
Θ


Note that θ ∈ Θ : e`(θ)ρ(x,y) ≤ t = θ ∈ Θ : `(θ) ≤ ρ(x, y)−1 ln t = Θρ(x,y)−1 ln t . So the
CDF of the random variable e`(θ) is F (t) = ξ(Θ
R ∞ ρ(x,y)−1 ln t ). Then:
For positive random variables, E X ρ = ρ 0 tρ−1 [1 − F (t)]dt. Applying this to our case,
we get:

t0

eln t[ρ(x,y)−1] e−c(ln t−L0 ) dt

t0
ρ(x,y)−c

eL0 (ρ(x,y)−c)
c − ρ(x, y)

t0
c − ρ(x, y)

eln t[ρ(x,y)−c−1]+cL0 dt
Z ∞
tρ(x,y)−c−1 dt

Zt0∞

Zt0∞

(where t0 = eL0 )

| ` ≤ L0 ]ξ(ΘL0 ) + Eξ [e`(θ)ρ(x,y) | ` > L0 ][1 − ξ(ΘL0 )]
Z ∞
tρ(x,y)−1 [1 − ξ(Θln t )] dt

≤ eL0 ρ(x,y) + ρ(x, y)
≤ eL0 ρ(x,y) + ρ(x, y)
= eL0 ρ(x,y) + ρ(x, y)

= eL0 ρ(x,y) + ρ(x, y)ecL0
= eL0 ρ(x,y) + ρ(x, y)ecL0
= eL0 ρ(x,y) + ρ(x, y)ecL0

≤ eL0 ρ(x,y) + ρ(x, y)ecL0 eL0 (ρ(x,y)−c)
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= eL0 ρ(x,y) + ρ(x, y)eL0 ρ(x,y) = (1 + ρ(x, y))eL0 ρ(x,y) ≤ e(1+L0 )ρ(x,y) .
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Consequently, ln φ(x)/φ(y) ≤ CξFΘ (1 + L0 )ρ(x, y).
To handle larger distances ρ, we can simply apply the above result repeatedly between
k data sets z1 , . . . , zk , where z1 = x, zk = y and such that ρ(zi , zi+1 ) < c − 1. By chaining
logarithmic ratios, i.e., using the fact that ln φ(x)/φ(y) = ln φ(x)/φ(z) + ln φ(z)/φ(y) we
can now extend our result to general pairs for term B. Replacing those terms, we obtain:


D (ξ(· | x) k ξ(· | y)) ≤ CξFΘ 1 + 2L0 + c−1 ρ(x, y) .

If the intermediate points do not exist under ρ, we can simply scale it by χ ≤ 1, thus
obtaining the final result.

φ(y)

R pθ (x)
B pθ (y) pθ (y) dξ(θ)

·

φ(y)
≤ exp{2Lρ(x, y)}ξ(B | y) .
φ(x)

Proof of Theorem 8 For part 1, we assumed that there is an L > 0 such that ∀x, y ∈
pθ (x)
S, log ppθθ (x)
(y) ≤ Lρ(x, y), thus implying pθ (y) ≤ exp{Lρ(x, y)}. Further, in the proof of
Theorem 7, we showed that φ(y) ≤ exp{Lρ(x, y)}φ(x) for all x, y ∈ S. From Eq. (1), we
can then combine these to bound the posterior of any B ∈ SΘ as follows for all x, y ∈ S:
ξ(B | x) =

q

1
2 D (ξ(·

| x) k ξ(· | y)) ≤

q

1 FΘ
2 Cξ

(14)

(1 + 2L0 c−1 ) ρ(x, y).

1
2
kQ − P k12 = 2kQ − P kTV
, 2 sup |Q(B) − P (B)|2
2
B

For part 2, note that from Theorem 7 part 2 that the KL divergence of the posteriors
under assumption is bounded by (8). Now, recall Pinsker’s inequality (cf. Fedotov et al.,
2003):
D (QkP ) ≥

This yields: |ξ(B | x) − ξ(B | y)| ≤

Proof of Lemma 11 Sampling N times P
from the posterior, gives us the following estimate of the utility function uˆξ (q, r) = N1 θ∈Θ̂ uθ (q, r), which with probability at least
q
1 − δ satisfies |uˆξ (q, r) − u(q, r)| < ln(2/δ)
= , ∀r, q, via Hoeffding’s inequality and the
2N
boundedness of u. Consequently, we can be at most 2-away from the optimal.



P̂n − P

1


1
2
≥ ε ≤ (2m − 2)e− 2 nε ,
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∀ε > 0 .

Proof of Lemma 12 (Note that in this proof, ε, δ do not refer to the privacy parameters.)
We use the inequality due to Weissman et al. (2003) on the `1 norm, which states that for any
multinomial distribution P with m outcomes, the `1 deviation of the empirical distribution
P̂n after n draws from the multinomial satisfies:
P
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2

P̂n − P

1

≥

3 1
ln
n δ

!

1

log2
1

q

=δ .

q

1

ln 2− 32 ln

3

1
δ

1
δ

= e 2 ln δ − 2 ln δ

≤e

≤e

m ln 2− 32 ln
1
δ

3
n

ln 1δ :

1

≤ kQ − P k1 .

2
1

.

3 1
ln .
n δ
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Proof of Lemma 14 Let r, r? Rbe the optimal responses under ξ, ξ ? respectively. For
notational convenience, let uξ = Θ uθ dξ(θ) denote the expected utility under a belief ξ.


3 1
2CξFΘ 1 + 2L0 + c−1 ρ(x, y) ≥ ln .
n δ

Rearranging, we obtain the required result. The second case is treated similarly to obtain:

4Lρ(x, y) ≥

Using the above inequalities, we can bound the error in terms of the distinguishability of
the real data set x from an arbitrary set y as:

On the otherqhand, due to (10) the adversary’s `1 error in the posterior distribution is
bounded by n3 ln 1δ with probability 1 − δ. In order for him to be able to distinguish the
two different posteriors, it must hold that
r
3 1
ξ|S (· | x) − ξ|S (· | y) 1 ≥
ln .
n δ

2Lρ(x, y) ≥ D (ξ(· | x)kξ(· | y))
1
≥ kξ(· | x) − ξ(· | y)k21
2
1
≥
ξ (· | x) − ξ|S (· | y)
2 |S

Using this and Pinsker’s inequality (14) we obtain:

Q|S − P|S

Proof of Theorem 13 Recall that the data processing inequality states that, for any
sub-algebra S:

p
where the second inequality follows from m ≤ log2 1/δ.

P

r

The right hand side is bounded by em ln 2− 2 nε . Substituting ε =

1
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Θ

Z

uθ (q, r) d[ξ − ξ ? ](θ)

dξ ? (θ)
dξ(θ)
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Thus, for θ ∈ [c1 , c2 ], under Assumption 2, using ρ(x, y) = |x − y|, the set of feasible
parameters for any L > c1 is ΘL = (c1 , L). Note the density of the renormalized exponential
prior on [c1 , c2 ] is given by Kλe−λθ , where K = (e−λc1 − e−λc2 )−1 . Thus the CDF at L of

| ln pθ (x1 ) − ln pθ (x2 )| = θ|x1 − x2 | .

Next we compute the absolute log-ratio distance for any x1 and x2 according to the
exponential likelihood function:

Proof of Lemma 19 Since Exp(x; θ) is monotonic decreasing
in x and concave as a

function of θ, we have inf {||x||≤B,θ∈[c1 ,c2 ]} Exp(x; θ) = min c1 e−c1 B , c2 e−c2 B ≤ φ(x). Then
we have

CξFΘ = c2 / min c1 e−c1 B , c2 e−c2 B .

Appendix B. Proofs of Examples

is bounded by η by assumption. From the same assumption, it
R
R
follows that φ(x) = Θ pθ (x) dξ(θ) ≤ Θ pθ (x)eη dξ ? (θ) = eη φ? (x), and so the second term
is also bounded by η.
The first term ln

≤ 2η .

R
Proof of Lemma 15 Let φ? (x) = Θ pθ (x) dξ ? (x) be the prior marginal distribution.
?
Then the ξ -expected KL divergence between the two posteriors is
XZ
dξ ? (θ | x) ?
ln
dξ (θ | x)φ? (x)
dξ(θ
|
x)
Θ
x

XZ 
dξ ? (θ)
φ(x)
≤
ln
+ ln ?
dξ ? (θ | x)φ? (x)
dξ(θ)
φ (x)
Θ
x

and then using the boundedness of u. The third term is dealt with identically. For the
second term, note that uξ? (q, r) − uξ? (q, r? ) ≤ 0 since r? maximises uξ? .

≤ kuk∞ kξ − ξ ? k1

uξ (q, r) − uξ? (q, r) =

≤ 2 kξ − ξ ? k1 .

+ uξ? (q, r? ) − uξ (q, r? )

+ uξ? (q, r) − uξ? (q, r? )

uξ (q, r) − uξ (q, r? ) = uξ (q, r) − uξ? (q, r)

This follows from the fact that

Then our regret is
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.

k1 >k2



1+

Z

0

eL
n

p
1+p

−1

, 1+


n −1
eL



.

xα−1 (1 − x)α−1 dx .







/ ln p,
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xα−1 (1 − x)α−1 dx. Note that we

2A(p)
B(α, α)

p
1+p

pα−1
,
(1 + p)2α

/(L0 − L) = ln

A0 (p) =

32

≤ 0 for all p ∈ (0, 1).

pα−2 [(α − 1)(1 + p) − 2αp]
.
(1 + p)2α+1

pα
(1−p)(1+p)2α−1

A00 (p) =

2A(p)
B(α, α)



ln

R

Claim 2 H(p) = αA(p) −

0

where A(p) denotes the incomplete Beta function
have

where p denotes ne−L ∈ [0, 1], Therefore c is upper bounded by

2
B(α, α)

 
{ is the
We want to bound ξ(ΘL ). We know that: ξ(ΘL ) = 1 − ξ Θ{ where ΘL
L 
−1 
{ ) is composed of two symmetric intervals: 0, 1 + eL
complement of ΘL . so ξ(ΘL
and
n

−1 i
1 + enL
, 1 . We selected α = β, therefore the mass must concentrate at 21 , as we have
α > 1.
Due to symmetry, the mass outside of ΘL is two times that is the first interval. This is:

ΘL =

1 ,k2 )
is in fact the slope of the chord
However, by the definition of ∆n (k1 , k2 ), the ratio ∆nk1(k−k
2


from k2 to k1 on the function ln nk . Since the function ln nk is concave in k, this slope
achieves its maximum and minimum at its boundary values; i.e., it is maximised for k1 = 1
and k2 = 0 and minimised for k1 = n and k2 = n − 1. Thus, the ratio attains a maximum
θ
value of ln n and a minimum of − ln n for which the above supremum is simply ln n+ ln 1−θ
.
From Eq. (15), we therefore have, for all L ≥ ln n:

(15)
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x<µ

θ
+ ln 1−θ
≤L .
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,
x≥µ

∆n (k1 ,k2 )
k1 −k2



where ∆n (k1 , k2 ) , ln kn1 − ln kn2 . By substituting this distance into the supremum of
Eq. (4), we seek feasible values of L > 0 for which the supremum is non-negative; here, we
explore the case where ρ((n, k1 ), (n, k2 )) , |k1 − k2 |. Without loss of generality, we assume
k1 > k2 , and thus require that

,

sup


this density is K e−λc1 − e−λL for L ∈ [c1 , c2 ] and 1 for L ≥ c2 . It is natural to choose L0
to be c1 . Then we need to find c such that
Z L
Kλe−λθ dθ = K(e−λc1 − e−λL ) ≥ 1 − e−c(L−c1 )
ξ(ΘL ) =

c1

e−λ(L−c2 ) − 1
.
e−λ(c1 −c2 ) − 1

for L ∈ (c1 , c2 ). By plugging K into the inequality, we have
e−c(L−c1 ) ≥
Since e−λ(L−c2 ) ≤ e−λ(c1 −c2 ) , it is sufficiency to find c such that e−c(L−c1 ) ≥ e−λ(L−c1 ) .
Therefore we can have c = λ.




n


2 min

c2 
n
o
2 min 2c1 , 2c1 exp −B−µ
c1
2
1
c2

o
1
, 1 exp µ−B
2c2 2c1
c1

Proof of Lemma 20 Note that Laplace(x; s, µ) is monotonic decreasing in x if x < µ,
and increasing in x if x ≥ µ. Since Laplace(x; s, µ) is concave as a function ofos, we have
n
o
n


φ(t) ≥ min 2c12 , 2c11 exp −B−µ
if x < µ and φ(t) ≥ min 2c12 , 2c11 exp µ−B
if x ≥ µ.
c1
c1
Thus, we can take
CξFΘ =

For any x1 and x2 , the absolute log-ratio distance for this distribution can be bounded as
| ln pµ,s (x1 ) − ln pµ,s (x2 )|

= 1s |kx1 − µk − kx2 − µk| ≤ 1s kx1 − x2 k ,

,

where the inequality follows from the triangle inequality on k · k. Thus, if we use ρ(x, y) =
kx − yk, the set of feasible parameters for Assumption 2 is µ ∈ R and 1s = θ ≤ L. Again
we can use the trimmed exponential prior with rate parameter λ > 0 for the inverse scale,
1
s , and similar to the previous example, Assumption 2 is satisfied with c = λ and L0 = c1 .

n k
n−k
k θ (1 − θ)
a−1
1
(1 − θ)b−1
B(a,b) θ

Proof of Lemma 21 Here, we consider data drawn from a Binomial distribution with a
beta prior on its proportion parameter, θ. Thus, the likelihood and prior functions are

pθ,n (X = k) =

ξ0 (θ) =

where k ∈ {0, 1, 2, . . . , n}, a, b ∈ R+ and B(a, b) is the beta function. The resulting posterior
is a Beta-Binomial distribution. Again we consider the application of Assumption 2 to this
Beta-Binomial distribution. For this purpose, we must quantify the parameter sets ΘL for
a given L > 0 according to a distance function. The absolute log-ratio distance between
the Binomial likelihood function for any pair of arguments, k1 and k2 , is
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θ
| ln pθ,n (k1 ) − ln pθ,n (k2 )| = ∆n (k1 , k2 ) + (k1 − k2 ) ln 1−θ

31

A0 (p)
A00 (p)A(p) − A0 (p)2 A0 (p)
(1 + ln p) + p ln p
−
A(p)
A(p)2
A(p)
ln p
0
00
0
2
(A(p)A
(p)
+
pA
(p)A(p)
−
pA
(p)
)
A(p)2




pα−1
(α − 1)(1 + p) − 2αp
p2α−1
ln p
A(p)
1
+
−
A(p)2 (1 + p)2α
1+p
(1 + p)4α


ln p
pα−1
pα
α(1 − p)A(p) −
A(p)2 (1 + p)2α+1
(1 + p)2α−1
α−1
p
H(p) ln p(1 − p) > 0 .
(p + 1)2α+1 A(p)2

=

=

F 0 (p) =

Proof Taking derivatives

1+p

33

 0

1
A (p)
1
2A(p)
ln p − ln
2
p B(α, α)
ln p A(p)
 0

1
A (p)
2A(p)
p
ln
p
−
ln
B(α, α)
p ln2 p A(p)
1
G(p) < 0 .
p ln2 p
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Claim 4 F (p) = ln 2I p (α) / ln p is decreasing in p ∈ (0, 1), where the incomplete Beta
1+p
function I p (α) = A(p)/B(α, α).

So G(p) is strictly increasing. Combined with limp→1 G(p) = 0, the claim follows.

=

=

=

=

G (p) =

0

Proof Again taking derivatives

(p)
2A(p)
Claim 3 G(p) = p AA(p)
ln p − ln B(α,α)
< 0 for all p ∈ (0, 1).

0

Therefore H(p) is strictly decreasing. Then combined with H(0) = 0, we claim follows.

=

=

=

=

= αA0 (p) −



αpα−1 (1 − p)(1 + p)2α−1 − pα (2α − 1)(1 − p)(1 + p)2α−2 − (1 + p)2α−1
[(1 − p)(1 + p)2α−1 ]2
αpα−1
αpα−1 (1 − p)(1 + p) − pα [(2α − 1)(1 − p) − (1 + p)]
−
(1 + p)2α
(1 − p)2 (1 + p)2α


α−1
α(1 − p2 ) − 2p(α − 1 − pα)
p
α−
2α
2
(1 + p)
(1 − p)

pα−1
α(1 − 2p + p2 ) − α(1 − p2 ) + 2p(α − 1 − αp)
(1 + p)2α (1 − p)2
−2pα
<0.
(1 + p)2α (1 − p)2

H 0 (p)

Proof Calculating derivatives and simplifying
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F (p) is


(α) / ln p is monotonic decreasing in p. Thus the minimum value of

as p → 1, which we can take as our c in this example.

p
1+p







.



.

B(α+x+1, n+β −x−1) >

n+α+β−1 n+α+β+1
,
2
2
n+α+β−1 n+α+β+1
,
2
2



n+β−α−1
;
2

CξFΘ = min



p
c1 c2
c3
2
2
c2 /c1 e 2 , e 2

L0 to be

ξ(ΘL ) =

L

34
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c max{ |µ|,1 }
−c L− 1
2

Kλe−λθ dθ = K(e−λc1 − e−λL ) ≥ 1 − e

Then we need to find c such that

c1

Z

c1 max{ |µ|,1 }
.
2

}
Consequently, we can set ρ(x, y) = x2 − y 2 + 2 |x − y| and L(µ, σ) = max{2σ|µ|,1
. Again,
2
the trimmed exponential prior is given by Kλe−λθ , where K = (e−λc1 − e−λc2 )−1 . Thus the

CDF at L of this density is K e−λc1 − e−λL for L ∈ [ c1 max{2 |µ|,1 } , c2 max{2 |µ|,1 } ] and 1 for


−2λL
L ≥ c2 max{2 |µ|,1 } . Thus the CDF at L of this density is K e−λc1 − e max{ |µ|,1 } . We choose


1
(x − µ)2 − (y − µ)2
2σ 2

max { |µ|, 1 }
≤
x2 − y 2 + 2 |x − y| .
2σ 2

For the normal distribution, (4) requires: 2Lρ(x, y)σ 2 ≥ |2µ − x − y| |x − y|. Taking the
absolute log ratio of the Gaussian densities we have

can take

2
Proof of Lemma 22 Since N (x; µ, θ) is decreasing in
as afunction of
 x and concave
p c1 −c1 c22 p c2 −c32
2
θ. We have φ(t) ≥ inf {x|||x||≤B},θ∈[c1 ,c2 ] N (x; µ, θ) = min
, 2π e 2 . Then we
2π e

Hence we can take CξFΘ = B(α, β)/B

B(α + x, n + β − x) ≥ B

So B(α+x+1, n+β −x−1) ≤ B(α+x, n+β −x) if x ≤
B(α + x, n + β − x) otherwise. Thus

B(α + x + 1, n + β − x − 1)
Γ (α + x + 1)Γ (n + β − x − 1)
α+x
=
=
.
B(α + x, n + β − x)
Γ (α + x)Γ (n + β + 1)
n+β−x−1

where θ ∈ [0, 1] and x ∈ [0, 1, . . . , n]. Note that

pθ (x)
B(α, β)θx (1 − θ)n−x
=
,
φ(x)
B(α + x, n + β − x)

Let us consider CξFΘ for this example. We have

1
B(α)22α−1


Therefore ln 2I
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e



c max{ |µ|,1 }
−c L− 1
2
−2λL

−λ

≥e



+λc

2L
−c1
max{ |µ|,1 }



.

≤ e−λ(c1 −c2 ) , it is sufficiency to find c such that

2
e max{ |µ|,1 }
−1
≥
.
e−λ(c1 −c2 ) − 1
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2λL
−c2
max{ |µ|,1 }

By plugging K into the inequality, we have

−λ

Since e


c max{ |µ|,1 }
−c L− 1
2

e

2λ
max{ |µ|,1 }

to satisfy the above inequality.

This is equivalent to have c satisfying




c1 max { |µ|, 1 }
2L
c L−
≤λ
− c1 .
2
max { |µ|, 1 }
Then we can take c =

1 >
|x Ax − y > Ay| ,
2

Proof of Lemma 23 Consider the likelihood log-ratio distance of multivariate normal
distributions with precision matrix A:

λi2

2

!1

X

yi yj Ai,j

X
i,j

xi xj Ai,j −

i,j

X

Ai,j (xi xj − yi yj )

i,j

1

where A is positive definite with eigenvalues λ1 ≥ . . . ≥ λn > 0). For simplicity, assume the
mean to be a zero vector then
|x> Ax − y > Ay| =
=

= |T r(A(xx> − yy > )0 )|

n
X

i=1

λi2

1
2

||(xx> − yy > )||F .

≤ [T r(A2 )T r((xx> − yy > )(xx> − yy > )0 )] 2
!
=

For mean equal to µ, we have
1 >
|(x − µ)A(x − µ) − (y > − µ)A(y − µ)| .
2

n
X
i=1
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||(x − µ)(x − µ)0 − (y − µ)(y − µ)0 )||F .

By the above analysis we have the difference being bounded by
1
2

35

Note that
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≤ max{1, ||µ||2 }(||xx> − yy > ||F + 2||x − y||2 ) .

=||xx> − yy > ||F + 2||µ||2 ||(x − y)0 ||2

≤||xx> − yy > ||F + 2||µ(x − y)0 ||F

||(x − µ)(x − µ)0 − (y − µ)(y − µ)0 )||F =||xx> − µ(x> − y > ) − (x − y)µ0 − yy > ||F

k=1

k=1

K
K
Y
X
θ
θk,i
θ
Pθ (x)
k,xk
k,xk
= ln
≤
ln
I {xk 6= yk } ≤ max ln
ρ(x, y) .
i,j,k
Pθ (y)
θk,yk
θk,yk
θk,j

(16)

Proof of Lemma 24 It is instructive to first examine the case
QKwhere all variables are
independent and we have a single draw from Pθ . Then Pθ (x) = k=1
θk,xk and
ln

ln

|

t
xP(k)
)

t
Pθ (ykt | yP(k)
)

Pθ (xkt

k

≤ ln

t.k

o
1X n t
t
t
6= yP(k)
.
I xk 6= ykt ∨ xP(k)


t
Y Y P (xt | xt )
Y
θ
Pθ (x)
P
k
P(k)
θ (x )
= ln
= ln
t
)
Pθ (y)
Pθ (y t )
Pθ (ykt | yP(k)
t
t

X

t.k

(17)

Consequently, if ε , mink,j θk.j is the smallest probability assigned to any one sub-event,
then L > ln 1/ε, since θk,j ≤ 1.
In the general case, we have independent draws xt , y t , where xt ∼ Pθ (x) and the
Q variables
xkt have dependences defined through a graphical model, such that Pθ (x) = k Pθ (xk |
xP(k) ), where P(k) are the parents of node k. Similarly to (16), we write
ln

≤

The last term is the number of times a value is different in x and y times one plus the
K
number of variables it affects. To model this,
P let v ∈ N be such that vk = 1 + deg(k) and
define: ρ(x, y) , v > δ(x, y) and δk (x, y) , t I {xk,t 6= yk,t }. Rewriting (17) in terms of ρ,

1
we obtain ln PPθθ (x)
(y) ≤ ln ε · ρ(x, y) as desired.

References

James O. Berger. Statistical Decision Theory and Bayesian Analysis. Springer-Verlag, 1985.

Peter J. Bickel and Kjell A. Doksum. Mathematical Statistics: Basic Ideas and Selected
Topics, volume 1. Holden-Day Company, 2001.
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Browseable visualization. After training a model, users can explore the resulting topics
interactively via a multi-colored ring, as shown in Fig. 2. Each segment of the ring represents
one topic, with its size indicative of the topic’s frequency in the overall corpus. Hovering

Training a topic model. The topic modeling algorithm used for Refinery comes from
the BNPy toolbox (Hughes et al., 2015b). Specifically, we train a hierarchical Dirichlet
process (HDP) topic model (Teh et al., 2006) using a memoized variational inference algorithm (Hughes et al., 2015a). While the underlying algorithm has many free parameters,
we set most of these to smart defaults and only ask the user to specify an upper bound on
the number of inferred topics. This bound provides a truncation for infinite-dimensional
HDP model.

Uploading documents. Users submit documents for analysis in the form of a .zip or
.tar.gz file, which uncompressed contains a folder of plain-text files, one for each individual
document. Users do not need to preprocess documents or identify a vocabulary in advance.
This is done automatically by Refinery, which tokenizes every unigram from the input
documents. The final vocabulary excludes very rare and very common words; we discard
terms appearing in more than 80% of all documents, or in less than 2 documents.

3. Topic Modeling

After executing these lines, Refinery can be accessed from a web browser via the local
address http://11.11.11.11:8080.

> git clone https :// github . com / daeilkim / refinery . git
> vagrant up # launch machine and install required Python packages

Virtualbox (Oracle, 2013), and Vagrant (Hashimoto, 2013). At a Unix-like command line
with these dependencies installed, running Refinery requires just a few lines of code:

and visualize the semantic themes learned by a topic-model (b). Under the hood,
Refinery uses many existing technologies (c) for browser interaction, data management, machine learning, and visualization. A video demo is available online: http:
//youtu.be/7yRQ1J9Z_LI.

Figure 1: Refinery is a web-application that allows users to upload plain-text documents (a)

(a) Input: Plain-text files, one
per document

Kim, Swanson, Hughes, and Sudderth

Refinery is an in-browser web application that builds on many existing open-source projects
related to visualization, data management, and machine learning, as shown in Fig. 1. To
make installation simple, it has only three dependencies: the Git version-control system,

2. Running Refinery

Topic models have become a ubiquitous class of tools for the analysis of large document
collections (Blei, 2012). However, there is still a significant adoption barrier for individuals
who have little to no background in coding or computer science. For example, librarians
might be interested in understanding ways of organizing their vast archives of information
while journalists could potentially use learned topics to extract insights from Freedom of
Information Act (FOIA) requests. However, few have the expertise to implement necessary
code nor an intuition for how to fine tune parameters associated with these models. Beyond the challenge of running statistical inference algorithms, the learned topics and word
associations must be visualized in a way that is accurate but intuitive.
To make topic modeling algorithms and results more accessible, we built an open source
web application called Refinery. Refinery allows users to explore a large corpus of documents
and further identify a small set of relevant documents for careful study. The simple drag
and drop operation of this toolbox allows researchers to focus on the process of quickly
understanding their data without being encumbered by the complexities of inference.

1. Introduction

Keywords: topic models, visualization, software

We introduce Refinery, an open source platform for exploring large text document collections with topic models. Refinery is a standalone web application driven by a graphical
interface, so it is usable by those without machine learning or programming expertise.
Users can interactively organize articles by topic and also refine this organization with
phrase-level analysis. Under the hood, we train Bayesian nonparametric topic models that
can adapt model complexity to the provided data with scalable learning algorithms. The
project website http://daeilkim.github.io/refinery/ contains Python code and further documentation.
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Figure 2: The results of an analysis on 500 New York Times articles that contained the keyword
“obama” during the year 2013. In the figure above, the “Syria” topic has been selected
along with a subset of 50 documents related to this topic.
the cursor over a topic’s segment shows the top 50 words associated with that topic. In this
word cloud visualization, text size is scaled according to the topic-specific word frequency.
Focused exploration of document subsets. Often, analysis of large collections requires identifying subsets of relevant documents and performing more detailed clustering
of that subset. We support this by allowing the main corpus of documents to be filtered
by keyword and topic presence. Refinery provides two methods for selecting relevant documents given a trained topic model with K topics. The first allows the user to directly
specify a query distribution over topics which recovered documents should emulate. The
second takes in a list of search terms, and averages the probability of topic given word for
each term to obtain a (normalized) distribution over K topics. Given this K-dimensional
query vector, documents are ranked based on the KL divergence between their MAP topic
distribution and the query.

4. Phrase Extraction and Refinement

JMLR 18(12):1-5, 2017

While topic modeling enables scalable first-pass analysis, often the underlying bag-of-words
assumptions are too limiting. After filtering a large corpus to find only documents relevant
to a small set of topics, Refinery further allows users to explore documents by phrase
similarity and create a summary of the corpus composed of sentences extracted from the
input documents.
We use the open-source implementation of the Splitta algorithm (Gillick, 2010), which
Gillick (2009) introduced for sentence boundary detection. First, the Splitta algorithm
is applied for sentence boundary detection. This algorithm processes raw text and does
not make use of the topic model output. Next, to help the user efficiently select a subset
of relevant sentences from their corpus, Refinery offers two exploration modes. The first,
triggered by the button marked “Variety”, implements the KLSum algorithm for multidocument summarization (Haghighi and Vanderwende, 2009). This algorithm ranks candidate
sentences higher if their addition to the current set would bring the unigram distribution
closer to that of the corpus as a whole, intuitively preferring sentences that contain globally
3
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Figure 3: Refinery’s phrase extraction feature. Left: User has selected some initial phrases related
to the war in Syria from news articles. Right: Hitting the “similar” button brings up
another set of phrases similar to the initial set.

relevant information that does not yet appear in the set of selected sentences. The second
exploration method, labeled “Similar”, simply ranks candidates by cosine similarity to the
current summary’s unigram distribution. Each sentence in the summary is linked to and
highlighted in its original source document, facilitating the creation of a comprehensive set
of notes with fast access to their provenance.

5. Discussion and Related Work

Refinery provides a first step towards allowing non-technical professionals to explore large
document collections with modern topic models. Several others groups have strived to
simplify and democratize the use of topic models. Notably, Chaney and Blei (2012) created a web-based navigator to help users understand the relationship between topics and
documents, while Chuang et al. (2012) developed a visualization package for assessing the
goodness of topics. Topicnets (Gretarsson et al., 2012) focuses on a graph-based exploration
and visualization of topics, while other packages such as Gephi (Bastian et al., 2009) and
Tethne (Peirson et al., 2015) are often used to create similar visualizations of an alreadylearned set of topics. Most prior work has focused on the parametric latent Dirichlet allocation (LDA) topic model (Blei et al., 2003).

JMLR 18(12):1-5, 2017

Refinery differs from these packages in the way it simplifies the entire process of analyzing text with topic models for non-expert users. Furthermore, Refinery’s use of scalable
Bayesian nonparametric topic models offers the benefit of automatic model selection while
parametric models like LDA require a prior knowledge of the number of topics. Refinery
also supports phrase extraction, which allows for a more refined search across documents.
Building on the BNPy toolbox allows potential future extensions to more advanced models
that cluster documents organized as a time-series or network. Ultimately, we plan to support a larger variety of potential document file types including structured word processor
files, spreadsheets, and presentations.
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Addressability. When several patterns have been stored, they should be efficiently addressable at use-time, whether by content-addressing or pointer-addressing.
JMLR 18(13):1-43, 2017

1. The classical associative memory model for static patterns has been extended on several occasions to learn sequences of patterns. The key mechanism is to replace the
JMLR 18(13):1-43, 2017
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Multiplicity. An neural memory system typically can store more than only one memory
pattern. The number of storable pattern is a standard performance criterion for
memory systems.

2

The diversity of these examples shows that there is no unique definition of what makes
a neural LTM. Here is a list of system properties that are variously attributed (or not) to
a neural memory system:

5. In machine learning, RNNs trained on sequence prediction/generation tasks are typically considered as models of a stochastic process, for instance the process whose
realizations are Wikepedia texts, as in Sutskever et al. (2011), rather than as cases
of neural memory. But it also makes good sense to view them as neural memories.
One may say that such a network after training has memorized typical continuations
of initial cue sequences. Even more generally, any neural system trained on some
training data set D for whatever purpose (classification, control, ...) could be regarded as having “stored” the probabilistic structure of D. In this general sense, any
network-internal, trained representation can be interpreted as a LTM.

4. Another possibility to train and select several temporal patterns in a single RNN is to
associate different patterns with different initial network states. An example is Paine
and Tani (2005) where an RNN-based mobile robot controller was trained to steer the
robot into different action sequences depending on the state initialization.

3. Since the advent of RNN models in cognitive modeling it has been recognized that
RNNs can be trained to generate several temporal patterns when they are paired in
training with individual pattern-addressing input signals (Kolen and Pollack, 1991;
Jordan, 1997; Krause et al., 2010).

2. In the field of reservoir computing, a temporal pattern is trained into a recurrent
neural network (RNN) by adapting only the weights from the (“reservoir”) network
to the output neuron. Thus an arbitrary number of temporal patterns can be learnt
on the basis of a single reservoir network if individual patterns are represented by
separate output neurons, as for example in Hinaut and Dominey (2011).

learning of auto-associations of stored patterns (which results in fixed-point attractors representing these) by a learning of hetero-associations of a temporal pattern
frame with its successor frame. This leads to recall episodes which step through
a discrete sequence of patterns (Amari, 1972). The basic discrete hetero-associative
memory mechanism has been elaborated in various ways to accomodate analog values,
smoother temporal development, or identical patterns at different time slices (examples: Sompolinsky and Kanter (1986); Rinkus (1996); Billard and Hayes (1999); Huang
and Hagiwara (2002)). A recent extension of hetero-associative symbol sequence coding networks (Jiang et al., 2016) integrates methods from graph-based coding theory,
which leads to improved memory capacities and temporal pattern completion robustness, and enables an incremental storing of patterns.

Jaeger

In the cognitive and neurosciences as well as in neural computation it is customary to
distinguish between various sorts of short-term memory and long-term memory (Fusi and
Wang, 2016). This article is concerned with neural long-term memory (LTM) in the sense
that some information becomes permanently coded in synaptic weights at learning time, to
be somehow recalled at exploitation time without changing those weights.
The paradigmatic model of a neural LTM is the associative memory pioneered, among
others, by Willshaw et al. (1969), Cooper (1973), Kohonen (1974), Palm (1980) and Hopfield
(1982). This classical family of models explains how a number of different patterns can
be stored in a neural network by an explicit calculation of the network weight matrix or
by iterative learning processes. A rich mathematical theory affords insights into capacity
bounds and noise robustness. But, these classical associative memories are mainly devised
for storing static patterns, for instance bit vectors or images. Biological neural systems
obviously can learn and recall rich repertoires of temporal patterns, for instance gestures,
melodies, words. It would be desirable to have a neural network model which extends the
capabilities of associative networks to the domain of temporal patterns. This challenge is
still largely open. I am aware of only a few proposals for neural memories of temporal
patterns:

1. Introduction

Biological brains can learn, recognize, organize, and re-generate large repertoires of temporal patterns. Here I propose a mechanism of neurodynamical pattern learning and representation, called conceptors, which offers an integrated account of a number of such phenomena
and functionalities. It becomes possible to store a large number of temporal patterns in
a single recurrent neural network. In the recall process, stored patterns can be morphed
and ”focussed”. Parametric families of patterns can be learnt from a very small number of
examples. Stored temporal patterns can be content-addressed in ways that are analog to
recalling static patterns in Hopfield networks.
Keywords: Recurrent neural network, temporal pattern learning, neural long-term memory, neural dynamics
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Generativity. Stored patterns can be re-generated at retrieval time with some degree of
accuracy.

Managing neural memory
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All parameters of W ∗ , W and b are sampled from a normal distribution and scaled such
that an overall system dynamics is obtained that works well for this didactic demonstration.
Details of the scaling procedure are not important here, but I remark that the internal
weights W ∗ must be scaled small enough to ensure that the RNN has the echo state property
with respect to the input signals that are fed to it. In intuitive terms, an RNN has the echo

Before patterns can be stored and recalled, an experimental set-up is installed as follows.
Procuring training patterns. In this article a “pattern” means a discrete-time signal
p(n), where p(n) ∈ RM and n ≥ 0. For this elementary demo I use two discrete-time
scalar patterns p1 (n) and p2 (n). The first is a sinewave signal with an irrational period
length sampled at integer time points. The irrational period length makes the sampled
version quasi-periodic. The second is a periodic signal with integer period 2. Figure 1 (left)
depicts the two patterns. I remark that later I will also be considering non-periodic and
non-stationary patterns.
Network creation. An RNN with N neurons is installed by randomly creating an N × N
matrix W ∗ of internal connection weights, an N ×M input weight vector W in , and a random
N × 1 bias vector b. Here I use an unrealistically small network with only N = 3 neurons,
which allows me to illustrate relevant effects in 3-D graphics.
This network can be driven by a scalar pattern p(n) by the following state update
equation:
x(n + 1) = tanh(W ∗ x(n) + W in p(n) + b).
(1)

2.1.1 Preparations

In this subsection I explain the basic ideas of conceptors by stepping through an elementary
demonstration. The task is to store two dissimilar periodic temporal patterns in a tiny RNN
and subsequently retrieve them.

2.1 Basic Idea and Formalism

This section gives a concise introduction to the basic ideas and formalism of conceptors,
starting from a toy example (Subsection 2.1) and then moving on to phenomena of pattern
morphing, generalization, and “focussing” in the remaining subsections.

2. Storing a Multitude of Temporal Patterns in an RNN

given in Jaeger (2014). The Matlab code for all simulations is available at the JMLR online
paper repository.
The article is organized in three main sections. Section 2 introduces the basic model in a
detailed step-by-step fashion. Basic pattern morphing and pattern generalization demos, a
“focussing” mechanism and a real-world data demo (learn from human motion capture data
to animate a body model with 61 degrees of freedom) illustrate the basic functionalities of
conceptors for storing, re-generating and modulating temporal patterns in an RNN. Section
3 introduces a conceptor-based model of content-addressable RNN memories for dynamical
patterns. The stored patterns can be recovered from short and possibly distorted cues by a
process of conceptor auto-adaptation. In several respects this provides a temporal analog
of Hopfield networks.

Organization and searchability. Stored items are organized in a way that brings relationships between them to the fore, for instance, abstraction or part-of relationships (as
in semantic network models in AI). This organization enables a systematic navigation and search in memory space. None of the above examples of dynamical pattern memories has this characteristic, but a diversity of neural learning systems for
static patterns have been proposed that have an exploitable internal organization of
some sort, for instance self-organizing semantic maps (Ritter and Kohonen, 1989),
connectionist-localist networks for semantic concept modeling (Shastri, 1999), or recursive auto-associative memories (Pollack, 1990).
Incremental extensibility. New memory items can be stored incrementally on top of already
stored ones. Such an incremental extensibility is difficult or impossible for networks
trained with backpropagation due to the “catastrophic forgetting” problem (appreciation in Douglas and Sejnowski (2008), partial solutions and further references in
French (2003); Grossberg (2005); Goodrich and Arel (2014)) and for most associative
memories (exception: Jiang et al. (2016)).
Differential extension. When adding a new item, store only that information about the new
item that is not already present in the memory system. None of the examples has
this property but arguably human LTM has it.
Forgetting. Allow the memory system to fade out memory items that are not retrieved for
a long time. This characteristic is typical for biological neural networks but is absent
in all examples above.
Erasibility. Selectively delete arbitrary items from the memory, freeing storage space. This
is typical for digital computer memories but is not usually considered in neural network
models.

JMLR 18(13):1-43, 2017

In this article I describe a neuro-computational mechanism, conceptors, by which the
dynamics of an RNN can be governed in a variety of ways. Conceptors are a general-purpose
mechanism that can be used in a diversity of neural information processing tasks. In a
very long techreport (Jaeger, 2014) I present elementary demonstrations of conceptors used
for temporal pattern classification, one-shot learning, human motion pattern generation,
de-noising and signal separation. The present article focusses on exploits of conceptors for
neural LTM management. From the above list of typical LTM properties, conceptors enable
or facilitate all except the last two, forgetting and erasability. To keep the length of this
article within reasonable bounds, I have omitted a sizable portion of LTM-relevant material
from Jaeger (2014), namely the topic of Boolean operations on conceptors and the options
that such Boolean operations grant for incremental and differential memory extensibility
without catastrophic forgetting.
Most of the technical content is adopted from Jaeger (2014), but assembled in a more
compact and intuitive exposition, and backed up by improved simulations. For space economy I omit proofs and some mathematical detail and refer the reader to the full treatment
3
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Loading the reservoir with the training patterns. I proceed to describe how the two patterns
p1 (n), p2 (n) of our demo are stored in the reservoir. In intuitive terms, storing patterns pj
amounts to re-compute the initial random reservoir weights W ∗ , giving a new set of network
weights W , such that the new reservoir can mimic the impact of drivers pj in the absence
of them. I refer to the new weights W as “input internalization weights” on the grounds
that they incorporate the impact of an external input into the autonomous network update
dynamics.
W is computed as follows. In two separate runs, the two patterns are fed into the initial
reservoir via

2.1.2 Storing Patterns

5

j = 1, 2; n = 0, . . . , L.

(3)

j=1,2 n=n0 +1,...,L

6

Figure 1 (middle panels) shows the activation traces of the three neurons when the reservoir
is driven with either pattern.
Then W is computed to minimize the quadratic loss
X
X
kW ∗ xj (n) + W in pj (n) − W xj (n)k2 ,
(4)

xj (n + 1) = tanh(W ∗ xj (n) + W in pj (n) + b),

JMLR 18(13):1-43, 2017

(2)

15

singular values
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:= W out x(n) ≈ p(n)

10

1

0

1

where only network states for times after n0 are used (in order to allow for washing out
the arbitrary intial state x(0) according to the echo state property). This again amounts

y(n)

5

state pattern

Figure 1: Left: the original patterns p1 (n), p2 (n) (red/blue thin lines, 15 time steps are
shown) and their recalled versions (gray thick lines; original and recalled patterns were phase-aligned for plotting). The patterns are discrete-time signals;
connecting lines are drawn for better visual appearance. Center: traces of the
three neurons’ activations when the reservoir is driven with the respective pattern
input. Right: singular value spectra of C 1 and C 2 .
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for any driving pattern p(n). That is, the output signal read through W out should simply
re-generate any driving input from the excited reservoir state.
The output weights W out for such a generic input-redisplayer neuron can be trained by
first driving the reservoir with an M -dimensional white-noise input signal ν(n) via xν (n +
in
out by linear regression to minimize
1) = tanh(W ∗ xν (n)
P+ W ν(n) + b), then compute W
the quadratic loss n (W out xν (n) − ν(n))2 , following the rationale of reservoir computing.
Since this readout neuron is trained on white-noise input ν(n), it will also be able to regenerate other input signals p(n) in agreement with (2).
I point out that this pattern-generic output neuron is trained prior to, and independent
of, the subsequent memory learning. It is also possible to train the output weights W out
on network states induced by the to-be-stored input patterns, not by a generic white-noise
input. That procedure gives more accurate results at recall time and therefore will usually
be the preferred method. However, it obscures the essential independence of the storing
procedure from the observer training. Therefore in this didactic demo I used white noise
input to train W out .

then

if x(n + 1) = tanh(W ∗ x(n) + W in p(n) + b)

Thus, the network does not in fact memorize the original pattern pj (n), but instead its own,
high-dimensional dynamical response to the pattern input. I will refer to such input-driven
reservoir state dynamics as state patterns. But for practical exploits one wishes to recall
the original input pattern, not the induced neural state pattern. In order to transform state
patterns x̃j (n) back to the original input patterns pj (n), a network state observer y(n) is
trained. This is a linear output neuron which reads from the network state through output
weights W out . It should display the following behavior

• The network has successfully “memorized”
to the degree that the free-running
dynamics x̃j (n) is approximately the same as the original pattern-driven dynamics
xj (n).

pj (n)

• At recall time, the reservoir is run without input (under the control of a conceptor
C j , to be explained below), resulting in a free-running network dynamics x̃j (n).

• At storing time, the reservoir is driven by a to-be-stored pattern pj (n) through (1).
This results in a pattern-driven network dynamics xj (n) (I use upper indices to refer
to patterns).

state property with respect to an input signal p(n) if any initial network state is “forgotten”
(washed out) when the network is driven by p(n) for a long enough time. The echo state
property is a core concept in the field of reservoir computing (Jaeger, 2001; Lukosevicius,
2012; Manjunath and Jaeger, 2013). Because the conceptor approach borrows some ideas
from reservoir computing, I refer to the RNN as the reservoir.
Training a readout. The conceptor-based procedures explained below lead to a memory
functionality in the following sense:

Managing neural memory
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X

kpj (n) − R xj (n)k2 ,

(6)

Minimizing the loss L(C j ) leads to the solution

C j = Rj (Rj + (αj )−2 I)−1 ,

8

(7)

JMLR 18(13):1-43, 2017

• The N eigenvectors uij of C j are the same as the eigenvectors of Rj , and can be
j
arranged column-wise in an orthonormal matrix U j = (u1j · · · uN
). These eigenvectors
are the same as the principal component vectors obtained from a principal component
analysis of state sets xj (n).

• C j is positive semi-definite, with eigenvalues (= singular values) 0 ≤ σij ≤ 1 (i =
1, . . . , N ).

where Rj = E[xj (n)xj (n)0 ] is the N × N correlation matrix of states xj (n) obtained in the
state dynamics driven by pattern pj . C j has the following properties:

(8)

• The parameter αj ≥ 0, called aperture for reasons that will soon become clear, negotiates between the two objectives. When the aperture is large, C j will be close to
the identity matrix I. Conversely, for small apertures C j will shrink toward the null
matrix 0. In our example I use α1 = 12 and α2 = 20.

• The machine learning view on the loss (7) is to consider it as the loss for a regularized identity function. It is mathematically closely related to computing a denoising
autoencoder for state patterns corrupted by Gaussian noise with variance (αj )−2 .

2 becomes minimial for C j = 0. This takes care of
• The second component kC j kfro
the objective that C j should suppress state components which are untypical of states
xj (n), i.e. such state components which do not enter the expectation of the first
component.

• The first component E[kC j xj (n)−xj (n)k2 ] of this loss function is minimal when C j is
the identity. This component reflects the objective that C j should leave states xj (n)
unchanged.

where the expectation E is taken over all states xj (n) that arise in pj -driven runs according
to (3). Explanations:

2
L(C j ) = E[kC j xj (n) − xj (n)k2 ] + (αj )−2 kC j kfro
,

The matrix C j acts as a filter that leaves states xj (n) from the state pattern associated
0
with pattern pj essentially unchanged, but suppresses state components of states xj (n)
0
associated with other patterns pj . Stated differently, C j should act like the identity matrix
for states xj (n), but like the null matrix for state components that are not typical for states
xj (n).
This consideration leads to a quadratic loss function

x(n + 1) = C j tanh(W x(n) + b).

Here conceptors enter the stage. Each loaded pattern pj is associated with an N × N
sized conceptor matrix C j which at recall time is inserted into the state update loop via

(5)

to a linear regression. If this is achieved with a small training error, one will obtain similar
network updates from states x1 (n) or x2 (n) with either the original input-driven update
rule, or with an input-free update rule that employs W instead of W ∗ :
tanh(W ∗ xj (n) + W in pj (n) + b) ≈ tanh(W xj (n) + b).

X

kW in pj (n) − D xj (n)k2 .

I call this procedure to transform the initial random weights W ∗ to W loading the patterns
into the reservoir.
Linear regressions can be computed with various algorithms. In all simulations reported
below I use ridge regression. Given a collection of L argument-target vector pairs (ai , ti ) ∈
Rν × Rµ , ridge regression computes a transformation
matrix M ∈ Rµ×ν which minimizes
P
2
2
2
the regularized mean square error 1/L
i kti − M ai k + k% M kfro , where k · kfro is the
squared Frobenius matrix norm and % the Tychonov regularization coefficient.
In the case of (4), ν = µ = N and the arguments are all xj (n) and the targets are the
corresponding W ∗ xj (n) + W in pj (n).
The re-computation of initial weights of a RNN to obtain what I called here input internalization weights is a procedure that has been independently proposed several times in
recent years under different names and for different purposes: as self-predicting networks for
augmenting the performance of reservoir computing techniques (Mayer and Browne, 2004),
as equilibration for enabling external controllability of RNN dynamics (Jaeger, 2010), as
reservoir regularization for improved stability of neural motor controllers (Reinhart and
Steil, 2011), as self-sensing networks for making RNN training methods more flexible (Sussillo and Abbott, 2012), and as innate training for reliable, noise-resistant reproducible
chaotic patterns in short-term memory RNNs (Laje and Buonomano, 2013).
Lower cost variants of the loading procedure. In a variant of the loading procedure, only
the input term W in pj (n) is replaced, leaving W ∗ unchanged. That is, the input-driven
network state tanh(W ∗ xj (n) + W in pj (n) + b) becomes emulated by the autonomous states
tanh(W ∗ xj (n) + D xj (n) + b), where D is computed by linear regression to minimize the
following variant of the quadratic loss (4):

j=1,...,K n=n0 +1,...,L

X

I call the N × N matrix D input simulation weights. Another variant of the loading
procedure is even more minimalistic and aims at replacing only the very input pj (n), by
finding input replacing weights R (size N × M ) that minimize
X

j=1,...,K n=n0 ,...,L
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leading to autonomous states tanh(W ∗ xj (n) + W in R xj (n) + b).
Computing conceptors. Considering (5), the loaded reservoir should be able to generate
approximate versions of the two original state patterns. However, if the network were run
just by iterating x(n + 1) = tanh(W x(n) + b), the resulting input-free reservoir dynamics
is entirely unpredictable because the reservoir can’t “decide” which of the loaded pattern
dynamics it should engage in.
7

9
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It is instructive to contemplate the geometry of conceptors C j and how it relates to the state
dynamics xj (n). The main panel in Figure 2 shows 100 instances of x1 (n) (red dots), which
densely fill a cyclic path because of the irrational ratio between the driving sinewave period
and the sampling interval. The resulting conceptor C 1 can be visualized by an ellipsoid
centered at the origin. Its principal axes are the eigenvectors of C 1 scaled by their singular
values (they are indicated in Figure 1, right panels). Since the singular values of conceptor
matrices range in [0, 1], such ellipsoids lie inside the unit sphere. The singular values of
C 1 are all nonzero, hence the ellipsoid is non-degenerate and extends in three directions.
The state pattern x2 (n) induced by the 2-periodic driver p2 alternates between two states

2.1.3 Geometry of Conceptors

I will often use the singular value decomposition (SVD) of C j = U j S j U j , where S j
is the diagonal matrix containing the singular values σij on its diagonal, by convention
arranged in descending order.
The derivation of (8) and the properties of C j is elementary and can be found in Jaeger
(2014). In practice, the correlation matrices Rj are estimated from states collected in
training runs.
It is easily verified that R (R+α−2 I)−1 = α2 R (α2 R+I)−1 . Because α2 R = E[αx (αx)0 ],
the aperture α can also be understood as a virtual scaling factor of reservoir states.

0

Figure 2: Conceptor geometry. Left: 3-dimensional state pattern x1 (n) (red dots) and
x2 (n) (blue dots). Ellipsoids corresponding to conceptors C 1 and C 2 are rendered
in red and blue respectively, with principal axes shown. They lie inside the unit
sphere, shown in light gray. Right: effects of halving (top) and doubling (bottom)
apertures.
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Three kinds of matrices are trained in the conceptor-based pattern learning setup: the
readout weights, the recurrent reservoir weights, and the conceptor matrices. How can the
respective functional roles of these three components be intuitively understood?
In the loading process, when the random initial reservoir weights W ∗ are recomputed
into W , information about the detailed dynamics of each training pattern is imprinted on
the reservoir. A helpful metaphor is to liken the loading process to driving a vehicle over
Sahara sands. Each pattern digs its individual track into the surface of the native sandscape.
The original reservoir with weights W ∗ is like a virgin sandscape. After loading K patterns,
K tracks have been engraved into the surface. These tracks are coded in the weight matrix
W.
Still following that metaphor, the pattern tracks imprinted on the sand will have crossings. Sending a vehicle on a track-following mission, it wouldn’t know where to turn at those
crossings. If one would just run a network simulation with loaded weights W without further
ado, the resulting network dynamics is unpredictable: the network doesn’t know where to
turn at the crossings; typically one observes a trajectory that appears like high-dimensional
chaos or a trajectory that gets stuck in a point attractor.
This is where conceptors come into play. If conceptor C j is inserted into the network
update loop, it informs the network how to follow track number j. Figuratively speaking, the
conceptor flattens out competing tracks but leaves track j mostly as it is. More technically
speaking, this “flattening out” is effected by the large number of zero or close-to-zero singular
values of C j . In memory terminology, the conceptor acts as a selector for one of the loaded
patterns. As we will see later on, as a side effect this “flattening out” endows the network
dynamics with strong noise-suppression and dynamical stabilization characteristics.
Finally, the readout weights are not a crucial component in the conceptor approach to
RNNs. This is different from the usual perspective of reservoir computing where the training
of readout weights is the defining part of the entire paradigm. The focus of conceptor theory
is representation learning, not output generation. It is all about creating representations

2.1.5 Intuitive Summary, and Relationship to Reservoir Computing

The loaded reservoir will behave unpredictably when run via x(n + 1) = tanh(W x(n) + b),
but it will engage in the j-th state pattern xj (n) when run with the corresponding conceptor
in the loop via x(n + 1) = C j tanh(W x(n) + b). The conceptor C j acts as a state filter
which leaves states belonging to pattern j mostly unaffected, while other states that would
belong to other patterns are projected into the ellipsoidal state volume typical for pattern
j.
The original input pattern can be read from this dynamics by W out x(n) ≈ pj (n). Figure
1 (left panels) shows the re-generated patterns under conceptor control overlaid with the
original drivers.

2.1.4 Pattern Re-generation

(blue dots). These two states span a 2-dimensional subspace of R3 : only two of the singular
values of C 2 are nonzero, and the resulting ellipsoid is a degenerate (2-dimensional only).
The two small panels illustrate the geometrical effects of adjusting aperture. Increasing
the aperture “widens” conceptors, while decreasing aperture lets conceptors contract.
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Figure
8 3: Morphing from an integer-5-periodic pattern p1 to an irrational-period sine p2
from time n =p125 to n = 75. Top: delay-embedding plotspof2 signals y(n) obtained
6
with fixed conceptor mixes (indicated by triangle markers in center panel). Bottom: Output signal y(n).
4

of dynamical patterns inside an RNN, where these representations (the tracks in the sand)
become serviceable through conceptors. The readout weights merely provide an externally
interpretable observer for the learnt representations, and a means to quantify the quality
of the internal representations by measuring the mismatch between original patterns and
re-generated output patterns.
2.2 Morphing and Generalization

aj C j ) tanh(W x(n) + b), y(n) = W out x(n),

(9)

When K “prototype” patterns p1 , . . . , pK have been loaded, they can be morphed in recall
by using linear blends of their conceptors via
X

j=1,...,K

x(n + 1) = (
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P
where j=1,...,K aj = 1. For an elementary demonstration, an integer-5-periodic pattern
p1 and a sine pattern p2 with an irrational period length of about 8.8 (sampled at integer
time points) were loaded into a 100-neuron reservoir. Figure 3 (bottom) displays the output
y(n) of a recall run where for the first 25 steps, the pure conceptor C 1 was used, then for a
morphing time of 50 steps C 1 was linearly blended into C 2 , concluding the run with another
25 steps under the control of the pure C 2 . The output signal exhibits a gradual blending
from p1 to p2 during the morphing period from step 25 to step 75. In order to get more
insight into the morphing dynamics, for eight mixing ratios (marked by triangle markers
in the bottom panel), the system (9) was run separately with mixing coefficients frozen at
these ratios. The panels in the top row show “fingerprints” of the resulting output signals
yi (n), by plotting delay embedding state points (yi (n + 1), yi (n)). Each panel shows 20
successive points as thick dots, and further 100 successive points as thin dots. The first
panel, which corresponds to the pure 5-periodic pattern p1 , shows 5 cyclically repeated
points, and the last panel a quasi-periodic oscillation, as expected. Intermediate dynamics
are mostly quasi-periodic, but there are also mixture settings where there is a 6-, 7-, and
11
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8-periodic behavior (of which only the 7-periodic instance happens to be captured by one
of the displayed plots).
In a slightly more involved demonstration three representative patterns p1 , p2 , p3 are
loaded, which are taken from a two-parametric family of modulated sinewave patterns. One
parameter changes the frequency, the other modulates the shape from “pointed upwards”
to “pointed downwards” (details in the appendix). Figure 4 shows a close-up of the three
loaded patterns in the separate top panels (red: slightly pointed downwards, high frequency;
green: slightly pointed downwards, low frequency; blue: slightly pointed upwards, intermediate frequency). Note that three is the minimal number of patterns required to span a
2-parametric pattern space. To visualize the morphs, pattern samples generated with morphed conceptors a1 C 1 + a2 C 2 + a3 C 3 are arranged in a tesselated drawing plane. The
“pure” recalled patterns (corresponding to mixtures (a1 , a2 , a3 ) = (1, 0, 0); (0, 1, 0); (0, 0, 1)
respectively) are placed at the corners of an equilateral triangle (saturated red/green/blue
tiles in the main figure panel). Tiles within the triangle spanned by the three loaded patterns correspond to interpolated conceptors, whereas patterns outside the triangle were
obtained by extrapolating conceptor mixtures with coefficents outside [0 1].
By visual inspection of the signals shown in Figure 4 one finds that the system has
acquired command over a sizeable portion of the parametrized pattern space by generalizing
from three training instances. This generalization is effective not only in the “convex hull”
of the three training examples (interpolation area within the central pattern triangle in
the figure), but extends far into the extrapolation range. Going right/left from the three
training patterns one sees that the mild frequency modulation indicated by the three training
patterns reaches out into a wider frequency span; and going up/down one finds the “pointed
up/down” characteristics, which is only feebly present in the training patterns, becomes fully
expressed.
But one should not expect miracles. Upon closer inspection one will find that many regenerated patterns are not precise members of the family. Deviations grow as the mixture
coefficients extend further away from the interpolation region. Also, there is no linear
relationship between variations in mixing coefficients and geometric pattern characteristics.
Far outside the interpolation region similiarities with correct patterns from the target family
dissolve. If one wishes to obtain a wider-range faithful re-generation of patterns from the
family, a larger number of reference patterns must be loaded. In Section 3.2 we will meet
an altogether different way to employ conceptors to learn a pattern family from a small
number of training examples.
2.3 A Real-World Data Example
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In order to illustrate that the approach scales to more complex patterns, fifteen diverse
human motion patterns were loaded: slow walk ; fast walk ; walk with exaggerated stride;
jog; sit; get up from stool ; sit down on stool ; kneel down; crawl ; get up from crawl ; waltz ;
cartwheeling; and three boxing punches. These patterns are 61-dimensional signals (body
pose and joint angles). Some are periodic (like jog), others are transient (like get up from
crawl ), yet others are irregular-stochastic (the boxing patterns); some patterns have multiple
timescales. Training data consisted of short sequences clipped from publicly available human
motion capture traces (CMU Graphics Lab)), one such clip per motion type. The length
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control. The resulting choreographed recall sequence of one minute duration was rendered
into a video. The video is on YouTube (www.youtube.com/watch?v=DkS_Yw1ldD4). Figure
6 shows a few snapshots.

Figure 5: Exemplary human motion training data. Plots show the range-normalized versions used as input for the reservoir. The four rows show four out of the 15 loaded
patterns. The three columns show three out of the 61 data dimensions. Thick
red lines: training data; black lines: 1000-step free-running pattern recall under
conceptor control. For explanation see text.
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Figure 4: Morphing between and beyond three patterns from a 2-parametric family. For
explanation see text.
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of training patterns varied from 150 to 900 sampling points (sampling rate 120 / second).
Data preprocessing and visualization was done with the help of a public Matlab motion
capture toolbox (Burger and Toiviainen, 2013). Figure 5 gives an impression of the training
data after preprocessing.
A 600-unit reservoir made from leaky-integrator neurons was loaded with the 15 training
samples (details in the appendix). In a recall run, the 15 patterns were re-generated in a
shuffled sequence according to a hand-designed choreography. In this sequence, a pattern pj
is reproduced by inserting the corresponding conceptor C j into the reservoir update loop for
0
some period of time. In order to achieve a smooth transition into the next motion pj , C j was
0
0
j
j
morphed into the following conceptor C for one simulated second before C takes over full

5

0

1

Jaeger

Morphing and generalizing dynamical patterns is a common but nontrivial task for
training motor patterns in robots. It typically requires training demonstrations of numerous
interpolating patterns (Reinhart and Steil, 2008; Coates et al., 2008; Lukic et al., 2012).
Conceptor-based pattern learning and morphing appears promising for flexible robot motor
pattern learning from a very small number of training patterns. I want to emphasize that
this is only a method for “playback” of learnt trajectories with flexible sequence scheduling
and motion blending with potential applications in computer game character animation; it
is not a method for motor control. The procedure demonstrated here is visually superior
to some existing neural-network based approaches (wyffels and Schrauwen, 2009; Sutskever
et al., 2009; Boström et al., 2013; Wright and Jordanov, 2012) with respect to number of
patterns, body model complexity, and smoothness of transitions. The mocap-trained human
motion generation system presented by Taylor et al. (2011), which is based on restricted
Boltzmann machines, comes close to the conceptor-based demo with respect to number of
patterns and body model complexity, and has visually more appealing transitions between
gaits.
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Figure 6: Snapshots from a human motion re-generation video created from a conceptorcontrolled RNN. First row: standing up from a stool and starting a slow walk,
second row: kneeling down and starting to crawl, third row: cartwheel.

I emphasize that this case study is solely meant as a visually appealing demo that
conceptor-controlled pattern generation can scale to sizable numbers of high-dimensional,
non-stationary patterns. In this it serves the same purpose as the other motion capture
learning neural networks that I referenced above. It is neither a method for motor control in physical robots, nor does it aspire to compete with state-of-the-art game character
animation engines, which each combine a diversity of sophisticated animation techniques,
often including physics simulations (Gillies and Spanlang, 2010).
2.4 Aperture Adaptation
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For good performance in recall, the aperture must be chosen appropriately. To illustrate
this, I loaded four patterns into a N = 500 reservoir. The patterns were obtained from
four classical chaotic attractors, p1 : Lorenz attractor; p2 : Rössler attractor; p3 : MackeyGlass attractor; p4 : Hénon attractor (details in the appendix). Green plots in Fig. 7A,B
visualize the clean training signals. In the reproduction stage, for each pattern pj a number
of different conceptors C j with varied apertures were tried. Fig. 7A shows the effects for the
Lorenz attractor. When α is too small, the reservoir-conceptor feedback loop becomes too
constrained and the generated patterns de-differentiate. With α too large the feedback loop
becomes over-excited. In this demonstration, a good aperture could be automatically found
by minimizing a measurable that I call attenuation. This is the fraction of the reservoir
signal energy which is suppressed by applying the conceptor. Formally, the attenuation
aC,α induced by a conceptor C at aperture α is
aC,α = E[kr(n) − z(n)k2 ]/E[kr(n)k2 ],
15
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While placing the aperture roughly in the right range is important, fine-tuning is unnecessary. The Lorenz attractor shown in Fig. 7A is quite well reproduced with apertures
ranging over two orders of magnitude. This is also true for the other chaotic attractor signals, as well as for all other simulation studies that I undertook so far. While this 4-pattern
demo is an academic exercise, it underlines the functionality of conceptors to stabilize neural
pattern generation.

where r(n) = tanh(W z(n−1) +b), z(n) = C r(n). This quantity can be cheaply estimated
online and can be used to automatically adapt the aperture at recall time. Fig. 7C plots attenuation against aperture. The minimum of this curve marks a good aperture value, where
“good” means “good visual agreement of recalled attractor with original attractor” (I did
not implement an attractor comparison metric). The apertures used for the reproductions
shown in Fig. 7B were obtained via this minimum-attenuation criterion.

Figure 7: Reproducing four chaotic attractor patterns in a single network. Green: original
training signals, blue: network-generated reproductions. The 2-dimensional plots
are obtained from 1-dimensional timeseries by delay embedding, plotting y(n)
against y(n−d) for a delay d chosen to yield instructive graphics. (A) The Lorenz
attractor re-generated with five different aperture settings (α values inserted in
panels). (B) From left to right: re-generations of the the Rössler, Mackey-Glass,
and Hénon attractors. (C) Log10 of attenuation plotted against log10 of aperture.
Dots mark the apertures used in the reproductions in (A,B). (D) Singular value
spectra of conceptors used for the Lorenz attractor (compare panel A).

singular value
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In the preceding sections I have defined conceptors as transforms C j = Rj (Rj + α−2 I)−1
of reservoir state correlation matrices Rj (Equation 8) obtained from driving the reservoir
with pattern pj . The conceptor C j could then be exploited for pattern re-generation via
x(n+1) = C j tanh(W x(n)+b) (using input internalization weights) or its variant x(n+1) =
C j tanh(W ∗ x(n) + D x(n) + b) (using input simulation weights).
This way of using conceptors, however, requires that the conceptor matrices C j are
computed at loading time, and they have to be stored in some way for usage at exploitation
time. Such a procedure may be useful in some practical engineering respects (for instance,
for dynamical pattern morphing and pattern stabilization), but otherwise invites the critique
pointed out at the beginning of this section.
This motivates to look for ways of how conceptors can be used for constraining reservoir
dynamics without the necessity to create and store conceptor matrices beforehand. The
network would have to create the requisite conceptors on the fly by some auto-adaptation
process while it is performing some relevant task. In this section I investigate auto-adapted

3.1 Conceptor Auto-Adaptation

Diagonal conceptors with single-neuron representations. When conceptor matrices are constrained to diagonal form, filtering a reservoir state by a conceptor reduces to unit-wise
scalar multiplications, and a conceptor can be mathematically represented by a vector, which in turn could possibly be biologically implemented by a single neuron. This
venue is explored in some detail in Jaeger (2014), where also proof-of-principle demos
are presented of multi-reservoir hierarchical memory systems that are based on such
diagonal conceptors. I am however not satisfied with the robustness properties of diagonal conceptors (they are too parameter-sensitive), and I am currently working on
improved versions. Therefore I will not report on the available material from Jaeger
(2014) this article.

Conceptor auto-adaptation and content-addressable memories. At loading time, when pattern internalization or pattern simulation weights are computed, no conceptors are
created. Pattern recall functions by content-addressing: a short / incomplete cue of
the target pattern is presented and an appropriate conceptor is generated on the fly
by an auto-adaptation process. This leads to a memory model which is reminiscent of
Hopfield networks. The present section is devoted to such auto-adapting conceptors.

The definition and usage of conceptors, as described so far, invites an obvious critique:
conceptor matrices have the same size as the reservoir weight matrix. Thus, for representing a pattern pj by a conceptor matrix C j one has to create and store an object that is
as heavyweight as the hosting reservoir—one might say that each new pattern adds another brain. This is clearly inappropriate for computational neuroscience modeling, and it
may become too expensive in machine learning applications. The storing cost of adding a
conceptor matrix can be reduced by storing only economical SVDs of conceptor matrices,
which often have low numerical rank. This however only mitigates but does not solve the
principal problem.
I can offer two answers to this important critique:

3. Autoconceptors

Managing neural memory

x(n + 1) = C(n) tanh(W ∗ x(n) + Dx(n) + b),

x(n + 1) = C(n) tanh(W x(n) + b)

(12)

(11)

(10)

(14)

z(n + 1) = C(n) r(n + 1).
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R = E[z z0 ] = E[Cr (Cr)0 ] = C E[r r0 ] C =: CQC,

The crucial difference is that now the state correlation matrix R depends on C:

C = R (R + α−2 I)−1 , with R = E[z z0 ].

which for alloconceptors was solved by C = R (R + α−2 I)−1 with R = E[x x0 ] being the
autocorrelation matrix of reservoir states. Similarly, (15) is minimized by

The auto-adaptation of C(n) aims at minimizing a loss that at first sight looks the same
as the loss (7):
L(C) = E[kC z(n) − z(n)k2 ] + α−2 kCk2fro ,
(15)

(13)

r(n + 1) = tanh(W ∗ z(n) + W in p(n + 1) + b)

the latter two capturing the situation after having patterns loaded by input internalization
or input simulation weights. The novel element in these equations is that C(n) is timedependent. Its evolution is governed by an adaptation rule that I will describe presently.
C(n) need not be positive semidefinite at all times; only after convergence the C(n) matrices
will have the algebraic properties of conceptors.
It is convenient to formally split the network state x in (10) into a “reservoir state”
r measured directly after the neuron nonlinearity, and a “filtered” state z obtained after
passing the reservoir state through the conceptor. This turns (10) into

or

or variants thereof, like

x(n + 1) = C(n) tanh(W ∗ x(n) + W in p(n + 1) + b)

The basic system equation for autoconceptor systems is

3.1.1 Basic Equations

conceptors for the task of realizing a content-addressable memory. They are also useful for
other tasks—in Jaeger (2014) (Section 3.15) I demonstrate the use of such auto-adapted
conceptors for the task of simultaneous signal denoising and classification.
For ease of discussion, I call conceptors created by auto-adaptation at use-time autoconceptors, as opposed to the conceptors which are created at pattern loading time and which
are externally inserted into the reservoir update loop at use-time—I will refer to those as
alloconceptors. Autoconceptors, like alloconceptors, are positive semidefinite matrices with
singular values in the unit interval. Aperture operations are identical for allo- and autoconceptors. However, the way how autoconceptors are generated by auto-adaptation leads to
additional constraints on their algebraic characteristics. The set of autoconceptor matrices
is a proper subset of the set of alloconceptor matrices.

Jaeger
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Figure 8: Network representation of a basic autoconceptor system. Bias b and readout
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mechanisms are omitted. The red arrow indicates that C is adapted online. For
explanation see text.

where we introduce Q = E[r r0 ]. This transforms the explicit solution formula (8) into a
fixed-point equation:
C = CQC (CQC + α−2 I)−1 .
(17)



(18)

Since Q depends on r states, which in turn depend on z states, which in turn depend
on C again, Q depends on C and should be more appropriately be written as QC . A formal
analysis of solutions to the fixed-point equation C = CQC C (CQC C + α−2 I)−1 is involved
(carried out in some detail in Jaeger (2014)). Explicit solution formulas are unlikely to
exist because the nonlinear reservoir is involved in QC . When one uses autoconceptors,
however, one does not need to solve (17) explicitly. Instead, one can invoke stochastic
gradient descent to minimize the loss (15). It is easily derived (Jaeger, 2014) that
C(n + 1) = C(n) + λ (z(n) − C(n) z(n)) z0 (n) − α−2 C(n)

implements stochastic gradient descent with respect to the loss (15). Here λ is an adaptation
rate. Equations (13), (14) and (18) taken together—or versions where (13) is replaced by
(11) or (12)—define the joint state update and conceptor adaptation working cycle.
In Jaeger (2014) I show that, if the driver p(n) is a stationary process and if C(n) converges under this auto-adaptation rule, the limit C is positive semidefinite with singular
values in the set (1/2, 1) ∪ {0}. Singular values of C asymptotically obtained under the
evolution (18) are either greater than 1/2 or they are zero. If the aperture α is fixed at increasingly smaller values, increasingly many singular values converge to zero. Furthermore,
the analysis in Jaeger (2014) reveals that among the nonzero singular values, the majority
will be close to 1. Both effects together endow autoconceptors with singular value spectra
that are typically approximately rectangular.
3.1.2 Basic Demonstrations
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In order to display how autoconcepters can be used to realize a content-addressable memory,
I ran simulations according to the following scheme:
19
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1. Loading. A collection of 10 scalar patterns pj was loaded in an N -dimensional reservoir, yielding an input simulation matrix D and readout weights W out . More specifically, D was computed to minimize the loss (6), using states xj (n) obtained from
driven runs xj (n + 1) = tanh(W ∗ xj (n) + W in pj (n) + b). No conceptors were involved
or computed in the loading procedure.

2. Recall. For each pattern pj , a recall run was executed which consisted of three stages:

(a) Initial washout. Starting from a zero network state, the reservoir was driven with
pj for nwashout steps, in order to obtain a task-related reservoir state.

(b) Cueing. The reservoir was continued to be driven with pj for another ncue steps.
During this cueing period, C j was adapted through z(n + 1) = tanh(W ∗ z(n) +
W in p(n) + b), C j (n + 1) = C j (n) + λcue ((z(n) − C j (n) z(n)) z0 (n) − α−2 C j (n)).
At the beginning of this cueing period, C j (0) was initialized to the zero matrix.
Notice that during cueing, the nascent conceptor C j (n) was not inserted in the
reservoir state update loop. At the end of this period, a conceptor C j cue was
obtained.

(c) Autonomous auto-adaptation and pattern recall. The network run was continued
with the external input switched off, using z(n + 1) = C j (n) tanh(W ∗ z(n) +
Dz(n) + b), while continuing to auto-adapt the conceptor through C j (n + 1) =
C j (n) + λrecall ((z(n) − C j (n) z(n)) z0 (n) − α−2 C j (n)). At three test time points
t1 , t2 , t3 the conceptor C j (ti ) in its current adaptation stage was recorded for an
offline quality assessment.

3. Measuring the quality of conceptors. The quality of the conceptors C j cue and C j (ti )
(where i = 1, 2, 3) was measured in separate offline runs without conceptor adaptation
using z(n+1) = C tanh(W ∗ z(n)+Dz(n)+b), where C was one of C j cue , C j (t1 ), C j (t2 ),
C j (t3 ). A reconstructed pattern y(n) = W out z(n) was obtained and its similarity with
the original pattern pj was quantified in terms of a NRMSE.

I carried out two instances of this experiment, using two kinds of patterns:

5-periodic pattern. The patterns were random integer-periodic patterns of period 5. Experiment parameters: Reservoir size N = 100, spectral radius of W ∗ set to 1.5, input
2 , %2
weight scaling 1.5, bias weight scaling 0.5, ridge regularization coefficients %D
W out
both set to 0.0001, aperture α = 1000, nwashout = 20, ncue = 10, t1 , t2 , t3 = 10, 50, 500,
auto-adaptation rates γ cue = 0.02, γ recall = 0.01. To make the task more challenging, during the 10-step cueing phase the cue input pattern was corrupted by additive
uniform noise sampled from [−0.05, 0.05], and during the autonomous recall time the
reservoir states were very strongly perturbed by additive Gaussian noise (fed inside
the tanh) whose variance equalled the average reservoir state component variance (a
signal-to-noise ratio of 1).

2-parametric mix of 2 irrational-period sines. The 10 patterns were were taken from the
2-parametric family of patterns governed by
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p(n) = a sin(2 π n/P ) + (1 − a) sin(4 π (b + n/P )).
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• The robustness of auto-adaptation against very strong state noise may seem surprising
at first, but is easily explained. Autoconceptor adaptation leads to singular value
spectra with many zero values (Jaeger, 2014). Reservoir state noise components in
directions of the nulled eigenvectors are entirely suppressed in the conceptor-reservoir
loop, and state noise components within the nonzero conceptor eigenspace do not
impede the development of a “clean” rectangular profile but in fact, as seen in FP,
may even speed up the auto-adaptation process.

Figure 9: Basic content-addressable memory demos. A, B: 5-periodic pattern, C, D: mix
of sines pattern. Panels A, C show the first three patterns, giving the first few
singular values of the conceptors C cue , C(t1 ), C(t2 ), C(t3 ). The “p and y” panels
show the original patterns (white), the pattern re-generated with C cue (thick
red) and with the final C(t3 ) (thick blue) after optimal phase alignment with the
original. B, D: recall log10 NRMSEs obtained from C cue , C(t1 ), C(t2 ), C(t3 ).
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• In the FP experiment, unlike in IP5, state noise not only did not harm, but was conducive for fast adaptation. As a comparison I repeated the simulation with noiseless
cues and without state noise insertion during autoconception (not shown). The outcome: in some cases the auto-adaptation failed altogether, and when it did function,
it needed much longer runtimes (1,000,000 steps) to reach reconstruction qualities
similar to what is reported in Figure 9 C D. State noise in auto-adaptation helps
to drive the singular values of relevant state components toward 1 and considerably
speeds up the adaptation.

• For the 5-periodic patterns, a comparison simulation with the basic alloconceptor
procedure yielded a mean NRMSE of .0033, much better than the mean NRMSE
of 0.070 obtained after t3 = 500 steps in the IP5 experiment. When perturbations
to the cue signal and the reservoir states were switched off (not shown), the final
NRMSE improved to 0.0037, almost as good as in the alloconceptor comparison. In
summary, with cue and state noise the IP5 experiment worked out satisfactorily, and
in a noise-free version essentially as well as with alloconceptors.

• In PF the averge re-generation NRMSE with the final conceptor C(t3 ) was 0.11. For
comparison I loaded and recalled the 10 patterns following the basic alloconceptor
procedure with a manually optimized aperture. This gave an NRMSE of 0.087, that
is, content-addressed autoconceptor recall from short and noisy cues here worked
almost as well as re-generation with previously stored conceptors.

• The conceptors C j (t3 ) have an almost rectangular singular value profile, in agreement
with mathematical analyses (Jaeger, 2014).

• The effects of autoconceptive adaptation are reflected in the singular value profiles
of C j cue versus C j (t3 ) (A, C). During the short cueing time, the online adaptation
of the conceptor from a zero matrix to C j cue only manages to build a preliminary
“nascent” profile, which then “matures” by auto-adaptation.

• The quality of the preliminary conceptor C j cue was always much improved by the
subsequent auto-adaptation (panels B, D).

0
0

Figure 9 illustrates the outcomes of these two experiments. For brevity I refer to the
two experiments as the “IP5” and “PF” conditions. Observations and interpretations:
A

1

singular values
1

These signals are weighted sums of two sines, the first with period length P and
the second with period length P/2. The weights of these two components are a and
(1 − a), and the second component is phase-shifted relative to the first by a fraction
√
b of its period length P/2. The reference period length P was fixed to P = 30.
The parameters a, b were freshly sampled from the uniform distribution on [0, 1] for
each pj . Network parameters: N = 100, reservoir spectral radius 1.5, input weight
scaling 1.5, bias scaling 0.5, %2D = %2W out = 0.0001, α = 200, nwashout = 100, ncue = 12,
t1 , t2 , t3 = 20, 1000, 10000, γ cue = γ recall = 0.01. Cue patterns were corrupted by the
same amount of additive noise as the 5-periodic patterns, and reservoir states were
again perturbed with a signal-to-noise ratio of 1 during the autonomous recall.
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log10 NRMSE
log10 NRMSE
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• In the simulations reported above, zero singular values were present from the start
because the conceptor was initialized as the zero matrix. If it had been initialized differently (for instance, as the identity matrix), the auto-adaptation would only asymptotically pull (the majority of) singular values to zero, with noise robustness only
gradually emerging to the degree that many singular values decrease toward zero. If
noise robustness is desired, it can be reached by additional adaptation mechanisms
for C. In particular, it is helpful to include thresholding: all singular values of C(n)
exceeding a suitable threshold are set to 1, all singular values dropping below a certain
cutoff are zeroed (not shown).
• The simulations reported here were done with unfavorable settings on purpose, using
short cueing times and strong noise. With larger reservoir networks, longer cueing
times, less noise etc. much higher recall accuracies can be obtained (not shown).

(19)

An inquisitive reader may ask why I don’t install auto-adaptation with respect to the
reservoir output r instead of z, that is, why not use the loss
2
L(C) = E[kC r(n) − r(n)k2 ] + α−2 kCkfro
,

instead of the loss (15). This alternative loss (19) appears as natural as the loss (15) (and its
solutions would be much easier to analyze mathematically). But in simulation experiments
(not reported) I found that the performance of auto-adaptation based on (19) was far
inferior to the version used above. Specifically, (i) all noise robustness was lost, (ii) during
auto-adaptation the conceptors grew very heavy tails in their singular value spectra even
for 5-periodic patterns where one would desire a spectrum with exactly 5 nonzero singular
values, and (iii) singular values greater than 1 emerged under auto-adaptation, likewise
undesirable within the conceptor philosophy.
The conceptor auto-adaptation dynamics in content-addressable memories is quite involved, with intriguing analogies and differences to Hopfield network adaptation dynamics.
I discuss this in Section 3.3.
3.2 From Rote Learning to “Understanding”
When the cue represents a pattern that was not loaded, autoconceptors can be invoked to
re-generate even such patterns. Specifically, if the reservoir was loaded with a few patterns
p1 , . . . , pk from a parametric family and then is cued with another pattern p∗ from that
family, an attempt can be made to re-generate this new pattern, too. This will work out
provided that (i) enough patterns p1 , . . . , pk had been loaded to instruct the reservoir about
the characteristics of the pattern family, and (ii) the reservoir size is large enough to code
the characteristics of the pattern family. For a demonstration I chose a 100-neuron reservoir
and the mix-of-sines patterns from the 2-parametric family used before. A cue time of 12
steps and an auto-adaption time of 10,000 was used. The simulation was carried out as
follows (detail in the appendix):
1. Create a random reservoir.
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2. In separate trials, load this reservoir with an increasing number k of patterns (ranging
from k = 1 to k = 1000), randomly taken from the parametric family.
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• For small numbers of loaded patterns the system stores and recalls individual patterns.
The input simulation matrix D represents individual patterns.

Similar findings were obtained in other simulations (Jaeger, 2014). Pending a formal
analysis, the following interpretation suggests itself:

• The recall NRMSE for non-loaded patterns is high in conditions when only few patterns have been loaded. As the number of loaded patterns grows, this NRMSE decreases and levels out at about the same goodness as the NRMSE for loaded patterns.

• The recall NRMSE for patterns that have been expressedly loaded is lowest when only
few patterns have been loaded. As the number of loaded patterns grows, the NRMSE
first rises, then levels out for very large numbers of loaded patterns.

Figure 10 shows the results. Observations:

5. Repeat this entire scheme 10 times, with freshly sampled reservoirs and patterns.
Report averaged diagnostics.

4. In addition, per trial, also try to cue and “recall” 10 novel patterns that were drawn
randomly from the family. Monitor the “recall” accuracy of these novel patterns as
well.

3. After loading, cue (with noiseless cues) and re-generate the loaded patterns by autoconceptors. Measure the final recall accuracy for the first 10 of the loaded patterns
(when fewer than 10 were loaded, do it only for these).

Figure 10: Class learning effect. Error bars indicate 95 % confidence intervals for mean
NRMSEs. The curves are means over the 10 recall targets and the 10 experiment
repetitions (blue: recall of patterns that were loaded; green: recall of patterns
that were not loaded). Both axes are in logarithmic scale. For explanation see
text.

log10 NRMSE
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• Fixed points F are positive-semidefinite matrices with eigenvalues (= singular values)
ranging in [0, 1], and thus qualify as conceptors.

Here is a summary of insights from this analysis:

Jacobians JF of fixed points F . JF is an N 2 × N 2 matrix whose (i, j)-th element is the
derivative ∂ Ḟi /∂Fj , under the dynamics (20) linearized in F , and where Fi is the
i-th element of F (enumerated row-wise). The eigenvalues of JF characterize stability
properties of F .

Fixed points F of (20). These are candidates for conceptors that are asymptotically obtained for convergent autoadaptation runs.

where QC = Ez [tanh(W z + b) tanh(W z + b)0 ] = Er [r r0 ] is the autocorrelation matrix of
reservoir states (here in a version with input internalization weights, versions with input
simulation weights are analog) when these states evolve under the control of C. The time
constant τ is of no concern for the qualitative analysis. Specifically I investigated two
objects:

The dynamics of autoadaptation—that is, the evolution of C(n) under the simultaneous
reservoir state update (13), (14) (or variants) and conceptor matrix adaptation rule (18)—
is highly nonlinear and involves at least the two timescales of reservoir updates (fast, N
variables) and C adaptation (slow, N 2 variables). A full analysis is out of reach, but some
core aspects are analytically accessible. In Jaeger (2014) I investigate properties of fixed
points of C auto-adaptation. Here I review the most important findings and attempt an
interpretation of some phenomena found in simulation studies in the light of these analytical
insights. This subsection assumes some familiarity with methods from dynamical systems
theory. Readers not interested in technical detail may jump to the intuitive summary at
the end of this subsection.
My analysis was based on assuming an adaptation rate λ that is small enough to admit
temporal averaging over the fast z(n) state variables. The discrete update equation (18)
can then be transformed into a continuous-time ODE which is easier to analyze. This ODE
is
τ Ċ = (I − C) C QC C 0 − α−2 C,
(20)

3.3 Analysis of Auto-Adaptation Dynamics

In suggestive wording, as more and more patterns are loaded this memory system
changes its nature from “rote learning” to “understanding” the nature of the pattern family. With the aid of autoconceptors, any member of the family can be “recognized” from
a cue and become re-generated. This family learning effect becomes effective already when
only a single pattern has been loaded, and when as few as about 5 patterns are loaded, the
recall log10 NRMSE for novel patterns is within 20% of the accuracy for loaded patterns.
This is another display of the generalization powers of conceptor-based systems, which we
encountered before in connection with conceptor morphing (Section 2.2).

• For large numbers of loaded patterns, the system learns a representation of the
parametrized pattern family and can re-generate any pattern from that family from
a cue. The input simulation matrix D represents the class of patterns.

Managing neural memory

where m < l ≤ k.
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3. the remaining k(k − 1) eigenvalues (“sort 3”) come in pairs


s
2
−α−2  sl
sm
sm
sl
λ1,2 =
+
±
−
+ 4 ,
2
1 − sm 1 − sl
1 − sm 1 − sl

2. k eigenvalues are associated with the k singular values si and have the form
−α−2 (2si − 1)/(1 − si ) (“sort 2”),

1. N (N − k) eigenvalues are equal to −α−2 (“sort 1”),

• In order to obtain a better understanding of convergence properties in directions
orthogonal to K one needs to analyse the negative eigenvalues of the Jacobian JF .
Assume again that F has rank k, and furthermore the k nonzero singular values
s1 , . . . , sk of F are greater than 1/2. Then the N 2 − k(N − k) nonzero eigenvalues of
JF are all negative. They come in three sorts (Proposition 16 in Jaeger (2014)):

• If F is a rank-k solution of the fixed-point equation (17) which is generic in the
sense that the nonzero singular values of F are pairwise different, and if Q in (17)
is fixed (that is, its dependency on C is ignored), then differential changes of F
along a k(N − k)-dimensional subspace will also lead to rank-k solutions of (17)
(Jaeger (2014), Section 3.13.4). The identity of the center manifold dimension and
the dimension of this local solution space implies that the center manifold coincides
with the local solution space. Hence the adaptation dynamics on the center manifold
K is neutrally stable: K is a plane attractor. Note however that this interpretation
is based on fixing Q at QF in the vicinity of F . Plane attractors are non-generic in
randomly parametrized ODEs, and fixed point solutions F are generically isolated
(not embedded in a plane attractor). When the dependence of Q on C is included
in the picture, and F is a fixed-point solution of (17), we would generically expect
a separation of timescales in the autoadaptation dynamics in the vicinity of F : fast
convergence toward F in directions orthogonal to K and (very) slow drift within K.
Below I present a numerical simulation that corroborates this intuition.

• Assume F has rank k. Then JF has k(N − k) zero eigenvalues, that is, a center
manifold K of dimension k(N − k). On this center manifold the stability properties of
the dynamics (20) cannot be elucidated by linearization techniques; it may be stable,
instable, or neutral.

• The rank of F is bounded from above by the number of singular values of QF which
are greater than 4α−2 . This implies that reducing the aperture α forces an increasing
number of singular values of F to become zero.

• When F has singular values that are smaller than 1/2 and greater than 0, JF has
positive eigenvalues and hence F is not a stable fixed point. Such F cannot be
obtained in empirical auto-adaptation runs. Conversely, this means that if autoadaptation converges, the resulting conceptors C have singular values that are either
exactly zero or larger than 1/2.

Jaeger
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When k  N , which is often the case, the majority of all eigenvalues of F is of sort
1, revealing that in the majority of directions orthogonal to the center manifold the
convergence rate toward F is inversely proportional to α2 . A relevant message here is
that increasing the aperture substantially slows down convergence. An eigenvalue of
sort 2 is also inversely proportional to α2 , but furthermore the term (2si − 1)/(1 − si )
indicates that as si ↓ 1/2, the convergence rate in this direction slows down arbitrarily
much, while conversely for si ↑ 1, convergence becomes arbitrarily fast. Finally,
eigenvalues of sort 3 are products of two factors too, the first factor being again
inversely proportional to α2 . The second factor, which depends on a pair sl , sm , may
become arbitrarily large or arbitrarily small depending on sl , sm and the ± choice.
Specifically, this second factor approaches zero if both sl , sm approach 1/2 from above
and the “−” option is taken. In summary, outside the center manifold convergence
rates are always co-determined by a factor proportional to α2 , and by factors that
depend on the singular values si of F , where these latter factors may shrink toward
zero if associated singular values si approach 1/2.
• As we have just seen, singular values si of F which are close to 1/2 lead to slow
convergence (which implies weak stability) in some directions of C. It is therefore
relevant to investigate into typical values of si . Unfortunately I can only provide a
plausibility argument to the effect that most si will be close to 1 and only very few
(if any at all) close to 1/2. This argument goes as follows. Recall from (16) that
F , because it is a minimizer of (15), can be written as F = R(R + α−2 I)−1 , where
R = E[z z0 ]. This implies that the singular values si of F relate to the singular values
siR of R by si = siR / (siR + α−2 ). Furthermore, nonzero si must be greater than
1/2. Assume the “worst case” that the smallest nonzero singular value of the (rank
R
k) matrix F is sk = 1/2, which translates to skR = α−2 . Let sk−1
= skR + ε be the
next greater singular value of R. A simple argument based on the derivative d si /d siR
evaluated at skR yields that for small increments ε we get sk−1 ≈ 1/2 + 1/4 α2 ε. In
words, the singular values si of F grow away from 1/2 by increments 1/4 α2 ε. Since
apertures are often in the order of 10 (or much larger), this means that we may expect
that most if not all nonzero singular values of F will be close to 1. This is in fact
what I consistently observe in simulations, like in the demos above (Figure 9). It
is a desirable effect because according to the considerations made in this subsection
before, singular values si ≈ 1 or si = 0 foster noise robustness of auto-adaptation.
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• The analyses available so far can explain the robustness of conceptor auto-adaptation
to state noise. When at some stage of auto-adaptation the matrix C(n) has k nonzero
singular values and N − k singular values equal to zero, the latter will be preserved
under auto-adaptation because the states z(n) = C(n) r(n) that enter the adaptation
of C(n) will have zero components in the N − k directions associated with the zero
singular values. The effect of state noise on the nonzero si (n) is to drive them closer
to 1 than they would go without state noise. Conceptors eventually converged to
with state noise are not identical, but similar to variants that would be obtained
without noise: the difference being that the former are (even) more rectangular than
the latter. This favourable situation however hinges on the condition that the postcue C cue has (many) zero singular values. In the simulations in previous subsections
27
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Figure 11: Hypothetical phase portraits of C autoadaptation in the parameter space of C
(schematic). Blue points show stable fixed point solutions C. The gray plane
in A represents the center manifold K and in B the merged center manifolds
of neighboring fixed points C. Green arrows show sample trajectories of late
stages of C adaptation. Green crosses mark the starting points of the adaptation
trajectories set by the cueing procedure. A: When a small number of patterns
has been loaded, individual stable fixed point conceptors C are created. B:
In the case of learning a d-parametric pattern class, fixed point solutions Ci
become located within a d-dimensional pattern manifold M (magenta line). For
explanation see text.

this was achieved by (i) initializing C(0) = 0 and (ii) not inserting state noise during
the cueing—state noise insertion in that sensitive period would have led to a large
number of nonzero singular values in C cue . If state noise or other perturbations are
unavoidable during cueing, it will be a practical idea to simply zero small singular
values of the developing C(n) through a thresholding mechanism.

Based on these insights I tentatively offer the following qualitative account of conceptor
auto-adaptation dynamics.
This dynamics evolves in the N 2 -dimensional parameter space of conceptor (or conceptor
candidate) matrices C(n) under the assumption of a small enough adaptation rate λ, such
that we may use the ODE (20). I distinguish two cases depending on whether few or many
patterns have been loaded. Figure 11 gives a graphical impression.
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Representing individual patterns. This corresponds to the situation called “rote learning”
in Section 3.2. Here I assume that a small number of patterns pj have been loaded,
and that they become represented by corresponding isolated attracting fixed points
F j of (20). The dynamics in a neighborhood of F j then should be characterized by
a (very) slow timescale of attraction in the directions of the center manifold K and
faster attraction in orthogonal directions (Figure 11 A). The attraction orthogonal to
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In order to substantiate this interpretation of an only “ephemeral” appearance of a
line/plane attractor, I carried out a long-duration auto-adaptation simulation. Ten 5periodic patterns were loaded into a small (N = 50) reservoir. These patterns represented
ten stages of a linear morph between two similar patterns p1 and p10 , resulting in a morph
sequence p1 , p2 , . . . , p10 where pi = (1 − (i − 1)/9) p1 + ((i − 1)/9) p10 , thus representing
instances from a 1-parametric family. Considering what was found in Section 3.2, loading
these ten patterns should enable the system to re-generate by auto-adaptation any linear
morph ptest between p1 and p10 after being cued with ptest .
After loading, the system was cued for 20 steps with 20 different cues. In each of
these j = 1, . . . , 20 conditions, the cueing pattern pjtest was the j-th linear interpolation
between the loaded p1 and p10 . At the end of the cueing, the system will be securely driven
into a state z that is very accurately connected to re-generating the pattern pjtest , and the
conceptor matrix that has developed by the end of the cueing would enable the system to
re-generate a close simile of pjtest (a post-cue log10 NRMSE of about −2.7 was obtained in
this simulation).
After cueing, the system was left running in conceptor auto-adaptation mode for 1
Mio timesteps, with an adaptation rate of λ = 0.01. At times n = 1, 1000, 10000, 1e6
the stage of convergence was assessed as follows. The pairwise distances between the
twenty autoconceptors C j (n) were compared, resulting in a 20 × 20 distance matrix D(n) =
(kC k (n) − C l (n)kfro )k,l=1,...,20 . Figure 12 shows color plots of these distance matrices. The
outcome: at the beginning of autoadaptation (n = 1), the 20 autoconceptors are spaced
from each other by distances proportional to their morphing distances. In terms of the

Representing a pattern family. When many patterns pj from a family characterized by d
parameters have been loaded, we have seen in Section 3.2 that any pattern from
that family will be re-generated upon cue equally well. I hypothesize that during
the loading procedure a d-dimensional manifold M is created which represents the
pattern family and which superficially appears like a line/plane attractor: when by
virtue of the cueing procedure the auto-adaptation is initialized into the vicinity of M,
one will observe an auto-adaptation toward M (Figure 11 B). The dimension d of M
will typically be much smaller than the dimension k(N − k) of the center manifold of
conceptors in M. I hypothesize that M is embedded as a submanifold in a k(N − k)dimensional manifold K which can be understood as a merge of the (locally defined)
center manifolds of conceptors sitting in M. The convergence toward M leads to a
good reconstruction of the cue pattern after a “reasonable” adaptation time. It is this
convergence which was exploited for 10,000 step runtimes in the experiment shown in
Figure 10. However, as remarked earlier, line/plane attractors are non-generic objects
and unlikely to exist in empirical or randomly created systems. Therefore, for very
long runtimes I would predict a very slow drift within M that lets auto-adaptation
ultimately end up in some isolated attracting fixed point within M. According to this
view, line/plane attractors only appear phenomenally on some intermediate timescale,
and hence the class learning effect described in Section 3.2 should degrade for very
long adaptation times.

K may in turn be governed by a wide range of different timescales due to what we
have learnt about the dependency of eigenvalues of JF j on the singular values of F j .

Managing neural memory
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We observed above that approximately rectangular conceptors evolved in auto-adaptation
and that directions in z states which are nulled by C cue remain nulled during auto-adaptation.
This suggests a drastic shortcut of the recall procedure: take the preliminary C cue which
is available immediately after the cue period, then transform its singular value profile to
a binary 0-1-rectangular shape by thresholding to give C cue , and use this conceptor for
pattern re-generation. Accordingly, I re-ran the 5-periodic and mix-of-sines demos from

3.4 Single-Step Content-Addressing by Thresholding

schematic in Figure 11 B, they would all be almost equi-distantly lined up on the manifold
M, which is a line in this case of a 1-parametric pattern family. Then, as the adaptation
time n grows, they contract toward three point attractors within M (which would correspond to a version of 11 B with three isolated fixed point attractors within M). These
three point attractors correspond to the three dark blue squares on the diagonal of the last
distance matrix shown in Figure 12.
This singular simulation cannot, of course, provide conclusive evidence that the qualitative picture proposed in Figure 11 is correct. A rigorous mathematical characterization of
the hypothetical manifold M and its relation to the center manifolds of fixed point solutions
of the adaptation dynamics remains to be worked out.
Plane attractors have been proposed as models for a number of biological neural adaptation processes (summarized in Eliasmith (2005)). Specifically, the fact that animals can
fix their gaze in arbitrary (continuously many) directions has been modelled by plane attractors in the oculomotoric neural control system. Each gaze direction corresponds to a
(controlled) constant neural activation profile. It would be interesting to carry out in-vivo
experiments of gaze direction fixation where the animal (or human) is cued with a direction
target, which is then removed, under the instruction to preserve the gaze direction after
target removal for an extended timespan. The mathematical model outlined above would
predict that the gaze direction would start drifting, possibly becoming ultimately arrested
in one of a number of isolated, “preferred” gaze directions.

Figure 12: Numerical exploration of fixed point solutions under C auto-adaptation. Each
panel shows pairwise distances of 20 conceptor matrices obtained after n autoadaptation steps, after being cued along a 20-step morph sequence of cue signals.
Color coding: blue: zero distance; red: maximum distance. For explanation see
text.
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Figure 13 displays the outcome. I used thresholds τ of 0.5 and 0.01 respectively for
the 5-periodic and mix-of-sines experiments. For both kinds of patterns the re-generation
quality obtained from C cue conceptors is essentially the same as the quality obtained from
the auto-adapted C(t3 ) after 500 resp. 10,000 steps for the two kinds of patterns.
Considering that thresholded C cue are much faster and cheaper to create than onlineadapted conceptors, yet (in these simulations) are of the same quality, it is natural to ask
why one should bother about online-adapted autoconceptors at all instead of focussing all
attention on thresholded conceptors. The reasons why I spent much effort on the former
(and used much of the reader’s patience) are manifold:

4. immediately use C cue for re-generating a pattern and report the matching NRMSE
with the original pattern that was used for the cue.

3. recombine into C cue = U SU 0 ,

for some threshold τ ,

2. recompute the entries si on the diagonal of S to new, binary values by thresholding,
obtaining S with diagonal values


1. compute the SVD U SU 0 = C cue ,

Section 3.1.2 with the same reservoirs and cueing conditions, and directly at the end of the
cueing phase I computed C cue from C cue as follows:

Figure 13: Using single-step adapted conceptors C cue for cued pattern recall. A: 5-periodic
patterns, B: mix-of-sines. Red and blue plots are identical to Figure 9 and
represent post-cue NRMSE from C cue and C(t3 ). The black plot gives the
NRMSE obtained from C cue .

log10 NRMSE
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• There are other applications of online-adapted autoconceptors besides pattern recall
from a memory. In Jaeger (2014) I employ conceptor auto-adaptation in hierarchical
RNN demonstrator systems for tasks of signal denoising, pattern classification, and
pattern mixture recognition, and in ongoing work I am using them for single-shot
training of a nonlinear channel equalizer and blind signal separation. In all of these
cases, an adaptive RNN-based system has to be able to smoothly adjust its reactions to
a non-stationary input stream, requiring a continuously ongoing gradual adaptation.

• A serious drawback of the above auto-adaptation mechanism is that it is based on
stochastic gradient descent in a high-dimensional space, incurring the well-known stability issues which mandate small adaptation rates, hence yield slow convergence. In
Jaeger (2014) I introduce a simplified version of conceptors which basically constrains
conceptor matrices C to diagonal form, leading to decoupled adaptation rules for the
diagonal parameters which admits individual and very large adaptation rates. While
systems of this kind work well in some specific scenarios (demos in Jaeger (2014),
Section 3.15), I am not satisfied with them in general, mainly because the value range
for well-working apertures becomes very narrow. My current research concentrates
on new types of conceptors which combine fast online adaptivity with the robustness
properties found in matrix conceptors.

• In computational neuroscience, attractor-like phenomena of all sorts are widely investigated as neural mechanisms for representing and processing information in neural systems (partial overviews in Durstewitz et al. (2000); Fusi and Wang (2016);
Jaeger (2012)). The multiple-timescale attractor phenomenology of conceptor autoadaptation discussed in the previous section sheds some further light on this field,
especially with respect to the role of line/plane attractors in the representation and
addressing of continuous memory items.

• Biological implausibility. The fast thresholding mechanism invokes a matrix SVD
computation. Much research has been devoted to determine biologically plausible
neural algorithms for the closely related task of computing a PCA or of finding some
cost-optimal projection subspaces (Oja, 1982; Pehlevan et al., 2015). However, these
neural algorithms share with my stochastic gradient conceptor adaptation the shortcoming of slow convergence, and biological plausibility remains debatable in my view.

3.5 Comparison with Hopfield Networks

As I mentioned in the Introduction, Hopfield networks and its relatives (Willshaw et al.,
1969; Cooper, 1973; Kohonen, 1974; Palm, 1980; Hopfield, 1982) are the paradigmatic model
of content-addressable neural long-term memories. For brevity I will use the term Hopfield
networks (HNs) as an umbrella term for this family of models, and refer to the networks
introduced in this section as autoconceptor networks (ACNs). ACNs are analogous to HNs
in some ways and different in others:

JMLR 18(13):1-43, 2017

Nature of memory items. Patterns stored in (auto-associative) HNs are static (often images), though hetero-associative HN variants can be trained to re-generate sequences
of static patterns—I briefly discussed this in the Introduction. ACNs intrinsically
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My ultimate motivation to investigate conceptors is to establish an effective link between
“low-level”, “subsymbolic”, “distributed” neural representations and processing mechanisms on the one hand, and a “high-level”, “conceptual” organization and interpretability
of such processing on the other hand. This intended use of conceptors, which is expressed
in item 3. in the list above, is to some degree independent of the “mechanics” of conceptors,
which is stated in item 2. It turns out that conceptors also can serve relevant “low-level”
functionalities, especially neural noise suppression and stabilization of neural state dynamics.
Conceptors can be engineered into artificial neural architectures, and they might be
instantiated in one way or the other by neural circuitry in biological systems. In such

3. Conceptual operations. Given a collection {pj } of patterns, on the associated collection
of conceptors {C j } one has available an assortment of operations which can construct
new conceptors from the conceptors contained in the original collection {C j }. These
operations should be interpretable as “cognitive-level” operations on concepts, and it
is these operations that connect conceptors with concepts. Comment: this is obviously
vague. This article featured the following such operations: (i) conceptual blending by
conceptor morphing, (ii) “focussing” by aperture adaptation. A large part of Jaeger
(2014) is devoted to a third kind of conceptual operations on conceptors, namely, (iii)
Boolean combinations of conceptors.

2. Filtering of encodings. A conceptor C j is a map associated with a pattern pj which
transforms state vectors x ∈ X to state vectors C j (x) ∈ X, and which is optimized in
some way to preserve states xj that are typical for pattern pj : if P j (x) is large, then
the distance d(x, C j (x)) is small. Furthermore, C j projects off-pattern states closer to
pattern-typical regions of X: if P j (x) is small, then P j (C j (x)) > P j (x). Comment:
The map C j can be instantiated by a mathematical formula, or by some neural circuit,
or in any other way.

1. Set-up: patterns encoded by states. Given: some computational framework where a diversity of patterns pj are encoded by probability distributions P j over a metric
state space X. Comment: patterns can be temporal or static. The state space is
typically high-dimensional, and encodings would typically be “distributed”.

the light of this diversity I wouldn’t want to make any specific mathematical or algorithmical
format a defining part of “conceptors”.
This article focussed on neural long-term memory for temporal patterns. In Jaeger
(2014) however I use conceptors also for static patterns (where an input pattern is transformed to a single neural state, not a sequence of states), and without loading (which is not
necessary when conceptors are employed for non-generative tasks like pattern classification).
I am also aware of ongoing work by others in static pattern recognition where backproptrained deep feedforward neural networks are combined with conceptors. Thus, neither
temporality of patterns, nor loading them persistently, nor the use of random networks are
necessary attributes of “conceptors”, the way I want them to be seen.
Then what is left? Here is an outline of how I would like the concept of conceptors to
be understood:

Jaeger

This article is the first peer-reviewed publication about conceptors and thereby assumes
the role of an “official” introduction of this concept and name. New scientific concepts and
terminology should be introduced with care and circumspection. So, what is a “conceptor”?
This article dealt with conceptors that come in the specific form of positive-semidefinite
matrices derived from reservoir state correlation matrices R via C = R (R + α−2 I)−1 . In
Jaeger (2014) I also describe conceptors that are realized by a forward- and backprojection
to/from a higher-dimensional random feature space. In my initial explorations (unpublished) I also used affine maps, as well as pure linear subspace projectors. Currently I am
investigating a kind of conceptors built on the basis of a variant of self-organizing maps. In

4. Discussion

All in all, while both HNs and ACNs are models of content-addressable neural long-term
memories, their underlying neuro-dynamical working mechanisms and their performance
characteristics are fundamentally—and interestingly—different.

Class learning. ACNs can learn entire continuous-parametric pattern classes (with the caveats
pointed out in Section 3.3), which HNs cannot.

Pattern restauration. A hallmark of HNs is their ability to restore patterns perfectly and
quickly from highly corrupted cues. This striking capability results from the fact
that HN training creates well-defined local minima in the HN energy landscape which
correspond 1-1 to target patterns; from any arbitrary cue the HN must settle in
one of these perfect target patterns (setting aside the issue of spurious attractors in
HNs). Furthermore, perfection of restauration is aided by the circumstance that HNs
often are installed with binary neurons, representing binary patterns. In contrast,
the continuous-valued states in ACNs and the vastly more complex multi-timescale
dynamics of auto-adaptation limit the perfection and speed of pattern re-generation.

Symmetric vs. directed synaptic connections. Standard auto-associative HNs have symmetric connections, which admits an analysis of HN dynamics in terms of descent in an
energy landscape. Reservoir networks in ACNs with their asymmetric weight matrices
do not admit an energy-based interpretation.

States and patterns. In HNs patterns are identified with certain network states. In ACNs
patterns are state evolution processes.

host temporal patterns. The pattern sequences of static patterns learnt by sequencerepresenting HNs differ in kind from the temporal patterns in ACNs. The former are
“jump” transitions between a finite number of explicitly trained “waypoint” patterns,
and in principle any transition order can be learnt. Temporal patterns in ACNs have
what one might call intrinsic temporality; the reservoir state sequence cannot in general be re-trained in other orders. Specifically, ACNs can host non-periodic patterns
sampled from ODE evolutions which is not possible with hetero-associative HNs. One
might word this as, “hetero-associative HNs can store pattern sequences, and ACNs
can store sequence patterns”.

Managing neural memory
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cases they become procedurally effective in the concerned systems, implementing conceptor
mechanisms. This was the perspective adopted in this article. But conceptors can also be
used “epistemologically” by a researcher who investigates some (likely neural) information
processing system which may or may not itself have have effective conceptor mechanisms
inside. Then conceptors may become elements of a descriptive scientific language that talks
about neural encodings of concepts. In Jaeger (2014) I describe in detail such scientific
languages in the format of formal conceptor logics.
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Appendix A. Documentation of Simulation Detail
Training and test errors are given as normalized root mean square error (NRMSE) between
a signal s(n) and its target t(n), that is, by the square root of the mean square error divided
by the variance of the target.
A.1 Detail for Section 2.1

JMLR 18(13):1-43, 2017

Pattern definition: Pattern p1 is a sinewave sampled at intervals of about 1.9944. Pattern
p2 alternates between −0.5 and 0.5.
Network set-up: Initial weights W ∗ were sampled from the normal distribution, then the
weight matrix was rescaled to a spectral radius (largest absolute eigenvalue) of 1.3. Input
and bias weights were sampled from the normal distribution, then scaled by 1.4 and 0.1
respectively.
Learning: For training W out the reservoir was driven by iid input sampled from the
normal distribution scaled by 1.5 for 200 steps (plus an initial washout of 100 steps). The
linear regression was computed without regularization, resulting in a training NRMSE of
0.39 (training W out from state patterns x1 (n), x2 (n) would have given an NRMSE of 0.14).
For the (not regularized) linear regression leading to W , again 200 states from each of the
two patterns were used, leading to an NRMSE of 0.093 (average over the three neurons).
Recall: In order to numerically compare the re-generated patterns y(n) = W out xj (n)
to the original patterns pj (n), sample trajectories of both were phase-aligned by (i) supersampling with cubic spline interpolation by a factor of 20, (ii) finding the best-fitting phase
shift, (iii) subsampling back to the original sampling rate, (iv) computing the NRMSE,
which was 0.15 for the first and 0.13 for the second pattern.
Note: Parameters and the random seed for network set-up were hand-selected for good
visual appearance of this demo example. Better recall accuracies were obtained with smaller
apertures, but these would have given less instructive graphics. At any rate, a network size
of N = 3 is far too small for high-precision results.
35

A.2 Detail for Section 2.2



Jaeger

1
1
sin(2πn/(P + A)) +
2
2

exp(B)

+ 1,

A, B ∈ R; |A| < P.

Interpolation from 5-periodic to irrational sine (Fig. 3): A 100-unit reservoir was used, W ∗
scaled to a spectral radius of 1.6, input weights scaled to 1.6, bias vector to 0.3. Linear
regression for W was regularized by a Tychonov regularizer of size %2 = 0.0001. Apertures
for the two conceptors: 10 and 100.
Morphing between and beyond three patterns from a family (Fig. 4): Patterns were taken
from the parametrized family with parameters A, B
pA,B (n) = 2

This family contains modulated versions of sines whose period lengths vary around a reference period P by differences A and whose shape is modulated by B. Figure√4 (top√panels)
shows the three stored patterns, which were defined by P ≈ 8.2, A = −1.1 3; 1.1 3/2; 0,
B = −0.2, −0.2, 0.4. Going upward by one tile changes a mixture from (a1 , a2 , a3 ) to
(a1 − 1/8, a2 − 1/8, a3 + 1/4), going right by one tile to (a1 − 1/4, a2 + 1/4, a3 ). The reservoir had 100 units, spectral radius of initial weight matrix: 2.2, input weight scaling: 2.2,
bias scaling; 1.5, aperture of all conceptors 2.0. Ridge regression coefficient for loading:
% = 0.001.
A.3 Detail for Section 2.3

Preparation of training data. Fifteen human motion capture (mocap) sequences were
retrieved from the public-domain mocap repository maintained by the Graphics Lab at
Carnegie Mellon University (http://mocap.cs.cmu.edu/). Using the public mocap toolsuite provided by Burger and Toiviainen (2013), the marker trace format of the original
mocap data was transformed into joint angle data in the following way. A human segment
model with 17 segments was chosen. The original marker trace data was transformed into
metric 3D trajectories of the segment endpoints (joints). The joint between the two hip
joints was designated as “root”. Let x, y denote the two ground coordinates and z the
height coordinate (measured as distance from ground), and let δ (measured in rad) denote
the horizontal pointing direction (in x, y) of the root.
The motion of the root joint was coded in the following four variables:

1. h(n): simply the z coordinate of the Euclidean trajectory of the root,

2. δ̇(n): the angular velocity (in rad/frame) of the root pointing direction,

3. d1 (n), d2 (n): travel distance of root joint in the x, y plane of the current frame, relative
to the horizontal pointing direction (Fig. 14), measured in mm/frame.

The locations of the other joints were coded relative to their predecessor joints in the
kinematic chain tree, with the root joint as the top node, as follows:

JMLR 18(13):1-43, 2017

1. The current frame n is horizontally shifted and rotated such that the root joint has
(x, y)-position (0, 0) and is pointing in the direction of the x-axis. For every joint j
this results in three Euclidean coordinates xj (n), yj (n), zj (n).
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where the leaking rate a is an additional tuning parameter. This alternative choice of
network model does not affect any of the conceptor-related computations. Reservoirs based
on leaky integration units effectively implement temporal smoothing which is indicated
when slowly changing (relative to the network update cycle) patterns have to be processed.
Simulation parameters. Network size N = 600; leaking rate a = 0.6; spectral radius of
W ∗ was 1; input and bias weights were sampled from the uniform distribution on [−.8, .8].
Loading each pattern used a washout of 50 network updates (corresponding to 5/12 seconds
of simulated real time). Two of the input channels were found to act essentially only as
noise sources (because they were essentially constant and after range normalization small
fluctuations in the constant value were magnified); their input weights were nulled. Linear
regression without regularization was used for computing W and W out . The aperture was

x(n + 1) = (1 − a) x(n) + a tanh(W x(n) + W in p(n + 1) + b),

All in all this leads to a 61-dimensional coding of a body pose and root motion per
frame. From such 61-dimensional sequences, joint trajectories in Euclidean task space can
be recovered by a reversal of the coding procedure.
For each of the 15 original mocap timeseries, such a 61-dimensional encoding was produced. Each of the 61 signal components was shifted/scaled such that it ranged exactly in
[−1, 1], across all 15 patterns. These 15 range-normalized sequences were then loaded into
the reservoir, and the readout weights were computed to recover them.
Reservoir setup. Different from all other simulations reported in the article, the motor
pattern demonstration used a reservoir with leaky integration neurons:

(b) Compute the segment vector sj0 (n) = (xj (n) − xi (n), yj (n) − yi (n), zj (n) − zi (n))0
and normalize it to sj (n) = sj0 (n)/ksj0 (n)k. The three components of sj (n) are
returned as coding the current spatial angle of the segment ending in joint j.

(a) Determine the predecessor joint i of j (the adjacent joint that is closer to the
root).

2. For each of the 19 non-root joints j, the current orientation was coded in three variables
sxj (n), syj (n), szj (n) as follows:

Figure 14: How the quantities d1 , d2 geometrically relate to current root direction and root
travel.

y
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Data generation. For the Rössler attractor, training time series were obtained from the
standard Rössler ODE ẋ = −(y + z), ẏ = x + a y, ż = b + x z − c z with a = b = 0.2, c = 8.
The evolution of this system was Euler approximated with stepsize 1/200 and the resulting
discrete time series was then subsampled by 150. The x and y coordinates were assembled
in a 2-dimensional driving sequence, where each of the two channels was shifted/scaled to
a range of [0, 1]. For the Lorenz attractor, the ODE ẋ = σ(y − x), ẏ = r x − y − x z, ż =
x y − b z with σ = 10, r = 28, b = 8/3 was Euler-approximated with stepsize 1/200 and
subsequent subsampling by 15. The x and z coordinates were collected in a 2-dimensional
driving sequence, again each channel normalized to a range of [0, 1]. The Mackey-Glass
β x(t−τ )
timeseries was obtained from the delay differential equation ẋ(t) = 1+x(t−τ
)n − γ x(t) with
β = 0.2, n = 10, τ = 17, γ = 0.1. An Euler approximation with stepsize 1/10 was used.
To obtain a 2-dim timeseries that could be fed to the reservoir through the same two
input channels as the other attractor data, pairs x(t), x(t − τ ) were combined into 2-dim

A.4 Detail for Section 2.4

set to α = 10 for all fifteen conceptors except for the “slow walk” (α = 2) and “boxing:
jab” patterns (α = 20; with α = 10 the jab pattern would be reduced to a mildly active
legwork without the jabs being triggered).
Training errors. The training NRMSE for W was 0.0068 and for W out was 0.044.
Video creation. For creating the video, the durations of the individual patterns were
set to yield an appealing overall choreography. Between every two successive pattern pi , pj
evocations, a transition period of 120 network updates (= 1 simulated second) was inserted.
In this transition period the preceding conceptor C i was morphed into the succeeding conceptor C j , using a morphing function % : {1, . . . , 120} → [0, 1] made from two suitably
scaled and shifted branches of the square function (red and green lines in Fig. 15), via
C morph (m) = (1 − %(m)) C i (m) + %(m)C j (m) [m = 1, . . . , 120]. While the reservoir was
generating the behavioral sequence visualized in the video, the only external input to the
system was the activation sequence of conceptors (shown in the left upper corner of the
video).
The visualization of the re-generated motion sequence in the video keeps the simulated
actor centered in the drawing box and illustrates its motion in the x, y plane by a moving
floor tile pattern. The centering as well as the corresponding virtual floor motion is computed relative to the mean of the x, y coordinates of all 20 joints. This mean is therefore
always centered on x = y = 0 in each displayed frame. The apparent foot slipping results
from this “quick and dirty” centering method.

Figure 15: The morphing ramp %(n) used for smooth transitions between motor patterns.

0
0
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vectors. Again, these two signals were normalized to the [0, 1] range. The Hénon attractor
is governed by the iterated map x(n + 1) = y(n) + 1 − a x(n), y(n + 1) = b x(n), where I
used a = 1.4, b = 0.3. The two components were filed into a 2-dim timeseries (x(n), y(n))0
with no resampling, and again normalization to a range of [0, 1] in each component.
Reservoir setup. A 500-unit reservoir RNN was created with a normal distributed, 10%sparse weight matrix W ∗ scaled to a spectral radius of 0.6. The bias vector b and input
weights W in (sized 400 × 2 for two input channels) were sampled from standard normal
distribution and then scaled by 0.4 and 1.2, respectively. These scaling parameters were
found by a coarse manual optimization of the performance of the pattern loading process.
The network size was chosen large enough to warrant a robust trainability of the four chaotic
patterns. Repeated executions of the experiment with different randomly initialized weights
(not documented) showed no significant differences.
Pattern loading. The length of training signals used in loading was L = 2500 with a
2
−6 .
washout of n0 = 500 for all four patterns. The ridge regression regularizer was %W
=
1e
2
=
Output weights were computed from the pattern-driven states with a regularizer %out
1e−8 . The average (over neurons and the four patterns) NRMSEs obtained for the reservoir
and readout weights were 0.0082 and 0.013, respectively.
A.5 Detail for Section 3.2

JMLR 18(13):1-43, 2017

Scalings of reservoirs: spectral radius of W ∗ : 1.1; W in : 1.1; b: 0.25. Aperture: 1000.
Regularization coefficients %2 = 0.01 both for W out and D. Data collection runlengths in
loading: 500 (plus 100 washout) per pattern. Cueing: washout 100 steps, cue adaptation
time 12 steps. No noise added to cue signal. State noise added during auto-adaptation with
a signal-to-noise ratio of 1.
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We develop an automatic method that derives variational inference algorithms for complex probabilistic models. We implement our method in a probabilistic programming system that lets a user
specify a model in an intuitive programming language and then compiles that model into an inference

1. Introduction

Keywords: Bayesian inference, approximate inference, probabilistic programming

Probabilistic modeling is iterative. A scientist posits a simple model, fits it to her data, refines it
according to her analysis, and repeats. However, fitting complex models to large data is a bottleneck
in this process. Deriving algorithms for new models can be both mathematically and computationally
challenging, which makes it difficult to efficiently cycle through the steps. To this end, we develop
automatic differentiation variational inference (advi). Using our method, the scientist only provides
a probabilistic model and a dataset, nothing else. advi automatically derives an efficient variational
inference algorithm, freeing the scientist to refine and explore many models. advi supports a
broad class of models—no conjugacy assumptions are required. We study advi across ten modern
probabilistic models and apply it to a dataset with millions of observations. We deploy advi as part
of Stan, a probabilistic programming system.
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We approach the problem through variational inference (Jordan et al., 1999; Wainwright and
Jordan, 2008), a faster alternative to mcmc that has been used in many large-scale problems (Hoffman
et al., 2013; Blei et al., 2016). Though it is a promising method, developing a variational inference
algorithm still requires tedious model-specific derivations and implementation; it has not seen
widespread use in probabilistic programming. Here we automate the process of deriving scalable
variational inference algorithms. We build on recent ideas in variational inference to leverage some
of the capabilities of probabilistic programming systems, namely the ability to transform the space
of latent variables and to automate derivatives of the joint distribution. The result, called automatic
differentiation variational inference (advi), provides an automated solution to variational inference:
the inputs are a probabilistic model and a dataset; the outputs are posterior inferences about the model’s

It is this problem that motivates the ideas of probabilistic programming and automated inference.
Probabilistic programming allows a user to write a probability model as a computer program and then
compile that program into an efficient inference executable. Automated inference is the backbone
of such a system—it inputs a probability model, expressed as a program, and outputs an efficient
algorithm for computing with it. Previous approaches to automatic inference have mainly relied on
Markov chain Monte Carlo (mcmc) algorithms. The results have been successful, but automated
mcmc can be too slow for many real-world applications.

Looping around this cycle, however, is not easy. The data we study are often large and complex;
accordingly, we want to propose rich probabilistic models and scale them up. But using such models
requires complex algorithms that are difficult to derive, implement, and scale. The bottleneck is this
computation. The efforts involved in deriving, programming, debugging, and scaling each model
precludes us from taking full advantage of the probabilistic modeling cycle.

Probabilistic modeling leads to a natural research cycle. First, we use our domain knowledge to
posit a simple model that includes latent variables; then, we use an inference algorithm to infer those
variables from our data; next, we analyze our results and identify where the model works and where
it falls short; last, we refine the model and repeat the process. When we cycle through these steps, we
find expressive, interpretable, and useful models (Gelman et al., 2013; Blei, 2014). One of the broad
goals of machine learning is to make this process easy.

Figure 14 presents an example. Say we want to analyze how people navigate a city by car. We
have a dataset of all the taxi rides taken over the course of a year: 1.7 million trajectories. To explore
patterns in this data, we propose a mixture model with an unknown number of components. This is a
non-conjugate model that we seek to fit to a large dataset. Previously, we would have to manually
derive an inference algorithm that scales to large data. With our method, we write a probabilistic
program and compile it; we can then fit the model in minutes and analyze the results with ease.

The context of this research is the field of probabilistic modeling, which has emerged as a powerful
language for customized data analysis. Probabilistic modeling lets us express our assumptions about
data in a formal mathematical way, and then derive algorithms that use those assumptions to compute
about an observed dataset. It has had an impact on myriad applications in both statistics and machine
learning, including natural language processing, speech recognition, computer vision, population
genetics, and computational neuroscience.

executable. Our method enables automatic inference with large datasets on a practical class of modern
probabilistic models.
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latent variables.1,2 We implement and deploy advi as part of Stan, a probabilistic programming
system (Stan Development Team, 2016).
advi resolves the computational bottleneck of the probabilistic modeling cycle. We can easily
propose a probabilistic model, analyze a large dataset, and revise the model, without worrying about
computation. advi enables this cycle by providing automated and scalable variational inference for
an expansive class of models. Sections 3 and 4 present ten direct applications of advi to modern
probabilistic modeling examples, including an iterative analysis of 1.7 million taxi trajectories.
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where K is the dimension of the latent variable space. This support set is important: it will play a
role later in the paper. We make no assumptions about conjugacy, either full (Diaconis and Ylvisaker,
1979) or conditional (Hoffman et al., 2013).
Consider a model that contains a Poisson likelihood with unknown rate p(x | θ). The observed
variable x is discrete; the latent rate θ is continuous and positive. Place a Weibull prior on θ, defined
over the positive real numbers. The resulting joint density describes a nonconjugate probability model:

supp(p(θ)) =

We begin by defining the class of probability models that advi supports. Consider a dataset x = x1:N
with N observations. Each xn is a realization of a discrete or continuous (multivariate) random
variable. The likelihood p(x | θ) relates the observations to a set of latent random variables θ. A
Bayesian model posits a prior density p(θ) on the latent variables. Combining the likelihood with
the prior gives the joint density p(x, θ) = p(x | θ) p(θ). The goal of inference is to compute the
posterior density p(θ | x), which describes how the latent variables vary, conditioned on data.
Many posterior densities are not tractable; their normalizing constants lack analytic (closed-form)
solutions. Thus we often seek to approximate the posterior. advi approximates the posterior of
differentiable probability models. Members of this class of models have continuous latent variables
θ and a gradient of the log-joint with respect to them ∇θ log p(x, θ). The gradient is valid within the
support of the prior

2.1 Differentiable Probability Models

advi offers a recipe for automating the computations involved in variational inference. The strategy
is as follows: transform the latent variables of the model into a common space, choose a variational
approximation in the common space, and use generic computational techniques to solve the variational
problem.

2. Automatic Differentiation Variational Inference

Organization of paper. Section 2 develops the recipe that makes advi. We expose the details of each
of the steps above and present a concrete algorithm. Section 3 studies the properties of advi. We
explore its accuracy, its stochastic nature, and its sensitivity to transformations. Section 4 applies
advi to an array of probability models. We compare its speed to mcmc sampling techniques and
present a case study using a dataset with millions of observations. Section 5 concludes the paper
with a discussion.

Each step above is carefully designed to make advi work “out of the box” for a practical class of modern
probabilistic models. This focus on developing an automated inference algorithm differentiates advi
from other “black box” variational methods (Ranganath et al., 2014; Ruiz et al., 2016b).
We deploy advi in the Stan probabilistic programming system, which gives us two important types of automatic computation around probabilistic models. First, Stan provides a library
of transformations—ways to convert a variety of constrained latent variables (e.g., positive reals)
to be unconstrained, without changing the underlying joint distribution. Stan’s library of transformations helps us with step 1 above. Second, Stan implements automatic differentiation to calculate
∇θ log p(x, θ) (Carpenter et al., 2015; Baydin et al., 2015). These derivatives are crucial in step 2,
when computing the gradient of the advi objective.

Technical summary. Formally, a probabilistic model defines a joint distribution of observations x
and latent variables θ, p(x, θ). The inference problem is to compute the posterior, the conditional
distribution of the latent variables given the observations p(θ | x). The posterior reveals patterns in
the data and forms predictions through the posterior predictive distribution. The problem is that, for
many models, the posterior is not tractable to compute.
Variational inference turns the task of computing a posterior into an optimization problem. We
posit a parameterized family of distributions q(θ) ∈ Q and then find the member of that family
that minimizes the Kullback-Leibler (kl) divergence to the exact posterior. Traditionally, using a
variational inference algorithm requires the painstaking work of developing and implementing a
custom optimization routine: specifying a variational family appropriate to the model, computing the
corresponding objective function, taking derivatives, and running a gradient-based or coordinateascent optimization.
advi solves this problem automatically. The user specifies the model, expressed as a program, and
advi automatically generates a corresponding variational algorithm. The idea is to first automatically
transform the inference problem into a common space and then to solve the variational optimization
problem. Solving the problem in this common space solves variational inference for all models in a
large class. In more detail, advi follows these steps.
1. advi transforms the model into one with unconstrained real-valued latent variables. Specifically, it transforms p(x, θ) to p(x, ζ), where the mapping from θ to ζ is built into the joint
distribution. This removes all original constraints on the latent variables θ. advi then defines the corresponding variational problem on the transformed variables, that is, to minimize
KL (q(ζ) k p(ζ | x)). With this transformation, all latent variables are defined on the same
space. advi can now use a single variational family for all models.
2. advi recasts the gradient of the variational objective function as an expectation over q. This
involves the gradient of the log joint with respect to the latent variables ∇θ log p(x, θ). Expressing the gradient as an expectation opens the door to Monte Carlo methods for approximating it
(Robert and Casella, 1999; Ranganath et al., 2014).
3. advi further reparameterizes the gradient in terms of a standard Gaussian. To do this, it uses
another transformation, this time within the variational family. This second transformation
enables advi to efficiently compute Monte Carlo approximations—it needs only to sample
from a standard Gaussian (Kingma and Welling, 2014; Rezende et al., 2014).
4. advi uses noisy gradients to optimize the variational distribution (Robbins and Monro, 1951).
An adaptively tuned step-size sequence provides good convergence in practice.
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1. This paper extends the method presented in Kucukelbir et al. (2015).
2. Automatic differentation has enjoyed a recent resurgence in machine learning; see Section 2.7.

3

(e.g., linear / logistic / probit)
(e.g., mixture of Gaussians)
(e.g., deep latent Gaussian models)
(e.g., latent Dirichlet allocation)
(e.g., state space models)
(e.g., regression / classification)

(1)




log p(x, θ) − Eq(θ) log q(θ ; φ) .
(2)

5
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3. If supp(q) 6⊆ supp(p) then outside the support of p we have KL (q k p) = Eq [log q] − Eq [log p] = ∞.

The first term is an expectation of the joint density under the approximation, and the second is the
entropy of the variational density. The elbo is equal to the negative kl divergence up to the constant
log p(x). Maximizing the elbo minimizes the kl divergence (Jordan et al., 1999; Bishop, 2006).
Optimizing the kl divergence implies a constraint that the support of the approximation q(θ ; φ)
lie within the support of the posterior p(θ | x).3 With this constraint made explicit, the optimization

L(φ) = Eq(θ)



The optimized q(θ ; φ∗ ) then serves as an approximation to the posterior.
The kl divergence lacks an analytic form because it involves the posterior. Instead we maximize
the evidence lower bound (elbo)

φ∈Φ

φ∗ = arg min KL (q(θ ; φ) k p(θ | x)) .

Variational inference (vi) turns approximate posterior inference into an optimization problem (Wainwright and Jordan, 2008; Blei et al., 2016). Consider a family of approximating densities of the latent
variables q(θ ; φ), parameterized by a vector φ ∈ Φ. vi finds the parameters that minimize the kl
divergence to the posterior,

2.2 Variational Inference

Marginalization is not tractable for all models, such as the Ising model, sigmoid belief networks,
and (untruncated) Bayesian nonparametric models, such as Dirichlet process mixtures (Antoniak,
1974). These are not differentiable probability models.

Table 1: Popular differentiable probability models in machine learning.

Generalized linear models
Mixture models
Deep exponential families
Topic models
Linear dynamical systems
Gaussian process models

the posterior distribution of θ is not in the same class as the prior. (The conjugate prior would be a
Gamma.) However, it is in the class of differentiable models. Its partial derivative ∂/∂θ log p(x, θ)
is valid within the support of the Weibull distribution, supp(p(θ)) = R>0 ⊂ R. While this model
would be a challenge for classical variational inference, it is not for advi.
Many machine learning models are differentiable. For example: linear and logistic regression,
matrix factorization with continuous or discrete observations, linear dynamical systems, and Gaussian
processes. (See Table 1.) At first blush, the restriction to differentiable random variables may seem
to leave out other common machine learning models, such as mixture models and topic models.
However, marginalizing out the discrete variables in the likelihoods of these models renders them
differentiable.

Automatic Differentiation Variational Inference

such that

supp(q(θ ; φ)) ⊆ supp(p(θ | x)).

(3)

(4)

6
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where p(x, θ = T −1 (ζ)) is the joint density in the original latent variable space, and JT −1 (ζ) is the
Jacobian of the inverse of T . Transformations of continuous probability densities require a Jacobian;
it accounts for how the transformation warps unit volumes and ensures that the transformed density
integrates to one (Olive, 2014). (See Appendix A.)

and identify the transformed variables as ζ = T (θ). The transformed joint density p(x, ζ) is a
function of ζ; it has the representation

p(x, ζ) = p x, T −1 (ζ) det JT −1 (ζ) ,

T : supp(p(θ)) → RK ,

We begin by transforming the support of the latent variables θ such that they live in the real coordinate
space RK . Once we transform the joint density, we can choose the variational approximation
independent of the model.
Define a one-to-one differentiable function

2.3 Automatic Transformation of Constrained Variables

Our recipe for automating vi. The traditional way of solving Equation (3) is difficult. We begin by
choosing a variational family q(θ ; φ) that, by definition, satisfies the support matching constraint.
We compute the expectations in the elbo, either analytically or through approximation. We then
decide on a strategy to maximize the elbo. For instance, we might use coordinate ascent by iteratively
updating the components of φ. Or, we might follow gradients of the elbo with respect to φ while
staying within Φ. Finally, we implement, test, and debug software that performs the above. Each step
requires expert thought and analysis in the service of a single algorithm for a single model.
In contrast, our approach allows a user to define any differentiable probability model for which
we automate the process of developing a corresponding vi algorithm. Our recipe for automating vi
has three ingredients. First, we automatically transform the support of the latent variables θ to the
real coordinate space (Section 2.3); this lets us choose from a variety of variational distributions q
without worrying about the support matching constraint (Section 2.4). Second, we compute the elbo
for any model using Monte Carlo (mc) integration, which only requires being able to sample from the
variational distribution (Section 2.5). Third, we employ stochastic gradient ascent to maximize the
elbo and use automatic differentiation to compute gradients without any user input (Section 2.6). With
these tools, we can develop a generic method that automatically solves the variational optimization
problem for a large class of models.

We explicitly include this constraint because we have not specified the form of the variational
approximation; we must ensure that q(θ ; φ) stays within the support of the posterior.
The support of the posterior, however, may also be unknown. So, we further assume that the
support of the posterior equals that of the prior, supp(p(θ | x)) = supp(p(θ)). This is a benign
assumption, which holds for most models considered in machine learning. In detail, it holds when
the likelihood does not constrain the prior; i.e., the likelihood must be positive over the sample space
for any θ drawn from the prior.

φ∈Φ

φ∗ = arg max L(φ)

problem from Equation (1) becomes

Kucukelbir, Tran, Ranganath, Gelman and Blei
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2 ) concatenates the mean and variance of each Gauswhere the vector φ = (µ1 , · · · , µK , σ12 , · · · , σK
sian factor. Since the variance parameters must always be positive, the variational parameters live
K }. Re-parameterizing the mean-field Gaussian removes this constraint.
in the set Φ = {RK , R>0
Consider the logarithm of the standard deviations, ω = log(σ), applied element-wise. The support
of ω is now the real coordinate space and σ is always positive. The mean-field Gaussian becomes
q(ζ ; φ) = Normal ζ | µ, diag(exp(ω)2 ) , where the vector φ = (µ1 , · · · , µK , ω1 , · · · , ωK ) concatenates the mean and logarithm of the standard deviation of each factor. Now, the variational
parameters are unconstrained in R2K .

k=1

K
 Y

q(ζ ; φ) = Normal ζ | µ, diag(σ 2 ) =
Normal ζk | µk , σk2 ,

After the transformation, the latent variables ζ have support in the real coordinate space RK . We
have a choice of variational approximations in this space. Here, we consider Gaussian distributions
(Figure 1b); these implicitly induce non-Gaussian variational distributions in the original latent
variable space (Figure 1a).
Mean-field Gaussian. One option is to posit a factorized (mean-field) Gaussian variational approximation

2.4 Variational Approximations in Real Coordinate Space

Figures 1a and 1b depict this transformation.
As we describe in the introduction, we implement our algorithm in Stan (Stan Development Team,
2016). Stan maintains a library of transformations and their corresponding Jacobians. Specifically,
it provides various transformations for upper and lower bounds, simplex and ordered vectors, and
structured matrices such as covariance matrices and Cholesky factors. With Stan, we can automatically
transform the joint density of any differentiable probability model to one with real-valued latent
variables. (See Figure 2.)

p(x, ζ) = Poisson(x | exp(ζ)) × Weibull(exp(ζ) | 1.5, 1) × exp(ζ).

Consider again our Weibull-Poisson example from Section 2.1. The latent variable θ lives in R>0 .
The logarithm ζ = T (θ) = log(θ) transforms R>0 to the real line R. Its Jacobian adjustment is the
derivative of the inverse of the logarithm | det JT −1 (ζ) | = exp(ζ). The transformed density is

Figure 1: Transforming the latent variable to real coordinate space. The purple line is the posterior.
The green line is the approximation. (a) The latent variable space is R>0 . (a→b) T transforms the
latent variable space to R. (b) The variational approximation is a Gaussian in real coordinate space.

Density

}

// likelihood
for (n in 1:N)
x[n] ~ poisson(theta);

data {
int N;
// number of observations
int x[N]; // discrete -valued observations
}
parameters {
// latent variable , must be positive
real <lower=0> theta;
}
model {
// non-conjugate prior for latent variable
theta ~ weibull(1.5, 1);

Kucukelbir, Tran, Ranganath, Gelman and Blei

α = 1.5, σ = 1

θ

xn
N

Figure 2: Specifying a simple nonconjugate probability model in Stan.

Full-rank Gaussian. Another option is to posit a full-rank Gaussian variational approximation

q(ζ ; φ) = Normal (ζ | µ, Σ) ,
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4. This is a form of structured mean-field variational inference (Wainwright and Jordan, 2008; Barber, 2012).

where the vector φ = (µ, Σ) concatenates the mean vector µ and covariance matrix Σ. To ensure that
Σ always remains positive semidefinite, we re-parameterize the covariance matrix using a Cholesky
factorization, Σ = LL> . We use the non-unique definition of the Cholesky factorization where the
diagonal elements of L need not be positively constrained (Pinheiro and Bates, 1996). Therefore L
lives in the unconstrained space of lower-triangular matrices with
 K(K + 1)/2 real-valued entries.
The full-rank Gaussian becomes q(ζ ; φ) = Normal ζ | µ, LL> , where the variational parameters
φ = (µ, L) are unconstrained in RK+K(K+1)/2 .
The full-rank Gaussian generalizes the mean-field Gaussian approximation. The off-diagonal
terms in the covariance matrix Σ capture posterior correlations across latent random variables.4 This
leads to a more accurate posterior approximation than the mean-field Gaussian; however, it comes at
a computational cost. Various low-rank approximations to the covariance matrix reduce this cost, yet
limit its ability to model complex posterior correlations (Seeger, 2010; Challis and Barber, 2013).
The choice of a Gaussian. Choosing a Gaussian distribution may call to mind the Laplace approximation technique, where a second-order Taylor expansion around the maximum-a-posteriori estimate
gives a Gaussian approximation to the posterior. However, using a Gaussian variational approximation
is not equivalent to the Laplace approximation (Opper and Archambeau, 2009). Our approach is
distinct in another way: the posterior approximation in the original latent variable space (Figure 1a)
is non-Gaussian.
The implicit variational density. The transformation T from Equation (4) maps the support of the
latent variables to the real coordinate space. Thus, its inverse T −1 maps back to the support of the
latent variables. This implicitly defines the variational approximation in the original latent variable
space as q (T (θ) ; φ) det JT (θ) . The transformation ensures that the support of this approximation
is always bounded by that of the posterior in the original latent variable space.
Sensitivity to T . There are many ways to transform the support a variable to the real coordinate
space. The form of the transformation directly affects the shape of the variational approximation in
the original latent variable space. We study sensitivity to the choice of transformation in Section 3.3.

8

(6)

k=1

K
Y

Normal (ηk | 0, 1) ,
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5. Also known as a “coordinate transformation” (Rezende et al., 2014), an “invertible transformation” (Titsias and
Lázaro-Gredilla, 2014), and the “re-parameterization trick” (Kingma and Welling, 2014).

φ

as shown in Figures 3a and 3b.
The standardization transforms the variational problem from Equation (5) into




 


φ∗ = arg max EN(η ; 0,I) log p x, T −1 (Sφ−1 (η)) + log det JT −1 Sφ−1 (η)
+ H q(ζ ; φ) .

q(η) = Normal (η | 0, I) =

Elliptical standardization. Consider a transformation Sφ that absorbs the variational parameters
φ; this converts the Gaussian variational approximation into a standard Gaussian. In the mean-field
case, the standardization is η = Sφ (ζ) = diag (exp (ω))−1 (ζ − µ). In the full-rank Gaussian, the
standardization is η = Sφ (ζ) = L−1 (ζ − µ).
In both cases, the standardization encapsulates the variational parameters; in return it gives a
fixed variational density

where the parameter vector φ lives in some appropriately dimensioned real coordinate space. This is
an unconstrained optimization problem that we can solve using gradient ascent. Traditionally, this
would require manual computation of gradients. Instead, we develop a stochastic gradient ascent
algorithm that uses automatic differentiation to compute gradients and mc integration to approximate
intractable expectations.
We cannot directly use automatic differentiation on the elbo. This is because the elbo involves
an intractable expectation. However, we can automatically differentiate the functions inside the
expectation. (The model p and transformation T are both easy to represent as computer functions
(Baydin et al., 2015).) To apply automatic differentiation, we want to push the gradient operation
inside the expectation. To this end, we employ one final transformation: elliptical standardization5
(Härdle and Simar, 2012).

φ

φ∗ = arg max L(φ)

The inverse of the transformation T −1 appears in the joint model, along with the determinant of the
Jacobian adjustment. The elbo is a function of the variational parameters φ and the entropy H, both
of which depend on the variational approximation. (Derivation in Appendix B.)
Now, we can freely optimize the elbo in the real coordinate space without worrying about the
support matching constraint. The optimization problem from Equation (3) becomes

Here is the story so far. We began with a differentiable probability model p(x, θ). We transformed the
latent variables into ζ, which live in the real coordinate space. We defined variational approximations
in the transformed space. Now, we consider the variational optimization problem.
Write the variational objective function, the elbo, in real coordinate space as





L(φ) = Eq(ζ ; φ) log p x, T −1 (ζ) + log det JT −1 (ζ) + H q(ζ ; φ) .
(5)

2.5 The Variational Problem in Real Coordinate Space

Automatic Differentiation Variational Inference
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6. This is also called a learning rate or schedule in the machine learning community.
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(Derivations in Appendix C.)
We can now compute the gradients inside the expectation with automatic differentiation. The
only thing left is the intractable expectation. mc integration provides a simple approximation: draw
samples from the standard Gaussian and evaluate the empirical mean of the gradients within the
expectation (Appendix D). In practice a single sample suffices. (We study this in detail in Section 3.2
and in the experiments in Section 4.)
This gives noisy unbiased gradients of the elbo for any differentiable probability model. We can
use these gradients in a stochastic optimization routine to automate variational inference.
Stochastic gradient ascent. Equipped with noisy unbiased gradients of the elbo, advi implements
stochastic gradient ascent (Algorithm 1). This algorithm is guaranteed to converge to a local maximum
of the elbo under certain conditions on the step-size sequence.6 Stochastic gradient ascent falls

We obtain gradients with respect to ω (mean-field) and L (full-rank) in a similar fashion
h
i

∇ω L = EN(η) ∇θ log p(x, θ)∇ζ T −1 (ζ) + ∇ζ log det JT −1 (ζ) η > diag(exp(ω)) + 1 (8)
h
 i
∇L L = EN(η) ∇θ log p(x, θ)∇ζ T −1 (ζ) + ∇ζ log det JT −1 (ζ) η > + (L−1 )> .
(9)

We now reach the final step: stochastic optimization of the variational objective function.
Computing gradients. Since the expectation is no longer dependent on φ, we can directly calculate
its gradient. Push the gradient inside the expectation and apply the chain rule to get


∇µ L = EN(η) ∇θ log p(x, θ)∇ζ T −1 (ζ) + ∇ζ log det JT −1 (ζ) .
(7)

2.6 Stochastic Optimization

The expectation is now in terms of a standard Gaussian density. The Jacobian of elliptical standardization evaluates to one, because the Gaussian distribution is a member of the location-scale family:
standardizing a Gaussian gives another Gaussian distribution. (See Appendix A.)
We do not need to transform the entropy term as it does not depend on the model or the transformation; we have a simple analytic form for the entropy of a Gaussian and its gradient. We implement
these once and reuse for all models.

Figure 3: Elliptical standardization. The purple line is the posterior. The green line is the approximation. (a) The variational approximation is a Gaussian in real coordinate space. (a→b) Sφ absorbs
the parameters of the Gaussian. (b) We maximize the elbo in the standardized space, with a fixed
approximation. The green line is a standard Gaussian.

(a) Real coordinate space

−1

1
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Algorithm 1: Automatic differentiation variational inference (advi)
Input: Dataset x = x1:N , model p(x, θ).
Set iteration counter i = 1.
Initialize µ(1) = 0.
Initialize ω (1) = 0 (mean-field) or L(1) = I (full-rank).
Determine η via a search over finite values.
while change in elbo is above some threshold do
Draw M samples η m ∼ Normal(0, I) from the standard multivariate Gaussian.

Approximate ∇µ L using mc integration (Equation (7)).
Approximate ∇ω L or ∇L L using mc integration (Equations (8) and (9)).
Calculate step-size ρ(i) (Equation (10)).

Update µ(i+1) ←− µ(i) + diag(ρ(i) )∇µ L.
Update ω (i+1) ←− ω (i) + diag(ρ(i) )∇ω L or L(i+1) ←− L(i) + diag(ρ(i) )∇L L.

Return ω ∗ ←− ω (i) or L∗ ←− L(i) .

Increment iteration counter.
end
Return µ∗ ←− µ(i) .

under the class of stochastic approximations, where Robbins and Monro (1951) established a pair
of conditions that ensure convergence. Many sequences satisfy these criteria, but their specific
forms impact the success of stochastic gradient ascent in practice. We describe an adaptive step-size
sequence for advi below.

,
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(11)

(10)

Adaptive step-size sequence. Adaptive step-size sequences retain (possibly infinite) memory about
past gradients and adapt to the high-dimensional curvature of the elbo optimization space (Amari,
1998; Duchi et al., 2011; Ranganath et al., 2013; Kingma and Adam, 2015). These sequences enjoy
theoretical bounds on their convergence rates. However, in practice, they can be slow to converge. The
empirically justified rmsprop sequence (Tieleman and Hinton, 2012) converges quickly in practice but
lacks any convergence guarantees. We propose a new step-size sequence which effectively combines
both approaches.
Consider the step-size ρ(i) and a gradient vector g(i) at iteration i. We define the kth element of
ρ(i) as

+ (1 − α)sk

(i−1)


q −1
1
(i)
(i)
,
ρk = η × i− /2+ × τ + sk

(i)

where we apply the following recursive update
(i)

sk = αgk2

11

(1)
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(1)

with an initialization of sk = gk2 .
The first factor η ∈ R>0 controls the scale of the step-size sequence. It mainly affects the
beginning of the optimization. We adaptively tune η by searching over η ∈ {0.01, 0.1, 1, 10, 100}
using a subset of the data and selecting the value that leads to the fastest convergence (Bottou, 2012).
The middle term i−1/2+ decays as a function of the iteration i. We set  = 10−16 , a small value
that guarantees that the step-size sequence satisfies the Robbins and Monro (1951) conditions.
The last term adapts to the curvature of the elbo optimization space. Memory about past gradients
are processed in Equation (11). The weighting factor α ∈ (0, 1) defines a compromise of old and
new gradient information, which we set to 0.1. The quantity sk converges to a non-zero constant.
Without the previous decaying term, this would lead to possibly large oscillations around a local
optimum of the elbo. The additional perturbation τ > 0 prevents division by zero and down-weights
early iterations. In practice the step-size is not sensitive to this value (Hoffman et al., 2013), so we set
τ = 1.

Complexity and data subsampling. advi has complexity O(N M K) per iteration, where N is the
number of data points, M is the number of mc samples (typically between 1 and 10), and K is
the number of latent variables. Classical vi which hand-derives a coordinate ascent algorithm has
complexity O(N K) per pass over the dataset. The added complexity of automatic differentiation
over analytic gradients is roughly constant (Carpenter et al., 2015; Baydin et al., 2015).
We scale advi to large datasets using stochastic optimization with data subsampling (Hoffman
et al., 2013; Titsias and Lázaro-Gredilla, 2014). The adjustment to Algorithm 1 is simple: sample a
minibatch of size B  N from the dataset and scale the likelihood of the model by N/B (Hoffman
et al., 2013). The stochastic extension of advi has a per-iteration complexity O(BM K).
In Sections 4.3 and 4.4, we apply this stochastic extension to analyze datasets with hundreds of
thousands to millions of observations.
2.7 Related Work

advi is an automatic variational inference algorithm, implemented within the Stan probabilistic
programming system. This draws on two major themes.

Probabilistic programming. The first theme is probabilistic programming. One class of systems
focuses on probabilistic models where the user specifies a joint probability distribution. Some
examples are BUGS (Spiegelhalter et al., 1995), JAGS (Plummer, 2003), and Stan (Stan Development
Team, 2016). Another class of systems allows the user to directly specify probabilistic programs that
may not admit a closed form probability distribution. Some examples are Church (Goodman et al.,
2008), Figaro (Pfeffer, 2009), Venture (Mansinghka et al., 2014), Anglican (Wood et al., 2014), and
WebPPL (Goodman and Stuhlmüller, 2014). Both classes primarily rely on various forms of mcmc
sampling for inference.

JMLR 18(14):1-45, 2017

Variational inference. The second is a body of work that generalizes variational inference. Ranganath
et al. (2014) and Salimans and Knowles (2014) propose a black box technique that only requires
computing gradients of the variational approximating family. Kingma and Welling (2014) and Rezende
et al. (2014) describe a reparameterization of the variational problem that simplifies optimization.
Titsias and Lázaro-Gredilla (2014) leverage the gradient of the model for a class of real-valued
models. Rezende and Mohamed (2015), Ranganath et al. (2016) and Tran et al. (2016b) improve
the accuracy of black box variational approximations. Here we build on and extend these ideas to

12
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Two-dimensional Gaussian. We first study a simple model that does not require approximate
inference. Consider a multivariate Gaussian likelihood Normal(y | µ, Σ) with fixed, yet highly
correlated, covariance Σ; our goal is to estimate the mean µ. If we place a multivariate Gaussian
prior on µ then the posterior is also a Gaussian that we can compute analytically (Bernardo and
Smith, 2009).
We draw 1000 datapoints from the model and run both variants of advi, mean-field and full-rank,
until convergence. Figure 4 compares the advi methods to the exact posterior. Both procedures cor-

We begin by considering three models that expose how the mean-field approximation affects the
accuracy of advi.

3.1 Accuracy

Automatic differentiation variational inference (advi) extends classical variational inference techniques in a few directions. In this section, we use simulated data to study three aspects of advi: the
accuracy of mean-field and full-rank approximations, the variance of the advi gradient estimator,
and the sensitivity to the transformation T .

3. Properties of Automatic Differentiation Variational Inference

Software. advi can also be implemented in other general-purpose software frameworks, such as
autograd (Maclaurin et al., 2015), Theano (Theano Development Team, 2016) and TensorFlow (Abadi
et al., 2016). These frameworks offer features such as symbolic or automatic differentiation and
abstractions for parallel computation. Two other implementations of advi are available, at the time of
publication. The first is in PyMC3 (Salvatier et al., 2016), a probabilistic programming package, that
implements advi in Python using Theano. The second is in Edward (Tran et al., 2016a), a Python
library for probabilistic modeling, inference, and criticism, that implements advi in Python using
TensorFlow.

Automatic differentiation. Automatic differentiation and machine learning enjoy a colorful and
intertwined history (Baydin et al., 2015). For example, the backpropagation algorithm, rediscovered
independently many times, is a form of automatic differentiation for neural network weights (Widrow
and Lehr, 1990). Similarly, researchers have applied automatic differentiation to specific models,
such as extended Kalman filters (Meyer et al., 2003) and computer vision models (Pock et al., 2007).
Automatic differentiation also appears in recent variational inference research. For instance, the Bayesby-backprop algorithm is a specific application of automatic differentiation to variational inference
in Bayesian neural networks (Blundell et al., 2015). Many of the methods described above could,
if applicable, use automatic differentiation to compute gradients of the model and the variational
approximating families.

automate variational inference; we highlight technical connections as we study the properties of advi
in Section 3.
Some notable work crosses both themes. Bishop et al. (2002) present an automated variational
algorithm for graphical models with conjugate exponential relationships between all parent-child pairs.
Winn and Bishop (2005) and Minka et al. (2014) extend this to graphical models with non-conjugate
relationships by either using custom approximations or sampling. advi automatically supports a more
comprehensive class of nonconjugate models; see Section 2.1. Wingate and Weber (2013) study a
more general setting, where the variational approximation itself is a probabilistic program.

Automatic Differentiation Variational Inference

x1

Analytic
Full-rank
Mean-field

Variance along x1
Variance along x2
0.28
0.31

Analytic
0.28
0.31

Full-rank

0.13
0.14

Mean-field

β6

β1

β7

β2

β8

β3

β9

β4

14

JMLR 18(14):1-45, 2017

Figure 5: Comparison of marginal posterior densities for a logistic regression model. Each plot
shows kernel density estimates for the posterior of each coefficient using 1000 samples. Mean-field
advi underestimates variances for most of the coefficients.

β5

β0

Sampling
Mean-field
Full-rank

Logistic regression. We now study a model for which we need approximate inference. Consider
logistic regression, a generalized linear model with a binary response y, covariates x, and likelihood
Bern(y | logit−1 (x> β)); our goal is to estimate the coefficients β. We place an independent Gaussian
prior on each regression coefficient.
We simulated 9 random covariates from the prior distribution (plus a constant intercept) and
drew 1000 datapoints from the likelihood. We estimated the posterior of the coefficients with advi
and Stan’s default mcmc technique, the no-U-turn sampler (nuts) (Hoffman and Gelman, 2014).
Figure 5 shows the marginal posterior densities obtained from each approximation. mcmc and advi
perform similarly in their estimates of the posterior mean. The mean-field approximation, as expected,
underestimates marginal posterior variances on most of the coefficients. The full-rank approximation,
once again, better matches the posterior.

rectly identify the mean of the analytic posterior. However, the shape of the mean-field approximation
is incorrect. This is because the mean-field approximation ignores off-diagonal terms of the Gaussian
covariance. advi minimizes the kl divergence from the approximation to the exact posterior; this
leads to a systemic underestimation of marginal variances (Bishop, 2006).

Figure 4: Comparison of mean-field and full-rank advi on a two-dimensional Gaussian model. The
figure shows the accuracy of the full-rank approximation. Ellipses correspond to two-sigma level sets
of the Gaussian. The table quantifies the underestimation of marginal variances by the mean-field
approximation.

x2
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!
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Stochastic volatility time-series model. Finally, we study a model where the data are not exchangeable.
Consider an autoregressive process to model how the latent volatility (i.e., variance) of an economic
asset changes over time (Kim et al., 1998); our goal is to estimate the sequence of volatilities. We
expect these posterior estimates to be correlated, especially when the volatilities trend away from
their mean value.
In detail, the price data exhibit latent volatility as part of the variance of a zero-mean Gaussian
yt ∼ Normal (0, exp(ht /2))

and σ ∼ Lognormal(0, 10).

σ
with initialization h1 ∼ Normal µ, p
1 − φ2

where the log volatility follows an auto-regressive process
ht ∼ Normal (µ + φ(ht−1 − µ), σ)

φ ∼ Unif(−1, 1),

We place the following priors on the latent variables
µ ∼ Cauchy(0, 10),

We set µ = −1.025, φ = 0.9 and σ = 0.6, and simulate a dataset of 500 time-steps from the
generative model above. Figure 6 plots the posterior mean of the log volatility ht as a function of time.
Mean-field advi struggles to describe the mean of the posterior, particularly when the log volatility
drifts far away from µ. This is expected behavior for a mean-field approximation to a time-series
model (Turner and Sahani, 2008). In contrast, full-rank advi matches the estimates obtained from
sampling.
We further investigate this by studying posterior correlations of the log volatility sequence. We
(s) S
draw S = 1000 samples of 500-dimensional log
Pvolatility sequences {h }1 . Figure 7 shows
the empirical posterior covariance matrix, 1/S−1 s (h(s) − h)(h(s) − h)> for each method. The
mean-field covariance (fig. 7a) fails to capture the locally correlated structure of the full-rank and
sampling covariance matrices (figs. 7b and 7c). All covariance matrices exhibit a blurry spread due
to finite sample size.
Posterior mean of log volatility ht
t
Sampling
Mean-field
Full-rank

Figure 6: Comparison of posterior mean estimates of volatility ht . Mean-field advi underestimates
ht , especially when it moves far away from its mean µ. Full-rank advi matches the accuracy of
sampling.
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The regions where the local correlation is strongest correspond to the regions where mean-field
underestimates the log volatility. To help identify these regions, we overlay the sampling mean log
volatility estimate from Figure 6 above each matrix. Both full-rank advi and sampling results exhibit
correlation where the log volatility trends away from its mean value.
15

(b) Full-rank

(c) Sampling
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(a) Mean-field

0.82

0

Figure 7: Comparison of empirical posterior covariance matrices. The mean-field advi covariance
matrix fails to capture the local correlation structure seen in the full-rank advi and sampling results.
All covariance matrices exhibit a blurry spread due to finite sample size.

Recommendations. How to choose between full-rank and mean-field advi? Scientists interested in
posterior variances and covariances should use the full-rank approximation. Full-rank advi captures
posterior correlations, in turn producing more accurate marginal variance estimates. For large data,
however, full-rank advi can be prohibitively slow.
Scientists interested in prediction should initially rely on the mean-field approximation. Meanfield advi offers a fast algorithm for approximating the posterior mean. In practice, accurate posterior
mean estimates dominate predictive accuracy; underestimated marginal variances matters less.
3.2 Variance of the Stochastic Gradients

advi uses Monte Carlo integration to approximate gradients of the elbo, and then uses these gradients
in a stochastic optimization algorithm (Section 2). The speed of advi hinges on the variance of the
gradient estimates. When a stochastic optimization algorithm suffers from high-variance gradients, it
must repeatedly recover from poor parameter estimates.
advi is not the only way to compute Monte Carlo approximations of the gradient of the elbo.
Black box variational inference (bbvi) takes a different approach (Ranganath et al., 2014). The bbvi
gradient estimator uses the gradient of the variational approximation and avoids using the gradient of
the model. For example, the following bbvi estimator




bbvi
∇µ
L = Eq(ζ ; φ) ∇µ log q(ζ ; φ) log p x, T −1 (ζ) + log det JT −1 (ζ) − log q(ζ ; φ)
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and the advi gradient estimator in Equation (7) both lead to unbiased estimates of the exact gradient.
While bbvi is more general—it does not require the gradient of the model and thus applies to more
settings—its gradients can suffer from high variance.
Figure 8 empirically compares the variance of both estimators for two models. Figure 8a shows
the variance of both gradient estimators for a simple univariate model, where the posterior is a
Gamma(10, 10). We estimate the variance using ten thousand re-calculations of the gradient ∇φ L,
across an increasing number of mc samples M . The advi gradient has lower variance; in practice, a
single sample suffices. (See the experiments in Section 4.)
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(a) Univariate Model
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(b) Multivariate Nonlinear Regression Model
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and T2 : θ 7→ log(exp(θ) − 1),
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7. For two transformations T1 and T2 from latent variable space to real coordinate space, there always exists a transformation T3 within the real coordinate space such that T1 (θ) = T3 (T2 (θ)).

T ∗ = Φ−1 ◦ P (θ | x)

both of which map R>0 to R. advi can use either transformation to approximate the Gamma posterior.
Which one is better?
Figures 9a to 9c show the advi approximation under both transformations. Table 2 reports the
corresponding kl divergences. Both graphical and numerical results prefer T2 over T1 . A quick
analysis corroborates this. T1 is the logarithm, which flattens out for large values. However, T2 is
almost linear for large values of θ. Since both the Gamma (the posterior) and the Gaussian (the advi
approximation) densities are light-tailed, T2 is the preferable transformation.
Is there an optimal transformation? Without loss of generality, we consider fixing a standard
Gaussian distribution in the real coordinate space.7 The optimal transformation is then

T1 : θ 7→ log(θ)

advi uses a transformation T from the unconstrained space to the constrained space. We now study
how the choice of this transformation affects the non-Gaussian posterior approximation in the original
latent variable space.
Consider a posterior density in the Gamma family, with support over R>0 . Figure 9 shows three
configurations of the Gamma, ranging from Gamma(1, 2), which places most of its mass close to
θ = 0, to Gamma(10, 10), which is centered at θ = 1. Consider two transformations T1 and T2

3.3 Sensitivity to Transformations

Figure 8b shows the same calculation for a 100-dimensional nonlinear regression model with
likelihood Normal(y | tanh(x> β), I) and a Gaussian prior on the regression coefficients β. Because
this is a multivariate example, we also show the bbvi gradient with a variance reduction scheme using
control variates described in Ranganath et al. (2014). In both cases, the advi gradient is more sample
efficient.

Figure 8: Comparison of gradient estimator variances. The advi gradient estimator exhibits lower
variance than the bbvi estimator. Moreover, it does not require control variate variance reduction,
which is not available in univariate situations.

Variance
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We now apply advi to an array of nonconjugate probability models. With simulated and real data,
we study linear regression with automatic relevance determination, hierarchical logistic regression,
several variants of non-negative matrix factorization, mixture models, and probabilistic principal
component analysis. We compare mean-field advi to two mcmc sampling algorithms: Hamiltonian
Monte Carlo (hmc) (Neal, 2011) and the no-U-turn sampler (nuts) (Hoffman and Gelman, 2014).
nuts is an adaptive extension of hmc and the default sampler in Stan.
To place advi and mcmc on a common scale, we report predictive likelihood on held-out data as
a function of computation time. Specifically, we estimate the predictive likelihood
Z
p(xheld-out | x) = p(xheld-out | θ)p(θ | x) dθ

4. advi in Practice

where P is the cumulative density function of the posterior and Φ−1 is the inverse cumulative density
function of the standard Gaussian. P maps the posterior to a uniform distribution and Φ−1 maps
the uniform distribution to the standard Gaussian. The optimal choice of transformation enables
the Gaussian variational approximation to be exact. Sadly, estimating the optimal transformation
requires estimating the cumulative density function of the posterior P (θ | x); this is just as hard as
the original goal of estimating the posterior density p(θ | x).
This observation motivates pairing transformations with Gaussian variational approximations;
there is no need for more complex variational families. advi takes the approach of using a library
and a model compiler. This is not the only option. For example, Knowles (2015) posits a factorized
Gamma density for positively constrained latent variables. In theory, this is equivalent to a mean-field
Gaussian density paired with the transformation T = PGamma , the cumulative density function of
the Gamma. (In practice, PGamma is difficult to compute.) Challis and Barber (2012) study Fourier
transform techniques for location-scale variational approximations beyond the Gaussian. Another
option is to learn the transformation during optimization. We discuss recent approaches in this
direction in Section 5.

Table 2: kl divergence of advi approximations to Gamma densities for two transformations.

KL (q k p) with T1
KL (q k p) with T2

Figure 9: advi approximations to Gamma densities under two different transformations.

Density
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using Monte Carlo estimation. With mcmc, we run the chain and plug in each sample to estimate the
integral above; with advi, we draw a sample from the variational approximation at every iteration.
We conclude with a case study: an exploratory analysis of over a million taxi rides. Here we
show how a scientist might use advi in practice.
4.1 Hierarchical Regression Models

−0.7
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(b) Hierarchical logistic regression
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Frey Faces dataset, which contains 1956 frames (28 × 20 pixels) of facial expressions extracted from
a video sequence.

Constrained Gamma Poisson. This is a Gamma Poisson matrix factorization model with an ordering
constraint: each row of one of the Gamma factors goes from small to large values. (Details in
Appendix F.3.)

Dirichlet Exponential Poisson. This is a nonconjugate Dirichlet Exponential factorization model
with a Poisson likelihood. (Details in Appendix F.4.)
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(d) Dirichlet exponential factors
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(b) Dirichlet exponential predictive likelihood

102
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Results. Figure 11 shows average log predictive accuracy as well as ten factors recovered from both
models. advi provides an order of magnitude speed improvement over nuts (Figure 11a). nuts
struggles with the Dirichlet Exponential model (Figure 11b). In both cases, hmc does not produce
any useful samples within a budget of one hour; we omit hmc from here on.
The Gamma Poisson model (Figure 11c) appears to pick significant frames out of the dataset.
The Dirichlet Exponential factors (Figure 11d) are sparse and indicate components of the face that
move, such as eyebrows, cheeks, and the mouth.
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(a) Gamma Poisson predictive likelihood
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This is a nonconjugate Gaussian mixture model (gmm) applied to color image histograms. We place a
Dirichlet prior on the mixture proportions, a Gaussian prior on the component means, and a lognormal
prior on the standard deviations. (Details in Appendix F.5.) We explore the imageclef dataset, which
has 250 000 images (Villegas et al., 2013). We withhold 10 000 images for evaluation.
In Figure 12a we randomly select 1000 images and train a model with 10 mixture components.
advi quickly finds a good solution. nuts struggles to find an adequate solution and hmc fails altogether

4.3 Gaussian Mixture Model

Figure 11: Held-out predictive accuracy results | two non-negative matrix factorization models
applied to the Frey Faces dataset.

(c) Gamma Poisson factors

Average log predictive

We begin with two nonconjugate regression models: linear regression with automatic relevance
determination (ard) (Bishop, 2006) and hierarchical logistic regression (Gelman and Hill, 2006).
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4.2 Non-negative Matrix Factorization
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We continue by exploring two nonconjugate non-negative matrix factorization models (Lee and Seung,
1999): a constrained Gamma Poisson model (Canny, 2004) and a Dirichlet Exponential Poisson
model. Here, we show how easy it is to explore new models using advi. In both models, we use the
19

Average log predictive

Linear regression with ard. This is a linear regression model with a hierarchical prior structure that
leads to sparse estimates of the coefficients. (Details in Appendix F.1.) We simulate a dataset with
250 regressors such that half of the regressors have no predictive power. We use 10 000 data points
for training and withhold 1000 for evaluation.
Logistic regression with a spatial hierarchical prior. This is a hierarchical logistic regression model
from political science. The prior captures dependencies, such as states and regions, in a polling
dataset from the United States 1988 presidential election (Gelman and Hill, 2006). The model is
nonconjugate and would require some form of approximation to derive a classical vi algorithm.
(Details in Appendix F.2.)
The dataset includes 145 regressors, with age, education, and state and region indicators. We use
10 000 data points for training and withhold 1536 for evaluation.

10−1

Results. Figure 10 plots average log predictive accuracy as a function of time. For these simple
models, all methods reach the same predictive accuracy. We study advi with two settings of M , the
number of mc samples used to estimate gradients. A single sample per iteration is sufficient; it is
also the fastest. (We set M = 1 from here on.)
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Figure 10: Held-out predictive accuracy results | hierarchical generalized linear models on simulated
and real data.
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4.4 A Case Study: Exploring Millions of Taxi Trajectories

How might a scientist use advi in practice? How easy is it to develop and revise new models? To
answer these questions, we apply advi to a modern exploratory data analysis task: analyzing traffic
patterns. In this section, we demonstrate how advi enables a scientist to quickly develop and revise
complex hierarchical models.
The city of Porto has a centralized taxi system of 442 cars. When serving customers, each taxi
reports its spatial location at 15 second intervals; this sequence of (x, y) coordinates describes the
trajectory and duration of each trip. A dataset of trajectories is publicly available: it contains all 1.7
million taxi rides taken during the year 2014 (European Conference of Machine Learning, 2015).
To gain insight into this dataset, we wish to cluster the trajectories. The first task is to process the
raw data. Each trajectory has a different length: shorter trips contain fewer (x, y) coordinates than
longer ones. The average trip is approximately 13 minutes long, which corresponds to 50 coordinates.
We want to cluster independent of length, so we interpolate all trajectories to 50 coordinate pairs.
This converts each trajectory into a point in R100 .
The trajectories have structure; for example, major roads and highways appear frequently. This
motivates an approach where we first identify a lower-dimensional representation of the data to
capture aggregate features, and then we cluster the trajectories in this representation. This is easier
than clustering them in the original data space.
We begin with simple dimension reduction: probabilistic principal component analysis (ppca)
(Bishop, 2006). This is a Bayesian generalization of classical principal component analysis, which

Figure 13: elbo of ppca model with ard. advi converges in approximately an hour.
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is easy to write in Stan. However, like its classical counterpart, ppca does not identify how many
principal components to use for the subspace. To address this, we propose an extension: ppca with
automatic relevance determination (ard).
ppca with ard identifies the latent dimensions that are most effective at explaining variation
in the data. The strategy is similar to that in Section 4.1. We assume that there are 100 latent
dimensions (i.e., the same dimension as the data) and impose a hierarchical prior that encourages
sparsity. Consequently, the model only uses a subset of the latent dimensions to describe the data.
(Details in Appendix F.6.)
We randomly subsample ten thousand trajectories and use advi to infer a subspace. Figure 13
plots the progression of the elbo. advi converges in approximately an hour and finds an elevendimensional subspace. We omit sampling results as both hmc and nuts struggle with the model;
neither produce useful samples within an hour.
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Equipped with this eleven-dimensional subspace, we turn to analyzing the full dataset of 1.7
million taxi trajectories. We first project all trajectories into the subspace. We then use the gmm from
Section 4.3 (K = 30) components to cluster the trajectories. advi takes less than half an hour to
converge.
Figure 14 shows a visualization of fifty thousand randomly sampled trajectories. Each color
represents the set of trajectories that associate with a particular Gaussian mixture. The clustering is
geographical: taxi trajectories that are close to each other are bundled together. The clusters identify
frequently taken taxi trajectories.
When we processed the raw data, we interpolated each trajectory to an equal length. This discards
all duration information. What if some roads are particularly prone to traffic? Do these roads lead to
longer trips?
Supervised probabilistic principal component analysis (sup-ppca) is one way to model this. The
idea is to regress the durations of each trip onto a subspace that also explains variation in a response
variable, in this case, the duration. sup-ppca is a simple extension of ppca (Murphy, 2012). We
further extend it using the same ard prior as before. (Details in Appendix F.7.)
advi enables a quick repeat of the above analysis, this time with sup-ppca. With advi, we find
another set of gmm clusters in less than two hours. These clusters, however, are more informative.
Figure 15 shows two clusters that identify particularly busy roads: the bridges of Porto that cross
the Duoro river. Figure 15a shows a group of short trajectories that use the two old bridges near the
city center. Figure 15b show a group of longer trajectories that use the two newer bridges connecting
highways that circumscribe the city.

(not shown). This is likely due to label switching, which can affect hmc-based algorithms in mixture
models (Stan Development Team, 2016).
Figure 12b shows advi results on the full dataset. We increase the number of mixture components
to 30. Here we use advi, with additional stochastic subsampling of minibatches from the data
(Hoffman et al., 2013). With a minibatch size of 500 or larger, advi reaches high predictive accuracy.
Smaller minibatch sizes lead to suboptimal solutions, an effect also observed in Hoffman et al. (2013).
advi converges in about two hours; nuts cannot handle such large datasets.

Figure 12: Held-out predictive accuracy results | gmm of the imageclef image histogram dataset. (a)
advi outperforms nuts (Hoffman and Gelman, 2014). (b) advi scales to large datasets by subsampling
minibatches of size B from the dataset at each iteration (Hoffman et al., 2013).

(a) Subset of 1000 images
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(b) Trajectories that take the outer bridges.

Figure 14: A visualization of fifty thousand randomly sampled taxi trajectories. The colors represent
thirty Gaussian mixtures and the trajectories associated with each.

(a) Trajectories that take the inner bridges.

Figure 15: Two clusters using sup-ppca subspace clustering.
Analyzing these taxi trajectories illustrates how exploratory data analysis is an iterative effort:
we want to rapidly evaluate models and modify them based on what we learn. advi, which provides
automatic and fast inference, enables effective exploration of massive datasets.

5. Discussion

JMLR 18(14):1-45, 2017

We presented automatic differentiation variational inference (advi), a variational inference algorithm
that works “out of the box” for a large class of modern probabilistic models. The main idea is to
transform the latent variables into a common space. Solving the variational inference problem in this
23
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There are several avenues for research.

common space solves it for all models in the class. We studied advi using ten different probability
models and deployed it as part of Stan, a probabilistic programming system.

Accuracy. As we showed in Section 3.3, advi can be sensitive to the transformations that map
the constrained parameter space to the real coordinate space. Dinh et al. (2014) and Rezende and
Mohamed (2015) use a cascade of simple transformations to improve accuracy. Tran et al. (2016b)
place a Gaussian process to learn the optimal transformation and prove its expressiveness as a universal
approximator. Hierarchical variational models (Ranganath et al., 2016) develop rich approximations
for non-differentiable latent variable models.

Optimization. advi uses first-order automatic differentiation to implement stochastic gradient ascent.
Higher-order gradients may enable faster convergence; however computing higher-order gradients
comes at a computational cost (Fan et al., 2015). advi works with unbiased gradient estimators;
introducing some bias to reduce variance could also improve convergence speed (Ruiz et al., 2016a,b).
Optimization using line search could also improve convergence robustness (Mahsereci and Hennig,
2015), as well as natural gradient approaches for nonconjugate models (Khan et al., 2015).

Practical heuristics. Two things affect advi convergence: initialization and step-size scaling. We
initialize advi in the real coordinate space as a standard Gaussian. A better heuristic could adapt
to the model and dataset based on moment matching. We adaptively tune the scale of the step-size
sequence using a finite search. A better heuristic could avoid this additional computation.

JMLR 18(14):1-45, 2017

Probabilistic programming. We designed and deployed advi with Stan in mind. Thus, we focused on
the class of differentiable probability models. How can we extend advi to discrete latent variables?
One approach would be to adapt advi to use the black box gradient estimator for these variables
(Ranganath et al., 2014). This requires some care as these gradients will exhibit higher variance than
the gradients with respect to the differentiable latent variables. (See Section 3.2.) With support for
discrete latent variables, modified versions of advi could be extended to more general probabilistic
programming systems, such as Church (Goodman et al., 2008), Figaro (Pfeffer, 2009), Venture
(Mansinghka et al., 2014), Anglican (Wood et al., 2014), WebPPL (Goodman and Stuhlmüller, 2014),
and Edward (Tran et al., 2016a).
Before we conclude, we offer some general advice. advi, like all of variational inference, is
an approximate inference technique. As such, we recommend carefully studying its accuracy for
new models. While Section 3.1 indicates a potential shortcoming, the quality of advi’s posterior
approximation will differ from model to model. We recommend validating advi for new models by
running “fake data” checks (Cook et al., 2006). One of the advantages of advi is that its speed of
convergence gives more opportunity for such checking in practice.
In summary, advi is a first step towards an automated variational inference algorithm that works
well for a large class of practical models on modern real-world datasets. Each step of the recipe for
advi highlights key design decisions: automating transformation of latent variables using a compiler,
choosing a variational family that leads to low-variance gradient estimators of the variational objective,
and developing an adaptive stochastic optimization step-size sequence that works not only in theory,
but also in practice. advi enables scientists to easily build, explore, and revise complex probabilistic
models with large data.
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First, consider the gradient with respect to the µ parameter. We exchange the order of the gradient
and the integration through the dominated convergence theorem (Çınlar, 2011). The rest is the chain

Appendix C. Gradients of the Evidence Lower Bound

Recall that ζ = T (θ) and that the variational approximation in the real coordinate space is q(ζ ; φ).
We begin with the elbo in the original latent variable space. We then transform the latent variable
space to the real coordinate space.


Z
p(x, θ)
L(φ) = q(θ) log
dθ
q(θ)
"
#

Z
p x, T −1 (ζ) det JT −1 (ζ)
= q(ζ ; φ) log
dζ
q(ζ ; φ)
Z
Z



= q(ζ ; φ) log p x, T −1 (ζ) det JT −1 (ζ) dζ − q(ζ ; φ) log [q(ζ ; φ)] dζ



= Eq(ζ ; φ) log p x, T −1 (ζ) + log det JT −1 (ζ) − Eq(ζ ; φ) [log q(ζ ; φ)]





= Eq(ζ ; φ) log p x, T −1 (ζ) + log det JT −1 (ζ) + H q(ζ ; φ) .

Appendix B. Transformation of the Evidence Lower Bound

Intuitively, the Jacobian describes how a transformation warps unit volumes across spaces. This
matters for transformations of random variables, since probability density functions must always
integrate to one.

Let us sketch a proof. Consider the cumulative density function Y . If the transformation T is
increasing, we directly apply its inverse to the cdf of Y . If the transformation T is decreasing, we
apply its inverse to one minus the cdf of Y . The probability density function is the derivative of the
cumulative density function. These things combined give the absolute value of the derivative above.
The extension to multivariate variables X and Y requires a multivariate version of the absolute
value of the derivative of the inverse transformation. This is the absolute determinant of the Jacobian,
| det JT −1 (Y)| where the Jacobian is

 ∂T −1
∂T −1
1
· · · ∂y1K
 ∂y. 1
.. 
.
JT −1 (Y) = 
. 
 .
.
−1
−1
∂TK
∂TK
·
·
·
∂y1
∂yK

We present a brief summary of transformations, largely based on (Olive, 2014).
Consider a scalar (univariate) random variable X with probability density function fX (x). Let
X = supp(fX (x)) be the support of X. Now consider another random variable Y defined as
Y = T (X). Let Y = supp(fY (y)) be the support of Y .
If T is a one-to-one and differentiable function from X to Y, then Y has probability density
function
 dT −1 (y)
fY (y) = fX T −1 (y)
.
dy

Appendix A. Transformations of Continuous Probability Densities
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rule for differentiation.
n
h



 i

o
∇µ L = ∇µ EN(η ; 0,I) log p x, T −1 (Sφ−1 (η)) + log det JT −1 Sφ−1 (η)
+ H q(ζ ; φ)



 
= EN(η ; 0,I) ∇µ log p x, T −1 (S −1 (η)) + log det JT −1 S −1 (η)
h
i

= EN(η ; 0,I) ∇θ log p(x, θ)∇ζ T −1 (ζ) + ∇ζ log det JT −1 (ζ) ∇µ Sφ−1 (η)


= EN(η ; 0,I) ∇θ log p(x, θ)∇ζ T −1 (ζ) + ∇ζ log det JT −1 (ζ)

K

Then, consider the gradient with respect to the mean-field ω parameter.
n
h



 i
∇ω L = ∇ω EN(η ; 0,I) log p x, T −1 (Sφ−1 (η)) + log det JT −1 Sφ−1 (η)

h

i

o
X
K
log(exp(ω ))
+ (1 + log(2π)) +
k
2
k=1
 i

h



+1
= EN(η ; 0,I) ∇ω log p x, T −1 (Sφ−1 (η)) + log det JT −1 Sφ−1 (η)
h
i

= EN(η ; 0,I) ∇θ log p(x, θ)∇ζ T −1 (ζ) + ∇ζ log det JT −1 (ζ) ∇ω Sφ−1 (η)) + 1
i

∇θ log p(x, θ)∇ζ T −1 (ζ) + ∇ζ log det JT −1 (ζ) η > diag(exp(ω)) + 1.

= EN(η ; 0,I)

Finally, consider the gradient with respect to the full-rank L parameter.
 i


n
h

∇L L = ∇L EN(η ; 0,I) log p x, T −1 (Sφ−1 (η)) + log det JT −1 Sφ−1 (η)

o
K
1
+ (1 + log(2π)) + log det(LL> )
2h
2





= EN(η ; 0,I) ∇L log p x, T −1 (Sφ−1 (η)) + log det JT −1 Sφ−1 (η)

h

1
+ ∇L log det(LL> )
i
h2

= EN(η ; 0,I) ∇θ log p(x, θ)∇ζ T −1 (ζ) + ∇ζ log det JT −1 (ζ) ∇L Sφ−1 (η)) + (L−1 )>
 i
∇θ log p(x, θ)∇ζ T −1 (ζ) + ∇ζ log det JT −1 (ζ) η > + (L−1 )>

= EN(η ; 0,I)

Appendix D. Automating Expectations: Monte Carlo Integration

Z

f (η)q(η) dη ≈

s=1

S
1X
f (η s ) where η s ∼ q(η).
S

Expectations of continuous random variables are integrals. We can use mc integration to approximate
them (Robert and Casella, 1999). All we need are samples from q.


Eq(η) f (η) =
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mc integration provides noisy, yet unbiased, estimates of the integral. The standard deviation of
√
the estimates decrease as O(1/ S ).
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Appendix E. Running advi in Stan

Visit http://mc-stan.org/ to download the latest version of Stan. Follow instructions on how to
install Stan. You are then ready to use advi.
Stan offers multiple interfaces. We describe the command line interface (cmdStan) below.
./myModel

variational
grad_samples=M
( M = 1 default )
data file=myData.data.R
output file=output_advi.csv
diagnostic_file=elbo_advi.csv

Figure 16: Syntax for using advi via cmdStan.

Here, myData.data.R is the dataset stored in the R language Rdump format. output_advi.csv
contains samples from the posterior and elbo_advi.csv reports the elbo.

Appendix F. Details of Studied Models

F.1 Linear Regression with Automatic Relevance Determination

N
Y

n=1



Normal yn | w> xn , σ

Linear regression with ard is a high-dimensional sparse regression model (Bishop, 2006; Drugowitsch,
2013). This sort of regression model is sometimes referred to as an hierarchical or multilevel
regression model. We describe the model below. The Stan program is in Figure 17.
The inputs are x = x1:N where each xn is D-dimensional. The outputs are y = y1:N where each
yn is 1-dimensional. The weights vector w is D-dimensional. The likelihood
p(y | x, w, σ) =

describes measurements corrupted by iid Gaussian noise with unknown standard deviation σ.
The ard prior and hyper-prior structure is as follows

i=1

p(w, σ, α) = p(w, σ | α)p(α)
D

Y
√ −1 
= Normal w | 0 , σ diag α
InvGamma(σ | a0 , b0 )
Gamma(αi | c0 , d0 )

where α is a D-dimensional hyper-prior on the weights, where each component gets its own independent Gamma prior.
We simulate data such that only half the regressors have predictive power. The results in Figure 10a
use a0 = b0 = c0 = d0 = 1 as hyper-parameters for the Gamma priors.
F.2 Hierarchical Logistic Regression
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Hierarchical logistic regression is an intuitive way to model structured classification problems. We
study a model of voting preferences, republican or democrat, from the 1988 United States presidential
election. Chapter 14.1 of (Gelman and Hill, 2006) motivates the model and explains the dataset in

28

∼ Normal (0 , σedu ) for l = 1, . . . , L

∼ Normal 0 , σage.edu for k = 1, . . . , K, l = 1, . . . , L

∼ Normal 0 , σregion for m = 1, . . . , M.
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A potential downfall of this model is that it is not uniquely identifiable: swapping rows and
columns of θ and β give the same inner product. One way to contend with this is to constrain either
vector to be an ordered vector during inference. We constrain each θ u vector in our model in this
fashion. The Stan program is in Figure 19. We set K = 10 and all the Gamma hyper-parameters to 1
in our experiments.

• Draw the observation yui ∼ Poisson(θ >
u β i ).

3. For each user and item:

• For each component k, draw βik ∼ Gamma(c0 , d0 ).

2. For each item i in {1, · · · , I}:

• For each component k, draw θuk ∼ Gamma(a0 , b0 ).

1. For each user u in {1, · · · , U }:

The Gamma Poisson factorization model describes discrete data matrices (Canny, 2004; Cemgil,
2009).
Consider a U × I matrix of observations. We find it helpful to think of u = {1, · · · , U } as users
and i = {1, · · · , I} as items, as in a recommendation system setting. The generative process for a
Gamma Poisson model with K factors is

F.3 Non-negative Matrix Factorization: Constrained Gamma Poisson Model

The regression coefficient β has a Normal(0, 10) prior and all standard deviation latent variables
have half Normal(0, 10) priors.

αledu
age.edu
αk,l
region
αm


age
αk ∼ Normal 0 , σage for k = 1, . . . , K

The hierarchical variables are


Pr(yn = 1) = sigmoid β 0 + β female · femalen + β black · blackn + β female.black · female.blackn

age
age.edu
edu
state
+ αk[n] + αl[n]
+ αk[n],l[n] + αj[n]


region
αjstate ∼ Normal αm[j] + β v.prev · v.prevj , σstate .

detail. We also briefly describe the model below. The Stan program is in Figure 18, based on (Stan
Development Team, 2016).
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n=1 k=1

N X
K
Y

θk

d=1

D
Y

k=1 d=1

D Y
D
Y

Normal(µkd ; 0, 1)

p(σ) =

k=1 d=1

D Y
D
Y
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Lognormal(σkd ; 0, 1).

and a lognormal prior for the mixture standard deviations

p(µ) =

a Gaussian prior for the mixture means
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Normal(ynd | µkd , σkd )

p(θ) = Dirichlet(θ ; α0 ),

with a Dirichlet prior for the mixture proportions

p(y | θ, µ, σ) =

The Gaussian mixture model (gmm) is a versatile probability model (Bishop, 2006), often used for
density estimation and clustering. Here we use it to group a dataset of natural images based on their
color histograms. We build a high-dimensional gmm with a Gaussian prior for the mixture means, a
lognormal prior for the mixture standard deviations, and a Dirichlet prior for the mixture components.
Represent the images as y = y1:N where each yn is D-dimensional and there are N observations.
The likelihood for the images is

F.5 Gaussian Mixture Model

The Stan program is in Figure 20. We set K = 10, α0 = 1000 for each component, and λ0 = 0.1.
With this configuration of hyper-parameters, the factors β i appear sparse.

• Draw the observation yui ∼ Poisson(θ >
u β i ).

3. For each user and item:

• For each component k, draw βik ∼ Exponential(λ0 ).

2. For each item i in {1, · · · , I}:

• Draw the K-vector θ u ∼ Dirichlet(α0 ).

1. For each user u in {1, · · · , U }:

Another model for discrete data is a Dirichlet Exponential model. The Dirichlet enforces uniqueness
while the exponential promotes sparsity. This is a non-conjugate model that does not appear to have
been studied before.
The generative process for a Dirichlet Exponential model with K factors is

F.4 Non-negative Matrix Factorization: Dirichlet Exponential Poisson Model
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The dimension of the color histograms in the imageclef dataset is D = 576. This is a concatenation of three 192-length histograms, one for each color channel (red, green, blue) of the
images.
We scale the image histograms to have zero mean and unit variance. Setting α0 to a small value
encourages the model to use fewer components to explain the data. Larger values of α0 encourage
the model to use all K components. We set α0 = 1 000 in our experiments.
The Stan program is in Figure 21. The stochastic data subsampling version of the code is in
Figure 22.
F.6 Probabilistic Principal Component Analysis with Automatic Relevance Determination

n=1

N
Y

Normal(zn ; 0, I).

Probabilistic principal component analysis (ppca) is a Bayesian extension of classical principal
component analysis (Bishop, 2006). Consider a dataset of x = x1:N where each xn is D-dimensional.
Let M < D be the dimension of the subspace we will use for analysis.
First define a set of latent variables z = z1:N where each zn is M -dimensional. Draw each zn
from a standard normal
p(z) =

D
Y

Normal(wd ; 0, I).

Then define a set of principal components w = w1:D where each wd is M -dimensional. Similarly,
draw the principal components from a standard normal
p(w) =
d=1

n=1

N
Y

Normal(xn ; w> zn , σI).

Finally define the likelihood through an inner product as
p(x | w, z, σ) =

The standard deviation σ is also a latent variable. Place a lognormal prior on it as
p(σ) = Lognormal(σ ; 0, 1).

M
Y

InvGamma(αm ; 1, 1)

Normal(xn ; wzn , σI).

Normal(wd ; 0, σdiag(α))

m=1
D
Y

d=1
N
Y

n=1

JMLR 18(14):1-45, 2017

We extend ppca by adding an ard hierarchical prior. The extended model introduces a M dimensional vector α which chooses which principal components to retain. (M < D now represents
the maximum number of principal components to consider.) This extends the above by
p(α) =
p(w | α) =
p(x | w, z, σ) =

The Stan program that implements ppca is in Figure 23.
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F.7 Supervised Probabilistic Principal Component Analysis with Automatic Relevance
Determination

N
Y

n=1

Normal(zn ; 0, I)

InvGamma(αm ; 1, 1)

Normal(wd ; 0, σdiag(α))

Normal(xn ; wx zn , σI)

Normal(yn ; wy zn , σ).

JMLR 18(14):1-45, 2017

Supervised probabilistic principal component analysis (sup-ppca) augments ppca by regressing a
vector of observed random variables y onto the principal component subspace. The idea is to not
only find a set of principal components that describe variation in the dataset x, but to also predict y.
The complete model is
p(z) =

d=1

D
Y

m=1

M
Y

p(σ) = Lognormal(σ ; 0, 1)
p(α) =
p(wx | α) =

n=1

N
Y

n=1

N
Y

p(wy | α) = Normal(wy ; 0, σdiag(α))
p(x | wx , z, σ) =
p(y | wy , z, σ) =

The Stan program that implements sup-ppca is in Figure 24.

32

//
//
//
//

number of data items
dimension of input features
input matrix
output vector
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Figure 17: Stan program for Linear Regression with Automatic Relevance Determination.

}

// y: likelihood
y ~ normal(x * w, sigma);

// w: prior on weights
w ~ normal(0, sigma * one_over_sqrt_alpha);

// sigma: prior on standard deviation
sigma ~ inv_gamma(a0, b0);

model {
// alpha: hyper -prior on weights
alpha ~ gamma(c0, d0);

transformed parameters {
vector[D] one_over_sqrt_alpha;
for (d in 1:D)
one_over_sqrt_alpha[d] = 1 / sqrt(alpha[d]);
}

parameters {
vector[D] w;
// weights (coefficients) vector
real <lower=0> sigma;
// standard deviation
vector <lower=0>[D] alpha; // hierarchical latent variables
}

}

N;
D;
x;
y;

// hyperparameters for Gamma priors
real <lower=0> a0;
real <lower=0> b0;
real <lower=0> c0;
real <lower=0> d0;

data {
int<lower=0>
int<lower=0>
matrix[N, D]
vector[N]

Automatic Differentiation Variational Inference
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Figure 18: Stan program for Hierarchical Logistic Regression, adapted from (Stan Development
Team, 2016).

data {
int<lower=0> N;
int<lower=0> n_age;
int<lower=0> n_age_edu;
int<lower=0> n_edu;
int<lower=0> n_region_full;
int<lower=0> n_state;
int<lower=0, upper=n_age > age[N];
int<lower=0, upper=n_age_edu > age_edu[N];
vector <lower=0, upper=1>[N] black;
int<lower=0, upper=n_edu > edu[N];
vector <lower=0, upper=1>[N] female;
int<lower=0, upper=n_region_full > region_full[N];
int<lower=0, upper=n_state > state[N];
vector[N] v_prev_full;
int<lower=0, upper=1> y[N];
}
parameters {
vector[n_age] a;
vector[n_edu] b;
vector[n_age_edu] c;
vector[n_state] d;
vector[n_region_full] e;
vector[5] beta;
real <lower=0> sigma_a;
real <lower=0> sigma_b;
real <lower=0> sigma_c;
real <lower=0> sigma_d;
real <lower=0> sigma_e;
}
transformed parameters {
vector[N] y_hat;
for (i in 1:N)
y_hat[i] = beta[1]
+ beta[2] * black[i]
+ beta[3] * female[i]
+ beta[5] * female[i] * black[i]
+ beta[4] * v_prev_full[i]
+ a[age[i]]
+ b[edu[i]]
+ c[age_edu[i]]
+ d[state[i]]
+ e[region_full[i]];
}
model {
a ~ normal (0, sigma_a);
b ~ normal (0, sigma_b);
c ~ normal (0, sigma_c);
d ~ normal (0, sigma_d);
e ~ normal (0, sigma_e);
beta ~ normal(0, 10);
sigma_a ~ normal(0, 10);
sigma_b ~ normal(0, 10);
sigma_c ~ normal(0, 10);
sigma_d ~ normal(0, 10);
sigma_e ~ normal(0, 10);
y ~ bernoulli_logit(y_hat);
}
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data {
int<lower=0> U;
int<lower=0> I;
int<lower=0> K;
int<lower=0> y[U, I];
real <lower=0> a;
real <lower=0> b;
real <lower=0> c;
real <lower=0> d;

}
parameters {
positive_ordered[K] theta[U]; // user preference
vector <lower=0>[K] beta[I];
// item attributes

}

}

}

for (u in 1:U) {
for (i in 1:I) {
y[u, i] ~ poisson(theta[u]’ * beta[i]);

model {
for (u in 1:U)
theta[u] ~ gamma(a, b); // componentwise gamma
for (i in 1:I)
beta[i] ~ gamma(c, d); // componentwise gamma

}

JMLR 18(14):1-45, 2017

Figure 19: Stan program for the Gamma Poisson non-negative matrix factorization model.
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// user preference
// item attributes
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data {
int<lower=0> U;
int<lower=0> I;
int<lower=0> K;
int<lower=0> y[U, I];
real <lower=0> lambda0;
real <lower=0> alpha0;
}

transformed data {
vector <lower=0>[K] alpha0_vec;
for (k in 1:K)
alpha0_vec[k] = alpha0;
}

parameters {
simplex[K] theta[U];
vector <lower=0>[K] beta[I];
}

}

}

for (u in 1:U) {
for (i in 1:I) {
y[u, i] ~ poisson(theta[u]’ * beta[i]);

model {
for (u in 1:U)
theta[u] ~ dirichlet(alpha0_vec); // componentwise dirichlet
for (i in 1:I)
beta[i] ~ exponential(lambda0);
// componentwise exponential

}
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Figure 20: Stan program for the Dirichlet Exponential non-negative matrix factorization model.
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number of data points in entire dataset
number of mixture components
dimension
observations

// mixing proportions
// locations of mixture components
// standard deviations of mixture components

}
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Figure 21: Stan program for the gmm example.
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// likelihood
for (n in 1:N) {
real ps[K];
for (k in 1:K) {
ps[k] = log(theta[k]) + normal_lpdf(y[n] | mu[k], sigma[k]);
}
target += log_sum_exp(ps);
}

model {
// priors
theta ~ dirichlet(alpha0_vec);
for (k in 1:K) {
mu[k] ~ normal(0, 1);
sigma[k] ~ lognormal(0, 1);
}

parameters {
simplex[K] theta;
vector[D] mu[K];
vector <lower=0>[D] sigma[K];
}

transformed data {
vector <lower=0>[K] alpha0_vec;
for (k in 1:K)
alpha0_vec[k] = alpha0;
}

}

//
//
//
//

real <lower=0> alpha0; // dirichlet prior

data {
int<lower=0> N;
int<lower=0> K;
int<lower=0> D;
vector[D] y[N];

Automatic Differentiation Variational Inference

real <lower=0> alpha0;

// dirichlet hyper -prior parameter

// mixing proportions
// locations of mixture components
// standard deviations of mixture components

38

JMLR 18(14):1-45, 2017

Figure 22: Stan program for the gmm example, with stochastic subsampling of the dataset.

}

// likelihood
for (n in 1:N) {
real ps[K];
for (k in 1:K) {
ps[k] = log(theta[k]) + normal_lpdf(y[n] | mu[k], sigma[k]);
}
target += minibatch_factor * log_sum_exp(ps);
}

model {
// priors
theta ~ dirichlet(alpha0_vec);
for (k in 1:K) {
mu[k] ~ normal(0, 1);
sigma[k] ~ lognormal(0, 1);
}

parameters {
simplex[K] theta;
vector[D] mu[K];
vector <lower=0>[D] sigma[K];
}

transformed data {
real minibatch_factor;
vector <lower=0>[K] alpha0_vec;
for (k in 1:K)
alpha0_vec[k] = alpha0 / K;
minibatch_factor = divide_promote_real(N, NFULL);
}

}

// number of mixture components
// dimension

// total number of datapoints in dataset
// number of data points in minibatch

vector[D] yFULL[NFULL]; // dataset
vector[D] y[N];
// minibatch

int<lower=0> K;
int<lower=0> D;

data {
int<lower=0> NFULL;
int<lower=0> N;

functions {
real divide_promote_real(int x, int y) {
real x_real;
x_real = x;
return x_real / y;
}
}

Kucukelbir, Tran, Ranganath, Gelman and Blei

latent variable
weights parameters
standard deviation parameter
hyper -parameters on weights

// data

//
//
//
//
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// number of data points in dataset
// dimension
// maximum dimension of latent space to consider
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vector[D] x[N];

data {
int<lower=0> N;
int<lower=0> D;
int<lower=0> M;
}
parameters {
matrix[M, N] z;
matrix[D, M] w;
real <lower=0> sigma;
vector <lower=0>[M] alpha;

}

// likelihood
for (n in 1:N)
x[n] ~ normal(w * col(z, n), sigma);

model {
// priors
to_vector(z) ~ normal(0, 1);
for (d in 1:D)
w[d] ~ normal(0, sigma * alpha);
sigma ~ lognormal(0, 1);
alpha ~ inv_gamma(1, 1);

}

Figure 23: Stan program for ppca with ard.
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latent variable
weight parameters for x
weight parameters for y
standard deviation parameter
hyper -parameters on weights

// data
// data

//
//
//
//
//
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// number of data points in dataset
// dimension
// maximum dimension of latent space to consider
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vector[D] x[N];
vector[N] y;

data {
int<lower=0> N;
int<lower=0> D;
int<lower=0> M;

}

parameters {
matrix[M, N] z;
matrix[D, M] w_x;
vector[M] w_y;
real <lower=0> sigma;
vector <lower=0>[M] alpha;
}

}

// likelihood
for (n in 1:N) {
x[n] ~ normal(w_x * col(z, n), sigma);
y[n] ~ normal(w_y’ * col(z, n), sigma);

sigma ~ lognormal(0, 1);
alpha ~ inv_gamma(1, 1);

model {
// priors
to_vector(z) ~ normal(0, 1);
for (d in 1:D)
w_x[d] ~ normal(0, sigma * alpha);
w_y ~ normal(0, sigma * alpha);

}

Figure 24: Stan program for sup-ppca with ard.
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where N is the number of iterations, or folds, of the resampling procedure. Different resampling procedures, such as k-fold cross-validation, bootstrap and leave-one-out cross-validation
differ only in the way in which the data are partitioned to form TR i and TE i in each fold.
Some common resampling procedures include:
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i=1

N
1 X
(TE i | TR i , C, γ),
N

• k-fold cross-validation:
Partition G to form k disjoint sets Fj of approximately similar
S
size, such that j Fj = G. Then in each of the k iterations, a different
set is used for
S
testing and the others for training, i.e. TE i = Fi and TR i = j6=i Fj . In stratified
cross-validation, G is partitioned such that each subset has a similar proportion of
patterns belonging to each class. In repeated k-fold cross-validation, this procedure
is performed repeatedly, with a different initial partitioning in each iteration.

Error(C, γ) =

Let (B | A, C, γ) represent the error rate of an SVM trained on the training sample A, using
hyperparameter values C and γ, evaluated on the test set B. The performance estimate
provided by resampling methods is then typically the mean of the error rates obtained on
the test set in each fold, i.e.

TR i ∩ TE i = ∅

Performance evaluation is a key component of model selection procedures typically used
in practical applications of support vector machines. Assume we have a sample of data,
G = {zi = (xi , yi )}ni=1 , where xi ∈ X ⊂ Rd is a vector of attributes describing the ith
example and yi is the corresponding class label; for binary classification tasks, yi ∈ {−1, +1}.
Resampling procedures provide a performance estimate based on repeatedly dividing G to
form a training set and a test set (sometimes known as a validation set). More formally,
in the ith iteration of the resampling procedure, TR i represents the training set and TE i is
the test set, such that

1.1 Resampling Approaches to Performance Evaluation

classifier. We assume that the reader is familiar with the theory of SVMs and in particular
of the SVM with the RBF (also known as Gaussian) kernel.
Unfortunately, the situation is less straightforward for model selection; there is no similarly principled means of optimising the hyperparameters. The simplest approach is to
divide the data set into training and testing sets, and for each C and γ from a suitable
set, select the pair that result in the SVM that when trained on the training set has lowest
error rate over the corresponding test set. More commonly, resampling approaches, such
as cross-validation, use multiple test/training sets in order to form a better model selection
criterion from the available data.
This paper presents an empirical investigation of the effects of different resampling approaches to hyperparameter tuning on the generalisation performance of the final classifier.
The investigation is focussed primarily on the SVM with an RBF kernel, but the main conclusions are repeated and validated for the linear and polynomial kernel SVM, as discussed
in Section 5.
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The support vector machine (SVM) (Boser et al., 1992; Cortes and Vapnik, 1995) is a
powerful machine learning algorithm for statistical pattern recognition tasks, with strong
theoretical foundations (Vapnik, 1998) and excellent performance in a range of real-world
applications (e.g. Joachims, 1998; Furey et al., 2000; Fernández-Delgado et al., 2014). Perhaps the most common variant of the SVM uses the radial basis function (RBF) kernel, as
recommended as a default approach in a popular guide to SVM (Hsu et al., 2010). The
application of the RBF SVM to a classification problem requires the selection of appropriate
values for two hyperparameters: a regularisation parameter, C, and a parameter governing
the sensitivity of the kernel, γ. Given values for these two hyperparameters and the training
data, an SVM solver, such as libSVM (Chang and Lin, 2011), can find the unique solution of
the constrained quadratic optimization problem defining the SVM formulation and return a

1. Introduction

Tuning the regularisation and kernel hyperparameters is a vital step in optimising the
generalisation performance of kernel methods, such as the support vector machine (SVM).
This is most often performed by minimising a resampling/cross-validation based model
selection criterion, however there seems little practical guidance on the most suitable form
of resampling. This paper presents the results of an extensive empirical evaluation of
resampling procedures for SVM hyperparameter selection, designed to address this gap in
the machine learning literature. We tested 15 different resampling procedures on 121 binary
classification data sets in order to select the best SVM hyperparameters. We used three very
different statistical procedures to analyse the results: the standard multi-classifier/multidata set procedure proposed by Demšar, the confidence intervals on the excess loss of each
procedure in relation to 5-fold cross validation, and the Bayes factor analysis proposed by
Barber. We conclude that a 2-fold procedure is appropriate to select the hyperparameters
of an SVM for data sets for 1000 or more datapoints, while a 3-fold procedure is appropriate
for smaller data sets.
Keywords: Hyperparameters; SVM; resampling; cross-validation; k-fold; bootstrap
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Resampling procedures for SVM hyperparameter search

• Leave one out cross-validation: This is the most extreme form of k-fold cross-validation,
in which each set Fi consists of a single training pattern, i.e. TE i = {zi } and
TR i = G \ {zi }.
• Hold-out: A single training set, TR 1 , is defined, with size p × n, and TE 1 = G \ TR 1 ,
where p ∈ [0, 1]. In stratified hold-out, the partitioning is performed such that TE 1
and TR 1 have a similar proportion of patterns of each class. In repeated hold-out
resampling, this procedure is performed repeatedly with different random partitions
of G.
• Bootstrap: In each iteration, TR i is obtained by sampling n items, with replacement
from G, and TE i = G \ TR i .
• Subsampling: A hold-out resampling procedure where TR i ∪ TE i ⊂ G, that is, where
only a subset of the available data set is used in each iteration. This is useful where
a very large amount of data is provided.
Unfortunately, the names of these procedures are not well standardised. Appendix A discusses alternative names used for the concepts and procedures discussed in this paper.
Finally, resampling should be contrasted with resubstitution, a performance estimation
method that uses the same set for both training the SVM and measuring its error rate.
There are variations on the resubstitution procedure, where the data used to measure the
error rate is the same data used in training, but they are given different weights (Braga-Neto
and Dougherty, 2004).
1.2 Model Selection
The process of model selection, in the case of kernel learning methods, refers to the tuning of the kernel and regularisation hyperparameters in order to maximise generalisation
performance. The generalisation error of a classifier can be expressed as an expectation
over random samples, z, drawn from the distribution D from which the training set was
obtained,
˘(C, γ) = Ez∼D [(z | G, C, γ)]

(1)

Ideally we would like to choose the hyperparameters C and γ so that ˘ is minimized, that
is:
C,γ

C ∗ , γ ∗ = argmin ˘(C, γ)

i=1

N
1 X
(TE i | TR i , C, γ).
N

JMLR 18(15):1-35, 2017

Unfortunately, the distribution giving rise to the data is generally unknown, and so we are
unable to evaluate or directly optimise ˘. The solution is to optimise instead an estimate,
˜, of the true generalisation error, ˘. By far the most common approach is to optimise a
resampling-based estimate. The estimate, ˜, of ˘ for a particular resampling procedure rs
is defined as:
˜rs (C, γ) =

3

Wainer and Cawley

Given that a particular resampling procedure (rs) was selected, the choice of the SVM
hyperparameters is governed by:

C,γ

∗
∗
Crs
, γrs
= argmin ˜rs (C, γ).

(2)

It would be computationally infeasible to evaluate every possible combination of the hyperparameters, C and γ, so in general the search evaluates combinations from a finite set S.

C,γ∈S

∗
∗
Crs
, γrs
= argmin ˜rs (C, γ).

Different model selection procedures adopt different methods to generate the set S; they can
be specified a-priori, as in the case of grid-search or random search, or successive elements
of S can be generated according to the results obtained from evaluating existing elements,
as in the case of Nelder-Mead simplex (Nelder and Mead, 1965), gradient descent (Chapelle
et al., 2002) or other non-convex methods (Friedrichs and Igel, 2005; De Souza et al., 2006).
The choice of resampling procedure depends on two possibly conflicting criteria: firstly
we would like to maximise generalisation performance, and secondly reduce computational
expense. The error of a resampling estimate of generalisation consists of two components,
bias and variance. The bias component represents the degree to which the estimate differs on average from the true value, over a large number of datasets of the same size as
G sampled from the same underlying distribution, D. The generalisation performance of
classifiers tends to improve as the size of the training set increases. Resampling estimates
therefore tend to have a pessimistic bias, systematically underestimating the generalisation
performance of a classifier trained on G, as in each fold a classifier is trained on only a subset
of G. The optimal hyperparameters for an SVM, particularly the regularisation parameter
(C), can also demonstrate some degree of dependence on the size of the training set, which
also leads to a bias in the hyperparameter estimates from resampling based model selection
procedures. The variance component reflects the difference between the estimated and true
values due to the particular sample of data on which the estimate was computed (and also
due the random partitioning of the sample). As the model selection procedure directly
minimises the resampling estimate, the presence of a non-negligible variance component introduces a risk of over-fitting in model selection (Cawley and Talbot, 2010), which results in
suboptimal hyperparameter selection. Let us define the true excess loss (el) of a resampling
procedure rs, as

∗
∗
el(rs) = Ez∼D [(z | G, Crs
, γrs
) − (z | G, C ∗ , γ ∗ )] ,
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where C ∗ and γ ∗ are the choices of optimal hyperparameters defined in Equation 1. The
first important consideration in the choice of procedure is then to minimise the excess loss.
Unfortunately, the true excess loss is unknowable: Firstly we do not know the true values
of γ ∗ and C ∗ , i.e. the values minimizing the generalisation error (1), indeed if these values
were known, model selection using resampling methods (2) would be entirely redundant.
Secondly, we do not know the true distribution of the data, D, so we cannot perform the
expectation involved in evaluating the generalisation error (1). The best we can do is to
estimate the generalisation error using a finite test sample and compare the performance
obtained using model selection based on a given resampling method against model selection

4
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The problems of the computational cost of hyperparameter selection for the SVM, and the
generalisation performance of the resulting classifier, have been discussed in the literature in

1.3 Related Literature

many forms. There are in general three alternatives to improve hyperparameter selection,
which will be discussed separately:

using some sensible baseline method, such as five-fold cross-validation. We therefore define
the excess loss relative to five-fold cross-validation as the observed difference in the error rate
on a fixed test set for classifiers trained with hyper-parameters adjusted so as to minimise
a given resampling based performance estimate and so as to minimise the five-fold crossvalidation estimate. This gives a relative indication of the improvement in generalisation
performance due to the resampling method used to tune the hyper-parameters.
The second consideration in the choice of resampling procedure is the computational
cost. The different resampling procedures have very different computational costs for the
hyperparameter search. For example, for each possible pair of values C and γ, 10-fold
cross-validation will require the fitting of 10 separate SVM classifiers, each with a training
set of 0.9 × |G|. For 5-fold cross validation, for each pair of hyperparameters, there will be 5
classifiers trained, each with a training set of size 0.8 × |G| — not only fewer support vector
machines need be constructed, but each is fitted to a smaller training sample, with lower
computational expense. If one is using a batch SVM solver, such as SVMlight (Joachims,
1999) or libSVM (Chang and Lin, 2011), one can assume that the learning time is at least
quadratic in relation to the training size (Bottou and Lin, 2007).
A trade-off between these two criteria must be reached in selecting a suitable resampling
estimator. We would like to minimise the number of folds to reduce computational expense,
however the variance of resampling estimators is generally reduced by increasing the number
of folds, resulting in improved hyperparameter estimates. Again, we would like to reduce
the size of the training set to reduce training time, but this also tends to increase the
variance of the estimator. If the training set is made smaller, the uncertainty in estimating
the model parameters will be greater, and hence the test set error more variable. However
this leaves more data available for the test set, which tends to reduce the variance of the
estimator. In reaching a compromise, we must ensure that the training and test sets are
both sufficiently large, and a sufficient number of folds are used, for the estimator to have a
suitably low variance, whilst at the same time limiting computational expense so that the
procedure remains practical. The goal of this research is to understand the balance of these
two conflicting considerations.
We must point out that this paper evaluates different fixed resampling procedures, as
opposed to adaptive resampling (Kuhn, 2014; Krueger et al., 2015) to select the SVM hyperparameters. Fixed resampling will use the same resampling procedure for each of the
possible hyperparameter combinations being tested, by far the most common procedure.
However there has been some recent work on adaptive resampling where, for example, the
full resampling procedure is not performed for some of the hyperparameter combination if
the results for tests sets so far indicate that one can be sure that the results are suboptimal
(Kuhn, 2014), or where a small subsampling is used first for all hyperparameter combinations and as one becomes increasingly sure that some of the combinations have better
results than others, subsampling with increasing larger training sets are tested (Krueger
et al., 2015).
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The metric, φ, is sometimes called an internal metric or a model selection criterion and
they are computed from the training set alone. Internal metrics, proposed in the literature
include: the span bound (Vapnik and Chapelle, 2000); the radius/margin bound (Keerthi,
2002); the Xi-Alpha bound (Joachims, 2000); GACV (Wahba, 1999); and maximal discrepancy (Anguita et al., 2005). Duan et al. (2003) compare 5-fold cross-validation with
some internal metrics, such as Xi-alpha and GACV as methods to select SVM hyperparameters on five data sets and find that the 5-fold has lower excess loss. Anguita et al.
(2005) compare many cross-validation procedures and some internal metrics (maximal discrepancy and compression bound) for hyperparameter selection on 13 data sets, and find
that cross-validation based procedures have lower excess loss than the internal metrics.
The second approach to improving the hyperparameter selection procedure usually fixes
a particular model selection criterion, say 10-fold cross-validation, and proposes different
means by which the C, γ are selected from the S set, and more generally, how the S set
is dynamically computed given the error for the previously selected pairs C, γ. We will
call this approach, the hyperparameter search procedure. Most search procedures are based
on the fact that the error response surface, that is the error for each value of C and γ, is
generally non-convex, and thus methods based on gradient descent can only be guaranteed
to find a local minima. The standard, or most common search procedure is a simple grid
search, where the set S is predefined, usually a geometrically spaced grid in both C and
γ, i.e. the S points are taken from a uniform 2-dimensional grid in the log C × log γ space.
This is the search procedure used in this research. Bergstra and Bengio (2012) propose a
random search in the space log C × log γ. Huang et al. (2007) propose selecting from fixed
points in the log C × log γ space following the principles of uniform design (Fang et al.,
2000). Keerthi and Lin (2003) discuss the asymptotic behaviour of the error surface for
an SVM in the log C × log γ space and proposes a method by which the C is optimized
in a 1D grid search for the linear SVM problem, which yields a Ĉ value, and the C and
γ for the RBF SVM is selected using a 1D grid search on the line that satisfies log γ =
log C − log Ĉ. Davenport et al. (2010) propose that one should see the non-convexity of

C,γ∈S

The first approach, given above, optimises an alternative metric, rather than the error
rate, , i.e.:
C ∗ , γ ∗ = argmin φ(G, C, γ)

• Use different resampling procedures to estimate ˜ (e.g. Anguita et al., 2005, 2012).

• Use different search/optimisation procedures such as random search, Nelder-Mead
simplex, non-convex optimization procedures, to select the combinations of C and γ
to be evaluated during model selection (e.g. Bergstra and Bengio, 2012; Huang et al.,
2007; Friedrichs and Igel, 2005; De Souza et al., 2006).

• Use a different metric derived from the training set, typically a lower bound on generalisation performance, such as Xi-alpha, span and radius/margin bounds to select
the hyperparameters (e.g. Vapnik and Chapelle, 2000; Keerthi, 2002; Joachims, 2000;
Wahba, 1999).
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used the 9 remaining large data sets, for which the experiments above would require too
much computational time, to verify the conclusions derived from the experiments on the
smaller data sets.
The time required to perform hyperparameter selection for each procedure, for each
data set, was also recorded and the ratio with 5-fold cross-validation calculated. The time
ratio was also averaged over all procedures to compute an “expected time ratio” of the
resampling procedures in relation to that of 5-fold cross-validation.
For all procedures and data sets, the hyperparameter search procedure used an 11×10
grid search (the S set) following the ranges and steps popularized by libsvm (Hsu et al.,
2010) i.e. C = {2−5 , 2−3 , . . . , 215 }, and γ = {2−15 , 2−13 , . . . , 23 }.

Wainer and Cawley
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1. Technically the size of the training set for the bootstrap depends on the details of the implementation.
The set TR i has size n, but some of the data are necessarily repeated. If one uses a naive implementation,
the training set has size n, but if one makes use of weights for each data point to account for the repetition
of the data, then the training size for the bootstrap is on average 0.632n.

We describe procedures 3 to 8 as large-training set resampling procedures. If n is the size of
the G set (n = |G|) then the large-training procedures will perform training on sets ranging
from 0.8 × n for the kf5, 2xkf5, 80/20, to n for the bootstrap1 . The 3-fold and 2-fold (item

15. 5 times repeated 10/10 hold out (5x10/10)

14. 10/10 hold out (10/10)

13. 20/10 holdout (20/10)

12. 5 times repeated 20/20 hold out (5x20/20)

11. 20/20 hold out (20/20) — training and test sets of 20%

10. inverted 5-fold (invkf5): learning on a single fold, and testing on the remaining.

9. resubstitution (resub), training and testing in the whole data set

8. 80/20 hold-out (80/20) — a training set of size approximately 80% of the original
data, and test set of 20%, with similar proportion of classes

7. 5, 10, and 20 times repeated bootstrap (5xboot, 10xboot, 20xboot)

6. 2 times repeated 10-fold (2xkf10)

5. 2 times repeated 5-fold (2xkf5)

4. 10-fold cross-validation (kf10)

3. 5-fold cross-validation (kf5)

2. 3-fold cross-validation (kf3)

1. 2-fold cross-validation (kf2)

The following resampling procedures are investigated:

2.1 Resampling Procedures

the error surface for different C and γ as a noisy convex surface, and proposes a filtered
coordinate descent search where the “true value” of the error at a particular point C, γ
is a Gaussian filtered value of the error rate in a neighbourhood of C, γ. Keerthi et al.
(2007) define an approximation to the gradient of the error surface and proposes that
a gradient descent search should be performed to select the optimal C and γ. Finally,
many researchers have proposed the use of non-convex optimization procedures to select
the optimal hyperparameters, including evolutionary algorithms (Friedrichs and Igel, 2005),
and particle swarm optimisation (De Souza et al., 2006; Li and Tan, 2010)
The third approach, selection of different resampling procedures, is the one explored in
this paper. We know of few papers that discuss relative merits of resampling procedures
and the selection of hyperparameters: The closest to this research is Anguita et al. (2005).
Anguita et al. (2005) compare 9-fold cross-validation (kf9), 10-fold cv (kf10), 10 repetitions
of the bootstrap procedure (10xboot), 100 repetitions of the bootstrap (100xboot), leaveone-out (loo), and 70/30 hold-out on 13 data sets (along with two internal metrics) for
hyperparameter selection. They use a different experimental procedure — a fixed test set
(in our notation a fixed F data set) and thus they can estimate (F | G, C ∗ , γ ∗ ) and the
excess loss using the fixed test set. They average the relative excess loss across the data
sets (for each procedure). They report that the k-fold procedures have lower relative excess
loss, followed by the 100xboot, the 10xboot, the loo and the 70/30 in that order. They did
not include any discussion on whether the differences can be considered negligible. Another
result reported in the paper is that 100xboot has the lower estimate error for (F | G, C ∗ , γ ∗ ),
followed by loo, 10xboot, 70/30, and last kf.

2. Methods and data

2

∗ , γ ∗ ) + (i | i , C ∗ , γ ∗ )
(ib | ia , Crs,a
a
b
rs,a
rs,b rs,b

This paper describes an experimental evaluation of different resampling-based model selection criteria, using 121 different data sets (described in detail in Section 2.2). The error
rate of the SVM trained with the choice of hyperparameters selected using the different resampling procedures (discussed in Section 2.1) are evaluated using a 2-fold cross-validation.
That is, each data set is divided into two halves, the different resampling procedures are
used to select the hyperparameters using the first half, the SVM is trained in this first half
and its error rate evaluated for the second half. The procedure is repeated using the second
half as training set and the first half as test set. The estimate of the error rate for the
resampling procedure (or more precisely the error rate of the SVM with hyperparameters
selected by the resampling procedure) is the average of the two measured error rates. If i
denotes a data set, ia and ib two halves of the data set, then the estimated error rate for a
resampling procedure rs is
eer(rs, i) =
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∗
∗
where Crs,a
and γrs,a
are computed as described in Equation 2, where the ia half of the
data set i corresponds to G (we discuss the candidate set S below).
For the 112 smallest data sets, we used three different statistical methods to compare
the estimated error rate for each resampling procedure with that of a baseline procedure, in
this case the 5-fold cross-validation (details of the comparison methods in Section 3). We

7

3.1 Demšar procedure
Demšar (2006) proposed a method to determine whether a statistically significant difference exists in the performance of multiple classifiers on many data sets. In our case, the
different resampling procedures used in hyperparameter optimisation play the role of the
different classifiers. Demšar suggests using the Friedman test as an omnibus nonparametric
paired test (the pairing is each data set). This test computes the p-value based on the null
hypothesis that all classifiers are “equivalent” in terms of their true rankings. If the p-value
is low enough one would reject the claim that the classifiers are “equivalent” and should
proceed to determine which differences are “statistically significant” or not. In the case that
all classifiers are being compared on an equal basis, Demšar (2006) proposes the Nemeyi
post-hoc test. In our case, we are not interested in comparing all pairs of procedures, but
only in comparing each resampling procedure with the baseline provided by kf5. In this
case, Demšar (2006) proposes pairwise Wilcoxon signed-rank tests (the paired version of
the non-parametric Wilcoxon test), but with the correction to the resulting p-values due to
the multiple comparison. He proposes either the Bonferroni-Dunn procedure, or one of the
step-up/down procedures of Holm, Hochberg, or Hommel.

2.2 Data sets

The 121 data sets used in this study were collected from the UCI repository (Lichman,
2013), processed and converted by the authors of Fernández-Delgado et al. (2014) into a
unified format. The data is derived from the 165 available at UCI repository in March
2013. From this set, they discarded 56, mainly because they were too large (number of
data and/or number of features), or because they were not in a “common UCI format”.
Four further data sets were added to those from the UCI repository, and finally some data
sets that had two or more definitions of “classes” were converted into different problems.
For example the data set cardiotocography defined two classification problems, one with 3
classes and the other with 10 classes — each became a different data set. The names of
the data sets are a simplification of the original UCI name. For each data set, categorical
features were converted to numerical data, and each feature was standardised to have a
mean of zero and unit standard deviation. No further pre-processing or feature selection
was performed by Fernández-Delgado et al. (2014). We used the data generated by the
authors of Fernández-Delgado et al. (2014), downloaded in November 2014. In 19 data sets
the data were divided into a training and test set, but the test set was not standardized (in
the data available in Nov 2014). In these cases we standardized the test set (independently
of the training set) and joined the two into a single data set. Some of the 121 original
data sets are multi-class. Since the SVM is essentially a binary classification procedure, we
converted the multi-class problems into binary problems by ordering each of the original
classes according to their names and alternately assigned the original classes to the new
positive and negative classes. Finally, we used all the data sets with less than 10,000 data
for the experiments, and used the 9 data sets with more than 10,000 data to verify the
conclusions from the experiments.
The characteristics of all data sets used are reported in Appendix B. The tables report
the size of each half of the data set. The average data set size is 2250 patterns (median 341.5,
max 65030); the average number of features is 30 (median 17, max 263). The proportion
of samples belonging to the positive class is displayed in the histogram in Figure 6 in
Appendix B. The proportions are approximately normally distributed with mean 0.60 and
standard deviation of 0.17.

9
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We perform three different statistical analyses of the results. The first is the standard
multi-classifier/multiple-data set comparison procedure proposed by Demšar (2006), where
the multiple resampling procedures play the part of the multiple classifiers. The second

3. Metrics and statistical procedures

analysis computes confidence intervals for the excess loss of different resampling procedures
in relation to kf5, and verify whether this interval is within a range of equivalence. If the
confidence interval on the excess loss is smaller than a threshold the error rates of the two
different resampling procedures are considered to be “equivalent”. This second analysis
addresses some of the general criticism of procedures based on the “null hypothesis significance test” (NHST) framework and is in consonance of what is usually referred to in the
medical literature as “practical significance” (as opposed to mere “statistical significance”).
The final form of analysis is the Bayes factor test proposed by (Barber, 2012, chapter 12).

1 and 2 in the list) will be called medium-training set procedures, since they will perform
training on 0.67n to 0.5n data points. The other procedures are called small-training set
procedures, since the training size ranges from 0.1n (10/10 and others) to 0.2n (20/20 and
others). Somewhat counter-intuitively, the small-training set procedures are more useful for
large data sets, When it is the case that a small fraction of G can represent the underlying
data-generating distribution, such resampling procedures can obtain good accuracy at a
tiny fraction of the computational cost of resampling procedures that build larger training
sets.

10
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The Demšar’s procedure falls under the null hypothesis significance testing framework, that
is, one assumes that there are no differences among the resampling procedures and declare
that there is a “statistically significant” difference if the probability of a difference in mean
rankings at least as large as that actually observed is below a pre-determined threshold
(usually 0.05). However, even if a “statistically significant” difference exists, the effect size
may be sufficiently small that it is of no relevance to practical applications. For example, it
may be that the difference between one procedure and another is a decrease of (say) 0.0001
in the error rate. This difference could be “statistically significant” but would be unlikely
to be “practically significant” (Kirk, 1996). One possible way of determining if there is a
practically significant variation between a resampling procedure and kf5 (for instance) for
selecting SVM hyperparameters would be to determine a confidence interval for the excess
loss and show that (with 95% confidence) the excess loss exceeds a threshold of equivalence.
The important aspect of the confidence interval procedure is the definition of a “equivalence” threshold — above what level of excess loss should a difference be considered a
“practically relevant” change in the error rate? In this paper we will propose a method
to determine this threshold of equivalence. Besides the resampling procedures described in
Section 2.1, we also evaluated another procedure which was a repetition of the kf5 procedure

3.2 Confidence interval on the excess loss

Wainer and Cawley
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but with different folds; we call it the kf5bis procedure. The difference between the kf5 and
kf5bis procedure was the random generator seed, and thus the “luck/bad luck” the experimenter has in creating the folds. Thus, in some sense the excess loss of the kf5bis procedure
is a limit of equivalence, not necessarily because it is small, but because it is an excess
loss one cannot further reduce, since it represents the effect of “luck” in the resampling
procedure for selecting the hyperparameter. Thus, in this paper we use the mean excess
loss of the kf5bis procedure as the threshold of equivalence. Table 2 in Section 4.2 reports
among the other resampling procedures, the mean excess loss of the kf5bis procedure as
−0.0031. Thus in this paper we will consider excess loss within the range [−0.0031, 0.0031]
as irrelevant. Simplifying, the NHST approach would compute the confidence interval for
the excess loss and declare that the excess loss is statistically significant if the confidence
interval does not cross the zero. A “practical significance” approach computes the same
confidence interval for the excess loss, but declares that the excess loss is “irrelevant” if the
interval is fully contained in the [−0.0031, 0.0031] range.
3.3 Bayes factor

P (Hsame | ea , eb )
P (Hindep | ea , eb )
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(4)

The third method to compare error rates across different data sets is the Bayesian analysis
proposed by Barber (2012, chapter 12). The excess loss analysis above is based solely on
the value of the error rate. The Bayesian method is based on both the magnitude of the
error rate and the number of samples used in evaluating that error rate. For example, one
will be more willing to assume that a classifier a which made 50 errors over 500 samples is
equivalent to a classifier b that made 55 errors in 500, than if the first made 700 errors in
7000 samples, while the second made 770. Although the change in error rate is the same
in both cases (0.10 versus 0.11), nevertheless, because of the larger test set, one is less
sure that the two classifiers are equivalent in the second scenario. The Bayesian analysis
measures the ratio between the probability that the classifiers are the equivalent versus the
probability that they are not equivalent (given the data), and this Bayes factor should be
much lower in the second scenario.
Given two classifiers evaluated on the same data set (or in our case the classifiers based on
the different choices of hyperparameters derived using different resampling procedures), the
method computes “How much evidence is there that the two samples of correct and incorrect
predictions in the test set comes from independent multinomial distributions?” which is a
possible rephrasing of the question “How much evidence is there supporting the contention
that the two classifiers are performing differently?” Let us assume that classifier a when
applied to the test set results in ea = hca , ia i where ca is the number of correct predictions,
and ia the number of incorrect predictions, and similarly for classifier b. P (Hsame | ea , eb ) is
the posterior probability that the pairs of correct and incorrect results ea and eb come from
the same (unknown) binomial distribution, which would indicate that both classifiers are
equivalent. P (Hindep | ea , eb ) is the posterior probability that they came from independent
distributions and therefore that the two classifiers are not equivalent (more precisely, it will
be very unlikely that the two independent distributions are the same). The Bayes factor
(BF) is the ratio of these two probabilities:
BF =
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Z(u)Z(u + ea + eb )
Z(u + ea )Z(u + eb )

(5)

The larger the Bayes factor, the higher is the evidence towards the hypothesis that the two
classifiers are equivalent. If Z(x) is the beta function of a pair, and u = h1, 1i, then the BF
is calculated as
BF =

Appendix C contains the derivation of this formula. In our case, we will consider 5-fold
cross-validation as the baseline, and we will compare all other procedures to it, and thus
we will calculate for each resampling procedure its Bayes factor in relation to 5-fold crossvalidation.

We will report the 2 loge BF as defined in Equation 4. The reason to use the log is that
the BF is a multiplicative factor, and for the mean and confidence interval calculations we
need an additive factor. The use of the constant 2 is to follow the table of Kass and Raftery
(1995) regarding the interpretation of strength of the evidence in favour of one or the other
hypothesis, which is based on 2 loge .
3.4 Computational Expense

Considering the time consumed for hyperparameter selection via the different resampling
procedures, we ran all of the procedures for a single data set in sequence on a single core (of
a multiple core machine). Different data sets were distributed to different cores of the same
machine. We collected the total time to perform the resampling procedure to select the
hyperparameters — the time to learn the final classifier with the optimal hyperparameters
and to apply it to the other half of the data set was not included in the time measure. Again
we use 5-fold cross-validation as baseline, and report the ratio of the execution time of each
procedure and the 5-fold cross-validation execution time. The statistical calculations are
performed with the log of the time ratio, which was then converted back to report the mean
and confidence interval.
3.5 Statistical procedure

Besides the statistical tests performed by the Demšar procedure, we are interested in estimation of the mean excess loss, the log BF, and the ratio of execution time for each resampling
procedure, in relation to the 5-fold. To evaluate the confidence interval of the mean of
each of these measures, we use a bootstrap procedure with the “BCA” (bias- corrected and
accelerated) evaluation method for the confidence interval (Efron, 1987). We use a 95%
confidence level and 5, 000 replications of the bootstrap procedure.
3.6 Reproducibility
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The 121 data sets, the program used to run the hyperparameter search, the raw results for
each resampling procedure and data set, the program to analyse the results and generate
the figures in this paper are available at https://dx.doi.org/10.6084/m9.figshare.
1359901.
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7.8
8.8
10.6
10.3
10.3
11.1
10.3

invkf5
20/80
20/20
5x20/20
20/10
10/10
5x10/10

0.24
0.00
0.00
0.01
0.00
0.00
0.00

0.23
0.04
0.78
0.20
0.06
0.01
0.00

0.66
0.04

0.99
0.02
0.00
0.14
0.00
0.00
0.00

0.99
0.39
1.00
0.99
0.41
0.14
0.00

1.00
0.39

0.51

Holm

0.71
0.02
0.00
0.14
0.00
0.00
0.00

0.71
0.36
0.78
0.71
0.41
0.14
0.00

0.78
0.36

0.51

Hochberg

0.71
0.02
0.00
0.12
0.00
0.00
0.00

0.68
0.30
0.78
0.60
0.35
0.14
0.00

0.78
0.30

0.40

Hommel

1.00
0.02
0.00
0.21
0.00
0.00
0.00

1.00
0.76
1.00
1.00
0.99
0.24
0.00

1.00
0.74

1.00

Bonferroni
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4.4 Computational Expense
Table 4 reports the mean and confidence interval of the ratio of the time required for
each resampling procedure and that for kf5. We would like to point out some anomalies or

are sure that both procedures have exactly the same expected generalization error, and yet
for this case, the log Bayes factor is on average 5.89. Thus, 5.89 is the mean theoretical
maximum of the log Bayes factor for the data sets used in the experiment. Thus, the results
in Table 3 are very close to the mean maximum. The kf5bis provides a limit to what is
a “relevant” certainty. By design, the kf5bis results should be irrelevantly different than
their kf5 counterpart — it could be that for one data set, the kf5bis result is sufficiently
different to the kf5 result, but we are averaging over 112 data sets. So, we would like to
make the claim that Bayes factor above 5.70, which is the average of the kf5bis, show that
the differences are irrelevant to this problem. Figure 2 repeats the Bayes factor data Table 3
for data points around the 5.70 threshold above which one should consider that there is
enough evidence that the resampling procedure is equivalent to the 5-fold.

Table 1: The result of the Demšar procedure comparing the resampling procedures. First
column names the procedure, second display the average rank. The following
columns display the p-value of the Wilcoxon signed rank test when compared
with kf5: the original p-value, and then after the Holm, Hochberg, Hommel, and
Bonferroni corrections

6.2
6.5
7.2
5.8
5.8
9.3
15.2

2xkf5
kf10
5xboot
10xboot
20xboot
80/20
resub

6.8
6.3

kf2
kf3

0.08

original
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Table 3 reports the results of the Bayes factor calculations. Most of the results for the log
BF are within the range from 5.5 to 6.1 in favour of the hypothesis that the error rate of
each of the resampling procedures are the same as kf5. Following the scale of interpretation
given by Kass and Raftery (1995), if the 2 loge of the Bayes factor is in the range from 2 to 6,
the evidence should be considered “positive”, and from 6 to 10 “strong”. Thus most of the
results are in the direction of a positive evidence in favour that the resampling procedures
results are the same as the 5-fold results.
A more specific threshold is derived from the kf5 and kf5bis results (first two lines in
Table 3). kf5 is the result of calculating the Bayes factor for the kf5 procedure itself, so we

4.3 Bayes factor

Table 2 reports the mean and 95% confidence interval of the excess losses for each of the
resampling procedures. Figure 1 repeats the excess loss data of Table 2, removing the
resubstitution data. The result of the mean excess loss for the kf5bis is −0.0031. As
discussed, the absolute value of that excess loss is our threshold of equivalence; excess losses
with absolute value lower than 0.0031 are considered in this paper as irrelevant.

4.2 Excess loss

We performed the Friedman test (as implemented in the libraries of the R programming
language) with the following results: Friedman χ2 = 382.8071, d.f. = 17, p-value < 2.2e16. Thus, we reject the hypothesis that all resampling procedures are equivalent. We then
performed the Wilcoxon signed-rank test for each procedure against kf5. The resulting
p-values are given in Table 1. The first column is the average rank of each resampling
procedure. The table includes kf5 as the first entry. The results indicate that there is no
clear winner among the different resampling procedures. Notice that all average ranks for
the medium and large training set procedures are similar (around 7) with the exception of
the resubstitution (average rank of 15.2). Note that the average rank for the kf5 procedure
itself is 7.2; thus procedures with average rank less than 7.2 are “better” then kf5, while a
larger average rank indicates ”worse” resampling procedures.
The second column of Table 1 displays the original p-value (from the Wilcoxon test)
without any correction for multiple comparisons. The third column shows the result of
Holm’s correction, followed by the results of the Hochberg, Hommel, and Bonferroni-Dunn
corrections, where p-values below 0.05 (which indicates a 95% confidence) are in bold. Again
the results of these tests suggest that resubstitution, and the small training set procedures
(except 5x20/20) are inferior to kf5, and the other methods are statistically equivalent, or
more precisely, we cannot show that the other methods are statistically dissimilar. Table 1
shows that besides resub, all other large and medium training procedure are not statistically
significantly different from kf5.

4.1 Demšar procedure

7.2
6.7

kf5bis

In this section we report the results obtained from all experiments using the 112 smallest
data sets, for which the experiments were computationally feasible.
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exceptions are the 80/20 and the resub procedures discussed below. But for all procedures
that result in a better selection of the hyperparameters the mean excess loss it is still
within our range of equivalence to kf5. That is, even using computationally more expensive
procedures such as 20- and 10-times bootstrap, 2 times repeated 5-fold, on average it is not
likely that there will be relevant changes in the final error rate of the classifier. This result
is consistent with the Demšar analysis, which show no statistically significant differences
between these procedures and kf5. The two large-training resampling procedures that have
positive excess loss are the 20% hold-out (80/20) and the resubstitution estimator. The
result for resubstitution is widely known—the use of the same data for training and testing
causes severe overfitting—but we have shown that the overfitting is also severe in regards
to hyperparameter selection.
The small-training procedures all incur positive excess losses, to varying extents, and
thus are in general “worse” than kf5, but the inverse-kf5 and the 20/80 holdout have the
lowest mean excess loss. The excess loss for the 20/20 procedures (sample 20% for training
and 20% for testing), and for the 20/10 and 10/10 procedures are very significant. We

Figure 1: Excess loss in relation to kf5 for the resampling procedures (resubstitution not
included). The dotted line indicates the limit for what is considered an irrelevant
change in the loss.

kf5bis

invkf5
20/80
20/20
5x20/20
20/10
10/10
5x10/10

Table 2: Excess loss in relation to kf5 for all the resampling procedures. The second column
is the mean excess loss (in relation to kf5) of each procedure; the third and fourth
columns are the 95% confidence interval for the mean. In bold, the mean excess
losses that are of practical significance.

unexpected results regarding the computational expense. The first one is that resubstitution
is slower than kf5. A second one is that the 5-times repeated 20/20 and 10/10 are only
three times as expensive as the corresponding non-repeated procedure. We do not know
how to explain these results, but it is possible that they are also due to interference between
different runs; as discussed in Section 3.4 the many cores of the machines were executing
the experiments in different data sets at the same time.

5. Discussion
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The results for the medium-training procedures (kf2 and kf3) are a welcome surprise. The
Demšar analysis shows that they are not significantly different to those obtained using kf5.
Furthermore, the excess loss confidence interval shows that their excess loss is mostly within
the irrelevance threshold, and the Bayes factor indicates that there is good evidence that
their performances are equivalent to that of kf5. However, these two procedures select
the SVM hyperparameters in 33% and 55% of the time of the kf5 procedure — a useful
computational saving.
Most of the large-training procedures have a negative mean excess loss, that is, they
select hyperparameters that result in slightly lower error rates for the future data. The two
15
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The evidence of a decreasing trend for larger dimensionality is less compelling for the
kf2 than it is for the kf3. For one data set with larger dimensionality, the excess loss of
kf2 is outside our range of irrelevance, but that is not true for the kf3. It should be noted
though that the RBF kernel is often unsuitable for high-dimensional datasets and a linear
kernel is often preferable in such cases (Hsu et al., 2010).
Another important issue is whether the practical equivalence of the kf2 and kf3 to kf5 is
also valid for an SVM with other kernels. We evaluated the excess loss of kf2 and kf3 on the
112 smallest datasets on SVM with polynomial and linear kernels. The results are displayed
in Table 6. The data are also displayed in Figure 5. The results are not too different than
the excess loss for the RBF SVM, with the exception of a somewhat higher excess loss for
the kf2 for linear SVM. So we believe that the conclusions of practical equivalence of the kf2

SVM hyperparameters in large data sets. Note that as the size of the dataset increases,
the bias and variance of most resampling procedures tend to decrease, so this is entirely in
accord with a-priori intuition.

Figure 2: Bayes factor of the ratio of the probabilities that the resampling procedure and
the 5-fold are equivalent. Data around the 5.7 threshold, above which one should
consider that there is enough evidence to claim the equivalence.

5.0

5.5

6.0

10/10

An important issue is whether the results for the equivalence, for practical purposes, of
the kf2, kf3 and kf5 procedures carries forward to larger and higher dimensional data. We
tested the kf2 and kf3 on the 9 largest data sets. The results are in Table 5. The table shows
the excess loss in relation to kf5, the log BF of both procedures and the kf5 log BF (which
indicates the maximum value) and the time ratios in relation to kf5. With the exception
of the nursery data set, all excess losses are within our limit or irrelevance, and the BF are
close to the maximum, a very strong evidence that these procedures perform equally well
for larger size data sets. Figures 3 and 4 show the values of the excess loss as a function of
the data set size and the number of dimensions of the data. For data sets with sizes beyond
the examples tested, one can look at the trend of excess loss as a function of the data set
size in Figures 3 and 4: there is a compelling trend of diminishing excess loss as the data
set size increase. Therefore we are very confident that one can safely use kf2 or kf3 to tune

conclude from these observations, that there seems to be no real gain in using resampling
procedures more costly than 5-fold cross-validation. On the other hand, the kf2 and kf3
procedures seem to achieve a similar result to kf5, with lower computational costs.

Table 3: 2 loge of the Bayes factor of the hypothesis that the resampling procedure results
are the same as the kf5 results versus the hypothesis that they are independent.
The numbers in the table are the mean difference of the log of the Bayes factor
between the procedures indicated in the left column and the kf5. The last two
columns are the 95% confidence interval for the mean.
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or large number of features). Thus, our sample does not reflect large data sets (especially
text-classification datasets which also have a high dimensionality). Practitioners working
with these kinds of data sets are advised to check our conclusions before following them.
It has been suggested that the outer 2-fold procedure to estimate ˘ was probably too
noisy since kf2 is a high variance estimator. Appendix E shows that even using a 5xkf2 (on
the 42 data sets with at most 400 data) the results do not change significantly — but the
confidence intervals are somewhat reduced. Therefore, even if a lower variance estimator of
˘ was used, we do not believe the results would change substantively.
This research assumed that kf5 was the “standard” resampling procedure for hyperparameter selection, and compared all other procedures against kf5. The many results in the
paper show, among others, kf2 and kf3 are equivalent from a practical point of view to kf5.
But that might not be the case for more costly, low variance procedures such as kf10 or
20xboot. Appendix F shows the result of the Nemenyi test for comparing all resampling

Table 6: Excess loss for the kf2 and kf3 procedures on SVm with Polynomial and Linear
kernels.

procedure
kf2
kf3
kf2
kf3

Figure 3: The excess loss of the kf2 procedure in relation to the dataset size and dimensionality. The dotted horizontal line is our threshold of irrelevance. The dashed
transparent vertical line indicates that there is a data point at that position that
was clipped from the graph.
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Table 4: Time ratio between the resampling procedure and the kf5.
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letter
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adult
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connect-4
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Table 5: kf2 and kf3 excess loss in relation to kf5, the 2*log BF of kf2, kf3 and kf5 (which
shows the maximum value of the BF) and the time ratio for kf2 and kf3

and kf3 resampling procedures in relation to the kf5 resampling to select hyperparameters
are also valid for the linear and polynomial SVM.
5.1 Limits of this research
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The strength of the conclusions of this research rests on the assumption that the set of 121
data set used are a good sample of “real life” data sets. There are limits to this assumption.
Fernández-Delgado et al. (2014) did not include large data sets (large number of data points
19
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5.2 Methodological discussion

procedures against each other. None of the large-training and medium-training procedures
are statistically significantly different from each other, with the exception of 80/20 and
resub which were also not equivalent to kf5.

We believe that besides the important result of a strong suggestion of using 2-fold or 3fold cross validation to select the hyperparameters of an SVM this research also opens
an important methodological discussion on at least three topics. The first is the use of a
Bayesian framework for the comparison of classifiers. The second is the use of concepts of
“practical irrelevance” or “practical equivalence” in machine learning, and in particular the
use of the kf5bis to discover the threshold of equivalence. The final issue, is whether it is
methodologically sound to average excess losses. The Bayes factor approach resulted in a
metric that is not very sensitive. Most of the results in Table 3 are similar to each other
and almost all are in the range of positive evidence, but as we have shown using the results
of kf5, this seems to be the strongest evidence possible in this problem. Our decisions
regarding the BF should be reviewed by future researchers in search of a more sensitive
metric. For example, we used only the number of correct and incorrect predictions in the
Bayesian calculations. Barber (2012) implicitly suggest both these measures and also using
the 4-tuple of true positives, true negatives, false positives, and false negatives.
We must explain why we used two other analysis procedures beyond the usual Demšar
proposal. As we discussed, the Demšar (2006) procedure falls within the NHST framework,
and other empirical sciences realized that NHST are rarely the correct tool to analyse data

Figure 5: The excess loss of the kf2 and kf3 procedures for Linear and Polynomial SVM,
measured on the 112 smallest dataset. The dotted line is the threshold of practical
equivalence.

0.000

0.005

0.010

kf2

(Gardner and Altman, 1986; Thompson, 2002; Woolston, 2015). Significance tests can tell
us that two samples are different enough that it is unlikely that they came from the same
population, but not whether the difference matters for any practical purpose. Alternatively,
significance tests can tell us that there is not enough evidence to make the claim that the
two samples came from the same population, which in no way means that the two samples
are “the same.” Our proposal of using a confidence interval on an effect size and a measure
of practical equivalence is one possible direction, as is our usage of Barber (2012) Bayesian
analysis.
Another methodological proposal was to use the kf5bis (a different random selection for
the kf5) as a way of determining a threshold of equivalence. The differences between kf5
and kf5bis should on average over many data sets be irrelevant, either because they are too
small to matter or because there is no way to reduce them.
The final discussion is whether computing the mean (and confidence interval) of a excess loss is a sound procedure. An argument against it is that error rates (and therefore
differences in error rates) cannot be compared across different data sets. One can argue
that an improvement of 0.05 in the error rate would be a substantial improvement if the
error rate was originally 0.08; however an improvement of 0.05, where the original error rate
was 0.28, is rather less significant. The same number (0.05) seems to mean different things
in these two situations, and therefore adding those two numbers (to compute the average)
does not seems a reasonable operation. We believe that the source of this problem is that
the variance of the error rates across different resampling procedures, for example, varies
as a function of the error rate itself. If the variance of error rates for low error rates is low,
then 0.05 is a considerable magnitude (in standard deviations) for an error rate of 0.08. The

Figure 4: The excess loss of the kf3 procedure in relation to the dataset size and dimensionality. The dotted horizontal line is our threshold of irrelevance. The dashed
transparent vertical line indicates that there is a data point at that position that
was clipped from the graph.
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variance should be much larger for an error rate of 0.28, which in turn means that 0.05 is
not such a large change in that case. But as Appendix D shows, the variance of the excess
loss (for all procedures) does not increase as the error rate (for the kf5 procedure) increases.
In fact the variance can be seen as constant across the different error rates, and that would
allow one to compute the average of the excess losses.

6. Conclusions
This research has evaluated the impact of different resampling procedures in the selection
of SVM hyperparameters, by comparing 17 different procedures in 121 data sets. The
conclusion is that the 2-fold procedure should be used in data sets with more than 1000
points. In these cases the user may expect a difference of −0.0031 to 0.0031 in the error
rate of the classifier if a 5-fold procedure was used, which we believe is the limit of what one
should consider an irrelevant change in the classifier error rate. For smaller data sets, we
could not detect any significant difference (on average) between 5-fold and computationally
more costly procedures such as 10-fold, 5 to 20 times repeated bootstrap, or 2 times repeated
5-fold. We believe that a 3-fold is appropriate for smaller data sets.
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Appendix A. Terminology

Wainer and Cawley

resampling vs cross-validation. What we called resampling is frequently called crossvalidation. We decided to use resampling instead of the most common term cross-validation,
because we understand that the ”cross” term in cross validation implies a subset that is used
in training and then again in testing, as in the k-fold procedure. That is not necessarily true
for the bootstrap procedure — there is no subset that is by construction used in the training
and then in the testing. Resampling procedures are also called out-of-sample techniques
(Anguita et al., 2012).
k-fold also known as k-fold cross validation or cross-validation by itself (Kuhn et al.,
2014).
hold out is sometimes called leave group out (Kuhn et al., 2014) or split sample (Molinaro et al., 2005).
model selection (Cawley and Talbot, 2010) is also called selection of hyperparameters or hyperparameter optimization (Bergstra and Bengio, 2012) or hyperparameter tuning
(Duan et al., 2003)
bootstrap: in the version of bootstrap described here the error rate is measured solely
on the test set which contains only the data not included in the training set. Two other
variations of bootstrap are commonly used: the .632-bootstrap (Efron, 1983) and the .632+bootstrap (Efron and Tibshirani, 1997). For these methods the error estimate is calculated
using not only the test set, but also the error rate of the training set itself.

Appendix B. Data sets

Table 7 lists the characteristics of all data sets, ordered by size. The name of the data set
is the same as those used in Fernández-Delgado et al. (2014). The size refers to one half
of the data set (please refer to section 2 regarding the methodology to compute the excess
log loss). The nfeat column is the number of features or number of dimensions of the data
in the data sets; ndata the number of patterns; prop the proportion of data in the positive
class. Notes has the following values:

• r the data set was removed from all analysis because all cross validation tests have
less than 5 examples of a particular class

• s some of the experiments did not run because their test sets had less than 5 examples
of a particular class

• m the data set describes a multiclass problem, and so was converted to a binary
problem using the procedure discussed in section 2

• l the data set has more than 5000 patterns so it was used in the large data set
validation.

• t the data set was originally divided into a test and train set, where the test set was
not standardized (see section 2).

JMLR 18(15):1-35, 2017

Figure 6 displays the histogram of the proportion of the positive class.
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0.40
0.50
0.83
0.56
0.52
0.96
0.62
0.82
0.86
0.62
0.53
0.49
0.94
0.52
0.67
0.38
0.74
0.46
0.72
0.64
0.22
0.57
0.60
0.74
0.47
0.25
0.64
0.77
0.52
0.54
0.64
0.40
0.67
0.19
0.53
0.69
0.63
0.75
0.75
0.68

prop

continued in the next page

vertebral-column-3clases
primary-tumor
ecoli
ionosphere
libras
dermatology
horse-colic
congressional-voting
arrhythmia
musk-1
cylinder-bands
low-res-spect
monks-3
monks-1
breast-cancer-wisc-diag
ilpd-indian-liver
monks-2
synthetic-control
balance-scale
soybean
credit-approval
statlog-australian-credit
breast-cancer-wisc
blood
energy-y1
energy-y2
pima
statlog-vehicle
annealing
oocytes trisopterus nucleus 2f
oocytes trisopterus states 5b
tic-tac-toe
mammographic
conn-bench-vowel-deterding
led-display
statlog-german-credit
oocytes merluccius nucleus 4d
oocytes merluccius states 2f
hill-valley
contrac

data set

26

7
18
8
34
91
35
26
17
263
167
36
101
7
7
31
10
7
61
5
36
16
15
10
5
9
9
9
19
32
26
33
10
6
12
8
25
42
26
101
10

nfeatures
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165
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180
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238
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277
278
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291
300
300
312
341
345
345
349
374
384
384
384
423
449
456
456
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495
500
500
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511
606
736

ndata

Table 7: The data sets (continued)
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0.67
0.68
0.64
0.30
0.51
0.64
0.64
0.59
0.67
0.58
0.38
0.25
0.48
0.51
0.63
0.72
0.64
0.51
0.53
0.42
0.43
0.32
0.66
0.76
0.80
0.75
0.66
0.52
0.81
0.41
0.98
0.34
0.56
0.53
0.51
0.72
0.31
0.93
0.49
0.79

prop

742
796
799
799
800
800
864
970
1063
1063
1100
1155
1155
1268
1595
1598
2088
2260
2300
2449
2500
2500
2728
2736
2810
3217
3299
3600
3700
3700
4062
5496
6480
9510
10000
14028
24421
29000
33778
65032

ndata

Table 7: The data sets (continued)
nfeatures
9
257
65
12
65
65
7
28
22
22
4
19
19
73
61
37
9
17
58
12
41
22
25
11
63
37
167
22
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22
17
9
11
17
7
15
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43
51
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0.55
0.50
0.50
0.56
0.52
0.52
0.28
0.66
0.39
0.86
0.66
0.58
0.55
0.97
0.75
0.48
0.68
0.88
0.61
0.48
0.66
0.68
0.78
0.92
0.51
0.56
0.85
0.94
0.49
0.49
0.51
0.51
0.68
0.65
0.50
0.53
0.76
0.84
0.75
0.28
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data set
yeast
semeion
plant-texture
wine-quality-red
plant-margin
plant-shape
car
steel-plates
cardiotocography-10clases
cardiotocography-3clases
titanic
image-segmentation
statlog-image
ozone
molec-biol-splice
chess-krvkp
abalone
bank
spambase
wine-quality-white
waveform-noise
waveform
wall-following
page-blocks
optical
statlog-landsat
musk-2
thyroid
ringnorm
twonorm
mushroom
pendigits
nursery
magic
letter
chess-krvk
adult
statlog-shuttle
connect-4
miniboone
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Γ(.) is the gamma function and u = hu1 , u2 i is the parameters of the Dirichelet distribution.
u = h1, 1i results in a uniform distribution over the possible values of α1 and α2 . The same
is assumed for cb and ib .

Z(u) =

where Z(u) is the normalizing constant

P (α) =

In this case, H1 is the hypothesis that the two data ea and eb come from independent multinomial distributions (Hindep ) and H2 that they come from the same distribution (Hsame ).
Also let us assume that there is no prior preference for choosing any of these two hypothesis,
and thus P (Hindep ) = P (Hsame ).
For both hypothesis we will assume that the two values ci and ii are sampled from a
multinomial distribution, P (hca , ia i = ha1 , a2 i | α =iα1 , α2 i) = α1a1 α2a2 , with an unknown
α. α is sampled from a Dirichlet distribution:

P (H1 | ea , eb )
P (ea , eb | H1 ) P (H1 )
=
.
P (H2 | ea , eb )
P (ea , eb | H2 ) P (H2 )

The derivation below is taken from chapter 12 of Barber (2012) by fixing the data for
each classification (ei ) to be a pair number-of-correct-predictions and number-of-incorrectp(h
|ea ,eb )
p(Hsame |ea ,eb )
predictions, and by computing the BF as p(H
instead of p(hindep
. Let us assume
same |ea ,eb )
indep |ea ,eb )
that classifier a when running on the test set results in ea = hca , ia i where ca is the number
of correct predictions, and ia the number of incorrect predictions, and similarly for classifier
b. The standard Bayesian model selection method is to calculate:

Appendix C. Derivation of the Bayes factor formula

Figure 6: Histogram of the proportion of the positive class for the 121 data sets analysed.

0.0

Z(u + ea ) Z(u + eb )
.
Z(u)
Z(u)

p(Hsame | ea , eb )
Z(u)Z(u + ea + eb )
=
.
p(Hindep | ea , eb )
Z(u + ea )Z(u + eb )

Z(u + ea + eb )
.
Z(u)

(6)
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The outer loop in the experiments is a 2-fold, that is we run the experiments in half of the
data set and measure the error rate in the second half, then we change the train and test
halves, and average the two measures. But kf2 is a high variance estimation. To evaluate
the consequence of this choice, we ran an experiment where the outer loop is a 5xkf2, a
5-times repeated kf2, for all data sets with less than 400 points. The results are reported
in Figure 9. The figure plots the mean and confidence intervals for the original experiment
with a kf2 outer loop and the 5xkf2 experiment, for 42 data sets with less than 400 data.
The results show that there was a reduction in the confidence interval for the large- and
mid-training procedures, but no systematic difference in the mean excess loss. For the small
training procedures there seems to be a small decrease in the mean excess loss, and usually

Appendix E. The outer loop

Figure 7 is a scatter plot of all excess losses for all procedures as a function of the kf5 error
rate. The figure seems to indicate that the variance is does not increase as the error rate
increases, as discussed in the text. Figure 8 computes the variance of the excess losses for
all procedures for different kf5 error rates. The kf5 error rate was divided into 20 equal
ranges, and the variance of the excess loss was computed for each range. The figure places
the variance at the mean kf5 error rate for each range. Not all ranges are represented in
the figure because 3 of them fall between the last two kf5 error rates.

Appendix D. Variance of the excess loss

BF =

Thus, the Bayes factor is:

=

For the same hypothesis, we assume that both ea and eb were sampled from the same
(unknown) multinomial distribution:
Z
P (ea , eb | Hsame ) = P (ea , eb | α, Hsame )P (α, | Hsame )dα,
Z
= P (ea | α, Hsame )P (eb | α, Hsame )P (α | Hsame )dα,

=

For the independent hypothesis, we assume that the two data ea and eb comes from
independent distributions, with independent α and β, that is
Z
P (ea , eb | Hindep ) = P (ea , eb | α, β, Hindep )P (α, β | Hindep )dαdβ,
Z
Z
= P (ea | α, Hindep )P (α | Hindep )dα P (eb | β, Hindep )P (β | Hindep )dβ,
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Appendix F. The full significance test comparison of all procedures

a small decrease in the confidence intervals, but not for all procedures. These differences
should diminish as the data set increases in size. Thus had we used a repeated kf2 in the
outer loop, the results would likely be similar, with maybe a small reduction on the sizes of
the confidence intervals.

Figure 8: Variance of all excess losses for different kf5 error rates.

0.0000

0.0025

0.0050

0.0075

0.0100

Figure 7: Scatter plot of all excess losses (for all procedures) as a function of the kf5 error
rate.
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1. Introduction
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Abstract

Binary classification is the problem of predicting the class a given sample belongs to.
To achieve a good prediction performance, it is important to find a suitable model for
a given dataset. However, it is often time consuming and impractical for practitioners
to try various classification models because each model employs a different formulation
and algorithm. The difficulty can be mitigated if we have a unified formulation and an
efficient universal algorithmic framework for various classification models to expedite the
comparison of performance of different models for a given dataset. In this paper, we
present a unified formulation of various classification models (including C-SVM, `2 -SVM,
ν-SVM, MM-FDA, MM-MPM, logistic regression, distance weighted discrimination) and
develop a general optimization algorithm based on an accelerated proximal gradient (APG)
method for the formulation. We design various techniques such as backtracking line search
and adaptive restarting strategy in order to speed up the practical convergence of our
method. We also give a theoretical convergence guarantee for the proposed fast APG
algorithm. Numerical experiments show that our algorithm is stable and highly competitive
to specialized algorithms designed for specific models (e.g., sequential minimal optimization
(SMO) for SVM).
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Binary classification is one of the most important problems in machine learning. Among
the wide variety of binary classification models which have been proposed to date, the most
popular ones include support vector machines (SVMs) (Cortes and Vapnik, 1995; Schölkopf
et al., 2000) and logistic regression (Cox, 1958). To achieve a good prediction performance,
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it is often important for the user to find a suitable model for a given dataset. However, the
task of finding a suitable model is often time consuming and tedious as different classification
models generally employ different formulations and algorithms. Moreover, the user might
have to change not only the optimization algorithms but also solvers/software in order to
solve different models. The goal of this paper is to present a unified formulation for various
classification models and also to design a fast universal algorithmic framework for solving
different models. By doing so, one can simplify and speed up the process of finding the best
classification model for a given dataset. We can also compare various classification methods
in terms of computation time and prediction performance in the same platform.
In this paper, we first propose a unified classification model which can express various models including C-SVM (Cortes and Vapnik, 1995), ν-SVM (Schölkopf et al., 2000),
`2 -SVM, logistic regression (Cox, 1958), MM-FDA, MM-MPM (Nath and Bhattacharyya,
2007), distance weighted discrimination (Marron et al., 2007). The unified model is first
formulated as an unconstrained `2 -regularized loss minimization problem, which is further
transformed into the problem of minimizing a convex objective function (quadratic function, plus additional terms only for logistic regression) over a simple feasible region such as
the intersection of a box and a hyperplane, truncated simplex, unit ball, and so on. Taking
different loss functions (correspondingly different feasible regions in the transformed problem) will lead to different classification models. For example, when the feasible region is
given by the intersection of a box and a hyperplane, the unified formulation coincides with
the well-known C-SVM or logistic regression, and when the region is given by a truncated
simplex, the problem is the same as the ν-SVM.
It is commonly acknowledged that there is “no free lunch” in supervised learning in the
sense that no single algorithm can outperform all other algorithms in all cases. Therefore,
there can be no single “best” software for binary classification. However, by taking advantage of the above-mentioned unified formulation, we can design an efficient algorithm
which is applicable to the various existing models mentioned in the last paragraph. Our
proposed algorithm is based on the accelerated proximal gradient (APG) method (Beck and
Teboulle, 2009; Nesterov, 2005) and during the algorithm, only the procedure for computing
the projection onto the associated feasible region differs for different models. In other words,
by changing the computation of the projection, our algorithm can be applied to arbitrary
classification models (i.e., arbitrary feasible region) without changing the optimization algorithmic framework. The great advantage of our algorithm is that most existing models have
simple feasible regions, which make the computation of the projection easy and efficient.
The APG method is known to be one of the most efficient first-order methods theoretically. In order to make our APG based method practically efficient, we further employ
various techniques such as backtracking line search (Beck and Teboulle, 2009; Scheinberg
et al., 2014) and adaptive restarting strategies (O’Donoghue and Candès, 2015) to speed
up the convergence of the algorithm. Our method incorporates several speed-up strategies
while guaranteeing its convergence even for a general non-strongly convex function. Since
our method is a further improvement of the standard APG method, we will call it as fast
accelerated proximal gradient (FAPG) method. Our FAPG method improves several other
restarting schemes (Nesterov, 2013; Lin and Xiao, 2015; Su et al., 2014) which have guaranteed convergence in the case when the objective function is strongly convex. To make
our method even more efficient in practice, we simplify some steps in the implementation
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 1
` yi (w> xi − b) + kwkpp ,
C

A Unified Formulation and Fast APG Method for Classification

i=1

m
X

and Bhattacharyya, 2007), the model based on Fisher’s discriminant analysis (MM-FDA)
(Bhattacharyya, 2004; Takeda et al., 2013), and the logistic regression (Cox, 1958).
Many binary classification models have the following formulation which consists of the
sum of loss of each sample and a regularization term:

w,b

min F (α) := f (α) + g(α).

(
0
(α ∈ S)
+∞ (α 6∈ S)

4

L
kα − βk22 + g(α)
2

(2)
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1. It is sufficient if ∇f (·) is Lipschitz continuous on a neighborhood of dom(g): the convex hull of dom(g) ∪
{β k | k = 1, 2, . . .}, where β k (k = 1, 2, . . .) are points generated at Step 3 of the APG method. Obviously,
however, it is not possible to know the points a priori.

α∈Rd

TL (β) = argmin QL (α; β).

QL (α; β) = f (β) + h∇f (β), α − βi +

Let L ≥ Lf . We define an approximate function QL : Rd → R of f (α) around β and a
mapping TL (α) : Rd → Rd as follows:

3. The problem (2) is solvable, i.e., the optimal value is finite and an optimal solution
α∗ exists.

The minimum value of such L is referred to as the Lipschitz constant Lf of ∇f (·).

2. f : Rd → R is a proper, closed, convex, and continuously differentiable function, and
its gradient ∇f (·) is Lipschitz continuous on Rd ,1 i.e., there exists a constant L > 0
such that
k∇f (α) − ∇f (β)k2 ≤ Lkα − βk2 ∀α, β ∈ Rd .
(3)

1. g : Rd → R ∪ {+∞} is a proper, closed, and convex function which is possibly
nonsmooth. Its effective domain dom(g) = {α ∈ Rd | g(α) < +∞} is closed and
convex.

is the indicator function of the set S.
To apply the APG method to (2), we need to assume the following conditions:

δS (α) =

Note that one can express a minimization problem constrained over a set S in the form of
(2) by setting g = δS , where

α∈Rd

In this section, we first introduce the accelerated proximal gradient (APG) method (Beck
and Teboulle, 2009) which is designed for the following problem:

2.2 Accelerated Proximal Gradient Method

where ` : R → R is a proper, closed, and convex function; C > 0 is a parameter; and k·kp
is the p-norm with p ∈ [1, ∞].

min

of our FAPG algorithm, though we can no longer ensure its theoretical convergence. To
summarize, while our method has extensive generality, numerical experiments show that
it performs stably and is highly competitive to specialized algorithms designed for specific
classification models. Indeed, our method solved SVMs with a linear kernel substantially
faster than LIBSVM (Chang and Lin, 2011) which implemented the SMO (Platt, 1998)
and SeDuMi (Sturm, 1999) which implemented an interior-point method. Moreover, our
FAPG method often run faster than the highly optimized LIBLINEAR (Fan et al., 2008)
especially for large-scale datasets with feature dimension n > 2000. The FAPG method can
be applied not only to the unified classification model but also to the general convex composite optimization problem such as `1 -regularized classification models, which are solved
faster than LIBLINEAR in most cases. It may be better to think of a stochastic variant of
our method for further improvement and we leave it as a future research topic. We focus
here on the deterministic one as the first trial to provide an efficient unified algorithm which
is applicable to all well-known existing classification models.
The rest of this paper is organized as follows. Section 2 introduces some preliminary
definitions and results on binary classification models and the APG method. Section 3
presents a unified formulation of binary classification models. In Section 4, we provide
solution methods for the unified formulation. We develop efficient algorithms for computing projections which are used in the APG method. Then we design our FAPG method
combined with various techniques to speed-up its practical convergence. The iteration complexity of O (log k/k)2 of our algorithm is also established, where k is the iteration counter.
Numerical experiments are presented in Section 5.

2. Preliminaries
In this section, we introduce some preliminary definitions on binary classification models
and the APG method.
2.1 Binary Classification Models
Let X ⊂ Rn be the input domain and {+1, −1} be the set of the binary labels. Suppose
that we have samples,
(x1 , y1 ), . . . , (xm , ym ) ∈ X × {+1, −1}.
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Define M := {1, . . . , m}, M+ := {i ∈ M | yi = +1}, and M− := {i ∈ M | yi = −1}. Let
m+ = |M+ | and m− = |M− |.
We compute (w, b) for a decision function h(x) = w> x − b using these samples and use
h(x) to predict the label for a new input point x̂ ∈ X . If h(x̂) is positive (resp. negative),
then the label of x̂ is predicted to be +1 (resp. −1). Here we focus on linear learning models
by using linear functions h(x), but the discussions in this paper can be directly applied to
non-linear kernel models (Schölkopf and Smola, 2002) using nonlinear maps φ(x) mapping
x from the original space to a high dimensional space.
There are various binary classification models to compute (w, b) such as the support
vector machines (SVMs), e.g. (Cortes and Vapnik, 1995; Schölkopf et al., 2000; Schölkopf
and Smola, 2002), the margin maximized minimax probability machine (MM-MPM) (Nath
3

− αk−1 ).

5

JMLR 18(16):1-49, 2017

On the other hand, from the definition of TL (β), we have

∃γβ ∈ ∂g(TL (β)) s.t. h∇f (TL (β))+L TL (β)−β +γβ , α−TL (β)i ≥ 0, ∀α ∈ Rd , (5)

for any β ∈ Rd . The term L TL (β) − β in (5) can be seen as the residual of the optimality
condition (4). Thus it would be a natural criterion to terminate the APG if LkTL (αk ) −
αk k2 <  with a small constant  > 0.

in Step 3 can be seen as the momentum of the sequence {αk }∞
k=0 . It enlarges the moving
∞ which may lead them closer to the optimum α∗
distance of the sequences {α}∞
,
{β}
k=0
k=1
more quickly. While various other APG methods (e.g, (Nesterov, 2013; Monteiro et al.,
2016; Su et al., 2014)) are proposed, the above APG (namely, FISTA) is used in many
applications because it is simpler to implement.
It is known that α∗ is an optimal solution of (2) if and only if α∗ = TL (α∗ ). More
specifically, the necessary and sufficient optimality condition for α∗ to be an optimal solution
of (2) is
∃γα ∈ ∂g(α∗ ) s.t. h∇f (α∗ ) + γα , α − α∗ i ≥ 0, ∀α ∈ Rd .
(4)

For the APG method, the iteration complexity result such that F (αk ) − F (α∗ ) ≤ O(1/k 2 )
−1
is known (see (Beck and Teboulle, 2009, Theorem 4.4)). The second term ttkk+1
(αk − αk−1 )

tk −1
k
tk+1 (α



1
αk = TL (β k ) = proxg,L β k − ∇f (β k ) .
L
√
1+ 1+4t2k
.
=
2

Step 3. Compute β k+1 = αk +

Step 2. Compute tk+1

Step 1. Compute

Accelerated Proximal Gradient Method

n

 2o
L
1
αk+1 = TL (αk ) = argmin g(α) +
α − αk − ∇f (αk )
2
L
2
α∈Rd


1
k
k
= proxg,L α − ∇f (α ) ,
L
o
n
where proxg,L (ᾱ) := argminα∈Rd g(α) + L2 kα − ᾱk22 is the proximal operator of g. If g =
δS , then proxg,Lk = PS , where PS (ᾱ) = argminα∈S kα − ᾱk2 is the orthogonal projection of
ᾱ onto the set S. In this case, the above PG
 method coincides with the gradient projection
method. If g(·) = k · k1 , then proxg,L (α) i = sign(αi ) max{0, |αi | − L} (i = 1, 2, . . . , d)
which is known as the soft-thresholding operator. Other analytical computations of the
proximal operators of various g can be found in (Parikh and Boyd, 2014, Section 6).
It is known that the PG method has the iteration complexity such that F (αk )−F (α∗ ) ≤
O(1/k), where α∗ is an optimal solution of (2). The APG method (Beck and Teboulle,
2009), which isalso known as FISTA, is an acceleration of the PG method. It generates
∞
∞
two sequences β k k=1 and αk k=0 . For an arbitrary initial point β 1 = α0 ∈ Rd and
t1 = 1, the APG method solves (2) through the following steps (k = 1, 2, . . .):

The basic proximal gradient (PG) method generates a sequence {αk }∞
k=0 by

A Unified Formulation and Fast APG Method for Classification

F (αk ) > QLk (αk ; β k ),

(6)

6
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Proposition 1 (from Scheinberg et al., 2014) Let S ∗ be the set of optimal solutions of
(2). For any α∗ ∈ S ∗ , the sequence {αk }∞
k=0 generated by Algorithm 1 satisfies the following
inequality:
2ηu Lf kα0 − α∗ k22
F (αk ) − F (α∗ ) ≤
, ∀k ≥ 1.
k2

The modified APG of (Scheinberg et al., 2014) can be described as in Algorithm 1. It differs
from the original APG in that the updates of tk and β k are added to ‘bt’ and Step 2 is
modified. The convergence of Algorithm 1 is shown as follows.

‘dec’: Set Lk+1 ← Lk /ηd .

Beck and Teboulle (2009) designed the backtracking strategy ‘bt’ so that the values of Lk
is non-decreasing. In fact, the convergence analysis of (Beck and Teboulle, 2009) requires
the value of Lk to be non-decreasing. However, it is advantageous to decrease the value of
Lk whenever possible since the constant L1k gives a larger step size.
To allow Lk to decrease, Scheinberg et al. (2014) modifies the APG method so that
k ∞
{tk }∞
k=1 satisfies tk /Lk ≥ tk+1 (tk+1 − 1)/Lk+1 (∀k ≥ 1) and the sequences {α }k=0 and
∞
{β k }∞
k=1 are generated along with {tk }k=1 . To be specific, let us introduce the following
simple step to decrease the value of Lk , where ηd > 1 is a given constant.

2.2.2 Decreasing Strategy for Lk

The inequality (6) in ‘bt’ ensures that the complexity result F (αk ) − F (α∗ ) ≤ O(1/k 2 ) still
holds. We note that the inequality F (αk ) ≤ QLk (αk ; β k ) is satisfied if Lk ≥ Lf , i.e., it is a
weaker condition than (3).

update Lk ← ηu Lk and αk ← TLk (β k ). Set Lk+1 ← Lk .

‘bt’: While

We assume that L is greater than or equals to the Lipschitz constant Lf of ∇f (α). However
it is advantageous to use a smaller value for L whenever possible since the constant L plays
the role of a step size as in a gradient descent method; fixing L to be the Lipschitz constant
Lf is usually too conservative (see Table 5 in Section 5). Thus we adopt the following
backtracking strategy (Beck and Teboulle, 2009) after Step 1 with arbitrary given constants
ηu > 1 and L0 > 0:

2.2.1 Backtracking Strategy

Despite having a strong iteration complexity result, the APG method may still not be
efficient enough for practical purpose. In the following, we describe several well-known
strategies to make the APG method practically efficient.

Ito, Takeda, and Toh
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2
1+4(Lk /Lk−1 )tk−1

K1
k̄1
restart

K2
k̄2

K3

k̄3

Ito, Takeda, and Toh

restart

restart

k iter

# ‘bt’

Figure 1: Illustration of Maintaining Top-Speed Strategy (‘mt’). A prohibition period of
restart for Ki iteration are imposed after the i-th restart occurs. If the condition
∇f (β k )> (αk − αk−1 ) < 0 is satisfied after the period passed, then the (i + 1)th restart occurs. The next prohibition period is doubled, i.e., Ki+1 = 2Ki .
k̄i (≥ Ki ) denotes the number of iteration taken between the (i − 1)-th and i-th
restart, which will be used to convergence analysis in Section 4.2.

0

# ‘dec’
# Step 2’
# Step 3

− αk−1 ).

3. New Unified Formulation

1
kwk22 ,
2C
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In this paper, we focus on the following `2 -regularized loss minimization problem:
w,b

e> w − ab) +
min L(A

8

(7)

While a similar strategy is taken in the experiment of (Monteiro et al., 2016), its convergence analysis is not provided. One of our contributions in this paper is to show that
in fact the modification
‘mt’ of the restarting strategy can ensure the convergence rate of

O (log k/k)2 under a mild assumption. We will elaborate it in Section 4.2.

‘mt’: If k ≤ kre + Ki , then skip ‘re’. If restart occurs, then update kre ← k, Ki+1 ← 2Ki ,
and i ← i + 1.

The restarting strategy cancels out high momentum and prevents overshooting. In the
neighborhood of an optimum, however, maintaining high momentum may be effective rather
than restarting APG (see Figures 6 and 8 in Section 5), because large overshooting may
not occur. Thus we put a prohibition period of restart for Ki iteration after the i-th restart
occurs, where Ki increases as Ki = 2Ki−1 (i = 2, 3, . . .) and K1 ≥ 2. See Figure 1 for
illustration. Precisely, letting k = kre be the iteration count at which the last restart
occurs, we introduce the following step:

2.2.4 Maintaining Top-Speed Strategy

Nesterov (2013) proposed a restarting method, which has asymptotic linear convergence
if g is strongly convex. Lin and Xiao (2015) showed that a similar restart technique can
achieve the same convergence rate as Nesterov’s scheme if f is strongly convex. Su et al.
(2014) modeled the APG method as a second-order ordinary differential equation (ODE).
They provided a speed restarting framework that ensures a linear convergence of the ODE
with respect to time in the case that f is strongly convex and g = 0. To the best of
our knowledge, none of the restarting schemes have convergence guarantees for a general
non-strongly convex function.

Algorithm 1 An Accelerated Proximal Gradient Method with Non-Monotonic Backtracking
Input: f , ∇f , g, proxg,L ,  > 0, L1 = L0 > 0, ηu > 1, ηd > 1, kmax > 0, β 1 = α0
Output: αk
Initialize: t1 ← 1, t0 ← 0
for k = 1, . . . , kmax do


# Step 1
αk ← TLk (β k ) = proxg,Lk β k − L1k ∇f (β k )
1+

while F (αk ) > QLk (αk ; β k ) do
Lk ← ηuq
Lk

t ←
k
2
t
−1
k−1 − αk−2 )
β k ← αk−1 + k−1
tk (α


αk ← TLk (β k ) = proxg,Lk β k − L1k ∇f (β k )
end while
if kLk (TLk (αk ) − αk )k <  then
break
end if

Lk+1 ← Lk√/ηd
1+ 1+4(L
/Lk )tk2
k+1
tk+1 ←
2
−1
β k+1 ← αk + ttkk+1
(αk − αk−1 )
end for

tk −1
k
tk+1 (α

is close to 1, i.e., the momentum is high, the sequences of solutions

∈ [0, 1) in Step 3 determines the amount of momentum in
tk −1
tk+1

2.2.3 Restarting Strategy
The value

tk −1
tk+1

When the value

∞ and {β k }∞ would overshoot and oscillate around the optimal solution α∗ . In
{αk }k=0
k=1
order to avoid the oscillation and further speed up the convergence, O’Donoghue and Candès
(2015) introduced an adaptive restarting strategy:

‘re’: If ∇f (β k )> (αk − αk−1 ) + g(αk ) − g(αk−1 ) > 0,
then update tk+1 ← 1, tk ← 0, β k+1 ← αk−1 , and αk ← αk−1 .
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Roughly, the APG method resets the momentum back to zero and restarts from the previous
point αk−1 if the direction of motion αk −αk−1 seems to cause the (approximated) objective
value to increase, which may be a sign of overshooting. Note that the computational cost
of ‘re’ is inexpensive since ∇f (β k ) has already been computed at Step 1. O’Donoghue and
Candès (2015) also provided a heuristic convergence analysis for their restarting scheme
(‘re’) when f is a strongly convex (i.e., there exists a constant µ > 0 such that f (α) −
µ
∗ 2
2 kα − α k2 is convex) quadratic function and g = 0. However, the convergence of ‘re’ for
a general strongly convex objective function is unknown (not to mention for the general
non-strongly convex function in our problem).
There are several other restarting schemes (Nesterov, 2013; Lin and Xiao, 2015; Su
et al., 2014). They have guaranteed convergence in the case that f is strongly convex.
7

e = I,
A

a = 0.

e=X
e := [y1 x1 , y2 x2 , . . . , ym xm ],
A

a = y,

and

(10)

(9)

9

In this section, we show some specific examples of L and L∗ .

3.2 Relation to Existing Binary Classification Models
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where kzk∗p = supkwkp ≤1 {z > w} is the dual norm of k · kp . It is known that k · k∗p = k · kq ,
where q = p/(p − 1). The problem (10) can be seen as the Fenchel dual of (8), whose
derivation is shown in Appendix A. We note that the norms k · kp and k · k∗q are smooth for
p ∈ (1, ∞).
As shown later, in all classification models, L∗ is the sum of a smooth function and an
indicator function of a simple set S for which the projection PS can be computed efficiently.
Thus we can apply the APG method as an acceleration of the gradient projection method
to the dual problems (9) and (10). By this construction, we can ensure the fast convergence
rate of F (αk ) − F (α∗ ) ≤ O(1/k 2 ) for various classification models in a unified way. In
√
other word, the APG method can obtain a solution with desired accuracy  > 0 in O(1/ )
iteration.
There is an existing work (Zhou et al., 2010) which applies the APG method to the
primal C-SVM, i.e., (7) with the hinge loss function. However, their method requires O(1/)
iteration to obtain a solution with the desired accuracy  > 0 because it approximates the
hinge loss by a smoothed function and making the approximation tighter requires extra
iterations (Nesterov, 2005).

α

where L∗ (α) = supz {α> z − L(z)} is the convex conjugate of L.
The dual problem of (8) is

e ∗p | α> a = 0 ,
min L∗ (−α) + λkAαk

The dual problems of (7) is given by
n
o
C e 2
>
min L∗ (−α) + kAαk
2 |α a=0 ,
α
2

3.1 Dual Formulation

where λ > 0 is a parameter. We note that the condition p ∈ (1, ∞) is required for our
unified classification algorithm because the smoothness of the dual norm of k · kp is required
to apply the APG method to the dual problem of (8). However, if p ∈ {1, ∞} and L is
smooth, the APG method can be applied to the primal problem (8). See Appendix D for
`1 -regularized problems, i.e., the case of p = 1.

w,b

Our algorithm to be described later can be applied to a more general loss-regularized
model with p ∈ (1, ∞):

e> w − ab) | kwkp ≤ λ ,
min L(A
(8)

• l = n,

• l = m,

e ∈ Rn×l , a ∈ Rl , and C > 0
where L : Rm → R is a proper, closed, and convex function; A
is a parameter. We will later show examples such that
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C e 2
kXαk2 − α> e + δSC (α),
2

(11)

C e 2 kαk22
kXαk2 +
+ δS`2 (α),
2
4

(12)

i:αi >0

i:αi <1

X
X
C e 2
kXαk2 +
αi log(αi ) +
(1 − αi ) log(1 − αi ) + δSLR (α),
2

(13)

10
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where SLR = {α ∈ Rm | α> y = 0, 0 ≤ α ≤ e}.
We should note that the gradient of the second and third terms in (13) is not Lipschitz
continuous on SLR and not defined at αi = 0, 1 (i ∈ M ). However, since it is known that

α

min

the dual problem (9) can be reduced to

e = X
e
Let A
Pm and a = y in (7). Let `(z) = log(1 + exp(−z)) be the logistic loss and
L(z) =
i=1 `(zi ). Then the primal problem (7) is the logistic regression (Cox, 1958).
Since


m
α log(α) + (1 − α) log(1 − α) (0 < α < 1)
X
L∗ (−α) =
`∗ (−αi ), where `∗ (−α) = 0
(α = 0, 1)


i=1
+∞
otherwise,

3.2.3 Logistic regression

where S`2 = {α ∈ Rm | α> y = 0, α ≥ 0}.

α

min

the dual problem (9) can be reduced to

e=X
e and a = y in (7). Let `(z) = (max{0, 1 − z})2 be the truncated squared loss
Let A
P
and L(z) = m
i=1 `(zi ). Then the primal problem (7) is known as the `2 -SVM. Since
( 2
m
α
X
if α ≥ 0
∗
∗
∗
L (−α) =
` (−αi ), where ` (−α) = 4
+∞
otherwise,
i=1

3.2.2 `2 -SVM

where SC = {α ∈ Rm | α> y = 0, 0 ≤ α ≤ e}.

α

min

the dual problem (9) can be reduced to

e= X
e and a = y in (7). Let `(z) = max{0, 1 − z} be the hinge loss and L(z) =
Let A
P
m
i=1 `(zi ). Then the primal problem (7) is known as the standard C-SVM (Cortes and
Vapnik, 1995). Since
(
m
X
−α if α ∈ [0, 1]
L∗ (−α) =
`∗ (−αi ), where `∗ (−α) =
+∞ otherwise,
i=1

3.2.1 C-SVM

Ito, Takeda, and Toh
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n
−ρ+
i=1

m
o
1 X
max{ρ − zi , 0} ,
mν

its optimal solution α∗ satisfies 0 < α∗ < e (Yu et al., 2011), we can instead solve (13) by
replacing SLR by SLR (ξ) := {α ∈ Rm | α> y = 0, ξe ≤ α ≤ (1 − ξ)e}, where ξ > 0 is a
small constant. The second and third terms in (13) are differentiable over SLR (ξ). We will
later show numerically that the resulting decision hyperplane is robust to a small deviation
of ξ (see Table 6 in Section 5).
3.2.4 ν-SVM

ρ

e=X
e and a = y in (7). Let
Let A
L(z) = min

+∞

otherwise,

C e 2
kXαk2 + δSν (α),
2

(14)

where ν ∈ (0, 1] is a given parameter. The function L(z), known as the conditional valueat-risk (CVaR) (Rockafellar and Uryasev, 2000), is the expected value of the upper ν-tail
distribution. Gotoh and Takeda (2005) pointed out that minimizing CVaR is equivalent to
ν-SVM (Schölkopf et al., 2000), which is also known to be equivalent to C-SVM.
Since

h
im 
(
1
0
e> α = 1 and α ∈ 0, mν
L∗ (−α) =

the dual problem is given by

α

min

1
where Sν = {α ∈ Rm | α> y = 0, α> e = 1, 0 ≤ α ≤ mν
e} is the intersection of the
1
hyperplane {α | α> y = 0} and the truncated simplex {α | α> e = 1, 0 ≤ α ≤ mν
e}. Note
that any positive value for C does not change the optimal solution of (14), and therefore,
we can set C = 1. There exists a valid range (νmin , νmax ] ⊆ (0, 1] for ν, where νmin is the
e ∗ 6= 0, and νmax := 2 max{m+ ,m− } is the maximum of ν ≤ 1
infimum of ν > 0 such that Xα
m
for which Sν 6= φ. Since the parameter ν takes a value in the finite range (νmin , νmax ],
choosing the parameter value for ν-SVM is often easier than that for C-SVM.

3.2.5 Distance Weighted Discrimination (DWD)

if z ≥

√

mν
otherwise

.

n1
√ o
1
+
(ρ − z) | ρ ≥ z, ρ ≥ mν
ρ mν

e = X,
e a = y, λ = 1 and p = 2 in (8). For a positive parameter ν, let `(z) be the
Let A
function defined by
ρ

(

1
z
√
2 mν−z
mν

`(z) = min

=
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Pm
Consider L(z) = i=1
`(zi ). This loss function is used in the distance weighted discrimination (DWD) (Marron et al., 2007) which is proposed as an alternative to ν-SVM. Since we
11

have
L∗ (−α) =

m
X
i=1

where

`∗ (−α) =

( √
−2 α
+∞

Ito, Takeda, and Toh

`∗ (−αi ),

the dual problem (9) can be equivalently reduced to

α

i=1

m
o
n
X
√
e 2−2
min kXαk
αi + δSDWD (α) ,

1
0 ≤ α ≤ mν
otherwise,



(15)


where SDWD = α ∈ Rm | α> y = 0, 0 ≤ α ≤ 1 e .
mν
As in the case of the logistic regression, the second term in (15) is not differentiable at
∗
αi = 0 (i ∈ M ). However, since it is known that there exists an optimal solution
 α such
that αi∗ > 0 (i ∈ M ), we can solve (15) by replacing SDWD by SDWD (ξ) = α ∈ Rm |
1
e where ξ > 0 is a small constant. The second term in (15) is
α> y = 0, ξe ≤ α ≤ mν
differentiable over SDWD (ξ).

3.2.6 Extended Fisher’s discriminant analysis (MM-FDA)

w

max

2
w> (x̄+ − x̄− )
.
w> (Σ+ + Σ− )w

The well-known Fisher’s discriminant analysis (FDA) uses a decision function to maximize
the ratio of the variance between the classes to the variance within the classes. Let x̄o and
Σo , o ∈ {+, −}, be the mean vectors and the positive definite covariance matrices of xi ,
i ∈ Mo , respectively. Then FDA is formulated as follows:

Its optimal solution is given by

w∗ = (Σ+ + Σ− )−1 (x̄+ − x̄− ).

e = I and a = 0 in (7). Here we consider the mean-standard deviation type of risk
Let A
corresponding to FDA:
q
L(w) = −w> (x̄+ − x̄− ) + κ w> (Σ+ + Σ− )w,

where κ > 0 is a parameter. Since
q
n
o
L∗ (−α) = sup − α> w + w> (x̄+ − x̄− ) − κ w> (Σ+ + Σ− )w
n
o
− α> w + w> (x̄+ − x̄− ) + w> (Σ+ + Σ− )1/2 u

w

w kuk2 ≤κ

= sup min

u


= min δSFDA (u) | α = (x̄+ − x̄− ) + (Σ+ + Σ− )1/2 u ,


where SFDA = u ∈ Rn | kuk2 ≤ κ , the dual problem (9) can be reduced to
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n
o
C
min δSFDA (u) + kαk22 | α = (x̄+ − x̄− ) + (Σ+ + Σ− )1/2 u ,
α,u
2

12

inf u,κ
s.t.

κ

minu (x̄+ − x̄− ) + (Σ+ + Σ− )1/2 u

2

.

+ δSFDA (u) = 0

2
2

(16)

q
q
 

− w x̄+ + κ w> Σ+ w − − w> x̄− + κ w> Σ− w .

>

n




1/2
1/2
δSMPM (u+ , u− ) | α = x̄+ + Σ+ u+ − x̄− + Σ− u− ,



δSMPM (u+ , u− ) +



1/2
1/2
x̄+ + Σ+ u+ − x̄− + Σ− u−
2
2

.

(17)

2

n1
kα − ᾱk22 | α> e = r,

l ≤ αi ≤ u,

o
(i ∈ M ) .

(18)

αi (θ).

13

14
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i∈M

X

JMLR 18(16):1-49, 2017

h(θ) =

i∈M

2. Another practical way is to decrease 0 , i.e., to improve the accuracy of the projection progressively, as
APG iterates. The APG method with the inexact computation also share the same iteration complexity
O(1/k2 ) as the exact counterpart, as shown in (Jiang et al., 2012).

The following statements hold:

and let

n
o
αi (θ) = min max{l, ᾱi − θ}, u ,

Lemma 2 (e.g. Helgason et al., 1980) Suppose that the problem (18) is feasible. Let

i ∈ M }, it often requires less time to compute a solution α̂ such that kα̂ − PS (ᾱ)k∞ < 0 =
u in practice, where u ≈ 2.22 × 10−16 is the IEEE 754 double precision. Note that the error
u can occur even when using the breakpoint search algorithm because u is the supremum of
the relative error due to rounding in the floating point number system. Thus, it is sufficient
to choose 0 = u as the stopping tolerance for our algorithm in practice. 2
The difference between the algorithms is that the breakpoint search algorithms use
binary search, whereas our algorithm uses bisection to solve an equation. It is known that
the projection (18) can be reduced to finding the root of an one dimensional monotone
function.

We assume that (18) is feasible. One way to solve (18) is to use breakpoint search algorithms
(e.g., (Helgason et al., 1980; Kiwiel, 2008; Duchi et al., 2008)). They are exact algorithms
and have linear time complexity of O(m). Helgason et al. (1980); Kiwiel (2008) developed
the breakpoint search algorithms for the continuous quadratic knapsack problem (CQKP)
which involves the projection (18) as a special case. By integrating the breakpoint search
algorithm and the red-black tree data structure, Duchi et al. (2008) developed an efficient
update algorithm of the gradient projection method when the gradient is sparse.
In this paper,
algorithm for (18). Although its worst case
 we provide a numerical

complexity is O m log ᾱmax−0 ᾱmin , where ᾱmax = max{ᾱi | i ∈ M } and ᾱmin = min{ᾱi |

α

min

Many models shown in Section 3 have a linear equality and box constraints. Here we
consider the set S = {α ∈ Rm | α> e = r, l ≤ αi ≤ u (∀i ∈ M )} and provide an efficient
algorithm for computing the projection PS (ᾱ):

4.1.1 Bisection Method for Projection

When applying the APG method to a constrained optimization problem over S, the projection PS onto S appears at Step 1. We need to change the computation of the projection
PS depending on the definition of S. In this section, we provide efficient projection computations for SC , S`2 , SLR (ξ), Sν , SDWD (ξ), SMPM , and SFDA .

4.1 Vector Projection Computation

Ito, Takeda, and Toh

In this section, we first provide an efficient vector projection computation in order to apply
the APG method to the unified formulation of the binary classification models. After that,
we develop a fast APG (FAPG) method and show its convergence.

4. A Fast APG method for Unified Binary Classification

The last problem (17) is equivalent to the dual of the maximum margin minimax probability
machine (MM-MPM) (Nath and Bhattacharyya, 2007).

u+ ,u−

min

which is equivalent to

min

n

o
C
1/2
1/2
δSMPM (u+ , u− ) + kαk22 | α = x̄+ + Σ+ u+ − x̄− + Σ− u− ,
α,u+ ,u−
2


where SMPM = (u+ , u− ) ∈ Rn × Rn | ku+ k2 ≤ κ, ku− k2 ≤ κ . Thus the dual problem
(9) can be reduced to

u+ ,u−

= min

w ku+ k2 ≤κ
ku− k2 ≤κ

L∗ (w) = sup

q
q

 
o
− α> w + w> x̄+ − κ w> Σ+ w − w> x̄− − κ w> Σ− w
w
n

o
1/2
1/2
− α> w + w> x̄+ + w> Σ+ u+ − w> x̄− + w> Σ− u−
= sup min

Similar to MM-FDA, we have

L(w) =



e = I and a = 0 in (7). We consider a class-wise mean-standard deviation type of risk:
Let A

3.2.7 Maximum Margin Minimax Probability Machine (MM-MPM)

is equivalent to FDA. Hence (16) can be seen as an extension of FDA. We will refer it as
MM-FDA in this paper.

κmax :=

Takeda et al. (2013) showed that

u


min δSFDA (u) + (x̄+ − x̄− ) + (Σ+ + Σ− )1/2 u

which is equivalent to
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−1

−0.5

0
θ

0.5

i∈M

P
αi (θ). The function h is piecewise

1
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2
1.5
1

0

0.5

r
m

r
m , ᾱmax

−

r
m)

and θl = ᾱmin −

Bisection Algorithm for Projection
Step 1. Set θu = ᾱmax −
Step 2. Set θ̂ = (θu + θl )/2
Step 3. Compute h(θ̂).

such that h(θ∗ ) = r.

15
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Step 5. If |θu − θl | < 0 , then terminate with θ̂∗ = θ̂. Else, go to Step 2.


All steps require at most O(m) operations and the maximum number of iteration is log( ᾱmax−0 ᾱmin ) .
Thus, the computational complexity of the bisection algorithm is at most O m log( ᾱmax−0 ᾱmin ) .
As the bisection method narrows the interval (θl , θu ), some of the terms αi (θ), i ∈ M ,
can be set to l, ᾱi −θ, or u for θ ∈ (θl , θu ). By exploiting the property of αi (θ), we can refine
the computation of h(θ̂) in Step 3 by avoiding recalculation of certain sums. Moreover, we
can often obtain an exact solution. Let us divide M into the following three disjoint sets

Step 4. If h(θ̂) = r, then terminate with θ̂∗ = θ̂.
Else if h(θ̂) < r, then set θu = θ̂.
Else if h(θ̂) > r, then set θl = θ̂.

r
m.

An example of h(θ) is illustrated in Figure 2. To solve h(θ) = r, the breakpoint search uses
the binary search to find two adjacent breakpoints that contain a solution θ∗ between them.
Then the exact solution θ∗ can be obtained by linear interpolation of the two breakpoints.
Instead of binary search, we employ the bisection method to solve the equation h(θ) = r.

3. Let α̂i = αi (θ∗ ), i ∈ M . Then α̂ is an optimal solution of (18).

2. There exists θ∗ ∈ (ᾱmin −

1. h(θ) is a continuous, non-increasing, and piecewise linear function which has breakpoints at ᾱi − u and ᾱi − l (i ∈ M ).

Figure 2: Illustration of the function h(θ) :=
linear.

h

(i.e., αi (θ) = l,

∀θ ∈ [θl , θu ])}

(i.e., αi (θ) = u, ∀θ ∈ [θl , θu ])}

Ito, Takeda, and Toh

:= {i ∈ M | ᾱi − θu ≥ u

for given θl and θu satisfying θl < θu :
U

:= M \(U ∪ L).

L := {i ∈ M | ᾱi − θl ≤ l
I

i∈I

If ᾱi − θu ≥ l and ᾱi − θl ≤ u ∀i ∈ I, then


X
θ = |U |u + |L|l +
αi − r /|I|

= {i ∈ I | ᾱi − θ̂ ≥ u,
= I\(I U ∪ I L )

X

∆su

sc

αi −|I C |θ̂.

| {z }

i∈I C

X

∀θ ∈ [θ̂, θu ])}

(i.e., αi (θ) = u ∀θ ∈ [θl , θ̂])}

∆sl

(i.e., αi (θ) = l

sl

αi (θ̂) = |U |u + |I U |u + |L|l + |I L |l +
|{z} | {z } |{z} |{z}

su

I L = {i ∈ I | ᾱi − θ̂ ≤ l,
IC

IU

(19)

is an exact solution. If I 6= φ, then we also divide I into the following three disjoint sets for
given θ̂ ∈ (θl , θu ):

Then we have
h(θ̂) =

i∈M

By storing the value of each terms, we can reduce the number of additions. The resulting
algorithm can be described as Algorithm 2.
Compared to the existing breakpoint search algorithms, our bisection method can avoid
the computation of breakpoints and the comparison between them. In many cases, our
algorithm can obtain the exact solution by (19). It is often faster than the breakpoint
search algorithms in practice (see Table 2 in Section 5).

Remark 3 Mimicking (Kiwiel, 2008), we can divide the set M more finely and reduce the
recalculation of certain sums as shown in Appendix B. However, Algorithm 2 allows for
simpler implementation and runs faster on our computer systems.

In the followings, we use Algorithm 2 to compute the projection onto SC , S`2 , SLR (ξ), SDWD (ξ)
and Sν .

4.1.2 Projection for C-SVM, Logistic Regression, `2 -SVM, DWD

JMLR 18(16):1-49, 2017

The projection for C-SVM, logistic regression, `2 -SVM, and DWD can be formulated as
follows:
n
o
1
min
kα − ᾱk22 | y > α = 0, l ≤ αi ≤ u (i ∈ M ) ,
(20)
α
2
where (l, u) = (0, 1) for C-SVM,
 (l, u) = (0, ∞) for `2 -SVM, (l, u) = (ξ, 1 − ξ) for logistic
1
regression, and (l, u) = ξ, mν
for DWD. By transforming the variable α and the vector ᾱ
to
(
(
α
if y = 1
ᾱi
if yi = 1
i
i
and β̄i =
−αi + l + u otherwise
−ᾱi + l + u otherwise,
βi =

16

17

Algorithm 2 Bisection Algorithm for (18)
INPUT: ᾱ, r, l, u, 0 > 0 OUTPUT: α
INITIALIZE: I ← M, su ← sl ← sc ← 0, θu ← ᾱmax −
while |θu − θl | > 0 do
u
l
θ̂ ← θ +θ
2
û ← u + θ̂, ˆl ← l + θ̂
I U ← {i ∈ I | ᾱi ≥ û}, I L ← {i ∈ I | ᾱi ≤ ˆl}
I C ← I\(I U ∪ I L )
P
∆su ← |I U |u, ∆sl ← |I L |l, sc ← i∈I C αi
val ← su + ∆su + sl + ∆sl + sc − |I C |θ̂
if val < r then
θu ← θ̂, I ← I C ∪ I L
su ← su + ∆su
else if val > r then
θl ← θ̂, I ← I C ∪ I U
sl ← sl + ∆sl
else
break
end if
if ᾱi − θu ≥ l and ᾱi − θl ≤ u ∀i ∈ I then
θ̂ ← (su + sl + sc − r)/|I|
break
end if
end while
αi ← αi (θ̂), ∀i ∈ M
r
m,
r
m

# Step 5

# Step 4

# Step 3

# Step 2

# Step 1

JMLR 18(16):1-49, 2017

θl ← ᾱmin −
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2

n1
kβ − β̄k22 | e> β = (l + u)m− ,
l ≤ βi ≤ u

o
(i ∈ M ) .

kα − ᾱk22

α> y = 0, α> e = 1, 0 ≤ α ≤

2

n1
kαo − ᾱo k22

o
1
1
e>
eo , o ∈ {+, −}.
o α = , 0 ≤ αo ≤
2
mν

18
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In addition to the techniques in Section 2, we also employ the following practical stabilization
strategy, where it does not affect our convergence analysis.
Decreasing L (‘dec’) and restarting strategies (‘re’) shown in Section 2 are effective to
speed-up the practical convergence of the APG method, especially in early iterations and
near the optimal solution, respectively (see Figures 6 and 10 in Section 5). However, they
have opposing effects. Decreasing Lk enlarges the stepsize L1k , which extends αk − αk−1 .

4.2.1 A Fast APG with Stabilization

We have shown several strategies to speed-up the APG method in Section 2. While the
convergence proof has been shown for the backtracking ‘bt’ and decreasing ‘dec’ strategy,
the convergence for the restart ‘re’ and maintaining top-speed ‘mt’ strategy is unknown. In
this section, we develop a fast APG (FAPG) method by combining all these techniques and
show its convergence.

4.2 Convergence Analysis of a Fast APG Method with Speed-up Strategies

Similarly, the projection PSMPM (ᾱ+ , ᾱ− ) for MM-MPM can be computed as follows:

n
n
κ o
κ o 
PSMPM (ᾱ+ , ᾱ− ) = min 1,
ᾱ+ , min 1,
ᾱ− .
kᾱ+ k2
kᾱ− k2

(22)

4.1.4 Projection for MM-MPM and MM-FDA

The projection PSFDA (ᾱ) of ᾱ onto SFDA = α ∈ Rn | kαk2 ≤ κ is easy to compute; We
have
n
κ o
PSFDA (ᾱ) = min 1,
ᾱ.
kᾱk2

Then, Algorithm 2 can be applied to solve (22).

αo

min

α

min

1 o
e .
(21)
2
mν
Let α+ and α− be the subvectors of α corresponding to the label +1 and −1, respectively.
Let e+ and e− be subvectors of e with size m+ and m− . From the fact that the conditions
1
α> y = 0 and α> e = 1 are equivalent to α>
o eo = 2 (o ∈ {+, −}), the problem (21) can be
decomposed into the following two problems:

n1

In applying the APG method to ν-SVM, we shall be concerned with the projection PSν (ᾱ):

4.1.3 Projection for ν-SVM

The last problem can be solved by Algorithm 2.

β

min

respectively, the problem (20) can be reduced to

Ito, Takeda, and Toh

k+1

↵k
1
k+2

↵k+1

k+1

↵k
↵k

1
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k+2

↵k+1
↵k

ç

ç

−1
(αk − αk−1 ) (left: Lk is large,
Figure 3: Effects of the value of Lk to the momentum ttkk+1
right: Lk is small). A smaller value of Lk gives a larger step size at Step 1
as illustrated by the solid lines. This results in high momentum at Step 3 as
illustrated by the dashed lines.

This inherently induces high momentum (as illustrated in Figure 3). On the other hand,
the restarting strategy cancels out high momentum. Hence combining them triggers the
restart frequently and makes the APG method unstable. In order to avoid the instability, it
would be necessary to reduce the ηd (rate of decreasing Lk ) near the optimum. The restart
would occur when the sequences approach the optimum. Therefore we take the following
strategy to reduce the value of ηd with a constant δ ∈ (0, 1):
‘st’: Update ηd ← δ · ηd + (1 − δ) · 1 when the restart occurs.
Algorithm 3 is our FAPG method which combines these strategies. The difference from
Algorithm 1 is the “if block” after Step 3.
4.2.2 Convergence Analysis
Let k̄i denotes the number of iteration taken between the (i − 1)-th and the i-th
Pj restart
(see Figure 1 for illustration). In the followings, we denote αk as α(j,kj+1 ) if k = i=1
k̄i +
kj+1 (k̄j+1 ≥ kj+1 ≥ 0). In other word, α(i,ki+1 ) denotes a point obtained at the ki+1 -th
iteration counting from the i-th restart. Note that α(i+1,0) = α(i,k̄i+1 −1) (∀i ≥ 0). We will
frequently switch the notations αk and α(i,ki+1 ) for notational convenience.
The following lemma is useful to evaluate the function F .

L
kβ − αk22 − kTL (β) − αk22 ,
2
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∀α ∈ Rd .

Lemma 4 (from Beck and Teboulle, 2009) If F (TL (β)) ≤ QL (TL (β); β), then
F (TL (β)) − F (α) ≤

Using Lemma 4, we obtain the following key lemma.
19

2
1+4(Lk /Lk−1 )tk−1

Ito, Takeda, and Toh

# Step 2’
# Step 3

# ‘dec’

# ‘bt’

Algorithm 3 A Fast Accelerated Proximal Gradient (FAPG) Method with Speeding-Up
Strategies
Input: f , ∇f , g, proxg,L ,  > 0, L1 = L0 > 0, ηu > 1, ηd > 1, kmax > 0, β 1 = α0 = α−1 ,
K1 ≥ 2, δ ∈ (0, 1)
Output: αk
Initialize: t1 ← 1, t0 ← 0, i ← 1, kre ← 0
for k = 1, . . . , kmax do


αk ← TLk (β k ) = proxg,Lk β k − L1k ∇f (β k )
# Step 1
1+

while F (αk ) > QLk (αk ; β k ) do
Lk ← ηuq
Lk

tk ←
2
t
−1
k−1 − αk−2 )
β k ← αk−1 + k−1
tk (α


αk ← TLk (β k ) = proxg,Lk β k − L1k ∇f (β k )
end while
if kLk (TLk (αk ) − αk )k <  then
break
end if
Lk+1 ← Lk√/ηd
1+ 1+4(Lk+1 /Lk )tk2
tk+1 ←
2
−1
β k+1 ← αk + ttkk+1
(αk − αk−1 )

# ‘mt’
# ‘st’
# ‘re’

JMLR 18(16):1-49, 2017

if k > kre + Ki and h∇f (β k ), αk − αk−1 i + g(αk ) − g(αk−1 ) > 0 then
kre ← k, Ki+1 ← 2Ki , i ← i + 1
ηd ← δ · ηd + (1 − δ) · 1
tk+1 ← 1, tk ← 0, β k+1 ← αk−1 , αk ← αk−1
end if
end for

20

F (α

(i+1,0)

F (α(i,ki+1 ) ) ≤ F (α(i,0) ),

) ≤ F (α

(i,0)

),

∀i ≥ 0.

∀i ≥ 0 and ∀ki+1 ∈ {0, 1, 2, . . . , k̄i+1 },

F (αn+1 ) − F (αn ) ≤





n=2

2



(23)

tn −1
tn+1

F (αk ) − F (α1 ) ≤ 0.

Ln tn − 1
.
Ln+1 tn

F (α(i+1,0) ) = F (α(i,k̄i+1 −1) ) ≤ F (α(i,0) ).

∀ki+1 ∈ {0, 1, . . . , k̄i+1 },

21
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Lemma 5 states that the initial function value F (α(i,0) ) of each outer iteration gives an
upper bound of the subsequent function values and hence the sequence {F (α(i,0) )}∞
i=1 is
non-increasing as illustrated in Figure 4.
Now we are ready to show the convergence result of Algorithm 3.

and hence by definition,

F (α(i,ki+1 ) ) ≤ F (α(i,0) ),

Similarly, since the restart does not occur from α(i,0) to α(i,k̄i+1 ) (∀i ≥ 0), we have

Thus we have

s

− Ln ≤ 0 for all n ≥ 1 because

2(tn − 1)
2(tn − 1)
tn − 1
p
=
≤p
=
tn+1
1 + 1 + 4(Ln+1 /Ln )t2n
4(Ln+1 /Ln )t2n

Note that t1 − 1 = 0 and Ln+1

F (α ) − F (α )
(
)
k−1 
 t − 1 2
 t − 1 2

X
1
1
n
1
0 2
n
n−1 2
k
k−1 2
Ln+1
L2
kα − α k2 +
− Ln kα − α
k2 − Lk kα − α k2 .
≤
2
t2
tn+1

1

Summing over n = 1, 2, . . . , k − 1, we obtain

k

L1
= − kα1 − α0 k22 ≤ 0.
2

Ln+1  n+1
kβ
− αn k22 − kαn+1 − αn k22
2
n
o
Ln+1
tn − 1 2 n
=
kα − αn−1 k22 − kαn+1 − αn k22 .
2
tn+1

For all n = 1, 2, . . ., we also have

L1  1
F (α1 ) − F (α0 ) ≤
kβ − α0 k22 − kα1 − α0 k22
2

Proof First, assume that the restart does not occur (i.e., the steps ‘re’, ‘st’, and ‘mt’ are
not executed) until the k-th iteration. From Lemma 4, we have

and

Moreover,

(i,ki+1 ) }) be generated by Algorithm 3. The folLemma 5 Let the sequence {αk }∞
k=1 (≡ {α
lowing inequality holds:
F (αk ) ≤ F (α0 ), ∀k ≥ 1.
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F(α ( 1 , 0 ) )

F(α ( 0 , 0 ) )

(1, 0)

(2 , 0)

Iteration

Ito, Takeda, and Toh

.....

F (αk ) − F (α∗ ) ≤ 2ηu Lf R2

 log (k + 2) 2
2
,
k − log2 (k + 2)

∀k ≥ 3.

2ηu Lf kα(j,0) − α∗ k22
2
kj+1

≤

22

2ηu Lf kα(i−1,0) − α∗ k22
(k̄i − 1)2
2ηu Lf R2
≤
.
(k̄i − 1)2

= F (α(i−1,k̄i −1) ) − F (α∗ )

≤ F (α(i,0) ) − F (α∗ )

F (α(j,kj+1 ) ) − F (α∗ ) ≤ F (α(j,0) ) − F (α∗ )

Moreover, for all 1 ≤ i ≤ j, Lemma 5 leads to

F (α(j,kj+1 ) ) − F (α∗ ) ≤

JMLR 18(16):1-49, 2017

Proof From Lemma 5, we have αk ∈ B for all k ≥ 1. Let αk = α(j,kj+1 ) . We assume
kj+1 ≥ 1 without loss of generality. From Proposition 1, we have

Then we have

α∗ ∈S ∗ α∈B

R ≥ sup sup kα − α∗ k2 .

(i,ki+1 ) }) generated by Algorithm 3. Let
Theorem 6 Consider the sequence {αk }∞
k=0 (≡ {α
S ∗ be the set of optimal solutions and B := {α | F (α) ≤ F (α0 )} be the level set. Assume
that there exists a finite R such that

Figure 4: Illustration of the sequence {F (αk )}∞
k=0 generated by Algorithm 3. Lemma 5
ensures that the function values F (α(i,0) ) at restarted points are non-increasing
and gives upper bounds of the subsequent function values.

0

F(α ( 2 , 0 ) )

F(α k )
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i=1

j
X

≤

Ki =

K1 (2j − 1)
≥ 2j+1 − 2,
2−1

2ηu Lf R2
F (α(j,kj+1 ) ) − F (α∗ ) ≤
(max{k̄1 − 1, k̄2 − 1, . . . , k̄j − 1, kj+1 })2
2ηu Lf R2
(max{k̄1 , k̄2 , . . . , k̄j , kj+1 } − 1)2

Note that k̄i ≥ Ki ≥ 2. Thus we obtain

From
k≥

∀k ≥ 3.

k
k
≥
,
j+1
log2 (k + 2)

2

log2 k
,
k − log2 (k + 2)

max{k̄1 , k̄2 , . . . , k̄j , kj+1 } ≥

the number of restart j is at most log2 (k + 2) − 1. Hence we have

which leads to
F (α(j,kj+1 ) ) − F (α∗ ) ≤ 2ηu Lf R2

(24)

The above theorem ensures the convergence of Algorithm 3 for C-SVM, ν-SVM, MM-MPM,
MM-FDA, and `2 -SVM because the level set B is bounded for any initial point α0 ∈ dom(g)
since SC , Sν , SFDA , and SMPM are bounded and the objective function of `2 -SVM is strongly
convex. Similarly, the algorithm is convergent for the logistic regression problem (13) if
SLR is replaced by {α ∈ Rm | α> y = 0, ξe ≤ α ≤ e} for some small constant ξ > 0. To
guarantee the convergence of Algorithm 3 for thedistance weighted discrimination problem
1
(15), we need to replace S
by S
(ξ) := α ∈ Rm | α> y = 0, ξe ≤ α ≤ mν
e for
DWD
DWD
e 2 > 0 for all α ∈ SDWD (ξ).
some small constant ξ > 0 and make the assumption
that kXαk

The iteration
complexity O (log(k)/k)2 shown in Theorem 6 can be improved to

O (W (k)/k)2 by finding a better lower bound of (24), where the Lambert’s W function
W (·) (Corless et al., 1996) is the inverse function of x exp(x) and diverges slower than log(·).

α∗ ∈S ∗ α∈B

R ≥ sup sup kα − α∗ k2 .

2
W (2k ln 2)
,
k ln 2 − W (2k ln 2)

JMLR 18(16):1-49, 2017

∀k ≥ 3.

∞ (≡ {α(i,ki+1 ) }) generated by Algorithm 3. Let
Theorem 7 Consider the sequence {αk }k=0
S ∗ be the set of optimal solutions and B := {α | F (α) ≤ F (α0 )} be the level set. Assume
that there exists a finite R such that

Then we have
F (αk ) − F (α∗ ) ≤ 2ηu Lf R2
Proof See Appendix C.
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4.3 A Practical FAPG

Ito, Takeda, and Toh

In this section, we develop a practical version of the FAPG method which reduces the
computation cost of FAPG at each iterations.

4.3.1 Heuristic Backtracking Procedure

Lk k
kα − β k k22 + g(αk ).
2

Although the APG method of (Scheinberg et al., 2014), which is employed in Algorithm 1 and
modified in Algorithm 3, can guarantee the convergence, its principal drawback is the extra
computational cost at the backtracking step. Recall that

QLk (αk ; β k ) = f (β k ) + h∇f (β k ), αk − β k i +

1+

To check the condition F (αk ) ≤ QLk (αk ; β k ), we need to recompute f (β k ) and ∇f (β k )
since β k is updated at each loop of the backtracking.
On the other hand, since the original APG of (Beck and Teboulle, 2009) does not update
β k during the backtracking step, we can reduce the computation cost by storing the value
of f (β k ) and ∇f (β k ). Hence we follow the strategy of (Beck and Teboulle, 2009), i.e., we
remove the steps for updating tk and β k subsequent to ‘bt’ from Algorithm 3 and restore
√
1+4tk2
.
2
Step 2 as tk+1 ←

4.3.2 Skipping Extra Computations

The backtracking step (‘bt’) involves extra computation of the function value F (αk ). Checking the termination criteria Lk kTLk (αk ) − αk k2 <  also involves the extra computation
of ∇f (αk ) which is needed for TLk (αk ). These computation costs can be significant (see
Tables 3 and 9 in Section 5). Thus we compute the ‘bt’ and Lk kTLk (αk ) − αk k2 in every
10 and 100 iterations, respectively.
Instead of checking the condition Lk kTLk (αk ) − αk k2 < , we check whether Lk kαk −
β k k2 <  at each iteration. The reason for doing so is that computing Lk kαk −β k k2 is much
cheaper than computing TLk (αk ). It follows from (4) and (5) that if αk = β k , then αk is
an optimal solution. Moreover, Lk (αk − β k ) represents a residual of a sufficient optimality
condition for αk (and necessary and sufficient optimality condition for β k ).
Finally, our practical FAPG is described as in Algorithm 4. We note that FAPG can be
applied not only to the unified formulation shown in Section 3, but also to the optimization
problem of the form (2). See Appendix D in which we demonstrate the performance of
FAPG for `1 -regularized classification models.

4.4 Computation of Primal Solution from Dual Solution

JMLR 18(16):1-49, 2017

Various classification models can be solved in a unified way by applying the vector projection
method and the FAPG method to the dual formulation (9) or (10). However, the primal
solution (w, b) of (7) or (8) is still required to do classification tasks. In this section, we
provide a method to compute the primal solution (ŵ, b̂) which corresponds to the dual
solution α̂.

24

1+

tk −1
k
tk+1 (α

− αk−1 )

25

# ‘mt’
# ‘st’
# ‘re’

# Step 2
# Step 3

JMLR 18(16):1-49, 2017

if k > kre + Ki and h∇f (β k ), αk − αk−1 i + g(αk ) − g(αk−1 ) > 0 then
kre ← k, Ki+1 ← 2Ki , i ← i + 1.
ηd ← δ · ηd + (1 − δ) · 1.
tk+1 ← 1, β k+1 ← αk−1 , αk ← αk−1
end if
end for

tk+1 ←
2
β k+1 ← αk +

1+4t2k

Lk ← ηLk ;
αk ← TLk (β k ) ← proxg,Lk β k − L1k ∇f (β k )
# ‘bt’
end while
end if
if kL(αk − β k )k <  or ( (k mod 100 == 1) and (kL(TL (αk ) − αk )k < ) ) then
break
end if
Lk+1 ← Lk√/ηd
# ‘dec’

Algorithm 4 A Practical Fast Accelerated Proximal Gradient Method
Input: f , ∇f , g, proxg,L ,  > 0, L > 0, ηu > 1, ηd > 1 δ ∈ (0, 1), kmax > 0, K1 ≥ 2,
β 1 = α0
Output: αk
Initialize: t1 ← 1, i ← 1, kre ← 0
for k = 1, . . . , kmax do

# Step 1
αk ← TLk (β k ) = proxg,Lk β k − L1 ∇f (β k )
if k mod 10 == 1 then
while F (αk ) > QLk (αk ; β k ) do
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with

ŵi =

sign(zi )|zi |q−1
kzkqq−1
∀ i ∈ M,

(25)

i=1 yσ(i) .

Pk

26
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The component b obtained above is not necessarily the primal optimal solution. Moreover,
α̂ and û are close to optimal, but may not be exactly optimal due to e.g., numeric overflow.

4.4.3 Duality Gap


Its computational complexity is O m(n + log m) .

Step 4. Compute b̂ = (ζ(k∗ ) + ζ(k∗ +1) )/2.

Step 3. Find k ∗ = argmink

Step 2. Sort ζi as ζσ(1) ≤ ζσ(2) ≤ . . . ≤ ζσ(m) .

Step 1. Compute ζi = ŵ> xi (i = 1, 2, . . . , m).

Let ζi = x>
i ŵ (i = 1, 2, . . . , m). Let σ be the permutation such that ζσ(1) ≤ ζσ(2) ≤
. . . ≤ ζσ(m) . If b < ζσ(1) , then x>
i ŵ − b > 0 (∀i ∈ M ), i.e., all samples are predicted
as positive ŷ = +1. Then we have m− misclassified samples and thus ρ(b) = m− . If
b ∈ (ζσ(1) , ζσ(2) ), then only xσ(1) is predicted as negative ŷ = −1. Thus we have ρ(b) =
P
m− + yσ(1) . Similarly, if b ∈ (ζσ(k) , ζσ(k+1) ), then we have ρ(b) = m− + ki=1 yσ(i) . Thus,
P
by letting k ∗ ∈ argmink ki=1 yσ(i) , an arbitrary constant b̂ ∈ (ζσ(k∗ ) , ζσ(k∗ +1) ) is an optimal
solution of the problem (26). The minimization algorithm is as follows:

There are some issues on computing an optimal bias term b. For C-SVM, `2 -SVM, νSVM, DWD, and logistic regression, the bias term b is derived from the Lagrange multiplier
corresponding to the constraint α> y = 0. However, it is often difficult to compute the
corresponding Lagrange multiplier. In addition, MM-FDA and MM-MPM does not provide
a specific way to compute the bias term. Thus we need to estimate an appropriate value of
b.
One of the efficient ways is to estimate b as the minimum solution of training error under
a given ŵ, i.e.,
(
m
X

1 (z < 0)
>
b̂ ∈ argmin ρ(b) :=
` yi (xi ŵ − b) , where `(z) =
(26)
0 (otherwise).
b
i=1

4.4.2 Computation of b

eα̂ (i.e., z = X
e α̂ for C-SVM, `2 -SVM, ν-SVM, logistic
where q = p/(p − 1) and z = A
regression, and DWD; z = α̂ = (x̄+ − x̄− ) + (Σ+ + Σ− )1/2 û for MM-FDA; and z = α̂ =
1/2
1/2
(x̄+ + Σ+ û+ ) − (x̄− + Σ− û− ) for MM-MPM).

kwkp ≤1

ŵ = argmax w> z,

The primal vector ŵ in (8) corresponding to the dual solution α̂ (and û for MM-FDA and
MM-MPM) can be obtained as

4.4.1 Computation of w

Ito, Takeda, and Toh
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We still obtain a primal solution (ŵ, b̂) with some optimality gap guarantee. Since (ŵ, b̂)
and α̂ are the primal and dual feasible solutions, respectively, we can obtain the duality
gap by
n
o n
o
e> ŵ − ab̂) + 1 kŵk2 ) − L∗ (−α̂) + C kA
eα̂k2
L(A
2
2
2C
2

for the formulations of (7) and (9); and
n
o
eα̂kp∗
e> ŵ − ab̂) − L∗ (−α̂) + λkA
L(A

for the formulations of (8) and (10). Therefore, the obtained primal solution (ŵ, b̂) has a
guarantee that the gap between its objective value and the optimal value is at most the
duality gap.

5. Numerical Experiment
In this section we demonstrate the performance of our proposed FAPG algorithm. We run
the numerical experiments on a Red Hat Enterprise Linux Server release 6.4 (Santiago) with
Intel Xeon Processor E5-2680 (2.7GHz) and 64 GB of physical memory. We implemented
the practical FAPG method (Algorithm 4) in MATLAB R2013a and the bisection method
(Algorithm 2) in C++. The C++ code was called from MATLAB via MEX files.
We conducted the experiments using artificial datasets and benchmark datasets from
LIBSVM Data (Chang and Lin, 2011). The artificial datasets were generated as follows.
Positive samples {xi ∈ Rn | i ∈ M+ } and negative samples {xi ∈ Rn | i ∈ M− } were distributed with n-dimensional standard normal distributions Nn (0, In ) and Nn ( √10n e, SS > ),
respectively, where the elements of the n × n matrix S are i.i.d. random variables following the standard normal distribution N (0, 1). The marginal probability of the label was
assumed to be same, i.e. P (y = +1) = P (y = −1) = 21 . After generating the samples,
we scaled them so that each input vector xi (∀i ∈ M ) was in [−1, 1]n for the purpose of
computational stability, following LIBSVM (Chang and Lin, 2011). On the other hand,
we scaled the benchmark datasets, that are not scaled by Chang and Lin (2011), so that
xi ∈ [0, 1]n , (∀i ∈ [m]) in order to leverage their sparsity. The details of benchmark datasets
are shown in Table 1.
5.1 Projection Algorithms
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Before presenting the performance of our practical FAPG algorithm, we compared the performance of our bisection algorithm (Algorithm 2) against the breakpoint search algorithm
(Kiwiel, 2008, Algorithm 3.1) with random pivoting. Both algorithms were implemented
in C++. We generated Rn -valued random vectors α̃ with uniformly distributed elements
and computed the projections PSν (α̃) of α̃ onto Sν , where Sν := α | eo> αo = 21 , o ∈
1
{+, −}, 0 ≤ α ≤ mν
e with ν = 0.5. The bisection algorithm used the accuracy of
0 ≈ 2.22 × 10−16 (i.e., IEEE 754 double precision). Table 2 reports the average and standard deviation of the computation times and the number of iterations of 20 trials. As we
can see from Table 2, the bisection method was faster and more stable (in the sense that
the deviations are smaller) than the breakpoint search algorithm. This explains why we
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data
a8a
a9a
australian
breast-cancer
cod-rna
colon-cancer
covtype
diabetes
duke
epsilon
fourclass
german.numer
gisette
heart
ijcnn1
ionosphere
leu
liver-disorders
madelon
mushrooms
news20.binary
rcv1-origin
real-sim
skin-nonskin
sonar
splice
svmguide1
svmguide3
url
w7a
w8a

m
22,696
32,561
690
683
59,535
62
581,012
768
44
400,000
862
1,000
6,000
270
35,000
351
38
345
2,000
8,124
19,996
20,242
72,309
245,057
208
1,000
3,089
1,243
2,396,130
24,692
49,749

(
m+ ,
(
5,506,
(
7,841,
(
307,
(
444,
( 39,690,
(
40,
( 297,711,
(
500,
(
21,
( 199,823,
(
307,
(
300,
(
3,000,
(
120,
(
3,415,
(
225,
(
11,
(
145,
(
1,000,
(
3,916,
(
9,999,
( 10,491,
( 22,238,
( 50,859,
(
97,
(
517,
(
1,089,
(
947,
(1,603,985,
(
740,
(
1,479,

range
[0, 1]n
[0, 1]n
[−1, 1]n
[−1, 1]n
[0, 1]n
[0, 1]n
[0, 1]n
[−1, 1]n
[0, 1]n
[−0.15, 0.16]n
[−1, 1]n
[−1, 1]n
[−1, 1]n
[−1, 1]n
[−0.93, 1]n
[−1, 1]n
[0, 1]n
[−1, 1]n
[0, 1]n
[0, 1]n
[0, 1]n
[0, 0.87]n
[0, 1]n
[0, 1]n
[−1, 1]n
[−1, 1]n
[0, 1]n
[0, 1]n
[0, 1]n
[0, 1]n
[0, 1]n
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m− )
n
17,190)
123
24,720)
123
383)
14
239)
10
19,845)
8
22)
2,000
283,301)
54
268)
8
23)
7,129
200,177)
2,000
555)
2
700)
24
3,000)
5,000
150)
13
31,585)
22
126)
34
27)
7,129
200)
6
1,000)
500
4,208)
112
9,997) 1,355,191
9,751)
47,236
50,071)
20,958
194,198)
3
111)
60
483)
60
2,000)
4
296)
22
792,145) 3,231,961
23,952)
300
48,270)
300

range
[0,10]n
[0,1000]n
[0,10]n
[0,1000]n

density
0.113
0.113
0.874
1.000
0.999
0.984
0.221
0.999
0.977
1.000
0.996
0.958
0.991
0.962
0.591
0.884
0.974
0.991
0.999
0.188
3.36E-04
0.002
0.002
0.983
1.000
1.000
0.997
0.805
3.54E-05
0.039
0.039

source
(Bache and Lichman, 2013)
(Bache and Lichman, 2013)
(Bache and Lichman, 2013)
(Bache and Lichman, 2013)
(Uzilov et al., 2006)
(Alon et al., 1999)
(Bache and Lichman, 2013)
(Bache and Lichman, 2013)
(West et al., 2001)
(Sonnenburg et al., 2008)
(Ho and Kleinberg, 1996)
(Bache and Lichman, 2013)
(Guyon et al., 2005)
(Bache and Lichman, 2013)
(Prokhorov, 2001)
(Bache and Lichman, 2013)
(Golub et al., 1999)
(Bache and Lichman, 2013)
(Guyon et al., 2005)
(Bache and Lichman, 2013)
(Keerthi and DeCoste, 2005)
(Lewis et al., 2004)
(McCallum)
(Bache and Lichman, 2013)
(Bache and Lichman, 2013)
(Bache and Lichman, 2013)
(Hsu et al., 2003)
(Hsu et al., 2003)
(Ma et al., 2009)
(Platt, 1998)
(Platt, 1998)
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msec.(#iter.)
Breakpoint
Bisection
ave.
std.
ave.
std.
8.3 (25.7) 2.0 (5.4) 4.9 (31.1) 0.6 (4.7)
9.0 (27.3) 1.4 (4.1) 5.5 (27.1) 1.2 (3.2)
94.2 (22.6) 16.2 (4.3) 49.9 (32.0) 3.4 (3.1)
99.1 (26.5) 15.6 (3.2) 53.4 (30.0) 4.4 (1.5)

Table 1: Details of Datasets. We have scaled the datasets that are highlighted in boldface
type.

dim. n
100,000
100,000
1,000,000
1,000,000

Table 2: Runtime of Projection Algorithms
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3. C-SVM (with the bias term b) is known to lead to the same decision function as ν-SVM if ν and C are
set properly (Schölkopf et al., 2000). The value of C corresponding to ν can be computed by LIBSVM.
4. Although LIBLINEAR can virtually deal with the bias term b by augmenting the dimension of the
samples, the best performance of the resulting model tends to be lower than the one of ν-SVM as
reported in (Kitamura et al., 2014).

First, we compare the computation time with respect to the size of the datasets and parameters using artificial datasets. The results are shown in Figure 5. The left panel shows
the computation time with respect to the dimension n of the features for m = 10000 and
ν = 0.5. The FAPG method has a clear advantage when the dimension n is high, say

5.2.1 Scalability

As mentioned in Section 3.2, the standard C-SVM (11) and ν-SVM (14) are equivalent.
Here we chose ν-SVM to solve because choosing the parameter of ν-SVM is easier than
that of C-SVM. We solved the ν-SVM (14) via our FAPG method, SeDuMi (Sturm, 1999),
and LIBSVM (Chang and Lin, 2011). SeDuMi is a general purpose optimization solver
implementing an interior point method for large-scale second-order cone problems such
as (14). LIBSVM implements the sequential minimal optimization (SMO) (Platt, 1998)
which is specialized for learning ν-SVM. For reference, we also compared the FAPG method
with LIBLINEAR (Fan et al., 2008) which implements a highly optimized stochastic dual
coordinate descent method (Hsieh et al., 2008) for C-SVM3 (Cortes and Vapnik, 1995) and
is known to be quite an efficient method; we note that it may not be a fair comparison
because LIBLINEAR omits the bias term b of C-SVM from the calculations, 4 i.e., it solves
a less complex model than the ν-SVM (14) in order to speed up the computation.
We terminate the algorithms if the violation of the KKT optimality condition is less
than  = 10−6 . The heuristic option in LIBSVM was set to “off” in order to speed up its
convergence for large datasets. In the FAPG method, (ηu , ηd , δ) were set to (1.1, 1.1, 0.8).
e >X
e (i.e., the coefficient
L0 was set to the maximum value in the diagonal elements of X
matrix of the quadratic form). The initial point α0 was set to the center αc of Sν , i.e.
1
αic = 2m
, i ∈ Mo , o ∈ {+, −}.
o

5.2 ν-SVM

have chosen to use the bisection methods in Section 4.1 to perform the projection steps in
Algorithm 4.

Time (sec.)

105

Time (sec.)
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Figure 6: Effect of various acceleration strategies for the APG Method.
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Figure 6 shows the running history of the FAPG method with various acceleration strategies
for the artificial dataset with (m, n, ν) = (10000, 1000, 0.5).
The left panel depicts the violations of the optimality, i.e. the values of kLk (TLk (αk ) −
αk )k. The FAPG method with ‘bt+re’ restarted at k = 2594, where the sharp decrease
occurred. ‘dec’ was effective to reduce Lk kTLk (αk ) − αk k in the early iterations. The
FAPG method with ‘bt+re+dec’ seems to be unstable near the optimum (say k ≥ 103 ), but

5.2.3 Effect of Each Acceleration Strategy

Table 3 shows the runtime breakdown of the FAPG method for the artificial dataset with
(m, n, ν) = (10000, 1000, 0.5). The computation of the gradient ∇f (α) and the function
f (α) was the most time-consuming parts in the FAPG method. Since the computations
of ‘bt’ (and kLk (TLk (αk ) − αk )k) involve the extra evaluation of f (αk ) (and/or ∇f (αk )),
computing them only every 100 iteration (and 10 iteration, respectively) as in Algorithm 4
would be effective to reduce the total runtime. Our projection algorithm was efficient
enough in the sense that its runtime was marginal compared to the runtime of the other
parts.

5.2.2 Runtime Breakdown

n ≥ 103 . The middle panel shows the computation time with respect to the number m
of the samples for n = 1000 and ν = 0.5. LIBSVM did not converge within a week for
m = 63000. SeDuMi, LIBLINEAR, and the APG method were scalable for the increased
number of samples m. The right panel illustrates the computation time with respect to the
parameter ν for m = 10000 and n = 100. We may observe that the FAPG method (and
LIBLINEAR) is very efficient when ν is larger than 0.1. This can be attributed to the fact
that larger ν shrinks the feasible region Sν and shorten the distance between the initial
point α0 = αc and the optimal solution α∗ .

10

−10

−5

10

0

10

Time
14.909
2.053
1.307
19.080

Table 3: Runtime Breakdown of the FAPG Method (sec.)

% Time
78.1%
10.8%
PSν (α)
6.9%
Total Runtime:

Function
∇f (α)
f (α)
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f (α k) − f ( α̂)
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the one with ‘bt+re+dec+st’ converged stably. Moreover, ‘bt+re+dec+st+mt’ obtained
much more accurate solution than others. We note that several spikes of the values occurred
when using ‘dec’ because it sometimes leads a small value of Lk that violates the condition
(6). However, the violation was swiftly recovered in every 10 iterations by ‘bt’ and did not
affect the speed of convergence so much.
The middle panel illustrated the gap in objective value f (αk ) − f (α̂) where we regarded
α̂ = α10000 of ‘bt+re+dec+st+mt’ as an optimal solution. The gap behaved similar to
the violations of the optimality kLk (TLk (αk ) − αk )k. At k = 1000, the objective value
f (αk ) reached f (α̂) within a relative error 0.0003% though the violation of optimality was
greater than  = 10−6 . Thus, a larger tolerance, say  = 10−5 , may also lead to a reasonable
solution in practice.
The right panel illustrated the value of constant Lk of the FAPG at each iteration
e > X.
e
and the value of Lipschitz constant Lf ; Lf is known to be the largest eigenvalue of X
While Lf = 3.61×104 , the FAPG method with ‘bt+re+dec+st+mt’ leads to a much smaller
average value of 3.68 × 102 for Lk , while the maximum value for Lk is 1.95 × 103 .
5.2.4 Benchmark Results
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We also conducted experiments using the benchmark datasets. C was set to 10. The
computation time is shown in Table 4. When using linear kernel, the FAPG method outperformed LIBSVM and SeDuMi for large datasets where m ≥ 50000. We indicated the
smallest computation time among the three methods except for LIBLINEAR by boldface
because the optimal solutions of LIBLINEAR are different from those of the other three
methods (note that LIBLINEAR solves a simpler type of SVM, i.e., C-SVM without the
bias term b). However, the FAPG method had an advantage over LIBLINEAR for many
datasets where n ≥ 2000.
When using the RBF kernel, SeDuMi broke down for datasets with m ≥ 10000 as
in the case of the artificial datasets. The FAPG method run out of memory for m ≥
50000 since it requires the m × m dense kernel matrix K to compute the gradient ∇f (α).
The FAPG can avoid the memory shortage by computing the elements of K on demand
as LIBSVM does for large datasets. Although the current implementation has room for
improvement, our practical FAPG method was still competitive with LIBSVM and had
stable and good performance for datasets with large n.
We should remark that the number of iterations taken by the FAPG method with the
RBF kernel tends to be smaller than the one with the linear kernel. However, when using
the RBF kernel, the computational complexity of ∇f (α) changes from O(mn) to O(m2 ).
Hence the total runtime tended to increase except for “gisette” whose n and m have the
same order of magnitude.
In summary, the FAPG method showed better performance than specialized algorithms
designed for learning SVM, such as LIBSVM and LIBLINEAR, in many datasets. Taking
into account of the generality (i.e., applicability to other models) of FAPG, one could argue
that it is a very efficient method.
Table 5 shows the values taken by the parameter Lk . We can see that our practical
FAPG method (with backtracking strategy and decreasing strategy for Lk ) keep the values
of Lk to be much smaller than the Lipschitz constant Lf .
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data
m
a8a
22,696
a9a
32,561
australian
690
breast-cancer
683
cod-rna
59,535
colon-cancer
62
covtype
581,012
diabetes
768
duke
44
epsilon
400,000
fourclass
862
german.numer
1,000
gisette
6,000
heart
270
ijcnn1
35,000
ionosphere
351
leu
38
liver-disorders
345
madelon
2,000
mushrooms
8,124
news20.binary 19,996
rcv1-origin
20,242
real-sim
72,309
skin-nonskin 245,057
sonar
208
splice
1,000
svmguide1
3,089
svmguide3
1,243
url
2,396,130
w7a
24,692
w8a
49,749

n
123
123
14
10
8
2,000
54
8
7,129
2,000
2
24
5,000
13
22
34
7,129
6
500
112
1,355,191
47,236
20,958
3
60
60
4
22
3,231,961
300
300

ν
0.368
0.365
0.348
0.128
0.223
0.078
0.620
0.533
0.106
0.500
0.543
0.525
0.100
0.388
0.186
0.202
0.070
0.731
0.603
0.096
0.100
0.097
0.065
0.233
0.117
0.432
0.180
0.408
0.500
0.031
0.031

LIBSVM
32.31
66.11
0.12
0.004
53.73
0.01
16164.88
0.02
0.04
–
0.01
0.26
57.48
0.005
53.57
0.02
0.03
0.01
11.57
1.34
1333.26
587.10
6351.62
726.20
0.12
0.25
0.08
1.07
–
135.91
143.42

Linear
FAPG
1.70
4.84
0.86
0.05
3.39
0.09
60.75
0.06
0.11
1685.33
0.07
0.29
9.31
0.04
5.67
0.22
0.13
0.11
0.32
0.56
22.29
7.82
12.71
8.02
0.33
0.11
0.15
0.93
4853.91
14.13
38.69

( iter) LIBLIN
( 563)
0.06
( 665)
0.07
(4056)
0.003
( 253)
0.001
( 588)
0.17
( 210)
0.15
( 701)
1.55
( 306)
0.003
( 317)
0.30
(2643)
–
( 356) 0.0004
(1107)
0.04
( 590)
0.41
( 232)
0.001
(2000)
0.29
(1064)
0.34
( 175)
0.17
( 736)
0.007
( 510)
87.43
( 435)
0.06
( 321)
1.57
( 485)
8.96
( 384)
4.33
( 609)
0.09
(1922)
3.81
( 331)
0.02
( 394)
0.003
(3248)
1.70
(2521)
–
(4280)
0.81
(5960)
0.47
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SeDuMi
16.82
25.42
0.34
0.21
6.71
0.18
288.71
0.14
0.38
–
0.12
0.26
4572.24
0.14
7.31
0.25
0.40
0.11
29.15
8.74
–
–
–
62.70
0.29
0.56
0.35
0.36
–
69.90
189.40

SeDuMi
–
–
8.03
6.72
**
0.17
**
8.53
0.09
**
12.34
17.13
5586.74
0.47
–
0.85
0.08
0.81
133.85
28505.46
–
–
**
**
0.27
15.27
1188.65
30.17
**
–
–

RBF
LIBSVM
68.24
138.89
0.049
0.015
267.56
0.013
–
0.060
0.041
–
0.069
0.14
59.07
0.008
73.83
0.012
0.034
0.015
3.77
5.74
929.85
192.16
1879.90
4425.59
0.009
0.18
0.42
0.23
**
17.89
124.55

FAPG ( iter)
72.88( 343)
170.63( 390)
0.076( 243)
0.050( 144)
**( **)
0.013( 109)
**( **)
0.093( 296)
0.017( 120)
**( **)
0.068( 150)
0.10( 236)
4.93( 235)
0.040( 196)
236.15( 511)
0.051( 234)
0.013( 103)
0.037( 168)
0.24( 108)
19.02( 661)
51.86( 11)
97.68( 189)
**( **)
**( **)
0.060( 279)
0.067( 120)
1.45( 323)
0.21( 430)
**( **)
286.27(1208)
1423.42(2100)
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Table 4: Computation Time for Benchmark Datasets (sec.). ‘–’ means that the algorithm
did not converge with in 36000 seconds. ‘**’ means that it had run out of memory.
The best results except for LIBLINEAR are indicated by boldface. The underlined
results are better than LIBLINEAR.
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a8a
a9a
australian
breast-cancer
cod-rna
colon-cancer
covtype
diabetes
duke
epsilon
fourclass
german.numer
gisette
heart
ijcnn1
ionosphere
leu
liver-disorders
madelon
mushrooms
news20.binary
rcv1-origin
real-sim
skin-nonskin
sonar
splice
svmguide1
svmguide3
url
w7a
w8a

Lf
1.43.E+05
2.05.E+05
2.91.E+03
1.68.E+04
1.24.E+05
3.80.E+04
4.58.E+06
1.76.E+03
6.00.E+04
1.40.E+05
2.80.E+02
8.44.E+03
2.02.E+07
7.49.E+02
5.89.E+03
2.14.E+03
6.05.E+04
1.84.E+03
2.44.E+05
2.30.E+05
1.17.E+03
4.49.E+02
9.21.E+02
2.19.E+05
2.68.E+03
1.74.E+03
2.47.E+03
4.92.E+03
1.57.E+08
6.52.E+04
1.32.E+05
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Lf
2.00.E+04
2.88.E+04
3.56.E+02
4.52.E+02
–
5.65.E+01
–
6.34.E+02
4.09.E+01
–
5.36.E+02
4.50.E+02
3.61.E+03
1.19.E+02
3.12.E+04
2.24.E+02
3.46.E+01
8.23.E+02
1.92.E+03
1.74.E+04
2.00.E+04
2.02.E+04
–
–
1.51.E+02
3.57.E+02
2.92.E+03
1.15.E+03
–
2.31.E+04
4.65.E+04
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RBF
Lk (FAPG)
ave.
max.
7.00.E+01 2.27.E+02
1.37.E+02 4.99.E+02
1.92.E+01 4.69.E+01
1.21.E+01 2.13.E+01
–
–
5.91.E-01
9.09.E-01
–
–
1.64.E+01 4.69.E+01
6.89.E-01
9.09.E-01
–
–
5.72.E+01 1.03.E+02
1.95.E+01 4.69.E+01
9.17.E+00 2.13.E+01
1.01.E+01 2.13.E+01
1.93.E+02 8.84.E+02
1.19.E+01 2.83.E+01
6.07.E-01
9.09.E-01
5.04.E+00 9.68.E+00
6.54.E-01 1.00.E+00
2.31.E+01 1.03.E+02
9.09.E-01
9.09.E-01
4.42.E-01
9.09.E-01
–
–
–
–
4.88.E+00 9.68.E+00
6.63.E+00 1.06.E+01
1.52.E+01 4.69.E+01
1.22.E+01 4.69.E+01
–
–
4.80.E+01 1.83.E+02
1.14.E+02 4.51.E+02

Table 5: Constants for Benchmark Datasets

Linear
Lk (FAPG)
ave.
max.
2.99.E+03 1.54.E+04
5.59.E+03 3.38.E+04
1.97.E+02 1.21.E+03
9.05.E+01 2.27.E+02
1.05.E+03 5.65.E+03
4.02.E+02 6.60.E+02
3.71.E+04 2.37.E+05
5.21.E+01 1.53.E+02
2.82.E+03 4.55.E+03
2.09.E+04 1.85.E+05
5.61.E+01 1.87.E+02
2.16.E+02 1.03.E+03
1.84.E+04 5.71.E+04
1.07.E+02 2.53.E+02
1.20.E+03 1.05.E+04
2.46.E+02 9.83.E+02
1.70.E+03 2.75.E+03
1.27.E+01 3.85.E+01
9.54.E+01 2.87.E+02
1.84.E+03 6.34.E+03
4.63.E+01 1.03.E+02
3.20.E+01 8.30.E+01
6.75.E+01 2.27.E+02
5.08.E+03 2.82.E+04
2.27.E+02 1.12.E+03
3.59.E+02 1.11.E+03
3.07.E+01 1.13.E+02
1.53.E+02 6.68.E+02
9.94.E+05 1.10.E+07
5.53.E+03 4.62.E+04
1.04.E+04 1.06.E+05
Time (sec.)

m=10000, C=1

3

svmguide1
95.5%
95.5%
95.5%
95.5%
90.7%

mushrooms
99.4%
100.0%
100.0%
100.0%
100.0%

a8a
84.7%
84.8%
84.8%
84.8%
84.7%

10

4

10−1 3
10

100

101

102

103

104

105

LIBLINEAR
FAPG
10
Number of samples m

4

n=1000, C=1

10

5

10−1
0

100

101

102

20

C

60

80

100
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First, we compare the computation time with respect to the size of the datasets and parameter using artificial datasets. The results (for the linear kernel) are shown in Figure 7.
The left panel shows the computation time with respect to the dimension n of the features
for m = 10000 and C = 10. The FAPG method has a clear advantage when the dimension
n is high, say n ≥ 102 . The middle panel shows the computation time with respect to the
number m of the samples for n = 1000 and C = 10. The computation time of FAPG grew

5.3.2 Scalability

Since the gradient ∇f is not defined at αi = 0, 1 (i ∈ M ), we approximately solve the
problem by using the constraints ξ ≤ αi ≤ 1 − ξ (i ∈ M ), where ξ > 0. Table 6 shows
the classification accuracy for ξ = 10−2 , 10−3 , 10−4 , and 10−5 . For all cases, the approximated logistic regression performed better than LIBLINEAR. The classification accuracy of
FAPG was identical for ξ ≤ 10−3 , and better than the accuracy with ξ = 10−2 . We employ
ξ = 10−4 in the following experiments.

5.3.1 Sensitivity to ξ

We solved the dual logistic regression (13) via the FAPG method and LIBLINEAR (Fan
et al., 2008). LIBLINEAR implements a highly optimized stochastic dual coordinate descent
method (Yu et al., 2011) whose subproblems are solved by the Newton method. Note that,
as in the case of SVM, LIBLINEAR omits the bias term b from the calculations, i.e., it
solves a less complex model than (13). We terminate both algorithms if the violation of the
KKT optimality condition is less than  = 10−6 . In the FAPG method, (ηu , ηd , δ) were set
to (1.1, 1.1, 0.8). L0 was set to 1. The initial point α0 was set to ξe.

40

LIBLINEAR
FAPG

m=10000, n=100

Figure 7: Computation Time for Logistic Regression.

10
10
Number of features n

2

LIBLINEAR
FAPG

5.3 Logistic Regression

10−1 1
10

100

101

102

103

104

Artificial
99.8%
100.0%
100.0%
100.0%
85.2%
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Table 6: Classification Accuracies with Varied ξ from 10−2 to 10−5 .

ξ = 10−2
ξ = 10−3
ξ = 10−4
ξ = 10−5
LIBLINEAR

Time (sec.)
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Time (sec.)

0

10

−5

10

0

10

Time
10.005
1.443
0.058
11.720

# Evals.
1452
340
1473

Time/Eval.
6.89.E-03
4.24.E-03
3.94.E-05
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Function % Time
∇f (α)
85.4%
f (α)
12.3%
0.5%
Total Runtime:
PSLR (α)

4

10

0

2

10
Iteration

bt
bt+re
bt+re+dec
bt+re+dec+st
bt+re+dec+st+mt
4

10

Gap from Optimal Ob jective Value

0

10

−10

10

10

5

3

10 0
10

10

4

10

2

10
Iteration

4

10

bt
bt+re
bt+re+dec
bt+re+dec+st
bt+re+dec+st+mt

Value of Constants L

Table 7: Runtime Breakdown of the FAPG Method (sec.)
Vio latio ns of Optimality

2

10
Iteration

bt
bt+re
bt+re+dec
bt+re+dec+st
bt+re+dec+st+mt

Figure 8: Effect of various acceleration strategies for the FAPG Method.

f (α k) − f ( α̂)
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Figure 8 shows the running history of the FAPG method with various acceleration strategies
for the dataset ‘a8a’. C was set to 10.
The left panel depicts the violations of the optimality, i.e. the values of kLk (TLk (αk ) −
αk )k. ‘re’ had effect on decreasing the values after k = 762 at which the first restart
occur. ‘bt+re+dec’ just became unstable compared to ‘bt+re’ because the gradient of
the logistic regression is intrinsically large near the boundary of the feasible region SLR .
However, ‘bt+re+dec+st’ could recover from the instability. It is remarkable that only
‘bt+re+dec+st+mt’ fell below 10−6 in 10000 iterations. Thus, one could argue that ‘mt’
had a significant effect on reducing the violation. The middle panel illustrated the gap in
the objective value f (αk ) − f (α̂) where we regarded α̂ = α10000 of ‘bt+re+dec+st+mt’ as
an optimal solution. ‘bt+re+dec+st+mt’ decreased the function value faster than others

5.3.4 Effect of Each Acceleration Strategy

Table 7 shows the runtime breakdown of the FAPG method for the artificial dataset with
(m, n, C) = (10000, 1000, 10). The computation of the gradient ∇f (α) and the function
f (α) was the most time-consuming parts as in the case of ν-SVM. Thus skipping backtracking step and evaluation of the optimality kLk (αk − TLk (αk ))k reduce the computation
time significantly because it can avoid the extra computation of f and ∇f .

5.3.3 Runtime Breakdown

slower than the one of LIBLINEAR. The right panel illustrates the computation time with
respect to the parameter C for m = 10000 and n = 100. Unlike ν-SVM, the computation
time of the FAPG did not change so much depending on the parameter C because it does
not affect the area of feasible region. We can observe that the FAPG method is numerically
more stable than LIBLINEAR with respect to the changes of the parameter C.

||L(T L (α k ) − α k)||

a8a
a9a
australian
breast-cancer
cod-rna
colon-cancer
covtype
diabetes
duke
epsilon
fourclass
german.numer
gisette
heart
ijcnn1
ionosphere
leu
liver-disorders
madelon
mushrooms
news20.binary
rcv1-origin
real-sim
skin-nonskin
sonar
splice
svmguide1
svmguide3
url
w7a
w8a

n
123
123
14
10
8
2000
54
8
7129
2000
2
24
5000
13
22
34
7129
6
500
112
1355191
47236
20958
3
60
60
4
22
3231961
300
300

C
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10

FAPG
19.82
35.32
0.45
0.49
31.40
0.11
2039.19
0.20
0.27
27791.25
0.21
0.56
20.30
0.15
14.57
0.39
0.11
0.16
2.23
2.26
96.24
14.41
142.79
247.11
0.22
0.66
0.91
0.49
–
17.00
51.13

( iter) LIBLIN
( 4939)
9.82
( 6155) 57.62
( 1738)
0.01
( 1904) 0.004
( 3718)
2.03
( 269)
0.16
(20143) 73.74
( 794)
0.01
( 327)
0.31
(10873) 5225.43
( 851) 0.001
( 1741)
0.31
( 1289)
0.54
( 817)
0.02
( 2478)
0.51
( 1639)
0.31
( 148)
0.19
( 828)
0.01
( 910) 1035.26
( 1224)
0.09
( 1263) 22.15
( 1293) 11.41
( 5630)
7.80
( 8373)
3.59
( 1150)
0.10
( 1689)
6.02
( 1313)
0.16
( 1263)
0.29
(
–)
–
( 3400) 10.69
( 5279) 42.77
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m
22696
32561
690
683
59535
62
581012
768
44
400000
862
1000
6000
270
35000
351
38
345
2000
8124
19996
20242
72309
245057
208
1000
3089
1243
2396130
24692
49749

Table 8: Computation Time for Benchmark Datasets (sec.). ‘–’ means that the algorithm
did not converge with in 36000 seconds. ‘**’ means that it had run out of memory.
The results indicated by underline are better than LIBLINEAR.

and found the minimum solution while oscillation occurred at the end of iteration. The
right panel illustrated the value of constant Lk of the FAPG at each iteration.
5.3.5 Benchmark Results

We measured computation time for the benchmark datasets. The parameter C was set to 10
throughout this experiment. The experimental results are shown in Table 8. LIBLINEAR
was efficient because it solves a less complex model (without the bias term) than (13). In
some cases, however, FAPG solved (13) faster than LIBLINEAR. The computation time
and iteration count of FAPG was nearly proportional to the number of samples m. On the
other hand, LIBLINEAR took much longer time for ‘madeon’ and ‘splice’ although they
are relatively small datasets.
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Taking these results and Figure 7 into account, one could argue that the FAPG method
exhibits stable convergence empirically.
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4
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Figure 9: Computation Time for MM-MPM
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Time (sec.)

0.5

1.0
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κ

2.0
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3.0

0
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−15

10

10

−10

10

−5

Time
0.836
0.157
0.034
1.102

# Evals.
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119
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Time/Eval.
2.47.E-03
1.32.E-03
8.88.E-05
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Iteration

bt
bt+re
bt+re+dec
bt+re+dec+st
bt+re+dec+st+mt
4

10

Gap in Optimal Ob jective Value

0

10

−15

10

−10

10

−5

10

0

10

−1

10

10−0.6

Lf

4

10

JMLR 18(16):1-49, 2017
38

JMLR 18(16):1-49, 2017

37

5.5 Classification Ability
Using the benchmark datasets, we compared the classification ability of classification models: ν-SVM, logistic regression, MM-MPM, and MM-FDA. Each dataset was randomly
partitioned into 10 disjoint sets. We investigated the averages of the test accuracy using

Table 10 shows the computational results for the benchmark datasets. We did the experiments by setting κ = κmax /2, but MM-MPM could not be solved for n ≥ 20000 because
1/2
the sizes of the n × n matrices Σo (o ∈ {+, −}) are extremely large.
The FAPG method was much faster than SeDuMi especially when the dimension is high,
say n ≥ 2000. Unlike for ν-SVM (Table 5), the FAPG method for MM-MPM sometimes led
to larger values of Lk than the Lipschitz constant Lf . However, the average of the values
of Lk is still smaller than Lf .

5.4.4 Benchmark Results

Figure 10 illustrates the running history of FAPG with various practical strategies for the
artificial dataset with (m, n, κ) = (10000, 1000, 1). As in the case of ν-SVM, ‘re’ is effective
in reducing the violation of optimality Lk kTLk (uk )−uk k and the value of f (uk )−f (α̂). ‘dec’
seems to make the FAPG method to be unstable, but ‘st’ can stabilize it. ‘bt+re+dec+st’
and ‘bt+re+dec+st+mt’ decreased LkTL (uk ) − uk k and f (uk ) − f (α̂) slightly faster than
‘bt+re’.
In the right panel, we can see that the APG method uses values smaller than Lf for Lk in
e > (x̄+ − x̄− + Σu)
e
most iterations, where the Lipschitz constant Lf of the gradient ∇f (u) = Σ
1/2
1/2
>
e
e
e
is known to be the largest eigenvalue of the matrix Σ Σ (recall that Σ = [Σ+ , −Σ− ] and
u = (u+ , u− )).

2

10
Iteration

bt
bt+re
bt+re+dec
bt+re+dec+st
bt+re+dec+st+mt

Value of Constants L

Figure 10: Effect of Each Strategy for the APG Method.
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Iteration

bt
bt+re
bt+re+dec
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Violations of Optimality

Table 9: Runtime Breakdown of FAPG Method for MM-MPM (sec.)

% Time
75.9%
14.2%
PSMPM (u)
3.1%
Total Runtime:

Function
∇f (u)
f (u)

Ito, Takeda, and Toh

5.4.3 Effect of Each Strategy

||L(T L (α k ) − α k)||

Table 9 shows the runtime breakdown of the FAPG method for the artificial dataset with
(m, n, κ) = (10000, 1000, 1). As in the case of ν-SVM (Table 3), the computations of the
gradient ∇f (u) and the function value f (u) are the most time-consuming parts. Thus,
computing ‘bt’ and Lk kTLk (uk ) − uk k periodically, which involves the computations of
f (uk ) and/or ∇f (uk ), is effective to reduce the total runtime. The projection PSMPM (u)
for MM-MPM shown in Section 4.1.4 can be computed highly efficiently.

5.4.2 Runtime Breakdown

The computation time for the artificial datasets are shown in Figure 9. The left panel
shows the results with respect to the number n of features for m = 10000 and κ = 1.
The FAPG method has a clear advantage over SeDuMi for large n, say n ≥ 103 . The
middle panel illustrates the computation time with respect to the number m of samples for
n = 2000 and κ = 1. The computation time is nearly independent of the number m of
1/2
samples because the sizes of matrices Σo (o ∈ {+, −}), which are used for computing the
function f (u) and the gradient ∇f (u), are n × n. The right panel shows the computation
time with respect to the parameter κ for m = 10000 and n = 2000. We can observe that
a larger value of κ leads to more computation time for the FAPG method although it is
still far more efficient than SeDuMi. The effect of a larger κ on the FAPG method could
be because it gives a larger feasible region SMPM , which in turns leads to a larger distance
between the initial point u0 and the optimal solution u∗ as in the case of ν-SVM (the right
panel of Figure 5).

5.4.1 Scalability

Next, we conducted experiments on MM-MPM (17). To the best of our knowledge, there
are no specialized methods for MM-MPM. Thus, we compared the FAPG method only
to SeDuMi (Sturm, 1999) which implements an interior point method for the large-scale
second-order cone problems such as (17). We terminated the computations if the violation
of KKT optimality is less than  = 10−6 . In the FAPG method, (ηu , ηd , δ) were set to
(1.1, 1.1, 0.8). The value of L0 was set to the maximum value in the diagonal elements of
e >Σ
e (i.e., the coefficient matrix of the quadratic form), where Σ
e = [Σ1/2 , −Σ1/2 ]. The
Σ
+
−
initial point u0 = (u0+ , u0− ) was set to the origin 0.

5.4 MM-MPM

Time (sec.)
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Time (sec.)
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f (α k) − f ( α̂)

m
22,696
32,561
690
683
59,535
62
581,012
768
44
400,000
862
1,000
6,000
270
35,000
351
38
345
2,000
8,124
19,996
20,242
72,309
245,057
208
1,000
3,089
1,243
2,396,130
24,692
49,749

n
123
123
14
10
8
2,000
54
8
7,129
2,000
2
24
5,000
13
22
34
7,129
6
500
112
1,355,191
47,236
20,958
3
60
60
4
21
3,231,961
300
300

κmax
9.52.E-01
9.60.E-01
1.23.E+00
2.32.E+00
1.41.E+00
1.85.E+00
6.59.E-01
6.88.E-01
1.98.E+00
1.16.E+00
7.22.E-01
6.52.E-01
8.53.E+00
1.10.E+00
9.00.E-01
1.30.E+00
2.11.E+00
4.09.E-01
6.50.E-01
1.53.E+01
**
**
**
1.63.E+00
1.29.E+00
1.02.E+00
1.26.E+00
6.24.E-01
**
1.41.E+00
1.39.E+00

κ
4.76.E-01
4.80.E-01
6.17.E-01
1.16.E+00
7.05.E-01
9.24.E-01
3.29.E-01
3.44.E-01
9.89.E-01
5.82.E-01
3.61.E-01
3.26.E-01
4.27.E+00
5.48.E-01
4.50.E-01
6.48.E-01
1.05.E+00
2.04.E-01
3.25.E-01
7.66.E+00
**
**
**
8.14.E-01
6.44.E-01
5.09.E-01
6.29.E-01
3.12.E-01
**
7.03.E-01
6.97.E-01

FAPG
0.034
0.010
0.006
0.005
0.015
0.178
0.016
0.003
0.660
1.186
0.003
0.005
56.292
0.004
0.013
0.016
0.514
0.009
0.017
0.166
**
**
**
0.006
0.020
0.009
0.003
0.012
**
0.036
0.031

( iter)
( 25)
( 25)
( 25)
( 30)
( 115)
( 157)
( 107)
( 18)
( 291)
( 217)
( 12)
( 33)
(1640)
( 24)
( 114)
( 110)
( 220)
( 71)
( 43)
( 840)
( **)
( **)
( **)
( 50)
( 116)
( 39)
( 28)
( 105)
( **)
( 112)
( 108)

Computation Time
SeDuMi
0.664
0.166
0.054
0.038
0.068
311.329
0.086
0.061
13459.0
361.0
0.069
0.063
5438.2
0.049
0.068
0.084
12971.377
0.075
1.964
0.170
**
**
**
0.066
0.096
0.071
0.070
0.083
**
0.588
0.592

Values
L(FAPG)
ave.
max.
1.12.E+00 1.21.E+00
1.12.E+00 1.21.E+00
1.85.E+00 2.00.E+00
1.01.E+00 1.10.E+00
1.69.E-01
2.29.E-01
2.56.E+01 4.22.E+01
8.31.E-01 1.10.E+00
3.70.E-01
3.86.E-01
1.55.E+02 2.15.E+02
3.64.E-01
6.07.E-01
4.68.E-01
5.47.E-01
2.45.E+00 2.84.E+00
9.40.E+01 2.29.E+02
1.85.E+00 1.98.E+00
4.06.E-01
6.52.E-01
3.49.E+00 4.49.E+00
1.37.E+02 2.68.E+02
3.05.E-01
4.08.E-01
2.81.E-01
3.28.E-01
2.38.E+00 3.63.E+00
**
**
**
**
**
**
1.65.E-01
1.98.E-01
3.47.E+00 4.60.E+00
2.39.E+00 2.84.E+00
1.06.E-01
1.15.E-01
5.90.E-01
8.91.E-01
**
**
1.42.E+00 2.21.E+00
1.45.E+00 2.21.E+00
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data
a8a
a9a
australian
breast-cancer
cod-rna
colon-cancer
covtype
diabetes
duke
epsilon
fourclass
german.numer
gisette
heart
ijcnn1
ionosphere
leu
liver-disorders
madelon
mushrooms
news20.binary
rcv1-origin
real-sim
skin-nonskin
sonar
splice
svmguide1
svmguide3
url
w7a
w8a

Lf
1.34.E+00
1.34.E+00
2.06.E+00
1.17.E+00
2.34.E-01
2.81.E+01
1.07.E+00
4.79.E-01
1.97.E+02
4.77.E-01
6.04.E-01
2.89.E+00
1.14.E+02
2.08.E+00
3.04.E-01
5.15.E+00
1.46.E+02
3.78.E-01
3.31.E-01
2.92.E+00
**
**
**
2.25.E-01
5.07.E+00
2.92.E+00
8.61.E-02
5.82.E-01
**
1.82.E+00
1.88.E+00
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Table 10: Computational Results for MM-MPM with Linear Kernel. The best results are
indicated by boldface. ‘**’ means that the algorithm could not be computed due
to out of memory.

39

dataset
a8a
a9a
australian
breast-cancer
cod-rna
colon-cancer
covtype
diabetes
duke
epsilon
fourclass
german.numer
gisette
heart
ijcnn1
ionosphere
leu
liver-disorders
madelon
mushrooms
news20.binary
rcv1-origin
real-sim
skin-nonskin
sonar
splice
svmguide1
svmguide3
url
w7a
w8a

ν-SVM
84.4%
84.7%
85.7%
97.1%
93.9%
88.8%
76.3%
77.3%
88.5%
–
77.7%
76.7%
97.4%
84.1%
74.7%
88.3%
94.2%
68.1%
59.3%
100.0%
97.1%
97.0%
97.5%
93.7%
79.8%
80.9%
95.4%
82.5%
–
98.5%
98.6%

Logistic
84.6%
84.8%
87.7%
97.4%
93.9%
87.1%
75.6%
77.3%
86.0%
–
78.5%
77.4%
97.4%
84.4%
91.8%
90.0%
94.2%
67.9%
57.7%
100.0%
96.5%
97.1%
97.6%
92.4%
78.8%
80.2%
95.4%
82.1%
–
98.5%
98.7%

(
(
(
(
(
(
(
(
(
(

C)
0.5)
0.1)
0.1)
0.5)
4.5)
6.0)
1.0)
3.5)
5.5)

( 0.1)
( 0.1)
( 1.0)
( 0.1)
(20.0)
( 5.0)
( 5.0)
( 6.0)
( 0.1)
( 6.0)
(20.0)
(20.0)
(15.0)
( 6.0)
( 0.5)
( 3.0)
(20.0)
(15.0)

( 4.0)
(17.5)

MM-MPM
80.7%
80.7%
86.1%
97.5%
93.5%
87.1%
75.6%
74.9%
88.5%
89.6%
72.7%
71.9%
97.9%
84.1%
85.9%
86.9%
94.2%
63.8%
59.7%
100.0%
**
**
**
93.5%
79.8%
80.6%
94.4%
74.3%
**
96.0%
96.1%
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( ν)
(0.37)
(0.36)
(0.83)
(0.07)
(0.28)
(0.29)
(0.59)
(0.54)
(0.02)
(0.68)
(0.54)
(0.11)
(0.40)
(0.19)
(0.21)
(0.02)
(0.76)
(0.91)
(0.01)
(0.21)
(0.11)
(0.13)
(0.32)
(0.40)
(0.50)
(0.13)
(0.41)
(0.04)
(0.04)

( κ)
(0.94)
(0.95)
(0.25)
(2.08)
(0.42)
(0.18)
(0.65)
(0.61)
(0.98)
(1.04)
(0.57)
(0.39)
(3.41)
(0.76)
(0.89)
(0.39)
(2.10)
(0.20)
(0.13)
(9.19)

(1.61)
(0.64)
(0.61)
(1.12)
(0.55)

(1.26)
(1.25)

MM-FDA
84.4%
84.7%
87.5%
97.4%
93.7%
87.1%
75.5%
76.8%
88.5%
89.7%
78.6%
77.3%
97.9%
84.1%
91.0%
87.8%
94.2%
66.4%
60.0%
100.0%
**
**
**
93.8%
77.9%
81.0%
91.6%
81.9%
**
98.2%
98.3%

( κ)
(1.32)
(1.33)
(1.39)
(0.31)
(0.40)
(1.22)
(0.92)
(0.88)
(1.36)
(1.48)
(0.10)
(0.55)
(4.83)
(0.15)
(0.64)
(0.85)
(0.21)
(0.52)
(0.09)
(6.21)

(2.10)
(0.91)
(0.20)
(1.56)
(0.69)

(1.76)
(1.73)

Table 11: Average Performance of Each Classification Model. The best results are indicated
by boldface. ‘–’ means that the cross-validation could not be done within 36000
sec. ‘**’ means that it had run out of memory.

cross-validation over the 10 disjoint sets. We found the best parameter of the each classification model using grid search with cross-validation. The results are reported in Table 11.
The model that shows the best performance varies with datasets. This implies the importance of finding a suitable classification model to a dataset in order to achieve a high
prediction performance. Our algorithm is useful for the purpose; it provides a unified and
efficient framework for solving various classification models.

6. Conclusion

JMLR 18(16):1-49, 2017

In this work, we presented a unified classification model and provided a general algorithm
for the model. We designed a fast accelerated proximal gradient (FAPG) method based
on the original APG method in (Beck and Teboulle, 2009) to the model by devising efficient projection computations and effective heuristic acceleration strategies. Our unified

40

=

min

kwkp ≤λ,b,z

w,b,z

α

41

e> w + ba)}.
max{L(z) + α> (z − A

e> w − ba}
= min {L(z) | kwkp ≤ λ, z = A

w,b

min{L(A w − ba) | kwkp ≤ λ}

e>

The primal problem (8) can be transformed as follows:

Appendix A. Derivation of the Dual Problem (10)
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algorithm makes it easy to compare various models, because we can use the same algorithmic framework for the models by only changing the computation of projections. Thus, it
provides a practical and useful tool for practitioners who are looking for the best model
for a given dataset. Numerical experiments demonstrate the efficiency of our algorithm for
large datasets. Indeed, our method often run faster than LIBLINEAR (Fan et al., 2008)
especially for large-scale datasets such that n > 2000.
In this paper we showed a convergence property of our method for a general non-strongly
convex function because our examples are mostly non-strongly convex. As a future work,
we would like to see if the linear convergence for FAPG can be established for µ-strongly
convex function and provide an adaptive parameter selection scheme even when µ is positive but unknown. In addition, we would like to investigate stochastic variants of our
method. Recently, large scale learning has motivated researchers to develop stochastic
gradient descent (SGD) methods. SGD approximates the gradient ∇L(·) of a loss function by a computationally inexpensive random variable whose expectation coincides with
∇L(·). More precisely, it assumes
that the loss function is defined as the sum of loss of each
e > w − yb) = Pm `(yi (w> xi − b)), and approximates the full gradient
sample, i.e., L(X
i=1
e > w − yb) by the gradient ∇`(yi (w> xi − b)) of loss of a randomly chosen sample.
∇L(X
PG and APG methods can be adapted in SGD, e.g., as (Nitanda, 2014; Defazio et al.,
2014) and references there in. In particular, the stochastic dual coordinate ascent (SDCA)
method (Shalev-Shwartz and Zhang, 2013, 2016) is a stochastic APG applied to the dual
formulation, which is closely related to our unified classification model. While its framework would be useful to develop a stochastic variant of our FAPG presented in this paper,
it cannot be directly applied to the unified classification model because ν-SVM, MM-MPM,
and MM-FDA do not satisfy the assumption on L(·): the loss function is defined as the
sum of loss of each sample. It is an important future work to relax the assumption for
stochastic methods and extend our FAPG to stochastic ones in order to solve even larger
scale problems.
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α

z

kwkp ≤λ,b,z

kwkp ≤λ

b

:= M \(U ∪ C ∪ L)

θu

>l

∀θ ∈ [θl , θu ])}

∀θ ∈ [θl , θu ])}

i∈C

([θl , θu ] contains a breakpoint of αi (θ)) .

(i.e., αi (θ) = ᾱi − θ, ∀θ ∈ [θl , θu ])}

(i.e., αi (θ) = l,



X
θ = |U |u + |L|l +
ᾱi − r /|C|

< u, ᾱi −

≤l

(i.e., αi (θ) = u,

=

i∈M

X

su

+

∪

X

∆su

I Cl

sl

I L)

sc

| {z }

i∈I C

αi +

X

∆sl

∆scu

| {z }

i∈I Cu

αi +

αi (θ̂) = |U |u + |I U |u + |L|l + |I L |l
|{z} | {z } |{z} |{z}

∪

I Cu

∀θ ∈ [θ̂, θu ])}

∀θ ∈ [θl , θ̂])}

αi +
∆scl

| {z }

i∈I Cl

X

i∈I I

X

αi − |C ∪ I Cu ∪ I Cl ∪ I I |θ̂.

(i.e., αi (θ) = ᾱi − θ ∀θ ∈ [θ̂, θu ])}

(i.e., αi (θ) = ᾱi − θ ∀θ ∈ [θl , θ̂])}

(i.e., αi (θ) = l

(i.e., αi (θ) = u

42
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By leveraging on the structure of h, the refined bisection method for (18) can be described
as Algorithm 5.

h(θ̂) =

I\(I U

∪

< u, ᾱi − θ̂ > l,

= {i ∈ I | ᾱi − θ̂ < u, ᾱi − θu > l,

= {i ∈ I | ᾱi −

θl

= {i ∈ I | ᾱi − θ̂ ≤ l,

= {i ∈ I | ᾱi − θ̂ ≥ u,

Then we have

II

I Cl

I Cu

IL

IU

obtains an exact solution. If I 6= φ, then we also divide I into the following five disjoint
sets for given θ̂ ∈ (θl , θu ):

If I = φ, then solving

I

C := {i ∈ M | ᾱi −

θl

θl

:= {i ∈ M | ᾱi − θu ≥ u

L := {i ∈ M | ᾱi −

U

The computational cost of h(θ̂) in Algorithm 2 can be reduced by dividing the indices set
M more finely as in (Kiwiel, 2008). Here we divide M into the following four disjoint sets
for given θl and θu satisfying θl < θu :

Appendix B. Refined Bisection Algorithm

α

e ∗p | α> a = 0}.
= − min{L∗ (−α) + λkAαk

α

max

e> w + ba)}
min {L(z) + α> (z − A
o
n



e> w + max α> ab
= − min max − α> z − L(z) + max α> A

Its dual problem (10) is derived as follows:
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# Step 1
# Step 2
# Step 3

∪ I I |θ̂
# Step 4

# Step 5
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Algorithm 5 Refined Bisection Algorithm for (18)
INPUT: ᾱ, r, l, u, 0 > 0 OUTPUT: α
r
r
INITIALIZE: I ← M, su ← sl ← sc ← 0, θu ← ᾱmax − m
, θl ← ᾱmin − m
while |θu − θl | > 0 do
u
l
θ̂ ← θ +θ
2
û ← u + θ̂, ˆl ← l + θ̂
I U ← {i ∈ I | ᾱi ≥ û}, I L ← {i ∈ I | ᾱi ≤ ˆl}
uu ← u + θu , ll ← l + θl
I Cu ← {i ∈ I | ᾱi > ll , ᾱi < û}, I Cl ← {i ∈ I | ᾱi < uu , ᾱi > ˆl}
I I ← I\(I U ∪ I Cu ∪ I Cl ∪ I L )
U
L
∆su ← |IP
|u,
∆s
l ← |I |l P
∆scu ← i∈I Cu αi , ∆scl ← i∈I Cl αi
P
val ← su + ∆su + sl + ∆sl + sc + ∆scu + ∆scl + i∈I I αi − |C ∪ I Cu ∪ I Cl
if val < r then
θu ← θ̂, I ← I I ∪ I Cl ∪ I L
su ← su + ∆su , sc ← sc + ∆scu
else if val > r then
θl ← θ̂, I ← I I ∪ I Cu ∪ I U
sl ← sl + ∆sl , sc ← sc + ∆scl
else
break
end if
if I == φ then
θ̂ ← (su + sl + sc − r)/|C|
break
end if
end while
αi ← αi (θ̂), ∀i ∈ M

43

Ito, Takeda, and Toh

Appendix C. Proof of Theorem 7


We show the iteration complexity O (W (k)/k)2 of Algorithm 3, where W (z) is the inverse
function of f (x) = x exp(x) and called Lambert’s W function (Corless et al., 1996). W (z)
is single-valued for z ≥ 0, but multi-valued for z < 0. For z ≥ 0, W (z) is monotonically
increasing, but diverges slower than log(z). It is known that W (z) cannot be expressed in
terms of elementary functions.
Here we improve the lower bound (24) of

max{k̄1 , k̄2 , . . . , k̄j , kj+1 }.

n k
o
, 2j .
j+1

2
W (2k ln 2)
,
k ln 2 − W (2k ln 2)

∀k ≥ 3.

(28)

(27)

is monotonically decreasing and 2j is monotonically increasing with respect to j. Thus

max{k̄1 , k̄2 , . . . , k̄j , kj+1 } ≥ max

Since k̄i ≥ Ki ≥ 2i for all i ∈ {1, 2, . . . , j}, we have

k
j+1

k
= 2ĵ .
ĵ + 1

the right-hand side is minimized at j = ĵ such that

⇒ ĵ =

max



n k
o
k ln 2
, 2j ≥
.
j+1
W (2k ln 2)

⇒ W (2k ln 2) = (ĵ + 1) ln 2
W (2k ln 2)
− 1,
ln 2


2k
= exp (ĵ + 1) ln 2
ĵ + 1

⇒ 2k ln 2 = (ĵ + 1) ln 2 exp (ĵ + 1) ln 2

The above equation implies that

which yields

This leads to

F (α(j,kj+1 ) ) − F (α∗ ) ≤ 2ηu Lf R2

log(1 + exp(−yi w> xi )) + kwk1

2
max{0, 1 − yi w> xi } + kwk1
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Appendix D. Application of FAPG to `1 -regularized models

i=1

m
X

The `1 -regularized logistic regression:
w

min C

i=1

m
X

and the `1 -regularized `2 -loss SVM:
w

min C
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Figure 12: Computation Time for `1 -regularized `2 -loss SVM (28).
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Real world datasets commonly show the particularity to have a number of samples of a
given class under-represented compared to other classes. This imbalance gives rise to the
“class imbalance” problem (Prati et al., 2009) (or “curse of imbalanced datasets”) which is
the problem of learning a concept from the class that has a small number of samples.
The class imbalance problem has been encountered in multiple areas such as telecommunication managements, bioinformatics, fraud detection, and medical diagnosis, and has been
considered one of the top 10 problems in data mining and pattern recognition (Yang and
Wu, 2006; Rastgoo et al., 2016). Imbalanced data substantially compromises the learning
process, since most of the standard machine learning algorithms expect balanced class distribution or an equal misclassification cost (He and Garcia, 2009). For this reason, several

1. Introduction

Keywords: Imbalanced Dataset, Over-Sampling, Under-Sampling, Ensemble Learning,
Machine Learning, Python.

imbalanced-learn is an open-source python toolbox aiming at providing a wide range of
methods to cope with the problem of imbalanced dataset frequently encountered in machine learning and pattern recognition. The implemented state-of-the-art methods can be
categorized into 4 groups: (i) under-sampling, (ii) over-sampling, (iii) combination of overand under-sampling, and (iv) ensemble learning methods. The proposed toolbox depends
only on numpy, scipy, and scikit-learn and is distributed under MIT license. Furthermore, it is fully compatible with scikit-learn and is part of the scikit-learn-contrib
supported project. Documentation, unit tests as well as integration tests are provided to
ease usage and contribution. Source code, binaries, and documentation can be downloaded
from https://github.com/scikit-learn-contrib/imbalanced-learn.
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The implementation relies on numpy, scipy, and scikit-learn. Each sampler class
implements three main methods inspired from the scikit-learn API: (i) fit computes
several statistics which are later needed to resample the data into a balanced set; (ii)

Listing 1: Code snippet to over-sample a dataset using SMOTE.

# Apply t h e SMOTE over−s a m p l i n g
sm = SMOTE( r a t i o= ’ auto ’ , ki nd= ’ r e g u l a r ’ )
X resampled , y r e s a m p l e d = sm . f i t s a m p l e (X, y )

# Generate t h e d a t a s e t
X, y = m a k e c l a s s i f i c a t i o n ( n c l a s s e s =2 , w e i g h t s = [ 0 . 1 , 0 . 9 ] ,
n f e a t u r e s =20 , n s a m p l e s =5000)

from s k l e a r n . d a t a s e t s import m a k e c l a s s i f i c a t i o n
from s k l e a r n . d e c o m p o s i t i o n import PCA
from i m b l e a r n . o v e r s a m p l i n g import SMOTE

3. Implementation design

Quality assurance In order to ensure code quality, a set of unit tests is provided leading to
a coverage of 99 % for the release 0.2 of the toolbox. Furthermore, the code consistency is
ensured by following PEP8 standards and each new contribution is automatically checked
through landscape, which provides metrics related to code quality.
Continuous integration To allow both the user and the developer to either use or contribute
to this toolbox, Travis CI is used to easily integrate new code and ensure back-compatibility.
Community-based development All the development is performed in a collaborative manner.
Tools such as git, GitHub, and gitter are used to ease collaborative programming, issue
tracking, code integration, and idea discussions.
Documentation A consistent API documentation is provided using sphinx and numpydoc.
An additional installation guide and examples are also provided and centralized on GitHub1 .
Project relevance At the edition time, the repository is visited no less than 2, 000 times per
week, attracting about 300 unique visitors per week. Additionally, the toolbox is supported
by scikit-learn through the scikit-learn-contrib projects.

2. Project management

approaches have been specifically proposed to handle such datasets. Some of these methods
have been implemented mainly in R language (Torgo, 2010; Kuhn, 2015; Dal Pozzolo et al.,
2013). Up to our knowledge, there is no python toolbox allowing such processing while
cutting edge machine learning toolboxes are available (Pedregosa et al., 2011; Sonnenburg
et al., 2010).
In this paper, we present the imbalanced-learn API, a python toolbox to tackle the
curse of imbalanced datasets in machine learning. The following sections present the project
vision, a snapshot of the API, an overview of the implemented methods, and finally, we
conclude this work by including future functionalities for the imbalanced-learn API.
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Method

ADASYN (He et al., 2008)
SMOTE (Chawla et al., 2002; Han et al., 2005; Nguyen et al., 2011)
ROS
CC
CNN (Hart, 1968)
ENN (Wilson, 1972)
RENN
AKNN
NM (Mani and Zhang, 2003)
NCL (Laurikkala, 2001)
OSS (Kubat et al., 1997)
RUS
IHT (Smith et al., 2014)
TL (Tomek, 1976)
BC (Liu et al., 2009)
EE (Liu et al., 2009)
SMOTE + ENN (Batista et al., 2003)
SMOTE + TL (Batista et al., 2003)

sample performs the sampling and returns the data with the desired balancing ratio; and
(iii) fit sample is equivalent to calling the method fit followed by the method sample.
A class Pipeline is inherited from the scikit-learn toolbox to automatically combine
samplers, transformers, and estimators. Additionally, we provide some specific stateof-the-art metrics to evaluate classification performance.
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Over-sampling Contrary to under-sampling, data balancing can be performed by oversampling such that new samples are generated in χmin to reach the balancing ratio rχres .

Combination of over- and under-sampling Over-sampling can lead to over-fitting
which can be avoided by applying cleaning under-sampling methods (Prati et al., 2009).

Ensemble learning Under-sampling methods imply that samples of the majority class
are lost during the balancing procedure. Ensemble methods offer an alternative to use most
of the samples. In fact, an ensemble of balanced sets is created and used to later train any
classifier.

5. Future plans and conclusion

In this paper, we shortly presented the foundations of the imbalanced-learn toolbox vision
and API. As avenues for future works, additional methods based on prototype/instance
selection, generation, and reduction will be added as well as additional user guides.
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Theoretical considerations strongly suggest that IGO algorithms are essentially characterized by a minimal change of the distribution over time. Therefore they have minimal loss
in diversity through the course of optimization, provided the initial diversity is high. First
experiments using restricted Boltzmann machines confirm this insight. As a simple conse-

The IGO method achieves, thanks to its intrinsic formulation, maximal invariance
properties: invariance under reparametrization of the search space 𝑋, under a change of
parameters of the probability distribution, and under increasing transformation of the
function to be optimized. The latter is achieved through an adaptive, quantile-based
formulation of the objective.

The IGO method produces explicit IGO algorithms through time discretization. It
naturally recovers versions of known algorithms and offers a systematic way to derive new
ones. In continuous search spaces, IGO algorithms take a form related to natural evolution
strategies (NES). The cross-entropy method is recovered in a particular case with a large
time step, and can be extended into a smoothed, parametrization-independent maximum
likelihood update (IGO-ML). When applied to the family of Gaussian distributions on R𝑑 ,
the IGO framework recovers a version of the well-known CMA-ES algorithm and of xNES.
For the family of Bernoulli distributions on {0, 1}𝑑 , we recover the seminal PBIL algorithm
and cGA. For the distributions of restricted Boltzmann machines, we naturally obtain
a novel algorithm for discrete optimization on {0, 1}𝑑 . All these algorithms are natural
instances of, and unified under, the single information-geometric optimization framework.

We present a canonical way to turn any smooth parametric family of probability distributions
on an arbitrary search space 𝑋 into a continuous-time black-box optimization method on
𝑋, the information-geometric optimization (IGO) method. Invariance as a major design
principle keeps the number of arbitrary choices to a minimum. The resulting IGO flow is
the flow of an ordinary differential equation conducting the natural gradient ascent of an
adaptive, time-dependent transformation of the objective function. It makes no particular
assumptions on the objective function to be optimized.
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Optimization problems are at the core of many disciplines. Given an objective function
𝑓 : 𝑋 → R, to be optimized on some space 𝑋, the goal of black-box optimization is to
find solutions 𝑥 ∈ 𝑋 with small (in the case of minimization) value 𝑓 (𝑥), using the least
number of calls to the function 𝑓 . In a black-box scenario, knowledge about the function
𝑓 is restricted to the handling of a device (e.g., a simulation code) that delivers the value
𝑓 (𝑥) for any input 𝑥 ∈ 𝑋. The search space 𝑋 may be finite, discrete infinite, or continuous.
However, optimization algorithms are often designed for a specific type of search space,
exploiting its specific structure.
One major design principle in general and in optimization in particular is related to
invariance. Invariance extends performance observed on a single function to an entire
associated invariance class, that is, it generalizes from a single problem to a class of problems.
Thus it hopefully provides better robustness w.r.t. changes in the presentation of a problem.
For continuous search spaces, invariance under translation of the coordinate system is
standard in optimization. Invariance under general affine-linear changes of the coordinates
has been—we believe—one of the keys to the success of the Nelder-Mead Downhill Simplex
method (Nelder and Mead, 1965), of quasi-Newton methods (Deuflhard, 2011) and of the
covariance matrix adaptation evolution strategy, CMA-ES (Hansen and Ostermeier, 2001;
Hansen and Auger, 2014). While these relate to transformations in the search space, another
important invariance concerns the application of monotonically increasing transformations
to 𝑓 , so that it is indifferent whether the function 𝑓 , 𝑓 3 or 𝑓 × |𝑓 |−2/3 is minimized. This
way some non-convex or non-smooth functions can be as “easily” optimised as convex ones.
Invariance under 𝑓 -transformation is not uncommon, e.g., for evolution strategies (Schwefel,
1995) or pattern search methods (Hooke and Jeeves, 1961; Torczon, 1997; Nelder and Mead,
1965); however it has not always been recognized as an attractive feature.
Many stochastic optimization methods have been proposed to tackle black-box optimization. The underlying (often hidden) principle of these stochastic methods is to iteratively
update a probability distribution 𝑃𝜃 defined on 𝑋, parametrized by a set of parameters 𝜃.
At a given iteration, the distribution 𝑃𝜃 represents, loosely speaking, the current belief about
where solutions with the smallest values of the function 𝑓 may lie. Over time, 𝑃𝜃 is expected
to concentrate around the minima of 𝑓 . The update of the distribution involves querying
the function with points sampled from the current probability distribution 𝑃𝜃 . Although
implicit in the presentation of many stochastic optimization algorithms, this is the explicit
setting for the wide family of estimation of distribution algorithms (EDA) (Larranaga and
Lozano, 2002; Baluja and Caruana, 1995; Pelikan et al., 2002). Updates of the probability
distribution often rely on heuristics (nevertheless in Toussaint 2004 the possible interest of
information geometry to exploit the structure of probability distributions for designing better
grounded heuristics is pointed out). In addition, in the EDA setting we can distinguish two
theoretically founded approaches to update 𝑃𝜃 .

1. Introduction

Keywords: black-box optimization, stochastic optimization, randomized optimization,
natural gradient, invariance, evolution strategy, information-geometric optimization

quence, IGO seems to provide, from information theory, an elegant way to simultaneously
explore several valleys of a fitness landscape in a single run.
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First, the cross-entropy method consists in taking 𝜃 minimizing the Kullback–Leibler
divergence between 𝑃𝜃 and the indicator of the best points according to 𝑓 (de Boer et al.,
2005).
Second, one can transfer the objective function 𝑓 to the space of parameters 𝜃 by taking
the average of 𝑓 under 𝑃𝜃 , seen as a function of 𝜃. This average is a new function from an
Euclidian space to R and is minimal when 𝑃𝜃 is concentrated on minima of 𝑓 . Consequently,
𝜃 can be updated by following a gradient descent of this function with respect to 𝜃. This has
been done in various situations such as 𝑋 = {0, 1}𝑑 and the family of Bernoulli measures
(Berny, 2000a) or of Boltzmann machines (Berny, 2002), or on 𝑋 = R𝑑 for the family of
Gaussian distributions (Berny, 2000b; Gallagher and Frean, 2005) or the exponential family
also using second order information (Zhou and Hu, 2014; E. Zhou, 2016).
However, taking the ordinary gradient with respect to 𝜃 depends on the precise way
a parameter 𝜃 is chosen to represent the distribution 𝑃𝜃 , and does not take advantage of
the Riemannian metric structure of families of probability distributions. In the context of
machine learning, Amari noted the shortcomings of the ordinary gradient for families of
probability distributions (Amari, 1998) and proposed instead to use the natural gradient
with respect to the Fisher metric (Rao, 1945; Jeffreys, 1946; Amari and Nagaoka, 2000). In
the context of optimization, this natural gradient has been used for exponential families
on 𝑋 = {0, 1}𝑑 (Malagò et al., 2008, 2011) and for the family of Gaussian distributions on
𝑋 = R𝑑 with so-called natural evolution strategies (NES, Wierstra et al. 2008; Sun et al.
2009; Glasmachers et al. 2010; Wierstra et al. 2014).
However, none of the previous attempts using gradient updates captures the invariance
under increasing transformations of the objective function, which is instead, in some cases,
enforced a posteriori with heuristic arguments.
Building on these ideas, this paper overcomes the invariance problem of previous attempts
and provides a consistent, unified picture of optimization on arbitrary search spaces via
invariance principles. More specifically, we consider an arbitrary search space 𝑋, either
discrete or continuous, and a black-box optimization problem on 𝑋, that is, a function
𝑓 : 𝑋 → R to be minimized. We assume that a family of probability distributions 𝑃𝜃 on 𝑋
depending on a continuous multicomponent parameter 𝜃 ∈ Θ has been chosen. A classical
example is to take 𝑋 = R𝑑 and to consider the family of all Gaussian distributions 𝑃𝜃 on R𝑑 ,
with 𝜃 = (𝑚, 𝐶) the mean and covariance matrix. Another simple example is 𝑋 = {0, 1}𝑑
∏︀
equipped with the family of Bernoulli measures: 𝜃 = (𝜃𝑖 )16𝑖6𝑑 and 𝑃𝜃 (𝑥) = 𝜃𝑖𝑥𝑖 (1 − 𝜃𝑖 )1−𝑥𝑖
for 𝑥 = (𝑥𝑖 ) ∈ 𝑋.
From this setting, information-geometric optimization (IGO) can be defined in a natural
way. At each (continuous) time 𝑡, we maintain a value 𝜃𝑡 of the parameter of the distribution.
The function 𝑓 to be optimized is transferred to the parameter space Θ by means of a
suitable time-dependent transformation based on the 𝑃𝜃𝑡 -levels of 𝑓 (Definition 3). The IGO
flow, introduced in Definition 4, follows the natural gradient of the expected value of this
function of 𝜃𝑡 in the parameter space Θ, where the natural gradient derives from the Fisher
information metric. The IGO flow is thus the flow of an ordinary differential equation in
space Θ. This continuous-time gradient flow is turned into a family of explicit IGO algorithms
by taking an Euler time discretization of the differential equation and approximating the
distribution 𝑃𝜃𝑡 by using samples. From the start, the IGO flow is invariant under strictly
increasing transformations of 𝑓 (Proposition 17); we also prove that the sampling procedure
3
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is consistent (Theorem 6). IGO algorithms share their final algebraic form with the natural
evolution strategies (NES) introduced in the Gaussian setting (Wierstra et al., 2008; Sun
et al., 2009; Glasmachers et al., 2010; Wierstra et al., 2014); the latter are thus recovered
in the IGO framework as an Euler approximation to a well-defined flow, without heuristic
arguments.

The IGO method also has an equivalent description as an infinitesimal maximum likelihood
update (Theorem 10); this reveals a new property of the natural gradient and does not require
a smooth parametrization by 𝜃 anymore. This also establishes a specific link (Theorem 12)
between IGO, the natural gradient, and the cross-entropy method (de Boer et al., 2005).

When we instantiate IGO using the family of Gaussian distributions on R𝑑 , we naturally
obtain versions of the well-known covariance matrix adaptation evolution strategy (CMA-ES,
Hansen and Ostermeier 2001; Hansen and Kern 2004; Jastrebski and Arnold 2006) and of
natural evolution strategies. With Bernoulli measures on the discrete cube {0, 1}𝑑 , we recover
(Proposition 14) the well-known population-based incremental learning (PBIL, Baluja and
Caruana 1995; Baluja 1994) and the compact genetic algorithm (cGA, Harik et al. 1999); this
derivation of PBIL or cGA as a natural gradient ascent appears to be new, and emphasizes
the common ground between continuous and discrete optimization.

From the IGO framework, it is (theoretically) immediate to build new optimization
algorithms using more complex families of distributions than Gaussian or Bernoulli. As an
illustration, distributions associated with restricted Boltzmann machines (RBMs) provide
a new but natural algorithm for discrete optimization on {0, 1}𝑑 which is able to handle
dependencies between the bits (see also Berny 2002). The probability distributions associated
with RBMs are multimodal; combined with the specific information-theoretic properties of
IGO that guarantee minimal change in diversity over time, this allows IGO to reach multiple
optima at once in a natural way, at least in a simple experimental setup (Appendix B).
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The IGO framework is built to achieve maximal invariance properties. First, the IGO
flow is invariant under reparametrization of the family of distributions 𝑃𝜃 , that is, it only
depends on 𝑃𝜃 and not on the way we write the parameter 𝜃 (Proposition 18). This
invariance under 𝜃-reparametrization is the main idea behind information geometry (Amari
and Nagaoka, 2000). For instance, for Gaussian measures it should not matter whether
we use the covariance matrix or its inverse or a Cholesky factor as the parameter. This
limits the influence of encoding choices on the behavior of the algorithm. Second, the IGO
flow is invariant under a change of coordinates in the search space 𝑋, provided that this
change of coordinates globally preserves the family of distributions 𝑃𝜃 (Proposition 19). For
instance, for Gaussian distributions on R𝑑 , this includes all affine changes of coordinates.
This means that the algorithm, apart from initialization, does not depend on the precise way
the data is presented. Last, the IGO flow and IGO algorithms are invariant under applying
a strictly increasing function to 𝑓 (Proposition 17). Contrary to previous formulations using
natural gradients (Wierstra et al., 2008; Glasmachers et al., 2010; Akimoto et al., 2010),
this invariance is achieved from the start. Such invariance properties mean that we deal
with intrinsic properties of the objects themselves, and not with the way we encode them
as collections of numbers in R𝑑 . It also means, most importantly, that we make a minimal
number of arbitrary choices.

4

5
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∙ Instead of the vanilla gradient for 𝜃, we use the so-called natural gradient given by
the Fisher information matrix. This reflects the intrinsic geometry of the space of
probability distributions, as introduced by Rao and Jeffreys (Rao, 1945; Jeffreys, 1946)
and later elaborated upon by Amari and others (Amari and Nagaoka, 2000). This
provides invariance under reparametrization of 𝜃 and, importantly, minimizes the
change of diversity of 𝑃𝜃 .

∙ At each time, we replace 𝑓 with an adaptive transformation of 𝑓 representing how
good or bad observed values of 𝑓 are relative to other observations. This provides
invariance under all monotone transformations of 𝑓 .

We now present the outline of the algorithm. Each step is described in more detail in the
sections below.
The IGO flow can be seen as an estimation of distribution algorithm: at each time 𝑡, we
maintain a probability distribution 𝑃𝜃𝑡 on the search space 𝑋, where 𝜃𝑡 ∈ Θ. The value of
𝜃𝑡 will evolve so that, over time, 𝑃𝜃𝑡 gives more weight to points 𝑥 with better values of the
function 𝑓 (𝑥) to optimize.
A straightforward way to proceed is to transfer 𝑓 from 𝑥-space to 𝜃-space: define a
function 𝐹 (𝜃) as the 𝑃𝜃 -average of 𝑓 and then do a gradient descent for 𝐹 (𝜃) in space Θ
(Berny, 2000a, 2002, 2000b; Gallagher and Frean, 2005). This way, 𝜃 will converge to a point
such that 𝑃𝜃 yields a good average value of 𝑓 . We depart from this approach in two ways:

2. Algorithm Description

The algorithm is constructed in two steps: we first give an “ideal” version, namely, a
version in which time 𝑡 is continuous so that the evolution of 𝜃𝑡 is given by an ordinary
differential equation in Θ. Second, the actual algorithm is a time discretization using a finite
time step and Monte Carlo sampling instead of exact 𝑃𝜃 -averages.

In Section 2, we define the IGO flow and the IGO algorithm. We begin with standard
facts about the definition and basic properties of the natural gradient, and its connection
with Kullback–Leibler divergence and diversity. We then proceed to the detailed description
of the algorithm.
In Section 3, we state some first mathematical properties of IGO. These include monotone
improvement of the objective function, invariance properties, and the form of IGO for
exponential families of probability distributions.
In Section 4 we explain the theoretical relationships between IGO, maximum likelihood
estimates and the cross-entropy method. In particular, IGO is uniquely characterized by a
weighted log-likelihood maximization property (Theorem 10).
In Section 5, we apply the IGO framework to explicit families of probability distributions.
Several well-known optimization algorithms are recovered this way. These include PBIL
(Sec. 5.1) using Bernoulli distributions, and versions of CMA-ES and other evolutionary
algorithms such as EMNA and xNES (Sec. 5.2) using Gaussian distributions.
Appendix A discusses further aspects, perspectives and implementation matters of
the IGO framework. In Appendix B, we illustrate how IGO can be used to design new
optimization algorithms, by deriving the IGO algorithm associated with restricted Boltzmann
machines. We illustrate experimentally, on a simple bimodal example, the specific influence
of the Fisher information matrix on the optimization trajectories, and in particular on the
diversity of the optima obtained. Appendix C details a number of further mathematical
properties of IGO (such as its invariance properties or the case of noisy objective functions).
Appendix D contains the previously omitted proofs of the mathematical statements.

(1)

∑︀

6
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(𝜃𝑖 − 𝜃𝑖′ )2 and clearly depends on the choice of parametrization 𝜃. Thus this metric, and
the direction pointed by this gradient, are not intrinsic, in the sense that they do not depend
only on the distribution 𝑃𝜃 . A metric depending on 𝜃 only through the distributions 𝑃𝜃 can
be defined as follows.

√︁∑︀

𝜕𝑔
𝜕𝑦

for small 𝛿𝑡 and maximizes the increment of 𝑔 for a given 𝐴-distance ‖𝑦 𝑡+𝛿𝑡 −𝑦 𝑡 ‖𝐴 —it realizes
the steepest 𝐴-ascent. Maybe this viewpoint clarifies the relationship between gradient and
metric: this steepest ascent property can actually be used as a definition of gradients.
In our setting we want to use a gradient ascent in the parameter space Θ of our
distributions 𝑃𝜃 . The “vanilla” gradient 𝜕𝜃𝜕 𝑖 is associated with the metric ‖𝜃 − 𝜃′ ‖ =

𝑦 𝑡+𝛿𝑡 = 𝑦 𝑡 + 𝛿𝑡 𝐴−1

𝜕𝑔
definite matrix 𝐴𝑖𝑗 , then the gradient of 𝑔 with respect to this metric is given by 𝑗 𝐴−1
𝑖𝑗 𝜕𝑦𝑖 .
This follows from the textbook definition of gradients by 𝑔(𝑦 + 𝜀𝑧) = 𝑔(𝑦) + 𝜀⟨∇𝑔, 𝑧⟩𝐴 + 𝑂(𝜀2 )
with ⟨·, ·⟩𝐴 the scalar product associated with the matrix 𝐴𝑖𝑗 (Schwartz, 1992).
It is possible to write the analogue of (1) using the 𝐴-norm. We then find that the
gradient ascent associated with metric 𝐴 is given by

𝜕𝑔
𝜕𝑦𝑖

realizes the largest increase of the value of 𝑔, for a given step size ‖𝑦 𝑡+𝛿𝑡 − 𝑦 𝑡 ‖.
The relation (1) depends on the choice of a norm ‖ · ‖ (the gradient of 𝑔 is given by
𝜕𝑔/𝜕𝑦𝑖 only in an orthonormal basis). If we√︁
use, instead of the standard metric ‖𝑦 − 𝑦 ′ ‖ =
√︁
∑︀
∑︀
(𝑦𝑖 − 𝑦𝑖′ )2 on R𝑑 , a metric ‖𝑦 − 𝑦 ′ ‖𝐴 =
𝐴𝑖𝑗 (𝑦𝑖 − 𝑦𝑖′ )(𝑦𝑗 − 𝑦𝑗′ ) defined by a positive

𝑦𝑖𝑡+𝛿𝑡 = 𝑦𝑖𝑡 + 𝛿𝑡

𝜕𝑔/𝜕𝑦𝑖
Then one can check that 𝑧 is the normalized gradient of 𝑔 at 𝑦: 𝑧𝑖 = ‖𝜕𝑔/𝜕𝑦‖
. (This holds
only at points 𝑦 where the gradient of 𝑔 does not vanish.)
This shows that, for small 𝛿𝑡, the well-known gradient ascent of 𝑔 given by

𝜀→0 𝑧, ‖𝑧‖61

𝑧 = lim arg max 𝑔(𝑦 + 𝜀𝑧) .

Let 𝑔 be a smooth function from R𝑑 to R, to be maximized. We first recall the interpretation
of gradient ascent as “the shortest path uphill”.
Let 𝑦 ∈ R𝑑 . Define the vector 𝑧 by

2.1.1 About Gradients and the Shortest Path Uphill

We recall suitable definitions of the vanilla and the natural gradient and motivate using the
natural gradient in the context of optimization.

2.1 The Natural Gradient on Parameter Space
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2.1.2 Fisher Information and the Natural Gradient on Parameter Space

∫︁
𝑥

𝑃𝜃′ (d𝑥)
ln
𝑃𝜃′ (d𝑥) .
𝑃𝜃 (d𝑥)

Let 𝜃, 𝜃′ ∈ Θ be two values of the distribution parameter. A widely used way to define a
“distance” between two generic distributions1 𝑃𝜃 and 𝑃𝜃′ is the Kullback–Leibler divergence
from information theory, defined (Kullback, 1997) as
KL(𝑃𝜃′ || 𝑃𝜃 ) =

KL(𝑃𝜃+𝛿𝜃 || 𝑃𝜃 ) =

1 ∑︁
𝐼𝑖𝑗 (𝜃) 𝛿𝜃𝑖 𝛿𝜃𝑗 + 𝑂(𝛿𝜃3 ) .
2
(2)

When 𝜃′ = 𝜃 + 𝛿𝜃 is close to 𝜃, under mild smoothness assumptions we can expand the
Kullback–Leibler divergence at second order in 𝛿𝜃. This expansion defines the Fisher
information matrix 𝐼 at 𝜃 (Kullback, 1997):

∫︁
𝑥

𝜕 ln 𝑃𝜃 (𝑥) 𝜕 ln 𝑃𝜃 (𝑥)
𝑃𝜃 (d𝑥) = −
𝜕𝜃𝑖
𝜕𝜃𝑗

∫︁
𝑥

𝜕 2 ln 𝑃𝜃 (𝑥)
𝑃𝜃 (d𝑥) .
𝜕𝜃𝑖 𝜕𝜃𝑗

An equivalent definition of the Fisher information matrix is by the usual formulas (Cover
and Thomas, 2006)
𝐼𝑖𝑗 (𝜃) =

̃︀ 𝜃 𝑔)𝑖 =
(∇

∑︁
𝑗

𝜕𝑔(𝜃)
𝜕𝜃𝑗
𝜕𝑔
.
𝜕𝜃

𝐼𝑖𝑗−1 (𝜃)

The Fisher information matrix defines a (Riemannian) metric on Θ: the distance, in
this metric, between two very close values of 𝜃 is given by the square root of twice the
Kullback–Leibler divergence. Since the Kullback–Leibler divergence depends only on 𝑃𝜃 and
not on the parametrization of 𝜃, this metric is intrinsic.
If 𝑔 : Θ → R is a smooth function on the parameter space, its natural gradient (Amari,
1998) at 𝜃 is defined in accordance with the Fisher metric as

or more synthetically

̃︀ 𝜃 𝑔 = 𝐼 −1
∇
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̃︀
‖∇𝑔(𝜃)‖

̃︀
∇𝑔(𝜃)

Proposition 1 The natural gradient ascent points in the direction 𝛿𝜃 achieving the largest
change of the objective function, for a given distance between 𝑃𝜃 and 𝑃𝜃+𝛿𝜃 in Kullback–
Leibler divergence. More precisely, let 𝑔 be a smooth function on the parameter space Θ. Let
̃︀
𝜃 ∈ Θ be a point where ∇𝑔(𝜃)
does not vanish. Then, if

𝛿𝜃 =

arg max

𝛿𝜃′ such that
KL(𝑃𝜃+𝛿𝜃′ || 𝑃𝜃 )6𝜀2 /2

𝑔(𝜃 + 𝛿𝜃′ ).

is the direction of the natural gradient of 𝑔 (with ‖ · ‖ the Fisher norm), we have
1
𝛿𝜃 = lim
𝜀

𝜀→0

Here we have implicitly assumed that the parameter space Θ is such that no two points
𝜃 ∈ Θ define the same probability distribution, and the mapping 𝑃𝜃 ↦→ 𝜃 is smooth.

2.1.3 Why Use the Fisher Metric Gradient for Optimization? Relationship
to Diversity

The first reason for using the natural gradient is its reparametrization invariance, which
makes it the only gradient available in a general abstract setting (Amari and Nagaoka, 2000).
Practically, this invariance also limits the influence of encoding choices on the behavior of
the algorithm (Appendix C.1). The Fisher matrix can be also seen as an adaptive learning
rate for different components of the parameter vector 𝜃𝑖 : components 𝑖 with a high impact
on 𝑃𝜃 will be updated more cautiously.
Another advantage comes from the relationship with Kullback–Leibler distance in view
of the “shortest path uphill” (see also Amari 1998). To minimize the value of some function
𝑔(𝜃) defined on the parameter space Θ, the naive approach follows a gradient descent for 𝑔
using the “vanilla” gradient

𝜕𝑔
𝜃𝑖𝑡+𝛿𝑡 = 𝜃𝑖𝑡 + 𝛿𝑡 𝜕𝜃
𝑖

and, as explained above, this maximizes the increment of 𝑔 for a given increment ‖𝜃𝑡+𝛿𝑡 − 𝜃𝑡 ‖.
On the other hand, the Fisher gradient

𝜕𝑔
𝜃𝑖𝑡+𝛿𝑡 = 𝜃𝑖𝑡 + 𝛿𝑡𝐼 −1 𝜕𝜃
𝑖

maximizes the increment of 𝑔 for a given Kullback–Leibler distance KL(𝑃𝜃𝑡+𝛿𝑡 || 𝑃𝜃𝑡 ).
In particular, if we choose an initial value 𝜃0 such that 𝑃𝜃0 covers the whole space 𝑋
uniformly (or a wide portion, in case 𝑋 is unbounded), the Kullback–Leibler divergence
between 𝑃𝜃𝑡 and 𝑃𝜃0 is the Shannon entropy of the uniform distribution minus the Shannon
entropy of 𝑃𝜃𝑡 , and so this divergence measures the loss of diversity of 𝑃𝜃𝑡 with respect to
the uniform distribution.

Proposition 2 Let 𝑔 : Θ → R be a regular function of 𝜃 and let 𝜃0 such that 𝑃𝜃0 is the
uniform distribution on a finite space 𝑋. Let (𝜃𝑡 )𝑡>0 be the trajectory of the gradient ascent
of 𝑔 using the natural gradient. Then for small 𝑡 we have
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(3)

̃︀ 𝜃 to denote the natural gradient and 𝜕 to denote the vanilla
From now on, we will use ∇
𝜕𝜃
gradient.
By construction, the natural gradient descent is intrinsic: it does not depend on the
chosen parametrization 𝜃 of 𝑃𝜃 , so that it makes sense to speak of the natural gradient
ascent of a function 𝑔(𝑃𝜃 ). The Fisher metric is essentially the only way to obtain this
property (Amari and Nagaoka, 2000, Section 2.4).
Given that the Fisher metric comes from the Kullback–Leibler divergence, the “shortest
path uphill” property of gradients mentioned above translates as follows (see also Amari
1998, Theorem 1):

𝜃

8

𝜃𝑡 = arg max {𝑡 · 𝑔(𝜃) + Ent(𝑃𝜃 )} + 𝑜(𝑡)
where Ent is the Shannon entropy.
JMLR 18(18):1-65, 2017

1. Throughout the text we do not distinguish a probability distribution 𝑃 , seen as a measure, and its density
with respect to some unspecified reference measure d𝑥, and so will write indifferently 𝑃 (d𝑥) or 𝑃 (𝑥)d𝑥.
The measure-theoretic viewpoint allows for a unified treatment of the discrete and continuous case.

7

2.2 IGO: Information-Geometric Optimization

9

(4)
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Let 𝑤 : [0; 1] → R be a non-increasing function, the selection scheme.

𝑞𝜃6 (𝑥) = Pr𝑥′ ∼𝑃𝜃 (𝑓 (𝑥′ ) 6 𝑓 (𝑥)) .

𝑞𝜃< (𝑥) = Pr𝑥′ ∼𝑃𝜃 (𝑓 (𝑥′ ) < 𝑓 (𝑥))

Definition 3 The lower and upper 𝑃𝜃 -𝑓 -levels of 𝑥 ∈ 𝑋 are defined as

The monotone rewriting entails that if 𝑓 (𝑥) is “small” then 𝑊𝜃𝑓 (𝑥) ∈ R is “large” and
vice versa. The quantitative meaning of “small” or “large” depends on 𝜃 ∈ Θ. To obtain the
value of 𝑊𝜃𝑓 (𝑥) we compare 𝑓 (𝑥) to the quantiles of 𝑓 under the current distribution, as
measured by the 𝑃𝜃 -level fraction in which the value of 𝑓 (𝑥) lies.

Our original problem is to minimize a function 𝑓 : 𝑋 → R. A simple way to turn 𝑓 into a
function on Θ is to use the expected value −E𝑃𝜃 𝑓 (Berny, 2000a; Wierstra et al., 2008), but
expected values can be unduly influenced by extreme values and using them can be rather
unstable (Whitley, 1989); moreover −E𝑃𝜃 𝑓 is not invariant under increasing transformation
of 𝑓 (this invariance implies we can only compare 𝑓 -values, not sum them up).
Instead, we take an adaptive, quantile-based approach by first replacing the function
𝑓 with a monotone rewriting 𝑊𝜃𝑓𝑡 , depending on the current parameter value 𝜃𝑡 , and then
following the gradient of E𝑃𝜃 𝑊𝜃𝑓𝑡 , seen as a function of 𝜃. A due choice of 𝑊𝜃𝑓𝑡 allows to
control the range of the resulting values and achieves the desired invariance. Because the
rewriting 𝑊𝜃𝑓𝑡 depends on 𝜃𝑡 , it might be viewed as an adaptive 𝑓 -transformation.

2.2.1 Quantile Rewriting of 𝑓

We now introduce a quantile-based rewriting of the objective function. From applying the
natural gradient on the rewritten objective we derive information-geometric optimization.

⎪
⎩

1
<
𝑞𝜃6 (𝑥)−𝑞𝜃< (𝑥) 𝑞=𝑞𝜃 (𝑥)

∫︀ 𝑞=𝑞𝜃6 (𝑥)

𝑤(𝑞) d𝑞
otherwise.

if 𝑞𝜃6 (𝑥) = 𝑞𝜃< (𝑥),

(5)

𝑊𝜃𝑓𝑡 (𝑥) 𝑃𝜃 (d𝑥)

(6)

∫︁

𝑊𝜃𝑓𝑡 (𝑥) 𝑃𝜃 (d𝑥)

(7)
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where the natural gradient is suggested by Proposition 1.
̃︀ 𝜃 does not
Note again that we use 𝑊𝜃𝑓𝑡 and not 𝑊𝜃𝑓 in the integral. So the gradient ∇
act on the adaptive objective 𝑊𝜃𝑓𝑡 . If we used 𝑊𝜃𝑓 instead, we would face a paradox: right
after a move, previously good points
do not seem so good any more since the distribution
∫︀
has improved. More precisely, 𝑊𝜃𝑓 (𝑥) 𝑃𝜃 (d𝑥) is constant and always equal to the average
∫︀
weight 01 𝑤, and so the gradient would always vanish.

̃︀ 𝜃
𝜃𝑡+𝛿𝑡 = 𝜃𝑡 + 𝛿𝑡 ∇

At the most abstract level, IGO is a continuous-time gradient flow in the parameter space
Θ, which we define now. In practice, discrete time steps (a.k.a. iterations) are used, and
𝑃𝜃 -integrals are approximated through sampling, as described in the next section.
Let 𝜃𝑡 be the current value of the parameter at time 𝑡, and let 𝛿𝑡 ≪ 1. We define 𝜃𝑡+𝛿𝑡
in such a way as to increase the 𝑃𝜃 -weight of points where 𝑓 is small, while not going too
far from 𝑃𝜃𝑡 in Kullback–Leibler divergence. We use the adaptive weights 𝑊𝜃𝑓𝑡 as a way
to measure which points have large or small values. In accordance with (6), this suggests
taking the gradient ascent

2.2.2 The IGO Gradient Flow

over 𝜃, where is fixed at a given step but will adapt over time.
Importantly, 𝑊𝜃𝑓 (𝑥) can be estimated in practice: indeed, the 𝑃𝜃 -𝑓 -levels Pr𝑥′ ∼𝑃𝜃 (𝑓 (𝑥′ ) <
𝑓 (𝑥)) can be estimated by taking samples of 𝑃𝜃 and ordering the samples according to
the value of 𝑓 (see below). The estimate remains invariant under strictly increasing 𝑓 transformations.

𝜃𝑡

E𝑃𝜃 𝑊𝜃𝑓𝑡 =

The level functions 𝑞 : 𝑋 → [0, 1] reflect the probability to sample a better value than
𝑓 (𝑥). They are monotone in 𝑓 (if 𝑓 (𝑥1 ) 6 𝑓 (𝑥2 ) then 𝑞𝜃< (𝑥1 ) 6 𝑞𝜃< (𝑥2 ), and likewise for 𝑞 6 )
and invariant under strictly increasing transformations of 𝑓 .
A typical choice for 𝑤 is 𝑤(𝑞) = 1𝑞6𝑞0 for some fixed value 𝑞0 , the selection quantile. In
what follows, we suppose that a selection scheme (weighting scheme) 𝑤 has been chosen
once and for all.
As desired, the definition of 𝑊𝜃𝑓 is invariant under a strictly increasing transformation
of 𝑓 . For instance, the 𝑃𝜃 -median of 𝑓 gets remapped to 𝑤( 12 ).
∫︀
Note that E𝑥∼𝑃𝜃 𝑊𝜃𝑓 (𝑥) is always equal to 01 𝑤, independently of 𝑓 and 𝜃: indeed, by
definition, the 𝑃𝜃 inverse-quantile of a random point under 𝑃𝜃 is uniformly distributed in
[0; 1]. In the following, our objective will be to maximize the expected value of 𝑊𝜃𝑓𝑡 over 𝜃,
that is, to maximize
∫︁

=

⎧
⎪
⎨𝑤(𝑞𝜃6 (𝑥))

The transform 𝑊𝜃𝑓 (𝑥) of an objective function 𝑓 : 𝑋 → R is defined as a function of the
𝑃𝜃 -𝑓 -level of 𝑥 as

(We have stated the proposition over a finite space to have a well-defined uniform
distribution. A short proof, together with the regularity conditions on 𝑔, is given in
Appendix D.)
So following the natural gradient of a function 𝑔, starting at or close to the uniform
distribution, amounts to optimizing the function 𝑔 with minimal loss of diversity, provided
the initial diversity is large. (This is valid, of course, only at the beginning; once one gets too
far from uniform, a better interpretation is minimal change of diversity.) On the other hand,
the vanilla gradient descent does not satisfy Proposition 2: it optimizes 𝑔 with minimal
change in the numerical values of the parameter 𝜃, which is of little interest.
So arguably this method realizes the best trade-off between optimization and loss
of diversity. (Though, as can be seen from the detailed algorithm description below,
maximization of diversity occurs only greedily at each step, and so there is no guarantee
that after a given time, IGO will provide the highest possible diversity for a given objective
function value.)
An experimental confirmation of the positive influence of the Fisher matrix on diversity
is given in Appendix B below.
𝑊𝜃𝑓 (𝑥)
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̃︀ 𝑃𝜃 (assuming 𝑃𝜃 is smooth), we get an
̃︀ 𝜃 = 𝑃𝜃 ∇ln
Using the log-likelihood trick ∇𝑃
equivalent expression of the update above as an integral under the current distribution 𝑃𝜃𝑡 ;
this is important for practical implementation. This leads to the following definition.

∫︁
̃︀ 𝜃 𝑃𝜃 (𝑥)
∇

𝑃𝜃𝑡 (𝑥)

𝑊𝜃𝑓𝑡 (𝑥)

𝑃𝜃𝑡 (𝑥)d𝑥

𝜕 ln 𝑃𝜃 (𝑥)
𝑃𝜃𝑡 (d𝑥) .
𝜕𝜃

̃︀ 𝜃 ln 𝑃𝜃 (𝑥) 𝑃 𝑡 (d𝑥)
𝑊𝜃𝑓𝑡 (𝑥) ∇
𝜃
∫︁

𝑊𝜃𝑓𝑡 (𝑥)

𝑊𝜃𝑓𝑡 (𝑥) 𝑃𝜃 (𝑥)d𝑥

(10)

(9)

(8)

Definition 4 (IGO flow) The IGO flow is the set of continuous-time trajectories in space
Θ, defined by the ordinary differential equation

∫︁

∫︁

d𝜃𝑡
̃︀ 𝜃
=∇
d𝑡
=

=
= 𝐼 −1 (𝜃𝑡 )
where the gradients are taken at point 𝜃 = 𝜃𝑡 , and 𝐼 is the Fisher information matrix.

∫︁

𝑓 (𝑥) 𝑃𝜃 (d𝑥) ,

(11)

Natural evolution strategies (NES, Wierstra et al. 2008; Glasmachers et al. 2010; Sun
et al. 2009; Wierstra et al. 2014) feature a related gradient descent with 𝑓 (𝑥) instead of
𝑊𝜃𝑓𝑡 (𝑥). The associated flow would read
d𝜃𝑡
̃︀ 𝜃
= −∇
d𝑡

⏟

⏞

⏟

current sample distribution

⏞

(13)

(12)

where the gradient is taken at 𝜃𝑡 (in the sequel when not explicitly stated, gradients in 𝜃
are taken at 𝜃 = 𝜃𝑡 ). However, in the end NESs always implement algorithms using sample
quantiles (via “nonlinear fitness shaping”), as if derived from the gradient ascent of 𝑊𝜃𝑓𝑡 (𝑥).
The update (9) is a weighted average of “intrinsic moves” increasing the log-likelihood of
some points. We can slightly rearrange the update as
∫︁ ⏞

⏟

̃︀ 𝜃 ln 𝑃𝜃 (𝑥) 𝑃 𝑡 (d𝑥)
𝑊𝜃𝑓𝑡 (𝑥) ∇
𝜃

𝑓

weighted log-likelihood

𝑊 𝑡 (𝑥) ln 𝑃𝜃 (𝑥) 𝑃𝜃𝑡 (d𝑥) ,
⏟ 𝜃
⏞

∫︁ intrinsic move to reinforce 𝑥

preference weight

d𝜃𝑡
=
d𝑡
= ̃︀

∇𝜃

which provides an interpretation for the IGO gradient flow as a gradient ascent optimization
of the weighted log-likelihood of the “good points” of the current distribution. In the sense
of Theorem 10 below, IGO is in fact the “best” way to increase this log-likelihood.
For exponential families of probability distributions, we will see later that the IGO flow
rewrites as a nice derivative-free expression (21).
2.2.3 IGO Algorithms: Time Discretization and Sampling
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The above is a mathematically well-defined continuous-time flow in parameter space. Its
practical implementation involves three approximations depending on two parameters 𝑁
and 𝛿𝑡:
11

Ollivier, Arnold, Auger and Hansen

∙ the integral under 𝑃𝜃𝑡 is approximated using 𝑁 samples taken from 𝑃𝜃𝑡 ;

∙ the value 𝑊𝜃𝑓𝑡 is approximated for each sample taken from 𝑃𝜃𝑡 ;

𝑡

∙ the time derivative d𝜃
d𝑡 is approximated by a 𝛿𝑡 time increment: instead of the
𝑡
continuous-time IGO flow (8) we use its Euler approximation scheme 𝜃𝑡+𝛿𝑡 ≈ 𝜃𝑡 + 𝛿𝑡 d𝜃
d𝑡 ,
so that the time 𝑡 of the flow is discretized with a step size 𝛿𝑡, which thus becomes
the learning rate of the algorithm. (See Corollary 21 for an interpretation of 𝛿𝑡 as a
number of bits of information introduced in the distribution 𝑃𝜃𝑡 at each step.)

)︂

rk(𝑥𝑖 ) + 1/2
1
𝑤
,
𝑁
𝑁

(︂

(14)

𝑃𝜃 (𝑥)
We also assume that the Fisher information matrix 𝐼(𝜃) and 𝜕 ln𝜕𝜃
can be computed
(see discussion below if 𝐼(𝜃) is unknown).
At each step, we draw 𝑁 samples 𝑥1 , . . . , 𝑥𝑁 under 𝑃𝜃𝑡 . To approximate 𝑊𝜃𝑓𝑡 , we rank
the samples according to the value of 𝑓 . Define rk(𝑥𝑖 ) = #{𝑗 | 𝑓 (𝑥𝑗 ) < 𝑓 (𝑥𝑖 )} and let the
estimated weight of sample 𝑥𝑖 be

̂︀𝑖 =
𝑤

using the non-increasing selection scheme function 𝑤 introduced in Definition 3 above. (This
is assuming there are no ties in our sample; in case several sample points have the same
̂︀𝑖 by averaging the above over all possible rankings of the ties2 .)
value of 𝑓 , we define 𝑤
Then we can approximate the IGO flow as follows.

𝑖=1

𝑁
∑︁

𝑖=1

𝜃=𝜃𝑡

⃒
⃒

⃒

𝜕 ln 𝑃𝜃 (𝑥𝑖 ) ⃒⃒
⃒
𝜕𝜃
𝜃=𝜃𝑡

̃︀ 𝜃 ln 𝑃𝜃 (𝑥𝑖 )⃒
̂︀𝑖 ∇
𝑤

𝑁
∑︁

̂︀𝑖
𝑤

(17)

(16)

Definition 5 (IGO algorithms) The IGO algorithm associated with parametrization 𝜃,
sample size 𝑁 and step size 𝛿𝑡 is the following update rule for the parameter 𝜃𝑡 . At each
step, 𝑁 sample points 𝑥1 , . . . , 𝑥𝑁 are drawn according to the distribution 𝑃𝜃𝑡 . The parameter
is updated according to
𝜃𝑡+𝛿𝑡 = 𝜃𝑡 + 𝛿𝑡

= 𝜃𝑡 + 𝛿𝑡 𝐼 −1 (𝜃𝑡 )

𝑖=1

𝑁
∑︁

1
𝑁

𝑤𝑖

𝑤

∫︁

𝑖−1/2
𝑁

)︁

⃒
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(15)

(18)

once and for all and rewrite the

𝑢=rk6 (𝑥𝑖 )/𝑁

𝑢=rk< (𝑥𝑖 )/𝑁

𝑤(𝑢)d𝑢

𝜕 ln 𝑃𝜃 (𝑥𝑖:𝑁 ) ⃒⃒
⃒
𝜕𝜃
𝜃=𝜃𝑡

(︁

̂︀𝑖 is the weight (14) obtained from the ranked values of the objective function 𝑓 .
where 𝑤

Equivalently one can fix the weights 𝑤𝑖 =
update as

𝜃𝑡+𝛿𝑡 = 𝜃𝑡 + 𝛿𝑡 𝐼 −1 (𝜃𝑡 )

1
rk6 (𝑥𝑖 ) − rk< (𝑥𝑖 )

2. A mathematically neater but less intuitive version would be
𝑤
̂︀𝑖 =

with rk< (𝑥𝑖 ) = #{𝑗 | 𝑓 (𝑥𝑗 ) < 𝑓 (𝑥𝑖 )} and rk6 (𝑥𝑖 ) = #{𝑗 | 𝑓 (𝑥𝑗 ) 6 𝑓 (𝑥𝑖 )}.

12

∫︁

𝑊𝜃𝑓𝑡 (𝑥) 𝑃𝜃 (d𝑥) .

2
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∫︀

The proof is given in Appendix D, under mild regularity assumptions. In particular we
do not require that 𝑤 is continuous. Unfortunately, the proof does not provide an explicit
sample size above which the IGO algorithm would be guaranteed to stay close to the IGO
flow with high probability; presumably such a size would be larger than the typical sample
sizes used in practice.
This theorem may clarify previous claims (Wierstra et al., 2008; Akimoto et al., 2010)
where rank-based updates similar to (7), such as in NES or CMA-ES, were derived from
̂︀𝑖 were then introduced after
optimizing the expected value −E𝑃𝜃 𝑓 . The rank-based weights 𝑤
the derivation as a useful heuristic to improve stability. Theorem 6 shows that, for large 𝑁 ,
CMA-ES and NES actually follow the gradient flow of the quantity E𝑃𝜃 𝑊𝜃𝑓𝑡 : the update can
be rigorously derived from optimizing the expected value of the inverse-quantile-rewriting
𝑊𝜃𝑓𝑡 .

̃︀ 𝜃
𝜃𝑡+𝛿𝑡 = 𝜃𝑡 + 𝛿𝑡 ∇

⃒

𝜕 ln 𝑃𝜃 (𝑥𝑖 ) ⃒⃒
⃒
𝜕𝜃
𝜃=𝜃𝑡

13

𝜕 ln 𝑃𝜃 (𝑥) 𝜕 ln 𝑃𝜃 (𝑥)
𝑃𝜃 (d𝑥)
𝜕𝜃𝑖
𝜕𝜃𝑗

̂︀𝑖
𝑤

𝑃𝜃 (d𝑥) for the Fisher matrix will not necessarily
3. The alternative, equivalent formula 𝐼𝑖𝑗 (𝜃) = − 𝑥 𝜕 𝜕𝜃ln𝑖 𝑃𝜕𝜃𝜃 (𝑥)
𝑗
yield non-negative matrices through Monte Carlo sampling.

𝑥

∫︁

𝑖=1

𝑁
∑︁

converges with probability 1 to the update rule (7):

𝜃𝑡+𝛿𝑡 = 𝜃𝑡 + 𝛿𝑡 𝐼 −1 (𝜃𝑡 )

Theorem 6 (Consistency) When 𝑁 → ∞, the 𝑁 -sample IGO update rule (17):

The first property to check is that when 𝑁 → ∞, the update rule using 𝑁 samples converges
to the IGO update rule. This is not a straightforward application of the law of large numbers,
̂︀𝑖 depend (non-continuously) on the whole sample 𝑥1 , . . . , 𝑥𝑁 ,
because the estimated weights 𝑤
and not only on 𝑥𝑖 .

3.1 Consistency of Sampling

In this section we derive some basic properties of IGO and present the IGO flow for
exponential families.

using 𝑃𝜃 -Monte Carlo samples for 𝑥. These samples may or may not be the same as those
used in the IGO update (17): in particular, it is possible to use as many Monte Carlo

𝐼𝑖𝑗 (𝜃) =

The algorithm presented so far assumes that the Fisher matrix 𝐼(𝜃) is known as a function of
𝜃. This is the case for Gaussian or Bernoulli distributions. However, for restricted Boltzmann
machines as considered below, no analytical form is known. Yet, provided the quantity
𝜕
𝜕𝜃 ln 𝑃𝜃 (𝑥) can be computed or approximated, it is possible to approximate the integral

2.2.5 Unknown Fisher Matrix

The IGO flow (8) is a well-defined continuous-time set of trajectories in the space of
probability distributions 𝑃𝜃 , depending only on the objective function 𝑓 and the chosen family
of distributions. It does not depend on the chosen parametrization for 𝜃 (Proposition 18).
On the other hand, there are several IGO algorithms associated with this flow. Each
IGO algorithm approximates the IGO flow in a slightly different way. An IGO algorithm
depends on three further choices: a sample size 𝑁 , a time discretization step size 𝛿𝑡, and a
choice of parametrization for 𝜃 in which to implement (17).
If 𝛿𝑡 is small enough, and 𝑁 large enough, the influence of the parametrization 𝜃
disappears and all IGO algorithms are approximations of the “ideal” IGO flow trajectory.
However, the larger 𝛿𝑡, the poorer the approximation gets.
So for large 𝛿𝑡, different IGO algorithms for the same IGO flow may exhibit different
behaviors. We will see an instance of this phenomenon for Gaussian distributions: both
CMA-ES and the maximum likelihood update (EMNA) can be seen as IGO algorithms, but
the latter with 𝛿𝑡 = 1 is known to exhibit premature loss of diversity (Section 5.2).
Still, if 𝛿𝑡 is sufficiently small, two IGO algorithms for the same IGO flow will differ less
from each other than from a non-IGO algorithm: at each step the difference is only 𝑂(𝛿𝑡 2 )
(Appendix C.1). On the other hand, for instance, the difference between an IGO algorithm
and the vanilla gradient ascent is, generally, not smaller than 𝑂(𝛿𝑡) at each step, i.e., it can
be roughly as big as the steps themselves.

2.2.4 IGO Flow versus IGO Algorithms

samples as necessary to approximate 𝐼𝑖𝑗 , at no additional cost in terms of the number of
calls to the black-box function 𝑓 to optimize.
𝑃𝜃 (𝑥) 𝜕 ln 𝑃𝜃 (𝑥)
Note that each Monte Carlo sample 𝑥 will contribute 𝜕 ln𝜕𝜃
to the Fisher
𝜕𝜃𝑗
𝑖
3
matrix approximation. This is a rank-1 non-negative matrix . So, for the approximated
Fisher matrix to be invertible, the number of (distinct) samples 𝑥 needs to be at least
equal to, and ideally much larger than, the number of components of the parameter 𝜃:
𝑁Fisher > dim Θ.
For exponential families of distributions, the IGO update has a particular form (21)
which simplifies this matter somewhat (Section 3.3). In Appendix B this is examplified using
restricted Boltzmann machines.

where 𝑥𝑖:𝑁 denotes the sampled point ranked 𝑖th according to 𝑓 , i.e. 𝑓 (𝑥1:𝑁 ) < . . . < 𝑓 (𝑥𝑁 :𝑁 )
̂︀𝑖 }.
(assuming again there are no ties). Note that {𝑥𝑖:𝑁 } = {𝑥𝑖 } and {𝑤𝑖 } = {𝑤
As will be discussed in Section 5, this update applied to multivariate normal distributions
or Bernoulli measures allows us to neatly recover versions of some well-established algorithms,
in particular CMA-ES and PBIL. Actually, in the Gaussian context updates of the form
(17) have already been introduced (Glasmachers et al., 2010; Akimoto et al., 2010), though
not formally derived from a continuous-time flow with inverse quantiles.
When 𝑁 → ∞, the IGO algorithm using samples approximates the continuous-time IGO
gradient flow, see Theorem 6 below. Indeed, the IGO algorithm, with 𝑁 = ∞, is simply the
Euler approximation scheme for the ordinary differential equation defining the IGO flow (8).
The latter result thus provides a sound mathematical basis for currently used rank-based
updates.

3. First Properties of IGO
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3.2 Monotonicity: Quantile Improvement
Gradient descents come with a guarantee that the fitness value decreases over time. Here,
since we work with probability distributions on 𝑋, we need to define a “fitness” of the
distribution 𝑃𝜃𝑡 . An obvious choice is the expectation E𝑃𝜃𝑡 𝑓 , but it is not invariant under
𝑓 -transformation and moreover may be sensitive to extreme values.
It turns out that the monotonicity properties of the IGO gradient flow depend on the
choice of the selection scheme 𝑤. For instance, if 𝑤(𝑢) = 1𝑢61/2 , then the median of 𝑓 under
𝑃𝜃𝑡 improves over time.

𝑄𝑃𝑞 𝑡 (𝑓 ).
𝜃 1

Proposition 7 (Quantile improvement) Consider the IGO flow (8), with the weight
𝑤(𝑢) = 1𝑢6𝑞 where 0 < 𝑞 < 1 is fixed. Then the value of the 𝑞-quantile of 𝑓 improves over
time: if 𝑡1 6 𝑡2 then 𝑄𝑃𝑞 𝑡 (𝑓 ) 6 𝑄𝑃𝑞 𝑡 (𝑓 ). Here the 𝑞-quantile value 𝑄𝑃𝑞 (𝑓 ) of 𝑓 under a
𝜃 2
𝜃 1
probability distribution 𝑃 is defined as the largest number 𝑚 such that Pr𝑥∼𝑃 (𝑓 (𝑥) > 𝑚) >
1 − 𝑞.
Assume moreover that the objective function 𝑓 has no plateau, i.e. for any 𝑣 ∈ R
and any 𝜃 ∈ Θ we have Pr𝑥∼𝑃𝜃 (𝑓 (𝑥) = 𝑣) = 0. Then for 𝑡1 < 𝑡2 either 𝜃𝑡1 = 𝜃𝑡2 or
<
𝑄𝑃𝑞 𝑡 (𝑓 )
𝜃 2

The proof is given in Appendix D, together with the necessary regularity assumptions.
Note that on a discrete search space, the objective function has only plateaus, and the
𝑞-quantile will evolve by successive jumps even as 𝜃 evolves continuously.
This property is proved here only for the IGO gradient flow (8) with 𝑁 = ∞ and
𝛿𝑡 → 0. For an IGO algorithm with finite 𝑁 , the dynamics is random and one cannot expect
monotonicity. Still, Theorem 6 ensures that, with high probability, trajectories of a large
enough finite population stay close to the infinite-population limit trajectory.
In Akimoto and Ollivier (2013) this result was extended to finite time steps instead of
infinitesimal 𝛿𝑡, using the IGO-ML framework from Section 4 below.
3.3 The IGO Flow for Exponential Families

(︁∑︁
)︁
1
exp
𝜃𝑖 𝑇𝑖 (𝑥) 𝐻(d𝑥)
𝑍(𝜃)

The expressions for the IGO update simplify somewhat if the family 𝑃𝜃 happens to be
an exponential family of probability distributions (see also Malagò et al. 2008, 2011 for
optimization using the natural gradient for exponential families). This covers, for instance,
Gaussian or Bernoulli distributions.
Suppose that 𝑃𝜃 can be written as
𝑃𝜃 (d𝑥) =
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(20)

where 𝑇1 , . . . , 𝑇𝑘 is a finite family of functions on 𝑋, 𝐻(d𝑥) is an arbitrary reference measure
on 𝑋, and 𝑍(𝜃) is the normalization constant. It is well-known (Amari and Nagaoka, 2000,
(2.33)) that
𝜕 ln 𝑃𝜃 (𝑥)
= 𝑇𝑖 (𝑥) − E𝑃𝜃 𝑇𝑖
(19)
𝜕𝜃𝑖
so that (Amari and Nagaoka, 2000, (3.59))
𝐼𝑖𝑗 (𝜃) = Cov𝑃𝜃 (𝑇𝑖 , 𝑇𝑗 ) .
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By plugging this into the definition of the IGO flow (10) we find:

(21)

Proposition 8 Let 𝑃𝜃 be an exponential family parametrized by the natural parameters 𝜃
as above. Then the IGO flow is given by

d𝜃
= Cov𝑃𝜃 (𝑇, 𝑇 )−1 Cov𝑃𝜃 (𝑇, 𝑊𝜃𝑓 )
d𝑡

where Cov𝑃𝜃 (𝑇, 𝑊𝜃𝑓 ) denotes the vector (Cov𝑃𝜃 (𝑇𝑖 , 𝑊𝜃𝑓 ))𝑖 , and Cov𝑃𝜃 (𝑇, 𝑇 ) the matrix
(Cov𝑃𝜃 (𝑇𝑖 , 𝑇𝑗 ))𝑖𝑗 .

the natural gradient of exponential families (Proposition 29 in Appendix D). One finds:

𝜕 𝑇𝑖

Note that the right-hand side does not involve derivatives w.r.t. 𝜃 any more. This result
makes it easy to simulate the IGO flow using, e.g., a Gibbs sampler for 𝑃𝜃 : both covariances
in (21) may be approximated by sampling, so that neither the Fisher matrix nor the gradient
term need to be known in advance, and no derivatives are involved.
The values of the variables 𝑇¯𝑖 = E𝑇𝑖 , namely the expected value of 𝑇𝑖 under the current
distribution, can often be used as an alternative parametrization for an exponential family
(e.g. for a one-dimensional Gaussian, these are the mean 𝜇 and the second moment 𝜇2 + 𝜎 2 ).
̃︀ 𝜃 = 𝜕 for
The IGO flow (9) may be rewritten using these variables, using the relation ∇
𝑖
¯

(22)

Proposition 9 With the same setting as in Proposition 8, the expectation variables 𝑇¯𝑖 =
E𝑃𝜃 𝑇𝑖 satisfy the following evolution equation under the IGO flow

d𝑇¯𝑖
= Cov(𝑇𝑖 , 𝑊𝜃𝑓 ) = E(𝑇𝑖 𝑊𝜃𝑓 ) − 𝑇¯𝑖 E𝑊𝜃𝑓 .
d𝑡

The proof is given in Appendix D, in the proof of Theorem 12. We shall further exploit
this fact in Section 4.

3.3.1 Exponential Families with Latent Variables.

𝑈𝑖 (𝑥) = E𝑃𝜃 (𝑇𝑖 (𝑥, ℎ)|𝑥)

𝜕 ln 𝑃𝜃 (𝑥)
= 𝑈𝑖 (𝑥) − E𝑃𝜃 𝑈𝑖
𝜕𝜃𝑖
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(25)

(24)

(23)

Similar formulas hold when the distribution 𝑃𝜃 (𝑥) is the marginal of an exponential distribution 𝑃 (𝑥, ℎ) over a “hidden” or “latent” variable ℎ, such as the restricted Boltzmann
𝜃
machines of Appendix B.
∑︀
1 ∑︀
Namely, with 𝑃𝜃 (𝑥) = 𝑍(𝜃)
ℎ exp( 𝑖 𝜃𝑖 𝑇𝑖 (𝑥, ℎ)) 𝐻(d𝑥, dℎ) we have
where

is the expectation of 𝑇𝑖 (𝑥, ℎ) knowing 𝑥. Then the Fisher matrix is

𝐼𝑖𝑗 (𝜃) = Cov𝑃𝜃 (𝑈𝑖 , 𝑈𝑗 )

and consequently, the IGO flow takes the form

d𝜃
= Cov𝑃𝜃 (𝑈, 𝑈 )−1 Cov𝑃𝜃 (𝑈, 𝑊𝜃𝑓 ) .
d𝑡

16
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To compute the ranks of samples in (14), it might be advisable to re-use samples from
previous iterations, so that a smaller number of samples is necessary, see e.g. Sun et al. (2009).

3.5.3 Recycling Old Samples

The complexity of the IGO algorithm depends much on the computational cost model. In
optimization, it is fairly common to assume that the objective function 𝑓 is very costly
compared to any other calculations performed by the algorithm (Moré et al., 1981; Dolan
and Moré, 2002). Then the cost of IGO in terms of number of 𝑓 -calls is 𝑁 per iteration,
and the cost of using inverse quantiles and computing the natural gradient is negligible.
Setting the cost of 𝑓 aside, the complexity of the IGO algorithm depends mainly on
the computation of the (inverse) Fisher matrix. Assume an analytical expression for this
matrix is known. Then, with 𝑝 = dim Θ the number of parameters, the cost of storage of
the Fisher matrix is 𝑂(𝑝2 ) per iteration, and its inversion typically costs 𝑂(𝑝3 ) per iteration.
However, depending on the situation and on possible algebraic simplifications, strategies
exist to reduce this cost (e.g., Le Roux et al. 2007 in a learning context). For instance,
for CMA-ES the cost is 𝑂(𝑁 𝑝) (Suttorp et al., 2009). More generally, parametrization by
expectation parameters (see above), when available, may reduce the cost to 𝑂(𝑁 𝑝) as well.
If no analytical form of the Fisher matrix is known and Monte Carlo estimation is required,
then complexity depends on the particular situation at hand and is related to the best
sampling strategies available for a particular family of distributions. For Boltzmann machines,
for instance, a host of such strategies are available (Ackley et al., 1985; Salakhutdinov and
Murray, 2008; Salakhutdinov, 2009; Desjardins et al., 2010). Still, in such a situation, IGO
may be competitive if the objective function 𝑓 is costly.

3.5.2 Complexity

not selective enough, and both theory and experiments confirm that for the Gaussian case,
efficient optimization requires 𝑞 < 1/2 (see Section 5.2). According to Beyer (2001), on the
∑︀
sphere function 𝑓 (𝑥) = 𝑖 𝑥2𝑖 , the optimal 𝑞 is about 0.27 if sample size 𝑁 is not larger than
the search space dimension 𝑑, and even smaller otherwise (Jebalia and Auger, 2010).
Second, replacing 𝑤 with 𝑤 + 𝑐 for some constant 𝑐 clearly has no influence on the IGO
continuous-time flow (7), since the gradient will cancel out the constant. However, this is
not the case for the update rule (18) with a finite sample of size 𝑁 .
∑︀ ̃︀
∇𝜃 ln 𝑃𝜃 (𝑥𝑖 ) to the update. In
Indeed, adding a constant 𝑐 to 𝑤 adds a quantity 𝑐 𝑁1
̃︀ 𝜃 ln 𝑃𝜃 is 0 (because
expectation,
this
quantity
vanishes
because
the
𝑃
-expected
value of ∇
𝜃
∫︀
∫︀
̃︀ 𝜃 ln 𝑃𝜃 ) 𝑃𝜃 = ∇𝑃
̃︀ 𝜃 = ∇1
̃︀ = 0). So adding a constant to 𝑤 does not change the
(∇
expected value of the update, but it may change,
e.g., its variance. The empirical average
√
̃︀ 𝜃 ln 𝑃𝜃 (𝑥𝑖 ) in the sample will be 𝑂(1/ 𝑁 ). So translating the weights results in a
of ∇
√
𝑂(1/ 𝑁 ) change in the update. See also Section 4 in Sun et al. (2009).
Thus, one may be tempted to introduce a well chosen value of 𝑐 so as to reduce the
variance of the update. However, determining an optimal value for 𝑐 is difficult: the optimal
̃︀ 𝜃 ln 𝑃𝜃
value minimizing the variance actually depends on possible correlations between ∇
and the function 𝑓 . The only general result is that one should shift 𝑤 such that 0 lies within
its range. Assuming independence, or dependence with enough symmetry, the optimal shift
is when the weights average to 0.
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The selection scheme 𝑤 directly affects the update rule (18).
A natural choice is 𝑤(𝑢) = 1𝑢6𝑞 . This results, as shown in Proposition 7, in an
improvement of the 𝑞-quantile over the course of optimization. Taking 𝑞 = 1/2 springs
to mind (giving positive weights to the better half of the samples); however, this is often

3.5.1 Influence of the Selection Scheme 𝑤

We conclude this section by a few practical remarks when implementing IGO algorithms.

3.5 Implementation Remarks

∙ The IGO flow can be computed explicitly in the simple case of linear functions on R𝑑
using Gaussian distributions, and its convergence can be proven for linear functions
on {0, 1}𝑑 with Bernoulli distributions (Appendix C.4).

∙ IGO algorithms still make sense when the objective function 𝑓 is noisy, that is, when
each call to 𝑓 returns a non-deterministic value. This can be accounted for without
changing the framework: we prove in Proposition 22 (Appendix C.3) that IGO for
noisy 𝑓 is equivalent to IGO for a non-noisy 𝑓˜ defined on a larger space 𝑋 × Ω with
distributions 𝑃˜𝜃 that are uniform over Ω. Consequently, theorems such as consistency
of sampling immediately transfer to the noisy case.

∙ The speed of the IGO flow is bounded by the variance of the weight function 𝑤 on [0; 1]
(Appendix C.2, Proposition 20). This implies that the parameter 𝛿𝑡 in the IGO flow is
not a meaningless variable but is related to the maximal number of bits introduced in
𝑃𝜃 at each step (Appendix C.2, Corollary 21).

These latter two invariances are specifically due to the natural gradient and are not
satisfied by a vanilla gradient descent. 𝑓 -invariance and 𝑋-invariance are directly
inherited from the IGO flow by IGO algorithms, but this is only approximately true of
𝜃-invariance, as discussed in Appendix C.1.

Finally, the IGO flow is insensitive to transformations of the original problem by a
change of variable in the search space 𝑋 itself, provided this transformation can be
reflected in the family of distributions 𝑃𝜃 (Proposition 19 in Appendix C.1); this covers,
for instance, optimizing 𝑓 (𝐴𝑥) instead of 𝑓 (𝑥) in R𝑑 using Gaussian distributions,
where 𝐴 is any invertible matrix.

Second, changing the parameterization 𝜃 used for the family 𝑃𝜃 (e.g., letting 𝜃 be a
variance or a standard deviation) results in unchanged trajectories for the distributions
𝑃𝜃 under the IGO flow (Proposition 18 in Appendix C.1).

∙ By its very construction, the IGO flow is invariant under a number of transformations of
the original problem. First, replacing the objective function 𝑓 with a strictly increasing
function of 𝑓 does not change the IGO flow (Proposition 17 in Appendix C.1).

IGO enjoys a number of other mathematical properties that are expanded upon in Appendix C.

3.4 Further Mathematical Properties of IGO
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For 𝑁 = 1, this is indispensable. In order to preserve sampling consistency (Theorem 6)
the old samples need to be reweighted using the ratio of their likelihood under the current
versus old distribution, as in importance sampling.
In evolutionary computation, elitist selection (also called plus-selection) is a common
approach where the all-time best samples are taken into account in each iteration. Elitist
selection can be modelled in the IGO framework by using the current all-time best samples in
addition to samples from 𝑃𝜃 . Specifically, in the (𝜇 + 𝜆)-selection scheme, we set 𝑁 = 𝜇 + 𝜆
and let 𝑥1 , . . . , 𝑥𝜇 be the current all-time 𝜇 best points. Then we sample 𝜆 new points,
𝑥𝜇+1 , . . . , 𝑥𝑁 , from the current distribution 𝑃𝜃 and apply (16) with 𝑤(𝑞) = (𝑁/𝜇)1𝑞≤𝜇/𝑁 .
3.5.4 Initialization
As with other distribution-based optimization algorithms, it is usually a good idea to initialize
in such a way as to cover a wide portion of the search space, i.e. 𝜃0 should be chosen so that
𝑃𝜃0 has large diversity. For IGO algorithms this is particularly effective, since, as explained
above, the natural gradient provides minimal change of diversity (greedily at each step) for
a given change in the objective function.

4. IGO, Maximum Likelihood, and the Cross-Entropy Method
In this section we generalize the IGO update for settings where the natural gradient may
not exist. This generalization reveals a unique IGO algorithm for finite step-sizes 𝛿𝑡 and a
natural link to the cross-entropy method.
4.1 IGO as a Smooth-time Maximum Likelihood Estimate
The IGO flow turns out to be the only way to maximize a weighted log-likelihood, where
points of the current distribution are slightly reweighted according to 𝑓 -preferences.
This relies on the following interpretation of the natural gradient as a weighted maximum
likelihood update with infinitesimal learning rate. This result singles out, in yet another
way, the natural gradient among all possible gradients. The proof is given in Appendix D.

{︃

⏞

∫︁

̃︀ 𝜃 ln 𝑃𝜃 (𝑥) 𝑊 (𝑥) 𝑃𝜃 (d𝑥) + 𝑂(𝜀2 ) .
∇
0

∫︁

∑︁
𝑖

}︃

.

.

(26)

(27)

(28)
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𝑊 (𝑥𝑖 ) ln 𝑃𝜃 (𝑥𝑖 )

}︃

ln 𝑃𝜃 (𝑥) 𝑊 (𝑥) 𝑃𝜃0 (d𝑥)

⏞ ⏟

preference weight biasing 𝑃

ln 𝑃𝜃 (𝑥) 𝑃𝜃0 (d𝑥) + 𝜀

𝜃0

Theorem 10 (Natural gradient as ML with infinitesimal weights) Let 𝜀 > 0 and
𝜃0 ∈ Θ. Let 𝑊 (𝑥) be a function of 𝑥 and let 𝜃 be the solution of
∫︁

⏟

∫︁

= const − KL(𝑃𝜃0 ‖𝑃𝜃 ), maximal for 𝜃 = 𝜃0

𝜃 = arg max (1 − 𝜀)
𝜃

Then, when 𝜀 → 0 we have

𝜃 = 𝜃0 + 𝜀

{︃

ln 𝑃𝜃 (𝑥) 𝑃𝜃0 (d𝑥) + 𝜀

Likewise for discrete samples: with 𝑥1 , . . . , 𝑥𝑁 ∈ 𝑋, let 𝜃 be the solution of
𝜃

𝜃 = arg max (1 − 𝜀)
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𝑖

∑︁

̃︀ 𝜃 ln 𝑃𝜃 (𝑥𝑖 ) + 𝑂(𝜀2 ) .
𝑊 (𝑥𝑖 ) ∇
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Then when 𝜀 → 0 we have
𝜃 = 𝜃0 + 𝜀

(29)

So if 𝑊 (𝑥) = 𝑊𝜃𝑓0 (𝑥) is the weight of the points according to quantilized 𝑓 -preferences,
the weighted maximum log-likelihood necessarily is the IGO flow (9) using the natural
gradient—or the IGO update (17) when using samples.
Thus the IGO flow is the unique flow that, continuously in time, slightly changes the
distribution to maximize the log-likelihood of points with good values of 𝑓 . (In addition,
IGO continuously updates the weight 𝑊𝜃𝑓𝑡 (𝑥) depending on 𝑓 and on the current distribution,
so that we keep optimizing.)
This theorem suggests a way to approximate the IGO flow by enforcing this interpretation
for a given non-infinitesimal step size 𝛿𝑡, as follows.

{︃

𝑖

∑︀

̂︀𝑖 )
𝑤

∫︁

ln 𝑃𝜃 (𝑥) 𝑃𝜃𝑡 (d𝑥) + 𝛿𝑡

∑︁

𝑖

̂︀𝑖 ln 𝑃𝜃 (𝑥𝑖 )
𝑤

}︃

(30)

Definition 11 (IGO-ML algorithm) The IGO-ML algorithm with step size 𝛿𝑡 updates
the value of the parameter 𝜃𝑡 according to

𝜃

𝜃𝑡+𝛿𝑡 = arg max (1 − 𝛿𝑡

̂︀𝑖 is the
where 𝑥1 , . . . , 𝑥𝑁 are sample points drawn according to the distribution 𝑃𝜃𝑡 , and 𝑤
weight (14) obtained from the ranked values of the objective function 𝑓 .

The IGO-ML algorithm is obviously independent of the parametrization 𝜃: indeed it
only depends on 𝑃𝜃 itself. Furthermore, the IGO-ML update (30) does not even require a
smooth parametrization of the distribution anymore (though in this case, a small 𝛿𝑡 will
likely result in stalling: 𝜃𝑡+𝛿𝑡 = 𝜃𝑡 if the set of possible values for 𝜃 is discrete).
Like the cross-entropy method below, the IGO-ML algorithm can be applied only when
the argmax can be computed.
It turns out that for exponential families, IGO-ML is just the IGO algorithm in a
particular parametrization (see Theorem 12).
4.2 The Cross-Entropy Method

JMLR 18(18):1-65, 2017

Taking 𝛿𝑡 = 1 in (30) above corresponds to a full maximum likelihood update; when using the
truncation selection scheme 𝑤, this is the cross-entropy method (CEM). The cross-entropy
method can be defined in an optimization setting as follows (de Boer et al., 2005). Like
IGO, it depends on a family of probability distributions 𝑃𝜃 parametrized by 𝜃 ∈ Θ, and a
number of samples 𝑁 at each iteration. Let also 𝑁𝑒 = ⌈𝑞𝑁 ⌉ (0 < 𝑞 < 1) be a number of
elite samples.
At each step, the cross-entropy method for optimization samples 𝑁 points 𝑥1 , . . . , 𝑥𝑁
̂︀𝑖 be 1/𝑁𝑒 if 𝑥𝑖 belongs to the 𝑁𝑒 samples with
from the current distribution 𝑃𝜃𝑡 . Let 𝑤
̂︀𝑖 = 0 otherwise. Then the cross-entropy
the best value of the objective function 𝑓 , and 𝑤
method or maximum likelihoood update (CEM/ML) for optimization is (de Boer et al., 2005,
Algorithm 3.1)
∑︁
̂︀𝑖 ln 𝑃𝜃 (𝑥𝑖 )
𝑤
(31)

𝜃

𝜃𝑡+1 = arg max
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̂︀𝑖 ln 𝑃𝜃 (𝑥𝑖 ).
𝑤

(32)

(︁∑︁
)︁
1
exp
𝜃𝑗 𝑇𝑗 (𝑥) 𝐻(d𝑥)
𝑍(𝜃)
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be an exponential family of probability distributions, where the 𝑇𝑗 are functions of 𝑥 and 𝐻
is some reference measure. Let us parametrize this family by the expected values 𝑇¯𝑗 = E𝑇𝑗 .

𝑃𝜃 (d𝑥) =

Theorem 12 (IGO, CEM and maximum likelihood) Let

In the discussion above, one main difference between IGO and smoothed CEM was
whether we took averages before or after taking the maximum log-likelihood estimate. For
the expectation parameters 𝑇¯𝑖 , we see that these operations commute. (One can say that
these expectation parameters “linearize maximum likelihood estimates”.) After some work
we get the following result.

The particular form of IGO for exponential families has an interesting consequence if the
parametrization chosen for the exponential family is the set of expectation parameters. Let
∑︀
1
exp ( 𝜃𝑗 𝑇𝑗 (𝑥)) 𝐻(d𝑥) be an exponential family as above. The expectation
𝑃𝜃 (𝑥) = 𝑍(𝜃)
parameters are 𝑇¯𝑗 = 𝑇¯𝑗 (𝜃) = E𝑃𝜃 𝑇𝑗 , (denoted 𝜂𝑗 in Amari and Nagaoka 2000, Eq. 3.56).
The notation 𝑇¯ will denote the collection (𝑇¯𝑗 ). We shall use the notation 𝑃𝑇¯ to denote the
probability distribution 𝑃 parametrized by the expectation parameters.
It is well-known that, in this parametrization, the maximum likelihood estimate for a
sample of points 𝑥1 , . . . , 𝑥𝑁 is just the empirical average of the expectation parameters over
that sample:
𝑁
𝑁
1 ∑︁
1 ∑︁
ln 𝑃𝑇¯ (𝑥𝑖 ) =
𝑇 (𝑥𝑖 ) .
(33)
arg max
𝑁
𝑁
¯
𝑇
𝑖=1
𝑖=1

4.3 IGO for Expectation Parameters and Maximum Likelihood

The standard CEM/ML update is 𝛼 = 1. For 𝛼 = 1, the standard cross-entropy method is
independent of the parametrization 𝜃, whereas for 𝛼 < 1 this is not the case.
Note the difference between the IGO-ML algorithm (30) and the smoothed CEM update
(32) with step size 𝛼 = 𝛿𝑡: the smoothed CEM update performs a weighted average of
the parameter value after taking the maximum likelihood estimate, whereas IGO-ML uses
a weighted average of current and previous likelihoods, then takes a maximum likelihood
estimate. In general, these two rules can greatly differ, as they do for Gaussian distributions
(Section 5.2).
This swapping of averaging makes IGO-ML parametrization-independent whereas the
smoothed CEM update is not.
Yet, for exponential families of probability distributions, there exists one particular
parametrization 𝜃 in which the IGO algorithm and the smoothed CEM update coincide. We
now proceed to this construction.

𝜃

𝜃𝑡+1 = (1 − 𝛼)𝜃𝑡 + 𝛼 arg max

∑︁

(assuming the argmax is tractable). This corresponds to 𝛿𝑡 = 1 in (30).
A commonly used version of CEM with a smoother update depends on a step size
parameter 0 < 𝛼 6 1 and is given (de Boer et al., 2005) by
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𝑖

∑︁

̂︀𝑖 𝑇𝑗 (𝑥𝑖 ).
𝑤

(34)

(Proposition 29 in Appendix D).
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̃︀ ¯ =
∇
𝑇𝑖

𝜕
𝜕𝜃𝑖

JMLR 18(18):1-65, 2017

Beware that the expectation parameters 𝑇¯𝑗 are not always the most obvious parameters
(Amari and Nagaoka, 2000, Section 3.5). For example, for 1-dimensional Gaussian distributions, the expectation parameters are the mean 𝜇 and the second moment 𝜇2 + 𝜎 2 , not the
mean and variance. When expressed back in terms of mean and variance, the update (34)
boils down to 𝜇 ← (1 − 𝛿𝑡)𝜇 + 𝛿𝑡𝜇* and 𝜎 2 ← (1 − 𝛿𝑡)𝜎 2 + 𝛿𝑡(𝜎 * )2 + 𝛿𝑡(1 − 𝛿𝑡)(𝜇* − 𝜇)2 ,
where 𝜇* and 𝜎 * denote the mean and standard deviation of the samples 𝑥𝑖 .
On the other hand, when using smoothed CEM with mean and variance as parameters,
the new variance is (1− 𝛿𝑡)𝜎 2 + 𝛿𝑡(𝜎 * )2 , which can be significantly smaller for 𝛿𝑡 ∈ (0, 1). This
proves, in passing, that the smoothed CEM update in other parametrizations is generally
not an IGO algorithm (because it can differ at first order in 𝛿𝑡).
The case of Gaussian distributions is further exemplified in Section 5.2 below: in particular, smoothed CEM in the (𝜇, 𝜎) parametrization almost invariably exhibits a reduction of
variance, often leading to premature convergence.
For these reasons we think that the IGO-ML algorithm is the sensible way to define an
interpolated ML estimate for 𝛿𝑡 < 1 in a parametrization-independent way (see however the
analysis of a critical 𝛿𝑡 in Section 5.2). In Appendix A we further discuss IGO and CEM
and sum up the differences and relative advantages.
Taking 𝛿𝑡 = 1 is a bold approximation choice: the “ideal” continuous-time IGO flow
itself, after time 1, does not coincide with the maximum likelihood update of the best points
in the sample. Since the maximum likelihood algorithm is known to converge prematurely
in some instances (Section 5.2), using the parametrization by expectation parameters with
large 𝛿𝑡 may not be desirable.
The considerable simplification of the IGO update in these coordinates reflects the duality
of coordinates 𝑇¯𝑖 and 𝜃𝑖 . More precisely, the natural gradient ascent w.r.t. the parameters
𝑇¯𝑖 is given by the vanilla gradient w.r.t. the parameters 𝜃𝑖 :

Corollary 13 For exponential families, the standard CEM/ML update (31) coincides with
the IGO algorithm in parametrization 𝑇¯𝑗 with 𝛿𝑡 = 1.

∙ The smoothed CEM algorithm (32) written in the parametrization 𝑇¯𝑗 , with 𝛼 = 𝛿𝑡.

∙ The IGO algorithm (17) written in the parametrization 𝑇¯𝑗 (34).

∙ The IGO-ML algorithm (30).

Moreover these three algorithms coincide:

𝑇¯𝑗𝑡+𝛿𝑡 = (1 − 𝛿𝑡) 𝑇¯𝑗𝑡 + 𝛿𝑡 𝑇𝑗* .

Then the IGO update (17) in this parametrization reads

𝑇𝑗* =

̂︀𝑖 sum to 1. For a sample 𝑥1 , . . . , 𝑥𝑁 , let
Let us assume the chosen weights 𝑤
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5. CMA-ES, NES, EDAs and PBIL from the IGO Framework
In this section we investigate the IGO algorithms for Bernoulli measures and for multivariate
normal distributions, and show the correspondence to well-known algorithms. Restricted
Boltzmann machines are given as a third, novel example. In addition, we discuss the influence
of the parametrization of the distributions.
5.1 PBIL and cGA as IGO Algorithms for Bernoulli Measures
Let us consider on 𝑋 = {0, 1}𝑑 a family of Bernoulli measures 𝑃𝜃 (𝑥) = 𝑝𝜃1 (𝑥1 ) × . . . × 𝑝𝜃𝑑 (𝑥𝑑 )
with 𝑝𝜃𝑖 (𝑥𝑖 ) = 𝜃𝑖𝑥𝑖 (1 − 𝜃𝑖 )1−𝑥𝑖 , with each 𝜃𝑖 ∈ [0; 1]. As this family is a product of probability
measures 𝑝𝜃𝑖 (𝑥𝑖 ), the different components of a random vector 𝑦 following 𝑃𝜃 are independent
and all off-diagonal terms of the Fisher information matrix are zero. Diagonal terms are
1
given by 𝜃𝑖 (1−𝜃
. Therefore the inverse of the Fisher matrix is a diagonal matrix with
𝑖)
diagonal entries equal to 𝜃𝑖 (1 − 𝜃𝑖 ). In addition, the partial derivative of ln 𝑃𝜃 (𝑥) w.r.t. 𝜃𝑖 is
computed in a straightforward manner resulting in
𝜕 ln 𝑃𝜃 (𝑥)
𝑥𝑖 1 − 𝑥𝑖
=
−
.
𝜕𝜃𝑖
𝜃𝑖
1 − 𝜃𝑖

𝑁
∑︁

𝑤𝑗

(︃

[𝑥 ]
1 − [𝑥𝑗:𝑁 ]𝑖
𝑖
𝑗:𝑁
−
1 − 𝜃𝑖𝑡
𝜃𝑖𝑡

)︃

(35)

Let 𝑥1 , . . . , 𝑥𝑁 be 𝑁 samples at step 𝑡 with distribution 𝑃𝜃𝑡 and let 𝑥1:𝑁 , . . . , 𝑥𝑁 :𝑁 be
the samples ranked according to 𝑓 value. The natural gradient update (18) with Bernoulli
measures is then
𝜃𝑖𝑡+𝛿𝑡 = 𝜃𝑖𝑡 + 𝛿𝑡 𝜃𝑖𝑡 (1 − 𝜃𝑖𝑡 )
𝑗=1

(︁

𝑁
∑︁

𝑗=1

)︁

,

𝑤𝑗 [𝑥𝑗:𝑁 ]𝑖 .

𝑤𝑗 [𝑥𝑗:𝑁 ]𝑖 − 𝜃𝑖𝑡

(37)

(36)

where 𝑤𝑗 = 𝑤((𝑗 − 1/2)/𝑁 )/𝑁 and [𝑦]𝑖 denotes the 𝑖th coordinate of 𝑦 ∈ 𝑋. The previous
equation simplifies to
𝑁
∑︁

𝑗=1

𝑗=1 𝑤𝑗 ,

∑︀𝑁

𝜃𝑖𝑡+𝛿𝑡 = 𝜃𝑖𝑡 + 𝛿𝑡
or, denoting 𝑤
¯ the sum of the weights

𝜃𝑖𝑡+𝛿𝑡 = (1 − 𝑤𝛿𝑡)
¯ 𝜃𝑖𝑡 + 𝛿𝑡

The algorithm so obtained coincides with the so-called population-based incremental
learning algorithm (PBIL, Baluja and Caruana 1995) for 𝑁 = NUMBER_SAMPLES and the
appropriate (usually non-negative) weights 𝑤𝑗 , as well as with the compact genetic algorithm
(cGA, Harik et al. 1999) for 𝑁 = 2 and 𝑤1 = −𝑤2 . Different variants of PBIL correspond to
different choices of the selection scheme 𝑤. In cGA, components for which both samples have
the same value are unchanged, because 𝑤1 + 𝑤2 = 0. We have thus proved the following.
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Proposition 14 The IGO algorithm on {0, 1}𝑑 using Bernoulli measures parametrized by 𝜃
as above, coincides with the compact Genetic Algorithm (cGA) when 𝑁 = 2 and 𝑤1 = −𝑤2 .
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Moreover, it coincides with Population-Based Incremental Learning (PBIL) with the
following correspondence of parameters. The PBIL algorithm using the 𝜇 best solutions, see
Baluja and Caruana (1995, Figure 4), is recovered 4 using 𝛿𝑡 = lr, 𝑤𝑗 = (1 − lr)𝑗−1 for
𝑗 = 1, . . . , 𝜇, and 𝑤𝑗 = 0 for 𝑗 = 𝜇 + 1, . . . , 𝑁 .
If the selection scheme of IGO is chosen as 𝑤1 = 1, 𝑤𝑗 = 0 for 𝑗 = 2, . . . , 𝑁 , IGO
recovers the PBIL/EGA algorithm with update rule towards the best solution (Baluja, 1994,
Figure 4), with 𝛿𝑡 = lr (the learning rate of PBIL) and mut_probability = 0 (no random
mutation of 𝜃).

1+exp(−𝜃𝑖 )

= (𝑥𝑖 − 1) +

1 + exp(−𝜃˜𝑖 )

exp(−𝜃˜𝑖 )

= 𝑥𝑖 − E𝑥𝑖

(38)

Interestingly, the parameters 𝜃𝑖 are the expectation parameters described in Section 4:
indeed, the expectation of 𝑥𝑖 is 𝜃𝑖 . So the formulas above are particular cases of (34).
Thus, by Theorem 12, PBIL is both a smoothed CEM in these parameters and an IGO-ML
algorithm.
Let us now consider another, so-called “logit” representation, given by the logistic
1
function 𝑃 (𝑥𝑖 = 1) =
. This 𝜃˜ is the exponential parametrization of Section 3.3.
˜
We find that

𝜕

ln 𝑃𝜃˜(𝑥)
𝜕 𝜃˜𝑖

⎛

𝑁
∑︁

𝑗=1

⎞

𝑤𝑗 [𝑥𝑗:𝑁 ]𝑖 ⎠ .

(40)

1
1+exp(−𝜃˜𝑖 )

(39)

(cf. Eq. 19) and that the diagonal elements of the Fisher information matrix are given by
exp(−𝜃˜𝑖 )/(1 + exp(−𝜃˜𝑖 ))2 = Var 𝑥𝑖 (as per Eq. 20). So the natural gradient update (18)
with Bernoulli measures in parametrization 𝜃˜ reads

𝜃˜𝑖𝑡+𝛿𝑡 = 𝜃˜𝑖𝑡 + 𝛿𝑡(1 + exp(𝜃˜𝑖𝑡 )) ⎝−𝑤
¯ + (1 + exp(−𝜃˜𝑖𝑡 ))

𝑁
(︁
)︁
∑︁
𝛿𝑡
𝑤𝑗 [𝑥𝑗:𝑁 ]𝑖 − 𝜃𝑖𝑡 .
𝜃𝑖𝑡 (1 − 𝜃𝑖𝑡 ) 𝑗=1

To better compare the update with the previous representation, note that 𝜃𝑖 =
and thus we can rewrite
𝜃˜𝑖𝑡+𝛿𝑡 = 𝜃˜𝑖𝑡 +

So the direction of the update is the same as before and is given by the proportion of
bits set to 0 or 1 in the best samples, compared to its expected value under the current
distribution. The magnitude of the update is different since the parameter 𝜃˜ ranges from
−∞ to +∞ instead of from 0 to 1. We did not find this algorithm in the literature.
These updates also illustrate the influence of setting the sum of weights to 0 or not
(Section 3.5). If, at some time, the first bit is equal to 1 both for a majority of good points
and for a majority of bad points, then the original PBIL will increase the probability of
setting the first bit to 1, which is counterintuitive. If the weights 𝑤𝑖 are chosen to sum to 0
this noise effect disappears; otherwise, it disappears only on average.
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4. Note that the pseudocode for the algorithm in Baluja and Caruana (1995, Figure 4) is slightly erroneous
since it gives smaller weights to better individuals. The error can be fixed by updating the probability in
reversed order, looping from NUMBER_OF_VECTORS_TO_UPDATE_FROM to 1. This was confirmed by S. Baluja
in personal communication. We consider here the corrected version of the algorithm.

24

𝑖=1

̂︀𝑖 ((𝑥𝑖 − 𝑚𝑡 )(𝑥𝑖 − 𝑚𝑡 )T − 𝐶 𝑡 )
𝑤

̂︀𝑖 (𝑥𝑖 − 𝑚𝑡 )
𝑤

(42)

(41)

25
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5. The CMA-ES implements these equations given the parameter setting 𝑐1 = 0 and 𝑐𝜎 = 0 (or 𝑑𝜎 = ∞, see
e.g. Hansen 2009) that disengages the effect of the rank-one update and of step size control and therefore
of both so-called evolution paths.
̃︀𝜃 E𝑃𝜃 𝑓 , see (11), leading to 𝑓 (𝑥𝑖 ) in place
6. In these articles the result has been derived for 𝜃 ← 𝜃 + 𝜂 ∇
of 𝑤
̂︀𝑖 . No assumptions on 𝑓 have been used besides that it does not depend on 𝜃. Consequently, by
𝑓
𝑡
̃︀𝜃 E𝑃𝜃 𝑊 𝑓𝑡 .
replacing 𝑓 with∑︀
𝑊𝜃𝑡 , where 𝜃 is fixed, the derivation holds equally well∑︀
for 𝜃 ← 𝜃 + 𝜂 ∇
𝜃
7. Specifically, let
|𝑤
̂︀𝑖 | = 1, then the settings are 𝜂m = 1 and 𝜂c ≈ 1/(𝑑2 𝑤
̂︀𝑖2 ) (Hansen, 2006b).

This result is essentially due to Akimoto et al. (2010) and Glasmachers et al. (2010), who
showed that the CMA-ES update with 𝜂c = 𝜂m is a natural gradient update6 .
However, in deviation from the IGO algorithm, the learning rates 𝜂m and 𝜂c are assigned
different values if 𝑁 ≪ dim Θ in CMA-ES7 . Note that the Fisher information matrix is
block-diagonal in 𝑚 and 𝐶 (Akimoto et al., 2010), so that application of the different

Proposition 15 The IGO update (17) for Gaussian distributions in the parametrization by
mean and covariance matrix (𝑚, 𝐶), coincides with the CMA-ES update equations (41) and
(42) with 𝜂c = 𝜂m .

̂︀𝑖 are the weights based on ranked 𝑓 -values, see (14) and (17).
where 𝑤

𝐶 𝑡+1 = 𝐶 𝑡 + 𝜂c

𝑁
∑︁

𝑖=1
𝑁
∑︁

𝑚𝑡+1 = 𝑚𝑡 + 𝜂m

The rank-𝜇-update CMA-ES implements the equations5

5.2.1 CMA-ES.

Evolution strategies (Rechenberg, 1973; Schwefel, 1995; Beyer and Schwefel, 2002) are blackbox optimization algorithms for the continuous search domain, 𝑋 ⊆ R𝑑 (for simplicity we
assume 𝑋 = R𝑑 in the following), which use multivariate normal distributions to sample new
solutions. In the context of continuous black-box optimization, Natural Evolution Strategies
(NES) introduced the idea of using a natural gradient update of the distribution parameters
(Wierstra et al., 2008; Sun et al., 2009; Glasmachers et al., 2010; Wierstra et al., 2014).
Surprisingly, the well-known Covariance Matrix Adaption Evolution Strategy (CMA-ES,
Hansen and Ostermeier 1996, 2001; Hansen et al. 2003; Hansen and Kern 2004; Jastrebski and
Arnold 2006) also turns out to conduct a natural gradient update of distribution parameters
(Akimoto et al., 2010; Glasmachers et al., 2010).
Let 𝑥 ∈ R𝑑 . As the most prominent example, we use mean vector 𝑚 = E𝑥 and covariance
matrix 𝐶 = E(𝑥 − 𝑚)(𝑥 − 𝑚)T = E(𝑥𝑥T ) − 𝑚𝑚T to parametrize a normal distribution via
𝜃 = (𝑚, 𝐶). The IGO update in (17) or (18) in this parametrization can now be entirely
formulated without the (inverse) Fisher matrix, similarly to (34) or (22). The complexity
of the update is linear in the number of parameters (size of 𝜃 = (𝑚, 𝐶), where (𝑑2 − 𝑑)/2
parameters are redundant).
Let us discuss known algorithms that implement updates of this kind.

5.2 Multivariate Normal Distributions (Gaussians)

Information-Geometric Optimization

(︃

𝑁
𝜂c ∑︁
̂︀𝑖 × (𝑧𝑖 𝑧𝑖T − I𝑑 )
𝑤
2 𝑖=1

)︃

(43)

𝜃 = (𝑚, 𝑅),

26

𝑅 = ln(𝐴−1 𝐶(𝐴T )−1 )
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Proposition 16 (exponential IGO update of Gaussians) Let (𝑚𝑡 , 𝐶 𝑡 ) be the current
mean and covariance matrix. Let 𝐶 𝑡 = 𝐴𝐴T . Let 𝜃 be the time-dependent parametrization of
the space of Gaussian distributions, which parametrizes the Gaussian distribution (𝑚, 𝐶) by

where 𝑧𝑖 = 𝐴−1 (𝑥𝑖 − 𝑚)(︁ and I𝑑 is the identity matrix.
From (43) the updated covariance
)︁
∑︀
̂︀𝑖 × (𝑧𝑖 𝑧𝑖T − I𝑑 ) × 𝐴T .
matrix is 𝐶 ← 𝐴 × exp 𝜂c 𝑁
𝑖=1 𝑤
̂︀𝑖 < 0,
Compared to (42), the update has the advantage that also negative weights, 𝑤
always lead to a feasible covariance matrix. By default, xNES sets 𝜂m ̸= 𝜂c in the same
circumstances as in CMA-ES, but contrary to CMA-ES the past evolution path is not taken
into account (Glasmachers et al., 2010).
When 𝜂c = 𝜂m , xNES is consistent with the IGO flow (8), and implements an IGO
algorithm (17) slightly generalized in that it uses a 𝜃𝑡 -dependent parametrization, which
represents the current covariance matrix by 0. Namely, we have:

𝐴 ← 𝐴 × exp

Natural evolution strategies (NES, Wierstra et al. 2008; Sun et al. 2009) implement (41)
as well, while using a Cholesky decomposition of 𝐶 as the parametrization for the update
of the variance parameters. The resulting update that replaces (42) is neither particularly
elegant nor numerically efficient. The more recent xNES (Glasmachers et al., 2010) chooses
an “exponential” parametrization that naturally depends on the current parameters. This
leads to an elegant formulation where the additive update in exponential parametrization
becomes a multiplicative update for 𝐶. With 𝐶 = 𝐴𝐴T , the matrix update reads

5.2.3 Natural Evolution Strategies.

For practical purposes, at each step it is convenient to work in a representation of 𝜃 in which
the diagonal Fisher matrix 𝐼(𝜃𝑡 ) has a simple form, e.g., diagonal with simple diagonal
entries. It is generally not possible to obtain such a representation for all 𝜃 simultaneously.
Still it is always possible to find a transformation achieving a diagonal Fisher matrix at a
single parameter 𝜃𝑡 , in multiple ways (it amounts to choosing a basis of parameter space
which is orthogonal in the Fisher metric). Such a representation is never unique and not
intrinsic, yet it still provides a convenient way to write the algorithms.
For CMA-ES, one such representation can be found by sending the current covariant matrix 𝐶 𝑡 to the identity, e.g., by representing the mean and covariance matrix by
((𝐶 𝑡 )−1/2 𝑚, (𝐶 𝑡 )−1/2 𝐶(𝐶 𝑡 )−1/2 ) instead of (𝑚, 𝐶). Then the Fisher matrix 𝐼(𝜃𝑡 ) at (𝑚𝑡 , 𝐶 𝑡 )
becomes diagonal. The next algorithm we discuss, xNES (Glasmachers et al., 2010), exploits
this possibility in a logarithmic representation of the covariance matrix.

5.2.2 Convenient Reparametrizations Over Time.

learning rates and of the inverse Fisher matrix commute. Moreover, CMA-ES uses a path
cumulation method to adjust the step sizes, which is not covered by the IGO framework
(see Appendix A).

Ollivier, Arnold, Auger and Hansen

(45)

(48)

28

(50)
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̂︀𝑖 = 1/𝜇 and the remaining weights to zero,
Let us assume that 𝜇 < 𝑁 weights are set to 𝑤
so that the selection ratio is 𝑞 = 𝜇/𝑁 .

5.2.6 Critical 𝛿𝑡

for different values of 𝑗, where 𝑚* and 𝐶 * are the mean and covariance matrix computed
̂︀𝑖 summing to one) as above. The rightmost
over the elite sample (with positive weights 𝑤
term of (50) is reminiscent of the so-called rank-one update in CMA-ES (not included in
Eq. 42).
For 𝑗 = 0 we recover the rank-𝜇 CMA-ES update (42), for 𝑗 = 1 we recover IGO-ML,
and for 𝑗 = ∞ we recover smoothed CEM (the rightmost term is absent). The case 𝑗 = 2
corresponds to an update that uses 𝑚𝑡+1 instead of 𝑚𝑡 in (42) (with 𝜂m = 𝜂c = 𝛿𝑡). For
0 < 𝛿𝑡 < 1, the larger 𝑗, the smaller 𝐶 𝑡+1 . For 𝛿𝑡 = 1, IGO-ML and smoothed CEM/EMNA
realize 𝜃maxLL from (45)–(47).
For 𝛿𝑡 → 0, the update is independent of 𝑗 at first order in 𝛿𝑡 if 𝑗 < ∞: this reflects
compatibility with the IGO flow of CMA-ES and of IGO-ML, but not of smoothed CEM.
In the default (full) CMA-ES (as opposed to rank-𝜇 CMA-ES), the coefficient preceeding
(𝑚* − 𝑚𝑡 )(𝑚* − 𝑚𝑡 )T in (50) reads approximately 3𝛿𝑡, where the additional 2𝛿𝑡 originate
from the so-called rank-one
update and are moreover modulated by a “cumulated path” up
√
to a factor of about 𝑑 (Hansen and Auger, 2014).

𝐶 𝑡+1 = (1 − 𝛿𝑡) 𝐶 𝑡 + 𝛿𝑡 𝐶 * + 𝛿𝑡(1 − 𝛿𝑡)𝑗 (𝑚* − 𝑚𝑡 )(𝑚* − 𝑚𝑡 )T ,

𝑚𝑡+1 = (1 − 𝛿𝑡) 𝑚𝑡 + 𝛿𝑡 𝑚*

Let us compare IGO-ML (30), rank-𝜇 CMA (41)–(42), and smoothed CEM (48)–(49) in
the parametrization with mean and covariance matrix. These algorithms all update the
distribution mean in the same way, while the update of the covariance matrix depends on
the algorithm. With learning rate 𝛿𝑡, these updates are computed to be

5.2.5 CMA-ES, Smoothed CEM, and IGO-ML

Note that this is not an IGO algorithm (i.e., there is no parametrization of the family of
Gaussian distributions in which the IGO algorithm coincides with update Eq. 49): indeed,
all IGO algorithms coincide at first order in 𝛿𝑡 when 𝛿𝑡 → 0 (because they recover the IGO
flow), while this update for 𝐶 𝑡+𝛿𝑡 does not coincide with (42) in this limit, due to the use
of 𝑚* instead of 𝑚𝑡 . This does not contradict Theorem 12: smoothed CEM is an IGO
algorithm only if smoothed CEM is written in the expectation parametrization, which (𝑚, 𝐶)
is not.

𝑚𝑡+𝛿𝑡 = (1 − 𝛿𝑡)𝑚𝑡 + 𝛿𝑡𝑚*
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(44)
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̂︀𝑖 × (𝐴−1 (𝑥𝑖 − 𝑚)(𝑥𝑖 − 𝑚)T (𝐴T )−1 − I𝑑 )
𝑤

̂︀𝑖 ln 𝑃𝜃 (𝑥𝑖 )
𝑤

(46)
(47)

(49)

Equations (46) and (47) also define the simplest continuous domain EDA, the estimation
of multivariate normal algorithm (EMNAglobal , Larranaga and Lozano 2002). Interestingly,
(46) and (47) only differ from (41) and (42) (with 𝜂m = 𝜂c = 1) in that the new mean 𝑚𝑡+1
is used instead of 𝑚𝑡 in the covariance matrix update (Hansen, 2006b).
The smoothed CEM (32) in this parametrization thus writes

𝑁
∑︁
𝑖=1

̂︀𝑖 𝑥𝑖
𝑤

̂︀𝑖 (𝑥𝑖 − 𝑚* )(𝑥𝑖 − 𝑚* )T
𝑤

𝐶 𝑡+𝛿𝑡 = (1 − 𝛿𝑡)𝐶 𝑡 + 𝛿𝑡𝐶 * .

where ln is the logarithm of positive matrices. (Note that the current value 𝐶 𝑡 of 𝐶 is
represented as 𝑅 = 0.)
Then the IGO update (17) in the parametrization 𝜃 is as follows: the mean 𝑚 is updated
as in CMA-ES (41), and the parameter 𝑅 is updated as
𝑅 ← 𝛿𝑡
thus resulting in the same update as (43) (with 𝜂c = 𝛿𝑡) for the covariance matrix: 𝐶 ←
𝐴 exp(𝑅)𝐴T .
Proof Indeed, by basic differential geometry, if parametrization 𝜃′ = 𝜙(𝜃) is used, the IGO
update for 𝜃′ is 𝐷𝜙(𝜃𝑡 ) applied to the IGO update for 𝜃, where 𝐷𝜙 is the differential of
𝜙. Here, given the update (42) for 𝐶, to find the update for 𝑅 we have to compute the
differential of the map 𝐶 ↦→ ln(𝐴−1 𝐶(𝐴T )−1 ) taken at 𝐶 = 𝐴𝐴T : for any matrix 𝑀 we
have ln(𝐴−1 (𝐴𝐴T + 𝜀𝑀 )(𝐴T )−1 ) = 𝜀 𝐴−1 𝑀 (𝐴T )−1 + 𝑂(𝜀2 ). So to find the update for the
variable 𝑅 we have to apply 𝐴−1 . . . (𝐴T )−1 to the update (42) for 𝐶.

5.2.4 Cross-Entropy Method and EMNA

𝑁
∑︁

𝑖=1

Estimation of distribution algorithms (EDA) and the cross-entropy method (CEM, Rubinstein
1999; Rubinstein and Kroese 2004) estimate a new distribution from a censored sample.
Generally, the new parameter value can be written as

𝜃

𝜃maxLL = arg max
𝜃

−→𝑁 →∞ arg max E𝑃𝜃𝑡 𝑊𝜃𝑓𝑡 ln 𝑃𝜃

𝑁
∑︁
𝑖=1

𝑁
∑︁

𝑖=1

∑︀

by Theorem 6. Here, the weights 𝑤
^𝑖 are equal to 1/𝜇 for the 𝜇 best points (censored or elitist
sample) and 0 otherwise. This 𝜃maxLL maximizes the weighted log-likelihood of 𝑥1 , . . . , 𝑥𝑁 ;
equivalently, it minimizes the cross-entropy and the Kullback–Leibler divergence to the
distribution of the best 𝜇 samples8 .
For Gaussian distributions, Equation (45) can be explicitly written in the form
𝑚𝑡+1 = 𝑚* =
𝐶 𝑡+1 = 𝐶 * =

𝑖

the empirical mean and variance of the elite sample.

𝑃𝑤 (𝑥𝑖 ) ln 1/𝑃𝜃 (𝑥𝑖 ) −
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8. Let 𝑃𝑤 denote the distribution of the∑︀weighted samples: Pr(𝑥 = 𝑥𝑖 ) = 𝑤
̂︀𝑖 and 𝑖 𝑤
̂︀𝑖 = 1. Then the cross𝑃 (𝑥𝑖 ) ln 1/𝑃𝜃 (𝑥𝑖 ) and the KL divergence reads KL(𝑃𝑤 || 𝑃𝜃 ) =
𝑖 𝑤
𝑃𝑤 (𝑥𝑖 ) ln 1/𝑃𝑤 (𝑥𝑖 ). Minimization of both terms in 𝜃 result in 𝜃maxLL .
𝑖

entropy between 𝑃𝑤 and∑︀
𝑃𝜃 reads
∑︀
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As a third example after Bernoulli and Gaussian distributions, we have applied IGO to
restricted Boltzmann machines (RBMs, Smolensky 1986; Ackley et al. 1985), which are

5.3 IGO for Restricted Boltzmann Machines, and Multimodal Optimization

When considering a restricted parametrization of multivariate normal distributions, IGO
recovers other known algorithms. In particular for sep-CMA-ES (Ros and Hansen, 2008) and
SNES (Schaul et al., 2011), the update has been restricted to the diagonal of the covariance
matrix.

5.2.7 Gaussian Distributions with Restricted Parametrization

Then there is a critical value of 𝛿𝑡 depending on this ratio 𝑞, such that above this critical
𝛿𝑡 the algorithms given by IGO-ML and smoothed CEM are prone to premature convergence.
Indeed, let 𝑓 be a linear function on R𝑑 , and consider the variance in the direction of the
gradient of 𝑓 . Assuming further 𝑁 → ∞ and 𝑞 ≤ 1/2, then the variance 𝐶 * of the elite
sample is smaller than the current variance 𝐶 𝑡 , by a constant factor. Depending on the
precise update for 𝐶 𝑡+1 , if 𝛿𝑡 is too large, the variance 𝐶 𝑡+1 is going to be smaller than 𝐶 𝑡 by
a constant factor as well. This implies that the algorithm is going to stall, i.e., the variance
will go to 0 before the optimum is reached. (On the other hand, the continuous-time IGO
flow corresponding to 𝛿𝑡 → 0 does not stall, see Appendix C.4.)
We now study the critical 𝛿𝑡 (in the limit 𝑁 → ∞) below which the algorithm does not
stall (this is done similarly to the analysis in Appendix C.4 for linear functions). For IGO-ML,
(𝑗 = 1 in Eq. 50, or equivalently for the smoothed CEM in the expectation parameters
(𝑚, 𝐶 + 𝑚𝑚T ), see Section
the variance increases if and only if 𝛿𝑡 is smaller than the
√ 4),
𝑏2 /2 where 𝑏 is the percentile function of 𝑞, i.e. 𝑏 is such that
critical
value
𝛿𝑡
=
𝑞𝑏
2𝜋𝑒
crit
√
∫︀
2
𝑞 = 𝑏∞ 𝑒−𝑥 /2 / 2𝜋. This value 𝛿𝑡 crit is plotted
as a solid line in Fig. 1. For 𝑗 = 2, 𝛿𝑡 crit
√
is smaller, related to the above by 𝛿𝑡 crit ← 1 + 𝛿𝑡 crit − 1 and plotted as a dashed line in
Fig. 1. For CEM (𝑗 = ∞), the critical 𝛿𝑡 is zero (reflecting the non-IGO behavior of CEM
in this parametrization). For CMA-ES (𝑗 = 0), the critical 𝛿𝑡 is infinite for 𝑞 < 1/2. When
the selection ratio 𝑞 is above 1/2, for all algorithms the critical 𝛿𝑡 becomes zero.

Figure 1: Critical 𝛿𝑡 versus selection truncation ratio 𝑞 for three values of 𝑗 in (50). With
𝛿𝑡 above the critical 𝛿𝑡, the variance decreases systematically when optimizing
a linear function, indicating failure of the algorithm. For CMA-ES/NES where
𝑗 = 0, the critical 𝛿𝑡 for 𝑞 < 0.5 is infinite.
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∙ The IGO flow is singled out by its equivalent description as an infinitesimal weighted
maximum log-likelihood update (Theorem 10). In a particular parametrization and
with a step size of 1, IGO recovers the cross-entropy method (Corollary 13). This
reveals a connection between CEM and the natural gradient, and allows to define
a new, fully parametrization-invariant smoothed maximum likelihood update, the
IGO-ML.

∙ The use of a quantile-based, time-dependent transform of the objective function,
Equation (5), provides a rigorous derivation of rank-based update rules, frequently
used in current optimization algorithms. Theorem 6 uniquely identifies the infinitepopulation limit of these update rules.

∙ The information-geometric optimization (IGO) framework derives from invariance
principles the uniquely defined IGO flow (Definition 4), and allows, via discretization
in time and space, to build optimization algorithms from any family of distributions
on any search space. In some instances (Gaussian distributions on R𝑑 or Bernoulli
distributions on {0, 1}𝑑 ) it recovers versions of known algorithms (PBIL, CMA-ES,
cGA, NES); in other instances (restricted Boltzmann machine distributions) it produces
new, hopefully efficient optimization algorithms.

We sum up:

6. Summary and Conclusion

families of distributions on the search space 𝑋 = {0, 1}𝑑 extending Bernoulli distributions to
allow for dependencies between the bits (see, e.g., Berny 2002 for Boltzmann machines used
in an optimization setting). The details are given in Appendix B. We chose this example for
two reasons.
First, it illustrates how to obtain a novel algorithm from a family of probability distributions in the IGO framework, in a case when there is no fully explicit expression for the
Fisher information matrix.
Second, it illustrates the influence of the natural gradient on diversity and its relevance
to multimodal optimization. The RBM probability distributions on {0, 1}𝑑 are multimodal,
contrary to Bernoulli distributions. Thus, in principle, IGO on such distributions could reach
several optima simultaneously. This allows for a simple testing of the entropy-maximizing
property of the IGO flow (Proposition 2). Accordingly, for a given improvement on the
objective function, we would expect IGO to favor preserving the diversity of 𝑃𝜃 . Indeed
on a simple objective function with two optima, we find that the IGO flow converges to a
distribution putting weight on both optima, while a descent using the vanilla gradient always
only concentrates around one optimum. This might be relevant for multimodal optimization,
where simultaneous handling of multiple hypotheses is seen as useful for optimization (Sareni
and Krähenbühl, 1998; Das et al., 2011), or in situations in which several valleys appear
equally good at first but only one of them contains the true optimum.
We refer to Appendix B for a reminder about Boltzmann machines, for how IGO rolls
out in this case, and for the detailed experimental setup for studying the influence of IGO
in a multimodal situation.
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∙ Theoretical arguments suggest that the IGO flow minimizes the change of diversity in
the course of optimization. As diversity usually decreases in the course of optimization,
IGO algorithms tend to exhibit minimal diversity loss for the observed improvement.
In particular, starting with high diversity and using multimodal distributions may
allow simultaneous exploration of multiple optima of the objective function. Preliminary experiments with restricted Boltzmann machines confirm this effect in a simple
situation.
Thus, the IGO framework provides sound theoretical foundations to optimization algorithms based on probability distributions. In particular, this viewpoint helps to bridge the
gap between continuous and discrete optimization.
The invariance properties, which reduce the number of arbitrary choices, together with
the relationship between natural gradient and diversity, may contribute to a theoretical
explanation of the good practical performance of those currently used algorithms, such as
CMA-ES, which can be interpreted as instantiations of IGO.
We hope that invariance properties will acquire in computer science the importance they
have in mathematics, where intrinsic thinking is the first step for abstract linear algebra
or differential geometry, and in modern physics, where the notions of invariance w.r.t. the
coordinate system and so-called gauge invariance play a central role.
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Appendix A. Further Discussion and Perspectives

This appendix touches upon further aspects and perspectives of the IGO framework and its
implementations.

A.1 A Single Framework for Optimization on Arbitrary Spaces

A strength of the IGO viewpoint is to automatically provide a distinct and arguably in some
sense optimal optimization algorithm from any family of probability distributions on any
given space, discrete or continuous. IGO algorithms feature desired invariance properties
and thereby make fewer arbitrary choices.
In particular, IGO describes several well-known optimization algorithms within a single
framework. For Bernoulli distributions, to the best of our knowledge, PBIL or cGA have never
been identified as a natural gradient ascent in the literature9 . For Gaussian distributions,
algorithms of the same form (17) had been developed previously (Hansen and Ostermeier,
2001; Wierstra et al., 2008) and their close relationship with a natural gradient ascent had
been recognized (Akimoto et al., 2010; Glasmachers et al., 2010). These works, however,
also strongly suggest that IGO algorithms may need to be complemented with further
heuristics to achieve efficient optimization algorithms. In particular, learning rate settings
and diversity control (step-size) deviate from the original framework. These deviations
mostly stem from time discretization and the choice of a finite sample size, both necessary
to derive an IGO algorithm from the IGO flow. Further work is needed to fully understand
this from a theoretical viewpoint.
The wide applicability of natural gradient approaches seems not to be widely known in
the optimization community (though see Malagò et al. 2008).
A.2 About Invariance

The role of invariance is two-fold. First, invariance breaks otherwise arbitrary choices in
the algorithm design. Second, and more importantly, invariance implies generalization of
behavior from single problem instances to entire problem classes (with the caveat to choose
the initial state of the algorithm accordingly), thereby making the outcome of optimization
more predictable.
Optimization problems faced in reality—and algorithms used in practice—are often
far too complex to be amenable to a rigorous mathematical analysis. Consequently, the
judgement of algorithms in practice is to a large extent based in empirical observations,
either on artificial benchmarks or on the experience with real-world problems. Invariance,
as a guarantee of generalization, has an immediate impact on the relevance of any such
empirical observations and, in the same line of reasoning, can be interpreted as a notion of
robustness.
A.3 About Quantiles

The IGO flow in (8) has, to the best of our knowledge, never been defined before. The
introduction of the quantile-rewriting (5) of the objective function provides the first rigorous
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9. Thanks to Jonathan Shapiro for giving an early argument confirming this property (personal communication).
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A.5 Natural Gradient and Parametrization Invariance

Central to IGO is the use of the natural gradient, which follows from 𝜃-invariance (parametrization invariance) and makes sense on any search space, discrete or continuous.

Standard CEM with rate 1 can lose diversity, yet is a particular case of an IGO algorithm: this illustrates the fact that reasonable values of the learning rate 𝛿𝑡 depend on the
parametrization. We have studied this phenomenon in detail for various Gaussian IGO
algorithms (Section 5.2).

On the other hand, the IGO flow can be seen as a maximum likelihood update with
infinitesimal learning rate (Theorem 10). This interpretation allows to define a particular
IGO algorithm, the IGO-ML (Definition 11): it performs a maximum likelihood update with
an arbitrary learning rate, and keeps the reparametrization invariance. It coincides with
CEM when the learning rate is set to 1, but it differs from smoothed CEM by the exchange
of the order of argmax and averaging (compare Equations 30 and 32), and coincides with
the IGO flow for small learning rates. We argue that this new, fully invariant algorithm is
the conceptually better way to reduce the learning rate and achieve smoothing in CEM.

We have seen (Corollary 13) that the standard CEM is an IGO algorithm in a particular
parametrization, with a learning rate 𝛿𝑡 equal to 1. However, it is well-known, both
theoretically and experimentally (Branke et al., 2007; Hansen, 2006b; Wagner et al., 2004),
that standard CEM loses diversity too fast in many situations. The usual solution (de Boer
et al., 2005) is to reduce the learning rate (smoothed CEM, Equation 32), but this breaks
the reparametrization invariance of non-smoothed CEM.

The cross-entropy method (CEM, de Boer et al. 2005) can be used to produce optimization
algorithms given a family of probability distributions on an arbitrary space, by performing a
jump to a maximum likelihood estimate of the parameters.

A.6 IGO, Maximum Likelihood and Cross-Entropy

Why would a smaller learning rate perform better than a large one in an optimization
setting? It might seem more efficient to jump directly to the maximum likelihood estimate
of currently known good points, instead of performing an iterated gradient ascent towards
this maximum. Due to having only a limited number of samples, however, optimization
faces a “moving target”, contrary to a learning setting in which the example distribution is
often stationary. Currently known good points heavily depend on the current distribution
and are likely not to indicate the position at which the optimum lies, but, rather, the broad

The choice of the family of probability distributions 𝑃𝜃 plays a double role.
First, it is analogous to choosing the variation operators (namely mutation or recombination) as seen in evolutionary algorithms: indeed, 𝑃𝜃 encodes possible moves according to
which new sample points are explored.
Second, optimization algorithms using distributions can be interpreted as learning a
probabilistic model of where the points with good values lie in the search space. With
this point of view, 𝑃𝜃 describes richness of this model: for instance, restricted Boltzmann
machines with ℎ hidden units can describe distributions with up to 2ℎ modes, whereas the
Bernoulli distribution is unimodal. This influences, for instance, the ability to explore several
valleys and optimize multimodal functions in a single run.
More generally, the IGO framework makes it tempting to use more complex models of
where good points lie, inspired, e.g., from machine learning, and adapt them for optimization.
The restricted Boltzmann machines of Appendix B are a first step in this direction. The
initial idea behind these machines is that each hidden unit controls a block of coordinates of
the search space (a block of features), so that the optimization algorithm hopefully builds a
good model of which features must be activated or de-activated together to obtain good
values of 𝑓 . This is somewhat reminiscent of a crossover operator: if observation of good
points shows that a block of features go together, this information is stored in the RBM
structure and this block may be later activated as a whole, thus effectively transferring
blocks of features from one good solution to another. Inspired by models of deep learning
(Bengio et al., 2012), one might be tempted to stack such models on top of each other, so
that optimization would operate on a more and more abstract representation of the problem.
IGO and the natural gradient might help in exploiting the added expressivity that comes
with richer models: in our simple experiment, the vanilla gradient ignores the additional
expressivity of RBMs with respect to Bernoulli distributions (Appendix B). The downside of
a richer model is that either the sample size 𝑁 must be increased or the learning rate 𝛿𝑡 must
be decreased to obtain a stable algorithm (a situation analogous to overfitting in machine
learning: richer models will be quicker to concentrate too much around a few observed good
samples).

A.4 About Choice of 𝑃𝜃 : Learning a Model of Good Points

While the IGO flow is exactly 𝜃-invariant, for any practical implementation of an
IGO algorithm, a parametrization choice has to be made. Different parametrizations
lead to different algorithms and larger values of 𝛿𝑡 are likely to result in more differing
algorithms. Still, since all IGO algorithms approximate the IGO flow, two parametrizations
in combination with IGO will differ less than the same two parametrizations in combination
with another algorithm (such as the vanilla gradient or the smoothed CEM method)—at
least if the learning rate 𝛿𝑡 is not too large. The chosen parametrization becomes more
relevant as the step size 𝛿𝑡 increases.

derivation of quantile- or rank- or comparison-based optimization from a gradient ascent in
𝜃-space.
NES and CMA-ES have been claimed to maximize −E𝑃𝜃 𝑓 via natural gradient ascent
(Wierstra et al., 2008; Akimoto et al., 2010). However, we have proved that the NES and
CMA-ES updates actually converge to the IGO flow, not to the similar flow with the gradient
of E𝑃𝜃 𝑓 (Theorem 6). So we find that in reality these algorithms maximize E𝑃𝜃 𝑊𝜃𝑓𝑡 , where
𝑊𝜃𝑓𝑡 is a decreasing transformation of the 𝑓 -quantiles under the current sample distribution.
Moreover, in practice, maximizing −E𝑃𝜃 𝑓 tends to be a rather unstable procedure and
has been discouraged, see for example Whitley (1989) and Sun et al. (2009).

On the other hand, natural evolution strategies have not emphasized 𝜃-invariance: the
chosen parametrization (Cholesky, exponential) has been considered as a defining feature.
We believe the term “natural evolution strategy” should rather be used independently of the
chosen parameterization, thereby referring to the usage of the natural gradient as the main
principle for the update of distribution parameters.
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direction in which the optimum is to be found. After each update, the next elite sample
points are going to be located somewhere new.
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A.7 Diversity and Multiple Optima

𝐼𝑖𝑗 (𝜃𝑡 ) 𝛿𝜃𝑖𝑡 𝛿𝜃𝑗𝑡+𝛿𝑡 .

𝜃𝑡+𝛿𝑡 = 𝜃𝑡 + 𝛿𝑡
⃒
⃒

𝑁
∑︁

𝑖=1

⃒
⃒

̃︀ 𝜃 ln 𝑃𝜃 (𝑥𝑖 )⃒
̂︀𝑖 ∇
𝑤

36

𝜃=𝜃𝑡
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𝑁
̃︀ 𝜃 ln 𝑃𝜃 (𝑥𝑖 )⃒
̂︀𝑖 ∇
because the term 𝑖=1
𝑤
involves a random sample. As such, this term
𝜃=𝜃𝑡
has an expectation and a variance. So for a fixed 𝑁 and 𝛿𝑡, this random update is a weak
approximation with step size 𝛿𝑡 (Kloeden and Platen, 1992, Chapter 9.7) of a stochastic
differential equation on 𝜃, whose drift is the expectation √
of the IGO update (which tends
to the IGO flow when 𝑁 → ∞), and whose noise term is 𝛿𝑡 times the square root of the
covariance matrix of the update applied to a normal random vector.
Such a stochastic differential equation, defining a noisy IGO flow, might be a better
theoretical object with which to compare the actual behavior of IGO algorithms, than the
ideal noiseless IGO flow.

∑︀

The IGO flow is an ideal model of the IGO algorithms. But the IGO flow is deterministic
while IGO algorithms are stochastic, depending on a finite number 𝑁 of random samples.
This might result in important differences in their behavior and one can wonder if there is a
way to reflect stochasticity directly in the definition of the IGO flow.
The IGO update (16) is a stochastic update

A.10 Finite Sample Size and Noisy IGO Flow

While the IGO flow is fully invariant under 𝜃-reparametrization, an IGO algorithm does
depend on the choice of parametrization for 𝜃, even if for small 𝛿𝑡 the difference between two
IGO algorithms is 𝑂(𝛿𝑡 2 ), one order of magnitude smaller than between IGO and vanilla
gradient in general.
So one can wonder how to discretize time in the IGO flow in a fully intrinsic way, not
depending at all on a parametrization for 𝜃. A first possibility is given by the IGO-ML
algorithm (Definition 11)—this means, for exponential families, that we can decide to single
out the parametrization by expectation parameters.
Another, more geometric solution is to use geodesics on the statistical manifold. This
means we approximate the trajectories of the IGO flow by successive geodesic segments
of length 𝛿𝑡 in the Fisher metric, where the initial direction of each segment is given by
the direction of the IGO flow (16). This defines an approximation to the IGO flow that
depends on the step size 𝛿𝑡 and sample size 𝑁 , but not on any choice of parametrization.
This approach is fully developed in Bensadon (2015).

A.9 Geodesic Parametrization

If this cosine is positive, the learning rate 𝛿𝑡 may be increased. If the cosine is negative,
the learning rate probably needs to be decreased. Various schemes for the change of 𝛿𝑡 can
be devised; for instance, inspired by step size updates commonly used in evolution strategies,
one can multiply 𝛿𝑡 by exp(𝛽(cos 𝛼)) or exp(𝛽 sign(cos 𝛼)), where 𝛽 ≈ min(𝑁/ dim Θ, 1/2).
As this cosine can be quite noisy, cumulation over several time steps might be advisable.
As before, this scheme is constructed to be robust w.r.t. reparametrization of 𝜃, thanks
to the use of the Fisher metric. However, for large learning rates 𝛿𝑡, in practice the
parametrization might well become relevant.

The IGO framework emphasizes the relation of natural gradient and diversity: we argued
that IGO provides minimal diversity change for a given objective function improvement. In
particular, provided the initial diversity is large, diversity is kept at a maximum after the
upate. This theoretical relationship can be observed experimentally for restricted Boltzmann
machines (Appendix B).
On the other hand, using the vanilla gradient does not lead to a balanced distribution
between the two optima in our experiments. Using the vanilla gradient introduces hidden
arbitrary choices between those points (more exactly between moves in Θ-space). This
results in unnecessary and unwelcome loss of diversity, and might also be detrimental at
later stages in the optimization. This may reflect the fact that the Euclidean metric on the
space of parameters, implicitly used in the vanilla gradient, becomes less and less meaningful
for gradient descent on complex distributions.
IGO and the natural gradient are certainly relevant to the well-known problem of
exploration-exploitation balance: as we have seen, arguably the natural gradient realizes
the largest improvement in the objective with the least possible change of diversity in the
distribution.
More generally, like other distribution-based optimization algorithms, IGO tries to learn
a model of where the good points are. This is typical of machine learning, one of the contexts
for which the natural gradient was studied. The conceptual relationship of IGO and IGO-like
optimization algorithms with machine learning is still to be explored and exploited.
We now present some ideas which we believe would be worth exploring.
A.8 Adaptive Learning Rate

𝑖𝑗

∑︁

Comparing consecutive updates to evaluate a learning rate or step size is an effective measure.
For example, in back-propagation, the update sign has been used to adapt the learning rate
of each single weight in an artificial neural network (Silva and Almeida, 1990). In CMA-ES,
a step size is adapted depending on whether recent steps tended to move in a consistent
direction or to backtrack. This is measured by considering the changes of the mean 𝑚 of
the Gaussian distribution.
For a probability distribution 𝑃𝜃 on an arbitrary search space, in general no notion of
mean may be defined. However, it is still possible to define “backtracking” in the evolution
of 𝜃 as follows.
Consider two successive updates 𝛿𝜃𝑡 = 𝜃𝑡 − 𝜃𝑡−𝛿𝑡 and 𝛿𝜃𝑡+𝛿𝑡 = 𝜃𝑡+𝛿𝑡 − 𝜃𝑡 . Their scalar
product in the Fisher metric 𝐼(𝜃𝑡 ) is
⟨𝛿𝜃𝑡 , 𝛿𝜃𝑡+𝛿𝑡 ⟩ =
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Dividing by the associated norms will yield the cosine cos 𝛼 of the angle between 𝛿𝜃𝑡 and
𝛿𝜃𝑡+𝛿𝑡 .
35

(︁∑︀

)︁2 ∑︀

𝑎𝑖 𝑥𝑖 −

𝑗

∑︁

𝑏𝑗 ℎ𝑗 −

𝑖,𝑗

∑︁

𝑃𝜃 (x, h),

𝑤𝑖𝑗 𝑥𝑖 ℎ𝑗

h

∑︁

(52)

(51)
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B.2 IGO for RBMs.
RBMs constitute an exponential family with latent variables (with the statistics 𝑇 (x, h)
being all the 𝑥𝑖 ℎ𝑗 ). So the IGO flow (10) is given by (25) where the first contribution is the
Fisher matrix (24) and the second contribution is the log-probability derivatives weighted

(compare Section 3.3). The distribution is parametrized by 𝜃 = (a, b, w). The “biases” a
and b can be subsumed into the weights w by introducing variables 𝑥0 and ℎ0 always equal
to one, which we implicitly do from now on.
The hidden variable h introduces correlations between the components of x (see Figure 2).
For instance, with 𝑑ℎ = 1, the distribution on x is the sum of two Bernoulli distributions
with h acting as a “switch”.

𝑖

∑︁

𝑃𝜃 (x) =

In this appendix we show how to apply IGO to restricted Boltzmann machines (RBMs,
Smolensky 1986; Ackley et al. 1985), a family of probability distributions on the discrete
hypercube that extends Bernoulli distributions and can represent correlations between
variables.
This first illustrates how to set up an IGO algorithm from a family of probability
distributions for which no fully explicit expression for the Fisher information matrix is
available.
Second, we test the relationship between IGO and diversity of 𝑝𝜃 , in view of the entropymaximizing property of the IGO flow (Proposition 2). We consider a simple function with

Appendix B. Implementing an IGO Algorithm with a New Family of
Probability Distributions: Restricted Boltzmann Machines

𝐸(x, h) = −

where the energy function 𝐸 is

x′ ,h′

𝑒−𝐸(x,h)
,
𝑒−𝐸(x′ ,h′ )

RBMs first define a joint distribution on x ∈ {0, 1}𝑑 together with a hidden or latent
variable h ∈ {0, 1}𝑑ℎ (Ghahramani, 2004). Summation over h provides the distribution over
x. The probability associated with an observation x = (𝑥𝑖 ) ∈ {0, 1}𝑑 and latent variable
h = (ℎ𝑗 ) ∈ {0, 1}𝑑ℎ is
𝑃𝜃 (x, h) = ∑︀

B.1 Restricted Boltzmann Machines.

The global Riemannian geometry of the statistical manifold 𝑃𝜃 might have a bearing on the
behavior of stochastic algorithms exploring this manifold. For instance, the Fisher metric
identifies the set of 1-dimensional normal distributions 𝒩 (𝑚, 𝜎 2 ) with the two-dimensional
hyperbolic plane. The latter has negative curvature. The sign of curvature has a strong
influence on the behavior of random walks in a Riemannian manifold: in particular, in
negative curvature, successive random errors tend to not compensate as much as in the
Euclidean case (because geodesics diverge more quickly); this might be relevant to the
settings of a stochastic optimization algorithm, suggesting to use larger sample size or
smaller steps when curvature is negative; Bensadon (2015) provides first observations in this
direction, associated with negative curvature in the space of Gaussians. This is speculative
and remains to be explored.

two optima, and compare the behavior of the IGO flow with that of a vanilla gradient flow.
The latter always converges to a single optimum, even though RBMs allow for multimodal
distributions. On the other hand, IGO seems to always converge to both optima at once,
taking advantage of RBM multimodality.
Finally we interpret this observations by pointing out a non-obvious breach of symmetry between 0 and 1 on {0, 1}𝑑 for the vanilla gradient of RBMs; the natural gradient
automatically compensates for this.

Figure 2: The RBM architecture with the observed (x) and latent (h) variables. In our
experiments, a single hidden unit was used.

x

h
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A.11 Influence of the Fisher Geometry of the Statistical Manifold

𝑁
̂︀𝑖2
̂︀𝑖 / 𝑁
rate 𝛿𝑡 of the covariance matrix in CMA-ES is chosen proportional to
𝑖=1 𝑤
𝑖=1 𝑤
which is again proportional to 𝑁 (Hansen and Kern, 2004). For small enough 𝑁 , the progress
per 𝑓 -call is then in both cases rather independent of the choice of 𝑁 .
These results suggest that in implementations, 𝑁 can be chosen rather freely, whereas
𝛿𝑡 will be set to const · 𝑁 . The constant is chosen small enough to ensure stability, but as
large as possible to maximize speed; still, 𝛿𝑡 ≤ 1 is another constraint for (very) large 𝑁 .

For instance, this strongly suggests that if we have 𝛿𝑡 → 0 while 𝑁 is kept fixed in an
IGO algorithm, noise will disappear (compare Remark 2 in Akimoto et al. 2012).
Second, for large 𝑁 , one expects
√︀ the variance of the IGO update to scale like 1/𝑁 , so
that the noise term will scale like 𝛿𝑡/𝑁 . This formally suggests that, within reasonable
bounds, multiplying or dividing both 𝑁 and 𝛿𝑡 by the same factor should result in similar
behavior of the algorithm, so that for instance it should be reasonable to reset 𝛿𝑡 to 10𝛿𝑡/𝑁
and 𝑁 to 10. (Note that the cost in terms of 𝑓 -calls of these two algorithms is similar.)
This dependency is reflected in evolution strategies in several ways, provided 𝑁 is smaller
than the search space dimension. First, theoretical results for large search space dimension on
the sphere function, 𝑓 (𝑥) = ‖𝑥‖2 , indicate that the optimal step size 𝛿𝑡 for the mean vector
is proportional to 𝑁 , provided the weighting function 𝑤 is either truncation selection with a
fixed truncation ratio (Beyer, 2001) or optimal weights (Arnold, 2006). Second, the learning
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(53)

by the objective function values. However, these expressions are not explicit due to the
expectations under 𝑃𝜃 . Still, these expectations can be replaced with Monte Carlo sampling;
this is what we will do.
Actually, when applying IGO to such distributions to optimize an objective function
𝑓 (x), we have two choices. The first is to see the objective function 𝑓 (x) as a function of
(x, h) where h is a dummy variable; then we can use the IGO algorithm to optimize over
(x, h) using the distributions 𝑃𝜃 (x, h). A second possibility is to marginalize 𝑃𝜃 (x, h) over
the hidden units h as in (51), to define the distribution 𝑃𝜃 (x); then we can use the IGO
algorithm to optimize 𝑓 over x using 𝑃𝜃 (x).
These two approaches yield slightly different algorithms. The Fisher matrix for the
distributions 𝑃𝜃 (x, h) is given by (20) (exponential families) whereas the one for the distributions 𝑃𝜃 (x) is given by (24) (exponential families with latent variables). For instance,
with 𝐼𝑤𝑖𝑗 𝑤𝑖′ 𝑗 ′ denoting the entry of the Fisher matrix corresponding to the components 𝑤𝑖𝑗
and 𝑤𝑖′ 𝑗 ′ of the parameter 𝜃, from (20) we get
𝐼𝑤𝑖𝑗 𝑤𝑖′ 𝑗 ′ (𝜃) = Cov𝑃𝜃 (𝑥𝑖 ℎ𝑗 , 𝑥𝑖′ ℎ𝑗 ′ ) = E𝑃𝜃 [𝑥𝑖 ℎ𝑗 𝑥𝑖′ ℎ𝑗 ′ ] − E𝑃𝜃 [𝑥𝑖 ℎ𝑗 ] E𝑃𝜃 [𝑥𝑖′ ℎ𝑗 ′ ]
(︁

∑︀

)︁−1

whereas from (24) we get the same expression in which each ℎ𝑗 is replaced with its expectation

(54)

ℎ̄𝑗 knowing x namely ℎ̄𝑗 = E𝑃𝜃 [ℎ𝑗 |x] = 1 + 𝑒−𝑏𝑗 − 𝑖 𝑥𝑖 𝑤𝑖𝑗
and likewise for ℎ𝑗 ′ .
Both versions were tested on a small instance and found to be viable. However the
version using (x, h) is numerically more stable and requires fewer samples to get a reliable
(in particular, invertible) estimate of the Fisher matrix, both in practice and theory10 . For
this reason we selected the first approach: we optimize 𝑓 as a function of (x, h) using IGO
for the probability distributions 𝑃𝜃 (x, h).
A practical IGO update is thus obtained from (21) by replacing the expectations with
Monte Carlo samples (x, h) from 𝑃𝜃 . A host of strategies are available to sample from RBMs
(Ackley et al., 1985; Salakhutdinov and Murray, 2008; Salakhutdinov, 2009; Desjardins et al.,
2010); we simply used Gibbs sampling (Hinton., 2002). So the IGO update reads
̂︂
̂︂
𝜃𝑡+𝛿𝑡 = 𝜃𝑡 + 𝛿𝑡 Cov(𝑇,
𝑇 )−1 Cov(𝑇,
𝑊𝜃𝑓𝑡 )

where 𝑇 denotes the vector of all statistics 𝑇𝑖𝑗 (x, h) = 𝑥𝑖 ℎ𝑗 corresponding to the component
̂︂ denotes the empirical covariance over a set of Monte
𝑤𝑖𝑗 of the parameter 𝜃, and where Cov
̂︂
Carlo samples (x, h) taken from 𝑃 𝑡 (x, h). Thus 𝐼^ = Cov(𝑇,
𝑇 ) is the estimated Fisher
𝜃
̂︂
matrix, a matrix of size dim(𝜃)2 as in (53). Cov(𝑇,
𝑊𝜃𝑓𝑡 ) is a vector of size dim(𝜃) giving
the correlation, in the Monte Carlo sample, between the statistics 𝑇𝑖𝑗 and the ranked values
𝑊𝜃𝑓𝑡 of the objective function of the points (x, h) in the sample: this vector is the sum of
weighted log-probability derivatives in the IGO update (17), thanks to (19).
̂︂
̂︂
Different sample sizes 𝑁
and 𝑁 can be used to evaluate Cov(𝑇,
𝑇 ) and Cov(𝑇,
𝑊𝜃𝑓𝑡 ).
Fish
̂︂
The sample size for Cov(𝑇,
𝑊𝜃𝑓𝑡 ) is just the IGO parameter 𝑁 , the number of points on
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10. Indeed, if 𝐼1 (𝜃) is the Fisher matrix at 𝜃 in the first approach and 𝐼2 (𝜃) in the second approach, we always
have 𝐼1 (𝜃) > 𝐼2 (𝜃) in the sense of positive-definite matrices. This is because probability distributions
on the pair (x, h) carry more information than their projections on x only, and so the Kullback–Leibler
distances will always be larger. In particular, there exist values of 𝜃 for which the Fisher matrix 𝐼2 is not
invertible whereas 𝐼1 is.
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which the objective function has to be evaluated; it is typically kept small especially if 𝑓
is costly. On the other hand it is important to obtain a reliable (in particular, invertible)
estimate of the Fisher matrix: invertibility requires a number of samples at least, and ideally
much larger than, dim(𝜃), because each point in the sample contributes a rank-1 term to the
̂︂
empirical covariance matrix Cov(𝑇,
𝑇 ). Increasing 𝑁Fish does not require additional 𝑓 -calls.

B.3 An Experiment with Two Optima: IGO, Diversity, and Multimodal
Optimization.

(︃
∑︁

𝑖

|𝑥𝑖 − 𝑦𝑖 | ,

𝑖

∑︁

)︃

|(1 − 𝑥𝑖 ) − 𝑦𝑖 )|

(55)

We tested the resulting IGO trajectories on a simple objective function with two optima on
{0, 1}𝑑 , namely, the two-min function based at y defined as
𝑓y (x) = min

which, as a function of x, has two optima, one at x = y and the other at its binary
complement x = ȳ. The value of the base point y was randomized for each independent run.
We ran both the IGO algorithm as described above, and a version using the vanilla
gradient instead of the natural gradient (that is, omitting the Fisher matrix in the IGO
update).
The dimension was 𝑑 = 40 and we used an RBM with only one latent variable (𝑑ℎ = 1).
Therefore dim(𝜃) = 81. We used a large sample size of 𝑁 = 10, 000 for Monte Carlo sampling,
so as to be close to the theoretical IGO flow behavior. We also tested a smaller, more
realistic sample size of 𝑁 = 10 (still keeping 𝑁Fish = 10, 000), with similar but noisier results.
The selection scheme (Section 2.2) was 𝑤(𝑞) = 1𝑞61/5 (cf. Rechenberg 1994) so that the best
20% points in the sample are given weight 1 for the update.
The RBM was initialized so that at startup, the distribution 𝑃𝜃0 is close to uniform on
∑︀ 𝑤
(x, h), in line with Proposition 2. Explicitly we set 𝑤𝑖𝑗 ← 𝒩 (0, 𝑑.𝑑1 ℎ ) and then 𝑏𝑗 ← − 𝑖 2𝑖𝑗
∑︀ 𝑤
and 𝑎𝑖 ← − 𝑗 2𝑖𝑗 + 𝒩 (0, 0.01
) which ensure a close-to-uniform initial distribution.
𝑑2
Full experimental details, including detailed setup and additional results, can be found in
a previous version of this article (Ollivier et al., 2011, Section 5). (In particular, IGO runs are
frozen when the estimated Fisher matrix becomes singular or unreliable.) The code used for
these experiments can be found at http://www.ludovicarnold.com/projects:igocode .

The results show that, most of the time, with IGO the distribution 𝑃𝜃𝑡 converges to a
distribution giving positive mass to both optima; on the other hand, over 300 independent
runs, the same algorithm using the vanilla gradient only converges to one optimum at the
expense at the other, so that the vanilla gradient never exploited the possibility offered by
the RBM to create a bimodal probability distribution on {0, 1}𝑑 . Figure 3 shows ten random
runs (out of 300 in our experiments) of the two algorithms: for each of the two optima we
plot its distance to the nearest of the points drawn from 𝑃𝜃𝑡 , as a function of time 𝑡.11
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11. Note that the value of 𝛿𝑡 is not directly comparable between the natural and vanilla gradients. Theory
suggests that at startup the IGO trajectory with 𝛿𝑡 is most comparable to the vanilla gradient trajectory
with 4𝛿𝑡, because from (53) most of the diagonal terms of the Fisher matrix are equal to 1/4 and
most off-diagonal terms are 0 at startup. The experiments confirm that this yields roughly comparable
convergence speeds.
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We interpret this as an illustration of Proposition 2: for a given improvement on the
objective function, IGO will favor preserving the diversity (entropy) of 𝑃𝜃 . Using more richly
multimodal distributions (e.g., RBMs with 𝑑ℎ > 1), this might be useful for multimodal
optimization or for optimization situations in which there are several almost equally deep
valleys only one of which contains the true optimum.

This is even clearer when looking at the hidden variable h. With 𝑑ℎ = 1 the two possible
values ℎ = 0 and ℎ = 1 can create a sum of two Bernoulli distributions on x. Figure 4
plots the average value of ℎ in the sample for IGO and for the vanilla gradient. As can be
seen, over IGO optimization the balance between the two modes is preserved, whereas using
vanilla gradient optimization the zero mode is lost.

Figure 3: Distance to the two optima during 10 IGO optimization runs and 10 vanilla
gradient runs. For each optimum, we plot its distance to the nearest point among
the samples from 𝑃𝜃𝑡 found at each step.

15

10

15

10

80

25

20

δt =0.5

30

20

25

30

dist. to second opt. (nat. grad.)

0
0

0
0

80

5

5

40
60
gradient steps

10

10

20

15

15

25

30

20

δt =0.5

dist. to closest opt. (nat. grad.)

20

25

30

Information-Geometric Optimization

20

20
gradient steps

60

40

gradient steps

60

h-statistics (vanilla gradient)

40

h-statistics (natural gradient)

80

80

δt =8.

δt =4.

δt =2.

δt =1.

δt =2.

δt =1.

δt =0.5

δt =0.25

100

100

∑︀ ⃒⃒

⃒2
⃒

∑︀ ⃒⃒

⃒2
⃒

42

JMLR 18(18):1-65, 2017

′ ) is
′ 2
′
′
and (𝑎′𝑖 , 𝑏′𝑗 , 𝑤𝑖𝑗
𝑖 |𝑎𝑖 − 𝑎𝑖 | +
𝑗 ⃒ 𝑏𝑗 − 𝑏𝑗 ⃒ +
𝑖𝑗 ⃒ 𝑤𝑖𝑗 − 𝑤𝑖𝑗 ⃒ . However, the change of
variables 𝑎𝑖 ← 𝑎𝑖 + 𝑤𝑖𝑗 , 𝑏𝑗 ← −𝑏𝑗 , 𝑤𝑖𝑗 ← −𝑤𝑖𝑗 does not preserve this Euclidean metric.
Thus, exchanging 0 and 1 for the hidden variables will result in two different vanilla gradient
ascents. The observed asymmetry on ℎ is a consequence of this implicit asymmetry.
Of course it is possible to use parametrizations for which the vanilla gradient will be
more symmetric: for instance, using −1/1 instead of 0/1 for the variables, or rewriting the

∑︀

This experiment reveals that, curiously, the vanilla gradient loses multimodality by always
setting the hidden variable ℎ to 1, not to 0 (Figure 4). So the vanilla gradient for RBMs
seems to favor ℎ = 1.
Of course, exchanging the values 0 and 1 for the hidden variables in a restricted Boltzmann
machine still gives a distribution of another Boltzmann machine. Changing ℎ𝑗 into 1 − ℎ𝑗 is
equivalent to resetting 𝑎𝑖 ← 𝑎𝑖 + 𝑤𝑖𝑗 , 𝑏𝑗 ← −𝑏𝑗 , and 𝑤𝑖𝑗 ← −𝑤𝑖𝑗 .
IGO and the natural gradient are impervious to such a change by Proposition 19. But
the vanilla gradient implicitly relies on the Euclidean norm on parameter space, as explained
in Section 2.1. For this norm, the distance between the RBM distributions (𝑎𝑖 , 𝑏𝑗 , 𝑤𝑖𝑗 )

B.4 Breach of Symmetry by the Vanilla Gradient.

Figure 4: Median over 300 runs of the average of ℎ in the sample, for IGO and vanilla
gradient optimization. Error bars indicate the 16th and 84th quantile over the
runs.
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𝑗 𝐵𝑗 (ℎ𝑗
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𝑖 𝐴𝑖 (𝑥𝑖

∑︀

𝐸(x, h) = −

− 21 )(ℎ𝑗 − 21 )
(56)

with “bias-free” parameters 𝐴𝑖 , 𝐵𝑗 , 𝑊𝑖𝑗 related to the usual parametrization by 𝑤𝑖𝑗 = 𝑊𝑖𝑗 ,
∑︀
∑︀
𝑎𝑖 = 𝐴𝑖 − 21 𝑗 𝑤𝑖𝑗 , and 𝑏𝑗 = 𝐵𝑗 − 21 𝑖 𝑤𝑖𝑗 . The vanilla gradient might perform better in
this parametrization.
However, we adopted the approach of using a family of probability distributions found
in the literature, with the parametrization commonly found in the literature. We then used
the vanilla gradient and the natural gradient on these distributions—and indeed the vanilla
gradient, or an approximation thereof, is routinely applied to RBMs in the literature to
optimize the log-likelihood of data (Hinton., 2002; Hinton et al., 2006; Bengio et al., 2007).
It was not obvious a priori (at least for us) that the vanilla gradient ascent favors ℎ = 1.
Since the first version of this article was written, this phenomenon has been recognized for
Boltzmann machines (Montavon and Müller, 2012).
This directly illustrates the specific influence of the chosen gradient (the two implementations only differ by the inclusion of the Fisher matrix): the natural gradient offers a
systematic way to recover symmetry from a non-symmetric gradient update.
Symmetry alone does not explain why IGO reaches the two optima simultaneously: a
symmetry-preserving stochastic algorithm could as well end up on either single optimum
with 50% probability in each run. The diversity-preserving property of IGO (Proposition 2)
offers a reasonable interpretation of why this does not happen.

Appendix C. Further Mathematical Properties of the IGO Flow
This appendix provides further mathematical properties of the IGO flow in general and in
specific scenarios.
C.1 Invariance Properties
Here we formally state the invariance properties of the IGO flow under various reparametrizations. Since these results follow from the very construction of the algorithm, the proofs are
omitted.
Proposition 17 (𝑓 -invariance) Let 𝜙 : R → R be a strictly increasing function. Then the
trajectories of the IGO flow when optimizing the functions 𝑓 and 𝜙(𝑓 ) are the same.
The same is true for the discretized algorithm with population size 𝑁 and step size
𝛿𝑡 > 0.
Proposition 18 (𝜃-invariance) Let 𝜃′ = 𝜙(𝜃) be a smooth bijective function of 𝜃 and let
𝑃𝜃′ ′ = 𝑃𝜙−1 (𝜃′ ) . Let 𝜃𝑡 be the trajectory of the IGO flow when optimizing a function 𝑓 using
the distributions 𝑃𝜃 , initialized at 𝜃0 . Then the IGO flow trajectory (𝜃′ )𝑡 obtained from the
optimization of the function 𝑓 using the distributions 𝑃𝜃′ ′ , initialized at (𝜃′ )0 = 𝜙(𝜃0 ), is the
same, namely (𝜃′ )𝑡 = 𝜙(𝜃𝑡 ).
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For the algorithm with finite 𝑁 and 𝛿𝑡 > 0, invariance under reparametrization of 𝜃 is
only true approximately, in the limit when 𝛿𝑡 → 0. As mentioned above, the IGO update
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(17), with 𝑁 = ∞, is simply the Euler approximation scheme for the ordinary differential
equation (8) defining the IGO flow. At each step, the Euler scheme is known to make an error
𝑂(𝛿𝑡 2 ) with respect to the true flow. This error actually depends on the parametrization of
𝜃.
So the IGO updates for different parametrizations coincide at first order in 𝛿𝑡, and may,
in general, differ by 𝑂(𝛿𝑡 2 ). For instance the difference between the CMA-ES and xNES
updates is indeed 𝑂(𝛿𝑡 2 ), see Section 5.2.
For comparison, using the vanilla gradient results in a divergence of 𝑂(𝛿𝑡) at each step
between different parametrizations, so this divergence could be of the same magnitude as
the steps themselves.
In that sense, one can say that IGO algorithms are “more parametrization-invariant”
than other algorithms. This stems from their origin as a discretization of the IGO flow.
However, if the map 𝜙 is affine then this phenomenon disappears: parametrizations that
differ by an affine map on 𝜃 yield the same IGO algorithm.

The next proposition states that, for example, if one uses a family of distributions on
R𝑑 which is invariant under affine transformations, then IGO algorithms optimize equally
well a function and its image under any affine transformation (up to an obvious change in
the initialization). This proposition generalizes the well-known corresponding property of
CMA-ES (Hansen and Auger, 2014, Proposition 9).
This invariance under 𝑋-transformations only holds provided the 𝑋-transformation
preserves the “shape” of the family of probability distributions 𝑃𝜃 , as follows.
Let us define, as usual, the image (pushforward) of a probability distribution 𝑃 by a
transformation 𝜙 : 𝑋 → 𝑋 as the probability distribution 𝑃 ′ such that 𝑃 ′ (𝑌 ) = 𝑃 (𝜙−1 (𝑌 ))
for any subset 𝑌 ⊂ 𝑋 (Schilling, 2005, Chapter 7). In the continuous domain, the density of
the new distribution 𝑃 ′ is obtained by the usual change of variable formula involving the
Jacobian of 𝜙 (Schilling, 2005, Chapter 15).
We say that a transformation 𝜙 : 𝑋 → 𝑋 globally preserves a family of probability
distributions (𝑃𝜃 ), if the image of any 𝑃𝜃 by 𝜙 is equal to some distribution 𝑃𝜃′ in the same
family, and if moreover the correspondence 𝜃 ↦→ 𝜃′ is locally a diffeomorphism.

Proposition 19 (𝑋-invariance) Let 𝜙 : 𝑋 → 𝑋 be a one-to-one transformation of the
search space which globally preserves the family of measures 𝑃𝜃 . Let 𝜃𝑡 be the IGO flow
trajectory for the optimization of function 𝑓 , initialized at 𝑃𝜃0 . Let (𝜃′ )𝑡 be the IGO flow
trajectory for optimization of 𝑓 ∘ 𝜙−1 , initialized at the image of 𝑃𝜃0 by 𝜙. Then 𝑃(𝜃′ )𝑡 is
the image of 𝑃𝜃𝑡 by 𝜙.
For the discretized algorithm with population size 𝑁 and step size 𝛿𝑡 > 0, the same is
true up to an error of 𝑂(𝛿𝑡 2 ) per iteration. This error disappears if the action of the map 𝜙
on Θ by pushforward is affine.
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The latter case of affine transforms is well exemplified by CMA-ES: here, using the
variance and mean as the parametrization of Gaussians, the new mean and variance after
an affine transform of the search space are an affine function of the old mean and variance;
specifically, for the affine transformation 𝐴 : 𝑥 ↦→ 𝐴𝑥 + 𝑏 we have (𝑚, 𝐶) ↦→ (𝐴𝑚 + 𝑏, 𝐴𝐶𝐴T ).
Another example, on the discrete search space 𝑋 = {0, 1}𝑑 , is the exchange of 0 and 1: for
reasonable choices of the family 𝑃𝜃 , the IGO flow and IGO algorithms will be invariant
under such a change in the way the data is presented.
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where 𝑤 is the selection scheme.

d𝑡

d𝜃𝑡

in the Fisher metric, is at
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For instance, with 𝑤(𝑞) = 1𝑞6𝑞0 and neglecting the error terms, an IGO algorithm
introduces at most 12 𝛿𝑡 2 𝑞0 (1 − 𝑞0 ) bits of information (in base 𝑒) per iteration into the
probability distribution 𝑃𝜃 . The proof is given in Appendix D.
Thus, the time discretization parameter 𝛿𝑡 is not just an arbitrary variable: it has an
intrinsic interpretation related to a number of bits introduced at each step of the algorithm.
This kind of relationship suggests, more generally, to use the Kullback–Leibler divergence as
an external and objective way to measure learning rates in those optimization algorithms
which use probability distributions.
The result above is only an upper bound. Maximal speed can be achieved only if all “good”
points point in the same direction. If the various good points in the sample suggest moves
in inconsistent directions, then the IGO update will be much smaller. While non-consistent
moves are generally to be expected if 𝑁 < dim Θ, it may also be a sign that the signal is
noisy, or that the family of distributions 𝑃𝜃 is not well suited to the problem at hand and
should be enriched.
As an example, using a family of Gaussian distributions with unkown mean and fixed
identity variance on R𝑑 , one checks that for the optimization of a linear√function on R𝑑 , with
the weight 𝑤(𝑢) = 1𝑢<1/2 , the IGO flow moves at constant speed 1/ 2𝜋 ≈ 0.4, whatever
the dimension 𝑑. On a rapidly varying sinusoidal function, the moving speed will be much
slower because there are “good” and “bad” points in all directions.
This may suggest ways to design the selection scheme 𝑤 to achieve maximal speed in some
instances. Indeed, looking at the proof of the proposition, which involves a Cauchy–Schwarz
inequality, one can see that the maximal speed is achieved only if there is a linear relationship

KL(𝑃𝜃𝑡+𝛿𝑡 || 𝑃𝜃𝑡 )
1
6 Var[0,1] 𝑤 + 𝑜(1)(𝛿𝑡,𝑁 )→(0,∞) .
𝛿𝑡 2
2

Corollary 21 Consider an IGO algorithm with selection scheme 𝑤, step size 𝛿𝑡 and sample
size 𝑁 . Then, with probability 1,

This speed can be monitored in practice in at least two ways. The first is just to
compute the Fisher norm of the increment 𝜃𝑡+𝛿𝑡 − 𝜃𝑡 using the Fisher matrix; for small
𝛿𝑡 this is close to 𝛿𝑡‖ d𝜃
d𝑡 ‖ with ‖ · ‖ the Fisher metric. The second is as follows: since the
Fisher metric coincides with the Kullback–Leibler divergence up to a factor 1/2, we have
2
KL(𝑃𝜃𝑡+𝛿𝑡 || 𝑃𝜃𝑡 ) ≈ 12 𝛿𝑡 2 ‖ d𝜃
d𝑡 ‖ at least for small 𝛿𝑡. Since it is relatively easy to estimate
KL(𝑃𝜃𝑡+𝛿𝑡 || 𝑃𝜃𝑡 ) by comparing the new and old log-likelihoods of points in a Monte Carlo
sample, one can obtain an estimate of ‖ d𝜃
d𝑡 ‖.

The proof is given in Appendix D.
A bounded speed means that the IGO flow will not explode in finite time, or go out-ofdomain if the Fisher metric on the statistical manifold Θ is complete (for instance, the IGO
flow on Gaussian distributions will not yield non-positive or degenerate covariance matrices).
Due to the approximation terms 𝑂(𝛿𝑡 2 ), this may not be true of IGO algorithms.

most

√︁∫︀

Proposition 20 The speed of the IGO flow, i.e. the norm of

C.2 Speed of the IGO Flow
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𝑖=1

𝑁
∑︁

46

𝜃𝑡+𝛿𝑡 = 𝜃𝑡 + 𝛿𝑡 𝐼 −1 (𝜃𝑡 )

̂︀𝑖
𝑤

𝜕 ln 𝑃𝜃 (𝑥𝑖 ) ⃒⃒
⃒
𝜕𝜃
𝜃=𝜃𝑡

⃒
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The (easy) proof is given in the Appendix D.
This proposition states that noisy optimization can be modeled as ordinary distributionbased optimization with a component of the distribution being independent of the control
parameter 𝜃. Conversely, any component of the search space in which a distribution-based
optimization algorithm cannot perform selection or specialization will effectively act as a
random noise on the objective function.
As a consequence of this result, all properties of IGO can be transferred to the noisy case.
Consider, for instance, consistency of sampling (Theorem 6). The 𝑁 -sample IGO update
rule for the noisy case is identical to the non-noisy case (17):

∙ The IGO algorithm on space 𝑋 ×[0, 1], using the family of distributions 𝑃˜𝜃 = 𝑃𝜃 ⊗𝑈[0,1] ,
applied to the deterministic function 𝑓˜. Here 𝑈[0,1] denotes the uniform law on [0, 1].

∙ The IGO algorithm (16), using a family of distributions 𝑃𝜃 on space 𝑋, applied to the
noisy function 𝑓 , and where the samples are ranked according to the random observed
value of 𝑓 (here we assume that, for each sample, the noise 𝜔 is independent from
everything else);

Proposition 22 (Noisy IGO) Let 𝑓 be a random function of 𝑥 ∈ 𝑋, namely, 𝑓 (𝑥) =
𝑓˜(𝑥, 𝜔) where 𝜔 is a random variable uniformly distributed in [0, 1], and 𝑓˜ is a deterministic
function of 𝑥 and 𝜔. Then the two following algorithms coincide:

Suppose that the objective function 𝑓 is non-deterministic: each time we ask for the value
of 𝑓 at a point 𝑥 ∈ 𝑋, we get a random result. In this setting we may write the random
value 𝑓 (𝑥) as 𝑓 (𝑥) = 𝑓˜(𝑥, 𝜔) where 𝜔 is an unseen random seed, and 𝑓˜ is a deterministic
function of 𝑥 and 𝜔. Without loss of generality, up to a change of variables we can assume
that 𝜔 is uniformly distributed in [0, 1].
We can still use the IGO algorithm without modification in this context. One might
wonder which properties (consistency of sampling, etc.) still apply when 𝑓 is not deterministic.
Actually, IGO algorithms for noisy functions fit very nicely into the IGO framework: the
following proposition allows to transfer any property of IGO to the case of noisy functions.

C.3 Noisy Objective Functions

̃︀ 𝜃 ln 𝑃𝜃 (𝑥). For instance, for the optimization
between the weights 𝑊𝜃𝑓 (𝑥) and the gradient ∇
of a linear function on R𝑑 using Gaussian measures of known variance, the maximal speed
will be achieved when the selection scheme 𝑤(𝑢) is the inverse of the Gaussian cumulative
distribution function. (In particular, 𝑤(𝑢) tends to +∞ when 𝑢 → 0 and to −∞ when
𝑢 → 1.) This is in accordance with known results: the expected value of the 𝑖-th order
̂︀𝑖 value for Gaussians on the sphere
statistic of 𝑁 standard Gaussian variates is the optimal 𝑤
∑︀
function, 𝑓 (𝑥) = 𝑖 𝑥2𝑖 , where 𝑑 → ∞ (Beyer, 2001; Arnold, 2006). For 𝑁 → ∞, this order
statistic converges to the inverse Gaussian cumulative distribution function.
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̃︀ 𝜃
𝜃𝑡+𝛿𝑡 = 𝜃𝑡 + 𝛿𝑡 ∇
̃︀ 𝜃
= 𝜃𝑡 + 𝛿𝑡 ∇

˜

𝑊𝜃𝑓𝑡 (𝑥, 𝜔) 𝑃𝜃 (d𝑥) d𝜔

¯ 𝑓𝑡 (𝑥) 𝑃𝜃 (d𝑥)
𝑊
𝜃

∫︁ 1 ∫︁
∫︁0

(57)

̂︀𝑖 computed from (14) now incorporates noise from the objective
where each weight 𝑤
function because the rank of 𝑥𝑖 is computed on the random function, or equivalently
on the deterministic function 𝑓˜: rk(𝑥𝑖 ) = #{𝑗, 𝑓˜(𝑥𝑗 , 𝜔𝑗 ) < 𝑓˜(𝑥𝑖 , 𝜔𝑖 )}.
Consistency of sampling (Theorem 6) thus takes the following form through Proposition 22: When 𝑁 → ∞, the 𝑁 -sample IGO update rule on the noisy function 𝑓 converges
with probability 1 to the update rule

˜

∫︁

¯ 𝑓𝑡 (𝑥) 𝑃𝜃 (d𝑥)
𝑊
𝜃

(58)

¯ 𝑓 (𝑥) = E𝜔 𝑊 𝑓 (𝑥, 𝜔). Thus when 𝑁 → ∞ the update becomes deterministic as the
where 𝑊
𝜃
𝜃
effects of noise get averaged, as could be expected.
Thus, applying the IGO algorithm to noisy objective functions as in Proposition 22
requires defining the IGO flow for noisy objective functions as
d𝜃𝑡
̃︀ 𝜃
=∇
d𝑡

¯ 𝑓 (𝑥) = E𝜔 𝑊 𝑓˜(𝑥, 𝜔) is the average weight of 𝑥 over the values 𝑓 (𝑥). Thus, the
where 𝑊
𝜃
𝜃
¯ is in general flatter than 𝑊 .
effects of noise remain visible even for 𝑁 → ∞, as 𝑊
Note that there is another possible way to define the IGO flow for noisy objective
functions. The flow (58) amounts to taking a point 𝑥, computing a (random) value 𝑓 (𝑥),
computing the level 𝑞𝜃< (𝑥) = Pr𝑥′ ∼𝑃𝜃 (𝑓 (𝑥′ ) < 𝑓 (𝑥)) of this random value 𝑓 (𝑥), applying
the selection scheme 𝑤, and then averaging. In this approach the value 𝑞𝜃< (𝑥) is a random
variable depending on the value of 𝑓 (𝑥). Alternatively, we could define the value 𝑞𝜃 (𝑥) by
applying Definition 3 unchanged, namely, 𝑞𝜃< (𝑥) = Pr𝑥′ ∼𝑃𝜃 (𝑓 (𝑥′ ) < 𝑓 (𝑥)) in which 𝑓 (𝑥) itself
is treated as a random variable under the probability Pr, so that 𝑞𝜃< (𝑥) is deterministic and
takes into account all possible values for 𝑓 (𝑥). Then we could apply the selection scheme
𝑤 to this value 𝑞𝜃< (𝑥) as in Definition 3 and define the IGO flow accordingly. The value of
𝑞𝜃< (𝑥) in this second version is the expected value of 𝑞𝜃< (𝑥) in the first version.
When the selection scheme 𝑤 is affine, these two approaches coincide; however this is not
the case in general, as the second version averages the 𝑞-values while the first version averages
the weights 𝑤(𝑞). The second version would be the 𝑁 → ∞ limit of a slightly more complex
algorithm using several evaluations of 𝑓 for each sample 𝑥𝑖 in order to compute noise-free
average ranks and quantiles. The first version has the advantage of leaving the algorithm
unchanged and of inheriting properties from the deterministic case via Proposition 22.
C.4 The IGO Flow for Linear Functions on {0, 1}𝑑 and R𝑑
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In this section we take a closer look at the IGO differential equation solutions of (8) for some
simple examples of objective functions, for which it is possible to obtain exact information
about these IGO trajectories.
We start with the discrete search space 𝑋 = {0, 1}𝑑 and linear functions (to be minimized)
∑︀
𝑑
defined as 𝑓 (𝑥) = 𝑐 − 𝑖=1
𝛼𝑖 𝑥𝑖 with 𝛼𝑖 > 0. (So maximization of the classical onemax
∑︀𝑑
𝑥𝑖 is covered by setting 𝛼𝑖 = 1.) The differential equation of
function 𝑓onemax (𝑥) = 𝑖=1
47
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∫︁

𝑊𝜃𝑓𝑡 (𝑥)(𝑥𝑖 − 𝜃𝑖𝑡 )𝑃𝜃𝑡 (d𝑥) =: 𝑔𝑖 (𝜃𝑡 ) .

(59)

the IGO flow (8) for the Bernoulli measures 𝑃𝜃 (𝑥) = 𝑝𝜃1 (𝑥1 ) . . . 𝑝𝜃𝑑 (𝑥𝑑 ) defined on 𝑋 is the
𝛿𝑡 → 0 limit of the IGO-PBIL update (36):
d𝜃𝑖𝑡
=
d𝑡

Although finding the analytical solution of the differential equation (59) for any initial
condition seems a bit intricate, we show that the solution of (59) converges to (1, . . . , 1)
starting from any initial 𝜃 ∈ (0, 1]𝑑 . Note that starting with 𝜃𝑖 = 0 for some 𝑖 prevents IGO
(and PBIL) from sampling any 1 for component 𝑖, so that the components of 𝜃 that are
equal to 0 at startup will always stay so; in that case the IGO flow effectively works as in a
smaller-dimensional space.
To prove convergence to (1, . . . , 1), we establish the following result:

d𝜃𝑖𝑡
=
d𝑡

∫︁

∑︀𝑑
𝑡
𝑖=1 𝛼𝑖 𝑔𝑖 (𝜃 )

𝛼𝑖

∫︁

(︃ 𝑑
∑︁

𝑖=1

𝛼𝑖 𝑥𝑖 −

and find that

𝑊𝜃𝑓𝑡 (𝑥)

𝑑
∑︁

)︃

𝛼𝑖 𝜃𝑖𝑡 𝑃𝜃𝑡 (d𝑥)

𝑊𝜃𝑓𝑡 (𝑥)(𝑓 (𝜃𝑡 ) − 𝑓 (𝑥))𝑃𝜃𝑡 (d𝑥)

𝑖=1

Lemma 23 Assume that the selection scheme 𝑤 : [0, 1] → R is bounded, that 𝑤 is a
nonincreasing function and that there exists 𝑞0 , 𝑞1 ∈ (0, 1) such that 𝑤(𝑞0 ) ̸= 𝑤(𝑞1 ). On
∑︀𝑑
∑︀𝑑
∑︀ d𝜃𝑡
d𝜃𝑡
𝑓 (𝑥) = 𝑐 − 𝑖=1
𝛼𝑖 𝑥𝑖 , the solution of (59) satisfies 𝑖=1
𝛼𝑖 d𝑡𝑖 > 0; moreover 𝛼𝑖 d𝑡𝑖 = 0
if and only 𝜃 ∈ {0, 1}𝑑 .
Proof We compute

𝑑
∑︁

𝑖=1

=

= E[𝑊𝜃𝑓𝑡 (𝑥)] E[𝑓 (𝑥)] − E[𝑊𝜃𝑓𝑡 (𝑥)𝑓 (𝑥)]

(60)

where the expectations are taken under 𝑃𝜃𝑡 . Using Lemma 24 below, we have that
E[𝑊𝜃𝑓𝑡 (𝑥)] E[𝑓 (𝑥)]−E[𝑊𝜃𝑓𝑡 (𝑥)𝑓 (𝑥)] > 0 and in addition E[𝑊𝜃𝑓𝑡 (𝑥)] E[𝑓 (𝑥)]−E[𝑊𝜃𝑓𝑡 (𝑥)𝑓 (𝑥)] = 0
if and only if 𝜃𝑡 ∈ {0, 1}𝑑 .

Lemma 24 Under the assumptions of Lemma 23

E[−𝑊𝜃𝑓𝑡 (𝑥)𝑓 (𝑥)] > E[−𝑊𝜃𝑓𝑡 (𝑥)]E[𝑓 (𝑥)]

with equality if and only if 𝜃𝑡 ∈ {0, 1}𝑑 . Here the expectations are taken under 𝑥 ∼ 𝑃𝜃𝑡 .

1
𝐹𝜃6𝑡 (𝑧) − 𝐹𝜃<𝑡 (𝑧)

𝜃

𝐹 <𝑡 (𝑧)

∫︁ 𝐹 6 (𝑧)
𝜃𝑡

𝑤(𝑞)𝑑𝑞 ,

(61)

Proof We want to prove that Cov[−𝑊𝜃𝑓𝑡 (𝑥), 𝑓 (𝑥)] > 0 with equality if and only if 𝜃𝑡 ∈ {0, 1}𝑑 .
Let us define the random variable 𝑍 = 𝑓 (𝑥) when 𝑥 ∼ 𝑃𝜃𝑡 . Remark that 𝑊𝜃𝑓𝑡 (𝑥) = G (𝑍)
where
G (𝑧) =
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where 𝐹𝜃6𝑡 (𝑧) = Pr𝑥′ ∼𝑃𝜃𝑡 (𝑓 (𝑥′ ) 6 𝑧) and 𝐹𝜃<𝑡 (𝑧) = Pr𝑥′ ∼𝑃𝜃𝑡 (𝑓 (𝑥′ ) < 𝑧). That is G is the
average of 𝑤 on the interval (𝐹𝜃<𝑡 (𝑧), 𝐹𝜃6𝑡 (𝑧)). Since 𝑤 is nonincreasing, the function G is also
nonincreasing. We have the following equality

Cov[−𝑊𝜃𝑓𝑡 (𝑥), 𝑓 (𝑥)] = Cov[−G (𝑍), 𝑍]

48

1
Cov[−G (𝑍) + G (𝑍 ′ ), 𝑍 − 𝑍 ′ ]
2

0

∫︁ 𝜃1

𝑤(𝑞)𝑑𝑞 =

1
𝜃1

𝜃1

∫︀ 1

1
1 − 𝜃1

𝜃1

∫︁ 1

𝑤(𝑞)𝑑𝑞

)︃

>

𝑤(𝑞)𝑑𝑞 =

𝜃1

(︂∫︁ 𝑞1

𝑤(𝑞)𝑑𝑞 +
𝑞1

∫︁ 1

)︂

1
6
(𝑤(𝜃1 )(𝑞1 − 𝜃1 ) + 𝑤(𝑞1 )(1 − 𝑞1 )) < 𝑤(𝜃1 ) (62)
1 − 𝜃1

1
1 − 𝜃1

G (𝑧1 ) > G (𝑧2 ) .

𝑤(𝑞)𝑑𝑞

1
(𝑤(𝑞0 )𝑞0 + 𝑤(𝜃1 )(𝜃1 − 𝑞0 )) > 𝑤(𝜃1 ) ,
𝜃1
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We are now ready to state the convergence of the trajectories of IGO-PBIL (and cGA)
update in the limit of 𝛿𝑡 → 0.

and thus G (𝑧2 ) < 𝑤(𝜃1 ) 6 G (𝑧1 ) as well.
In the case where we have not only two but 𝑙 distinct fitnesses that can be sampled with
strictly positive probabilities, say 𝑧1 < . . . < 𝑧𝑙 , we can show similarly that G (𝑧1 ) > G (𝑧𝑙 ).

G (𝑧2 ) =

𝑞0

∫︁ 𝜃1

𝑤(𝑞)𝑑𝑞 6 𝑤(𝜃1 ) and thus

𝑤(𝑞)𝑑𝑞 +

If 𝑤(𝑞1 ) < 𝑤(𝜃1 ), then 𝑞1 > 𝜃1 and

1
1−𝜃1

0

(︃∫︁
𝑞0

Meanwhile, G (𝑧2 ) =

1
𝜃1

Let us assume that one single 𝜃𝑖 belongs to (0, 1) and all the others are either 0 or 1. We
can assume without loss of generality that 𝜃1 ∈ (0, 1). Then 𝑓 (𝑥) takes (only) two distinct
values with positive probability; let 𝑧1 be the one associated with 𝑥1 = 1 and 𝑧2 with 𝑥1 = 0.
Then 𝑧1 < 𝑧2 thanks to the definition
of 𝑓 and because 𝛼𝑖 >
0. Moreover, unravelling the
∫︀
1 ∫︀ 1
definitions we find G (𝑧1 ) = 𝜃11 0𝜃1 𝑤(𝑞)𝑑𝑞 and G (𝑧2 ) = 1−𝜃
𝑤(𝑞)𝑑𝑞.
1 𝜃1
The assumption states that there exists 𝑞0 , 𝑞1 ∈ (0, 1) such that 𝑤(𝑞0 ) ̸= 𝑤(𝑞1 ). Assume
without loss of generality that 𝑞0 < 𝑞1 and 𝑤(𝑞0 ) > 𝑤(𝑞1 ). Either 𝑤(𝑞1 ) > 𝑤(𝜃1 ) or
𝑤(𝑞1 ) < 𝑤(𝜃1 ). In the first case, then 𝜃1 > 𝑞0 and

𝐸[| − G (𝑍) + G (𝑍 ′ )||𝑍 − 𝑍 ′ |] > (| − G (𝑧1 ) + G (𝑧2 )||𝑧1 − 𝑧2 |) 𝑝1 𝑝2 > 0 .

where the last equality holds because −G is nondecreasing. This proves the main statement
of the lemma.
We will now show that if 𝜃𝑡 ∈
/ {0, 1}𝑑 , then 𝐸[| − G (𝑍) + G (𝑍 ′ )||𝑍 − 𝑍 ′ |] > 0 and thus
consequently Cov[−𝑊𝜃𝑓𝑡 (𝑥), 𝑓 (𝑥)] > 0. We simply need to show that 𝑍 can take with strictly
positive probabilities 𝑝1 and 𝑝2 two distinct values 𝑧1 and 𝑧2 such that G (𝑧1 ) and G (𝑧2 ) are
distinct. We will then have

1
1
Cov[−G (𝑍), 𝑍] = 𝐸[(−G (𝑍) + G (𝑍 ′ ))(𝑍 − 𝑍 ′ )] = 𝐸[| − G (𝑍) + G (𝑍 ′ )||𝑍 − 𝑍 ′ |] > 0 ,
2
2

where 𝑍 and 𝑍 ′ are independent following the distribution 𝑃𝜃𝑡 . Given that both the mean
of −G (𝑍) + G (𝑍 ′ ) and 𝑍 − 𝑍 ′ are zero

Cov[−G (𝑍), 𝑍] =

where −G is nondecreasing. Following (Thorisson, 2000, Chapter 1), we write
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𝑊𝜃𝑓𝑡 (𝑥)(𝑥 − 𝑚𝑡 )𝑃𝒩 (𝑚𝑡 ,(𝜎𝑡 )2 𝐼𝑑 ) (𝑥)d𝑥

(64)

(63)

(66)

(65)
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𝑊𝜃𝑓𝑡 (𝑥) = 𝑤(Pr(𝑚𝑡1 + 𝜎 𝑡 𝑍1 < 𝑥1 ))
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Let us analyze the solution of the previous system on linear functions. Without loss of
generality (thanks to invariance) we can consider the linear function 𝑓 (𝑥) = 𝑥1 . We have

[︁
]︁
d𝑚𝑡
= 𝜎 𝑡 E 𝑊𝜃𝑓𝑡 (𝑚𝑡 + 𝜎 𝑡 𝒩 )𝒩
d𝑡
[︃ (︃
)︃
]︃
d˜
𝜎𝑡
1 ‖𝒩 ‖2
=E
− 1 𝑊𝜃𝑓𝑡 (𝑚𝑡 + 𝜎 𝑡 𝒩 ) .
d𝑡
2
𝑑

where 𝜎 𝑡 and 𝜎
˜ 𝑡 are linked via 𝜎 𝑡 = exp(˜
𝜎 𝑡 ) or 𝜎
˜ 𝑡 = ln(𝜎 𝑡 ). Denoting 𝒩 a random vector
following a centered multivariate normal distribution with identity covariance matrix we can
rewrite the gradient flow as

R𝑑

∫︁

⎧
⎫
)︃2
(︃
∫︁
𝑑
⎬
d˜
𝜎𝑡
1 ⎨∑︁
𝑥𝑖 − 𝑚𝑡𝑖
=
− 1 𝑊𝜃𝑓𝑡 (𝑥)𝑃𝒩 (𝑚𝑡 ,(𝜎𝑡 )2 𝐼𝑑 ) (𝑥)d𝑥
𝑡
⎩
⎭
𝑑
d𝑡
2𝑑
𝜎
R
𝑖=1

d𝑚𝑡
=
d𝑡

We now consider on R𝑑 the family of multivariate normal distributions 𝑃𝜃 = 𝒩 (𝑚, 𝜎 2 𝐼𝑑 )
with covariance matrix equal to 𝜎 2 𝐼𝑑 . The parameter 𝜃 thus has 𝑑 + 1 components 𝜃 =
(𝑚, 𝜎) ∈ R𝑑 × R. The natural gradient update using this family was derived in Glasmachers
et al. (2010); from this we can derive the IGO differential equation which reads:

Proof Remark first that if we start at 𝜃0 ∈ [𝜀, 1]𝑑 , then the solution of (59) stays in
[𝜀, 1]𝑑 . Indeed, the trajectory cannot go out of [0, 1]𝑑 and, in addition, for 𝜃 ∈ [𝜀, 1)𝑑 we
have 𝑔𝑖 (𝜃) > 0 so that the trajectory of (59) cannot go out of [𝜀, 1]𝑑 . The proof that
𝑔𝑖 (𝜃) > 0 for 𝜃 ∈ [𝜀, 1)𝑑 is similar to the proof that Cov[−𝑊𝜃𝑓𝑡 (𝑥), 𝑓 (𝑥)] > 0 in Lemma 24:
∫︀
namely, we can write 𝑔𝑖 (𝜃) = E[𝑊𝜃𝑓𝑡 (𝑥)|𝑥𝑖 ](𝑥𝑖 − 𝜃𝑖 )𝑝𝜃𝑖 (𝑥𝑖 )𝑑𝑥𝑖 = 𝜃𝑖 (1 − 𝜃𝑖 )[ℎ(1) − ℎ(0)] where
𝑓
ℎ(𝑥𝑖 ) = E[𝑊𝜃𝑡 (𝑥)|𝑥𝑖 ] = E[G (𝑓 (𝑥))|𝑥𝑖 ] where G is defined in (61). Then ℎ(1) > ℎ(0) comes
from the increase of G when going to better function values.
∑︀
∑︀
Consider now on [𝜀, 1]𝑑 , the non-negative function 𝑉 (𝜃) = 𝑑𝑖=1 𝛼𝑖 − 𝑑𝑖=1 𝛼𝑖 𝜃𝑖 . Then
𝑉 * (𝜃) := ∇𝑉 (𝜃) · 𝑔(𝜃) 6 0, and 𝑉 * (𝜃) equals zero only for 𝜃 ∈ {0, 1}𝑑 according to Lemma 23.
Hence for 𝜃 ∈ [𝜀, 1]𝑑 , the function 𝑉 is a Lyapunov function (Khalil, 1996; Agarwal and
O’Regan, 2008), which is minimal at (1, . . . , 1) and such that 𝑉 * (𝜃) < 0 except at (1, . . . , 1).
Therefore the trajectory of (59) will converge to (1, . . . , 1) as 𝑡 goes to infinity (the proof
is similar to that of (Khalil, 1996, Theorem 4.1)). Given that this holds for any 𝜀 > 0, we
can conclude that the trajectory of (59) converges to (1, . . . , 1) starting from any 𝜃 ∈ (0, 1]𝑑 .

Proposition 25 Assume that the selection scheme 𝑤 : [0, 1] → R is bounded, that 𝑤 is a
nonincreasing function and that there exists 𝑞0 , 𝑞1 ∈ (0, 1) such that 𝑤(𝑞0 ) ̸= 𝑤(𝑞1 ). On the
∑︀
linear functions 𝑓 (𝑥) = 𝑐 − 𝑑𝑖=1 𝛼𝑖 𝑥𝑖 , the critical point 𝜃 = (1, . . . , 1) of the IGO-PBIL
differential equation (59) is stable and for any initial condition 𝜃 ∈ (0; 1]𝑑 , the continuous-time
trajectory solving (59) converges to (1, . . . , 1).
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where 𝑍1 follows a standard one-dimensional normal distribution and thus

= 𝑤(ℱ(𝒩1 ))

⎞

𝑊𝜃𝑓𝑡 (𝑚𝑡 + 𝜎 𝑡 𝒩 ) = 𝑤(Pr𝑍1 ∼𝒩 (0,1) (𝑍1 < 𝒩1 ))

⎛

⎟
⎟
⎟
⎟
⎠

(67)
(68)

(70)

(69)

with ℱ the cumulative distribution of a standard normal distribution, and 𝒩1 the first
component of 𝒩 . The differential equation thus simplifies into
⎜

⎜
d𝑚𝑡
⎜
= 𝜎𝑡 ⎜
d𝑡
⎝

E [𝑤(ℱ(𝒩1 ))𝒩1 ]
0
.
..
0

]︁
d˜
𝜎𝑡
1 [︁
=
E (|𝒩1 |2 − 1)𝑤(ℱ(𝒩1 )) .
d𝑡
2𝑑

∫︀ 𝑦

Appendix D. Proofs

Ollivier, Arnold, Auger and Hansen

This final appendix provides longer proofs of propositions and theorems of the paper.
D.1 Proof of Proposition 2

We begin with a calculus lemma which will also be used for the proof of Theorem 10. The
proof is omitted and amounts to writing the maximum of a quadratic function obtained by
the second-order Taylor expansion of 𝑓 .

1
1
arg max 𝑓 (𝑥 + ℎ) − ‖ℎ‖2
𝜀
2𝜀
ℎ

{︂

}︂

Lemma 26 Let 𝑓 be real-valued function on a finite-dimensional vector space 𝐸 equipped
with a positive definite quadratic form ‖ · ‖2 . Assume 𝑓 is smooth and has at most quadratic
growth at infinity. Then, for any 𝑥 ∈ 𝐸, we have
𝜀→0

∇𝑓 (𝑥) = lim

{︂

1
‖𝑦 − 𝑥‖2
2𝜀

}︂

= 𝑥 + 𝜀∇𝑓 (𝑥) + 𝑂(𝜀2 )

where ∇ is the gradient associated with the norm ‖ · ‖. Equivalently,
𝑦

when 𝜀 → 0.

arg max 𝑓 (𝑦) −
(71)

⃒
⃒

⃒
⃒2

(︂

𝜕 ln 𝑃𝜃 (𝑥)
𝜕𝜃

rk𝑁 (𝑥𝑖 ) + 1/2
𝑁

)︂

exists for 𝑃𝜃 -almost all

∫︁
𝑁
1 ∑︁
̂︁ 𝑓 (𝑥𝑖 ) 𝜕 ln 𝑃𝜃 (𝑥𝑖 ) → 𝑊 𝑓 (𝑥) 𝜕 ln 𝑃𝜃 (𝑥) 𝑃𝜃 (d𝑥)
𝑊
𝜃
𝑁 𝑖=1
𝜕𝜃
𝜕𝜃

̂︁ 𝑓 (𝑥𝑖 ) = 𝑤
𝑊
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̂︁ 𝑓 (𝑥𝑖 )
with rk𝑁 (𝑥𝑖 ) = #{1 6 𝑗 6 𝑁, 𝑓 (𝑥𝑗 ) < 𝑓 (𝑥𝑖 )}. (When there are 𝑓 -ties in the sample, 𝑊
is defined as the average of 𝑤((𝑟 + 1/2)/𝑁 ) over the possible rankings 𝑟 of 𝑥𝑖 .)

where

𝑃𝜃 (𝑥)
𝑥 ∈ 𝑋 and that E𝑃𝜃 ⃒ 𝜕 ln𝜕𝜃
⃒ < +∞. Assume that the function 𝑤 is non-decreasing and
bounded.
Let (𝑥𝑖 )𝑖∈N be a sequence of independent samples of 𝑃𝜃 . Then with probability 1, as
𝑁 → ∞ we have

Proposition 27 Let 𝜃 ∈ Θ. Assume that the derivative

Let us give a more precise statement including the necessary regularity conditions.

D.2 Proof of Theorem 6 (Convergence of Empirical Means and Quantiles)

(72)

(74)

(73)

Proposition 2 follows by taking the Fisher information metric at 𝜃0 for the metric ‖ · ‖2 ,
and using the relation KL(𝑃 || 𝑄) = − Ent(𝑃 ) + log #𝑋 if 𝑄 is the uniform distribution on
a finite space 𝑋.

Consider, for example, the truncation selection function, i.e. 𝑤(𝑞) = 1𝑞6𝑞0 where 𝑞0 ∈
(0, 1). (Within the IGO algorithm, this results in so-called intermediate recombination of
the 𝑞0 × 𝑁 best samples.) We find that
d𝑚𝑡
1
= 𝜎 𝑡 E[𝒩1 1{𝒩1 6ℱ −1 (𝑞0 )} ] =: 𝜎 𝑡 𝛽
d𝑡
(︂∫︁ 𝑞0
)︂
d˜
𝜎𝑡
1
=
ℱ −1 (𝑢)2 d𝑢 − 𝑞0 =: 𝛼 .
d𝑡
2𝑑 0

𝜎0𝛽
exp(𝛼𝑡)
𝑚1𝑡 = 𝑚10 +
𝛼
𝜎 𝑡 = 𝜎 0 exp(𝛼𝑡) .

The solution of the IGO flow for the linear function 𝑓 (𝑥) = 𝑥1 is thus given by

)

The coefficient 𝛽 is negative for any 𝑞0 < 1. The coefficient 𝛼 is positive if and only if
𝑞0 < 1/2 by a simple calculus argument12 ; this corresponds to selecting less than half of the
sampled points in an ES. In this case the step size 𝜎 𝑡 grows exponentially fast to infinity
and the mean vector moves along the gradient direction towards minus ∞ at the same
rate. If more than half of the points are selected, 𝑞0 > 1/2, the step size will decrease to
zero exponentially fast and the mean vector will get stuck (compare also Grahl et al. 2005;
Hansen 2006a; Pošík 2008).
For an analysis of the solutions of the system of differential equations (65) and (66)
on more complex functions, namely convex-quadratic functions and twice continuously
differentiable functions, we refer to Akimoto et al. (2012).
∫︀ ℱ −1 (𝑞
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12. Indeed 𝛼 = 2𝑑√1 2𝜋 −∞ 0 (𝑥2 − 1) exp(−𝑥2 /2)d𝑥 = 2𝑑√1 2𝜋 𝑔(ℱ −1 (𝑞0 )) where 𝑔(𝑦) = −∞ (𝑥2 −
1) exp(−𝑥2 /2)d𝑥. Using 𝑔(0) = 0 and lim𝑦→±∞ 𝑔(𝑦) = 0, and studying the sign of 𝑔 ′ (𝑦), we find
that 𝑔 is positive for 𝑦 < 0 and negative for 𝑦 > 0. Since ℱ −1 (𝑞0 ) < 0 if and only if 𝑞0 < 1/2, we find
that 𝛼 = 2𝑑√1 2𝜋 𝑔(ℱ −1 (𝑞0 )) is positive if and only if 𝑞0 < 1/2.
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∑︀

⃒
⃒

⃒
⃒

+

⃒
⃒

⃒
⃒

−

=

𝑤(𝑞𝑖< )

if

𝑞𝑖<

=

𝑞𝑖6

or

𝑊𝜃𝑓 (𝑥𝑖 )

=

1
𝑞𝑖6 −𝑞𝑖<

𝑞𝑖<

∫︀ 𝑞𝑖6

𝑤 otherwise.

𝑊𝜃𝑓 (𝑥𝑖 )
𝑖

53

𝑟𝑖 −1
∑︁
1
6 6
𝑤(𝑘/𝑁 − 𝜀)
𝑟𝑖 − 𝑟𝑖< 𝑘=𝑟<

6
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tends to 0 almost surely, and likewise for sup𝑖 |𝑞𝑖< − 𝑟𝑖< /𝑁 |. So let 𝑁 be large enough so
that these errors are bounded by 𝜀.
Since 𝑤 is non-increasing, we have 𝑤(𝑞𝑖< ) 6 𝑤(𝑟𝑖< /𝑁 − 𝜀). In the case 𝑞𝑖< ̸= 𝑞𝑖6 , we
decompose the interval [𝑞𝑖< ; 𝑞𝑖6 ] into (𝑟𝑖6 − 𝑟𝑖< ) subintervals. The average of 𝑤 over each such
subinterval is compared to a term in the sum defining 𝑤𝑁 (𝑥𝑖 ): since 𝑤 is non-increasing,
the average of 𝑤 over the 𝑘 th subinterval is at most 𝑤((𝑟𝑖< + 𝑘)/𝑁 − 𝜀). So we get

⃒
⃒
⃒
⃒
The Glivenko–Cantelli theorem (Billingsley, 1995, Theorem 20.6) implies that sup𝑖 ⃒ 𝑞𝑖6 − 𝑟𝑖6 /𝑁 ⃒

and moreover

𝑊𝜃𝑓 (𝑥𝑖 )

𝑖

𝑟𝑖 −1
∑︁
1
̂︁ 𝑓 (𝑥𝑖 ) =
𝑤((𝑘 + 1/2)/𝑁 )
𝑊
6
<
𝑟𝑖 − 𝑟𝑖 𝑘=𝑟<

6

where 𝐵 is the bound on |𝑤|. We will bound each of these terms.
Let us abbreviate 𝑞𝑖< = Pr𝑥′ ∼𝑃𝜃 (𝑓 (𝑥′ ) < 𝑓 (𝑥𝑖 )), 𝑞𝑖6 = Pr𝑥′ ∼𝑃𝜃 (𝑓 (𝑥′ ) 6 𝑓 (𝑥𝑖 )), 𝑟𝑖< =
#{𝑗 6 𝑁, 𝑓 (𝑥𝑗 ) < 𝑓 (𝑥𝑖 )}, 𝑟𝑖6 = #{𝑗 6 𝑁, 𝑓 (𝑥𝑗 ) 6 𝑓 (𝑥𝑖 )}.
̂︁ 𝑓 we have
By definition of 𝑊

̂︁ 𝑓 (𝑥𝑖 ) − 𝑊 𝑓 (𝑥𝑖 )⃒ + 2𝐵 ⃒ 𝑊
̂︁ 𝑓 (𝑥𝑖 ) − 𝑊 𝑓 (𝑥𝑖 )⃒
= 2𝐵 ⃒ 𝑊
𝜃
𝜃

⃒
⃒

̂︁ 𝑓 (𝑥𝑖 ) − 𝑊 𝑓 (𝑥𝑖 ))2 6 2𝐵 ⃒ 𝑊
̂︁ 𝑓 (𝑥𝑖 ) − 𝑊 𝑓 (𝑥𝑖 )⃒
(𝑊
𝜃
𝜃

⃒
⃒

By the strong law of large numbers, the second term 𝑁1
𝑔(𝑥𝑖 )2 converges to E𝑃𝜃 𝑔 2 almost
∑︀ ̂︁ 𝑓
surely. So we have to prove that the first term 𝑁1 (𝑊
(𝑥𝑖 ) − 𝑊𝜃𝑓 (𝑥𝑖 ))2 converges to 0
almost surely.
Since 𝑤 is bounded by assumption, we can write

∑︀

⃒ ∑︁
⃒2
(︂ ∑︁
)︂ (︂ ∑︁
)︂
⃒ 1
⃒
1
2
̂︁ 𝑓 (𝑥𝑖 ) − 𝑊 𝑓 (𝑥𝑖 ))𝑔(𝑥𝑖 )⃒ 6 1
̂︁ 𝑓 (𝑥𝑖 ) − 𝑊 𝑓 (𝑥𝑖 ))2
⃒
(
𝑊
(
𝑊
𝑔(𝑥
)
𝑖
⃒𝑁
⃒
𝜃
𝜃
𝑁
𝑁

̂︁ 𝑓 (𝑥𝑖 ) which
Each summand in the first term involves only one sample 𝑥𝑖 (contrary to 𝑊
depends on the whole sample). So by the strong law of large numbers, almost surely
∫︀
1 ∑︀
𝑊𝜃𝑓 (𝑥𝑖 )𝑔(𝑥𝑖 ) converges to 𝑊𝜃𝑓 (𝑥)𝑔(𝑥) 𝑃𝜃 (d𝑥). So we have to show that the second
𝑁
term converges to 0 almost surely.
By the Cauchy–Schwarz inequality, we have

1 ∑︁ ̂︁ 𝑓
1 ∑︁ 𝑓
1 ∑︁ ̂︁ 𝑓
𝑊 (𝑥𝑖 )𝑔(𝑥𝑖 ) =
𝑊𝜃 (𝑥𝑖 )𝑔(𝑥𝑖 ) +
(𝑊 (𝑥𝑖 ) − 𝑊𝜃𝑓 (𝑥𝑖 ))𝑔(𝑥𝑖 ).
𝑁
𝑁
𝑁

̂︁ 𝑓 (𝑥𝑖 )𝑔(𝑥𝑖 ) →
Proof Let 𝑔 : 𝑋 → R be any function with E𝑃𝜃 𝑔 2 < ∞. We will show that 𝑁1
𝑊
∫︀
𝜕 ln 𝑃𝜃 (𝑥)
𝑓
𝑊𝜃 (𝑥)𝑔(𝑥) 𝑃𝜃 (d𝑥). Applying this with 𝑔 equal to the components of
will yield
𝜕𝜃
the result.
Let us decompose
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𝑊𝜃𝑓 (𝑥𝑖 )

6

𝑟𝑖 −1
∑︁
1
̂︁ 𝑓 (𝑥𝑖 ) 6
−𝑊
(𝑤(𝑘/𝑁 − 𝜀) − 𝑤((𝑘 + 1/2)/𝑁 )).
6
<
𝑟𝑖 − 𝑟𝑖 𝑘=𝑟<
𝑖

∫︁ 1+1/2𝑁
−1
1 𝑁∑︁
𝑤
𝑤((𝑘 + 1/2)/𝑁 ) >
𝑁 𝑘=0
1/2𝑁
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Using the same notation as above, let 𝑔𝑡 (𝜃) = 𝑊𝜃𝑓𝑡 (𝑥) 𝑃𝜃 (d𝑥). Decomposing this integral
on the three sets 𝑓 (𝑥) < 𝑚, 𝑓 (𝑥) = 𝑚 and 𝑓 (𝑥) > 𝑚, we get that 𝑔𝑡 (𝜃) = Pr𝑥∼𝑃𝜃 (𝑓 (𝑥) <
−
𝑡
𝑚) + Pr𝑥∼𝑃𝜃 (𝑓 (𝑥) = 𝑚) 𝑞−𝑝
𝑝𝑚 . In particular, 𝑔𝑡 (𝜃 ) = 𝑞.

Let us use the weight 𝑤(𝑢) = 1𝑢6𝑞 . Let 𝑚 be the value of the 𝑞-quantile of 𝑓 under 𝑃𝜃𝑡 . We
want to show that the value of the 𝑞-quantile of 𝑓 under 𝑃𝜃𝑡+𝛿𝑡 is less than 𝑚, unless the
gradient vanishes and the IGO flow is stationary.
Let 𝑝− = Pr𝑥∼𝑃𝜃𝑡 (𝑓 (𝑥) < 𝑚), 𝑝𝑚 = Pr𝑥∼𝑃𝜃𝑡 (𝑓 (𝑥) = 𝑚) and 𝑝+ = Pr𝑥∼𝑃𝜃𝑡 (𝑓 (𝑥) > 𝑚).
By definition of the quantile value we have 𝑝− + 𝑝𝑚 > 𝑞 and 𝑝+ + 𝑝𝑚 > 1 − 𝑞. Let us assume
that we are in the more complicated case 𝑝𝑚 ̸= 0 (for the case 𝑝𝑚 = 0, simply remove the
corresponding terms).
∫︀
We have 𝑊𝜃𝑓𝑡 (𝑥) = 1 if 𝑓 (𝑥) < 𝑚, 𝑊𝜃𝑓𝑡 (𝑥) = 0 if 𝑓 (𝑥) > 𝑚 and 𝑊𝜃𝑓𝑡 (𝑥) = 𝑝1𝑚 𝑝𝑝−− +𝑝𝑚 𝑤(𝑢)d𝑢 =
𝑞−𝑝−
𝑝𝑚 if 𝑓 (𝑥) = 𝑚.

D.3 Proof of Proposition 7 (Quantile Improvement)

−

where 𝐵 is the bound on |𝑤|.
Reasoning symmetrically
with 𝑤(𝑘/𝑁
+ 𝜀) and the inequalities reversed, we get a similar
⃒
∑︀ ⃒⃒ 𝑓
̂︁ 𝑓 (𝑥𝑖 )⃒⃒ . This ends the proof.
bound for 𝑁1
⃒ 𝑊𝜃 (𝑥𝑖 ) − 𝑊

∫︁ 1+1/2𝑁
∫︁ 1/2𝑁
𝑁 ⃒
⃒
1 ∑︁
⃒ 𝑓
̂︁ 𝑓 (𝑥𝑖 )⃒⃒ 6
𝑤 6 (2𝜀 + 3/𝑁 )𝐵
𝑤−
⃒ 𝑊𝜃 (𝑥𝑖 ) − 𝑊
+
𝑁 𝑖=1
1−𝜀−1/𝑁
−𝜀−1/𝑁

(we implicitly extend the range of 𝑤 so that 𝑤(𝑞) = 𝑤(0) for 𝑞 < 0 and likewise for 𝑞 > 1).
So we have

and

∫︁ 1−𝜀−1/𝑁
−1
1 𝑁∑︁
𝑤(𝑘/𝑁 − 𝜀) 6
𝑤
𝑁 𝑘=0
−𝜀−1/𝑁

Since 𝑤 is non-increasing we have

𝑁 ⃒
𝑁
−1
⃒
∑︁
1 ∑︁
⃒ 𝑓
̂︁ 𝑓 (𝑥𝑖 )⃒⃒ 6 1
(𝑤(𝑘/𝑁 − 𝜀) − 𝑤((𝑘 + 1/2)/𝑁 )).
⃒ 𝑊𝜃 (𝑥𝑖 ) − 𝑊
+
𝑁 𝑖=1
𝑁 𝑘=0

Let us sum over 𝑖, remembering that there are (𝑟𝑖6 −𝑟𝑖< ) values of 𝑗 for which 𝑓 (𝑥𝑗 ) = 𝑓 (𝑥𝑖 ).
Taking the positive part, we get

so that

Ollivier, Arnold, Auger and Hansen

Ollivier, Arnold, Auger and Hansen

}︃

(︁∑︁
)︁
1
exp
𝜃𝑖 𝑇𝑖 (𝑥) 𝐻(d𝑥)
𝑍(𝜃)

∑︁
𝑖

𝛿𝜃𝑖 𝛿 ′ 𝑇¯𝑖 =
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∑︁

𝑖

𝛿 ′ 𝜃𝑖 𝛿 𝑇¯𝑖 .

𝜕 𝑇¯𝑖
𝜕𝜃𝑗

=

∫︀

𝜕𝑃 (𝑥)
𝑥 𝑇𝑖 (𝑥) 𝜕𝜃𝑗

=
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− 𝑇¯𝑗 ) by (19); this is equal to Cov(𝑇𝑖 , 𝑇𝑗 ) which

= 𝐼𝑖𝑗 , the Fisher matrix for 𝜃. Indeed,

⟨𝛿𝑃, 𝛿 ′ 𝑃 ⟩ =
𝜕 𝑇¯𝑖
𝜕𝜃𝑗

𝑥 𝑇𝑖 (𝑥)𝑃 (𝑥)(𝑇𝑗 (𝑥)

∫︀

Proof
First, let us prove that
𝜕 ln 𝑃 (𝑥)
=
𝑥 𝑇𝑖 (𝑥)𝑃 (𝑥) 𝜕𝜃𝑗
is 𝐼𝑖𝑗 by (20).

∫︀

Proposition 28 Let 𝛿𝜃𝑖 and 𝛿 ′ 𝜃𝑖 be two small variations of the parameters 𝜃𝑖 . Let 𝛿𝑃 (𝑥)
and 𝛿 ′ 𝑃 (𝑥) be the resulting variations of the probability distribution 𝑃 , and 𝛿 𝑇¯𝑖 and 𝛿 ′ 𝑇¯𝑖 the
resulting variations of 𝑇¯𝑖 . Then the scalar product, in Fisher information metric, between
the tangent vectors 𝛿𝑃 and 𝛿 ′ 𝑃 , is

̃︀ ¯ in those coordinates.
So we will compute the natural gradient ∇
𝑇𝑖
Let us start with a proposition giving an expression for the Fisher scalar product between
two tangent vectors 𝛿𝑃 and 𝛿 ′ 𝑃 of a statistical manifold of exponential distributions. It
is one way to express the duality between the coordinates 𝜃𝑖 and 𝑇¯𝑖 (compare (Amari and
Nagaoka, 2000, (3.30) and Section 3.5)).

̃︀ ¯ ln 𝑃 (𝑥).
∇
𝑇𝑖

where 𝑇1 , . . . , 𝑇𝑘 is a finite family of functions on 𝑋 and 𝐻(d𝑥) is some reference measure
on 𝑋. We assume that the family of functions (𝑇𝑖 )𝑖 together with the constant function
𝑇0 (𝑥) = 1, are linearly independent. This prevents redundant parametrizations where two
values of 𝜃 describe the same distribution; this also ensures, by elementary linear algebra,
that the Fisher matrix Cov(𝑇𝑖 , 𝑇𝑗 ) is invertible.
The IGO update (17) in the parametrization 𝑇¯𝑖 is a sum of terms of the form

𝑃𝜃 (d𝑥) =

Let 𝑃𝜃 be a family of probability distributions of the form

D.5 Proof of Theorem 12 (IGO, CEM and IGO-ML)

̃︀
up to 𝑂(𝜀2 ), with ∇
the
natural
gradient.
∫︀
̃︀ ln 𝑃𝜃 ) 𝑃𝜃 = 0 at 𝜃 = 𝜃0 . This
Finally, the gradient cancels the constant −1 because (∇
0
proves Theorem 10.

ln 𝑃𝜃 (𝑥) (𝑊 (𝑥) − 1) 𝑃𝜃0 (d𝑥)

Information-Geometric Optimization

∫︁

}︃

ln 𝑃𝜃 (𝑥) 𝑊 (𝑥) 𝑃𝜃0 (d𝑥) .

−

∫︁

with 𝐼𝑖𝑗 (𝜃0 ) the Fisher matrix at 𝜃0 . (This actually holds both for KL(𝑃𝜃0 || 𝑃𝜃 ) and
KL(𝑃𝜃 || 𝑃𝜃0 ).)
∑︀
Thus, we can apply Lemma 26 using the Fisher metric 𝐼𝑖𝑗 (𝜃0 ) 𝛿𝜃𝑖 𝛿𝜃𝑗 , and working on
a small neighborhood of 𝜃0 in 𝜃-space (which can be identified with Rdim Θ ). The lemma
states that the argmax above is attained at

∫︁
∫︁

∫︁

}︃

}︃

ln 𝑃𝜃 (𝑥) (𝑊 (𝑥) − 1) 𝑃𝜃0 (d𝑥)

1) 𝑃𝜃0 (d𝑥)

ln 𝑃𝜃0 (𝑥) 𝑃𝜃0 (d𝑥) + 𝜀

ln 𝑃𝜃 (𝑥) (𝑊 (𝑥)

ln 𝑃𝜃 (𝑥) 𝑃𝜃0 (d𝑥) + 𝜀

∫︁

+𝜀

∫︁

ln 𝑃𝜃 (𝑥) (𝑊 (𝑥) − 1) 𝑃𝜃0 (d𝑥)

̃︀ 𝜃
𝜃 = 𝜃 0 + 𝜀∇

Since we follow a gradient ascent of 𝑔𝑡 , for 𝛿𝑡 small enough we have 𝑔𝑡 (𝜃𝑡+𝛿𝑡 ) > 𝑔𝑡 (𝜃𝑡 )
unless the gradient vanishes. If the gradient vanishes we have 𝜃𝑡+𝛿𝑡 = 𝜃𝑡 and the quantiles
are the same. Otherwise we get 𝑔𝑡 (𝜃𝑡+𝛿𝑡 ) > 𝑔𝑡 (𝜃𝑡 ) = 𝑞.
(𝑝− +𝑝𝑚 )−𝑝−
−
Since 𝑞−𝑝
= 1, we have 𝑔𝑡 (𝜃) 6 Pr𝑥∼𝑃𝜃 (𝑓 (𝑥) < 𝑚) + Pr𝑥∼𝑃𝜃 (𝑓 (𝑥) =
𝑝𝑚 6
𝑝𝑚
𝑚) = Pr𝑥∼𝑃𝜃 (𝑓 (𝑥) 6 𝑚).
So Pr𝑥∼𝑃𝜃𝑡+𝛿𝑡 (𝑓 (𝑥) 6 𝑚) > 𝑔𝑡 (𝜃𝑡+𝛿𝑡 ) > 𝑞. This implies, by definition, that the 𝑞quantile value of 𝑃𝜃𝑡+𝛿𝑡 is at most 𝑚. Moreover, if the objective function has no plateau
then Pr𝑥∼𝑃𝜃𝑡+𝛿𝑡 (𝑓 (𝑥) = 𝑚) = 0 and so Pr𝑥∼𝑃𝜃𝑡+𝛿𝑡 (𝑓 (𝑥) < 𝑚) > 𝑞 which implies that the
𝑞-quantile of 𝑃𝜃𝑡+𝛿𝑡 is stricly less than 𝑚.
D.4 Proof of Theorem 10 (Natural Gradient as ML with Infinitesimal
Weights)

{︃

ln 𝑃𝜃 (𝑥) 𝑃𝜃0 (d𝑥)
ln 𝑃𝜃 (𝑥) 𝑃𝜃0 (d𝑥) −

− KL(𝑃𝜃0 || 𝑃𝜃 ) + 𝜀

ln 𝑃𝜃 (𝑥) (𝑊 (𝑥) − 1) 𝑃𝜃0 (d𝑥)

}︃

The proof of Theorem 10 will use Lemma 26. Let 𝑊 be a function of 𝑥, and fix some 𝜃0 in
Θ.
We need some regularity assumptions: we assume that no two points 𝜃 ∈ Θ define the
same probability distribution and that the map
𝑃𝜃 ↦→ 𝜃 is continuous. We also assume that
∫︀
the map 𝜃 ↦→ 𝑃𝜃 is smooth enough, so that ln 𝑃𝜃 (𝑥) 𝑊 (𝑥) 𝑃𝜃0 (d𝑥) is a smooth function of
𝜃. (These are restrictions on 𝜃-regularity: this does not mean that 𝑊 has to be continuous
as a function of 𝑥.)
The two statements of Theorem 10 using a sum and an integral have similar proofs, so
we only include the first. For 𝜀 > 0, let 𝜃 be the solution of
𝜃 = arg max (1 − 𝜀)
{︃ ∫︁
{︃ ∫︁

Then we have
𝜃 = arg max
= arg max

{︃
{︃

1
− KL(𝑃𝜃0 || 𝑃𝜃 ) +
𝜀

∫︁

(because the added term does not depend on 𝜃)
= arg max
= arg max

1 ∑︁
𝐼𝑖𝑗 (𝜃0 ) 𝛿𝜃𝑖 𝛿𝜃𝑗 + 𝑂(𝛿𝜃3 )
2
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When 𝜀 → 0, the first term exceeds the second one if KL(𝑃𝜃0 || 𝑃𝜃 ) is too large (because
𝑊 is bounded), and so KL(𝑃𝜃0 || 𝑃𝜃 ) tends to 0. So we can assume that 𝜃 is close to 𝜃0 .
When 𝜃 = 𝜃0 + 𝛿𝜃 is close to 𝜃0 , we have
KL(𝑃𝜃0 || 𝑃𝜃 ) =

55

𝑖

∑︀

𝑗 𝜕𝜃𝑗

̃︀ 𝜃 𝑓 = 𝜕𝑓 .
∇
𝑖
𝜕 𝑇¯𝑖

(76)

(75)

)︁
¯ T

̃︀ ¯ ln 𝑃 (𝑥) =
∇
𝑇𝑖

𝜕 ln 𝑃 (𝑥)
= 𝑇𝑖 (𝑥) − 𝑇¯𝑖
𝜕𝜃𝑖

Back to the proof of Theorem 12. We can now compute the desired terms:

57
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where 𝜆 is the largest eigenvalue of the covariance matrix of 𝑋 expressed in an orthonormal
basis.

Lemma 30 Let 𝑋 be a centered 𝐿2 random variable with values in R𝑑 and let 𝐴 be a
real-valued 𝐿2 random variable. Then
√
‖E(𝐴𝑋)‖ 6 𝜆 Var 𝐴

D.6 Proof of Proposition 20 and Corollary 21 (Speed of IGO)

by (19). This proves the first statement (34) in Theorem 12 about the form of the IGO
update in these parameters.
The other statements follow easily from this together with the additional fact (33) that,
∑︀
∑︀
for any set of (positive or negative) weights 𝑎𝑖 with 𝑎𝑖 = 1, the value 𝑇 * = 𝑖 𝑎𝑖 𝑇 (𝑥𝑖 )
∑︀
maximizes 𝑖 𝑎𝑖 ln 𝑃 (𝑥𝑖 ).

𝜕𝑓
𝜕𝜃

= 𝜕𝜕𝜃𝑇 𝜕𝜕𝑓𝑇¯ .
For the first statement (75) (the one needed for Theorem 12) we have to derive the
Fisher matrix for the variables 𝑇¯. It follows from Proposition 28 that the Fisher matrix in
∑︀
these variables is 𝐼 −1 , by considering the Fisher metric 𝛿𝜃𝑖 .𝛿 ′ 𝑇¯𝑖 and substituting 𝐼 −1 𝛿 𝑇¯
for 𝛿𝜃. Then (75) is proved along the same lines as (76).

(︁

(Beware this does not mean that the gradient ascent in any of those parametrizations is
the vanilla gradient ascent.)
We could not find a reference for this result, though we think it is known (as a consequence
of Amari and Nagaoka 2000, Eq. 3.32).
¯
̃︀ 𝜃 𝑓 = 𝐼 −1 𝜕𝑓 , this proves (76) by substituting
Proof We saw above that 𝜕𝜕𝜃𝑇 = 𝐼. Since ∇
𝜕𝜃

and conversely

̃︀ ¯ 𝑓 = 𝜕𝑓
∇
𝑇𝑖
𝜕𝜃𝑖

Proposition 29 Let 𝑓 be a function on the statistical manifold of an exponential family as
above. Then the components of the natural gradient w.r.t. the expectation parameters are
given by the vanilla gradient w.r.t. the natural parameters:

as needed.

Then, by definition of the Fisher metric we have ⟨𝛿𝑃, 𝛿 ′ 𝑃 ⟩ = 𝑖,𝑗 𝐼𝑖𝑗 𝛿𝜃𝑖 𝛿 ′ 𝜃𝑗 but 𝑗 𝐼𝑖𝑗 𝛿 ′ 𝜃𝑗
∑︀ 𝜕 𝑇¯𝑖 ′
∑︀
𝛿 𝜃𝑗 . Thus we find ⟨𝛿𝑃, 𝛿 ′ 𝑃 ⟩ =
𝛿𝜃𝑖 𝛿 ′ 𝑇¯𝑖
is equal to 𝛿 ′ 𝑇¯𝑖 by the above, because 𝛿 ′ 𝑇¯𝑖 =

∑︀
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𝑤, ‖𝑤‖61

sup

𝑤, ‖𝑤‖61

sup

𝑤, ‖𝑤‖61

sup

√
Var 𝐴

𝑖

𝑖

𝑖

=
=

∑︀ ∑︀

∑︀ ∑︀

∑︀ ∑︀

=

𝑗 𝑤𝑖 𝑤𝑗 𝐶𝑖𝑗

𝑗 𝑤𝑖 𝑤𝑗 E(𝑋𝑖 𝑋𝑗 )

𝑗 E(𝑤𝑖 𝑋𝑖 𝑤𝑗 𝑋𝑗 )

)︁
𝑗 𝑤𝑗 𝑋𝑗 )

∑︀

𝑤𝑖 𝑋𝑖

𝑖 𝑤𝑖 𝑋𝑖 )(

(︁ ∑︀

E((𝑤 · 𝑋)2 ) = E (

𝑖

∑︁

d𝜃𝑡
d𝑡

˜ 𝜃 ln 𝑃𝜃 (𝑥).
= E𝑥∼𝑃𝜃 𝑊𝜃𝑓 (𝑥)∇

√︁
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So applying the lemma, we get that the norm of d𝜃
𝜆 Var𝑥∼𝑃𝜃 𝑊𝜃𝑓 (𝑥) where
d𝑡 is at most
˜
𝜆 is the largest eivengalue of the covariance matrix of ∇𝜃 ln 𝑃𝜃 (𝑥) (expressed in a coordinate
system where the Fisher matrix at the current point 𝜃 is the identity).
By construction of the quantiles, we have Var𝑥∼𝑃𝜃 𝑊𝜃𝑓 (𝑥) 6 Var[0,1] 𝑤 (with equality
unless there are ties). Indeed, for a given 𝑥, let 𝒰 be a uniform random variable in [0, 1]
independent from 𝑥 and define the random variable 𝑄 = 𝑞 < (𝑥) + (𝑞 6 (𝑥) − 𝑞 < (𝑥))𝒰. Then
𝑄 is uniformly distributed between the upper and lower quantiles 𝑞 6 (𝑥) and 𝑞 < (𝑥) and
thus we can rewrite 𝑊𝜃𝑓 (𝑥) as E(𝑤(𝑄)|𝑥). By the Jensen inequality we have Var 𝑊𝜃𝑓 (𝑥) =
Var E(𝑤(𝑄)|𝑥) 6 Var 𝑤(𝑄). In addition when 𝑥 is taken under 𝑃𝜃 , 𝑄 is uniformly distributed
in [0, 1] and thus Var 𝑤(𝑄) = Var[0,1] 𝑤, i.e., Var𝑥∼𝑃𝜃 𝑊𝜃𝑓 (𝑥) 6 Var[0,1] 𝑤.
Besides, consider the tangent space in Θ-space at point 𝜃𝑡 , and let us choose an orthonor˜ 𝑖 ln 𝑃𝜃 (𝑥) =
mal basis in this tangent space for the Fisher metric. Then, in this basis we have ∇

For the IGO flow we have

with 𝐶𝑖𝑗 the covariance matrix of 𝑋. The latter expression is the scalar product (𝑤 · 𝐶𝑤).
Since 𝐶 is a symmetric positive-semidefinite matrix, (𝑤 · 𝐶𝑤) is at most 𝜆‖𝑤‖2 with 𝜆 the
largest eigenvalue of 𝐶.

so that

(𝑤 · 𝑋) =

E((𝑤 · 𝑋)2 )

√︁

E((𝐴 − E𝐴) (𝑤 · 𝑋)) since (𝑤 · 𝑋) is centered

E(𝐴 (𝑤 · 𝑋))

sup (𝑤 · E(𝐴𝑋))

𝑤, ‖𝑤‖61

sup (𝑣 · 𝑤)

𝑤, ‖𝑤‖61

by the Cauchy–Schwarz inequality.
Now, in an orthonormal basis we have

6

=

=

‖E(𝐴𝑋)‖ =

and in particular

‖𝑣‖ =

Proof Let 𝑣 be any vector in R𝑑 ; its norm satisfies

Ollivier, Arnold, Auger and Hansen
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˜ ln 𝑃𝜃 (𝑥) is E𝑥∼𝑃 (𝜕𝑖 ln 𝑃𝜃 (𝑥)𝜕𝑗 ln 𝑃𝜃 (𝑥)), which is
𝜕𝑖 ln 𝑃𝜃 (𝑥). So the covariance matrix of ∇
𝜃
equal to the Fisher matrix by definition. So this covariance matrix is the identity, whose
largest eigenvalue is 1. This proves Proposition 20.
For Corollary 21, by the relationship (2) between Fisher matrix and Kullback–Leibler
divergence, if 𝑣 is the speed of the IGO flow then the Kullback–Leibler divergence between
𝑃𝜃𝑡 and 𝑃𝜃𝑡+𝛿𝑡 (where 𝑃𝜃𝑡+𝛿𝑡 is the trajectory of the IGO flow after a time 𝛿𝑡) is equal to the
square norm of 𝛿𝑡.𝑣 in Fisher metric up to an 𝑂(‖𝛿𝑡.𝑣‖3 ) term. Now if 𝑃𝜃𝑡+𝛿𝑡 is obtained
by a finite-population IGO algorithm, by Theorem 6 the actual 𝑣 from the IGO algorithm
differs from the speed of the IGO flow by an 𝑜(1)𝑁 →∞ term. Collecting terms, we find the
expression in Corollary 21.
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to a random function 𝑓 (𝑥) = 𝑓˜(𝑥, 𝜔) where 𝜔 is a random variable uniformly distributed in
[0, 1] reads

D.V. Arnold. Weighted multirecombination evolution strategies. Theoretical computer
science, 361(1):18–37, 2006.

𝑁
∑︁
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𝑤^𝑖 ∇

𝑖=1

𝜃𝑡+𝛿𝑡 = 𝜃𝑡 + 𝛿𝑡
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where 𝑥𝑖 ∼ 𝑃𝜃 and 𝑤^𝑖 is according to (14) where ranking is applied to the values 𝑓˜(𝑥𝑖 , 𝜔𝑖 ),
with 𝜔𝑖 uniform variables in [0, 1] independent from 𝑥𝑖 and from each other.
On the other hand, for the IGO algorithm using 𝑃𝜃 ⊗𝑈[0,1] and applied to the deterministic
function 𝑓˜, 𝑤^𝑖 is computed using the ranking according to the 𝑓˜ values of the sampled points
𝑥
˜𝑖 = (𝑥𝑖 , 𝜔𝑖 ), and thus coincides with the one in (77).
Besides,
⏟

𝜕𝜃 ln 𝑃𝜃⊗𝑈[0,1] (˜
𝑥𝑖 ) = 𝜕𝜃 ln 𝑃𝜃 (𝑥𝑖 ) + 𝜕𝜃 ln 𝑈[0,1] (𝜔𝑖 )

and thus, both the vanilla gradients and the Fisher matrix 𝐼 (given by the tensor square
of the vanilla gradients) coincide. This proves that the IGO algorithm update on space
𝑋 × [0, 1], using the family of distributions 𝑃˜𝜃 = 𝑃𝜃 ⊗ 𝑈[0,1] , applied to the deterministic
function 𝑓˜, coincides with (77).

References

A. Berny. Selection and reinforcement learning for combinatorial optimization. In M. Schoenauer, K. Deb, G. Rudolph, X. Yao, E. Lutton, J. Merelo, and H.-P. Schwefel, editors,
Parallel Problem Solving from Nature PPSN VI, volume 1917 of Lecture Notes in Computer
Science, pages 601–610. Springer Berlin Heidelberg, 2000a.

D.H. Ackley, G.E. Hinton, and T.J. Sejnowski. A learning algorithm for Boltzmann machines.
Cognitive Science, 9(1):147–169, 1985.
R.P. Agarwal and D. O’Regan. An Introduction to Ordinary Differential Equations. Springer,
2008.

A. Berny. An adaptive scheme for real function optimization acting as a selection operator. In
Combinations of Evolutionary Computation and Neural Networks, 2000 IEEE Symposium
on, pages 140 –149, 2000b. doi: 10.1109/ECNN.2000.886229.

JMLR 18(18):1-65, 2017

Y. Akimoto and Y. Ollivier. Objective improvement in information-geometric optimization.
In F. Neumann and K. DeJong, editors, Foundations of Genetic Algorithms XII (FOGA
2013), Adelaide, Australia, 2013.

60

A. Berny. Boltzmann machine for population-based incremental learning. In ECAI, pages
198–202, 2002.
JMLR 18(18):1-65, 2017

Y. Akimoto, Y. Nagata, I. Ono, and S. Kobayashi. Bidirectional relation between CMA
evolution strategies and natural evolution strategies. In Proceedings of Parallel Problem
59

JMLR 18(18):1-65, 2017

62

61

JMLR 18(18):1-65, 2017

R. Hooke and T.A. Jeeves. “Direct search” solution of numerical and statistical problems.
Journal of the ACM, 8:212–229, 1961.

T. Glasmachers, T. Schaul, Y. Sun, D. Wierstra, and J. Schmidhuber. Exponential natural evolution strategies. In Proceedings of the 12th annual conference on Genetic and
evolutionary computation GECCO’10, pages 393–400. ACM, 2010.

G.E. Hinton, S. Osindero, and Y.-W. Teh. A fast learning algorithm for deep belief nets.
Neural Conputation, 18:1527–1554, 2006.

G.E. Hinton. Training products of experts by minimizing contrastive divergence. Neural
Computation, 14:1771–1800, 2002.

G.R. Harik, F.G. Lobo, and D.E. Goldberg. The compact genetic algorithm. Evolutionary
Computation, IEEE Transactions on, 3(4):287–297, 1999.

M. Gallagher and M. Frean. Population-based continuous optimization, probabilistic modelling and mean shift. Evol. Comput., 13(1):29–42, January 2005. ISSN 1063-6560. doi:
10.1162/1063656053583478. URL http://dx.doi.org/10.1162/1063656053583478.

Z. Ghahramani. Unsupervised learning. In O. Bousquet, U. von Luxburg, and G. Rätsch, editors, Advanced Lectures on Machine Learning, volume 3176 of Lecture Notes in Computer
Science, pages 72–112. Springer Berlin / Heidelberg, 2004.

N. Hansen, S.D. Müller, and P. Koumoutsakos. Reducing the time complexity of the derandomized evolution strategy with covariance matrix adaptation (CMA-ES). Evolutionary
Computation, 11(1):1–18, 2003. ISSN 1063-6560.

N. Hansen and A. Ostermeier. Completely derandomized self-adaptation in evolution
strategies. Evolutionary Computation, 9(2):159–195, 2001.

N. Hansen and A. Ostermeier. Adapting arbitrary normal mutation distributions in evolution
strategies: The covariance matrix adaptation. In ICEC96, pages 312–317. IEEE Press,
1996.

N. Hansen and S. Kern. Evaluating the CMA evolution strategy on multimodal test functions.
In X. Yao et al., editors, Parallel Problem Solving from Nature PPSN VIII, volume 3242
of LNCS, pages 282–291. Springer, 2004.

N. Hansen and A. Auger. Principled design of continuous stochastic search: From theory to
practice. In Y. Borenstein and A. Moraglio, editors, Theory and Principled Methods for
the Design of Metaheuristics, Natural Computing Series, pages 145–180. Springer Berlin
Heidelberg, 2014. ISBN 978-3-642-33205-0. doi: 10.1007/978-3-642-33206-7_8. URL
http://dx.doi.org/10.1007/978-3-642-33206-7_8.

N. Hansen. Benchmarking a BI-population CMA-ES on the BBOB-2009 function testbed.
In Proceedings of the 11th Annual Conference Companion on Genetic and Evolutionary
Computation Conference: Late Breaking Papers, GECCO ’09, pages 2389–2396, New
York, NY, USA, 2009. ACM. ISBN 978-1-60558-505-5. doi: http://doi.acm.org/10.1145/
1570256.1570333. URL http://doi.acm.org/10.1145/1570256.1570333.

N. Hansen. The CMA evolution strategy: a comparing review. In J.A. Lozano, P. Larranaga,
I. Inza, and E. Bengoetxea, editors, Towards a new evolutionary computation. Advances
on estimation of distribution algorithms, pages 75–102. Springer, 2006b.

S. Bhatnagar E. Zhou. Gradient-based adaptive stochastic search for simulation optimization
over continuous space. ArXiv preprints, arXiv:1608.00663, 2016.

E.D. Dolan and J.J. Moré. Benchmarking optimization software with performance profiles.
Mathematical programming, 91(2):201–213, 2002.

P. Deuflhard. Newton methods for nonlinear problems: affine invariance and adaptive
algorithms, volume 35. Springer, 2011.

G. Desjardins, A. Courville, Y. Bengio, P. Vincent, and O. Dellaleau. Parallel tempering for
training of restricted Boltzmann machines. In Proceedings of the Thirteenth International
Conference on Artificial Intelligence and Statistics (AISTATS), 2010.

P.-T. de Boer, D.P. Kroese, S. Mannor, and R.Y. Rubinstein. A tutorial on the cross-entropy
method. Annals OR, 134(1):19–67, 2005.

S. Das, S. Maity, B.-Y. Qu, and P.N. Suganthan. Real-parameter evolutionary multimodal
optimization - a survey of the state-of-the-art. Swarm and Evolutionary Computation, 1
(2):71–88, 2011.

T.M. Cover and J.A. Thomas. Elements of information theory. Wiley-Interscience [John
Wiley & Sons], Hoboken, NJ, second edition, 2006. ISBN 978-0-471-24195-9; 0-471-24195-4.

J. Branke, C. Lode, and J.L. Shapiro. Addressing sampling errors and diversity loss in UMDA.
In Proceedings of the 9th annual conference on Genetic and evolutionary computation,
pages 508–515. ACM, 2007.

P. Billingsley. Probability and measure. Wiley Series in Probability and Mathematical
Statistics. John Wiley & Sons Inc., New York, third edition, 1995. ISBN 0-471-00710-2.
A Wiley-Interscience Publication.

N. Hansen. An analysis of mutative 𝜎-self-adaptation on linear fitness functions. Evolutionary
Computation, 14(3):255–275, 2006a.

J. Grahl, S. Minner, and F. Rothlauf. Behaviour of umda c with truncation selection on
monotonous functions. In Evolutionary Computation, 2005. The 2005 IEEE Congress on,
volume 3, pages 2553–2559. IEEE, 2005.

H.-G. Beyer. The Theory of Evolution Strategies. Natural Computing Series. Springer-Verlag,
2001.

H.-G. Beyer and H.-P. Schwefel. Evolution strategies—a comprehensive introduction. Natural
computing, 1(1):3–52, 2002. ISSN 1567-7818.

Ollivier, Arnold, Auger and Hansen

Information-Geometric Optimization

Information-Geometric Optimization

M. Pelikan, D.E. Goldberg, and F.G. Lobo. A survey of optimization by building and
using probabilistic models. Computational optimization and applications, 21(1):5–20, 2002.
ISSN 0926-6003.

Ollivier, Arnold, Auger and Hansen

64

JMLR 18(18):1-65, 2017

R.L. Schilling. Measures, integrals and martingales. Cambridge University Press, New York,
2005. ISBN 978-0-521-61525-9; 0-521-61525-9. doi: 10.1017/CBO9780511810886. URL
http://dx.doi.org/10.1017/CBO9780511810886.

T. Schaul, T. Glasmachers, and J. Schmidhuber. High dimensions and heavy tails for
natural evolution strategies. In Proceedings of the 13th annual conference on Genetic and
evolutionary computation, GECCO ’11, pages 845–852, New York, NY, USA, 2011. ACM.
ISBN 978-1-4503-0557-0. doi: 10.1145/2001576.2001692. URL http://doi.acm.org/10.
1145/2001576.2001692.

B. Sareni and L. Krähenbühl. Fitness sharing and niching methods revisited. IEEE Trans.
Evolutionary Computation, 2(3):97–106, 1998.

R. Salakhutdinov and I. Murray. On the quantitative analysis of deep belief networks.
In Proceedings of the 25th international conference on Machine learning, ICML ’08,
pages 872–879, New York, NY, USA, 2008. ACM. ISBN 978-1-60558-205-4. URL
http://doi.acm.org/10.1145/1390156.1390266.

R. Salakhutdinov. Learning in Markov random fields using tempered transitions. In Y. Bengio,
D. Schuurmans, J. Lafferty, C.K.I. Williams, and A. Culotta, editors, Advances in Neural
Information Processing Systems 22, pages 1598–1606. MIT Press, 2009.

R.Y. Rubinstein and D.P. Kroese. The cross-entropy method: a unified approach to combinatorial optimization, Monte-Carlo simulation, and machine learning. Springer-Verlag
New York Inc, 2004. ISBN 038721240X.

R.Y. Rubinstein. The cross-entropy method for combinatorial and continuous optimization.
Methodology and Computing in Applied Probability, 1:127–190, 1999. ISSN 1387-5841.
URL http://dx.doi.org/10.1023/A:1010091220143. 10.1023/A:1010091220143.

R. Ros and N. Hansen. A simple modification in CMA-ES achieving linear time and space
complexity. In G. Rudolph, T. Jansen, S. Lucas, C. Polini, and N. Beume, editors,
Proceedings of Parallel Problem Solving from Nature (PPSN X), volume 5199 of Lecture
Notes in Computer Science, pages 296–305. Springer, 2008.

I. Rechenberg. Evolutionsstrategie ’94. Frommann-Holzboog Verlag, 1994.

I. Rechenberg. Evolutionstrategie: Optimierung technischer Systeme nach Prinzipien der
biologischen Evolution. Frommann-Holzboog Verlag, Stuttgart, 1973.

C.R. Rao. Information and the accuracy attainable in the estimation of statistical parameters.
Bull. Calcutta Math. Soc., 37:81–91, 1945. ISSN 0008-0659.

P. Pošík. Preventing premature convergence in a simple eda via global step size setting. In
Parallel Problem Solving from Nature–PPSN X, pages 549–558. Springer, 2008.

G.A. Jastrebski and D.V. Arnold. Improving evolution strategies through active covariance
matrix adaptation. In Evolutionary Computation, 2006. CEC 2006. IEEE Congress on,
pages 2814–2821. IEEE, 2006. ISBN 0780394879.
M. Jebalia and A. Auger. Log-linear convergence of the scale-invariant (𝜇/𝜇𝑤 , 𝜆)-ES
and optimal 𝜇 for intermediate recombination for large population sizes. In R. Schaefer et al., editor, Parallel Problem Solving from Nature (PPSN XI), volume 6239,
pages 52–61. Springer, 2010. URL http://hal.inria.fr/docs/00/49/44/78/PDF/
ppsn2010JebaliaAuger.pdf.
H. Jeffreys. An invariant form for the prior probability in estimation problems. Proc. Roy.
Soc. London. Ser. A., 186:453–461, 1946. ISSN 0962-8444.
H.K. Khalil. Nonlinear Systems. Nonlinear Systems. Prentice-Hall, Inc., second edition,
1996.
P.E. Kloeden and E. Platen. Numerical solution of stochastic differential equations, volume 23
of Applications of Mathematics (New York). Springer-Verlag, Berlin, 1992. ISBN 3-54054062-8.
S. Kullback. Information theory and statistics. Dover Publications Inc., Mineola, NY, 1997.
ISBN 0-486-69684-7. Reprint of the second (1968) edition.
P. Larranaga and J.A. Lozano. Estimation of distribution algorithms: A new tool for
evolutionary computation. Springer Netherlands, 2002. ISBN 0792374665.
N. Le Roux, P.-A. Manzagol, and Y. Bengio. Topmoumoute online natural gradient algorithm.
In NIPS, 2007.
L. Malagò, M. Matteucci, and B. Dal Seno. An information geometry perspective on
estimation of distribution algorithms: boundary analysis. In GECCO (Companion), pages
2081–2088, 2008.
L. Malagò, M. Matteucci, and G. Pistone. Towards the geometry of estimation of distribution
algorithms based on the exponential family. In H.-G. Beyer and W.B. Langdon, editors,
FOGA, Proceedings, pages 230–242. ACM, 2011. ISBN 978-1-4503-0633-1.
G. Montavon and K.-R. Müller. Deep boltzmann machines and the centering trick. In
G. Montavon, G.B. Orr, and K.-R. Müller, editors, Neural Networks: Tricks of the Trade
(2nd ed.), volume 7700 of Lecture Notes in Computer Science, pages 621–637. Springer,
2012. ISBN 978-3-642-35288-1.
J.J. Moré, B.S. Garbow, and K.E. Hillstrom. Testing unconstrained optimization software.
ACM Transactions on Mathematical Software (TOMS), 7(1):17–41, 1981.
J.A. Nelder and R. Mead. A simplex method for function minimization. The Computer
Journal, pages 308–313, 1965.

JMLR 18(18):1-65, 2017

Y. Ollivier, L. Arnold, A. Auger, and N. Hansen. Information-geometric optimization: A
unifying picture via invariance principles. ArXiv preprints, arXiv:1106.3708v2, 2011.
63

65

JMLR 18(18):1-65, 2017

E. Zhou and J. Hu. Gradient-based adaptive stochastic search for non-differentiable optimization. IEEE Transactions on Automatic Control, 59(7):1818–1832, July 2014. ISSN
0018-9286. doi: 10.1109/TAC.2014.2310052.

D. Wierstra, T. Schaul, T. Glasmachers, Y. Sun, J. Peters, and J. Schmidhuber. Natural
evolution strategies. Journal of Machine Learning Research, 15:949–980, 2014. URL
http://jmlr.org/papers/v15/wierstra14a.html.

D. Wierstra, T. Schaul, J. Peters, and J. Schmidhuber. Natural evolution strategies. In
IEEE Congress on Evolutionary Computation, pages 3381–3387, 2008.

D. Whitley. The genitor algorithm and selection pressure: Why rank-based allocation of
reproductive trials is best. In Proceedings of the third international conference on Genetic
algorithms, pages 116–121, 1989.

M. Wagner, A. Auger, and M. Schoenauer. EEDA : A new robust estimation of distribution
algorithms. Research Report RR-5190, INRIA, 2004. URL http://hal.inria.fr/
inria-00070802/en/.

M. Toussaint. Notes on information geometry and evolutionary processes. ArXiv preprints,
arXiv:nlin/0408040, 2004.

V. Torczon. On the convergence of pattern search algorithms. SIAM Journal on optimization,
7(1):1–25, 1997.

H. Thorisson. Coupling, Stationarity, and Regeneration. Springer, 2000.

T. Suttorp, N. Hansen, and C. Igel. Efficient covariance matrix update for variable metric
evolution strategies. Machine Learning, 75(2):167–197, 2009.

Y. Sun, D. Wierstra, T. Schaul, and J. Schmidhuber. Efficient natural evolution strategies.
In Proceedings of the 11th Annual conference on Genetic and evolutionary computation,
GECCO ’09, pages 539–546, New York, NY, USA, 2009. ACM. ISBN 978-1-60558-325-9.
doi: http://doi.acm.org/10.1145/1569901.1569976. URL http://doi.acm.org/10.1145/
1569901.1569976.

P. Smolensky. Information processing in dynamical systems: foundations of harmony theory.
In D. Rumelhart and J. McClelland, editors, Parallel Distributed Processing, volume 1,
chapter 6, pages 194–281. MIT Press, Cambridge, MA, USA, 1986. ISBN 0-262-68053-X.

F. Silva and L. Almeida. Acceleration techniques for the backpropagation algorithm. Neural
Networks, pages 110–119, 1990.

H.-P. Schwefel. Evolution and Optimum Seeking. Sixth-generation computer technology
series. John Wiley & Sons, Inc. New York, NY, USA, 1995. ISBN 0471571482.

L. Schwartz. Analyse. II, volume 43 of Collection Enseignement des Sciences [Collection: The
Teaching of Science]. Hermann, Paris, 1992. Calcul différentiel et équations différentielles,
With the collaboration of K. Zizi.

Information-Geometric Optimization

Abstract

Neural networks, non-parametric estimation, convex optimization, convex

JMLR 18(19):1-53, 2017
2

JMLR 18(19):1-53, 2017

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v18/14-546.html.

c 2017 Francis Bach.

P
(e) Projection pursuit (Friedman and Stuetzle, 1981): f (x) = kj=1 fj (wj> x) where k is
the number of projections. This model combines both (b) and (d); the only difference
with neural networks is that the non-linear functions fj : R → R are learned from data.
The optimization is often done sequentially and is harder than for neural networks.

P
(d) Single hidden-layer neural networks: f (x) = kj=1 σ(wj> x+bj ), where k is the number
of units in the hidden layer (see, e.g., Rumelhart et al., 1986; Haykin, 1994). The
activation function σ is here assumed to be fixed. While the learning problem may
be cast as a (sub)differentiable optimization problem, techniques based on gradient
descent may not find the global optimum. If the number of hidden units is fixed, this
is a parametric problem.

P
(c) Nonparametric ANOVA models: f (x) =
A∈A fA (xA ) for a set A of subsets of
A
{1, . . . , d}, and non-linear functions fA : R → R. The set A may be either given (Gu,
2013) or learned from data (Lin and Zhang, 2006; Bach, 2008b). Multi-way interactions are explicitly included but a key algorithmic problem is to explore the 2d − 1
non-trivial potential subsets.

Pd
(b) Generalized additive models: f (x) =
j=1 fj (xj ), which are generalizations of the
above by summing functions fj : R → R which may not be affine (Hastie and Tibshirani, 1990; Ravikumar et al., 2008; Bach, 2008a). This leads to less strong underfitting
but cannot model interactions between variables, while the estimation may be done
with similar tools than for affine functions (e.g., convex optimization for convex losses).

(a) Affine functions: f (x) = w> x + b, leading to potential severe underfitting, but easy
optimization and good (i.e., non exponential) sample complexity.

Most methods assume either explicitly or implicitly a certain class of models to learn
from. In the non-parametric setting, the learning algorithms may adapt the complexity
of the models as the number of observations increases: the sample complexity (i.e., the
number of observations) to adapt to any particular problem is typically large. For example,
when learning Lipschitz-continuous functions in Rd , at least n = Ω(ε− max{d,2} ) samples are
needed to learn a function with excess risk ε (von Luxburg and Bousquet, 2004, Theorem
15). The exponential dependence on the dimension d is often referred to as the curse of
dimensionality: without any restrictions, exponentially many observations are needed to
obtain optimal generalization performances.
At the other end of the spectrum, parametric methods such as linear supervised learning
make strong assumptions regarding the problem and generalization bounds based on estimation errors typically assume that the model is well-specified, and the sample complexity
to attain an excess risk of ε grows as n = Ω(d/ε2 ), for linear functions in d dimensions
and Lipschitz-continuous loss functions (Shalev-Shwartz and Ben-David, 2014, Chapter 9).
While the sample complexity is much lower, when the assumptions are not met, the methods
underfit and more complex models would provide better generalization performances.
Between these two extremes, there are a variety of models with structural assumptions
that are often used in practice. For input data in x ∈ Rd , prediction functions f : Rd → R
may for example be parameterized as:

Bach

Supervised learning methods come in a variety of ways. They are typically based on local
averaging methods, such as k-nearest neighbors, decision trees, or random forests, or on
optimization of the empirical risk over a certain function class, such as least-squares regression, logistic regression or support vector machine, with positive definite kernels, with
model selection, structured sparsity-inducing regularization, or boosting (see, e.g., Györfi
and Krzyzak, 2002; Hastie et al., 2009; Shalev-Shwartz and Ben-David, 2014, and references
therein).

1. Introduction

Keywords:
relaxation.

We consider neural networks with a single hidden layer and non-decreasing positively homogeneous activation functions like the rectified linear units. By letting the number of
hidden units grow unbounded and using classical non-Euclidean regularization tools on
the output weights, they lead to a convex optimization problem and we provide a detailed theoretical analysis of their generalization performance, with a study of both the
approximation and the estimation errors. We show in particular that they are adaptive
to unknown underlying linear structures, such as the dependence on the projection of the
input variables onto a low-dimensional subspace. Moreover, when using sparsity-inducing
norms on the input weights, we show that high-dimensional non-linear variable selection
may be achieved, without any strong assumption regarding the data and with a total number of variables potentially exponential in the number of observations. However, solving
this convex optimization problem in infinite dimensions is only possible if the non-convex
subproblem of addition of a new unit can be solved efficiently. We provide a simple geometric interpretation for our choice of activation functions and describe simple conditions
for convex relaxations of the finite-dimensional non-convex subproblem to achieve the same
generalization error bounds, even when constant-factor approximations cannot be found.
We were not able to find strong enough convex relaxations to obtain provably polynomialtime algorithms and leave open the existence or non-existence of such tractable algorithms
with non-exponential sample complexities.
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(e) Dependence on a unknown k-dimensional subspace: f (x) = g(W > x) with W ∈ Rd×k ,
where g is a non-linear function. A variety of algorithms exist for this problem (Li,
1991; Fukumizu et al., 2004; Dalalyan et al., 2008). Note that when the columns of W
are assumed to be composed of a single non-zero element, this corresponds to variable
selection (with at most k selected variables).
In this paper, our main aim is to answer the following question: Is there a single
learning method that can deal efficiently with all situations above with provable adaptivity ? We consider single-hidden-layer neural networks, with non-decreasing
homogeneous activation functions such as
α
σ(u) = max{u, 0}α = (u)+
,

for α ∈ {0, 1, . . .}, with a particular focus on α = 0 (with the convention that 00 = 0), that
is σ(u) = 1u>0 (a threshold at zero), and α = 1, that is, σ(u) = max{u, 0} = (u)+ , the
so-called rectified linear unit (Nair and Hinton, 2010; Krizhevsky et al., 2012). We follow
the convexification approach of Bengio et al. (2006); Rosset et al. (2007), who consider
potentially infinitely many units and let a sparsity-inducing norm choose the number of
units automatically. This leads naturally to incremental algorithms such as forward greedy
selection approaches, which have a long history for single-hidden-layer neural networks (see,
e.g., Breiman, 1993; Lee et al., 1996).
We make the following contributions:
– We provide in Section 2 a review of functional analysis tools used for learning from
continuously infinitely many basis functions, by studying carefully the similarities and
differences between L1 - and L2 -penalties on the output weights. For L2 -penalties,
this corresponds to a positive definite kernel and may be interpreted through random
sampling of hidden weights. We also review incremental algorithms (i.e., forward
greedy approaches) to learn from these infinite sets of basis functions when using
L1 -penalties.
– The results are specialized in Section 3 to neural networks with a single hidden layer
and activation functions which are positively homogeneous (such as the rectified linear
unit). In particular, in Sections 3.2, 3.3 and 3.4, we provide simple geometric interpretations to the non-convex problems of additions of new units, in terms of separating
hyperplanes or Hausdorff distance between convex sets. They constitute the core potentially hard computational tasks in our framework of learning from continuously
many basis functions.

JMLR 18(19):1-53, 2017

– In Section 4, we provide a detailed theoretical analysis of the approximation properties of (single hidden layer) convex neural networks with monotonic homogeneous
activation functions, with explicit bounds. We relate these new results to the extensive literature on approximation properties of neural networks (see, e.g., Pinkus, 1999,
and references therein) in Section 4.7, and show that these neural networks are indeed
adaptive to linear structures, by replacing the exponential dependence in dimension
by an exponential dependence in the dimension of the subspace of the data can be
projected to for good predictions.
3

No assumption
Affine function
Generalized additive model
Single-layer neural network
Projection pursuit
Dependence on subspace

Bach

Functional form

w> x + b

wj ∈ R d

wj ∈ R d

+ bj )+

>
j=1 fj (wj x),

Pk

>
j=1 ηj (wj x

Pk

>
j=1 fj (wj x),

Pk

f (W > x) , W ∈ Rd×s

Generalization bound

n−1/(d+3) log n

d1/2 · n−1/2

kd1/2 · n−1/4 log n

kd1/2 · n−1/2

kd1/2 · n−1/4 log n

d1/2 · n−1/(s+3) log n

Table 1: Summary of generalization bounds for various models. The bound represents the
expected excess risk over the best predictor in the given class. When no assumption
is made, the dependence in n goes to zero with an exponent proportional to 1/d
(which leads to sample complexity exponential in d), while making assumptions
removes the dependence of d in the exponent.

– In Section 5, we study the generalization properties under a standard supervised learning set-up, and show that these convex neural networks are adaptive to all situations
mentioned earlier. These are summarized in Table 1 and constitute the main statistical results of this paper. When using an `1 -norm on the input weights, we show in
Section 5.3 that high-dimensional non-linear variable selection may be achieved, that
is, the number of input variables may be much larger than the number of observations, without any strong assumption regarding the data (note that we do not present
a polynomial-time algorithm to achieve this).

– We provide in Section 5.5 simple conditions for convex relaxations to achieve the
same generalization error bounds, even when constant-factor approximation cannot
be found (e.g., because it is NP-hard such as for the threshold activation function and
the rectified linear unit). We present in Section 6 convex relaxations based on semidefinite programming, but we were not able to find strong enough convex relaxations
(they provide only a provable sample complexity with a polynomial time algorithm
which is exponential in the dimension d) and leave open the existence or non-existence
of polynomial-time algorithms that preserve the non-exponential sample complexity.

2. Learning from Continuously Infinitely Many Basis Functions
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In this section we present the functional analysis framework underpinning the methods
presented in this paper, which learn for a potential continuum of features. While the
formulation from Sections 2.1 and 2.2 originates from the early work on the approxima-

4

V

v∈V

5
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with total variation v∈V |µv |, where the proper formalization for infinite sets V is done
through measure theory.
R
The infimum of |µ|(V) over all decompositions of f as f = V ϕv dµ(v), turns out to
be a norm γ1 on F1 , often called the variation norm of f with respect to the set of basis
functions (see, e.g., Kurkova and Sanguineti, 2001; Mhaskar, 2004).

P

where µ is a signed Radon measure on V with finite total variation |µ|(V).
When V is finite, this corresponds to
X
f (x) =
µv ϕv (x),

We consider an arbitrary measurable input space X (this will a sphere in Rd+1 starting
from Section 3), with a set of basis functions (a.k.a. neurons or units) ϕv : X → R, which
are parameterized by v ∈ V, where V is a compact topological space (typically a sphere
for a certain norm on Rd starting from Section 3). We assume that for any given x ∈ X ,
the functions v 7→ ϕv (x) are continuous. These functions will be the hidden neurons in
a single-hidden-layer neural network, and thus V will be (d + 1)-dimensional for inputs of
dimension d (to represent any affine function). Throughout Section 2, these features will
be left unspecified as most of the tools apply more generally.
In order to define our space of functions from X → R, we need real-valued Radon
measures, which are continuous linear forms on the space of continuous functions from V
to R, equipped with the uniform norm (Rudin, 1987; Evans and Gariepy, 1991). For a
continuous
function g : V → R and a Radon measure µ, we will use the standard notation
R
V g(v)dµ(v) to denote the action of the measure µ on the continuous function g. The norm
of µ is usually referred to as its total variation (such finite total variation corresponds to
having a continuous linear form on the space
R of continuous functions), and we denote it
as |µ|(V), and is equal to the supremum of V g(v)dµ(v) over all continuous functions with
values in [−1, 1]. As seen below, when µ has a density with respect to a probability measure,
this is the L1 -norm of the density.
We consider the space F1 of functions f that can be written as
Z
f (x) =
ϕv (x)dµ(v),

2.1 Variation Norm

V

6

JMLR 18(19):1-53, 2017

We have seen above that if the real-valued measures µ are restricted to have density p with
respect to a fixed probability measure τ with full support on V, that is, dµ(v) = p(v)dτ (v),

2.3 Corresponding Reproducing Kernel Hilbert Space (RKHS)

we can then build a function defined over all X , through the optimal measure µ above.
Moreover, by Carathéodory’s theorem for cones (Rockafellar, 1997), if X̂ is composed
of only n elements (e.g., n is the number of observations in machine learning), the optimal
function f|X̂ above (and hence f ) may be decomposed into at most n functions ϕv , that is,
µ is supported by at most n points in V, among a potential continuum of possibilities.
Note however that the identity of these n functions is not known in advance, and thus
there is a significant difference with the representer theorem for positive definite kernels and
Hilbert spaces (see, e.g., Shawe-Taylor and Cristianini, 2004), where the set of n functions
are known from the knowledge of the points x ∈ X̂ (i.e., kernel functions evaluated at x).

µ

When minimizing any functional J that depends only on the function values taken at a
subset X̂ of values in X , over the ball {f ∈ F1 , γ1 (f ) 6 δ}, then we have a “representer
theorem” similar to the reproducing kernel Hilbert space situation, but also with significant
differences, which we now present.
The problem is indeed simply equivalent to minimizing a functional on functions restricted to X , that is, to minimizing J(f|X̂ ) over f|X̂ ∈ RX̂ , such that γ1|X̂ (f|X̂ ) 6 δ, where
Z
γ1|X̂ (f|X̂ ) = inf |µ|(V) such that ∀x ∈ X̂ , f|X̂ (x) =
ϕv (x)dµ(v);

2.2 Representation from Finitely Many Functions

Finite number
of neurons. If f : X → R is decomposable
P
P into k basis functions, that
is, f (x) = kj=1 ηj ϕvj (x), then this corresponds to µ = kj=1 ηj δ(v = vj ), and the total
variation of µ is equal to the `1 -norm kηk1 of η. Thus the function f has variation norm
less than kηk1 or equal. This is to be contrasted with the number of basis functions, which
is the `0 -pseudo-norm of η.

V

Given our assumptions regarding the compactness of V, for any f ∈ F1 , the infimum
defining γ1 (f ) is in fact attained by a signed measure µ, as a consequence of the compactness
of measures for the weak topology (see Evans and Gariepy, 1991, Section 1.9).
In the definition above, if we assume that the signed measure µ has a density with
respect to a fixed probability measure τ with full support on V, that is, dµ(v) = p(v)dτ (v),
then, the variation norm γ1 (f ) is also equal to the infimal value of
Z
|p(v)|dτ (v),
|µ|(V) =

tion properties of neural networks (Barron, 1993; Kurkova and Sanguineti, 2001; Mhaskar,
2004), the algorithmic parts that we present in Section 2.5 have been studied in a variety
of contexts, such as “convex neural networks” (Bengio et al., 2006), or `1 -norm with infinite dimensional feature spaces (Rosset et al., 2007), with links with conditional gradient
algorithms (Dunn and Harshbarger, 1978; Jaggi, 2013) and boosting (Rosset et al., 2004).
In the following sections, note that there will be two different notions of infinity: infinitely many inputs x and infinitely many basis functions x 7→ ϕv (x). Moreover, two
orthogonal notions of Lipschitz-continuity will be tackled in this paper: the one of the prediction functions f , and the one of the loss ` used to measure the fit of these prediction
functions.

R
over all integrable functions p such that f (x) = V p(v)ϕv (x)dτ (v). Note however that not
all measures have densities, and that the two infimums are the same as all Radon measures
are limits of measures with densities. Moreover, the infimum in the definition above is not
attained in general (for example when the optimal measure is singular with respect to dτ );
however, it often provides a more intuitive definition of the variation norm, and leads to
easier comparisons with Hilbert spaces in Section 2.3.
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V

ϕv (x)ϕv (y)dτ (v).

R
then, the norm γ1 (f ) isRthe infimum of the total variation |µ|(V) = V |p(v)|dτ (v), over all
decompositions f (x) = V p(v)ϕv (x)dτR(v).
We may also define the infimum of V |p(v)|2 dτ (v) over the same decompositions (squared
L2 -norm instead of L1 -norm). It turns out that it defines a squared norm γ22 and that
the function space F2 of functions with finite norm happens to be a reproducing kernel Hilbert space (RKHS). When V is finite, then it is well-known
(see, e.g., Berlinet
P
2
and Thomas-Agnan,
v∈V µv over all vectors µ
P 2004, Section 4.1) that the infimum of
such thatP
f =
v∈V µv ϕv defines a squared RKHS norm with positive definite kernel
k(x, y) = v∈V ϕv (x)ϕv (y).
We show in Appendix A that for any compact
Z set V, we have defined a squared RKHS
with positive definite kernel k(x, y) =
norm

γ22

Random sampling. Note that such kernels are well-adapted to approximations by sampling several basis functions ϕv sampled from the probability measure τ (Neal, 1995; Rahimi
and Recht, 2007). Indeed,Pif we consider m i.i.d. samples v1 , . . . , vm , we may define the apm
1
proximation k̂(x, y) = m
i=1 ϕvi (x)ϕvi (y), which corresponds to an explicit feature representation. In other
words, this corresponds to sampling units vi , using prediction functions
1 Pm
of the form m
i=1 ηi ϕvi (x) and then penalizing by the `2 -norm of η.
When m tends to infinity, then k̂(x, y) tends to k(x, y) and random sampling provides a
way to work efficiently with explicit m-dimensional feature spaces. See Rahimi and Recht
(2007) for a analysis of the number of units needed for an approximation with error ε, typically of order 1/ε2 . See also Bach (2017) for improved results with a better dependence on
ε when making extra assumptions on the eigenvalues of the associated covariance operator.

Relationship between F1 and F2 . The corresponding RKHS norm is always greater
than the variation norm (because of Jensen’s inequality), and thus the RKHS F2 is included
in F1 . However, as shown in this paper, the two spaces F1 and F2 have very different
properties; e.g., γ2 may be computed easily in several cases, while γ1 does not; also, learning
with F2 may either be done by random sampling of sufficiently many weights or using kernel
methods, while F1 requires dedicated convex optimization algorithms with potentially nonpolynomial-time steps (see Section 2.5).
Moreover, for any v ∈ V, ϕv ∈ F1 with a norm γ1 (ϕv ) 6 1, while in general ϕv ∈
/ F2 .
This is a simple illustration of the fact that F2 is too small and thus will lead to a lack
of adaptivity that will be further studied in Section 5.4 for neural networks with certain
activation functions.
2.4 Supervised Machine Learning

JMLR 18(19):1-53, 2017

Given some distribution over the pairs (x, y) ∈ X ×Y, a loss function ` : Y ×R → R, our aim
is to find a function f : X → R such that the functional J(f ) = E[`(y, f (x))] is small, given
some i.i.d. observations (xi , yi ), i = 1, . . . , n. We consider the empirical risk minimization
framework over a space of functions F, equipped with a norm
γ (in our situation, F1 and
ˆ ) = 1 Pn `(yi , f (xi )), is minimized
F2 , equipped with γ1 or γ2 ). The empirical risk J(f
i=1
n
either (a) by constraining f to be in the ball F δ = {f ∈ F, γ(f ) 6 δ} or (b) regularizing
the empirical risk by λγ(f ). Since this paper has a more theoretical nature, we focus on
constraining, noting that in practice, penalizing is often more robust (see, e.g., Harchaoui
7

γ1 (f ) ≤ δ

−J ′ (ft )
ft

Bach

ft+1

γ1 (f )≤δ

f¯t = arg min hJ ′ (ft ), f i

Figure 1: Conditional gradient algorithm for minimizing a smooth functional J on F1δ =
{f ∈ F1 , γ1 (f ) 6 δ}: going from ft to ft+1 ; see text for details.

et al., 2013) and leaving its analysis in terms of learning rates for future work. Since the
functional Jˆ depends only on function values taken at finitely many points, the results
from Section 2.2 apply and we expect the solution f to be spanned by only n functions
ϕv1 , . . . , ϕvn (but we ignore in advance which ones among all ϕv , v ∈ V, and the algorithms
in Section 2.5 will provide approximate such representations with potentially less or more
than n functions).

f ∈F δ

f ∈F

f ∈F δ



ˆ ) − J(f )| + ε,
inf J(f ) − inf J(f ) + 2 sup |J(f

Approximation error vs. estimation error. We consider an ε-approximate minimizer
ˆ ) = 1 Pn `(yi , f (xi )) on the convex set F δ , that is a certain fˆ ∈ F δ such that
of J(f
i=1
n
ˆ fˆ) 6 ε+inf f ∈F δ J(f
ˆ ). We thus have, using standard arguments (see, e.g., Shalev-Shwartz
J(
and Ben-David, 2014):

f ∈F

J(fˆ) − inf J(f ) 6

that is, the excess risk J(fˆ) − inf f ∈F J(f ) is upper-bounded by a sum of an approximation
ˆ ) − J(f )| and an optierror inf f ∈F δ J(f ) − inf f ∈F J(f ), an estimation error 2 supf ∈F δ |J(f
mization error ε (see also Bottou and Bousquet, 2008). In this paper, we will deal with all
three errors, starting from the optimization error which we now consider for the space F1
and its variation norm.

2.5 Incremental Conditional Gradient Algorithms
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In this section, we review algorithms to minimize a smooth functional J : L2 (dρ) → R,
where ρ is a probability measure on X . This may typically be the expected risk or the
empirical risk above. When minimizing J(f ) with respect to f ∈ F1 such that γ1 (f ) 6 δ, we
need algorithms that can efficiently optimize a convex function over an infinite-dimensional
space of functions. Conditional gradient algorithms allow to incrementally build a set of
elements of F1δ = {f ∈ F1 , γ1 (f ) 6 δ}; see, e.g., Frank and Wolfe (1956); Dem’yanov and
Rubinov (1967); Dudik et al. (2012); Harchaoui et al. (2013); Jaggi (2013); Bach (2015).

8

f ∈F1δ

∈ arg min hf, J 0 (ft )iL2 (dρ)

is finite, we have

kf k2L2 (dρ)

1

6
r2 γ
1

(f )2

2L
sup kf − gk2L2 (dρ) .
t + 1 f,g∈F δ
and thus we get a

v∈V

X

9
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for gR = −J 0 (ft ) ∈ L2 (dρ). For the norm γ1 defined through an L1 -norm, we have for
f = V ϕv dµ(v) such that γ1 (f ) = |µ|(V):

Z
Z Z
hf, giL2 (dρ) =
f (x)g(x)dρ(x) =
ϕv (x)dµ(v) g(x)dρ(x)
X
 V
ZX  Z
=
ϕv (x)g(x)dρ(x) dµ(v)
V
X
Z
6 γ1 (f ) · max
ϕv (x)g(x)dρ(x) ,

γ(f )6δ

max hf, giL2 (dρ) .

Adding a new basis function. The conditional gradient algorithm presented above
relies on solving at each iteration the “Frank-Wolfe step”:

Moreover, the basic Frank-Wolfe (FW) algorithm may be extended to handle the regularized problem as well (Harchaoui et al., 2013; Bach, 2013; Zhang et al., 2012), with
similar convergence rates in O(1/t). Also, the second step in the algorithm, where the
function ft+1 is built in the segment between ft and the newly found extreme function,
may be replaced by the optimization of J over the convex hull of all functions f¯0 , . . . , f¯t ,
a variant which is often referred to as fully corrective. Moreover, in our context where V
is a space where local search techniques may be considered, there is also the possibility
of “fine-tuning” the vectors v as wellP(Bengio et al., 2006), that is, we may optimize the
function (v1 , . . . , vt , α1 , . . . , αt ) 7→ J( ti=1 αi ϕvi ), through local search techniques, starting
from the weights (αi ) and points (vi ) obtained from the conditional gradient algorithm.

When,
= supv∈V kϕv k2L2 (dρ)
2 δ2
convergence rate of 2Lr
t+1 .

r2

f ∈F1δ

J(ft ) − inf J(f ) 6

2
or perform a line search
See an illustration in Figure 1. We may choose either ρt = t+1
for ρt ∈ [0, 1]. For all of these strategies, the t-th iterate is a convex combination of the
functions f¯0 , . . . , f¯t−1 , and is thus an element of F1δ . It is known that for these two strategies
for ρt , we have the following convergence rate (see, e.g. Jaggi, 2013):

ft+1 = (1 − ρt )ft + ρt f¯t .

f¯t

0 6 J(f ) − J(h) − hf − h, J 0 (h)iL2 (dρ) 6
v∈V
X

Z
ϕv (x)g(x)dρ(x) ,

(1)

i=1

n

i=1

n

1X
1X
gi f (xi ) = δ max
gi ϕv (xi ) ,
v∈V n
n

(2)

10
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for a fixed κ > 1. In Appendix B, we propose a modification of the conditional gradient
algorithm that converges to a certain h ∈ L2 (dρ) such that γ1 (h) 6 δ and for which
inf γ1 (f )6δ J(f ) 6 J(h) 6 inf γ1 (f )6δ/κ J(f ).
Such approximate oracles are not available in general, because they require uniform
bounds over all possible values of g ∈ L2 (dρ). In Section 5.5, we show that a weaker form
of oracle is sufficient to preserve our generalization bounds from Section 5.

γ1 (f )61

hfˆ, gi 6 max hf, gi 6 κ hfˆ, gi,

Approximate oracles. The conditional gradient algorithm may deal with approximate
oracles; however, what we need in this paper is not the additive errors situations considered
by Jaggi (2013), but multiplicative ones on the computation of the dual norm (similar to
ones derived by Bach (2013) for the regularized problem).
Indeed, in our context, we minimize a function J(f ) on f ∈ L2 (dρ) over a norm ball
{γ1 (f ) 6 δ}. A multiplicative approximate oracle outputs for any g ∈ L2 (dρ), a vector
fˆ ∈ L2 (dρ) such that γ1 (fˆ) = 1, and

Non-smooth loss functions. In this paper, in our theoretical results, we consider nonsmooth loss functions for which conditional gradient algorithms do not converge in general.
One possibility is to smooth the loss function, as done by Nesterov (2005): an approximation
error √
of ε may be obtained with a smoothness √
constant proportional to 1/ε. By choosing ε
as 1/ t, we obtain a convergence rate of O(1/ t) after t iterations. See also Lan (2013).

where the set of solutions of the first problem is in the convex hull of the solutions of the
second problem.

γ1 (f )6δ

sup

Finitely many observations. When X is finite (or when using the result from Section 2.2), the Frank-Wolfe step in Eq. (1) becomes equivalent to, for some vector g ∈ Rn :

with the maximizers f of the first optimization problem above (left-hand side) obtained
as δ times convex combinations of ϕv and −ϕv for maximizers v of the second problem
(right-hand side).
A common difficulty in practice is the hardness of the Frank-Wolfe step, that is, the
optimization problem above over V may be difficult to solve. See Section 3.2, 3.3 and 3.4
for neural networks, where this optimization is usually difficult.

γ1 (f )6δ

max hf, giL2 (dρ) = δ max

with equality if and only if µ = µ+ − µ− with µ+ and µR− two non-negative measures, with
µ+ (resp. µ− ) supported in the set of maximizers v of | X ϕv (x)g(x)dρ(x)| where the value
is positive (resp. negative).
This implies that:

Conditional gradient algorithm. We assume the functional J is convex and L-smooth,
that is for all h ∈ L2 (dρ), there exists a gradient J 0 (h) ∈ L2 (dρ) such that for all f ∈ L2 (dρ),

L
kf − hk2L2 (dρ) .
2
When X is finite, this corresponds to the regular notion of smoothness from convex optimization (Nesterov, 2004).
The conditional gradient algorithm (a.k.a. Frank-Wolfe algorithm) is an iterative algorithm, starting from any function f0 ∈ F1δ and with the following recursion, for t > 0:
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This implies by Hölder’s inequality that ϕv (x)2 6 2α . Moreover this leads to functions
in F1 that are bounded everywhere, that is, ∀f ∈ F1 , f (x)2 6 2α γ1 (f )2 . Note that the
functions in F1 are also Lipschitz-continuous for α > 1.
√ Since all `p -norms (for p ∈ [1, 2]) are equivalent to each other with constants of at most
d with respect to the `2 -norm, all the spaces F1 defined above are equal, but the norms
γ1 are of course different and they differ by a constant of at most dα/2 —this can be seen by
computing the dual norms like in Eq. (2) or Eq. (1).
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value of g(z, a) for a > √12 is enough to recover f from the formula above.
√
On that portion {a > 1/ 2} of the sphere Sd , this function exactly inherits the
differentiability properties of f . That is, (a) if f is bounded by 1 and f is (1/R)Lipschitz-continuous, then g is Lipschitz-continuous with a constant that only depends
on d and α and (b), if all derivatives of order less than k are bounded by R−k , then
all derivatives of the same order of g are bounded by a constant that only depends
on d and α. Precise notions of differentiability may be defined on the sphere, using

α
– Conversely, given f ∈ F1 , for z = (t> , a)> ∈ Sd , we define g(z) = g(t, a) = f ( Rt
a )a ,
which we define as such on the set of z = (t> , a)> ∈ Rdp
× R (of unit norm)
√ such that
a > √12 . Since we always assume kxk2 6 R, we have kxk22 + R2 6 2R, and the

that is γ1 (f ) 6 γ1 (g), because we have assumed that (w> , b/R)> is on the (1/R)sphere.

=

 

α/2 
1
x
kxk2
– Given g ∈ G1 , we define f ∈ F1 , with f (x) = R22 + 1
g p
. If
kxk22 + R2 R
R
g may be represented as Sd σ(v > z)dµ(v), then the function f that we have defined
may be represented as
 α

 Z 
2
α/2
x
kxk
1
2
f (x) =
v> p
dµ(v)
+1
R2
kxk2 + R2 R +
Sd

Z  
Z2
x/R α
dµ(v) =
σ(w> x + b)dµ(Rw, b),
1
Sd
+

Homogeneous reformulation. In our study of approximation properties, it will be used
d+1 of
ful to consider the the space of function
R G1 defined for z in the unit sphere S ⊂ R
the Euclidean norm, such that g(z) = Sd σ(v > z)dµ(v), with the norm γ1 (g) defined as the
infimum of |µ|(Sd ) over all decompositions of g. Note the slight overloading of notations for
γ1 (for norms in G1 and F1 ) which should not cause any confusion.
In order to prove the approximation properties (with unspecified constants depending
only on d), we may assume that p = 2, since the norms k · kp for p ∈ [1, ∞] are equivalent
to k · k2 with a constant that grows at most as dα/2 with respect to the `2 -norm. We thus
focus on the `2 -norm in all proofs in Section 4.
We may go from G1 (a space of real-valued functions defined on the unit `2 -sphere in
d + 1 dimensions) to the space F1 (a space of real-valued functions defined on the ball of
radius R for the `2 -norm) as follows (this corresponds to sending a ball in Rd into a spherical
cap in dimension d + 1, as illustrated in Figure 2).

Approximation of any function by a finite number of basis functions. The FrankWolfe algorithm may be applied in the function space F1 with J(f ) = 21 E[(f (x)−g(x))2 ], we
get a function ft , supported by t basis functions such that E[(ft (x) − g(x))2 ] = O(γ(g)2 /t).
Hence, any function in F1 may be approximated with averaged error ε with t = O([γ(g)/ε]2 )
units. Note that the conditional gradient algorithm is one among many ways to obtain such
approximation with ε−2 units (Barron, 1993; Kurkova and Sanguineti, 2001; Mhaskar, 2004).
See Section 4.1 for a (slightly) better dependence on ε for convex neural networks.

3. Neural Networks with Non-decreasing Positively Homogeneous
Activation Functions
In this paper, we focus on a specific family of basis functions, that is, of the form
x 7→ σ(w> x + b),
for specific activation functions σ. We assume that σ is non-decreasing and positively
α , for some α ∈ {0, 1, . . .}.
homogeneous of some integer degree, i.e., it is equal to σ(u) = (u)+
We focus on these functions for several reasons:
– Since they are not polynomials, linear combinations of these functions can approximate any measurable function (Leshno et al., 1993).
– By homogeneity, they are invariant by a change of scale of the data; indeed, if all
observations x are multiplied by a constant, we may simply change the measure µ
defining the expansion of f by the appropriate constant to obtain exactly the same
function. This allows us to study functions defined on the unit-sphere.
– The special case α = 1, often referred to as the rectified linear unit, has seen considerable recent empirical success (Nair and Hinton, 2010; Krizhevsky et al., 2012), while
the case α = 0 (hard thresholds) has some historical importance (Rosenblatt, 1958).
The goal of this section is to specialize the results from Section 2 to this particular case and
show that the “Frank-Wolfe” steps have simple geometric interpretations.
We first show that the positive homogeneity of the activation functions allows to transfer
the problem to a unit sphere.
Boundedness assumptions. For the theoretical analysis, we assume that our data inputs x ∈ Rd are almost surely bounded by R in `q -norm, for some q ∈ [2, ∞] (typically
q = 2 and q = ∞). We then build the augmented variable z ∈ Rd+1 as√z = (x> , R)> ∈ Rd+1
by appending the constant R to x ∈ Rd . We therefore have kzkq 6 2R. By defining the
vector v = (w> , b/R)> ∈ Rd+1 , we have:
α
ϕv (x) = σ(w> x + b) = σ(v > z) = (v > z)+
,
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which now becomes a function of z ∈ Rd+1 .
Without loss of generality (and by homogeneity of σ), we may assume that the `p -norm
of each vector v is equal to 1/R, that is V will be the (1/R)-sphere for the `p -norm, where
1/p + 1/q = 1 (and thus p ∈ [1, 2], with corresponding typical values p = 2 and p = 1).
11

x

z

k1 (z, z 0 ) =

k0 (z, z 0 ) =

+1

kx0 k22
R2

2(d + 1)π

kxk22
R2

1
(π − ϕ)
2π
q
q

+1

13

((π − ϕ) cos ϕ + sin ϕ)
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0
d+1
for (Rw, b) distributed uniformly on the unit `2 -sphere
Sd , and
r
r x, x ∈ R . Given the
x> x0
kxk22
kx0 k22
angle ϕ ∈ [0, π] defined through
+ 1 = (cos ϕ)
+1
+ 1, we have explicit
R2
R2
R2
expressions (Le Roux and Bengio, 2007; Cho and Saul, 2009):

kα (x, x0 ) = E[(w> x + b)α+ (w> x0 + b)α+ ],

In this section, we consider the `2 -norm on the input weight vectors w (that is p = 2). We
may compute for x, x0 ∈ Rd the kernels defined in Section 2.3:

3.1 Corresponding Positive-definite Kernels

In summary, we may consider in Section 4 functions defined on the sphere, which are
much easier to analyze. In the rest of the section, we specialize some of the general concepts reviewed in Section 2 to our neural network setting with specific activation functions,
namely, in terms of corresponding kernel functions and geometric reformulations of the
Frank-Wolfe steps.

The only remaining important aspect is to define g on the entire sphere, so that (a) its
regularity constants are controlled by a constant times the ones on the portion of the
sphere where it is already defined, (b) g is either even or odd (this will be important
in Section 4). Ensuring that the regularity conditions can be met is classical when
extending to the full sphere (see, e.g., Whitney, 1934). Ensuring that the function
may be chosen as odd or even may be obtained by multiplying√the function g by an
infinitely differentiable function which is equal to one for a > 1/ 2 and zero for a 6 0,
and extending by −g or g on the hemi-sphere a < 0.

the manifold structure (see, e.g., Absil et al., 2009) or through polar coordinates (see,
e.g., Atkinson and Han, 2012, Chapter 3). See these references for more details.

Figure 2: Sending a ball to a spherical cap.
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kxk22
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kx0 k22
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2π[(d + 1)2 + 2(d + 1)]


(3 sin ϕ cos ϕ + (π − ϕ)(1 + 2 cos2 ϕ)).

i=1

v∈Rd+1

i∈I+

i∈I−
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Convex relaxation. Given linear binary classification problems, there are several algorithms to approximately find a good half-space. These are based on using convex surrogates
(such as the hinge loss or the logistic loss). Although some theoretical results do exist regarding the classification performance of estimators obtained from convex surrogates (Bartlett
et al., 2006), they do not apply in the context of linear classification.

NP-hardness. This problemP
is NP-hard in general. Indeed, if we assume that all yi
are equal to −1 or 1 and with ni=1 yi = 0, then we have
Pna balanced binary classification
n
problem (we need to assume n even). The quantity
i=1 yi 1v > zi >0 is then 2 (1 − 2e)
where e is the corresponding classification error for a problem of classifying at positive
(resp. negative) the examples in I+ (resp. I− ) by thresholding the linear classifier v > z.
Guruswami and Raghavendra (2009) showed that for all (ε, δ), it is NP-hard to distinguish
between instances (i.e., configurations of points xi ), where a halfspace with classification
error at most ε exists, and instances where all half-spaces have an error of at least 1/2 − δ.
d+1 such that
Thus, it is NP-hard to distinguish between instances where there exists
P
Pnv ∈ R
n
n
d+1 ,
y
1
>
(1
−
2ε)
and
instances
where
for
all
v
∈
R
y
1
>
i
i
v zi >0
v > zi >0 6 nδ.
i=1
i=1
2
P
Thus, it is NP-hard to distinguish instances where maxv∈Rd+1 ni=1 yi 1v> zi >0 > n2 (1 − 2ε)
and ones where it is less than n2 δ. Since this is valid for all δ and ε, this rules out a
constant-factor approximation.

where I+ = {i, yi > 0} and I− = {i, yi < 0}. As outlined by Bengio et al. (2006), this
is equivalent to finding an hyperplane parameterized by v that minimizes a weighted misclassification rate (when doing linear classification). Note that the norm of v has no effect.

v∈Rd+1

We consider the problem in Eq. (2) for the special case α = 0. For z1 , . . . , zn ∈ Rd+1 and
a vector y ∈ Rn , the goal is to solve (as well as the corresponding problem with y replaced
by −y):
n
X
X
X
max
yi 1v> zi >0 = max
|yi |1v> zi >0 −
|yi |1v> zi >0 ,

3.2 Incremental Optimization Problem for α = 0

There are key differences and similarities between the RKHS F2 and our space of functions
F1 . The RKHS is smaller than F1 (i.e., the norm in the RKHS is larger than the norm in
F1 ); this implies that approximation properties of the RKHS are transferred to F1 . In fact,
our proofs rely on this fact.
However, the RKHS norm does not lead to any adaptivity, while the function space F1
does (see more details in Section 5). This may come as a paradox: both the RKHS F2 and
F1 have similar properties, but one is adaptive while the other oneR is not. A key intuitive
differenceR is as follows: given a function f expressed as f (x) = RV ϕv (x)p(v)dτ (v), then
γ1 (f ) = V |p(v)|dτ (v), while the squared RKHS norm is γ2 (f )2 = V |p(v)|2 dτ (v). For the
L1 -norm, the measure p(v)dτ (v) may tend to a singular distribution with a bounded norm,
while this is not true for the L2 -norm. For example, the function (w> x + b)α+ is in F1 , while
it is not in F2 in general.

k2 (z, z ) =

0
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(v > |yi |zi )+ ,
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3.3 Incremental Optimization Problem for α = 1

max

kvkp 61

i=1

kvkp 61

yi (v > zi )+ = max

i∈I+

(v > |yi |zi )+ −

We consider the problem in Eq. (2) for the special case α = 1. For z1 , . . . , zn ∈ Rd+1 and
a vector y ∈ Rn , the goal is to solve (as well as the corresponding problem with y replaced
by −y):
n
X
X
X

n
X
i=1

yi (v > zi )+ =

X

i∈I+

max

kvkp 61

i∈I+

max

max

(v > ti )+ −

X

i∈I−

min

max bi v > ti

bi ∈[0,1]

(v > ti )+
X

i∈I−

max v > [T+> b+ − T−> b− ] by Fenchel duality,

v > [T+> b+ − T−> b− ]

max bi v > ti −

bi ∈[0,1]

min

min

b+ ∈[0,1]I+ b− ∈[0,1]I−

max

kT+> b+ − T−> b− kq ,

b+ ∈[0,1]I+ b− ∈[0,1]I− kvkp 61

max

b+ ∈[0,1]I+ kvkp 61 b− ∈[0,1]I−

max

kvkp 61

X

where I+ = {i, yi > 0} and I− = {i, yi < 0}. We have, with ti = |yi |zi ∈ Rd+1 , using convex
duality:

max

kvkp 61

=
=
=
=

min

max

min

min


kT+> b+ − T−> b− kq .

then this corresponds to

kT+> b+ − T−> b− kq .
i )+ |,

max

b− ∈[0,1]n− b+ ∈[0,1]n+

>z

kT+> b+ − T−> b− kq ,

i=1 yi (v

Pn

b+ ∈[0,1]n+ b− ∈[0,1]n−

where T+ ∈ Rn+ ×d has rows ti , i ∈ I+ and T− ∈ Rn− ×d has rows ti , i ∈ I− , with v ∈
arg maxkvkp 61 v > (T+> b+ − T−> b− ). The problem thus becomes



max

b+ ∈[0,1]n+ b− ∈[0,1]n−

For the problem of maximizing |
max

This is exactly the Hausdorff distance between the two convex sets {T+> b+ , b+ ∈ [0, 1]n+ }
and {T−> b− , b− ∈ [0, 1]n− } (referred to as zonotopes, see below).
Given the pair (b+ , b− ) achieving the Hausdorff distance, then we may compute the
optimal v as v = arg maxkvkp 61 v > (T+> b+ − T−> b− ). Note this has not changed the problem
at all, since it is equivalent. It is still NP-hard in general (König, 2014). But we now have a
geometric interpretation with potential approximation algorithms. See below and Section 6.

r
nX
i=1
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o
bi ti , b ∈ [0, 1]r ,

Zonotopes. A zonotope A is the Minkowski sum of a finite number of segments from the
origin, that is, of the form
A = [0, t1 ] + · · · + [0, tr ] =
15

t3
0

t1

t2

0

0

0

Bach

t1 + t2 + t3

0

0

0

Figure 3: Two zonotopes in two dimensions: (left) vectors, and (right) their Minkowski sum
(represented as a polygone).

0

Figure 4: Left: two zonotopes (with their generating segments) and the segments achieving
the two sides of the Haussdorf distance. Right: approximation by ellipsoids.

for some vectors ti , i = 1, . . . , r (Bolker, 1969). See an illustration in Figure 3. They
appear in several areas of computer science (Edelsbrunner, 1987; Guibas et al., 2003) and
mathematics (Bolker, 1969; Bourgain et al., 1989). In machine learning, they appear naturally as the affine projection of a hypercube; in particular, when using a higher-dimensional
distributed representation of points in Rd with elements in [0, 1]r , where r is larger than
d (see, e.g., Hinton and Ghahramani, 1997), the underlying polytope that is modelled in Rd
happens to be a zonotope.
In our context, the two convex sets {T+> b+ , b+ ∈ [0, 1]n+ } and {T−> b− , b− ∈ [0, 1]n− }
defined above are thus zonotopes. See an illustration of the Hausdorff distance computation
in Figure 4 (middle plot), which is the core computational problem for α = 1.

JMLR 18(19):1-53, 2017

Approximation by ellipsoids. Centrally symmetric convex polytopes (w.l.o.g. centered
around zero) may be approximated by ellipsoids. In our set-up, we could use the minimum
volume enclosing ellipsoid (see, e.g. Barvinok, 2002), which can be computed exactly when
the polytope is given through its vertices, or up to a constant factor when the polytope is
such that quadratic functions may be optimized with a constant factor approximation. For
zonotopes, the standard semi-definite relaxation of Nesterov (1998) leads to such constantfactor approximations, and thus the minimum volume inscribed ellipsoid√
may be computed
up to a constant. Given standard results (see, e.g. Barvinok, 2002), a (1/ d)-scaled version
of the ellipsoid is inscribed in this polytope, and thus √the ellipsoid is a provably good
approximation of the zonotope with a factor scaling as d. However, the approximation
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i=1

i∈I+

i∈I−

n

min

max v > [T+> b+ − T−> b− ] −

I
I
b+ ∈R++ b− ∈R+− kvkp 61

max

i∈I−

1
1
kb+ kββ + kb− kββ
β
β
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4.1 Approximation by a Finite Number of Basis Functions
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by Fenchel duality,
1
1
>
>
=
max
min kT+ b+ − T− b− kq − kb+ kββ + kb− kββ , (3)
β
β
b+ ∈[0,1]I+ b− ∈[0,1]I−

=

i∈I+

where T+ ∈ Rn+ ×d has rows ti , i ∈ I+ and T− ∈ Rn− ×d has rows ti , i ∈ I− , with v ∈
arg maxkvkp 61 (T+> b+ − T−> b− )> v. Contrary to the case α = 1, we do not obtain exactly
a formulation as a Hausdorff distance. However, if we consider the convex sets Kλ+ =
{T+> b+ , b+ > 0, kb+ kβ 6 λ} and Kµ− = {T−> b− , b− > 0, kb− kβ 6 µ}, then, a solution of
Eq. (3) may be obtained from Hausdorff distance computations between Kλ+ and Kµ− , for
certain λ and µ.
Note that, while for α = 1 we can use the identity 2u+ = u + |u| to replace the
rectified linear unit by the absolute value and obtain the same function space, this is not
possible for α = 2, as (u+ )2 and u2 do not differ by a linear function. This implies that

i=1

max

kvkp 61

X 1
X 1
(v > ti )α+ −
(v > ti )α+
α
α
i∈I+
i∈I−
n
n
X
1 o X
1 o
max bi vi> ti − bβi −
= max
max bi v > ti − bβi
bi >0
bi >0
β
β
kvkp 61

1X
yi (v > zi )α+ =
α

In this section, we consider the approximation properties of the set F1 of functions defined
on Rd . As mentioned earlier, the norm used to penalize input weights w or v is irrelevant
for approximation properties as all norms are equivalent. Therefore, we focus on the case
q = p = 2 and `2 -norm constraints.
Because we consider homogeneous activation functions, we start by studying the set
G1 of functions defined on the unit `2 -sphere Sd ⊂ Rd+1 . We denote by τd the uniform
d
probability measure
R on S . The set G1 is defined as the set of functions on the sphere
such thatR g(z) = Sd σ(v > z)p(z)dτd (z), with the norm γ1 (g) equal to the smallest possible
value of Sd |p(z)|dτd (z). We
R may also define the corresponding squared RKHS norm by the
smallest possible value of Sd |p(z)|2 dτd (z), with the corresponding RKHS G2 .
In this section, we first consider approximation properties of functions in G1 by a finite
number of neurons (only for α = 1). We then study approximation properties of functions on
the sphere by functions in G1 . It turns out that all our results are based on the approximation
properties of the corresponding RKHS G2 : we give sufficient conditions for being in G2 , and
then approximation bounds for functions which are not in G2 . Finally we transfer these to
the spaces F1 and F2 , and consider in particular functions which only depend on projections
on a low-dimensional subspace, for which the properties of G1 and G2 (and of F1 and F2 )
differ. This property is key to obtaining generalization bounds that show adaptivity to
linear structures in the prediction functions (as done in Section 5).
Approximation properties of neural networks with finitely many neurons have been
studied extensively (see, e.g., Petrushev, 1998; Pinkus, 1999; Makovoz, 1998; Burger and
Neubauer, 2001). In Section 4.7, we relate our new results to existing work from the
literature on approximation theory, by showing that our results provide an explicit control
of the various weight vectors which are needed for bounding the estimation error in Section 5.

A key quantity that drives the approximability by a finite number of neurons is the variation
norm γ1 (g). As shown in Section 2.5, any function g such that γ1 (g) is finite, may be
approximated in L2 (Sd )-norm with error ε with n = O(γ1 (g)2 ε−2 ) units. For α = 1 (rectified
linear units), we may improve the dependence in ε, through the link with zonoids and
zonotopes, as we now present.
If we decompose the signed measureR µ as µ = µ+ −µ− where
µ+ and µ− are positive meaR
sures, then, for g ∈ G1 , we have g(z) = Sd (v > z)+ dµ+ (v)− Sd (v > z)+ dµ− (v) = g+ (z)−g− (z),
which is a decomposition of g as a difference of positively homogenous convex functions.
Positively homogenous convex functions h may be written as the support function of
a compact convex set K (Rockafellar, 1997), that is, h(z) = maxy∈K y > z, and the set K
characterizes the function h. The functions g+ and g− defined above are not any convex
positively homogeneous functions, as we now describe.

kvkp 61

max

where I+ = {i, yi > 0} and I− = {i, yi < 0}. We have, with ti = |yi |1/α zi ∈ Rd+1 , and
β ∈ (1, 2] defined by 1/β + 1/α = 1 (we use the fact that the function u 7→ uα /α and
v 7→ v β /β are Fenchel-dual to each other):

max

n
X 1
X 1
1X
yi (v > zi )α+ = max
(v > |yi |1/α zi )α+ −
(v > |yi |1/α zi )α+ ,
α
α
kvkp 61 α
kvkp 61

We consider the problem in Eq. (2) for the remaining cases α > 2. For z1 , . . . , zn ∈ Rd+1
and a vector y ∈ Rn , the goal is to solve (as well as the corresponding problem with y
replaced by −y):

3.4 Incremental Optimization Problem for α > 2

NP-hardness. Given the reduction of the case α = 1 (rectified linear units) to α = 0
(exact thresholds) (Livni et al., 2014), the incremental problem is also NP-hard, so as obtaining a constant-factor approximation. However, this does not rule out convex relaxations
with non-constant approximation ratios (see Section 6 for more details).

the results from Livni et al. (2014), which state that for the quadratic activation function,
the incremental problems is equivalent to an eigendecomposition (and hence solvable in
polynomial time), do not apply.

ratio is not good enough to get any relevant bound for our purpose (see Section 5.5), as for
computing the Haussdorff distance, we care about potentially vanishing differences that are
swamped by constant factor approximations.
Nevertheless, the ellipsoid approximation may prove useful in practice, in particular
because the `2 -Haussdorff distance between two ellipsoids may be computed in polynomial
time (see Appendix E).

4. Approximation Properties

Bach
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Pr
If the measure µ+ is supported
by finitely many
P
P points, that is,
Pµ+ (v) = i=1 ηi δ(v −vi )
t
t
t
ηi (vi> z)+ = i=1
(ηi vi> z)+ = i=1
(ti> z)+ for ti = ηi vi .
with η > 0, then g+ (z) = i=1
P
r
bi ti , b ∈ [0, 1]r }
Thus the corresponding set K+ is the zonotope [0, t1 ] + · · · + [0, tr ] = { i=1
already defined in Section 3.3. Thus the functions g+ ∈ G1 and g− ∈ G1 for finitely supported
measures µ are support functions of zonotopes.
When the measure µ is not constrained to have finite support, then the sets K+ and K−
are limits of zonotopes, and thus, by definition, zonoids (Bolker, 1969), and thus functions
in G1 are differences of support functions of zonoids. Zonoids are a well-studied set of convex bodies. They are centrally symmetric, and in two dimensions, all centrally symmetric
compact convexs sets are (up to translation) zonoids, which is not true in higher dimensions (Bolker, 1969). Moreover, the problem of approximating a zonoid by a zonotope with
a small number of segments (Bourgain et al., 1989; Matoušek, 1996) is essentially equivalent to the approximation of a function g by finitely many neurons. The number of neurons
directly depends on the norm γ1 , as we now show.
Proposition 1 (Number of units - α = 1) Let ε ∈ (0, 1/2). For any function g in G1 ,
r points in V, so that for all z ∈ Sd . |g(z) −
Rthere >exists a measure µ supported on at most
−2d/(d+3) , for some constant C(d) that depends
Sd (v z)+ dµ(v)| 6 εγ1 (g), with r 6 C(d)ε
only on d.

Z

Sd

|v > z|dµ(v) −
i=1

1X >
|vi z| 6 ε,
r

r

(4)

Proof Without loss of generality, we assume γ(g) = 1. It is shown by Matoušek (1996)
that for any probability measure µ (positive and with finite mass) on the sphere Sd , there
exists a set of r points v1 , . . . , vr , so that for all z ∈ Sd ,

Z
(v > z)+ dµ(v) =

Sd

1
2

Z

(v > z)dµ(v)+

Sd

µ+ (Sd )
2

Z

Sd

|v > z|

dµ+ (v) µ− (Sd )
−
2
µ+ (Sd )

Z

Sd

|v > z|

dµ− (v)
,
µ− (Sd )

with r 6 C(d)ε−2+6/(d+3) = C(d)ε−2d/(d+3) , for some constant C(d) that depends only on
d. We may then simply write
g(z) =

and approximate the last two terms with error εµ± (Sd ) with r terms, leading to an approximation of εµ+ (Sd ) + εµ− (Sd ) = εγ1 (g) = ε, with a remainder that is a linear function q > z of
z, with kqk2 6 1. We may then simply add two extra units with vectors q/kqk2 and weights
−kqk2 and kqk2 . We thus obtain, with 2r + 2 units, the desired approximation result.
Note that Bourgain et al. (1989, Theorem 6.5) showed that the scaling in ε in Eq. (4)
is not improvable, if the measure is allowed to have non equal weights on all points and the
proof relies on the non-approximability of the Euclidean ball by centered zonotopes. This
results does not apply here, because we may have different weights µ− (Sd ) and µ+ (Sd ).
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Note that the proposition above is slightly improved in terms of the scaling of the number of neurons with respect to the approximation error ε (improved exponent), compared
to conditional gradient bounds (Barron, 1993; Kurkova and Sanguineti, 2001). Indeed, the
19

Bach

simple use of conditional gradient leads to r 6 ε−2 γ1 (g)2 , with a better constant (independent of d) but a worse scaling in ε—also with a result in L2 (Sd )-norm and not uniformly on
the ball {kxkq 6 R}. Note also that the conditional gradient algorithm gives a constructive way of building the measure. Moreover, the proposition above is related to the result
from Makovoz (1998, Theorem 2), which applies for α = 0 but with a number of neurons
growing as ε−2d/(d+1) , or to the one of Burger and Neubauer (2001, Example 3.1), which
applies to a piecewise affine sigmoidal function but with a number of neurons growing as
ε−2(d+1)/(d+3) (both slightly worse than ours).
Finally, the number of neurons needed to express a function with a bound on the γ2 norm can be estimated from general results on approximating reproducing kernel Hilbert
space described in Section 2.3, whose kernel can be expressed as an expectation. Indeed,
Bach (2017) shows that with k neurons, one can approximate a function in F2 with unit
γ2 -norm with an error measured in L2 of ε = k −(d+3)/(2d) . When inverting the relationship
between k and ε, we get a number of neurons scaling as ε−2d/(d+3) , which is the same as in
Prop. 1 but with an error in L2 -norm instead of L∞ -norm.

4.2 Sufficient Conditions for Finite Variation

In this section and the next one, we study more precisely
the RKHS G2 (and thus obtain
R
similar results for G1 ⊃ G2 ). The kernel k(x, y) = Sd (v > x)+ (v > y)+ dτd (v) defined on the
sphere Sd belongs to the family of dot-product kernels (Smola et al., 2001) that only depends
on the dot-product x> y, although in our situation, the function is not particularly simple
(see formulas in Section 3.1). The analysis of these kernels is similar to one of translationinvariant kernels; for d = 1, i.e., on the 2-dimensional sphere, it is done through Fourier
series; while for d > 1, spherical harmonics have to be used as the expansion of functions
in series of spherical harmonics make the computation of the RKHS norm explicit (see a
review of spherical harmonics in Appendix D.1 with several references therein). Since the
calculus is tedious, all proofs are put in appendices, and we only present here the main
results. In this section, we provide simple sufficient conditions for belonging to G2 (and
hence G1 ) based on the existence and boundedness of derivatives, while in the next section,
we show how any Lipschitz-function may be approximated by functions in G2 (and hence
G1 ) with precise control of the norm of the approximating functions.
The derivatives of functions defined on Sd may be defined in several ways, using the
manifold structure (see, e.g., Absil et al., 2009) or through polar coordinates (see, e.g.,
Atkinson and Han, 2012, Chapter 3). For d = 1, the one-dimensional sphere S1 ⊂ R2 may
be parameterized by a single angle and thus the notion of derivatives and the proof of the
following result is simpler and based on Fourier series (see Appendix C.2). For the general
proof based on spherical harmonics, see Appendix D.2.
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Proposition 2 (Finite variation on the sphere) Assume that g : Sd → R is such that
all i-th order derivatives exist and are upper-bounded in absolute value by η for i ∈ {0, . . . , s},
where s is an integer such that s > (d − 1)/2 + α + 1. Assume g is even if α is odd (and
vice-versa); then g ∈ G2 and γ2 (g) 6 C(d, α)η, for a constant C(d, α) that depends only on
d and α.

We can make the following observations:

20

η

 δ −1/(α+(d−1)/2)

log
η

δ

.
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– Dependence on d and α: the rate of approximation is increasing in d and α. In
particular the approximation properties are better for low α.

– Dependence in δ and η: as expected, the main term in the error bound (δ/η)−1/(α+(d−1)/2)
is a decreasing function of δ/η, that is when the norm γ2 (h) is allowed to grow, the
approximation gets tighter, and when the Lipschitz constant of g increases, the approximation is less tight.

This proposition is shown in Appendix C.3 for d = 1 (using Fourier series) and in
Appendix D.4 for all d > 1 (using spherical harmonics). We can make the following observations:

x∈Sd

sup |h(x) − g(x)| 6 C(d, α)η

Proposition 3 (Approximation of Lipschitz-continuous functions on the sphere)
For δ greater than a constant depending only on d and α, for any function g : Sd → R such
that for all x, y ∈ Sd , g(x) 6 η and |g(x) − g(y)| 6 ηkx − yk2 , and g is even if α is odd (and
vice-versa), there exists h ∈ G2 , such that γ2 (h) 6 δ and

In order to derive generalization bounds for target functions which are not sufficiently
differentiable (and may not be in G2 or G1 ), we need to approximate any Lipschitz-continuous
function, with a function g ∈ G2 with a norm γ2 (g) that will grow as the approximation gets
tighter. We give precise rates in the proposition below. Note the requirement for parity of
the function g. The result below notably shows the density of G1 in uniform norm in the
space of Lipschitz-continuous functions of the given parity, which is already known since
our activation functions are not polynomials (Leshno et al., 1993).

4.3 Approximation of Lipschitz-continuous Functions

– Special case d = 1, α = 0: differentiable functions on the sphere in R2 , with bounded
derivatives, belong to G2 , and thus all Lipschitz-continuous functions, because Lipschitzcontinuous functions are almost everywhere differentiable with bounded derivative
(Adams and Fournier, 2003).

– Dependence on d: a key feature of the sufficient condition is the dependence on d, that
is, as d increases the number of derivatives has to increase in d/2—like for Sobolev
spaces in dimension d (Adams and Fournier, 2003). This is another instantiation
of the curse of dimensionality: only very smooth functions in high dimensions are
allowed.

– Dependence on α: for any d, the higher the α, the stricter the sufficient condition.
Given that the estimation error grows slowly with α (see Section 5.1), low values of
α would be preferred in practice.

– Tightness of conditions: as shown in Appendix D.5, there are functions g, which have
bounded first s derivatives and do not belong to G2 while s 6 d2 + α (at least when
s − α is even). Therefore, when s − α is even, the scaling in (d − 1)/2 + α is optimal.
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d 4π Γ(α/2+d/2+1)
d−1 α Γ(α/2)Γ(d/2+1)

≈ Cdα/2 .
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We now extend the results above to functions defined on Rd , to be approximated by functions
in F1 and F2 . More precisely, we first extend Prop. 2 and Prop. 3, and then consider norms
of linear functions and functions of projections.

4.6 From the Unit-sphere Sd to Rd+1

If g(x) = ϕ(w> x) for some unit-norm w ∈ Rd+1 and ϕ a function defined on the real-line,
then the value of the norms γ2 and γ1 differ significantly. Indeed, for γ1 , we may consider
a new variable x̃ ∈ S1 ⊂ R2 , with its first component x̃1 = w> x, and the function g̃(x) =
ϕ(x̃1 ). We may then apply Prop. 2 to g̃ with d = 1. That is, if ϕ is (α+1)-times
differentiable
R
with bounded derivatives, there exists a decomposition g̃(x̃) = S1 µ̃(ṽ)σ(ṽ > x̃)dµ̃, with
γ1 (g̃) = |µ̃|(S1 ), which is not increasing in d. If we consider any vector t ∈ Rd+1 which is
orthogonal to w in Rd+1 , then, we may define a measure µ supported in the circle defined by
the two vectors w and t and which is equal to µ̃ on that circle. The total variation of µ is the
one of µ̃ while g can be decomposed using µ and thus γ1 (g) 6 γ1 (g̃). Similarly, Prop. 3 could
also be applied (and will for obtaining generalization bounds), also our reasoning works for
any low-dimensional projections: the dependence on a lower-dimensional projection allows
to reduce smoothness requirements.
However, for the RKHS norm γ2 , this reasoning does not apply. For example, a certain
function ϕ exists, which is s-times differentiable, as shown in Appendix D.5, for s 6 d2 + α
(when s − α is even), and is not in G2 . Thus, given Prop. 2, the dependence on a unidimensional projection does not make a difference regarding the level of smoothness which
is required to belong to G2 .

4.5 Functions of Projections

We see that for α = 1, the
√ γ1 -norm is less than a constant, and is much smaller than
the γ2 -norm (which scales as d). For α > 2, we were not able to derive better bounds for
γ1 (other than the value of γ2 ).

α = 1, then γ1 (g) 6 2, and for all α > 1, γ1 (g) 6 γ2 (g) =

Proposition 4 (Norms of linear functions on the sphere) Assume that g : Sd → R
2dπ
is such g(x) = v > x for a certain v ∈ Sd . If α = 0, then γ1 (g) 6 γ2 (g) = d−1
≈ 2π. If

In this section, we consider a linear function on Sd , that is g(x) = v > x for a certain v ∈ Sd ,
and compute its norm (or upper-bound thereof) both for G1 and G2 , which is independent
of v and finite. In the following propositions, the notation ≈ means asymptotic equivalents
when d → ∞.

4.4 Linear Functions

– Tightness: in Appendix D.5, we provide a function which is not in the RKHS and
for which the tightest possible approximation scales as δ −2/(d/2+α−2) . Thus the linear
scaling of the rate as d/2 + α is not improvable (but constants are).

– Special case d = 1 and α = 0: up to the logarithmic term we recover the result of
Prop. 2, that is, the function g is in G2 .
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Proposition 5 (Finite variation) Assume that f : Rd → R is such that all i-th order
derivatives exist and are upper-bounded on the ball {kxkq 6 R} by η/Ri for i ∈ {0, . . . , k},
where s is the smallest integer such that s > (d − 1)/2 + α + 1; then f ∈ F2 and γ2 (f ) 6
C(d, α)η, for a constant C(d, α) that depends only on d and α.
Proof By assumption, the function x 7→ f (Rx) has all its derivatives bounded by a conα
stant times η. Moreover, we have defined g(t, a) = f ( Rt
a )a so that all derivatives are
bounded by η. The result then follows immediately from Prop. 2.

 
δ
−1/(α+(d−1)/2)
δ
log
.
η
η

Proposition 6 (Approximation of Lipschitz-continuous functions) For δ larger than
a constant that depends only on d and α, for any function f : Rd → R such that for all x, y
such that kxkq 6 R and kykq 6 R, |f (x)| 6 η and |f (x) − f (y)| 6 ηR−1 kx − ykq , there
exists g ∈ F2 such that γ2 (g) 6 δ and
sup |f (x) − g(x)| 6 C(d, α)η

kxkq 6R

Proof With the same reasoning as above, we obtain that g is Lipschitz-continuous with
constant η, we thus get the desired approximation error from Prop. 3.

Linear functions. If f (x) = w> x + b, with kwk2 6 η and b 6 ηR, then for α = 1, it is
straightforward that γ1 (f ) 6 2Rη. Moreover, we have γ2 (f ) ∼ CRη. For other values of
α, we also have γ1 -norms less than a constant (depending only of α) times Rη. The RKHS
norms are bit harder to compute since linear functions for f leads to linear functions for g
only for α = 1.
Functions of projections. If f (x) = ϕ(w> x) where kwk2 6 η and ϕ : R → R is a
function, then the norm of f is the same as the norm of the function ϕ on the interval
[−Rη, Rη], and it thus does not depend on d. This is a consequence of the fact that the
total mass of a Radon measure remains bounded even when the support has measure zero
(which might not be the case for the RKHS defined in Section 2.3). For the RKHS, there
is no such results and it is in general not adaptive.
More generally, if f (x) = Φ(W > x) for W ∈ Rd×s with the largest singular value of W
less than η, and Φ a function from Rs to R, then for kxk2 6 R, we have kW > xk2 6 Rη,
and thus we may apply our results for d = s.

JMLR 18(19):1-53, 2017

`1 -penalty on input weights (p=1). When using an `1 -penalty on input weights instead
of an `2 -penalty, the results in Prop. 5 and 6 are unchanged (only the constants that
depend on d are changed). Moreover, when kxk∞ 6 1 almost surely, functions of the form
f (x) = ϕ(w> x) where kwk1 6 η and ϕ : R → R is a function, will also inherit from
properties of ϕ (without any dependence on dimension). Similarly, for functions of the
form f (x) = Φ(W > x) for W ∈ Rd×s with all columns of `1 -norm less than η, we have
kW > xk∞ 6 Rη and we can apply the s-dimensional result.
23

4.7 Related Work
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In this section, we show how our results from the previous sections relate to existing work
on neural network approximation theory.

Approximation of Lipschitz-continuous functions with finitely many neurons.
In this section, we only consider the case α = 1, for which we have two approximation
bounds: Prop. 6 which approximates any η-Lipschitz-continuous function by a function
with finite γ1 -norm less than δ and uniform error less than η(δ/η)−2/(d+1) log (δ/η), and
Prop. 1 which shows that a function with γ1 -norm less than δ, may be approximated with
r neurons with uniform error δr−(d+3)/(2d) .
Thus, given r neurons, we get an approximation of the original function with uniform
error
η(δ/η)−2/(d+1) log (δ/η) + δr−(d+3)/(2d) .

We can optimize over δ, and use δ = ηn(d+1)/(2d) , to obtain a uniform approximation bound
proportional to η(log n)n−1/d , for approximating an η-Lipschitz-continuous function with n
neurons.

Approximation by ridge functions. The approximation properties of single hidden
layer neural networks have been studied extensively, where they are often referred to as
“ridge function” approximations. As shown by Pinkus (1999, Corollary 6.10)—based on
a result from Petrushev (1998), the approximation order of n−1/d for the rectified linear
unit was already known, but only in L2 -norm (and without the factor log n), and without
any constraints on the input and output weights. In this paper, we provide an explicit
control of the various weights, which is needed for computing estimation errors. Moreover,
while the two proof techniques use spherical harmonics, the proof of Petrushev (1998)
relies on quadrature formulas for the associated Legendre polynomials, while ours relies on
the relationship with the associated positive definite kernels, is significantly simpler, and
offers additional insights into the problem (relationship with convex neural networks and
zonoids). Maiorov (2006, Theorem 2.3) also derives a similar result, but in L2 -norm (rather
than uniform norm), and for sigmoidal activation functions (which are bounded). Note
finally, that the order O(n−1/d ) cannot be improved (DeVore et al., 1989, Theorem 4.2).
Also, Maiorov and Meir (2000, Theorem 5) derive similar upper and lower bounds based on
a random sampling argument which is close to using random features in the RKHS setting
described in Section 2.3.
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Relationship to hardness results for Boolean-valued functions. In this paper, we
consider a particular view of the curse of dimensionality and ways of circumventing it, that
is, our distribution over inputs is arbitrary, but our aim is to approximate a real-valued
function. Thus, all hardness results depending on functions with values in {0, 1} do not
apply there directly—see, e.g., Shalev-Shwartz and Ben-David (2014, Chapter 20), for the
need of exponentially many hidden units for approximating most of the functions from
{0, 1}d to {0, 1}.
Our approximation bounds show that, without any assumption beyond Lipschitz-continuity
of the target function, it sufficient to have a number of hidden units which is still exponential in dimension (hence we also suffer from the curse of dimensionality), but a soon as the
target function depends on linear low-dimensional structure, then we lose this exponential

24

f ∈F δ

kxkq 6R

√

p
2 log(d + 1) for p = 1 and C(p, d, α) 6

25

√α
p−1

for p ∈ (1, 2]
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– for α = 0, C(p, d, α) 6 C d + 1, where C is a universal constant.

– for α > 1, C(p, d, α) 6 α

with the following constants:

Proposition 7 (Uniform deviations) We have the following bound on the expected uniform deviation:


Gδ
ˆ )| 6 4 √
E sup |J(f ) − J(f
C(p, d, α),
n
γ1 (f )6δ

The following proposition bounds the uniform deviation between J and its empirical counˆ This result is standard (see, e.g., Koltchinskii, 2001; Bartlett and Mendelson,
terpart J.
2003) and may be extended in bounds that hold with high-probability.

5.1 Estimation Errors and Rademacher Complexity

ˆ ) − J(f )| using Rademacher complexWe now deal with estimation errors supf ∈F δ |J(f
ities.

f ∈F δ

Approximation errors inf f ∈F δ J(f ) − inf f ∈F J(f ) will be obtained from the approximation results from Section 4 by assuming that the optimal target function f∗ has a specific
form. Indeed, we have:
n
o
sup |f (x) − f∗ (x)| .
inf J(f ) − J(f∗ ) 6 G inf

– Logistic regression and support vector machines: we have G = 1.
√
2
√ ∞ }.
– Least-squares regression: we take G = max { 2δ + kyk∞ , kyk
2δ

Our goal is to derive the generalization bounds outlined in Section 2.4 for neural networks
with a single hidden layer. The main results that we obtain are summarized in Table 2 and
show adaptivity to assumptions that avoid the curse of dimensionality.
More precisely, given some distribution over the pairs (x, y) ∈ X × Y, a loss function
` : Y × R → R, our aim is to find a function f : Rd → R such that J(f ) = E[`(y, f (x))]
is small, given some i.i.d. observations (xi , yi ), i = 1, . . . , n. We consider the empirical risk
minimization framework over a space of functions F, equipped with a norm
γ (in our situˆ ) = 1 Pn `(yi , f (xi )),
ations, F1 and F2 , equipped with γ1 or γ2 ). The empirical risk J(f
i=1
n
is minimized by constraining f to be in the ball F δ = {f ∈ F, γ(f ) 6 δ}.
We assume that almost surely,√ kxkq 6 R, that for all y the function u 7→ `(y, u) is
G-Lipschitz-continuous on {|u| 6 2δ},
√ and that almost surely, `(y, 0) 6 Gδ. As before z
denotes z = (x> , R)> so that kzkq 6 2R. This corresponds to the following examples:

5. Generalization Bounds

dependence. It would be interesting to study an extension to {0, 1}-valued functions, and
also to relate our results to the number of linear regions delimited by neural networks with
rectified linear units (Montufar et al., 2014).
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n

i=1

i=1
n

n

n

i=1

1X
1X
τi `(yi , 0) + 2E sup
τi [`(yi , f (xi )) − `(yi , 0)]
n
n
γ1 (f )6δ

1X
τi `(yi , f (xi )) using Rademacher random variables τi ,
n

n

n

q

.

i=1 τi zi kq

Pn

6

√

√

√
q − 1R n =
√ p
6 R n 2 log(d + 1).

6

√1 R
p−1

√
n

nRC(p, d) with C(p, d) defined above, and thus

i=1 τi zi kq

Pn

i=1 τi zi kq

Pn
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where C is a universal constant.
Note that using standard results from Rademacher complexities, we have, r
with proba2Gδ
2
ˆ
ˆ
√
bility greater than 1 − u, sup |J(f ) − J(f )| 6 E sup |J(f ) − J(f )| +
log .
u
n
γ1 (f )6δ
γ1 (f )6δ

√
C √d+1
,
n

equal to d, and Theorem 6 from Bartlett and Mendelson (2003), that shows that E supv∈Rd+1

For α = 0, we can simply go through the VC-dimension of half-hyperplanes, which is

Gδα
Gδ
ˆ )| 6 2 √
(1 + αC(p, d)) 6 4 √ C(p, d).
E sup |J(f ) − J(f
n
n
γ(f )6δ

Overall, we have Ek

– If p = 1, then q = ∞, and Ek

– If p ∈ (1, 2], then q ∈ [2, ∞), and Ek

From Kakade et al. (2009), we get the following bounds on Rademacher complexities:

i=1

n
X
Gδ
Gαδ
6 2√ + 2
E
τi zi
Rn
n

1
n

i=1 τi 1v > zi

Pn

using the α-Lipschitz-cont. of (·)α+ on [−1, 1],

i=1

Gδ
1X >
ˆ )| 6 2 √
E sup |J(f ) − J(f
+ 2GδαE sup
τi v zi
n
n
γ1 (f )6δ
kvkp 61/R

We then take different routes for α > 1 and α = 0.
For α > 1, we have the upper-bound

i=1

1X
Gδ
τi (v > zi )α+ using Eq. (2).
6 2 √ + 2GδE sup
n
n
kvkp 61/R

i=1

1X
Gδ
6 2 √ + 2GE sup
τi f (xi ) using the Lipschitz-continuity of the loss,
n
γ(f )6δ n

γ1 (f )6δ

6 2E sup

γ1 (f )6δ

6 2E sup

γ1 (f )6δ

ˆ )|
E sup |J(f ) − J(f

Proof We use the standard framework of Rademacher complexities and get:
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5.2 Generalization Bounds for `2 -norm Constraints on Input Weights (p = 2)
We now provide generalization bounds for the minimizer of the empirical risk given the
contraint that γ1 (f ) 6 δ for a well chosen δ, that will depend on the assumptions regarding
the target function f∗ , listed in Section 1. In this section, we consider an `2 -norm on input
weights w, while in the next section, we consider the `1 -norm. The two situations are
summarized and compared in Table 2, where we consider that kxk√∞ 6 r almost surely,
which implies that our bound R will depend on dimension as R 6 r d.
Our generalization bounds are expected values of the excess expected risk for a our
estimator (where the expectation is taken over the data).
Affine functions. We assume f∗ (x) = w> x + b, with kwk2 6 η and |b| 6 Rη. Then,
as seen in Section 4.6, f∗ ∈ F1 with γ1 (f∗ ) 6 C(α)ηR (the constant is independent of d
because we approximate an affine function). From Prop. 7, we thus get a generalization
√
bound proportional to GRη
times a constant (that may depend on α), which is the same
n
as assuming directly that we optimize over linear predictors only. The chosen δ is then a
constant times Rη, and does not grow with n, like in parametric estimation (although we
do use a non-parametric estimation procedure).
Pk
>
Projection pursuit. We assume f∗ (x) =
j=1 fj (wj x), with kwj k2 6 η and each
fj bounded by ηR and 1-Lipschitz continuous. From Prop. 6, we may approach each
x 7→ fj (wj> x) by a function with γ1 -norm less than δηR and uniform approximation
C(α)ηRδ −1/α log δ. This leads to a total approximation error of kC(α)GηRδ −1/α log δ for a
norm less than kδηR (the constant is independent of d because we approximate a function
of one-dimensional projection).
√
For α > 1, from Prop. 7, the estimation error is kGRηδ
, with an overall bound of
n
C(α)kGRη( √δn +δ −1/α log δ). With δ = nα/2(α+1) (which grows with n), we get an optimized
log n
, with a scaling independent of the dimension d
generalization bound of C(α)kGRη n1/(2α+2)
√
√
(note however that R typically grow with d, i.e., r d, if we have a bound in `∞ -norm for
all our inputs x).
For α = 0, from Prop. 5, the target function belongs
to F1 with a norm less than kGRη,
√
√ d.
leading to an overall generalization bound of kGRη
n
Note that when the functions fj are exactly the activation functions, the bound is better,
as these functions directly belong to the space F1 .

and with

Multi-dimensional
projection pursuit. We extend the situation above, by assumPk
>
d×s having all singular values less than
ing f∗ (x) =
j=1 Fj (Wj x) with each Wj ∈ R
η and each Fj bounded by ηR and 1-Lipschitz continuous. From Prop. 6, we may approach each x 7→ Fj (Wj> x) by a function with γ1 -norm less than δηR and uniform approximation C(α, s)ηRδ −1/(α+(s−1)/2) log δ. This leads to a total approximation error of
kC(α, s)GηRδ −1/(α+(s−1)/2) log δ.
√
√
For α > 1, the estimation error is kGRηδ/ n, with an overall bound of C(α, s)kGRη(δ/ n+
log n.
δ −1/(α+(s−1)/2) log δ). With δ = n(α+(s−1)/2)/(2α+s−1) , we get an optimized bound of C(α,s)kGRη
n1/(2α+s+1)
√
δ√ d
),
n

log(n/d).
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C(s)kGRη
(n/d)1/(s+1)

For α = 0, we have an overall bound of C(s)kGRη(δ −2/(s−1) log δ +
δ = (n/d)(s−1)/(s+1) , we get a generalization bound scaling as
27

k
X

function space
w> x + b
fj (wj> x), wj ∈ Rd
fj (Wj> x), Wj ∈ Rd×s

j=1

k
X

j=1
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(dq)1/2
n1/2

α=0

√ log d 1/2
q( n )

k(dq)1/2
n1/2

k · k1 , α > 1
d1/2
n1/2

kq 1/2 (log d)1/(α+1)
log n
n1/(2α+2)

k · k2 , α > 1

kd1/2 log n
n1/(2α+2)

kq 1/2 (log d)1/(α+(s+1)/2)
(dq)1/2 d1/(s+1)
kd1/2
log n
log n
log n
n1/(2α+s+1)
n1/(2α+s+1)
n1/(s+1)

Table 2: Summary of generalization bounds with different settings. See text for details.

Note that for s = d and k = 1, we recover the usual Lipschitz-continuous assumption,
with a rate of C(α,d)kGRη
log n.
n1/(2α+d+1)

We can make the following observations:

– Summary
√ table: when we know a bound r on all dimensions of x, then we may
√ take
R = r d; this is helpful in comparisons in Table 2, where R is replaced by r d and
the dependence in r is removed as it is the same for all models.

– Dependence on d: when making only a global Lipschitz-continuity assumption, the
generalization bound has a bad scaling in n, i.e., as n−1/(2α+d+1) , which goes down to
zero slowly when d increases. However, when making structural assumptions regarding
the dependence on unknown lower-dimensional subspaces, the scaling in d disappears.

– Comparing different values of α: the value α = 0 always has the best scaling in n,
but constants are better for α > 1 (among which α = 1 has the better scaling in n).

– Bounds for F2 : The simplest upper bound for the penalization by the space F2
depends on the approximation properties√ of F2 . For linear functions and α = 1,
√
√ d . For the other values of α, there is a
it is less than dηR, with a bound GRη
n
constant C(d). Otherwise, there is no adaptivity and all other situations only lead to
upper-bounds of O(n−1/(2α+d+1) ). See more details in Section 5.4.

– Sample complexity: Note that the generalization bounds above may be used to obtain
sample complexity results such as dε−2 for affine functions, (εk −1 d−1/2 )−2α−2 for projection pursuit, and (εk −1 d−1/2 )−s−1−2α for the generalized version (up to logarithmic
terms).
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– Relationship to existing work : Maiorov (2006, Theorem 1.1) derives similar results for
neural networks with sigmoidal activation functions (that tend to one at infinity) and
the square loss only, and for a level of smoothness of the target function which grows
with dimension (in this case, once can get easily rates of n−1/2 ). Our result holds
for problems where only bounded first-order derivatives are assumed, but by using
Prop. 2, we would get similar rate by ensuring the target function belongs to F2 and
hence to F1 .

28

kGrη√ q log d
n

(the sparsity is not helpful in this case).

29
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P
Multi-dimensional projection pursuit. We assume f∗ (x) = kj=1 Fj (Wj> x) with each
d×s
Wj ∈ R , having all columns with `2 -norm less than η (note that this is a weaker requirement than having all singular values that are less than η). If we assume that each of these
√
columns has at most q non-zeros, then the `1 -norms are less than r q and we may use the
approximation properties described at the end of Section 4.6. We also assume that each Fj
√
is bounded by ηr q and 1-Lipschitz continuous (with respect to the `2 -norm).
√
We may approach each x 7→ Fj (Wj> x) by a function with γ1 -norm less than δηr q and
√ −1/(α+(s−1)/2)
uniform approximation C(α, s)ηr qδ
log δ. This leads to a total approxima√
tion error of kC(α, s)Gηr qδ −1/(α+(s−1)/2) log δ.

an overal bound of

Affine functions. We assume f∗ (x) = w> x + b, with kwk2 6 η and |b| 6 Rη. Given that
√
we have assumed that w has at most q non-zeros, we have kwk1 6 qη.
√
Then, f∗ ∈ F1 with γ1 (f ) 6 C(α)ηr q, with a constant that is independent of d because
we have an affine function.
√
Grη q log(d)
√
From Prop. 7, we thus get a rate of
times a constant (that may depend on α),
n
which is the same as assuming directly that we optimize over linear predictors only (see, for
example, Bühlmann and Van De Geer, 2011). We recover a high-dimensional phenomenon
√
(although with a slow rate in 1/ n), where d may be much larger than n, as long as log d
√
is small compared to n. The chosen δ is then a constant times rη q (and does not grow
with n).
P
Projection pursuit. We assume f∗ (x) = kj=1 fj (wj> x), with kwj k2 6 η (which implies
√
√
kwj k1 6 qη given our sparsity assumption) and each fj bounded by ηr q and 1-Lipschitz
continuous. We may approach each x 7→ fj (wj> x) by a function with γ1 -norm less than
√
√
δηr q and uniform approximation C(α)ηr qδ −1/α log δ, with a constant that is independent of d because we have a function of one-dimensional projection. This leads to a total
√
√
approximation error of kC(α)Gηr qδ −1/α log δ for a norm less than kδηr q.
√
√
kGrηδ√ q log d
For α > 1, the estimation error is
, with an overall bound of C(α)kGr qη(δ −1/α log δ+
n
√
√
d)1/(2α+2)
δ √log d
). With δ = (n/ log d)α/2(α+1) , we get an optimized bound of C(α)kGr qη log n(log
,
n
n1/(2α+2)
with a scaling only dependent in d with a logarithmic factor.
√
For α = 0, the target√function belongs to F1 with a norm less than kGr qη, leading to

We consider the same three situations, assuming that linear predictors have at most q nonzero elements. We assume that each component of x is almost surely bounded by r (i.e., a
bound in `∞ -norm).

5.3 Generalization Bounds for `1 -norm Constraints on Input Weights (p = 1)

Lower bounds. In the sections above, we have only provided generalization bounds.
Although interesting, deriving lower-bounds for the generalization performance when the
target function belongs to certain function classes is out of the scope of this paper. Note
however, that results from Sridharan (2012) suggest that the Rademacher complexities of
the associated function classes provide such lower-bounds. For general Lipschitz-functions,
these Rademacher complexities decreases as n− max{d,2} (von Luxburg and Bousquet, 2004).
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qη(log d)1/(2α+s+1)
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The results presented in the two sections above were using the space F1 , with an L1 -norm on
the outputs weights (and either an `1 - or `2 -norm on input weights). As seen in Sections 2.3
and 3.1, when using an L2 -norm on output weights, we obtain a reproducing kernel Hilbert
space F2 .
As shown in Section 6, the space F2 is significantly smaller than F1 , and in particular is
not adaptive to low-dimensional linear structures, which is the main advantage of the space
F1 . However, algorithms for F2 are significantly more efficient, and there is no need for
the conditional gradient algorithms presented in Section 2.5. The first possibility is to use
the usual RKHS representer theorem with the kernel functions computed in Section 3.1,
leading to a computation complexity of O(n2 ). Alternatively, as shown by Rahimi and Recht
(2007), one may instead sample m basis functions that is m different hidden units, keep the
input weights fixed and optimize only the output layer with a squared `2 -penalty. This will
√
quickly (i.e., the error goes down as 1/ m) approach the non-parametric estimator based
on penalizing by the RKHS norm γ2 . Note that this argument of random sampling has been
used to study approximation bounds for neural networks with finitely many units (Maiorov
and Meir, 2000).
Given the usage of random sampling with L2 -penalties, it is thus tempting to sample
weights, but now optimize an `1 -penalty, in order to get the non-parametric estimator
obtained from penalizing by γ1 . When the number of samples m tends to infinity, we
indeed obtain an approximation that converges to γ1 (this is simply a uniform version of
the law of large numbers). However, the rate of convergence does depend on the dimension
d, and in general exponentially many samples would be needed for a good approximation—
see Bach (2013, Section 6) for a more precise statement in the related context of convex
matrix factorizations.

5.4 Relationship to Kernel Methods and Random Sampling

– Group penalties: in this paper, we only consider `1 -norm on input weights; when
doing joint variable selection for all basis functions, it may be worth using a group
penalty (Yuan and Lin, 2006; Bach, 2008a).

log n, which
q variables, then we obtain a bound proportional to
n1/(2α+s+1)
exhibits a high-dimensional scaling in a non-linear setting. Note that beyond sparsity,
no assumption is made (in particular regarding correlations between input variables),
and we obtain a high-dimensional phenomenon where d may be much larger than n.

– High-dimensional variable selection: when k = 1, s = q√and W1 is a projection onto

We can make the following observations:

√
√ √
For α > 1, the estimation error is kGr qηδ√ log d/ n, with an overall bound which is
√
d
equal to C(α, s)kGr qη(δ −1/(α+(s−1)/2) log δ+ δ √log
). With δ = (n/ log d)(α+(s−1)/2)/(2α+s−1) ,
n
√
C(α, s)kGr qη(log d)1/(2α+s+1)
log n.
we get an optimized bound of
1/(2α+s+1)
n√
C(s)kGr qη
For α = 0, we have the bound (n/d)1/(s+1) log(n/d), that is we cannot use the sparsity
as the problem is invariant to the chosen norm on hidden weights.
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i=1

1X
α
yi (v > zi )+
n

d-dimensional relaxation. We denote

kV zi k2 6 2ui − v > zi 6

= (v >

zi )+

=

1 >
2 v zi

+ 1 |v > zi |. We may then
q2
zi> vv > zi . By denoting

u> y such that ∀i ∈ {1, . . . , n}, kV zi k2 6 2ui − v > zi 6

We obtain a convex relaxation when removing the rank constraint, that is

sup

V <0, tr V =1, u∈Rn

4Uij + xj> V zi − 2δi> Jzj − 2δj> Jzi > | tr V zi zj> |,
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which leads to a convex program in U = uu> , V = vv > and J = uv > , that is a semidefinite
program with d + n dimensions, with the constraints

(2ui − v > zi )(2uj − v > zj ) = |v > zi | · |v > zj | = |v > zi zj> v| = | tr V zi zj> |,

(n + d)-dimensional relaxation. We may go further by also considering quadratic forms
in u ∈ Rn defined above. Indeed, we have:

q
zi> V zi .

V = vv > , the constraint that ui = (v > zi )+ = 21 v > zi + 12 |v > zi | is equivalent to
q
zi> V zi and V < 0, tr V = 1, rank(V ) = 1.

use 2ui − v > zi = |v > zi | and, for kvk2 = 1, kvv > zi k2 = |v > zi | =

ui

We present two relaxations, which are of the form described in Section 5.5 (leading to
potential generalization bounds) but do not attain the proper approximation scaling (as
was checked empirically).
Note that all relaxations that end up being Lipschitz-continuous functions of z, will have
at least the same scaling than the set of these functions.
q The Rademacher complexity of
√
such functions is well-known, that is 1/ n for d = 1, log n for d = 2 and n−1/d for larger
n
d (von Luxburg and Bousquet, 2004). Unfortunately, the decay in n is too slow to preserve
√
generalization bounds (which would require a scaling in 1/ n).

6.1 Semi-definite Programming Relaxations

These approximation algorithms may be divided in three families, as they may be based
on (a) geometric interpretations as linear binary classification or computing Haussdorff
distances (see Section 3.2 and Section 3.3), (b) on direct relaxations, on (c) relaxations
of sign vectors. For simplicity, we only focus on the case p = 2 (that is `2 -constraint on
weights) and on α = 1 (rectified linear units). As described in Section 5.5, constant-factor
approximation ratios are not possible, while approximation ratios that increases with n
are possible (but as of now, we only obtain scalings in n that provide a provable sample
complexity with a polynomial time algorithm which is exponential in the dimension d.

kvkp =1

n

6. Convex Relaxations of the Frank-Wolfe Step

i=1

i=1

(6)

sup

5.5 Sufficient Condition for Polynomial-time Algorithms

(5)

In this section, we provide approximation algorithms for the following problem of maximizing, for a given y ∈ Rn and vectors z1 , . . . , zn :

n

i=1

1X
α
yi (v > zi )+
,
n

In order to preserve the generalization bounds presented above, it is sufficient to be able to
solve the following problem, for any y ∈ Rn and z1 , . . . , zn ∈ Rd+1 :
sup
kvkp =1

up to a constant factor. That is, there exists κ > 1, such that for all y and z, we may
compute v̂ such that kv̂kp = 1 and

i=1

n
n
1
1X
1X
α
α
yi (v̂ > zi )+
>
sup
yi (v > zi )+
.
n
κ kvkp =1 n

This is provably NP-hard for α = 0 (see Section 3.2), and for α = 1 (see Section 3.3). If such
an algorithm is available, the approximate conditional gradient presented in Section 2.5 leads
to an estimator with the same generalization bound. Moreover, given the strong hardness
results for improper learning in the situation α = 0 (Klivans and Sherstov, 2006; Livni et al.,
2014), a convex relaxation that would consider a larger set of predictors (e.g., by relaxing
vv > into a symmetric positive-definite matrix), and obtained a constant approximation
guarantee, is also ruled out.
However, this is only a sufficient condition, and a simpler sufficient condition may be
obtained. In the following, we consider V = {v ∈ Rd+1 , kvk2 = 1} and basis functions
α (that is we specialize to the ` -norm penalty on weight vectors). We
ϕv (z) = (v > z)+
2
consider a new variation norm γ̂1 which has to satisfy the following assumptions:

n

– Lower-bound on γ1 : It is defined from functions ϕ̂v̂ , for v̂ ∈ V̂, where for any v ∈ V,
there exists v̂ ∈ V̂ such that ϕv = ϕ̂v̂ . This implies that the corresponding space F̂1
is larger than F1 and that if f ∈ F1 , then γ̂1 (f ) 6 γ1 (f ).

v̂∈V̂

1X
– Polynomial-time algorithm for dual norm: The dual norm sup
yi ϕ̂v̂ (zi ) may
n
be computed in polynomial time.

n

i=1

R
1X
yi ϕ̂v̂ (xi ) 6 κ √ .
n
n

– Performance guarantees for random direction: There exists κ > 0, such that for any
vectors z1 , . . . , zn ∈ Rd+1 with `2 -norm less than R, and random standard Gaussian
vector y ∈ Rn ,
v̂∈V̂

sup

We may also replace the standard Gaussian vectors by Rademacher random variables.
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We can then penalize by γ̂ instead of γ. Since γ̂1 6 γ1 , approximation properties are
transferred, and because of the result above, the Rademacher complexity for γ̂1 -balls scales
as well as for γ1 -balls. In the next section, we show convex relaxations which cannot achieve
these and leave the existence or non-existence of such norm γ̂1 as an open problem.
31

 S J   s  s >
<
,
v
v
J> V
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34

γ(h)61

hĥ, gi 6 max hh, gi 6 κ hĥ, gi,

In this section, we wish to minimize a smooth convex functional J(h) on for h in a Hilbertspace over a norm ball {γ(h) 6 δ}. A multiplicative approximate oracle outputs for any
g ∈ Rn , ĥ such that γ(ĥ) = 1, and

Appendix B. Approximate Conditional Gradient with Multiplicative
Oracle

for a fixed κ > 1. We now propose a modification of the conditional gradient algorithm
that converges to a certain h such that γ(h) 6 δ and for which inf γ(h)6δ J(h) 6 J(ĥ) 6
inf γ(h)6δ/κ J(h).

In this section, we consider a Borel probability measure τ on the compact space V, and
functions ϕv : X → R such that the functions v 7→ ϕv (x) are measurable for all x ∈ X .
We study the set F2 ofR functions f such that there exists a squared-integrable function
2
p : X → R with
R f (x) = V p(v)ϕv (x)dτ (v) for all x ∈ X . For f ∈ F2 , we define γ2 (f ) as the
infimum of V p(v)2 dτR(v) over all decompositions of f . We now show that F2 is an RKHS
with kernel k(x, y) = V ϕv (x)ϕv (y)dτ (v).
We follow the proof of Berlinet and Thomas-Agnan (2004, Section 4.1) and extend it to
integrals ratherRthan finite sums. We consider the linear mapping T : L2 (dτ ) → F2 defined
by (T p)(x) = V p(v)ϕv (x)dτ (v), with null space K. When restricted to the orthogonal
complement KR⊥ , we obtain a bijection U from K⊥ to F2 . We then define a dot-product on
F2 as hf, gi = V (U −1 f )(v)(U −1 g)(v)dτ (v).
We first show that this defines an RKHS with kernel k defined above. For this, we trivially have k(·, y) ∈ F2 for all y ∈ X . Moreover, for any y ∈ X , we have
p = U −1 k(·, y) ∈
R with
⊥
−1
q : v 7→ ϕv (y), p −Rq ∈ K, which implies that hf, k(·, y)i = V (U f )(v)p(v)dτ (v) =
RK and
−1 f )(v)q(v)dτ (v) =
−1 f )(v)ϕ (y)dτ (v) = T (U −1 f )(y) = f (y), hence the reprov
V (U
V (U
ducing property is satisfied. Thus, F2 is an RKHS.
We now need to show that the RKHS norm which we have defined is actually γ2 . For
any
f = T p, for p ∈ L2 (dτ ), we have p = U −1 f + q, where q ∈ K. Thus,
R f ∈2 F2 such that
2
−1 f k2
2
2
2
p(v)
dτ
(v)
=
kpk
L2 (dτ ) = kU
L2 (dτ ) + kqkL2 (dτ ) = kf k + kqkL2 (dτ ) . This implies that
RV
2 dτ (v) > kf k2 with equality if and only if q = 0. This shows that γ (f ) = kf k.
p(v)
2
V

In this paper, we have provided a detailed analysis of the generalization properties of convex
neural networks with positively homogenous non-decreasing activation functions. Our main
new result is the adaptivity of the method to underlying linear structures such as the
dependence on a low-dimensional subspace, a setting which includes non-linear variable
selection in presence of potentially many input variables.
All our current results apply to estimators for which no polynomial-time algorithm is
known to exist and we have proposed sufficient conditions under which convex relaxations
could lead to the same bounds, leaving open the existence or non-existence of such algorithms. Interestingly, these problems have simple geometric interpretations, either as binary
linear classification, or computing the Haussdorff distance between two zonotopes.
In this work, we have considered a single real-valued output; the functional analysis
framework readily extends to outputs in a finite-dimensional vector-space where vectorvalued measures could be used, and then apply to multi-task or multi-class problems. However, the extension to multiple hidden layers does not appear straightforward as the units
of the last hidden layers share the weights of the first hidden layers, which should require a
new functional analysis framework.

7. Conclusion

1 Pn
1 Pn
>
>
We then need to maximize 2n
i=1 yi δi Jxi + 2n
i=1 yi v xi , which leads to a semidefinte
program. Again empirically, it did not lead to the correct scaling as a function of n for
random Gaussian vectors y ∈ Rn .

1/2 6 δ > Jx .
– Additional constraint: (x>
i
i V xi )
i

– Sign constraint: δi> Jxi > maxj6=i |δj> Jxi |.

– Unit/trace constraints: diag(S) = 1 and tr V = 1,

– Usual semi-definite constraint:

By introducing a sign vector s ∈ Rn such that si ∈ {−1, 1} and si v > xi = |v > xi |, we have
the following relaxation with S = ss> , V = vv > and J = sv > :

6.2 Relaxation of Sign Vectors

Appendix A. Reproducing Kernel Hilbert Spaces for `2 -norm
Penalization
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 U J 
 u  u >
, with the additional
<
v
v
J> V
>
>
>
constraint that 4Uii + zi V zi − 4δi Jzi = tr V zi zi .
If we add these constraints on top of the ones above, we obtain a tighter relaxation. Note
that for this relaxation, we must have [(2ui −v > zi )−(2uj −v > zj )] less than a constant times
kzi − zj k2 . Hence, the result mentioned above regarding Lipschitz-continuous functions and
the scaling of the upper-bound for random y holds (with the dependence on n which is not
good enough to preserve the generalization bounds with a polynomial-time algorithm).

and the usual semi-definite contraints
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(7)

We assume the smoothness of the function J with respect to the norm γ, that is, for a
certain L > 0, for all h, h0 such that γ(h) 6 δ, then
L
J(h0 ) 6 J(h) + hJ 0 (h), h0 − hi + γ(h − h0 )2 .
2
We consider the following recursion

ρ∈[0,1]

∈ arg min J((1 − ρ)ht + ρĥt ).

ĥt = −δ × output of approximate oracle at −J 0 (ht )

ht+1

−

h∗ i

(ht ), hi}

In the previous recursion, one may replace the minimization of J on the segment [ht , ĥt ]
with the minimization of its upper-bound of Eq. (7) taken at h = ht . From the recursion,
all iterates are in the γ-ball of radius δ. Following the traditional convergence proof for the
conditional gradient method (Dunn and Harshbarger, 1978; Jaggi, 2013), we have, for any
ρ in [0, 1]:

−

γ(h)6δ/κ

J(ht+1 ) 6 J(ht ) − ρhJ 0 (ht ), ht − ĥt i + 2Lρ2 δ 2
−

ρJ 0 (ht )> ht

− ρhJ 0
(ht ), ht

+ 2Lρ2 δ 2 .

ĥt
= J(h ) − ρJ 0 (h )> h + κhJ 0 (h ), i + 2Lρ2 δ 2
t
t
t
t
κ
max { − hJ 0
+ 2Lρ2 δ 2 .

6
J(ht )

6
J(ht )

If we take h∗ the minimizer of J on {γ(h) 6 δ/κ}, we get:
J(ht+1 )

Then, by using J(ht ) > J(h∗ ) + hJ 0 (ht ), h∗ − ht i, we get:
J(ht+1 ) − J(h∗ ) 6 (1 − ρ)[J(ht ) − J(h∗ )] + 2Lρ2 δ 2 .
This is valid for any ρ ∈ [0, 1]. If J(ht ) − J(h∗ ) 6 0 for some t, then by taking ρ = 0
it remains the same of all greater t. Therefore, up to (the potentially never happening)
point where J(ht ) − J(h∗ ) 6 0, we can apply the regular proof of the conditional gradien
2 2
to obtain: J(ht ) 6 inf γ(h)6δ/κ J(h) + 4Lρt δ , which leads to the desired result. Note that a
similar reasoning may be used for ρ = 2/(t + 1).

Appendix C. Proofs for the 2-dimensional Sphere (d = 1)

1
π

Z

0

2π

g(η) cos k(θ − η)dη
JMLR 18(19):1-53, 2017

In this section, we consider only the case d = 1, where the sphere Sd is isomorphic to [0, 2π]
(with periodic boundary conditions). We Rmay then compute the norm γ2 in closed form.
2π
1
Indeed, if we can decompose g as g(θ) = 2π
0 p(ϕ)σ(cos(ϕ−θ))dϕ, then the decomposition
of g into the k-th frequency elements (the combination of the two k-th elements of the Fourier
α , and for k > 0:
series) is equal to, for σ(u) = (u)+
gk (θ) =

35

=
=
=
=

=

Z

0

2π

0

1
π

Bach

σ(cos η) cos kη dη.

0

 Z 2π

Z
1 2π 1
p(ϕ)σ(cos(η − ϕ))dϕ cos k(θ − η)dη through the decomposition of g,
π 0 2π
0
 Z 2π

Z 2π
1
p(ϕ)
σ(cos(η − ϕ)) cos k(θ − η)dη dϕ
2π 2
0
0
 Z 2π

Z 2π
1
p(ϕ)
σ(cos η) cos k(θ − ϕ − η)dη dϕ by a change of variable,
2π 2 0
0

Z 2π
Z 2π
1
σ(cos η) cos kη dη
p(ϕ) cos k(θ − ϕ)
2π 2 0
0

Z 2π
σ(cos η) sin kη dη dϕ by expanding the cosine,
+ sin k(θ − ϕ)
0
 Z 2π

p(ϕ) cos k(θ − ϕ) + 0 by a parity argument,


1
2π

1
2π

σ(cos η) cos kη dη
Z 2π

= λk pk (θ) with λk =

X

k>0

2
kpk kL
d =
2 (S )

X

λk 6=0

2
kpk kL
d +
2 (S )

λk =0

X

λk =0

X 1
X
2
2
kgk kL
kpk kL
d +
d .
2 (S )
2 (S )
λk2
λk 6=0

2
kpk kL
d
2 (S )

(8)

For k = 0, the same equality holds (except that the two coefficients g0 and p0 are divided
by 2π except of π).
2
Thus we may express kpkL
d as
2 (S )
2
kpkL
=
d
2 (S )

=

λk 6=0

X 1
2
kgk kL
d .
2 (S )
λk2

2
If we minimize over p, we thus need to have kpk kL
d = 0 for λk = 0, and we get
2 (S )

γ2 (g)2 =

1cos η>0 cos kη dη =

λk

1
2π

1
2π

0

Z

cos kη dη =

1
kπ
sin
if k 6= 0.
πk
2

σ(cos η) cos kη dη for the different functions

−π/2

π/2

R 2π

We thus simply need to compute λk and its decay for all values of α, and then relate them
to the smoothness properties of g, which is standard for Fourier series.

2π

C.1 Computing

0

We now detail the computation of λk =
α
σ = (·)+
.
We
have for α = 0:
Z
1
2π

0

(cos η)+ cos kη dη =

1
2π

−π/2
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For k = 0 it is equal to 21 . It is equal to zero for all other even k, and different from zero
for all odd k, with λk going to zero as 1/k.
We have for α = 1:
Z 2π
Z π/2
cos η cos kη dη
1
2π

36

π/2

−π/2

Z

1
1
[ cos(k + 1)η + cos(k − 1)η] dη
2
2



2
1
π
2
π
sin(k + 1) +
sin(k − 1)
4π k + 1
2 k−1
2


kπ
cos kπ
−
cos
1
1
2
2
−
=
for k 6= 1.
2π
k+1 k−1
π(k 2 − 1)

1
2π

0

Z

2π

=

=

=

=

=

(cos η)2+ cos kη dη =

π/2

π/2

−π/2

Z

Z

(cos η)2 cos kη dη =

1
2π

π/2

−π/2

Z
1 + cos 2η
cos kη dη
2

1
2π

1
1
1
[ cos kη + cos(k + 2)η + cos(k − 2)η] dη
4
4
−π/2 2


1 2
π
1
π
1
π
sin k +
sin(k + 2) +
sin(k − 2)
4π k
2 k+2
2 k−2
2


sin(k π2 ) 2
1
1
−
−
4π
k k+2 k−2


sin(k π2 ) 2k 2 − 8 − k 2 + 2k − k 2 − 2k
4π
k(k 2 − 4)
−8 sin(k π2 )
for k ∈
/ {0, 2}.
4πk(k 2 − 4)

1
2π
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We only consider the proof for d = 1. For the proof for general d, see Appendix D.3.
Given the zero values of λk given above, if g has the opposite parity than α (that is, is
even when α is odd, and vice-versa), then we may define p through its Fourier series, which
is obtained by multiplying the one of g by a strictly positive sequence growing as k α+1 .
Thus, if g is such that its (α+1)-th order derivative is squared-integrable, then p defined
above is squared-integrable, that is, g ∈ G2 . Moreover, if all derivatives of order less than
(α + 1) are bounded by η, p is squared-integrable and kpk2L2 (Sd ) is upper-bounded by a
constant times η 2 , i.e., γ2 (g)2 6 C(α)2 η 2 .
Note that we could relax the assumption that g is even (resp. odd) by adding all trigonometric polynomials of order less than α.

C.2 Proof of Prop. 2 for d = 1

For k = 0, it is equal to 1/4, and for k = 2, it is equal to 1/8. It is equal to zero for all
other even k, and different from zero for all odd k, with λk going to zero as 1/k 3 .
The general case for α > 2 will be shown for for all d in Appendix D.2: for all α ∈ N,
λk is different from zero for k having the opposite parity of α, with a decay as 1/k α+1 . All
values from k = 0 to α are also different from zero. All larger values with the same parity
as α are equal to zero.

1
2π

For k = 1, it is equal to 1/4. It is equal to zero for all other odd k, and different from zero
for all even k, with λk going to zero as 1/k 2 .
For α = 2, we have:

=

=

=
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k,λk 6=0

k,λk 6=0

X

2k
2
λ−2
k r kgk kL2 (Sd ) .

and

kf k2L2 (Sd )

k>1

−2
6 C + Ckg 0 k2L2 (Sd ) max r2k k 2α ,
max r2k λ−2
k k

are bounded by 1.

k>1,λk 6=0

r

38
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Computing distance between ĝ and g. We have:
Z 2π
X
X 1 Z 2π
1
ĝ(θ) =
gk (θ)rk =
g(η)rk cos k(θ − η)dη +
g(η)dη
π 0
2π 0
k>0
k>0


Z
Z 2π
1 2π X k
1
=
r cos k(θ − η) g(η)dη −
g(η)dη
π 0
2π 0
k>0


Z 2π
Z 2π
1
1
1
=
Real
g(η)dη −
g(η)dη
π 0
2π 0
1 − rei(θ−η)

r

of the logarithm. Thus kp̂kL2 (Sd ) 6 C(1 − r)−α . This defines ĝ with γ(ĝ) 6 C(1 − r)−α .

We may now compute the derivative of k 7→ r2k k 2α with respect to k (now considered a
real number), that is 2αk 2α−1 r2k + k 2α r2k 2 log r, which is equal to zero for αk = log 1r , that
is k = logα 1 , the maximum being then e−2α ( logα 1 )2α = O((1 − r)−2α ), by using the concavity

because

kg0 k2L2 (Sd )

2
0 2
kp̂k2L2 (Sd ) 6 λ−2
0 kg0 kL2 (Sd ) + kg kL2 (Sd )

α+1 ):
This implies that using λ−1
k = O(k

k>0

Since g is 1-Lipschitz-continuous with constant 1, then it has a squared-integrable derivative
f = g 0 with norm less than 1 (Adams and Fournier, 2003), so that
X
kf k2L2 (Sd ) =
kfk k2L2 (Sd ) 6 1.

kp̂k2L2 (Sd ) =

Computation of norm. We have

Our goal is to show that for r chosen close enough to 1, then the function ĝ defined from p̂
has small enough norm γ2 (ĝ) 6 kp̂kL2 (Sd ) , and is close to g.

Again, we only consider the proof for d = 1. For the proof for general d, see Appendix D.4.
Without loss of generality, we assume that η = 1. For d = 1, we essentially want to
approximate a Lipschitz-continuous function by a function which is (α + 1)-times differentiable.
For α = 0, then the function g is already in G2 with a norm less than one, because
Lipschitz-continuous functions are almost everywhere differentiable with bounded derivative (Adams and Fournier, 2003). We thus now consider α > 0.
Given λk defined above and r ∈ (0, 1), we define p̂ through
X
k
p̂k (θ) =
λ−1
k gk (θ)r .

C.3 Proof of Prop. 3 for d = 1

Bach



Z
Z 2π
1 2π
1 − r cos(θ − η)
1
g(η)dη −
g(η)dη
π 0
(1 − r cos(θ − η))2 + r2 (sin(θ − η))2
2π 0


Z
Z 2π
1 2π
1 − r cos(θ − η)
1
g(η)dη −
g(η)dη
π
1 + r2 − 2r cos(θ − η)
2π
0
0

Z 2π 
Z 2π
2
2
1
1
−
r
+
1
+
r
−
2r
cos(θ
−
η)
1
g(η)dη −
g(η)dη
2π 0
1 + r2 − 2r cos(θ − η)
2π 0


Z
2π
1
1 − r2
g(η)dη.
2π 0
1 + r2 − 2r cos(θ − η)
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=
=
=
=
We have, for any θ ∈ [0, 2π]


Z
2π
1
1 − r2
|ĝ(θ) − g(θ)| =
[g(η) − g(θ)]dη
2π 0
1 + r2 − 2r cos(θ − η)


Z
2π
1
1 − r2
6
|g(η) − g(θ)|dη
2π
1 + r2 − 2r cos(θ − η)
0

Z π
1
1 − r2
|g(θ) − g(θ + η)|dη by periodicity,
=
2π π
1 + r2 − 2r cos η


Z
1 − r2
1 π/2
=
|g(θ) − g(θ + η)|dη by parity of g,
π π/2
1 + r2 − 2r cos η


Z
√
1 π/2
1 − r2
6
2| sin η|dη
π π/2
1 + r2 − 2r cos η
because the distance on the sphere is bounded by the sine,

Z 
2 π
1 − r2
6
sin η dη
π 0
1 + r2 − 2r cos η

Z 
1 1
1 − r2
=
dt by the change of variable t = cos θ,
π 0
1 + r2 − 2rt

Z 
1
1
6 C(1 − r)
dt
1 + r2 − 2rt
0

1
−1
1
1 + r2
= C(1 − r)
log(1 + r2 − 2rt) = C(1 − r) log
.
2r
2r
(1 − r)2
0
It can be easily checked that for any r ∈ (1/2, 1), the last function is less than a constant
1
times 25 C(1 − r) log 1−r
. We thus get for δ large enough, by taking r = 1 − (C/δ)1/α ∈
(1/2, 1), an error of
(C/δ)1/α log(C/δ)−1/α = O(δ −1/α log δ).
This leads to the desired result.

Appendix D. Approximations on the d-dimensional Sphere
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In this appendix, we first review tools from spherical harmonic analysis, before proving
the two main propositions regarding the approximation properties of the Hilbert space G2 .
Using spherical harmonics in our set-up is natural and is common in the analysis of ridge
functions (Petrushev, 1998) and zonotopes (Bourgain and Lindenstrauss, 1988).
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D.1 Review of Spherical Harmonics Theory

In this section, we review relevant concepts from spherical harmonics. See Frye and
Efthimiou (2012); Atkinson and Han (2012) for more details. Spherical harmonics may
be seen as extension of Fourier series to spheres in dimensions more than 2 (i.e., with our
convention d > 1).
For d > 1, we consider the sphere Sd = {x ∈ Rd+1 , kxk2 = 1} ⊂ Rd+1 , as well as its
2π (d+1)/2
normalized rotation-invariant measure τd (with mass 1). We denote by ωd = Γ((d+1)/2)
the
surface area of the sphere Sd .

Ykj (x)Ykj (y) = N (d, k)Pk (x> y),

We have the addition formula

Definition and links with Laplace-Beltrami operator. For any k > 1 (for k = 0,
the constant function is the corresponding basis element), there is an orthonormal
basis

k+d−2
of spherical harmonics,
Ykj : Sd → R, 1 6 j 6 N (d, k) = 2k+d−1
d−1 . They are such
k
R
hYki , Ysi iSd = Sd Yki (x)Ysj dτd (x) = δij δsk .
Each of these harmonics may be obtained from homogeneous polynomials in Rd with an
Euclidean Laplacian equal to zero, that is, if we define a function Hk (y) = Yki (y/kyk2 )kyk2k
for y ∈ Rd+1 , then Hk is a homogeneous polynomial of degree k with zero Laplacian. From
the relationship between the Laplacian in Rd+1 and the Laplace-Beltrami operator ∆ on Sd ,
Yki is an eigenfunction of ∆ with eigenvalue −k(k + d − 1). Like in Euclidean spaces, the
Laplace-Beltrami operator may be used to characterize differentiability of functions defined
on the sphere (Frye and Efthimiou, 2012; Atkinson and Han, 2012).
Legendre polynomials.

X

N (d,k)
j=1

 d k
Γ(d/2)
(1 − t2 )(2−d)/2
(1 − t2 )k+(d−2)/2 .
Γ(k + d/2)
dt

where Pk is a Legendre polynomial of degree k and dimension d + 1, defined as (Rodrigues’
formula):
Pk (t) = (−1/2)k

Z

Z

Pk (t)Pj (k)(1 − t2 )(d−2)/2 dt = δjk

ωd−1

ωd

2

1
.
N (d, k)

They are also referred to as Gegenbauer polynomials. For d = 1, Pk is the k-th Chebyshev
polynomial, such that Pk (cos θ) = cos(kθ) for all θ (and we thus recover the Fourier series
framework of Appendix C). For d = 2, Pk is the usual Legendre polynomial.
The polynomial Pk is even (resp. odd) when k is even (resp. odd), and we have
1
−1

f (x> y)Yk (y)dτd (y) =

ωd−1
Yk (x)
ωd

−1

1
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f (t)Pk (t)(1 − t2 )(d−2)/2 dt.

−1
.
For small k, we have P0 (t) = 1, P1 (t) = t, and P2 (t) = (d+1)t
d
The Hecke-Funk formula leads to, for any linear combination Yk of Ykj , j ∈ {1, . . . , N (d, k)}:

Z

Sd

40

k=1

Sd

Sd

Z

k=1 j=1

gk (x) with gk (x) = N (d, k)

k=1 j=1

∞
X

hYkj , giYkj (x) =
Ykj (y)Ykj (x)g(y)dτd (y)

g(y)Pk (x> y)dτd (y).

Sd

(d,k) Z
∞ NX
X

Any function g : Sd → R, such that we have

=

=

kgk k2L2 (Sd ) =







ωd−1
Pk (x> v)
ωd

ωd−1
Pk (x> v)
ωd

ωd−1
Pk (x> v)
ωd

1

−1

−1
1

Z

1

−1

Z

Z

41

ϕ(t)Pk (t)(1 − t )

2 (d−2)/2
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2
dt N (d, k).

j=1

2
ϕ(t)Pk (t)(1 − t2 )(d−2)/2 dt N (d, k)Pk (1)

2 NX
(d,k)
ϕ(t)Pk (t)(1 − t2 )(d−2)/2 dt
Ykj (y)2

Like for the case d = 1, we may compute the RKHS norm γ2 of a function
g in closed
P
form given its decomposition in the basis of spherical harmonics g = k>0 gk . If we can

D.2 Computing the RKHS Norm γ2

and

j=1

Decomposition of functions of one-dimensional projections. If g(x) = ϕ(x> v) for
v ∈ Sd and ϕ : [−1, 1] → R, then
Z
gk (x) = N (d, k)
ϕ(v > y)Pk (x> y)dτ (y)
Sd
Z 1
ωd−1
= N (d, k)
Pk (x> v)
ϕ(t)Pk (t)(1 − t2 )(d−2)/2 dt
ωd
−1

 NX
Z 1
(d,k)
ωd−1
=
Pk (x> v)
ϕ(t)Pk (t)(1 − t2 )(d−2)/2 dt
Ykj (x)Ykj (y),
ωd
−1

k>0

>
is the linear part of g (i.e.,
R if g(x) = w x, g1 = g). Moreover, if g does not have zero mean,
we may define g0 (x) = Sd g(y)dτd (y) as the average value of g. Since the harmonics of
different degrees are orthogonal to each other, we have the Parseval formula:
X
kgk2Sd =
kgk k2Sd .

This is the decomposition in harmonics of degree k. Note that
 Z

yg(y)dτd (y)
g1 (x) = x> d

=

g(x) =

(d,k)
∞ NX
X

Decomposition
of functions in L2 (Sd ).
R
g(x)dτ
(x)
=
0
may be decomposed as
d
Sd
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Z

Sd

R

p(w)σ(w> x)dτd (w) for a certain function p : Sd → R, then we have,

=

42

α
2

+ 21 )

.
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Γ(k + d )(−1)(k−α−1)/2 Γ(k − α)
ωd−1
Γ(d/2)
(−1/2)k
(−1)α α! k 2α 1
ωd
Γ(k + d/2)
Γ( 2 − 2 + 2 )Γ( k2 + d2 + α2 + 21 )

Γ(k + d2 )
ωd−1
Γ(d/2)
(−1/2)k
(−1)α α!
(−1)j Γ(2j + 1)
ωd
Γ(k + d/2)
Γ(j + 1)Γ(k + d2 − j)



ωd−1
Γ(d/2)
k + (d − 2)/2
(−1/2)k
(−1)α α!
(−1)j (2j)! for 2j = k − α − 1,
ωd
Γ(k + d/2)
j

d − 1 α!(−1)(k−α−1)/2
Γ(d/2)Γ(k − α)
2π
2k
Γ( k2 − α2 + 21 )Γ( k2 + d2 +

= −

= −

λk = −

Thus

gk (x) = N (d, k)

g(y)Pk (x> y)dτd (y)
d
ZS Z
p(w)σ(w> y)Pk (x> y)dτd (y)dτd (w)
= N (d, k)
d
d

ZS S  Z
= N (d, k)
p(w)
σ(w> y)Pk (x> y)dτd (y) dτd (w)
Sd
Sd
Z 1

Z
ωd−1
=
p(w)Pk (x> w)
σ(t)Pk (t)(1 − t2 )(d−2)/2 dt dτd (w)
N (d, k)
ωd
Sd
−1
using the Hecke-Funk formula,
Z 1
ωd−1
2 (d−2)/2
= λk pk (x) with λk =
σ(t)Pk (t)(1 − t )
dt.
ωd −1
R
1
If k ≡ α mod. 2, then λk ∝ 21 −1 tα Pk (t)(1 − t2 )(d−2)/2 dt = 0, for k > α since Pk is
orthogonal to all polynomials of degree strictly less than k for that dot-product. Otherwise, λk 6= 0, since tα may be decomposed as combination with non-zero coefficients of
polynomials Pj for j ≡ α mod. 2, j 6 α.
We now provide an explicit formula extending the proof technique (for α = 1) of Schneider (1967) and Bourgain and Lindenstrauss (1988) to all values of α. See also Mhaskar
(2006).
We have, by α successive integration by parts, for k > α + 1:
Z 1  
d k
tα
(1 − t2 )k+(d−2)/2 dt
dt
0
Z 1 
 d k−α−1
d k−α
(1 − t2 )k+(d−2)/2 dt = −(−1)α α!
(1 − t2 )k+(d−2)/2
= (−1)α α!
dt
dt
0
t=0


 d k−α−1 X k + (d − 2)/2
α
j 2j
= −(−1) α!
using the binomial formula,
(−1) t
dt
j
t=0
j>0
 d k−α−1 k + (d − 2)/2
for 2j = k − α − 1,
= −(−1)α α!
(−1)j t2j
dt
j
t=0


k + (d − 2)/2
= −(−1)α α!
(−1)j (2j)! for 2j = k − α − 1.
j

decompose g(x) =
for k > 0:
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tα (1 − t2 )d/2−1 dt =

Z
(1 − u)α/2+1/2−1 ud/2−1 du =

λk

dd/2+1/2 k k/2−α/2+1/2 (k + d)−k/2−d/2−α/2 .

√
By using Stirling formula Γ(x) ≈ xx−1/2 e−x 2π, we get an equivalent when k or d tends
to infinity as a constant (that depends on α) times

1

1

1 Γ(α/2 + 1/2)Γ(d/2)
,
2 Γ(α/2 + 1/2 + d/2)

1
√
du
(1 − u)α/2 ud/2−1 √
with t = 1 − u,
2 1−u
Z

0

1
2
0

Note that all exponential terms cancel out. Moreover, when k tends to infinity and d is
considered constant, then we get the equivalent k −d/2−α−1/2 , which we need for the following
sections. Finally, when d tends to infinity and k is considered constant, then we get the
equivalent d−α/2−k/2+1/2 .
We will also need expressions of
for k = 0 and k = 1. For k = 0, we have:
Z
0

=

d − 1 1 Γ(α/2 + 1/2)Γ(d/2)
ωd−1 1 Γ(α/2 + 1/2)Γ(d/2)
=
,
ωd 2 Γ(α/2 + 1/2 + d/2)
2π 2 Γ(α/2 + 1/2 + d/2)

using the normalization factor of the Beta distribution. This leads to
λ0 =
which is equivalent to d1/2−α/2 as d tends to infinity.
Moreover, for k = 1, we have (for α > 0):

0

(1 − u)α/2−1 ud/2+1−1 du = −α/2

Z
Z
Z

1
1
1
d
du
tα
(1 − t2 )d/2 dt = −α
tα−1 (1 − t2 )d/2 dt = −α
(1 − u)α/2−1/2 ud/2 √
dt
2 1−u
0
0
0
Z 1
Γ(α/2)Γ(d/2
+ 1)
.
Γ(α/2 + d/2 + 1)
= −α/2

2d−1
Γ(α/2)Γ(d/2 + 1)
d − 1 α Γ(α/2)Γ(d/2 + 1)
= (−1/2)
(−α/2)
=
,
d 2π
Γ(α/2 + d/2 + 1)
d 4π Γ(α/2 + d/2 + 1)

This leads to, for α > 0:
λ1

2
λk−2 kgk kL
d .
2 (S )

which is equivalent to d−α/2 as d tends to infinity.
−(d−1)/2−α−1 .
Finally, for α = 0, λ1 = d−1
2dπ . More generally, we have |λk | ∼ C(d)k

k>0

Computing the RKHS norm. Given g with the correct parity, then we have
X
γ2 (g)2 =

D.3 Proof of Prop. 2 for d > 1
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Given the expression of λk from the section above, the proof is essentially the same than for
d = 1 in Appendix C.3. If g is s-times differentiable with all derivatives bounded uniformly
by η, then is equal to g = ∆s/2 f for a certain function f such that kf kL2 (Sd ) 6 η (where ∆
is the Laplacian on the sphere) (Frye and Efthimiou, 2012; Atkinson and Han, 2012).
43

k>1,λk 6=0

X
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Moreover, since g has the correct parity,

2
γ2 (g)2 6 kpkL
d 6
2 (S )

2
λk−2 kgk kL
d
2 (S )

1
2
2s
6 kfk kL
,
d /k
2 (S )
[k(k + d − 1)]s

Also, gk are eigenfunctions of the Laplacian with eigenvalues k(k + d − 1). Thus, we have
2
kgk k22 6 kfk kL
d
2 (S )

k>2

k>2

2
2
leading to γ2 (g)2 6 max λk−2 k −2s kf kL
6 max k d−1+2α+2 k −2s kf kL
6 C(d)η 2 , if
d
d
2 (S )
2 (S )

s > (d − 1)/2 + α + 1, which is the desired result.

D.4 Proof of Prop. 3 for d > 1

λk−1 rk gk (x),

Without loss of generality we assume that η = 1, and we follow the same proof as for d = 1
in√Appendix
C.3. We have assumed that for all x, y ∈ Sd , |g(x) − g(y)| 6 ηkx − yk2 =
p
η 2 1 − x> y. Given the decomposition in the k-th harmonics, with
Z
g(y)Pk (x> y)dτd (y),

Sd

k,λk 6=0

X

gk (x) = N (d, k)

we may now define, for r < 1:
p̂(x) =

which is always defined when r ∈ (0, 1) because the series is absolutely convergent. This
defines a function ĝ that will have a finite γ2 -norm and be close to g.

k,λk 6=0

X

2
λk−2 r2k kgk kL
d
2 (S )

Computing the norm. Given our assumption regarding the Lipschitz-continuity of g,
we have g = ∆1/2 f with f ∈ L2 (Sd ) with norm less than 1 (Atkinson and Han, 2012).
2
2
2
Moreover kgk kL
d 6 Ck kfk kL (Sd ) . We have
2 (S )
2
2
kp̂kL
=
d
2 (S )

k>0

2
−d/2−α−1/2
6 C(d, α) max k d−1+2α r2k kf kL
),
d because λk = Ω(k
2 (S )

6 C(d, α)(1 − r)−d+1−2α (see Appendix C.3).

The function p̂ thus defines a function ĝ ∈ G1 by ĝk = λk pk , for which γ2 (g) 6 C(d, α)(1−
r)(−d+1)/2−α .

X
k>0

rk =

X
k>0

rk N (d, k)

Sd

Z
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g(y)Pk (x> y)dτd (y)

Approximation properties. We now show that g and ĝ are close to each other. Because
of the parity of g, we have ĝk = rk gk . We have, using Theorem 4.28 from Frye and Efthimiou
(2012):
ĝ(x) =

44

Sd

Z

Sd

Z

g(y)

g(y)

(1 +

1 − r2
dτd (y).
− 2r(x> y))(d+1)/2


rk N (d, k)Pk (x> y) dτd (y)

r2

k>0

X

45
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The summand has an asymptotic equivalent proportional to k −d−2s−1 k d−1 k d+2α+1 which is
equal to k d+2α−2s−1 . Thus if d + 2α − 2s > 0, the series is divergent (the function is not in
the RKHS), i.e., if s 6 α + d2 .

k>s,λk 6=0

N (d, k) grows as k d−1 . In order to use the computation of the RKHS norm derived in
Appendix D.2, we need to make sure that g has the proper parity. This can de done by
removing all harmonics with k 6 s (note that these harmonics are also functions of w> x,
and thus the function that we obtain is also a function of w> x). That function then has a
squared RKHS norm equal to
X
kgk k2L2 (Sd ) λ−2
k .

In this section, we consider functions on the sphere which have the proper parity with
respect to α, which are s-times differentiable with bounded derivatives, but which are not
in G2 . We then provide optimal approximation rates for these functions.
d
We assume that s − α is even, we consider g(x) = (w> x)s+ for
 a certain arbitrary w ∈ S .
R
1
ωd−1
>
As computed at the end of Appendix D.1, we have kgk k2L2 (Sd ) =
ωd Pk (x v) −1 ϕ(t)Pk (t)(1−
2
t2 )(d−2)/2 dt N (d, k). Given the computations from Appendix D.2, the squared norm equal

2
R1
ωd−1
>
2 (d−2)/2 dt
goes down to zero as k −d−2s−1 , while
to
ωd Pk (x v) −1 ϕ(t)Pk (t)(1 − t )

D.5 Finding Differentiable Functions which are not in G2

which leads to the desired result.

(C/δ)1/(α+(d−1)/2) log(C/δ)−1/(α+(d−1)/2) ] = O(δ 1/(α+(d−1)/2) log δ),

As shown by Bourgain and Lindenstrauss (1988, Eq. (2.13)), this is less than a constant
1
that depends on d times (1 − r) log 1−r
. We thus get for δ large enough, by taking 1 − r =
1/(α+(d−1)/2)
(C/δ)
∈ (0, 1), an error of

Moreover, following Bourgain and Lindenstrauss (1988), we have:
Z
1 − r2
[g(x) − g(y)]
dτd (y)
g(x) − ĝ(x) =
2
(1 + r − 2r(x> w))(d+1)/2
Sd
Z
1 − r2
dτd (y) by parity of g,
[g(x) − g(y)]
= 2
2 − 2r(x> w))(d+1)/2
d
>
(1
+
r
S , y x>0
Z
√ p
1 − r2
2 1 − x> y
dτd (y).
|g(x) − ĝ(x)| 6
(1 + r2 − 2r(x> y))(d+1)/2
Sd , y > x>0

=

=
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0

λ2 t2d+4α−2s
dt
(1 + λtd+2α+1 )2

λ2 t2d+4α+2
k −2s−2
(1 + λk d+2α+1 )2
k>0
∞

Z

X

= λ(2s+1)/(d+2α+1) ≈ δ −2(2s+1)/(d+2α−2s) ,

≈ λ2 λ−(2d+4α−2s+1)/(d+2α+1) = λ−(2d+4α−2s+1−2d−4α−2)/(d+2α+1)

≈

(1 − αk )2 k −2s−2 =

(this gives the scaling of λ as a function of δ). Then the squared

k>0

λ2k

X kgk k2L2 (Sd )

.

d−1
2dπ .

46

Given the expression (from Appendix D.2) λ1 =

for α > 1 and λ1 =

JMLR 18(19):1-53, 2017

d−1 α Γ(α/2)Γ(d/2+1)
d 4π Γ(α/2+d/2+1)

For g a linearRfunction gk = 0 exceptRfor k = 1, for which, we have g1 (x) = v > x, and thus
kgk k2L2 (Sd ) = Sd (v > x)2 dτd (x) = v > ( Sd xx> τd (x))v = 1. This implies that γ2 (g) = λ−1
1 .

γ2 (g)2 =

For α = 1, by writing v > x = (v > x)+ − (−v > x)+ we obtain the upperbound γ1 (g) 6 2. For
all other situations, we may compute

D.6 Proof of Prop. 4

and thus the (non-squared) approximation error scales as δ −(2s+1)/(d+2α−2s) . For s = 1, this
leads to a scaling as δ −3/(d+2α−2) .

k>0

X

δ2

up to constants,

(1 + u)−2 d(td+2α−2s ) with the change of variable u = λtd+2α+1

∞

(1 + λtd+2α+1 )−2 td+2α−2s−1 dt by approximation by an integral,

0
−(d+2α−2s)/(d+2α+1)

Z

0

∝ λ

∝

≈

k>0
∞

Z

which should be of order
error is

k>0

P k>0
P
2
d+2α+1 6 δ 2 with smallest L (Sd ) norm distance to g, that is,
2
k>0 khk kL2 (Sd ) k
k>0 kgk −
P
hk k2L2 (Sd ) . The optimal approximation is hk = αk gk for some αk ∈ R+ , with error k>0 (1 −
P
P
2 −2s−2 and squared γ -norm
2 d+2α+1 k −2s−2 =
αk )2 kgk k2L2 (Sd ) ∼
2
k>0 (1 − αk ) k
k>0 αk k
P
2 k d+2α−2s−1 . The optimal α is obtained by considering a Lagrange multiplier λ such
α
k
k>0 k
that (αk − 1)k −2s−2 + λαk k d+2α−2s−1 = 0, that is, αk = (k −2s−2 + λk d+2α−2s−1 )−1 k −2s−2 =
(1 + λk d+2α+1 )−1 . We then have
X
X
(1 + λk d+2α+1 )−2 k d+2α−2s−1
αk2 k d+2α−2s−1 =

Best approximation by a function in G2 . The squared norm of the k-th harmonic
kgk k2L2 (Sd ) goes down to zero as k −2s−2 and the squared RKHS norm of a h is equivalent
X
to
khk k2L2 (Sd ) k d+2α+1 . Given δ, we may then find the function h such that γ2 (h)2 =
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Appendix E. Computing `2 -Haussdorff Distance between Ellipsoids
We assume that we are given two ellipsoids defined as (x − a)> A−1 (x − a) 6 1 and (x −
b)> B −1 (x − b) 6 1 and we want to compute their Hausdorff distance. This leads to the two
equivalent problems
max w> (a − b) − kB 1/2 wk2 + kA1/2 wk2 ,

kwk2 61

max min ka + A1/2 u − b − B 1/2 vk2 ,

kuk2 61 kvk2 61

which are related by w = a + A1/2 u − b − B 1/2 v. We first review classical methods for
optimization of quadratic functions over the `2 -unit ball.
Minimizing convex quadratic forms over the sphere. We consider the following
convex optimization problem, with Q < 0; we have by Lagrangian duality:
1
min x> Qx − q > x
kxk2 61 2
1
λ
max min x> Qx − q > x + (kxk22 − 1)
λ>0 x∈Rd 2
2
1
λ
max − q > (Q + λI)−1 q − with x = (Q + λI)−1 q.
λ>0
2
2
If kQ−1 qk2 6 1, then λ = 0 and x = Q−1 q. Otherwise, at the optimum, λ > 0 and
1
> −1
kxk22 = q > (Q + λI)−2 q = 1, which implies 1 6 λ+λmin
(Q) q Q q, which leads to λ 6
q > Q−1 q − λmin (Q), which is important to reduce the interval of possible λ. The optimal λ
may then be obtained by binary search (from a single SVD of Q).

Minimizing concave quadratic forms over the sphere. We consider the following
non-convex optimization problem, with Q < 0, for which strong Lagrangian duality is known
to hold (Boyd and Vandenberghe, 2004):
1
1
min − x> Qx + q > x = min − x> Qx + q > x
kxk2 =1 2
kxk2 61 2
1
λ
max min − x> Qx + q > x + (kxk22 − 1)
λ>0 x∈Rd
2
2
1
λ
− q > (λI − Q)−1 q − with x = (Q − λI)−1 q.
2
2
max

λ>λmax (Q)
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1
At the optimum, we have q > (λI − Q)−2 q = 1, which implies 1 6 [λ−λmax
kqk22 , which
(Q)]2
leads to 0 6 λ − λmax (Q) 6 kqk2 . We may perform binary search on λ from a single SVD
of Q.

We need to compute:
1
ka + A1/2 u − b − B 1/2 vk22
2

Computing the Haussdorff distance.

max min

kuk2 61 kvk2 61

47

max max −

kuk2 61 λ>0

Bach

1
λ
= max max min ka + A1/2 u − b − B 1/2 vk22 + (kvk22 − 1)
2
kuk2 61 λ>0 kvk2 61 2
λ 1
1
= max max − + ka − b + A1/2 uk2 − (a − b + A1/2 u)> B(B + λI)−1 (a − b + A1/2 u)
2 2
2
kuk2 61 λ>0
λ λ
+ (a − b + A1/2 u)> (B + λI)−1 (a − b + A1/2 u)
2
2
=

with v = (B + λI)−1 B 1/2 (a − b + A1/2 u). The interval in λ which is sufficient to explore is

λ ∈ [0, −λmin (B) + (ka − bk22 + λmax (A1/2 ))2 ],

which are bounds that are independent of u.
Given λ > 0, we have the problem of

µ
λ
λ
min max (a − b + A1/2 u)> (B + λI)−1 (a − b + A1/2 u) − (kuk22 − 1) −
d
µ>0
2
2
2
u∈R
λ
µ−λ
+ λu> A1/2 (B + λI)−1 (a − b)
= min max (a − b)> (B + λI)−1 (a − b) +
µ>0 u∈Rd 2
2
1
− u> (µI − λA1/2 (B + λI)−1 A1/2 )u
2
λ
µ−λ
= min (a − b)> (B + λI)−1 (a − b) +
µ>0 2
2

+λ2 (a − b)> (B + λI)−1 A1/2 (µI − λA1/2 (B + λI)−1 A1/2 )−1 A1/2 (B + λI)−1 (a − b)

µ
− λmax (A1/2 (B + λI)−1 A1/2 ) 6 kA1/2 (B + λI)−1 (a − b)k.
λ

µ
We have u = ( I − A1/2 (B + λI)−1 A1/2 )−1 A1/2 (B + λI)−1 (a − b), leading to w ∝ (λ−1 B −
λ
µ−1 A + I)(a − b). We need µλ > λmax (A1/2 (B + λI)−1 A1/2 ). Moreover
06

This means that the `2 -Haussdorff distance may be computed by solving in λ and µ, by
exhaustive search with respect to λ and by binary search (or Newton’s method) for µ. The
complexity of each iteration is that of a singular value decomposition, that is O(d3 ). For
more details on optimization of quadratic functions on the unit-sphere, see Forsythe and
Golub (1965).

References

P.-A. Absil, R. Mahony, and R. Sepulchre. Optimization Algorithms on Matrix Manifolds.
Princeton University Press, 2009.

R. A. Adams and J. F. Fournier. Sobolev Spaces, volume 140. Academic Press, 2003.

JMLR 18(19):1-53, 2017

K. Atkinson and W. Han. Spherical Harmonics and Approximations on the Unit Sphere:
an Introduction, volume 2044. Springer, 2012.

48

Y. Cho and L. K. Saul. Kernel methods for deep learning. In Advances in Neural Information
Processing Systems (NIPS), 2009.
A. S. Dalalyan, A. Juditsky, and V. Spokoiny. A new algorithm for estimating the effective
dimension-reduction subspace. Journal of Machine Learning Research, 9:1647–1678, 2008.
V. F. Dem’yanov and A. M. Rubinov. The minimization of a smooth convex functional on
a convex set. SIAM Journal on Control, 5(2):280–294, 1967.
R. A. DeVore, R. Howard, and C. Micchelli. Optimal nonlinear approximation. Manuscripta
Mathematica, 63(4):469–478, 1989.
M. Dudik, Z. Harchaoui, and J. Malick. Lifted coordinate descent for learning with tracenorm regularization. In Proceedings of the International Conference on Artificial Intelligence and Statistics (AISTATS), 2012.

F. Bach. Exploring large feature spaces with hierarchical multiple kernel learning. In
Advances in Neural Information Processing Systems (NIPS), 2008b.

F. Bach. Convex relaxations of structured matrix factorizations. Technical Report 00861118,
HAL, 2013.

F. Bach. Duality between subgradient and conditional gradient methods. SIAM Journal
on Optimization, 25(1):115–129, 2015.

F. Bach. On the equivalence between kernel quadrature rules and random feature expansions. Journal of Machine Learning Research, 18:1–38, 2017.

A. R. Barron. Universal approximation bounds for superpositions of a sigmoidal function.
IEEE Transactions on Information Theory, 39(3):930–945, 1993.

L. J. Guibas, A. Nguyen, and L. Zhang. Zonotopes as bounding volumes. In Proceedings of
the ACM-SIAM symposium on Discrete Algorithms, 2003.
V. Guruswami and P. Raghavendra. Hardness of learning halfspaces with noise. SIAM
Journal on Computing, 39(2):742–765, 2009.
JMLR 18(19):1-53, 2017

L. Breiman. Hinging hyperplanes for regression, classification, and function approximation.
IEEE Transactions on Information Theory, 39(3):999–1013, 1993.
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Kernel methods (Schölkopf and Smola, 2002) are a class of machine learning algorithms
that first map samples from input space to a high-dimensional feature space. In the
high-dimensional feature space, various methods can be applied depending on the machine
learning task, for example, kernel support vector machine (SVM) (Cortes and Vapnik,
1995) (Hsieh, Si, and Dhillon, 2014a) and kernel ridge regression (Saunders, Gammerman,
and Vovk, 1998). A key issue in scaling up kernel machines is the storage and computation

1. Introduction

Scaling kernel machines to massive data sets is a major challenge due to storage and
computation issues in handling large kernel matrices, that are usually dense. Recently,
many papers have suggested tackling this problem by using a low-rank approximation
of the kernel matrix. In this paper, we first make the observation that the structure
of shift-invariant kernels changes from low-rank to block-diagonal (without any low-rank
structure) when varying the scale parameter. Based on this observation, we propose a
new kernel approximation framework – Memory Efficient Kernel Approximation (MEKA),
which considers both low-rank and clustering structure of the kernel matrix. We show
that the resulting algorithm outperforms state-of-the-art low-rank kernel approximation
methods in terms of speed, approximation error, and memory usage. As an example,
on the covtype dataset with half a million samples, MEKA takes around 70 seconds and
uses less than 80 MB memory on a single machine to achieve 10% relative approximation
error, while standard Nyström approximation is about 6 times slower and uses more than
400MB memory to achieve similar approximation. We also present extensive experiments
on applying MEKA to speed up kernel ridge regression.
Keywords: kernel approximation, Nyström method, kernel methods
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Theoretically, we show that under the same amount of storage, the error bound of
our approach can be better than standard Nyström if the gap between the k + 1-st and
ck + 1-st singular values of G is larger than k∆k2 where ∆ consists of all between-cluster
blocks. On real datasets, our proposed algorithm consumes less memory and computation
time to achieve comparable reconstruction error. For example, on the covtype dataset with
half million samples, MEKA takes around 70 seconds and uses less than 80 MB memory
on a single machine to achieve 10% relative approximation error, while standard Nyström
approximation takes more than 400 seconds and uses more than 400MB memory to achieve
similar approximation. Also, MEKA is faster for kernel ridge regression compared with other
state-of-the-art kernel approximation methods. As an example, on the mnist2m dataset with
2 million samples, our method takes 550 seconds on a single machine using less than 500
MBytes memory to achieve accuracy comparable with standard Nyström approximation,

However, it is unclear whether low-rank approximation is the most memory efficient
way to approximate a kernel matrix. In this paper, we first make the observation that for
practically used shift-invariant kernels, the kernel structure varies from low-rank to blockdiagonal as the scaling parameter γ varies from 0 to ∞. This observation suggests that
even the best rank-k approximation can have extremely large approximation error when
γ is large, so it is worth exploiting the block structure of the kernel matrix. Based on
this idea, we propose a Memory Efficient Kernel Approximation (MEKA) framework to
approximate the kernel matrix. Our proposed framework considers and analyzes the use
of clustering in the input space to efficiently exploit the block structure of shift-invariant
kernels. We show that the individual blocks generated by kmeans clustering have lowrank structure, which motivates us to apply Nyström low-rank approximation to each block
separately. Between-cluster blocks are then approximated in a memory-efficient manner.
Our approach only needs O(nk + (ck)2 ) memory to store a rank-ck approximation(where
c  n is the number of clusters), while traditional low-rank methods need O(nk) space to
store a rank-k approximation. Therefore, using the same amount of storage, our method can
achieve lower approximation error than the commonly used low-rank methods. Moreover,
our proposed method takes less computation time than other low-rank methods to achieve
a given approximation error.

of the kernel matrix, which is usually dense. Storing the dense matrix takes O(n2 ) space,
while computing it requires O(n2 d) operations, where n is the number of data points and d
is the dimension. A common approach to achieve scalability is to approximate the kernel
matrix using limited memory storage. This approach not only resolves the memory issue,
but also speeds up kernel machine solvers, because the time complexity for using the kernel
is usually proportional to the amount of memory used to represent the kernel. Most kernel
approximation methods aim to form a low-rank approximation G ≈ CC T for the kernel
matrix G, with C ∈ Rn×k and rank k  n. Although it is well known that Singular Value
Decomposition (SVD) yields the best rank-k approximation, it often cannot be applied as it
requires the entire kernel matrix to be computed and stored. To overcome this issue, many
methods have been proposed to approximate the best rank-k approximation of a kernel matrix, including Greedy basis selection techniques (Smola and Schölkopf, 2000), incomplete
Cholesky decomposition (Fine and Scheinberg, 2001), and Nyström methods (Williams and
Seeger, 2001).
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which takes more than 2700 seconds and uses more than 2 GBytes memory on the same
problem.
Parts of this paper have appeared previously in (Si, Hsieh, and Dhillon, 2014a). In this
paper, we provide: (1) a more detailed survey of state-of-the-art methods; (2) much more
comprehensive experimental comparisons; (3) thorough investigation of the influence of the
parameters in our method; (4) the application of applying the block structure of kernel
matrix to speed up kernel SVM; and (5) more discussion including how to achieve stable
results and solve non-psd issues in MEKA.
The rest of the paper is outlined as follows. We first present related work in Section
2. We then explain the popular Nyström approximation method and present motivation
for our framework in Section 3. We then show the block structure of kernel matrix and its
application to speed up kernel SVM in Section 4. Our main kernel approximation algorithm
MEKA is proposed and analyzed in Section 5. Experimental results are given in Section 6,
and conclusion and discussion are provided in Section 7.

2. Related Research
To approximate the kernel matrix using limited memory, one common way is to use a lowrank approximation. The best rank-k approximation can be obtained by the SVD, but it is
computationally prohibitive when n grows to tens of thousands. To address the scalability
issue of SVD, approximate SVD solvers such as randomized SVD (Halko, Martinsson, and
Tropp, 2011) have been widely used for large-scale data. To exploit the sparse structure of
large-scale network data, an alternative is to apply CUR matrix decomposition (Mahoney
and Drineas, 2009) that explicitly expresses the low-rank decomposition in terms of a small
number of rows and columns of the original data matrix. Another way is building a hierarchical tree to initialize a block Lanczos algorithm to efficiently compute the spectral
decomposition of large-scale graphs (Si, Shin, Dhillon, and Parlett, 2014b). Unfortunately,
to approximate kernel matrices, all the above approaches need to compute the entire kernel
matrix, so the time complexity is at least O(dn2 ).
Many algorithms have been proposed to overcome the prohibitive time and space complexity of SVD for approximating kernel matrices. They can be categorized into two classes:
methods that explicitly approximate kernel matrices, and methods that approximate the
kernel function.

4

generate structured landmark points to speed up Nyström approximation (Si, Hsieh, and
Dhillon, 2016).
Different Nyström sampling strategies are analyzed and compared in (Kumar, Mohri,
and Talwalkar, 2012; Gittens and Mahoney, 2013). Besides Nyström approximation, Fine
and Scheinberg (2001) use the incomplete Cholesky decomposition with pivoting for approximating kernel matrices, which requires O(nk 2 + nkd) time for computing a rank-k
approximation. Bach and Jordan (2005) incorporate side information (labels) into the incomplete Cholesky decomposition, and show that the resulting problem can be solved with
the same O(nk 2 + nkd) time complexity. Finally, Achlioptas, McSherry, and Schölkopf
(2001) propose a sampling and reweighted approach to obtain an unbiased estimator of the
kernel-vector product, and use subspace iteration to approximate the top k eigenvectors.
Approximating the kernel function. The second class of methods is to directly
approximate the kernel function without computing elements of the kernel matrix, so the
approximation does not depend on the data. To approximate the kernel function, a typical
approach is to find a feature mapping Z : Rd → Rk where the kernel function K(x, y) can
be approximated by Z(x)T Z(y). Rahimi and Recht (2007, 2008) define the random feature
map for shift invariant kernel functions based on the Fourier transform. In the resulting
Random Kitchen Sinks (RKS) algorithm, the main computation turns out to be the matrix
vector multiplication W xi for each instance xi , where W is a Gaussian random matrix. To
improve efficiency, Le, Sarlos, and Smola (2013) show that the computation of W xi can be
sped up by the fast Hadamard transform. On the other hand, Yang et al. (2014) propose
to use a quasi Monte Carlo approach to improve the approximation performance of RKS.
In addition to shift invariant kernels, Kar and Karnick (2012) construct the random feature
map for polynomial kernels, and Hamid et al. (2014) propose the condensed random feature
map to improve performance.
Besides the above approaches based on random feature maps, there are other methods
that directly approximate the kernel function. Cotter, Keshet, and Srebro (2011) approximate the Gaussian kernel by the t-th order Taylor expansion, but it requires O(dt ) features,
which is computationally burdensome for large d or t. Chang et al. (2010) propose to use
the kernel expansion for low-degree polynomial kernels. Recently, Yang et al. (2012) showed
that the Nyström method has a better generalization error bound than the RKS approach
if the gap in the eigen-spectrum of the kernel matrix is large.
Most of the above methods can be viewed as faster ways to find a rank-k approximation
of the kernel matrix, so the approximation error is always worse than the top-k SVD when
using O(nk) memory. As we show in Section 3, the kernel matrix typically changes from lowrank to block structure as the scaling parameter γ increases. However, the block structure
of the kernel matrix has never been considered in dense kernel approximation, although
it has been studied for approximation of other types of matrices. For example, Savas and
Dhillon (2011) applied Clustered Low Rank Approximation (CLRA) to approximate large
and sparse social networks. CLRA applies spectral or graph clustering to the adjacency
matrix of a social network, runs SVD on each diagonal block, and uses matrix projection to
capture off-diagonal information. All these steps require storage of the entire matrix, thus
they are infeasible for large-scale dense kernel matrices. For example, computing the entire
kernel matrix of the mnist2m dataset would require about 8 TBytes of memory; moreover
the time for computing the SVD and projection steps is prohibitive. On the same dataset
JMLR 18(20):1-32, 2017

Approximating the kernel matrix.
The first class of approaches approximate
the kernel matrix based on a subset of sampled elements; as a result, all of them are data
dependent. The Nyström method (Williams and Seeger, 2001) is the most widely used
technique to approximate the kernel matrix given a sampled subset of columns. To approximate a rank-k approximation, Nyström approximation requires O(nk 2 + k 3 ) time to
form the rank-k approximation. Many strategies have been proposed to improve over the
basic Nyström approximation, including ensemble Nyström (Kumar, Mohri, and Talwalkar,
2009), Nyström with k-means to obtain benchmark points (Zhang, Tsang, and Kwok, 2008;
Zhang and Kwok, 2010), randomized Nyström (Li, Kwok, and Lu, 2010), Nyström approximation with shift (Wang et al., 2014), adding ”pseudo landmark points” to the Nyström
approximation (Hsieh, Si, and Dhillon, 2014b), and fast-Nys that uses fast transform to
3
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4. Block Kernel Approximation
In this section, we first introduce Block Kernel Approximation (BKA), a simple way to
exploit the clustering structure of kernel matrices, and then show its application for speeding
up kernel SVM.

Figure 1: (a) and (b) show that the structure of the Gaussian kernel matrix K(x, y) =
2
e−γkx−yk for the covtype data tends to become more block diagonal as γ increases(dark
regions correspond to large values, while lighter regions correspond to smaller values). Plot
(c) shows that low-rank approximations work only for small γ, and Block Kernel Approximation (BKA) works for large γ, while our proposed method MEKA works for small as
well as large γ.

where Mk is the best rank-k approximation of M (by SVD) and Mk+ is its pseudo-inverse.
Various extensions to this Nyström based kernel approximation have been proposed. For
example, k-means Nyström(Zhang, Tsang, and Kwok, 2008; Zhang and Kwok, 2010) uses
clusters centroids as the landmark points to form C; ensemble Nyström(Kumar, Mohri,
and Talwalkar, 2009) combines a collection of standard Nyström approximations. We will
compare state-of-the-art Nyström based methods in Section 6.
We use the Gaussian kernel as an example to discuss the structure of the kernel matrix
under different scale parameters. Given two samples xi and xj , the Gaussian kernel is
2
given by K(xi , xj ) = e−γkxi −xj k2, where γ is a scale or width parameter; the corresponding
kernel matrix entries are Gij = K(xi , xj ). Low-rank approximation has been widely used

Let K(·, ·) denote the kernel function, and G ∈ Rn×n be the corresponding kernel matrix
where Gij = K(xi , xj ), and xi , xj ∈ Rd are data points. Computing and storing the kernel
matrix G usually takes O(n2 d) time and O(n2 ) space, which is prohibitive when there are
millions of samples. One way to deal with these challenges is to approximate the dense kernel
matrix G by a low-rank approximation G̃. By doing this, kernel machines are transformed
to linear problems which can be solved efficiently. The best rank-k approximation of G
is given by its singular value decomposition(SVD), i.e., G ≈ Uk Σk Uk T , where Σk is the
diagonal matrix of largest k singular values and Uk contains the corresponding singular
vectors.
However, computing the SVD of G is computationally prohibitive and memory intensive.
Many fast kernel approximation algorithms have thus been proposed and studied. Nyström
kernel approximation is a widely used approximation approach, which uses a sample of
m data points and does not need to form the entire G explicitly to generate its low-rank
approximation. In standard Nyström approximation (proposed in Williams and Seeger
(2001)), we first uniformly at random sample m data points and assemble the corresponding
m columns of G as the n × m matrix C. Let M be the m × m kernel matrix between the
m sampled points, then the standard Nyström method generates a rank-k approximation
to G as
G ≈ G̃ = CMk+ C T ,
(1)

(a) The Gaussian kernel matrix (b) The Gaussian kernel matrix (c) Comparison of different kernel
with γ = 0.1 on covtype dataset
with γ = 1 on covtype dataset
approximation methods for various
γ.

to obtain an approximation for kernel matrices. However, under different scale parameters,
the kernel matrix has quite different structures, suggesting that different approximation
strategies should be used for different γ.
Let us examine two extreme cases of the Gaussian kernel: when γ → 0, G → eeT where
e = [1, . . . , 1]T . As a consequence, G is close to low-rank when γ is small. However, at
the other extreme as γ → ∞, G changes to the identity matrix, which has full rank with
all eigenvalues equal to 1. In this case, G does not have a low-rank structure, but has a
block/clustering structure. This observation motivates us to consider both low rank and
clustering structure of the kernel matrix. Figures 1a and 1b give an example of the structure
of a Gaussian kernel with different γ on a real dataset by randomly sampling 5000 samples
from the covtype dataset.
Before discussing further details, we first contrast the use of block and low-rank approximations on the same dataset. We compare approximation errors for different methods
when they use the same amount of memory in Figure 1c. Clearly, low-rank approximation
methods work well only for very small γ values. Block Kernel Approximation (BKA), as
proposed in Section 4.1, is a simple way to use clustering structure of G that is effective for
large γ. Our proposed algorithm, MEKA, considers both block and low-rank structure of
the kernel, and thus performs better than others under different γ values as seen in Figure
1c.

our proposed approach can obtain accurate results in 10 minutes with only 500 MBytes
memory (as shown in Section 6). To achieve this, we need totally different algorithms than
the ones in CLRA for clustering and approximating blocks to yield our memory-efficient
scheme.
More specifically, CLRA was designed to approximate sparse adjacency matrices, but
cannot be directly applied to large kernel matrices as that would require computation and
storage of the entire kernel matrix at a cost of O(n2 d) time and O(n2 ) space. To overcome this problem, we propose the following innovations: (1) We perform clustering, and
then apply Nyström approximation to within-cluster blocks to avoid computing all withinblock entries; (2) We theoretically justify the use of kmeans clustering to explore the block
structure of the kernel; (3) We propose a sampling approach to capture between-block information; (4) We theoretically show the error bound of our method and compare it with
the traditional Nyström approach.

3. Preliminaries and Motivation

Si, Hsieh, and Dhillon
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4.1 Clustering Structure of Shift-invariant Kernel Matrices

differentiable for all t 6= 0.

There has been substantial research on approximating shift-invariant kernels (Rahimi and
Recht, 2007). A kernel function K(xi , xj ) is shift-invariant if the kernel value depends only
on xi − xj , that is, K(xi , xj ) = f (η(xi − xj )) where f (·) is a function that maps Rd to
R, and η > 0 is a constant to determine the “scale” of the data. η is very crucial to the
performance of kernel machines and is usually chosen by cross-validation. We further define
gu (t) = f (ηtu) to be a one variable function along u’s direction where u is an unit vector.
We assume the kernel function satisfies the following property:
Assumption 1

gu (t) is


...
0

...
0 
. .
..
.
.. 
. . . G(c,c)

(2)

Most of the practically used shift-invariant kernels satisfy the above assumption, for ex2
ample, the Gaussian kernel (K(x, y) = e−γkx−yk2 ), and the Laplacian kernel (K(x, y) =
e−γkx−yk1 ). It is clear that η 2 is equivalent to γ for the Gaussian kernel if written in the
form of K(x, y) = f (η(x − y)). When η is large, off-diagonal blocks of shift-invariant kernel
matrices will become small, and most of the information is concentrated in the diagonal
blocks. To approximate the kernel matrix by exploiting this clustering structure, we first
present a simple Block Kernel Approximation (BKA) as follows. Given a good partition
V1 , . . . , Vc of the data points, where each Vs is a subset of {1, . . . , n}, BKA approximates
the kernel matrix as:

.
..
0


G(1,1)
0

G(2,2)

G ≈ G̃ ≡ 

0
.
..
0

s=1

i,j∈Vs

c
X
1 X
K(xi , xj )2 .
|Vs |

(3)

Here, G(s,s) denotes the kernel matrix for block Vs – note that this implies that diagonal
blocks G̃(s,s) = G(s,s) and all the off-diagonal blocks, G̃(s,t) = 0 with s 6= t.
BKA is useful when η is large. By analyzing its approximation error, we now show that
k-means in the input space can be used to capture theP
clustering structure
Pc forPshift-invariant 2
kernels. The approximation error equals kG̃−GkF2 = i,j K(xi , xj )2 − s=1
i,j∈Vs K(xi , xj ) .
Since the first term is fixed, minimizing the error kG̃ − GkF2 is the
Pc same
P with maximizing
2
the second term, the sum of squared within-cluster entries D = s=1
i,j∈Vs K(xi , xj ) .
However, directly maximizing D will not give a useful partition – the maximizer will
assign all the data into one cluster. The same problem occurs in graph clustering (Shi and
Malik, 2000; von Luxburg, 2007). A common approach is to normalize D by each cluster’s
size |Vs |. The resulting spectral clustering objective (also called ratio association) is:
c
Dkernel ({Vs }s=1
)=
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Maximizing (3) usually yields a balanced partition, but the computation is expensive because we have to compute all the entries in G. In the following theorem, we derive a lower
c ):
bound for Dkernel ({Vs }s=1
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c
c
Dkernel ({Vs }s=1
) ≥ C̄ − η 2 R2 Dkmeans ({Vs }s=1
)

Theorem 1 For any shift-invariant kernel that satisfies Assumption 1,

2

(4)

kmeans ≡
where P
C̄ = nf (0)
2 , R is a constant depending on the kernel function, and
P D
P
c
2
s=1
i∈Vs kxi − ms k2 is the k-means objective function, where ms = ( i∈Vsxi )/|Vs |,
s = 1,· · ·, c, are the cluster centers.

−

By definition, f (0) =

gu (0),

so

0
K(xi , xj ) = gu (ηkxi − xj k2 ) = gu (0) + ηgu
(s)kxi − xj k2

xj k2 ).

− xj k2 ,

(6)

(5)

Proof We use u to denote the unit vector in the direction of xi − xj (xi 6= xj ). By the
mean value theorem, we have

for some s ∈

(0, ηkxi

K(x , xj ) + ηRkxi
i
|gv0 (θ)|.

sup

θ∈R,kvk=1

f (0) ≤
where R :=

Squaring both sides of (5) we have

f (0)2 ≤K(xi , xj )2 + η 2 R2 kxi − xj k22 + 2K(xi , xj )(ηRkxi − xj k2 ).

i,j∈Vs

(7)

From the classical arithmetic and geometric mean inequality, we can upper bound the last
term by
2K(xi , xj )(ηRkxi − xj k2 ) ≤ K(xi , xj )2 + η 2 R2 kxi − xj k22 ,

i,j∈Vs

s=1

c
X
nf (0)2
1 X
− η 2 R2
kxi − xj k22 ,
2
|Vs |

s=1


c
2
X
X 
1
f
(0)
− η 2 R2 kxi − xj k22
|Vs |
2

therefore
f (0)2
≤ K(xi , xj )2 + η 2 R2 kxi − xj k22 .
2
Plugging (7) into (3), we have

c
Dkernel ({Vs }s=1
)≥

≥

which can be manipulated to prove the desired bound (4).
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Interestingly, the right hand side of (4) can be maximized when the k-means objective
function Dkmeans is minimized. Therefore, although optimal solutions for k-means and
ratio association might be different (consider the two circles data, when each circle forms
a cluster), Theorem 1 shows that conducting k-means in the input space will provide a
reasonably good way to exploit the clustering structure of shift-invariant kernels, especially
when it is infeasible to perform spectral clustering on G which might need precomputation
of the entire kernel matrix. Figure 2 shows that the partition from k-means can often work
as well as spectral clustering on G, which directly optimizes Dkernel , and both of them are
much better than random partitions. One advantage of conducting k-means is that the
time complexity of each iteration is O(ndc), which is much less than computing the kernel
when the dimensionality d  n.

8

(b) cadata

(8)

Number of
testing samples
91,701
39,904
116,202

Table 1: Dataset statistics

Number of
training samples
49,990
159,619
464,810
22
409
54

d
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Both LLSVM and FastFood use low-rank representation to approximate kernel matrix so
that to speed up solving kernel SVM.

3. FastFood: use random Fourier features to approximate the kernel function (Le et al.,
2013). We solve the resulting linear SVM problem by the dual coordinate descent
solver in LIBLINEAR.

2. LLSVM: improved Nyström method for nonlinear SVM by (Wang et al., 2011). We
solve the resulting linear SVM problem by the dual coordinate descent solver in LIBLINEAR (Hsieh et al., 2008).

1. LIBSVM: the implementation in the LIBSVM library (Chang and Lin, 2011) with a
small modification to handle SVM without the bias term – we observe that LIBSVM
has similar test accuracy with/without bias. We also include the results for using
LIBSVM with random 1/5 subsamples on each dataset in Table 2.

We include the following exact kernel SVM solvers (LIBSVM), approximate low-rank SVM
solvers (LLSVM, FastFood) in our comparison:

4.3.1 Competing Methods

We now compare block structure based kernel SVM solver–BKA-SVM with low-rank structure based kernel SVM solvers. All the experiments are conducted on an Intel 2.66GHz
CPU with 8G RAM. We use 3 benchmark datasets as shown in Table 1. The thee datasets
can be downloaded from http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets
or the UCI data repository. We use a random 80%-20% split for covtype, and the original
training/testing split for other datasets.

4.3 Comparing BKA-SVM with Low-rank Kernel SVM Solvers(BKA-SVM)

The quadratic programming problem (8) has n variables, and takes at least O(n2 )
time to solve in practice. By dividing it into k subproblems (10) with equal sizes, the time
complexity for solving the subproblems can be reduced to O(k ·( nk )2 ) = O(n2 /k). Moreover,
the space requirement is also reduced from O(n2 ) to O(n2 /k 2 ).
After computing all the subproblem solutions, we concatenate them to form an approximate solution for the whole problem ᾱ = [ᾱ(1) , . . . , ᾱ(k) ], where ᾱ(c) is the optimal solution
for the c-th subproblem.

ijcnn1
census
covtype

dataset

Si, Hsieh, and Dhillon

where c = 1, . . . , k, α(c) denotes the subvector {αi | i ∈ Vc } and Q(c,c) is the submatrix of
Q with row and column indexes Vc .

Due to high computation cost of directly solving kernel SVM, we can approximate the
kernel matrix G by BKA to divide whole kernel SVM problem into subproblems, where
each subproblem can be handled efficiently and independently.
To do this, we first partition the dual variables into k subsets {V1 , . . . , Vk }, where
{V1 , . . . , Vk } are partitions generated by performing kmeans on the data points, and then
solve the respective subproblems independently
1
min (α(c) )T Q(c,c) α(c) −eT α(c) , s.t. 0 ≤ α(c) ≤ C,
(10)
α(c) 2

i=1

where e is the vector of all ones; C is the balancing parameter between loss and regularization in the SVM primal problem; α ∈ Rn is the vector of dual variables; and Q is an n × n
matrix with Qij = yi yj Gij , where Gij = K(xi , xj ) is the kernel value between i-th and j-th
sample. Letting α∗ denote the optimal solution of (8), the decision value for a test data x
can be computed by
n
X
αi∗ yi K(x, xi ).
(9)

1
min f (α) = αT Qα − eT α, s.t. 0 ≤ α ≤ C,
α
2

In this section we will show how to use block kernel approximation(BKA) to divide kernel
SVM problem into subproblems and significantly speed up the computation. Given a set of
instance-label pairs (xi , yi ), i = 1, . . . , n, xi ∈ Rd and yi ∈ {1, −1}, the main task in training
the kernel SVM is to solve the following quadratic optimization problem:

4.2 Speeding up Kernel SVM with BKA

Figure 2: The Gaussian kernel approximation error of BKA using different ways to generate
five partitions on 500 samples from covtype and cadata; on these data sets k-means in the
input space performs similarly to spectral clustering on the kernel matrix, but is more
efficient.

(a) covtype

Memory Efficient Kernel Approximation

ijcnn1
C = 32, γ = 2
time(s) acc(%)
5
98.49
115 98.69
6
98.24
38
98.23
87
95.95

census
C = 512, γ = 2−9
time(s) acc(%)
838
94.72
2920
94.2
641
93.2
1212
92.8
851
91.6
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BKA-SVM
LIBSVM
LIBSVM (subsample)
LLSVM
FastFood

covtype
c = 32, γ = 32
time(s) acc(%)
436
96.05
83631 96.15
5330
92.46
4451
84.21
8550
80.1

Table 2: Comparison on real datasets using the RBF kernel.

4.3.2 Parameter Setting
We consider the RBF kernel K(xi , xj ) = exp(−γkxi − xj k22 ). We use same kernel function for both training and test phases. We chose the balancing parameter C and kernel
parameter γ by 5-fold cross validation on a grid of points: C = [2−10 , 2−9 , . . . , 210 ] and
γ = [2−10 , . . . , 210 ] for ijcnn1, census, and covtype. For BKA-SVM, we set the number of
clusters to be 64 for these three datasets. There is a tradeoff between the number of clusters and prediction accuracy. If we increase the number of clusters, BKA-SVM will become
faster, but the prediction accuracy will mostly decrease. On the other hand, if the number
of clusters is set smaller, BKA-SVM can achieve higher accuracy (in most cases), while
takes more time to train. The following are parameter settings for other methods in Table
2: the rank is set to be 3000 in LLSVM; number of Fourier features is 3000 in Fastfood1 ;
the tolerance in the stopping condition for LIBSVM is set to 10−3 (the default setting of
LIBSVM).
Tables 2 present time taken and test accuracies. Experimental results show that the
BKA-SVM achieves near-optimal test performance. Also we observe that BKA-SVM performs better than low-rank approximation based methods for kernel SVM problem showing
the benefit of using block structure of kernel matrix.
We can see that BKA exploits the block structure of kernel matrix, and can speed up
the training of kernel SVM. As shown in Tandon et al. (2016), BKA can also be used for
speeding up kernel ridge regression problem. About the memory requirement, which is the
2
main theme of this paper, BKA takes O( nk ) memory to approximate the kernel matrix,
while popular low-rank based kernel approximation methods are more memory efficient,
and only need linear memory to represent the kernel matrix.

5. Memory Efficient Kernel Approximation
There are two main drawbacks of the BKA approach: (i) it ignores all off-diagonal blocks,
which results in large error when η is small (as seen in Figure 1(c)); (ii) for large-scale kernel
approximation, it is too expensive to compute and store all the diagonal block entries. To

JMLR 18(20):1-32, 2017

1. In Fastfood we control the number of blocks so that number of Fourier features is close to 3000 for each
dataset.
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overcome these two drawbacks, we propose to use low-rank representation for each block in
the kernel matrix.

5.1 Low Rank Structure of Each Block

To motivate the use of low-rank representation in our proposed method, we first present
the following bound:

kG(s,t) −Gk

(s,t)

p
kF ≤ 4Ck −1/d |Vs ||Vt |min(rs , rt ),

Theorem 2 Given data points x1 , . . . , xn ∈ Rd , and a partition V1 , . . . , Vc , and assume f
is Lipschitz continuous, then for any s, t (s = t or s 6= t)

(s,t)

where Gk
is the best rank-k approximation to G(s,t) ; C is the Lipschitz constant of the
shift-invariant function f ; rs is the radius of the s-th cluster.

Proof To prove this theorem, we use the -net theorem in (Cucker and Smale, 2001),
which states that when all the data xi ∈ Rd , i = 1, · · · , n are in a ball with radius r, there
d
exist T = ( 4r
r̄ ) balls of radius r̄ that cover all the data points. If we set T to be k, then
r̄ = k −1/d 4r.
Let x1 , . . . , xns be the data points in the s-th cluster, and let y 1 , . . . , y nt be the data
points in the t-th cluster, and ns = |Vs |, nt = |Vt |. Our goal is to show that G(s,t) is low(s,t)
rank, where Gi,j = K(xi , y j ). Assume rt is the radius of the t-th cluster, therefore we can
nt
find k balls with radius r̄ = k −1/d 4rt to cover {y j }j=1
.
Assume centers of the balls for t-th cluster are m1 , m2 , . . . , mk , then we can form a
low-rank matrix Ḡ(s,t) = Ū V̄ T , where for all i = 1, . . . , ns , j = 1, . . . , nt , and q = 1, . . . , k,
(
1 if y j ∈ Ball(mq ),
0 otherwise.

− Ḡij )2 = (f (xi − y j ) − f (xi − mq ))2

(s,t)

Ūi,q = K(xi , mq ) and V̄j,q =

Assume y j is in ball q, then
(s,t)

(Gij

≤ C 2 k(xi − y j ) − (xi − mq )k2

= C 2 ky j − mq k22

≤ C 2 r̄2 .

(11)

Therefore, if (G(s,t) )∗ is the best rank-k approximation for G(s,t) , then

√
kG(s,t) − (G(s,t) )∗ kF ≤ kG(s,t) − Ḡ(s,t) kF ≤ Ck −1/d 4rt ns nt .

(12)
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ns
Similarly, by covering s-th cluster {xi }i=1
with k balls we can get the following inequality:

√
kG(s,t) − (G(s,t) )∗ kF ≤ Ck −1/d 4rs ns nt .

Combining (11) and (12) gives the results.
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14
29
13
9
9

13
13
20
10
10

7
9
10
29
11

7
9
10
11
28

99
116
86
43
44

101
86
131
46
47

44
43
46
47
45

(b) a random partition.

139
99
101
44
45

45
44
47
45
49
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By using our proposed approach, we focus on diagonal blocks, and spend less effort
on the off-diagonal blocks. Assume the rank-ks approximation of the sth diagonal block is

Based on the above observation, we propose a fast and memory efficient scheme to approximate shift-invariant kernel matrices. As suggested by Theorem 2, each block tends to be
low-rank after k-means clustering; thus we can form a rank-k approximation for each of
the c2 blocks separately to achieve low error; however, this approach would require O(cnk)
memory, which can be prohibitive. Therefore, our proposed method first performs k-means
clustering, and after rearranging the matrix according to clusters, it computes the low-rank
basis only for diagonal blocks (which are more dominant than off-diagonal blocks) and uses
them to approximate off-diagonal blocks. Empirically, we observe that the principal angles
between the dominant singular subspaces of diagonal block and off-diagonal block are small
(as shown in Figure 3). In Figure 3, we randomly sampled 1000 data points from the covtype and ijcnn1 datasets and generated 5 clusters by k-means for each dataset. The blue
line shows the cosines of the principal angles between the dominant singular subspace of a
diagonal block G(s,s) and that of an off-diagonal block G(s,t) for different ranks k, where s
and t are randomly chosen. We can observe that most of the cosines are close to 1, showing
that there is substantial overlap between the dominant singular subspaces of the diagonal
and off-diagonal block.

5.2 Memory Efficient Kernel Approximation (MEKA)

Theorem 2 suggests that each block(diagonal or off-diagonal block) of the kernel matrix
will be low-rank if we find the partition by k-means in the input space and the radius of the
cluster is small. In the following we present empirical confirmation of this result. In Table
3, we present the numerical rank of each block, where numerical rank for a m by n matrix
A is defined as the number of singular values with magnitude larger than max(n, m)kAk2 δ
where δ is a small tolerance 10−6 . We sample 4000 data points from the ijcnn1 dataset and
generate 5 clusters by k-means and random partition. Table 3a shows the numerical rank
for each block using k-means, while Table 3b shows the numerical rank for each block when
the partitions are random. We observe that by using k-means, the rank of each block is
fairly small.

Table 3: Rank of each of the 5 blocks (from a subsampled ijcnn1 data set) using different
partition strategies: (a) by k-means clustering; (b) by a random partition.

(a) k-means clustering.

16
14
13
7
7
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(b) ijcnn1

(14)

(13)

14
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and L is a “link” matrix consisting of c2 blocks, where each ks × kt block L(s,t) captures the
interaction between the sth and tth clusters. For now, let us first assume ks = k ∀s (we will
discuss different strategies to choose ks later). Note that if we were to restrict L to be a
block diagonal matrix, G̃ would still be a block diagonal approximation of G. However, we
consider the more general case that L is dense. In this case, each off-diagonal block G(s,t)
is approximated as W (s) L(s,t) (W (t) )T , and this approximation is memory efficient as only
O(k 2 ) additional memory is required to represent the (s, t) off-diagonal block. If a rank-k
approximation is used within each cluster, then the generated approximation has rank ck,
but only needs a total of O(nk + (ck)2 ) storage.
Computing W (s) . Since we aim to deal with dense kernel matrices of huge size, we
use the standard Nyström approximation to compute low-rank “basis” for each diagonal
block. When applying the standard Nyström method to a ns × ns block G(s,s) , we sample
m columns from G(s,s) , evaluate their kernel values, compute the rank-k pseudo-inverse of
T
an m × m matrix, and form G(s,s) ≈ W (s) L(s,s) (W (s) ) . The time required per block is
3
O(ns m(k + d) + m ), and thus our method requires a total of O(nm(k + d) + cm3 ) time to
form W . We can replace Nyström by any other low-rank approximation method discussed

 (1)

W
0
...
0
(2)
 0
W
...
0 


W ≡ .
..
..  ;
..
 ..
.
.
. 
0
0
. . . W (c)

where W is a diagonal matrix as

G̃ = W LW T ,

W (s) L(s,s) (W (s) )T , we form the following memory-efficient kernel approximation:

Figure 3: The cosines of the principal angles between the dominant singular subspaces of
diagonal block and off-diagonal block of a Gaussian kernel ((a): γ = 0.1 and 1000 random
samples from covtype; (b): γ = 1 and 1000 random samples from ijcnn1) with respect to
different ranks. The cosines of the principal angles are close to 1 showing that two subspaces
are similar.

(a) covtype

Si, Hsieh, and Dhillon
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(b) cadata
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Choosing the rank ks for each cluster. We need to decide the rank for the
sth (s = 1, · · · , c) cluster, ks , which can be done in different ways: (i) the same k for all the
clusters; (ii) ks is proportional to the size of sth cluster; (iii) eigenvalues based approach. For
(iii), suppose M (s) is the ms ×mP
s matrix consisting of the intersection of ms sampled columns
c
ms = cm) block-diagonal matrix with M (s) as diagonal
in G(s,s) , and M is the cm×cm( s=1
block. We can choose ks such that the set of top-ck eigenvalues of M is the union of the eigenc [σ (M (s) ), . . . , σ (M (s) )].
values of M (s) in each cluster, that is, [σ1 (M ), . . . , σck (M )] = ∪s=1
1
ks
To use (iii), we can oversample points in each cluster, e.g., sample 2k points from each
cluster, perform eigendecompostion of a 2k × 2k kernel matrix, sort the eigenvalues from
c clusters, and finally select the top-ck eigenvalues and their corresponding eigenvectors.
Comparing these three strategies, (i) achieves lower memory usage and is fastest, and (ii)
is more accurate than (i) with more memory usage, while (iii) is slowest but achieves lower
error for diagonal blocks. In Figure 6, we compare these three sampling strategies to choose
ks on ijcnn1 and cadata datasets. It is shown that these three methods perform similarly
well and choosing ks to be same for each cluster performs sightly better than by the size
of each cluster and singular values based approach. In the experiment, we set all the clusters to have the same rank k. We show that this simple choice of ks already outperforms
state-of-the-art kernel approximation methods.
We are now ready to present our main algorithm in Algorithm 1. In Table 4, we compare
the time and space complexity for our method with SVD, standard Nyström, and RKS. We
can see that MEKA is more memory efficient. For the time complexity, both TL (time for
computing off-diagonal L) and TC (time for clustering) are small as (1) we use thresholding
to force some L(s,t) blocks to be zero, and perform least squares on small blocks, which

Figure 5: Time (in seconds) and kernel approximation quality of MEKA when varying the
thresholding parameter  for setting off-diagonal blocks in L to be zero.

(a) ijcnn1

of thresholding parameter  on the ijcnn1 and cadata data in Figure 5. When  is large,
although MEKA yields higher approximation error(because it omits more off-diagonal information), it is faster. On the other hand, for small , when more off-diagonal information
is considered, we notice an increase in time and smaller in approximation error. In practice,
we need to use cross-validation to select .

(b) cadata

in Section 2. In Figure 4 we compare using standard Nyström(Nys)(Williams and Seeger,
2001), k-means Nyström(KNys)(Zhang and Kwok, 2010), and Nyström with randomized
SVD(RNys)(Li, Kwok, and Lu, 2010) to generate W (s) on both ijcnn1 and cadata datasets.
As shown in Figure 4, we observe that the standard Nyström method combined with MEKA
gives excellent performance.

(a) ijcnn1

Figure 4: Comparison of using Nys, KNys, and RNys to obtain the basis W (s) for diagonal
blocks in MEKA on ijcnn1 and cadata datasets. The x-axis shows the computation time
and y-axis shows the relative kernel approximation error(%).

(t)

L(s,t) = ((Wv(s)
)T Wv(s)
)−1 (Wv(s)
)T Ĝ(s,t) Wv(t)
((Wv(t)
)T Wv(t)
)−1 ,
s
s
s
t
t
t

Computing L(s,t) . The optimal least squares solution for L(s,t) (s 6= t) is the minimizer
of the local approximation error kG(s,t) − W (s) L(s,t) (W (t) )T kF . However, forming the entire
G(s,t) block can be time consuming. For example, computing the whole kernel matrix for
mnist2m with 2 million data points takes more than a week. Therefore, to compute L(s,t) ,
we propose to randomly sample a (1 + ρ)k × (1 + ρ)k submatrix Ĝ(s,t) from G(s,t) , and then
find L(s,t) that minimizes the error on this submatrix. If the row/column index set for the
subsampled submatrix Ĝ(s,t) in G(s,t) is vs /vt , then L(s,t) can be computed in closed form:

(s)
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where Wvs and Wvt are formed by the rows in W (s) and W (t) with row index sets vs and
vt respectively.
Since there are only k 2 variables in L(s,t) , we do not need too many samples for each
block, and the time to compute L(s,t) is O((1 + ρ)3 k 3 ). In practice, we observe that setting ρ to be 2 or 3 is enough for a good approximation, so the time complexity is O(k 3 ).
Empirically, many values in the off-diagonal blocks are close to zero, and only a few of
them have large values as shown in Figure 1. Based on this observation, we further propose
a thresholding technique to reduce the time for storing and computing L(s,t) . Since the
distance between cluster centers is a good indicator for the values in an off-diagonal block,
we can set the whole block L(s,t) to 0 if K(ms , mt ) ≤  for some thresholding parameter
 > 0, where ms and mt are the k-means centroid for the s-th and t-th cluster respectively.
Obviously, to choose , we need to achieve a balance between speed and accuracy. When  is
small, we will approximate more off-diagonal blocks; while when  is large, we will set more
off-diagonal blocks to be 0, but increase the approximation error. We test the influence
15

(b) cadata

Storage
O(cnk)
O(cnk)
O(cnk)
O(nk + (ck)2 )

Rank
ck
ck
ck
ck

Time Complexity
O(cnkd)
O(cnm(ck + d) + (cm)3 )
O(n3 + n2 d)
O(nm(k + d) + cm3 + TL + TC )
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Output: The rank-ck approximation G̃ = W LW T using O(nk + (ck)2 ) space
Generate the partition V1 , . . . , Vc by k-means;
for s = 1, . . . , c do
Perform the rank-k approximation G(s,s) ≈ W (s) L(s,s) (W (s) )T by standard
Nyström;
end
forall (s, t)(s 6= t) do
Sample a submatrix Ḡ(s,t) from G(s,t) with row index set vs and column index
set vt ;
(s)
Form Wvs by selecting the rows in W (s) according to index set vs ;
(t)
Form Wvt by selecting the rows in W (t) according to index set vt ;
(s)
(t)
Solve the least squares problem: Ḡ(s,t) ≈ Wvs L(s,t) (Wvt )T to obtain L(s,t) ;
end

Algorithm 1 Memory Efficient Kernel Approximation (MEKA)
Input : Data points {(xi )}ni=1 , scaling parameter γ, rank k, and no. of clusters c.

means TL can at most be O( 12 c2 k 3 ); (2)TC is proportional to the number of samples. For a
large dataset, we sample 20000 points for k-means, and thus the clustering is more efficient
than working on the entire data set.

Table 4: Memory and time analysis of various kernel approximation methods, where TL is
the time to compute the matrix L and TC is the time for clustering in MEKA.

Method
RKS (Rahimi and Recht, 2008)
Nyström(Williams and Seeger, 2001)
SVD
MEKA

Figure 6: Comparison of different strategies to choose the rank ks of each cluster in MEKA
on ijcnn1 and cadata datasets.

(a) ijcnn1

Memory Efficient Kernel Approximation

TC
0.05
0.15
1.83

TW
0.69
1.27
9.82

TL
0.35
0.84
12.23

and dG
max

where θ =

n−m
1
n−0.5 β(m,n)

1
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1
2
log 1δ dG
max /Gmax ; β(m, n) = 1 − 2 max{m,n−m} ;Gmax = maxi Gii ;
p
represents the distance maxij Gii + Gjj − 2Gij .

q

1 2n
kG− G̃k2 ≤ kG−Gck k2 + √ √ Gmax (1 + θ) + 2k∆k2 ,
c m
 1
1
64k 4
kG− G̃kF ≤ kG−Gck kF +
nGmax (1+θ) 2 +2k∆kF
m

Theorem 3 Let ∆ denote a matrix consisting of all off-diagonal blocks of G, so ∆(s,t) =
G(s,t) for s 6= t and all zeros when s = t. We sample cm points from the dataset uniformly
at random without replacement and split them according
P to the partition from k-means,
such that each cluster has ms benchmark points and cs=1 ms = cm. Let Gck be the best
rank-ck approximation of G, and G̃ be the rank-ck approximation from MEKA. Suppose we
choose the rank ks for each diagonal block using the eigenvalue based approach as mentioned
in Section 5.1, then with probability at least 1 − δ, the following inequalities hold for any
sample of size cm:

We now bound the approximation error for our proposed method. We show that when
σk+1 − σck+1 is large, where σk+1 and σck+1 are the k + 1st and ck + 1st singular values of G
respectively, and entries in off-diagonal blocks are small, MEKA has a better approximation
error bound compared to standard Nyström that uses similar storage.

5.3 Analysis

In Table 5, we show the time cost for each step of MEKA on pendigit, ijcnn1, and
covtype datasets. The execution time of our proposed algorithm mainly consists of three
parts:(1) time for performing k-means clustering (TC ), (2) time for forming the “basis” W
from the diagonal blocks (TW ), (3) time to compute the link matrix L from off-diagonal
blocks (TL ). From Table 5, we observe that compared with TW and TL , TC is fairly small
and TW dominates the whole process in most cases. For covtype data set, since we choose
c to be large, TL is sightly larger than TW . We will analyze TW , TL , and TC for different c
in the experiment part.

Table 5: Time (in seconds) for each step of MEKA, where TW is the time to compute
low-rank approximation for the diagonal block matrices; TL is the time to form the “link”
matrix L; TC is the time for performing k-means clustering.

Dataset
pendigit
ijcnn1
covtype

Si, Hsieh, and Dhillon

diagonal block of G, that is,

...
0

...
0 
. .
..
.
.. 
. . . G(c)

Memory Efficient Kernel Approximation

Proof Let B denote the matrix formed by the

G(1)
0
(2)

G
 0
B≡ .
.
 ..
..
0
0

˜ − ∆)k2 ≤ kB̃ − Bk2 + k∆
˜ − ∆k2
kG̃ − Gk2 = kB̃ − B + (∆

(15)

(16)

According to the definition of ∆, G = B + ∆. In MEKA, the error kG̃ − Gk2 consists of
two components,

(s)

˜ are the approximations for B and ∆ in MEKA respectively.
where B̃ and ∆
Let us first consider the error in approximating the diagonal blocks kB̃ − Bk2 . Since
we sample cm benchmark points from n data points uniformly at random without replacement and distribute them according to thePpartition coming from k-means, the ss=c
th cluster now has ms benchmark points with
s=1 ms = cm. For the s-th diagonal
block G(s) , we will perform the rank-ks approximation using standard Nyström, so we have
(s)
G(s) ≈ E (s) (Mks )+ E (s) , where E (s) denotes the matrix formed by ms sampled columns from


...
0


...
0


..
...
.

(c)
. . . (Mkc )+ ,

(17)

G(s) and Mks is a ms × ms matrix consisting of the intersection of sampled ms columns.
Suppose we use the singular value based approach to choose ks for s-th cluster as described in Section 5.1, and

.
..
0


(1)
(Mk )+
0
1

(2)

(Mk2 )+



+

Mck
equiv 

0
.
..
0

1
n − cm
1
1 B
2
log dmax
/Bmax
],
n − 0.5 β(cm, n)
δ

where M is the cm × cm block diagonal matrix that consists of the intersection of the
sampled cm columns. Then we can see that approximating the diagonal blocks B is equivalent to directly performing standard Nyström on B by sampling cm benchmark points
uniformly at random without replacement to achieve the rank-ck approximation. The standard Nyström’s norm-2 and Frobenius error bound are given in (Kumar et al., 2009), so
kB − B̃k2 can be bounded with probability at least 1 − δ as
s
2n
kB − B̃k2 ≤ kB − Bck k2 + √ Bmax [1 +
cm
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(18)

B
where Bck denotes p
the best rank-ck approximation to B; Bmax = maxi Bii ; dmax
represents
the distance maxij Bii + Bjj − 2Bij .
˜ − ∆k2 , recall that some off-diagonal blocks in MEKA are set to 0 by
To bound k∆
thresholding and 0 is one special solution of least squares problem to compute L(s,t) , we
˜ − ∆k2 ≤ k∆k2 .
have k∆
Furthermore, according to perturbation theory (Stewart and Ji-Guang, 1990), we have

kB − Bck k2 ≤ kG − Gck k2 + k∆k2 .
19

Bck k2

k∆k2
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2n
+ √ Bmax [1 +
cm

s

1
1
n−m
1 G
2
log dmax
/Gmax
],
n − 0.5 β(m, n)
δ

1
1
n − cm
1 G
2
]
log dmax
/Gmax
n − 0.5 β(cm, n)
δ
s

1
1
n − cm
1 B
2
log dmax
/Bmax
]
n − 0.5 β(cm, n)
δ

The inequality in (16) combined with (18) gives a bound on kG̃ − Gk2 as,
s
1
n − cm
1
1 B
2
kG̃ −
≤ kB −
+
]
log dmax
/Bmax
n − 0.5 β(cm, n)
δ
s
Gk2

2n
≤ kG − Gck k2 + 2k∆k2 + √ Bmax [1 +
cm

2n
≤ kG − Gck k2 + 2k∆k2 + √ Gmax [1 +
cm

1 2n
≤ kG − Gck k2 + 2k∆k2 + √ √ Gmax [1 +
c m

G
where Gck denotes p
the best rank-ck approximation to G; Gmax = maxi Gii ; dmax
represents
the distance maxij Gii + Gjj − 2Gij . The third inequality is because G = B + ∆, Bmax ≤
G . The last inequality is because n  m and n  cm.
B
≤ dmax
Gmax and dmax
Similarly by using perturbation theory and upper bounds for the Frobenius error of
standard Nyström, the result follows.

When ks (s = 1, · · · , c) is balanced (meaning ks is approximately the same for each cluster) and n is large, MEKA provides a rank-ck approximation using roughly the same amount
of storage as rank-k approximation by standard Nyström. Interestingly, from Theorem 3,
if kG − Gk k2 − kG − Gck k2 ≥ 2k∆k2 , then

1 2n
kG − G̃k2 ≤ kG − Gk k2 + √ √ Gmax (1 + θ).
c m

The second term in the right hand side of above inequality is only √1c of that in the spectral
norm error bound for standard Nyström that uniformly samples m columns without replacement in G to obtain the rank-k approximation as shown in (Kumar, Mohri, and Talwalkar,
2009). Thus, if there is a large enough gap between σk+1 and σck+1 , the error bound for our
proposed method is better than standard Nyström that uses similar storage. Furthermore,
when γ is large, G tends to have better clustering structure, suggesting in Theorem 3 that
k∆k is usually quite small. Note that when using the same rank k for all the clusters, the
above bound can be worse because of some extreme cases, e.g., all the top-ck eigenvalues
are in the same cluster. In practice we do not observe those extreme situations. We also
want to mention that both k∆kF and k∆k2 will be affected by the number of clusters c.

6. Experimental Results

In this section, we empirically demonstrate the benefits of our proposed method, MEKA on
various data sets2 that are listed in Table 6. Experiment results here are mainly based on
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2. All the datasets are downloaded from www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets and UCI
repository (Bache and Lichman, 2013). Note that the census datasets in Table 1 and Table 6 come from
different sources.

20

n
6,497
8,192
10,992
20,640

d
11
12
16
8

Dataset
census
ijcnn1
covtype
mnist2m

n
22,784
49,990
581,012
2,000,000

d
137
22
54
784

k
128
128
256

γ
2
1
10

c
5
10
15

Nys
0.1325
0.0423
0.3700

RNys
0.1361
0.0385
0.3738

KNys
0.0828
0.0234
0.2752

ENys
0.2881
0.1113
0.5646

RKS
0.4404
0.2972
0.8825

fastfood
0.4726
0.2975
0.8920

MEKA
0.0811
0.0082
0.1192
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6.1 Kernel Approximation Quality

We compare all the methods on two different tasks: kernel low-rank approximation and
kernel ridge regression. We do not compare with BKA in this section, because (1) the
approximation error of BKA is large when γ is small (as shown in Figure 1); (2) BKA is time
consuming because it needs to compute all the diagonal blocks’ kernel values, which needs
2
O( nc d ) time; (3) BKA is not memory efficient to approximate the kernel matrix, because
2
it needs O( nc ) space to store the approximation. All the experiments are conducted on a
machine with an Intel Xeon X5440 2.83GHz CPU and 32G RAM.

6. Nyström using randomized SVD (denoted by RNys)(Li, Kwok, and Lu, 2010). We
set the number of power iterations q = 1 and oversampling parameter p = 10.

5. Ensemble Nyström (denoted by ENys) (Kumar, Mohri, and Talwalkar, 2009). Due to
concern for the computation cost, we set the number of “experts” in ENys 3.

4. Fastfood with “Hadamard features” (denoted by fastfood)(Le, Sarlos, and Smola,
2013).

3. Random Kitchen Sinks (denoted by RKS)(Rahimi and Recht, 2008), which approximates the shift-invariant kernel based on its Fourier transform.

2. Kmeans Nyström (denoted by KNys)(Zhang and Kwok, 2010), where the landmark
points are the cluster centroids. As suggested in (Zhang et al., 2012), we sample 20000
points for clustering when the total number of data samples is larger than 20000.

We now compare the kernel approximation quality for the above methods.
Main results. The kernel approximation results are shown in Figure 7 and Table
7. We use relative kernel approximation error kG − G̃kF /kGkF to measure the quality.
We randomly sampled 20000 rows of G to evaluate the relative approximation error for
ijcnn1 and covtype. In Figure 7, we show the kernel approximation performance of different
methods by varying k and γ. The rank (k) varies from 100 to 600 for ijcnn1 and covtype

Table 7: Comparison of approximation error of our proposed method with six other stateof-the-art kernel approximation methods on real datasets, where γ is the Gaussian scaling
parameter; c is the number of clusters in MEKA; k is the rank of each diagonal-block in
MEKA and the rank of the approximation for six other methods. Note that for a given
k, every method has roughly the same amount of memory. All results show relative kernel
approximation errors for each k.

Dataset
pendigit
ijcnn1
covtype

Si, Hsieh, and Dhillon

and from 20 to 200 for the pendigit data. Figure 7 shows that our proposed approximation
scheme always achieves lower error with less time and memory. The main reason is that
using similar amount of time and memory, our method aims to approximate the kernel
matrix by a rank-ck approximation, while all other methods are only able to form a rank-k
approximation.
In Table 7, we fix the rank k and γ, so that each method has the same memory usage
of low-rank representation, and compare MEKA with them in terms of relative approximation error. As it can be seen, under the same amount of memory, our proposed method
consistently yields lower approximation error than other methods.
Also as we can see from Table 7 and Figure 8, Nyström based methods perform much
better than random features based methods (including RKS and Fastfood here) in terms of
kernel approximation quality. Therefore we do not show their performance in Figure 7, so
that we could see the difference between MEKA and other Nyström based methods.
Robustness to the Gaussian scaling parameter γ. To show the robustness of
our proposed algorithm with different γ as explained in Section 3, we test its performance
on the ijcnn1 (Figure 9a), cadata (Figure 9b) and sampled covtype datasets (Figure 1c).
The relative approximation errors for different γ values are shown in the figures using a
fixed amount of memory. For large γ, the kernel matrix tends to have a block structure,
so our proposed method yields lower error than other methods. The gap becomes larger
as γ increases. Interestingly, Figure 1c shows that the approximation error of MEKA is
superior to even the exact SVD, as it is much more memory efficient. Even for small γ
where the kernel exhibits low-rank structure, our proposed method performs better than
Nyström based methods, suggesting that it can get the low-rank structure of the kernel
matrix.
Robustness to the number of clusters c. Compared with Nyström, one main extra
parameter for our method is the number of clusters c. In Figure 10, we test our method
with different values of c on ijcnn1 dataset. In Figure 10a, we show how the approximation
error changes when c is varied from 5 to 25 (with rank k = 100 in each cluster). The
memory usage is nk + (ck)2 , so the storage increases as c increases. For a fair comparison,
we increase the rank of other methods as c increases, so that all the methods use the same
amount of memory. Figure 10a shows that the performance of our proposed method for
varying choices of c. We can observe that under different c, MEKA always performs better
than others. Furthermore, in Figure 10b we show the time cost for each step of MEKA on

1. The standard Nyström method (denoted by Nys)(Williams and Seeger, 2001). In
the experiment, we uniformly sample 2k columns of G without replacement, and run
Nyström for rank-k approximation.

the Gaussian kernel, but we observe similar behavior on other shift-invariant kernels (see
Section 6.2). Note that the same kernel function is used in both training and test phases.
We compare our method with six state-of-the-art kernel approximation methods:

Table 6: Data set statistics (n: number of samples; d: dimension of samples).

Dataset
wine
cpusmall
pendigit
cadata

Memory Efficient Kernel Approximation

Memory Efficient Kernel Approximation

(a) pendigit (γ = 2), memory vs (b) ijcnn1 (γ = 1), memory vs ap- (c) covtype (γ = 1), memory vs
approx. error.
prox. error.
approx. error.

(d) pendigit (γ = 2), time vs ap- (e) ijcnn1 (γ = 1), time vs approx- (f) covtype (γ = 1), time vs approximation error.
imation error.
proximation error.

(g) pendigit (γ = 10), memory vs (h) ijcnn1 (γ = 10), memory vs ap- (i) covtype (γ = 10), memory vs
approximation error.
proximation error.
approximation error.

(j) pendigit (γ = 10), time vs ap- (k) ijcnn1 (γ = 10), time vs ap- (l) covtype (γ = 10), time vs approximation error.
proximation error.
proximation error.
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Figure 7: Low-rank Gaussian kernel approximation results. Methods with approximation
error above the top of y-axis are not shown.
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(b) cadata.

Figure 8: Comparison between Nyström based methods (MEKA and standard Nyström)
and random feature based methods (RKS and fastfood). We can see that Nyström based
methods perform much better than random feature based methods for kernel approximation.

(a) ijcnn1.

Figure 9: The kernel approximation errors for different Gaussian scaling parameter γ.

ijcnn1 dataset when varying the number of clusters c. Here the parameter γ is set to be 1.
From Figure 10b, we observe that when the number of clusters c is small, TW will dominate
the whole process. As c increases, the time for computing the link matrix L, TL , increases.
This is because the number of off-diagonal blocks increases quadratically with c. Since the
time complexity for k-means is O(ncd), TC increases linearly with c.

6.2 The Performance of MEKA for Approximating the Laplacian Kernel

JMLR 18(20):1-32, 2017

As we mentioned in Section 5, our algorithm is suitable for approximating stationary kernels. Besides Gaussian kernel, we can apply MEKA to approximate other kernels, e.g.,
Laplacian kernel (K(x, y) = e−γkx−yk1 ). Figure 11 compares our proposed method with the
standard Nyström(Nys), Randomized Nyström(RNys), and Kmeans Nyström(KNys) for
approximating the Laplacian kernel on ijcnn1 data. Similar to Gaussian kernel, we observe
that MEKA is more memory efficient and faster than other methods for approximating the
Laplacian kernel.

24

(b) Time for each step of MEKA when varying the
number of clusters c. TC is the time for performing k-means clustering; TW is the time to form
the “basis” W from the diagonal blocks; and TL
is the time to compute L from off-diagonal blocks.

(b) time vs approximation error.

(19)

25
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where G is the kernel matrix formed by training samples {x1 , . . . , xl }, and y ∈ Rl are the
targets. For each kernel approximation method, we first form the approximated kernel G̃,
and then solve (19) by conjugate gradient (CG). The main computation in CG is the matrix
vector product G̃v. Using low-rank approximation, this can be computed
P using O(nk) flops.
For our proposed method, we compute W LW T v, where W T v = cs=1 W (s) v (s) requires

α

max λαT α + αT Gα − 2αT y,

Next we compare the performance of various methods on kernel ridge regression (Saunders,
Gammerman, and Vovk, 1998):

6.3 Kernel Ridge Regression

Figure 11: Low-rank Laplacian kernel approximation results for ijcnn1 dataset.

(a) memory vs approximation error.

Figure 10: The kernel approximation errors and time cost for each step of MEKA when
varying c on ijcnn1 dataset.

(a) kernel approximation under different numbers of clusters c in MEKA. For standard
Nyström(Nys), Randomized Nyström(RNys), and
Kmeans Nyström(KNys), we use the same memory
with MEKA.

Memory Efficient Kernel Approximation

k
128
128
256
256
256
256

γ
2−10
22
22
2−4
22
2−5

c
3
5
5
5
10
40

λ
2−4
2−3
2−4
2−5
2−2
2−5

Nys
0.7514
0.1504
8.8747
0.0679
0.8197
0.2985

RNys
0.7555
0.1505
8.6973
0.0653
0.8216
0.2962

KNys
0.7568
0.1386
6.9638
0.0578
0.8172
0.2725

ENys
0.7732
0.1462
9.2831
0.0697
0.8454
0.3018

RKS
0.7459
0.1334
9.6795
0.0727
0.8011
0.3834

fastfood
0.7509
0.1502
10.2601
0.0732
0.8026
na

MEKA
0.7375
0.1209
6.1130
0.0490
0.7106
0.2667
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In this paper, we have proposed a novel framework, Memory Efficient Kernel Approximation
(MEKA) for approximating shift-invariant kernel matrices. We observe that the structure
of the shift-invariant kernel matrix changes from low rank to block diagonal as the scale

7. Conclusions and Discussions

O(nk) flops, L(W v) requires O(kLk0 ) flops, and W (LW T v) requires O(nk) flops. Therefore,
the time complexity for computing the matrix vector product for both MEKA and low-rank
approximation methods is proportional to the memory for storing the approximate kernel
matrices. Besides kernel approximation algorithms, we compare our method with another
divide-and-conquer based kernel ridge regression method (denoted DC-KRR)(Zhang et al.,
2013). The basic idea in Zhang et al. (2013) is to randomly partition the data into c parts
and then train a kernel ridge regression model in each partition. To test a new data point,
it will be tested on each submodel and the final prediction is the average of c predictions.
The parameters are chosen by five fold cross-validation and shown in Table 8. The rank
for these algorithms is varied from 100 to 1000. The test root mean square error (test
RMSE) is defined as ky te − Gte αk, where y te ∈ Ru is testing labels and Gte ∈ Ru×l is
the approximate kernel values between testing and training data. The covtype and mnist2m
data sets are not originally designed for regression, and here we set the target variables to be
0 and 1 for mnist2m and -1 and 1 for covtype. Table 8 compares the kernel ridge regression
performance of our proposed scheme with six other methods given the same amount of
memory or same k in terms of test RMSE. It shows that our proposed method consistently
performs better than other methods. Figure 12 shows the time usage of different methods
for regression by varying the memory or rank k. As we can see that using the same amount
of time, our proposed algorithm always achieves the lowest test RMSE. The total running
time consists of the time for obtaining the low-rank approximation and time for regression.
The former depends on the time complexity for each method, and the latter depends on the
memory requirement to store the low-rank matrices. As shown in the previous experiment,
MEKA is faster than the other methods while achieving lower approximation error and
using less memory. As a consequence, it achieves lower test RMSE in less time compared
to other kernel approximation methods.

Table 8: Comparison of our proposed method with six other state-of-the-art kernel approximation methods on real datasets for kernel ridge regression, where λ is the regularization
constant. All the parameters are chosen by cross validation, and every method has roughly
the same amount of memory as in Table 7. All results show test RMSE for regression for
each k. Note that k for fastfood needs to be larger than d, so we cannot test fastfood on
mnist2m when k = 256.

Dataset
wine
cadata
cpusmall
census
covtype
mnist2m
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(a) wine, time vs regression error. (b) cpusmall, time vs regression er- (c) cadata, time vs regression error.
ror.

(d) census, time vs regression er- (e) covtype, time vs regression er- (f) mnist2m, time vs regression error.
ror.
ror.

Figure 12: Kernel ridge regression results for various data sets. Methods with regression
error above the top of y-axis are not shown. All results are averaged over five independent
runs.
parameter is changed. Our method exploits both low-rank and block structure present in the
kernel matrix, and thus performs better than previously proposed low-rank based methods
in terms of approximation and regression error, speed and memory usage. The code for
MEKA is available at www.cs.utexas.edu/~ssi/meka/. We will discuss next about some
typical problems encountered when using MEKA and how to deal with them.
7.1 Dealing with the Non-PSD Issue
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If for each off-diagonal block, we sample all the entries, the resulting approximate matrix
in MEKA will be positive semidefinite(PSD). The reason is as follow: if we use all the
all-diagonal blocks to compute the link matrix L, the approximation will be G ≈ W LW T
with L = W T GW . Since G is PSD, so it is with L, which proves W LW T will be PSD.
However, due to the sampling procedure in MEKA, the resulting approximate matrix
might not be PSD, which will cause some problems when PSD is required for some applications, e.g., kernel SVM with hinge loss. There are two simple and effective ways to
solve this issue: (1) The first method (MEKA-PSD) is to set negative eigenvalues to 0.
The procedure is first to perform eigen-decomposition on the small ck × ck ”link” matrix
L = U SU T (where U and S are the eigenvector and eigenvalue matrices for L respectively)
in the MEKA representation, and then shrink its negative eigenvalues to be 0, which forms
the new eigenvalue matrix S̄ for L. After that, the new MEKA approximation will become:
Ḡ = W U S̄U T W T . Since S̄ is now PSD, so it is with W U S̄U T W T . Therefore, Ḡ will be
PSD after above shrinking operation. Due to eigen-decomposition on L and the following
27
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shrinking operation, both the kernel approximation error and computation time will increase slightly. We show the comparison of Nys, MEKA and MEKA-PSD on ijcnn1 dataset
in Figure 13. We can see that to achieve similar approximation, MEKA-PSD is slightly
slower than MEKA, but still performs better than Nys, which also generates PSD kernel
approximation. (2) The second method is to directly add a small value  to the diagonal of
Ḡ, which is equivalent to using regularization term when applying MEKA for kernel methods. We show the kernel ridge regression results in Table 8, where we add regularization
term to MEKA. Note that to make sure the resulting MEKA approximation is PSD for the
second method,  should be equal or larger than the absolute value of the smallest negative
eigenvalue of Ḡ.

Figure 13: MEKA-PSD kernel approximation results for ijcnn1 dataset.

7.2 Dealing with the Instability Issue

There are two steps in Algorithm 1 that might cause the approximation unstable. One is
due to the basis formed from each diagonal block– Wi . If the kernel matrix has strong blockdiagonal structure, choosing columns from diagonal blocks to form W will perform well; on
the contrary, if the kernel matrix does not have very strong block structure, other sampling
strategies can be involved, for example, sampling columns from the rows corresponding to
each partition to form the basis. Another step which might cause unstable result is due to
insufficient entries sampled when forming the ”link” matrix L. One way to solve this issue
is to sample more entries from each off-diagonal block to form L when the computation
time is not the main concern.

7.3 Other Applications using MEKA
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In the experiment section, we apply MEKA for kernel approximation and kernel ridge
regression, and besides that we could use our MEKA framework for many other machine
learning applications: such as speeding up the computation of the inverse of the kernel
matrix.
For many machine learning applications, e.g., Gaussian Process, we need to compute
the matrix inverse (G + λI)−1 , where computing the inverse of a dense matrix becomes
the bottleneck for these applications. By approximating kernel matrix G in MEKA form
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2

Throughout this paper, we consider a topological space X equipped with a Borel probability
measure dρ, which we assume to have full support. This naturally defines the space of
square-integrable functions1 .

2. Random Feature Expansions of Positive Definite Kernels

– Applying our results to random feature expansions, we show in Section 4.5 an improvement of the number of random features needed for preserving the generalization
guarantees for learning with Lipshitz-continuous losses.

1. For simplicity and following most of the literature on kernel methods, we identify functions and their
equivalence classes for the equivalence relationship of being equal except for a zero-measure (for dρ)
subset of X.

– Applying our results to kernel quadrature, while our results are fairly general, we recover
known upper and lower bounds for the special cases of Sobolev spaces (Section 4.4).
Moreover, our results extend to the more general problem of full function approximations
(beyond simply computing an integral), with results in L2 - and L∞ -norm that match
known results for special cases (Section 5).

– We provide in Section 4 a theoretical analysis of the number of required samples for
a given approximation error, leading to both upper and lower bounds that are based
solely on the eigenvalues of the associated integral operator and match up to logarithmic
terms. In particular, we show that the upper bound may be obtained as independent
and identically distributed samples from a specific non-uniform distribution, while the
lower bound if valid for any set of points.

– After describing the functional analysis framework our analysis is based on and presenting many examples in Section 2, we show in Section 3 that these two problems are
strongly related; more precisely, optimizing weights in kernel-based quadrature rules
can be seen as decomposing a certain function in a special class of random features
for a particular decomposition that always exists for all positive definite kernels on a
measurable space.

a Hilbert space as a linear combination of well chosen elements, the goal being to minimize
the number of these factors as it corresponds to the required number of function evaluations.
A seemingly unrelated problem on positive definite kernels have recently emerged,
namely the representation of the corresponding infinite-dimensional feature space from
random sets of features. If a certain positive definite kernel between two points may be
represented as the expectation of the product of two random one-dimensional (typically
non-linear) features computed on these two points, the full kernel (and hence its feature
space) may be approximated by sufficiently many random samples, replacing the expectation by a sample average (Neal, 1995; Rahimi and Recht, 2007; Huang et al., 2006). When
using these random features, the complexity of a regular kernel method such as the support
vector machine or ridge regression goes from quadratic in the number of observations to
linear in the number of observations, with a constant proportional to the number of random
features, which thus drives the running time complexity of these methods.
In this paper, we make the following contributions:

Bach

The numerical computation of high-dimensional integrals is one of the core computational
tasks in many areas of machine learning, signal processing and more generally applied
mathematics, in particular in the context of Bayesian inference (Gelman, 2004), or the study
of complex systems (Robert and Casella, 2005). In this paper, we focus on quadrature rules,
that aim at approximating the integral of a certain function from only the (potentially noisy)
knowledge of the function values at as few as possible well-chosen points. Key situations that
remain active areas of research are problems where the measurable space where the function
is defined on is either high-dimensional or structured (e.g., presence of discrete structures,
or graphs). For these problems, techniques based on positive definite kernels have emerged
as having the potential to efficiently deal with these situations, and to improve over plain
Monte-Carlo integration (O’Hagan, 1991; Rasmussen and Ghahramani, 2003; Huszár and
Duvenaud, 2012; Oates and Girolami, 2015). In particular, the quadrature problem may be
cast as the one of approximating a fixed element, the mean element (Smola et al., 2007), of

1. Introduction

Keywords: Quadrature, positive-definite kernels, integral operators.

We show that kernel-based quadrature rules for computing integrals can be seen as a special
case of random feature expansions for positive definite kernels, for a particular decomposition that always exists for such kernels. We provide a theoretical analysis of the number of
required samples for a given approximation error, leading to both upper and lower bounds
that are based solely on the eigenvalues of the associated integral operator and match up
to logarithmic terms. In particular, we show that the upper bound may be obtained from
independent and identically distributed samples from a specific non-uniform distribution,
while the lower bound if valid for any set of points. Applying our results to kernel-based
quadrature, while our results are fairly general, we recover known upper and lower bounds
for the special cases of Sobolev spaces. Moreover, our results extend to the more general
problem of full function approximations (beyond simply computing an integral), with results in L2 - and L∞ -norm that match known results for special cases. Applying our results
to random features, we show an improvement of the number of random features needed to
preserve the generalization guarantees for learning with Lipshitz-continuous losses.
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2.1 Reproducing Kernel Hilbert Spaces and Integral Operators
We consider a continuous positive definite kernel k : X×X → R, that is a symmetric function
such that for all finite families of points in X, the matrix of pairwise kernel evaluations is
positive semi-definite. This thus defines a reproducing kernel Hilbert space (RKHS) F of
functions from X to R, which we also assume separable. This RKHS has two important
characteristic properties (see, e.g., Berlinet and Thomas-Agnan, 2004):
(a) Membership of kernel evaluations: for any x ∈ X, the function k(·, x) : y 7→ k(y, x) is
an element of F.
(b) Reproducing property: for all f ∈ F and x ∈ X, f (x) = hf, k(·, x)iF . In other words,
function evaluations are equal to dot-products with a specific element of F.
Moreover, throughout the paper, we assume that the function x 7→ k(x, x) is integrable with
respect to dρ (which is weaker than supx∈X k(x, x) < ∞). This implies that F is a subset
of L2 (dρ); that is, functions in the RKHS F are all square-integrable for dρ. In general,
F is strictly included in L2 (dρ), but, in this paper, we will always assume that it is dense
in L2 (dρ), that is, any function in L2 (dρ) may be approximated arbitrarily closely by a
function in F. Finally, for simplicity of our notation (to make sure that the sequence of
eigenvalues of integral operators is infinite) we will always assume that L2 (dρ) is infinitedimensional, which excludes finite sets for X. Note that the last two assumptions (denseness
and infinite dimensionality) can easily be relaxed.

X

f (y)k(x, y)dρ(y).

Integral operator. Reproducing kernel Hilbert spaces are often studied through a specific integral operator which leads to an isometry with L2 (dρ) (Smale and Cucker, 2001).
Let Σ : L2 (dρ) → L2 (dρ) be defined as
Z

(Σf )(x) =

R
Since X k(x, x)dρ(x) is finite, Σ is self-adjoint, positive semi-definite and trace-class (Simon,
1979). Given that Σf is a linear combination of kernel functions k(·, y), it belongs to F. More
precisely, since we have assumed that F is dense in L2 (dρ), Σ1/2 , which is the unique positive
self-adjoint square root of Σ, is a bijection from L2 (dρ) to our RKHS F; that is, for any
f ∈ F, there exists a unique g ∈ L2 (dρ) such that f = Σ1/2 g and kf kH = kgkL2 (dρ) (Smale
and Cucker, 2001). This justifies the notation Σ−1/2 f for f ∈ F and means that Σ1/2 is an
isometry from L2 (dρ) to F; in other words, for any functions f and g in F, we have:
hf, giF = hΣ−1/2 f, Σ−1/2 giL2 (dρ) .
2
This justifies the view of F as the subspace of functions f ∈ L2 (dρ) such that kΣ−1/2 f kL
.
2 (dρ)
This relationship is even more transparent when considering a spectral decomposition of Σ.
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Mercer decomposition. From extensions of Mercer’s theorem (König, 1986), there exists an orthonormal basis (em )m>1 of L2 (dρ) and a summable non-increasing sequence of
strictly positive eigenvalues (µm )m>1 such that Σem = µm em . Note that since we have
assumed that F is dense in L2 (dρ), there are no zero eigenvalues.
3

Bach

X

m>1

1/2

−1
2
µm
hf, em iL
2 (dρ)

Since Σ1/2 is an isometry from L2 (dρ) to F, (µm em )m>1 is an orthonormal basis of F.
Moreover, we can use the eigendecomposition to characterize elements of F as the functions
in L2 (dρ) such that

2
=
kΣ−1/2 f kL
2 (dρ)

m>1

is finite. In other words, once projected in the orthonormal basis (em )m>1 , elements f of F
correspond to a certain decay of its decomposition coefficients (hf, em iL2 (dρ) )m>1 .
Finally, by decomposing the function k(·, y) : x 7→ k(x, y), we obtain the Mercer decomposition:
X
µm em (x)em (y).
k(x, y) =

Properties of the spectrum. The sequence of eigenvalues (µm )m>1 is an important
quantity that appears in most of the analyses of kernel methods (Hastie and Tibshirani,
1990; Caponnetto and De Vito, 2007; Harchaoui et al., 2008; Bach, 2013). It depends both
on the kernel k and the chosen distribution dρ.
Some modifications of the kernel k or the distribution dρ lead to simple behaviors for
0
the spectrum. For example, if we have a second distribution so that dρ
dρ is upper-bounded
by a constant c, then, as a consequence of the Courant-Fischer minimax theorem (Horn
and Johnson, 2012), the eigenvalues for dρ0 are less than than c times that the ones for dρ.
Similarly, if the kernel k 0 is such that ck − k 0 is a positive definite kernel, then we have a
similar bound between eigenvalues.
In this paper, for any strictly positive λ, we will also consider the quantity m∗ (λ) equal
to the number of eigenvalues µm that are greater than or equal to λ. Since we have assume
that the sequence m is non-increasing, we have m∗ (λ) = max{m > 1, µm > λ}. This is a
left-continuous non-increasing function, that tends to +∞ when λ tends to zero (since we
have assumed that there are infinitely many strictly positive eigenvalues), and characterizes
the sequence (µm )m>1 , as we can recover µm as µm = sup{λ > 0, m∗ (λ) > m}.

X

Z

k(x, y)f (x)dρ(x) = (Σf )(y),

Potential confusion with covariance operator. Note that the operator Σ is a selfadjoint operator on L2 (dρ). It should not be confused with the (non-centered) covariance
operator C (Baker, 1973), which isR a self-adjoint operator on a different space, namely the
RKHS F, defined by hg, Cf iF = X f (x)g(x)dρ(x). Given that Σ1/2 is an isometry from
L2 (dρ) to F, the operator C may also be used to define an operator on L2 (dρ), which
happens to be exactly Σ. Thus, the two operators have the same eigenvalues. Moreover,
we have, for any y ∈ X:

(Cf )(y) = hk(·, y), Cf iF =

that is, C is equal to the restriction of Σ on F.
2.2 Kernels as Expectations
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On top of the generic assumptions made above, we assume that there is another measurable
set V equipped with a probability measure dτ . We consider a function ϕ : V × X → R which

4

V

X

5

hf, hiIm(T ) = hT −1 f, T −1 giL2 (dτ ) .
JMLR 18(21):1-38, 2017

Decomposition of functions in F. Since Σ = T T ∗ and Σ1/2 is an isometry between
L2 (dρ) and F, we can naturally expressed any elements of F through the operator T and
thus the features ϕ.
As a linear operator, T defines a bijection from the orthogonal of its null space (Ker T )⊥ ⊂
L2 (dτ ) to its image Im(T ) ⊂ L2 (dρ), and this allows to define uniquely T −1 f ∈ (Ker T )⊥
for any f ∈ Im(T ), and a dot-product on Im(T ) as

that is we have an expression of the integral operator Σ as Σ = T T ∗ . Thus, the decomposition of the kernel k as an expectation corresponds to a particular square root T of the
integral operator—there are many possible choices for such square roots, and thus many
possible expansions like Eq. (1). It turns out that the positive self-adjoint square root Σ1/2
will correspond to the equivalence with quadrature rules (see Section 3.2).

X

This implies by Fubini’s theorem that

Z Z
(T T ∗ f )(y) =
f (x)ϕ(v, y)dρ(x) ϕ(v, x)dτ (v)
X
Z

ZV
Z
=
f (x)
ϕ(v, y)ϕ(v, x)dτ (v) dρ(x) =
f (x)k(x, y)dρ(x) = (Σf )(y),

X

Given T : L2 (dτ ) → L2 (dρ), the adjoint operator T ∗ : L2 (dρ) → L2 (dτ ) is the unique
operator such that hg, T ∗ f iL2 (dτ ) = hT g, f iL2 (dρ) for all f, g. Given the definition of T in
Eq. (2), we simply inverse the role of V and X and have:
Z
(T ∗ f )(v) =
f (x)ϕ(v, x)dρ(x).

V

Square-root of integral operator. Such additional structure allows to give an explicit
characterization of the RKHS F in terms of the features ϕ. In terms of operators, the
function ϕ leads to a specific square-root of the integral operator Σ defined in Section 2.1
(which is not the positive self-adjoint square-root Σ1/2 ).
We consider the bounded linear operator T : L2 (dτ ) → L2 (dρ) defined as
Z
(T g)(x) =
g(v)ϕ(v, x)dτ (v) = hg, ϕ(·, x)iL2 (dτ ) .
(2)

In other words, the kernel between x and y is simply the expectation of ϕ(v, x)ϕ(v, y) for
v following the probability distribution dτ . In this paper, we see x 7→ ϕ(v, x) ∈ R as a
one-dimensional random feature and ϕ(v, x)ϕ(v, y) is the dot-product associated with this
random feature. We could consider extensions where ϕ(v, x) has values in a Hilbert space
(and not simply R), but this is outside the scope of this paper.

V

is square-integrable (for the measure dτ ⊗ dρ), and assume that the kernel k may be written
as, for all x, y ∈ X:
Z
ϕ(v, x)ϕ(v, y)dτ (v) = hϕ(·, x), ϕ(·, y)iL2 (dτ ) .
(1)
k(x, y) =
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Z

V

g(v)ϕ(v, x)dτ (v) = hg, ϕ(·, x)iL2 (dτ ) ,

m>1

X

1/2
µm
em (x)fm (v),

(3)

=

=

V

ZX

Z

X

V

Z Z

V

f (y)ϕ(v, ·)ϕ(v, y)dρ(y)dτ (v)
Z

ϕ(v, ·)hϕ(v, ·), f iL2 (dρ) dτ (v) =
ϕ(v, ·) ⊗L2 (dρ) ϕ(v, ·)dτ (v) f,
f (y)k(·, y)dρ(y) =

(4)

6
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R
2. The proof goes as follows: (a) for any y ∈ X, k(·, y) can be expressed as V ϕ(v, y)ϕ(v, ·)dτ (v) =
T ϕ(·, y) and thus belongs to Im(T ); (b) for any f ∈ Im(T ), and y ∈ X, we have hf, k(·, y)iIm(T ) =
hT −1 f, ϕ(·, y)iL2 (dτ ) = (T T −1 f )(y) = f (y), that is, the reproducing property is satisfied. These two
properties are characteristic of F.

In this section, we provide examples of kernels and usual decompositions. We first start by
decompositions that always exist, then focus on specific kernels based on Fourier components.

2.3 Examples

where a ⊗L2 (dρ) b is the operator L2 (dρ) → L2 (dρ) so that (a ⊗L2 (dρ) b)f = hb, f iL2 (dρ) a.
This will be useful to define empirical versions, where the integral over dτ will be replaced
by a finite average.

Σf

Integral operator as an expectation. Given the expansion of the kernel k in Eq. (1),
we may express the integral operator Σ as follows, explicitly as an expectation:

with a convergence in L2 (dτ ⊗ dρ). This extends the Mercer decomposition of the kernel
k(x, y).

ϕ(v, x) =

Singular value decomposition. The operator T is an Hilbert-Schmidt operator, to
which the singular value decopomposition can be applied (Kato, 1995). That is, there
exists an orthonormal basis (fm )m>1 of (Ker T )⊥ ⊂ L2 (dτ ), together with the orthonormal
basis (em )m>1 of L2 (dρ) which we have from the eigenvalue decomposition of Σ = T T ∗ ,
1/2
such that T fm = µm em . Moreover, we have:

for a certain function g : V → R such that kgk2L2 (dτ ) is finite, with a norm kf k2F equal to the
minimum (which is always attained) of kgk2L2 (dτ ) , over all possible decompositions of f .

∀x ∈ X, f (x) =

As shown by Bach (2017, App. A), Im(T ) turns out to be equal to our RKHS2 . Thus, the
norm kf k2F for f ∈ F is equal to the squared L2 -norm of T −1 f ∈ (Ker T )⊥ , which is itself
equal to the minimum of kgk2L2 (dτ ) over all g such that T g = f . The resulting g may also
be defined through pseudo-inverses.
In other words, a function f ∈ L2 (dρ) is in F if and only if it may be written as

Bach
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ih
i
X µm h
tr Σ)1/2 em (x) · tr Σ)1/2 em (x) ,
tr Σ

m>1

Mercer decompositions. The Mercer decomposition provides an expansion for all kernels, as follows:
k(x, y) =
which can be transformed in to an expectation with V = N∗ . In Section 3.2, we provide
another generic decomposition with V = X. Note that this decomposition is typically
impossible to compute (except for special cases below, i.e., special pairs of kernels k and
distributions dρ).

m>0

m>0

Periodic kernels on [0, 1]. We consider X = [0, 1] and translation-invariant kernels
k(x, y) of the form k(x, y) = t(x − y), where t is a square-integrable 1-periodic function. These kernels are positive definite if and only if the Fourier series of t is nonnegative (Wahba, 1990). An orthonormal basis√ of L2 ([0, 1]) is composed √
of the constant
function c0 : x 7→ 1 and the functions cm : x 7→ 2 cos 2πmx and sm : x 7→ 2 sin 2πmx. A
kernel may thus be expressed as
X
X


νm cm (x)cm (y) + sm (x)sm (y) = ν0 + 2
νm cos 2πm(x − y).
k(x, y) = ν0 c0 (x) +

0

f (x)dx

+2

m>0

−1
νm

0

0

This can be put trivially as an expectation with V = Z and leads to the usual Fourier
features (Rahimi and Recht, 2007). This is also exactly a Mercer decomposition for k and
the uniform distribution on [0, 1], with eigenvalues ν0 and νm , m > 0 (each of these with
multiplicity 2). The associated RKHS norm for a function f is then equal to
 Z 1
Z 1
2
2  Z 1
2 
X
f (x) cos 2πmxdx +
f (x) sin 2πmxdx
.
kf kF2 = ν0−1

A particularly interesting example is obtained through derivatives of f . If f is differentiable
and has a derivative f 0 ∈ L2 ([0, 1]), then, on the Fourier series coefficients of f , taking
the derivative corresponds to multiplying the two m-th coefficients by 2πm and swapping
them. Sobolev spaces for periodic functions on [0, 1] (i.e., such that f (0) = f (1)) are defined
through integrability of derivatives (Adams and Fournier, 2003). In the Hilbert space set-up,
a function f belongs to the Sobolev space of order s if one can define a s-th order squareintegrable derivative in L (for the Lebesgue measure, which happens to be equal to dρ),
2
that is, f (s) ∈ L2 ([0, 1]). The Sobolev
R 1 squared norm is then defined as any positive linear
combination of the quadratic forms 0 f (t) (x)2 dx, t ∈ {0, . . . , s}, with non-zero coefficients
for t = 0 and t = s (all of these norms are then equivalent). If only using t = 0 and t = s
−1 = 1 + m2s . An equivalent (i.e, with
with non-zero coefficients, we need ν0−1 = 1 and νm
upper and lower bounded ratios) sequence is obtained by replacing νm = (1 + m2s )−1 by
νm = m−2s , leading to a closed-form formula:

(−1)s−1 (2π)2s
k(x, y) = 1 +
B2s ({x − y}),
(2s)!
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where {x − y} denotes the fractional part of x − y, and B2s is the 2s-th Bernoulli polynomial (Wahba, 1990). The RKHS F is then the Sobolev space of order s on [0, 1], with a
norm equivalent to any of the family of Sobolev norms; it will be used as a running example
throughout this paper.
7
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 ∂ t1 +···+td f 2
dx
∂x1t1 · · · ∂xdtd

Extensions to [0, 1]d . In order to extend to d > 1, we may consider several extensions
as described by Oates and Girolami (2015), and compute the resulting eigenvalues of the
integral operators. For simplicity, we consider the Sobolev space on [0, 1], with ν0 = 1 and
−1 = m2s for m > 0. The first possibility to extend to [0, 1]d is to take a kernel which
νm
is simply the pointwise product ofQindividual kernels on [0, 1]. That is, if k(x, y) is the
d
k(xj , yj ) between X and Y in [0, 1]d . As shown in
kernel on [0, 1], define K(X, Y ) = j=1
Appendix A, this leads to eigenvalue decays bounded by (log m)2s(d−1) m−2s , and thus up to
logarithmic terms at the same speed m−2s as d = 1. While this sounds attractive in terms
of generalization performance, it corresponds to a space a function which is not a Sobolev
space in d dimensions. That is the associated squared norm on f would be equivalent to a
linear combination of squared L2 -norm of partial derivatives
Z
[0,1]d

 ∂ t1 +···+td f 2
dx.
∂x1t1 · · · ∂xdtd

for all t1 , . . . , td in {0, . . . , s}. This corresponds to functions which have square-integrable
partial derivatives with all individual orders less than s. All values of s > 1 are allowed and
lead to an RKHS.
This is thus to be contrasted with the usual multi-dimensional Sobolev space which
is composed of functions which have square-integrable partial derivatives with all orders
(t1 , . . . , td ) with sum t1 + · · · + td less than s. Only s > d/2 is then allowed to get an
RKHS (see, e.g., Berlinet and Thomas-Agnan, 2004, Theorem 132, p. 348). The Sobolev
norm is then of the form
Z
X

d
t1 +···+td 6s [0,1]

In the expansion on the d-th order tensor product of the Fourier basis, the norm above
is equivalent to putting a weight on the element (m1 , . . . , md ) asymptotically equivalent to
2s
Pd
, which thus represent the inverse of the eigenvalues of the corresponding kernel
j=1 mj
for the uniform distribution dρ (this is simply an explicit Mercer decomposition). Thus, the
number of eigenvalues which are greater than λ grows as the number of (m1 , . . . , md ) such
that their sum is less than λ−1/(2s) , which itself is less than a constant times λ−d/(2s) (see
a proof in Appendix A). This leads to an eigenvalue decay of m−2s/d , which is much worse
because of the term in 1/d in the exponent.

1
(2π)d

Z

Rd

t̂(ω)eiω

> (x−y)

dω =

1
(2π)d

Rd

Z



t̂(ω) cos ω > x cos ω > y+sin ω > x sin ω > y dω.

Translation invariant kernels on Rd . We consider X = Rd and translation-invariant
kernels k(x, y) of the form k(x, y) = t(x − y), where t is an integrable function from Rd to
R. It is known that these kernels are positive definite if and only ifR the Fourier transform
>
of t is always a non-negative real number. More precisely, if t̂(ω) = Rd t(x)e−iω x dx ∈ R+ ,
then
k(x, y) =

JMLR 18(21):1-38, 2017

Following Rahimi and Recht (2007), by sampling ω from a density proportional to t̂(ω) ∈ R+
d
and b uniformly
√ in [0, 1] (and independently of ω), then by defining V = R × [0, 1] and
ϕ(ω, b, x) = 2 cos(ω > x + 2πb), we obtain the kernel k.

8

n

i=1

1X
ϕ(vi , x)ϕ(vi , y),
n

log n
n .

(5)

i=1

n
X

αi ϕ(vi , ·) −

V

Z

g(v)ϕ(v, ·)dτ (v)

L2 (dρ)

.

(6)

n

i=1

1X 1
ϕ(vi , x)ϕ(vi , y)
n
q(vi )

L2 (dρ)

X
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9

3. Note the factor n because our finite-dimensional kernel in Eq. (5) is an average of kernels and not a sum.

Given a square-integrable (with respect to dρ) function g : X → R, the quadrature problem
aims at approximating, for all h ∈ F, integrals
Z
h(x)g(x)dρ(x)

3. Quadrature in RKHSs

represents the norm of the approximation in F̂ because of our importance weights are taken
into account) as small as possible.

i

(so that the law of large numbers leads to an approximation converging to k), and we thus
R
Pn
βi
aim at minimizing
, with nkβk22 (which
i=1 q(v )1/2 ϕ(vi , ·) − V g(v)ϕ(v, ·)dτ (v)

k̂(x, y) =

Goals. We thus aim at sampling n points v1 , . . . , vn ∈ V from a distribution with density
q with respect to dτ . Then the kernel approximation using importance weights is equal to

Note that with αi = n1 g(vi ) and vi sampled from dτ (independently), then, we have
P
E(kαk22 ) = ni=1 Eαi2 = n1 Eg(v)2 6 n1 and an expected error equal to E(kf − fˆk2L2 (dρ) ) =
1
1
2
2
n Ekg(v)ϕ(v, ·)kL2 (dρ) 6 n supv∈V kϕ(v, ·)kL2 (dρ) ; our goal is to obtain an error rate with a
better scaling in n, by (a) choosing a better distribution than dτ for the points v1 , . . . , vn
and (b) by finding the best possible weights α ∈ Rn (that should of course depend on the
function g).

kfˆ − f kL2 (dρ) =

Computation of error. Given the definition of the Hilbert
R space F in terms of ϕ in
Section 2.2, given g ∈ L2 (dτ ) with kgkL2 (dτ ) 6 1 and f (x) = V g(v)ϕ(v, x)dτ (v), we aim at
finding an element of F̂ close to f . We can also represent F̂ through a similar decomposition,
P
now with a finite number of features, i.e., through α ∈ Rn such that fˆ = ni=1 αi ϕ(vi , ·)
with norm3 kfˆk2 6 nkαk22 as small as possible and so that the following approximation
F̂
error is also small:

and therefore, we cannot use the norm in F to characterize approximations. In this paper,
we choose the L2 -norm associated with the probability measure dρ on X to characterize the
approximation. Given f ∈ F with norm kf kF less than one, we look for a function fˆ ∈ F̂ of
the smallest possible norm and so that kf − fˆkL2 (dρ) is as small as possible.
Note that the measure dτ is associated to the kernel k and the random features ϕ, while
the measure dρ is associated to the way we want to measure errors (and leads to a specific
defintion of the integral operator Σ).

Bach

In this paper, we rather consider approximations of functions in F by functions in F̂,
the RKHS associated with k̂. A key difficulty is that in general F̂ is not even included in F,

compact subset of X, with the traditional rate of convergence of

which defines a finite-dimensional RKHS F̂.
From the strong law of large numbers—which can be applied because we have the
1/2
finite expectation E|ϕ(v, x)ϕ(v, y)| 6 E|ϕ(v, x)|2 E|ϕ(v, y)|2
, when n tends to infinity,
k̂(x, y) tends to k(x, y) almost surely, and thus we get as tight as desired approximations
of the kernel k, for a given pair (x, y) ∈ X × X. Rahimi and Recht (2007) show that for
translation-invariant kernels on a Euclidean space, then the convergence
is uniform over a
q

k̂(x, y) =

Given the formulation of k as an expectation in Eq. (1), it is natural to consider sampling
n elements v1 , . . . , vn ∈ V from the distribution dτ and define the kernel approximation

2.4 Approximation from Randomly Sampled Features

Kernels on hyperspheres. If X ⊂ Rd+1 is the d-dimensional hypersphere defined as {x ∈
Rd+1 , kxk22 = 1}, then specific kernels may be used, of the form k(x, y) = t(x> y), where t has
to have a positive Legendre expansion (Smola et al., 2001). Alternatively, kernels based on
neural networks with random weights are directly in the form of random features (Cho and
Saul, 2009; Bach, 2017): for example, the kernel k(x, y) = E(v > x)s+ (v > x)s+ for v uniformly
distributed in the hypersphere corresponds to sampling weights in a one-hidden layer neural
network with rectified linear units (Cho and Saul, 2009). It turns out that these kernels
have a known decay for their spectrum.
As shown by Smola et al. (2001); Bach (2017), the equivalent of Fourier series (which
corresponds to d = 1) is then the basis of spherical harmonics, which is organized by integer
frequencies k > 1; instead of having 2 basis vectors (sine and cosine) per frequency, there
are O(k d−1 ) of them. As shown by Bach (2017, page 44), we have an explicit expansion
of k(x, y) in terms of spherical harmonics, leading to a sequence of eigenvalues equal to
k −d−2s−1 on the entire
P subspace associated with frequency k. Thus, by taking multiplicity
into account, after kj=1 j d−1 ≈ k d (up to constants) eigenvalues, we have an eigenvalue of
k −d−2s−1 ; this leads to an eigenvalue decay (where all eigenvalues are ordered in decreasing
order and we consider the m-th one) as (m1/d )−d−2s−1 = m−1−1/d−2s/d .

For these kernels, the decay of eigenvalues has been well-studied by Widom (1963), who
relates the decay of eigenvalues to the tails of the distribution dρ and the decay of the Fourier
transform of t. For example, for the Gaussian kernel where k(x, y) = exp(−αkx − yk22 ), on
sub-Gaussian distributions, the decay of eigenvalues is geometric, and for kernels leading to
Sobolev spaces of order s, such as the Matern kernel (Furrer and Nychka, 2007), the decay
is of the form m−2s/d . See also examples by Birman and Solomyak (1977); Harchaoui et al.
(2008).
Finally, note that in terms of computation, there are extensions to avoid linear complexity in d (Le et al., 2013).
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and thus in order to be robust to noise, having a small weighted `2 -norm for the coefficients
α ∈ Rn is important.

Bach

by linear combinations

Z

h(x)g(x)dρ(x) =

n
X
i=1



h,

n
X

i=1

X

F


k(·, x)g(x)dρ(x) ,

.

6 1 is equal to

αi k(·, xi ) −
khkF

k(·, x)g(x)dρ(x)

Z

X
2
F

+

i=1

n
X

2

αi2 σ 2 (xi ),

h(x)g(x)dρ(x)
k(·, x)g(x)dρ(x)

αi (h(xi ) + εi ) −
Z

X

F

JMLR 18(21):1-38, 2017

n
X
i=1

Z

X

ψ(v, x)ψ(v, y)dρ(v).

αi k(·, xi ) −

Z

X

k(·, x)g(x)dρ(x)
F

=

n
X

i=1

i=1

12

1/2

(8)

because of the isometry property of Σ1/2 ,

Z

X

Z

X

L2 (dρ)

,

Σ1/2 ψ(x, ·)g(x)dρ(x)

ψ(x, ·)g(x)dρ(x)

αi Σ1/2 ψ(xi , ·) −

αi ψ(xi , ·) −

F
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Translation-invariant kernels on [0, 1]d or X = Rd . In this important situation, we
have two different expansions: the one based on Fourier features, where the random variable
indexing the one-dimensional feature is a frequency, while for the one based on the square
root ψ, the random variable is a spatial variable in X. As we show in Section 4, our results
are independent of the chosen expansions and thus apply to both. However, (a) when the

Interpretation through square-roots of intergral operators. As shown in Section 2.2, random feature expansions correspond to square-roots of the integral operator
Σ : L2 (dρ) → L2 (dρ) as Σ = T T ∗ . Among the many possible square roots, the quadrature
case corresponds exactly to the positive self-adjoint square root T = Σ1/2 . In this situation,
the basis (fm )m>1 of the singular value decomposition of T = Σ1/2 is equal to (em )m>1 ,
P
1/2
recovering the expansion ψ(x, y) = m>1 µm em (x)em (y) which we have seen above.

which is exactly an instance of the approximation result in Eq. (6) with V = X and
ϕ = ψ, that is the random feature is indexed by the same set X as the kernel. Thus, the
quadrature problem, that is finding points xi and weights (αi ) to get the best possible error
over all functions of the unit ball of F, is a subcase of the random feature problem for a
specific expansion. Note that this random decomposition in terms of ψ is always possible
(although not in closed form in general).

=

n
X

That is, the kernel k may always be written as an expectation. Moreover, we have the
quadrature error in Eq. (7) equal to (again using the isometry Σ1/2 from L2 (dρ) to F):

=

k(x, y) = hk(·, x), k(·, y)iF = hΣ1/2 ψ(·, x), Σ1/2 ψ(·, y)iF = hψ(·, x), ψ(·, y)iL2 (dρ)

measure dρ ⊗ dρ; note that we do not assume that µm is summable), and thus we may
consider ψ as a symmetric function. Note that ψ may not be easy to compute in many
practical cases (except for some periodic kernels on [0, 1]).
We thus have for (x, y) ∈ X × X:

have the expansion ψ(·, x) =

For any x ∈ X, the function k(·, x) is in F, and since we have assumed that Σ1/2 is an isometry from L2 (dρ) to F, there exists a unique element, which we denote P
ψ(·, x), of L2 (dρ) such
that Σ1/2 ψ(·, x) = k(·, x). Given the Mercer decomposition k(·, x) = m>1 µm em (x)em , we
P
1/2
m>1 µm em (x)em (with convergence in the L2 -norm for the

3.2 Reformulation as Random Features

αi h(xi )

n
X
i=1

Z

of evaluations h(x1 ), . . . , h(xn ) of the function h at well-chosen points x1 , . . . , xn ∈ X. Of
course, coefficients α ∈ Rn are allowed to depend on g (they will in linear fashion in the next
section), but not on h, as the so-called quadrature rule has to be applied to all functions
in F.
3.1 Approximation of the Mean Element

αi h(xi ) −
X

Z
X

(7)

Following Smola et al. (2007), the error may be expressed using the reproducing property
as:
n
X

i=1

αi k(·, xi ) −

and by Cauchy-Schwarz inequality its supremum over
n
X

i=1

The goal of quadrature rules formulated in a RKHS is thus to find points x1 , . . . , xn ∈ X
and weights α ∈ Rn so that the
R quantity in Eq. (7) is as small as possible (Smola et al.,
2007). For g = 1, the function X k(·, x)dρ(x) is usually referred to as the mean element of
the distribution dρ.
The standard Monte-Carlo solution is to consider x1 , . . . , xn sampled i.i.d. from dρ and
√
the weights α = g(x )/n, which leads to a decrease of the error in 1/ n, with Ekαk22 6 n1
i
i
2
and an expected squared error which is equal to n1 Ekg(v)k(:, x)kF2 6 n1 kgkL
supx∈X k(x, x)
2 (dρ)
(Smola et al., 2007). Note that when g = 1, Eq. (7) corresponds to a particular metric
between the distribution dρ and its corresponding empirical distribution (Sriperumbudur
et al., 2010).
In this paper, we explore sampling points xi from a probability distribution on X with
density q with respect to dρ. Note that when g is a constant function, it is sometimes
required that the coefficients α are non-negative and sum to a fixed constant (so that
constant functions are exactly integrated). We will not pursue this here as our theoretical
results do not accommodate such constraints (see, e.g., Chen et al., 2010; Bach et al., 2012,
and references therein).

inf E
n
X
i=1

αi k(·, xi ) −

khkF 61

Tolerance to noisy function values. In practice, independent (but not necessarily
identically distributed) noise εi may be present with variance σ 2 (xi ). Then, the worst (with
respect to khkF 6 1) expected (with respect to the noise) squared error is

=

11

X

i=1

n
X

αi k(·, xi ) − k(·, x)

F

F

2

.

i=1

13
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– Different error measures: The column sampling approach corresponds to a function
g in Eq. (7) which is a Dirac function at the point x, and is thus not in L2 (dρ). Thus
the two frameworks are not equivalent.

In fact, when dρ is supported on a finite set, this formulation is equivalent to minimizing the
nuclear norm between the kernel matrix and its low-rank approximation. There are thus
several differences and similarities between recent work on column sampling (Bach, 2013;
El Alaoui and Mahoney, 2015) and the present paper on quadrature rules and random
features:

X α∈R

In the usual sampling approach, several points are considered for testing the projection
error, and it is thus natural to consider the criterion averaged through the measure dρ, that
is:
Z
n
X
2
αi k(·, xi ) − k(·, x) dρ(x).
infn

α∈Rn

inf

The problem of quadrature is related to the problem of column sampling. Given n observations x1 , . . . , xn ∈ X, the goal of column-sampling methods is to approximate the
n × n matrix of pairwise kernel evalulations, the so-called kernel matrix, from a subset of
its columns. It has appeared under many names: Nyström method (Williams and Seeger,
2001), sparse greedy approximations (Smola and Schölkopf, 2000), incomplete Cholesky
decomposition (Fine and Scheinberg, 2001), Gram-Schmidt orthonormalization (see, e.g.,
Shawe-Taylor and Cristianini, 2004) or CUR matrix decompositions (Mahoney and Drineas,
2009).
While column sampling has typically been analyzed for a fixed kernel matrix, it has a
natural extension which is related to quadrature problems: selecting n points x1 , . . . , xn
from X such that the projection of any element of the RKHS F onto the subspace spanned
by k(·, xi ), i = 1, . . . , n is as small as possible. Natural functions from F are k(·, x), x ∈ X,
and thus the goal is to minimize, for such x ∈ X,

3.3 Relationship with Column Sampling

We consider potential independent noise with variance σ 2 (xi ) 6 τ 2 q(xi ) for all xi , so that
the tolerance to noise is characterized by the `2 -norm kβk2 .

i=1

F

Goals. In order to be able to make the parallel with random feature approximations, we
consider importance-weighted coefficients βi = αi q(xi )1/2 , and we thus aim at minimizing
the approximation error
Z
n
X
k(·, x)g(x)dρ(x) .
βi q(xi )−1/2 k(·, xi ) −

goal is to do quadrature, we need to use ψ, and (b) in general, the decomposition based on
Fourier features can be easily computed once samples are obtained, while for most kernels,
ψ(x, y) does not have any closed-form simple expression. In Section 6, we provide a simple
example with X = [0, 1] where the two decompositions are considered.
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Higher-dimensional integrals. All of the methods above may be generalized for products of intervals [0, 1]d , typically with d small. For larger problems, Bayes-Hermite quadrature (O’Hagan, 1991) is essentially equivalent to the quadrature rules we study in this
paper.
Some of the quadrature rules are constrained to have positive weights with unit sum (so
that the positivity properties of integrals are preserved and constants are exactly inegrated).
The quadrature rules we present do not satisfy these constraints. If these constraints are
required, kernel herding (Chen et al., 2010; Bach et al., 2012) provides a novel way to select

Uni-dimensional integrals. When the underlying set X is a compact interval of the real
line, several methods exists, such as the trapezoidal or Simpson’s rules, which are based on
interpolation between the sample points, and for which the error decays as O(1/n2 ) and
O(1/n4 ) for functions with uniformly bounded second or fourth derivatives (Cruz-Uribe and
Neugebauer, 2002).
Gaussian quadrature is another class of methods for one-dimensional integrals: it is
based on a basis of orthogonal polynomials for L2 (dρ) where dρ is a probability measure supported in an interval, and their zeros (Hildebrand, 1987, Chap. 8). This leads
to quadrature rules which are exact for polynomials of degree 2n − 1 but error bounds
for non-polynomials rely on high-order derivatives, although the empirical performance on
functions of a Sobolev space in our experiments is as good as optimal quadrature schemes
(see Section 6); depending on the orthogonal polynomials, we get various quadrature rules,
such as Gauss-Legendre quadrature for the Lebesgue measure on [0, 1].
Quasi Monte-carlo methods employ a sequence of points with low discrepancy with uniform weights (Morokoff and Caflisch, 1994), leading to approximation errors of O(1/n) for
univariate functions with bounded variation, but typically with no adaptation to smoother
functions.

Many methods have been designed for the computation of integrals of a function given
evaluations at certain well-chosen points, in most cases when g is constant equal to one.
We review some of these below.

3.4 Related Work on Quadrature

– Similar sampling issues: In the two frameworks, points x1 , . . . , xn ∈ X are sampled
i.i.d. with a certain distribution q, and the best choice depends on the appropriate
notion of leverage scores (Mahoney, 2011), while the standard uniform distribution
leads to an inferior approximation result. Moreover, the proof techniques are similar
and based on concentration inequalities for operators, here in Hilbert spaces rather in
finite dimensions.

– Lower bounds: In Section 4.3, we provide explicit lower bounds of approximations,
which are not available for column sampling.

– Approximation vs. prediction: The works by Bach (2013); El Alaoui and Mahoney
(2015) aim at understanding when column sampling leads to no loss in predictive performance within a supervised learning framework, while the present paper looks at
approximation properties, mostly regardless of any supervised learning problem, except
in Section 4.5 for random features (but not for quadrature).
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a sequence of points based on the conditional gradient algorithm, but with currently no
√
convergence guarantees improving over O(1/ n) for infinite-dimensional spaces.
Theoretical results. The best possible error for a quadrature rule with n points has been
well-studied in several settings; see Novak (1988) for a comprehensive review. For example,
for X = [0, 1] and the space of Sobolev functions, which are RKHSs with eigenvalues of their
integral operator decreasing as m−2s , Novak (1988, Prop. 2 and 3, page 38) shows that the
best possible quadrature rule for the uniform distribution and g = 1 leads to an error rate
of n−s , as well as for any squared-integrable function g. The proof of these results (both
upper and lower bounds) relies on detailed properties of Sobolev spaces. In this paper, we
recover these results using only the decay of eigenvalues of the associated integral operator
Σ, thus allowing straightforward extensions to many situations, like Sobolev spaces on
manifolds such as hyperspheres (Hesse, 2006), where we also recover existing results (up to
logarithmic terms).
Moreover, Novak (1988, page 17) shows that adaptive quadrature rules where points are
selected sequentially with the knowledge of the function values at previous points cannot
improve the worst-case guarantees. Our results do not recover this lower bound result for
adaptivity.
Finally, Langberg and Schulman (2010) consider multiplicative errors in computing integrals and mainly focuses on different function spaces, such as ones used in clustering
functionals. Although sampling quadrature points from a well-chosen density is common in
the two approaches, the analysis tools are different. It would be interesting to see if some
of these tools can be transferred to our RKHS setting.
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From quadrature to function approximation and optimization. The problem of
quadrature, uniformly over all functions g ∈ L2 (dρ) that define the integral, is in fact
equivalent to the full approximation of a function h given values at n points, where the
approximation error
R given the observations h(xi ), i =
Pnis characterized in L2 -norm. Indeed,
αi h(xi ) as an approximation of X g(x)h(x)dρ(x). It turns out that
1, . . . , n, we build i=1
the coefficients α are linear in g, that is, there exists a ∈ L (dρ) such that αi = hai , giL2 (dρ) .
i
i
2
P
n
This implies that i=1
h(x
hh, giL2 (dρ) . Thus, the worst
i )hai , giL2 (dρ) is an approximation
Pof
n
case error with respect to g in the unit ball of L2 (dρ) is
i=1 h(xi )ai − h L2 (dρ) , that is,
we have an approximation result of h through observations of its values at certain points.
Novak (1988) considers the approximation problem in L∞ -norm and shows that for
√
Sobolev spaces, going from L2 - to L∞ -norms incurs a loss of performance of n. We recover
partially these results in Section 5 from a more general perspective. When optimizing the
points at which the function is evaluated (adaptively or not), the approximation problem is
often referred to as experimental design (Cochran and Cox, 1957; Chaloner and Verdinelli,
1995).
Finally, a third problem is of interest (and outside of the scope of this paper), namely
the problem of finding the minimum of a function given (potentially noisy) function evaluations. For noiseless problems, Novak (1988, page 26) shows that the approximation and
optimization problems have the same worst-case guarantees (with no influence of adaptivity); this optimization problem has also been studied in the bandit setting (Srinivas et al.,
2012) and in the framework of “Bayesian optimization” (see, e.g. Bull, 2011).
15

4. Theoretical Analysis

Bach

In this section, we provide approximation bounds for the random feature problem outlined
in Section 2.4 (and thus the quadrature problem in Section 3). In Section 4.1, we provide
generic upper bounds, which depend on the eigenvalues of the integral operator Σ and
present matching lower bounds (up to logarithmic terms) in Section 4.3. The upper-bound
depends on specific distributions of samples that we discuss in Section 4.2. We then consider
consequences of these results on quadrature (Section 4.4) and random feature expansions
(Section 4.5).
4.1 Upper Bound

The following proposition (see proof in Appendix B.1) determines the minimal number of
samples required for a given approximation accuracy:

1
hϕ(v, ·), (Σ + λI)−1 ϕ(v, ·)iL2 (dρ) .
q(v)

,

L2 (dρ)

2

−1 kϕ(v

16dmax (q, λ)

δ

i=1 q(vi )

Pn

βi q(vi )−1/2 ϕ(vi , ·)

6 4λ.

6

2 tr Σ
δ

and

(9)

Proposition 1 (Approximation of the unit ball of F) For λ > 0 and a distribution
with positive density q with respect to dτ , we consider
v∈V

dmax (q, λ) = sup

n
X

i=1

2
i , ·)kL2 (dρ)

Let v1 , . . . , vn be sampled i.i.d. from the density q, then for any δ ∈ (0, 1), if

f−

1
n

n > 5dmax (q, λ) log

inf

4
kβk22 6 n

with probability greater than 1 − δ, we have
sup

kf kF 61

We can interpret the proposition above as follows: given any squared error 4λ > 0 and a
distribution with density q, the number n of samples from q needed so that the unit ball
of F is approximated by the ball of radius 2 of F̂ is, up to logarithmic terms, at most a
constant times dmax (q, λ), defined in Eq. (9). The result above is a statement for a fixed q
and λ and this number of samples n depends on these.
We could also invert the relationship between λ and n, that is, answer the following
question: given a fixed number n of samples, what is the approximation error λ? This
requires inverting the function λ 7→ dmax (q, λ). This will be done in Section 4.2 for a
specific distribution q where the expression simplifies, together with specific examples from
Section 2.3.
Pn
2
q(vi )−1 kϕ(vi , ·)kL
, which shows
Finally, note that we also have a bound on n1 i=1
2 (dρ)
that our random functions are not too large on average (this constraint will be needed in
the lower bound as well in Section 4.3).

i=1

n
X

βi q(vi )−1/2 ϕ(vi , ·) − f

L2 (dρ)

2
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+ nλkβk22 .

Sketch of proof. The proof technique relies on computing an explicit candidate β ∈ Rn
obtained from minimizing a regularized least-squares formulation
inf

β∈Rn

16

4
kβk22 6 n

i=1

L2 (dρ)

hϕ(v, ·), (Σ + λI)−1 ϕ(v, ·)iL2 (dρ)
hϕ(v, ·), (Σ + λI)−1 ϕ(v, ·)iL2 (dρ)
=
, (10)
−1
tr Σ(Σ + λI)−1
V hϕ(v, ·), (Σ + λI) ϕ(v, ·)iL2 (dρ) dτ (v)
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– Dependence on λ: this implies that if we want a reduced error (i.e., a smaller λ),
then the samples obtained from a higher λ, may not be reused to provably obtain the

which provides an explicit expression for the density qλ∗ .
For a given squared error value λ, the optimized distribution qλ∗ , while leading to the
degrees of freedom that will happen to be optimal in terms of approximation, has two main
drawbacks:

m>1

Expression in terms of singular value decomposition. Given the singular value
P
1/2
decomposition of ϕ in Eq. (3), we have, for any v ∈ V, ϕ(v, ·) = m>1 µm fm (v)em and
thus
X µm
qλ∗ (v) ∝ hϕ(v, ·), (Σ + λI)−1 ϕ(v, ·)iL2 (dρ) =
fm (v)2 ,
µm + λ

for which dmax (qλ∗ , λ) = d(λ) = tr Σ(Σ + λI)−1 . With this distribution, we thus need to
have n > 5d(λ) log 16d(λ)
with d(λ) = tr Σ(Σ + λI)−1 is the degrees of freedom, a traditional
δ
quantity in the analysis of least-squares regression (Hastie and Tibshirani, 1990; Caponnetto
and De Vito, 2007), which is always smaller than dmax (1, λ) and can be upper-bounded
explicitly for many examples, as we now explain. The computation of dmax (1, λ) in the
operator setting (for which we may use q = 1), a quantity often referred to as the maximal
leverage score (Mahoney, 2011), remains an open problem.
The quantity d(λ) only depends on the integral operator Σ, that is, for all possible
choices of square roots, i.e., all possible choices of feature expansions, the number of samples
that our results guarantee is the same. This being said, some expansions may be more
computationally practical than others, and when using the distribution with q(v) = 1, the
bounds will be different.

qλ∗ (v) = R

We may now consider a specific distribution that depends on the kernel and on λ, namely

4.2 Optimized Distribution

kf kF 61

In Section 4.5, we will need a result in expectation. As shown
2(tr Σ)dmax (λ)
at the end of Appendix B.1, as soons as, λ 6 (tr Σ)/4 and n > 5dmax (λ) log
,
λ
then


n
2
X
f−
6 8λ.
E sup
inf
βi q(vi )−1/2 ϕ(vi , ·)

Result in expectation.

It turns out that the final bound on the squared error is exactly proportional to the regularization parameter λ. As shown in Appendix B.1, this leads to an approximation fˆ which
is a linear function of f , as fˆ = (Σ̂ + λI)−1 Σ̂f , where Σ̂ is a properly defined empirical
integral operator and λ > 0 is the regularization parameter. Then, Bernstein concentration
inequalities for operators (Minsker, 2011) can be used in a way similar to the work of Bach
(2013); El Alaoui and Mahoney (2015) on column sampling, to provide a bound on all
desired quantities.
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µm >λ

µm <λ

µm <λ

m=j

∞
X

µm 6 γjµj .

(11)

inf

kfˆkF̂ 62

under any of the following conditions:

kf kF 61

sup
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f − fˆ

2
L2 (dρ)

6 4λ,
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Proposition 2 (Approximation of the unit ball of F for optimized distribution)
For λ > 0 and the distribution with density qλ∗ defined in Eq. (10) with respect to dτ , with
degrees of freedom d(λ). Let v1 , . . . , vn be sampled i.i.d. from the density qλ∗ , defining the
P
kernel (and its associated RKHS F̂) k̂(x, y) = n1 ni=1 q(v1 i ) ϕ(vi , x)ϕ(vi , y). Then, for any
δ ∈ (0, 1), with probability 1 − δ, we have:

This assumption essentially states that the eigenvalues decay sufficiently homogeneously
and is satisfied by µm ∝ m−2α with γ = (2α − 1)−1 , µm ∝ rm with γ = (1 − r)−1 and
similar bounds also hold for all examples in Section 2.3. It allows us to relate the degrees
of freedom directly to eigenvalue
P decays.
Indeed, this implies that λ1 µm <λ µm 6 γmax({m, µm > λ}) = γm∗ (λ) for all λ 6 µ1
(the largest eigenvalue) and thus


1 ∗
m (λ) 6 d 6 1 + γ m∗ (λ).
2
We can now restate the approximation result of Prop. 1 from Section 4.1 with the optimized
distribution (see proof in Appendix B.2):

∀j > 1,

We now make the assumption that there exists a γ > 0 independent of j such that

µm >λ

as defined in Section 2.1.
Moreover, we have the upper-bound:
X
X
µm
µm
1 X
d(λ) =
+
6 max({m, µm > λ}) +
µm .
µm + λ
µm + λ
λ

m>1

Eigenvalues and degrees of freedom. In order to relate more directly to the eigenvalues of Σ, we notice that we may lower bound the degrees of freedom by a constant times
the number m∗ (λ) of eigenvalues greater than λ:
X µm
X
µm
1
d(λ) = tr Σ(Σ + λI)−1 =
>
> max({m, µm > λ}) = m∗ (λ),
µm + λ
µm + λ
2

– Hard to compute in practice: the optimal distribution depends on a leverage score
hϕ(v, ·), (Σ + λI)−1 ϕ(v, ·)iL2 (dρ) , which may be hard to use for several reasons; first, it
requires access to the infinite-dimensional operator Σ, which may be difficult; moreover,
even if it possible to invert Σ + λI, the set V might be particularly large and impractical
to sample from. At the end of Section 4.1, we propose a simple algorithm based on
sampling.

desired bound; in other words, the sampling is not anytime. For specific examples, e.g.,
quadrature with periodic kernels on [0, 1] with the uniform distribution, then q = 1
happens to be optimal for all λ, and thus, we may reuse samples for different values of
the error.

Bach

n
5(1+γ) log
16n
5δ

, and λ = µm .
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(a) if n > 5 d(λ) log 16d(λ)/δ ,

(b) if Eq. (11) is satisfied, and, by choosing m 6
The statement (a) above, is a simple corollary of Prop. 1, and goes from level of error λ to
minimum number n of samples. The statement (b) goes in the other direction, that is, from
the number of samples n to the achieved approximation error. It depends on the eigenvalues
µm of the integral operator taken at m = O(n/ log(n)). For example, for polynomial decays
of eigenvalues of the form µm = O(m−2s ), we get (non squared) errors proportional to
(log n)s n−s for n samples, while for geometric decays, we get geometric errors as a function
of the number n of samples.
Note however that for the statement (b) to hold, we need to sample the points v1 , . . . , vn
from the distribution qµ∗ m , that is, for different numbers of samples n, the distribution is
unfortunately different (except in special cases). It would be interesting to study the properties of independent but not identically distributed samples v1 , . . . , vn and the possibility
of achieving the same rate adaptively.
Corollary for Sobolev spaces. For the sake of concreteness, we consider the special
case of X = Rd and translation-invariant kernels. We assume that the distribution dρ is
sub-Gaussian. Then for Sobolev spaces of order s, the eigenvalue decay is proportional to
m−2s/d . Thus, if we can sample from the optimized distribution, after n random features,
we obtain an approximation of the unit ball of F with error n−s/d , independently of the
chosen expansion, the spatial one used for quadrature or the spectral one used in random
Fourier features. For kernels in Rd , these distributions are not readily computed in closed
form and need to computed through a dedicated algorithm such as the one we present
below.
The same approximation results holds for translation-invariant kernels on [0, 1]d ; but
when dρ is the uniform distribution, as shown in Section 4.4, the optimized distribution for
the quadrature case is still the uniform distribution, for all values of λ, and can thus be
computed.
Algorithm to estimate the optimized distribution. We now consider a simple algorithm for estimating the optimized distribution qλ∗ . It is based on using a large number N of
points v1 , . . . , vN from dτ , and replacing dτ by a potentially weighted empirical distribution
dτ̂ associated with these N points. Therefore, we may use any set of points and weights,
which leads to a distribution close to dτ . In full generality, only random samples from dτ
are readily available (with weights 1/N ), but for special cases, such as V = [0, 1] or V = N∗ ,
we may use deterministic representations. See examples in Section 6.
PnWe thus assume that we have N pairs (vi , ηi ) ∈ V × R+ , i = 1, . . . , N , such that
i=1 ηi = 1. Since dτ̂ has a finite support with at most N elements, we may identify
L2 (dτ̂ ) and RN (with its canonical dot-product), and the operator T goes now from RN to
PN 1/2
1/2
L2 (dρ), with T g = i=1
ηi gi ϕ(vi , ·) ∈ L2 (dρ), with T δi = ηi ϕ(vi , ·) ∈ L2 (dρ), for δi the
i-th element of the canonical basis of RN . Then, we have:
hϕ(vi , ·), (Σ + λI)−1 ϕ(vi , ·)iL2 (dρ) =

=



ii

.

ηi−1 hT δi , (T T ∗ + λI)−1 T δi iL2 (dρ)
ηi−1 hT δi , T (T ∗ T + λI)−1 δi iL2 (dρ)
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= ηi−1 T ∗ T (T ∗ T + λI)−1
19
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1/2 1/2

This implies that the density of the optimized distribution with
 respect to the uniform
measure on {v1 , . . . , vN } is proportional to T ∗ T (T ∗ T + λI)−1 ii . We can then sample
any number n of points from resampling from {v1 , . . . , vN } from the density above. The
computational complexity is O(N 3 ). A detailed analysis of the approximation properties of
this algorithm is outside the scope of this paper.
1/2 1/2 R
We have (T ∗ T )ij = ηi ηj
X ϕ(vi , x)ϕ(vj , x)dρ(x). In some cases, it can be com-

puted in closed form—such as for quadrature where this is equal to ηi ηj k(vi , vj ). In
some others, it requires i.i.d. samples x1 , . . . , xM from dρ, and the following estimate:
PM
1/2 1/2
ηi ηj M −1 k=1
ϕ(vi , xk )ϕ(vj , xk ).
4.3 Lower Bound

In this section, we aim at providing lower-bounds on the number of samples required for a
given accuracy. We have the following result (see proof in Appendix B.3):

and

sup

inf

4
kf kF 61 kβk22 6 n

f−

n
X

i=1

βi ψi

L2 (dρ)

2

6 4λ,

Proposition 3 (Lower approximation bound) For δ ∈ (0, 1), if we have a family of
functions ψ1 , . . . , ψn ∈ L2 (dρ) such that
n

max{m, µm > 144λ}
.
tr Σ
4 log 10λδ

i=1

1X
2
kψi kL
6 2 tr Σ/δ,
2 (dρ)
n
then n >

We can make the following observations:

– The proof technique not surprisingly borrows tools from minimax estimation over ellipsoids, namely the Varshamov-Gilbert’s lemma.

– We obtain matching upper and lower bounds up to logarithmic terms, using only the
decay of eigenvalues (µm )m>1 of the integral operator Σ (of course, if sampling from the
in that case, as shown in Prop. 2, we have
optimized distribution qλ∗ is possible). Indeed

shown that we need at most 10 d(λ) log 2d(λ) , where d(λ) is the degrees of freedom,
which is upper and lower bounded by a constant times m∗ (λ) = max{m, µm > λ}.

– In order to obtain such a bound, we need to constrain both kβk2 and the norms of the
vectors ψi , which correspond to bounded features for the random feature interpretation
and tolerance to noise for the quadrature interpretation. We choose our scaling to match
the constraints we have in Prop. 1, for which the parameter δ ends up entering the lower
bound logarithmically.
4.4 Quadrature
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We may specialize the results above to the quadrature case, namely give a formulation
where the features ϕ do not appear (or equivalently using ψ defined in Section 3.2). This
is a special case where V = X and ϕ = ψ. In terms of operators T in Section 2.2, this
corresponds to T = Σ1/2 .

20

m>1

X
µm
em (x)2 .
µm + λ
(12)

21
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which is the regularized worst case squared error in the estimation of the integral of h over
h ∈ F. The best error is obtained for λ = 0, but our guarantees are valid for λ > 0, with
an explicit control over the norm kβk22 , which is important for robustness to noise.

Quadrature rule. We assume that points x1 , . . . , xn are sampled from thePdistribution
βi h(xi )
with density q with respect to dρ. The quadrature rule for a function h ∈ F is ni=1 q(x
1/2 .
i)
To compute β, we need to minimize with respect to β the error:
Z
n
2
X
βi
k(·, xi ) −
k(·, x)g(x)dρ(x) + nλkβk22 ,
1/2
q(xi )
X
F
i=1

Sobolev spaces. For Sobolev spaces with order s in [0, 1]d or Rd (for which we assume
d < 2s), the decay of eigenvalues is of the form m−2s/d and thus the error after n samples
is n−s/d (up to logarithmic terms), which recovers the upper and lower bounds of Novak
(1988, pages 37 and 38) (also up to logarithmic terms).
For the special case of Sobolev spaces on [0, 1]d with dρ the uniform distribution, the
optimized distribution in Eq. (12) is also the uniform distribution. Indeed, the eigenfunctions of the integral operator Σ are d-th order tensor products of the uni-dimensional
Fourier basis (the constant and all pairs of sine/cosine at a given frequency), with the same
eigenvalue for the 2d possibilities of sines/cosines for a given multi-dimensional frequency
(m1 , . . . , md ). Therefore, when summingPall squared
Q values of the eigenfunctions corresponding to (m1 , . . . , md ), we get the sum a∈{0,1}d di=1 cos2ai (2πmi xi ) sin2(1−ai ) (2πmi xi ),
which ends up being constant equal to one (and thus independent of x) because of the identity cos2 (2πmi xi ) + sin2 (2πmi xi ) = 1.
Finally, we may consider Sobolev spaces on the hypersphere, with the kernels presented in Section 2.3. As shown by Bach (2017, Appendix D.3), the kernel k(x, y) =
E(v > y)s+ (v > y)s+ for v uniform on the hypersphere, leads to a Sobolev space of order t =
−1−1/d−2s/d
s+ d+1
2 , while the decay of eigenvalue of the integral operator was shown to be m
in Section 2.3. It is thus equal to m−2t/d , and we recover the result from Hesse (2006).

While this is uniform in some special cases (uniform distribution on [0, 1] and Sobolev
kernels, as shown below), this is typically hard to compute and sample from. An algorithm
for approximating it was presented at the end of Section 4.1.
A weakness of our result is that in general our optimized distribution qλ∗ (x) depends
on λ and thus on the number of samples. In some cases with symmetries (i.e., uniform
distribution on [0, 1] or the hypersphere), qλ∗ happens to be constant for all λ. Note also
that we have observed empirically that in some cases, qλ∗ converges to a certain distribution
when λ tends to zero (see an example in Section 6).

q(x) ∝ hk(·, x), Σ−1/2 (Σ + λI)−1 Σ−1/2 k(·, x)iL2 (dρ) =

and in terms of eigenvalues and eigenvectors of k, that is,

qλ∗ (x) ∝ hψ(x, ·), (Σ + λI)−1 ψ(x, ·)iL2 (dρ) = hΣ−1/2 k(x, ·), (Σ + λI)−1 Σ−1/2 k(x, ·)iL2 (dρ) ,

Optimized distribution. Following Section 4.1, we have an expression for the optimized
distribution, both in terms of operators, as follows,
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n

X
βi βj
βi
k(xi , xj ) −
zi + nλkβk22 ,
q(xi )1/2 q(xj )1/2
q(xi )1/2
i=1

i=1

1
hk(·, xi ), Σ−1/2 (Σ̂
nq(xi )1/2

L2 (dρ)

= g, Σ1/2 Σ̂(Σ̂ + λI)−1 Σ−1/2 h

L2 (dρ)

,

22
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We consider supervised learning with m i.i.d. samples from a distribution on inputs/outputs
(x, y), and a uniformly G-Lipschitz-continuous loss function `(y, ·), which includes logisticP
regression and the support vector machine. We consider the empirical risk L̂(f ) =
m
1
i=1 `(yi , f (xi )) and the expected risk L(f ) = E`(y, f (x)), with x having the marginal
m
distribution dρ that we consider in earlier sections. We assume that Ek(x, x) = tr Σ = R2 .
We have the usual generalization bound for the minimizer fˆ of L̂(f ) with respect to

4.5 Learning with Random Features

which can be put in the form hĥ, giL2 (dρ) with the approximation ĥ = Σ1/2 Σ̂(Σ̂+λI)−1 Σ−1/2 h
of the function h ∈ F. Having a bound for all functions g such that kgkL2 (dρ) 6 1 is equivalent to having a bound on kh − ĥkL2 (dρ) . In Section 5, we consider extensions, where we
consider other norms than the L2 -norm for characterizing the approximation error ĥ − h.
Moreover, we consider cases where h belongs to a strict subspace of F (with improved
results).

= h, Σ−1/2 Σ̂(Σ̂ + λI)−1 Σ1/2 g

i=1

n
n
X
X
βi h(xi )
βi
=
hh, Σ−1 k(·, xi )iL2 (dρ)
q(xi )1/2
q(xi )1/2
i=1
i=1


n

1 X −1 1 
= h,
Σ
k(xi , ·) ⊗L2 (dρ) k(xi , ·) Σ−1/2 (Σ̂ + λI)−1 Σ1/2 g
n
q(xi )
L2 (dρ)

+ λI)−1 Σ1/2 giL2 (dρ) from Eq. (15) in

i=1

 X

n
n
1
1
1X 1
ψ(xi , ·) ⊗L2 (dρ) ψ(xi , ·) = Σ−1/2
k(xi , ·) ⊗L2 (dρ) k(xi , ·) Σ−1/2 ,
n
q(vi )
n
q(vi )

Moreover, we have βi =
Appendix B.1, and the quadrature rule becomes:

Σ̂ =

Approximation of functions
in F. With the quadrature
weights β estimated above
R
P
βi h(xi )
and the quadrature rule ni=1 q(x
1/2 for the estimation of X g(x)f (x)dρ(x), we may derive
i)
an expression which is explicitly linear in g. Following the proof of Prop. 1 in Appendix B.1,
we have, when specialized to the quadrature case:

which leads to a n × n linear system with running time complexity O(n3 ). Note that
when adding points sequentially (in particular for kernels for which the distribution qλ∗ is
independent of λ, such as Sobolev spaces on [0, 1]), one may update the solution so that
after n steps, the overall complexity is O(n3 ).

i=1 j=1

n X
n
X

R
Given the values of X k(xi , x)g(x)dρ(x) = zi , for i = 1, . . . , n, which can be computed
in closed form for several triplet (k, g, dρ) (see, e.g., Smola et al., 2007; Oates and Girolami,
2015), then the problem above is equivalent to minimizing with respect to β:
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kf kF 6 F , based on Rademacher complexity (see, e.g., Shalev-Shwartz and Ben-David,
2014):
h
i


4F GR
E L(fˆ) 6 inf L(f ) + 2E sup |L(f ) − L̂(f )| 6 inf L(f ) + √
.
(13)
m
kf kF 6F
kf kF 6F
kf kF 6F

sup

√
kβ 0 kF 62F/ n

−

i

L(ĝβ 0 )|

+

sup
inf √
kf 0 kF 6F kγk2 62F/ n


L(ĝγ )


− L(f 0 ) +

inf

kf kF 6F

L(f ).

We now consider learning by sampling n features from the optimized
from
Pn distribution
Section 4.2, leading to a function parameterized by β ∈ Rn , i.e., ĝβ = i=1
βi q(vi )−1/2 ϕ(vi , ·),
an element of L2 (dρ). Applying results from Section 4.1, we assume that λ 6 R2 /4 and
, where d(λ) is equal to the degrees of freedom associated with the
n > 5d(λ) log 2(tr Σ)d(λ)
λ
kernel k and distribution dρ. Thus, the expected squared error for approximating the unitball of F by the ball of radius 2 of the approximation F̂ obtained from the approximated
kernel is less than 8λ.
If we consider the estimator β̂ obtained by minimizing the empirical risk of ĝβ subject
√
to kβk2 6 2F/ n. We have the following decomposition of the error for any γ ∈ Rn such
√
that kγk2 6 2F/ n and f ∈ F such that kf kF 6 F :
L(ĝβ̂ )

h

|L(ĝβ 0 )

= L(ĝ ) − L̂(ĝ ) + L̂(ĝβ̂ ) − L̂(ĝγ ) + L̂(ĝγ ) − L(ĝγ ) + L(ĝγ ) − L(f ) + L(f )
β̂
β̂
h
i 

6 2
sup
|L(ĝβ 0 ) − L(ĝβ 0 )| + L(ĝγ ) − L(f ) + L(f )
6 2

√
kβ 0 kF 62F/ n

We now take expectation with respect to the data and the random features. Following
standard results for Rademacher complexities of `2 -balls (Bartlett and Mendelson, 2003,
Lemma 22), the first term is less than

i=1 j=1

m n
X
X
ϕ(vi , xj )2 1/2
4F G
4F G
4F GR
√ E
6 √ (nm tr Σ)1/2 = √
.
q(vi )
m n
m n
m

Because of the G-Lipschitz-continuity of the loss, we have L(ĝγ )−L(f 0 ) 6 Gkĝγ )−f 0 kL2 (dρ) ,
√
√
and thus the second term is less than 8λGF 6 3GF λ. Overall, we obtain
√


4F GR
E L(ĝβ̂ ) 6 inf L(f ) + 3GF λ + √
.
m
kf kF 6F
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If we consider λ = R2 /m in order to lose
factor compared to Eq. (13), we
 only a constant

have the constraint n > 5d(R2 /m) log 2md(R2 /m) .
We may now look at several situations. In the worst case, where the decay of eigenvalue
is not fast, i.e., very close to 1/i, then we may only use the bound d(λ) = tr Σ(Σ + λI)−1 6
λ−1 tr Σ = R2 /λ, and thus a sufficient condition n > 10m log 2m, and we obtain the same
result as Rahimi and Recht (2009).
However, when we have eigenvalue decays as R2 i−2s , we get (up to constants), following
the same computation as Section 4.2, d(λ) 6 (R2 /λ)1/(2s) , and thus n > m1/(2s) log m,
which is a significant improvement (regardless of the value of F ). Moreover, if the decay is
geometric as ri , then we get d(λ) 6 log(R2 /λ), and thus n > (log m)2 , which is even more
significant.
23

5. Quadrature-related Extensions

Bach

In Section 4.4, we have built an approximation ĥ = Σ1/2 Σ̂(Σ̂ + λI)−1 Σ−1/2 h of a function
h ∈ F, which is based on n function evaluations h(x1 ), . . . , h(xn ). We have presented in
Section 4.4 a convergence rate for the L2 -norm kĥ − hkL2 (dρ) for functions h with less
than unit F-norm khkF 6 1. Up to logarithmic terms, if using the optimal distribution
for sampling x1 , . . . , xn , then we get a squared error of µn where µn is the n-th largest
eigenvalue of the integral operator Σ.

2

Robustness to noise. We have seen that if the noise in the function evaluations h(xi ) has
2
a variance less than q(xi )τ 2 , then the error kh − ĥkL
has an additional term τ 2 kβk22 6
2 (dρ)

4τ
n . Hence, the amount of noise has to be less than nµn in order to incur no loss in
performance (a bound which decreases with n).

kΣ−s hkL2 (dρ) .

(14)

is less than 2, be-

is equal to (Σ̂ + λI)s−1 (Σ̂ +

op

op

Adaptivity to smoother functions. We assume that the function h happens to be
smoother than what is sufficient to be an element of the RKHS F, that is, if kΣ−s hkL2 (dρ) 6
1, where s > 1/2. The case s = 1/2 corresponds to being in the RKHS. In the proof of
Prop. 1 in Appendix B.1, we have seen that with high-probability we have:

(Σ̂ + λI)−1 4 4(Σ + λI)−1 .

We now see that we can bound the error kĥ − hkL2 (dρ) as follows:

op

Σ1/2 (Σ̂ + λI)−1/2

(Σ̂ + λI)−1/2 Σ−1/2+s

L2 (dρ)

kĥ − hkL2 (dρ) = kΣ1/2 Σ̂(Σ̂ + λI)−1 Σ−1/2 h − hkL2 (dρ)

op

= λ Σ1/2 (Σ̂ + λI)−1 Σ−1/2+s Σ−s h

6 λ Σ1/2 (Σ̂ + λI)−1/2

We may now bound each term. The first one

cause of Eq. (14). The second one (Σ̂ + λI)−1/2 Σ−1/2+s

λI)1/2−s Σ−1/2+s op , and thus less than (Σ̂+λI)s−1 kop · (Σ̂+λI)1/2−s Σ−1/2+s op 6 2λs−1 .
Overall we obtain
kĥ − hkL2 (dρ) 6 4λs .
P
2s
The norm h 7→ kΣ−s hkL2 (dρ) is an RKHS norm with kernel
m>0 µm em (x)em (y), with
corresponding eigenvalues equal to (µm )2s . From Prop. 2 and 3, the optimal number
of quadrature points to reach a squared error less than ε is proportional to the number
2s > ε}), while using the quadrature points from s = 1/2, leads to a number
max({m, µm
max({m, µm > ε1/(2s) }), which is equal. Thus if the RKHS used to compute the quadrature
weights is a bit too large (but not too large, see experiments in Section 6), then we still
get the optimal rate. Note that this robustness is only shown for the regularized estimation
of the quadrature coefficients (in our simulations, the non-regularized ones also exhibit the
same behavior).
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Approximation with stronger norms. We may consider characterizing the difference
ĥ − h with different norms than k · kL2 (dρ) , in particular norms kΣ−r (ĥ − h)kL2 (dρ) , with

24

L2 (dρ)
kΣ−1/2 hkL2 (dρ)
op

6 2λ1/2−r .

(m + 1)

m=1

∞
X

t

hf, em i2L2 (dρ) em (x)2 (m

+ 1)

−t

6
(m + 1)

m=0

∞
X
t

hf, em i2L2 (dρ)

C2
.
t−1

25
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4. Matlab code for all 5 figures may be downloaded from http://www.di.ens.fr/~fbach/quadrature.html.

– When the functions to integrate are less smooth than the ones used for learning
quadrature weights (that is t > s), then the quadrature performance does not necessarily decay with the number of samples.

– The exponents in the convergence rates for s = t (matching RKHSs for learning
quadrature weights and testing functions) are close to 2s as expected.

Uniform distribution. For b = 1, we have the uniform distribution on [0, 1] for which the
cosine/sine basis is orthonormal, and the optimized distribution qλ∗ is also uniform. MoreR1
over, we have 0 k(x, y)dρ(x) = 1. We report results comparing different Sobolev spaces
for testing functions to integrate (parameterized by s) and learning quadrature weights
(parameterized by t) in Figure 1, where we compute errors averaged over 1000 draws. We
did not use regularization to compute quadrature weights α. We can make the following
observations:

In this section, we consider
simple illustrative quadrature experiments4 with X = [0, 1] and
P
1
kernels k(x, y) = 1+ ∞
m=1 m2s cos 2πm(x−y), with various values of s and distributions dρ
which are Beta random variable with the two parameters equal to a = b, hence symmetric
around 1/2.

6. Simulations

If for simplicity, P
we assume that µm = (m
1)−2s (like for Sobolev spaces), we have
P+
∞
t
2
−2r hf, e i2
µ
=
kΣ−r f k2L2 (dρ) = ∞
m
m
m=1 (m + 1) hf, em iL2 (dρ) with r = t/4s. If
m=1
L2 (dρ)
−2s
λ 6 O(n ) (as suggested by
 Prop. 1), then
 we obtain a squared L∞ -error less than
1
1−2r = O 1 n−2s(1−t/2s) = O nt n−2s . With t = 1 + 1 , we get O n log n , and
t−1 λ
t−1
t−1
log n
n−2s
thus a degradation compared to the squared L2 -loss of n (plus additional logarithmic terms),
which corresponds to the (non-improvable) result of Novak (1988, page 36).

f (x) =

2

When r = 1/2, we get a result in the RKHS norm, but with no decay to zero; the RKHS
norm k · kF would allow a control in L∞ -norm, but as noticed by Steinwart et al. (2009);
Mendelson and Neeman (2010), such a control may be obtained in practice with r much
smaller. For example, when the eigenfunctions em are uniformly bounded in L∞ -norm by a
constant C (as is the case for periodic kernels in [0, 1] with the uniform distribution), then,
for any x ∈ X, we have for t > 1,

6 λ1/2−r Σ1/2−r (Σ̂ + λI)r−1/2

kΣ−r (ĥ − h)kL2 (dρ) = λ Σ1/2−r (Σ̂ + λI)−1 Σ−1/2 h
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Non-uniform distribution. We consider the case a = b = 1/2, which is the distribution
dρ with density π −1 x−1/2 (1 − x)−1/2 with respect to the Lebesgue measure, and with cumulative distribution function F (x) = π −1 arccos(1 − 2x). We may use an approximation

In Figure 2, we compare several quadrature rules on [0, 1], namely Simpson’s rule with
uniformly spread points, Gauss-Legendre quadrature and the Sobol sequence with uniform
weights. For s = 1, as expected, all squared errors decay as n−2 with a worse constant for
our kernel-based rule, while for s = 2 (smoother test functions), the Sobol sequence is not
adaptive, while all others are adaptive and get convergence rates around n−4 .

– On the contrary, when s > t, then we have convergence and the rate is potentially
worse than the optimal one (attained for s = t), and equal when t > s/2, as shown in
Section 5.

Figure 1: Quadrature for functions in a Sobolev space with parameter s (four possible values) for the uniform distribution on [0, 1], with quadrature rules obtained from
different Sobolev spaces with parameters t (same four possible values). We compute affine fits in log-log-space (in dotted) to estimate convergence rates of the
form C/nu and report the value of u. Best seen in color.

10

r ∈ [0, 1/2]. For r = 0, this is our results in L2 -norm, while for r = 1/2, this is the RKHS
norms. We have, using the same manipulations than above:
log10(squared error)
log (squared error)
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log10(squared error)
log10(squared error)
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0
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−4
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1
1.5
log10(n)

Figure 2: Quadrature for functions in a Sobolev space with parameters s = 1 (left) and
s = 2 (right), for the uniform distribution on [0, 1], with various quadrature
rules. We compute affine fits in log-log-space (in dotted) to estimate convergence
rates of the form C/nu and report the value of u. Best seen in color.

of dτ with N unweighted points F −1 (k/N ) = 1 − cos kπ
N /2, for k ∈ {1, . . . , N } and the
algorithms from the end of Section 4.2. We consider the Sobolev kernel with s = 1.
In Figure 3, we plot all densities qλ∗ as a function of λ. When λ is large, we unsuprisingly
obtain the uniform density, while, more surprisingly, when λ tends to zero, the density tends
to a density, which happens here to be proportional to x1/4 (1 − x)1/4 (leading to a Beta
distribution with parameters a = b = .25).
We may also consider the same
P kernel but with the Fourier expansion on N. This is
done by representing dτ ∝ δ0 + k∈Z∗ k12 δk by truncating to all |k| 6 K, with K = 50,
which is a weighted representation. We plot in Figure 4 the optimal density over the set of
integers, both with respect to the input density (which decays as 1/n2 ) and the counting
measure. When λ is large, we recover the input density, while when λ tends to zero, qλ∗
tends to be uniform (and thus, does not converge to a finite measure).

7. Conclusion
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Figure 3: Optimal log-densities qλ∗ (x) (with respect to the input distribution) for several
values of λ, for the expansion used for quadrature. Best seen in color.

log10( λ )
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Figure 4: Optimal densities qλ∗ (k) for several values of λ, for Fourier feature expansions.
Left: with respect to the input distribution (which itself has distribution proportional to 1/k 2 with respect to the counting measure); right: with respect to the
counting measure. Best seen in color.

log10( λ )

log10(squared error)

In this paper, we have shown that kernel-based quadrature rules are a special case of random
feature expansions for positive definite kernels, and derived upper and lower bounds on
approximations, that match up to logarithmic terms. For quadrature, this leads to widely
applicable results while for random features this allows a significantly improved guarantee
within a supervised learning framework.
The present work could be extended in a variety of ways, for example towards bandit
optimization rather than quadrature (Srinivas et al., 2012), the use of quasi-random sampling within our framework in the spirit of Yang et al. (2014); Oates and Girolami (2015), a
similar analysis for kernel herding (Chen et al., 2010; Bach et al., 2012), an extension to fast
rates for non-parametric least-squares regression (Hsu et al., 2014) but with an improved
computational complexity, and a study of the consequences of our improved approximation
27

log10( λ )

log10(squared error)

j=1 kj (xj , yj )

j=1 kj (xj , yj )

Qd

29
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In this situation, theQRKHS for K is exactly the tensor product of F1 , . . . , Fd , i.e., the
span of all functions dj=1 fj (xj ), for f1 , . . . , fd in F1 , . . . , Fd (Berlinet and Thomas-Agnan,
2004). Moreover, the integral operator for k is a tensor product of the d integral operator
for k1 , . . . , kd . This implies that its eigenvalues are µ1m1 × · · · × µdmd , m1 , . . . , md > 0. In

A.2 Product of Kernels: k(x, y) =

In the particular case where µjmj ∝ m−2s
for all j, or equivalently, a number of eigenj
values of kj greater than λ proportional to λ−1/(2s) , we have a number of eigenvalues of
k greater than λ equivalent to dλ−1/(2s) , that is a decay for the eigenvalues proportional
to (m/d)−2s . Similarly, when the decay is exponential as exp(−ρm), we get a decay of
exp(−ρm/d).

In this situation, the RKHS for k is isomorphic to F1 × · · · × Fd ,P
composed of functions
g such that there exists f1 , . . . , fd in F1 , . . . , Fd such that g(x) = dj=1 fj (xj ), that is we
obtain separable functions, which are sometimes used in the context of generalized additive
models (Hastie and Tibshirani, 1990). The corresponding integral operator is then blockdiagonal with j-th block equal to the integral operator for kj and dρj . This implies that
that its eigenvalues are the concatenation of all sequences (µjmj )mj >0 . Thus the function
m∗ (λ) is the sum of functions m∗1 (λ) + · · · + m∗d (λ).
P
In terms of norms of functions, we have a norm equal to kgk2F = dj=1 kfj k2Fj .

A.1 Sum of Kernels: k(x, y) =

Pd

Our aim is to define a kernel k on X = X1 × · · · × Xd with the product measure dρ =
dρ1 · · · dρd . For illustration purposes, we consider decays of the form µm ∝ m−2s for the
d kernels, that will be useful for Sobolev spaces. We also consider the case where µm ∝
exp(−ρm). For some combinations, eigenvalue decay is the most natural, in others, the
number of eigenvalues m∗ (λ) greater than a given λ > 0 is more natural.

In this appendix, we consider sets X which are products of several simple sets X1 , . . . , Xd ,
with known kernels k1 , . . . , kd , each with RKHS F1 , . . . , Fd . We also assume that we have
d measures dρ1 , . . . , dρd , leading to sequences of eigenvalues (µjmj )mj >1 and eigenfunctions
(ejmj )mj >1 .

Appendix A. Kernels on Product Spaces
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µjmj

−1 
f,
j=1

d
Y
L2 (dρ⊗d )

2
ejmj (xj )
.

1

βi q(vi )−1/2 ϕ(vi , ·) −

X

Z

ϕ(v, ·)g(v)dτ (v)

i=1

n
X

βi q(vi )−1/2 ϕ(vi , ·).

L2 (dρ)

2

2
L2 (dρ)

+ nλkβk22 ,

+ nλkβk22 .

30

β = (Φ∗ Φ + nλI)−1 Φ∗ f =

(15)
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1 ∗ 1
Φ ( ΦΦ∗ + λI)−1 f.
n
n

with solution from the usual normal equations and the matrix inversion lemma for operators (Ogawa, 1988):

f − Φβ

We then need to minimize the familiar least-squares problem:

Φβ =

We consider the operator Φ : Rn → L2 (dρ) such that

i=1

n
X

As shown
in Section 2.2, any f ∈ F with F-norm less than one may be represented as
R
f = V g(v)ϕ(v, ·)dτ (v), for a certain g ∈ L2 (dτ ) with L2 (dτ )-norm less than one. We do
not solve the problem in β exactly, but use a properly chosen Lagrange multiplier λ and
consider the following minimization problem:

B.1 Proof of Prop. 1

Appendix B. Proofs

of multi-indices (m1 , . . . , md ) such that their sum is less than c = ρ λ ; when c is large,
this is equivalent to cd times the volume of the d-dimensional simplex, and thus less than
1 
log λ
d1
cd
1/d m1/d ) or, by using
d! =
ρ
d! . This leads to a decay of eigenvalues as exp(−ρd!
1/d
Stirling formula, less than exp(−ρdm ).

log

eigenvalues bounded by (log m)2s(d−1) m−2s (this can be obtained by inverting approximately
the function of λ).
When the decay is exponential as exp(−ρλ), then we get that m∗ (λ) is the number

j=1

Y
d

Special cases. In the particular case where µjmj ∝ mj−2s for all j, we have a number
of eigenvalues of k greater than λ equivalent to the number of multi-indices such that
m1 × · · · × md is less than λ−1/(2s) . By counting first the index m1 , this can be upper−1/(2s)
bounded by the sum of λm2 ···md over all indices m2 , . . . , md less than λ−1/(2s) , which is


d−1 
P
−1/(2s)
λ
1 d−1
less than λ−1/(2s)
= O λ−1/(2s) s log λ1
. This results in a decay of
m=1
m

m1 ,...,md >0

X

terms of norms of functions defined on X1 × · · · × Xd , this thus corresponds to

Bach
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i=1

= kλ(Σ̂ +

2
λI)−1 f kL
2 (dρ)
L2 (dρ)

,

(16)

n
X
ha,
ϕ(v
,
·)i
i
L2 (dρ) hb, ϕ(vi , ·)iL2 (dρ)
. By construcq(vi )

i=1

1
1X 1
ΦΦ∗ =
ϕ(vi , ·) ⊗L2 (dρ) ϕ(vi , ·),
n
n
q(vi )

n

We consider the empirical integral operator Σ̂ : L2 (dρ) → L2 (dρ), defined as
Σ̂ =

that is, for a, b ∈ L2 (dρ), ha, Σ̂biL2 (dρ) =
2
ΦβkL
2 (dρ)

= kf − Σ̂(Σ̂ +

2
λI)−1 f kL
2 (dρ)
L2 (dρ)

6 λ f, (Σ̂ + λI)−1 f

tion, and following the end of Section 2.2, we have EΣ̂ = Σ.
The value of kf −
is equal to
kf −

2
ΦβkL
2 (dρ)

= λ2 f, (Σ̂ + λI)−2 f

L2 (dρ)

6 f, (Σ̂ + λI)−1 f

L2 (dρ)

,

(17)

because (Σ̂ + λI)−2 4 λ−1 (Σ̂ + λI)−1 (with the classical partial order between self-adjoint
operators).
Finally, we have, with β = n1 Φ∗ (Σ̂ + λI)−1 f :
nkβk22 = (Σ̂ + λI)−1 f, Σ̂(Σ̂ + λI)−1 f

X

Z

V

g(v)2 dτ (v)
V

X

V

2
a(x)ϕ(v, x)dρ(x) dτ (v)
X

Z  Z

using (Σ̂ + λI)−2 Σ̂ 4 (Σ̂ + λI)−1 .
By construction, we have E(Σ̂) = Σ. Moreover, we have, by Cauchy-Schwarz inequality:
Z
2  Z Z
2
a(x)f (x)dρ(x) =
a(x)g(v)ϕ(v, x)dτ (v)dρ(x)
ha, (f ⊗L2 (dρ) f )aiL2 (dρ) =
6

2
= kgkL
ha, ΣaiL2 (dρ) 6 ha, ΣaiL2 (dρ) .
2 (dρ)

L2 (dρ)

.

Thus f ⊗L2 (dρ) f 4 Σ, and we may thus define hf, Σ−1 f iL2 (dρ) , which is less than one.
Overall we aim to study hf, (Σ̂ + λI)−1 f iL2 (dρ) , for hf, Σ−1 f iL2 (dρ) 6 1, to control both
2
the norm kβk22 in Eq. (17) and the approximation error kf − ΦβkL
in Eq. (16). We
2 (dρ)
have, following a similar argument than the one of Bach (2013); El Alaoui and Mahoney
(2015) for column sampling, i.e., by a formulation using Σ − Σ̂ in terms of operators in an
appropriate way:
hf, (Σ̂ + λI)−1 f iL2 (dρ)

= hf, (Σ + λI + Σ̂ − Σ)−1 f iL2 (dρ)

−1
(Σ + λI)−1/2 f, I + (Σ + λI)−1/2 (Σ̂ − Σ)(Σ + λI)−1/2 (Σ + λI)−1/2 f

=

Thus, if (Σ + λI)−1/2 (Σ̂ − Σ)(Σ + λI)−1/2 < −tI, with t ∈ (0, 1), we have

= (1 − t)−1 hf, (Σ + λI)−1 f i

hf, (Σ̂ + λI)−1 f iL2 (dρ) 6 h(Σ + λI)−1/2 f, (1 − t)−1 (Σ + λI)−1/2 f iL2 (dρ)
L2 (dρ)
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6 (1 − t)−1 hf, Σ−1 f iL2 (dρ) 6 (1 − t)−1 .
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1
Moreover, we have shown (Σ̂ + λI)−1 4 1−t
(Σ + λI)−1 .
Thus, the performance depends on having (Σ + λI)−1/2 (Σ − Σ̂)(Σ + λI)−1/2 4 tI.
We consider the self-adjoint operators Xi , for i = 1, . . . , n, which are independent and
identically distributed:

Z

hϕ(v, ·), (Σ + λI)−1 ϕ(v, ·)iL2 (dρ)
q(v)dτ (v) 6 dmax .
q(v)




1
1 1 
(Σ + λI)−1/2 ϕ(vi , ·) ⊗L2 (dρ) (Σ + λI)−1/2 ϕ(vi , ·) ,
Xi = (Σ + λI)−1 Σ −
n
n q(vi )
Pn
so that our goal is to provide an upperbound on the probability that k i=1
Xi kop > t,
where k · kop is the operator norm (largest singular values). We use the notation
V

0, by construction of Xi ,

1 
dmax
1
(Σ + λI)−1 Σ 4 tr (Σ + λI)−1 Σ I 4
I,
n
n
n



1 1 
−
(Σ + λI)−1/2 ϕ(vi , ·) ⊗L2 (dρ) (Σ + λI)−1/2 ϕ(vi , ·)
n q(v )
i
1 1
dmax
2
−
(Σ + λI)−1/2 ϕ(vi , ·) L2 (dρ) I < −
I,
n q(vi )
n
dmax
as a consequence of the two previous inequalities.
n

d = tr Σ(Σ + λI)−1 =
We have
EXi =
Xi 4
Xi <
<
kXi kop 6
Moreover,

n
X

dmax
(Σ + λI)−1 Σ,
n
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dmax
dmax
and a trace less than
tr Σ(Σ + λI)−1 =
n
n

E(Xi2 ) 4

E(Xi2 )




 2 1
2
1 1 
(Σ + λI)−1/2 ϕ(vi , ·) ⊗L2 (dρ) (Σ + λI)−1/2 ϕ(vi , ·)
= E
− (Σ + λI)−1 Σ
n q(vi )
n




 2
1 1 
4 E
(Σ + λI)−1/2 ϕ(vi , ·) ⊗
(Σ + λI)−1/2 ϕ(vi , ·)
L
(dρ)
2
n q(vi )



hϕ(vi , ·), (Σ + λI)−1 ϕ(vi , ·)iL2 (dρ) 
−1/2
−1/2
= E
(Σ
+
λI)
ϕ(v
ϕ(vi , ·)
i , ·) ⊗L2 (dρ) (Σ + λI)
n2 q(vi )2


 1



dmax
dmax
(Σ + λI)−1/2 ϕ(vi , ·) ⊗L2 (dρ) (Σ + λI)−1/2 ϕ(vi , ·) = 2 Σ(Σ + λI)−1 .
E
n2
q(vi )
n
4

This leads to

i=1

with a maximal eigenvalue less than
d dmax
.
n

32

5/4

 (3/4)2 B/2

, and, if dmax > D, using n > Bdmax log CD,

6
6 · 16/9
,
61+
t2 log2 (1 + nt/dmax )
log2 1 + (3B/4) log(CD)

δ
Cd

2

6
6 · 16/9
.
61+
t2 log2 (1 + nt/dmax )
log2 1 + (3/4D)

Pn

(18)

33

λI)−1
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λI)−1 .

– We have seen that with high-probability, we have (Σ̂ +
4 4(Σ +
Note
that A 4 B does not imply in A2 4 B 2 (Bhatia, 2009, page 9) and that in general
we do not have (Σ̂ + λI)−2 4 C(Σ + λI)−2 for any constant C (which would allow
an improvement in the error by replacing λ by λ2 , and violate the lower bound of
Prop. 3).

– It may be possible to derive a similar result with a thresholding of eigenvalues in
the spirit of Zwald et al. (2004), but this would require Bernstein-type concentration
inequalities for the projections on principal subspaces.

By taking δ/2 instead of δ in the control of k i=1 Xi kop > t and in the Markov inequality
above, we have a control over kβk22 , tr Σ̂ and the approximation error, which leads to the
desired result in Prop 1. This will be useful for the lower bound of Prop. 3.
We can make the following extra observations regarding the proof:

i=1

1X
1
q(vi )−1 kϕ(vi , ·)k2L2 (dρ) = tr Σ̂ 6 tr Σ.
n
δ

n

B/2
In order to get a bound, we need (3/4)
> 1, and we can take B = 5. If we take C = 8,
5/4
6
then in order to have 1 + t2 log2 (1+nt/d ) 6 4, we can take D = 3/8. Thus the probability
max
is less than δ.
P
Finally, in order to get the extra bound on n1 ni=1 q(vi )−1 kϕ(vi , ·)k2L2 (dρ) , we consider
R
E tr Σ̂ = tr Σ = X k(x, x)dρ(x), and thus, by Markov’s inequality, with probability 1 − δ,

1+

while if dmax 6 D and n > 1,

1+

which is less then

Cdmax
We now consider t = 34 , δ ∈ (0, 1), and n > Bdmax log
, with appropriate constants
δ
B, C > 0. This implies that




2 B/2
t2 /2
(3/4)2 /2
δ  (3/4)5/4
Cdmax
exp −
6 exp −
6
B log
,
dmax /n(1 + t/3)
5/4
δ
Cdmax

Following Hsu et al. (2014), we use a matrix Bernstein inequality which is independent
of the underlying dimension (which is here infinite). We consider the bound of Minsker
(2011, Theorem 2.1), which improves on the earlier result of Hsu et al. (2012, Theorem 4),
that is:



 X


n
t2 /2
6
exp −
P
Xi
> t 6 2d 1 + 2
2
dmax /n(1 + t/3)
t log (1 + nt/dmax )
op
i=1
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5δ

i=1

i=1

i=1

i=1

n
X

(βj − βj 0 )i ψi

L2 (dρ)

2

6

i=1

X
n

34

i=1

X
n

r

i=1

6

√

4λ.

L2 (dρ)

−

i=1

n
X

(βj 0 )i ψi − fj 0

L2 (dρ)
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kψi k2L2 (dρ) 6 kβj − βj 0 k22 · n(2δ −1 tr Σ).

µs
/3.
4

(βj )i ψi − fj

L2 (dρ)

n
X

µs
/3 =
4

(βj − βj 0 )2i

r

−
L2 (dρ)

i=1

n
X
(βj )i ψi

p
> µs /4 − 2

L2 (dρ)

> fj − fj 0

Moreover, we have the bound

i=1

n
X
(βj − βj 0 )i ψi

This leads to, for any j 6= j 0 ∈ J,

fj −

Moreover, for any j 6= ∈ J, we have kf (θj ) − f (θj 0 )k2L2 (dρ) = µss kθj − θj 0 k22 > µ4s .
q
√
µs
We now assume that s is selected so that 4λ 6
4 /3. By applying the existence
results to all functions fj , j ∈ J, then there exists a family (βj )j∈J of elements of Rn , with
squared `2 -norm less than n4 , and for which, for all j,

j0

We first use the Varshamov-Gilbert’s lemma (see, e.g., Massart, 2003, Lemma 4.7). That
is, for any integer s, there exists a family (θj )j∈J of at least |J| > es/8 distinct elements of
{0, 1}s , such that for j 6= j 0 ∈ J, kθj − θj 0 k22 > 4s .
For each θ ∈ {0, 1}s , we define an element of F with norm less than one, as f (θ) =
√
µ Ps
√s
i=1 θi ei ∈ F, where (ei , µi ), i = 1, . . . , s are the eigenvector/eigenvalue pairs associs
ated with the s largest eigenvalues of Σ. We have, since µi > µs for i ∈ {1, . . . , s} and
kθk22 6 1:
s
s
s
µs X 2 −1 µs X 2 −1 1 X 2
kf (θ)k2F =
θi µi 6
θi µs 6
θi 6 1.
s
s
s

B.3 Proof of Prop. 3

λ = µm , then we have d(λ) 6 (1 + γ)m, which implies n > 5d(λ) log 16d(λ)
δ , and (b) is a
consequence of (a).

We start from the bound above, with the constraint n > 5d(λ) log 16d(λ)
δ . Statement (a) is
a simple reformulation of Prop. 1. For statement (b), if we assume m 6 5(1+γ)nlog 16n , and

B.2 Proof of Prop. 2

– We may also obtain a result in expectation, by using δ = 4λ/ tr Σ (which is assumed
to be less than 1), leading to a squared error with expectation less than 8λ as soon as
n > 5dmax (λ) log 2(tr Σ)dλmax (λ) . Indeed, we can use the bound 4λ with probability 1 − δ
and kf k2L2 (dρ) 6 tr Σ with probability δ, leading to a bound of 4λ(1 − δ) + δ tr Σ 6 8λ.
We use this result in Section 4.5.

Bach
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s

δµs
4·72 tr Σ

6

1√
,
12 2

. Given that we have to choose µs > 144λ for the result to hold,



s
1
1
4 · 72 tr Σ
+ log(2 + √ ) .
6n
log
8
2
δµs
12 2

q
δµs
=
∆.
Thus, es/8 is
Combining the last two inequalities, we get kβj − βj 0 k2 >
√72n tr Σ
less than the ∆-packing number of the ball of radius r = 2/ n, which q
is itself less than

4 log

(r/∆)n (2 + ∆/r)n (see, e.g., Massart, 2003, Lemma 4.14). Since ∆/r =
we have

This implies n >
tr Σ
+29
δµs

this implies the desired result, since 4 log(1440) > 29.
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We present a novel analysis of the dynamics of tensor power iterations in the overcomplete
regime where the tensor CP rank is larger than the input dimension. Finding the CP
decomposition of an overcomplete tensor is NP-hard in general. We consider the case where
the tensor components are randomly drawn, and show that the simple power iteration
recovers the components with bounded error under mild initialization conditions. We
apply our analysis to unsupervised learning of latent variable models, such as multi-view
mixture models and spherical Gaussian mixtures. Given the third order moment tensor,
we learn the parameters using tensor power iterations. We prove it can correctly learn the
model parameters when the number of hidden components k is much larger than the data
dimension d, up to k = o(d1.5 ). We initialize the power iterations with data samples and
prove its success under mild conditions on the signal-to-noise ratio of the samples. Our
analysis significantly expands the class of latent variable models where spectral methods
are applicable. Our analysis also deals with noise in the input tensor leading to sample
complexity result in the application to learning latent variable models.
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j∈[k]

T (I, x, x) :=
j,l∈[d]

X

xj xl T (:, j, l) ∈ Rd

2
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is a multilinear combination of tensor fibers, and k·k is the `2 norm operator. See Section 1.3
for an overview of tensor notations and preliminaries.
The tensor power iteration is a generalization of matrix power iteration: for matrix
M ∈ Rd×d , the power iteration is given by x ← M x/kM xk. Dynamics and convergence
properties of matrix power iterations are well understood (Horn and Johnson, 2012). On
the other hand, a theoretical understanding of tensor power iterations is much more limited.
Tensor power iteration can be viewed as a gradient descent step (with infinite step size),
corresponding to the problem of finding the best rank-1 approximation of the input tensor
T (Anandkumar et al., 2014c). This optimization problem is non-convex. Unlike the matrix
case, where the number of isolated stationary points of power iteration is at most the
dimension (given by eigenvectors corresponding to unique eigenvalues), in the tensor case,
the number of stationary points is, in fact, exponential in the input dimension (Cartwright
and Sturmfels, 2013). This makes the analysis of tensor power iteration far more challenging.
Despite the above challenges, many advances have been made in understanding the
tensor power iterations in specific regimes. When the components aj ’s are orthogonal to
one another, it is known that there are no spurious local optima for tensor power iterations, and the only stable fixed points correspond to the true aj ’s (Zhang and Golub, 2001;
Anandkumar et al., 2014c). Any tensor with linearly independent components aj ’s can
be orthogonalized, via an invertible transformation (whitening) and thus, its components
can be recovered efficiently. A careful perturbation analysis in this setting was carried out
in Anandkumar et al. (2014c).
The framework in Anandkumar et al. (2014c) is however not applicable in the overcomplete setting, where the tensor rank k exceeds the dimension d. Such overcomplete tensors
cannot be orthogonalized and finding guaranteed decomposition is a challenging open problem. It is known that finding CP tensor decomposition is NP-hard (Hillar and Lim, 2013).
In this paper, we make significant headway in showing that the simple power iterations can
recover the components in the overcomplete regime under a set of mild conditions on the
components aj ’s.

where

where ⊗ denotes the outer product. The minimum k for which the tensor can be decomposed
in the above form is called the (symmetric) tensor rank. Tensor power iteration is a simple,
popular and efficient method for recovering the tensor rank-one components aj ’s. The tensor
power iteration is given by
T (I, x, x)
x←
,
(2)
kT (I, x, x)k

CANDECOMP/PARAFAC (CP) decomposition of a symmetric tensor T ∈ Rd×d×d is the
process of decomposing it into a succinct sum of rank-one tensors, given by
X
λj aj ⊗ aj ⊗ aj , λj ∈ R, aj ∈ Rd ,
(1)
T =

1. Introduction

Anandkumar, Ge, and Janzamin

Tensor Power Method Dynamics in Overcomplete Regime

Overcomplete tensors also arise in many machine learning applications such as moments
of many latent variable models, e.g., multiview mixtures, independent component Analysis
(ICA), and sparse coding models, where the number of hidden variables exceeds the input
dimensions (Anandkumar et al., 2015). Overcomplete models often have impressive empirical performance (Coates et al., 2011), and can provide greater flexibility in modeling,
and are more robust to noise (Lewicki and Sejnowski, 2000). By studying algorithms for
overcomplete tensor decomposition, we expand the class of models that can be learnt efficiently using simple spectral methods such as tensor power iterations. Note there are other
algorithms for decomposing overcomplete tensors (De Lathauwer et al., 2007; Goyal et al.,
2013; Bhaskara et al., 2013), but they all require tensors of at least 4-th order and require
large computational complexity. Ge and Ma (2015) works for 3rd order tensor but requires
quasi-polynomial time. The main contribution of this paper is an analysis for the practical
power method in the overcomplete regime.
1.1 Summary of Results
We analyze the dynamics of third order tensor power iterations in the overcomplete regime.
We assume that the tensor components aj ’s are randomly drawn from the unit sphere. Since
general tensor decomposition is challenging in the overcomplete regime, we argue that this
is a natural first step to consider for tractable recovery.
We characterize the basin of attraction for the local optima near the rank-one components aj ’s. We show that under mild initialization condition, there is fast convergence to
these local optima in O(log log d) iterations. This result is the core technical analysis of this
paper stated in the following theorem.
Theorem 1 (Dynamics of tensor power iteration) Consider tensor T̂ = T + E such
that exact tensor T has rank-k decomposition in (1) with rank-one components aj ∈ Rd , j ∈
[k] being uniformly i.i.d. drawn from the unit d-dimensional sphere, and the ratio of maximum and minimum (in absolute value) weights λj ’s being constant. In addition, suppose
the perturbation tensor E has bounded spectral norm as
√
√ !
k
k
, where  < o
.
(3)
d
d
kEk ≤ 

Let tensor rank k = o(d1.5 ), and the unit-norm initial vector x(1) satisfy the correlation
bound
√
k
,
(4)
|hx(1) , aj i| ≥ dβ
d
w.r.t. some true component aj , j ∈ [k], for some β > (log d)−c for some universal constant
c > 0. After N = Θ (log log d) iterations, the tensor power iteration in (2) outputs a vector
having w.h.p. a constant correlation with the true component aj as |hx(N +1) , aj i| ≥ 1 − γ,
for any fixed constant γ > 0.
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As a corollary, this result can be used for learning latent variable models such as multiview mixtures. We show that the above initialization condition is satisfied using a sample
with mild signal-to-noise ratio; see Section 2 for more details on this.
3
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The above result is a significant improvement over the recent analysis by Anandkumar
et al. (2015, 2014a,b) for overcomplete tensor decomposition. In these works, it is required
for the initialization vectors to have a constant amount of correlation with the true aj ’s.
However, obtaining such strong initializations is usually not realistic in practice. On the
other hand, the initialization condition in (4) is mild, and decaying even when the rank k is
significantly larger than dimension d; up to k = o(d1.5 ). In learning the mixture model, such
initialization vectors can be obtained as samples from the mixture model, even when there
is a large amount of noise. Given this improvement, we combine our analysis in Theorem 1,
and the guarantees in Anandkumar et al. (2015, 2014a), proving that the model parameters
can be recovered consistently.

A detailed proof outline for Theorem 1 is provided in Section 3.1. Under the random
assumption, it is not hard to show that the first iteration of tensor power update makes
progress. However, after the first iteration, the input vector and the tensor components
are no longer independent of each other. Therefore, we cannot directly repeat the same
argument for the second step.

How do we analyze the second step even though the vector and tensor components are
correlated? The main intuition is to characterize the dependency between the vector and the
tensor components, and show that there is still enough randomness left for us to repeat the
argument. This idea was inspired by the analysis of Approximate Message Passing (AMP)
algorithms (Bayati and Montanari, 2010). However, our analysis here is very different in
several key aspects: 1) In approximate message passing, typically the analysis works in the
large system limit, where the number of iterations is fixed and the dimension goes to infinity.
Here we can handle a superconstant number of iterations O(log log d), even for finite d; 2)
Usually k is assumed to be a constant factor times d in the AMP-like analysis, while here
we allow them to be polynomially related.
1.2 Related Work

Tensor decomposition for learning latent variable models: In the introduction, some related
works are mentioned which study the theoretical and practical aspects of spectral techniques
for learning latent variable models. Among them, Anandkumar et al. (2014c) provide
the analysis of tensor power iteration for learning several latent variable models in the
undercomplete regime. Anandkumar et al. (2014a) provide the analysis in the overcomplete
regime and Anandkumar et al. (2014b) provide tensor concentration bounds and apply the
analysis in (Anandkumar et al., 2014a) to learning LVMs proposing tight sample complexity
guarantees.
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Learning mixture of Gaussians: Here, we provide a subset of related works studying
learning mixture of Gaussians which are more comparable with our result. For a more
detailed list of these works, see Anandkumar et al. (2014c); Hsu and Kakade (2013). The
problem of learning mixture of Gaussians dates back to the work by Pearson (1895). They
propose a moment-based technique that involves solving systems of multivariate polynomials
which is in general challenging in both computational and statistical sense. Recently, lots of
studies on learning Gaussian mixture models have been done improving both aspects which
can be divided to two main classes: distance-based and spectral methods.

4

2. Learning Multiview Mixture Model through Tensor Methods

sup
kuk=kvk=kwk=1

|T (u, v, w)|.

1. Compare with the matrix case where for M ∈ R

5

d×d

, we have M (I, u) = M u :=

T = λ · a ⊗ b ⊗ c ⇔ T (i, j, l) = λ · a(i) · b(j) · c(l),

j∈[d]

P

uj M (:, j).

(6)

6
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it takes the j-th state.
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if and only if

Note that ej ∈ Rk denotes the j-the basis vector in the k-dimensional space. The prior
probability for each hidden state is Pr[h = ej ] = λj , j ∈ [k]. For simplicity, in this paper we
assume all the λi ’s are the same. However, similar argument works even when the ratio of
maximum and minimum prior probabilities λmax /λmin is bounded by some constant.
The variables (views) zl ∈ Rd are related to the hidden state through factor matrix
A ∈ Rd×k such that
zl = Ah + ηl , l ∈ [p],

h = ej ∈ Rk

Consider an exchangeable multiview mixture model with k components and p ≥ 3 views; see
Figure 1. Suppose that hidden variable h is a discrete categorical random variable taking
one of the k states. It is convenient to represent it by basis vectors such that

2.1 Multiview Mixture Model

We proposed our main technical result in Section 1.1 providing convergence guarantees for
the tensor power iterations given mild initialization conditions in the overcomplete regime;
see Theorem 1. Along this result we provide the application to learning multiview mixtures
model in Theorem 2. In this section, we briefly introduce the tensor decomposition framework as the learning algorithm and then state the learning guarantees with more details
and remarks.

kT k :=

For third order tensor T ∈ Rd×d×d , the spectral (operator) norm is defined as

i∈[k]

where notation ⊗ represents the outer product and a, b, c ∈ Rd are unit vectors. A tensor
T ∈ Rd×d×d is said to have a CP rank at most k if it can be written as the sum of k rank-1
tensors as
X
λi ai ⊗ bi ⊗ ci , λi ∈ R, ai , bi , ci ∈ Rd .
(7)
T =

which is a multilinear combination of the tensor mode-1 fibers. Similarly T (u, v, w) ∈ R is a
multilinear combination of the tensor entries, and T (I, I, w) ∈ Rd×d is a linear combination
of the tensor slices.
A 3rd order tensor T ∈ Rd×d×d is said to be rank-1 if it can be written in the form

j,l∈[d]

Let [k] := {1, 2, . . . , k}, and kvk denote the `2 norm of vector v. We use Õ and Ω̃ to hide
polylog factors in asymptotic notations O and Ω, respectively.
Np d
R is a member of the outer
Tensor preliminaries: A real p-th order tensor T ∈
d
product of Euclidean spaces R . The different dimensions of the tensor are referred to as
modes. For instance, for a matrix, the first mode refers to columns and the second mode
refers to rows. In addition, fibers are higher order analogues of matrix rows and columns.
A fiber is obtained by fixing all but one of the indices of the tensor (and is arranged as a
column vector). For example, for a third order tensor T ∈ Rd×d×d , the mode-1 fiber is given
by T (:, j, l). Similarly, slices are obtained by fixing all but two of the indices of the tensor.
For example, for the third order tensor T , the slices along 3rd mode are given by T (:, :, l).
We view a tensor T ∈ Rd×d×d as a multilinear form. In particular, for vectors u, v, w ∈
Rd , we have 1
X
T (I, v, w) :=
vj wl T (:, j, l) ∈ Rd ,
(5)

1.3 Notation and Tensor Preliminaries

zp

In the rest of the paper, Section 2 describes how to apply our tensor results to learning
multiview mixture models. Section 3 illustrates the proof ideas, with more details in the
Appendix. Finally we conclude in Section 4.

···

Figure 1: Multiview mixture model.

z2

h

Distance-based methods impose separation condition on the mean vectors showing that
under enough separation the parameters can be estimated. Among such approaches, we
can mention Dasgupta (1999); Vempala and Wang (2002); Arora and Kannan (2005). As
discussed in the summary of results, these results work even if k > d1.5 as long as the
separation condition between means is satisfied, but our work can tolerate higher level
of noise in the regime of k = o(d1.5 ) with polynomial computational complexity. The
guarantees in (Vempala and Wang, 2002) also work in the high noise regime but need
higher computational complexity as polynomial in k O(k) and d.
In the spectral approaches, the observed moments are constructed and the spectral decomposition of the observed moments are performed to recover the parameters (Kalai et al.,
2010; Anandkumar et al., 2012, 2014b). Kalai et al. (2010) analyze the problem of learning
mixture of two general Gaussians and provide algorithm with high order polynomial sample
and computational complexity. Note that in general, the complexity of such methods grows
exponentially with the number of components without further assumptions (Moitra and
Valiant, 2010). Hsu and Kakade (2013) provide a spectral algorithm under non-degeneracy
conditions on the mean vectors and propose guarantees with polynomial sample complexity
depending on the condition number of the moment matrices. Anandkumar et al. (2014b)
perform tensor power iteration on the third order moment tensor to recover the mean vectors
in the overcomplete regime as long as k = o(d1.5 ), but need very good initialization vector
having constant correlation with the true mean vector. Here, we improve the correlation
level required for convergence.
z1
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Tensor Power Method Dynamics in Overcomplete Regime

Algorithm 1 Learning multiview mixture model via tensor power iterations
Require: 1) Third order moment tensor T ∈ Rd×d×d in (8), 2) n samples of z1 in multiview
(τ )
mixture model as z , τ ∈ [n], and 3) number of iterations N .
1
1: for τ = 1 to n do
(1)
(τ )
(τ )
2:
Initialize unit vectors xτ ← z1 / z1 .
3:
for t = 1 to N do
4:
Tensor power updates (see (5) for the definition of the multilinear form):


(t) (t)
T I, xτ , xτ

 ,
(9)
(t) (t)
T I, xτ , xτ
xτ(t+1) =

5:
end for
end for
n
o
(N +1)
return the output of Procedure 2 with input xτ
: τ ∈ [n] as estimates xj .

6:
7:

where zero-mean noise vectors ηl ∈ Rd are independent of each other and the hidden state
h. Given this, the variables (views) zl ∈ Rd are conditionally independent given the latent
variable h, and the conditional means are E[zl |h = ej ] = aj , where aj ∈ Rd denotes the j-th
column of factor matrix A = [a1 · · · ak ] ∈ Rd×k . In addition, the above properties imply
that the order of observations zl do not matter and the model is exchangeable. The goal
of the learning problem is to recover the parameters of the model (factor matrix) A given
observations.

j∈[k]

X

λj aj ⊗ aj ⊗ aj .

(8)

For this model, the third order2 observed moment has the form (Anandkumar et al.,
2014c)
E[z1 ⊗ z2 ⊗ z3 ] =

Hence, given third order observed moment, the unsupervised learning problem (recovering
factor matrix A) reduces to computing a tensor decomposition as in (8).
2.2 Tensor Decomposition Algorithm
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The algorithm for unsupervised learning of multiview mixture model is based on tensor
decomposition techniques provided in Algorithm 1. The main step in (9) performs tensor
power iteration;3 see (5) for the multilinear form definition. After running the algorithm
for all different initialization vectors, the clustering process from Anandkumar et al. (2015)
ensures that the best converged vectors are returned as the estimation of true components
aj .
2. It is enough to form the third order moment for our learning purpose.
3. This is the generalization of matrix power iteration to 3rd order tensors.

7
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Procedure 2 Clustering process (Anandkumar et al., 2015)
n
o
(N +1)
Require: Tensor T ∈ Rd×d×d , set S := xτ
: τ ∈ [n] , parameter ν.
1: while S is not empty do
2:
Choose x ∈ S which maximizes |T (x, x, x)|.
3:
Do N more iterations of (9) starting from x.
4:
Output the result of iterations denoted by x̂.
Remove all the x ∈ S with |hx, x̂i| > ν/2.
end while
5:

6:

2.3 Learning Guarantees

We assume a Gaussian prior on the mean vectors, i.e., the vectors aj ∼ N (0, Id /d), j ∈ [k]
are i.i.d. drawn from a standard multivariate Gaussian distribution with unit expected
square norm. Note that in the high dimension (growing d), this assumption is the same as
uniformly drawing from unit sphere since the norm of vector concentrates in the high dimension and there is no need for normalization. Even though we impose a prior distribution,
we do not use a MAP estimator, since the corresponding optimization is NP-hard. Instead,
we learn the model parameters through decomposition of the third order moments through
tensor power iterations. The assumption of a Gaussian prior is standard in machine learning
applications. We impose it here for tractable analysis of power iteration dynamics. Such
Gaussian assumptions have been used before for analysis of other iterative methods such as
approximate message passing algorithms, and there are evidences that similar results hold
for more general distributions; see (Bayati and Montanari, 2010) and references there.
As explained in the previous sections, we use tensor power method to learn the components aj ’s, and the method is initialized with observed samples zi . Intuitively, this initialization is useful since zi = Ah+ηi is a perturbed version of desired parameter aj (when h = ej ).
Thus, we present the result in terms of the signal-to-noise (SNR) ratio which is the expected
norm of signal aj (which is one here) divided by the expected norm of noise ηi , i.e., the
SNR in the i-th sample zi = aj + ηi (assumed h = ej ) is defined as SNR := E[kaj k]/E[kηi k].
This specifies how much noise the initialization vector zi can tolerate in order to ensure
the convergence of tensor power iteration to a desired local optimum. We now propose the
conditions required for recovery guarantees, and state a brief explanation of them.
Conditions for Theorems 2 and 3:
• Rank condition: k ≤ o(d1.5 ).

• The columns of A are uniformly i.i.d. drawn from unit d-dimensional sphere.

!
p
max{k, d}
,
d1−β
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• The noise vectors ηl , l ∈ [3], are independent of matrix A and each other. In addition,
the signal-to-noise ratio (SNR) is w.h.p. bounded as

SNR ≥ Ω

for some β ≥ (log d)−c for universal constant c > 0.

8

F

≤ ,
1





+ log log d .

9
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4. Note that this happens for component j with high probability when the number of initializations is
proportional to inverse prior probability corresponding to that mixture.

i∈[d]

See Section 3 for the proof.
The above theorems assume the exact third order tensor is given to the algorithm. We
provide the results given empirical tensor in Section 2.3.1.
Learning spherical Gaussian mixtures: Consider a mixture of k different Gaussian vectors with spherical covariance. Let aj ∈ Rd , j ∈ [k] denote the mean vectors and the
covariance matrices are σ 2 I. Assuming the parameter σ is known, the modified third order
observed moment
X
M3 := E[z ⊗ z ⊗ z] − σ 2
(E[z] ⊗ ei ⊗ ei + ei ⊗ E[z] ⊗ ei + ei ⊗ ei ⊗ E[z])

where the number of iterations of the algorithm is N = Θ log

Â − A

Theorem 3 (Learning multiview mixture model: recovering the factor matrix)
Assume the above conditions hold. The initialization of power iteration is performed by
samples of z1 in multiview mixture model. Suppose the tensor power iterations are at least
initialized once for each aj , j ∈ [k] such that z1 = aj +η1 .4 Then by using the exact 3rd order
moment tensor in (8) as input, the tensor decomposition algorithm outputs an estimate Â
(up to permutation of its columns) satisfying w.h.p. (over the randomness of the components
aj ’s)

In particular, for mildly overcomplete models, where k = αd for some constant α > 1,
the signal-to-noise ratio (SNR) is as low as Ω(d−1/2+ ), for any  > 0. Thus, we can learn
mixture models with a high level of noise. In general, we establish how the required noise
level scales with the number of hidden components k, as long as k = o(d1.5 ).
The above theorem states convergence to desired local optima which are close to true
components aj ’s. In Theorem 3, we show that we can sharpen the above result, by jointly
iterating over the recovered vectors, and consistently recover the components aj ’s. This
result also uses the analysis from Anandkumar et al. (2015).

Theorem 2 (Learning multiview mixture model: closeness to single columuns)
Consider a multiview mixture model (or a spherical Gaussian mixture) in the above settings
with k components in d dimensions. If the above conditions hold, then the tensor power
iteration converges to a vector close to one of the true mean vectors aj ’s (having constant
correlation).

The rank condition bounds the level of overcompleteness for which the recovery guarantees are satisfied. The random assumption on the columns of A are crucial for analyzing
the dynamics of tensor power iteration. We use it to argue there exists enough randomness left in the components after conditioning on the previous iterations; see Section 3.1
for the details. The bound on the SNR is required to make sure the given sample used
for initialization is close enough to the corresponding mean vector. This ensures that the
initial vector is inside the basin-of-attraction of the corresponding component, and hence,
the convergence to the mean vector can be guaranteed. Under these assumptions we have
the following theorem.

Tensor Power Method Dynamics in Overcomplete Regime

(2)

(n)

(i)

10

JMLR 18(22):1-40, 2017

• Let E1 := [η1 , η1 , . . . , η1 ] ∈ Rd×n , where η1 ∈ Rd is the i-th sample of noise
vector η1 . These noise matrices satisfy the following RIP property which is adapted
d×n satisfies a weak RIP condition such
from Candes and Tao (2006).

Matrix E1 ∈ R
d
that for any subset of O log2 d number of columns, the spectral norm of E1 restricted
to those columns is bounded by 2. The same condition is satisfied for similarly defined
noise matrices E2 and E3 .

(1)

For the multiview mixture model introduced in Section 2.1, let the noise vector ηl be
spherical, and ζ 2 denote the variance of each entry of noise vector. We now provide the
following recovery guarantees.
Additional conditions for Theorem 4:

i∈[n]

In the previous section, we assumed the exact third order tensor in (8) is given to the tensor
(i) (i) (i)
decomposition Algorithm 1. We now estimate the tensor given n samples z1 , z2 , z3 , i ∈
[n], as
1 X (i)
(i)
(i)
T̂ =
z1 ⊗ z2 ⊗ z3 .
(10)
n

2.3.1 Sample Complexity Analysis

which is the alternating asymmetric version of symmetric power iteration in (9). Here,
we alternate among different modes of the tensor. In addition, the initialization for each
mode of the tensor is appropriately performed with the samples corresponding to that
mode. Note that the analysis still works in the asymmetric version since there exists even
more independence relationships through the iterations of the power update because of
introducing new random matrices B and C.

Then, the guarantees in the above theorem can be extended to recovering the columns of
all three factor matrices A, B, and C with appropriate modifications in the power iteration
algorithm as follows. First the update formula (9) is changed as






(t)
(t)
(t)
(t)
(t)
(t)
T I, x2,τ , x3,τ
T x1,τ , I, x3,τ
T x1,τ , x2,τ , I
(t+1)
(t+1)
(t+1)



 ,
 , x2,τ =
 , x3,τ =
x1,τ =
(t)
(t)
(t)
(t)
(t)
(t)
T I, x2,τ , x3,τ
T x1,τ , I, x3,τ
T x1,τ , x2,τ , I

where λj is the probability of drawing j-th Gaussian mixture. The above guarantees can
be applied to learning mean vectors aj in this model with the additional property that the
noise is spherical Gaussian.
Learning multiview mixture model with distinct factor matrices: Consider the multiview
mixture model with different factor matrices where the first three views are related to the
hidden state as
z1 = Ah + η1 , z2 = Bh + η2 , z3 = Ch + η3 .

j∈[k]

has the tensor decomposition form (Hsu and Kakade, 2012)
X
λj aj ⊗ aj ⊗ aj ,
M3 =
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k/d .

+ ζ3

d1.5
+
n

r !

d
n
≤ min 

( √
)
k
, Õ(λmin ) ,
d
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√

• The number of samples n satisfies lower bound such that
!
!
r
r
√
d
d1.5
d
d
+ ζ2
+ λmax
+ λmax
n
n
n
n
ζ

where  < o

F

≤ Õ

√

k · kEk
λmin

!

,

(11)

Theorem 4 (Learning multiview mixture model) Consider the empirical tensor in
(10) as the input to tensor decomposition Algorithm 1. Suppose the above additional conditions are also satisfied. Then, the same guarantees as in Theorem 2 hold. In addition, the
same guarantees as in Theorem 3 also hold with the recovery bound (up to permutation of
columns of Â) changed as
Â − A

aj ⊗ aj ⊗ aj ,

1
aj ∼ N (0, Id ).
d

where E denotes the perturbation tensor originated from empirical estimation in (10), and
its spectral norm kEk is bounded by the LHS of (11).
See Section 3 for the proof.

3. Proof Outline

j∈[k]

Our main technical result is the analysis of third order tensor power iteration provided in
Theorem 1 which also allows to tolerate some amount of noise in the input tensor. We
analyze the noiseless and noisy settings in different ways. We basically first prove the result
for the noiseless setting where the input tensor has an exact rank-k decomposition in (1).
When the noise is also considered, we show that the contribution of noise in the analysis
is dominated by the main signal, and thus, the same result still holds. For the rest of this
section we focus on the noiseless setting, while we discuss the proof ideas for the noisy case
in Section 3.2.
We first discuss the proof of Theorem 3 which involves two phases. In the first phase,
we show that under certain small amount of correlation (see (13)) between the initial vector
and the true component, the power iteration in (2) converges to some vector which has
constant correlation with the true component. This result is the core technical analysis of
this paper which is provided in Lemma 5. In the second phase, we incorporate the result
of Anandkumar et al. (2015, 2014a) which guarantees the convergence of power iteration
(followed by a coordinate descent iteration) given initial vectors having constant correlation
with the true components. This is stated in Lemma 6.
To simplify the notation, we consider the tensor5
X
(12)
T =
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5. In the analysis, we assume that all the weights are equal to one which can be generalized to the case
when the ratio of maximum and minimum weights (in absolute value) are constant.
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Notice that this is exactly proportional to the 3rd order moment tensor of the multiview
mixture model in (8).
The following lemma is restatement of Theorem 1 in the noiseless setting.

|hx(N +1) , aj i| ≥ 1 − γ,

Lemma 5 (Dynamics of tensor power iteration, phase 1) Consider the rank-k tensor T of the form in (12). Let tensor rank k = o(d1.5 ), and the unit-norm initial vector x(1)
satisfies the correlation bound
√
k
|hx(1) , aj i| ≥ dβ
,
(13)
d
w.r.t. some true component aj , j ∈ [k], for some β > (log d)−c for some universal constant
c > 0. After N = Θ (log log d) iterations, the tensor power iteration in (2) outputs a vector
having w.h.p. a constant correlation with the true component aj as

for any fixed constant γ > 0.

The proof outline of above lemma is provided in Section 3.1. Next, we provide the
following lemma from Anandkumar et al. (2015) which provides the dynamics of tensor
power iteration when the initialization satisfies the constant correlation bound stated below.

Lemma 6 (Dynamics of tensor power iteration, phase 2) Consider the rank-k ten(1)
sor T of the form in (12) with rank condition k ≤ o(d1.5 ). Let the initial vectors xj satisfy
the constant correlation bound
(1)
|hxj , aj i| ≥ 1 − γj ,

F

≤ ,

w.r.t. true components aj , j ∈ [k], for some constants γj > 0. Let the output of the tensor
power updates6 in (2) applied to all these different initialization vectors after N = Θ log 1
iterations be stacked as columns of matrix Â. Then, we have w.h.p.7

Â − A

where the recovery error is up to permutation of columns of Â.

See Anandkumar et al. (2015) for the proof of above lemma. Given the above two
lemmas, the learning result in Theorem 3 is directly proved.
Proof of Theorem 3 The result is proved by combining Lemma 5 and Lemma 6. Note
that the initialization condition in (4) is w.h.p. satisfied given the SNR bound assumed.

Proof of Theorem 4 In Theorem 3, we provided the result given exact tensor by combining Lemmas 5 and 6. The only difference here is we are given an empirical estimate of the
tensor and we need to incorporate the effect of noise in the empirical input. We now use
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6. This result also needs an additional step of coordinate descent iterations since the true components are
not the fixed points of power iteration; see Anandkumar et al. (2015, 2014a) for the details.
7. Anandkumar et al. (2015, 2014a) recover the vector up to sign since they work in the asymmetric case.
In symmetric case it is easy to resolve sign ambiguity issue.
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√
8. The correlation between two unit Gaussian vectors in d dimensions is roughly 1/ d.

Intuitively, this vector should have roughly ha1 , x̃i = d2β dk2 correlation with a1 (as the other
terms are random
the norm of this vector
√ they don’t contribute much). On the other hand,
8 1/d, and the sum of k
is roughly O( k/d): this is because haj , xi2 for j 6= 1 is roughly
√
random vectors with length 1/d will have length roughly O( k/d). These
arguments can be
√
made precise showing the normalized version x̃/kx̃k has correlation d2β dk with a1 ensuring
progress in the first step.
Going forward: As we explained, the basic idea behind proving Lemma 5 is to characterize the conditional distribution of random Gaussian tensor components aj ’s given previous
iterations. In particular, we show that the residual independent randomness left in these
conditional distributions is large enough and we can exploit it to obtain tighter concentration bounds throughout the analysis of the iterations. The Gaussian assumption on the
components, and small enough number of iterations are crucial in this argument.
Notations: For two vectors u, v ∈ Rk , the Hadamard product denoted by ∗ is defined
as the entry-wise multiplication of vectors, i.e., (u ∗ v)j := uj vj for j ∈ [k]. For a matrix
A, let P⊥A denote the projection operator to the subspace orthogonal to column span of
A. For a subspace R, let R⊥ denote the space orthogonal to it. Therefore, for a subspace
R, the projection operator on the subspace orthogonal to R is equivalently denoted by PR⊥
or P⊥R . For a random matrix D, let D|{u = Dv} denote the conditional distribution of D

j∈[k]

First step: We first intuitively show the first step of the algorithm makes progress. Suppose
√
P
the tensor is T = j∈[k] aj ⊗aj ⊗aj , and the initial vector x has correlation |hx, a1 i| ≥ dβ dk
with the first component. The result of the first iteration is the normalized version of the
following vector:
X
x̃ =
haj , xi2 aj .

3.1 Proof Outline of Lemma 5 (Noiseless Case of Theorem 1)

F

The sample complexity requirement in (11) is then derived by imposing the error requirements in our noisy analysis of tensor power dynamics in Theorem 1 (see Equation (3)) and
the noisy analysis of Lemma 6 (see Theorem 1 of Anandkumar et al. (2015) where the
perturbation tensor E needs to be bounded as kEk ≤ Õ(λmin )). The final recovery error
on Â − A
is also from Theorem 1 of Anandkumar et al. (2015).

Theorem 1 that characterizes the effect of noise in first step (adapting Lemma 5 to noisy
setting), and Anandkumar et al. (2015) that provide the result of Lemma 6 in noisy setting.
In addition, the tensor concentration bound for multiview mixture model is analyzed in
Theorem 1 of Anandkumar et al. (2014b) (Lemma 56 in Anandkumar et al. (2015)) that
shows the error between empirical and exact tensors is bounded as
!
!
r
r
r !
√
d
d1.5
d
d
d1.5
d
kT̂ − T k ≤ ζ
+ ζ2
+ ζ3
.
+ λmax
+ λmax
+
n
n
n
n
n
n
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(d)

x̃(t+1) := A(y (t) )∗2 .

B (t,2) := B|{X [t+1] , Y [t] }.

(15)

14

JMLR 18(22):1-40, 2017

Thus, B (t,1) is the conditional distribution of B at the middle of tth iteration (before update
step x̃(t+1) = A(y (t) )∗2 ) and B (t,2) is the conditional distribution at the end of tth iteration
(after update step x̃(t+1) = A(y (t) )∗2 ). By analyzing the above conditional distributions, we
can characterize the left independent randomness in B.

B (t,1) := B|{X [t] , Y [t] },

Matrix B is randomly drawn with i.i.d. Gaussian entries Bij ∼ N (0, d1 ). As the iterations
proceed, we consider the following conditional distributions

Note that x̃(t+1) is the unnormalized version of x(t+1) := x̃(t+1) /kx̃(t+1) k, i.e., x̃(t+1) :=
T (I, x(t) , x(t) ). Thus, we need to jointly analyze the dynamics of all variables x(t) , y (t) and
(y (t) )∗2 . Define
h
i
h
i
X [t] := x(1) | . . . |x(t) , Y [t] := y (1) | . . . |y (t) .

y (t) := A> x(t) ,

where the multilinear form in (5) is used. Here, A = [a1 · · · ak ] ∈ Rd×k denotes the factor
matrix, and for vector y ∈ Rk , y ∗2 := y ∗ y ∈ Rk represents the element-wise square of
entries of y.
We consider the case where ai ∼ N (0, d1 I) are i.i.d. drawn and we analyze the evolution
of the dynamics of the power update. As explained earlier, for a given initialization x(1) ,
the update in the first step can be analyzed easily since A is independent of x(1) . However,
in subsequent steps, the updates x(t) are dependent on A, and it is no longer clear how to
provide a tight bound on the evolution of x(t) . In this work, we provide a careful analysis
by controlling the amount of “correlation build-up” by exploiting the structure of Gaussian
matrices under linear constraints. This enables us to provide better guarantees for matrix
A with Gaussian entries compared to general matrices A.
Intermediate update steps and variables:Before we proceed, we need to break down power
update in (2) and introduce some intermediate update steps and variables as follows. Recall
that x(1) ∈ Rd denotes the initialization vector. Without loss of generality, let us analyze
the convergence of power update to first component of rank-k tensor T denoted by a1 .
(1)
Hence, let the first entry of x(1) denoted by x1 be the maximum entry (in absolute value)
(1)
(1)
(1)
of x , i.e., x1 = kx k∞ . Let B := [a2 a3 · · · ak ] ∈ Rd×(k−1) , and therefore A = [a1 |B].
We break the power update formula in (2) into a few steps by introducing intermediate
variables y (t) ∈ Rk and x̃(t+1) ∈ Rd as

given linear constraints u = Dv. We also use equality notation = to denote the equivalence
in distribution.
Lemma 5 involves analyzing the dynamics of power iteration in (2) for 3rd order rank-k
(I,x,x)
can be written
tensors. For the rank-k tensor in (12), the power iterative form x ← kTT (I,x,x)k
as
∗2
A A> x(t)
x(t+1) =
(14)
∗2 ,
A A> x(t)
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3.1.1 Conditional Distributions
In order to characterize the conditional distribution of B under evolution of x(t) and y (t) in
(15), we exploit the following basic fact (see (Bayati and Montanari, 2010) for proof).
Lemma 7 (Conditional distribution of Normal matrices under linear condition)
Consider random matrix D with i.i.d. Gaussian entries Dij ∼ N (0, σ 2 ). Conditioned on
u = Dv with known vectors u and v, the matrix D is distributed as
(d) 1
D|{u = Dv} =
uv > + D̃P⊥v ,
kvk2

where random matrix D̃ is an independent copy of D with i.i.d. Gaussian entries D̃ij ∼
N (0, σ 2 ), and P⊥v is the projection operator on to the subspace orthogonal to v.
We refer to D̃P⊥v as the residual random matrix since it represents the remaining
randomness left after conditioning. It is a random matrix whose rows are independent
random vectors that are orthogonal to v, and the variance in each direction orthogonal to
v is equal to σ 2 .
The above Lemma can be exploited to characterize the conditional distribution of B
introduced in (15). However, a naive direct application using the constraint Y [t] = A> X [t]
is not transparent for analysis. The reason is the evolution of x(t) and y (t) are themselves
governed by the conditional distribution of B given previous iterations. Therefore, we need
the following recursive version of Lemma 7 which can be immediately argued by induction.
(d)

Corollary 8 (Iterative conditioning) Consider random matrix D with i.i.d. Gaussian

1
u(P⊥R v)> + P⊥C D̃P⊥{R,v} ,
k(P⊥R v)k2

entries Dij ∼ N (0, σ 2 ), and let F = P⊥C DP⊥R be the random Gaussian matrix whose
columns are orthogonal to space C and rows are orthogonal to space R. Conditioned on the
linear constraint u = Dv, where9 u ∈ C ⊥ , the matrix F is distributed as
(d)

F |{u = Dv} =

where random matrix D̃ is an independent copy of D with i.i.d. Gaussian entries D̃ij ∼
N (0, σ 2 ).
Thus, the residual random matrix P⊥C D̃P⊥{R,v} is a random Gaussian matrix whose
columns are orthogonal to C and rows are orthogonal to span{R, v}. The variance in any
remaining dimension is equal to σ 2 .
3.1.2 Form of Iterative Updates

9. We need that u ∈ C ⊥ , otherwise the event u = Dv is impossible.
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Now we exploit the conditional distribution arguments proposed in the previous section to
characterize the conditional distribution of B given the update variables x and y up to the
current iteration; recall (15) where B (t,1) is the conditional distribution of B at the middle
of tth iteration and B (t,2) at the end of tth iteration. Before that, we need to introduce some
more intermediate variables.

15
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Intermediate variables: We separate the first entry of y and (y)∗2 from the rest, i.e., we
have
(t)
(t)
y1 = a1> x(t) , y−1 = B > x(t) ∼ (B (t−1,2) )> x(t) ,
(t)

(t)

(t)

∈ Rk−1 ,

x̃(t+1) = (y1 )2 a1 + Bw(t) ∼ (y1 )2 a1 + B (t,1) w(t) ,
w(t) :=

(t,1)

(t,2)

where y−1 ∈ Rk−1 denotes y (t) ∈ Rk with the first entry removed. The update formula for
x̃(t+1) can be also decomposed as

where

(t)
(y−1 )∗2

(t−1,2) > (t)
v (t) := (Bres.
) x ,

is the new intermediate variable in the power iterations. Let Bres. and Bres. denote the
residual random matrices corresponding to B (t,1) and B (t,2) respectively, and

(t,1) (t)
u(t+1) := Bres.
w ,

(t)

where u(t) ∈ Rd and v (t) ∈ Rk−1 are respectively the part of x(t) and y−1 representing
the residual randomness after conditioning on the previous iterations. We also summarize
all variables and notations in Table 1 in the Appendix which can be used as a reference
throughout the paper.
Finally we make the following observations.

w(i) )>

w(i) )>

w(i) k2

W [i−1]

,

W [i−1]

kP⊥

W [t−1]

B̃P⊥

X u(i+1) (P⊥
X [t]

i∈[t−1]

x(i) k2

(t,1)
+ Bres.
,

(t,2)
+ Bres.
,

x(i) (v (i) )>

x(i) (v (i) )>

X [i−1]

X [i−1]

X [i−1]

kP⊥

X P⊥

P⊥

i∈[t]

+

+

(17)

(16)

Lemma 9 (Form of iterative updates) The conditional distribution of B at the middle
of tth iteration denoted by B (t,1) satisfies
(d)

B (t,1) =

(d)

(t,1)
Bres.
= P⊥

,

W [i−1]

u(i+1) (P⊥

kP⊥

W [t]

B 0 P⊥

w(i) k2

W [i−1]

kP⊥

X [i−1]

x(i) k2

(19)

(18)

where random matrix B̃ is an independent copy of B with i.i.d. Gaussian entries B̃ij ∼
N (0, d1 ). Similarly, the conditional distribution of B at the end of tth iteration denoted by
B (t,2) satisfies
!
i∈[t]

X [t]

(d) X

B (t,2) =

(d)

(t,2)
Bres.
= P⊥

0 ∼
where random matrix B 0 is an independent copy of B with i.i.d. Gaussian entries Bij
N (0, d1 ).
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The lemma can be directly proved by applying the iterative conditioning argument in
Corollary 8. See the detailed proof in the appendix.

16

δt ≤ kP⊥

X [t−1]

x(t) k ≤ 1,

t−1

x(t) i| ≤ ∆∗t dβ2

k
.
d

(20)

t−1

√
≥ d/ k, we have kξ (t) k = o(1).

).
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(t)

√
t−1
Notice that since when dβ2 ≥ d/ k, the main induction is already over and we know
x(t) is constant close to the true component, and thus, the noise is always small.
Proof idea: We now provide an overview of ideas for proving the above lemma; see
Appendix D for the complete proof which is based on an induction argument. We first

Note that when t is the first number such that dβ2

t−1

kξ (t) k ≤ Õ(dβ2

Then the noise vector ξ (t) at iteration t satisfies the `2 norm bound

Lemma 10 (Bounding norm of error) Suppose the spectral norm of the error tensor E
is bounded as
√
√
kEk ≤  k/d, where  < o( k/d).

Given rank-k random tensor T in (12), and a starting point x(1) , our analysis in the noiseless
setting shows that the tensor power iteration in (2) outputs a vector which will be close to
aj if x(1) has a large enough correlation with aj .
Now suppose we are given noisy tensor T̂ = T + E where E has some small norm. In
this case where the noise is also present, we get a sequence x̂(t) = x(t) + ξ (t) where x(t) is the
component not incorporating any noise (as in previous section11 ), while ξ (t) represents the
contribution of noise tensor E in the power iteration; see (21) below. We prove that ξ (t) is
a very small noise that does not change our calculations stated in the following lemma.

3.2 Effect of Noise in Theorem 1

where δt0 is of order 1/ polylog d and ∆0t is of order polylog d. Both δt0 and ∆0t only
depend on t and log d.

√
k
k
≤ kP⊥ [t−2] w(t−1) k ≤ ∆0t−1
,
W
d
d
1
kP⊥ [t−2] w(t−1) k∞ ≤ ∆0t−1 ,
W
d

√

X [t−1]

k
,
d

√

r
r
k
δt−1 k
≤ kv (t−1) k ≤ 2
,
2
d
d
√
√
0
δt−1 k
k
≤ ku(t) k ≤ 2∆0t−1
.
2 d
d

|ha1 , P⊥

t−1

|ha1 , x(t) i| ∈ [δt∗ , ∆∗t ]dβ2
√

The analysis for basis of induction and inductive step are provided in Appendix B.

4. Norm of u,v:

3. Progress:10
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10. Note that although the bounds on y−1 are argued at iteration t, the bound on the first entry of y (t)
(t)
denoted by y1 = ha1 , x(t) i is assumed here in the induction hypothesis at the end of iteration t − 1.
11. Note that there is a subtle difference between notation x(t) in the noiseless and noisy settings. In the
noiseless setting, this vector is normalized, while in the noisy setting the whole vector x̂(t) = x(t) + ξ (t)
is normalized.

0
δt−1

2. Length of Projection on w:

where δt is of order 1/ polylog d, and the value of δt only depends on t and log d.

1. Length of Projection on x:

Lemma 9 characterizes the conditional distribution of B given the update variables x and
y up to the current iteration; see (15) for the definition of conditional forms of B denoted
by B (t,1) and B (t,2) . Intuitively, when the number of iterations t  d, then the resid(t,1)
ual independent randomness left in B (t,1) and B (t,2) (respectively denoted by Bres. and
(t,2)
Bres. ) characterized in Lemma 9 is large enough and we can exploit it to obtain tighter
concentration bounds throughout the analysis of the iterations.
Note that the goal is to show that under t  d, the iterations x(t) converge to the
true component with constant error, i.e., |hx(t) , a1 i| ≥ 1 − γ for some constant γ > 0. If
this already holds before iteration t we are done, and if it does not hold, next iteration is
analyzed to finally achieve the goal. This analysis is done via induction argument. During
the iterations, we maintain several invariants to analyze the dynamics of power update.
The goal is to ensure progress in each iteration as in (20).
Induction hypothesis: The following are assumed at the beginning of the iteration t as
induction hypothesis; see Figure 2 for the scope of inductive step.

3.1.3 Analysis of Iterative Updates

Figure 2: Flow of the power update algorithm stating intermediate steps. Iteration t for
which the inductive step should be argued is also indicated.

update steps at iteration t

· · · → x(t) −→ y (t) −→ w(t) −→ x(t+1) −→ y (t+1) → · · ·

Tensor Power Method Dynamics in Overcomplete Regime

Tensor Power Method Dynamics in Overcomplete Regime

(21)

write the following recursion expanding the contribution of main signal and noise terms in
the tensor power iteration as


x(t+1) + ξ (t+1) = Norm T̂ (x(t) + ξ (t) , x(t) + ξ (t) , I)


= Norm T (x(t) , x(t) , I) + 2T (x(t) , ξ (t) , I) + T (ξ (t) , ξ (t) , I) + E(x̂(t) , x̂(t) , I) ,

k
d .

√

where for vector v, we have Norm(v) := v/kvk, i.e., it normalizes the vector. The first term
is the desired main signal and should have the largest norm, and the rest of the terms are
the noise terms. The third term is of order kξ (t) k2 , and hence, it should be fine whenever we
choose kEk to be small enough. The last term is O(kEk) and is the same for all iterations so
that is also fine. The problematic term is the second term, whose norm if we bound naively
√
is 2kξ (t) k. However the normalization factor also contributes a factor of roughly d/ k,
and thus, this term grows exponentially; it is still fine if we just do a constant number of
iterations, but the exponent will depend on the number of iterations.
In order to solve this problem, and make sure that the amount of noise we can tolerate is
independent of the number of iterations, we need a better way to bound the noise term ξ (t) .
The main problem here is we bound the norm of kT (x(t) , ξ (t) , I)k by kT kkξ (t) k ≤ O(ξ (t) ), by
doing this we ignored the fact that x(t) is uncorrelated with the components in T . In order
to get a tighter bound, we introduce another norm k·k∗ ; see Definition 21 for the exact form.
Intuitively, the norm k · k∗ captures the fact that x does not have a high correlation with
the components (except for the first component that
x will converge to), and gives a better
√
bound. In particular we have kT (x(t) , ξ (t) , I)k ≈ dk kξ (t) k2 . Therefore, the normalization
factor is compensated by the additional term

4. Conclusion
In this paper, we provide a novel analysis for the dynamics of third order tensor power
iteration showing convergence guarantees to vectors having constant correlation with the
tensor component. This enables us to prove unsupervised learning of latent variable models
in the challenging overcomplete regime where the hidden dimensionality is larger than the
observed dimension. The main technical observation is that under random Gaussian tensor
components and small number of iterations, the residual randomness in the components
(which are involved in the iterative steps) are sufficiently large. This enables us to show
progress in the next iteration of the update step. As future work, it is very interesting to
generalize this analysis to higher order tensor power iteration, and more generally to other
kinds of iterative updates.
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B

ξ (t)

x̂(t)

x̃(t)

y (t)

x(t)

A

Variable

Rd×(k−1)

Rd×(k−1)

Rd×(k−1)

Rd×(k−1)

Rd

Rd

Rd

Rk

Rd

Rd×k

Space

residual independent randomness left
in B (t,2) ; see Lemma 9.

residual independent randomness left
in B (t,1) ; see Lemma 9.

conditional distribution of B given
previous iterations at the end of tth
iteration (after update step
x̃(t+1) = A(y (t) )∗2 )

conditional distribution of B given
previous iterations at the middle of
tth iteration (before update step
x̃(t+1) = A(y (t) )∗2 )

matrix A := [a1 a2 · · · ak ] with first
column removed, i.e.,
B := [a2 a3 · · · ak ]. Note that the
first column a1 is the desired one to
recover.

Contribution of noise in tensor power
update given noisy tensor T̂ = T + E

noisy version of x(t)

unnormalized version of x(t)

intermediate variable in (14)

update variable in (14)

mapping matrix in (14)

Description

w(t) := (y−1 )∗2

see equation (19)

see equation (17)

B (t,2) = B|{X [t+1] , Y [t] }

B (t,1) = B|{X [t] , Y [t] }

n.a.

x̂(t) = x(t) + ξ (t) ; see (21)

x̂(t) = x(t) + ξ (t) ; see (21)

x̃(t+1) := A(y (t) )∗2

y (t) := A> x(t)

x(t+1) :=

n.a.

Recursion formula

Anandkumar, Ge, and Janzamin

Bres.

Rd×(k−1)

intermediate variable in update
formula (14)

u(t+1) := Bres. w(t)

B (t,2)

(t,1)

(t,2)

(d)

(t−1,2) > (t)
) x

(t,1)

(t)

A(y (t) )∗2
kA(y (t) )∗2 k

Bres.

Rk−1

part of x(t) representing the left
independent randomness

v (t) := (Bres.

(d)

w(t)

Rd

part of y−1 representing the left
independent randomness

B (t,1)

u(t)

Rk−1

(t)

v (t)

JMLR 18(22):1-40, 2017

Table 1: Table of parameters and variables. Superscript (t) denotes the variable at t-th
iteration.

20

h
i
X [t]\1 := x(2) | . . . |x(t) ,

y (t) = A> x(t) .

[t]

(1)

=

(t)

(t−1,2) > (t)
B x , . . . , v = (Bres.
) x ,
(1,1) (1)
(t)
(t−1,1) (t−1)
Bres. w , . . . , u = Bres. w
},

> (1)

+ BW [t−1] }

21
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Proof Notice that induction hypothesis for t = 1 only involves the bounds on kx(1) k and
ha1 , x(1) i as in Hypotheses 1 and 3, respectively. These bounds are directly argued by the
correlation assumption on the initial vector x(1) stated in (13) where δ1 = δ1∗ = ∆∗1 = 1.

Claim 1 (Basis of induction) The induction hypothesis is true for t = 1.

We first show that the hypothesis holds for initialization vector x(1) as the basis of induction.

B.1 Basis of Induction

In this section, we analyze the basis of induction and inductive step for the induction
argument proposed in Section 3.1.3 for the proof of Lemma 5.

Appendix B. Analysis of Induction Argument

where the second equivalence comes from the fact that B is matrix A with first column
removed. Now applying Corollary 8, we have the result. The distribution of B (t,2) follow
similarly.

u(2) =

= B|{v

(d)

)

[t−1] ∗2

= B|{Y−1 = B > X [t] , X̃ [t]\1 = a1 (Y1

(d)

B (t,1) = B|{Y [t] = A> X [t] , X̃ [t]\1 = A(Y [t−1] )∗2 }

(d)

We now make the following simple observations

Y [t]


>
[t] >
[t] >
= Y1
Y−1
.

and let the rows of Y [t] are partitioned as the first and the rest of rows as

Let

w(t) := (y−1 )∗2 ,

(t)

Rd×(k−1)

W

X

X

(t−1,2)

(22)

in (19), we

(t,1)

u(t+1) = P⊥

(d)

W [t−1]

B̃P⊥
22

X [t]

w(t) .
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(23)

Similarly, for u(t+1) := Bres. w(t) , and by applying the form of Bres. in (17), we have

(t,1)

where dim(W [t−1] ) = t − 1 is also used in the first step, and the last step is concluded from
Hypothesis 1. Finally, by concentration property of random Gaussian vectors, when t  d
we have with high probability
" r
r #
δt k
k
kv (t) k ∈
,2
.
2 d
d



 
h
i
k−t k−1
k−t
k
t
k
E kv (t) k2 =
·
· kP⊥ [t−1] x(t) k2 =
· kP⊥ [t−1] x(t) k2 ∈ δt2
1−
,
,
X
X
k−1
d
d
d
k
d

equality to the expansion of v (t) in (22), we have

Since random matrix
∈
is an independent copy of B with i.i.d. Gaussian entries
0 ∼ N (0, 1 ), we know v (t) is a random Gaussian vector in the subspace orthogonal to
Bij
d
W [t−1] . On the other hand, for any vector z ∈ Rd , we have
i
i
h
h
k−1
E kB 0> zk2 = z > E B 0 B 0> z =
kzk2 ,
d


(t)
where E B 0 B 0> = k−1
d I is exploited. Let z = P⊥ [t−1] x . Then, by applying the above

B0

(t−1,2)

r
r
δt k
k
≤ kv (t) k ≤ 2
,
2 d
d
√
√
δt0 k
k
≤ ku(t+1) k ≤ 2∆0t
.
2 d
d
Proof Recall that v (t) := (Bres. )> x(t) , and by applying the form of Bres.
have
(d)
v (t) = P⊥ [t−1] B 0> P⊥ [t−1] x(t) .

Claim 2 We have

We start by showing that the induction Hypothesis 4 holds at iteration t using the induction
Hypotheses 1 and 2 in the previous iteration.

B.2.1 Hypothesis 4

Assuming the induction hypothesis holds for all the values till the end of iteration t − 1
(stated in Section 3.1.3), we analyze the t-th iteration of the algorithm, and prove that
induction hypothesis also holds for the values at the end of iteration t. See Figure 2 where
the scope of iteration t and the flow of the algorithm is shown. In the rest of this section,
we pursue the flow of the algorithm at iteration t starting from computing y (t) and ending
up with computing x(t+1) to prove the desired induction hypothesis at iteration t.

Proof of Lemma 9 Recall that we have updates of the form

x̃(t+1) = A(y (t) )∗2 ,

B.2 Inductive Step
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Appendix A. Proof of Lemma 9
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(·)2

(t)

kP⊥R0 wk ≥
(t)

E[kzk2 ]
√ .
40 k

Lemma 12



0
∆t−1
0
δt−1

(t)

2

First we prove a bound on the infinity norm of y−1 :
(t)

t log d
√ + (t − 1)
δt d

Claim 3 (Upper bound on ky−1 k∞ ) We have
(t)

ky−1 k∞ ≤

x(i) , x(t) i
x(i) k2

≤

kP⊥

X [i−1]

addition, for v (i) , i < t, the coefficient is bounded as

hP⊥

X [i−1]

X [i−1]

kP⊥

24

1



1
√
d



W [t−1]

.

w(t) k∞ ⇒ kP⊥

x(i) k

≤

1
,
δi

w(t) k
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(25)

Proof We exploit the induction hypothesis to bound the `∞ norm of all the terms in the
(t)
expansion of y−1 in (24).
For the terms involving v (i) , since they are random Gaussian vectors with expected
√ d with high probability. In
square norm at most k/d, by Lemma 19 we know kv (i) k∞ ≤ log
d

1
√ = Õ
k

W [t−1]

Claim 3: ky−1 k∞ ==⇒ kw(t) k∞ ======⇒ kP⊥

(t)

δ2 √
E[kv (t) k2 ]
√
kP⊥
w(t) k ≥
≥ t k/d,
W [t−1]
160
40 k
p
where Hypothesis 4 gives lower bound kv (t) k ≥ δt /2 k/d (used in the second inequality).
By choosing δt0 = δt2 /160 the lower bound in Hypothesis 2 is proved.
Upper bound: In order to prove the upper bounds in Hypothesis 2, we follow the sequence
of arguments below:

Recall that w(t) := y−1 ∗ y−1 , and y−1 is expanded in (24) as sum of an arbitrary vector
and a random Gaussian vector. Applying above lemma with R = R0 = span(W [t−1] ), we
have with high probability

(t)

Let p ∈ Rk be an arbitrary vector, z ∈ Rk be a uniformly random Gaussian vector in the
space orthogonal to R, and finally w = (p + z) ∗ (p + z). Then with high probability, we have

k
.
16(log k)2
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" √
√ #
δt0 k
k
, 2∆t0
.
2 d
d

Lemma 11 Suppose R and R0 are two subspaces in Rk with dimension at most t ≤

Computing w(t) : In the next step of the algorithm at iteration t, w(t) is computed for
which we now argue if the induction hypothesis holds√ up to iteration t, both lower and
upper bounds at iteration t as kP⊥ [t−1] w(t) k ∈ [δt0 , ∆t0 ] dk (see induction Hypothesis 2) also
W
hold.
Lower bound: For the lower bound, intuitively the fresh random vector v (t) should bring
enough randomness into w(t) . We formulate that in the following lemma.

w(t) . Then, by applying the above

Since random matrix B̃ ∈ Rd×(k−1) is an independent copy of B with i.i.d. Gaussian entries
B̃ij ∼ N (0, d1 ), we know u(t+1) is a random Gaussian vector in the subspace orthogonal to
X [t] . On the other hand, for any vector z ∈ Rk−1 , we have
i
h
i
h
E kB̃zk2 = z > E B̃ > B̃ z = kzk2 ,
W [t−1]

h
i
where E B̃ > B̃ = I is exploited. Let z = P⊥

equality to the expansion of u(t+1) in (23), we have




h
i
t
k
d
−
t
k
, (∆t0 )2 2 ,
E ku(t+1) k2 =
· kP⊥ [t−1] w(t) k2 ∈ (δt0 )2 2 1 −
W
d
d
d
d

ku(t+1) k ∈

where dim(X [t] ) = t is also used in the first step, and the last step is concluded from
Hypothesis 2. Finally, by concentration property of random Gaussian vectors, when t  d
we have with high probability

B.2.2 Hypothesis 2

i∈[t−1]

Computing y (t) : In the first step of iteration t, the algorithm computes y (t) . By induction
t−1 √
(t)
Hypothesis 3, we know |y1 | = Θ̃(dβ2
k/d). The other coordinates of y (t) := A> x(t) are
(t)
y−1 = B > x(t) which conditioning on the previous iterations are equivalent (in distribution)
to
>

(t) (d)
y−1 = B (t−1,2) x(t)

>
!
X
u(i+1) (P⊥ [i−1] w(i) )> P⊥ [i−1] x(i) (v (i) )>
W
X
+
+ B (t−1,2)  x(t)
=
res.
kP⊥ [i−1] w(i) k2
kP⊥ [i−1] x(i) k2
W
X
i∈[t−1]

X   d2 
Θ̃
P⊥ [i−1] w(i) hu(i+1) , x(t) i + Θ̃(1)v (i) hP⊥ [i−1] x(i) , x(t) i + v (t) , (24)
W
X
k
=
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where form of B (t−1,2) in (18) is used in the second equality. The bounds on the norms
(t−1,2)
come from Hypotheses 1 and 2. The last term is by definition v (t) := (Bres. )> x(t) . Note
that differences in polylog factors in the (upper and lower) bounds in Hypotheses 1 and 2
are represented by notation Θ̃(·).
We will establish subsequently that if k > d, the terms involving v (i) ’s in the above
expansion dominate, and the terms involving P⊥ [i−1] w(i) ’s have norm of a smaller order;
W
see Claim 3.
23

W [i−1]

w(i) , i ∈ [t − 1], we have from Hypothesis 2 that the `∞

W

(t)

(27)

25
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Computing x(t+1) :
In the next step of iteration t, the algorithm computes x(t+1) . Conditioning on the
previous iterations, the unnormalized version x̃(t+1) is equivalent (in distribution) to

B.2.3 Hypothesis 1

Let R = span(W [t−1] ). Then the vectors P⊥ [i−1] w(i) /kP⊥ [i−1] w(i) k, i ∈ [t − 1] form a
W
W
basis for subspace R, and we know from Hypothesis 2 that the `∞ norm of each of these
∆0t−1
∆
basis vectors is bounded by √k for ∆ := δ0
which is of order polylog d. Applying above
t−1
lemma, we have
√
∆0
kP⊥ [t−1] w(t) k∞ ≤ kw(t) k∞ (1 + ∆ t − 1) ≤ t ,
W
d
where the last inequality uses bound (27), and appropriate choosing for ∆0t which is of order
polylog d and only depends on t and log d. This concludes the upper bound on the `∞ norm
in Hypothesis 2. The upper bound on
√ the `2 norm is also immediately argued using this
`∞ norm bound where an additional k factor shows up.

√
t0
kP⊥R pk∞ ≤ kpk∞ + kpk∆ √ .
k

Lemma 12 Suppose R is a subspace in Rk of dimension t0 , such that there is a basis
{r1 , . . . , rt0 } with kri k∞ ≤ √∆k and kri k = 1. Let p ∈ Rk be an arbitrary vector, then

Now we have the `∞ norm on w, however we need to bound the `∞ norm of the projected
vector P⊥ [t−1] w(t) . Intuitively this is clear as the vectors in the space W [t−1] all have small
W
`∞ as guaranteed by induction hypothesis. We formalize this intuition using the following
lemma.

Since w(t) := y−1 ∗ y−1 , the above claim immediately implies that
 
1
kw(t) k∞ ≤ Õ
.
d

(t)

Again bounds in Hypotheses 2 and 4 are exploited in the last inequality. Hence, the total
(t)
contribution from terms involving P⊥ [i−1] w(i) , i ∈ [t − 1] in ky−1 k∞ is bounded by (t −
W
 ∆ 0 2
1) δ0t−1 √1k .
t−1
Combining the above bounds finishes the proof.

W

norm is bounded as kP⊥ [i−1] w(i) k∞ ≤ ∆0i d1 . In addition, the corresponding coefficient is
W
bounded by
hu(i+1) , x(t) i
ku(i+1) k · kx(t) k
2∆0 d
≤
≤ 0 2i √ .
(26)
kP⊥ [i−1] w(i) k2
kP⊥ [i−1] w(i) k2
δi
k

For the terms involving P⊥

where the last step uses Hypothesis 1. Therefore, the total contribution from terms involving
(t)
√ d.
v (i) in ky−1 k∞ is bounded by δtt log
d
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(d)

i∈[t−1]

X

i∈[t−1]

X
(t)

w(i) k2

(i) )>

w(t) +
i∈[t]

i∈[t]

x(i) k2

x(i) (v (i) )>

X [i−1]

kP⊥

X [i−1]

X P⊥
w(t)

+ u(t+1) + (y1 )2 a1 ,

(t)

(t,1) (t)
+ Bres.
w + (y1 )2 a1
 2
X
d
Θ̃
u(i+1) hP⊥ [i−1] w(i) , w(t) i +
Θ̃(1)P⊥ [i−1] x(i) hv (i) , w(t) i
W
X
k

W [i−1]

kP⊥

⊥W [i−1] w

(28)

X [t]

x(t+1) k =

1
kP⊥ [t] x̃(t+1) k.
X
kx̃(t+1) k

(29)

d
10 ,

kx̃(t+1) k ≥

then we have whp
√
δt0 k
.
4 d

δt0 2 k
2 d2 .

26
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By Lemma 18, with high probability the desired bound holds.
Upper bound: The upper bound is argued in the following claim.

larger than

Note that the equality is concluded from expansion of x̃(t+1) in (28) where all the components of x̃(t+1) in the subspace span(X [t] , U [t] , a1 )⊥ is represented by u(t+1) . The vector
Pspan(X [t] ,U [t] ,a1 )⊥ u(t+1) is the projection of a random Gaussian vector u(t+1) in to a subspace
of dimention d−o(d). Hence it is still a random Gaussian vector with expected square norm

kx̃(t+1) k ≥ kPspan(X [t] ,U [t] ,a1 )⊥ x̃(t+1) k = kPspan(X [t] ,U [t] ,a1 )⊥ u(t+1) k.

Proof We have

Claim 4 If t ≤

√ 
Therefore, we first bound the norm of x̃(t+1) which turns out to be kx̃(t+1) k = Θ̃ dk as
argued in the following.
Lower bound: The lower bound on kx̃(t+1) k simply follows from the term u(t+1) , which
is an independent random Gaussian.

kP⊥

X

iterations. Given the normalization x(t+1) := x̃(t+1) /kx̃(t+1) k in each iteration, we have

where form of B (t,1) in (16) is used in the second equality. The bounds on the norms come
(t,1)
from Hypotheses 1 and 2. The last term is the definition of u(t+1) := Bres. w(t) . Note that
differences in polylog factors in the (upper and lower) bounds in Hypotheses 1 and 2 are
represented by notation Θ̃(·).
The goal is to prove Hypothesis 1 holds at t-th iteration (which is to show the desired
lower and upper bounds on kP⊥ [t] x(t+1) k) assuming induction hypothesis holds for earlier

=

=

(t)

u(i+1) (P

x̃(t+1) = B (t,1) w(t) + (y1 )2 a1

Anandkumar, Ge, and Janzamin

(t) 2

≤

(t)

2

kw(t) k
∆0
≤ 0t ,
δi
w(i) k
W [i−1]

(30)

x(i) k ≤ 1, but the coef-

(t)

Claim 6 We have

X [t]

x(t+1) k ≥ Θ̃

(t)



d
√
k



(t)

k
d

√ 

√
δt0 k
4 d

, we have

√ !
k
.
d

δt0
,
4

is also used. This finishes the proof that

kPspan(X [t] ,U [t] ,a1 )⊥ u(t+1) k ≥



log d
√
d

28



≤ Õ

t

√
k
.
d

t

k
,
d2

√ !
 
k
k
√
≤ Õ
,
d2
d d
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12. For two independent
random Gaussian vectors p, q ∈ Rd , we have with high probability hp, qi ≤ E[kpk] ·


√ d .
E[kqk] · O log
d

where the correlation bound between two independent random Gaussian vectors in Ω(d)dimension is used in the first inequality,12 Hypothesis 4 is exploited in the second inequality,
and finally last inequality is from assumption k > d. In addition, the coefficient associated

ha1 , u(i+1) i ≤ E[ku(i+1) k] · O

where the last part exploits induction Hypothesis 3 in the previous iteration.
For the terms involving u(i+1) , these vectors are random Gaussian vectors in a subspace
(with dimension Ω(d)), and therefore, we have with high probability

ha1 , (y1 )2 a1 i = (y1 )2 ∈ [(δt∗ )2 , (∆t∗ )2 ]dβ2

Proof We first show the correlation bound on the unnormalized version as ha1 , x̃(t+1) i.
Looking at the expansion of x̃(t+1) in (28), the correlation ha1 , x̃(t+1) i involves three types
(t)
of terms emerging from (y1 )2 a1 , u(i+1) and P⊥ (i−1) x(i) . In the following, we argue the
X
correlation from each of these terms where we observe that the correlation is dominated by
(t)
the term (y1 )2 a1 , and the rest of terms contribute much smaller amount.
(t)
For the term (y1 )2 a1 , we have

∗
∗
|ha1 , x(t+1) i| ∈ [δt+1
, ∆t+1
]dβ2

Finally we prove Hypothesis 3 at iteration t given earlier induction hypothesis. The first
part of the hypothesis is proved in the following claim.

B.2.4 Hypothesis 3

where the bound kPspan(X [t] ,U [t] ,a1 )⊥ u(t+1) k ≥
Hypothesis 1 holds.

kP⊥

Using (29) and the fact that kx̃(t+1) k = Θ̃

√ !
(∆0 )4
k
t−1
= Õ
0 )4 δ 2 (log d) d
(δt−1
t
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w(i) , w(t) i

√ 
k
d .

|hv (i) , w(t) i| ≤ O t3
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(t)

√ !
k
.
d

Lemma 13 Under the induction hypothesis (up to update step x̃(t+1) := A(y (t) )∗2 at iteration t), we have for i ∈ [t],

kx̃(t+1) k ≤ Õ

hx(t+1) , a1 i ≥ 1 − γ,

Claim 5 We have either
for some constant γ > 0 or

(t)

Proof Let x̃(t+1) in (28) be written as x̃(t+1) = z + (y1 )2 a1 where vector z ∈ Rd represents
(t)
all the other terms in the expansion. The analysis is done under two cases 1) (y1 )2 ≥ γ2 kzk
(t) 2

and 2) (y1 )2 < γ2 kzk for some constant γ > 0. Note that the left hand side is the norm of

(y ) a1 since
1
 ka1 k = 1, and
 in addition (y1 ) = hx , a1 i .
(t)
Case 1 (y1 )2 ≥ γ2 kzk : For the x(t+1) := x̃(t+1) /kx̃(t+1) k, we have
1
(t)
hx(t+1) , a1 i =
hz + (y1 )2 a1 , a1 i
(t)
kz + (y1 )2 a1 k
h
i
1
(t)
(y1 )2 − kzk
≥
(t)
kzk + (y1 )2
1−
≥ 1 − γ,
1+

≥

γ
2
γ
2

where triangle and Cauchy-Schwartz inequality are used in the first bound, and the second
(t)
inequality is concluded from assumption (y1 )2 ≥ γ2 kzk.


(t)
Case 2 (y1 )2 < γ2 kzk : We exploit the induction hypothesis to bound the norm of all

W [i−1]

w(i) k2

kP⊥

the terms in the expansion of x̃(t+1) in (28).
√
For the terms involving u(i+1) , i ∈ [t], we have ku(i+1) k ≤ 2∆i0 dk from Hypothesis 4 and
the argument for ku(t+1) k. In addition, for u(i+1) , i ∈ [t − 1], the coefficient is bounded as
hP⊥
W [i−1]

kP⊥

X [i−1]

where Cauchy-Schwartz inequality is used in the first bound, and the bound in Hypothesis 2
and (27) are exploited in the last inequality. Therefore, the total contribution from terms
√
2(t−1)∆t0 2 k
d .
δt0

x(i) , i ∈ [t], we have kP⊥

involving u(i+1) in kx̃(t+1) k is bounded by
X [i−1]

For the terms involving P⊥

x(i) in kx̃(t+1) k is bounded by Õ

ficient hv (i) , w(t) i needs
analysis to be bounded which is done in Lemma 13 say √ further

ing |hv (i) , w(t) i| ≤ Õ dk . This implies that the total contribution from terms involving
X [i−1]

P⊥
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Combining the above bounds and considering the assumption that the norm of (y1 )2 a1
in the expansion of x̃(t+1) is dominated bythe
norm of other terms argued above, the proof
√ 
is complete concluding that kx̃(t+1) k ≤ Õ dk .
27

(31)

30

log d
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29

Rt ≤ (log d)

√

≤ o(d),
JMLR 18(22):1-40, 2017

Proof Pick the number of steps to be t = (log log d)/2c4 , where c4 is the constant in
Lemma 15. Then, from Lemma 15 we have

0
Rt := max{1/δt , ∆0t−1 /δt−1
, ∆∗t /δt∗ }.

We know R1 = 1, and by the inductive step analysis we have the following polynomial
recursion property.

and the initial correlation is lower bounded by dβ dk (see (13)), then with high probability
the power method gets to a point that is constant close to the true component in Θ(log log d)
number of steps.

√

β ≥ (log d)−c5 ,

Corollary 16 There exists a universal constant c5 > 0 such that if

Using the above bound, we show in the following corollary that the δ and ∆ parameters
in the induction hypothesis are bounded by polylog factors of d even if the number of steps t
goes up to c log log d for small enough constant c. In addition, we show that if β ≥ (log d)−c5
for some constant c5 > 0, then the power method converges to a point x(t) which is constant
close to the true component.

where 2c4 ≥ (1 + c1 + c2 + c3 ) is used in the last inequality. This finishes the inductive step
and the result is proved.

Now we prove the result by the induction argument. Since c4 ≥ q, the basis of induction
c t
holds for R1 . As the inductive step, suppose Rt ≤ (log d)2 4 . Applying this to (31), we
have
c4 t
c4 (t+1)
Rt+1 ≤ (log d)(1+c1 +c2 +c3 )2 ≤ (log d)2
,

c4 ≥ max{q, log2 (1 + c1 + c2 + c3 )}.

Pick some q > 0 such that R1 ≤ (log d)2 , and pick some

q

Rt+1 ≤ Rt1+c1 +c2 +c3 .

Proof Without loss of generality assume c0 ≥ 1, c2 ≥ 1, c3 ≥ 1, and R1 ≥ log d. Given these
assumptions, we have Rt ≥ max{c0 , t, log d}, for t ≥ 1. Applying this to the assumption
Rt+1 ≤ c0 Rtc1 tc2 (log d)c3 , we have

for some constant c4 > 0 depending on c0 , c1 , c2 , c3 .

Lemma 15 Suppose Rt+1 ≤ c0 Rtc1 tc2 (log d)c3 where c0 , c1 , c2 , c3 are positive constants, and
we know R1 = 1. Then
c4 t
Rt ≤ (log d)2 ,

This claim follows from the proof of inductive step, where in every step the δ and ∆
parameters are bounded by polynomial functions of previous δ’s (∆’s), t, and log d.
We now solve this recursion as follows.

Claim 7 Rt+1 = poly(Rt , t, log d).

Anandkumar, Ge, and Janzamin

We know that if the number of iterations t is a constant, then the δ and ∆ parameters (i.e.,
δt , δt0 , ∆0t , δt∗ , ∆∗t ) in the induction hypothesis are bounded by polylog factors of d. Here, we
show that these parameters can be still bounded even when the number of steps is slightly
larger than a constant. Let

B.3 Growth Rate of δt , δt0 , ∆0t , δt∗ , ∆∗t

We apply this lemma with R = span(X [t] ), and the basis is√P⊥X [i−1] X (i) /kP⊥X [i−1] X (i) k.
t
By induction hypothesis ∆ in the lemma is at most ∆t∗ dβ2 k/d, let v = x(t+1) then this
gives the desired bound.
Let R = span(X [t] ). Then the vectors P⊥ [i−1] x(i) /kP⊥ [i−1] x(i) k, i ∈ [t] form a basis
X
X
for subspace R, and we know from Hypotheses 1 and
√ 3 that the correlation between these
t−1
k
∗
β2
basis vectors and a1 is bounded by ∆ := ∆t d
d . Applying above lemma, we have
√
√
k
t
|hP⊥ [t] x(t+1) , a1 i| ≤ |hx(t+1) , a1 i| + ∆ t ≤ ∆∗t+1 dβ2
,
X
d
where the last inequality uses the first part of Hypothesis 3 proved earlier in this section.
Note that ∆∗t+1 is a new polylog factor here.

Lemma 14 Suppose R is a subspace in Rd of dimension t0 , such that there is a basis
{r1 , . . . , rt0 } with |hri , a1 i| ≤ ∆ and kri k = 1. Let p ∈ Rd be an arbitrary vector, then
√
|hP⊥R p, a1 i| ≤ |hp, a1 i| + kpk∆ t0 .

To prove the last part of Hypothesis 3, we use the following lemma which is very similar
to Lemma 12.

with u(i+1) is bounded by ∆0t /δi0 argued in (30). Hence,
the total contribution from terms

involving u(i+1) in hx̃(t+1) , a1 i is bounded by Õ dk2 .
For the terms involving P⊥ [i−1] x(i) , by Hypothesis 3 we have
X
√
k
i−1
ha1 , P⊥ [i−1] x(i) i ≤ ∆∗i dβ2
.
X
d
√ 
In addition, the associated coefficient is bounded by Õ dk from Lemma 13. Hence, the to t−1 
tal contribution from terms involving P⊥ [i−1] x(i) in hx̃(t+1) , a1 i is bounded by Õ dβ2 dk2 .
X
Combining the above bounds implies


t k
|ha1 , x̃(t+1) i| ≤ Õ dβ2 2 .
d
√ 
(t+1)
Finally, using the bound on the norm of x̃
argued as kx̃(t+1) k = Θ̃ dk finishes the
proof.
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where the last inequality can be shown by taking the log of both sides. This says that the
analysis of inductive step still holds after such number of iterations.
Finally, by progress bound in (20), we can see that if β ≥ (log d)−c5 , then the power
method converges to a point x(t) which is constant close to the true component.

Appendix C. Auxiliary Lemmas for Induction Argument
In this section we prove the lemmas used in arguing inductive step in Appendix B.2.
We first introduce the following lemma proposing a lower bound on the singular value
of product of matrices.
Lemma 17 (Merikoski and Kumar 2004) Let C and D be k × k matrices. If 1 ≤ i ≤ k
and 1 ≤ l ≤ k − i + 1, then
σi (CD) ≥ σi+l−1 (C) · σk−l+1 (D),
where σj (C) denotes the j-th singular value (in decreasing order) of matrix C.
C.1 Properties of Random Gaussian Vectors

1
d I.

Then we have

We start with some basic properties of random Gaussian vectors. First as a simple fact,
the norm of a random Gaussian vector is concentrated as follows which is proved via simple
concentration inequalities.
Lemma 18 Let z ∈ Rd be a random Gaussian vector with E[zz > ] =
with high probability 12 ≤ kzk ≤ 2.

Next we show the `∞ norm of a Gaussian vector is small, even if it is projected on some
subspace.
Lemma 19 Let R be any linear subspace in Rd and z ∈ Rd be a random Gaussian vector
√ d.
with E[zz T ] = d1 I. Then we have with high probability kP⊥R zk∞ ≤ log
d
Proof Since P⊥R

√1 .
d
d
16(log d)2

and z ∈ Rd be

is a projection matrix, in particular the norm of its columns is bounded
with variance bounded by
coordinate is smaller than
union bound.

by 1. Hence, each entry of P⊥R z is a Gaussian random variable
1
d implying that with high probability the absolute value of each
log
√ d . Finally, the desired `∞ norm bound is argued by applying
d

We can also show that most of the entries are of size at least

Lemma 20 Let R be any linear subspace in Rd with dimension t ≤
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a random Gaussian vector with E[zz T ] = d1 I. Then we have with high probability at least
1
1/2 of the entries i ∈ [d] satisfy |(P⊥R z)i | ≥ 4√
.
d
31

Anandkumar, Ge, and Janzamin

Proof Since the entries of z are independent Gaussian random variables with standard
deviation √1d , we know with high probability at least 1/2 of the entries have absolute value

E[kzk2 ]
1
=
,
16(log d)2
16(log d)2

1
larger than 2√
. On the other hand, PR z is also a random Gaussian vector with expected
d
square norm bounded by

E[kPR zk2 ] ≤

where the assumption on the dimension of subspace R is used in the inequality.
By
√
Lemma 19 we know with high probability entries of PR z are bounded by 1/4 d. Now
P⊥R√z = z − PR z must have at least 1/2 of the entries with absolute value larger than
1/4 d.

(32)

Using the above lemmas, we can prove Lemma 11.
Proof of Lemma 11 Let z, z 0 be two independent samples of z, and w, w0 be the corresponding w vectors. We have

w − w0 = (p + z) ∗ (p + z) − (p + z 0 ) ∗ (p + z 0 ) = (2p + z + z 0 ) ∗ (z − z 0 ).

By properties of Gaussian vectors, z + z 0 , z − z 0 are two independent random Gaussian
vectors in the subspace orthogonal to R each with expected square norm 2E[kzk2 ]. We use
z1 := z + z 0 and z2 := z − z 0 to denote these two random Gaussian vectors.
Next, we show that with high probability

p
E[kzk2 ]
√
,
4 k

E[kzk2 ]
√ .
kP (w − w0 )k ≥
⊥
R0
20 k
√
1
Note that this implies the result of lemma as follows. Suppose kP⊥R0 wk < 40
E[kzk2 ]/ k
with probability δ. Since w0 is an independent sample, with probability δ 2 this
√ bound holds
1
for both w and w0 . When this happens, we have kP⊥R0 (w−w0 )k < 20
E[kzk2 ]/ k by triangle
inequality. Since we showed δ 2 is negligible, δ is also negligible.
First we sample z2 . Let R00 = span(R0 , p ∗ z2 ). Then by expansion of w − w0 in (32), we
have

kP⊥R0 (w − w0 )k = kP⊥R0 2(p ∗ z2 ) + (z1 ∗ z2 ) k ≥ kP⊥R00 (z1 ∗ z2 )k = kP⊥R00 Diag(z2 )P⊥R z1 k,
(33)
where the inequality is concluded by ignoring the component along p ∗ z2 direction. The
last equality is from13 u ∗ v = Diag(u) · v (for two vectors u and v), and the assumption
that z1 = z + z 0 is in the subspace orthogonal to R. For the matrix P⊥R00 Diag(z2 )P⊥R , we
have14



σk/4 P⊥R00 Diag(z2 )P⊥R ≥ σk/2 (Diag(z2 )) · σ7k/8 (P⊥R ) · σ7k/8 P⊥R00 ≥

where the first inequality is from Lemma 17, and the last step is argued as follows. By
Lemma 18, with high probability z2 has square norm at least E[kz2 k2 ]/2 = E[kzk2 ], and
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13. For vector u, Diag(u) denotes the diagonal matrix with u as its main diagonal.
14. Recall that σl (A) denotes the l-th singular value (in decreasing order) of matrix A.
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0

t
X

0

w(i1 ) ∗ P⊥
W [i2 −1]

log d (∆0t−1 )2
≤ 2k √
,
d2
d

W [i1 −1]

w(i2 ) i ≤ k · kv (i) k∞ · kP⊥

w(i1 ) ∗ P⊥
W [i2 −1]

w(i2 ) k∞

(∆0t−1 )4 log d
√ .
0 )4
(δt−1
d

W [i1 −1]

w(i1 ) k∞ · kv (i) ∗ v (i2 ) k1 ≤ kP⊥

W [i1 −1]

w(i1 ) k∞ ·

W [i1 −1]

w(i1 ) i,
k
kv (i) k2 + kv (i2 ) k2
≤ 4∆0t−1 2 ,
2
d

w(i1 ) ∗ v (i2 ) i = hv (i) ∗ v (i2 ) , P⊥

(34a)

d
√ .
k

34
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C.3 Bounding Correlation Between v and w
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(34b)

We are only left with Lemma 13. The main difficulty in proving this lemma is that the
later steps are dependent on the previous steps. In the proof we show the dependency is
bounded and in fact we can treat them as independent.
(t)
(t)
(t)
Proof of Lemma 13 Recall w(t) = y−1 ∗ y−1 , and y−1 is specified in (24). We now expand
(t)
the Hadamard product in w and bound all the resulting O(t2 ) terms.

Hence, the total contribution from such terms is bounded by
√
(∆0t−1 )2
k
8t2
.
0
δt−1 (δt−1 )2 d

2∆0t−1
0
(δt−1 )2 δt−1

where the last inequality is concluded from Hypotheses 2 and 4. In addition, the corresponding coefficient is bounded by (see (25) and (26), and note that both i1 , i2 < t)

kP⊥

which can be bounded as

W [i1 −1]

hv (i) , P⊥

The second type of terms has the form

8t2

Hence, the total contribution from such terms is bounded by

where kv (i) k∞ is bounded by Lemma 19, and `∞ norm of other vector is bounded by
induction Hypothesis 2. In addition, the corresponding coefficient is bounded by (see (26),
and note that both i1 , i2 < t)
4(∆0t−1 )2 d2
0 )4 k .
(δt−1

W [i1 −1]

hv (i) , P⊥

The first type of terms has the form hv (i) , P⊥ [i1 −1] w(i1 ) ∗ P⊥ [i2 −1] w(i2 ) i, which can be
W
W
bounded as

Anandkumar, Ge, and Janzamin

The third type of terms has the form hv (i) , v (i1 ) ∗ v (i2 ) i, with coefficient bounded by
2
1/δt−1
(see (25)). For bounding these inner products, we need to use the fact that they are
random Gaussian vectors, however the main difficulty is that they are correlated (if i > j,
then the subspace that v (i) is in that depends on v (j) ). To resolve this difficulty, we treat
v (i) ∈ Rk−1 as projection of n(i) ∈ Rk−1 into subspace orthogonal to W [t−1] , where n(i) ’s
are independent Gaussian vectors in the full k − 1 dimensional space. Independent of the
ordering of i, i1 , i2 , we have with high probability
√ !
k
(i) (i1 )
(i2 )
√
hn , n
∗n i≤O
,
d d

Lemma 12 is very similar.
Proof of Lemma 12 This lemma essentially follows from Lemma 14, because `∞ norm
is just the maximum inner-product to a basis vector. More specifically, the above lemma is
applied for all a1 = ej , j ∈ [k], where ej denotes the j-th basis vector in Rk .

The first step is triangle inequality and the third is Cauchy-Schwartz.

√
≤ |hp, a1 i| + ∆kpk t0 .

i=1

v
u t0
u X
≤ |hp, a1 i| + ∆tt0
hp, ri i2

i=1

|hp, ri i|

|hp, ri iha1 , ri i|

t
X

i=1

≤ |hp, a1 i| + ∆

|hP⊥R p, a1 i| ≤ |hp, a1 i| +

In this part we prove some basic properties of projections. Intuitively, if the whole subspace
has small inner-product with some vector, then the projection of an arbitrary vector to the
orthogonal subspace should not change the inner-product with that particular vector by too
much. This is what we stated in Lemma 14 and prove it here.
P0
Proof of Lemma 14 We have P⊥R p = p − ti=1 hp, ri iri , and therefore

C.2 Properties of Projections

which finishes the proof by applying (33).

√
E[kzk2 ]
therefore, by Lemma 20 at least k/2 of its entries have absolute value larger than 4√k .
Therefore, we can restrict attention to the space spanned by the k/4 top singular vectors.
In addition, within this subspace we have with high probability kz1 k2 ≥ E[kzk2 ]/8, and
hence,
E[kzk2 ]
√ ,
kP⊥R00 Diag(z2 )P⊥R z1 k ≥
20 k
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Basis of induction: For t = 1, x(1) is the initialization vector and thus, ξ (1) = 0. Hence,
the proposed bound holds for the basis of induction t = 1.
Inductive step: Assuming the inductive hypothesis holds for step t, we prove it also
holds for step t + 1. We have


x(t+1) + ξ (t+1) = Norm T̂ (x(t) + ξ (t) , x(t) + ξ (t) , I)


= Norm T (x(t) , x(t) , I) + 2T (x(t) , ξ (t) , I) + T (ξ (t) , ξ (t) , I) + E(x̂(t) , x̂(t) , I) .

Anandkumar, Ge, and Janzamin

t−1

kqk2 ≤ Õ(dβ2

36

t

).

t

√

k/d),
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where we use the sub-multiplicative property in the first inequality, and the assumption on
the norm of error tensor E in the lemma, and the fact that kx̂(t) k = 1 are exploited in the
second inequality.

where the first inequality uses the sub-multiplicative property, and the second inequality
exploits the bounded norm of random tensor T as kT k ≤ O(1),
√and the induction hypothesis
in t-th step. The final inequality uses the assumption  < o( k/d) in the lemma.
The fourth term E(x̂(t) , x̂(t) , I) has `2 norm bounded by
√
kE(x̂(t) , x̂(t) , I)k ≤ kEkkx̂(t) k2 ≤  k/d,

kT (ξ (t) , ξ (t) , I)k ≤ kT kkξ (t) k2 ≤ Õ(dβ2 2 ) ≤ Õ(dβ2

where the inequality is from the signal and noise induction hypotheses; see Equation (20)
for the signal induction hypothesis.
The third term T (ξ (t) , ξ (t) , I) has `2 norm bounded as



t√
kpk = 2|hx(t) , a1 i| · |hξ (t) , a1 i| ≤ Õ dβ2 k/d ,

where we also used the induction hypothesis kξ (t) k ≤ Õ(dβ2
For p, we have

t−1

form from the rest of components.
√
√
For q, we apply Lemma 22. Note that since kx(t) kB ∗ ≤ Õ(1/ d), we get an extra 1/ d
factor in the bound provided by Lemma 22, and therefore we have
√
k/d),

2T (x(t) , ξ (t) , I) = 2hx(t) , a1 ihξ (t) , a1 ia1 + 2T 0 (x(t) , ξ (t) , I) =: p + q,
P
where T 0 := j>1 aj ⊗aj ⊗aj . Here p := 2hx(t) , a1 ihξ (t) , a1 ia1 corresponds to the multilinear
form from first component of T , and q := 2T 0 (x(t) , ξ (t) , I) corresponds to the multilinear

The first term T (x(t) , x(t) , I) corresponds to main signal; recall that x(t+1) = Norm(T (x(t) ,
x(t) , I)) in the noiseless
setting, where the unnormalized version x̃(t+1) := T (x(t) , x(t) , I) has
√
norm at least Ω̃( k/d) which is argued in the induction argument for Hypothesis 1. We
now bound the desired property of noise terms in the above expansion.
For the second term, we break it into two terms as

(35)

since it is a sum of k − 1 independent mean-0 entries each with variance d13 . On the other
hand, from Hypothesis 4, we have E[kv (i) k2 ] ≤ 4 kd , and since vector n(i) − v (i) is in the
subspace W [t−1] with dimension t, we have
 
 
4k
t
t
·
,
=O
E[kn(i) − v (i) k2 ] ≤ O
k
d
d
p
and therefore, we have with high probability kn(i) − v (i) k ≤ O( t/d) for all i ∈ [t − 1].
Using this, the difference between hn(i) , n(i1 ) ∗ n(i2 ) i and hv (i) , v (i1 ) ∗ v (i2 ) i can be bounded
as
√ !
k
|hn(i) , n(i1 ) ∗ n(i2 ) i − hv (i) , v (i1 ) ∗ v (i2 ) i| ≤ O (log k)t √
,
d d

where the right hand side is the bound on the dominant term in the expansion of difference
as
|hn(i) , (n(i1 ) − v (i1 ) ) ∗ (n(i2 ) − v (i2 ) )i| ≤ kn(i) k · k(n(i1 ) − v (i1 ) ) ∗ (n(i2 ) − v (i2 ) )k
r !
 
k
t
≤ O (log k)
·O
d
d
√ !
k
= O (log k)t √
.
d d

(34c)

Here, the first inequality is the Cauchy-Schwartz, and the second inequality is from bound
on the norm of random Gaussian vector n(i) , and the bound on the norm of difference
vectors n(i1 ) − v (i1 ) stated earlier. Hence, the total contribution from such terms is bounded
by
√ !
log k k
√
.
O t3 2
δt−1 d d

Taking the sum of all the terms in (34a)-(34c) gives the desired bound.

Appendix D. Additional Arguments for Noise Analysis
We first formally define norm k · k∗ which was discussed in proof outline in Section 3.2.
Definition 21 (Norm k · k∗ ) Given a matrix A = [a1 a2 · · · ak ] ∈ Rd×k , for any vector
u ∈ Rd , the norm kukA∗ is defined as
kukA∗ = max |hai , ui|.
i∈[k]
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This norm satisfies a property shown in Lemma 22 which enables us to argue that ξ (t) is
small enough as stated in Lemma 10.
We now provide the proof of main lemma for noise analysis.
Proof of Lemma 10 We prove this by an induction argument.
35

37

kukB∗ =1,kvk=kwk=1

sup

T 0 (u, v, w) .
JMLR 18(22):1-40, 2017

Since aj ’s are zero-mean random Gaussian vectors, we have ηj aj ∼ aj , and thus, the new
T 0 has the same distribution as the original one. We now first sample vectors aj ’s, and this
already makes the norm k·kB∗ well-defined. In addition, the value of ηj ’s does not change the
singular values of A or B. Also note that since aj ’s are zero-mean random Gaussian vectors
with expected norm 1, they
√ also satisfy with high probability the incoherence condition
such that |hai , aj i| ≤ Õ(1/ d) for all i 6= j. Thus, we condition on all these fixed events,
and the only remaining random variables are just the ηj ’s.
The proposed statement in the lemma is equivalent to bounding

j>1

Proof We prove this lemma along similar ideas provided in the proof of Anandkumar et al.
(2015, Claim 5) (Anandkumar et al. (2014b, Claim 1)). Let A := [a1 , . . . , ak ] ∈ Rd×k , and
ηj ’s be independent random ±1 variables with Pr[ηj = 1] = 1/2. We rewrite tensor T 0 as
X
T0 =
ηj aj ⊗ aj ⊗ aj .
(37)

Lemma on the property of k · k∗ norm defined in Definition 21:
P
Lemma 22 Consider a random tensor T =
j ⊗ aj where aj ’s are zeroj∈[k] aj ⊗ aP
mean random Gaussian with expected unit norm. Let T 0 = j>1 aj ⊗ aj ⊗ aj and B :=
[a2 , a3 , . . . , ak ] ∈ Rd×(k−1) . Then with high probability, for any vectors u, v such that
kukB ∗ ≤ 1 and kvk2 ≤ 1, we have
p

k/d .
kT 0 (u, v, I)k2 ≤ Õ

which is derived by combining the bounds we argued on the second, third
and fourth terms.
√
t
Note that until the very last step we always have dβ2 ≤ o(d/ k) (otherwise we are
constantly close to the true component, and we are done). In this case the norm of z is
negligible compared to α since kzk ≤ o(α), and thus, the normalization factor is equal to
kαx(t+1) + zk = α(1 ± o(1)). Therefore, after the normalization, we have the
√ noise vector
ξ (t+1) = α0 x(t+1) + βz, where |α0 | ≤ kzk/α ≤ o(1) and |β| ≤ 2/α ≤ Õ(d/ k), hence we
t
know kξ (t+1) k ≤ Õ(dβ2 ).
For the last step of the induction,
the norm of T (x(t) , x(t) , I) is √
also larger (it has norm
√
t
β2
2
d k/d , which is larger than k/d for the last step). Since  < o( k/d) we still know the
noise is negligible.
j>1

X

ηj hu, aj ihv, aj ihw, aj i,

j∈L

38
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where the second step uses the fact that |hu, aj i| ≤ 1, the third step exploits CauchySchwartz inequality, and the last step uses bound kBL k ≤ 2. Notice that matrix B is
already sampled before we do the ε-net argument, and therefore, we do not need to do
union bound over all u, v, w for this event.
Since we assume the overcomplete regime k ≥ d, the bound on |SLc | is dominant which
finishes the proof.

j∈L

k log 1/δ·polylog d

have |SLc | ≤
for the fixed point in the ε-net. By choosing small enough
d
δ = exp(−Cd log d) (where C is large enough constant), we can apply the union bound
p on
the ε-net, and conclude that for all the vectors in the net, |SLc | is smaller than Õ( k/d)
with high probability.
Bounding |SL |: Since the columns of matrix B are random Gaussian vectors, it satisfies
the RIP property with high probability (see Remark 3 in Anandkumar et al. (2014b) for the
precise definition of RIP), and thus by the definition of RIP and Lemma 3 in Anandkumar
et al. (2014b), we have kBL k ≤ 2 where BL is the sub-columns of matrix B specified by set
L.
We now have
X
X
|SL | ≤
|hu, aj i| · |hv, aj i| · |hw, aj i| ≤
|hv, aj i| · |hw, aj i| ≤ BL> v · BL> w ≤ 4,

and the rest are the small terms forming SLc . Note that |hu, aj i| ≤ 1 since kukB∗ = 1.
Bounding |SLc |: Since the variables are bounded in this summation corresponding to
small terms, we
√ use Bernstein’s inequality, and thus with probability at least 1 − δ, we

n
√
√ o
L := j ∈ {2, 3, . . . , k} : |hv, aj i| ≥ log d/ d ∨ |hw, aj i| ≥ log d/ d ,

which is a sum of independent random variables; recall that the randomness is from ηj ’s,
and aj ’s are already sampled and thus they are fixed here. We partition the above sum into
large and small terms as T 0 (u, v, w) = SL + SLc such that the summation SL is the sum of
large terms including terms in set

T 0 (u, v, w) =

In order to bound it, we provide an -net argument. We construct an -net such that
for any vector u ∈ Rd with unit k · kB ∗ norm, there is a vector u0 in the net such that
kB > (u − u0 )k ≤ 1/k 2 . We also construct standard ε-net for vectors u, w ∈ Rd with unit `2
norm. By standard construction, this ε-net has size exp(O(d log d)). We now show that for
all u in -net with unit k · kB∗ norm,
and all v, w in -net with unit `2 norm, the desired

p
bound |T 0 (u, v, w)| ≤ Õ
k/d holds with high probability. Then for the other vectors
(u, v, w) not in the ε-net, the result follows from their closest points in the net.
Now for a fixed triple (u, v, w) in the ε-net, we have

Summarizing the above calculations on different terms of the update in (35), the signal
plus noise vector before normalization is

T (x(t) , x(t) , I) + 2T (x(t) , ξ (t) , I) + T (ξ (t) , ξ (t) , I) + E(x̂(t) , x̂(t) , I) =: αx(t+1) + z,
√
where α is a coefficient which is lower bounded as α ≥ Ω̃( k/d). The vector z also satisfies
t√
kzk ≤ Õ(dβ2 k/d),
(36)
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There exist relatively few general purpose Machine Learning libraries for use in the Java
ecosystem. Weka is one of the only such libraries in this domain, and one of the oldest and
most used in general. It seems that more modern and efficient libraries, such as Scikit-learn
(Pedregosa et al., 2011), have been developed in every language but Java. While a number
of distributed libraries, such as MLlib (Meng et al., 2016), exist in the Java ecosystem,
their focus precludes the inclusion of many algorithms that do not scale out. These tools
may add needless overhead and complexity for datasets and tasks that can be solved with
a single machine. This leaves a void in the Java ecosystem for a tool that is both easy
for developers, relatively fast, and allows more flexibility for researchers to develop and
compare new algorithms.
JSAT attempts to fill this void. It is written in Java 6 and has no dependencies, making it easy to integrate into any Java project without conflict. Many common “bread and
butter” algorithms, such as k-means, Random Forest, and SVMs are implemented with
multiple different solvers. In every case one or more classical implementations is included,
such as Platt’s SMO algorithm for SVMs, that can be used as a baseline for correctness
and comparison for researchers developing new solutions and to ensure performance is respectable compared to common baselines. Popular and more efficient algorithms, such as
the algorithms for Linear-SVM and L1 regularized Logistic-Regression used in LIBLINEAR
(Fan et al., 2008) are provided—as well as less common but advantageous solutions, such
as accelerated k-means algorithms. JSAT is not limited to exact solvers like SMO, and
includes many faster approximations such as the Projectron and BSGD.
Collectively, JSAT includes numerous algorithms for classification and regression (over
70), clustering (18), feature selection and engineering (over 20), visualization (5), and the

1. Introduction

Java Statistical Analysis Tool (JSAT) is a Machine Learning library written in pure Java.
It works to fill a void in the Java ecosystem for a general purpose library that is relatively
high performance and flexible, which is not adequately fulfilled by Weka (Hall et al., 2009)
and Java-ML (Abeel et al., 2009). Almost all of the algorithms are independently implemented using an Object-Oriented framework. JSAT is made available under the GNU GPL
license here: https://github.com/EdwardRaff/JSAT.
Keywords: java, machine learning, open source, java library, machine learning software.

Editor: Geoff Holmes
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JSAT includes a wide breadth of algorithms, allowing for comparison against many other
approaches in a unified framework. Comparisons also become more meaningful as all al-

14.5
29.2
8.35%
8.53%

LIBLINEAR
SVM by DCD newGLMNET

Table 1: Training time (in seconds) on MNIST

303
139
11.1%
11.5%

C45

2.1 For Researchers

Other Time
JSAT Time
Other Error
JSAT Error

Platt SMO

JSAT has a number of features in its implementation and design to try and balance ease of
use for users, and the development of new algorithms by researchers. Both of these tasks
benefit from a certain level of performance in terms of run-time, which JSAT strives to
achieve for all algorithms. A small benchmark on MNIST is given in Table 1, where JSAT
is compared against the same algorithm in other libraries, with JSAT adjusted to match the
default parameters used by others. Error rate was measured from one run on the standard
training and testing split of MNIST. JSAT’s performance is generally better than Weka
and BudgetedSVM (Djuric et al., 2013), and more mixed when compared to LIBLINEAR.
That the latter two are written in C/C++ is important to demonstrate that Java code can
perform on a similar level while offering the benefits of the Java platform and ecosystem.
JSAT’s large collection of algorithms also allows for better efficiency by selecting the most
appropriate algorithm. For example, when using the accelerated k-means algorithm from
Elkan (2003), JSAT becomes 170 times faster with respect to Weka’s implementation. All
of these numbers are for single-threaded executions, and JSAT supports multi-threaded
execution of many algorithms, more so than Weka and many other libraries.

2. Features

tools for implementing them. These counts do not include cases where many algorithms are
covered by a single class. For example, the NNChainHAC class provides O(n2 ) hierarchical
clustering for any Lance Williams dissimilarity. This also includes a number of algorithms
that are useful but not widely available—be it in Java or any other language. Some examples include a multi-class generalization of the popular Passive Aggressive classifier and
the Adaptive Multi-Hyperplane Machine (AMM). Almost all code in JSAT has been implemented independently by the author based on the original papers, rather than porting
other implementations. The three primary interfaces in JSAT are Classifier, Regressor,
and Clusterer for the three primary tasks JSAT supports. Each interface defines the
API for learning and inference, with extension interfaces for specializes abilities, such as
an UpdateableClassifier for online learning. JSAT also has interfaces related to warm
starting, change detection, text processing, building/querying metric spaces, loss functions,
and optimization. JSAT comes out to about 202k lines of code, compared to 707k for Weka
and just under 190k lines for Scikit-learn.1
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gorithms are on an equal footing of speed, avoiding the need for alternative comparison
metrics when using multiple libraries. Compared to Python, developing in Java can be a
benefit for any algorithm that is not easy to implement in a vectorized approach, which is
necessary for performance in most interpreted languages.
For high level implementations, JSAT includes the L-BFGS and OWL-QN solvers, requiring only the implementation of the desired objective function and its gradient to be
used. It’s also common to implement one’s algorithm via SGD for efficiency, and JSAT
provides common variants such as Nestrov Momentum SGD, Adam, and RMSprop.
When using lower level linear algebra constructs, JSAT continues to use an ObjectOriented approach. This allows for simple and common tricks to be added to an implementation by changing only the initialization of the object. For example the ScaledVector
object allows one to implement the common trick for updating a vector by a scalar in constant time presented in Shalev-Shwartz et al. (2007). This works with both sparse and dense
vectors. Similar objects exist for a vector shifted by a constant, keeping track of the 2-norm
of a vector, or implicitly constructing the degree-2 polynomial expansion of the vector.
We also borrow the concept of the kcentroid from Dlib (King, 2009), called KernelPoint
in JSAT. This object represents the result of performing math in the space induced by using the kernel trick. The object itself approximates the result with a compact solution by
projecting new vectors to a basis set. JSAT extends it to support multiple strategies, such
as the specialized merged result for the RBF kernel from Wang et al. (2010). This allows
for a single piece of code to switch between multiple different approximation methods for
implementing a kernelized algorithm. A KernelPoints further extends the concept to multiple kernelized weight vectors backed by a single set of basis vectors, which is useful for
multi-class algorithms.
At the lowest level, JSAT includes interfaces for continuous and discrete probability
distributions, and implementations of more specialized math functions such as the digamma
function. Faster, but less accurate, implementations of common math functions are provided
as well so authors may optimize their algorithms further. Useful tools are included at this
level, such as a generic object for implementing functions via continued fractions.
2.2 For Developers / Users

JMLR 18(23):1-5, 2017

Building Machine Learning-based solutions often revolves around parameter tuning and
trying multiple different algorithms to see which obtains the best performance. Based on
this fact, JSAT attempts to make this process simpler for both novices as well as experts.
All data in JSAT is represented with a DataSet class, of which specialized instances exist for label-less, classification, and regression datasets—making the goal explicit by the
type system. The creation of test and validation sets are simply one function call, for example List<DataSet> splits = dataset.randomSplit(0.7, 0.2, 0.1) will split a dataset
into 3 subsets, with 70% for training, 20% for validation, and 10% for testing. Any number
of ratios could be given, and it would return as many sets. It can also be used for selecting
a random subset by passing in just one value less than 1.
Explicit classification and regression model evaluation objects exist to either use preselected test sets or perform cross validation. Each support the use of an arbitrary number
of evaluation metrics for their respective types, which can be passed in as objects. This
3
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includes common metrics such as AUC, Fβ score, Precision, Recall, and others. These
metrics, as well as many of the algorithms in JSAT, support weighted data instances.

Listing 1: Loading a dataset and performing a parameter search in JSAT

Cl a s sif icati onDa t aS et dataset = LIBSVMLoader . loadC ( new
File ( " diabetes . libsvm " ) ) ;
List < ClassificationDataSet > splits = dataset . randomSplit (0.75 , 0.25) ;
Cl a s sif icati onDa t aS et train = splits . get (0) , test = splits . get (1) ;
PlattSMO model = new PlattSMO ( new RBFKernel () ) ; // have data , now pick model
RandomSearch search = new RandomSearch (( Classifier ) model , 3) ;
search . autoAddParameters ( train ) ; // automatically find parameters to tune
search . trainC ( train ) ; // build model & tune parameters
C l a s s i f i c a t i o n M o d e l E v a l u a t i o n cme = new
C l a s s i f i c a t i o n M o d e l E v a l u a t i o n ( search . get T rai n edC l as si f ier () , train ) ;
cme . evaluateTestSet ( test ) ; // evaluate tuned model
System . out . println ( " Tuned Error rate : " + cme . getErrorRate () ) ;

Built upon these is a framework for model evaluation, currently supporting the classic
Grid-Search approach and the Random-Search method (Bergstra and Bengio, 2012). Setting
the search parameters and their ranges is both cumbersome from a coding standpoint, and
difficult for novice users. To alleviate this issue, every object with tunable parameters in
JSAT may specify a distribution for each parameter it wants included in the search. This
is done with respect to an input dataset, and the methods are discovered through Java’s
reflection mechanism. This allows JSAT to automatically populate the search parameters
with reasonable values, even when the user may not have properly normalized their data.
An abridged example of this is provided in Listing 1. In this example, the RBF kernel will
automatically be searched over a wider space since the data has not been normalized into
the [−1, 1] range, a common issue overlooked by beginners (Hsu et al., 2003). It also has
the benefit of being concise, and does not need to be changed when the algorithm used
changes. When desired, the user can manually specify the searched parameters and values.
The GridSearch object also has additional logic for models that can be warm-started
in their training. The warm-start interface indicates the main parameter that warm-starts
should be based off of—automatically making use of this functionality for faster training.
This is also helpful for building regularization paths, as is common with L1 regularized
models (Schmidt et al., 2009). This is an improvement over many packages that support
warm-starting for some models, but require explicit cross validation objects for each algorithm.

3. Conclusion and Future Plans

JSAT has a wide breadth in the algorithms and tools it makes available to users and
researchers, and fills a vital performance need while maintaining a relatively small code
base. Future development goals are to further refine the API for consistency and ease of
use. A move to Java 8 is planned, and will be used to perform more significant refactoring.
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P
We start with notations. First, denote ||v||q := ( vjq )1/q , q > 0 for the `q (pseudo) norm
of any vector v and kvk0 = limq→0 ||v||q for its cardinality. The data consist of a matrix of
predictors Xn×p = (X (1) X (2) ... X (p) ) and a response vector Yn×1 . WLOG, X is centered
and scaled and Y is centered as well. We are mainly interested in the case p > n. The

2. Description of the problem

The rest of the paper is organized as follows. Section 2 presents the concept of minimal
class of models and the notations. Section 3 describes a search algorithm for relevant models,
and gives motivation for the sequential use of the lasso and the elastic net when calculating
scores for the predictors. Section 4 investigates the performance of the suggested search
algorithm in simulation studies and then Section 5 illustrates data analysis using a minimal
class of models in two examples. Section 6 suggests a short discussion. Technical proofs
and supplementary data are provided in the appendix.

In order to find these models, we implement a search algorithm that uses simulated
annealing (Kirkpatrick et al., 1983). The suggested algorithm is provided with a “score”
for each predictor. We suggest to get these scores using a multi–step procedure that implements both the lasso and the elastic net (Zou and Hastie, 2005) (and then the lasso again).
Multi–step procedures in the high–dimensional setting have drawn some attention and were
demonstrated to be better than the standard lasso (Zou, 2006; Bickel et al., 2010).

In the high–dimensional setting, the task of finding the true model might be too ambitious, if meaningful at all. Only in certain situations, which could not be identified in
practice, model selection consistency is guaranteed. Even in the classical setup, with more
observations than predictors, there is no model selection consistent estimator unless further
assumptions are fulfilled. This leads us to present a different objective. Instead of searching
for a single “true” model, we aim to present a number of possible models a researcher should
look at. Our goal, therefore, is to find potentially good prediction models. In short, we
suggest to find the best models for each small model size. Then, by looking at these models
one may reach interesting conclusions regarding the underlying problem. Some of these, as
we demonstrate in applications, can be concluded using statistical reasoning, but most of
these should be reasoned by a subject matter expert.

The lasso estimator (Tibshirani, 1996), which solves the problem of minimizing prediction error together with an `1 –norm penalty, is possibly the most popular method to
address this problem, since it results in a sparse estimator. Various algorithms are available
to compute this estimator (e.g., Friedman et al., 2010). The theoretical properties of the
lasso have been thoroughly researched in the past 15 years. For the high–dimensional problem, prediction rates were established in various manners (Greenshtein and Ritov, 2004;
Bunea et al., 2006; Bickel et al., 2009; Bunea et al., 2007; Meinshausen and Yu, 2009). The
capability of the lasso to choose the correct model depends on the true coefficient vector and
the matrix of the predictors (Meinshausen and Bühlmann, 2006; Zhao and Yu, 2006; Zhang
and Huang, 2008). However, the underlying assumptions are typically rather restrictive,
and cannot be checked in practice.

regression estimator could have been used. Unfortunately, it is not known. Even worse, the
natural relevant discrete optimization problem is usually not computationally feasible.

Nevo and Ritov

High–dimensional statistical problems have been arising as a result of the vast amount
of data gathered today. A more specific problem is that estimation of the usual linear
regression coefficients vector cannot be performed when the number of predictors exceeds
the number of observations. Therefore, a sparsity assumption is often added. For example,
the number of regression coefficients that are not equal to zero is assumed to be small. If
it was known in advance which predictors have non zero coefficients, the classical linear

1. Introduction

Keywords. Model Selection; High–dimensional Data; Lasso; Elastic Net; Simulated Annealing

Model selection consistency in the high–dimensional regression setting can be achieved
only if strong assumptions are fulfilled. We therefore suggest to pursue a different goal,
which we call a minimal class of models. The minimal class of models includes models
that are similar in their prediction accuracy but not necessarily in their elements. We
suggest a random search algorithm to reveal candidate models. The algorithm implements
simulated annealing while using a score for each predictor that we suggest to derive using a
combination of the lasso and the elastic net. The utility of using a minimal class of models
is demonstrated in the analysis of two data sets.
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underling model is Y = Xβ 0 +  where n×1 is a random error, E() = 0, V () = σ 2 I, I is
the identity matrix.
Denote S ⊆ {1, ..., p} for a set of indices of X. We call S a model. We use s = |S| to
denote the cardinality of the set S. Denote also S0 := {j : β 0 6= 0} and s0 = |S0 | for the
true model, and its size, respectively. For any model S, we define XS to be the submatrix
of X which includes only the columns specified by S. Let β̂SLS be the usual least squares
(LS) estimator corresponding to a model S, that is,

Minimal Class of Models
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||β||0 = κ.

(1)

4
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One could control how similar the models in G = G n are to each other in terms of prediction,
using the tuning parameter η. A reasonable choice is η = cσ 2 with some c > 0. If σ 2 is
unknown, it could be replaced with an estimate, e.g., using the scaled lasso (Sun and Zhang,
2012). An alternative to G is to generate the set of models by simply choosing for each κ
the M models having the lowest sample mean square error (MSE), for some number M .
The LS estimator, β̂SLS , minimizes the sample prediction error for any model S with size
s ≤ n. Thus, this estimator is used for each of the considered models.
In practice, oneSmay find G for a few values of κ, e.g., κ = 1, ..., 10, and then examines
k
the pooled results, j=1
G(j, η). Alternatively, the empirical MSE n−1 ||Y − XS β̂SLS ||22 in the

where βS0? minimizes E||Y − XS βS ||22 . Note that G0n depends on n, similarly to the way
the true model has been considered previously (Greenshtein and Ritov, 2004; Meinshausen
and Bühlmann, 2006; Zhao and Yu, 2006). In fact, if p > n then, necessarily, p grows with
n and, at the least, new potential predictors are added; the size of G0n may also change.
Clearly, G0n is unknown. However, at a first sight, it is unclear how to refer to this set. Even
when carrying out model selection, one hardly treats the true model as a parameter, even
though it can be looked as such. In terms of inference, in simple, low dimensional, models,
likelihood ratio tests can be used in some frequentist cases, or posterior probabilities for
the Bayesians. More generally, model selection criteria, such as AIC (Akaike, 1974) or BIC,
are typically used, without assigning formal statistical tools to address uncertainty. In this
sense, the true minimal class of models is some type of a weak equivalence class, with respect
to the true model S0 . Given η, it answers the following question. Are there additional
models, other than S0 , that can be considered satisfactory? If the answer is yes, which
are these models? Existence of alternative models may help researchers to question the
strength of certain conclusions. Furthermore, when high–dimensional regression is used as
part of a pilot study to determine which predictors should be measured regularly, alternative
models may be compared in terms of cost. On the other hand, if there are multiple models
explaining the data in a satisfactory manner, is there such a thing as the true model? If
not, then conceptual concerns may arise. We further discuss these and related important
issues in Section 6.
From a practical point of view, it would be useful to consider instead a sample version
of G0n , G n (κ, η), defined as
n
o
1
1
2
G n (κ, η) = S : |S| = κ & ||Y − XS β̂SLS ||22 ≤ min { ||Y − XS 0 β̂SLS
(6)
0 ||2 } + η .
n
|S 0 |=κ n

|S 0 |=κ

n
o
G0n = S : |S| = κ & E||Y − XS βS0? ||22 ≤ min E||Y − XS 0 βS0?0 ||22 } + η .

and references therein. However, these methods are rarely computationally feasible for large
p. For p > n, it turns out that practically strong and unverifiable conditions are needed to
achieve (5) for popular regularization based estimators (Zhao and Yu, 2006; Meinshausen
and Bühlmann, 2006; Huang et al., 2008; Jia and Yu, 2010; Tropp, 2004; Zhang, 2009).
In light of these established results, we suggest to pursue a different goal. Instead of
finding a single model, we suggest to look for a group of models. Each of these models
should include low number of predictors, but it should also be capable of predicting Y well
enough. Therefore, G0n = G0n (κ, η) is called a minimal class of models of size κ and efficiency
η if

β̂SLS = (XST XS )−1 XST Y,

s.t

provided XST XS is non singular.
Now, the straightforward approach to estimate S0 given a model size κ is to consider
the following optimization problem:
1
min ||Y − Xβ||22 ,
β n

Unfortunately, typically, solving (1) is computationally infeasible. Therefore, other methods
were developed and are commonly used. These methods produce sparse estimators and can
be implemented relatively fast. We first present here the lasso (Tibshirani, 1996), defined
as
1

β̂ L = argmin ||Y − Xβ||22 + λ||β||1
n
β

where λ > 0 is a tuning constant. For some applications, a different amount of regularization
is applied for each predictor. This is done using the weighted lasso, defined by

1
L
β̂w
= argmin ||Y − Xβ||22 + λ||w · β||1
(2)
n
β
where w is a vector of p weights, wj ≥ 0 for all j, and a·b is the Hadamard (Schur, entrywise)
product of two vectors a and b. Next is the elastic net estimator
1

β̂ EN = argmin ||Y − Xβ||22 + λ1 ||β||1 + λ2 ||β||22 .
(3)
n
β

(4)

This estimator is often described as a compromise between the lasso and the well known
Ridge regression (Hoerl and Kennard, 1970) since it could be rewritten as
1

β̂ EN = argmin ||Y − Xβ||22 + λ α||β||1 + (1 − α)||β||22 .
n
β

(5)

Let β̂n be a sequence of estimators for β 0 and let Ŝn be the sequence of corresponding
models. Model selection consistency is commonly defined as
lim P (Ŝn = S0 ) = 1.
n→∞
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If p  n and small, then criteria based methods (e.g., BIC, Schwarz, 1978) are model
selection consistent if p is fixed or if suitable conditions are fulfilled, see Wang et al. (2009)
3

5
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In this section, we suggest an algorithm to find G for a given κ and η. The problem is that
||Y − XS β̂SLS ||22 is unknown for all S, and since p is large, even for a relatively small κ,

3. A search algorithm

A similar point of view on the relevance of a predictor was given by Bickel and Cai (2012).
They considered a predictor to be important if its relative contribution to the predictive
power of a set of predictors is high enough. Their next step was to consider only specific
type of sets, such that their prediction error is low, yet they do not contain too many
variables.
Rigollet and Tsybakov (2012) investigated the question of prediction under minimal conditions. They showed that linear aggregation of estimators is beneficial for high–dimensional
regression when assuming sparsity of the number of estimators included in the aggregation.
They also showed that choosing exponential weights for the aggregation corresponds to
minimizing a specific, yet relevant, penalized problem. Their estimator, however, is computationally impossible and they have little interest in predictors and model identification.
As we describe in Section 3, our suggested search algorithm for candidate models travels
through the model space. We choose to use simulated annealing to prevent the algorithm
from getting stuck in a local minimum. Some Bayesian model selection procedures move
along the model space, usually using a relevant posterior distribution, cf. O’Hara and
Sillanpää (2009). We, however, do not assume any prior distribution for the coefficient
values. Our use of the algorithm is only as a search mechanism, simply to find as many as
possible models included in G. Convergence properties of the classical simulated annealing
algorithm are not of interest to our use of it. We are interested in the path generated by
the algorithm and not in its final state.

2.1 Relation to other work

the number of possible models is huge (e.g., for p = 200, k = 4 there are almost 65 million
possible models). We therefore suggest to focus our attention on smaller set of models,
denoted by M(κ). M is a large set of models, but not too large so we can calculate MSEs
for all the models within M in a reasonable computer running time. Once we have M and
the corresponding MSEs, we can form G by choosing the relevant models out of M.
The remaining question is how to assemble M for a given κ. Any greedy algorithm
is bound to find models that are all very similar. Our purpose is to find models that are
similar in their predictive power, but heterogeneous in their structure. For this we propose
a simulated annealing algorithm (Kirkpatrick et al., 1983) which we now describe.

definition of G can be replaced with one of the available model selection criteria, e.g., AIC,
BIC or lasso. Then, models of varying size can be included in the class. Note that we are
interested in situations where there is a fair number of models with a relatively very small
number of variables (predictors) out of the available p.
At this point, a natural question is how can we benefit from using a minimal class
of models. Examining the models in G may allow us to derive conclusions regarding the
importance of different explanatory variables. We demonstrate this kind of analysis in
Section 5 using two real data examples.
A minimal class of models could be also used in conjunction with the available models
aggregation procedures. Aggregation of estimates obtained by different models was suggested both for the frequentist (Hjort and Claeskens, 2003), and for the Bayesian, (Hoeting
et al., 1999). The well–known “Bagging” (Breiman, 1996) is also a technique to combine
results from various models. Averaging across estimates obtained by multiple models is
usually carried out to account for the uncertainty in the model selection process. We, however, are not interested in improving prediction per se, but in identifying good models. Nor
are we interested in identifying the best model, since this is not possible or even meaningful
in our setup, but in identifying predictors (and models) that are potentially relevant and
important.

6
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We now describe the proposed algorithm in more detail. We use simulated annealing with
Metropolis–Hastings acceptance criterion as a search mechanism for good models. That is,
we are not looking for the settling point of the algorithm; instead, we are following its path,
hoping that much of it will be in neighborhood of good models.
We say the algorithm is in step (t, i) if the current temperature is t ∈ T and the current
iteration in this temperature is i ∈ {1, ..., Nt }. For simplicity, we describe here the algorithm
for Nt = N for all t. Let Sti and β̂ti be the model and the corresponding LS estimator in the
beginning of the state (t, i), respectively. An iteration includes a suggested model Sti+ , a
LS estimator for this model, β̂ti+ , and a decision whether to move to Sti+ and β̂ti+ or to stay

1
f (S) = − ||Y − XS β̂SLS ||22 .
n

Our approach therefore is to implement a search algorithm which travels between potentially
attractive models. We use a simulated annealing algorithm (Kirkpatrick et al., 1983), originally suggested for function optimization. The maximizer of a function f (θ) is of interest.
Let T = (t1 , t2 , ..., tR ) be a decreasing set of positive “temperatures”. For every temperature
level t ∈ T , iterative steps are carried out, before moving to the next, lower, temperature
level. In each step, a random move from the current θ to another
θ0 6= θ is suggested.
The


move is then accepted with a probability that depends on exp f (θ0 ) − f (θ) /t . Typically,
although not necessarily, a Metroplis–Hastings criterion (Metropolis et al., 1953; Hastings,
1970) is used to decide whether to accept the suggested move θ0 or to stay at θ. After a
predetermined number ,Nt , of such iterations, the algorithm moves to the next t0 < t in
T , taking the final state in temperature t as the initial state for t0 . The motivation for
using this algorithm is that for high “temperatures”, moves that do not improve the target
function are possible, so the algorithm does not get stuck in a small area of the parameter
space. However, as we lower the temperature, the decision to move to a suggested point is
based almost solely on the criterion of improvement in the target function value. The name
of the algorithm and its motivation come from annealing in metallurgy (or glass processing),
where a strained piece of metal is heated, so that a reorganization of its atoms is possible,
and then it colds off slowly so the atoms can settle down in low energy position. See Brooks
and Morgan (1995) for a general review of simulated annealing in the context of statistical
problems.
In our case, the parameter of interest is the model S and the objective function is

3.1 Simulated annealing algorithm

Nevo and Ritov
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∀r ∈ Sti .
(7)

at Sti and β̂ti . We now define how Sti+ is suggested and what is the probability of accepting
this move.
For each Sti , we suggest Sti+ by a minor change, i.e., we take one predictor out and
we add another instead, and then obtain β̂ti+ by standard linear regression. Assume that
for every variable j ∈ (1, ..., p), we have a score γj , such that higher value of γj reflects
that the variable j should be included in a model, comparing with other possible variables.
WLOG, assume 0 ≤ γj ≤ 1 for all j. We choose a variable r∗ ∈ Sti and take it out with the
probability function
γr −1
out
pi,r
= P
,
γu −1

u∈Sti

=

,

∀` ∈
/ Sti .

\ r∗ } ∪ {`∗ }

γu

{Sti

u∈S
/ ti

γ`
in
pi,`
= P

(8)

Next, we choose a variable `∗ ∈
/ Sti and add it to the model with the probability function

Thus,
Sti+


 r(Sti+ → Sti )
1
P
q = exp
||Y − XSti β̂ti ||22 − ||Y − XS i+ β̂ti+ ||22
t
nt
P r(Sti → Sti+ )

(9)

and we may calculate the LS solution β̂ti+ for the model Sti+ . The first part of our iteration
is over; a potential candidate was chosen. The second part is the decision whether to move
to the new model or to stay at the current one. Following the scheme of simulated annealing
algorithm with Metropolis–Hastings criterion, we calculate

where

out in
P r(Sti → Sti+ ) = pi,r
∗ pi,`∗

w.p
w.p

min(1, q)
max(0, 1 − q).

in
P r(Sti+ → Sti ) = piout
+ ,`∗ pi+ ,r ∗ .

=

(Sti+ , β̂ti+ )
(Sti , β̂ti )

We are now ready for the next iteration i + 1 by setting

(Sti+1 , β̂ti+1 )
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Along the run of the algorithm, the suggested models and their corresponding MSEs are
kept. These models are used to form M(κ), and G can be then identified for a given value
of η.
We now point out several issues for the practical application of the algorithm. First,
the algorithm was described above for one single value of κ. In practice, one may run
the algorithm separately for different values of κ. Another consideration is the tuning
parameters of the algorithm that are provided by the user: The temperatures T ; the number
of iterations N ; the starting point St11 ; and the vector γ = (γ1 , ..., γp ). Our empirical
experience is that the first three can be managed without too many concerns. In particular,
the algorithm should be started from more than one initial point, and the results from
7
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each run should be kept and compared; see Sections 4 and 5. Regarding the vector γ, a
wise choice of this vector should improve the chance of the algorithm to move in desired
directions. We deal with this question in Section 3.2. However, in what follows we show
that, under suitable conditions, the algorithm can work well even with a general choice of
γ.
Define S0 , s0 and β 0 as before and let µ = Xβ 0 . That is, Y = µ + . We first introduce
a few simple and common assumptions:
(A1) ||µ||22 = O(n)
(A2) s0 is small, i.e., s0 = O(1).
(A3) p = na , a > 1
(A4)  ∼ Nn (0, σ 2 I)

i∈Aγ

Denote Aγ for the set of positive entries in γ. That is, Aγ ⊆ {1, .2, ...p} is a (potentially)
smaller group of predictors than all the p variables. Denote also hγ = |Aγ | for the cardinality
of Aγ and γmin := min γi for the lowest positive entry in γ.

To motivate our next assumption, we note that, informally, the algorithm is expected
to preform reasonably well if:

1. The true model is relatively small (e.g., with 10 active variables).

2. A variable in the true model is adding to the prediction of a set of variables if a very
few (e.g., 2) other variables are in the set.

Our next assumption is more restrictive. Let S̄ be an interesting model of size s0 –a
model with not too many predictors and with a low MSE. The models we are looking for
are of this nature. We facilitate the idea of S̄ being an interesting model by assuming that
XS̄ β̂S̄ is close to µ (in the asymptotic sense). We virtually assume that for every model of
size |S̄|, which is not S̄, if we take out a predictor that is not part of S̄, and replace it with
a predictor from S̄, the subspace spanned by the new model is not much further from µ,
comparing with the subspace spanned by the original model. Formally, denote PS for the
projection matrix onto the subspace spanned by the columns of the submatrix XS .

i
1h
||PSj? µ||22 − ||PS ?0 µ||22 > 4t0 log c,
j
n

(10)

(B1) There exist t0 > 0 and a constant c > 0, such that for all S, |S| = s0 − 1, for all
j ∈ S̄ ∩ S c , j 0 ∈ S̄ c ∩ S c , and for a large enough n

where Sr? ≡ S ∪ {r}.
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We note that since c could be lower than one, the right hand side of (10) can be negative.
The following theorem gives conditions under which the simulated annealing algorithm is
passing through an interesting model S̄. More accurately, the theorem states that there is
always strictly positive probability to pass through S̄ in the next few moves. This result
covers all models that Assumption (B1) holds for. Note however, that we do not claim that

8
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δ ∈ [0, 1],

The simulated annealing algorithm described above is provided with the vector γ. The
values γ1 , ..., γp should represent the knowledge regarding the importance of the predictors,
although we do not assume that any prior knowledge is available. As it can be seen in
equations (7)–(8), predictors with high γ values have larger probability to enter the model if
they are not part of the current model, and lower probability to be suggested for replacement
if they are already part of it. Since p is large, we may also benefit if γ includes many zeros.
One simple choice of γ is to take the absolute values of the univariate correlations of
the different predictors with Y . We could also threshold the correlations in order to keep
only predictors having large enough correlation (in absolute value) with Y . However, using
univariate correlations is clearly problematic since it overlooks the covariance structure of
the predictors in X.
Another possibility is to first use the lasso with a relatively low penalty, and then to set
γj = |β̂jL |/||β̂ L ||1 . The idea behind this suggestion is that predictors with large coefficient
value may be more important for prediction of Y .
However, as discussed in Section 2, the lasso might miss some potentially good predictors. It is well known that the elastic net may add these predictors to the solution, although

j=1

p
1

X
L
β̂+
(δ) = arg min ||Y − Xβ||22 + λ
δ 1{j∈S+ } |βj | ,
n
β

A proof is given in the appendix. Proposition 2 gives motivation for why β̂ EN has typically
a larger model than β̂ L . It also quantifies how much correlated two predictors need to be
so the elastic net would either include both predictors or none of them.
Going back to our γ vector, the next question is how to use the lasso and the elastic
net in order to assign a “score” to each predictor. Let SL and SEN be the models that
correspond to β̂ L and β̂ EN , respectively. Define S+ for the group of predictors that were
part of the elastic net model but not part of the lasso model and Sout for the predictors
that were not included in any of them. Note that SL ∩ S+ = SL ∩ Sout = S+ ∩ Sout = ∅ and
SL ∪ S+ ∪ Sout is {1, ..., p}. Define

L (δ) be the appropriate model. In this procedure, a reduced penalty is given for
and let S+
predictors that β̂ L might have missed. Thus, these predictors are encouraged to enter the
model, and since they may take the place of others, predictors in SL that their explanation
L (δ) is a special case of
power is not high enough are pushed out of the model. Note that β̂+
L , as defined in (2), with w = δ 1{j∈S+ } .
β̂w
j
We demonstrate how the reduced–penalty procedure works using a toy example. A
data set with n = 30 and p = 50 is simulated. We take the coefficient vector to be
β 0 = (0.5 0.5 1 1 1 0 0 ... 0)T and σ 2 is taken to be one. The predictors are independent
normal variables with the exception of 0.8 correlation between X (1) and X (2) . Predictor 1
is included in the lasso model, however predictor 2 is not. Figure 1 presents the coefficients’
estimates of X (1) , X (2) and X (3) when lowering the penalty of X (2) . Note how X (2) enters
the model for low enough penalty while X (1) leaves the model for low enough penalty (on
X (2) ).
We suggest to measure the importance of a predictor j ∈ S+ by the highest δ such that
L (δ). On the other hand, the importance of a predictor j 0 ∈ S can be measured by
j ∈ S+
L
L (δ) (now, smaller δ reflects j 0 is more important). With this
the highest δ such that j 0 ∈
/ S+
in our mind, we continue to the derivation of γ.

3.2 Choosing γ

A proof is given in the appendix. Theorem 1 states that for any specification of the
vector γ, such that the entries in γ are positive for all the predictors in S̄, the probability
that the algorithm would visit S̄ in the next m moves is always positive, provided the
temperature is high enough, and provided it is possible to move from the current model to
S̄ in m moves.
For the classical model selection setting with p < n, a similar method was suggested by
Brooks et al. (2003). Their motivation is as follows. When searching for the most appropriate model, likelihood based criteria are often used. However, maximizing the likelihood
to get parameters estimates for each model becomes infeasible as the number of possible
models increases. They therefore suggest to simplify the process by maximizing simultaneously over the parameter space and the model space. They suggest a simulated annealing
type algorithm to implement this optimization. This algorithm is essentially an automatic
model selection procedure.

Proposition 2 Define X and Y as before, and define β̂ EN by (3). Let X (1) and X (2) be
two columns of X and denote ρ = n−1 (X (1) )T X (2) . Assume |β̂1EN | ≥ cβ for some cβ > 0.
If |ρ| > 1 − λ22 c2β /||Y ||22 then |β̂2EN | > 0.

it might also add unnecessary predictors. Moreover, it is not clear how to choose γj using solely the elastic net. The lasso and the elastic net estimators are not model selection
consistent in many situations. However, for our purpose, combining both methods together
may help us get a reservoir of promising predictors.
Zou and Hastie (2005) provided motivation and results that justify the common knowledge that the elastic net is better to use with correlated predictors. Since we intend to
exploit this property of the elastic net, this paper offers an additional theoretical background. We present a more general result later on this section, but for now, the following
proposition demonstrates why the elastic net tends to include correlated predictors in its
model.

the algorithm finds all the models in a minimal class. Proving such a result would probably
require complicated assumptions on models with larger size than s0 , and their relation to
S̄ and other interesting models.
Let Ptm (S 0 |S) be the probability of passing through model S 0 in the next m iterations
of the algorithm, given the current temperature is t, and the current state of the algorithm
is the model S.

Theorem 1 Consider the simulated annealing algorithm with κ = s0 and with a vector γ
such that γmin ≥ cγ . Let Assumptions (A1)–(A4) hold and let Assumption (B1) hold for
some temperature t0 and with c = cγ . If S̄ ⊆ Aγ then for all S ⊆ Aγ with s = s0 , for all
m ≥ s0 − |S̄ ∩ S| and for large enough n,
"
#s0
c2γ
m
Pt0 (S̄|S) >
.
(11)
s0 (hγ − s0 )
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Minimal Class of Models

1.00

0.75

0.50

0.25

0.00
0.00

0.50

0.75

Minimal Class of Models

0.25

Proportion of penalty on x2


L (δ ) 6= 0}
 argmax{i : β̂+j
i

1.00

x1
x2
x3

Predictor

i

i

j ∈ SL

j∈
/ SL

L (δ ) = 0}
 argmax{i : β̂+j
i

γj

=









0
δij? /2

j ∈ SL ,

j ∈ Sout
j ∈ S+
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• Since predictors in SL were picked when equal penalties were assigned to all predictors,
they get priority over predictors in S+ .

• On the other hand, for a predictor j ∈ SL , if ij? = 0 than γj = 1, which is the maximal
possible value. Even when the penalty for other predictors is dramatically reduced,
leading to their entrance to the model, j remains part of the solution and hence it is
essential for prediction of Y .

• A predictor j ∈
/ SL with ij? = 0 is excluded from consideration.

for all j ∈ {1, ..., p}. This choice of γ has the following nice properties.

1 − δij? /2

and if the argmax is over an empty set, define ij? = 0. We suggest to choose γj as follows:

ij? =

Let ∆ = (δ0 < δ1 < ... < δh ) be a grid of [0, 1], with δ0 = 0 and δh = 1. For each δ ∈ ∆,
L (δ). Define
we obtain β̂+

Figure 1: Toy example: coefficients’ estimates for predictors X (1) , X (2) and X (3) when lowering the lasso penalty for X (2) only. The rightmost point corresponds to a lasso
procedure with equal penalties for all predictors

Coefficients' estimates

Nevo and Ritov

0

• However, for two identical predictors, X (j) = X (j ) (or highly correlated predictors)
such that j ∈ SL and j 0 ∈
/ SL , we get a desirable result. By Proposition 2, we know
L (δ
L (δ
that Xj0 ∈ S+ . Now, for δh−1 < 1 it is clear that j 0 ∈ S+
/ S+
h−1 ) and j ∈
h−1 ).
Therefore. ij? = ij?0 = h−1 hence if δh−1 is taken to be close to one, then γj ' γj 0 ' 0.5
as one might want.

Proposition 2 concerns two correlated predictors. In practice, the covariance structure of X
may be much more complicated. Therefore the question arises: can we say something more
general on the elastic net in the presence of competing models? Apparently we can. Let
M1 and M2 be two models, that is, two sets of predictors, that possibly intersect. Assume
that the elastic net solution chose all the predictors in M1 . What can we say about the
predictors in M2 ? Are there conditions on XM2 , XM1 and Y such that all the predictors in
M2 are also chosen? If the answer is yes (and it is, as Theorem 3 states), it justifies our use
of the elastic net to reveal more relevant predictors. In our case, the relevant predictors are
the building blocks of models in G.
In order to reveal this property of the elastic net, we analyze β̂ EN , the solution of (3),
when assuming all the predictors in M1 have non-zero values. Denote M (−) for (M1 ∪ M2 )c ,
the set of predictors that are not included in M1 or M2 and X̃ = XM (−) for the appropriate
EN
EN
EN
EN that correspond to
submatrix of X. Let β̂M
,
β̂
M2 and β̂M − be the coordinates of β̂
1
EN be the unexplained residual of
M1 , M2 and (M1 ∪ M2 )c , respectively. Let Ỹ = Y − X̃ β̂M
−
Y , after taking into account X̃. Finally, we show that both M1 and M2 are chosen by the
EN , projected onto the subspace
elastic net if the prediction of Ỹ using M1 , namely XM1 β̂M
1
spanned by the columns of M2 is correlated enough with Ỹ . Formally,

Theorem 3 Define β̂ EN as before. Let M1 and M2 be two models with the appropriate
EN and β̂ EN as before.
submatrices XM1 and XM2 . Define X̃ and Ỹ as before. Define β̂M
M2
1
Denote PM2 for the projection matrix onto the subspace spanned by the columns of XM2 .
EN are different than zero.
WLOG, assume |M2 | ≤ |M1 | and that all the coordinates of β̂M
1
Finally, if
(12)

EN
EN
Ỹ T PM2 XM1 β̂M
> c1 (λ1 , λ2 , XM1 , Ỹ , β̂M
),
1
1

EN are different than zero.
then all the coordinates of β̂M
2

A proof and a discussion on the technical aspects of condition (12) and the constant c1
are given in the appendix. Theorem 3 states that under a suitable condition, predictors
belonging to at least one of two competing models are chosen by the elastic net. In our
EN is
context, when we have a model M1 with a good prediction accuracy, i.e., XM1 β̂M
1
close to Ỹ , then predictors in any another model M2 which has similar prediction, that is
EN is also close to Ỹ , would be chosen by the elastic net. Hence, these predictors
PM2 XM1 β̂M
1
are expected to have a positive value in γ, and our simulated annealing algorithm would
pass through these models, provided the conditions in Theorem 1 are met. Therefore, these
models are expected to appear in G.

4. Simulation Studies

JMLR 18(24):1-29, 2017

In order to examine the performance of the suggested search algorithm, we present in this
section results from two simulation studies. The first investigates whether models similar in

12
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3. Then, for each model (I)–(IV), we check whether the model is the best model obtained
(as measured by MSE) among models with the same size. For example, we check if
Model (II) is the best model out of all models that were found with κ = 4. We also
check whether the model is one of the top five models among models with the same
size.

2. Run the simulated annealing algorithm for κ = 4, 5, 6. The tuning parameters of
the algorithm are chosen quite arbitrarily: T = (10 × 0.71 , 10 × 0.72 , ..., 10 × 0.720 );
∆ = (0, 0.02, 0.04, ..., 0.98, 1); Nt = N = 100 for all t ∈ T .

1. Obtain γ as explained in Section 3.2. The tuning parameter of the lasso is taken to
be the minimizer of the cross–validation MSE. For the elastic net, α in (4) is taken to
be 0.4.

where ξ1 and ξ2 are independent. In this scenario, there are 4 models we would like to
find: (I) {1,2,3,4,5,6}; (II) {5,6,7,8}; (III) {3,4,5,6,7}; and (IV) {1,2,5,6,8}. In particular,
each of these models minimizes the population prediction error E||Y − XS βS ||22 } for models
with its size. That is, Model (I) minimizes the population prediction error for models of
size k = 6, Model (II) minimizes the prediction error for models of size k = 4, and both
models (III) and (IV) minimize the prediction error for models of size k = 5. Furthermore,
it can be shown, for example, that the population prediction error of Model (III) is just
3.7% larger than the error of true model for SN R = 1, 14.8% for SN R = 2, and larger
values for SN R ≥ 4
Note that while models (II)–(IV) do not describe the data as well as Model (I), they
contain less predictors. Furthermore, in an hypothetical real-life situation where future
measurements were to be made on the predictors and the outcome, and, for the sake of
the example, X (1) or X (2) were more expensive to measure, models (II)–(IV) could have
provided a frugal alternative, while preserving a reasonable prediction error.
As part of this simulation study, for each simulated data set, we do the following:

their capability to describe the underlying population can be found by the algorithm. The
second simulation study examines the out–of–sample prediction error of models included in
the minimal class of models.
We present below a scenario in which, other then the model used to create the data, there
are three more models, that are not nested within the underlying model, with population
prediction error close to the underlying model. In practice, all of these four models are of
interest.
We consider Y = Xβ 0 + ,  ∼ N (0, I) with βj0 equals to C for j = 1, 2, ..., 6 and zero
for j > 6. C is a constant chosen to get a desired signal to noise ratio (SNR) ||Xβ 0 ||2 . The
predictors in X are all i.i.d. N (0, I) with the exception of X (7) and X (8) , which are defined
by


2
1
X (7) = [X (1) + X (2) ] + ξ1 ,
ξ1 ∼ Nn 0, I
3
9


2 (3)
1
(8)
(4)
X = [X + X ] + ξ2 ,
ξ2 ∼ Nn 0, I
3
9

Minimal Class of Models

Model
(I)
(II)
(III)
(IV)
(I)
(II)
(III)
(IV)
(I)
(II)
(III)
(IV)
(I)
(II)
(III)
(IV)
(I)
(II)
(III)
(IV)

p = 200
Best Top 5
0.00
0.01
0.42
0.62
0.04
0.08
0.04
0.08
0.10
0.12
0.94
0.96
0.27
0.34
0.28
0.37
0.38
0.38
0.96
0.96
0.38
0.46
0.39
0.46
0.72
0.72
0.97
0.97
0.41
0.48
0.44
0.50
0.86
0.86
0.98
0.98
0.49
0.55
0.42
0.48

p = 500
Best Top 5
0.00
0.00
0.28
0.46
0.01
0.02
0.02
0.03
0.05
0.06
0.92
0.94
0.18
0.24
0.18
0.22
0.20
0.20
0.96
0.96
0.31
0.36
0.28
0.31
0.46
0.46
0.97
0.97
0.36
0.40
0.34
0.37
0.66
0.66
0.97
0.97
0.41
0.44
0.37
0.40

p = 1000
Best Top 5
0.00
0.00
0.23
0.38
0.00
0.00
0.00
0.01
0.04
0.05
0.94
0.95
0.15
0.17
0.14
0.17
0.11
0.11
0.96
0.95
0.22
0.24
0.24
0.26
0.32
0.32
0.96
0.96
0.30
0.31
0.29
0.31
0.49
0.49
0.96
0.96
0.32
0.34
0.32
0.34
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A 1000 simulated data sets were generated for each different scenario: For n = 100, p =
200, 500, 1000 and for SNR = 1, 2, 4, 8, 12, 16. Table 1 displays the proportion of times each
model was chosen, either as the best one, or as one of the top five models. The results
are as one might expect. For large SNR, the models are chosen more frequently. However,
models (III) and (IV) are competing, in the sense that they both include five predictors.
Even for large SNR, each of the models, (III) and (IV), is chosen in about 50% of the cases.
Therefore, as recommended in Section 3.1, we repeat the simulations while starting the
algorithm from different initial points, that is, different initial models.
Figure 2 presents comparison between running the algorithm from one and three starting
points. When we initiated the algorithm from three different models, the results improved
for all models, and in particular for models (III) and (IV). The results described in this
section are quite similar to the results we obtained when forming G(κ, η) as defined in (6),
for each κ = 4, 5, 6 separately and using arbitrary small values of η.
We now turn to describe the second simulation study, that concerns out–of–sample
prediction of the models found by the algorithm. Here we consider three scenarios. The
true model consisting 20 predictors for all scenarios. In Scenario 1, X consists p iid normally
distributed predictors with mean zero and variance one. The 20 first entries in β 0 are created
from iid normal distribution, and then rescaled to achieve the desired SNR. In Scenario 2,

Table 1: Proportion that each model is chosen as best model or as one of top five models
for different number of potential predictors (p) and various SNR values.

12

8

4

2

1

SNR
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1.00

0.75

4

12

p = 200

8

4

12

p = 500

8

4

12

p = 1000

8

16

Starting points
One
Three

Model
(I)
(II)

3

1

2

3

1

2

3

1

2

Out−of−sample prediction relative to the lasso

6

Scenario 1

4

8

2

8

2

4

6

Scenario 3
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6

Scenario 2

4

8

p = 1000

SNR

16

Method

Avg (size=15)
Avg (size=20)
Avg (size=25)
Min (size=15)
Min (size=20)
Min (size=25)
Elastic net
Lasso
Adaptive lasso
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We demonstrate the utility of using a minimal class of models in the analysis of two real
data sets. The tuning parameters of the lasso and the elastic net were taken to be the
same as in Section 4. The tuning parameters of the simulated annealing algorithm were

5. Real data sets

relative to the out–of–sample prediction error of the lasso. For SNR=1, the lasso performs
the best, for all three scenarios considered, although the other methods show comparable
performance. Under Scenarios 1 and 2, when the non–zero parameters are created from a
normal distribution, so some predictors are stronger and others are weaker, the best model
identified by the minimal class, for either κ = 20 or κ = 25, outperforms other methods
for SNR>1. Under Scenario 3, where all coefficients (in the true model) are equal, the
same pattern is observed for SNR>4. For large SNR values, under Scenario 3, the models
in the minimal class of size 15 are underperforming. While under Scenarios 1 and 2, the
predictors missed by the minimal class with κ = 15 are likely to be those with small effect,
under Scenario 3 all predictors have an equal effect. We also considered scenarios with X
simulated from Np (0, Σ(p) ). The results are similar to those observed for Scenario 1 and
hence are omitted.

Figure 3: Out–of–sample prediction error for different scenarios, different number of potential predictors (p) and various SNR values. Methods compared are lasso, elastic
net and adaptive lasso, as well as the average (avg) and minimal (min) error in
the minimal class of models, with model size of 15,20 and 25 predictors. The
classes were built by combining 5 best models obtained from three runs of the
simulated annealing search algorithm.

2

p = 500

(III)
(IV)
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p = 200

SNR

16

Minimal Class of Models

16

15

β 0 is created in the same as in Scenario 1, but a more complex correlation structure is
considered for X. First, define Σ(m) to be an m × m covariance matrix defined so for
(m)
all i = 1, ..., m and j = 1, , ., m, Σij = 0.75|i−j| . The subvector containing the first 5
predictors, (X (1) , X (2) , ..., X (5) ) is created with the covariance matrix Σ(5) . Then, each of
the next 10 predictors X (j) , j = 6, 7..., 15 is correlated with two predictors that are not
part of the true model. For example, (X (6) , X (21) , X (22) ) is simulated from N3 (0, Σ(3) ) and
(X (7) , X (23) , X (24) ) is simulated from N3 (0, Σ(3) ). The remaining predictors are simulated
as iid N (0, 1). In Scenario 3, X is created as in Scenario 2, but the coefficients in the true
model are now all equal. That is, βj0 = C, j = 1, 2, ..., 20, with C being a constant chosen
to get a desired SNR.
As in the previous study, V ar() = I, n = 100 and we consider p = 200, 500, 1000. We
report the results for SNR=1,2,4,6,8. For each synthetic data set, the simulated annealing
is used for κ = 15, 20, 25. The algorithm is initiated three times per κ value, and the
best five models per run are kept, and then combined to have a minimal class of models
containing up to 15 models (per κ value). Other tuning parameters are chosen as in the
first simulation study. Figure 3 compares mean (over the synthetic data sets) out–of–sample
prediction error for the best model (in terms of prediction error) within the minimal class
of models, the average of out–of–sample prediction error among the models in the minimal
class, as well as the errors of the lasso, elastic net and adaptive lasso. Results are presented

Figure 2: Proportion that each model is chosen as one of top five models for different
number of potential predictors (p) and various SNR values. There is an apparent
improvement when running the algorithm from three starting points.
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• Gene number 2564 appears in all models of size larger than 3 and in 5 out of 8 models
of size 3. However, this gene is not included in any of the smaller models. This gene
is the only one that appears in more than half of our models. We can infer that while

• In total, the models include 53 different predictors. Out of these, 35 predictors appear
in less than 10% of the models, meaning they are probably less important as predictors
of riboflavin production rate.

We use a high–dimensional data about the production of riboflavin (vitamin B2) in Bacillus
subtilis that were recently published (Bühlmann et al., 2014). The data consist p = 4088
predictors. These are measures of log expression levels of genes in n = 71 observations. The
target variable is the (log) riboflavin production rate.
The lasso model SL includes 40 predictors (and intercept), and the elastic net model
SEN includes 59 predictors. In total, we get 61 different predictors (i.e., genes). Panel (a)
of Figure 4 presents the histogram of the positive values in γ.
We run the algorithm from three random starting points for each model size between 1
and 10. We keep the five best models for each size and starting point, to get, after removal
of duplicates, a total of 112 models. See Table 2 for the number of unique models as a
function of the model size. Following a referee comment, we note here that in practice
models with low model size may have unacceptably low R2 , and this can be checked in
practice. In our analysis here we keep these models since the R2 values are all larger than
0.35 and to ease the exposition, so we would be able to compare the search results to models
obtained by other methods. The models found by other methods, for the riboflavin data,
are of a relatively small size; see Bühlmann et al. (2014)
The following insights are drawn from examining more carefully the models we obtained
(see Table 1 in the online appendix):

5.1 Riboflavin

T = 10 × (0.71 , 0.72 , ..., 0.720 ), ∆ = (0, 0.01, 0.02, ..., 0.98, 0.99, 1), and Nt = N = 100 for all
t ∈ T.

Figure 4: Histograms of the values of γ for positive entries only in the two data set analysis
examples.

0

10

20

count

Minimal Class of Models

count

5

1
5

2
8

3
6

4
13

5
15

6
15

7
15

8
15

9
15

10

18

JMLR 18(24):1-29, 2017

We now demonstrate how the proposed procedure can be used for traditional, purportedly
simpler, problem. The air pollution data set (McDonald and Schwing, 1973) includes 58
Standard Metropolitan Statistical Areas (SMSAs) of the US (after removal of outliers). The
outcome variable is age-adjusted mortality rate. There are 15 potential predictors including
air pollution, environmental, demographic and socioeconomic predictors. Description of the
predictors is given in Table 4 in the appendix.
There is no guarantee that the relationship between the predictors and the outcome
variable has a linear form. We therefore include commonly used transformations of each

5.2 Air pollution

We now compare our results to models obtained using other methods, as reported in
Bühlmann et al. (2014). The multiple sample splitting method to get p–values (Meinshausen et al., 2009) yields only one significant predictor. Indeed, a model that includes
only this predictor is part of our models. If one constructs his model using the stability
selection (Meinshausen and Bühlmann, 2010) as a screening process for the predictors, he
would get a model consisting three genes, which correspond to columns number 625, 2565
and 4004 in our X matrix. However, this model is not included in our top models. In fact,
the highest MSE for a model in our 8 models of size 3 is 0.2047 while the MSE of the model
suggested using the stability selection is 0.2703, more than 30% difference!

• The importance of genes number 792,1131, and possibly others, should be also examined since each of them appears in a variety of different models.

• Similarly, either gene number 1278 or gene number 1279 appear in about half of the
models. They are also strongly correlated (0.984). The same statement holds for
genes number 69 and 73 (correlation of 0.945) as well.

• At least one gene from the group {4002, 4003, 4004, 4006} is contained in all models
of size larger than one, although never more than one of these genes. Genes number
4003 and 4004 appear more frequently than genes number 4002 and 4006. Looking
at the correlation matrix of these genes only, we see they are all highly correlated
(pairwise correlations > 0.97). Future research could take this finding into account
by using, e.g., the group lasso (Yuan and Lin, 2006).

this gene does not hold an effect strong enough comparing to other genes in order
to stand out, it has a unique relation with the outcome predictor that could not be
mimicked using other combination of genes.

Table 2: Riboflavin data: Number of unique models for each model size after running the
algorithm from 3 different starting points

Number of models

Model size

Nevo and Ritov
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variable, namely natural logarithm, square root and power of two transformations. Considering also all possible two way interactions, we have a total of 165 predictors.
High–dimensional regression model that includes transformations and interactions has
been dealt with in the literature. For example, by using two step procedures (Bickel et al.,
2010) or by solving a relevant optimization problem (Bien et al., 2013). Our procedure
has a different goal, since we are not looking for the best predictive model, but rather for
meaningful insights about the data.
Following the lasso and elastic net step, we are left with 51 predictors with positive γj
(6 untransformed predictors, 4 log transformations, 6 square root transformations, 9 power
of two transformations and the rest are interactions). Panel (b) of Figure 4 presents the
histogram of the positive values in γ.
We modify the search algorithm to make it produce results typical to an analysis involving interaction terms. In particular, we search for models such that an interaction term
is included only if at least one of the corresponding main terms is included in the model.
In order to do so, the definitions in (7) and (8) are modified such that the probability of
proposing an interaction term is zero if none of the corresponding main effects is in this
model (excluding the variable chosen to be taken out). On the other hand, main effects are
“protected” of being suggested to be excluded from the model, if any interaction involving
them is part of the current model. We achieve this by setting to zero the probability of
suggesting a predictor when an interaction term involving this predictor is included.
Following our earlier comment on considering satisfactory models, and since we are
looking for more complex models in this example, considering the option of transformations
and interactions, we run the algorithm for κ = 5, 6, ..., 15, for each κ, from three starting
points, and then we keep the 5 best models. In total, we get 164 unique models. Table 3
summarizes the results for prominent main effect predictors, that is, predictors that appear
in at least third of the models we obtained. The table presents a matrix of the joint
frequency of each two predictors. Each cell in the table is the number of models including
both the predictor listed in the row and the predictor listed in the column. The diagonal is
simply the number of models that a predictor appears in. Considering Table 3, the nitric
oxide pollution is invaluable for prediction of mortality rate. This predictor (in a log shape)
appears in a large majority of the models. The percentage of non–white population also
appears in most models. In almost half of them, it appears untransformed, but the same
could be said about this predictor after square root transformation. However, in less than
10% of the models, this predictor appears in both forms. We conclude that this predictor
should be used for prediction of the mortality rate, but the question of transformation
remains unsolved. Similar comments can be made about hydrocarbon pollution.
We turn to the interactions. Because of the way we searched for interactions, it becomes
“harder” for an interaction term to enter a model, and we therefore analyze them separately.
Out of the 26 interactions considered, none clearly stood out above the rest. Five of the
interaction terms appear in about 15% of the models. Two of those involve the percentage of
non–white population, one with the prevalence of low–income, and the other with percentage
of housing units with all facilities. Another of those five interaction terms is the interaction
between percentage of elderly population and the average temperature in January. The
latter main effect appears in about 50 models, and hence did not make the cutoff for Table
3. The percentage of elderly population was not included in either the lasso or elastic net
19

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)

prec
nwht
log(HC)
log(NOx)
√
√jant
√nwht
HC
jult2
educ2

(1)
57

(3)
25
33
61

(5)
27
34
21
67
71
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(2)
25
81

(4)
52
75
60
158

(6)
29
15
34
85
37
85

(7)
18
39
9
64
25
33
66

(8)
18
37
29
56
23
27
29
61

(9)
27
39
33
80
37
45
22
24
83

Table 3: Frequency that each two predictors together in the 164 models. The diagonal is
simply the number of models
√ that a predictor appears in. For example, in 67
models both log(NOx) and jant appear.

preliminary steps. However, the absence of age related effect is not so surprising since the
outcome variable, the mortality rate, is age corrected. Nevertheless, since the interaction
term appeared in about half of the models that included January temperature as a predictor,
it can be considered if the main effect is also considered.

6. Discussion

JMLR 18(24):1-29, 2017

Model selection consistency is an ambitious goal to achieve when dealing with high–dimensional
data. A “minimal class of models” was defined to be a set of models that should be considered as candidates for prediction of the outcome variable. A search algorithm to identify
these models was developed using a simulated annealing method. Under suitable conditions,
that are outlined in Theorem 1, the algorithm passes through models of interest.
A score for each predictor is given using the lasso, the elastic net and a reduced–penalty
lasso. These scores are used by the search algorithm. They are not necessarily optimal but
we claim that they are sensible. Other scoring methods may achieve better results. On the
other hand, the scores we use here may be used for other purposes. Theoretical justification
for using the elastic net to unveil predictors the lasso might have missed was also presented.
A simulation study demonstrated the capability of the search algorithm to detect relevant
models.
One possible limitation of the proposed algorithm is the number of tuning parameters
to be chosen. In our simulation studies and data analyses, we have found the algorithm
to be quite robust to the parameters’ specification. For ease of applications, we now list
suggested default values for some of the parameters. The tuning parameter of the lasso λ,
can be chosen by cross validation. Since the subsequent use of the elastic net is to bring into
surface potential predictors, relatively low value for α in (4) can be taken, say α ∈ (0.2, 0.5).
A possible choice for ∆ is (0, 0.01, 0.02, ..., 1). As always when using simulated annealing, T
and Nt may be more complicated to choose. We used for all simulations and data analyses
the sequence T = (10 × 0.71 , 10 × 0.72 , ..., 10 × 0.720 ) and Nt = 100. This leaves us with the
decision of which models sizes κ to consider. A preliminary run with, say κ = 1, 2, ..., 10

20
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and, for example, comparing the MSEs for κ = 5 and κ = 10, may imply if there is a
substantial benefit when adding variables, before moving to larger models. Similarly to
many algorithms, the proposed simulated annealing algorithm should be initiated from
multiple points.
As illustrated using real data examples, a class of minimal models can be used to derive
conclusions regarding the problem at hand. This is rarely the case that a researcher believes
a one true model exists, especially in the p > n regime. Therefore, we suggest to abandon
the search for this “holy grail”, and to analyze the class of minimal models instead. While
retreating from the choice of a single model, and instead analyzing group of models, offers
advantages, it may complicate standard data analysis in at least two ways, even when
putting computational issues aside. The first is a practical one and concerns the question of
which analyses should be carried out once a minimal class of models, or at least its sample
version, is obtained. Model averaging can be used to estimate association parameters.
Similarly, predictions from multiple models can be averaged. More precise predictions or
estimates may be obtained by coupling the obtained models with weights, possibly using
the empirical MSEs. More robust aggregation can be obtained by using medians instead of
averages, to deal with the fact that each model consists of a different number of predictors.
Another, less formal, data analysis strategy is to combine subject matter knowledge with
wealth of many models. We have demonstrated such exploratory analyses in Section 5, by
comparing the proportion of models each predictor, or multiple predictors, are included.
The second issue is a conceptual one. If we indeed quit from searching for a single model,
i.e., a single group of predictors, what are our assumptions about the underlying mechanism
that the data came from. Do we believe such a mechanism exists? One answer is that we
do not need to think about how the data was created, but how can we describe the data.
This, however, offers only a partial answer because we are focused on exploratory analysis,
while model selection is of interest from inferential perspective as well. If more than one
model describes the data adequately, which one is the true one? Does it matter? While
most data are not created following one’s computer program, disbelieving in the existence
of a true model certainly gives rise to further questions.
It is well known that achieving good prediction and successful model selection simultaneously, in a reasonable computation time, is impossible, especially in the high–dimensional
setting. We therefore suggested here to make a compromise. Our approach is not necessarily optimal for prediction, nor for model selection. However, it offers a data analysis
method that takes into account the uncertainty in model selection, but ensures reasonable
prediction accuracy. This method can be used for either prediction, parameter estimation
or model selection.
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(X (j) − XS ξj )(X (j) − XS ξj )T
.
||X (j) − XS ξj ||22
j

j

j

j

T (XSj? β̂Sj? − XS β̂S ) = T Pj µ + T Pj .

= Pj y + XS β̂S .

= (X (j) − XS ξj )β̂Sj ? + XS β̂S

j

and we are done.

1≤j≤p

22

Now, since p = nα and k = o(n/ log n) we get that


1
P  max T Pj  ≥ a = o(1)
S∈Sk n

1≤j≤p
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√
Now, since ||Pj µ||22 ≤ ||µ||22 = O(n), we get that for all j, T Pj µ = Op ( n). Next, let
2
Z1 , ..., Zpk+1 be N (0, σ ) random variables and observe that the approximate size of the set
{Sk } × {1, ..., p} is pk+1 . We have for any a > 0


r
r 

1
an
2(k + 1) log p + o(1)
T
P  max  Pj  ≥ a ≤ P
max |Zj | ≥
≤
σ
.
S∈Sk n
σ2
an
1≤j≤pk+1

Therefore,

j

= (X (j) − XS ξj )β̂Sj ? + XS (β̂S−j? + ξj β̂Sj ? )

j

XSj? β̂ Sj? = X (j) β̂Sj ? + XS β̂S−j?

estimates of the variables in S but for the model Sj? . Since (X (j) − XS ξj ) is orthogonal to
the subspace spanned by the columns of XS we have

j

Let β̂Sj ? be the coefficient estimate of X (j) in model Sj? , and let β̂S−j? be the coefficient

Pj =

Let ξj be the vector of coefficients obtained by regressing X (j) , the j th column in X, on XS
and let Pj be the projection operator on the subspace spanned by the part of X (j) which
is orthogonal to the subspace spanned by XS . That is,

S∈Sk
1≤j≤p

Lemma 4 Assume Y = µ +  and assume also (A1)–(A4). Let Sk = {S : |S| = k, β̂S =
(XST XS )−1 XST Y } be the set of all models with k variables, such that β̂S , the LS estimate,
is unique. Denote Sj? = S ∪ {j}, j ∈
/ S for a model that includes S and additional variable
j not in S. We have
max T (XSj? β̂Sj? − XS β̂S ) = op (n)

We start with the following lemma.

A.1 Proof of Theorem 1

Appendix A. Proofs
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#
(13)
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!

Qt0 (S, g, j) ≥

cγ2
s0 (hγ − s0 )

Now, by substituting (15) and (18) into (13) we get that for large enough n,

Ptm
(S 0 |S) ≥
0

min

[Qt (S, g, j)]s0 ≥
{S:S∩S̄=∅}
j∈S∩S̄ c
g∈S c ∩S̄

A.2 Proof of Proposition 2

Recall that the elastic net estimator β̂ EN minimizes

"

cγ2
s0 (hγ − s0 )

||Y − Xβ||22 + λ1 |β| + λ2 ||β||22

the vector. Define Ỹ = Y − X−(12) β−(12) . We can rewrite (19) as

#s0

.

||Ỹ − X(12) β(12) ||22 + λ1 (|β−(12) | + |β(12) |) + λ2 (||β−(12) ||22 + ||β(12) ||22 )

24

− 2Ỹ T X(12) β(12) + ||X(12) β(12) ||22 + λ2 ||β(12) ||22

(20)
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(22)

If the minimum of (21), on B, is achieved at 0 < τ ∗ < 1 then β̂2 must be non zero.
Minimizing (21) on B is essentially minimizing

(21)

If the minimum of (19) over B is obtained for τ 6= 1, then given that X (1) is part of the
elastic net model, predictor X (2) is also part of this model.
WLOG, write down X as X = (X(12) X−(12) ) where X(12) = (X (1) X (2) ) are the
first two columns of X and X−(12) are the rest of its columns. Similarly, we have β T =
T
T
(β(12)
β−(12)
) where β(12) is the first two entries in the vector β and β−(12) is the rest of

B := {β : ∀i 6= 1, 2 βi = β̂i , β1 = τ β̂1 , β2 = (1 − τ )β̂1 }.

Now, WLOG assume that β̂ EN is a solution such that β̂1EN > 0. For convenience, we omit
the “EN ” superscript from now on (i.e., β̂ = β̂ EN ). Define the subspace

(19)

for all S 6= S̄, j ∈ S ∩ S̄ c and g ∈ S c ∩ S̄. (11) follows from this immediately since for any
integer m and for all S 6= S̄,

(18)
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γ u ≤ hγ − s 0


1
||Y − XS β̂S ||22 − ||Y − XS 0 β̂S 0 ||22 ≥ 4t log cγ .
n

We can now move to the proof of Theorem 1. For simplicity, the notation of i as the
iteration number for the current temperature t is suppressed. Note that it is enough to
only consider models such that S ∩ S̄ = ∅ and to consider m = s0 . Denote Qt (S, g, j) for
the probability of a move in the direction of S̄ in the next iteration, that is, the probability
of choosing a variable j ∈ S ∩ S̄ c and replace it with a variable g ∈ S c ∩ S̄. Denote
S 0 = {S/{j}} ∪ {g} for this new model. We have
"
P r(S 0 → S)
P r(S → S 0 )

and if we apply Lemma 4 twice we get that ∆n (S, S 0 ) = op (1). Now, regarding the first
term in (16),


1
1
µT XS 0 β̂S 0 − XS β̂S = µT (PS 0 y − PS y)
n
n
(17)

1
=
||PS 0 µ||22 − ||PS µ||22 + ∆n0 (S, S 0 )
n
where ∆n0 (S, S 0 ) = n1 µT [PS 0  − PS ]. The content of the proof of Lemma 4 implies that
∆n0 (S, S 0 ) = op (1). Now, by (16) and (17) and since Assumption (B1) holds for t0 we get
that for large enough n

Qt (S, g, j)
= P r(S → S 0 ) min 1, exp

||Y − XS β̂S ||22 − ||Y − XS 0 β̂S 0 ||22
t

X

(16)

(15)

(14)

where P r(S → S 0 ) is the probability of suggesting S 0 , given current model is S. Now, since
γmin ≥ cγ and since the maximal value in γ equals to one by definition, we have for all
S ⊆ Aγ ,
cγ (hγ − s0 ) ≤
u∈S
/

X
1
s0
s0 ≤
≤ .
γv
cγ
v∈S

cγ2
γg
1/γj
P r(S → S 0 ) = P
P
1 ≥ s (h − s ) ,
0 γ
0
u∈S
/ γu
v∈S
γ
v
P
P
1
γ
γ2
u
P r(S 0 → S)
u
∈S
/
v∈S γv
j
4
= 2P
P
1 ≥ cγ .
P r(S → S 0 )
γg u∈S
/ 0 γu
v∈S 0 γv

Now, by substituting (14) into (7)–(9) we get

Next, we have

1
1
||Y − XS β̂S ||22 − ||Y − XS 0 β̂S 0 ||22
n
n
iT 

1h
(Y − XS 0 β̂S 0 ) + (Y − XS β̂S )
XS 0 β̂S 0 − XS β̂S
=
n


1
= Y T XS 0 β̂S 0 − XS β̂S
n
 1 


1
= µT XS 0 β̂S 0 − XS β̂S + T XS 0 β̂S 0 − XS β̂S
n
n


1
= µT XS 0 β̂S 0 − XS β̂S + ∆n (S, S 0 )
n
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i
1 Th
 (XS 00 β̂S 00 − XS β̂S ) − (XS 00 β̂S 00 − XS 0 β̂S 0 )
n

where the second equality is due to β̂S and β̂S 0 being LS estimators. We get that an
estimator in linear model achieves better (lower) sample MSE, if the correlation of the
prediction using this estimator with Y is larger. Now, denote S 00 = S 0 ∪ S. We have
∆n (S, S 0 ) =

23

(2)

|Ỹi ||Xi

(1)

− Xi | ≤ ||Ỹ ||2

< 1.

p
2(1 − ρ),

(23)

√

1 − ρ, u =

||Y ||2
cβ ,

t2 −

√

2ut + λ2 > 0.

we have

u2
2

we have

or alternatively,

u2
ρ>1−
2

25

1−

r
2λ2
1−
u

!2

p
1
ρ > 1 − (u − u2 − 2λ2 )2
2
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p
p
1
1 − ρ > √ (u + u2 − 2λ2 ),
(24)
2
p
p
1
1 − ρ < √ (u − u2 − 2λ2 ).
(25)
2
√
The RHS of (24) is larger than 1 if λ2 < 2u − 1. That is, there is no suitable
ρ for this
√
case. The RHS of (25)√is always positive,
and for the same condition λ2 < 2u − 1, it also
√
meaningful, i.e., (u − u2 − 2λ2 ) < 2 and in terms of ρ,

For λ2 > 12 u2 , we get the result we want for all ρ’s. For λ2 <

Now, Denote t =

using the triangle inequality and then Cauchy–Schwartz inequality. It is assumed that
β̂1 ≥ cβ > 0 and it is known that ||Ỹ ||2 ≤ ||Y ||2 . Therefore, we may rewrite (23) as
√
√
2||Y ||2 1 − ρ
< 1.
cβ (λ2 + 1 − ρ)

i=1

n
X

Since ||X (2) − X (1) ||22 = 2(1 − ρ) we have

|Ỹ T (X (2) − X (1) )| ≤

−

X (1) )

β̂1 (λ2 + 1 − ρ)

Ỹ

T (X (2)

is the minimizer of (19) (the coefficient of the quadratic term is positive). Note that for
X (2) = X (1) we get the expected τ ∗ = 12 solution. Note also that this reveals no information
regarding the lasso where λ2 = 0. Next, we get that 0 < τ ∗ < 1 if

1 Ỹ T (X (2) − X (1) )
τ∗ = −
2
2β̂1 (λ2 + 1 − ρ)

This is a quadratic function of τ , and by equating its derivative to zero we get that

on B . Now, by the definition of B in (20) and using simple algebra we get that (22) equals
to





1
2 β̂1 Ỹ T τ (X (2) − X (1) ) − X (2) − β̂12 τ (1 − τ )(1 − ρ) + λ2 β̂12
− τ (1 − τ ) .
2
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(27)

(26)

Xβ = X̃ β̂M (−) + τ XM1 β̂M1 + (1 − τ )XM2 Θβ̂M1

(29)

(28)

||(I −

PM2 )XM1 β̂M1 ||22

−

λ1
2 (||β̂M1 ||1 − ||Θβ̂M1 ||1 )
λ2 ||β̂M1 ||22 − λ2 ||Θβ̂M1 ||22

− λ2 ||Θβ̂M1 ||22

. (30)

26



(31)
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λ1
λ1
||Θβ̂M1 ||1 > − ||β̂M1 ||1 − λ2 ||β̂M1 ||22 + Ỹ T XM1 β̂M1
2
2
which is true if the condition in (12) is fulfilled for the appropriate c1 .
Ỹ T PM2 XM1 β̂M1 −

which is certainly true if

−Ỹ T (I − PM2 )XM1 β̂M1 + ||(I − PM2 )XM1 β̂M1 ||22 −

λ1
||Θβ̂M1 ||1
2
λ1
> − ||β̂M1 ||1 − λ2 ||β̂M1 ||22
2

Before we continue, note that if X2 = X1 then Θ is the identity matrix and PM2 XM1 = X1 .
Substituting these facts into (30), we get that τ ∗ = 12 as one might expect. Same result is
obtained for the case M2 ⊆ M1 .
As it can be seen in (26), the coordinates of β̂M2 are all different than zero if τ ∗ < 1.
Now, since PM2 (I − PM2 ) = 0 we get that τ ∗ < 1 if

−(Ỹ − PM2 XM1 β̂M1 )T (I − PM2 )XM1 β̂M1 +

τ∗ =

as a function of τ . Using a first–order condition and substituting (28) we find that (29) is
minimized for

+λ2 [τ 2 ||β̂M1 ||22 + (1 − τ )2 ||Θβ̂M1 ||22 ]

||Ỹ − τ XM1 β̂M1 − (1 − τ )XM2 Θβ̂M1 ||22 +λ1 [τ ||β̂M1 ||1 + (1 − τ )||Θβ̂M1 ||1 ]

Recalling that Ỹ = Y − X̃ β̂M (−) , minimizing (3) on B is equivalent to minimize

Note that on B,

XM2 Θ = PM2 XM1

where βM is defined as the values in β̂ corresponding to the set M and
is the matrix of
coefficients obtained from regressing XM1 ∩M2c on XM1c ∩M2 . We define Θ to be an augmented
version of Θ0 , which we obtain by regressing XM1 on XM2 . That is,

Θ0

βM1 ∩M2c = τ β̂M1 ∩M2c , βM1c ∩M2 = (1 − τ )Θ0 β̂M1 ∩M2c }.

B :={β : βM (−) = β̂M (−) βM1 ∩M2 = β̂M1 ∩M2 ,

λ22
2u2

The proof is similar to the proof of Proposition 2. Let β̂ = β̂ EN be the elastic net estimator
and denote β̂M for the values in β̂ corresponding to the set of predictors M . We can
partition the set of potential predictors {1, 2, ..., p} to four disjoint subsets: M (−) ; M1 ∩ M2c ;
M1c ∩ M2 and M1 ∩ M2 . We replace (20) with

A.3 Proof of Theorem 3

ρ>1−

and by Taylor expansion for 2λ2 /u we get

Nevo and Ritov
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Appendix B. Supplementary table for Section 5.2
Description
Mean annual precipitation in inches
Mean January temperature in degrees F
Mean July temperature in degrees F
Percentage of population aged 65 or older
Population per household
Median school years completed by those over 22
Percentage of housing units which are sound and with all facilities
Population per square mile in urbanized areas
Percentage of non–white population in urbanized areas
Percentage of employed in white collar occupations
Percentage of families with income < 3,000 dollars in urbanized
areas
Relative pollution potential of hydrocarbon
Relative pollution potential of nitric oxides
Relative pollution potential of sulfur dioxide
Annual average percentage of relative humidity at 1pm

Table 4: Potential predictors for mortality rate in Section 5.2

Predictor
prec
jant
jult
age65
pphs
educ
h facl
dens
nwht
wtcl
linc
HC
NOx
SUL
hum
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Since the initial release of a usable research prototype in 2013, we have made substantial
improvements to the Auto-WEKA package described by Thornton et al. (2013). At a prosaic
level, we have fixed bugs, improved tests and documentation, and updated the software to
work with the latest versions of WEKA and Java. We have also added four major features.
First, we now support regression algorithms, expanding Auto-WEKA beyond its previous focus on classification (starred entries in Fig. 1). Second, we now support the optimization of all performance metrics WEKA supports. Third, we now natively support
parallel runs (on a single machine) to find good configurations faster and save the N best
configurations of each run instead of just the single best. Fourth, Auto-WEKA 2.0 is now
fully integrated with WEKA. This is important, because the crux of Auto-WEKA lies in its
simplicity: providing a push-button interface that requires no knowledge about the available learning algorithms or their hyperparameters, asking the user to provide, in addition to
the dataset to be processed, only a memory bound (1 GB by default) and the overall time

2. Auto-WEKA 2.0

1. Thornton et al. (2013) first introduced Auto-WEKA and empirically demonstrated state-of-the-art performance. Here we describe an improved and more broadly accessible implementation of Auto-WEKA,
focussing on usability and software design.

argmin

(i)

where L(Aλ , Dtrain , Dtest ) denotes the loss achieved by algorithm A with hyperparameters λ
(i)
(i)
when trained on Dtrain and evaluated on Dtest . We call this the combined algorithm selection
and hyperparameter optimization (CASH) problem. CASH can be seen as a blackbox function optimization problem: determining argminθ∈Θ f (θ), where each configuration θ ∈ Θ
comprises the choice of algorithm A(j) ∈ A and its hyperparameter settings λ ∈ Λ(j) . In this
formulation, the hyperparameters of algorithm A(j) are conditional on A(j) being selected.
For a given θ representing algorithm A(j) ∈ A and hyperparameter settings λ ∈ Λ(j) , f (θ)
P
(j)
(i)
(i)
is then defined as the cross-validation loss k1 ki=1 L(Aλ , Dtrain , Dtest ).2
Bayesian optimization (see, e.g., Brochu et al., 2010), also known as sequential modelbased optimization, is an iterative method for solving such blackbox optimization problems.
In its n-th iteration, it fits a probabilistic model based on the first n−1 function evaluations
hθi , f (θi )in−1
i=1 , uses this model to select the next θn to evaluate (trading off exploration of
new parts of the space vs exploitation of regions known to be good) and evaluates f (θn ).
While Bayesian optimization based on Gaussian process models is known to perform well for
low-dimensional problems with numerical hyperparameters (see, e.g., Snoek et al., 2012),
tree-based models have been shown to be more effective for high-dimensional, structured,
and partly discrete problems (Eggensperger et al., 2013), such as the highly conditional
space of WEKA’s learning algorithms and their corresponding hyperparameters we face
here.3 Thornton et al. (2013) showed that tree-based Bayesian optimization methods yielded
the best performance in Auto-WEKA, with the random-forest-based SMAC (Hutter et al.,
2011) performing better than the tree-structured Parzen estimator, TPE (Bergstra et al.,
2011). Auto-WEKA uses SMAC to determine the classifier with the best performance on
the given data.

(i)
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2. In fact, on top of machine learning algorithms and their respective hyperparameters, we also include
attribute selection methods and their respective hyperparameters in the configurations θ, thereby jointly
optimizing over their choice and the choice of algorithms.
3. Conditional dependencies can also be accommodated in the Gaussian process framework (Hutter and
Osborne, 2013; Swersky et al., 2013), but currently, tree-based methods achieve better performance.

A∗λ∗ ∈

The WEKA machine learning software (Hall et al., 2009) puts state-of-the-art machine
learning techniques at the disposal of even novice users. However, such users do not typically
know how to choose among the dozens of machine learning procedures implemented in
WEKA and each procedure’s hyperparameter settings to achieve good performance.
Auto-WEKA1 addresses this problem by treating all of WEKA as a single, highly parametric machine learning framework, and using Bayesian optimization to find a strong instantiation for a given dataset. Specifically, it considers the combined space of WEKA’s learning
algorithms A = {A(1) , . . . , A(k) } and their associated hyperparameter spaces Λ(1) , . . . , Λ(k)
and aims to identify the combination of algorithm A(j) ∈ A and hyperparameters λ ∈ Λ(j)
that minimizes cross-validation loss,

1. The Principles Behind Auto-WEKA

WEKA is a widely used, open-source machine learning platform. Due to its intuitive interface, it is particularly popular with novice users. However, such users often find it hard
to identify the best approach for their particular dataset among the many available. We
describe the new version of Auto-WEKA, a system designed to help such users by automatically searching through the joint space of WEKA’s learning algorithms and their respective
hyperparameter settings to maximize performance, using a state-of-the-art Bayesian optimization method. Our new package is tightly integrated with WEKA, making it just as
accessible to end users as any other learning algorithm.
Keywords: Hyperparameter Optimization, Model Selection, Feature Selection
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Figure 1: Learners and methods supported by Auto-WEKA 2.0, along with number of
hyperparameters |Λ|. Every learner supports classification; starred learners also support
regression.
budget available for the entire learning process.4 The overall budget is set to 15 minutes by
default to accommodate impatient users; longer runs allow the Bayesian optimizer to search
the space more thoroughly; we recommend at least several hours for production runs.
The usability of the earlier research prototype was hampered by the fact that users
had to download Auto-WEKA manually and run it separately from WEKA. In contrast,
Auto-WEKA 2.0 is now available through WEKA’s package manager. Users do not need to
install software separately; everything is included in the package and installed automatically
upon request. After installation, Auto-WEKA 2.0 can be used in two different ways:
1. As a meta-classifier: Auto-WEKA can be run like any other machine learning algorithm in WEKA: via the GUI, the command-line interface, or the public API. Figure 2
shows how to run it from the command line.
2. Through the Auto-WEKA tab: This provides a customized interface that hides some
of the complexity. Figure 3 shows the output of an example run.
Source code for Auto-WEKA is hosted on GitHub (https://github.com/automl/autoweka)
and is available under the GPL license (version 3). Releases are published to the WEKA
package repository and available both through the WEKA package manager and from the
Auto-WEKA project website (http://automl.org/autoweka). A manual describes how
to use the WEKA package and gives a high-level overview for developers; we also provide
lower-level Javadoc documentation. An issue tracker on GitHub, JUnit tests and the continuous integration system Travis facilitate bug tracking and correctness of the code. Since
its release on March 1, 2016, Auto-WEKA 2.0 has been downloaded more than 15 000 times,
with an average of about 400 downloads per week.

JMLR 18(25):1-5, 2017

4. Internally, to avoid using all its budget for executing a single slow learner, Auto-WEKA limits individual
runs of any learner to 1/12 of the overall budget; it further limits feature search to 1/60 of the budget.

3
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java - cp autoweka . jar weka . classifiers . meta . A ut oWEKAClassi fi er
- timeLimit 5 -t iris . arff -no - cv

Figure 2: Command-line call for running Auto-WEKA with a time limit of 5 minutes
on training dataset iris.arff. Auto-WEKA performs cross-validation internally, so we
disable WEKA’s cross-validation (-no-cv). Running with -h lists the available options.

Figure 3: Example Auto-WEKA run on the iris dataset. The resulting best classifier along
with its parameter settings is printed first, followed by its performance. While Auto-WEKA
runs, it logs to the status bar how many configurations it has evaluated so far.

3. Related Implementations

JMLR 18(25):1-5, 2017

Auto-WEKA was the first method to use Bayesian optimization to automatically instantiate
a highly parametric machine learning framework at the push of a button. This automated
machine learning (AutoML) approach has recently also been applied to Python and scikitlearn (Pedregosa et al., 2011) in Auto-WEKA’s sister package, Auto-sklearn (Feurer et al.,
2015). Auto-sklearn uses the same Bayesian optimizer as Auto-WEKA, but comprises a
smaller space of models and hyperparameters, since scikit-learn does not implement as many
different machine learning techniques as WEKA; however, Auto-sklearn includes additional
meta-learning techniques.
It is also possible to optimize hyperparameters using WEKA’s own grid search and
MultiSearch packages. However, these packages only permit tuning one learner and one
filtering method at a time. Grid search handles only one hyperparameter. Furthermore,
hyperparameter names and possible values have to be specified by the user.

4

5

JMLR 18(25):1-5, 2017

C. Thornton, F. Hutter, H. H. Hoos, and K. Leyton-Brown. Auto-WEKA: Combined
selection and hyperparameter optimization of classification algorithms. In 19th ACM
SIGKDD Conference on Knowledge Discovery and Data Mining (KDD’13), 2013.

K. Swersky, D. Duvenaud, J. Snoek, F. Hutter, and M. Osborne. Raiders of the lost
architecture: Kernels for Bayesian optimization in conditional parameter spaces. In NIPS
Workshop on Bayesian Optimization (BayesOpt’13), 2013.

J. Snoek, H. Larochelle, and R. P. Adams. Practical Bayesian optimization of machine learning algorithms. In Advances in Neural Information Processing Systems 25 (NIPS’12),
pages 2951–2959, 2012.

F. Pedregosa, G. Varoquaux, A. Gramfort, V. Michel, B. Thirion, O. Grisel, M. Blondel, P. Prettenhofer, R. Weiss, V. Dubourg, J. Vanderplas, A. Passos, D. Cournapeau,
M. Brucher, M. Perrot, and E. Duchesnay. Scikit-learn: Machine learning in Python.
Journal of Machine Learning Research, 12:2825–2830, 2011.

F. Hutter, H. H. Hoos, and K. Leyton-Brown. Sequential Model-Based Optimization for
General Algorithm Configuration. In Learning and Intelligent OptimizatioN Conference
(LION 5), pages 507–523, 2011.

F. Hutter and M. Osborne. A Kernel for Hierarchical Parameter Spaces. Computing Research Repository (arXiv), abs/1310.5738, Oct. 2013.

M. Hall, E. Frank, G. Holmes, B. Pfahringer, P. Reutemann, and I. H. Witten. The WEKA
Data Mining Software: An Update. SIGKDD Explor. Newsl., 11(1):10–18, Nov. 2009.
ISSN 1931-0145.

M. Feurer, A. Klein, K. Eggensperger, J. Springenberg, M. Blum, and F. Hutter. Efficient
and Robust Automated Machine Learning. In Advances in Neural Information Processing
Systems 28 (NIPS’15), pages 2944–2952, 2015.

K. Eggensperger, M. Feurer, F. Hutter, J. Bergstra, J. Snoek, H. Hoos, and K. LeytonBrown. Towards an empirical foundation for assessing Bayesian optimization of hyperparameters. In NIPS Workshop on Bayesian Optimization (BayesOpt’13), 2013.

E. Brochu, V. Cora, and N. de Freitas. A tutorial on Bayesian optimization of expensive
cost functions, with application to active user modeling and hierarchical reinforcement
learning. Computing Research Repository (arXiv), abs/1012.2599, 2010.

J. Bergstra, R. Bardenet, Y. Bengio, and B. Kégl. Algorithms for hyper-parameter optimization. In Advances in Neural Information Processing Systems 24 (NIPS’11), pages
2546–2554, 2011.

References

Auto-WEKA 2.0: Automatic model and hyperparameter selection in WEKA

Submitted 6/16; Revised 1/17; Published 4/17

Abstract

megorov@stanford.edu
zsunberg@stanford.edu
ebalaban@stanford.edu
wheelert@stanford.edu
jkg@cs.stanford.edu
mykel@stanford.edu

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v18/16-300.html.

2017
c 2017 Maxim Egorov, Zachary N. Sunberg, Edward Balaban, Tim A. Wheeler, Jayesh K.JMLR
Gupta,18(26):1-5,
and Mykel J.
Kochenderfer.

Recent advances in algorithms and hardware make partially observable Markov decision
processes (POMDPs) a viable model for a variety of applications ranging from aircraft
collision avoidance (Wolf and Kochenderfer, 2011) to spoken dialog systems (Young et al.,
2013). In general, POMDPs can be applied to a wide variety of problems that include state
and dynamic uncertainties as well as continuous and discrete domains (Kochenderfer, 2015).
State-of-the-art algorithms like POMCP (Silver and Veness, 2010) and MCVI (Bai et al.,
2010) can solve problems with millions of states and with continuous state spaces. However,
working with POMDPs is challenging due to their probabilistic nature and the complexity
of the algorithms used to solve them.
POMDPs.jl is an interface for solving POMDPs written in the Julia programming language (Bezanson et al., 2012). It is designed to support users in three different roles: 1)
defining problems, 2) creating solvers, and 3) running experiments. The goals of POMDPs.jl
are to allow users in these roles to easily build on code written by others through a single

1. Introduction

Keywords: POMDP, MDP, sequential decision making, Julia, open-source

POMDPs.jl is an open-source framework for solving Markov decision processes (MDPs)
and partially observable MDPs (POMDPs). POMDPs.jl allows users to specify sequential
decision making problems with minimal effort without sacrificing the expressive nature of
POMDPs, making this framework viable for both educational and research purposes. It
is written in the Julia language to allow flexible prototyping and large-scale computation
that leverages the high-performance nature of the language. The associated JuliaPOMDP
community also provides a number of state-of-the-art MDP and POMDP solvers and a rich
library of support tools to help with implementing new solvers and evaluating the solution
results. The most recent version of POMDPs.jl, the related packages, and documentation
can be found at https://github.com/JuliaPOMDP/POMDPs.jl.
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There are a number of frameworks that are capable of solving decision making problems
in fully observable settings, but few accommodate partially observable domains. The most
closely related frameworks to POMDPs.jl are APPL (Kurniawati et al.), AI-Toolbox (Bargiacchi), and ZMDP (Smith) in that they can handle problems with partial observability.
However, these frameworks either support only a generative model problem definition (APPL
for MCVI) or explicit problem definitions using probability tables (APPL for SARSOP, AIToolbox and ZMDP), but not both. This limits the flexibility of the frameworks to handle
both discrete and continuous domains. While the fact that these frameworks are all written
in C++ leads to performant code, it makes prototyping slow and challenging for new users.
It is also comparatively more difficult to extend these frameworks to new domains and implement new algorithms due to their complicated hierarchies and lack of modularity in the
source code. A number of reinforcement learning frameworks exist that are designed to be
1
easily extendable such as BURLAP (Diuk et al., 2008), RLPy (Geramifard et al., 2015), and
rllab (Duan et al., 2016). However, these frameworks primarily cater to problems that are
fully observable.

2. Existing Frameworks and Related Work

unified interface, simplify the process of benchmarking algorithms against one another, and
encourage growth of the software ecosystem through open-source contributions. This ecosystem is organized as an online community, JuliaPOMDP. The centerpiece of the community
is the POMDPs.jl package — a unified, implementation-free interface providing access to a
growing collection of state-of-the-art solvers, benchmark problems, and libraries of support
tools. An outline of the POMDPs.jl architecture and its core concepts are shown in Fig. 1.
POMDPs.jl provides abstract types corresponding to each of the core concepts and a list of
functions that defines a standard interface. Users implement concrete types that represent
problems or solvers and specify their behavior by defining methods.

Figure 1: POMDPs.jl framework architecture. The three main concepts in the architecture:
problem, solver and experiment are supported by abstract types in the framework
as well as necessary function implementations.
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3. Why POMDPs.jl?
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actions
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transition
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observation
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POMDPs.jl aims to simplify the task of writing problems, implementing solvers, and running
experiments in the context of POMDPs. The advantages of POMDPs.jl are as follows:
Simplicity: The POMDPs.jl interface provides a minimal set of types and functions necessary to define a problem, a solver, and experiments in a partially observable setting. The
POMDPs.jl interface contains 10 abstract types and 37 functions, of which, each user will
define a subset for their problem. For example, if a user wants to solve an MDP rather than
a POMDP, they do not need to implement functions involving observations. Examples of
function requirements for the MCTS and SARSOP solvers are shown in Table 1.

n/a

states

...

Table 1: A section of the function table for two solvers that use POMDPs.jl
MCTS
...

functions
SARSOP
...

Expressiveness: The POMDPs.jl interface provides flexibility to handle problems that are
fully or partially observable, problems that are continuous or discrete, and problems with
infinite and finite horizons. Solvers may leverage explicitly-defined distributions, if they are
available, or only use samples from a generative model. Moreover, all POMDPs.jl problems
can be defined in code. Julia makes it easy to prototype new code, removing the need for
problem specification or solver configuration files written in another format.
Extensibility: The interface allows new algorithms to be implemented with minimal effort.
By providing an expressive interface to a POMDP model, POMDPs.jl allows algorithm writers to access any component of the model with simple function calls. Since all solvers are
implemented within a unified framework, POMDPs.jl also allows for standardized benchmarking across algorithms. It is also simple to call programs written in other languages from
Julia, such as Python and C, allowing existing solvers to be wrapped using POMDPs.jl.
Usability: A number of ready-to-use solvers supporting the POMDPs.jl interface are available from the JuliaPOMDP community. To install the SARSOP solver, for example, the
user only needs to run POMDPs.add("SARSOP"), and the package manager will download and
compile any dependencies on all three major platforms — Linux, Windows, and OS X.

4. Concepts and Use Case Examples
This section describes the three main concepts outlined in Fig. 1, namely the problem, the
solver, and the experiment. The POMDPs.jl interface consists of several abstract types and
a set of functions that support these concepts.
Problem: The problem defines the MDP or POMDP model to be solved. Below is a
definition for the Tiger POMDP (Kaelbling et al., 1998).

JMLR 18(26):1-5, 2017

immutable TigerPOMDP <: POMDP { Bool , Int64 , Bool }
p_correct :: Float64
# probability of hearing the tiger correctly
discount :: Float64
# discount factor
end

3

POMDPs.jl

The TigerPOMDP type inherits from the abstract POMDP type (part of the POMDPs.jl interface),
which is parametrized by the state, action, and observation types. In this case, the state is
represented by the native Bool type, but, in general, these types may be user-defined. The
same flexibility is available for the other components of the problem, giving the user the
flexibility to define their problem in the form of their choosing.
Solver: A solver implementation typically requires three type definitions: a Solver that
contains the parameters that define solver behavior, a Policy that defines a mapping from
beliefs to actions, and an Updater that defines how the belief is updated with new observations. An example of a QMDP (Littman et al., 1995) policy type is shown below.

type QMDPPolicy { Action } <: Policy
alphas :: Matrix { Float64 }
# policy alpha vectors
action_map :: Vector { Action } # indices to actions
pomdp :: POMDP
# POMDP model
end

A solver implementation usually includes three top-level functions: solve, that creates a
policy for the problem given the solver, action, that emits an action for a belief based on
the policy, and update, that updates the belief based on the action taken and the observation
received, given the updater.
Experiment: Experiments combine problems and solvers to evaluate the quality of a solver
policy. For example, the experimenter might create a simulator type, Sim, and a corresponding simulate function (an important part of the main loop is shown below).

function simulate ( sim :: Sim , pomdp , policy , updater , initial_dist )
...
for t in 1: sim . max_steps
a = action ( policy , b )
sp = rand ( sim . rng , transition ( pomdp , s , a ) )
r_total += discount ( pomdp ) ^ t * reward ( pomdp , s , a , sp )
o = rand ( sim . rng , observation ( pomdp , s , a , sp ) )
b = update ( updater , b , a , o )
...

A simulation can then be run as follows:

using QMDP , POMDPModels , POMDPToolbox # import JuliaPOMDP packages
pomdp = TigerPOMDP ()
# initialize the tiger problem
solver = QMDPSolver ()
# initialize QMDP solver
policy = solve ( solver , pomdp )
# compute a policy
r = simulate ( Sim () , pomdp , policy , updater ( policy ) , DiscreteBelief (2) )

5. Conclusion
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POMDPs.jl is a high level interface for working with POMDPs that allows users to easily
define their problems, create new solvers, and run experiments. This manuscript provides
a brief overview of the framework and its features; extensive documentation and examples
for this software package can be found at https://github.com/JuliaPOMDP/POMDPs.jl.
Future work includes integrating Julia’s shared memory parallelism into sampling based
solvers to improve computational efficiency, as well as introducing support for reinforcement
learning algorithms.
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1. A preliminary version of this work has been presented as a conference paper (Caron et al., 2007)

Pitman-Yor processes include a wide class of distributions on random measures such as the
popular Dirichlet process (Ferguson, 1973) and the finite symmetric Dirichlet-multinomial
prior (Green and Richardson, 2001); see for example (Pitman and Yor, 1997). In particular,
Dirichlet process mixtures can be interpreted as a generalization of finite mixture models to
infinite mixture models and have become very popular over the past few years in statistics
and related areas to perform clustering and density estimation (Escobar and West, 1995;
Müller and Quintana, 2004; Teh and Jordan, 2010). More general Pitman-Yor processes
enjoy greater flexibility and have been shown to provide a better fit to text or image data
due to their ability to capture power-law properties of such data (Teh, 2006).
However, there are many situations where we cannot assume that the distribution of the
observations is fixed and instead this latter evolves over time. For example, in a clustering

2. Background

This paper introduces a class of dependent Pitman-Yor processes1 that can be used for timevarying density estimation and classification in a variety of settings. The construction of
this class of dependent Pitman-Yor processes is in terms of a generalised Pólya urn scheme
where dependencies between distributions that evolve over time, for instance, are induced
by simple urn-like operations on counts and the parameters to which they are associated.
Our Pólya urn for time-varying Pitman-Yor processes is expressive per dependent slice,
as each is represented by a Pitman-Yor process (infinite) mixture distribution of which the
component densities may as usual take any form. The dependency-inducing mechanism is
also flexible and easy to control, a claim supported by an applied literature (see Gasthaus
et al. (2008); Ji and West (2009); Ozkan et al. (2009); Bartlett et al. (2010); Neiswanger
et al. (2014); Jaoua et al. (2014) among others) that has grown around the subsumed version
of this work (Caron et al., 2007). The generalised Pólya urn dependent Dirichlet process
can be recovered by a specific settings of the parameters in this generalized model.
Most of the emphasis of this paper is on defining the model and describing its statistical
characteristics. While additional model complexity does not automatically beget useful expressivity, in the case of this model and others like it (see Lin et al. (2010) for example), we
assert that it does. For example, in applications like fully unsupervised visual object detection and tracking there is an increasing need for top-down models that introduce coherence
through bias towards physical plausibility. While dependent density estimation techniques
abound in the literature, there are few that possess the right combination of interpretability
and flexibility to fill the role of top-down priors for such complex applications. We illustrate
experimentally that this model succeeds at filling this role.
The remainder of the paper is organized as follows: In Section 2 we review Pitman Yor
processes and stationarity. In Section 3, we present our main contribution, first-order stationary Pitman-Yor mixture models. Section 4 describes sequential Monte Carlo (SMC) and
Markov chain Monte Carlo (MCMC) algorithms for inference. We demonstrate the models and algorithms in Section 5 on various applications. Finally we discuss some potential
extensions of this class of models in Section 6 and Appendix A.

1. Introduction

Caron et al.
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Z

Y

f (·|y)dGt (y)

(1)

application, the number of clusters and the locations of these clusters may vary over time.
This situation also occurs in spatial statistics where the spatial distribution of localized
events such as diseases or earthquakes changes over time (Hall et al., 2006). To address
such problems, this article introduces a novel class of time-varying first-order stationary
Pitman-Yor process mixtures; that is processes which have marginals following the same
Pitman-Yor process mixture.
We first briefly recall here standard results about Pitman-Yor process mixtures. Let
t = 1, 2, ... denote a discrete-time index. Note that this index is not needed in this section
but will become essential in what is to come. For any generic sequence {xm }, we define
xk:l = (xk , xk+1 , . . . , xl ). For ease of presentation, we assume that we receive a fixed number
n of observations at each time t denoted zt = z1:n,t which are independent and identically
distributed samples from
Ft (·) =

(4)

(3)

(2)

where f (·|y) is the mixed probability density function and Gt is the mixing distribution
distributed according to a Pitman-Yor process
Gt ∼ PY(α, θ, H).
Here H is a base probability measure and the real parameters α and θ satisfy either
or α < 0 and θ = −mα for m ∈ N.

0 ≤ α < 1 and θ > −α

∞
X

Vj,t δ

Uj,t

(5)

The case α = 0 and θ > 0 corresponds to the Dirichlet process denoted DP (θ, H). The
random measure Gt satisfies the following stick-breaking representation (Sethuraman, 1994;
Pitman, 1996)
Gt =
j=1

Qj−1
ind
iid
with Vj,t = βj,t i=1
(1 − βi,t ), βj,t ∼ B(1 − α, θ + jα), Uj,t ∼ H where B denotes the Beta
distribution. From (1), we have equivalently, for k = 1, . . . , n, the following hierarchical
model

(7)

(6)

iid

yk,t |Gt ∼ Gt ,
iid

zk,t |yk,t ∼ f (·|yk,t ).

(8)

We can also reformulate the Pitman-Yor process mixture by integrating out the mixing
measure Gt and introducing allocation variables ct = c1:n,t . For any j ∈ J (ct ), where J (ct )
is the set of unique values in ct , we have
iid

Uj,t ∼ H,
zk,t |Uck,t ∼ f (·|Uck,t ,t ).
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For convenience, we label here the clusters by their order of appearance. We set c1,1 = 1,
1
a vector of size K1 . Then, at time t = 1, for k = 2, . . . , n the
K1 = 1 and m11 = m1:K
1 ,1
3

m1 −α

Caron et al.

following Pólya urn model describes the predictive distribution of a new allocation variable
(Blackwell and MacQueen, 1973; Pitman, 1996)

n!

i=1

QPj aj
n
Y
i=1 (θ + (i − 1)α)
Q
n
i=1 (θ + i − 1)

i!

Qi−1
j=1 (j

− α)

!ai

1
.
ai !

(9)

i,1
1 = i, m1 = m1 + 1,
w.p. k−1+θ
, i ∈ {1, . . . , K1 } set ck,1
i,1
i,1
1
1
1 α+θ
w.p. K
k−1+θ , set K1 = K1 + 1, ck,1 = K1 , mK1 ,1 = 1,
where the abbreviation ‘w.p.’ stands for ‘with probability’.
The sequence associated with c1,t , . . . , cn,t is exchangeable and induces a random partition of n, that is an unordered collection of k ≤ n positive integers with sum n or,
equivalently, a random allocation of n unlabeled points into some random number of unlabeled clusters (materialized by a color for example); each cluster containing at least one
point. A common way to represent a partition of n P
is by the numberP
of terms of various
n
n
jaj = n. Here
aj = k and j=1
sizes; that is the vector of counts (a1 , . . . , an ) where j=1
a1 is the number of terms of size 1, a2 is the number of terms of size 2, etc. Following
(Antoniak, 1974), we say that ct ∈ C(a1:n ) if there are a1 distinct values of ct that occur
only once, a2 that occur twice, etc. It can be shown that Pr(ct ∈ C(a1:n )) = Pn (a1:n ) is
given by the two-parameter Ewens sampling formula (Pitman, 1995)

Pn (a1 , . . . , an ) =

In this paper, we introduce a class of statistical models with dependencies between the
distributions {Ft } and mixing distributions {Gt } while preserving (1) and (2) at any time
t. This allows us to explicitly characterize the marginal model at each time step (more
generally, at each value of the covariate) and have fine control over prior parameterization
of the marginal model. Methods that preserve stationarity in this way have found use
in other Bayesian nonparametric models (Teh et al., 2011; Griffin and Steel, 2011), and
allow us to achieve good empirical performance in epidemiological and video applications in
Section 5. We briefly review constructions in the literature for dependent processes below.
2.1 Literature review

Several authors have considered previously the problem of defining dependent nonparametric models, and in particular dependent Dirichlet processes for time series and spatial
models, see e.g. Foti and Williamson (2013) for a recent review.

In an early contribution, Cifarelli and Regazzini (1978) introduced dependencies between
distributions by defining a parametric model on the base distribution Hs dependent on a
covariate s and Gs ∼ DP(θ, Hs ). This approach is different from ours as we follow here the
setting introduced by MacEachern et al. (1999) and introduce dependencies directly on two
successive mixing distributions while H is fixed.

JMLR 18(27):1-32, 2017

The great majority of recent papers use the stick-breaking representation (5) to introduce dependencies. Under this representation, a realization of a Dirichlet process is
represented by two (infinite dimensional) vectors of weights V1:∞,s and cluster locations
U1:∞,s . Dependency with respect to a covariate s is introduced on V1:∞,s in (Griffin and
Steel, 2006; Rodriguez and Dunson, 2011; Arbel et al., 2014), on U1:∞,s in (MacEachern,
2000; Iorio et al., 2004; Gelfand et al., 2005; Caron et al., 2008) and on both cluster locations
and weights in (Griffin and Steel, 2009).
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• Cluster deletion (for α, θ verifying condition (3) with θ ≥ 0): compute the following
discrete probability distribution over the set of non-empty clusters
P
t−1
t−1
( ` mt−1
`,t−1 − mk,t−1 )γ + mk,t−1 (1 − γ)
πk,t =
P t−1
( ` m`,t−1 )(1 − γ + (Kt−1 − 1)γ)
P
α
where k πk,t = 1, γ = α+θ then sample an index from this distribution and delete the
corresponding cluster to obtain ct1:t−1 . The cluster deletion allows us to model large potential ‘jumps’ in the distributions of the observations. Dependent on the value of γ, we

• Deterministic deletion: delete the allocation variables ct−r from ct−1
1:t−1 , where r ∈ N
and r < t.

• Uniform deletion: delete each allocation variable in ct−1
1:t−1 with probability 1 − ρ
where 0 ≤ ρ ≤ 1.PThis is statistically equivalent to sampling a number r from a binomial
t−1
distribution Bin( k mt−1
k,t−1 , 1−ρ) and then removing r items uniformly from c1:t−1 to obtain
t
c1:t−1 . For ρ = 0, the partitions ct and ct+1 are independent whereas for ρ = 1 we have a
static Pitman-Yor process.

For any t ≥ 2, we have generated the allocation variables c1:t−1 corresponding to z1:t−1
from time 1 to t − 1. We denote by ct−1
1:t−1 the subset of c1:t−1 corresponding to variables
having survived the deletion steps from time 1 to t − 1, and we denote by ct1:t−1 the subset
corresponding to those having survived from time 1 to t. Let Kt−1 be the number of clusters
created from time 1 to t − 1. We denote by mt−1
t−1 the vector of size Kt−1 containing the
t
size of the clusters associated to ct−1
1:t−1 , and we denote by mt−1 the vector containing the
size of clusters associated to ct1:t−1 . Hence, these vectors have zero entries corresponding
t
to ‘dead’ clusters. The introduction of mt−1
t−1 and mt−1 simplifies the presentation of the
procedure but note that, from a practical point of view, there is obviously no need to store
these vectors of increasing dimension. It is only necessary to store the size of the non-empty
clusters and their associated labels.
At time 1, we just generate c1 according to a standard
Pólya urn described in the

t−1
t
t
introduction. At time t ≥ 2 we have ct−1
1:t−1 = c1:t−2 , ct−1 and we sample c1:t = c1:t−1 , ct
as follows. We first obtain ct1:t−1 by deleting a random number of allocation variables from
ct−1
1:t−1 according to one of the following rules.

• sampling n new allocation variables corresponding to the n observations zt .

• deleting randomly a subset of the allocations variables sampled from time 1 to t − 1
which had survived the previous t − 1 deletion steps,

The main idea behind our models consists at each time step t of

3.1 Stationary Pitman-Yor Processes

We present here some models ensuring property (A) is satisfied. We then briefly discuss in
Section 3.2 how to ensure (B).

3. Stationary Pitman-Yor Process Mixtures

Caron et al.

Our models allow us to modify both the cluster locations and their weights. Furthermore, they rely on simple and intuitive birth and death procedures. By using a Pólya urn
approach, the models are defined on the space of partitions; i.e. the labelling of the class to
which each data belongs is irrelevant. From a computational point of view, it is usually easier
to design efficient MCMC and SMC algorithms for inference based on this finite-dimensional
representation than the infinite-dimensional stick-breaking representation, where slice sampling (Walker, 2007; Kalli et al., 2011) or retrospective sampling (Papaspiliopoulos and
Roberts, 2008) techniques can be used.

The main contribution of this paper consists of defining models satisfying (A) using
a generalized Pólya urn prediction rule based on the consistence properties under specific
deletion procedures of the Ewens sampling formula (Kingman, 1978; Gnedin and Pitman,
2005). Ensuring (B) can be performed using standard methods from the time series literature; e.g. (Joe, 1997; Pitt and Walker, 2005).

(B) for j ∈ ct , the Uj,t s are identically and independently distributed from H.

(A) the sequence ct induces a random partition distributed according to the twoparameter Ewens sampling formula (9),

To obtain a first-order stationary Pitman-Yor process mixture using such an approach,
we need to ensure that any time t

The models developed here are based on a Pólya urn representation of the Pitman-Yor
process but do not require introducing a large number of auxiliary variables to model
strongly dependent distributions.

2.2 Contributions and Organization

DP (θ, H) by introducing
m artificial auxiliary variables wi ∼ G1 and then G2 |w1:m ∼
P
θH+ m
i=1 δwi
DP(θ + m,
).
An
extension to time series is discussed in (Srebro and Roweis,
θ+m
2005). An important drawback of this approach is that it requires introducing a very large
number m of auxiliary variables to model strongly dependent distributions. When inference
is performed, these auxiliary variables need to be inferred from the data and the resulting
algorithm can be computationally intensive.

iid

Although these previous approaches have merits, we believe that it is possible to build
more intuitive models in the time domain based on Pólya urn-type schemes. In (Zhu
et al., 2005; Ahmed and Xing, 2008; Blei and Frazier, 2011), time-varying Pólya urn models
were proposed but these models do not marginally preserve a Dirichlet process. The only
model we know of which satisfies this property is presented in (Walker and Muliere, 2003).
The authors define a joint distribution p(G1 , G2 ) such that G1 and G2 are marginally

An alternative approach consists of considering the mixing distribution to be a convex
combination of independent random probability measures sampled from a Dirichlet process.
The dependency is then introduced through some weighting coefficients; e.g. (Dunson
et al., 2006; Dunson and Park, 2007; Müller et al., 2004). More recently, various classes
of dependent Dirichlet processes were proposed by Griffin (2011), Rao and Teh (2009),
Huggins and Wood (2014) and Lin et al. (2010) which rely on the representation of the DP
as a normalized random measure.

GPU for Time-Varying Pitman-Yor Processes
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t induces a random partition
Proof. We prove by induction a stronger result; that is c1:t
following (9). At time 1, this is trivially true as c11 = c1 is generated according to a standard
Pólya urn. Assume it is true at time t − 1. For the deterministic and uniform deletion,
t
exchangeability of the partition ensures that c1:t−1
also induces a random partition following
(9). For the cluster deletion procedure, consistency follows from the results of (Kingman,
1978, pp. 3 and 5) and (Gnedin and Pitman, 2005, p. 4) on regenerative partitions. Finally,
as ct is sampled according to a standard Pólya urn scheme based on the surviving allocation
t
t indeed induces by construction a random partition following (9).
variables c1:t−1
then c1:t
Thanks to exchangeability, it implies that ct also induces a random partition distributed
according to the Ewens sampling formula.

Caron et al.

t = K , mt
, set Kt = Kt + 1, ck,t
t
Kt ,t = 1.



t )
p (·|Uk,t−1 ) if k ∈ I(mt−1
H
otherwise

8
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where H is the invariant distribution of the Markov transition kernel p (·|·). In the time
series literature, many approaches are available to build such transition kernels based on
copulas (Joe, 1997) or Gibbs sampling techniques (Pitt and Walker, 2005).
Combining the stationary Pitman-Yor and cluster locations models, we can summarize
the full model by the following Bayesian network in Figure 1. It can also be summarized
using a Chinese restaurant metaphor (see Figure 2).

Uk,t ∼

To ensure we obtain a first-order stationary Pitman-Yor process mixture model, we also
need to satisfy (B). This can be easily achieved if for k ∈ I(mtt )

3.2 Stationary Models for Cluster Locations

This lack of consistency is shared by other models based on the Pólya urn construction (Zhu et al., 2005; Ahmed and Xing, 2008; Blei and Frazier, 2011). Blei and Frazier
(2011) provide a detailed discussion on this issue and describe cases where this property is
relevant or not.
It is nonetheless possible to define a slightly modified version of our model that is
consistent under marginalisation, at the expense of an additional set of latent variables.
This is described in Appendix C.

c2,1 c2,2



XX

π2 (c1,1 , c2,1 , c1,2 , c2,2 ) 6= π1 (c1,1 , c1,2 ).

So far, so as to simplify presentation, we have considered that the number of allocation
variables at each time t is fixed to a value n corresponding to the number of observations
received at each time instant. The value of n impacts on the number of alive allocation
t . More precisely, the statisvariables and the correlations between successive vectors m1:t
tical model is not consistent in the Kolmogorov sense. For example, let π1 (c1,1 , c1,2 ) and
π2 (c1,1 , c2,1 , c1,2 , c2,2 ) be two models defined for n = 1 and n = 2, then

delete clusters with a probability independent of their size, proportional to their size or
proportional to the size of the partition minus their size (Gnedin and Pitman, 2005). The
introduction of the Pitman-Yor process gives us this extra modeling flexibility here. In
particular, the following three cases are of special interest:
Size-biased deletion For α = 0 and θ > 0, and hence γ = 0, each cluster of
size r is selected with probability proportional to r. This result is known as Kingman’s
characterization of the Ewens family of (0, θ) partition structures (Kingman, 1978).
α
Unbiased (uniform) deletion For γ = α+θ
= 21 , given that there are l clusters,
each cluster is chosen with probability 1l i.e., each cluster is deleted independently of its size.
For 0 ≤ α ≤ 1, the (α, α) partition structures are the only partition structures invariant
under uniform deletion.
Cosize-biased deletion For γ = 1 (hence θ = 0), each cluster of size r is selected
with probability proportional to the size n − r of the remaining partition.
It is also possible to consider any mixture and composition of these deletion procedures.
For example, we can pick w.p. ξ the uniform deletion strategy and w.p. 1 − ξ the cluster deletion strategy or perform one uniform deletion followed by one cluster deletion or
a deterministic deletion etc. Finally, after these deletion steps, we sample the allocation
variables ct according to a standard Pólya urn scheme based on the surviving allocation
t
variables c1:t−1
.
To summarize, the generalized Pólya urn scheme proceeds as in Algorithm 1, where
I mtt and I mtt denote respectively the indices corresponding to the non-zero entries
of mtt and the number of non-zero entries.
Algorithm 1 Generalized Pólya Urn
At time t = 1
1 = 1, m1 = 1 and K = 1.
• Set c1,1
1
1,1
• For k = 2, ..., n

m1 −α

mt −α
P i,tt
mi,t +θ

i

i

|IP(mtt )|α+θ

t +θ
mi,t

i,1
1 = i, m1 = m1 + 1,
w.p. k−1+θ
, i ∈ {1, . . . , K1 } set ck,1
i,1
i,1
1
1
1 α+θ
w.p. K
k−1+θ , set K1 = K1 + 1, ck,1 = K1 , mK1 ,1 = 1.
At time t ≥ 2
t−1
using
a
mixture/composition
of
uniform,
size-biased and deterministic
• Kill a subset of c1:t−1
t
t ) and set mt = mt , K = K
deletions to obtain c1:t−1
(hence mt−1
t
t−1 .
t
t−1
• For k = 1, ..., n

t = i, mt = mt + 1,
, i ∈ I mtt set ck,t
i,t
i,t

w.p.

w.p.
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The proof that ct satisfies (A) is a direct consequence of the remarkable consistence
properties under deletion of the Ewens sampling formula which have been first established
in (Kingman, 1978) for the one-parameter case and then extended to the two-parameter
case in (Gnedin and Pitman, 2005).
Proposition. At any time t ≥ 1, ct induces a random partition distributed according
to the Ewens sampling formula.
7

j=1 k=1

k=0

9
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Its stationary distribution is obtained by taking thelimit as t →
 ∞.
t
Clearly
the
sequence
{c
}
is
not
Markovian
but
c
and
ct1:t−1 and the associated
t
1:t


vectors mt1:t and mt1:t−1 are for the uniform and cluster deletions. The transition
probabilities for these processes are quite complex. However it can be shown easily for
example that, for the uniform deletion model, we have for k ∈ I(mtt−1 )
h
i
h h
i
i
t+1
t
t
t
E mt+1
k,t |mt−1 = E E mk,t mk,t |mt−1


= ρE mtk,t |mtt−1
 !
mtk,t−1 − I mtt−1 α
t
P
= ρ mk,t−1 + n
θ + k mtk,t−1

i=1

where Xj,i are independently distributed from a Bernoulli of parameter ρj . At is therefore
distributed from a Poisson binomial (also called Pólya Frequency) distribution (Pitman,
nρ
1997). The asymptotic mean and variance of the distribution of At are respectively 1−ρ
nρ
and 1−ρ2 , and the distribution Pr(At = k) ∝ ak,t−1 where ak,t , k = 0, . . . , nt satisfies the
algebraic identity
n X
nt
t 
Y
1 − ρi
=
x+
ak,t xk .
(10)
i
ρ

P
Under the uniform deletion model, the number At = i mti,t−1 of alive allocation variables
at time t can be written as
t−1 X
n
X
At =
Xj,k

3.3 Properties of the Models

Figure 1: A representation of the time-varying Pitman-Yor process mixture as a directed
graphical model, representing conditional independencies between variables. All
assignment variables and observations at time t are denoted ct and zt , respectively.
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(e)

(d)

× ×

(f)

(c)

X

t
k∈I(m
/
t−1 )

E[

t
mt+1
k,t |mt−1 ] =




ρn I mtt−1 α + θ
P
.
θ + k mtk,t−1
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where D is the standard Dirichlet distribution. Moreover, G?t and {Pj |j ∈ I(mtt−1 )}, Rt
are statistically independent. In particular, in the Dirichlet process case, we have
!
X

1
t−1

Gt |ct1:t−1 , Uj,t ∼ DP θ + I mtt−1 ,
(θH
+
m
δ
)
.
k,t Uk,t
θ + I mtt−1
k


where G?t ∼ PY(α, θ + α I mtt−1 , H) and

{Pj |j ∈ I(mtt−1 )}, Rt |mtt−1 ∼ D({mtj,t−1 − α|j ∈ I(mtt−1 )}, I(mtt−1 ) α + θ)

j∈I(mtt−1 )

For any deletion model, it can be additionally shown that we have, conditional on
mtt−1 (Pitman, 1996)
X
Gt =
Pj Uj,t + Rt G?t

and

Figure 2: Illustration of the uniform deletion time-varying Pitman-Yor process mixture.
Consider a restaurant with a countably infinite number of tables. (a) At time t,
there are a certain number of customers in the restaurant, shared between several
tables. Each customer remains seated at her/his table (w.p. ρ), or leaves the
restaurant (w.p. (1 − ρ)). (b) Once this choice has been made by each customer,
empty tables are removed, and a certain number of customers remain in the
restaurant. (c) Each table that is still occupied has its location evolved according
to the transition kernel p(·|·). (d) A new customer enters the restaurant and
either (e) sits at a table with a probability proportional to the number of people
at this table or (f) sits alone at a new table whose location has distribution H.
When n − 1 other new customers enter the restaurant, repeat operations (d)-(f).

(b)

(a)

× ×

××
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We display a Monte Carlo estimate of corr yGt (dy), yGt+τ (dy) when H (y) is a
standard normal distribution for different values of ρ, ξ and r resp. for the uniform, sizebiased and deterministic deletions, and θ (with α = 0) in Fig. 3. The correlations decrease
faster as ρ, r and ξ decrease as expected.
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Figure 3: Plots of corr yGt (dy), yGt+∆t (dy) approximated by Monte Carlo simulations as a function of the time difference ∆t for (a) uniform (b) deterministic and
(c) cluster deletions, for different values of θ and (a) ρ, (b) r and (c) ξ.

4. Bayesian Inference in Time-Varying PYPM
Bayesian inference is based on the posterior distribution of the cluster assignment variables
t
1:t , U
ct , the vectors mt−1
and U1:Kt given by p(c1:t , m1:t−1
1:Kt |z1:t ) at time t. We describe
sequential Monte Carlo methods to fit our models.
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1:t , U
To sample approximately from the sequence of distributions p(c1:t , m1:t−1
1:Kt |z1:t ) as
t increases, we propose an SMC method also known as particle filter. In this approach,
the posterior distribution is approximated by a large collection of random samples—termed
particles—which are propagated through time using Sequential Importance Sampling with
resampling steps; see (Doucet et al., 2001) for a review of the literature. MacEachern et al.
(1999) developed a sequential importance sampling method for Beta-Binomial Dirichlet
process mixtures and Fearnhead (2004) proposed a SMC method for general conjugate
Dirichlet process mixtures. In these papers, even in cases where the mixed distribution
G can be integrated out analytically, the fact that G is a static parameter leads to an
accumulation of the Monte Carlo errors over time (Kantas et al., 2009; Poyiadjis et al.,

11
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2011). This prevents using such techniques for large datasets with long time sequences.
We deal here with time-varying models whose forgetting properties limit drastically this
accumulation of errors.
We present in Algorithm 2 a general SMC algorithm. It relies on importance distri(i)
butions denoted generically by q (·) and is initialized with weights w0 = N −1 and cluster
0 (i)
sizes m0
= 0 for i = 1, ..., N. The simplest case of this algorithm consists of selecting the
prior as an importance distribution. Note that we use A to denote the complementary of
the set A ⊂ N in N.

(i)

(i)

e t ),t−1
I(m

, zt )

otherwise

e (i) |U (i) )
p(U
k,t k,t−1

(i)

q(Uk,t |Uk,t−1 , {zj,t |e
cj,t = k}) if k ∈ J (e
ct )

Q

(i)

t (i)
(i)
e (i) |U (i) ,{zj,t |e
e t−1 ) q(U
k∈I(m
cj,t =k})
k,t k,t−1

p(Uk,t |Uk,t−1 )

×

(i)

e )
H(U
k,t

 −1
(i) 2

w
et

. If Neff ≤ NT , multiply the particles with

(11)

Algorithm 2 Sequential Monte Carlo for Time-Varying Pitman-Yor mixture processes
At time t ≥ 1
• For each particle i = 1, .., N
t |mt−1 (i) )
• Sample
Pr(mt−1
t−1
t (i)
t−1 (i)
e t−1 |mt−1
m
∼
(i)
t (i)

e t−1 , U
• Sample e
ct ∼ q(ct |m

P

(i)

t (i)
(i)
(i)
e (i) ∼ q(Uk,t |{zj,t |e
e t−1 ), sample U
• For k ∈ J (e
ct ) ∩ I(m
cj,t = k})
( k,t
(i)
(i)
t (i)
e (i) ∼
e t−1 ), sample U
• For k ∈ I(m
k,t

• For i = 1, .., N , update the weights

(i)

(i)
(i)
t (i)
e (i) ,e
e t−1 )
p(zt |U
c ) Pr(e
c t |m
t
t
(i)
t (i)
(i)
,zt )
(i)
I(f
mt ),t−1
t (i)

e t−1 ,U
q(e
c t |m

(i)

= 1.



e |{zj,t |e
e t−1 ) q(U
cj,t =k})
k∈J (e
ct )∩I(m
k,t

(i)

Q

∝ wt−1
×

(i)
et
i=1 w

PN

(i)

w
et

with

• Resampling. Compute Neff =

large weights and remove the particles with small weights, resulting in a new set of particles
(i)
(i)
denoted ·t with weights wt = 1/N . Otherwise, rename the particles and weights by removing
the e·.

1:t

In this algorithm, NT is a threshold triggering the resampling step; typically we set
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NT = N/2.
1:t−1 , U1:Kt |z1:t ) is approximated using the set of weighted
n The posterior p(c1:t , mo
(i)
(i)
1:t (i)
(i)
samples wt , c1:t , m1:t−1 , U1:Kt . In cases where H is a conjugate prior for f , we can
integrate out the cluster locations and sample only the allocation variables.
We also develop a particle MCMC (PMCMC) inference algorithm (Andrieu et al., 2010)
for this model. PMCMC is a method that uses SMC as an intermediate sampling step
to move efficiently through high dimensional state spaces. It is an alternative to other
common forms of MCMC, such as single-site Gibbs sampling, which we have found suffer
from worse empirical performance due to quasi-ergodicity (i.e. poor mixing as the Markov
chain becomes stuck in posterior modes). We implement the iterated-conditional SMC
form of PMCMC (Andrieu et al., 2009, 2010), which involves iterating through the SMC
algorithm described above while conditioning on a sampled particle at each iteration. While

12

(12)

(i)

(13)

ρ2

(1−ρt−1 )

k=1

Kt
X

mtk,t

z1:t .

#

(14)
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13

Foot and Mouth disease is a highly transmissible viral infection which can spread rapidly
among livestock. The epidemic which started in February 2001 and ended in October 2001
saw 2000 cases of death in farms throughout England. Although complex models have been
designed in the epidemiology literature relying for example on the spatial distribution of
farms (Keeling et al., 2001), we propose to use our model to estimate clusters of cases of
Foot and Mouth disease. Let zk,t be the two-dimensional geographical position of case k

5.2 Foot and Mouth Disease

A SMC algorithm is implemented with 1000 particles (Doucet et al., 2001); this algorithm is a slight generalization of the Algorithm 2 where ρt is also sampled. Results are
displayed in Figure 4 and the estimates of Nt|t and ρt|t = E [ ρt | z1:t ] are plotted in Figure 5.
In Figure 4, we display the filtered density estimate Ft|t = E [Ft |z1:t ] which manages to
track the slow and abrupt changes of the true density. In Figure 5, we see that the model
adapts to Ft quickly by also estimating ρt : ρt suddenly decreases at times t = 300 where the
modes of the density suddenly change. Nt|t follows a similar evolution: whenever Ft does
not evolve, we use as many previously collected observations as possible to estimate the
density by letting Nt|t increases. When Ft changes abruptly, Nt|t also decreases abruptly
and the model quickly gets rid of the old clusters. Moreover, the cluster deletion procedure
allows us to only delete irrelevant clusters. This is illustrated at t = 600 where the two
minor modes disappear whereas the main mode is preserved.

Nt|t = E

"

and var(ρt |ρt−1 ) = t−1
aρ +ρt−1 . Note that the resulting model is still first-order stationary.
We select a mixture of uniform and cluster deletions with ξ = 0.98. The observations
zt are generated for t = 1, . . . , 1000 from a sequence of mixtures of normal distributions,
see Figure 4. Abrupt changes occur at times t = 301 and t = 601 where modes of the
true density appear/disappear whereas the mode moves smoothly from 0 to −1.5 between
t = 701 and t = 850. For illustration purposes, we compute the average number of alive
allocation variables Nt|t as follows

We consider the synthetic problem of estimating sequentially time-varying densities Ft on
the real line using observations zt . We assume the observations zt (where n = 1) follow
a time-varying Dirichlet process with both uniform and size-biased deletion, a Gaussian
mixed density and normal-inverse Wishart base distribution, whose pdf is given by


ν0 +p+1
1
κ0
p(µ, Σ|µ0 , κ0 , ν0 , Λ0 ) ∝ |Σ|− 2 exp − tr(Λ0 Σ−1 − (µ − µ0 )T Σ−1 (µ − µ0 ))
2
2

5.1 Sequential Time-Varying Density Estimation

In this Section, we demonstrate the models and algorithms on simulated data, modeling of
the spread of a disease, and multi-object tracking.

5. Applications



(i)
(i)
(i,j)
(i,j)
• Keep the N particles c1:k−1,t , c1:t−1 , e
ck,t
with highest weights w
ek,t , rename them


(i)
(i)
(i)
c1:k,t , c1:t−1 and denote wk,t the associated weights.


 

(i,j)
(i)
(i)
(i)
(i,j)
(i,j) (i)
(i)
w
ek,t ∝ wk−1,t p zk,t | z1:k−1,t , z1:t−1 , c1:k−1,t , c1:t−1 , e
ck,t p e
ck,t c1:k−1,t , c1:t−1

• Set w0,t = wn,t−1
• For k = 1, . . . , n
• For each particle i = 1, .., N
(i)
(i)
(i,j)
• For j ∈ J ({c1:k−1,t , c1:t−1 }) ∪ {0} ∪ {cnew }, let e
ck,t = j and compute the weight

(i)

Algorithm 3 N −best algorithm for Deterministic Deletion
At time t ≥ 1

This distribution can be computed in closed-form in the conjugate case. We propose the
simple deterministic Algorithm 3 to approximate the posterior in the context ofnthis model.
o
(i) (i)
The posterior p(c1:t |z1:t ) is approximated using the set of weighted samples wt , c1:t .
This algorithm uses a deterministic selection step. Alternatively, we could have used the
stochastic resampling procedure of Fearnhead (2004).

p(zt |ct = k, z1:t−1 , c1:t−1 ) = p(zt |{zj : cj = k for j = t − r + 1, . . . , t − 1})
R
Q
{j∈{t−r+1,...t−1}:cj =k} f (zj |y)dH(y)
Y f (zt |y)
R Q
=
.
{j∈{t−r+1,...t−1}:cj =k} f (zj |y)dH(y)
Y

where τ = 0.5 and r = 4000 are fixed parameters, κ00 = κ0 +
, ν00 = ν0 + r, µ00 =
Prτ
n
κ0
rτ
0 = Λ + κ0 rτ (ω − µ )(ω − µ )T + τ
T
µ
and
Λ
w
+
0
0
0
0
0
j=1 (ωj,t − ω)(ωj,t − ω)
κ0 +rτ
κ0 +rτ
κ0 +rτ
1 Pr
and ω = n j=1 ωj,t . The DP scale parameter is θ = 3. Instead of fixing ρ, we assume it is
t−1
time-varying with ρt |ρt−1 ∼ B(aρ , aρ 1−ρ
ρt−1 ) where aρ = 1000, such that E[ρt |ρt−1 ] = ρt−1

where p = 1 in this case. To keep the presentation simple, we assume here that the
hyperparameters of the base distribution are assumed fixed and known µ0 = 0, κ0 = 0.1,
ν0 = 2 and Λ0 = 1. Following Pitt et al. (2002), we introduce a time-varying model on the
cluster location using r auxiliary variables ωj,t , j = 1, . . . , r


Σt
ωj,t ∼ N µt ,
for all j
τ
0
0
(µt+1 , Σt+1 )|ω1:r,t ∼ N iW (µ0 , κ0 , ν00 , Λ00 )

this algorithm does not operate in an online fashion, as SMC does, we show in Section 5 that
it yields improved performance in tasks such as video object tracking (shown in Section 5).

An alternative approach consists of modelling the observations as follows (we discuss
here the deterministic deletion model but the uniform deletion can be defined similarly).
In this model, the predictive distribution of zt conditional on ct = k only depends on the
observations assigned to the same cluster in the time interval {t − r + 1, ..., t − 1} and
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at day number t. We assume that zt follows a time-varying Dirichlet process mixture with
a Gaussian mixed pdf whereas H is a Normal inverse Wishart distribution. We consider
a deterministic deletion model where r = 7; seven days being an upper bound for the
incubation of the disease. For the cluster locations, we use the model defined by Eq. (12).
Inference is performed using the N −best algorithm 3 with N = 1000 particles. The marginal
maximum a posteriori estimates of the cluster locations for some days during the epidemic
are represented in Figure 6.

Figure 5: (a) Time evolution of the average number of alive clusters. (b) Time evolution of
ρt|t .

200

Figure 4: (a) Data (b) True density and (c) filtered density estimate. Abrupt changes occur
at times t = 301 and t = 601. The mode of the density evolves smoothly between
times t = 700 and t = 850.

Ft(z)
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We computed the predictive cumulative density function Pr(zk,t ≤ z|z1:k−1,t , z1:t−1 ) for
each disease case. The inverse Gaussian cumulative density function transform of it is
plotted in Figure 7 for each of the two dimensions. As can be shown, our simple model
does fit the data relatively well, considering that no prior information about farm locations
is used here.
15
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Figure 6: Evolution of the predictive density over time. Red dots represent foot and mouth
cases over the last 7 days.
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The time-varying Pitman-Yor process can also be used as a prior in models used to find,
track, and learn representations of arbitrary objects in a video without a predefined method

5.3 Object Tracking in Videos

Figure 7: Normal qq-plot of the transformed predictive distribution for foot-and-mouth
disease dataset for the two dimensions.

Probability

Time

(15)

(16)
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2. A preliminary version of this work has been presented as a conference paper (Neiswanger et al., 2014).
Matlab code is available at https://github.com/willieneis/DirichletProcessTracking.

zt,n ∼ F(Uk,t ) = N (zst,n |µk,t , Σk,t )M ult(zct,n |δk,t )

Examples of spatial pixel data extracted via frame differencing are shown in Figure 8 (a)-(g).
The time-varying Pitman-Yor process mixture of objects We define an object
model, F(Uk,t ), which is a distribution over pixel data, where Uk,t represents the parameters
of the k th object at time t. We wish to keep our object model general enough to be applied
to arbitrary video objects, but specific enough to learn a representation that can aid in
tracking. In this paper, we model each object with

cV
s1
s2
c1
zt,n = (zst,n , zct,n ) = (zt,n
, zt,n
, zt,n
, . . . , zt,n
).

for object detection2 . We present a model that localizes objects via unsupervised tracking
while learning a representation of each object, avoiding the need for pre-built detectors. This
model uses the Pitman-Yor prior to capture the uncertainty in the number and appearance
of objects and requires only spatial and color video data that can be efficiently extracted via
frame differencing. Nonparametric mixture models have been used in the past for a variety
of computer vision tasks, including tracking (Topkaya et al., 2013; Neiswanger et al., 2014),
trajectory clustering (Wang et al., 2011), and video retrieval (Li et al., 2008).
To find and track arbitrary video objects, we model spatial and color features that are
extracted as objects travel within a video scene. The model isolates independently moving
video objects and learns object models for each that capture their shape and appearance.
The learned object models allow for tracking through occlusions and in crowded videos. The
unifying framework is a time-varying Pitman-Yor process mixture, where each component
is a (time-varying) object model. This setup allows us to estimate the number of objects
in a video and track moving objects that may undergo changes in orientation, perspective,
and appearance.
We describe the form of the extracted data, define the components of the model, and
demonstrate this model on three real video datasets: a video of foraging ants, where we show
improved performance over other detection-free methods; a human tracking benchmark
video, where we show comparable performance against object-specific methods designed to
detect humans; and a T cell tracking task where we demonstrate our method on a video
with a large number of objects and show how our unsupervised method can be used to
automatically train a supervised object detector.
Data.
At each frame t, we assume we are given a set of Nt foreground pixels,
extracted via some background subtraction method (such as those detailed in (Yilmaz et al.,
2006)). These methods primarily segment foreground objects based on their motion relative
to the video background. For example, an efficient method applicable for stationary videos
is frame differencing: in each frame t, one finds the pixel values that have changed beyond
s1
s2
some threshold, and records their positions zst,n = (zt,n
, zt,n
). In addition to the position
of each foreground pixel, we extract color information. The spectrum of RGB color values
is discretized into V bins, and the local color distribution around each pixel is described
by counts of surrounding pixels (in an m × m grid) that fall into each color bin, denoted
cV
c1
zct,n = (zt,n
, . . . , zt,n
). Observations are therefore of the form
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To satisfy stationarity, we introduce a set of M auxiliary variables akt = (akt,1 , . . . , akt,M )
for cluster k at time t (Pitt and Walker, 2005). Due to the form of the object parameter
priors (i.e the base distribution of the Dirichlet process) and the object model, we can
easily apply this auxiliary variable method. With this addition, object parameters do not
directly depend on their values at a previous time, but are instead dependent through
an intermediate sequence of variables. This allows the cluster parameters at each time
step to be marginally distributed according to the base distribution H while maintaining
simple time varying behavior. We can therefore sample from the transition kernel using

H(µk,t , Σk,t , δk,t |µ0 , κ0 , ν0 , Λ0 , q0 ) = N iW (µk,t , Σk,t |µ0 , κ0 , ν0 , Λ0 )D(δk,t |q0 ).

PV
j
where object parameters Uk,t = {µk,t , Σk,t , δk,t }, and
j=1 δk,t = 1. The object model
captures the objects’ locus and extent with the multivariate Gaussian and color distribution
with the multinomial. We demonstrate in the following experiments that this representation
can capture the physical characteristics of a wide range of objects while allowing objects
with different shapes, orientations, and appearances to remain isolated during tracking. We
define H, which represents the prior distribution over object parameters, to be

Figure 8: (a - f) Two pairs of consecutive frames and the spatial observations zst,n extracted
by taking the pixel-wise frame difference between each pair. (g) The results of
frame differencing over a sequence of images (from the PETS2010 dataset).
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Uk,t ∼ T (Uk,t−1 ) = T2 ◦ T1 (Uk,t−1 ), where
Σk,t−1
ak
∼ T1 (Uk,t−1 ) = N (µk,t−1 ,
)M ult(δk,t−1 )
t,1:M
τ
k
µk,t , Σk,t , δk,t ∼ T2 (at,1:M
) = N iW (µM , κM , νM , ΛM )D(qM )
(18)
(19)

where we choose τ = 1 for all experiments, and formulae for µM , κM , νM , ΛM and qM are
given in Appendix B.
We apply uniform deletion of allocation variables in this application, to maintain generality of the method over a variety of object types in videos. Additionally, we chose
hyperparameter values by simulating from the prior and inspecting the simulated parameters for similarity with existing data. We found that the algorithm performance was not
very sensitive to the hyperparameter values settings, and remained fairly consistent over a
wide range of settings. In the following experiments we perform inference using both the
SMC and PMCMC inference algorithms with N = 100 particles, and compare performance
of both algorithms.
Detection-free comparison methods.
Detection-free tracking strategies aim to
find and track objects without any prior information about the objects’ characteristics
nor any manual initialization. One type of existing strategy uses optical flow or feature
tracking algorithms to produce short tracklets, which are then clustered into full object
tracks. We use implementations of Large Displacement Optical Flow (LDOF) (Brox and
Malik, 2011) and the Kanade-Lucas-Tomasi (KLT) feature tracker (Tomasi and Kanade,
1991) to produce tracklets3 . Full trajectories are then formed using the popular normalizedcut (NCUT) method (Shi and Malik, 2000) to cluster the tracklets or with a variant that
uses non-negative matrix factorization (NNMF) to cluster motion using tracklet velocity
information (Cheriyadat and Radke, 2009)4 . We also compare against a detection-free
blob-tracking method, where extracted foreground pixels are segmented into components
in each frame (Stauffer and Grimson, 2000) and then associated with the nearest neighbor
criterion (Yilmaz et al., 2006).
Performance metrics.
For quantitative comparison, we report two commonly
used performance metrics for object detection and tracking, known as the sequence frame
detection accuracy (SFDA) and average tracking accuracy (ATA) (Kasturi et al., 2008).
These metrics compare detection and tracking results against human-authored groundtruth, where SFDA∈ [0, 1] corresponds to detection performance and ATA∈ [0, 1] corresponds to tracking performance, the higher the better. We authored the ground-truth for
all videos with the Video Performance Evaluation Resource (ViPER) tool (Doermann and
Mihalcik, 2000).
Insect tracking.
The video contains six ants with a similar texture and color
distribution as the background. The ants are hard to discern, and it is unclear how a
predefined detection criteria might be constructed. Further, the ants move erratically and
the spatial data extracted via frame differencing does not yield a clear segmentation of the
plementation at http://www.ces.clemson.edu/~stb/klt/.

3. The LDOF implementation can be found at http://www.seas.upenn.edu/~katef/LDOF.html and the KLT im-

plementation at http://www.ornl.gov/~czx/research.html.
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4. The NCUT implementation can be found at http://www.cis.upenn.edu/~jshi/software/ and the NNMF im-
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(e)

(f)

SMC
PMCMC

objects in individual frames. A still image from the video, with ant locations shown, is
given in Figure 3(a).
(a)

(b)

Figure 9: The ants in (a) are difficult to discern (positions labeled). We plot 100 samples
from the inferred posterior over object parameters (using SMC (c) and PMCMC
(d)) with ground-truth bounding boxes overlaid (dashed). PMCMC proves to give
more accurate object parameter samples. We also plot samples over object tracks
(sequences of mean parameters) using PMCMC in (f) , and its MAP sample in
(b). We show the SFDA and ATA scores for all comparison methods in (e).

JMLR 18(27):1-32, 2017

We compare the SMC and PMCMC inference algorithms, and find that PMCMC yields
more accurate posterior samples (3(d)) than SMC (3(c)). Note that we run PMCMC as
described in Section 4 for 100 iterations, where the first pass is equivalent to the SMC
algorithm. Ground-truth bounding boxes (dashed) are overlaid on the posterior samples.
The MAP PMCMC sample is shown in 3(b) and posterior samples of the object tracks
are shown in 3(f), along with overlaid ground-truth tracks (dashed). SFDA and ATA
performance metrics for all comparison methods are shown in 3(e). Our model yields higher
metric values than all other detection-free comparison methods, with PMCMC inference
scoring higher than SMC. The comparison methods seemed to suffer from two primary
problems: very few tracklets could follow object positions for an extended sequence of
frames, and clustering tracklets into full tracks sharply decreased in accuracy when the
objects came into close contact with one another.
Comparisons with detector-based methods.
Next, we aim to show that our
general-purpose algorithm can compete against state of the art object-specific algorithms,
even when it has no prior information about the objects. We use a benchmark humantracking video from the International Workshop on Performance Evaluation of Tracking
and Surveillance (PETS) 2009-2013 conferences (Ellis and Ferryman, 2010), due to its
prominence in a number of studies (listed in Figure 10(f)). It consists of a monocular,
stationary camera, 794 frame video sequence containing a number of walking humans. Due
to the large number of frames and objects in this video, we perform inference with the SMC
algorithm only.
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Figure 11: T cells are numerous, and hard to detect due to low contrast images (a). For
a single frame, ground-truth bounding boxes are overlaid in (b), and inferred
detection and tracking results are overlaid in (c). A histogram showing the posterior distribution over the total number of cells is shown in (e). The SFDA and
ATA for the detection-free comparison methods are shown in (f). Inferred cell
positions (unsupervised) were used to automatically train an SVM for supervised cell detection; SVM detected cell positions for a single frame are shown in
(d).

Figure 10: Results on the PETS human tracking benchmark dataset and comparison with
object-detector-based methods. The MAP object parameter samples are overlaid on four still video frames (a-d). The MAP object parameter samples are
also shown for a sequence of frames (a 50 time-step sequence) along with spatial pixel observations (e) (where the assignment variables ct,n for each pixel
are represented by marker type and color). The SFDA and ATA performance
metric results for our model and ten human-specific, detection-based tracking
algorithms are shown in (f), demonstrating that the our model achieves comparable performance to these human-specific methods. Comparison results were
provided by the authors of (Ellis and Ferryman, 2010).
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In this article, we have presented a class of first-order stationary Pitman-Yor processes
for time-varying density estimation and clustering. These models are based on a simple
generalized Pólya urn sampling scheme whose validity follows from the consistence properties under specific deletion rules of the two-parameter Ewens sampling formula. We have
proposed SMC and PMCMC methods to fit these models and have demonstrated them on
several applications. The model proposed in the present paper has also been successfully

6. Discussion

Tracking populations of T cells.
Automated tracking tools for cells are useful
for cell biologists and immunologists studying cell behavior (Manolopoulou et al., 2012).
We present results on a video containing T cells that are hard to detect using conventional
methods due to their low contrast appearance against a background (Figure 5(a)). Furthermore, there are a large number of cells (roughly 60 per frame, 92 total). In this experiment,
we aim to demonstrate the ability of our model to perform a tough detection task while
scaling up to a large number of objects. Ground-truth bounding boxes for the cells at a
single frame are shown in 5(b) and PMCMC inference results (where the MAP sample is

In Figure 4(a-d), the MAP sample from the posterior distribution over the object parameters is overlayed on the extracted data over a sequence of frames. The first 50 frames
from the video are shown in 4(e), where the assignment of each data point is represented
by color and marker type. We show the SFDA and ATA values for all methods in 4(f), and
can see that our model yields comparable results, receiving the fourth highest SFDA score
and tying for the second highest ATA score.

plotted) are shown in in 5(c). A histogram illustrating the inferred posterior over the total
number of cells is shown in 5(e). It peaks around 87, near the true value of 92 cells.

Our model is compared against ten object-specific detector-based methods from the
PETS conferences. These methods all either leverage assumptions about the orientation,
position, or parts of humans, or explicitly use pre-trained human detectors. For example,
out of the three top scoring comparison methods, (Breitenstein et al., 2009) uses a state
of the art pedestrian detector, (Yang et al., 2009) performs head and feet detection, and
(Conte et al., 2010) uses assumptions about human geometry and orientation to segment
humans and remove shadows.

Manually hand-labeling cell positions to train a detector is feasible but time consuming;
we show how unsupervised detection results from our model can be used to automatically
train a supervised cell detector (a linear SVM), which can then be applied (via a sliding
window across each frame) as a secondary, speedy method of detection (Figure 5(d)). This
type of strategy in conjunction with our model could allow for an ad-hoc way of constructing
detectors for arbitrary objects on the fly, which could be taken and used in other vision
applications, without needing an explicit predefined algorithm for object detection.
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applied to dynamic spike sorting (Gasthaus et al., 2008) and to cell fluorescent microscopic
imaging tracking (Ji and West, 2009).
There are numerous potential extensions to this work. We have focused on specifying directly the marginal distribution of the allocation variables, the underlying infinitedimensional process {Gt } being integrated out. This has allowed us to develop intuitive
models and simple algorithms to fit them. However, it would be interesting to explore
whether it is possible to obtain an explicit representation for {Gt } and whether this can be
related to the class of models described in (Griffin, 2011).
The uniform and deterministic deletion steps can be applied to any hierarchical model,
as long as the predictive distribution is known. We could therefore develop time-varying
versions of exchangeable models such as the Bernoulli trips introduced by Walker et al.
(1999). The same methodology could also be extended to dynamic social networks. In
this context, a classical model is Friend I, which assumes a finite Pólya Urn scheme as the
reinforcement procedure for friends interactions (Skyrms and Pemantle, 2000). In order
to take into account fading memory, a model called ‘discounted from the past’ has been
proposed, where the weights of the Pólya Urn are discounted at each time step– an approach
similar to that of Zhu et al. (2005). However this model has poor asymptotic properties, as
each individual always ends up being friend with a single individual (Skyrms and Pemantle,
2000). We conjecture that uniform deletion rules would have nicer properties.
Finally in some applications, it would be interesting to develop models allowing clusters
to merge and split over time. We believe that it is possible to build first-order stationary
models including such merge-split mechanisms exploiting once more the remarkable properties of the Poisson-Dirichlet distributions under splitting and merging transformations; see
e.g. (Pitman, 2002).
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Appendix A. Extensions
A.1 Species Sampling Priors
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5. The contents reflect only the authors views and not the views of the European Commission.

The consistence properties under size-biased deletion are remarkable properties specific to
the two-parameter Ewens sampling formula (Gnedin and Pitman, 2005). However, the uniform and deterministic deletion steps can be extended to any model with a given prediction
rule which ensures exchangeability over the data. In particular, the class of species sampling
priors - which includes the two-parameter Ewens sampling formula - is of particular interest
as it enjoys these two properties (Pitman, 1996; Lee, 2009). A sequence {yn } is called a
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species sampling sequence if the following prediction rule holds

j=1

k
X
p(n1 , . . . , nj + 1, . . . , nk )
p(n1 , . . . , nj , . . . , nk , 1)
δ Uj +
G0
p(n1 , . . . , nj , . . . , nk )
p(n1 , . . . , nj , . . . , nk )

y1 ∼ G0
yn+1 |y1 , . . . , yn ∼

j=1

k
X

p(n1 , . . . , nj + 1, . . . , nk ) + p(n1 , . . . , , nk , 1).

(20)

where G0 is a base distribution, Uj and nj , j = 1, . . . k, are respectively the set of distinct
∞ Nk → [0, 1] is a symmetric
values within y1:n and their relative occurrences. Here p : ∪k=1
function of k-tuples of non-negative integers with sum n called the Exchangeable Partition
Probability Function. This function must satisfy
p(1) = 1 and p(n1 , . . . , nk ) =

To obtain first-order stationary species sampling process, we can apply the uniform and
deterministic deletion steps followed by the predictive step (20).

A.2 Time-varying Hierarchical and Coloured Dirichlet Processes

Various hierarchical extensions of the Dirichlet process have been proposed such as the
popular hierarchical Dirichlet process (Teh et al., 2006) and the coloured Dirichlet process (Green, 2010). We show here how time-varying stationary versions of these models can
easily be designed.
The hierarchical Dirichlet process consists of embedded Dirichlet processes where we
have at the top of the hierarchy
G ∼ DP(α, G0 )
then for each group k = 1, . . . , d

Gk |G ∼ DP(a, G)

and finally for each item i = 1, . . . , nk within group k

yi,k |Gk ∼ Gk

zi,k |yi,k ∼ f (·|yi,k ).
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A popular application of this model is topic clustering. In this case, a group k represents
a document and data zi,k represent words within documents. The ‘mother’ mixing distribution G represents the overall mixture over topics, and each ‘child’ mixing distribution
Gk represents the mixture associated to a document k, sampled from a Dirichlet process
of base measure G. This model can be straightforwardly extended to take into account a
time-varying base measure Gt . Similarly to (Teh et al., 2006), a ‘Chinese restaurant franchise’ formulation can be expressed based on the set of alive allocation variables at time
t.
The coloured Dirichlet process consists of a finite mixture of Dirichlet process mixtures
where
π1:K ∼ D(a1 , . . . , aK ).
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= q0 +

i=1

aci
(25)

(24)

(23)

(22)

(21)
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It is possible to construct a slightly different model that satisfies the above equality. Consider that there are p latent variables e
ck,t which evolve according to the generalized Pólya
urn defined in Algorithm 1. We denote by e
ct−1
c1:t−1 corresponding to vari1:t−1 the subset of e
ables having survived the deletion steps from time 1 to t − 1, and we denote by e
ct1:t−1 the
e t−1 be the number of
subset corresponding to those having survived from time 1 to t. Let K

cn,1:t

As mentioned in Section 3, the model is not Kolmogorov-consistent. Consider a sequence
of distributions πn (c1:n,1:t ), n = 1, 2, . . . , where there are n allocation variables at each time
t, then, except in the trivial cases ρ = 0 or ρ = 1
X
πn (c1:n,1:t ) 6= πn−1 (c1:n−1,1:t ).
(26)

Appendix C. Kolmogorov-Consistent Model

where as and ac respectively denote the spatial and color components of the auxiliary
variables, and a and Sa respectively denote the sample mean and sample covariance of the
auxiliary variables.

qM

ΛM

M
X

= ν0 + M
κ0
M
µ0 +
as
=
κ0 + M
κ0 + M
= Λ0 + Sas

νM

µM

= κ0 + M

κM

The parameters µM , κM , νM , ΛM and qM in Eq. (19) can be written as

Appendix B. Auxiliary Variable Formulae

The main application of such models is for clustering data in presence of some background
noise. Again, a time-varying version of this model, where the weights and cluster locations
evolve over time, can straightforwardly be developed by deleting allocation variables as
described in Section 3 and sampling them conditionally on the set of alive variables as
described in (Green, 2010).

zi |yi ∼ f (·|yi ).

yi |ci ∼ Gci ,

ci |π1:K ∼ π1:K ,

Finally for each item i = 1, . . . , n, we have

Gk ∼ DP(αk , G0,k ).

Here D denotes the Dirichlet distribution. For each group k = 1, . . . , K, we have
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πn (c1:n,1:t ) = πn−1 (c1:n−1,1:t ).

(27)

~

~

~
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1. Introduction

This paper presents an original Markov chain Monte Carlo method to sample from the
posterior distribution of conjugate mixture models. This algorithm relies on a flexible
split-merge procedure built using the particle Gibbs sampler introduced in Andrieu et al.
(2009, 2010). The resulting so-called Particle Gibbs Split-Merge sampler does not require
the computation of a complex acceptance ratio and can be implemented using existing sequential Monte Carlo libraries. We investigate its performance experimentally on synthetic
problems as well as on geolocation data. Our results show that for a given computational
budget, the Particle Gibbs Split-Merge sampler empirically outperforms existing split merge
methods. The code and instructions allowing to reproduce the experiments is available at
https://github.com/aroth85/pgsm.
Keywords: Dirichlet process mixture models; Gibbs sampler; Particle Gibbs sampler;
Sequential Monte Carlo.

Editor: Zhihua Zhang

2

JMLR 18(28):1-39, 2017

doucet@stats.ox.ac.uk

andrew.roth@ludwig.ox.ac.uk
Department of Statistics and Ludwig Institute for Cancer Research
University of Oxford, United Kingdom

Andrew Roth

Department of Statistics
University of Oxford, United Kingdom

Arnaud Doucet

bouchard@stat.ubc.ca
Department of Statistics
University of British Columbia
Corresponding address: 3182 Earth Sciences Building, 2207 Main Mall, Vancouver, BC, Canada
V6T 1Z4

Alexandre Bouchard-Côté
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Mixture models are very commonly used to perform clustering and density estimation, and
they have consequently found numerous applications in a wide range of scientific fields.
Since the introduction of Markov chain Monte Carlo (MCMC) methods in statistics over
twenty five years ago, the Bayesian approach to mixture models has become very popular
(Marin et al., 2005; Richardson and Green, 1997). However, sampling from the posterior
distribution of mixture models remains a challenging computational problem.
When conjugate priors are used, it is possible to analytically integrate out the mixing
proportions and the parameters of the components. This is the scenario we will focus on
in this article. In this case, we aim to sample from the posterior distribution of the latent
indicator variables associated with the observations, each latent variable indicating which

Submitted 7/15; Revised 2/17; Published 4/17

component of the mixture generates a given data point. A simple Gibbs sampler can be
used which updates the latent indicator variables one-at-a-time (MacEachern, 1994; Escobar
and West, 1995) but this algorithm is inefficient when the number of observed data points
T is large. First, the simulated Markov chain would have to visit a long chain of lower
probability configurations in order to split and merge large clusters. As a result, it is prone
to getting trapped in severe local modes. Second, it is non-trivial to parallelize due to the
inherently sequential nature of the updates.
The limitations of the simple Gibbs sampler has motivated a rich literature on MCMC
algorithms for Bayesian mixture models which partially address these issues; see, e.g., Ishwaran and James (2001); Liang et al. (2007); Walker (2007); Kalli et al. (2011). In particular,
procedures proposing to split and merge existing clusters in one single step have become
prominent as they generally perform better than the simple Gibbs sampler (Richardson and
Green, 1997; Neal, 2000; Dahl, 2003; Jain and Neal, 2004).
While designing an efficient merge proposal is simple, designing an efficient split proposal is a more complicated task. When the mixing proportions and parameters are not
integrated out, split-merge moves were first proposed in Richardson and Green (1997). The
proposals were built to ensure the conservation of some moments and accepted/rejected
using Metropolis-Hastings steps. However, it is difficult to design efficient proposals in this
context.
When the mixing proportions and parameters are integrated out, split-merge moves on
the latent indicator variables were first proposed in Jain and Neal (2004). Assume one is
interested in splitting a block/cluster of points b ⊂ {1, . . . , T } into two blocks. We select
two points in b, which will be in distinct blocks after the split. There are 2|b|−2 possible
ways to split the original block b, hence any efficient proposal needs to be informed by
the observations corresponding to the indices in b. In Jain and Neal (2004), one selects
two points at random which are used as anchors. When the two anchors are in separate
clusters, a merging of the two clusters is proposed. When the two anchors are in the same
cluster, a split is proposed as follows: first, the two anchor points seed a pair of new clusters,
and second, several restricted Gibbs scans are performed to reallocate the remaining points
originally clustered with the anchors to the two new clusters. All clusters which do not
contain the anchors are not altered, leading to a restricted Gibbs move. After either a
split or a merge is proposed, the Metropolis-Hastings ratio is computed to accept or reject
the move. The number of Gibbs scans in the split move is a free tuning parameter for
this sampler. In Dahl (2003), an alternative approach is proposed for split moves. The
restricted Gibbs scans are replaced by a sequential allocation step whereby the anchors
define two new clusters and all points which were originally clustered with these points are
sequentially allocated to one of the anchor clusters.
These split-merge algorithms have become popular as they provide state-of-the-art performance but they are relatively difficult to implement due to their complex MetropolisHastings acceptance ratios.
In the present work, we propose a novel split-merge sampler based on the conditional
Sequential Monte Carlo (SMC) algorithm appearing in the Particle Gibbs (PG) sampler
(Andrieu et al., 2009, 2010), which we call the Particle Gibbs Split Merge (PGSM) sampler.
Most of the complexity inherent to split-merge operators is encapsulated into the wellunderstood PG sampling procedure (Chopin and Singh, 2015), and no acceptance ratio
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needs to be computed. Moreover, as the PGSM sampler relies on SMC methods, it benefits
from advanced simulation methods from the SMC literature, such as adaptation schemes
(Lee, 2011) and methods for parallel and distributed inference (Lee et al., 2010; Jun et al.,
2012; Lee and Whiteley, 2016), as well as from efficient SMC software libraries (Johansen,
2009; Murray, 2015). The PGSM sampler does not make any topological assumption on
the observation space in contrast to the posterior simulation techniques described in Dahl
(2009) and Liang et al. (2007). This methodology complements the maximum a posteriori
inference techniques developed in Daumé III (2007); Wang and Dunson (2011).
There has been previous work on applying sequential importance sampling and SMC
methods for posterior simulation of Dirichlet processes and related mixture models. However, to the best of our knowledge, SMC methods have never been previously used to design
split-merge moves. Indeed, the methods proposed in MacEachern et al. (1999); Fearnhead
(2004); Fearnhead and Meligkotsidou (2007); Mansinghka et al. (2007); Caron and Doucet
(2009); Carvalho et al. (2010) directly apply a single pass SMC algorithm to the entire
clustering problem. Empirical results in Kantas et al. (2015) suggest that such methods
may require a number of particle which scales at least quadratically with respect to the
number of datapoints. The work of Ülker et al. (2010) uses SMC within the context of
the SMC Samplers methodology (Del Moral et al., 2006), which makes it closer in spirit to
existing MCMC methods. Our contribution is to provide a principled approach for breaking
down the clustering problem into smaller sub-problems more amenable to the use of SMC
techniques.
Finally, other lines of work are devoted to parallelization and distribution of MCMC
methods for mixture models (Chang and Fisher III, 2013; Williamson et al., 2013; Gal and
Ghahramani, 2014; Ge et al., 2015). As alluded to earlier, our method can potentially
be parallelized and distributed using existing approaches from the SMC literature (Lee
et al., 2010; Jun et al., 2012; Lee and Whiteley, 2016). Like the other available split-merge
procedures, it is also possible to consider different split-merge moves simultaneously when
the prior clustering distribution restricted to the clusters being updated does not depend
on the number of clusters for the whole dataset. However, we do not focus on these aspects
here.
The rest of this article is organized as follows. Section 2 introduces our notation for the
types of Bayesian mixture models that we consider. Section 3 details the PGSM sampler.
Section 4 applies the method to synthetic datasets, as well as real data from a geolocation
application. We conclude with some directions for future work and discussion in Section 5.

2. Mixture models and Bayesian inference
In this section we first layout notation and then describe Bayesian mixture models. We
focus on the case where the component base measure is conjugate to the data likelihood,
so that the posterior distribution of any clustering can be evaluated analytically up to a
normalizing constant.
2.1 Notation
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We use bold letters for (random) vectors, and normal fonts for (random) scalars, sets, and
matrices. For quantities such as an individual observation y i , or a parameter θ, which can
3
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be either scalars or vectors without affecting our methodology, we consider them as scalars
without loss of generality. Given a vector x = (x1 , x2 , . . . , xn ), and i ≤ j, we use xi:j to
denote the sub-vector xi:j = (xi , xi+1 , . . . , xj ). To simplify notation, we do not distinguish
random variables from their realization. We define discrete probability distributions with
their probability mass functions, and continuous probability distributions with their density
functions with respect to the Lebesgue measure. A list of symbols is available in the
Appendix.
2.2 Bayesian mixture model

b∈c

Y

L(yb ),

L(yi |θ) H( dθ).

(2)

(1)

Consider T observations y := (y1 , . . . , yT ). A mixture model assumes that the observations
indices [T ] := {1, . . . , T } are partitioned into subsets. This partition is called a clustering,
c := {b1 , . . . , b|c| : bk ⊆ [T ]} where |c| denotes the cardinality of the set c and each block b
in the partition is referred to as a cluster. Given the clustering c, we define the following
likelihood for the data

Y

π (y|c) :=

Z

i∈b

where L(yb ) is the likelihood of the observations in cluster b
!
L(yb ) :=

b∈c

Y

τ2 (|b|),

(3)

In this expression, L(yi |θ) is a probability density function parametrized by θ and H( dθ) a
prior measure over this parameter.
The clustering c is unknown and is viewed as a random variable. Let τ (c) denote its
prior probability, defined over the space of partitions of [T ] and assumed to factorize as

τ (c) ∝ τ1 (|c|)

where τ1 : N → R+ and τ2 : N → R+ are arbitrary functions.
This assumption on the prior clustering distribution is not restrictive and includes several
popular priors, such as:

Dirichlet process prior (Ferguson, 1973) with parameter α0 > 0: τ1 (j) ∝ α0 j and
τ2 (j) ∝ (j − 1)!.

Pitman-Yor process prior (Pitman and Yor, 1997; Ishwaran
and James, 2003) with paQ
rameters α0 , d (α0 > −d, 0 ≤ d < 1): τ1 (j) ∝ jj 0 =1 {α0 + d (j 0 − 1)} and τ2 (j) ∝
Γ(j − d), where Γ(·) is the Gamma function.

Finite Dirichlet mixture with parameter αDir > 0 and k 0 components and symmetric
concentration (αDir , . . . , αDir ): τ1 (j) ∝ 1 [j ≤ k0 ] and τ2 (j) ∝ Γ (j + αDir ).

b∈c

Y

L(yb ).
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(4)

The likelihood (1)-(2) and prior (3) define the following target posterior distribution

π(c) := π(c | y) ∝ τ (c)

4

c

2

1

#2

#2

#4

#2

#4

6

{3, 5}

{3, 5}

{5}

{3}

{3, 5}

{5}

{3}

t=2

7
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{3}

{3}

{3}

{3}

{3}

t=1

5

4

3

Before

#2
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#3

#2

#4

b
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{5}
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{5}

{3, 6}

{3, 6}
{5}

{3}
{5, 6}

{5, 6}

{3}
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{5, 6}

{3}

t=3

d

#2

#3

#4
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#3

2

1

3

{3, 5, 6, 4}

{5}

{3, 6, 4}

{5, 4}

{3, 6}

{3}
{5, 6, 4}

{5, 6}

{3, 4}

t=4

5

After

4

{5}

{3, 6, 4}

Sample final
particle

6

7
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initially clustered with the anchor points. The anchor proposal distribution h obviously
impacts the performance of this procedure. We empirically compare the performance of
three anchor proposal distributions h in Section 4.3.
This scheme has the following property:

Figure 1: (a) Example illustrating the setup of a split merge and (b) the notation used in
Section 3.1. The seven points denote the observation indices. While we show
points in a two-dimensional space for visualization, the methodology does not
rely on any topological properties of the observation space. The dashed circles
denote the anchors s, and the shaded region, the closure of the anchors. (c)
Example of a single PGSM step with σ = (3, 5, 6, 4). Square boxes represent
particles corresponding to the fixed conditional path. Circles represent regular
particles. Each particle has an associated clustering denoted by the set or pair
of sets written inside each particle. Arrows indicate proposal draws labelled by
the proposed state (see Figure 2). Dashed lines indicate when resampling occurs.
(d) Configuration after the PGSM update illustrated in c.

Conditional
path

a

Bouchard-Côté, Doucet and Roth

In the following, we drop the subscripts from the kernel K and target π for simplicity.
The distribution π has a form similar to the posterior distribution defined in Equation (4)
with two modifications. First, τ1 (|c|) is replaced by τ 1 (|c0 |). Second, the support of the
distribution is restricted so that each block in c0 must contain at least one anchor point.
This also implicitly enforces the constraint that |c0 | ≤ |s| = 2.
Algorithm 1 returns an updated clustering where only the allocation of points in s have
changed; i.e. the updated clustering c0 only potentially differs from c at points which were

τ 1 (j) := τ1 (j + |c| − |c|).

b∈c0

3. Kc,s (c0 |c): a Markov transition kernel over the space of partitions of s. This kernel is
assumed to be invariant with respect to the following target distribution:


Y
0
0 
τ2 (|b|)L(yb )1 [b ∩ s 6= ∅] ,
(5)
π c,s (c ) ∝ τ 1 (|c |)

2. h(s): a distribution for proposing an unordered pair of anchors s = {i1 , i2 } ⊂ [T ],

1. c: the current clustering,

The algorithm requires three inputs:

Algorithm 1
1: function SplitMerge(c, h(s), Kc,s (c̄0 |c̄))
2:
s ∼ h(·)
. s = {i1 , i2 }
3:
c ← {b
. Clustering restricted to the anchors
S ∈ c : b ∩ s 6= ∅}
4:
s ← b∈c b
. Closure of the anchors with respect to the clustering c
5:
c0 ∼ K c,s (·|c)
6:
c0 ← c0 ∪ (c\c)
7:
return c0
8: end function

Algorithm 1 allows us to break down the problem of sampling from the posterior into splitmerge subproblems. We refer the reader to Figure 1 for an illustrative example of the
notation used throughout this description.

3.1 Decomposing the clustering problem into split-merge subproblems

We organize the description of our method into two main parts. First, we define a generic
construction for decomposing the problem of sampling from the posterior (Equation (4))
with arbitrary numbers of clusters into split-merge sub-problems. Second, we show how the
PG methodology can be used to address these sub-problems.

3. Methodology

Since we view the observations as fixed, we drop the dependency on y from the notation
throughout the paper. We detail in the following sections an original approach to sample
from this posterior distribution.

Particle Gibbs Split-Merge Sampling

Particle Gibbs Split-Merge Sampling

unnormalized target distributions. For our methodology to provide consistent estimates,
only the following weak assumptions have to be satisfied.

Bouchard-Côté, Doucet and Roth

N
Y

p=2

r(ap | w) =

8

N
Y

p=2

wap .

(6)
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More elaborate schemes can be used, see Andrieu et al. (2009, 2010). Instead of resampling
at each time step as in vanilla SMC algorithms, we only resample when the relative Effective
Sampling Size (ESS) criterion, which takes values between 0 and 1, is below a pre-specified
threshold β, β ∈ [0, 1]. The adaptive resampling procedure was proposed by Liu and Chen
(1995) for standard particle methods and the correctness of this procedure for PG has been
established in Lee (2011). The resulting procedure is described in Algorithm 3.
Most of Algorithm 3 is concerned with the creation of temporary auxiliary variables
(lines 1–34). These auxiliary variables can all be discarded after the algorithm returns c0 ,
as they can be resampled from scratch every time Algorithm 3 is run. The part of the
algorithm that performs the actual split or merge is in lines 35 and 36. At this point of the
execution of the algorithm, the particle population at SMC generation n can be interpreted
(via φσ ) as a distribution over clusterings of s, with some particles corresponding to merging

r(a | w) =

Assumption 1 ensures that all the importance weights appearing in the SMC method are
well-defined. Assumption 2 is a simple condition ensuring that we can consistently relabel
the particles. Assumption 3 ensures that we target the desired distribution at algorithmic
time n. Note that Assumption 3 only restricts the choice of γt for the final SMC iteration,
t = n. We use this flexibility in Section 3.4. We show in the next section how to design q σ ,
γ σ , φσ and X that satisfy these assumptions.
PG proceeds in a way similar to standard SMC algorithms, with the important difference
that one of the N particle paths is fixed. In our setup, this path is obtained using the inverse
of the bijection described in Assumption 2, applied to the state of the restricted clustering
c prior to the current PG step. As discussed in Chopin and Singh (2015), we can without
loss of generality set the genealogy of the conditioning path c to (1, ..., 1), i.e. we use the
particle index p = 1 for this conditioning path: xn1 := (φσ )−1 (c).
 This defines a path by
taking a prefix of length t of the vector xn1 for xt1 , i.e. xt1 = xn1 1:t .
The final ingredient required to describe the PG algorithm is a conditional resampling
distribution r(a | w), where a := (a2 , . . . , aN ) denotes the resampling ancestors, ap ∈
{1, . . . , N }, and w := (w1 , . . . , wN ) denotes a vector of probabilities. We limit ourselves to
multinomial resampling:

Assumption 3 We assume that γnσ (xn ) ∝ π(φσ (xn )).

Assumption 2 We assume that there exists a bijection φσ taking a particle as input, and
outputting a clustering of s. More precisely, φσ is a bijection between the support of the proposal, and the support of the split-merge target distribution, φσ : support(qnσ ) → support(π).

Assumption 1 Q
For all t ∈ {1, . . . , n}, we assume support(γtσ ) ⊆ support(qtσ ) where
t
qkσ (xk |xk−1 ) for t ≥ 2.
qtσ (xt ) := q1σ (x1 ) k=2

Proposition 1 If c ∼ π, where π is given by Equation (4), then the output of Algorithm 1,
c0 , satisfies c0 ∼ π. That is, the Markov kernel K(c0 |c) induced by Algorithm 1 is π-invariant.
3.2 Overview of the particle Gibbs algorithm
Ideally, we would like to sample independently from π in Algorithm 1, that is we would
like to have K(c0 |c) = π(c0 ), but this is too computationally expensive if |s| is large. Our
primary contribution is an original way to address this issue using SMC-based methods.
In principle, it would be possible to use SMC methods to obtain a sample approximately
distributed according to π (Fearnhead, 2004). However, if we were to use this sample within
Algorithm 1, the resulting invariant distribution would not be π. For this reason, we consider
Particle MCMC (PMCMC) methods (Andrieu et al., 2009, 2010).
PMCMC methods allow us to use SMC ideas in a principled way within MCMC schemes.
We will focus here on the PG sampler and show how one can use this methodology to
obtain an efficient MCMC kernel K targeting the distribution π given in Equation (5).
The outcome of the PG sampling steps will be either to cluster all the points in s into one
block or to break s into two clusters, with the restriction that each of the two blocks should
contain one anchor. Interestingly, the form of the PG algorithm is the same no matter
if the two anchors were previously together or apart before its execution. This contrasts
with previous split-merge algorithms such as Jain and Neal (2004), which require a different
treatment for split and merge moves.
To sample from π, PG breaks the sampling of c0 into a sequence of n := |s| simpler
sampling problems. In this scenario, contrary to most applications of PG, there is no
intrinsic time ordering of the observations. We randomize the order in which the points are
included by introducing, conditionally on s and s, a random permutation σ := (σ 1 , . . . , σn ).
This permutation is sampled using Algorithm 2.
Algorithm 2
1: function SamplePermutation(s, s)
2:
σ1 ∼ Uniform(s)
3:
σ2 ← s\{σ1 }
4:
(σ3 , σ4 , . . . , σn ) ← UniformPermutation(s\s)
return σ
end function
5:

6:
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In other words, σ is uniform over the permutations of the observation indices in s such
that the members of s appear in the first two entries. The variable σt specifies the index
of the observation yσt introduced into the PG algorithm at SMC iteration (“algorithmic”
time) t and xt is the corresponding allocation decision. A particle xt is defined as a sequence
of allocation decisions, xt := (x1 , . . . , xt ), where xt ∈ X , t ∈ {1, . . . , n}.
Given σ, we denote the SMC proposals used within PG by q tσ (xt |xt−1 ), and the intermediate unnormalized target distributions, by γ tσ (xt ). We remind the reader that both γtσ and
qtσ are allowed to depend on arbitrary subsets of the observations y; see, e.g., (Del Moral
et al., 2006). However, we omit this dependency for notational simplicity. Our methodology is flexible with respect to the choice of the proposals and the choice of the intermediate
7

(

p0 =1

w̃1 )

p0 =1

w̃t )

end for
end for
P
p
p
x0n ∼ N
p=1 wn δxn (·)
c0 ← φσ (x0n )
return c0
end function

(

. Sample particle representing new state
. Compute updated partition

end for
for t ∈ {2,
P. . . , n} pdo 2 −1
< β then
. Resample only if relative ESS is too low
if (N N
p=1 (wt−1 ) )
a ∼ r(· | wt−1 )
. Perform the conditional resampling step
w̃t−1 ← (1, 1, 1, . . . , 1)
. Reset the weights
else
a ← (1, 2, 3, . . . , N )
. Resampling is skipped: set a to the identity map
end if
for p ∈ {2, . . . , N } do
ap 
xpt ∼ qtσ · | xt−1
. Propose new block allocation for yσt
ap
p
. Concatenate new block allocation to path
xt ← (xt−1 , xpt )
end for
for p ∈ {1, . . . , N } do
ap
p
, xpt )
. Update weights (see Equation (9))
w̃tp ← w̃t−1
· w(xt−1
end for
for p ∈ {1, . . . , N } do
w̃p
wtp ← PN t p0
. Compute normalized weights

9
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all points in s into one block (i.e. when |φσ (x0n )| = 1), and others, to various way of splitting
s into two blocks (when |φσ (x0n )| = 2).

38:

37:

36:

35:

34:

33:

32:

31:

30:

29:

28:

27:

26:

25:

24:

23:

22:

21:

20:

19:

18:

17:

16:

Algorithm 3
1: function ParticleGibbsSplitMerge(s, s, c, π) . Inputs coming from Algorithm 1
2:
σ ← SamplePermutation(s, s)
. Compute the conditional path
3:
x1n ← (φσ )−1 (c)
4:
for t ∈ {1, . . ., n − 1} do
5:
x1t ← x1n 1:t . First particle of each generation matches the conditional path
6:
end for
7:
for p ∈ {2, . . . , N } do
. Initialize particles
8:
xp1 ∼ q1σ (·)
9:
xp1 ← (xp1 )
10:
end for
11:
for p ∈ {1, . . . , N } do
. Initialize incremental importance weights
γ σ (xp )
12:
w̃1p ← q1σ (xp1)
1
1
13:
end for
14:
for p ∈ {1, . . . , N } do
w̃p
15:
w1p ← PN 1 p0
. Compute normalized weights

Particle Gibbs Split-Merge Sampling

#1
{{σ1}}
{σ1}

Initialize

#4

#3

Split

{{σ1},{σ2}}
{σ2}

{{σ1},{σ2}}
{σ1}

S(#1) := {#2, #4}
S(#2) := {#2}
S(#3) := {#3, #4}
S(#4) := {#3, #4}
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We detail here the construction of a set of proposal distributions q σ , unnormalized target
distributions γ σ , and mappings φσ satisfying Assumptions 1 to 3. We denote the space of
possible allocation decisions at a given PG iteration by X . Our construction is based on
an encoding where the space X consists in the rectangles shown in Figure 2. We call the
rectangles states for short. These states are used to build particles: recall that a particle
xt is defined as a list of local decisions, xt := (x1 , . . . , xt ), xt0 ∈ X .
The state appended to a particle at time t represents (a) the clustering restricted to the
anchors (shown in the first line of each rectangle in Figure 2), and (b), the cluster joined
by yσt (encoded by the anchor(s) contained in the joined cluster, second line in the same
figure). As shown in Figure 2, the “merge state” (left) is an absorbing state, encoding the
fact that following this local decision, all children particles are forced to join the unique block
in the restricted clustering. The two “split states” (right), on the other hand, both have
two outgoing transitions, encoding the fact that for each index in s\s, the corresponding
observation needs to be allocated to one of the two blocks.
There is a bijection between the support of π, and particles respecting the transition
constraints defined by the arrows in Figure 2. More precisely, for each state x ∈ X , we let
S(x) denote the set of allowed transitions from x. We write xt ∈ St if (a) x1 = #1, and (b)
for all t0 ∈ {2, . . . , t}, xt0 ∈ S(xt0 −1 ). From this definition, we obtain the following result
whose proof is given in Appendix C.

3.3 Intermediate target distributions and proposals construction

Proposition 2 Under Assumptions 1, 2, and 3, the output of Algorithm 3, c0 , satisfies
c0 ∼ π if c ∼ π, for any N ≥ 2, i.e. the Markov kernel K(c0 |c) induced by Algorithm 3 is
π-invariant.

Correctness of this procedure follows straightforwardly from the original PG argument
(see Appendix B for details):

Figure 2: Left: State space X and allowed transitions S(·) for the local allocation decisions.
Right: allowed transitions between the states.

#2
{{σ1,σ2}}
{σ1,σ2}

Merge

Bouchard-Côté, Doucet and Roth
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Proposition 3 For any permutation σ satisfying {σ1 , σ2 } = s, there is a bijective map φσ
from the space of particles respecting the transition constraints, Sn , to the support of the
restricted target, support(π).

b∈ct

Y

τ2 (|b|)L(yb ) ,

(7)

We use this bijection to define a sequence of intermediate target and proposal distributions. The intermediate target at time t of support St is given by:


γtσ (xt ) := τ 1 (ct ) 

δ#1 (x1 ),
γtσ (xt )
σ
0 ,
xt0 ∈S(xt−1 ) γt (xt−1 , xt )
P

(8)

where ct = φσ1:t (xt ). By construction, we have that for t = n, γnσ (xn ) ∝ π(φσ (xn )) so
Assumption 3 is satisfied.
We define as proposals:
q1σ (x1 ) :=
qtσ (xt | xt−1 ) :=

xt0 ∈S(xt−1 )

σ (x
γt−1
t−1 )
X
γtσ (xt−1 , xt0 )
.
σ (x
γt−1
t−1 )

1
γtσ (xt )
γ σ (xt−1 ) qtσ (xt | xt−1 )
t−1
P
σ
0
xt0 ∈S(xt−1 ) γt (xt−1 , xt )

=


τ2 (|bt+ |) 
L yb + | yb − ,
t
t
τ2 (|bt− |)

(11)

(10)

(9)

where (xt−1 , xt0 ) denotes the concatenation of xt0 to the vector xt−1 , and xt = (xt−1 , xt ).
These definitions satisfy Assumption 1, and yield the following weight updates:

=

=

wt (xt−1 , xt ) :=

γtσ (xt )
σ (x
γt−1
t−1 )

If t > |s| then Equation (10) simplifies as follows

where
t


L yb +

t




L yb +
| yb− :=  t  .
t
L yb −

Here bt− and bt+ encode the block in which a point is added to when transitioning from xt−1
to xt , the first being the block before the addition, and the second, the same block after
the addition:
(12)
bt− := ct−1 \ct , bt+ := b− ∪ {σt }.
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Depending on the form of the partition prior and likelihood it may be possible to simplify
these quantities into more computationally efficient forms.
11
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3.4 An improved sequence of intermediate target distributions

1[xt ∈ St ],
(γ2σ (x1:2 ))ζ t

γtσ (xt )
γ2σ (x1:2 ),

if t ∈ {1, 2},
otherwise.

(13)

We now describe an improvement over the basic intermediate and proposal distributions
presented in the previous section. This improvement addresses a “greediness” problem of the
(conditional) SMC procedure. Consider a case where the ratio τ 1 (1)/τ 1 (2) between a merge
and a split is large. This can occur for example when the Dirichlet process concentration
parameter α0 is small. In this case, the proposal in the first non-trivial step, q2σ , will assign
most of its mass to the transition from state #1 to state #2 (see Figure 2). However, the
likelihood might overcome this prior when |s| is large. But proposing such split has low
probability under the definitions given in the previous section, as #2 is an absorbing state.
To overcome this issue, we build a new sequence of intermediate distributions, which
delay the incorporation of the prior:
(
σ
γc
t (xt ) :=

σ
γc
t (xt )
.
σ
0
c
xt0 ∈S(xt−1 ) γt (xt−1 , xt−1 )

X

0
σ (x
γc
t−1 , xt )
t
.
σ
γd
t−1 (xt−1 )

(15)

(14)

where ζt is a positive increasing annealing schedule such that ζn = 1. We use the following
proposal based on these new intermediate distributions:

(

1
(γ2σ (x1:2 ))∆ζ

γtσ (xt )
σ (x
γt−1
t−1 )

if t = 2,
if t > 2,

(16)

This choice simplifies ratios of intermediate distributions

xt0 ∈S(xt−1 )

P

σ
qc
1 (x1 ) := δ#1 (x1 ),
σ
qc
t (xt | xt−1 ) :=

This yields the weight updates:

t−2
n−2 .

=

w
ct (xt−1 , xt ) :=
For simplicity, we pick ζt =
to:

σ
γc
t (xt )
σ
γd
t−1 (xt−1 )

where ∆ζ := (n − 2)−1 .

3.5 Runtime analysis

To simplify the analysis of the running time, we make a few assumptions.

Assumption 4 The parametric likelihood model has the following properties:

1. let ψ := ψ(yb ) denote a sufficient statistic, and define, with a slight abuse of notation,
L(ψ) := L(yb ). For a given sufficient statistic value ψ, the likelihood L(ψ) can be
computed in time O(l),

JMLR 18(28):1-39, 2017

2. the sufficient statistic for b+ , ψ + := ψ(yb+ ), can be updated in time O(u) from the
sufficient statistic for b− , ψ − := ψ(yb− ).

12

τ2 (j+1)
τ2 (j)

can be computed in constant time.

We used four sources of synthetic data. First, the four datasets from Franti and Virmajoki
(2006) denoted S1–4. Each of the four datasets consists in 5000 points generated from
15 bivariate Normal distributions with increasing amount of overlap between the clusters.
Second, we created another synthetic dataset, which we call C1, shown in Figure 5, right.
Third, we simulated two datasets with 5000 points from a Bernoulli mixture model with 50
dimensions and 16 clusters, where we set 25% (Ber-0.25) and 50% (Ber-0.5) of dimensions
JMLR 18(28):1-39, 2017

We have implemented the following three Dirichlet Process (DP) clustering samplers in the
same Python codebase: the PGSM method described in this work, the efficient SequentiallyAllocated Merge Split (SAMS) method of Dahl (2003), as well as the standard Gibbs
sampler. The code and instructions allowing to reproduce the experiments is available
at https://github.com/aroth85/pgsm. The implementation of the likelihood computations are the same for all samplers, thus the running times are comparable. We have tested
JMLR 18(28):1-39, 2017
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4.3 Artificial datasets

4.1 Implementation and evaluation

4. Applications

For simplicity, we have assumed so far that |s| = 2, and hence, according to the auxiliary
variable analysis of Appendix B, |c| ≤ 2. In fact, the same auxiliary variables with more
than two anchor points can be used to construct novel sampling algorithms. Details are
given in Appendix D.
This generalization loses some interpretability compared to the split-merge case (|s| = 2),
but can be useful in finite clustering models. In this case, it may only be possible to split
a cluster if a merge is performed simultaneously. For this reason, we use |s| = 3 in the
finite Dirichlet mixture model examples in Section 4.3. For the Dirichlet Process, we did
not observe notable improvements by going from |s| = 2 to |s| = 3, so we use the former
setting for the non-parametric models.

3.6 Generalization

In this section, we demonstrate the performance of our methodology and compare it to
standard alternatives. We use a series of synthetic datasets covering a large spectrum of
cluster separateness, as well as real data coming from a geolocation application.

4.2 Likelihoods and priors

the correctness of our computer implementations by computing the true posterior distribution on small examples via combinatorial enumeration, and verified that the Monte Carlo
estimates converged to this distribution for all three methods.
Unless we state otherwise, we initialized the samplers with the single-cluster configuration. In datasets much smaller than those studied in this work, initializing the Gibbs
sampler to the fully disconnected clustering is advantageous (Sudderth, 2006), but in larger
datasets, the quadratic burn-in cost involved with this initialization is not scalable. However, we verified that after a long burn-in period the Gibbs method initialized to the fully
disconnected clustering eventually reaches the same likelihood values in the synthetic examples. We also investigate the high cost of the fully disconnected initialization in the results
shown in Figure 9.
To evaluate the performance of the samplers, we held-out a random but fixed 10% of
each dataset. We collected samples and computed the predictive likelihood and V-measure
(Rosenberg and Hirschberg, 2007) every 100 iterations. All experiments are replicated 10
times, and smoothed using a moving average with a window size of 20 for plotting.

Bouchard-Côté, Doucet and Roth

In six of the synthetic experiments and the geolocation experiments discussed further in
Section 4.3 and Section 4.4, we used a Normal-Inverse-Wishart conjugate likelihood model.
In two of the synthetic experiments in Section 4.3 we used Bernoulli mixture models with
50 dimensions. Each dimension is an independent draw from a Bernoulli random variable
with cluster specific parameters. We set a proportion of the dimensions to be uninformative
as follows. Values for uninformative dimensions were drawn from Bernoulli variables with
parameter 0.5 regardless of the cluster membership. Values for the remaining dimensions
were drawn from cluster specific Bernoulli variables with parameters sampled from the
Uniform distribution. For the cancer data discussed in Section 4.5, we use the applicationspecific PyClone likelihood model (Roth et al., 2014). The PyClone model uses genomic
sequence data from tumours to identify mutations which co-occur in cells and estimates
the proportion of cells harbouring the mutations. The model is not conjugate, so we apply
a discretization that allows us to treat the model as conjugate. Complete details for each
model are provided in Appendix E.
We use a DP prior with base measure given by the conjugate prior of the corresponding
likelihood model in all experiments. We use a Gamma(1, 0.1) prior and resample the value
of the concentration parameters α0 using a standard auxiliary variable method (Escobar
and West, 1995). The value of α0 is initialized to 1.0.

The running time result follows directly from the fact that |S(·)| ≤ 2, and hence the sum
in Equation (15) has a constant number of terms. The constant storage cost follows from
the finite dimensionality of the sufficient statistics (see Assumption 4), and from |X | = 4.
We also remind the reader that for most resampling schemes, including the one in
Equation (6), the computational cost as a function of the number of particles and SMC
iterations is O(N n) = O(N |s|) (Doucet and Johansen, 2011).

Proposition 4 Under Assumptions 4 and 5, one weight computation, Equation (15), takes
time O(u + l). The storage cost per particle is O(1). Moreover, the running time per weight
computation is independent of the number of clusters.

For example, with a Dirichlet process, this ratio is equal to j!/(j − 1)! = j. Since |b+ | =
(|b+ |)
|b− | + 1, Assumption 5 implies that the ratio ττ22 (|b
− |) in Equation (10) can be computed in
constant time.

Assumption 5 The ratio

The next assumption holds for all the clustering priors reviewed in Section 2.
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Threshold informed: Sample the first anchor uniformly at random and the second anchor
from clusters that have Chinese restaurant attachment probabilities greater than a
threshold of 0.01.

where b̄ is the cluster containing the first anchor and b is the candidate cluster. Sample
the second anchor uniformly from the chosen cluster.

L(yb̄∪b )
L(yb̄ )L(yb )

Cluster informed: Sample the first anchor uniformly at random. Sample a cluster to
1
draw the second anchor from with probability |c−1|
for the cluster containing the first
anchor; otherwise proportional to

Uniform: Sample the anchors uniformly at random from the

the initial iterations. The performance difference are negligible and the PGSM sampler
generally seems insensitive to the number of particles for this dataset. For subsequent
experiments we used 20 particles.
Next we compare the performance of different proposal distributions for the anchor
auxiliary variables (Figures 3 c and d). For this experiment we kept the number of particles
fixed at 20 and the resampling threshold at 0.5. We consider three proposal distributions.

possibilities.

Figure 4: Effect on the predictive performance and clustering accuracy as a function of CPU
time in log scale with different distribution h for proposing pairs of anchor points.
a) and b) Comparison using a 50 dimensional Bernoulli dataset with 50% of the
dimensions being uninformative. c) and d) Comparison using a 128 dimensional
Normal dataset.
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to be uninformative. Finally, we used 64 (DIM064) and 128 (DIM128) dimensional Normal
datasets from Fränti et al. (2006) with 1024 data points and 16 clusters.
We started with a series of pilot experiments on S1 only, designed to assess the effect of
various tuning parameters on the performance of PGSM. For all pilot experiments we use
the unmixed PGSM sampler to isolate the effect of each tuning parameter. In practice it
is usually better to alternate between one iteration of the PGSM sampler and one iteration
of the Gibbs sampler. The effect of this mixing is explored later in this section.
We first explore the performance as we vary the number of particles used for each PGSM
iteration (Figures 3 a and b). The curves with more particles take more time per iteration
to run, however seem to achieve slightly better V-measure and predictive likelihood after

Figure 3: Effect on the predictive performance and clustering accuracy as a function of CPU
time in log scale. a) and b) Varying the number of particles with the cluster
informed proposal and a relative ESS resampling threshold of 0.5. c) and d)
Varying the distribution for proposing pairs of anchor points, h, with 20 particles
and an ESS resampling threshold of 0.5. e) and f ) Varying the relative ESS
resampling threshold with the cluster informed anchor proposal and 20 particles.

V-measure

17
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To ensure the adaptation of the informed proposals stops, and does not perturb the invariant
distribution of the sampler, we only update the proposal distributions when the number
of clusters instantiated breaks the previous record. Adaptation is guaranteed to terminate
in finite time given there are only a finite number of points. This would usually take a
long time, so in practice it is advantageous to stop adaptation after a fixed period of time.
Detailed implementations of the cluster informed and threshold informed proposals are
given in Appendix F. Our results suggest that performance is not strongly affected by the
anchor proposal distribution h. We only saw a small advantage when using the informed
proposal distributions for the auxiliary anchor variables in s. We also explored the effect of
h in higher dimensional datasets (Figure 4). Again we found the results are not sensitive
to the choice of h. With the exception of the circle dataset, where we used the uniform
proposal, we used the cluster informed prior for both the PGSM and SAMS samplers in
subsequent experiments.
The frequency of the resampling step had a larger effect. A critical implementation
point in order for the PGSM method to work is that resampling should be done adaptively
by monitoring the ESS of the particle approximations in Algorithm 3 (Liu and Chen, 1995;
Lee, 2011). We varied the relative ESS resampling threshold β from 0 (never resample) to
1 (always resample) (Figures 3 e and f ). We observed that the performance is markedly
degraded if resampling is performed after each SMC iteration, but similar for all other
resampling thresholds. We used a threshold of 0.5 in all other experiments.
Next, we used the dataset C1 to investigate the effectiveness of our method with the
finite clustering model introduced in Section 2, with the number of clusters fixed to k0 = 5.
In this case, standard split-merge methods such as SAMS are less helpful since only merging
can be performed when the maximum number of clusters has been allocated. The PGSM
sampler does not have this restriction and naturally allows simultaneously splitting and
merging while preserving the total number of clusters. Furthermore, the PGSM sampler
can use more than two anchors, potentially allowing for large changes in configuration
without altering the number of clusters. We compared the PGSM with two (|s| = 2)
and three (|s| = 3) anchors to the Gibbs sampler. The PGSM method outperformed the
Gibbs sampler, though increasing the number of anchors did not improve the performance
(Figure 5 a). We plot the predictive densities (Figure 5 b, d, f ) and cluster allocations
(Figure 5 c, e, g) after running each sampler for 1000 seconds. At this point the PGSM
sampler used a single cluster to model the points in the middle, while the Gibbs samplers
used two clusters to model the central cluster.
In Figures 6 and 7 we show a series of experiments on the four datasets S1–4 describe
in the previous section. We compare the PGSM to standard Gibbs and the SAMS method
of Dahl (2003). We first compared pure kernels, where the split-merge samplers are not
mixed with standard Gibbs moves (Figure 6). The pure PGSM kernel outperformed both
Gibbs and SAMS on datasets S1 and S2. The Gibbs kernel and PGSM perform similarly for
datasets S3 and S4, and both outperformed SAMS. When the split-merge moves are mixed
with standard Gibbs moves, the split-merge methods outperformed Gibbs on datasets S1
and S2, with all methods showing similar performance on datasets S3 and S4 (Figure 7).
Finally, we explored the performance of the methods on four high dimensional datasets.
The mixed PGSM and Gibbs samplers performed the best on the Bernoulli datasets, while
the unmixed PGSM sampler is slower to reach the same predictive likelihood and V-measure
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Figure 5: Comparison of Gibbs and PGSM for finite Dirichlet prior with k0 = 5. a) Predictive log likelihood comparison of Gibbs and PGSM using two (PGSM(20, Uni,
2)) or three (PGSM(20, Uni, 3)) anchors. Predictive density after 1000 seconds
for b) Gibbs; d) PGSM(20, Uni, 2); f ) PGSM(20, Uni, 3). Cluster assignment
after 1000 seconds for c) Gibbs; e) PGSM(20, Uni, 2); g) PGSM(20, Uni, 3).
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We compared the performance of the three sampling methods on a geolocation dataset. The
dataset, described in more detail in Fränti et al. (2010), consists of a subset of data collected
by MOPSI, a Finnish mobile application where users can post their current geographic
location via their mobile device. The subset we used consists of a list of 13,467 locations
(latitude-longitude pairs) from users located in Finland until 2012. The data is freely
accessible from http://cs.joensuu.fi/sipu/datasets/.
19
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Figure 7: Comparison of MCMC algorithm using split-merge moves combined with standard Gibbs moves (mixed kernels) on 2D Normal datasets. Predictive log likelihood for datasets a) S1; c) S2; e) S3; g) S4. V-measure for datasets b) S1; d)
S2; f ) S3; h) S4.

Predictive log likelihood

Figure 6: Comparison of MCMC algorithm using only a single kernel at a time (pure kernels) on 2D Normal datasets. Predictive log likelihood for datasets a) S1; c) S2;
e) S3; g) S4. V-measure for datasets b) S1; d) S2; f ) S3; h) S4.

V-measure

(Figures 8 a-d). The mixed SAMS sampler failed to reach the same predictive likelihood
as the PGSM and Gibbs methods, oscillating around lower values. The unmixed SAMS
sampler appears to be trapped in a local mode, corresponding to poor predictive likelihood
and V-measure. For the Normal datasets, the Gibbs sampler was trapped in a local mode
and had markedly worse performance than other methods (Figures 8 e-h). The unmixed
samplers outperformed the mixed equivalents on the 64 dimensional data. Furthermore,
the unmixed PGSM method had a large performance advantage over all other methods on
the 128 dimensional dataset.

Predictive log likelihood

We use this data as a proxy for the estimation of mobile device user density. The DP
mixture of Normal-Inverse-Wishart distributions provides a natural way to obtain a parsimonious estimate of population density, where the flexibility on the shape and number of
clusters can accommodate a broad range of density variability factors ranging from densely
populated cities to vast low-density rural areas.
We summarize the results in Figure 9. In Figures 9 a-c, we display quantitative results
as measured by held-out predictive likelihood performance. In Figure 9 a, we show that
mixed PGSM, mixed SAMS and Gibbs samplers perform similarly. In Figure 9 b, we show
that the performance of SAMS is considerably degraded if SAMS is not mixed with a Gibbs
kernel. In Figure 9 c, we show that the performance of PGSM is less degraded if not mixed
with a Gibbs kernel.
In Figures 9 e-j, we visualize the posterior predictive density approximated using MCMC
samples. We also show the raw data in Figure 9 d for reference. The following three
pairs of density plots are included to illustrate the high computational cost of initializing a
standard Gibbs sampler at a fully disconnected configuration. From left to right: the first
pair shows the predictive density after one round of Gibbs sampling initialized at the fully
disconnected configuration (Figures e and f ); the second pair, after sampling with PGSM
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cellular prevalence are that some cells derive from healthy (normal) tissue and the genomes
of cancer cells contain multiple copies of a locus. The model assumes that mutations will
group by cellular prevalence due to the expansion of populations of genetically identical
cells. The number of populations is unknown, thus the PyClone model uses a DP prior
with a Uniform([0, 1]) base measure. The component parameters are interpreted as the
cellular prevalence of the mutations associated with the component.

Figure 9: Geolocation dataset. Comparison of predictive likelihoods of a) mixed kernels;
b) PGSM pure and mixed kernels; c) SAMS pure and mixed kernels. d) MOPSI
geolocation dataset. e) Predictive density of Gibbs initialized from the disconnected configurations after one iteration; d) with point data points overlayed. g)
and h) Predictive density of mixed PGSM kernel after an equivalent amount of
time. i) and j) Predictive density of disconnected Gibbs after 105 seconds.
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The PyClone model (Roth et al., 2014) is designed to infer the proportion of cancer cells in
a tumour sample which contain a mutation, which we refer to as the cellular prevalence of
the mutation. The input data consists of a set of digital measurements of allelic abundance
which is assumed to be proportional to the true abundance of the allele in the sample. The
key factors which need to be deconvolved to convert this measurement to an estimate of

4.5 Inferring population structure in heterogeneous tumours

initialized at the fully connected configuration for the same time (Figures g and h); the
third, after running the Gibbs sampler for 105 seconds (Figures i and j). This demonstrates
that our method can produce accurate and compact density estimates without relying on
an expensive initialization phase.

Figure 8: Comparison of MCMC algorithm using split-merge moves with combined with
standard Gibbs moves (mixed kernels) on 50 dimensional Bernoulli data with 25%
(Ber-0.25) and 50% (Ber-0.5) and Normal data 64 (DIM064) and 128 (DIM128)
dimensions. Predictive log likelihood for datasets a) Ber-0.25; c) Ber-0.5; e)
DIM064; g) DIM128. V-measure for datasets b) Ber-0.25; d) Ber-0.5; f ) DIM064;
h) DIM128.

Gibbs

1.0
0.8
0.6
0.4
0.2
0.0

103

a Ber0.25

b

-165

-160

-155

-150

Predictive log likelihood (×10 4 )

V-measure

Predictive log likelihood

Predictive log likelihood

Particle Gibbs Split-Merge Sampling

b
0.64

a
5366

103
104
CPU time (seconds, log scale)
PGSM(20, CI) + Gibbs

0.56

0.58

0.60

0.62

5370
5372
5374
103
Gibbs

PGSM(20, CI)

5368

104

V-measure

23

5366
5368
5370
5372

c

103

5374

SAMS

104
SAMS + Gibbs

JMLR 18(28):1-39, 2017

We have proposed a new methodology to design efficient split-merge moves for Bayesian
mixture models. The method also generalizes to new types of moves useful for finite clustering models when |s| > 2. We have shown empirically that the proposed method is
competitive in a range of clustering and likelihood models, including synthetic and real
datasets from geolocation and genomics applications.
Our method, being based on the established PMCMC framework, opens up many directions for future improvements. This includes applying recent advances in parallel implementations of SMC, for example via graphical processing units (Lee et al., 2010), or
modifications of the SMC algorithm itself (Jun et al., 2012; Murray et al., 2016; Lee and
Whiteley, 2016).

5. Discussion

We show results on a dataset with 10,000 synthetic mutations in Figure 4.5. All methods
except the pure SAMS kernel performed similarly in terms of predictive likelihood, while
the pure SAMS kernel performed significantly worse (Figure 4.5 a). The pure PGSM and
SAMS kernels outperformed the other methods in terms of V-measure, though the difference
were small (Figures 4.5 b).
As observed in the other domains, the performance of SAMS critically depends on mixing
the kernel with GIBBS moves. We show the data points for each replication of the pure
split-merge kernels further supporting this point (Figure 4.5 c).

Figure 10: Clustering of cancer mutations from synthetic next-generation sequencing data.
a) Comparison of predictive likelihood. b) Trace of log predictive likelihood for
PGSM and SAMS pure kernels from 10 random restarts.

Predictive log likelihood
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Another area of improvement comes from the development of resampling schemes tailored to discrete latent variables. In Algorithm 3, the number of possible distinct successors
for each given particle is a small finite number (at most two if |s| = 2 for example). The
complexity of the problem comes from the fact that a potentially long sequence of such
decisions need to be made in order to split a cluster. In these specific scenarios, custom
PMCMC methods based on the early work of Fearnhead and Clifford (2003) have been
developed in Whiteley et al. (2010) and would provide futher improvement.
The fact that the state transitions S(·) have an absorbing state has both advantages
and disadvantages. On the one hand it may cause Algorithm 3 to be greedy, as explained
in Section 3.4. We have described in the same section a choice of intermediate and proposal
distributions tailored to alleviate this issue. A potential alternative consists in designing a
resampling distribution r, which conditions on the survival of at least one representative of
both a merge and a split. None of the existing resampling schemes have this property. On
the other hand, having an absorbing state has the advantage that if all particles simulated
by Algorithm 3 at some iteration t are equal to the merge absorbing state (i.e. xtp = #2 for
all particle index p ∈ {1, . . . , N }), then there is no need to continue the computation of the
particle filter for t0 > t.
In standard applications of the PG algorithm, coalescence of the particle genealogy
may cause slow mixing as noted in Andrieu et al. (2010). The issue is that the particles
xn1 , xn2 , . . . , xnN appearing in Algorithm 3 have components at time t for t  n which coincide
with high probability with the components of the conditioning path. This can be resolved
using more sophisticated MCMC moves on the PG auxiliary variables (Whiteley, 2010;
Whiteley et al., 2010; Lindsten et al., 2014). In our non-standard setup, this issue is
partially mitigated by the fact that the order σ at which the particles are introduced is
itself random. Nonetheless, it would be interesting to implement these more advanced
schemes to the problem at hand.
We have shown in Section 4.5 a simple and effective method for handling models where
each cluster component is governed by a non-conjugate model with a low-dimensional parameterization. We leave for future work the extension of our method to higher dimensional
non-conjugate likelihood models. This problem can be approached, for example, by combining our method with the auxiliary variables described in Neal (2000).
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Appendix A. Correctness of the decomposition into split-merge
subproblems
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We present in this section the proof of correctness of the decomposition of the clustering into
split-merge sub-problems. The main tool used to prove this result is an auxiliary variable
construction. The auxiliary variable consists of a pair (s, c− ), where s is the set of anchors,

24

Examples of invalid configurations for c'

(17)

25
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Proposition 6 If c ∼ π, then the output of Algorithm 1, c0 , satisfies c0 ∼ π; i.e. the
Markov kernel K(c0 |c) induced by Algorithm 1 is π-invariant.

We can now turn to the proof of Proposition 1. We copy its statement here for convenience:

Proof (=⇒) Condition 1 holds trivially. For condition 2, suppose (a) c− = c− 0 , (b),
b ∈ c0 \c− , but (c) b ∩ s = ∅. By (b), b ∈ c0 and b ∈
/ c− . This and (c) implies that b ∈ c− 0 .
But this contradicts (a), so condition 2 holds as well.
(⇐=) First, suppose b ∈ c− . By condition 1, b ∈ c− 0 . Therefore, c− ⊆ c− 0 .
Second, suppose b ∈ c− 0 . By the contrapositive of condition 2, b ∈
/ c0 \c− . This point
and c− 0 ⊆ c0 implies that b ∈ c− .

2. b ∈ c0 \c− =⇒ b ∩ s 6= ∅.

1. c ∩ c− = c0 ∩ c− , and,

Lemma 5 Let c, c0 denote two partitions of [T ]. Let s ⊆ [T ]. Define c− := {b ∈ c : s∩b = ∅}
and c− 0 := {b ∈ c0 : s ∩ b = ∅}. Then c− = c− 0 if and only if the following two conditions
hold:

These intuitively correspond to the blocks of the partition that are forced to stay unchanged
in this split-merge step. We will view the split-merge step as a Gibbs step conditioning on
c− , s.
A slight subtlety is that conditioning on the auxiliary variables not only forces the blocks
in c− to stay constant; it also forces the other blocks to each contain at least one of the
anchors. See Figure 11 for an example. This leads to condition 2 in Lemma 5.

c− := {b ∈ c : b ∩ s = ∅},

and c− consists of the blocks of the partition c that do not contain anchor points:

Figure 11: Assuming that the values of c, c− and s are as in Figure 1, this illustrates some
examples of configurations c0 that are part of (left), or excluded from (right),
the support of c0 |s, c− .

Examples of valid configurations for c'
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(18)

c−

= π(c)
s

s

X

c−

h(s) = π(c),

K

K

(20)

K1 (s0 , c− 0 , c0 | c) := h(s0 )1[c = c0 ]1[c− 0 = c− (s, c)],
K2 (s , c− 0 , c0 | s, c− , c) := π̃(c0 |s, c− )1[s0 = s]1[c− 0 = c− ],
K3 (c0 |s, c− , c) := 1[c0 = c].
0

(21)

26

(23)

(22)
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1[c− (s, c0 ) = c− (s, c)] = 1[c ∩ c− = c0 ∩ c− ]1[b ∈ c0 \c− =⇒ b ∩ s 6= ∅].

Using Lemma 5, we now rewrite the support as follows:

b∈c0

= π(c0 )1[c− (s, c) = c− (s, c0 )]
!
Y
= τ1 (|c0 |)
τ2 (|b|)L(yb ) 1[c− (s, c) = c− (s, c0 )].

π̃(c0 | s, c− ) ∝ π(c0 )1[c− = c− (s, c0 )]

Since π̃ admits π as a marginal, the composition of K1 , K2 , and K3 is clearly π-invariant.
It is therefore enough to show that when c− = c− (s, c) where c is a valid partition of [T ],
sampling from K2 is equivalent to sampling from the Markov kernel K(c0 |c) induced by
Algorithm 1:

Formally:

• K3 deterministically projects the triplet back to the original space, retaining only the
clustering c.

• K2 performs a Metropolis-within-Gibbs step on c targeting the auxiliary distribution
π̃,

• K1 samples the auxiliary variables according to π̃(s, c− | c), while keeping c fixed,

These kernels play the following roles:

K

1
2
3
c 7−→
(s, c− , c) 7−→
(s, c− , c0 ) 7−→
c0 .

where the sum over c− is over all sets of subsets of [T ], and the sum over s is over all subsets
of [T ]. We used the fact that only one c− satisfies c− (s, c) = c− , and that h is a probability
mass function.
Next, we introduce three kernels with inputs and outputs denoted by:

s

where c− (s, c) := {b ∈ c : b ∩ s = ∅}. Note that this auxiliary distribution admits the target
distribution as a marginal:
X
X
XX
1[c− = c− (s, c)]
(19)
h(s)
π̃(s, c− , c) = π(c)

π̃(s, c− , c) := π(c)h(s)1[c− = c− (s, c)],

Proof Consider the model augmented with the auxiliary variables s and c− (see Figure 12(a)), defined formally using the following auxiliary distribution:
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c

(b) σ
g

Particle Gibbs Split-Merge Sampling

(a) s
c-

c

τ2 (|b|)L(yb ) 1[c ∩ c− = c0 ∩ c− ]1[b ∩ s 6= ∅]

(24)

Figure 12: Graphical models of the auxiliary variables used in the correctness proofs. The
structure of the dependencies give an intuitive justification that the original
model can be recovered as a marginal in both cases, as there are not directed
path from the auxiliary variables to the original variables. (a) In Appendix A, the
auxiliary variables are s and c− , and the original variable is c. (b) In Appendix B,
the auxiliary variables are σ and g, and the original variable is c.

Y

Let now c0 = c0 \c− . Plugging in the last line of Equation (22), we obtain:


π̃(c0 | s, c− ) = τ 1 (|c0 |) 

b∈c0

= π(c0 )1[c ∩ c− = c0 ∩ c− ],

where π(c0 ) is defined in Equation (5). Since Algorithm 1 does not change the clustering of
points outside of s (line 6 of Algorithm 1), it follows that the indicator function in the last
line of Equation (24) is equal to one.

Appendix B. Correctness of particle Gibbs for split merge
We provide here the proof of Proposition 2. The main steps in the proof follow a structure
similar to the proof of Proposition 1.
Proposition 7 Under Assumption 1, 2, and 3, and if c ∼ π, then the output of Algorithm 3, c0 , satisfies c0 ∼ π for any N ≥ 2; i.e. the Markov kernel K(c0 |c) induced by
Algorithm 3 is π-invariant.
Proof We augment the model c with the auxiliary variables σ and g (see Figure 12(b)),
defined as:
1. σ is distributed according to the output of Algorithm 2, defined in Section 3.2.

K

(25)

1:N , k) are distributed according to the
2. Given σ and c, the variables g = (a2:n , x1:n
specification of Algorithm 3, with the exception that all particle indices are shuffled
according to an independent permutation of {1, . . . , N } at each generation. Here k is
the index of the particle sampled at iteration n (on line (35)).

K
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Next, we introduce three kernels with inputs and outputs denoted by:
K

1
2
3
(σ, c) 7−→
(σ, g, c0 ) 7−→
c 7−→
c0 .

27
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These kernels play the following roles:

• K 1 samples the permutation σ while keeping the auxiliary variables c fixed,

• K 2 samples g using the PG step then sets c0 to φσ (xnk ),

• K 3 deterministically projects the triplet back to the original space, retaining only the
restricted clustering c0 .

The kernel K 2 is equivalent to a standard PG algorithm. Assumption 1, 3, and Theorem 5(a) of Andrieu et al. (2010) imply that K 2 is π-invariant (and in fact, irreducible).
Assumption 2 ensures that the computation of the conditioned path is well-defined.

Appendix C. Construction of the bijection

We provide here the proof of Proposition 3:

if xt ∈ {#1, #2},
otherwise,

(26)

Proposition 8 For any permutation σ satisfying {σ1 , σ2 } = s, there is a bijective map φσ
from the space of particles respecting the transition constraints, Sn , to the support of the
restricted target, support(π).

{{σ1 , . . . , σt }}
{σ 1 (xt ), σ 2 (xt )}

Proof Consider the following mapping:

φσ (xt ) :=

if
if
if
if

t = 1,
t > 1, |c| = 1,
t > 1, |c| > 1, σ1 ∼c σt ,
t > 1, |c| > 1, σ2 ∼c σt ,

(27)

where σ i (xt ) := {σt0 : xt0 = #(2 + i), 1 ≤ t0 ≤ t}. It is easy to check that it has an inverse
given by:


 #1




#2
(φσ )−1 (c) :=
 #3


#4

t

where σi ∼c σj means that yσi is in the same block as yσj for the clustering c. By the
construction of the support of π, exactly one of the four cases above holds when c ∈
support(π).

Appendix D. Generalization to |s| > 2

We describe here the algorithmic implications of increasing the number of anchor points,
|s|, to some constant greater than two. This constant should be selected so that the number
of partitions of |s| points is much lower than the number of particles.
The algorithm is generally unchanged, with the following exceptions:
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1. Algorithm 2 is modified to sample (σ1 , σ2 , . . . , σ|s| ) uniformly over the permutations
of s, and (σ|s|+1 , . . . , σn ), over the permutations of s\s,
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d−1
2



2

QD

i=1

29

rm = r0 + m,
P
r0 u0 + m
i=1 yi
,
um =
rm
m
X
Sm = S0 +
yi yiT + r0 u0 uT0 − rm um uTm .

νm = ν0 + m,
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(29)

where ΓD (x) = π
.
d=1 Γ x +
We use the following priors for all experiments (ν, r, u, S) = (ν0 , r0 , u0 , S0 ) = (2 +
D, 1, 0, I), where 0 is the D dimensional vector of zeros, and I is the D dimensional identity
matrix. The posterior distribution of µ, Σ given y = (y1 , . . . , ym ) is N IW (µ, Σ|νm , rm , um , Sm )
where

D(D−1)
4

The first likelihood we use is the multivariate normal (MVN) with density denoted N (y|µ, Σ).
We specify a normal inverse Wishart (NIW) prior for the mean and covariance parameters
with density denoted N IW(µ, Σ|ν, r, u, S). The densities are given by


1
N IW(µ, Σ|ν, r, u, S) = N µ|u, Σ IW(Σ|ν, S),
(28)
r


1
1
N (y|µ, Σ) =
− (y − µ)T Σ−1 (y − µ) ,
1 exp
D
2
(2π) 2 |Σ| 2


ν
|S| 2
1
−1
− ν+p+1
2
tr(SΣ
)
,
IW(Σ|ν, S) =
|Σ|
exp
−

νp
2
2 2 ΓD ν

E.1 Multivariate normal

Appendix E. Models

(d) ∆ζ := (n − 2)−1 → ∆ζ := (n − |s|)−1 .

(c) t > 2 → t > |s|,

(b) t = 2 → t ∈ {2, . . . , |s|},

(a) t ∈ {1, 2} → t ∈ {1, 2, . . . , |s|},

3. in Section 3.4 the following equations are substituted,

2. as before, the local allocation state space X can be viewed as a pair each containing
a partition and a block in this partition (see Figure 2). In the case where |s| = 2, the
partitions are taken from the union of the set of partitions of a set of size one with the
set of partitions of a set of size two. When |s| > 2, we add more states, corresponding
to partitions of a set of size three, etc. until we add states corresponding to partitions
of a set of size |s|. The support of the transition S consists in (a) edges x → x0 linking
a state x0 such that removing one element from one of its blocks yields x, and (b)
edges x → x0 where x and x0 correspond to the same partition of a set of size |s|.
This is a generalization of the case |s| = 2 shown in Figure 2. The mapping φσ is
generalized in the obvious way,
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(30)

π

Z

D
mD
2

D

rm2 |Sm |

D

D

π 2 rm2

|Sm |

1 rm−1 |Sm−1 |

L(y1 , . . . , ym )
L(y1 , . . . , ym−1 )
D
2



νm
2

νm−1
2


νm +d−1
d=1 Γ
2

.
QD
νm−1 +d−1
d=1 Γ
2
QD

νm +d−1
d=1 Γ
 2 .
QD
ν0 +d−1
d=1 Γ
2

QD

(32)

(31)

30

Bernoulli(x|θ) = θx (1 − θ)1−x ,
Γ(α)Γ(β) α−1 β−1
Beta(θ|α, β) =
θ
θ
.
Γ(α + β)
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(33)

We use a Bernoulli likelihood, Bernoulli(x|θ), with a Beta prior distribution, Beta(θ|α, β).
We use the following priors (α, β) = (α0 , β0 ) = (1, 1) for all experiments. The densities are

E.2 Bernoulli

=

L(y + |y − ) =

νm
2

ν0
2

N (yi |µ, Σ)N IW(µ, Σ|ν, r, u, S) dµ dΣ

L(yi |θ)H(dθ)

1 r02 |S0 |

i=1

i=1
m
Y

Z Y
m

The predictive likelihood is given by

=

=

L(y) =

The marginal likelihood for the MVN-NIW congugate pair is

Using these equations the Cholesky decomposition of S0 can be performed once using O(D3 )
operations and cached. This decomposition can then be updated using m rank one updates,
each requiring O(D2 ) operations, to obtain Sm . This allows for efficient evaluation of the
marginal and predictive likelihoods as |Sm | can be evaluated using O(D) operations using
the Cholesky decomposition, instead of the standard O(D3 ) operations.

rm = rm−1 + 1,
rm−1 um−1 + ym
,
um =
rm
rm
(ym − um )(ym − um )T .
Sm = Sm−1 +
rm−1

νm = νm−1 + 1,

For computational efficiency it is convenient to express these updates iteratively using the
following equations:
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L(yi |θ)H(dθ)

Particle Gibbs Split-Merge Sampling

Z Y
m

i=1

Z Y
m
i=1

L(y1 , . . . , ym )
L(y , . . . , y
)
1
m−1
Γ(αm−1 )Γ(βm−1 ) Γ(αm + βm )
.
Γ(αm )Γ(βm ) Γ(αm−1 + βm−1 )

Γ(α)Γ(β) Γ(αm + βm )
,
Γ(αm )Γ(βm ) Γ(α0 + β0 )

Bernoulli(yi |θ)Beta(θ|α0 , β0 ) dθ

The posterior density
Pm of θ given y = (y1 , . . . , ym ) is Beta(αm , βm ) where αm = α0 +
(1 − yi ). The marginal likelihood is
and βm = β0 + i=1
L(y) =

=
=

=

L(y + |y − ) =

and the predictive log likelihood is

E.3 PyClone

i=1 yi

Pm
(34)

(35)

For the cancer genomics data we use the application-specific PyClone likelihood model over
clonal prevalences, genotypes, and observed read counts. The key variables in the model
are as follows (see Roth et al. (2014) for a more detailed description of the model):
φi
:

:

:

proportion of cancer cells with mutation i, φi ∈ [0, 1],

t

probability that mutation i has genotype ψi (elicited from auxillary data),

genotype of normal, non-mutated cancer and mutated cancer cells, ψi ∈ (gN , gR , gV ),

proportion of cancer cells in a sample (treated as known), t ∈ [0, 1],

ψi
∈ G = {A, B, AA, AB, . . .} ,
:

gx
πi,ψi

:

= (yi,b , yi,d ) ∈ N2 .
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(36)

c(gx ) = #A(gx ) + #B(gx ),
#A(gx )
µ(gx ) =
,
c(gx )
ξ(ψ, φ, t) : probability of sampling a B from the population of cells in the sample, i.e.:
(1 − t)c(gN )µ(gN ) + t(1 − φ)c(gR )µ(gR ) + tφc(gV )µ(gV )
,
=
(1 − t)c(gN ) + t(1 − φ)c(gR ) + tφc(gV )
number of sequence reads with a B and total number of reads covering mutation i, i.e.:
yi

The generative model is specified as follow:

α0 ∼ Gamma(α0 |a, b),

H0 = Uniform([0, 1]),

φi |H ∼ H,

H|α0 , H0 ∼ DP(H|α0 , H0 ),

yi |ψi , φi , t ∼ Binomial(yi,b |yi,d , ξ(ψi , φ, t)).
31

L(yi |θ)H(dθ) =
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Z Y
m X

i=1 ψi ∈G 3

M Y
m X
X

!

1
,
M

Ξk (yi )

1
Binomial(yi,b |yi,d , ξ(ψi , xk , t))
M

πi,ψi Binomial(yi,b |yi,d , ξ(ψi , φ, t))H(dφ)
π

i,ψi

Ξk (yi )



(37)

n
o
M −2
This model is not conjugate. However, if we let x ∈ {x0 , . . . , xM } = 0, M1−1 , . . . , M
−1 , 1
be a discretization of the interval [0, 1] and replace the continuous uniform base measure,
H0 = Uniform([0, 1]), with the discrete uniform measure, H0 = Uniform({x0 , . . . , xM }),
then we can approximate the model. Using this approximation, we can now treat the
model as if it were conjugate. The marginal likelihood for data (y1 , ..., ym ) is given by
Z Y
m
i=1

=



k=0 i=1 ψi ∈G 3

M
X

k=0

exp

m
X

i=1

is truncated to a finite sum over biologically

(38)



M m


X
Y
X

 1
=
exp log
πi,ψi Binomial(yi,b |yi,d , ξ(ψi , xk , t))

M
k=0 i=1
 ψi ∈G 3

|
{z
}
=

where we have the sufficient statistics

ψi ∈G 3

P

Ξ(yi ) = (Ξ0 (yi ), . . . , ΞM (yi )).

Remark 9 The possibly infinite sum
plausible states.

Appendix F. Anchor proposal distribution

The anchor proposal distribution, h, is a free tuning parameter for the PGSM sampler. In
principle, proposals which are informed by the current clustering state of the chain or by
the topology of the space may improve the performance of the sampler.
We consider two informed proposal distributions. While bespoke proposals for each
model may perform better, we restrict attention here to proposals which can be applied
generically to any class of model for which the PGSM sampler is applicable. In particular, we
do not assume a distance metric is available. Both proposals we discuss are only applicable
when two anchor points are used.
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Remark 10 If the any of the sets that we sample uniformly from are empty, we return two
anchors sampled uniformly at random.
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Algorithm 5 Threshold informed (TI) proposal
1: i1 ∼ Uniform([T ])
2: for b ∈ c do
3:
if i1 ∈ b then
4:
b ← b \ i1
5:
end if
6:
sb ← τ2 (b)L(yi1 |b)
. CRP attachment probability where L(·|b) is the predictive
distribution
7: end for
8: for b ∈ c do
9:
p b ← P sb sb
b∈c
10: end for
0
11: b ∼ Uniform({b : pb ≥ t})
. t is a pre-specified threshold, set to 0.01 in the
experiments
12: i2 ∼ Uniform(b0 \ i1 )
13: return i1 , i2

Algorithm 4 Cluster informed (CI) proposal
1: i1 ∼ Uniform([T ])
2: b̄ ← b ∈ c s.t. i1 ∈ b
3: c0 ← c \ {b̄}
4: for b ∈ c0 do
L(yb̄∪b )
5:
sb ← L(y )L(y
b)
b̄
6: end for
P
1
b∈c0 sb
. Merge probability is set to |c|−1
7: sb̄ ← |c|−1
8: for b ∈ c do
9:
p b ← P sb sb
b∈c
10: end for
0
11: b ∼ Discrete(c, pb )
. Sample a block b0 in c with probability pb
0
12: i2 ∼ Uniform(b \ i1 )
13: return i1 , i2

Particle Gibbs Split-Merge Sampling

Prior over clusterings
Parameter of the parametric family
A binary relationship indicating whether two datapoint indices are in the same block (relative to
some clustering specified as a subscript)
Auxiliary target distribution
Annealing schedule used to delay the introduction of the clustering prior
Resampling ancestry variable
One block in a clustering
Blocks of the partition outside of the closure
Partition or clustering of the observation indices
Discount parameter used in the Pitman-Yor process
Particle Gibbs auxiliary variables

τ
θ
∼
π̃
ζ
a
b
c−
c
d
g
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Permutation auxiliary variable component

34

Target density of interest

Sufficient statistics for the likelihood

ψ

σ

Factor in the clustering prior depending on the size of each block

τ2

Bijection from particles to restricted clusterings

Factor in the clustering prior depending on the number of clusters

τ1

π

Concentration parameter used in clustering priors such as the Dirichlet process

Intermediate un-normalized distributions

Closure of a subset of datapoint indices relative to a clustering

α0

φ

Markov kernel used to conceptualized a particle Gibbs step

s

γ

Restriction of the clustering to the closure subset

Support defining valid sequences of allocation decisions

S

K

Maximum number of clusters in the finite Dirichlet model

k0

Split merge modification of the prior factor depending on the number of clusters

Weight vector

w

c

Resampling ancestry vector

a

τ1

Permutation auxiliary variable vector

σ

State space containing the possible allocation decisions

All observations

y

Split merge target distribution

Particle

x

π

Relative ESS threshold used for adaptive resampling

β

X

Symmetric concentration parameters for the finite Dirichlet model

αDir

List of Symbols
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T

s

r

q

p

n

N

L

k

K

i

h

H

SMC generation (iteration) index

Number of datapoints

Subset of observation indices; in particular, set of anchor points

Conditional resampling distribution

Proposal distribution for the particle Gibbs algorithm

Particle index

Number of points to allocate, also coincides with the number of particle Gibbs generations (iterations)

Number of particles used in the particle Gibbs algorithms

Likelihood of the parametric family

Index of a block (cluster)

Markov kernel used to conceptualized a whole split-merge step

Observation index

Distribution of the anchors

Prior for the parametric family, and base measure of the process
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1. Negative estimates of the diagonals of Φ are unwanted since they correspond to variances, but some FA
estimation procedures often lead to negative estimates of Φ—these are popularly known in the literature
as Heywood cases and have invited a significant amount of discussion in the community.

where we use the notation Θ =
and N = (Σc − L1 L01 ) with Θ + N = Σc = Σ − Φ.
Note that Θ denotes the best rank-r approximation to (Σ−Φ), with the residual component
being N = Σ − Φ − Θ. Note that the entries in Φ need to be non-negative1 and Σ − Φ  0.
In fact, in the words of ten Berge (1998) (see p. 326)

L1 L01

:=Θ


Σ = L1 L01 + Σc − L1 L01 +Φ,
| {z } |
{z
}

Formulation of the estimator: In decomposition (1), the assumption that the rank
(r1 ) of Σc is small compared to p is fairly stringent—see Guttman (1958); Shapiro (1982);
ten Berge (1998) for a historical overview of the concept. In a classical paper of Guttman
(1958), the author argued based on psychometric evidence that Σc is often found to have
high algebraic rank. In psychometric case studies it is rather rare that the covariance
structure can be completely explained by a few common factors corresponding to mental
abilities—in fact there is evidence of at least hundreds of common factors being present with
the number growing without an upper bound. Formally, this means that instead of assuming
that Σc has exactly low-rank it is practical to assume that it can be well-approximated by
a low-rank matrix, namely, L1 L01 with L1 ∈ Rp×r . More precisely, L1 L01 is the best rank-r
approximation to Σc in the matrix q-norm (also known as the Schatten norm), as defined
in (5), and (Σc − L1 L01 ) is the residual component. Following psychometric terminology,
L1 corresponds to the r most significant factors representative of mental abilities and the
residual Σc −L1 L01 corresponds to the remaining psychometric factors unexplained by L1 L01 .
Thus we can rewrite decomposition (1) as follows:

where Σ is the covariance matrix of x and Σc := LL0 is the covariance matrix corresponding
to the common factors. Decomposition (1) suggests that Σ can be written as the sum of
a positive semidefinite (PSD) matrix Σc of rank r1 and a nonnegative diagonal matrix
(Φ) corresponding to the errors.
P 2 In particular, the variance of the ith coordinate of x :=
+ Φi , i = 1, . . . , p, splits into two parts, where L = ((lik )).
(x1 , . . . , xp ), i.e.,Pvar(xi ) = k lik
2 ) is known as the communality estimate (since this is the variance of
The first part ( k lik
the factors common to all the xi ’s) and the remaining part Φi is the variance specific to the
ith variable (Φi ’s are also referred to as the unique variances or simply uniquenesses).

Σ = Σc + Φ,

tool to obtain a parsimonious representation of the correlation structure among a set of
variables in terms of a smaller number of common hidden factors. A basic FA model is of
the form x = Lf + , where xp×1 is the observed random vector, fr1 ×1 (with r1 ≤ p; note
that we do not necessarily restrict r1 to be small) is a random vector of common factor
variables or scores, Lp×r1 is a matrix of factor loadings and p×1 is a vector of uncorrelated
random variables. We assume that the variables are mean-centered, f and  are uncorrelated
and without loss of generality, the covariance of f is the identity matrix. We will denote
Cov() = Φ = diag(Φ1 , . . . , Φp ). It follows that
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Factor Analysis (FA) (Anderson, 2003; Bartholomew et al., 2011; Mardia et al., 1979),
a widely used methodology in classical and modern multivariate statistics, is used as a

1. Introduction

Factor Analysis (FA) is a technique of fundamental importance that is widely used in
classical and modern multivariate statistics, psychometrics, and econometrics. In this paper, we revisit the classical rank-constrained FA problem which seeks to approximate an
observed covariance matrix (Σ) by the sum of a Positive Semidefinite (PSD) low-rank
component (Θ) and a diagonal matrix (Φ) (with nonnegative entries) subject to Σ − Φ
being PSD. We propose a flexible family of rank-constrained, nonlinear Semidefinite Optimization based formulations for this task. We introduce a reformulation of the problem
as a smooth optimization problem with convex, compact constraints and propose a unified
algorithmic framework, utilizing state of the art techniques in nonlinear optimization to
obtain high-quality feasible solutions for our proposed formulation. At the same time, by
using a variety of techniques from discrete and global optimization, we show that these
solutions are certifiably optimal in many cases, even for problems with thousands of variables. Our techniques are general and make no assumption on the underlying problem
data. The estimator proposed herein aids statistical interpretability and provides computational scalability and significantly improved accuracy when compared to current, publicly
available popular methods for rank-constrained FA. We demonstrate the effectiveness of
our proposal on an array of synthetic and real-life datasets. To our knowledge, this is the
first paper that demonstrates how a previously intractable rank-constrained optimization
problem can be solved to provable optimality by coupling developments in convex analysis
and in global and discrete optimization.
Keywords: factor analysis, rank minimization, semidefinite optimization, first order
methods, nonlinear optimization, global optimization, discrete optimization
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scheme—leading to indefinite Σ − Φ—thereby rendering statistical interpretations troublesome. Our numerical evidence suggests that the quality of estimates of Θ and Φ obtained
from Problem (4) outperform those obtained by other competing procedures which do not
incorporate the PSD constraints into their estimation criteria.

Bertsimas, Copenhaver, and Mazumder

|λi (A)|q

and

q

!1
,

Σ − Φ  0.
(3)

(5)

4
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3. The class of optimization problems studied in this paper involve global minimization of nonconvex,
continuous semidefinite optimization problems. Computational methods for this class of problems are
in a nascent stage; further, such methods are significantly less developed when compared to those for
mixed integer linear optimization problems, thus posing a major challenge in this work.

FA has a long and influential history which dates back more than a hundred years. The
notion of FA possibly first appeared in Spearman (1904) for the one factor model, which
was then generalized to the multiple factors model by various authors (see, for example,

1.1 A selective overview of related FA estimators

In this paper, we propose a general computational framework to solve Problem (4) for
any q ≥ 1. The well-known Schatten q-norm appearing in the loss function is chosen for
flexibility—it underlines the fact that our approach can be applied for any q ≥ 1. Note
that the estimation criterion (4) (even for the case q = 1) does not seem to appear in prior
work on approximate minimum rank Factor Analysis (MRFA) (ten Berge and Kiers, 1991;
Shapiro and ten Berge, 2002). However, we show in Proposition 1 that Problem (4) for
the special case q = 1 turns out to be equivalent to MRFA. For q = 2, the loss function is
the familiar squared Frobenius norm also used in MINRES, though the latter formulation
is not equivalent to Problem (4), as explained in Section 1.1. We place more emphasis on
studying the computational properties for the more common norms q ∈ {1, 2}.
The presence of the rank constraint in Problem (4) makes the optimization problem nonconvex. Globally optimizing Problem (4) or for that matter obtaining a good stationary
point is quite challenging. We propose a new equivalent smooth formulation to Problem (4)
which does not contain the combinatorial rank constraint. We employ simple and tractable
sequential convex relaxation techniques with guaranteed convergence properties and excellent computational properties to obtain a stationary point for Problem (4). An important
novelty of this paper is to present certifiable lower bounds on Problem (4) without resorting
to structural assumptions, thus making it possible to solve Problem (4) to provable optimality. Towards this end we propose new methods and ideas that incorporate state-of-the-art
developments in nonlinear and global optimization.3

Estimate of Covariance Matrix: In the finite sample setting, we set Σ to be the
sample covariance matrix. A consequence of solving Problem (4) is that we get an estimate
for the covariance matrix given by Θ̂ + Φ̂—in this sense, criterion (4) can be viewed as
a regularization scheme: the rank constraint on Θ encourages parsimony and the PSD
constraints encourage interpretability, as discussed above.

Choice of r: In exploratory FA, it is standard to consider several choices of r and study
the manner in which the proportion of variance explained by the common factors saturates
with increasing r. We refer the reader to popularly used methods described in Anderson
(2003); Bartholomew et al. (2011); Mardia et al. (1979) and more modern techniques (Bai
and Ng, 2008, see also references therein) for the choice of r.

“. . . However, when Σ − Φ the covariance matrix for the common parts of the
variables, would appear to be indefinite, that would be no less embarrassing than
having a negative unique variance in Φ. . . ”

Φ = diag(Φ, . . . , Φp )  0

We further refer the reader to Mardia et al. (1979) discussing the importance of Σ − Φ
being PSD.2 We thus have the following natural structural constraints on the parameters:
Θ  0,

(4)

Motivated by the above considerations, we present the following rank-constrained estimation problem for FA:

rank(Θ) ≤ r

minimize kΣ − (Θ + Φ)kqq
s.t.

Θ0
Σ − Φ  0,

Φ = diag(Φ1 , . . . , Φp )  0

i=1

p
X

where Θ ∈ Rp×p , Φ ∈ Rp×p are the optimization variables, and for a real symmetric matrix
Ap×p , its matrix q-norm, also known as the Schatten norm (or Schatten-von-Neumann
norm) is defined as
kAkq :=
where λi (A), i = 1, . . . , p, are the (real) eigenvalues of A.
Interpreting the estimator: The estimation criterion (4) seeks to jointly obtain the
(low-rank) common factors and uniquenesses that best explain Σ in terms of minimizing
the matrix q-norm of the error Σ − (Θ + Φ) under the PSD constraints (3). Note that
criterion (4) does not necessarily assume that Σ exactly decomposes into a low-rank PSD
matrix and a non-negative diagonal matrix. Problem (4) enjoys curious similarities with
Principal Component Analysis (PCA). In PCA, given a PSD matrix Σ the leading r principal component directions of Σ are obtained by minimizing kΣ − Θkq subject to Θ  0
and rank(Θ) ≤ r. If the optimal solution Φ to Problem (4) is given, Problem (4) is analogous to a rank-r PCA on the residual matrix Σ − Φ—thus it is naturally desirable to have
Σ − Φ  0. In PCA one is interested in understanding the proportion of variance explained
P
P
p
r
by the top-r principal component directions:
i=1 λi (Σ)/
i=1 λi (Σ). The denominator
P
p
i=1 λi (Σ) = Tr(Σ) accounts for the total variance explained by the covariance matrix Σ.
b r (which denotes the best rank r
Analogously, the proportion of variance
Prexplained by Θ
Pp
approximation to Σ − Φ) is given by i=1
λi (Σ − Φ)/ i=1
λi (Σ − Φ)—for this quantity
to be interpretable it is imperative that Σ − Φ  0. In the above argument, of course,
we assumed that Φ is given. In general, Φ needs to be estimated: Problem (4) achieves
this goal by jointly learning Φ and Θ. We note that certain popular approaches of FA (see
Sections 1.1 and 1.2) do not impose the PSD constraint Σ − Φ as a part of the estimation
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2. However, the estimation method described in Mardia et al. (1979) does not guarantee that Σ − Φ  0.

3

Tr(Θ)

Pp

Θ0
Σ=Θ+Φ
Φ = diag(Φ1 , . . . , Φp )  0,
(6)

Θ0
Σ=Θ+Φ
Φ = diag(Φ1 , . . . , Φp )  0.

rank(Θ)
(7)

s.t.

minimize

λi (Σ − Φ)

5

Φ = diag(Φ1 , . . . , Φp )  0
Σ − Φ  0,

i=r+1

p
X
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(8)

Approximate Minimum Rank Factor Analysis (MRFA): This method (see for example, ten Berge and Kiers, 1991; Shapiro and ten Berge, 2002) considers the following
optimization problem:

In general, Problems (6) and (7) are not equivalent. See Riccia and Shapiro (1982); Saunderson et al. (2012); Shapiro (1982) (and references therein) for further connections between
the minimizers of (6) and (7).
A main difference between formulations (4) and (7) is that the former allows an error
in the residual (Σ − Θ − Φ) by constraining Θ to have low-rank, unlike (7) which imposes
a hard constraint Σ = Θ + Φ. As noted earlier, this can be quite restrictive in various
applications. Even if one views Problem (6) as imposing a less stringent requirement than
that of Problem (7), we see two distinct advantages of Problem (4) over Problem (6): it
offers the modeling flexibility of controlling the complexity, viz. rank, of solutions via the
choice of r; and it provides smaller of estimates of rank for a comparable amount of explained
variance, as substantiated by experimental findings presented in Section 5.

s.t.

minimize

with variables Θ, Φ. Because Θ is PSD, Tr(Θ) = i=1 λi (Θ) is a convex surrogate (Fazel,
2002) for the rank of Θ—Problem (6) may thus be viewed as a convexification of the rank
minimization problem

s.t.

minimize

kΣ − (Θ + Φ)k22
rank(Θ) ≤ r
Θ0
Φ = diag(Φ1 , . . . , Φp ),

(10)

6
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4. The method is similar to Algorithm 1 presented herein for the case of q = 1; however, ten Berge and
Kiers (1981, 1991) rely on a heuristic procedure, as described in Bentler and Woodward (1980), for the
subproblem with respect to Φ.
b i < 0, some ad-hoc procedure is used to threshold it to a nonnegative quantity.
5. If Φ

Generalized Least Squares, Principal Axis and variants: The Ordinary Least
Squares (OLS) method for FA (Bartholomew et al., 2011) considers formulation (10) with
the additional constraint that Φi ≥ 0 ∀i. The Weighted Least Squares (WLS) or the generalized least squares method (see for example, Bartholomew et al., 2011) considers a weighted
least squares objective:
kW (Σ − (Θ + Φ))k22 .

b is a minimizer of
with variables Θ and Φ, where Φi , i ≥ 1, are unconstrained. If Θ
b satisfying L
bL
b0 = Θ
b minimizes (9) and vice-versa.
Problem (10), then any L
Various heuristic approaches are used to for Problem (9). The R package psych, for
example, uses a black box gradient based tool optim to minimize the nonconvex Problem (9)
b is estimated, the diagonal entries of Φ are estimated as Φ
bi =
with respect to L. Once L
bL
b 0 )ii , for i ≥ 1. Note that Φ
b i obtained in this fashion may be negative5 and the
σii − (L
condition Σ − Φ  0 may be violated.

minimize
s.t.

where Σ := ((σij )), Θ = LL0 and the sum (in the objective) is taken over all the off-diagonal
entries. Formulation (9) is equivalent to the nonconvex optimization problem

1≤i6=j≤p

Minimum Residual Factor Analysis (MINRES): This approach (Harman and Jones,
1966; Shapiro and ten Berge, 2002) considers the following optimization problem (with
respect to the variable Lp×r ):
X
2
minimize
σij − (LL0 )ij ,
(9)

Principal Component (PC) Factor Analysis: Principal Component factor analysis
or PC in short (Connor and Korajczyk, 1986; Bai and Ng, 2008) implicitly assumes that
Φ = σ 2 Ip×p , for some σ 2 > 0 and performs a low-rank PCA on Σ. It is not clear how
to estimate Φ via this method such that Φi ≥ 0 and Σ − Φ  0. Following Mardia et al.
b via the update rule Φ
b = diag(Σ− Θ)—
b
(1979), the Φ’s may be estimated after estimating Θ
the estimates thus obtained, however, need not be non-negative. Furthermore, it is not
guaranteed that the condition Σ − Φ  0 is met.

where the optimization variable is Φ. Proposition 1 presented below establishes that Problem (8) is equivalent to the rank-constrained FA formulation (4) for the case q = 1. This
connection does not appear to be formally established in ten Berge and Kiers (1991). We
believe that criterion (4) for q = 1 is easier to interpret as an estimation criterion for FA
models over (8). ten Berge and Kiers (1981, 1991) describe a method4 for numerically
optimizing (8)—as documented in the code for MRFA (ten Berge and Kiers, 2003), their
implementation can handle problems of size p ≤ 20.

Thurstone 1947). Significant contributions related to computational methods for FA have
been nicely documented in Bai and Ng (2008); Harman and Jones (1966); Jöreskog (1967,
1978); Lawley and Maxwell (1962); Ledermann (1937); Rao (1973); Shapiro (1982); and ten
Berge and Kiers (1991), among others.
We will briefly describe some widely used approaches for FA that are closely related to
the approach pursued herein and also point out their connections.

Constrained Minimum Trace Factor Analysis (MTFA): This approach (ten Berge
et al., 1981; Riccia and Shapiro, 1982) seeks to decompose Σ exactly into the sum of a
diagonal matrix and a low-rank component, which are estimated via the following convex
optimization problem:

Bertsimas, Copenhaver, and Mazumder
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As in the ordinary least squares case, here too we assume that Φi ≥ 0. Various choices of
W are possible depending upon the application, with W ∈ {Σ−1 , Φ−1 } being a couple of
popular choices.
The Principal Axis (PA) FA method (Bartholomew et al., 2011; Revelle, 2015) is popularly used to estimate factor model parameters based on criterion (10) along with the
b and performs
constraints Φi ≥ 0 ∀i. This method starts with a nonnegative estimate Φ
b to obtain Θ.
b The matrix Φ
b is then updated to
a rank r eigendecomposition on Σ − Φ
b and the above steps are repeated until the estimate Φ
b
match the diagonal entries of Σ − Θ,
b may fail to be PSD and the entries
stabilizes.6 Note that in this procedure the estimate Θ
b i may be negative as well. Heuristic restarts and various initializations are often carried
of Φ
out to arrive at a reasonable solution (see for example discussions in Bartholomew et al.
2011).
In summary, the least squares stylized methods described above may lead to estimates
that violate one or more of the constraints: Σ − Φ  0 , Θ  0 and Φ  0.
Maximum Likelihood for Factor Analysis: This approach (Bai and Li, 2012; Jöreskog,
1967; Mardia et al., 1979; Roweis and Ghahramani, 1999; Rubin and Thayer, 1982) is another widely used method in FA and typically assumes that the data follows a multivariate
Gaussian distribution. This procedure maximizes a likelihood function and is quite different
from the loss functions pursued in this paper and discussed above. The estimator need not
exist for any Σ—see for example Robertson and Symons (2007).
Most of the methods described in Section 1.1 are widely used and their implementations
are available in statistical packages psych (Revelle, 2015), nFactors (Raiche and Magis,
2011), GPArotation (Bernaards and Jennrich, 2005), and others and are publicly available
from CRAN.7
1.2 Broad categories of factor analysis estimators
A careful investigation of the methods described above suggests that they can be divided
into two broad categories. Some of the above estimators explicitly incorporate a PSD
structural assumption on the residual covariance matrix Σ − Φ in addition to requiring
Θ  0 and Φ  0 while the others do not. As already pointed out, these constraints are
important for statistical interpretability. We propose to distinguish between the following
two broad categories of FA algorithms:
(A) This category is comprised of FA estimation procedures cast as nonlinear Semidefinite
Optimization (SDO) problems—estimation takes place in the presence of constraints
of the form Σ − Φ  0, along with Θ  0 and Φ  0. Members of this category
are MRFA, MTFA and more generally Problem (4).
Existing approaches for these problems are typically not scalable: for example, we are
not aware of any algorithm (prior to this paper) for Problem (8) (MRFA) that scales
to covariance matrices with p larger than thirty. Indeed, while theoretical guarantees
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of optimality exist in certain cases (Saunderson et al., 2012), the conditions required
for such results to hold are generally difficult to verify in practice.

Our contributions in this paper may be summarized as follows:

(B) This category includes classical FA methods which are not based on nonlinear SDO
based formulations (as in Category (A)). MINRES, OLS, WLS, GLS, PC and PA
based FA estimation procedures (as described in Section 1.1) belong to this category.
These methods are generally scalable to problem sizes where p is of the order of a few
thousand—significantly larger than most procedures belonging to Category (A)—and
are implemented in open-source R-packages.
Contributions:

1. We consider a flexible family of FA estimators which can be obtained as solutions to
rank-constrained nonlinear SDO problems. In particular, our framework provides a
unifying perspective on several existing FA estimation approaches.

2. We propose a novel exact reformulation of the rank-constrained FA problem (4) as
a smooth optimization problem with convex compact constraints. We also develop a
unified algorithmic framework utilizing modern optimization techniques to obtain high
quality solutions to Problem (4). Our algorithms, at every iteration, simply require
computing a low-rank eigendecomposition of a p × p matrix and a structured scalable
convex SDO. Our proposal is capable of solving FA problems involving covariance
matrices having dimensions up to a few thousand, thereby making it on par with the
most scalable FA methods used currently.8

3. Our SDO formulation enables us to estimate the underlying factors and unique variances under the restriction that the residual covariance matrix is PSD—a characteristic that is absent in several popularly used FA methods. This aids statistical
interpretability, especially in drawing parallels with PCA and understanding the proportion of variance explained by a given number of factors. Methods proposed herein
produce superior quality estimates, in terms of various performance metrics, when
compared to existing FA approaches. To our knowledge, this is the first paper demonstrating that certifiably optimal solutions to a rank-constrained problem can be found
for problems of realistic sizes, without making any assumptions on the underlying
data.

4. Using techniques from discrete and global optimization, we develop a branch-andbound algorithm which proves that the low-rank solutions found are often optimal in
seconds for problems on the order of p = 10 variables, in minutes for problems on the
order of p = 100, and in days for some problems on the order of p = 4000. As the
selected rank increases, so too does the computational burden of proving optimality.
It is particularly crucial to note that the optimal solutions for all problems we consider
are found very quickly, and that vast majority of computational time is then spent on
proving optimality. Hence, for a practitioner who is not particularly concerned with
certifying optimality, our techniques for finding feasible solutions provide high-quality
estimates quickly.
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8. An implementation of our approach is available at https://github.com/copenhaver/factoranalysis.
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(11)

s.t.

minimize
i=r+1

p
X

λqi (Σ − Φ)

∗

∗

(13)

(12)

Σ − Θ  0.

Σ−Φ0

Φ = diag(Φ1 , . . . , Φp )  0

Θ0

rank(Θ) ≤ r

kΣ − (Θ + Φ)kqq
(14)

λ2i (Σ − Φ)
Φ = diag(Φ1 , . . . , Φp )  0
Σ − Φ  0.

p
P

i=r+1

(15)

gq (W, Φ) := Tr(W(Σ − Φ)q )
Φ = diag(Φ1 , . . . , Φp )  0
Σ−Φ0
IW0
Tr(W) = p − r.

(16)
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9. For any PSD matrix A, with eigendecomposition A = UA diag(λ1 , . . . , λp )U0A , we define Aq :=
UA diag(λq1 , . . . , λqp )U0A , for any q ≥ 1.

b of Problem (4) can be recovered from the solution W,
c Φ
b of Problem (16)
(b) The solution Θ
via:
b1 , . . . , λ
br , 0, . . . , 0)U
b := U
b diag(λ
b 0,
Θ
(17)

minimize
s.t.

Theorem 1 (a) The estimation criterion given by Problem (4) is equivalent to9

Note that unlike Problem (10), Problem (15) explicitly imposes PSD constraints on Φ
and Σ − Φ. The objective function in (12) is continuous but non-smooth. The function is
differentiable at Φ if and only if the r and (r + 1)th eigenvalues of Σ − Φ are distinct (Lewis,
1996; Shapiro and ten Berge, 2002), i.e., λr+1 (Σ − Φ) < λr (Σ − Φ). The non-smoothness of
the objective function in Problem (12) makes the use of standard gradient based methods
problematic (Bertsekas, 1999). Theorem 1 presents a reformulation of Problem (12) in
which the objective function is continuously differentiable.

s.t.

minimize

Special instances of (CFAq ): We show that some well-known FA estimation problems
can be viewed as special cases of our general framework.
For q = 1, Problem (12) reduces to MRFA, as described in (8). For q = 1 and r = 0,
Problem (12) reduces to MTFA (6). When q = 2, we get a variant of (10), i.e., a PSD
constrained analogue of MINRES

Note that Problem (14) has an additional PSD constraint Σ − Θ  0 which does not explicitly appear in Problem (4). It is interesting to note that the two problems are equivalent.
By virtue of Proposition 2, Problem (14) can as well be used as the estimation criterion
for rank constrained FA. However, we will work with formulation (4) because it is easier to
interpret from a statistical perspecitve.

s.t.

minimize

Proposition 2 The estimation Problem (4) is equivalent to

Bertsimas, Copenhaver, and Mazumder

Problem (12) is a nonlinear SDO in Φ, unlike the original formulation (4) that estimates
Θ and Φ jointly. Note that the rank constraint does not appear in Problem (12) and the
constraint set of Problem (12) is convexP
and compact. However, Problem (12) is nonconvex
due to the nonconvex objective function pi=r+1 λqi (Σ−Φ). For q = 1 the function appearing
in the objective of (12) is concave and for q > 1, it is neither convex nor concave.

where Up×p is the matrix of eigenvectors of Σ − Φ . Then (Θ , Φ ) is a solution to Problem (4).

∗

Θ∗ = U diag λ1 (Σ − Φ∗ ), . . . , λr (Σ − Φ∗ ), 0, . . . , 0 U0 ,



Φ = diag(Φ1 , . . . , Φp )  0
Σ − Φ  0,

fq (Φ; Σ) :=

where Φ is the optimization variable.
(b) Suppose Φ∗ is a minimizer of Problem (12), and let

(CFAq )

Proposition 1 (a) For any q ≥ 1, Problem (4) is equivalent to:

The following proposition presents the first reformulation of Problem (4) as a continuous
eigenvalue optimization problem with convex compact constraints. Proofs of all results can
be found in Appendix A.

λ1 (A) ≥ λ2 (A) ≥ . . . ≥ λp (A).

Let λ(A) denote the vector of eigenvalues of A, arranged in decreasing order, i.e.,

2. Reformulations of Problem (4)

Structure of the paper: The paper is organized as follows. In Section 1 we propose
a flexible family of optimization Problems (4) for the task of statistical estimation in FA
models. Section 2 presents an exact reformulation of Problem (4) as a nonlinear SDO
without the rank constraint. Section 3 describes the use of nonlinear optimization techniques
such as the Conditional Gradient (CG) method (Bertsekas, 1999) adapted to provide feasible
solutions (upper bounds) to our formulation. First order methods employed to compute
the convex SDO subproblems are also described in the same section. In Section 4, we
describe our method for certifying optimality of the solutions from Section 3 in the case
when q = 1. In Section 5, we present computational results demonstrating the effectiveness
of our proposed method in terms of (a) modeling flexibility in the choice of the number of
factors r and the parameter q, (b) scalability, and (c) the quality of solutions obtained in
a wide array of real and synthetic datasets—comparisons with several existing methods for
FA are considered. Section 6 contains our conclusions.

5. We provide computational evidence demonstrating the favorable performance of our
proposed method. Finally, to the best of our knowledge this is the first paper that
views various FA methods in a unified fashion via a modern optimization lens and
attempts to compare a wide range of FA techniques in large scale.
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b1 , . . . , λ
bp
b is the matrix formed by the p eigenvectors corresponding to the eigenvalues λ
where U
b Given Φ,
b any solution Θ
b (given by (17))
(arranged in decreasing order) of the matrix Σ− Φ.
is independent of q.
In Problem (16), if we partially minimize the function gq (W, Φ) over Φ (with fixed W),
the resulting function is concave in W. This observation leads to the following proposition.

Φ

s.t.

inf

gq (W, Φ)

(19)

(18)

Proposition 3 The function Gq (W) obtained upon (partially) minimizing gq (W, Φ) over
Φ (with W fixed) in Problem (16), given by
Gq (W) :=
Φ = diag(Φ1 , . . . , Φp )  0
Σ − Φ  0,

is concave in W. The sub-gradients of the function Gq (W) exist and are given by:
q
b
∇Gq (W) = (Σ − Φ(W))
,

b
where Φ(W)
is a minimizer of the convex optimization Problem (18).
Gq (W)

(20)

In light of Proposition 3, we present another reformulation of Problem (4) as the following concave minimization problem:

s.t.

minimize
IW0
Tr(W) = p − r,

b
where the function Gq (W) is differentiable if and only if Φ(W)
is unique.
Note that by virtue of Proposition 1, Problems (12) and (20) are equivalent. Therefore,
it is natural to ask whether one formulation might be favored over the other from a computational perspective. Towards this end, note that both Problems (12) and (20) involve the
minimization of a non-smooth objective function, over convex compact constraints. However, the objective function of Problem (12) is nonconvex (for q > 1) whereas the one in
Problem (20) is concave (for all q ≥ 1). We will see in Section 3 that CG-based algorithms
can be applied to a concave minimization problem (even if the objective function is not
differentiable); however, CG applied to general non-smooth objective functions has limited
convergence guarantees. Thus, formulation (20) is readily amenable to CG-based optimization algorithms, unlike formulation (12). This seems to make Problem (20) computationally
more appealing than Problem (12).

3. Finding Upper Bounds
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This section presents a unified computational framework for the class of problems (CFAq ).
Problem (16) is a nonconvex smooth optimization problem and obtaining a stationary point
is quite challenging. We propose iterative schemes based on the Conditional Gradient
(CG) algorithm (Bertsekas, 1999)—a generalization of the Frank-Wolfe algorithm (Frank
11
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and Wolfe, 1956)—to obtain a stationary point of the problem. The appealing aspect
of our framework is that every iteration of the algorithm requires solving a convex SDO
problem which is computationally tractable. While off-the-shelf interior point algorithms—
for example SDPT3 (Toh et al., 1999), Yalmip (Löfberg, 2004), and MOSEK (Andersen and
Andersen, 2000)—can be used to solve the convex SDO problems, they typically do not
scale well for large problems due to intensive memory requirements. In this vein, first
order algorithms have received a lot of attention (Nesterov, 2004, 2005, 2007) in convex
optimization of late, due to their low cost per iteration, low-memory requirements, and
ability to deliver solutions of moderate accuracy for large problems within a modest time
limit. We use first order methods to solve the convex SDO problems. We present one
primary scheme based on the CG algorithm:

Algorithm 1: This scheme, described in Section 3.1, applies CG on the optimization Problem (20), where the function Gq (W) defined in (18) is concave
(and possibly non-smooth).

To make notation simpler, we will use the following shorthand:

(21)

In addition, in Appendix B we present an alternative approach that applies CG to Problem (16), where the objective function gq (W, Φ) is smooth.

Ψp,p−r := {W ∈ Rp×p : I  W  0, Tr(W) = p − r}

and FΣ = {Φ : Σ − Φ < 0, Φ = diag(Φ1 , . . . , Φp ) < 0}.

3.1 A CG based algorithm for Problem (20)

W∈Ψp,p−r

arg min

D
E
∇Gq (W(k) ), W =

W∈Ψp,p−r

arg min

Tr(W(Σ − Φ(k) )q ),

(22)

The CG method for Problem (20) requires solving a linearization of the concave objective
function. At iteration k, if W(k) is the current estimate of W, the new estimate W(k+1) is
obtained by
W(k+1) ∈

where by Proposition 3, (Σ − Φ(k) )q is a sub-gradient of Gq (W) at W(k) with Φ(k) given
by
Tr(W(k) (Σ − Φ)q )
(23)

Φ∈FΣ

Φ(k) ∈ arg min

(24)

No explicit line search is necessary here because the minimum will always be at the new
point, i.e., Φ(k) , due to the concavity of the objective function. The sequence W(k) is
recursively computed via (22) until the convergence criterion

Gq (W(k) ) − Gq (W(k+1) ) ≤ TOL · Gq (W(k) ),

W∈Ψp,p−r

JMLR 18(29):1-53, 2017

for some user-defined tolerance, TOL > 0, is met. A short description of the procedure
appears in Algorithm 1.
Before we present the convergence rate of Algorithm 1, we will need to introduce some
notation. For any point W belonging to the feasible set of Problem (20) let us define ∆(W)
as follows:
inf h∇Gq (W), W − Wi.
(25)
∆(W) :=

12

∈

arg min

W∈Ψp,p−r

f
hW, Wi,

(27)

13

g1 (W, Φ) = hW, Σi −
i=1

p
X

wii Φi

i=1

p
X
(wii Φ2i − 2hwi , σ i iΦi )

(29)

p
P

i=1

ci Φ2i + di Φi



(30)

i=1

p
X

(ci Φ2i + di Φi )

i=1

p
X

D
E ρ
(ci Φ2i + di Φi ) + ν, Λ − (Σ − Φ) + kΛ − (Σ − Φ)k22 ,
2

(32)

(31)

arg min
Φ=diag(Φ1 ,...,Φp )0

Lρ (Φ, Λ(k) , ν (k) ),

JMLR 18(29):1-53, 2017
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(35)

(34)

(33)

and produces a sequence {(Φ(k) , λ(k) , ν (k) )}, k ≥ 1 — the convergence properties of the
algorithm are quite well known (Boyd et al., 2011).

ν (k+1) = ν (k) + ρ(Λ(k+1) − (Σ − Φ(k+1) )),

Λ0

Λ(k+1) ∈ arg min Lρ (Φ(k+1) , Λ, ν (k) ),

Φ(k+1) ∈

where ρ > 0 is a scalar and h·, ·i denotes the standard trace inner product. ADMM involves
the following three updates:

Lρ (Φ, Λ, ν) :=

The Augmented Lagrangian for the above problem is:

Λ = Σ − Φ.

Λ0

s.t. Φ = diag(Φ1 , . . . , Φp )  0

Φ,Λ

minimize

With the intention of providing a simple and scalable algorithm for the convex SDO problem,
we use the Alternating Direction Method of Multipliers (Bertsekas, 1999; Boyd et al., 2011)
(ADMM). We introduce a splitting variable Λ = Σ − Φ and rewrite Problem (30) in the
following equivalent form:

A First Order Scheme for Problem (30)

where ci ≥ 0 and di for i = 1, . . . , p are problem parameters that depend upon the choice of
algorithm and q. We now present a first order convex optimization scheme for solving (30).

Φ∈FΣ

minimize

is a convex quadratic in Φ (for fixed W).
For Algorithm 1, the partial minimizations with respect to Φ, for q = 1 and q = 2,
require minimizing Problems (28) and (29), respectively.
Various instances of optimization problems with respect to Φ such as those appearing
in Algorithm 1 can be viewed as special cases of the following family of SDO problems:

g2 (W, Φ) = Tr(WΣ2 ) +

is linear in Φ (for fixed W). For q = 2, the objective function of Problem (16)

Bertsimas, Copenhaver, and Mazumder

(28)

The SDO problem arising from the update of Φ is not as straightforward as the update
with respect to W. Before presenting the general case, it helps to consider a few special
cases of (CFAq ). For q = 1 the objective function of Problem (16)

3.2.2 Solving the SDO problem with respect to Φ

f p×p , depending upon the algorithm and the choice of q, defor some fixed symmetric W
scribed as follows. For Algorithm 1 the update in W at iteration k for Problem (22),
f = (Σ − Φ(k+1) )q .
corresponds to W
0
c = Pp
A solution to Problem (27) is given by W
i=r+1 ui ui , where u1 , . . . , up are the
f
f . . . , λp (W).
f
eigenvectors of the matrix W, corresponding to the eigenvalues λ1 (W),

c
W

A generic SDO problem associated with Problem (22) requires updating W as

3.2.1 Solving the SDO problem with respect to W

Algorithm 1 requires sequentially solving convex SDO problems in W and Φ. We describe
herein how these subproblems can be solved efficiently.

3.2 Solving the convex SDO problems

Theorem 2 If W(k) is a sequence produced by Algorithm 1, then Gq (W(k) ) is a monotone
decreasing sequence and every limit point W(∞) of the sequence W(k) is a stationary point
of Problem (20). Furthermore, Algorithm 1 has a convergence rate of O(1/K) (with K
denoting the iteration index) to a first order stationary point of Problem (20), i.e.,
n
o G (W(1) ) − G (W(∞) )
q
q
−∆(W(i) ) ≤
min
.
(26)
i=1,...,K
K

Further, W∗ satisfies the first order stationary condition for Problem (20) if W∗ is feasible
for the problem and ∆(W∗ ) ≥ 0.
We now present Theorem 2 establishing the rate of convergence and associated convergence properties of Algorithm 1. The proof (along with all other omitted proofs) is
contained in Appendix A.

3. Update W (with Φ fixed) by solving (22), to get W(k+1) .

2. Update Φ (with W fixed) by solving (23).

1. Initialize with
(k = 1), feasible for Problem (20) and repeat, for k ≥ 2, Steps 2-3
until convergence criterion (24) is satisfied.

W(1)

Algorithm 1 A CG based algorithm for formulation (20)
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i = 1, . . . , p.
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=

Problem (33) can be solved in closed form as
(
)
(k)
(di + νii )
ρ
(k)
max (σii − λii ) −
,0 ,
ρ + 2ci
ρ
(k+1)

Φi

2

2

The update with respect to Λ in (34) requires an eigendecomposition:
Λ(k+1)

1
= arg min Λ − (Σ − Φ(k+1) − ν (k) )
ρ
Λ0


1
=PSp+ Σ − Φ(k+1) − ν (k) ,
ρ

(36)

(37)

where, the operator PS + (A) denotes the projection of a symmetric matrix A onto the cone of
p


0 ,
max {λ1 , 0} , . . . , max {λp , 0} UA

PSD matrices of dimension p × p: PSp+ (A) = UA diag

0 is the eigendecomposition of A.
where, A = UA diag(λ1 , . . . , λp )UA

Stopping criterion: The ADMM iterations (33)—(35) are continued till the values of
kΛ(k+1) − (Σ − Φ(k+1) )k2 and the relative change in the objective values of Problem (30)
become smaller than a certain threshold, say, TOL × α, where α ∈ {10−1 , . . . , 10−3 }—this is
typically taken to be smaller than the convergence threshold for the CG iterations (TOL).
Computational cost of Problem (30): The most intensive computational stage in the
ADMM procedure is in performing the projection operation (37); this requires O(p3 ) operations due to the associated eigendecomposition. This needs to be done for as many ADMM
steps, until convergence.
Since Problem (30) is embedded inside iterative procedures like Algorithm 1, the estimates of (Φ, Λ, ν) obtained by solving Problem (30) for a iteration index (of the CG
algorithm) provides a good warm-start for the Problem (30) in the subsequent CG iteration. This is often found to decrease the number of iterations required by the ADMM
algorithm to converge to a prescribed level of accuracy.10
3.3 Computational cost of Algorithm 1
For Algorithm 1 and other CG-based algorithms for factor analysis (see Appendix B),
the computational bottleneck is in performing the eigendecomposition of a p × p matrix:
the W update requires performing a low-rank eigendecomposition of a p × p matrix and
the Φ update requires solving a problem of the form (30), which also costs O(p3 ). Since
eigendecompositions can easily be done for p of the order of a few thousands, the proposed
algorithms can be applied to that scale.
Note that most existing popular algorithms for FA belonging to Category (B) (see
Section 1.2) also perform an eigendecomposition with cost O(p3 ). Thus it appears that
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10. The utility of warm starts is another compelling reason to apply a first-order-based approach instead of
interior point methods. Indeed, warm starts are well-known to perform quite poorly when incorporated
into interior point methods—often they can perform worse than cold starts (Yildirim and Wright, 2002;
John and Yildirim, 2008). Given the need to repeatedly solve similarly structured SDOs for both upper
bounds (as presented in this section) as well as lower bounds (as presented in Section 4), the ability to
effectively incorporate warm start information is crucial.

15

Bertsimas, Copenhaver, and Mazumder

Category (B) and the algorithms proposed herein have the same computational complexity
and hence these two estimation approaches are equally scalable.

4. Certificates of Optimality via Lower Bounds

σi (Σ − Φ),

(39)

(38)

In this section, we outline our approach to computing lower bounds to (CFAq ) via techniques
from global optimization and matrix analysis. In particular, we focus on the case when q =
1.11 We begin with an overview of the method. We then discuss initialization parameters
for the method as well as branching rules and other refinements employed in our approach.
4.1 Overview of Method

i=r+1

p
X

Our primary problem of interest is to provide lower bounds to (CFA1 ), i.e.,

Φ∈FΣ

minimize
or equivalently vis-à-vis Theorem 1,

minimize hW, Σ − Φi.

W∈Ψp,p−r
Φ∈FΣ

One possible approach is to consider convex lower bounds to (39).

Definition 3 For a function f : Γ ⊆ Rn → R we define its convex envelope on Γ, denoted
convenvΓ (f ), to be the largest convex function g with g ≤ f . In symbols,

g = sup{h : Γ → R | h convex on Γ and h ≤ f }.

The convex envelope acts as the best possible convex lower bound for a given function.
Further, its precise form is well-known for certain classes of functions; one such function
of principle interest here is described in the following theorem. This is in some contexts
referred to as a McCormick hull and is widely used throughout the nonconvex optimization
literature (Floudas, 1999; Tawarmalani and Sahinidis, 2002a).

Theorem 4 (Al-Khayyal and Falk, 1983) If f : Γ = [0, 1] × [`, u] → R is defined by
f (x, y) = −xy, then the convex envelope of f on Γ is precisely

convenvΓ (f )(x, y) = max{−ux, ` − `x − y}.

Further, |f (x, y) − convenvΓ (f )(x, y)| ≤ (u − `)/4. In particular, if |u − `| → 0, then
convenvΓ (f ) → f .
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11. The general case for q > 1 can be addressed using similar (although more complicated) techniques as
applied to Problem (16), again applying principles developed in global optimization.
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i=1

min{ui Wii , Φi + `i Wii − `i }.

s. t.

i=1

ei

Φ ∈ FΣ
W ∈ Ψp,p−r 
`i ≤ Φi ≤ ui 
ei ≤ Φi + `i Wii − `i
∀i

ei ≤ ui Wii

hW, Σi −

17
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12. A branching rule that is sufficient for convergence is selecting i ∈ arg maxi (uci − `ci ) and α = (uci + `ci )/2.

Theorem 5 Given numerical tolerance TOL > 0, Algorithm 2 (with an appropriate branching rule)12 terminates in finitely many iterations and solves (CFA1 ) to within an additive
optimality gap of at most TOL. Further, if Algorithm 2 is terminated early (i.e., before
Nodes = ∅), then the best feasible solution Φf at termination is guaranteed to be within an
additive optimality gap of zf − zlb .

The approach now lies in iteratively refining the lower and upper bounds on the diagonal entries of Φ, denoted ` and u, respectively, in order to improve the quality of the
approximations obtained via convex envelopes (cf. Theorem 4). This classical scheme is
known as spatial branch and bound and is shown in pseudocode in Algorithm 2 as it applies
to solving (39) by way of using (LS`,u ).
In words, Algorithm 2 involves treating a given “node” n = [`, u], which represents
bounds on Φ, namely, ` ≤ diag(Φ) ≤ u. Here we solve (LS`,u ) with the lower and upper
bounds ` and u, respectively, and see whether the resulting new feasible solution is better
(lower in objective value) than the best known incumbent solution encountered thus far.
We then see if the the bound for this node as obtained via (LS`,u ) is better than the
currently known best feasible solution; if it is not at least the current best feasible solution’s
objective value (up to some numerical tolerance), then we must further branch on this node,
generating two new nodes n1 and n2 which partition the existing node n. Throughout, we
keep track of the worst lower bound encountered, which allows for us to terminate the
algorithm early while still having a provable suboptimality guarantee on the best feasible
solution Φf ∈ FΣ found thus far.
In light of Theorem 4, we have as a corollary the following theorem.

(LS`,u )

W,Φ,e

minimize

p
X

By introducing auxiliary variables e ∈ Rp to represent these convex envelopes, we obtain
the following linear SDO that is a lower bound to (39):

hW, Σi −

p
X

Hence, the best possible P
convex lower bound to the objective in Problem (39), namely
hW, Σ − Φi = hW, Σi − i Wii Φi , for ` ≤ diag(Φ) ≤ u and I  W  0 is

= − min{ui Wii , Φi + `i Wii − `i }.

j>i

min

([`,u],z)∈Nodes

j>i

z and return to Step 2.

j<i

18
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Global Optimization—State of the Art: We close this section by discussing similarities between the branch-and-bound approach we develop here and existing methods in
nonconvex optimization. Our approach is very similar in spirit to approaches to global optimization (Floudas, 1999), and in particular for (nonconvex) quadratic optimization problems, quadratically-constrained convex optimization problems, and bilinear optimization
problems (Hansen et al., 1993; Bao et al., 2009; Tawarmalani and Sahinidis, 2002b; Tawarmalani et al., 2013; Costa and Liberti, 2012; Anstreicher and Burer, 2010; Misener and
Floudas, 2012). The primary similarity is that we work within a branch and bound framework using successively better convex lower bounds. However, while global optimization
software for a variety of nonconvex problems with underlying vector variables is generally
well-developed (as evidenced by solvers like BARON, see Sahinidis 2014), this is not the case
for problems with underlying matrix variables and semidefinite constraints.
The presence of semidefinite structure presents several substantial computational challenges. First and foremost, algorithmic implementations for solving linear SDOs are not
nearly as advanced as those which exist for linear optimization problems. Therefore, each

6. Update the best lower bound zlb ←

j<i

5. If z < zf − TOL (i.e., a TOL–optimal solution has not yet been found), then pick some
i ∈ {1, . . . , p} and some α ∈ (`ci , uci ). Then add two new nodes to Nodes:




Y
Y
Y
Y
 [`cj , ucj ] × [`ci , α] × [`cj , ucj ], z  and  [`cj , ucj ] × [α, uci ] × [`cj , ucj ], z  .

4. If zu < zf (i.e., a better feasible solution is found), update the best feasible solution
found thus far (Φf ) to be Φ and update the corresponding value (zf ) to zu .

3. Solve P
(LS`c ,uc ). Let Φ be an optimal solution with z the optimal objective value; set
zu ← i>r σi (Σ − Φ).

2. While Nodes 6= ∅, remove some node ([`c , uc ], z c ) ∈ Nodes.

Algorithm 2 Spatial branch and bound scheme to solve (39). The inputs are as follows:
(a) upper bounds u0 such that for any i and any Φ ∈ FΣ , we have Φi ≤ u0i (see Section
4.3); (b) optimality tolerance TOL; and (c) initial feasible solution Φf ∈ FΣ .
P
1. Initialize zf ← i>r σi (Σ − Φf ); Nodes ← {([0, u0 ], −∞)}; and zlb ← −∞.

The algorithm we have considered here omits some important details. After discussing
properties of (LS`,u ) in Section 4.2, we will discuss various aspects of Algorithm 2. In
Section 4.3, we detail how to choose input u0 . We then turn our attention to branching
(line 5) in Section 4.4. In Section 4.5, we use results from matrix analysis coupled with
ideas from the modern practice of discrete optimization to make tailored refinements to
Algorithm 2. Finally, in Section 4.6 we include a discussion of node selection strategies.

Using this result we proceed to describe our approach for computing lower bounds to
(CFA1 ) as in (39). First observe that if Φi ∈ [`i , ui ] and Wii ∈ [0, 1], then

convenv(−Wii Φi )(Wii , Φi ) = max{−ui Wii , `i − `i Wii − Φi }

Bertsimas, Copenhaver, and Mazumder
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Certifiably Optimal Low Rank Factor Analysis

In solving the root node of Algorithm 2, we must begin with some choice of u0 = u. An
obvious first choice for ui is ui = Σii , but one can do better. Let us optimally set ui , defining
it as

Bertsimas, Copenhaver, and Mazumder

4.3 Input Parameters

ui :=

x∈R

maximize

mi2 = 1.

minimize m0 Σm
m∈Rp

s. t.

20

x

Σ − xE(i) < 0,

=

m

mi = 1.

minimize m0 Σm

s. t.

(40)

(41)

(42)
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13. One notable feature of the ADMM-based approach is that we can extract an approximately feasible
primal solution Φ, which is useful for branching. Note that in Algorithm
P2, we can replace the best
incumbent solution if we find a new Φ which has better objective value i>rP
σi (Σ − Φ). Because Φ
may not be feasible (i.e., Φ ∈
/ FΣ ), we take care here. Namely, compute t = i>r λi (Σ − Φ), where
λ1 (Σ − Φ) ≥ · · · ≥ λp (Σ − Φ) are the sorted eigenvalues of Σ − Φ. If t < zf , then we perform an
iteration of CG scheme for finding feasible solutions (outlined in Section 3) to find a feasible Φ̄ ∈ FΣ .
We then use this as a possible candidate for replacing the incumbent.
14. In the case when Σ  0, it is not necessary to use quadratic optimization problems to compute u. In
this case once can apply a straightforward Schur complement argument (Boyd and Vandenberghe, 2004)
to show that u can be computed by solving for inverse of p different (p − 1) × (p − 1) matrices (or
equivalently, by finding the diagonal of the precision matrix Σ−1 ).

This formulation given in (42) is computationally inexpensive to solve (given a large number
of specialized convex quadratic problem solvers), in contrast to both formulations (40) and
(41).14

ui =

a linear SDO in standard form with a single equality constraint. By a result of (Barvinok,
1995; Pataki, 1998), there exists a rank one solution to (41). This implies that (41) can
actually be solved as a convex quadratic program:

minimize hM, Σi
M∈Rp×p
ui = s. t.
Mii = 1
M < 0,

where E(i) ∈ Rp×p is a matrix with all zeros except Eii = 1. These bounds are useful
because if Φ ∈ FΣ , then Φi ≤ ui . Note that problem (40) is a linear SDO for which strong
duality holds. Its dual is precisely

s.t.

(i)

Solving Subproblems: We briefly detail how to solve (LS`,u ). In light of the discussion
in Section 3.2, we choose to apply a first-order method. Observe that we cannot solve
the primal form (LS`,u ) within the branch-and-bound framework unless we solve it to
optimality. Therefore, we instead choose to work with its dual (DS`,u ). We apply an offthe-shelf solver SCS (O’Donoghue et al., 2016) to solve (DS`,u ) and find reasonably accurate,
feasible solutions for this dual problem, which guarantees that we have a lower bound to
(LS`,u ).13 In this way, we maintain the provable optimality properties of Algorithm 2
without needing to solve nodes in the branch-and-bound tree to full optimality.

Hereinafter we set f u = 0 and omit the constraint diag(Φ) ≤ u (with the caveat
that, upon solving a problem and identifying some Φ∗ , we must instead work with
min{Φ∗ , diag(u)}, taken entrywise).

subproblem, which is itself a linear SDO, carries a larger computational cost than the usual
corresponding linear program which typically arises in other global optimization problems
with vector variables. Secondly, a critical component of the success of global optimization software is the ability to quickly resolve multiple instances of subproblems which have
similar structure. Corresponding methods for SDOs, as solved via interior point methods,
are generally not well-developed. Finally, semidefinite structure complicates the traditional
process of computing convex envelopes. Such computations are critical to the success of
modern global optimization solvers like BARON.
There are a variety of other possible approaches to computing lower bounds to (CFAq ).
One such approach is the method of moments (Lasserre, 2009). However, for problems of
the size we are considering, such an approach is likely not computationally feasible, so we
do not make a direct comparison here. There is also recent work in complementarity constraints literature (Bai et al., 2016) which connects rank-constrained optimization problems
to copositive optimization (Burer, 2012). In short, such an approach turns (38) into an
equivalent convex problem; despite the transformation, the new problem is not particularly
amenable to computation at this time. For this reason, we do not consider the copositive
optimization approach.
4.2 Properties of (LS`,u )

s. t.

q,f u ,f ` ,µ,
σ,M,N,P

maximize (p − r)q − u0 f u − Tr(N) − hP, Σ − diag(`)i

We now examine properties of (LS`,u ), the main subproblem of interest. Observe that it is
a linear SDO problem, and therefore we can consider its dual, namely

(DS`,u )

µ+σ =1
diag(P) + f u − f ` − µ = 0
Σ − diag(u) + M + N + diag(diag(u − `)µ) − qI = 0
f u , f ` , µ, σ ≥ 0
M, N, P < 0.

Observation 1 We now include some remarks about structural properties of (LS`,u ) and
its dual (DS`,u ).
1. If rank(Σ) = p then the Slater condition (Boyd and Vandenberghe, 2004) holds and
hence there is strong duality, so we can work with (DS`,u ) instead of (LS`,u ) as an
exact reformulation.
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2. There exists an optimal solution to the dual with f u = 0. This is a variable reduction
which is not immediately obvious. Note that f u appears as the multiplier for the
constraints in the primal of the form diag(Φ) ≤ u. To claim that we can set f u = 0
it suffices to show that the corresponding constraints in the primal can be ignored.
Namely, if (W∗ , Φ∗ ) solves (LS`,u ) with the constraints Φi ≤ ui ∀i omitted, then the
e is feasible and optimal to (LS`,u ) with all the constraints included, where
pair (W∗ , Φ)
e
Φ
is
defined
by
e i = min{Φ∗ , ui }.
Φ
i
19

j>i

j<i

j>i

j>i

j<i

j>i
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In this subsection, we develop another method for lower bounds for the factor analysis
problem. While we use it to supplement our approach detailed throughout Section 4, it is
of interest as a standalone method, particularly for its computational speed and simplicity.
In Section 5.3, we discuss the performance of this approach in both contexts.
The central problem of interest in factor analysis involves the spectrum of a symmetric
matrix (Σ − Φ) which is the difference of two other symmetric matrices (Σ and Φ). From
a linear algebraic perspective, the spectrum of the sum of real symmetric matrices is an
extensively studied problem (Horn and Johnson, 2013; Bhatia, 2007).Therefore, it is natural
to inquire how such results carry over to our setting. We discuss the implications of a wellknown result from this literature, namely Weyl’s inequality (see, e.g., Bhatia 2007):

4.5 Weyl’s Method—Pruning and Bound Tightening

where  ∈ [0, 1) is some parameter. For the computational experiments, we set  = 0.4.
Such an approach, which lowers the location of the branch in the ith interval [`i , ui ] from
Φ∗i , serves to improve the objective value from the first node, while hurting the objective
value from the second node (here by objective value, we mean the objective value of the
optimal solution to the two new subproblems). In this way, it spreads out the distance
between the two, and so it is more likely that the first node may have an objective value
that is higher than zf − TOL than before, and hence, this would mean there are fewer nodes
necessary to consider to solve for an additive gap of TOL. While this heuristic explanation is
only partially satisfying, we have observed throughout a variety of numerical experiments
that this rule, even though simple, performs better across a variety of example classes than
the basic branching rule outlined. At the same time, recent work on the theory of branching
rules supports such a heuristic rule (le Bodic and Nemhauser, 2015). In Section 5.4, we give
evidence on the impact of the use of the modified branching rule.

j<i

Observe that, so long as maxi |e∗i − Wii∗ Φ∗i | > 0, the solution (W∗ , Φ∗ , e∗ ) is not optimal for
either of the subproblems created.
We now briefly describe an alternative rule which we employ instead. We again pick the
branching index i as before, but now the two new nodes we generate are
Y
Y
Y
Y
[`j , uj ]×[`i , (1−)Φ∗i +`i ]× [`j , uj ] and
[`j , uj ]×[(1−)Φ∗i +`i , ui ]× [`j , uj ],

j<i

Here we detail two methods for branching (line 5 in Algorithm 2). The problem of branching
is as follows: having solved (LS`,u ) for some particular n = [`, u], we must choose some
i ∈ {1, . . . , p} and split the interval [`i , ui ] to create two new subproblems. We begin
with a simple branching rule. Given a solution (W∗ , Φ∗ , e∗ ) to (LS`,u ), compute i ∈
argmaxi |e∗i − Wii∗ Φ∗i | and branch on variable Φi , generating two new subproblems with the
intervals
Y
Y
Y
Y
[`j , uj ] × [`i , Φ∗i ] ×
[`j , uj ] and
[`j , uj ] × [Φ∗i , ui ] × [`j , uj ].

4.4 Branching

Certifiably Optimal Low Rank Factor Analysis

and

λ1 (B) ≥ λ2 (B) ≥ · · · ≥ λp (B)

i>r

Φ∈FΣ

σi (Σ−Φ) ≥ minimize
i>r

X
max

j=0,...,p−i

!
n
o

λi+j (Σ − Φ̄) + diag Φ̄ − Φ (p−j) , 0
.

max{λi (Σ − diag(u)), 0},

22
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Pruning: We begin by considering how Weyl’s method can be used for pruning. The
notion of pruning for branch and bound trees is grounded in the theory and practice of
discrete optimization. In short, pruning in the elimination of nodes from the tree without
actually solving them. We make this precise in our context.
Consider some point in the branch and bound process in Algorithm 2, where we have
some collection of nodes, ([`c , uc ], z c ) ∈ Nodes. Recall that z c is the optimal objective

As per the above remarks, computing u in Step 1 of Weyl’s method can be carried out
efficiently. Step 2 only relies on computing the eigenvalues of Σ − diag(u). Therefore, this
lower bounding procedure is quite simple to carry out. What is perhaps surprising is that
this simple lower bounding procedure is effective as a standalone method. We describe such
results in Section 5.3. We now turn our attention to how Weyl’s method can be utilized
within the branch and bound tree as described in Algorithm 2.

by taking Theorem 7 with Φ̄ = diag(u).

i>r

X

2. For each r ∈ {1, . . . , p}, one can compute a lower bound to (CFA1 ) (for a given r) of

1. Compute bounds ui as in (40), so that for all Φ ∈ FΣ , one has Φi ≤ ui ∀i.

Weyl’s Method: The new lower bound introduced in Theorem 7 is a nonconvex problem
in general. We begin by discussing one situation in which Theorem 7 provides computationally tractable (and fast) lower bounds; we deem this Weyl’s method, detailed as follows:

Proof Apply Weyl’s inequality with A = Σ − diag(Φ̄) and B = Φ̄ − Φ, and use the fact
that Φ ∈ FΣ so Σ − Φ < 0.

Φ∈FΣ

minimize

X

Theorem 7 For any diagonal matrix Φ̄ one has that

For any vector x ∈ Rp we let {x(i) }pi=1 denote sorted {xi }pi=1 with x(1) ≥ x(2) ≥ · · · ≥ x(p) .
Using this notation, we arrive at the following theorem.

λk (A + B) ≥ λk+j (A) + λp−j (B) ∀j = 0, . . . , p − k.

one has for any k ∈ {1, . . . , p} that

λ1 (A) ≥ λ2 (A) ≥ · · · ≥ λp (A)

Theorem 6 (Weyl’s Inequality) For symmetric matrices A, B ∈ Rp×p with sorted eigenvalues

Bertsimas, Copenhaver, and Mazumder

max{λi (Σ − diag(uc )), 0}.

Bertsimas, Copenhaver, and Mazumder

i>r

X

Certifiably Optimal Low Rank Factor Analysis

X

σi (Σ − Φ) ≥

value of the parent node of n. Vis-à-vis Weyl’s method, we know a priori, without solving
(LS`c ,uc ), that
minimize

Φ∈FΣ
`c ≤diag(Φ)≤uc i>r

24
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For our synthetic experiments, we considered distinctly different groups of examples. Classes
A1 and A2 have subspaces of the low-rank common factors which are random and the values

5.1 Synthetic examples

In this section, we perform various computational experiments to study the properties of
our different algorithmic proposals for (CFAq ), for q ∈ {1, 2}. Using a variety of statistical measures, we compare our methods with existing popular approaches for FA, as
implemented in standard R statistical packages psych (Revelle, 2015), nFactors (Raiche
and Magis, 2011), and GPArotation (Bernaards and Jennrich, 2005). We then turn our
attention to certificates of optimality as described in Section 4 for (CFA1 ).

5. Computational experiments

In this way, we allow for the algorithm to switch between trying to make progress
towards improving the convex envelope bounds and making progress towards improving the
best of the two bounds (the convex envelope bounds along with the Weyl bounds). We set
β = 0.9 for all computational experiments. It is possible that a more dynamic branching
strategy could perform substantially better; however, the method here has a desirable level
of simplicity.
We close by noting that while this node selection strategy appears naı̈ve, it is not
necessarily so simple. Improved node selection strategies from discrete optimization often
take into account some sort of duality theory. Weyl’s inequality is at its core a result from
duality theory (principally Wielandt’s minimax principle; see Bhatia, 2007), and therefore
our strategy is not as unsophisticated as it might appear on first inspection.

2. In the remaining scenarios (occurring with probability 1 − β), we choose randomly
between selecting the node with smallest value of z c and the node with smallest value
of wc . To be precise, let Z be the minimum of z c over all nodes and likewise let W be
the minimum of wc over all nodes. Then with (independent) probability β, we choose
the node with worst z c or wc (i.e., with min{z c , wc } = min{Z, W }); with probability
1 − β, if Z < W we choose a node with wc = W , and if Z > W we choose a node
with z c = Z.

1. With probability β, we select the node with smallest value of max{z c , wc }.

To be precise, consider some point in Algorithm 2 were we have a certain collection of
nodes, ([`c , uc ], z c ) ∈ Nodes. The most obvious node selection strategy is to pick the node
n for which z c is smallest among all nodes in Nodes. In this way, the algorithm is likely to
improve the gap zf − zlb at every iteration. Such greedy selection strategies tend to not
perform particularly well in general global optimization problems (see, e.g., Tawarmalani
and Sahinidis, 2002a).
For these reasons, we employ a slightly modified greedy selection strategy which utilizes
Weyl’s method. For a given node n, we also consider
its corresponding lower bound wc
P
c
obtained from Weyl’s method, namely, wc :=
i>r max{λi (Σ − diag(u )), 0}. For each
node, we now consider max{z c , wc }. There are two cases to consider:

P
Hence, if zf − TOL < i>r max{λi (Σ − diag(uc )), 0}, where zf is as in Algorithm 2, then
node n can be discarded, i.e., there is no need to actually compute (LS`c ,uc ) or further
consider this branch. This is because if we were to solve (LS`c ,uc ), and then branch again,
solving further down this branch to optimality, then the final lower bound obtained would
necessarily be at least as large as the best feasible objective already found (within tolerance
TOL).
In this way, because Weyl’s method is relatively fast, this provides a simple method for
pruning. In the computational results detailed in Section 5.3, we always use Weyl’s method
to discard nodes which are not fruitful to consider.

i>r

Bound Tightening: We now turn our attention to another way in which Weyl’s method
can be used to improve the performance of Algorithm 2—bound tightening. In short, bound
tightening is the use of implicit constraints to strengthen bounds obtained for a given node.
We detail this with the same node notation as above. Namely, consider a given node
n = [`c , uc ]. Fix some j ∈ {1, . . . , p} and let α ∈ (`jc , ujc ). If we have that
X
max{λi (Σ − diag(ũ)), 0},
zf − TOL <

where ũ is uc with the jth entry replaced by α, then we can replace the node n with the
“tightened” node ñ = [˜`, uc ], where ˜` is `c with the jth entry replaced by α.
We consider why this is valid. Suppose that one were to solve (LS`c ,uc ) and choose to
branch on index j at α. Then one would create two new nodes: [`c , ũ] and [˜`, uc ]. We would
necessarily then prune away the node [`c , ũ] as just described; hence, we can replace [`c , uc ]
without loss of generality with [˜`, uc ]. Note that here α ∈ (`jc , ujc ) and j ∈ {1, . . . , p} were
arbitrary. Hence, for each j, one can choose the largest such αj ∈ (`jc , ujc ) (if one exists) so
P
that zf − TOL < i>k max{λi (Σ − diag(ũ)), 0}, and then replace `c by ˜`.15
Such a procedure is somewhat expensive (because of its use of repeated eigenvalue
calculations), but can be thought of as “optimal” pruning via Weyl’s method. In our
experience the benefit of bound tightening does not warrant its computational cost when
used at every node in the branch-and-bound tree except in a small number of problems. For
this reason, in the computational results in Section 5.3 we only employ bound tightening
at the root node n = [0, u0 ].
4.6 Node Selection
In this section, we briefly describe our method of node selection. The problem of node
selection has been considered extensively in discrete optimization and is still an active area
of research. Here we describe a simple node selection strategy.
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15. An obvious choice to find such an α is a grid-search-based bisection method. For simplicity we use a
linear search on a grid instead of resorting to the bisection method.

23

j > r, i = 1, . . . , R
i > j, j = 1, . . . , r.

j = 1, . . . , r, i ≤ j

where Lp×R is such that

MINRES: minimum residual factor analysis
WLS: weighted least squares method with weights being the uniquenesses
PA: this is the principal axis factor analysis method
MTFA: constrained minimum trace factor analysis—formulation (6)
PC: The method of principal component factor analysis
MLE: this is the maximum likelihood estimator (MLE)
GLS: the generalized least squares method

i=1

p
X

b
λi (Σ − Φ).

(44)

25

26
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b
λi (Θ)/
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i=1

r
X

As r increases, the explained variance increases to one. This trade-off between r and
“Explained Variance” plays an important role in exploratory FA and in particular the choice

Explained Variance =

Proportion of variance explained and semi-definiteness of (Σ−Φ): A fundamental
objective in FA lies in understanding how well the r-common factors explain the residual
b
covariance, i.e., (Σ−Φ)—a
direct analogue of what is done in PCA, as explained in Section 1.
For a given r, the proportion of variance explained by the r common factors is given by

b the r-common
The estimation of Φ plays an important role in FA—given a good estimate Φ,
factors can be obtained by a rank-r eigendecomposition on the residual covariance matrix
b
Σ − Φ.

i=1

Estimation error in Φ: We use the following measure to assess the quality of an estimator for Φ:
p
X
b i − Φi )2 .
Error(Φ) :=
(Φ
(43)

We consider the following measures of “goodness of fit” (see Bartholomew et al. 2011 and
references therein) to assess the performances of the different FA estimation procedures.

5.1.1 Performance measures

For MINRES, WLS, GLS, and PA, we used the implementations available in the R
package psych (Revelle, 2015) available from CRAN. For MLE we investigated the methods
factanal from R package stats and the fa function from R package psych. The estimates
obtained by the different MLE implementations were similar in our experiments; therefore,
we report the results obtained from factanal.
For MTFA, we used our own implementation by adapting the ADMM algorithm (Section 3.2.2) to solve Problem (6). For the experiments in Section 5.1, we took the convergence
thresholds for Algorithm 1 as TOL = 10−5 and ADMM as TOL × α = 10−9 . For the PC
method we followed the description in Bai and Ng (2008) (as described in Section 1.1)—the
Φ estimates were thresholded at zero if they became negative.
Note that all the methods considered in the experiments, apart from MTFA, allow the
user to specify the desired number of factors in the problem. Since standard implementations of MINRES, WLS and PA require Σ to be a correlation matrix, we standardized all
covariance matrices to correlation matrices at the outset.

1.
2.
3.
4.
5.
6.
7.
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We performed a suite of experiments using Algorithm 1 for the cases q ∈ {1, 2}. We
compared our proposed algorithm with the following popular FA estimation procedures as
described in Section 1.1:

Comparisons with other FA methods

In all the B classes, we generated Φi ∼ abs(N (0, 1)) and the covariance matrix Σ was
taken to be Σ = Θ + αΦ, where α is so that Tr(Θ) = α Tr(Φ).

iid

Class B3 (r/R/p). Here we define Θ =


 1,
iid
Lij =
∼ N (0, 1),

 0,

LL0 ,

Class B2 (r/R/p). Here we set Θ = LL0 , where Lp×R is such that


i, j = 1, . . . , r
 1,
iid
Lij =
∼
N
(0,
1),
i
> r, j = 1, . . . , R

 0,
i = 1, . . . , r, j > r.

In contrast, classes B1 , B2 , and B3 are qualitatively different from the aforementioned
ones—the subspaces corresponding to the common factors are more structured, and hence
different from the coherence-like assumptions on the eigenvectors which are necessary for
nuclear norm based methods (Saunderson et al., 2012) to work well.
Class B1 (R/p). We set Θ = LL0 , where Lp×R is given by

1, i ≤ j
Lij =
0, i > j.

Class A2 (p). Here Lp×p is generated as Lij ∼ N (0, 1). We did a full singular value decomposition on L—let UL denote the set of p (left) singular vectors. We created a positive defieL
e 0 = UL diag(λ1 , . . . , λp )U0 ,
nite matrix with exponentially decaying eigenvalues as follows: L
L
where the eigenvalues were chosen as λi = 0.8i/2 , i = 1, . . . , p. We chose the diagonal entries
of Φ (like data Type-A1 ), as a scalar multiple (φ̄) of a uniformly spaced grid in [λp , λ1 ] and
P
eL
e 0 ).
φ̄ was chosen such that i Φi = Tr(L

iid

1 ≤ i ≤ p. Here φ̄, which controls the ratio of the
P variances between the uniquenesses and
the common latent factors is chosen such that pi=1 Φi = Tr(LL0 ), i.e., the contribution to
the total variance from the common factors matches that from the uniqueness factors. The
covariance matrix is thus given by: Σ = LL0 + Φ.

the interval [λR (L0 L), λ1 (L0 L)] such that Φi = φ̄· λ1 (L0 L) + (λR (L0 L) − λ1 (L0 L)) i−1
, for
p

of Φi are taken to be equally spaced. The underlying matrix corresponding to the common
factors in type A1 is exactly low-rank, while this is not the case in type A2 .
iid
Class A1 (R/p). We generated a matrix Lp×R := ((Lij )) (with R < p) with Lij ∼ N (0, 1).
The unique variances Φ1 , . . . , Φp , are taken to be
 proportional to p equi-spaced values
 on
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(45)

A relevant measure of the proximity between Θ and its

b  0. Note that
of r. For the expression (44) to be meaningful, it is desirable to have Σ − Φ
our framework (CFAq ), and in particular MTFA, estimates Φ under a PSD constraint on
b Θ)
b estimated by the remaining methods
Σ − Φ. However, as seen in our experiments (Φ,
b for
MINRES, PA, WLS, GLS, MLE and others often violate the PSD condition on Σ − Φ
some choices of r, thereby rendering the interpretation of “Explained Variance” troublesome.
b the measure (44) applies only for the value
For the MTFA method with estimator Θ,
b and the explained variance is one.
of r = rank(Θ)
For the methods we have included in our comparisons, we report the values of “Explained
Variance” as delivered by the R-package implementations.
b and Θ:
Proximity between Θ
b is given by
estimate (Θ)
b − Θr k2 /kΘr k2 ,
Error(Θ) := kΘ
2
2

where Θr is the best rank-r approximation to Θ and can be viewed as the natural “oracle”
b Note that MTFA does not incorporate any constraint on rank(Θ)
b in its
counterpart of Θ.
b = Σ − Φ,
b rank(Θ)
b
formulation. Since the estimates obtained by this procedure satisfy Θ
may be quite different from r.
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Discussion of experimental results. We next discuss our findings from the numerical
experiments for the synthetic datasets.
Table 1 shows the performances of the various methods for different choices of p and
R for class A1 . For the problems (CFAq ), q ∈ {1, 2}, we present the results of Algorithm
1. (Results obtained by the approach in Appendix B were similar.) In all the examples,
with the exception of MTFA, we set the number of factors to be r = (R − 1), one less than
the rank of the covariance matrix for the common underlying factors; in other words, the
b
“remaining” rank one component can be considered as noise. For MTFA, the rank of Θ
b larger than 10−5 . MTFA and (CFAq ), q ∈
was computed as the number of eigenvalues of Θ
{1, 2}, estimate Φ with zero error—significantly better than competing methods. While
b is PSD, other methods,
MTFA and (CFAq ), q ∈ {1, 2}, result in estimates such that Σ − Φ
however, fail to do so; indeed, the discrepancy can often be quite large. MTFA performs
poorly in terms of estimating Θ since the estimated Θ has rank different than r. In terms
of the proportion of variance explained (CFAq ) performs significantly better than all other
methods. The notion of “Explained Variance” by MTFA for r = (R − 1) is not applicable
since the rank of the estimated Θ is larger than r.
Figure 1 displays results for type A2 . Here we present the results for (CFAq ), q ∈
{1, 2}, using Algorithm 1. For all the methods (with the exception of MTFA) we computed
estimates of Θ and Φ for a range of values of r. MTFA and (CFA1 ) do a perfect job in
b MTFA computes solutions (Θ)
b with
estimating Φ and both deliver PSD matrices Σ − Φ.
a higher numerical rank and with large errors in estimating Θ (for smaller values of r).
Among the four performance measures corresponding to MTFA, Error(Θ) is the only one
that varies with different r values. Each of the other three measures deliver a single value
b Overall, it appears that (CFAq ) is significantly better than
corresponding to r = rank(Θ).
all other methods.
Figure 2 shows the results for classes B1 , B2 , and B3 . We present the results for (CFAq )
for q ∈ {1, 2} using Algorithm 1 as before. Figure 2 shows the performance of the different
27

Performance
measure
Error(Φ)
Explained Var.
b
λmin (Σ − Φ)
Error(Θ)
Error(Φ)
Explained Var.
b
λmin (Σ − Φ)
Error(Θ)
Error(Φ)
Explained Var.
b
λmin (Σ − Φ)
Error(Θ)
Error(Φ)
Explained Var.
b
λmin (Σ − Φ)
Error(Θ)
Error(Φ)
Explained Var.
b
λmin (Σ − Φ)
Error(Θ)
Error(Φ)
Explained Var.
b
λmin (Σ − Φ)
Error(Θ)
Error(Φ)
Explained Var.
b
λmin (Σ − Φ)
Error(Θ)
Error(Φ)
Explained Var.
b
λmin (Σ − Φ)
Error(Θ)
Error(Φ)
Explained Var.
b
λmin (Σ − Φ)
Error(Θ)

(CFA1 )
0.0
0.6889
0.0
0.0
0.0
0.8473
0.0
0.0
0.0
0.9371
0.0
0.0
0.0
0.7103
0.0
0.0
0.0
0.8311
0.0
0.0
0.0
0.9287
0.0
0.0
0.0
0.6767
0.0
0.0
0.0
0.8183
0.0
0.0
0.0
0.9147
0.0
0.0

0.0
0.0
689.68
0.0
0.0
190.26
0.0
0.0
35.94
0.0
0.0
3835.6
0.0
0.0
1459.5
0.0
0.0
291.44
0.0
0.0
19037
0.0
0.0
6818.1
0.0
0.0
1654.3

MTFA

699.5
0.2898
-0.6086
0.1023
197.18
0.3813
-0.4920
0.0726
39.85
0.4449
-0.2040
0.0531
3838
0.3036
-0.7014
0.0726
1482.9
0.3753
-0.5332
0.1176
301.94
0.4443
-0.3290
0.0508
19123
0.2885
-0.6925
50.76
6872
0.3716
-0.6202
0.1706
1682
0.4360
-0.2643
0.0665

MINRES

700.1
0.2898
-0.6194
0.1079
197.01
0.3813
-0.5071
0.0802
39.18
0.4452
-0.2289
0.0399
3859
0.3033
-0.7126
0.0770
1479.1
0.3754
-0.5433
0.0752
301.08
0.4444
-0.3280
0.0415
19088
0.2886
-0.7335
0.3571
6862
0.3717
-0.6785
0.0776
1681
0.4360
-0.2675
0.0568

WLS

700.0
0.2898
-0.6195
0.1146
196.98
0.3814
-0.5081
0.0817
39.28
0.4452
-0.2329
0.0419
3858
0.3033
-0.7125
0.0766
1478.9
0.3754
-0.5445
0.0746
301.04
0.4444
-0.3281
0.0412
19090
0.2886
-0.7418
0.0984
6861
0.3717
-0.6797
0.0780
1681
0.4360
-0.2676
0.0570

PA

639.9
0.2956
-0.6140
0.7071
139.60
0.3925
-0.4983
1.1638
2.47
0.4686
-0.2060
2.47
3715
0.3056
-0.7121
0.5897
1312.9
0.3798
-0.5423
1.1358
160.29
0.4538
-0.3210
2.3945
18770
0.2898
-0.7422
0.8092
6497
0.3739
-0.6788
1.1377
1311
0.4408
-0.2631
2.4202

PC

699.6
0.2898
-0.6034
0.1111
197.18
0.3813
-0.4919
0.0725
40.04
0.4449
-0.2037
0.0560
3870
0.3031
-0.7168
0.1134
1485.1
0.3752
-0.5379
0.1301
302.1
0.4443
-0.3302
0.0516
19120
0.2885
-0.6780
18.5930
6876
0.3716
-0.6209
0.1696
1682
0.4360
-0.2643
0.0665

MLE

Method Used

Bertsimas, Copenhaver, and Mazumder

(CFA2 )
0.0
0.6889
0.0
0.0
0.0
0.8473
0.0
0.0
0.0
0.9371
0.0
0.0
0.0
0.7103
0.0
0.0
0.0
0.8311
0.0
0.0
0.0
0.9287
0.0
0.0
0.0
0.6767
0.0
0.0
0.0
0.8183
0.0
0.0
0.0
0.9147
0.0
0.0

Problem Size
(R/p)

3/200

5/200

10/200

2/500

5/500

10/500

2/1000

5/1000

10/1000
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Table 1: Comparative performances of the various FA methods for data of type A1 , for different
choices of R and p. In all the above methods (apart from MTFA) r was taken to be (R − 1). In all
b obtained by MTFA is seen to be R. The “-” symbol implies that the notion of
the cases rank(Θ)
explained variance is not meaningful for MTFA for r = R − 1. No method in Category (B) satisfies
Σ − Φ  0. Methods proposed in this paper seem to significantly outperform their competitors,
across the different performance measures.

28

29
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• The geomorphology data set is a collection of geomorphological data collected across
p = 10 variables and 75 observations. (The geomorphology data set originally has
p = 11, but we remove the one categorical feature, leaving p = 10.)

• The Harman data set is a correlation matrix of 24 psychological tests given to 145
seventh- and eighth-grade children.

• The neo data set has 1000 measurements for p = 30 dimensions.

• The bfi data set has 2800 observations on 28 variables (25 personality self-reported
items and 3 demographic variables).

This section describes the performance of different FA methods on some real-world benchmark datasets popularly used in the context of FA. These datasets can be found in the R
libraries datasets (R Core Team, 2014), psych (Revelle, 2015), and FactoMineR (Husson
et al., 2015) and are as follows:

5.2 Real data examples

Summary: All methods of Category (B) (see Section 1.2) used in the experimental comparisons perform worse than Category (A) in terms of measures Error(Φ), Error(Θ) and
Explained Variance for small/moderate values of r. They also lead to indefinite estimates
b MTFA performs well in estimating Φ but fails in estimating Θ mainly due to the
of Σ − Φ.
lack in flexibility of imposing a rank constraint; in some cases the trace heuristic falls short
of doing a good job in approximating the rank function when compared to its nonconvex
counterpart (CFAq ). The estimation methods proposed herein have a significant edge over
existing methods in producing high quality solutions across various performance metrics.

methods in terms of four different metrics: error in Φ estimation, proportion of variance
explained, violation of the PSD constraint on Σ − Φ, and error in Θ estimation. For
the case of B1 , we see that the proportion of explained variance for (CFAq ) reaches one
at a rank smaller than that of MTFA—this shows that the nonconvex criterion (CFAq )
provides smaller estimates of the rank than its convex relaxation MTFA when one seeks
a model that explains the full proportion of residual variance. This result is qualitatively
different from the behavior seen for A1 and A2 where the benefit of (CFAq ) over MTFA
was mainly due to its flexibility to control the rank of Θ. Algorithms in Category (A)
do an excellent job in estimating Φ. All other competing methods perform poorly in
estimating Φ for small/moderate values of r. We observe that none of the methods apart
b (unless r becomes sufficiently
from (CFAq ) and MTFA lead to PSD estimates of Σ − Φ
large which corresponds to a model with a saturated fit). In terms of the proportion of
variance explained, our proposal performs much better than the competing methods. We
see that the error in Θ estimation incurred by (CFAq ), increases marginally as soon as the
rank r becomes larger than a certain value for B1 . Note that around the same values of
r, the proportion of explained variance reaches one in both these cases, thereby suggesting
that this is possibly not a region of statistical interest. In summary, Figure 2 suggests that
(CFAq ) performs very well compared to all its competitors.
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16. Understanding performance of FA methods on real data is difficult because it is an unsupervised problem.
However, we can understand the performances of different methods by drawing parallels with PCA in
terms of the proportion of variance explained of the matrix Σ − Φ—see our discussion in Section 1.

We present the results in Figure 3. We also experimented with other methods—such as WLS
and GLS—but the results were similar to MINRES and hence have not been shown in the
figure. For the real examples, most of the performance measures described in Section 5.1.1
do not apply16 ; however, the notion of explained variance (44) does apply. We used this
metric to compare the performance of different competing estimation procedures. We observe that solutions delivered by Category (B) explain the maximum amount of residual
variance for a given rank r, which is indeed desirable, especially in the light of its analogy
with PCA on the residual covariance matrix Σ − Φ.

• The JO data set records athletic performance in Olympic events, and involves 24
observations with p = 58. This example is distinctive because the corresponding
correlation matrix Σ is not full rank (having more variables than observations).

b We present
the number of factors. The y-axis label “Minimum Eigenvalue” refers to λmin (Σ − Φ).
the results of (CFA1 ), as obtained via Algorithm 1—the results of (CFA2 ) were similar, and hence
omitted from the plot. Our methods seems to perform better than all the other competitors. For
large values of r, as the fits saturate, the methods become similar. The methods (as available from
the R package implementations) that experienced convergence difficulties do not appear in the plot.

Figure 1: Performance of various FA methods for examples from class A2 (p = 200) as a function of
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17. All computational experiments are performed in a shared cluster computing environment with highly
variable demand, and therefore runtimes are not necessarily a reliable measure of problem complexity;
hence, the number of nodes considered is always displayed. Further, Algorithm 2 is highly parallelizable, like many branch-and-bound algorithms; however, our implementation is serial. Therefore, with
improvements in code design, it is very likely that runtimes can be substantially improved beyond those
shown here.

Root Node Gap: Let us first consider the gap at the root node. In classes A1 , B1 , B2 ,
and B3 , we see that the Weyl bound at the root node often provides a better bound than
the one given by using convex envelopes. Indeed, the bound provided by Weyl’s method
can in many instances certify optimality (up to numerical tolerance) at the root node. For
example, this is the case in many instances of classes A1 and half of the instances in B3 .
Given that Weyl’s method is computationally inexpensive (only requiring the computation
of p convex quadratic optimization problems and an eigenvalue decomposition), this suggests
that Weyl’s inequality as used within the context of factor analysis is particularly fruitful.
In contrast, in class A2 and the real examples, we see that the convex envelope bound
tends to perform better. Because of the structure of Weyl’s inequality, Weyl’s method is
well-suited for correlation matrices Σ with very quickly decaying eigenvalues. Examples in

We now turn our attention to certificates of optimality using Algorithm 2. Computational
results of Algorithm 2 for a variety of problem sizes across all six classes can be found
in Tables 2, 3, 4, 5, 6, 7, 8, 9, 10, and 11. In general, we provide results for p ranging
between 10 and 4000. Parametric choices are outlined in depth in Table 2.17 We always
initialize Algorithm 2 with an initial feasible solution as found via Algorithm 1 so that
we can understand if the estimators found via the CG-based approach are indeed optimal.
In particular, if the best feasible objective value does not change throughout the branchand-bound algorithm, then the initial estimator was indeed optimal (within the numerical
tolerance).

5.3 Certificates of Optimality via Algorithm 2

Figure 3: Figure showing proportion of variance explained by different methods for real-data examples. We see that in terms of the proportion of explained variance, (CFA1 ) delivers the largest values
for different values of r, which is indeed desirable. (CFA1 ) also shows nice flexibility in delivering
different models with varying r, in contrast to MTFA which delivers one model with proportion of
variance explained equal to one. The results of (CFA2 ) were found to be similar to (CFA1 ).
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Figure 2: Performance of different methods for instances of B1 (30/100), B2 (5/10/100), and
B3 (5/10/100). We see that (CFA1 ) exhibits very good performance across all instances, significantly outperforming the competing methods (the results of (CFA2 ) were similar).
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LB
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1.50
1.40
1.44
1.25
0.88
0.49
0.49
0.25
0.52
0.17
0.43 −0.90
0.06 −0.75
0.17 −0.98
3.99
3.91
4.64
4.58
3.34
3.26
2.33
2.06
2.55
2.38
2.04
1.86
0.61 −0.07
0.50 −0.01
0.92
0.18

Weyl
LB
1.43
1.40
1.32
0.70
0.39
0.42
0.10
0.00
0.00
3.94
4.60
3.28
2.24
2.49
1.97
0.49
0.40
0.81
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Upper Lower
bound bound
1.54
1.44
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1.40
1.44
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0.78
0.49
0.39
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0.43
0.33
0.06
0.00
0.17
0.07
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4.64
4.60
3.34
3.28
2.33
2.33
2.55
2.49
2.04
1.97
0.61
0.51
0.50
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0.92
0.82
1
1
5
78
1
14
28163
1
3213
1
1
1
1
1
1
626
41
267
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0.14
0.38
0.20
4.08
1.27
0.34
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0.20
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0.19
2.07
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0.21
6.62
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75.98
2.88
24.81

Time (s)
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performed in julia using SDO solvers MOSEK (for primal feasible solutions) and SCS (for dual feasible solutions within tolerance 10−3 ). Computation time does not include preprocessing (such as
computation of u as in (40) and finding an initial incumbent feasible solution Φf as computed via
the conditional gradient algorithm in Section 3). We always use default tolerance TOL = 0.1 for algorithm termination. Parameters for branching, pruning, node selection, etc., are detailed throughout
Section 4. For each problem size, we run three instances (the instance number is the random seed
provided to julia). Upper bounds denote zf , which is the best feasible solution found thus far
(either at the root node or at algorithm termination). At the root node, we display two lower
bounds: the lower bound arising from convex envelopes (denoted “CE LB”) and the one arising
from the Weyl bound (denoted “Weyl LB”). Note that for lower bound at the termination node, we
mean the worst bound max{z c , wc } (see Section 4.6; z c is from the convex envelope approach, while
wc comes from Weyl’s method). “Nodes” indicates the number of nodes considered in the course
of execution, while “Time (s)” denotes the runtime (in seconds). We set r∗ , the rank used within
Algorithm 2, to r∗ = R − 1, where R is the generative rank displayed. All results displayed to two
decimals. Computations run on high-demand, shared cluster computing environment with variable
architectures. Runtime is capped at 400000s (approximately 5 days), and any instance which is still
running at that time is marked with an asterisk next to its runtime.

Table 2: Computational results for Algorithm 2 for class C = A1 (R/p). All computations are

5/20

3/20

2/20

5/10

3/10

2/10

Problem size
(R/p)

Certifiably Optimal Low Rank Factor Analysis

Root node
Upper
CE
bound
LB
7.16
7.09
6.74
6.66
6.78
6.74
3.04
2.86
3.32
3.12
3.70
3.56
0.88 −0.15
1.20
0.08
1.14 −0.02
13.72
13.69
14.07
14.03
14.67
14.64
8.54
8.46
7.16
7.04
7.07
6.94
2.62
2.10
2.81
2.38
3.16
2.64
Weyl
LB
7.14
6.71
6.77
3.01
3.29
3.67
0.81
1.12
1.07
13.72
14.06
14.66
8.53
7.14
7.06
2.58
2.78
3.12

Terminal node
Upper Lower
bound bound
7.16
7.14
6.74
6.71
6.78
6.77
3.04
3.01
3.32
3.29
3.70
3.67
0.88
0.81
1.20
1.12
1.14
1.07
13.72
13.72
14.07
14.06
14.67
14.66
8.54
8.53
7.16
7.14
7.07
7.06
2.62
2.58
2.81
2.78
3.16
3.12
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

Nodes

18.66
13.19
33.28
19.13
7.33
52.53
6.22
17.41
8.88
125.17
63.25
28.36
117.71
70.09
78.60
36.91
9.25
49.04

Time (s)

34
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18. However, it is worth remarking that Weyl’s method still provides lower bounds on the rank of solutions
to the noiseless factor analysis problem. Hence, even in settings where Weyl’s method is not necessarily
well-suited for proving optimality for the noisy factor analysis problem, it can still be applied successfully
to lower bound rank for noiseless factor analysis.

Performance at Termination: It is particularly encouraging that the initial feasible
solutions provided via Algorithm 1 remain the best feasible solution throughout the execution of Algorithm 2 for all but three problem instances. (Of course, this need not be

these two classes do not have such a spectrum, and indeed Weyl’s method does not provide
the best root node bound.18 Because neither Weyl’s method nor the convex envelope
bound strictly dominate one another at the root node across all examples, our approach
incorporating both can leverage the advantages of each.
Observe that the root node gap (either in terms of the absolute difference between
the initial feasible solution found and the better of the convex envelope bound and the
Weyl bound) tends to be smaller when r∗ is much smaller than p. This suggests that the
approach we take is well-suited to certify optimality of particularly low-rank decompositions
in noisy factor analysis settings. We see that this phenomenon is true across all classes.
The numerical results suggest that corresponding theoretical guarantees for Weyl’s method
are potentially of interest in their own right and warrant further consideration.
Finally, we remark that if the true convex envelope of the objective over the set of
semidefinite constraints was taken, then the convex envelope objective would always be
non-negative. However, because we have taken the convex envelope of the objective over
the polyhedral constraints only, this is not the case.

in Table 2 but with larger problem instances. Again we set r∗ = R − 1.

1
2
3
1
2
3
1
2
3
1
2
3
1
2
3
1
2
3

Instance

Table 3: Computational results for larger examples from class C = A1 (R/p). Same parameters as

10/100

5/100

3/100

10/50

5/50

3/50

Problem size
(R/p)

Bertsimas, Copenhaver, and Mazumder

Problem size
(p)
10

10

20

20

50

100

100

r∗
used
2

3

2

3

3

3

5

Root node
Upper
CE
bound
LB
0.98 −0.29
0.85 −0.28
0.89 −0.29
0.53 −0.43
0.58 −0.45
0.64 −0.44
5.13
4.14
4.68
3.44
4.83
3.67
4.26
2.68
3.88
2.00
4.03
2.25
17.83
16.54
18.57
17.34
18.21
17.06
38.65
37.50
38.84
37.66
39.02
37.86
30.98
29.05
31.37
29.39
31.20
29.24
Weyl
LB
0.26
0.29
0.23
0.13
0.15
0.10
2.13
2.00
2.00
1.55
1.46
1.48
11.49
12.19
11.96
33.08
33.25
33.67
25.69
26.07
26.13

Terminal node
Upper Lower
bound bound
0.96
0.86
0.85
0.75
0.89
0.79
0.53
0.43
0.58
0.48
0.59
0.49
5.13
5.03
4.68
4.58
4.83
4.73
4.26
4.05
3.88
3.71
4.03
3.84
17.83
17.44
18.57
18.20
18.21
17.86
38.65
38.18
38.84
38.37
39.02
38.58
30.98
29.91
31.37
30.32
31.20
30.15

Certifiably Optimal Low Rank Factor Analysis

Instance
1
2
3
1
2
3
1
2
3
1
2
3
1
2
3
1
2
3
1
2
3

1955
736
1749
3822
8813
13061
29724
28707
17992
86687
132721
100042
35228
34006
35874
20282
17306
19889
16653
26442
19445

Nodes
91.99
37.70
53.30
409.68
1623.38
1671.61
36857.46
35441.37
11059.55
400002.3*
400003.7*
400002.1*
400002.5*
400007.1*
400004.9*
400015.2*
400013.7*
400004.9*
400005.6*
400021.4*
400043.4*

Time (s)

Table 4: Computational results for class C = A2 (p). All parameters as per Table 2. Here we show
the behavior across a variety of choices of the parameter r∗ . Recall that the class A2 is generated
by a common variance component with high rank and exponentially decaying eigenvalues.

universally true.) This is an important observation to make because without a provable
optimality scheme such as the one we consider here, it is difficult to quantify the performance of heuristic upper bound methods. As we demonstrate here, despite the only local
guarantees of solutions obtained via a conditional gradient scheme, they tend to perform
quite well in the setting of factor analysis. Indeed, even in the three examples where the
best feasible solution is improved, the improved solution is found very early in the branching
process.
Across the different example classes, we see that in general the gap tends to decrease
more when r∗ is small relative to p and p is smaller. To appropriately contextualize and
appreciate the number of nodes solved for a problem with p = 100 on the timescale of
100s, with state-of-the-art implementations of interior point methods, solving a single node
in the branch and bound tree can take on the order of 40s (for the specifically structured
problems of interest and on the same machine). In other words, if one were to naı̈vely use
interior point methods, it would only be possible to solve approximately three nodes during
a 100s time limit. In contrast, by using a first-order method approach which facilitates
warm starts, we are able to solve hundreds of nodes in the same amount of time.
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We see that Algorithm 2 performs particularly well for classes A1 (Tables 2 and 3) and
B1 (Table 5), for problems of reasonable size with relatively small underlying ranks. This
35

Problem size
(r/p)
4/10

6/10

10/10

4/20

6/20

10/20

6/50

10/50

6/100

10/100

Instance
1
2
3
1
2
3
1
2
3
1
2
3
1
2
3
1
2
3
1
2
3
1
2
3
1
2
3
1
2
3

Root node
Upper
CE
bound
LB
0.25
0.06
0.17 −0.04
0.16 −0.08
0.09 −0.27
0.07 −0.36
0.07 −0.36
0.10 −0.46
0.10 −0.62
0.06 −0.49
0.26
0.10
0.19
0.01
0.19 −0.04
0.10 −0.24
0.08 −0.32
0.08 −0.30
0.13 −0.44
0.12 −0.59
0.15 −0.45
0.11 −0.15
0.10 −0.18
0.10 −0.20
0.17 −0.35
0.17 −0.46
0.19 −0.36
0.12 −0.07
0.11 −0.09
0.11 −0.12
0.19 −0.22
0.19 −0.28
0.20 −0.26

Weyl
LB
0.11
0.04
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.13
0.07
0.04
0.01
0.00
0.00
0.00
0.00
0.01
0.04
0.01
0.01
0.03
0.02
0.03
0.05
0.04
0.03
0.06
0.05
0.05

Terminal node
Upper Lower
bound bound
0.25
0.20
0.17
0.12
0.16
0.11
0.09
0.04
0.07
0.02
0.07
0.02
0.10
0.05
0.10
0.05
0.04
0.00
0.26
0.21
0.19
0.14
0.19
0.14
0.10
0.05
0.08
0.03
0.08
0.03
0.13
0.08
0.12
0.07
0.15
0.10
0.11
0.06
0.10
0.05
0.10
0.05
0.17
0.12
0.17
0.12
0.19
0.14
0.12
0.05
0.11
0.07
0.11
0.06
0.19
0.14
0.19
0.14
0.20
0.15

Bertsimas, Copenhaver, and Mazumder

r∗
chosen
1
1
1
2
2
2
3
3
4
1
1
1
2
2
2
3
3
3
2
2
2
3
3
3
2
2
2
3
3
3

24
17
26
77
118
125
2162
3282
122
21
15
26
73
103
96
2602
3971
3910
50
61
64
2283
4104
4362
1
12
30
1535
2625
2829

Nodes

0.66
0.50
0.16
0.62
0.75
3.79
166.44
406.82
11.69
0.17
0.40
0.59
1.47
2.82
1.64
113.82
188.93
531.04
0.66
1.95
0.58
333.62
544.71
620.61
0.71
0.82
0.46
237.19
383.27
355.08

Time (s)

Table 5: Computational results for class C = B1 (R/p). We choose r∗ during computation as the
largest r such that the CG method of Section 3 is strictly positive (up to additive tolerance 0.05; we
use a smaller value here because the objective values are smaller across this class). For this class,
examples can be preprocessed because Σ ∼ B1 (R/p) has a block of size R × R in the upper left,
with all other entries set to zero except the diagonal. Hence, it suffices to perform factor analysis
with the truncated matrix Σ1:R,1:R .
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is highly encouraging. Class A1 forms a set of prototypical examples for which theoretical
recovery guarantees perform well; in stark contrast, problems such as those in B1 which have
highly structured underlying factors tend to not satisfy the requirements of such recovery
guarantees. Indeed, if Σ ∼ B1 (R/p), then there generally appears to be a rank R/2 matrix
Θ < 0 so that Σ − Θ is positive semidefinite and diagonal. In such a problem, for r∗ on
the order of R/2 − 1, we provide nearly optimal solutions within a reasonable time frame.
Further, we note that similar results to those obtained for classes A1 and B1 are obtained
for the other classes and are detailed in Tables 4 (class A2 ), 6 (class B2 ), 7 (class B3 ), and

36

1
2
3
1
2
3
1
2
3
1
2
3
1
2
3
1
2
3

Instance

r∗
chosen
4
4
4
4
4
4
4
4
4
4
4
4
9
9
9
9
9
9

Root node
Upper
CE Weyl
bound
LB
LB
1.15
0.4
1.03
1.08 0.50
0.97
0.89 0.29
0.79
1.24 0.46
1.11
0.99 0.55
0.92
0.72 0.08
0.62
7.54 7.46
7.53
6.45 6.34
6.44
7.20 7.09
7.18
8.40 8.32
8.39
5.79 5.70
5.78
7.58 7.47
7.57
3.56 3.11
3.53
3.00 2.61
2.97
2.58 2.14
2.55
3.23 2.80
3.20
2.94 2.56
2.91
2.57 2.12
2.54

Terminal node
Upper Lower
bound bound
1.15
1.05
1.08
0.98
0.89
0.79
1.24
1.14
0.99
0.92
0.72
0.62
7.54
7.53
6.45
6.44
7.20
7.18
8.40
8.39
5.79
5.78
7.58
7.57
3.56
3.53
3.00
2.97
2.58
2.55
3.23
3.20
2.94
2.91
2.57
2.54
517
366
1
933
1
123
1
1
1
1
1
1
1
1
1
1
1
1

Nodes
146.72
60.56
0.56
232.74
0.87
20.16
84.20
119.62
97.17
135.73
38.19
73.51
71.10
85.47
22.99
50.63
51.99
72.45

Time (s)

37
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A particularly interesting example that stands apart from the rest is JO from the set
of real examples. In particular, the correlation matrix for this example is not full rank
(as there are fewer observations than variables). As displayed in Table 10, solutions found
via conditional gradient methods are certified to be optimal at the root node. Indeed, the
initial u0 as in Section 4.3 can be quickly verified to be u0 = 0 for this example, i.e., factor
analysis is only possible with no individual variances. Hence, Algorithm 2 terminates at
the root node without needing any branching.

8 and 9. In a class such as A2 , which is generated as a high rank matrix (with decaying
spectrum) with added individual variances, theoretical recovery guarantees do not generally
apply, so again it is encouraging to see that our approach still makes significant progress
towards proving optimality. Further, as shown in Table 11, for a variety of problems with
p on the order of 1000 or 4000, solutions can be found in seconds and optimality can be
certified within minutes via Weyl bounds, with no need for convex envelope bounds as
computed via Algorithm 2, so long as the rank r∗ is sufficiently small (for classes A1 , B2 ,
and B3 on the order of hundreds, and for A2 on the order of tens). This strongly supports
the value of such an eigenvalue-based approach. When computing lower bounds solely via
Weyl’s method, the only necessary computations are solving quadratic programs (to find u
as in Section 4.3) and an eigenvalue decomposition. As Table 11 suggests, for sufficiently
small rank, one can still quickly find certifiably optimal solutions even for very large-scale
factor analysis problems.

chosen during computation as largest k such that the CG method of Section 3 is strictly positive
(up to 0.1). Here r∗ = R − 1 ends up being an appropriate choice.

Table 6: Computational results for class B2 (r/R/p). Parameters as set in Table 2. Here r∗ is

3/10/100

2/10/100

3/5/100

2/5/100

3/5/20

2/5/20

Problem size
(r/R/p)

Certifiably Optimal Low Rank Factor Analysis

1
2
3
1
2
3
1
2
3
1
2
3
1
2
3
1
2
3

Instance

r∗
chosen
3
3
3
2
2
2
3
3
3
2
2
2
8
8
8
6
7
7

Root node
Upper
CE
bound
LB
0.30 −0.30
0.22 −0.11
0.19 −0.17
1.00
0.62
0.95
0.47
0.45
0.06
0.55
0.24
0.28 −0.07
0.19 −0.07
1.03
0.70
0.90
0.66
0.55
0.39
0.12 −0.58
0.11 −0.53
0.10 −0.43
0.33 −0.73
0.25 −0.43
0.31 −0.28
Weyl
LB
0.13
0.12
0.10
0.82
0.74
0.30
0.40
0.17
0.11
0.81
0.78
0.47
0.05
0.05
0.05
0.20
0.17
0.24

Terminal node
Upper Lower
bound bound
0.30
0.20
0.22
0.12
0.19
0.10
1.00
0.90
0.95
0.85
0.45
0.36
0.55
0.45
0.28
0.18
0.19
0.11
1.03
0.93
0.90
0.80
0.55
0.47
0.12
0.05
0.11
0.05
0.10
0.05
0.33
0.22
0.25
0.17
0.31
0.24
777
1
1
217
305
98
7099
266
1
4906
95
1
1
1
1
27770
1
1

Nodes

219.75
2.61
1.57
48.43
26.14
12.31
47651.57
1431.88
574.61
34514.69
596.96
1787.14
77.38
41.24
110.17
400000.0*
128.63
213.72

Time (s)

Root node
Upper
CE
bound
LB
4.06
3.78
2.64
2.04
1.56
0.62
0.88 −0.33
0.36 −0.88

Weyl
LB
2.53
1.42
0.61
0.28
0.0

Terminal node
Upper Lower
bound bound
4.06
3.96
2.64
2.54
1.56
1.46
0.88
0.78
0.36
0.25

Time (s)
0.64
142.06
2458.23
60612.61
400012.4*

Nodes
44
1885
11056
66877
155759

Root node
Upper
CE Weyl
bound
LB
LB
9.88 9.64
5.89
7.98 7.54
4.22
6.53 5.85
3.01

Terminal node
Upper Lower
bound bound
9.88
9.78
7.98
7.88
6.53
6.35

Time (s)
30.13
49837.17
400003.8*

Nodes
158
31710
81935

38

Here we display results for the choices of r∗ ∈ {1, 2, 3}.
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Table 9: Computational results for the Harman example (p = 24). Parameters as set in Table 2.

r∗
used
1
2
3

Table 2. Here we display results for the choices of r∗ ∈ {1, 2, 3, 4, 5} (for r∗ > 5, the upper bound is
below the numerical tolerance, so we do not include those).

Table 8: Computational results for the geomorphology example (p = 10). Parameters as set in

r∗
used
1
2
3
4
5

5 and 6, here r∗ is chosen during computation as largest r such that the CG method of Section 3
produces a feasible solution with strictly positive objective (up to 0.1).

Table 7: Computational results for class B3 (r/R/p). Parameters as set in Table 2. As in Tables

3/10/100

2/10/100

3/5/100

2/5/100

3/5/20

2/5/20

Problem size
(r/R/p)

Bertsimas, Copenhaver, and Mazumder

Optimal
value
51.85
46.30
41.29
36.54
32.36
28.72
25.39
22.10
19.20
16.63
14.30

Time
(s)
5.59
6.86
6.08
6.08
1.21
7.83
1.13
3.87
4.97
4.17
7.87
r∗
12
13
14
15
16
17
18
19
20
21
22

Optimal
value
12.52
10.81
9.25
7.78
6.44
5.15
3.98
2.84
1.87
1.07
0.48

Time
(s)
3.37
2.97
1.07
6.21
5.40
0.91
8.50
5.33
2.15
2.13
1.65

Certifiably Optimal Low Rank Factor Analysis

r∗
1
2
3
4
5
6
7
8
9
10
11

Table 10: Computational results for the example JO (p = 58). Parameters as set in Table 2. Here
we display results for the choices of r∗ ∈ {1, 2, . . . , 22} (for r∗ > 22, the upper bound is below the
numerical tolerance, so we do not include those). For all choices of r∗ , the optimal solution is found
and certified to be optimal at the root node, and therefore we do not display any information other
than the optimal values.
Finally, we note that all synthetic examples we have considered have equal proportions
of common and individual variances (although, of course, this is not exploited by our approach as this information is not a priori possible to specify without additional contextual
information). If one modifies the classes so that the proportion of the common variances is
higher than the proportion of individual variances (in the generative example), then Algorithm 2 is able to deliver better bounds on a smaller time scale. (Results are not included
here.) This is not particularly surprising because the branch-and-bound approach we take
essentially hinges on how well the products Wii Φi can be approximated. When there is
underlying factor structure with a lower proportion of individual variances, the scale of
Wii Φi is smaller and hence these products are easier to approximate well.
5.4 Additional Considerations
We now turn our attention to assessing the benefits of various algorithmic modifications
as presented in Section 4. We illustrate the impact of these by focusing on four representative examples from across the classes: A1 (3/10), B1 (6/50), B3 (3/5/20), and G :=
geomorphology.
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Performance of Branching Strategy: We begin by considering the impact of our
branching strategy as developed in Section 4.4. The results across the four examples are
shown in Table 12. Recall that  ∈ [0, 1) controls the extent of deviation from the canonical
branching location, with  = 0 corresponding to no deviation. Across all examples, we
see that the number of nodes considered to prove optimality is approximately convex in
 ∈ [0, 0.5]. In particular, for all examples, the “optimal” choice of  is not the canonical
choice of  = 0. This contrast is stark for the examples B3 (3/5/20) and G. Indeed, for
these two examples, the number of nodes considered when  = 0 is over five times larger
than for any  ∈ {0.1, 0.2, 0.3, 0.4, 0.5}.
39

Example

A1 (100/1000)

A2 (1000)

B2 (10/90/1000)

B2 (20/90/1000)

B3 (10/50/1000)

B3 (20/150/1000)

r∗

Upper
bound
460.35
322.35
198.70
103.72
28.65
184.22
61.24
20.25
6.63
2.17
379.02
236.10
122.08
34.49
378.37
235.16
121.69
34.33
384.40
233.25
105.68
0.69
426.31
285.56
174.00
86.54
20.30

Lower
bound
457.46
313.62
197.13
102.78
28.34
183.18
60.34
19.50
6.02
1.71
377.23
234.83
121.33
34.24
376.64
233.94
120.96
34.09
384.04
232.97
105.49
0.60
422.13
282.33
171.70
85.15
19.80

Example

A1 (360/4000)

A2 (4000)

B2 (80/360/4000)

B3 (120/360/4000)

r∗

100
150
200
250
300
350
10
20
30
40
50
60
70
100
150
200
250
300
350
100
150
200
240

Bertsimas, Copenhaver, and Mazumder

10
30
50
70
90
10
20
30
40
50
20
40
60
80
20
40
60
80
10
20
30
40
20
45
70
95
120

Upper
bound
1334.40
991.64
693.02
434.64
213.29
30.75
733.41
244.13
79.94
26.17
8.57
2.80
0.90
1360.1
1008.90
703.78
440.56
215.87
31.02
1081.20
630.25
253.50
7.89

Lower
bound
1327.60
986.15
688.87
431.80
211.75
30.50
733.09
243.85
79.68
25.96
8.39
2.66
0.79
1354.04
1004.04
700.21
438.16
214.62
30.91
1078.74
628.54
252.50
7.46
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Table 11: Computational results across several classes for larger scale instances with p ∈
{1000, 4000}. Here for a given example, the random seed is set as 1. Results are displayed across a
variety of choices of rank r∗ . Class B1 is not shown because of the reduction noted in Table 5 (which
reduces this class to a much smaller-dimensional class, and hence it is not truly large scale). The
“Upper bound” denotes the upper bound found by the conditional gradient method, while “Lower
bound” denotes the Weyl bound at the root node (no convex envelope bounds via Algorithm 2 are
shown here because of the large nature of the SDO-based convex envelope lower bounds which are
prohibitive to solve for problems of this size). These instances are completed in MATLAB because of
its superior support (over julia) for solving large-scale quadratic optimization problems, which is
the only computation necessary for computing Weyl bounds.

40

2
2
2
1

A1 (3/10)
B1 (6/50)
B3 (3/5/20)
geomorphology

0.0
103
39
8245
937

Nodes considered for  =
0.1 0.2 0.3 0.4 0.5
72
59
62
78 101
33
29
40
50
53
762 278 189 217 203
162
59
46
44
52

2
2
2
1

A1 (3/10)
B1 (6/50)
B3 (3/5/20)
geomorphology

Nodes considered for
Naı̈ve strategy Modified strategy
99
78
135
50
375
217
43
44

2
2
2
1

A1 (3/10)
B1 (6/50)
B3 (3/5/20)
geomorphology

Upper
Bound
0.88
0.11
1.00
4.06

CE LB
with tightening
0.70
−0.15
0.62
3.78

CE LB
without tightening
0.39
−0.17
0.51
3.78

2
2
2
1

A1 (3/10)
B1 (6/50)
B3 (3/5/20)
geomorphology

Nodes
0.10
78
1
217
44

considered
0.05
287
50
1396
217

for TOL =
0.025
726
262
5132
978
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ular, we consider how the number of nodes needed to prove optimality changes as a function of the
additive numerical tolerance TOL chosen for algorithm termination. All other parameters as in Table
2. For synthetic examples, the instances are initialized with random seed 1.

Table 15: Computational results for numerical tolerance TOL across different examples. In partic-

r∗

Example

In particular, we consider how the convex envelope lower bound (denoted “CE LB”) compares with
and without bound tightening at the root node (see Section 4.5). All other parameters as in Table
2. “Upper bound” displayed is as in Table 2 and is included for scale (i.e., to compare the relative
impact of tightening). For synthetic examples, the instances are initialized with random seed 1.

Table 14: Computational results for effect of root node bound tightening across different examples.

r∗

Example

In particular, we consider how the number of nodes needed to prove optimality (up to numerical
tolerance) changes across the naı̈ve and modified branching strategies as described in Section 4.4.
All other parameters as in Table 2. For synthetic examples, the instances are initialized with random
seed 1.

Table 13: Computational results for effect of node selection strategy across different examples.

r∗

Example

particular, we consider how the number of nodes needed to prove optimality (up to numerical
tolerance) changes across different choices of , where  is as in Section 4.4. Recall that  = 0
corresponds to a naı̈ve choice of branching, while  > 0 corresponds to a modified branching. All
other parameters as in Table 2, including the branching index. For synthetic examples, the instances
are initialized with random seed 1.

Table 12: Computational results for effect of branching strategy across different examples. In

r∗

Example
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Influence of Optimality Tolerance We close this section by assessing the influence of
the optimality tolerance for termination, TOL. In particular, we study how the number of

Performance of Bound Tightening All computational results employ bound tightening as developed in Section 4.5, but only at the root node. Bound tightening, which requires
repeated eigenvalue computations, is a computationally expensive process. For this reason,
we have chosen not to employ bound tightening at every node in the branch-and-bound
tree. From a variety of computational experiments, we observed that the most important
node for bound tightening is the root node, and therefore it is a reasonable choice to only
employ bound tightening there. Consequently, we employ pruning via Weyl’s method (detailed in Section 4.5 as well) at all nodes in the branch-and-bound tree. (Recall that bound
tightening can be thought of as optimal pruning via Weyl’s method.)
In Table 14 we show the impact of bound tightening at the root node in terms of the
improvement in the lower bounds provided by convex envelopes. The results for the class
A1 are particularly distinctive. Indeed, for this class bound tightening has a substantial
impact on the quality of the convex envelope bound (for the example A1 (3/10) given,
the improvement is from a relative gap at the root node of 56% to a gap of 20%). For
the examples shown, bound tightening offers the least improvement in the real example
geomorphology. In light of Table 8 this is not too surprising, as Weyl’s method (at the
root node) is not particular effective for this example. As Weyl’s inequality is central to
bound tightening, problems for which Weyl’s inequality is not particularly effective tend to
experience less benefit from bound tightening at the root node.

Performance of Node Selection Strategy: We now turn our attention to the node
selection strategy as detailed in Section 4.6. Recall that node selection considers how to
pick which node to consider next in the current branch-and-bound tree at any iteration
of Algorithm 2. We compare two strategies: the naı̈ve strategy which selects the node
with worst convex envelope bound (as explicitly written in Algorithm 2) and the modified
strategy which employs randomness and Weyl bounds to consider nodes which might not
be advantageous to fathom when only convex envelope bounds are considered.
The comparison is shown in Table 13. We see that this strategy is advantageous overall
(with only the example G giving a negligible decrease in performance). The benefit is particularly strong for examples from the B classes which have highly structured underlying
factors. For such examples, there is a large difference between the convex envelope bounds
and the Weyl bounds at the root node (see e.g. Table 5). Hence, an alternative branching
strategy which incorporates the eigenvalue information provided by Weyl bounds has potential to improve beyond the naı̈ve strategy. Indeed, this appears to be the case across all
examples where such behavior occurs.

In other words, the alternative branching strategy can have a substantial impact on
the number of nodes considered in the branch-and-bound tree. As a direct consequence,
this strategy can drastically reduce the computation time needed to prove optimality. As
the examples suggest, it is likely that  should be chosen dynamically during algorithm
execution, as the particular choice depends on a given problem’s structure. However, we
set  = 0.4 for all other computational experiments because this appears to offer a distinct
benefit over the naı̈ve strategy of setting  = 0.
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nodes to prove optimality changes as a function of additive gap necessary for termination.
The corresponding results across the four examples are shown in Table 15. Not surprisingly,
as the gap necessary for termination is progressively halved, the corresponding number of
nodes considered increases substantially. However, it is important to note that even though
the gap at termination is smaller as this tolerance decreases (by design), for these examples
the best feasible solution remains unchanged. In other words, the increase in the number of
nodes is the price for more accurately proving optimality and not for finding better feasible
solutions. Indeed, as noted earlier, the solutions found via conditional gradient methods at
the outset are of remarkably high quality.

6. Conclusions
We analyze the classical rank-constrained FA problem from a computational perspective.
We proposed a general, flexible family of rank-constrained, nonlinear SDO-based formulations for the task of approximating an observed covariance matrix Σ as the sum of a
PSD low-rank component Θ and a diagonal matrix Φ (with nonnegative entries) subject to
Σ − Φ being PSD. Our framework enables us to estimate the underlying factors and unique
variances under the restriction that the residual covariance matrix is semidefinite—this is
important for statistical interpretability and understanding the proportion of variance explained by a given number of factors. This constraint, however, seems to ignored by most
other widely used methods in FA.
We introduce a novel exact reformulation of the rank-constrained FA problem as a
smooth optimization problem with convex, compact constraints. We present a unified algorithmic framework, utilizing modern techniques in nonlinear optimization and first order
methods in convex optimization to obtain high-quality solutions for the FA problem. At the
same time, we use techniques from discrete and global optimization to demonstrate that
these solutions are often provably optimal. We provide computational evidence demonstrating that the methods proposed herein provide high quality estimates with improved
accuracy when compared to existing, popularly-used methods in FA.
In this work we have demonstrated that a previously intractable rank optimization
problem can be solved to provable optimality. We envision that ideas similar to those used
here can be used to address an even larger class of estimation problems with underlying
matrix structure. In this way, we anticipate significant progress on such problems in the
next decade, particularly in light of myriad advances throughout distinct areas of modern
optimization.

Acknowledgments

JMLR 18(29):1-53, 2017

Copenhaver is supported by the U.S. Department of Defense, Office of Naval Research,
through the National Defense Science and Engineering Graduate (NDSEG) Fellowship.
Mazumder is partially supported by ONR Grant N000141512342. We gratefully acknowledge the thoughtful and detailed feedback of two anonymous referees which has led to a
substantial improvement in the quality, organization, and completeness of the paper. Copen43

Bertsimas, Copenhaver, and Mazumder

haver would also like to thank the JuliaOpt team, especially Joey Huchette, for assistance
with experimental features in the julia language.

Appendix A

This appendix contains all proofs for results presented in the main text.
Proof of Proposition 1:

(46)

(a) We start by observing that for any two real symmetric matrices A, B (with dimensions
p × p) and the matrix q-norm, a result due to Mirsky (this is also known as the qWielandt-Hoffman inequality; see e.g. Stewart and Sun 1990, p. 205) states:

kA − Bkq ≥ kλ(A) − λ(B)kq ,

(47)

where λ(A) and λ(B) denote the vector of eigenvalues of A and B, respectively, arranged in decreasing order, i.e., λ1 (A) ≥ λ2 (A) ≥ . . . ≥ λp (A) and λ1 (B) ≥ λ2 (B) ≥
. . . ≥ λp (B). Using this result for Problem (4), it is easy to see that for fixed Φ

{Θ : Θ  0, rank(Θ) ≤ r} = {Θ : λ(Θ) ≥ 0, kλ(Θ)k0 ≤ r} ,

inf
λ(Θ)

inf

Θ

s.t. Θ  0, rank(Θ) ≤ r

kλ(Σ − Φ) − λ(Θ)kqq s.t. λ(Θ) ≥ 0, kλ(Θ)k0 ≤ r.

k(Σ − Φ) − Θkqq

(48)

where kλ(Θ)k0 counts the number of non-zero elements of λ(Θ). If we partially minimize the objective function in Problem (4), with respect to Θ (with Φ fixed), and
use (46) along with (47), we have the following inequality:

≥

k(Σ − Φ) − Θkqq ≥

i=r+1

p
X

λiq (Σ − Φ).

(49)

Since Σ − Φ  0, it follows
the minimum objective value of the r.h.s. optimization
Pthat
p
Problem (48) is given by i=r+1
λiq (Σ − Φ) and is achieved for λi (Θ) = λi (Σ − Φ) for
i = 1, . . . , r. This leads to the following inequality:
inf

Θ:Θ0,rank(Θ)≤r

λiq (Σ − Φ).

(51)

(50)

Furthermore, if Up×p denotes the matrix of p eigenvectors of Σ − Φ, then the following
choice of Θ∗ :

i=r+1

p
X


Θ∗ := U diag λ1 (Σ − Φ), . . . , λr (Σ − Φ), 0, . . . , 0 U0 ,

kΣ − (Θ + Φ)kqq = kΣ − (Θ∗ + Φ)kqq =

gives equality in (49). This leads to the following result:
inf

Θ:Θ0,rank(Θ)≤r
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(b) The minimizer Θ∗ of Problem (51) is given by (50). In particular, if Φ∗ solves Problem (12) and we compute Θ∗ via (50) (with Φ = Φ∗ ), then the tuple (Φ∗ , Θ∗ ) solves
Problem (4). This completes the proof of the proposition.
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(52)

rank(Θ) ≤ r,

s.t. Θ  0

k(Σ − Φ) − Θkqq

Σ − Θ  0.

rank(Θ) ≤ r

s.t. Θ  0

k(Σ − Φ) − Θkqq
(54)

(53)

(55)
ku − `k1

45

46

[`,u]∈Nodes

max

Proof of Theorem 5: By construction,

from which (26) follows.
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V0 V = I,

Tr (V0 AV)
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s.t.

inf

i=1,...,k

decreases monotonically to zero as the iterative scheme proceeds. Therefore, to show
convergence it suffices to show that the additive error at a node n = [`, u] ∈ Nodes is
O(ku − `k1 ). Fix an arbitrary node n = [`, u] ∈ Nodes. Without loss of generality,
we may assume that (CFA1 ) as restricted to diag(Φ) ∈ [`, u] has a feasible solution; as

λi (A) =

(57)

Note that ∆(W(i) ) ≤ 0 and Gq (W(i+1) ) ≤ Gq (W(i) ) for all i ≤ k. Hence the (decreasing)
sequence of objective values converge to Gq (W(∞) ) (say) and ∆(W(∞) ) ≥ 0. Adding up
the terms in (57) from i = 1, . . . , k we have:
n
o
Gq (W(∞) ) − Gq (W(1) ) ≤ Gq (W(k+1) ) − Gq (W(1) ) ≤ −k min −∆(W(k) )
(58)

Gq (W(i+1) ) ≤ Gq (W(i) ) + h∇Gq (W(i) ), W(i+1) − W(i) i
= Gq (W(i) ) + ∆(W(i) ).

Proof of Theorem 2: Using the concavity of the function Gq (W) we have:

Proof of Proposition 3: Observe that, for every fixed Φ, the function gq (W, Φ) is concave
(in fact, it is linear). Since Gq (W) is obtained by taking a point-wise infimum (with respect
to Φ) of the concave function gq (W, Φ), the resulting function Gq (W) is concave (Boyd
and Vandenberghe, 2004).
The expression of the sub-gradient (19) is an immediate consequence of Danskin’s Theorem (Bertsekas, 1999; Rockafellar, 1996).

(b) The statement follows from (50).

It thus follows that the (global) minima of Problems (56) and (55) are the same. Applying this result to the PSD matrix A = (Σ − Φ)q appearing in the objective of (12),
we arrive at (16). This completes the proof of part (a).

Clearly, Problem (56) is P
a convex relaxation of Problem (55)—hence its minimum value
is at least smaller than pi=r+1 λi (A). By standard results in convex analysis (Rockafellar, 1996), it follows that the minimum of the above linear SDO problem (56) is
attained at the extreme points of the feasible set of (56). The extreme points (see for
example, Overton and Womersley, 1992; Vandenberghe and Boyd, 1996) of this set are
given by the set of orthonormal matrices of rank p − r:

VV0 : V ∈ Rp×(p−r) : V0 V = I .
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where the optimization variable is V ∈ Rp×(p−r) . We will show that the solution to
the above nonconvex problem can be obtained via the following linear (convex) SDO
problem:
minimize Tr (WA)
(56)
s.t. I  W  0
Tr(W) = p − r.

i=r+1

p
P

By an elegant classical result due to Fan (Stewart and Sun, 1990), the smallest (p − r)
eigenvalues of a real symmetric matrix A can be written as

(a) The proof is based on ideas appearing in Overton and Womersley (1992), where it was
shown that the sum of the top r eigenvalues of a real symmetric matrix can be written
as the solution to a linear SDO problem.

Proof of Theorem 1:

Since Problem (54) involves minimization over a subset of the feasible set of Problem (53),
it follows that Θ∗ is also a minimizer for Problem (54). This completes the proof of the
equivalence.

Θ

minimize

is feasible for the following optimization problem:

Θ

minimize

where, the right hand side of (52) follows since Φ  0. We have thus established that the
solution Θ∗ to the following problem

Σ − Φ − Θ∗  0 =⇒ Σ − Θ∗  0,

Proof of Proposition 2: We build upon the proof of Proposition 1. Note that any Φ
that is feasible for Problems (14) and (4) is PSD. Observe that Θ∗ (appearing in the proof
of Proposition 1) as given by (50) satisfies:
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σi (Σ − Φ† ) −

p
X

i=r+1

σi (Σ − Φ∗ ) ≤ ku − `k1 /2,

such, let Φ∗ be P
an optimal solution. Likewise,
let Φ† be an optimal solution (LS`,u ).
Pp
p
∗
†
First note that
i=r+1 σi (Σ − Φ ) ≤
i=r+1 σi (Σ − Φ ). Now, by two applications
of the bound in Theorem
that Φ† is optimal to (LS`,u ), we have that
P
Pp 4 and the fact
p
†
∗
i=r+1 σi (Σ − Φ ) ≤
i=r+1 σi (Σ − Φ ) + ku − `k1 /2. Hence, the additive error satisfies
p
X

i=r+1

as was to be shown.

Appendix B


 
W
∇gp (W(k) , Φ(k) ),
Φ

(59)

This appendix contains an alternative conditional gradient method for finding feasible solutions. Since Problem (16) involves the minimization of a smooth function over a compact
convex set, the CG method requires iteratively solving the following convex optimization
problem:
minimize

Φ ∈ FΣ ,

s.t. W ∈ Ψp,p−r

minimize hW, (Σ − Φ(k) )q i.

Φ i `i ,

(64)

(63)

where ∇gp (W(k) , Φ(k) ) is the derivative of gp (W(k) , Φ(k) ) at the current iterate (W(k) ,
Φ(k) ). Note that due to the separability of the constraints in W and Φ, Problem (59)
splits into two independent optimization problems with respect to W and Φ. The overall
procedure is outlined in Algorithm 3.
Since ∇W gp (W(k) , Φ(k) ) = (Σ − Φ(k) )q , the update for W appearing in (60) requires
solving:
W∈Ψp,p−r

p
X
i=1

Similarly, the update for Φ appearing in (61) requires solving:

Φ∈FΣ

minimize


where the vector (`1 , . . . , `p ) is given by diag(`1 , . . . , `p ) = −q diag W(k) (Σ − Φ)q−1 ,
where diag(A) is a diagonal matrix having the same diagonal entries as A. The sequence
(W(k) , Φ(k) ) is recursively computed via Algorithm 3 until a convergence criterion is met:
(65)
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gp (W(k) , Φ(k) ) − gp (W(k+1) , Φ(k+1) ) ≤ TOL · gp (W(k) , Φ(k) ),
for some user-defined tolerance TOL > 0.
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Algorithm 3 A CG based algorithm for Problem (16)

1 Initialize with (W(1) , Φ(1) ), feasible for Problem (16) and repeat the following Steps 23 until the convergence criterion described in (65) is met.

(k+1)

∈
∈

arg min
W∈Ψp,p−r

Φ∈FΣ

arg min

hΦ, ∇Φ gp (W(k) , Φ(k) )i

hW, ∇W gp (W(k) , Φ(k) )i

(61)

(60)

2 Solve the linearized Problem (59), which requires solving two separate (convex) SDO
problems over W and Φ:
W

(k+1)

Φ

+ ηk (Φ

(k+1)

− W(k) ),

− Φ(k) ).

(k+1)

(62)

where ∇W gp (W, Φ) (and ∇Φ gp (W, Φ)) is the partial derivative with respect to W
(respectively, Φ).
3 Obtain the new iterates:

= Φ(k)

W(k+1) = W(k) + ηk (W
Φ(k+1)

with ηk ∈ [0, 1] chosen via an Armijo type line-search rule (Bertsekas, 1999).

∇gp (W∗ , Φ∗ ),

A tuple (W∗ , Φ∗ ) satisfies the first order stationarity conditions (Bertsekas, 1999) for
Problem (16), if the following condition is satisfied:



W − W∗
≥
0
Φ − Φ∗
(66)
inf

Φ ∈ FΣ .

s.t. W ∈ Ψp,p−r

Note that Φ∗ defined above also satisfies the first order stationarity conditions for Problem (12).
The following theorem presents a global convergence guarantee for Algorithm 3:

Theorem 8 (Bertsekas, 1999) Every limit point (W(∞) , Φ(∞) ) of a sequence (W(k) , Φ(k) )
produced by Algorithm 3 is a first order stationary point of the optimization Problem (16).

JMLR 18(29):1-53, 2017

Numerical experiments (in line with those from Section 5) suggest that Algorithm 3
performs similarly to Algorithm 1, and therefore we only present the results for Algorithm
1 in the main text. Algorithm 1 has the advantage that it does not require a line search,
unlike Algorithm 3. Finally, we note that for Algorithm 3 the update for W at iteration k
f = (Σ − Φ(k) )q .
for solving Problem (63) corresponds to W
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J. Löfberg. YALMIP: A toolbox for modeling and optimization in Matlab. In International
Symposium on Computer Aided Control Systems Design, pages 284–289. IEEE, 2004.
K. Mardia, J. Kent, and J. Bibby. Multivariate analysis. Academic Press, 1979.

J. Saunderson, V. Chandrasekaran, P. Parrilo, and A. Willsky. Diagonal and low-rank
matrix decompositions, correlation matrices, and ellipsoid fitting. SIAM Journal on
Matrix Analysis and Applications, 33(4):1395–1416, 2012.

N. V. Sahinidis. BARON 14.3.1: Global Optimization of Mixed-Integer Nonlinear Programs,
User’s Manual, 2014.

Y. Nesterov. Introductory Lectures on Convex Optimization: A Basic Course. Kluwer,
2004.

A. Shapiro. Rank-reducibility of a symmetric matrix and sampling theory of minimum trace
factor analysis. Psychometrika, 47:187–199, 1982.

R. Misener and C.A. Floudas. Global optimization of mixed-integer quadraticallyconstrained quadratic programs (MIQCQP) through piecewise-linear and edge-concave
relaxations. Mathematical Programming, Series B, 136:155–182, 2012.

Y. Nesterov. Smooth minimization of non-smooth functions. Mathematical Programming,
Series A, 103:127–152, 2005.

A. Shapiro and J. ten Berge. Statistical inference of minimum rank factor analysis. Psychometrika, 67:79–94, 2002.

52

JMLR 18(29):1-53, 2017

J. ten Berge and H. Kiers. Computational aspects of the greatest lower bound to the
reliability and constrained minimum trace factor analysis. Psychometrika, 46:201–213,
1981.

J. ten Berge. Some recent developments in factor analysis and the search for proper communalities. In Advances in data science and classification, pages 325–334. Springer, 1998.

M. Tawarmalani, J-P.P. Richard, and C. Xiong. Explicit convex and concave envelopes
through polyhedral subdivisions. Mathematical Programming, Series A, 138:531–577,
2013.

M. Tawarmalani and N.V. Sahinidis. Convex extensions and envelopes of lower semicontinuous functions. Mathematical Programming, Series A, 93:247–263, 2002b.

M. Tawarmalani and N.V. Sahinidis. Convexification and global optimization in continuous
and mixed-integer nonlinear programming: theory, algorithms, software, and applications,
volume 65 of Nonconvex Optimization and its Applications. Kluwer, 2002a.

G. Stewart and J.-G. Sun. Matrix Perturbation Theory. Academic Press, 1990.

C. Spearman. “General Intelligence,” Objectively Determined and Measured. American
Journal of Psychology, 15:201–293, 1904.

Y. Nesterov. Gradient methods for minimizing composite objective function. Technical
report, Center for Operations Research and Econometrics (CORE), Catholic University
of Louvain, 2007. Technical Report number 76.
B. O’Donoghue, E. Chu, N. Parikh, and S. Boyd. Conic optimization via operator splitting
and homogeneous self-dual embedding. Journal of Optimization Theory and Applications,
169(3):1042–1068, 2016.
M. Overton and R. Womersley. On the sum of the largest eigenvalues of a symmetric matrix.
SIAM Journal of Matrix Analysis and Applications, 13:41–45, 1992.
G. Pataki. On the rank of extreme matrices in semidefinite programs and the multiplicity
of optimal eigenvalues. Mathematics of Operations Research, 23:339–358, 1998.
R Core Team. R: A Language and Environment for Statistical Computing. R Foundation
for Statistical Computing, 2014. URL http://www.R-project.org/.
G. Raiche and D. Magis. nFactors: Parallel analysis and non graphical solutions to the Cattell Scree test. URL http://cran.r-project.org/web/packages/nFactors/index.
html, 2011.
C. R. Rao. Linear Statistical Inference and Its Applications. Wiley, New York, 1973.

JMLR 18(29):1-53, 2017

W. Revelle. psych: Procedures for Psychological, Psychometric, and Personality Research,
2015. URL http://CRAN.R-project.org/package=psych. R package version 1.5.6.
51

53

JMLR 18(29):1-53, 2017

E.A. Yildirim and S. Wright. Warm-start strategies in interior-point methods for linear
programming. SIAM Journal on Optimization, 12:782–810, 2002.

L. Vandenberghe and S. Boyd. Semidefinite programming. SIAM Review, 38(1):49–95,
1996.

K.C. Toh, M.J. Todd, and R.H. Tutuncu. SDPT3 – a Matlab software package for semidefinite programming. Optimization Methods and Software, 11:545–581, 1999.

L.L. Thurstone. Multiple Factor Analysis: a Development and Expansion of the Vectors of
the Mind. University of Chicago Press, 1947.

J. ten Berge, T. Snijders, and F.E. Zegers. Computational aspects of the greatest lower
bound to the reliability and constrained minimum trace factor analysis. Psychometrika,
46:201–213, 1981.

J. ten Berge and H. Kiers. The minimum rank factor analysis program MRFA. URL
http://www.ppsw.rug.nl/~kiers/, 2003.

J. ten Berge and H. Kiers. A numerical approach to the approximate and the exact minimum
rank of a covariance matrix. Psychometrika, 56:309–315, 1991.

Certifiably Optimal Low Rank Factor Analysis

Submitted 12/15; Revised 2/17; Published 4/17

Abstract

mayangxq@polyu.edu.hk

qinjing@cuhk.edu.hk

mkwfly@126.com

cli@zju.edu.cn

mayhhu@szu.edu.cn

JMLR 18(30):1-52, 2017

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v18/15-651.html.

c 2017 Yaohua Hu, Chong Li, Kaiwen Meng, Jing Qin, and Xiaoqi Yang.

∗. Corresponding author.

In this paper, we investigate a group sparse optimization problem via `p,q regularization in
three aspects: theory, algorithm and application. In the theoretical aspect, by introducing
a notion of group restricted eigenvalue condition, we establish an oracle property and a
2
global recovery bound of order O(λ 2−q ) for any point in a level set of the `p,q regularization
problem, and by virtue of modern variational analysis techniques, we also provide a local
analysis of recovery bound of order O(λ2 ) for a path of local minima. In the algorithmic
aspect, we apply the well-known proximal gradient method to solve the `p,q regularization
problems, either by analytically solving some specific `p,q regularization subproblems, or by
using the Newton method to solve general `p,q regularization subproblems. In particular,
we establish a local linear convergence rate of the proximal gradient method for solving the
`1,q regularization problem under some mild conditions and by first proving a second-order
growth condition. As a consequence, the local linear convergence rate of proximal gradient
method for solving the usual `q regularization problem (0 < q < 1) is obtained. Finally in
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where λ > 0 is the regularization parameter, providing a tradeoff between accuracy and
sparsity. However, the `0 regularization problem is nonconvex and non-Lipschitz, and thus
it is generally intractable to solve it directly (indeed, it is NP-hard; see Natarajan, 1995).

x∈R

where s is the given sparsity level.
For the sparse optimization problem, a popular and practical technique is the regularization method, which is to transform the sparse optimization problem into an unconstrained
optimization problem, called the regularization problem. For example, the `0 regularization
problem is
minn kAx − bk22 + λkxk0 ,

min kAx − bk2
s.t. kxk0 ≤ s,

while the `0 norm kxk0 is defined by the number of nonzero components of x. The sparse
optimization problem can be modeled as

i=1

where A ∈ Rm×n and b ∈ Rm are known, ε ∈ Rm is an unknown noise vector, and x =
(x1 , x2 , . . . , xn )> ∈ Rn is the variable to be estimated. If m  n, the above linear system is
seriously ill-conditioned and may have infinitely many solutions. The sparse optimization
problem is to recover x from information b such that x is of a sparse structure. The sparsity
of variable x has been measured by the `p norm kxkp (p = 0, see Blumensath and Davies
(2008); p = 1, see Beck and Teboulle (2009); Chen et al. (2001); Daubechies et al. (2004);
Donoho (2006a); Tibshirani (1994); Wright et al. (2009); Yang and Zhang (2011); and
p = 1/2, see Chartrand and Staneva (2008); Xu et al. (2012)). The `p norm kxkp for p > 0
is defined by
!1/p
n
X
,
kxkp :=
|xi |p

In recent years, a great amount of attention has been paid to sparse optimization, which is
to find the sparse solutions of an underdetermined linear system. The sparse optimization
problem arises in a wide range of fields, such as compressive sensing, machine learning,
pattern analysis and graphical modeling; see Blumensath and Davies (2008); Candès et al.
(2006b); Chen et al. (2001); Donoho (2006a); Fan and Li (2001); Tibshirani (1994) and
references therein.
In many applications, the underlying data usually can be represented approximately by
a linear system of the form
Ax = b + ε,

1. Introduction

the aspect of application, we present some numerical results on both the simulated data
and the real data in gene transcriptional regulation.
Keywords: group sparse optimization, lower-order regularization, nonconvex optimization, restricted eigenvalue condition, proximal gradient method, iterative thresholding algorithm, gene regulation network
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(2)

(1)

To overcome this difficulty, two typical relaxations of the `0 regularization problem are
introduced, which are the `1 regularization problem
min kAx − bk22 + λkxk1

x∈Rn

and the `q regularization problem (0 < q < 1)
min kAx − bk22 + λkxkqq .

x∈Rn

1.1 `q Regularization Problems

4

(3)
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In applications, a wide class of problems usually have certain special structures, and recently,
enhancing the recoverability due to the special structures has become an active topic in
sparse optimization. One of the most popular structures is the group sparsity structure, that
is, the solution has a natural grouping of its components, and the components within each
group are likely to be either all zeros or all nonzeros. In general, the grouping information
can be an arbitrary partition of x, and it is usually pre-defined based on prior knowledge of
specific problems. Let x := (xG>1 , · · · , xG>r )> represent the group structure of x. The group

1.3 Group Sparse Optimization

where x∗ (`1 ) is a solution of problem (1), x̄ is a solution of the linear system Ax = b,
and sparsity s := kx̄k0 . In the statistics literature, Bickel et al. (2009); Bunea et al.
(2007); Meinshausen and Yu (2009); Zhang (2009) provided the recovery bound in a high
probability for the `1 regularization problem when the size of the variable tends to infinity,
under REC/RIP or some relevant conditions. However, to the best of our knowledge, the
recovery bound for the general (nonconvex) `p regularization problem is still undiscovered.
We will establish such a deterministic property in section 2.

kx∗ (`1 ) − x̄k22 = O(λ2 s),

To estimate how far is the solution of regularization problems from that of the linear system,
the global recovery bound (also called the `2 consistency) of the `1 regularization problem
has been investigated in the literature. More specifically, under some mild conditions on A,
such as the restricted isometry property (RIP, Candès and Tao, 2005) or restricted eigenvalue condition (REC, Bickel et al., 2009), van de Geer and Bühlmann (2009) established
a deterministic recovery bound for the (convex) `1 regularization problem:

1.2 Global Recovery Bound

over the classical `1 penalty function is that they require weaker conditions to guarantee
an exact penalization property and that their least exact penalty parameter is smaller; see
Huang and Yang (2003). It was reported in Yang and Huang (2001) that the first- and
second-order necessary optimality conditions of lower-order penalty problems converge to
that of the original constrained optimization problem under a linearly independent constraint qualification.
Besides the preceding numerical algorithms, one of the most widely studied methods for
solving the sparse optimization problem is the class of the iterative thresholding algorithms,
which is studied in a unified framework of proximal gradient methods; see Beck and Teboulle
(2009); Blumensath and Davies (2008); Combettes and Wajs (2005); Daubechies et al.
(2004); Gong et al. (2013); Nesterov (2013); Xu et al. (2012) and references therein. It
is convergent fast and of very low computational complexity. Benefitting from its simple
formulation and low storage requirement, it is very efficient and applicable for large-scale
sparse optimization problems. In particular, the iterative hard (resp. soft, half) thresholding
algorithm for the `0 (resp. `1 , `1/2 ) regularization problem was studied in Blumensath and
Davies (2008) (resp. Daubechies et al., 2004; Xu et al., 2012).
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The `1 regularization problem (1), also called Lasso (Tibshirani, 1994) or Basis Pursuit
(Chen et al., 2001), has attracted much attention and has been accepted as one of the
most useful tools for sparse optimization. Since the `1 regularization problem is a convex
optimization problem, many exclusive and efficient algorithms have been proposed and
developed for solving problem (1); see Beck and Teboulle (2009); Combettes and Wajs
(2005); Daubechies et al. (2004); Hu et al. (2016); Nesterov (2012, 2013); Xiao and Zhang
(2013); Yang and Zhang (2011). However, the `1 regularization problem (1) suffers some
frustrations in practical applications. It was revealed by extensive empirical studies that
the solutions obtained from the `1 regularization problem are much less sparse than the true
sparse solution, that it cannot recover a signal or image with the least measurements when
applied to compressed sensing, and that it often leads to sub-optimal sparsity in reality; see
Chartrand (2007); Xu et al. (2012); Zhang (2010).
Recently, to overcome these drawbacks of `1 regularization, the lower-order regularization technique (that is, the `q regularization with 0 < q < 1) is proposed to improve the
performance of sparsity recovery of the `1 regularization problem. Chartrand and Staneva
(2008) claimed that a weaker restricted isometry property is sufficient to guarantee perfect
recovery in the `q regularization, and that it can recover sparse signals from fewer linear
measurements than that required by the `1 regularization. Xu et al. (2012) showed that
the `1/2 regularization admits a significantly stronger sparsity promoting capability than
the `1 regularization in the sense that it allows to obtain a more sparse solution or predict
a sparse signal from a smaller amount of samplings. Qin et al. (2014) exhibited that the
`1/2 regularization achieves a more reliable solution in biological sense than the `1 regularization when applied to infer gene regulatory network from gene expression data of mouse
embryonic stem cell. However, the `q regularization problem is nonconvex, nonsmooth and
non-Lipschitz, and thus it is difficult in general to design efficient algorithms for solving
it. It was presented in Ge et al. (2011) that finding the global minimal value of the `q
regularization problem (2) is strongly NP-hard; while fortunately, computing a local minimum could be done in polynomial time. Some effective and efficient algorithms have been
proposed to find a local minimum of problem (2), such as interior-point potential reduction
algorithm (Ge et al., 2011), smoothing methods (Chen, 2012; Chen et al., 2010), splitting
methods (Li and Pong, 2015a,b) and iterative reweighted minimization methods (Lai and
Wang, 2011; Lai et al., 2013; Lu, 2014).
The `q regularization problem (2) is a variant of lower-order penalty problems, investigated in Huang and Yang (2003); Luo et al. (1996); Yang and Huang (2001), for a constrained optimization problem. The main advantage of the lower-order penalty functions
3

i=1

r
X

kxGi kqp
.

(4)

5
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We will investigate the oracle property and recovery bound for the `p,q regularization problem, which extends the existing results in two ways: one is the lower-order regularization,
including the `q regularization problem (q < 1); the other is the group sparse optimization,
including the `2,1 regularization problem (group Lasso) as a special case. To this end, we will
introduce the weaker notions of REC: the lower-order REC and the group REC (GREC).
We will further establish the relationships between the new notions with the classical one:
the lower-order REC is weaker than the classical REC, but the reverse is not true (see
Example 1); and the GREC is weaker than the REC. Under the lower-order GREC, we will
provide the oracle property and the global recovery bound for the `p,q regularization problem (see Theorem 9). Furthermore, we will conduct a local analysis of recovery bound for
the `p,q regularization problem by virtue of modern variational analysis techniques (Rockafellar and Wets, 1998). More precisely, we assume that any nonzero group of x̄ is active
and the columns of A corresponding to the active components of x̄ (a solution of Ax = b)
are linearly independent, which matches the nature of the group sparsity structure. This
leads us to the application of implicit function theorem and thus guarantees the existence
of a local path around x̄ which satisfies a second-order growth condition. As such, in the
local recovery bound, we will establish a uniform recovery bound O(λ2 S) for all the `p,q
regularization problems; see Theorem 2.2.

x∈Rn

min F (x) := kAx − bk22 + λkxkqp,q .

In this paper, we will investigate the group sparse optimization via `p,q regularization (p ≥
1, 0 ≤ q ≤ 1), also called the `p,q regularization problem

1.4 The Aim of This Paper

was introduced by Yuan and Lin (2006) to study the grouped variable selection in statistics
under the name of group Lasso. The `2,1 regularization, an important extension of the
`1 regularization, proposes an `2 regularization for each group and ultimately yields the
sparsity in a group manner. Since the `2,1 regularization problem is a convex optimization
problem, some effective algorithms have been proposed, such as, the spectral projected gradient method (van den Berg et al., 2008), SpaRSA (Wright et al., 2009) and the alternating
direction method (Deng et al., 2011).

x∈Rn

min kAx − bk22 + λkxk2,1

Exploiting the group sparsity structure can reduce the degrees of freedom in the solution,
thereby leading to better recovery performance. Benefitting from these advantages, the
group sparse optimization model has been applied in birthweight prediction (Bach, 2008;
Yuan and Lin, 2006), dynamic MRI (Usman et al., 2011) and gene finding (Meier et al.,
2008; Yang et al., 2010) with the `2,1 norm. More specifically, the `2,1 regularization problem

kxkp,q :=

!1/q

sparsity of x with such a group structure can be measured by an `p,q norm, defined by

Group Sparse Optimization
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(i) We establish the following global recovery bound for the `p,q regularization problem
(4) under the (p, q)-GREC:
(
2
O(λ 2−q S),
2K−1 q = 1,
kx∗ − x̄k22 ≤
(5)
3−q
2
O(λ 2−q S 2−q ), 2K−1 q > 1,

This paper is to investigate the group sparse optimization under a unified framework of the
`p,q regularization problem (4). In this paper, we establish the oracle property and recovery bound, design an efficient numerical method for problem (4), and apply the proposed
method to solve the problem of gene transcriptional regulation. The main contributions are
presented as follows.

1.5 Main Contributions

The proximal gradient method is one of the most popular and practical methods for
the sparse optimization problems, either convex or nonconvex problems. We will apply
the proximal gradient method to solve the `p,q regularization problem (4). The advantage
of the proximal gradient method is that the proximal optimization subproblems of some
specific regularization have the analytical solutions, and the resulting algorithm is thus
practically attractive. In the general cases when the analytical solutions of the proximal
optimization subproblems seem not available, we will employ the Newton method to solve
them. Furthermore, we will investigate a local linear convergence rate of the proximal
gradient method for solving the `p,q regularization problem when p = 1 and 0 < q < 1
under the assumption that any nonzero group of a local minimum is active. Problem (4)
of the case p = 1 and 0 < q < 1 possesses the properties that the regularization term
k · kqp,q is concave near a local minimum and that the objective function F (·) of (4) satisfies
a second-order growth condition, which plays an important role in the establishment of the
local linear convergence rate. To the best of our knowledge, this is the first attempt to
study the local linear convergence rate of proximal gradient method for solving the lowerorder optimization problems. As a consequence of this result, we will obtain the local
linear convergence rate of proximal gradient method for solving `q regularization problem
(0 < q < 1), which includes the iterative half thresholding algorithm (q = 1/2) proposed in
Xu et al. (2012) as a special case. The result on local linear convergence rate of proximal
gradient method for solving the `q regularization problem is still new, as far as we know.
In the aspect of application, we will conduct some numerical experiments on both simulated data and real data in gene transcriptional regulation to demonstrate the performance
of the proposed proximal gradient method. From the numerical results, it is demonstrated
that the `p,1/2 regularization is the best one among the `p,q regularizations for q ∈ [0, 1],
and it outperforms the `p,1 and `p,0 regularizations on both accuracy and robustness. This
observation is consistent with several previous numerical studies on the `p regularization
problem; see Chartrand and Staneva (2008); Xu et al. (2012). It is also illustrated from the
numerical results that the proximal gradient method (`2,1/2 ) outperforms most solvers in
group sparse learning, such as OMP (Cai and Wang, 2011), FoBa (Zhang, 2011), `1 -Magic
(Candès et al., 2006a), ISTA (Daubechies et al., 2004), YALL1 (Yang and Zhang, 2011)
etc. The R package of the proximal gradient method for solving group sparse optimization,
named GSparO in CRAN, is available at https://CRAN.R-project.org/package=GSparO
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Group Sparse Optimization

where x̄ is a solution of Ax = b, S := kx̄kp,0 is the group sparsity, 0 < q ≤ 1 ≤ p ≤ 2,
x∗ is any point in the level set levF (x̄) of problem (4), and K is the smallest integer
such that 2K−1 q ≥ 1.

for small λ,

(ii) By virtue of the variational analysis technique, for all the `p,q regularization problems,
we establish a uniform local recovery bound
∗
kxp,q
(λ) − x̄k22 ≤ O(λ2 S)

∗ (λ) is a local optimal solution of problem (4) (near x̄).
where 0 < q < 1 ≤ p and xp,q

F (xk ) − F (x∗ ) ≤ Cη k

and kxk − x∗ k2 ≤ Cη k

for any k ≥ N.

(iii) We present the analytical formulae for the proximal optimization subproblems of specific `p,q regularizations when p = 1, 2 and q = 0, 1/2, 2/3, 1. Moreover, we prove
that any sequence {xk }, generated by proximal gradient method for solving the `1,q
regularization problem, linearly converges to a local minimum x∗ under some mild
conditions, that is, there exist N ∈ N, C > 0 and η ∈ (0, 1) such that
(iv) Our numerical experiments show that, measured by the biological golden standards,
the accuracy of the gene regulation networks forecasting can be improved by exploiting
the group structure of TF complexes. The successful application of group sparse
optimization to gene transcriptional regulation will facilitate biologists to study the
gene regulation of higher model organisms in a genome-wide scale.
1.6 The Organization of This Paper
This paper is organized as follows. In section 2, we introduce the notions of q-REC and
GREC, and establish the oracle property and (global and local) recovery bounds for the `p,q
regularization problem. In section 3, we apply the proximal gradient method to solve the
group sparse optimization using different types of `p,q regularization, and investigate the
local linear convergence rate of the resulting proximal gradient method. Finally, section 4
exhibits the numerical results on both simulated data and real data in gene transcriptional
regulation.

2. Global and Local Recovery Bounds

JMLR 18(30):1-52, 2017

This section is devoted to the study of the oracle property and (global and local) recovery
bounds for the `p,q regularization problem (4). To this end, we first present some basic
inequalities of `p norm and introduce the notions of RECs, as well as their relationships.
The notations adopted in this paper are described as follows. We let the lowercase
letters x, y, z denote the vectors, calligraphic letters I, T , S, J , N denote the index sets,
capital letters N, S denote the numbers of groups in the index sets. In particular, we use
Gi to denote the index set corresponding to the i-th group and GS to denote the index set
{Gi : i ∈ S}. For x ∈ Rn and T ⊆ {1, . . . , n}, we use xT to denote the subvector of x
corresponding to T . We use sign : R → R to denote the signum function, defined by

 1, t > 0,
0, t = 0,

−1, t < 0.
sign(t) =

7

Hu, Li, Meng, Qin, and Yang

⇒

xGi 6= 0.

(6)

Throughout this paper, we assume that the group sparse optimization problem is of
the group structure described as follows. Let x := (xG>1 , · · · , xG>r )> represent
the group
Pr
structure of x, where {xGi ∈ Rni : i = 1, · · · , r} is the grouping of x,
i=1 ni = n and
nmax := max {ni : i ∈ {1, . . . , r}}. For a group xGi , we use xGi = 0 (reps. xGi 6= 0, xGi 6=a 0)
to denote a zero (reps. nonzero, active) group, where xGi = 0 means that xj = 0 for all
j ∈ Gi ; xGi 6= 0 means that xj 6= 0 for some j ∈ Gi ; and xGi 6=a 0 means that xj 6= 0 for all
j ∈ Gi . It is trivial to see that
xGi 6=a 0

For this group structure and p > 0, the `p,q norm of x is defined by
(P
1/q
q
r
, q > 0,
( P
i=1 kxGi kp )
r
0
q = 0,
i=1 kxGi kp ,

kxkp,q =

which proposes the `p norm for each group and then processes the `q norm for the resulting
vector. When p = q, the `p,q norm coincides with the `p norm, that is, kxkp,p = kxkp .
Furthermore, all `p,0 norms share the same formula, that is, kxkp,0 = kxk2,0 for all p > 0.
In particular, when the grouping structure is degenerated to the individual feature level,
that is, if nmax = 1 or n = r, we have kxkp,q = kxkq for all p > 0 and q > 0.
Moreover, we assume that A and b in (4) are related by a linear model (noiseless)

b = Ax̄.

c := {1, . . . , r}\
Let S := {i ∈ {1, . . . , r} : x̄Gi 6= 0} be the index set of nonzero groups of x̄, SP
S be the complement of S, S := |S| be the group sparsity of x̄, and na := i∈S ni .

2.1 Inequalities of `p,q Norm

|xi |γ2

!1/γ2

≤

i=1

n
X

!1/γ1

if 0 < γ1 ≤ γ2 ,

if 0 < γ1 ≤ γ2 .

|xi |γ1

(7)

We begin with some basic inequalities of the `p and `p,q norms, which will be useful in the
later discussion of RECs and recovery bounds. First, we recall the following well-known
inequality
n
X

i=1

or equivalently (x = (x1 , x2 , . . . , xn )> ),

kxkγ2 ≤ kxkγ1

The following lemma improves Huang and Yang (2003, lem. 4.1) and extends to the `p,q
norm. It will be useful in providing a shaper global recovery bound (see Theorem 9 later).
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Lemma 1 Let 0 < q ≤ p ≤ 2, x ∈ Rn and K be the smallest integer such that 2K−1 q ≥ 1.
Then the following relations hold.

q
kxkp,2
.

kxk2q .
−K

−K

(i) kxkqq ≤ n1−2

q
(ii) kxkp,q
≤ r1−2

8

i=1

≤n

i=1

i=1

n
X

|xi |2

!q/2
= kxkq2 .

or 23 , then K = 2. The following lemma

kxkq2 .

for i = 1, . . . , r.

(9)

9

Therefore, we verify the relation (9), and the proof is complete.
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|I|ȳ γ ≥ M 1−γ (M α + β)γ ≥ M 1−γ (M γ αγ + γM γ−1 αγ−1 β) ≥ M αγ + αγ−1 β.

If |I| > M , the relation (9) isPtrivial since
P ȳ ≥ α > β; otherwise, |I| ≤ M , from the facts
that |I|ȳ ≥ M α + β (that is, i∈I yi ≥ j∈J xj ) and that γ ≥ 1, it follows that

|I|ȳ γ ≥ M αγ + αγ−1 β.

Lemma 3 Let γ ≥ 1, and two finitePsequencesP
{yi : i ∈ I} and
P {xj : j ∈PJ } satisfy that
yi ≥ xj ≥ 0 for all (i, j) ∈ I × J . If i∈I yi ≥ j∈J xj , then i∈I yiγ ≥ j∈J xγj .
1 P
Proof Set ȳ := |I|
i∈I yi and α := mini∈I yi . By Huang and Yang (2003, lem. 4.1), one
has that
!γ
X γ
X
1
yi ≥
y
= |I|ȳ γ .
(8)
i
|I|γ−1
i∈I
i∈I
P
On the other hand, let M ∈ N and β ∈ [0, α) be such that j∈J xj = M α + β. Observing
that γ ≥ 1 and 0 ≤ xj ≤ α for all j ∈ J , we obtain that xγj ≤ xj αγ−1 , and thus,
P
γ
γ
γ−1 β. By (8), it remains to show that
j∈J xj ≤ M α + α

The following lemma will be beneficial to studying properties of the lower-order REC
in Proposition 5 later.

Consequently, the conclusion directly follows from (6).

kxGi kqp − kyGi kqp ≤ kxGi − yGi kqp ,

Proof By the subadditivity of the `p norm and (7), it is easy to see that

kxkqp,q − kykqp,q ≤ kx − ykqp,q .

Lemma 2 Let 0 < q ≤ 1 ≤ p and x, y ∈ Rn . Then

1
2

1−2−K

For example, if q = 1, then K = 1; if q =
describes the triangle inequality of k · kqp,q .

(ii) By (6), it is a direct consequence of (i).

kxkqq

Therefore, we arrive at the conclusion that

i=1

Since 2K−1 q ≥ 1, by (7), we obtain that
q
1
!2−K
! K−1
n
n
2
q 2
X
X
2K q
2 2K−1 q
≤
|xi |
=
(|xi | )

i=1

√
Proof (i) Repeatedly using the property that kxk1 ≤ nkxk2 , one has that
!1/2
!2−K
n
n
X
X
1
√
Kq
+···+ 1K
q
2q
2
2
2
kxkq ≤ n
|xi |
≤ ··· ≤ n
|xi |
.
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x> A> Ax
> 0,
x> x

(10)

(11)

10
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The q-REC describes a kind of restricted positive definiteness of A> A, which is valid only
for the vectors satisfying the relation measured by an `q norm. The q-REC presents a
unified framework of the REC-type conditions whenever q ∈ [0, 1]. In particular, we note by

Definition 4 Let 0 ≤ q ≤ 1. The q-restricted eigenvalue condition relative to (s, t) (qREC(s, t)) is said to be satisfied if


kAxk2
φq (s, t) := min
: |I| ≤ s, kxI c kq ≤ kxI kq , T = I(x; t) ∪ I > 0.
kxT k2

where S is the support of x̄. Thus we introduce a lower-order REC, where the minimum is
taken over a restricted set measured by an `q norm inequality such as (11), for establishing
the global recovery bound of the `q regularization problem. Given s ≤ t  n, x ∈ Rn and
I ⊆ {1, . . . , n}, we denote by I(x; t) the subset of {1, . . . , n} corresponding to the first t
largest coordinates in absolute value of x in I c .

kx̂S c kq ≤ kx̂S kq ,

which is the minimal eigenvalue of any 2s × 2s dimensional submatrix. It is well-known that
the solution at sparsity level s of the linear system Ax = b is unique if the condition (10) is
satisfied; otherwise, assume that there are two distinct vectors x̂ and x̃ such that Ax̂ = Ax̃
and kx̂k0 = kx̃k0 = s. Then x := x̂ − x̃ is a vector such that Ax = 0 and kxk0 ≤ 2s,
and thus φmin (2s) = 0, which is contradict with (10). Therefore, if the 2s-sparse minimal
eigenvalue of A> A is zero (that is, φmin (2s) = 0), one has no hope of recovering the true
sparse solution from noisy observations.
However, only condition (10) is not enough and some further condition is required to
maintain the nice recovery of regularization problems; see Bickel et al. (2009); Bunea et al.
(2007); Meinshausen and Yu (2009); van de Geer and Bühlmann (2009); Zhang (2009)
and references therein. For example, the REC was introduced in Bickel et al. (2009) to
investigate the `2 consistency of the `1 regularization problem (Lasso), where the minimum
in (10) is replaced by a minimum over a restricted set of vectors measured by an `1 norm
inequality and the denominator is replaced by the `2 norm of only a part of x.
We now introduce the notion of the lower-order REC. Note that the residual x̂ :=
x∗ (`q ) − x̄, where x∗ (`q ) is an optimal solution of the `q regularization problem and x̄ is a
sparse solution of Ax = b, of the `q regularization problem always satisfies

kxk0 ≤2s

φmin (2s) := min

This subsection aims at the development of the critical conditions on the matrix A to guarantee the oracle property and the global recovery bound of the `p,q regularization problem
(4). In particular, we will focus on the restricted eigenvalue condition (REC), and extend
it to the lower-order setting and equip it with the group structure.
In the scenario of sparse optimization, given the sparsity level s, it is always assumed
that the 2s-sparse minimal eigenvalue of A> A is positive (see Bickel et al., 2009; Bunea
et al., 2007; Meinshausen and Yu, 2009), that is,

2.2 Group Restricted Eigenvalue Conditions

Hu, Li, Meng, Qin, and Yang

(a) REC

Group Sparse Optimization

(b) 1/2-REC

(c) 0-REC

Figure 1: The geometric interpretation of the RECs: the gray regions show the feasible sets
Cq (s) (q = 1, 1/2, 0). The q-REC holds if and only if the null space of A does not
intersect the gray region.

0-REC(s, s) is satisfied.

definition that 1-REC reduces to the classical REC (Bickel et al., 2009), and that φmin (2s) =
φ02 (s, s), and thus
(10) ⇔

It is well-known in the literature that the 1-REC is a stronger condition than the 0-REC
(10). A natural question arises what are the relationships between the general q-RECs. To
answer this question, associated with the q-REC, we consider the feasible set
Cq (s) := {x ∈ Rn : kxI c kq ≤ kxI kq for some |I| ≤ s},
which is a cone. Since the objective function associated with the q-REC is homogeneous,
the q-REC(s, t) says that the null space of A does not cross over Cq (s). Figure 1 presents
the geometric interpretation of the q-RECs. It is shown in Figure 1 that C0 (s) ⊆ C1/2 (s) ⊆
C1 (s), and thus
1-REC ⇒ 1/2-REC ⇒ 0-REC.

It is also observed from Figure 1 that the gap between the 1-REC and 1/2-REC and
that between 1/2-REC and 0-REC are the matrices whose null spaces fall in the cones
of C1 (s) \ C1/2 (s) and C1/2 (s) \ C0 (s), respectively.
We now provide a rigorous proof in the following proposition to identify the relationship
between the feasible sets Cq (s) and between the general q-RECs: the lower the q, the smaller
the cone Cq (s), and the weaker the q-REC.

Proposition 5 Let 0 ≤ q1 ≤ q2 ≤ 1 and 1 ≤ s ≤ t  n. Then the following statements are
true:
(i) Cq1 (s) ⊆ Cq2 (s), and
(ii) if the q2 -REC(s, t) holds, then the q1 -REC(s, t) holds.
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Proof (i) Fix x ∈ Cq1 (s). We use I∗ to denote the index set of the first s largest coordinates
in absolute value of x. Since x ∈ Cq1 (s), it follows that kxI∗c kq1 ≤ kxI∗ kq1 (|I∗ | ≤ s due to
the construction of I∗ ). By Lemma 3 (taking γ = q2 /q1 ), one has that
kxI∗c kq2 ≤ kxI∗ kq2 ,
11
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φq1 (s, t) ≥ φq2 (s, t) > 0.

that is, x ∈ Cq2 (s). Hence it follows that Cq1 (s) ⊆ Cq2 (s).
(ii) As proved by (i) that Cq1 (s) ⊆ Cq2 (s), by the definition of q-REC, it follows that
The proof is complete.

To the best of our knowledge, this is the first work on introducing the lower-order REC
and establishing the relationship of the lower-order RECs. In the following, we provide a
counter example to show that the reverse of Proposition 5 is not true.

Example 1 (A matrix satisfying 1/2-REC but not REC) Consider the matrix


a a+c a−c
∈ R2×3 ,
ã ã − c̃ ã + c̃
A :=

=

min{a, ã}
.
4

|x3 | ≤ 12 |x2 |,
|x3 | ≥ 21 |x2 |.

(15)

(14)

(13)

(12)

where a > c > 0 and ã > c̃ > 0. This matrix A does not satisfy the REC(1, 1). Indeed, by
letting J = {1} and x = (2, −1, −1)> , we have Ax = 0 and thus φ(1, 1) = 0.
Below, we claim that A satisfies the 1/2-REC(1, 1). It suffices to show that φ1/2 (1, 1) >
0. Let x = (x1 , x2 , x3 )> satisfy the constraint associated with 1/2-REC(1, 1). As s = 1, the
deduction is divided into the following three cases.
(i) J = {1}. Then

|x1 | ≥ kxJ c k1/2 = |x2 | + |x3 | + 2|x2 |1/2 |x3 |1/2 .

Without loss of generality, we assume |x1 | ≥ |x2 | ≥ |x3 |. Hence, T = {1, 2} and

min{a,ã}
|x1 |
3
4
3 |x1 |

kAxk2
min{a, ã}|x1 + x2 + x3 | + min{c, c̃}|x2 − x3 |
≥
.
kxT k2
|x1 | + |x2 |
If |x2 | ≤ 31 |x1 |, (13) reduces to
kAxk2
≥
kxT k2

min{c,c̃}
,
8
min{a,ã}
,
4

If |x2 | ≥ 13 |x1 |, substituting (12) into (13), one has that
(
kAxk2
≥
kxT k2

(17)

(ii) J = {2}. Since T = {2, 1} or {2, 3}, it follows from Huang and Yang (2003, lem. 4.1)
that
(16)
|x2 | ≥ kxJ c k1/2 ≥ |x1 | + |x3 |.

Thus, it is easy to verify that kxT k2 ≤ 2|x2 | and that

|a(x1 + x2 + a−c
kAxk2
|ax1 + (a + c)x2 + (a − c)x3 |
c
a x3 ) + cx2 |
≥
=
≥ ,
kxT k2
2|x2 |
2|x2 |
2
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where the last inequality follows from (16) and the fact that a > c.

12

1
8

min{c, c̃} > 0, and

(18)

(19)

kxGN c kp,τ ≤

k=1

R
X

13

1

kxGJk kp,τ ≤ N τ

− 1q

kxGJ c kp,q .
JMLR 18(30):1-52, 2017

Lemma 7 Let 0 < q ≤ 1 ≤ p, τ ≥ 1 and x ∈ Rn , N := J (x; N ) ∪ J and Jk := Jk (x; N )
for k = 1, . . . , R. Then the following inequalities hold

The (p, q)-GREC extends the q-REC to the setting equipping with a pre-defined group
structure. Handling the components in each group as one element, the (p, q)-GREC admits
the fewer degree of freedom, which is S (about s/nmax ), on its associated constraint than
that of the q-REC, and thus it characterizes a weaker condition than the q-REC. For
example, the 0-REC(s, s) is to indicate the restricted positive definiteness of A> A, which is
valid only for the vectors whose cardinality is less than 2s; while the (p, 0)-GREC(S, S) is to
describe the restricted positive definiteness of A> A on any 2S-group support, whose degree
of freedom is much less than the 2s-support. Thus the (p, 0)-GREC(S, S) provides a broader
condition than the 0-REC(s, s). Similar to the proof of Proposition 5, we can show that if
0 ≤ q1 ≤ q2 ≤ 1 ≤ p ≤ 2 and the (p, q2 )-GREC(S, N ) holds, then the (p, q1 )-GREC(S, N )
also holds.
We end this subsection by providing the following lemma, which will be useful in establishing the global recovery bound for the `p,q regularization problem in Theorem 9.

Definition 6 Let 0 < q ≤ p ≤ 2. The (p, q)-group restricted eigenvalue condition relative
to (S, N ) ((p, q)-GREC(S, N )) is said to be satisfied if


kAxk2
φp,q (S, N ) := min
: |J | ≤ S, kxGJ c kp,q ≤ kxGJ kp,q , N = J (x; N ) ∪ J > 0.
kxGN kp,2

Note that the residual x̂ := x∗ (`p,q )− x̄ of the `p,q regularization problem always satisfies
kx̂GS c kp,q ≤ kx̂GS kp,q . Thus we introduce the notion of GREC, where the minimum is taken
over a restricted set measured by an `p,q norm inequality, as follows.

|
Furthermore, by letting R := d r−|J
N e, we denote

{i ∈ J c : ranki (x) ∈ {kN + 1, . . . , (k + 1)N }} , k = 1, . . . , R − 1,
Jk (x; N ) :=
{i ∈ J c : ranki (x) ∈ {RN + 1, . . . , r − |J |}} ,
k = R.

In order to establish the oracle property and the global recovery bound for the `p,q regularization problem, we further introduce the notion of group restricted eigenvalue condition
(GREC). Given S ≤ N  r, x ∈ Rn and J ⊆ {1, . . . , r}, we use ranki (x) to denote the
rank of kxGi kp among {kxGj kp : j ∈ J c } (in a decreasing order), J (x; N ) to denote the
index set of the first N largest groups in the value of kxGi kp among {kxGj kp : j ∈ J c }, that
is,
J (x; N ) := {i ∈ J c : ranki (x) ∈ {1, . . . , N }} .

Therefore, by (14)-(15) and (17)-(18), we conclude that φ1/2 (1, 1) ≥
thus, the matrix A satisfies the 1/2-REC(1, 1).

|ãx1 + (ã − c̃)x2 + (ã + c̃)x3 |
kAxk2
c̃
≥
≥ .
kxT k2
2|x3 |
2

(iii) J = {3}. Similar to the deduction of (ii), one has that

Group Sparse Optimization

kxGj kqp ≤

kxGi kτp ≤ N 1−τ /q kxGJk−1 kτp,q .

− 1q

kxGJ c kp,q .

14

kx∗GN∗ − x̄GN∗ k2p,2 ≤ λ 2−q S (

2

Moreover, letting N∗ := S ∪ S(x∗ ; S), we have

2q
2−q
(S, S).
/φp,q

(20)
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2−q
/φp,q
(S, S).

4

2
1−2−K ) 2−q

2
1−2−K ) 2−q

2

kAx∗ − Ax̄k22 + λkx∗GS c kqp,q ≤ λ 2−q S (

Proposition 8 Let 0 < q ≤ 1 ≤ p, S > 0 and let the (p, q)-GREC(S, S) hold. Let x̄ be the
unique solution of Ax = b at a group sparsity level S, and S be the index set of nonzero
groups of x̄. Let K be the smallest integer such that 2K−1 q ≥ 1. Then, for any x∗ ∈ levF (x̄),
the following oracle inequality holds

levF (x̄) := {x ∈ Rn : kAx − bk22 + λkxkqp,q ≤ λkx̄kqp,q }.

In recent years, many articles have been devoted to establishing the oracle property and
the global recovery bound for the `1 regularization problem (1) under the RIP or REC; see
Bickel et al. (2009); Meinshausen and Yu (2009); van de Geer and Bühlmann (2009); Zhang
(2009). However, to the best of our knowledge, there is few paper devoted to investigating
these properties for the lower-order regularization problem.
In the preceding subsections, we have introduced the general notion of (p, q)-GREC.
Under the (p, q)-GREC(S, S), the solution of Ax = b with group sparsity being S is unique.
In this subsection, we will present the oracle property and the global recovery bound for
the `p,q regularization problem (4) under the (p, q)-GREC. The oracle property provides an
upper bound on the squares error of the linear system and the violation of the true nonzero
groups for each point in the level set of the objective function of problem (4)

2.3 Global Recovery Bound

The proof is complete.

1

≤Nτ

Further by Huang and Yang (2003, lem. 4.1) (τ ≥ 1 and q ≤ 1), it follows that
1/τ
P
R P
τ
kxGN c kp,τ =
k=1
i∈Jk kxGi kp
P
≤ R
k=1 kxGJk kp,τ
1
−1 P
≤Nτ q R
k=1 kxGJk−1 kp,q

i∈Jk

X

i∈Jk−1

for each i ∈ Jk−1 ,

1 X
1
kxGi kqp = kxGJk−1 kqp,q .
N
N

kxGJk kτp,τ =

Consequently, we obtain that

and thus

kxGj kp ≤ kxGi kp ,

Proof By the definition of Jk (19), for each j ∈ Jk , one has that

Hu, Li, Meng, Qin, and Yang

q−2
+
q

2
1−2−K ) 2−q

4

p,q

4
(1−2−K ) q(2−q)
/φ 2−q (S, S).

2K−1 q = 1,

4
2−q
/φp,q
(S, S).

(24)

(25)
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∗

∗

− x̄

GN∗c

4

k22 + kx∗

2

k22

2

4

p,q

4
(1−2−K ) q(2−q)
/φ 2−q (S, S).

4

p,q

4
(1−2−K ) q(2−q)
/φ 2−q (S, S)

q−2
+
q

q−2
+
q

) 2−q 2−q
/φ
(S,
S)
+
λ 2−q S
p,q
4
4
(1−2−K ) q(2−q)
2−q
/φp,q
(S, S),

GN∗
q−2
+
q

1−2−K

Then by Proposition 8, one has that
kx∗ − x̄k22 = kx∗

GN∗

2

≤ λ 2−q S (
2

≤ 2λ 2−q S

2

2

4
q(2−q)

3−q

+ 1 − 2−K

kx∗ − x̄k22 ≤ O(λ 2−q S).


If 2K−1 q > 1, then 2K−2 q < 1. Hence,

q−2
q

kx∗ − x̄k22 ≤ O(λ 2−q S 2−q ).

Hence (25) is obtained. The proof is complete.

16

3−q
2−q ,

and consequently
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F (x) := kAx − bk22 + λkxk1
= (2x1 + 3x2 + x3 − 2)2 + (2x1 + x2 + 3x3 − 2)2 + λ(|x1 | + |x2 | + |x3 |).

We set b := (2, 2)> and then a true solution of Ax = b is x̄ := (1, 0, 0)> . Denoting
x := (x1 , x2 , x3 )> , the objective function associated with the `1 regularization problem (1) is

A :=

Example 2 By letting a = ã = 2 and c = c̃ = 1 in Example 1, we consider the following
matrix:


2 3 1
.
2 1 3

The global recovery bound (25) is deduced under general (p, q)-GREC(S, S), which is
weaker than the REC as used in van de Geer and Bühlmann (2009). It shows that the sparse
solution x̄ may be recovered by any point x∗ in the level set levF (x̄), in particular, when x∗
is a global optimal solution of problem (4), as long as λ is sufficiently small. It is well-known
that when p = 2 and q = 1, convex regularization problem (4) is numerically intractable for
finding the sparse solution and that when q < 1 finding a point in the nonconvex level set
levF (x̄) is equivalent to finding a global minimum of minimizing the indicator function of
the nonconvex level set, which is NP-hard. Thus Theorem 9 is only a theoretical result and
does not provide any insight for the numerical computation of a sparse solution by virtue
of problem (4). We will design a proximal gradient method in section 3, test its numerical
efficiency and provide some general guidance on which q is more attractive in practical
applications in section 4.
To conclude this subsection, we illustrate by an example in which (24) does not hold
when q = 1, but it does and is also tight when q = 21 . We will testify the recovery bound
O(λ4/3 S) in (24) when q = 21 by using a global optimization method.

<

where the last inequality follows from the fact
2K−1 q ≥ 1. This proves (24). In
 that
4
−K
particular, if 2K−1 q = 1, then q−2
q + 1−2
q(2−q) = 1 and thus

2

2
2
kxG∗ N c k22 ≤ kxG∗ N c kp,2
≤ S 1−2/q kxG∗ S c kp,q
≤ λ 2−q S

Hu, Li, Meng, Qin, and Yang

(21)
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+

q
λkxG∗ S c kp,q

Proof Let N∗ := S ∪ S(x∗ ; S) as in Proposition 8. Since p ≤ 2, it follows from Lemma 7
and Proposition 8 that

kAx∗ −
Ax̄k22

q
q
≤ λkx̄GS kp,q
− λkxG∗ S kp,q
q
≤ λkx̄GS − xG∗ S kp,q
−K
q
≤ λS 1−2 kx̄GS − xG∗ S kp,2
.

q
q
Proof Let x∗ ∈ levF (x̄). That is, kAx∗ − bk22 + λkx∗ kp,q
≤ λkx̄kp,q
. By Lemmas 1(ii) and
2, one has that

Noting that

(23)

(22)

q
q
q
q
q
q
q
− kxG∗ S − x̄GS kp,q
≤ kxG∗ S c kp,q
− (kx̄GS kp,q
− kxG∗ S kp,q
) = kx∗ kp,q
− kx̄kp,q
≤ 0.
kxG∗ S c − x̄GS c kp,q

Then the (p, q)-GREC(S, S) implies that
kx̄GS − xG∗ S kp,2 ≤ kAx∗ − Ax̄k2 /φp,q (S, S).
This, together with (21), yields that
q
kAx∗ − Ax̄k2q /φp,q
(S, S),

q

2−q
)/(2−q) /φp,q
(S, S).

−K

−K

q
kAx∗ − Ax̄k22 + λkxG∗ S c kp,q
≤ λS 1−2

and consequently,
1

kAx∗ − Ax̄k2 ≤ λ 2−q S (1−2

2

Therefore, by (22) and (23), we arrive at the oracle inequality (20). Furthermore, by the
definition of N∗ , the (p, q)-GREC(S, S) implies that
∗

2 ≤ kAx∗ − Ax̄k2 /φ2 (S, S) ≤ λ 2−q S (
kxG∗ N − x̄GN∗ kp,2
p,q
2

The proof is complete.
One of the main results of this section is presented as follows, where we establish the
global recovery bound for the `p,q regularization problem under the (p, q)-GREC. We will
apply oracle inequality (20) and Lemma 7 in our proof.

2

2

3−q

O(λ 2−q S),

2

O(λ 2−q S 2−q ), 2K−1 q > 1.

(

kx∗ − x̄k22 ≤ 2λ 2−q S

Theorem 9 Let 0 < q ≤ 1 ≤ p ≤ 2, S > 0 and let the (p, q)-GREC(S, S) hold. Let x̄
be the unique solution of Ax = b at a group sparsity level S, and S be the index set of
nonzero groups of x̄. Let K be the smallest integer such that 2K−1 q ≥ 1. Then, for any
x∗ ∈ levF (x̄), the following global recovery bound for problem (4) holds

More precisely,
kx∗ − x̄k22 ≤

15

(26c)

(26b)

(26a)

−


λ >
32

1
2



λ 2
1−
> 1,
16

is an optimal solution of problem (1). The estimated

kx∗ (`1 ) − x̄k22 = 1 +

λ 1
32 , 2

17
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which does not meet the recovery bound (25) for any λ ≤ 1.
It is revealed from Example 1 that this matrix A satisfies the 1/2-REC(1, 1). Then
the hypothesis of Theorem 9 is verified, and thus, Theorem 9 is applicable to establishing
the recovery bound (25) for the `1/2 regularization problem. Although we cannot obtain
the closed-form solution of this nonconvex `1/2 regularization problem, as it is of only 3dimensions, we can apply a global optimization method, the filled function method (Ge,
1990), to find the global optimal solution x∗ (`1/2 ) and thus to testify the recovery bound
(25). This is done by computing the `1/2 regularization problem for many λ to plot the curve
kx∗ (`1/2 ) − x̄k22 . Figure 2 illustrates the variation of the estimated error kx∗ (`1/2 ) − x̄k22 and
the bound 2λ4/3 (that is the right-hand side of (24), where S = 1 and φ1/2 (1, 1) ≤ 1 (see
Example 1)), when varying the regularization parameter λ from 10−8 to 1. It is illustrated
from Figure 2 the recovery bound (25) is satisfied, and it is indeed tight, for this example.

Hence, x∗ (`1 ) := 0, 12 −
error for this x∗ (`1 ) is

which implies that x∗2 ≤ 0 and x∗3 ≤ 0. Hence, it follows that F (x∗ ) > F (0), which indicates
that x∗ is not an optimal solution of problem (1), and thus, x∗1 < 0 is impossible. Similarly,
we can show that x∗2 ≥ 0 and x∗3 ≥ 0.
Next, we find the optimal solution x∗ (`1 ) by only considering x∗ (`1 ) ≥ 0. It is easy
to obtain that the solution of (26) and the corresponding objective value associated with
problem (1) can be represented respectively by


λ
1
λ
λ2
x∗1 = 1 −
− 2x∗3 , x∗2 = x∗3 0 ≤ x∗3 ≤ −
, and F (x∗ (`1 )) = λ − .
16
2 32
32

λ
λ = 16x∗1 + 16x∗2 + 16x∗3 − 16 ∈ − (∂|x∗2 | + ∂|x∗3 |),
2

Summing (26b) and (26c), we further have

sign(µ), µ 6= 0,
where ∂|µ| :=
[−1, 1], µ = 0.
We first show that x∗i ≥ 0 for i = 1, 2, 3 by contradiction. Indeed, if x∗1 < 0, (26a)
reduces to
16x∗1 + 16x∗2 + 16x∗3 − 16 = λ.



0 ∈ 16x∗1 + 12x∗2 + 20x∗3 − 16 + λ∂|x∗3 |,

0 ∈ 16x∗1 + 20x∗2 + 12x∗3 − 16 + λ∂|x∗2 |,

0 ∈ 16x∗1 + 16x∗2 + 16x∗3 − 16 + λ∂|x∗1 |,

Let x∗ (`1 ) := (x∗1 , x∗2 , x∗3 )> be an optimal solution of problem (1). Without loss of generality,
we assume λ ≤ 1. The necessary condition of x∗ (`1 ) being an optimal solution of problem
(1) is 0 ∈ ∂F (x∗ (`1 )), that is,

Group Sparse Optimization

0

0.2

2λ4/3

0.4
λ

0.6

0.8

Estimated Error
Recovery Bound

kx∗ (ℓ1/2 ) − x̄k 22

1

f (x̄ + τ w0 ) − f (x̄)
.
τ

for any x ∈ B(0, δ).

18
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Proof Let ϕ :=
and then F = f + ϕ. Since ϕ is grouped separable, by Rockafellar
and Wets (1998, prop. 10.5), it follows from the definition that dϕ(0) = δ{0} , where δX is
the indicator function of X. Applying Rockafellar and Wets (1998, prop. 10.9), it follows
that
dF (0) ≥ df (0) + dϕ(0) = df (0) + δ{0} .
(27)

λk · kqp,q

F (x) ≥ F (0) + kxk2

Lemma 10 Let 0 < q < 1 ≤ p. Let f : Rn → R be a lsc function satisfying df (0)(0) = 0.
Then the function F := f + λk · kqp,q has a local minimum at 0 with the first-order growth
condition being fulfilled, that is, there exist some  > 0 and δ > 0 such that

To begin with, we show in the following lemma a significant advantage of lower-order regularization over the `1 regularization: the lower-order regularization term can easily induce
the sparsity of the local minimum.

τ ↓0, w →w

df (x̄)(w) := lim inf
0

In the preceding subsection, we provided the global analysis of the recovery bound for the
`p,q regularization problem under the (p, q)-GREC; see Theorem 9. One can also observe
from Figure 2 that the global recovery bound (25) is tight for the `1/2 regularization problem
as the curves come together at λ ' 0.5, but there is still a big gap for the improvement
when λ is small.
This subsection is devoted to providing a local analysis of the recovery bound for the
`p,q regularization problem by virtue of the variational analysis technique (Rockafellar and
Wets, 1998). For x ∈ Rn and δ ∈ R+ , we use B(x, δ) to denote the open ball of radius δ
centered at x. For a lower semi-continuous (lsc) function f : Rn → R and x, w ∈ Rn , the
subderivative of f at x along the direction w is defined by

2.4 Local Recovery Bound

Figure 2: The illustration of the recovery bound (24) and estimated error.
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−1
0
0
kξ(λ)G1 kpq−p σ(ξ(λ)G1 )

 
.
...
.
,
. 0  
0 MS
kξ(λ)GS kpq−p σ(ξ(λ)GS )


0
0

..
. 0   0.
0 MS



kξ(λ)G1 kpq−p σ(ξ(λ)G1 )


...
2B > (Bξ(λ) − b) + λq 
=0
kξ(λ)GS kpq−p σ(ξ(λ)GS )


M1

2B > B + λq  0
0

for any z ∈ B(ξ(λ), δλ ).

λ 0 − kBkkDk > 0.

20

q
≥0
kDyk22 + 2hBξ(λ) − b, Dyi − 20 kyk22 + λkykp,q

(28)

(29)

(30)

(31)

(32)

(33)

(34)
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for any y ∈ B(0, δ0 ).

According to Lemma 10 (with kD · k22 + 2hBξ(λ) − b, D·i − 20 k · k22 in place of f ), there
exists δ0 > 0 such that

√

In what follows, let λ > 0 and δλ > 0 be given as above, and select 0 > 0 such that

h(z) ≥ h(ξ(λ)) + 2λ kz − ξ(λ)k22

This shows that (a) is done as desired.
For fixed λ ∈ (−κ, κ), let x∗ (λ) := (ξ(λ)> , 0)> . To verify (b), we prove that x∗ (λ),
with ξ(λ) satisfying (30) and (31), is a local minimum of problem (4). Let h : Rs → R
q
be a function with h(z) := kBz − bk22 + λkzkp,q
for any z ∈ Rs . Note that h(ξ(λ)) =
q
kAx∗ (λ) − bk22 + λkx∗ (λ)kp,q
and that h is smooth around ξ(λ). By noting that ξ(λ) satisfies
(30) and (31) (the first- and second- derivative of h at ξ(λ)), one has that h satisfies the
second-order growth condition at ξ(λ), that is, there exist λ > 0 and δλ > 0 such that

and



and diag |ξ(λ)j |p−2 denotes a diagonal matrix generated by vector |ξ(λ)j |p−2 . Thus, by
(28) and (29), we have constructed a smooth path ξ(λ) near z̄, λ ∈ (−κ, κ), such that


Mi = (q − p)kξ(λ)Gi kpq−2p (σ(ξ(λ)Gi ))(σ(ξ(λ)Gi ))> + (p − 1)kξ(λ)Gi kpq−p diag |ξ(λ)j |p−2 ,

where Mi for each i = 1, . . . , S is denoted by



M1
dξ


= −q 2B > B + λq  0
dλ
0

{(z, λ) ∈ B(z̄, δ̄) × (−κ, κ) : H(z, λ) = 0} = {(ξ(λ), λ) : λ ∈ (−κ, κ)},

Hu, Li, Meng, Qin, and Yang

0 for i = 1, . . . , S,

and

Group Sparse Optimization

for any x ∈ B(0, δ).

>
and thus H is smooth on B(z̄, δ̄) × R. Note that H(z̄, 0) = 0 and ∂H
∂z (z̄, 0) = 2B B. By the
implicit function theorem (Rudin, 1976), there exist some κ > 0, δ ∈ (0, δ̄) and a unique
smooth function ξ : (−κ, κ) → B(z̄, δ) such that

F (x) ≥ F (0) + kxk2

By the assumption that f is finite and df (0)(0) = 0, its subderivative df (0) is proper
(see Rockafellar and Wets, 1998, ex. 3.19). Noting that df (0)(0) = 0, we obtain that
df (0) + δ{0} = δ{0} . This, together with (27), yields that dF (0) ≥ δ{0} . Therefore, by
definition, there exist some  > 0 and δ > 0 such that

The proof is complete.
With the help of the above lemma, we can present in the following a local version of
the recovery bound. This is done by constructing a path of local minima depending on
the regularization parameter λ for the regularization problem, which starts from a sparse
solution of the original problem and shares the same support as this sparse solution has,
resulting in a sharper bound in terms of λ2 .

x̄Gi 6=0

Theorem 11 Let x̄ be a solution of Ax = b, S be the group sparsity of x̄, and B be
a submatrix of A consisting of its columns corresponding to the active components of x̄.
Suppose that any nonzero group of x̄ is active, and that the columns of A corresponding to
the active components of x̄ are linearly independent. Let 0 < q < 1 ≤ p. Then there exist
κ > 0 and a path of local minima of problem (4), x∗ (λ), such that


2p−2
kx∗ (λ) − x̄k22 ≤ λ2 q 2 Sk(B > B)−1 k2 max kx̄Gi kp2(q−p) kx̄Gi k2p−2
for any λ < κ.

and

6 a
=

Proof Without loss of generality, we let x̄ be of structure x̄ = (z̄ > , 0)> with
z̄ =
x̄Gi

A = (B, D) with B being the submatrix involving the
to the active components of x̄). By the assumption, we
and thus B > B is invertible. In this setting, the linear
The proof of this theorem is divided into the following

(x̄G>1 , . . . , x̄G>S )>

and let s be the sparsity of x̄. Let
first s columns of A (corresponding
have that B is of full column rank
relation Ax̄ = b reduces to B z̄ = b.
three steps:

(a) construct a smooth path from x̄ by the implicit function theorem;
(b) validate that every point of the constructed path is a local minimum of (4); and
(c) establish the recovery bound for the constructed path.

JMLR 18(30):1-52, 2017

First, to show (a), we define H : Rs+1 → Rs by


kzG1 kpq−p σ(zG1 )


...
H(z, λ) = 2B > (Bz − b) + λq 
,
kzGS kpq−p σ(zGS )

where σ(zGi ) = vector |zj |p−1 sign(zj ) G , denoting a vector consisting of |zj |p−1 sign(zj ) for
i
all j ∈ Gi . Let δ̄ > 0 be sufficiently small such that sign(z) = sign(z̄) for any z ∈ B(z̄, δ̄)
19

(35)

2p−2
and kξ(λ)Gi k2p−2
2p−2 ≤ 2kz̄Gi k2p−2

for i = 1, . . . , S

x̄Gi 6=0

for any λ < κ, and the proof is complete.
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2p−2
kx∗ (λ) − x̄k22 = kξ(λ) − z̄k22 ≤ λ2 q 2 Sk(B > B)−1 k2 max kx̄Gi k2(q−p)
kx̄Gi k2p−2
p

Hence we arrive at that

i=1,...,S

(otherwise, we choose a smaller δ̄). Recall that σ(ξ(λ)Gi ) = vector |ξ(λ)j |p−1 sign(ξ(λ)j )
We obtain from (35) that

P 
2 2
2(q−p) P
2p−2
kξ(λ) − z̄k22 ≤ λ 4q k(B > B)−1 k2 Si=1 kξ(λ)Gi kp
j∈Gi |ξ(λ)j |

P 
2 2
2(q−p)
= λ 4q k(B > B)−1 k2 Si=1 kξ(λ)Gi kp
kξ(λ)Gi k2p−2
2p−2


2 2
2(q−p)
2p−2
kξ(λ)Gi k2p−2
≤ λ 4q k(B > B)−1 k2 S max kξ(λ)Gi kp
i=1,...,S 

2(q−p)
≤ λ2 q 2 Sk(B > B)−1 k2 max kz̄Gi kp
kz̄Gi k2p−2
2p−2 .

kξ(λ)Gi k2(q−p)
≤ 2kz̄Gi k2(q−p)
p
p

Noting that {ξ(λ) : λ ∈ (−κ, κ)} ⊆ B(z̄, δ̄), without loss of generality, we assume for any
λ < κ that



kξ(λ)G1 kq−p
p σ(ξ(λ)G1 )
λq


..
ξ(λ) − z̄ = − ((B > B)−1 ) 
.
.
2
q−p
kξ(λ)GS kp σ(ξ(λ)GS )

where the last inequality follows from (33). Hence x∗ (λ) is a local minimum of problem (4),
and (b) is verified.
Finally, we check (c) by providing an upper bound on the distance from ξ(λ) to z̄. By
(30), one has that

kAx − bk22 + λkxkqp,q
≥ h(ξ(λ)) + 2λ kz − ξ(λ)k22 + 20 kyk22 + 2hB(z − ξ(λ)), Dyi
√
≥ h(ξ(λ)) + 4 λ 0 kz − ξ(λ)k2 kyk2 − 2kBkkDkkz − ξ(λ)k2 kyk2
√
= kAx∗ (λ) − bk22 + λkx∗ (λ)kqp,q + 2(2 λ 0 − kBkkDk)kz − ξ(λ)k2 kyk2
q
∗
2
∗
≥ kAx (λ) − bk2 + λkx (λ)kp,q ,

By (32) and (34), it yields that

kAx − bk22 + λkxkqp,q
= kBz − b + Dyk22 + λkzkqp,q + λkykqp,q
= kBz − bk22 + λkzkqp,q + kDyk22 + 2hBz − b, Dyi + λkykqp,q
= h(z) + kDyk22 + 2hBξ(λ) − b, Dyi + λkykqp,q + 2hB(z − ξ(λ)), Dyi.

Thus, for each x := (z, y) ∈ B(ξ(λ), δλ ) × B(0, δ0 ), it follows that

Group Sparse Optimization

(37)

(36)

22
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(i) if q ≥ 1, then {xk } converges to a global minimum of problem (4),

Theorem 12 Let p ≥ 1, and let {xk } be a sequence generated by the PGM-GSO with
v < 12 kAk−2
2 . Then the following statements hold:

Global convergence of the PGM-GSO falls in the framework of the Kurdyka-Lojasiewicz
theory (see Attouch et al., 2010). In particular, following from Bolte et al. (2013, prop. 3),
the sequence generated by the PGM-GSO converges to a critical point, especially a global
minimum when q ≥ 1 and a local minimum when q = 0 (inspired by the idea in Blumensath
and Davies, 2008), as summarized as follows.

z k = xk − 2vA> (Axk − b),


1
xk+1 ∈ arg min λkxkqp,q + kx − z k k22 .
2v
x∈Rn

Algorithm 1 (PGM-GSO) Select a stepsize v, start with an initial point x0 ∈ Rn , and
generate a sequence {xk } ⊆ Rn via the iteration

Many efficient algorithms have been proposed to solve sparse optimization problems, and
one of the most popular optimization algorithms is the proximal gradient method (PGM);
see Beck and Teboulle (2009); Combettes and Wajs (2005); Xiao and Zhang (2013) and
references therein. It was reported in Combettes and Wajs (2005) that the PGM for solving the `1 regularization problem (1) reduces to the well-known iterative soft thresholding
algorithm (ISTA), and that the ISTA has a local linear convergence rate under some assumptions; see Bredies and Lorenz (2008); Hale et al. (2008); Tao et al. (2016). Recently,
the global convergence of the PGM for solving some types of nonconvex regularization problems have been studied under the framework of the Kurdyka-Lojasiewicz theory (Attouch
et al., 2010; Bolte et al., 2013), the majorization-minimization scheme (Mairal, 2013), the
coordinate gradient descent method (Tseng and Yun, 2009), the general iterative shrinkage
and thresholding (Gong et al., 2013) and the successive upper-bound minimization approach
(Razaviyayn et al., 2013).
In this section, we apply the PGM to solve the group sparse optimization problem (4)
(PGM-GSO), which is stated as follows.

3. Proximal Gradient Method for Group Sparse Optimization

global recovery bound given in Theorem 9 (of order O(λ 2−q )) and shares the same one with
the `p,1 regularization problem (group Lasso); see Blumensath and Davies (2008); van de
Geer and Bühlmann (2009). It is worth noting that our proof technique is not working
when q = 1 as Lemma 10 fails in this case.

2

where x∗p,q (λ) is a local optimal solution of problem (4) (near x̄). This bound improves the

kx∗p,q (λ) − x̄k22 ≤ O(λ2 S),

Theorem 11 provides a uniform local recovery bound for all the `p,q regularization problems (0 < q < 1 ≤ p), which is

Hu, Li, Meng, Qin, and Yang
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1

of problem (4).

(ii) if q = 0, then {xk } converges to a local minimum of problem (4), and
(iii) if 0 < q < 1, then {xk } converges to a critical point
Although the global convergence of the PGM-GSO has been provided in Theorem 12,
some important issues of the PGM-GSO have not been discovered yet. The section is to
continue the development of the PGM-GSO, concentrating on its efficiency and applicability.
In particular, we will establish the local convergence rate of the PGM-GSO under some mild
conditions, and derive the analytical solutions of subproblem (37) for some specific p and q.
3.1 Local Linear Convergence Rate

1

In this subsection, we establish the local linear convergence rate of the PGM-GSO for the
case when p = 1 and 0 < q < 1. For the reminder of this subsection, we always assume that
p = 1 and 0 < q < 1.
To begin with, by virtue of the second-order necessary condition of subproblem (37), the
following lemma provides a lower bound for nonzero groups of sequence {xk } generated by
the PGM-GSO and shows that the index set of nonzero groups of {xk } maintains constant
for large k.
Lemma 13 Let K = (vλq(1 − q)) 2−q , and let {xk } be a sequence generated by the PGMGSO with v < 21 kAk2−2 . Then the following statements hold:
(i) For any i and k, if xGk i 6= 0, then kxGk i k1 ≥ K.

for all k ≥ N .

(38)

(ii) xk shares the same index set of nonzero groups for large k, that is, there exist N ∈ N
and I ⊆ {1, . . . , r} such that

xGk i 6= 0, i ∈ I,
xGk i = 0, i ∈
/ I,

Proof (i) For each group xGk i , by (37), one has that


1
xGk i ∈ arg min λkxk1q + kx − zGk−1
k22 .
i
2v
x∈Rni

λkxk1q +

If xGk i 6= 0, we define Aik := {j ∈ Gi : xjk 6= 0} and aik := |Aik |. Without loss of generality, we
assume that the first aik components of xGk i are nonzeros. Then (38) implies that


1
kx − zGk−1
k22 .
i
2v
k

x∈Rai ×{0}

xGk i ∈ arg min

Its second-order necessary condition says that
1 k
I + λq(q − 1)Mik  0,
v i
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1. A point x is said to be a critical point of F if 0 belongs to its limiting subdifferential at x; see Mordukhovich (2006).
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k

k

i

i

i

k kq−2 (sign(xk ))(sign(xk ))> . Let
where Iik is the identity matrix in Rai ×ai and Mik = kxA
k 1
Ak
Ak

1

1
q−2
k
+ λq(q − 1)kxA
≥ 0.
k k1
i
v

1 > k
e Ii e + λq(q − 1)e> Mik e ≥ 0,
v

e be the first column of Iik . Then, we obtain that

that is,

Consequently, it implies that

i

k
2−q = K.
kxGk i k1 = kxA
k k1 ≥ (vλq(1 − q))

(39)

Hence, it completes the proof of (i).
(ii) Recall from Theorem 12 that {xk } converges to a critical point x∗ . Then there exists
K
N ∈ N such that kxk − x∗ k2 < 2√
, and thus,
n

K
kxk+1 − xk k2 ≤ kxk+1 − x∗ k2 + kxk − x∗ k2 < √ ,
n

(40)

for any k ≥ N . Proving by contradiction, without loss of generality, we assume that there
6= 0 and xGk i = 0. Then it follows from (i)
exist k ≥ N and i ∈ {1, . . . , r} such that xGk+1
i
that

1
K
1
kxk+1 − xk k2 ≥ √ kxk+1 − xk k1 ≥ √ kxGk+1
− xGk i k1 ≥ √ ,
i
n
n
n

min

y∈Rna

for any y ∈ Rna .

for any y ∈ Rna ,

and B := (A·j )j∈GS .

which yields a contradiction with (39). The proof is complete.

ni , and

q
ϕ(y) := λkyk1,q

with f (y) := kBy − bk22

f (y) + ϕ(y),


S := i ∈ {1, . . . , r} : xG∗ i 6= 0

Let x∗ ∈ Rn , and let

i∈S

P

Consider the following restricted problem

where na :=

f : Rna → R

ϕ : Rna → R with
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The following lemma provides the first- and second-order conditions for a local minimum of
the `1,q regularization problem, and shows a second-order growth condition for the restricted
problem (40), which is useful for establishing the local linear convergence rate of the PGMGSO.

24

Mi∗ = kyG∗ i kq−2
sign(yG∗ i )
1

M1∗

2B B + λq(q − 1)  0
0

>





sign(yG∗ i )

0

>

.


. 0   0,
∗
0 MS

0
..


(42)

(41)

for any y ∈ B(y ∗ , δ).
(43)

:=

(x∗G1 > , . . . , x∗GS > )>

and

x∗Gi
6=a 0 for i = 1, . . . , S.
(44)

M1∗


ϕ00 (y ∗ ) = λq(q − 1)  0
0



0

0
..
.




0 ;
∗
MS

0

and

f 00 (y ∗ ) + ϕ00 (y ∗ )  0,

25
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2. This assumption is mild, and it holds automatically for the case when nmax = 1 (see Chen et al., 2010,
thm. 2.1).

f 0 (y ∗ ) + ϕ0 (y ∗ ) = 0

hence (f + ϕ)(·) is also smooth around y ∗ . Therefore, we obtain the following first- and
second-order necessary conditions of problem (40)

and

∗
kyG∗ S kq−1
1 sign(yGS )

(i) By (44), one has that ϕ(·) is smooth around y ∗ with its first- and second-derivatives
being


∗
kyG∗ 1 kq−1
1 sign(yG1 )


..
ϕ0 (y ∗ ) = λq 
,
.

y∗

Proof Without loss of generality, we assume that S := {1, . . . , S}. By assumption, x∗ is
of structure x∗ := (y ∗> , 0)> with

(f + ϕ)(y) ≥ (f + ϕ)(y ∗ ) + εky − y ∗ k22

(ii) The second-order growth condition holds at y ∗ for problem (40), that is, there exist
ε > 0 and δ > 0 such that

where

and


∗
kyG∗ 1 kq−1
1 sign(yG1 )


..
2B > (By ∗ − b) + λq 
 = 0,
.
q−1
∗
∗
kyGS k1 sign(yGS )



(i) The following first- and second-order conditions hold

Lemma 14 Assume that x∗ is a local minimum of problem (4). Suppose that any nonzero
group of x∗ is active, and the columns of B are linearly independent 2 . Then the following
statements are true:
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M1∗

2B B + λq(q − 1)  0
0

>

0

0
..
.




0   0,
MS∗

0

i=1

j∈Gi

(46)

>

>

i=1

j∈Gi

X

j∈Gi

 = 0,
wj sign(yj∗ )

 < 0;

4 

wj sign(yj∗ )

3 

(47)

 = 0 (by (45)),

2 

wj sign(yj∗ )

j∈Gi

X



·



j∈Gi

X

kyG∗ kq−4
·
i 1



kyG∗ kq−3
i 1



S
X

i=1

(0) = λq(q − 1)(q − 2)(q − 3)

(0) = λq(q − 1)(q − 2)



kyG∗ k1q−2 · 
i
S
X

i=1

S
X

i=1

and f 00 (y ∗ ) + ϕ00 (y ∗ )  0;

26
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The key for the study of local convergence rate of the PGM-GSO is the descent property
of the function f +ϕ in each iteration step. The following lemma states some basic properties
of active groups of sequence {xk } generated by the PGM-GSO.

due to (41) and (42). Hence (43) follows from Rockafellar and Wets (1998, thm. 13.24).
This completes the proof.

f 0 (y ∗ ) + ϕ0 (y ∗ ) = 0

due to (46). However, by elementary of calculus, it is clear that h(4) (0) must be nonnegative
(since h(·) obtains a local minimum at 0), which yields a contradiction to (47). Therefore,
we proved (42).
(ii) By the structure of y ∗ (44), ϕ(·) is smooth around y ∗ , and thus, (f +ϕ)(·) is also smooth
around y ∗ with its derivatives being

h

(4)

h

(3)

h (0) = 2w B Bw + λq(q − 1)

00



Let h : R → R with h(t) := kB(y ∗ + tw) − bk22 + λky ∗ + twkpp for any t ∈ R. Clearly, h(·)
has a local minimum at 0, and h(·) is smooth around 0 with its derivatives being


S
X
X
0
> >
∗
∗ q−1
∗ 

h (0) = 2w B (By − b) + λq
kyGi k1 ·
wj sign(yj ) = 0,

j∈Gi

By assumption, one has that
 0, and thus it follows from (45) that

2
X

wj sign(yj∗ ) > 0 for some i ∈ {1, . . . , S}.

B>B

respectively. Proving by contradiction, we assume that (42) does not hold, that is, there
exists some w 6= 0 such that


2 
S
X
X
q−2
> >
∗
∗
kyG k1 · 
2w B Bw + λq(q − 1)
wj sign(yj )  = 0.
(45)
i

which are (41) and
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L := 2kAk22
and

Dk := ϕ(y k ) − ϕ(y k+1 ) + hf 0 (y k ), y k − y k+1 i.

Lemma 15 Let {xk } be a sequence generated by the PGM-GSO with v < 21 kAk2−2 , which
converges to x∗ (by Theorem 12). Assume that the assumptions in Lemma 14 are satisfied.
We define
α := kBk22 ,

Dk ≥

Lv
2(1 − vα)


Dk .

(49)

Then there exist δ > 0 and N ∈ N such that the following inequalities hold for any k ≥ N :


1
− α ky k − y k+1 k22 ,
(48)
v
and

(f + ϕ)(y k+1 ) ≤ (f + ϕ)(y k ) − 1 −

(51)

(50)

Proof By Lemma 13(ii) and the fact that {xk } converges to x∗ , one has that xk shares
the same index set of nonzero groups with that of x∗ for large k; further by the structure
of y ∗ (44), we obtain that all components in nonzero groups of y k are nonzero for large k.
In another word, we have
there exists N ∈ N such that y k 6=a 0 and xGk S c = 0 for any k ≥ N ;


1 k
y − vf 0 (y k ) − y k+1 .
v

hence ϕ(·) is smooth around y k for any k ≥ N .
>
In view of PGM-GSO and the decomposition of x = y > , z > , one has that




2
1
y k+1 ∈ arg min ϕ(y) +
y − y k − vf 0 (y k )
.
2v
2

Its first-order necessary condition is
ϕ0 (y k+1 ) =

(52)

Recall from (42) that ϕ00 (y ∗ )  −2B > B. Since ϕ(·) is smooth around y ∗ , then there exists
δ > 0 such that ϕ00 (w)  −2B > B for any w ∈ B(y ∗ , δ). Noting that {y k } converges to
y ∗ , without loss of generality, we assume that ky k − y ∗ k < δ for any k ≥ N (otherwise, we
can choose a larger N ). Therefore, one has that ϕ00 (y k )  −2B > B for any k ≥ N . Then
by Taylor expansion, we can assume without loss of generality that the following inequality
holds for any k ≥ N and any w ∈ B(y ∗ , δ) (otherwise, we can choose a smaller δ):
ϕ(w) > ϕ(y k+1 ) + hϕ0 (y k+1 ), w − y k+1 i − αkw − y k+1 k22 .
Hence, by (51), it follows that
1
ϕ(w) − ϕ(y k+1 ) > hy k − vf 0 (y k ) − y k+1 , w − y k+1 i − αkw − y k+1 k22 .
v

L
ky − xk2
2
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for any x, y.

Then (48) follows by setting w = y k . Furthermore, by the definition of f (·), it is of class
CL1,1 and it follows from Bertsekas (1999, prop. A.24) that
kf (y) − f (x) − f 0 (x)(y − x)k ≤
27
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Then, by the definition of Dk , it follows that
(f + ϕ)(y k+1 ) − (f + ϕ)(y k ) + Dk

= f (y k+1 ) − f (y k ) + hf 0 (y k ), y k − y k+1 i
≤ L2 ky k − y k+1 k22
Lv
≤ 2(1−vα)
Dk ,

where the last inequality follows from (48), and thus, (49) is proved.

The main result of this subsection is presented as follows, in which we establish the local
linear convergence rate of the PGM-GSO to a local minimum for the case when p = 1 and
0 < q < 1 under some mild assumptions.

and

kxk − x∗ k2 ≤ Cη k

for any k ≥ N.

(53)

Theorem 16 Let {xk } be a sequence generated by the PGM-GSO with v < 21 kAk2−2 . Then
{xk } converges to a critical point x∗ of problem (4). Assume that x∗ is a local minimum
of problem (4). Suppose that any nonzero group of x∗ is active, and the columns of B are
linearly independent. Then there exist N ∈ N, C > 0 and η ∈ (0, 1) such that
F (xk ) − F (x∗ ) ≤ Cη k

rk := F (xk ) − F (x∗ ).

Proof The convergence of {xk } to a critical point x∗ of problem (4) directly follows from
Theorem 12. Let Dk , N and δ be defined as in Lemma 15, and let

S

Note in (50) that y k 6=a 0 and xGk c = 0 for any k ≥ N . Thus

for any k ≥ N.


 ≺ 0,

f 00 (y ∗ ) + ϕ00 (y ∗ )  0;

(as it is active) and that


rk = (f + ϕ)(y k ) − (f + ϕ)(y ∗ )

It is trivial to see that ϕ(·) is smooth around y ∗

M1∗ 0
0

ϕ00 (y ∗ ) = λq(q − 1)  0 . . . 0
0
0 MS∗

as shown in (42). This shows that ϕ(·) is concave around y ∗ , while (f + ϕ)(·) is convex
around y ∗ . Without loss of generality, we assume that ϕ(·) is concave and (f + ϕ)(·) is
convex in B(y ∗ , δ) and that y k ∈ B(y ∗ , δ) for any k ≥ N (since {y k } converges to y ∗ ).
By the convexity of (f + ϕ)(·) in B(y ∗ , δ), it follows that for any k ≥ N
rk

(54)
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= (f + ϕ)(y k ) − (f + ϕ)(y ∗ )
≤ hf 0 (y k ) + ϕ0 (y k ), y k − y ∗ i
= hf 0 (y k ) + ϕ0 (y k ), y k − y k+1 i + hf 0 (y k ) + ϕ0 (y k ), y k+1 − y ∗ i
= Dk − ϕ(y k ) + ϕ(y k+1 ) + hϕ0 (y k ), y k − y k+1 i + hf 0 (y k ) + ϕ0 (y k ), y k+1 − y ∗ i.

Noting that ϕ(·) is concave in B(y ∗ , δ), it follows that

ϕ(y k ) − ϕ(y k+1 ) ≥ hϕ0 (y k ), y k − y k+1 i.

28

ϕ0 (y k ), y k+1

y∗i
(55)

1+γ− β2
1+γ


1 2
v

rk+1 ≤

1+γ−
1+γ

β
2

rk = η1 rk ,

> 0. Then, (58) is reduced to

− rk+1 )

∈ (0, 1). Thus, by letting C1 := rN η1−N , it follows that

Lϕ +

≤ rk − rk+1 +


vβ
1
k+1 − y ∗ k2 L + 1 2 +
ϕ
2
2 ky
v
2(1−vα) (rk

2
β
cv
1
(rk − rk+1 ).
2 rk + 2(1−vα) Lϕ + v

By Young’s inequality, (56) yields that

for any k ≥ N.

for any y ∈ B(y ∗ , δ).

for any k ≥ N.

(58)

(57)

(56)

29
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Letting C := max{C1 , C2 } and η := max{η1 , η2 }, we obtain (53). The proof is complete.

kxk − x∗ k2 = ky k − y ∗ k2 ≤ (crk )1/2 ≤ C2 η2k

rk ≤ η1k−N rN = C1 η1k for any k ≥ N.
√
√
By letting η2 = η1 and C2 = cC1 , it follows from (57) that

where η1 :=

cv
2(1−vα)

Let γ :=


1 2
v .

ky k+1 − y ∗ k22 ≤ crk+1 ≤ crk

βrk ≤ rk − rk+1 +

Lϕ +

c
β

Let  :=

Thus, it follows that

ky − y ∗ k22 ≤ c ((f + ϕ)(y) − (f + ϕ)(y ∗ ))

Recall from Lemma 14(ii) that there exists c > 0 such that

and thus, it follows from (55) and (48) that

βrk ≤ βDk + β Lϕ + v1 ky k − y k+1 k2 ky k+1q− y ∗ k2

v
≤ rk − rk+1 + β Lϕ + v1 ky k+1 − y ∗ k2 1−vα
Dk
q

√
vβ
1
k+1
∗
− y k2 rk − rk+1 .
≤ rk − rk+1 + Lϕ + v
1−vα ky

rk − rk+1 = (f + ϕ)(y k ) − (f + ϕ)(y k+1 ) ≥ βDk > 0,

where the last inequality follows from the smoothness of ϕ on B(y ∗ , δ) and (51), and Lϕ
Lv
is the Lipschitz constant of ϕ0 (·) on B(y ∗ , δ). Let β := 1 − 2(1−vα)
∈ (0, 1) (due to the
1
assumption v < L ). Then, (49) is reduced to

rk ≤ Dk +
+
−
0 (y k+1 ), y k+1 − y ∗ i + hf 0 (y k ) + ϕ0 (y k+1 ), y k+1 − y ∗ i
= Dk + hϕ0 (y k ) −
ϕ

≤ Dk + Lϕ + v1 ky k − y k+1 k2 ky k+1 − y ∗ k2 ,

hf 0 (y k )

Consequently, (54) is reduced to
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(59)

and

kxk − x∗ k2 ≤ Cη k

for any k ≥ N.

and

q
1
<v<
,
2kAk22
4λmin (ATS AS )
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Since the main computation of the PGM is the proximal step (37), it is significant to
investigate the solutions of subproblem (37) for the specific applications so as to spread the
application of the PGM. Note that kxkqp,q and kx − z k k22 are both grouped separable. Then

3.2 Analytical Solutions of Proximal Subproblems

where S is the active index of the limiting point x∗ , while our result in Corollary 17 holds
for all the stepsize v < 12 kAk−2
2 and the regularization component 0 < q < 1.

λmin (ATS AS )
q
<
2
kAk22

While we are carrying out the revision of our manuscript, we have found that the local
linear convergence rate of the PGM has been studied in the literature. On one hand,
the local linear convergence rate of the PGM for solving the `1 regularization problem
(ISTA) has been established under some assumptions in Bredies and Lorenz (2008); Hale
et al. (2008); Tao et al. (2016), and, under the framework of the so-called KL theory, it is
established that the sequence generated by the PGM linearly converges to a critical point of
a KL function if its KL exponent is in (0, 21 ]; see Frankel et al. (2015); Li and Pong (2016); Xu
and Yin (2013). However, the KL exponent of the `q regularized function is still unknown,
and thus the linear convergence result in these references cannot directly be applied to the
`q regularization problem. On the other hand, Zeng et al. (2015) has obtained the linear
convergence rate of the `q regularization problem under the framework of a restricted KL
property. However, it seems that their result is restrictive as it is assumed that the stepsize
v and the regularization component q satisfy

F (xk ) − F (x∗ ) ≤ Cη k

k
∗
with v < 21 kAk−2
2 . Then {x } converges to a critical point x of problem (59). Further
assume that x∗ is a local minimum of problem (59). Then there exist N ∈ N, C > 0 and
η ∈ (0, 1) such that

min F (x) := kAx − bk22 + λkxkqq

x∈Rn

Corollary 17 Let 0 < q < 1, and let {xk } be a sequence generated by the PGM for solving
the following `q regularization problem

Theorem 16 establishes the linear convergence rate of the PGM for solving the `1,q
regularization problem under two assumptions: (i) the critical point x∗ of the sequence
produced by the PGM is a local minimum of problem (4), and (ii) any nonzero group of
the local minimum is an active one. The assumption (i) is important by which we are
able to establish a second-order growth property, which plays a crucial role in our analysis.
Note that the assumption (ii) is satisfied automatically for the sparse optimization problem
(nmax = 1). Hence, when nmax = 1, we obtain the linear convergence rate of the PGM for
solving `q regularization problem (0 < q < 1). This result is stated below as a corollary.
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the proximal step (37) can be achieved parallelly in each group, and is equivalent to solve
a cycle of low dimensional proximal optimization subproblems


1
for i = 1, · · · , r.
(60)
xGk+1
∈ arg min λkxGi kpq + kxGi − zGki k22
i
2v
x∈Rni

kzk2

,

kzk2 < 23 (vλ)2/3 ,

kzk2 = 32 (vλ)2/3 ,

3
2/3 ,
2 (vλ)

(62)

(61)

When p and q are given as some specific numbers, such as p = 1, 2 and q = 0, 1/2, 2/3, 1, the
solution of subproblem (60) of each group can be given explicitly by an analytical formula,
as shown in the following proposition.


z, kzk2 > vλ,

ψ(z)
π
− 3
3

3/2 !

>

for any x ∈ Rl .

Proposition 18 Let z ∈ Rl , v > 0 and the proximal regularization be

x∈Rl

1
Qp,q (x) := λkxkpq + kx − zk22
2v
Then the proximal operator

(
vλ
kzk2

otherwise,

Pp,q (z) ∈ arg min {Qp,q (x)}
has the following analytical formula:
(i) if p = 2 and q = 1, then
1−
0,



3
kzk2



3/2
ψ(z)
16kzk2 cos3 π3 − 3
 z,

√
3/2
ψ(z)
3 3vλ+16kzk2 cos3 π3 − 3


3/2
ψ(z)
16kzk2 cos3 π3 − 3

 z,
√
3/2
3 3vλ+16kzk2 cos3

0,

√

kzk2 > √2vλ,
 z,
Pp,0 (z) = 0 or z, kzk2 = √2vλ,

0,
kzk2 < 2vλ,

P2,1 (z) =
(ii) if p = 2 and q = 0, then

P2,1/2 (z) =


0 or





(iii) if p = 2 and q = 1/2, then







with

vλ
4
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Q1,1/2 (z̃) < Q1,1/2 (0),
 z̃,
0 or z̃, Q1,1/2 (z̃) = Q1,1/2 (0),

0,
Q1,1/2 (z̃) > Q1,1/2 (0),

ψ(z) = arccos
(iv) if p = 1 and q = 1/2, then
P1,1/2 (z) =

31

with

0 or






 sign(z),

0,

ξ(z) = arccos

vλl
4

kzk2 > 2

kzk2 = 2





3
kzk1

,



.

3/2 !

3/4
2
,
3 vλ

3/4
2
,
3 vλ



3/4
2
,
3 vλ

27kzk22
16(2vλ)3/2

kzk2 < 2

ϕ(z) = arccosh

2kzk2 −a3



√
3 a3/2 + 2kzk2 −a3

 z,
√
32vλa2 +3 a3/2 + 2kzk2 −a3


√
3 a3/2 + 2kzk2 −a3

 z,
√
32vλa2 +3 a3/2 +

ξ(z)
3
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√
3vλ

z̃ = z − p
4 kzk1 cos π3 −

P2,2/3 (z) =

(v) if p = 2 and q = 2/3, then







with



1/2
2
ϕ(z)
,
a = √ (2vλ)1/4 cosh
3
3



27kzk12
16(2vλl)3/2


Q1,2/3 (z̄) < Q1,2/3 (0),
 z̄,
0 or z̄, Q1,2/3 (z̄) = Q1,2/3 (0),

0,
Q1,2/3 (z̄) > Q1,2/3 (0),

ζ(z) = arccosh

4vλā1/2
 sign(z),
z̄ = z − 
p
3 ā3/2 + 2kzk1 − ā3

P1,2/3 (z) =

(vi) if p = 1 and q = 2/3, then

with

and



1/2
2
ζ(z)
ā = √ (2vλl)1/4 cosh
,
3
3

,

(63)

(64)

1
Proof Since the proximal regularization Qp,q (·) := λk · kpq + 2v
k · −zk22 is non-differentiable
only at 0, Pp,q (z) must be 0 or some point x̃(6= 0) satisfying the first-order optimality
condition


|x̃1 |p−1 sign(x̃1 )
 1
.
(65)
 + (x̃ − z) = 0.
..
v
|x̃l |p−1 sign(x̃l )


λqkx̃kq−p

p

1
+ (x̃ − z) = 0,
v
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(66)

Thus, to derive the analytical formula of the proximal operator Pp,q (z), we just need to
calculate such x̃ via (65), and then compare the objective function values Qp,q (x̃) and
Qp,q (0) to obtain the solution inducing a smaller value. The proofs of the six statements
follow in the above routine, and we only provide the detailed proofs of (iii) and (v) as
samples.
(iii) When p = 2 and q = 1/2, (65) reduces to
3/2

λx̃
2kx̃k2

32

3/2

kx̃k2

1/2

− kzk2 kx̃k2

1
+ vλ = 0.
2
(67)

4

3

π

−

2π α
−
3
3
.

3/2

16kzk2 cos3



π
3

33

kzk2 kx̃k2

1/2

3
= vλ,
2
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where the third equality holds since that x̃ is proportional to z, and fourth equality follows
from (67). Since both kzk2 and kx̃k2 are strictly increasing on kzk2 , H(kzk2 ) is also strictly
2/3
increasing when kzk2 > 3 vλ
. Thus the unique solution of H(kzk2 ) = 0 satisfies
4

=

= kzk2 −

kx̃k22 +2vλkx̃k2
2kx̃k2
−1/2
1
3
,
2 kzk2 − 4 vλkx̃k2

1/2

Finally, we compare the objective function values Q2,1/2 (x̃) and Q2,1/2 (0). For this purpose,
2/3
when kzk2 > 3 vλ
, we define
4

v
Q2,1/2 (0) − Q2,1/2 (x̃)
H(kzk2 ) := kx̃k
2

1/2
v
1
1
2
2
= kx̃k
2v kzk2 − λkx̃k2 − 2v kx̃ − zk2
2

2η13



= η1 , and thus, the unique solution of




− ψ(z)
3

 z.
x̃ =
z= √
3/2
vλ + 2η13
3 3vλ + 16kzk2 cos3 π3 − ψ(z)
3

1/2
kx̃k2

π α
α
, η2 = −r sin
−
, η3 = −r cos
3
2
3

, then the three roots of (68) are

The unique positive solution of (68) is
(66) is given by

η1 = r cos

(2) If kzk2 > 3


vλ 2/3

where i denotes the imaginary unit. However, this β does not exist since the value of
hyperbolic cosine must be positive. Thus, in this case, P2,1/2 (z) = 0.

the solution of (68) can be expressed as the follows.
2/3
(1) If 0 ≤ kzk2 ≤ 3 vλ
, then the three roots of (68) are given by
4
√
√
β
r
β
β
r
β
β
3r
3r
η1 = r cosh , η2 = − cosh + i
sinh , η3 = − cosh − i
sinh ,
3
2
3
2
3
2
3
2
3

Denote η =
> 0. The equation (67) can be transformed into the following cubic
algebraic equation
1
η 3 − kzk2 η + vλ = 0.
(68)
2
Due to the hyperbolic solution of the cubic equation (see Short, 1937), by denoting
r

3/2 !

3/2 !
3
vλ
3
kzk2
vλ
and β = arccosh −
,
, α = arccos
r=2
3
4 kzk2
4 kzk2

1/2
kx̃k2

and consequently,

Group Sparse Optimization

4/3

kx̃k2

1/3

− kzk2 kx̃k2

2
+ vλ = 0.
3

1
+ (x̃ − z) = 0,
v

(70)

(69)

1
2

ad + bc = −kzk2 ,

2
bd = vλ,
3







kzk2
1
kzk2
1
kzk2
2
a2 +
,d =
a2 −
, bd =
a4 − 2 2 = vλ.
a
2
a
4
a
3

b + d + ac = 0,

where a, b, c, d ∈ R.

(72)

(71)

(74)
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where ϕ(z) is given by (64). By (71) and (72), we have that η, the positive root of h(t) = 0,
satisfies




1
kzk2
1
kzk2
η 2 + aη +
a2 +
= 0 or η 2 − aη +
a2 −
= 0.
2
a
2
a

which can also be reformulated in the following hyperbolic form (see Short, 1937)


4√
ϕ(z)
a2 = M =
2vλ cosh
,
3
3

By letting M = a2 , the last one of the above equalities reduces to the following cubic
algebraic equation
8
M 3 − vλM − kzk22 = 0.
(73)
3
According to the Cardano formula for the cubic equation, the root of (73) can be represented
by




s
s

3 1/3

3 1/3
2
2
4
4
kzk
kzk
kzk
8
kzk
8
2
2
2
2
2
a =M =
+
−
vλ  + 
−
−
vλ  ,
2
4
9
2
4
9

c = −a, b =

and thus,

a + c = 0,

By expansion and comparison, we have that

2
h(t) = t4 − kzk2 t + vλ = (t2 + at + b)(t2 + ct + d),
3

Denote η = kx̃k2 > 0 and h(t) = t4 − kzk2 t + 23 vλ for any t ∈ R. Thus, η is the positive
solution of h(t) = 0. Next, we seek η by the method of undetermined coefficients. Assume
that

1/3

and consequently,

3kx̃k2

4/3

2λx̃

Therefore, we arrive at the formulae (61) and (62).
(v) When p = 2 and q = 2/3, (65) reduces to

3
kzk2 = (vλ)2/3 .
2

and further, (67) implies that the solution of H(kzk2 ) = 0 is
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1
2

|a| +

and η2 =

1
2

|a| −
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2kzk2
− a2
|a|

2kzk2
− a2
|a|

.

Hence, the real roots of the above equations, that is, the real roots of h(t) = 0, are
s
s
!
!
η1 =

(75)

It is easy to see that η1 > η2 and that η2 should be discarded as it induces the saddle point
rather than a minimum (since h(t) > 0 when t < η2 ). Thus, by (69), (74) and (75), one has


p
3 a3/2 + 2kzk2 − a3
3η14

 z,
z=
p
2vλ + 3η14
32vλa2 + 3 a3/2 + 2kzk2 − a3
x̃ =

,


− zk22



where a is given by (64). Finally, we compare the objective function values Q2,2/3 (x̃) and
Q2,2/3 (0). For this purpose, we define
H(kzk2 )
2/3

kx̃k22 +2vλkx̃k2
2kx̃k2
−1/3

v
:= kx̃k
Q2,2/3 (0) − Q2,2/3 (x̃)
2
2/3
1
v
1
2
kx̃k2 2v kzk2 − λkx̃k2 − 2v kx̃

=

= kzk2 −

= 12 kzk2 − 32 vλkx̃k2

where the third equality holds since that x̃ is proportional to z, and fourth equality follows
from (70). Since both kzk2 and kx̃k2 are strictly increasing on kzk2 , H(kzk2 ) is also strictly
increasing when kzk2 > 4( 92 vλ)3/4 . Thus the unique solution of H(kzk2 ) = 0 satisfies
4
1/3
kzk2 kx̃k2 = vλ,
3
and further, (70) implies that the solution of H(kzk2 ) = 0 is

3/4
2
vλ
.
3
kzk2 = 2

Therefore, we arrive at the formulae (63) and (64). The proof is complete.

Remark 19 Note from Proposition 18 that the solutions of the proximal optimization subproblems might not be unique when Qp,q (x̃) = Qp,q (0). To avoid this obstacle in numerical
computations, we select the solution Pp,q (z) = 0 whenever Qp,q (x̃) = Qp,q (0), which achieves
a more sparse solution, in the definition of the proximal operator to guarantee a unique update.
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Remark 20 By Proposition 18, one sees that the PGM-GSO meets the group sparsity
structure, since the components of each iterate within each group are likely to be either
all zeros or all nonzeros. When nmax = 1, the data do not form any group structure
in the feature space, and the sparsity is achieved only on the individual feature level. In
this case, the proximal operators P2,1 (z), P2,0 (z), and P2,1/2 (z) and P1,1/2 (z) reduce to
the soft thresholding function in Daubechies et al. (2004), the hard thresholding function
in Blumensath and Davies (2008) and the half thresholding function in Xu et al. (2012),
respectively.
35
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Remark 21 Proposition 18 presents the analytical solution of the proximal optimization
subproblems (60) when q = 0, 1/2, 2/3, 1. However, in other cases, the analytical solution
of problem (60) seems not available, since the algebraic equation (65) does not have an
analytical solution (it is difficult to find an analytical solution for the algebraic equation
whose order is larger than four). Thus, in the general cases of q ∈ (0, 1), we alternatively use
the Newton method to solve the nonlinear equation (65), which is the optimality condition
of the proximal optimization subproblem. The numerical simulation in Figure 5 of section 4
shows that the Newton method works in solving the proximal optimization subproblems (60)
for the general q, while the `p,1/2 regularization is the best one among the `p,q regularizations
for q ∈ [0, 1].

4. Numerical Experiments

The purpose of this section is to carry out the numerical experiments of the proposed
PGM for the `p,q regularization problem. We illustrate the performance of the PGM-GSO
among different types of `p,q regularization, in particular, when (p, q) =(2,1), (2,0), (2,1/2),
(1,1/2), (2,2/3) and (1,2/3), by comparing them with several state-of-the-art algorithms for
simulated data and applying them to infer gene regulatory network from gene expression
data of mouse embryonic stem cell. All numerical experiments are implemented in Matlab
R2013b and executed on a personal desktop (Intel Core Duo E8500, 3.16 GHz, 4.00 GB of
RAM). The R package of the PGM for solving group sparse optimization, named GSparO
in CRAN, is available at https://CRAN.R-project.org/package=GSparO
4.1 Simulated Data

In the numerical experiments on simulated data, the numerical data are generated as follows.
We first randomly generate an i.i.d. Gaussian ensemble A ∈ Rm×n satisfying A> A = I.
Then we generate a group sparse solution x̄ ∈ Rn via randomly splitting its components into
r groups and randomly picking k of them as active groups, whose entries are also randomly
generated as i.i.d. Gaussian, while the remaining groups are all set to be zeros. We generate
the data b by the Matlab script

b = A ∗ x̄ + sigma ∗ randn(m, 1),
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where sigma is the standard deviation of additive Gaussian noise. The problem size is set
to n = 1024 and m = 256, and we test on the noisy measurement data with sigma =
0.1%. Assuming the group sparsity level S is predefined, the regularization parameter λ is
iteratively updated by obeying the rule: we set the iterative threshold to be the S-th largest
value of kzGki k2 and solve the λ by virtue of Proposition 18.
For each given sparsity level, which is k/r, we randomly generate the data A, x̄, b (as
above) 500 times, run the algorithm, and average the 500 numerical results to illustrate the
performance of the algorithm. We choose the stepsize v = 1/2 in the tests of the PGMGSO. Two key criteria to characterize the performance are the relative error kx − x̄k2 /kx̄k2
and the successful recovery rate, where the recovery is defined as success when the relative
error between the recovered data and the true data is smaller than 0.5%; otherwise, it is
regarded as failure.
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The third experiment is implemented to study the variation of the PGM-GSO when varying the regularization order q (fix p = 2). Recall from Theorem 18 that the analytical solu-

The second experiment is performed to show the sensitivity analysis on the group size
(G = 4, 8, 16, 32) of the PGM-GSO with the six types of `p,q regularization. As shown in
Figure 4, the six types of `p,q regularization reach a higher successful recovery rate for the
larger group size. We also note that the larger the group size, the shorter the running time.

We carry out six experiments with the initial point x0 = 0 (unless otherwise specified).
In the first experiment, setting r = 128 (so group size G = 1024/128 = 8), we compare
the convergence rates and the successful recovery rates of the PGM-GSO with (p, q) =
(2, 1), (2, 0), (2, 1/2), (1, 1/2), (2, 2/3) and (1, 2/3) for different sparsity levels. In Figure 3,
(a), (b), and (c) illustrate the convergence rate results on sparsity level 1%, 5%, and 10%,
respectively, while (d) plots the successful recovery rates on different sparsity levels. When
the solution is of high sparse level, as shown in Figure 3(a), all `p,q regularization problems
perform perfect and achieve a fast convergence rate. As demonstrated in Figure 3(b), when
the sparsity level drops to 5%, `p,1/2 and `p,2/3 (p = 1 and 2) perform better and arrive at
a more accurate level than `2,1 and `2,0 . As illustrated in Figure 3(c), when the sparsity
level is 10%, `p,1/2 further outperforms `p,2/3 (p = 1 or 2), and it surprises us that `2,q
performs better than `1,q (q = 1/2 or 2/3). From Figure 3(d), it is illustrated that `p,1/2
achieves a better successful recovery rate than `p,2/3 (p = 1 or 2), which outperforms `2,0
and `2,1 . Moreover, we surprisingly see that `2,q also outperforms `1,q (q = 1/2 or 2/3)
on the successful recovery rate. In a word, `2,1/2 performs as the best one of these six
regularizations on both accuracy and robustness. In this experiment, we also note that the
running times are at a same level, about 0.9 second per 500 iterations.

Figure 3: Convergence results and recovery rates for different sparsity levels.
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tion of the proximal optimization subproblem (60) can be obtained when q = 0, 1/2, 2/3, 1.
However, in other cases, the analytical solution of subproblem (60) seems not available,
and thus we apply the Newton method to solve the nonlinear equation (65), which is the
optimality condition of the proximal optimization subproblem. Figure 5 shows the variation of successful recovery rates by decreasing the regularization order q from 1 to 0. It
is illustrated that the PGM-GSO achieves the best successful recovery rate when q = 1/2,
which arrives at the same conclusion as the first experiment. The farther the distance of q
from 1/2, the lower the successful recovery rate.
The fourth experiment is to compare the PGM-GSO with several state-of-the-art algorithms in the field of sparse optimization, either convex or nonconvex algorithms, as listed
in Table 1. All these algorithms, including PGM-GSO, can successfully recover the signal
when the solution is of high sparse level. However, some of these algorithms fails to obtain
the group sparsity structure along with the group sparsity level decreases. Figure 7 plots
the signals estimated by these algorithms in a random trial at a group sparsity level of 15%.
It is illustrated that the solutions of the MultiFoBa and the PGM-GSO type solvers are of
group sparsity structure, while other algorithms do not obtain the group sparse solutions.
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In these solvers, the MultiFoBa and the `2,1 obtain the true active groups but inaccurate
weights, the `2,0 achieves the accurate weights but some incorrect active groups, while `p,1/2
and `p,2/3 recover perfect solutions in both true active groups and accurate weights. Figure 6 demonstrates the overall performance of these algorithms by plotting the successful
recovery rates on different sparsity levels. It is indicated by Figure 6 that `2,1/2 can achieve
the higher successful recovery rate than other algorithms, by exploiting the group sparsity structure and lower-order regularization. From this experiment, it is demonstrated
that the PGM-GSO (`2,1/2 ) outperforms most solvers of sparse learning in solving sparse
optimization problems with group structure.
The fifth experiment is devoted to the phase diagram study (see Donoho, 2006b) of the
`p,q regularization problem, which further demonstrates the stronger sparsity promoting
capability of `p,1/2 and `p,2/3 (p = 1, 2) regularization over `2,1 regularization. In this
experiment, we consider a noiseless signal recovery problem with n = 512, G = 4, r = 128
and sigma = 0 as a prototype. More specifically, for each fixed m, we vary the number of
active groups k from 1 to m/G, that is, the sparsity level varies from 1/r to m/(Gr), and
then, we increase m from G to n in the way such that 128 equidistributed values mj = jG
are considered. For each specific problem size, we randomly generate the data 500 times
and apply the PGM-GSO to solve the `p,q regularization problem. For these noiseless data,

Figure 6: Comparison between the PGM-GSO and several state-of-the-art algorithms.
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Figure 5: Variation of the PGM-GSO when varying the regularization order q.
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SL0

Iterative Half Thresholding Algorithm (Xu et al., 2012) for solving the
`1/2 regularization problem.

Iterative Hard Thresholding Algorithm (Blumensath and Davies, 2008)
for solving the `0 regularization problem.

LqRecovery is an iterative algorithm for the `p norm minimization (Foucart and Lai, 2009).
The code is available at
http://www.math.drexel.edu/˜foucart/software.htm

Gradient Based Method for solving the `1/2 regularization problem (Wu
et al., 2014). Suggested by the authors, we choose the initial point as
the solution obtained by the `1 -Magic.

Iterative Shrinkage/Thresholding Algorithm (Daubechies et al., 2004)
for solving the `1 regularization problem.

`1 -Magic is a collection of Matlab routines for solving the convex optimization programs central to compressive sampling, based on standard
interior-point methods (Candès et al., 2006a). The package is available
at https://statweb.stanford.edu/˜candes/l1magic/

MultiFoBa is group FoBa for multi-task learning (Tian et al., 2016).

Adaptive forward-backward greedy algorithm for sparse learning
(Zhang, 2011). The R package is available at https://CRAN.Rproject.org/package=foba

Compressive Sampling Matched Pursuit algorithms for the recovery of a
high-dimensional sparse signal (Needell and Tropp, 2009). The packages
are available at MathWorks.

Orthogonal Matching Pursuit algorithm for the recovery of a highdimensional sparse signal (Cai and Wang, 2011). The package is available at MathWorks.

YALL1 (Your ALgorithm for L1) is a package of Matlab solvers for the
`1 sparse reconstruction, by virtue of the alternating direction method
(Deng et al., 2011; Yang and Zhang, 2011). The package is available at
http://yall1.blogs.rice.edu/

SPGL1 is a Matlab solver for large-scale sparse reconstruction
(van den Berg and Friedlander, 2008). The package is available at
http://www.cs.ubc.ca/˜mpf/spgl1/

SL0 is an algorithm for finding the sparsest solutions of an underdetermined system of linear equations based on Smoothed `0 norm (Mohimani
et al., 2009). The package is available at http://ee.sharif.edu/˜SLzero/
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Table 1: List of the state-of-the-art algorithms for sparse learning.
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Gene transcriptional regulation is the process that a combination of transcription factors
(TFs) act in concert to control the transcription of the target genes. Inferring gene regulatory network from high-throughput genome-wide data is still a major challenge in systems

4.2 Real Data in Gene Transcriptional Regulation

the recovery is defined as success whenever the relative error between the recovered data
and the true data is smaller than 10−5 , otherwise, it is regarded as failure. Also, we embody
a pixel blue whenever the point is in the case of success, otherwise, red when failure. In
this way, a phase diagram of an algorithm is plotted in Figure 8, where the color of each
cell reflects the empirical recovery rate (scaled between 0 and 1). It is illustrated in Figure
8 that the phase transition phenomenon does appear for the PGM-GSO with the six types
of `p,q regularization. It is shown that `p,1/2 and `p,2/3 (p = 1, 2) regularizations are more
robust than that of `2,0 and `2,1 in the sense that they allow to achieve higher recovery
rates and recover a sparse signal from a smaller amount of samples. It is also revealed by
Figure 8 that `2,1/2 regularization is the most robust one of these six regularizations, which
achieves the same conclusion as the first and third experiments.
Even though some global optimization method, such as the filled function method (Ge,
1990), can find the global solution of the lower-order regularization problem as in Example
2, however, it does not work for the large-scale sparse optimization problems. Because,
in the filled function method, all the directions need to be searched or compared in each
iteration, which costs a large amount of time and hampers the efficiency for solving the
large-scale problems.

Figure 7: Simulation of the PGM-GSO and several state-of-the-art algorithms.
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biology, especially when the number of genes is large but the number of experimental samples is small. In large genomes, such as human and mouse, the complexity of gene regulatory
system dramatically increases. Thousands of TFs combine in different ways to regulate tens
of thousands target genes in various tissues or biological processes. However, only a few
TFs collaborate and usually form complexes (groups of cooperative TFs) to control the
expression of a specific gene in a specific cell type or developmental stage. Thus, the prevalence of TF complex makes the solution of gene regulatory network have a group structure,
and the gene regulatory network inference in such large genomes becomes a group sparse
optimization problem, which is to search a small number of TF complexes (or TFs) from a
pool of thousands of TF complexes (or TFs) for each target gene based on the dependencies
between the expression of TF complexes (or TFs) and the targets. Even though TFs often
work in the form of complexes (Xie et al., 2013), and TF complexes are very important in
the control of cell identity and diseases (Hnisz et al., 2013), current methods to infer gene
regulatory network usually consider each TF separately. To take the grouping information
of TF complexes into consideration, we can apply the group sparse optimization to gene

Figure 8: Phase diagram study of `p,q regularization of group sparse optimization. Blue
denotes perfect recovery in all experiments, and red denotes failure for all experiments.

ρ = s/m

ρ = s/m
ρ = s/m
ρ = s/m

regulatory network inference with the prior knowledge of TF complexes as the pre-defined
grouping.
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4.2.1 Materials

GEO accession
GSE26680
GSE22162
GSE16375
GSE27844
GSE11431
GSE28247
GSE20530
GSE26136
GSE11431
GSE11431
GSE28247
GSE11431
GSE13084
GSE18776
GSE18776
GSE19365
GSE27844
GSE18776
GSE11431
GSE28247
GSE22562
GSE22562
GSE11431
GSE11431
GSE11431
GSE22562
GSE19019
GSE11431
GSE22934
GSE25409

Pubmed ID
21029860
19796622
22297846
18555785
21685913
20434984
21335234
18555785
18555785
21685913
18555785
18974828
20064375
20064375
20075857
22297846
20064375
18555785
21685913
20720539
20720539
18555785
18555785
18555785
20720539
20096661
18555785
21477851
21183938

Factor
Rad21
Rbbp5
Rcor1
Rest
Rest
Rnf2
Rnf2
Rnf2
Setdb1
Smad1
Smad2
Smarca4
Smc1a
Smc3
Sox2
Stat3
Supt5h
Suz12
Suz12
Suz12
Suz12
Taf1
Taf3
Tbp
Tbx3
Tcfcp2l1
Tet1
Wdr5
Whsc2
Zfx

GEO accession
GSE24029
GSE22934
GSE27844
GSE26680
GSE27844
GSE13084
GSE26680
GSE34518
GSE17642
GSE11431
GSE23581
GSE14344
GSE22562
GSE22562
GSE11431
GSE11431
GSE20530
GSE11431
GSE13084
GSE18776
GSE19365
GSE30959
GSE30959
GSE30959
GSE19219
GSE11431
GSE26832
GSE22934
GSE20530
GSE11431

Table 2: ChIP-seq data for TF complex inference.
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Pubmed ID
21589869
21477851
22297846
22297846
18974828
22305566
19884257
18555785
21731500
19279218
20720539
20720539
18555785
18555785
20434984
18555785
18974828
20064375
20075857
21884934
21884934
21884934
20139965
18555785
21451524
21477851
20434984
18555785
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A literature-based golden standard (low-throughput golden standard) TF-target pair
set from biological studies (Figure 9C), including 97 TF-target interactions between 23
TFs and 48 target genes, is downloaded from iScMiD (Integrated Stem Cell Molecular
Interactions Database). Each TF-target pair in this golden standard data set has been
verified by biological experiments. Another more comprehensive golden standard mESC
network is constructed from high-throughput data (high-throughput golden standard) by
ChIP-Array (Qin et al., 2011) using the methods described in Qin et al. (2014). It contains
40006 TF-target pairs between 13092 TFs or targets (Figure 9C). Basically, each TF-target
pair in the network is evidenced by a cell-type specific binding site of the TF on the target’s
promoter and the expression change of the target in the perturbation experiment of the TF,

Factor
Atf7ip
Atrx
Cdx2
Chd4
Ctcf
Ctcf
Ctr9
Dpy30
E2f1
Ep300
Ep300
Esrrb
Ezh2
Ezh2
Jarid2
Jarid2
Kdm1a
Kdm5a
Klf4
Lmnb1
Med1
Med12
Myc
Mycn
Nanog
Nipbl
Nr5a2
Pou5f1
Pou5f1
Prdm14

where A denotes expression profiles of TF complexes, and X represents connections between
TF complexes and targets (Figure 9A).

AX = B + ,

Now we add the grouping information (TF complexes) into this linear system. The
TF complexes are inferred from ChIP-seq data (Table 2) via the method described in Giannopoulou and Elemento (2013). Let the group structure of Z be a matrix W ∈ R2257×939
(actually, the number of groups is 1439), whose Moore-Penrose pseudoinverse is denoted
by W + (Horn and Johnson., 1985). We further let A := HW + and X := W Z. Then the
linear system can be converted into

HZ = B + .

Chromatin immunoprecipitation (ChIP) coupled with next generation sequencing (ChIPseq) identifies in vivo active and cell-specific binding sites of a TF. They are commonly
used to infer TF complexes recently. Thus, we manually collect ChIP-seq data in mouse
embryonic stem cells (mESCs), as shown in Table 2. Transcriptome is the gene expression
profile of the whole genome that is measured by microarray or RNA-seq. The transcriptome
data in mESCs for gene regulatory network inference are downloaded from Gene Expression Omnibus (GEO). 245 experiments under perturbations in mESC are collected from
three papers Correa-Cerro et al. (2011); Nishiyama et al. (2009, 2013). Each experiment
produced transcriptome data with or without overexpression or knockdown of a gene, in
which the control and treatment have two replicates respectively. Gene expression fold
changes between control samples and treatment samples of 12488 target genes in all experiments are log 2 transformed and form matrix B ∈ R245×12488 (Figure 9A). The known
TFs are collected from four TF databases, TRANSFAC, JASPAR, UniPROBE and TFCat,
as well as literature. Let matrix H ∈ R245×939 be made up of the expression profiles of
939 known TFs, and matrix Z ∈ R939×12488 describe the connections between these TFs
and targets. Then, the regulatory relationship between TFs and targets can be represented
approximately by a linear system

The TF-target connections defined by ChIP-seq data are converted into an initial matrix
Z 0 (see Qin et al., 2014). Indeed, if TF i has a binding site around the gene j promoter
0 as a prior value.
within a defined distance (10 kbp), a non-zero number is assigned on Zij

JMLR 18(30):1-52, 2017

Figure 9: Workflow of gene regulatory network inference with `p,q regularization.
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Both high-throughput and low-throughput golden standards are used to draw the ROC
curves of the PGM-GSO with four types of `p,q regularization and the CQA in Figure 10

Scoreij :=

We apply the PGM-GSO, starting from the initial matrix X 0 := W Z 0 , to the gene regulatory network inference problem (Figure 9B), and compare with the CQ algorithm (CQA),
which is shown in Wang et al. (2017) an efficient solver for gene regulatory network inference based on the group structure of TF complexes. The area under the curve (AUC) of a
receiver operating characteristic (ROC) curve is widely recognized as an important index of
the overall classification performance of an algorithm (see Fawcett, 2006). Here, we apply
AUC to evaluate the performance of the PGM-GSO with four types of `p,q regularization,
(p, q) = (2, 1), (2, 0), (2, 1/2) and (1, 1/2), as well as the CQA. A series of numbers of predictive TF complexes (or TFs), denoted by k, from 1 to 100 (that is, the sparsity level varies
from about 0.07% to 7%) are tested. For each k and each pair of TF complex (or TF) i
(k)
and target j, if the XGi j is non-zero, this TF complex (or TF) is regarded as a potential
regulator of this target in this test. In biological sense, we only concern about whether the
true TF is predicted, but not the weight of this TF. We also expect that the TF complexes
(or TFs) which are predicted in a higher sparsity level should be more important than those
that are only reported in a lower sparsity level. Thus, when calculating the AUC, a score
Scoreij is applied as the predictor for TF i on target j:

4.2.2 Numerical Results

which is generally accepted as a true TF-target regulation. These two independent golden
standards are both used to validate the accuracy of the inferred gene regulatory networks.

Figure 10: ROC curves and AUCs of the PGM-GSO on mESC gene regulatory network
inference.

(a) Evaluation with high-throughput golden standard.
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Goldman and Mathias (1996) pointed out that this model of teaching is not powerful enough,
since the teacher is required to make any consistent learner successful. A challenge is to model
powerful teacher/student interactions without enabling unfair “coding tricks”. Intuitively, the term
“coding trick” refers to any form of undesirable collusion between teacher and learner, which would
reduce the learning process to a mere decoding of a code the teacher sent to the learner. There is no

• The student determines L as the unique concept in L that is consistent with T .

• In order to teach a specific concept L ∈ L, the teacher presents to the student a teaching set,
i.e., a set T of labeled examples so that L is the only concept in L that is consistent with T .

• Both of them agree on a “classification-rule system”, formally given by a concept class L.

The classical model of teaching (Shinohara and Miyano, 1991; Goldman and Kearns, 1995) formulates the following interaction protocol between a teacher and a student:

1. Introduction

N

We introduce a new model of teaching named “preference-based teaching” and a corresponding
complexity parameter—the preference-based teaching dimension (PBTD)—representing the worstcase number of examples needed to teach any concept in a given concept class. Although the PBTD
coincides with the well-known recursive teaching dimension (RTD) on finite classes, it is radically
different on infinite ones: the RTD becomes infinite already for trivial infinite classes (such as
half-intervals) whereas the PBTD evaluates to reasonably small values for a wide collection of
infinite classes including classes consisting of so-called closed sets w.r.t. a given closure operator,
including various classes related to linear sets over 0 (whose RTD had been studied quite recently)
and including the class of Euclidean half-spaces. On top of presenting these concrete results, we
provide the reader with a theoretical framework (of a combinatorial flavor) which helps to derive
bounds on the PBTD.
Keywords: teaching dimension, preference relation, recursive teaching dimension, learning halfspaces, linear sets
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1. Such a preference relation can be thought of as a kind of bias in learning: the student is “biased” towards concepts
that are preferred over others, and the teacher, knowing the student’s bias, selects teaching sets accordingly.

generally accepted definition of what constitutes a coding trick, in part because teaching an exact
learner could always be considered coding to some extent: the teacher presents a set of examples
which the learner “decodes” into a concept.
In this paper, we adopt the notion of “valid teacher/learner pair” introduced by Goldman and
Mathias (1996). They consider their model to be intuitively free of coding tricks while it provably
allows for a much broader class of interaction protocols than the original teaching model. In particular, teaching may thus become more efficient in terms of the number of examples in the teaching
sets. Further definitions of how to avoid unfair coding tricks have been suggested (Zilles et al.,
2011), but they were less stringent than the one proposed by Goldman and Mathias. The latter
simply requests that, if the learner hypothesizes concept L upon seeing a sample set S of labeled
examples, then the learner will still hypothesize L when presented with any sample set S ∪S 0 , where
S 0 contains only examples labeled consistently with L. A coding trick would then be any form of
exchange between the teacher and the learner that does not satisfy this definition of validity.
The model of recursive teaching (Zilles et al., 2011; Mazadi et al., 2014), which is free of
coding tricks according to the Goldman-Mathias definition, has recently gained attention because
its complexity parameter, the recursive teaching dimension (RTD), has shown relations to the VCdimension and to sample compression (Chen et al., 2016; Doliwa et al., 2014; Moran et al., 2015;
Simon and Zilles, 2015), when focusing on finite concept classes. Below though we will give
examples of rather simple infinite concept classes with infinite RTD, suggesting that the RTD is
inadequate for addressing the complexity of teaching infinite classes.
In this paper, we introduce a model called preference-based teaching, in which the teacher and
the student do not only agree on a classification-rule system L but also on a preference relation (a
strict partial order) imposed on L. If the labeled examples presented by the teacher allow for several
consistent explanations (= consistent concepts) in L, the student will choose a concept L ∈ L that
she prefers most. This gives more flexibility to the teacher than the classical model: the set of
labeled examples need not distinguish a target concept L from any other concept in L but only from
those concepts L0 over which L is not preferred.1 At the same time, preference-based teaching
yields valid teacher/learner pairs according to Goldman and Mathias’s definition. We will show that
the new model, despite avoiding coding tricks, is quite powerful. Moreover, as we will see in the
course of the paper, it often allows for a very natural design of teaching sets.
Assume teacher and student choose a preference relation that minimizes the worst-case number
M of examples required for teaching any concept in the class L. This number M is then called the
preference-based teaching dimension (PBTD) of L. In particular, we will show the following:
(i) Recursive teaching is a special case of preference-based teaching where the preference relation satisfies a so-called “finite-depth condition”. It is precisely this additional condition that
renders recursive teaching useless for many natural and apparently simple infinite concept classes.
Preference-based teaching successfully addresses these shortcomings of recursive teaching, see Section 3. For finite classes, PBTD and RTD are equal.
(ii) A wide collection of geometric and algebraic concept classes with infinite RTD can be taught
very efficiently, i.e., with low PBTD. To establish such results, we show in Section 4 that spanning
sets can be used as preference-based teaching sets with positive examples only — a result that is
very simple to obtain but quite useful.
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(iii) In the preference-based model, linear sets over N 0 with origin 0 and at most k generators
can be taught with k positive examples, while recursive teaching with a bounded number of positive
examples was previously shown to be impossible and it is unknown whether recursive teaching
with a bounded number of positive and negative examples is possible for k ≥ 4. We also give some
almost matching upper and lower bounds on the PBTD for other classes of linear sets, see Section 6.
(iv) The PBTD of halfspaces in Rd is upper-bounded by 6, independent of the dimensionality d
(see Section 7), while its RTD is infinite.
(v) We give full characterizations of concept classes that can be taught with only one example
(or with only one example, which is positive) in the preference-based model (see Section 8).
Based on our results and the naturalness of the teaching sets and preference relations used in
their proofs, we claim that preference-based teaching is far more suitable to the study of infinite
concept classes than recursive teaching.
Parts of this paper were published in a previous conference version (Gao et al., 2016).

2. Basic Definitions and Facts

N 0 denotes the set of all non-negative integers and N denotes the set of all positive integers. A
concept class L is a family of subsets over a universe X , i.e., L ⊆ 2X where 2X denotes the powerset
of X . The elements of L are called concepts. A labeled example is an element of X × {−, +}.
We slightly deviate from this notation in Section 7, where our treatment of halfspaces makes it
more convenient to use {−1, 1} instead of {−, +}, and in Section 8, where we perform Boolean
operations on the labels and therefore use {0, 1} instead of {−, +}. Elements of X are called
examples. Suppose that T is a set of labeled examples. Let T + = {x ∈ X : (x, +) ∈ T } and
T − = {x ∈ X : (x, −) ∈ T }. A set L ⊆ X is consistent with T if it includes all examples in T that
are labeled “+” and excludes all examples in T that are labeled “−”, i.e, if T + ⊆ L and T − ∩L = ∅.
A set of labeled examples that is consistent with L but not with L0 is said to distinguish L from L0 .
The classical model of teaching is then defined as follows.
Definition 1 (Shinohara and Miyano (1991); Goldman and Kearns (1995)) A teaching set for a
concept L ∈ L w.r.t. L is a set T of labeled examples such that L is the only concept in L that is
consistent with T , i.e., T distinguishes L from any other concept in L. Define TD(L, L) = inf{|T | :
T is a teaching set for L w.r.t. L}. i.e., TD(L, L) is the smallest possible size of a teaching set for
L w.r.t. L. If L has no finite teaching set w.r.t. L, then TD(L, L) = ∞. The number TD(L) =
supL∈L TD(L, L) ∈ N 0 ∪ {∞} is called the teaching dimension of L.
For technical reasons, we will occasionally deal with the number TDmin (L) = inf L∈L TD(L,
L), i.e., the number of examples needed to teach the concept from L that is easiest to teach.
In this paper, we will examine a teaching model in which the teacher and the student do not only
agree on a classification-rule system L but also on a preference relation, denoted as ≺, imposed on
L. We assume that ≺ is a strict partial order on L, i.e., ≺ is asymmetric and transitive. The partial
order that makes every pair L 6= L0 ∈ L incomparable is denoted by ≺∅ . For every L ∈ L, let
L≺L = {L0 ∈ L : L0 ≺ L}
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be the set of concepts over which L is strictly preferred. Note that L≺∅ L = ∅ for every L ∈ L.
3

G AO ET AL .

As already noted above, a teaching set T of L w.r.t. L distinguishes L from any other concept
in L. If a preference relation comes into play, then T will be exempted from the obligation to
distinguish L from the concepts in L≺L because L is strictly preferred over them anyway.

Definition 2 A teaching set for L ⊆ X w.r.t. (L, ≺) is defined as a teaching set for L w.r.t. L \ L≺L .
Furthermore define

PBTD(L, L, ≺) = inf{|T | : T is a teaching set for L w.r.t. (L, ≺)} ∈ N 0 ∪ {∞} .

(1)

The number PBTD(L, ≺) = supL∈L PBTD(L, L, ≺) ∈ N 0 ∪ {∞} is called the teaching dimension of (L, ≺).
Definition 2 implies that

PBTD(L, L, ≺) = TD(L, L \ L≺L ) .

Let L 7→ T (L) be a mapping that assigns a teaching set for L w.r.t. (L, ≺) to every L ∈ L. It is
obvious from Definition 2 that T must be injective, i.e., T (L) 6= T (L0 ) if L and L’ are distinct concepts from L. The classical model of teaching is obtained from the model described in Definition 2
when we plug in the empty preference relation ≺∅ for ≺. In particular, PBTD(L, ≺∅ ) = TD(L).
We are interested in finding the partial order that is optimal for the purpose of teaching and we
aim at determining the corresponding teaching dimension. This motivates the following notion:

Definition 3 The preference-based teaching dimension of L is given by

PBTD(L) = inf{PBTD(L, ≺) : ≺ is a strict partial order on L} .

A relation R0 on L is said to be an extension of a relation R if R ⊆ R0 . The order-extension principle states that any partial order has a linear extension (Jech, 1973). The following result (whose
second assertion follows from the first one in combination with the order-extension principle) is
pretty obvious:

Lemma 4
1. Suppose that ≺0 extends ≺. If T is a teaching set for L w.r.t. (L, ≺), then T is a
teaching set for L w.r.t. (L, ≺0 ). Moreover PBTD(L, ≺0 ) ≤ PBTD(L, ≺).

2. PBTD(L) = inf{PBTD(L, ≺) : ≺ is a strict linear order on L}.
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Recall that Goldman and Mathias (1996) suggested to avoid coding tricks by requesting that any
superset S of a teaching set for a concept L remains a teaching set, if S is consistent with L. This
property is obviously satisfied in preference-based teaching. A preference-based teaching set needs
to distinguish a concept L from all concepts in L that are preferred over L. Adding more labeled
examples from L to such a teaching set will still result in a set distinguishing L from all concepts in
L that are preferred over L.

4

PBTD+ (L, L, ≺) = inf{|T | : T is a positive teaching set for L w.r.t. (L, ≺)} .
(2)

(3)

5
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Since this holds for any choice of ≺, we get PBTD(L0 ) ≥ TDmin (L0 ), as desired.

PBTD(L0 , ≺) ≥ PBTD(L0 , L0 , ≺) = TD(L0 , L0 \ L0≺L0 ) = TD(L0 , L0 ) ≥ TDmin (L0 ) .

(1)

Proof The first inequality holds because PBTD is monotonic. The second inequality follows from
the fact that a finite partially ordered set must contain a minimal element. Thus, for any fixed choice
of ≺, L0 must contain a concept L0 such that L0≺L0 = ∅. Hence,

Lemma 7 For every finite subclass L0 of L, we have PBTD(L) ≥ PBTD(L0 ) ≥ TDmin (L0 ).

As an application of monotonicity, we show the following result:

Lemma 6 PBTD and PBTD+ are monotonic.

Monotonicity. A complexity measure K that assigns a number K(L) ∈ N 0 to a concept class L
is said to be monotonic if L0 ⊆ L implies that K(L0 ) ≤ K(L). It is well known (and trivial to see)
that TD is monotonic. It is fairly obvious that PBTD is monotonic, too:

PBTD+ (L) = inf{PBTD+ (L, ≺) : ≺ is a strict partial order on L} .

The number PBTD+ (L, ≺) = supL∈L PBTD+ (L, L, ≺) (possibly ∞) is called the positive teaching dimension of (L, ≺). The positive preference-based teaching dimension of L is then given by

Define

Lemma 5 Suppose that L 7→ T + (L) maps each L ∈ L to a positive teaching set for L w.r.t. (L, ≺).
Then ≺ must be an extension of ⊃ (so that proper subsets of a set L are strictly preferred over L)
and, for every L ∈ L, the set T + (L) must distinguish L from every proper subset of L in L.

Preference-based teaching with positive examples only. Suppose that L contains two concepts
L, L0 such that L ⊂ L0 . In the classical teaching model, any teaching set for L w.r.t. L has to
employ a negative example in order to distinguish L from L0 . Symmetrically, any teaching set for
L0 w.r.t. L has to employ a positive example. Thus classical teaching cannot be performed with one
type of examples only unless L is an antichain w.r.t. inclusion. As for preference-based teaching,
the restriction to one type of examples is much less severe, as our results below will show.
A teaching set T for L ∈ L w.r.t. (L, ≺) is said to be positive if it does not make use of negatively
labeled examples, i.e., if T − = ∅. In the sequel, we will occasionally identify a positive teaching set
T with T + . A positive teaching set for L w.r.t. (L, ≺) can clearly not distinguish L from a proper
superset of L in L. Thus, the following holds:

P REFERENCE - BASED T EACHING

(4)

(5)

6
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Lemma 10 There exists an infinite class L∞ of VC-dimension 1 such that PBTD+ (L∞ ) = 1 and
RTD(L∞ ) = ∞.

While PBTD(L) and RTD(L) refer to the same finite number when L is finite, there are classes
for which the RTD is infinity and yet the PBTD is finite, as Lemma 10 will show.

Corollary 9 PBTD(L) ≤ RTD(L), with equality if L is finite.

The following is an immediate consequence of Lemma 8 and the trivial observation that the
finite-depth condition is always satisfied if L is finite:

Lemma 8 RTD(L) = inf ≺ PBTD(L, ≺) and RTD+ (L) = inf ≺ PBTD+ (L, ≺) where ≺ ranges
over all strict partial orders on L that satisfy the following “finite-depth condition”: every L ∈ L
has a finite depth w.r.t. ≺.

Note an important difference between PBTD and RTD: while RTD(L) ≥ TDmin (L0 ) for all
L0 ⊆ L, in general the same holds for PBTD only when restricted to finite L0 , cf. Lemma 7. This
difference will become evident in the proof of Lemma 10.
The depth of L ∈ L w.r.t. a strict partial order imposed on L is defined as the length of the
longest chain in (L, ≺) that ends with the ≺-maximal element L (resp. as ∞ if there is no bound
on the length of these chains). The recursive teaching dimension is related to the preference-based
teaching dimension as follows:

L∈L1

RTD(L) ≥ RTD(L0 ) = ord(S) ≥ d1 = sup TD(L, L0 ) ≥ TDmin (L0 ) .

If, for every i ≥ 1, di is the supremum over all L ∈ Li of the smallest size of a positive teaching
set for L w.r.t. ∪j≥i Lj (and di = ∞ if some L ∈ Li does not have a positive teaching set w.r.t.
∪j≥i Lj ), then S is said to be a positive teaching sequence for L. The order of a teaching sequence
or a positive teaching sequence S (possibly ∞) is defined as ord(S) = supi≥1 di . The recursive
teaching dimension of L (possibly ∞) is defined as the order of the teaching sequence of lowest
order for L. More formally, RTD(L) = inf S ord(S) where S ranges over all teaching sequences
for L. Similarly, RTD+ (L) = inf S ord(S), where S ranges over all positive teaching sequences for
L. Note that the following holds for every L0 ⊆ L and for every teaching sequence S = (Li , di )i≥1
for L0 such that ord(S) = RTD(L0 ):

L∈Li



di = sup TD L, L \ ∪i−1
.
j=1 Lj

The preference-based teaching dimension is a relative of the recursive teaching dimension. In fact,
both notions coincide on finite classes, as we will see shortly. We first recall the definitions of the
recursive teaching dimension and of some related notions (Zilles et al., 2011; Mazadi et al., 2014).
A teaching sequence for L is a sequence of the form S = (Li , di )i≥1 where L1 , L2 , L3 , . . . form
a partition of L into non-empty sub-classes and, for every i ≥ 1, we have that

3. Preference-based versus Recursive Teaching

G AO ET AL .
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Example 1 Let Rd denote the class of d-dimensional axis-parallel hyper-rectangles (= d-dimensional boxes). This class is intersection-closed and clearly I(Rd ) = 2. Thus PBTD+ (Rd ) = 2.

G AO ET AL .

Lemma 12 Suppose that L is intersection-closed. Then I 0 (L) = PBTD+ (L) = I(L).

Proof Let L∞ be the family of closed half-intervals over [0, 1), i.e., L∞ = {[0, a] : 0 ≤ a < 1}.
We first prove that PBTD+ (L∞ ) = 1. Consider the preference relation given by [0, b] ≺ [0, a] iff
a < b. Then, for each 0 ≤ a < 1, we have
(1)

PBTD([0, a], L∞ , ≺) = TD([0, a], {[0, b] : 0 ≤ b ≤ a}) = 1

The following notions refer to an arbitrary but fixed closure operator. The set cl(A) is called the
closure of A. A set C is said to be closed if cl(C) = C. It follows that precisely the sets cl(A) with
A ⊆ X are closed. With this notation, we observe the following lemma.

8
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Example 4 Let X = Rn and let Ck be the class of polyhedral cones that can be generated by k (or
less) vectors in Rn . If we take cl(S) to be the conic closure of S ⊆ Rn , then C[k] = Ck and thus
PBTD+ (Ck ) = k.

Example 3 Let X = R2 and let Ck be the class of convex polygons with at most k vertices. Defining
cl(S) to be the convex closure of S, we obtain C[k] = Ck and thus PBTD+ (Ck ) = k.

Example 2 Let
LINSETk = {hGi : (G ⊂ N ) ∧ (1 ≤ |G| ≤ k)}
nP
o
where hGi =
g∈G a(g)g : a(g) ∈ N 0 . In other words, LINSETk is the set of all non-empty
linear subsets of N0 that are generated by at most k generators. Note that the mapping G 7→ hGi is
a closure operator over the universe N 0 . Since obviously LINSETk \ LINSETk−1 6= ∅, we obtain
PBTD+ (LINSETk ) = k.

Many natural classes can be cast as classes of the form C[m] by choosing the universe and the
closure operator appropriately; the following examples illustrate the usefulness of Theorem 14 in
that regard.

Proof The inequality PBTD+ (C[m], ⊃) ≤ m follows directly from Equation (6) and Lemma 13.
Pick a concept C0 ∈ C[m] such that scl (C0 ) = m. Then any subset S of C0 of size less than m
spans only a proper subset of C0 , i.e., cl(S) ⊂ C0 . Thus S does not distinguish C0 from cl(S).
However, by Lemma 5, any preference-based learner must strictly prefer cl(S) over C0 . It follows
that there is no positive teaching set of size less than m for C0 w.r.t. C[m].

Theorem 14 Given a closure operator, let C[m] be the class of all closed subsets C ⊆ X with
scl (C) ≤ m. Then PBTD+ (C[m]) ≤ PBTD+ (C[m], ⊃) ≤ m. Moreover, this holds with equality
provided that C[m] \ C[m − 1] 6= ∅.

For every closed set L ∈ L, let scl (L) denote the size (possibly ∞) of the smallest set S ⊆ X
such that cl(S) = L. With this notation, we get the following (trivial but useful) result:

Lemma 13 Let C be the set of all closed subsets of X under some closure operator cl, and let
L ∈ C. If L = cl(S), then S is a spanning set of L w.r.t. C.

A ⊆ B ⇒ cl(A) ⊆ cl(B) and A ⊆ cl(A) = cl(cl(A)) .

because the single example (a, +) suffices for distinguishing [0, a] from any interval [0, b] with
b < a.
It was observed by Moran et al. (2015) already that RTD(L∞ ) = ∞ because every teaching set
for some [0, a] must contain an infinite sequence of distinct reals that converges from above to a.
Thus, using Equation (5) with L0 = L, we have RTD(L∞ ) ≥ TDmin (L∞ ) = ∞.

Proof Suppose L0 ∈ C and S ⊆ L0 . Then L = cl(S) ⊆ cl(L0 ) = L0 .

A mapping cl : 2X → 2X is said to be a closure operator on the universe X if the following
conditions hold for all sets A, B ⊆ X :

Remark 11 For every k ≥ 1, there exists an infinite class Lk such that PBTD+ (Lk ) = 1 and
RTD(Lk ) = k; see (Gao et al., 2017, Lemma 6).

4. Preference-based Teaching with Positive Examples Only

(6)

The main purpose of this section is to relate positive preference-based teaching to “spanning sets”
and “closure operators”, which are well-studied concepts in the computational learning theory literature. Let L be a concept class over the universe X . We say that S ⊆ X is a spanning set of
L ∈ L w.r.t. L if S ⊆ L and any set in L that contains S must contain L as well.2 In other words,
L is the unique smallest concept in L that contains S. We say that S ⊆ X is a weak spanning set
of L ∈ L w.r.t. L if S ⊆ L and S is not contained in any proper subset of L in L.3 We denote
by I(L) (resp. I 0 (L)) the smallest number k such that every concept L ∈ L has a spanning set
(resp. a weak spanning set) w.r.t. L of size at most k. Note that S is a spanning set of L w.r.t. L iff
S distinguishes L from all concepts in L except for supersets of L, i.e., iff S is a positive teaching
set for L w.r.t. (L, ⊃). Similarly, S is a weak spanning set of L w.r.t. L iff S distinguishes L from
all its proper subsets in L (which is necessarily the case when S is a positive teaching set). These
observations can be summarized as follows:
I 0 (L) ≤ PBTD+ (L) ≤ PBTD+ (L, ⊃) ≤ I(L) .

The last two inequalities are straightforward. The inequality I 0 (L) ≤ PBTD+ (L) follows from
Lemma 5, which implies that no concept L can have a preference-based teaching set T smaller than
its smallest weak spanning set. Such a set T would be consistent with some proper subset of L,
which is impossible by Lemma 5.
Suppose L is intersection-closed. Then ∩L∈L:S⊆L L is the unique smallest concept in L containing S. If S ⊆ L0 is a weak spanning set of L0 ∈ L, then ∩L∈L:S⊆L L = L0 because, on the one
hand, ∩L∈L:S⊆L L ⊆ L0 and, on the other hand, no proper subset of L0 in L contains S. Thus the
distinction between spanning sets and weak spanning sets is blurred for intersection-closed classes:
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2. This generalizes the classical definition of a spanning set (Helmbold et al., 1990), which is given w.r.t. intersectionclosed classes only.
3. Weak spanning sets have been used in the field of recursion-theoretic inductive inference under the name “tell-tale
sets” (Angluin, 1980).

7
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where T ranges over all mappings that are admissible for L and T + ranges over all positive mappings that are admissible for L.

T

PBTD(L) = inf ord(T ) and PBTD+ (L) = inf ord(T + )

Lemma 17 For each concept class L, the following holds:

The following result clarifies how admissible mappings are related to preference-based teaching:

Proof If T + is admissible, then L0 is consistent with T + (L0 ). Thus T + (L0 ) ⊆ L0 ⊂ L so that L is
consistent with T + (L0 ) too. Therefore (L, L0 ) ∈ RT + , i.e., L ≺T + L0 .

L0 ⊂ L ⇒ (L, L0 ) ∈ RT + ⇒ L ≺T + L0 .

Lemma 16 Suppose that T + is a positive admissible mapping for L. Then the relation ≺T + on L
extends the relation ⊃ on L. More precisely, the following holds for all L, L0 ∈ L:

If T is admissible, then trcl(RT ) is transitive and asymmetric, i.e., trcl(RT ) is a strict partial order
on L. We will therefore use the notation ≺T instead of trcl(RT ) whenever T is known to be
admissible.

2. The relation trcl(RT ) is asymmetric (which clearly implies that RT is asymmetric too).

1. For every L ∈ L, L is consistent with T (L).

Definition 15 A mapping L 7→ T (L) with L ranging over all concepts in L is said to be admissible
for L if the following holds:

The transitive closure of RT is denoted as trcl(RT ) in the sequel. The following notion will play
an important role in this paper:

RT = {(L, L0 ) ∈ L × L : (L 6= L0 ) ∧ (L is consistent with T (L0 ))} .

In this section, we give an alternative definition of the preference-based teaching dimension using
the notion of an “admissible mapping”. Given a concept class L over a universe X , let T be a
mapping L 7→ T (L) ⊆ X × {−, +} that assigns a set T (L) of labeled examples to every set L ∈ L
such that the labels in T (L) are consistent with L. The order of T , denoted as ord(T ), is defined as
supL∈L |T (L)| ∈ N ∪ {∞}. Define the mappings T + and T − by setting T + (L) = {x : (x, +) ∈
T (L)} and T − (L) = {x : (x, −) ∈ T (L)} for every L ∈ L. We say that T is positive if T − (L) = ∅
for every L ∈ L. In the sequel, we will occasionally identify a positive mapping L 7→ T (L) with
the mapping L 7→ T + (L). The symbol “+” as an upper index of T will always indicate that the
underlying mapping T is positive.
The following relation will help to clarify under which conditions the sets (T (L))L∈L are teaching
sets w.r.t. a suitably chosen preference relation:

5. A Convenient Technique for Proving Upper Bounds

P REFERENCE - BASED T EACHING



i=1

ai gi : a1 , . . . , ak ∈ N 0







k
X




and hGi+ =



i=1

ai gi : a1 , . . . , ak ∈ N



.
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A subset of N 0 whose complement in N 0 is finite is said to be co-finite. The letters “CF” in
CF-LINSET mean “co-finite”. The concepts in LINSETk have the algebraic structure of a monoid
w.r.t. addition. The concepts in CF-LINSETk are also known as “numerical semigroups” (Rosales

NE-CF-LINSETk = {hGi+ : (G ⊂ N ) ∧ (1 ≤ |G| ≤ k) ∧ (gcd(G) = 1)} .

CF-LINSETk = {hGi : (G ⊂ N ) ∧ (1 ≤ |G| ≤ k) ∧ (gcd(G) = 1)} .
NE-LINSETk = {hGi+ : (G ⊂ N ) ∧ (1 ≤ |G| ≤ k)} .

LINSETk = {hGi : (G ⊂ N ) ∧ (1 ≤ |G| ≤ k)} .

We will determine (at least approximately) the preference-based teaching dimension of the following concept classes over N 0 :

hGi =


k
X

Some work in computational learning theory (Abe, 1989; Gao et al., 2015; Takada, 1992) is concerned with learning semi-linear sets, i.e., unions of linear subsets of Nk for some fixed k ≥ 1,
where each linear set consists of exactly those elements that can be written as the sum of some
constant vector c and a linear combination of the elements of some fixed set of generators, see
Example 2. While semi-linear sets are of common interest in mathematics in general, they play a
particularly important role in the theory of formal languages, due to Parikh’s theorem, by which the
so-called Parikh vectors of strings in a context-free language always form a semi-linear set (Parikh,
1966).
A recent study (Gao et al., 2015) analyzed computational teaching of classes of linear subsets
of N (where k = 1) and some variants thereof, as a substantially simpler yet still interesting special
case of semi-linear sets. In this section, we extend that study to preference-based teaching.
Within the scope of this section, all concept classes are formulated over the universe X = N 0 .
Let G = {g1 , . . . , gk } be a finite subset of N . We denote by hGi resp. by hGi+ the following sets:

6. Preference-based Teaching of Linear Sets

Proof We restrict ourselves to the proof for PBTD(L) = inf T ord(T ) because the equation
PBTD+ (L) = inf T + ord(T + ) can be obtained in a similar fashion. We first prove that PBTD(L)
≤ inf T ord(T ). Let T be an admissible mapping for L. It suffices to show that, for every L ∈ L,
T (L) is a teaching set for L w.r.t. (L, ≺T ). Suppose L0 ∈ L \ {L} is consistent with T (L). Then
(L0 , L) ∈ RT and thus L0 ≺T L. It follows that ≺T prefers L over all concepts L0 ∈ L \ {L} that
are consistent with T (L). Thus T is a teaching set for L w.r.t. (L, ≺T ), as desired.
We now prove that inf T ord(T ) ≤ PBTD(L). Let ≺ be a strict partial order on L and let T
be a mapping such that, for every L ∈ L, T (L) is a teaching set for L w.r.t. (L, ≺). It suffices to
show that T is admissible for L. Consider a pair (L0 , L) ∈ RT . The definition of RT implies that
L0 6= L and that L0 is consistent with T (L). Since T (L) is a teaching set w.r.t. (L, ≺), it follows that
L0 ≺ L. Thus, ≺ is an extension of RT . Since ≺ is transitive, it is even an extension of trcl(RT ).
Because ≺ is asymmetric, trcl(RT ) must be asymmetric, too. It follows that T is admissible.

G AO ET AL .
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(7)

Pk
ai gi .
and Garcı́a-Sánchez, 2009). A zero coefficient aj = 0 erases gj in the linear combination i=1
Coefficients from N are non-erasing in this sense. The letters “NE” in “NE-LINSET” mean “nonerasing”.
The shift-extension L0 of a concept class L over the universe N 0 is defined as follows:
L0 = {c + L : (c ∈ N 0 ) ∧ (L ∈ L)} .

k−1
2

RTD
?
∈ {k − 1, k}
∈ {k − 1, k, k + 1}

k

PBTD+
=k
= k
j
k

∈
k−1
2

:k

∈

j

k−1
2

k−1
2

k

:k

:k



PBTD
∈ {k − 1, k}
{k − 1, k} 
 ∈
j
k


∈

(8)

The following bounds on RTD and RTD+ (for sufficiently large values of k)4 are known
from (Gao et al., 2015):
RTD+
LINSETk
=∞
CF-LINSETk = k
NE-LINSETk0 = k + 1
Here NE-LINSETk0 denotes the shift-extension of NE-LINSETk .
The following result shows the corresponding bounds with PBTD in place of RTD:

LINSETk
CF-LINSETk
NE-LINSETk
j

PBTD+ (L0 ) = k + 1 ∧ PBTD(L0 ) ∈ {k − 1, k, k + 1}

NE-CF-LINSETk ∈

:k

Theorem 18 The bounds in the following table are valid:

Moreover
holds for all L ∈

{LINSETk , CF-LINSETk , NE-LINSETk , NE-CF-LINSETk }.

Note that the equation PBTD+ (LINSETk ) = k was already proven in Example 2, using the
fact that G 7→ hGi is a closure operator. Since G 7→ hGi+ is not a closure operator, we give a
separate argument to prove an upper bound of k on PBTD+ (NE-LINSETk ) (see Lemma 37 in
Appendix A). All other upper bounds in Theorem 18 are then easy to derive. The lower bounds
in Theorem 18 are much harder to obtain. A complete proof of Theorem 18 will be given in Appendix A.
Remark 19 The lower bound on PBTD+ (NE-LINSETk ) and PBTD+ (NE-CF-LINSETk ) may
be improved to k − 1; see (Gao et al., 2017, Theorem 2, Appendix A.3).
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4. For instance, RTD+ (LINSETk ) = ∞ holds for all k ≥ 2 and RTD(LINSETk ) = ? (where “?” means “unknown”) holds for all k ≥ 4.
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7. Preference-based Teaching of Halfspaces

In this section, we study preference-based teaching of halfspaces. We will denote the all-zeros
vector as ~0. The vector with 1 in coordinate i and with 0 in the remaining coordinates is denoted as
~ei . The dimension of the Euclidean space in which these vectors reside will always be clear from
the context. The sign of a real number x (with value 1 if x > 0, value −1 if x < 0, and value 0 if
x = 0) is denoted by sign(x).
Suppose that w ∈ Rd \ {~0} and b ∈ R. The (positive) halfspace induced by w and b is then
given by
Hw,b = {x ∈ Rd : w> x + b ≥ 0} .

Instead of Hw,0 , we simply write Hw . Let Hd denote the class of d-dimensional Euclidean halfspaces:
Hd = {Hw,b : w ∈ Rd \ {~0} ∧ b ∈ R} .

Similarly, Hd0 denotes the class of d-dimensional homogeneous Euclidean halfspaces:

Hd0 = {Hw : w ∈ Rd \ {~0}} .

+
Let Sd−1 denote the (d − 1)-dimensional unit sphere in Rd . Moreover Sd−1
= {x ∈ Sd−1 :
xd > 0} denotes the “northern hemisphere”. If not stated explicitly otherwise, we will represent
homogeneous halfspaces with normalized vectors residing on the unit sphere. We remind the reader
of the following well-known fact:

Remark 20 The orthogonal group in dimension d (i.e., the multiplicative group of orthogonal (d ×
d)-matrices) acts transitively on Sd−1 and it conserves the inner product.

We now prove a helpful lemma, stating that each vector w∗ in the northern hemisphere may
serve as a representative for some homogeneous halfspace Hu in the sense that all other elements
of Hu in the northern hemisphere have a strictly smaller d-th component than w∗ . This will later
help to teach homogeneous halfspaces with a preference that orders vectors by the size of their last
coordinate.

(9)

Lemma 21 Let d ≥ 2, let 0 < h ≤ 1 and let Rd,h = {w ∈ Sd−1 : wd = h}. With this notation the
following holds. For every w∗ ∈
there exists u ∈ Rd \ {~0} such that
Rd,h ,

+
(w∗ ∈ Hu ) ∧ (∀w ∈ (Sd−1
∩ Hu ) \ {w∗ } : wd < h) .

+
:
w ∈ Sd−1

w∗
wd−1
≥ d−1
>0
wd
wd∗

.

Proof For h = 1, the statement is trivial, since Rd,1 = {~ed }. So let h < 1.
Because of Remark 20, we may assume without loss of generality that the vector w∗ ∈ Rd,h
√
equals (0, . . . , 0, 1 − h2 , h). It suffices therefore to show that, with this choice of w∗ , the vector
∗ ) satisfies (9). Note that w ∈ H iff hu, wi = w ∗ w
∗
u = (0, . . . , 0, wd∗ , −wd−1
u
d d−1 − wd−1 wd ≥ 0.
Since hu, w∗ i = 0, we have w∗ ∈ Hu . Moreover, it follows that
(
)
+
Sd−1
∩ Hu =
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It is obvious that no vector w ∈ S + ∩ H can have a d-th component wd exceeding wd∗ = h and
u
d−1
√
∗
that setting wd = h = wd∗ forces the settings wd−1 = wd−1
= 1 − h2 and w1 = . . . = wd−2 = 0.

12
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1. The first example is chosen as (~0, b∗ ). The pair (w, b) can be consistent with this example
only if b = −1 in the case that b∗ = −1 and b ∈ {0, 1} in the case that b∗ = 1.

We thus conclude that the class of homogeneous halfspaces has a preference-based teaching
dimension of 2, independent of the dimensionality d ≥ 2.

13

Proof Within the proof, we use the label “1” instead of “+” and the label “−1” instead of “−”. The
pair (w, b) denotes the student’s hypothesis for the target weight-bias pair (w∗ , b∗ ). The examples
shown to the student will involve the unknown quantities w∗ and b∗ . Each example will lead to a
new constraint on w and b. We will see that the collection of these constraints reveals the required
information. We proceed in three stages:

Lemma 26 Let w∗ ∈ Rd be a vector with a non-trivial d-th component wd∗ 6= 0 and let b∗ ∈ {±1}
be a bias. Then there exist three examples labeled according to Hw∗ ,b∗ such that the following holds.
Every weight-bias pair (w, b) consistent with these examples satisfies b = b∗ , sign(wd ) = sign(wd∗ )
and
(
|wd | ≥ |wd∗ | if b∗ = −1
.
(10)
|wd | ≤ |wd∗ | if b∗ = +1

We have thus established that the class of homogeneous halfspaces has a recursive teaching
dimension growing linearly with d, while its preference-based teaching dimension is constant. In
the case of general (i.e., not necessarily homogeneous) d-dimensional halfspaces, the difference
between RTD and PBTD is even more extreme. On the one hand, by generalizing the proof of
Lemma 10, it is easy to see that RTD(Hd ) = ∞ for all d ≥ 1. On the other hand, we will show in
the remainder of this section that PBTD(Hd ) ≤ 6, independent of the value of d.
We will assume in the sequel (by way of normalization) that an inhomogeneous halfspace has a
bias b ∈ {±1}. We start with the following result:

Proof Assume by normalization that the target weight vector has norm 1, i.e., it is taken from Sd−1 .
Remark 20 implies that all weight vectors in Sd−1 are equally hard to teach. It suffices therefore to
show that TD(H~e1 , Hd0 ) = d + 1.
P
We first show that TD(H~e1 , Hd0 ) ≤ d + 1. Define u = − di=2 ~ei . We claim that T =
{(~ei , +) : 2 ≤ i ≤ d} ∪ {(u, +), (~e1 , +)} is a teaching set for H~e1 w.r.t. Hd0 . Consider any w ∈
Sd−1 such that
P Hw is consistent with T . Note that wi = h~ei , wi ≥ 0 for all i ∈ {2, . . . , d} and
hu, wi = − di=2 wi ≥ 0 together imply that wi = 0 for all i ∈ {2, . . . , d} and therefore w = ±~e1 .
Furthermore, w1 = hw, ~e1 i ≥ 0, and so w = ~e1 , as required.
Now we show that TD(H~e1 , Hd0 ) ≥ d + 1 holds for all d ≥ 2. It is easy to see that two examples do not suffice for distinguishing ~e1 ∈ R2 from all weight vectors in S1 . In other words,
TD(H~e1 , H20 ) ≥ 3. Suppose now that d ≥ 3. It is furthermore easy to see that a teaching set T
which distinguishes ~e1 from all weight vectors in Sd−1 must contain at least one positive example u
that is orthogonal to ~e1 . The inequality TD(H~e1 , Hd0 ) ≥ d + 1 is now obtained inductively because
the example (u, +) ∈ T leaves open a problem that is not easier than teaching ~e1 w.r.t. the (d − 2)dimensional sphere {x ∈ Sd−1 : x ⊥ u}.

Theorem 25 For any d ≥ 2, TD(Hd0 ) = RTD(Hd0 ) = d + 1.

By contrast, we will show next that the recursive teaching dimension of the class of homogeneous halfspaces grows with the dimensionality.

Corollary 24 For every d ≥ 2, we have PBTD(Hd0 ) = 2.
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Proof We verify this lemma via Lemma 7, by providing a finite subclass F of H20 such that
TDmin (F) = 2. Let F = {Hw : ~0 6= w ∈ {−1, 0, 1}2 }. It is easy to verify that each of the
8 halfspaces in F has a teaching dimension of 2 with respect to F. This example can be extended
to higher dimensions in the obvious way.

Lemma 23 For every d ≥ 2, we have PBTD(Hd0 ) ≥ 2.

The upper bound of 2 given in Theorem 22 is tight, as is stated in the following lemma.

This example reveals whether the unknown weight vector w∗ ∈ Sd−1 has a strictly positive or a
strictly negative d-th component. For reasons of symmetry, we may assume that wd∗ > 0. We are
now precisely in the situation that is described in Lemma 21. Given w∗ and h = wd∗ , the teacher
picks as a second example (u, +) where u ∈ Rd \ {~0} has the properties described in the lemma. It
follows immediately that the student’s preferences will make her choose the weight vector w∗ .

The teacher will use two examples. The first one is chosen as
(
(−~ed , −) if wd∗ > 0
.
(~ed , −)
if wd∗ < 0

• Among the weight vectors w with wd 6= 0, the student prefers vectors with larger values of
|wd | over those with smaller values of |wd |.

In the sequel, we specify a student and a teacher such that these conditions hold, so that we will
consider only target weight vectors w∗ with wd∗ 6= 0.
The student has the following preference relation:

• If the target vector ends with (exactly) s zero coordinates, then the teacher presents only
examples ending with (at least) s zero coordinates.

• For any 0 < s1 < s2 , the student prefers any weight vector that ends with s2 zero coordinates
over any weight vector that ends with only s1 zero coordinates.

Proof Clearly, PBTD(H10 ) = TD(H10 ) = 1 since H10 consists of the two sets {x ∈ R : x ≥ 0}
and {x ∈ R : x ≤ 0}.
Suppose now that d ≥ 2. Let w∗ be the target weight vector (i.e., the weight vector that has to be
taught). Under the following conditions, we may assume without loss of generality that wd∗ 6= 0:

Theorem 22 PBTD(H10 ) = TD(H10 ) = 1 and, for every d ≥ 2, we have PBTD(Hd0 ) ≤ 2.

With this lemma in hand, we can now prove an upper bound of 2 for the preference-based teaching dimension of the class of homogeneous halfspaces, independent of the underlying dimension d.

Consequently, (9) is satisfied, which concludes the proof.
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∗

=−1

2. The next example is chosen as ~a2 = − 2b
ed and labeled “−b∗ ”. Note that hw∗ , ~a2 i + b∗ =
wd∗ · ~
−b∗ . We obtain the following new constraint:

∈{0,1}


z}|{


−2 wd + b < 0 if b∗ = 1
∗
w
hw, ~a2 i + b =
.
d
wd

b ≥ 0 if b∗ = −1
 +2 w
∗ +

|{z}
d

The pair (w, b) with b = b∗ if b∗ = −1 and b ∈ {0, 1} if b∗ = 1 can satisfy the above
constraint only if the sign of wd equals the sign of wd∗ .

∗

b∗ wd
+b≥0 .
wd∗

3. The third example is chosen as the example ~a3 = − wb ∗ · ~ed with label “1”. Note that
d
hw∗ , ~a3 i∗ + b∗ = 0. We obtain the following new constraint:
hw, ~a3 i = −

Given that w is already constrained to weight vectors satisfying sign(wd ) = sign(wd∗ ), we
can safely replace wd /wd∗ by |wd |/|wd∗ |. This yields |wd |/|wd∗ | ≤ b if b∗ = 1 and |wd |/|wd∗ | ≥
−b if b∗ = −1. Since b is already constrained as described in stage 1 above, we obtain
|wd |/|wd∗ | ≤ b ∈ {0, 1} if b∗ = 1 and |wd |/|wd∗ | ≥ −b = 1 if b∗ = −1. The weight-bias pair
(w, b) satisfies these constraints only if b = b∗ and if (10) is valid.
The assertion of the lemma is immediate from this discussion.
Theorem 27 PBTD(Hd ) ≤ 6.
Proof As in the proof of Lemma 26, we use the label “1” instead of “+” and the label “−1” instead
of “−”. As in the proof of Theorem 22, we may assume without loss of generality that the target
weight vector w∗ ∈ Rd satisfies wd∗ 6= 0. The proof will proceed in stages. On the way, we specify
six rules which determine the preference relation of the student.
Stage 1 is concerned with teaching homogeneous halfspaces given by w∗ (and b∗ = 0). The
student respects the following rules:
Rule 1: She prefers any pair (w, 0) over any pair (w0 , b) with b 6= 0. In other words, any homogeneous halfspace is preferred over any non-homogeneous halfspace.
Rule 2: Among homogeneous halfspaces, her preferences are the same as the ones that were used
within the proof of Theorem 22 for teaching homogeneous halfspaces.

JMLR 18(31):1-32, 2017

Thus, if b∗ = 0, then we can simply apply the teaching protocol for homogeneous halfspaces. In
this case, w∗ can be taught at the expense of only two examples.
Stage 1 reduces the problem to teaching inhomogeneous halfspaces given by (w∗ , b∗ ) with b∗ 6=
0. We assume, by way of normalization, that b∗ ∈ {±1}, but note that w∗ can now not be assumed
to be of unit (or any other fixed) length.
In stage 2, the teacher presents three examples in accordance with Lemma 26. It follows that the
student will take into consideration only weight-bias pairs (w, b) such that the constraints b = b∗ ,
sign(wd ) = sign(wd∗ ) and (10) are satisfied. The following rule will then induce the constraint
wd = wd∗ :
15
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Rule 3: Among the pairs (w, b) such that wd 6= 0 and b ∈ {±1}, the student’s preferences are as
follows. If b = −1 (resp. b = 1), then she prefers vectors w with a smaller (resp. larger) value
of |wd | over those with a larger (resp. smaller) value of |wd |.

Thanks to Lemma 26 and thanks to Rule 3, we may from now on assume that b = b∗ and wd = wd∗ .
∗ , w ∗ ) ∈ Rd−1 × R. We think of
In the sequel, let w∗ be decomposed according to w∗ = (w
~ d−1
d
∗
w
~ d−1 as the student’s hypothesis for w
~ d−1
.
∗
Stage 3 is concerned with the special case where w
~ d−1
= ~0. The student will automatically set
w
~ d−1 = ~0 if we add the following to the student’s rule system:

Rule 4: Given that the values for wd and b have been fixed already (and are distinct from 0), the
student prefers weight-bias pairs with w
~ d−1 = ~0 over any weight-bias pair with w
~ d−1 6= ~0.

Stage 3 reduces the problem to teaching (w∗ , b∗ ) with fixed non-zero values for wd and b∗
∗
∗
(known to the student) and with w
~ d−1
6= ~0. Thus, essentially, only w
~ d−1
has still to be taught. In the
∗
is equivalent to teaching a homogeneous
next stage, we will argue that the problem of teaching w
~ d−1
halfspace.
∗
In stage 4, the teacher will present only examples a such that ad = − wb ∗ so that the contribud
tion of the d-th component to the inner product of w∗ and a cancels with the bias b∗ . Given this
commitment for ad , the first d − 1 components of the examples can be chosen so as to teach the
∗
homogeneous halfspace Hw~ d−1
. According to Theorem 22, this can be achieved at the expense of
two more examples. Of course the student’s preferences must match with the preferences that were
used in the proof of this theorem:

Rule 5: Suppose that the values of wd and b have been fixed already (and are distinct from 0)
and suppose that w
~ d−1 6= ~0. Then the preferences for the choice of w
~ d−1 match with the
preferences that were used in the protocol for teaching homogeneous halfspaces.

(11)

After stage 4, the student takes into consideration only weight-bias pairs (w, b) such that wd =
∗
. However, since we had normalized the bias and not the weight
wd∗ , b = b∗ and Hw~ d−1 = Hw~ d−1
∗ . On the other hand, the two weight vectors
vector, this does not necessarily mean that w
~ d−1 = w
~ d−1
already coincide modulo a positive scaling factor, say

∗
w
~ d−1 = s · w
~ d−1
for some s > 0 .

∗
In order to complete the proof, it suffices to teach the L1 -norm of w
~ d−1
to the student (because (11)
∗ k imply that w
∗ ). The next (and final) stage serves precisely this
and kw
~ d−1 k1 = kw
~ d−1
~ d−1 = w
~ d−1
1
purpose.
As for stage 5, we first fix some notation. For i = 1, . . . , k − 1, let βi = sign(wi∗ ). Note
∗ k denote the L -norm of w
∗ . The final
that (11) implies that βi = sign(wi ). Let L = kw
~ d−1
~ d−1
1
1
example is chosen as ~a6 = (β1 , . . . , βd−1 , −(L + b∗ )/wd∗ ) and labeled “1”. Note that

∗
w∗ , a~6 + b∗ = |w1∗ | + . . . + |wd−1
|−L=0 .

Given that βi = sign(wi ), wd = wd∗ and b = b∗ , the student can derive from a~6 and its label the
following constraint on w
~ d−1 :

hw, a~6 i + b = |w1 | + . . . + |wd−1 | − L ≥ 0 .
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In combination with the following rule, we can now force the constraint kw
~ d−1 k1 = L:

16

M ⊕ L = {M ⊕ L : L ∈ L} .

=L

17

Lemma 29 If L is equivalent to L0 , then PBTD(L) = PBTD(L0 ).
JMLR 18(31):1-32, 2017

Since this result is rather obvious, we skip its proof.
We say that L and L0 are equivalent if L0 = M ⊕ L for some M ⊆ X (and this clearly is an
equivalence relation). As an immediate consequence of Lemma 28, we obtain the following result:

Lemma 28 With this notation, the following holds. If the mapping L 3 L 7→ T (L) ⊆ X × {0, 1}
assigns a teaching set to L w.r.t. (L, ≺), then the mapping M ⊕ L 3 M ⊕ L 7→ M ⊕ T (L) ⊆
X × {0, 1} assigns a teaching set to M ⊕ L w.r.t. (M ⊕ L, ≺M ).

=L0

Moreover, given M ⊆ X and a linear ordering ≺ on L, we define a linear ordering ≺M on M ⊕ L
as follows:
M ⊕ L0 ≺M M ⊕ L ⇔ M ⊕ (M ⊕ L0 ) ≺ M ⊕ (M ⊕ L) .
|
{z
} |
{z
}

M ⊕ T = {(x, ȳ) : (x, y) ∈ T and x ∈ M } ∪ {(x, y) ∈ T : x ∈
/ M} .

For T ⊆ X × {0, 1}, we define similarly

and

In this section, we will give complete characterizations of (i) the concept classes with a positive
preference-based teaching dimension of 1, and (ii) the concept classes with a preference-based
teaching dimension of 1. Throughout this section, we use the label “1” to indicate positive examples
and the label “0” to indicate negative examples.
Let I be a (possibly infinite) index set. We will consider a mapping A : I × I → {0, 1} as a
binary matrix A ∈ {0, 1}I×I . A is said to be lower-triangular if there exists a linear ordering ≺ on
I such that A(i, i0 ) = 0 for every pair (i, i0 ) such that i ≺ i0 .
We will occasionally identify a set L ⊆ X with its indicator function by setting L(x) = 1[x∈L] .
For each M ⊆ X , we define
M ⊕ L = (L \ M ) ∪ (M \ L)

8. Classes with PBTD or PBTD+ Equal to One

Note that Theorems 22 and 27 remain valid when we allow w to be the all-zero vector, which
extends Hd0 by {Rd } and Hd by {Rd , ∅}. Rd will be taught with a single positive example, and
∅ with a single negative example. The student will give the highest preference to Rd , the second
highest to ∅, and among the remaining halfspaces, the student’s preferences stay the same.

18
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Theorem 32 PBTD+ (L) = 1 if and only if there exists a mapping L 3 L 7→ xL ∈ X such that
the matrix A ∈ {0, 1}(L\{∅})×(L\{∅}) given by A(L, L0 ) = L0 (xL ) is lower-triangular.

We now have the tools required for characterizing the concept classes whose positive PBTD
equals 1.

The discussion shows that there is a class L0 that is equivalent to L and can be taught in the
preference-based model with positive teaching sets of size 1 (or size 0 in case of L∗ ).

Case 2: There exists a concept L∗ ∈ L that is preferred over all other concepts in L and xL∗ is the
only instance from X that occurs twice in (xL )L∈L .
Then choose M = {xL : yL = 0 ∧ L 6= L∗ } and apply Lemma 28. With this choice,
we obtain M ⊕ T (L) = {(xL , 1)} for every L ∈ L \ {L∗ }. Since L∗ is preferred over all
other concepts in L, we may teach L∗ w.r.t. (L, ≺) by the empty set (instead of employing a
possibly 0-labeled example).

Case 1: Every instance x ∈ X occurs at most once in (xL )L∈L .
Then choose M = {xL : yL = 0} and apply Lemma 28.

Proof Pick a linear ordering ≺ on L and, for every L ∈ L, a pair (xL , yL ) ∈ X × {0, 1} such that
T (L) = {(xL , yL )} is a teaching set for L w.r.t. (L, ≺).

Theorem 31 If PBTD(L) = 1, then there exists a concept class L0 that is equivalent to L and
satisfies PBTD(L0 ) = PBTD+ (L0 ) = 1.

The following result is a consequence of Lemmas 28 and 30.

Proof Since the mapping T must be injective, no instance can occur twice in (xL )L∈L with the same
label. Suppose that there exists an instance x ∈ X and concepts L ≺ L∗ such that x = xL = xL∗
and, w.l.o.g., yL = 1 and yL∗ = 0. Since {(x, 1)} is a teaching set for L w.r.t. (L, ≺), every concept
L0  L (including the ones that are preferred over L∗ ) must satisfy L0 (x) = 0. For analogous
reasons, every concept L0  L∗ (if any) must satisfy L0 (x) = 1. A concept L0 ∈ L that is preferred
over L∗ would have to satisfy L0 (x) = 0 and L0 (x) = 1, which is impossible. It follows that there
can be no concept that is preferred over L∗ .

• or there exists a concept L∗ ∈ L that is preferred over all other concepts in L and xL∗ is the
only instance from X that occurs twice in (xL )L∈L .

• either every instance x ∈ X occurs at most once in (xL )L∈L

Lemma 30 Suppose that L ⊆ 2X is a concept class of PBTD 1. Pick a linear ordering ≺ on L and
a mapping L 3 L 7→ (xL , yL ) ∈ X × {0, 1} such that, for every L ∈ L, {(xL , yL )} is a teaching
set for L w.r.t. (L, ≺). Then

The following lemma provides a necessary condition for a concept class to have a preferencebased teaching dimension of one.

Rule 6: Suppose that the values of wd and b have been fixed already (and are distinct from 0) and
suppose that Hw~ d−1 has already been fixed. Then, among the vectors representing Hw~ d−1 , the
ones with a smaller L1 -norm are preferred over the ones with a larger L1 -norm.

An inspection of the six stages reveals that at most six examples altogether were shown to the student (three in stage 2, two in stage 4, and one in stage 5). This completes the proof of the theorem.
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Proof Suppose first that PBTD+ (L) = 1. Pick a linear ordering ≺ on L and, for every L ∈ L\{∅},
pick xL ∈ X such that {xL } is a positive teaching set for L w.r.t. (L, ≺).5 If L ≺ L0 (so that L0
is preferred over L), we must have L0 (xL ) = 0. It follows that the matrix A, as specified in the
theorem, is lower-triangular.
Suppose conversely that there exists a mapping L 3 L 7→ xL ∈ X such that the matrix
A ∈ {0, 1}(L\{∅})×(L\{∅}) given by A(L, L0 ) = L0 (xL ) is lower-triangular, say w.r.t. the linear
ordering ≺ on L \ {∅}. Then, for every L ∈ L \ {∅}, the singleton {xL } is a positive teaching
set for L w.r.t. (L, ≺) because it distinguishes L from ∅ (of course) and also from every concept
L0 ∈ L \ {∅} such that L0  L. If ∅ ∈ L, then extend the linear ordering ≺ by preferring ∅ over
every other concept from L (so that ∅ is a positive teaching set for ∅ w.r.t. (L, ≺)).
In view of Theorem 31, Theorem 32 characterizes every class L with PBTD(L) = 1 up to
equivalence.
Let Sg(X ) = {{x} : x ∈ X } denote the class of singletons over X and suppose that Sg(X ) is a
sub-class of L and PBTD(L) = 1. We will show that only fairly trivial extensions of Sg(X ) with
a preference-based dimension of 1 are possible.
Lemma 33 Let L ⊆ 2X be a concept class of PBTD 1 that contains Sg(X ). Let T be an admissible
mapping for L that assigns a labeled example (xL , yL ) ∈ X × {0, 1} to each L ∈ L. For b = 0, 1,
let Lb = {L ∈ L : yL = b}. Similarly, let X b = {x ∈ X : y{x} ∈ Lb }. With this notation, the
following holds:
1. If L ∈ L1 and L ⊂ L0 ∈ L, then L0 ∈ L1 .
2. If L0 ∈ L0 and L0 ⊃ L ∈ L, then L ∈ L0 .
3. |X 0 | ≤ 2. Moreover if |X 0 | = 2, then there exist q 6= q 0 ∈ X such that X 0 = {q, q 0 } and
x{q} = q 0 .
Proof Recall that RT = {(L, L0 ) ∈ L × L : (L 6= L0 ) ∧ (L is consistent with T (L0 ))} and that
RT (and even the transitive closure of RT ) is asymmetric if T is admissible.
1. If L ∈ L1 and L ⊂ L0 , then yL = 1 so that L0 is consistent with the example (xL , yL ). It
follows that (L0 , L) ∈ RT . L0 ∈ L0 would similarly imply that (L, L0 ) ∈ RT so that RT
would not be asymmetric. This is in contradiction with the admissibility of T .
2. The second assertion in the lemma is a logically equivalent reformulation of the first assertion.
3. Suppose for the sake of contradiction that X 0 contains three distinct points, say q1 , q2 , q3 .
Since, for i = 1, 2, 3, T assigns a 0-labeled example to {qi }, at least one of the remaining
two points is consistent with T ({qi }). Let G be the digraph with the nodes q1 , q2 , q3 and with
an edge from qj to qi iff {qj } is consistent with T ({qi }). Then each of the three nodes has
an indegree of at least 1. Digraphs of this form must contain a cycle so that trcl(RT ) is not
asymmetric. This is in contradiction with the admissibility of RT .
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5. Such an xL always exists, even if ∅ is a teaching set for L, because every superset of a teaching set for L that is still
consistent with L is still a teaching set for L, cf. the discussion immediately after Lemma 4.
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A similar argument holds if X 0 contains only two distinct elements, say q and q 0 . If neither
x{q} = q 0 nor x{q0 } = q, then ({q 0 }, {q}) ∈ RT and ({q}, {q 0 }) ∈ RT so that RT is not
asymmetric — again a contradiction to the admissibility of RT .

We are now in the position to characterize those classes of PBTD one that contain all singletons.

Theorem 34 Suppose that L ⊆ 2X is a concept class that contains Sg(X ). Then PBTD(L) = 1
if and only if the following holds. Either L coincides with Sg(X ) or L contains precisely one
additional concept, which is either the empty set or a set of size 2.

Proof We start with proving “⇐”. It is well known that PBTD+ (L) = 1 for L = Sg(X ) ∪ {∅}:
prefer ∅ over any singleton set, set T (∅) = ∅ and, for every x ∈ X , set T ({x}) = {(x, 1)}. In
a similar fashion, we can show that PBTD(L) = 1 for L = Sg(X ) ∪ {{q, q 0 }} for any choice of
q 6= q 0 ∈ X . Prefer {q, q 0 } over {q} and {q 0 }, respectively. Furthermore, prefer {q} and {q 0 } over
all other singletons. Finally, set T ({q, q 0 }) = ∅, T ({q}) = {(q 0 , 0)}, T ({q 0 }) = {(q, 0)} and, for
every x ∈ X \ {q, q 0 }, set T ({x}) = {(x, 1)}.
As for the proof of “⇒”, we make use of the notions T, xL , yL , L0 , L1 , X 0 , X 1 that had been
introduced in Lemma 33 and we proceed by case analysis.

Case 1: X 0 = ∅.
Since X 0 = ∅, we have X = X 1 . In combination with the first assertion in Lemma 33, it
follows that L \ {∅} = L1 . We claim that no concept in L contains two distinct elements.
Assume for the sake of contradiction that there is a concept L ∈ L such that |L| ≥ 2. It
follows that, for every q ∈ L, x{q} = q and y{q} = 1 so that (L, {q}) ∈ RT . Moreover,
there exists q0 ∈ L such that xL = q0 and yL = 1. It follows that ({q0 }, L) ∈ RT , which
contradicts the fact that RT is asymmetric.
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Case 2: X 0 = {q} for some q ∈ X .
Set q 0 = x{q} and note that y{q} = 0. Moreover, since X 1 = X \ {q}, we have x{p} = p
and y{p} = 1 for every p ∈ X \ {q}. We claim that L cannot contain a concept L of size
at least 2 that contains an element of X \ {q, q 0 }. Assume for the sake of contradiction, that
there is a set L such that |L| ≥ 2 and p ∈ L for some p ∈ X \ {q, q 0 }. The first assertion in
Lemma 33 implies that yL = 1 (because y{p} = 1 and {p} ⊆ L). Since all pairs (x, 1) with
x 6= q are already in use for teaching the corresponding singletons, we may conclude that
q ∈ L and T (L) = {(q, 1)}. This contradicts the fact that trcl(RT ) is asymmetric, because
our discussion implies that (L, {p}), ({p}, {q}), ({q}, L) ∈ RT . We may therefore safely
assume that there is no concept of size at least 2 in L that has a non-empty intersection with
X \ {q, q 0 }. Thus, except for the singletons, the only remaining sets that possibly belong to L
are ∅ and {q, q 0 }. We still have to show that not both of them can belong to L. Assume for the
sake of contradiction that ∅, {q, q 0 } ∈ L. Since ∅ is consistent with T ({q}) = {(q 0 , 0)}, we
have (∅, {q}) ∈ RT . Clearly, y∅ = 0. Since {q} is consistent with every pair (x, 0) except for
(q, 0), we must have x∅ = q. (Otherwise, we have ({q}, ∅) ∈ RT and arrive at a contradiction.) Let us now inspect the possible teaching sets for L = {q, q 0 }. Since {q, q 0 } is consistent
with T ({q 0 }) = {(q 0 , 1)}, setting yL = 0 would lead to a contradiction. The example (q 0 , 1)
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6. This also follows from Lemma 8 and the fact that there are no chains of a length exceeding 2 in (L, ≺).

The characterizations proven above can be applied to certain geometric concept classes.
Consider a class L, consisting of bounded and topologically closed objects in the d-dimensional
Euclidean space, that satisfies the following condition: for every pair (A, B) ∈ Rd , there is exactly
one object in L, denoted as LA,B in the sequel, such that A, B ∈ L and such that kA − Bk
coincides with the diameter of L. This assumption implies that |L \ Sg(Rd )| = ∞. By setting
A = B, it furthermore implies Sg(Rd ) ⊆ L. Let us prefer objects with a small diameter over
objects with a larger diameter. Then, obviously, {A, B} is a positive teaching set for LA,B . Because

Proof According to Theorem 34, either L coincides with Sg(X ) or L contains precisely one additional concept that is ∅ or a set of size 2. The partial ordering ≺ on L that is used in the first part of
the proof of Theorem 34 (proof direction “⇐”) is easily compiled into a recursive teaching plan of
order 1 for L.6

Corollary 35 Let L ⊆ 2X be a concept class that contains Sg(X ). If PBTD(L) = 1, then
RTD(L) = 1.

Case 3: X 0 = {q, q 0 } for some q 6= q 0 ∈ X .
Note first that y{q} = y{q0 } = 0 and y{p} = 1 for every p ∈ X \ {q, q 0 }. We claim that
∅∈
/ L. Assume for the sake of contradiction that ∅ ∈ L. Then (∅, {q}), (∅, {q 0 }) ∈ RT since
∅ is consistent with the teaching sets for instances from X 0 . But then, no matter how x in
T (∅) = {(x, 0)} is chosen, at least one of the sets {q} and {q 0 } will be consistent with T (∅)
so that at least one of the pairs ({q}, ∅) and ({q 0 }, ∅) belongs to RT . This contradicts the
fact that RT must be asymmetric. Thus ∅ ∈
/ L, indeed. Now it suffices to show that L cannot
contain a concept of size at least 2 that contains an element of X \{q, q 0 }. Assume for the sake
of contradiction that there is a set L ∈ L such that |L| ≥ 2 and p ∈ L for some p ∈ X \{q, q 0 }.
Observe that (L, {p}) ∈ RT . Another application of the first assertion in Lemma 33 shows
that yL = 1 (because y{p} = 1 and p ∈ L) and xL ∈ {q, q 0 } (because the other 1-labeled
instances are already in use for teaching the corresponding singletons). It follows that one of
the pairs ({q}, L) and ({q 0 }, L) belongs to RT . The third assertion of Lemma 33 implies that
T (q) = {(q 0 , 0)} or T (q 0 ) = {(q, 0)}. For reasons of symmetry, we may assume that T (q) =
{(q 0 , 0)}. This implies that ({p}, {q}) ∈ RT . Let q 00 be given by T (q 0 ) = {(q 00 , 0)}. Note that
either q 00 = q or q 00 ∈ X \{q, q 0 }. In the former case, we have that ({p}, {q 0 }) ∈ RT and in the
latter case we have that ({q}, {q 0 }) ∈ RT . Since ({p}, {q}) ∈ RT (which was observed above
already), we conclude that in both cases, ({p}, {q}), ({p}, {q 0 }) ∈ trcl(RT ). Combining
this with our observations above that (L, {p}) ∈ RT and that one of the pairs ({q}, L) and
({q 0 }, L) belongs to RT , yields a contradiction to the fact that trcl(RT ) is asymmetric.

is already in use for teaching {q 0 }. It is therefore necessary to set T (L) = {(q, 1)}. An inspection of the various teaching sets shows that (∅, {q}), ({q}, L), (L, {q 0 }), ({q 0 }, ∅) ∈ RT ,
which contradicts the fact that trcl(RT ) is asymmetric.
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Preference-based teaching uses the natural notion of preference relation to extend the classical
teaching model. The resulting model is (i) more powerful than the classical one, (ii) resolves difficulties with the recursive teaching model in the case of infinite concept classes, and (iii) is at the
same time free of coding tricks even according to the definition by Goldman and Mathias (1996).
Our examples of algebraic and geometric concept classes demonstrate that preference-based teaching can be achieved very efficiently with naturally defined teaching sets and based on intuitive
preference relations such as inclusion. We believe that further studies of the PBTD will provide insights into structural properties of concept classes that render them easy or hard to learn in a variety
of formal learning models.
We have shown that spanning sets lead to a general-purpose construction for preference-based
teaching sets of only positive examples. While this result is fairly obvious, it provides further
justification of the model of preference-based teaching, since the teaching sets it yields are often
intuitively exactly those a teacher would choose in the classroom (for instance, one would represent
convex polygons by their vertices, as in Example 3). It should be noted, too, that it can sometimes
be difficult to establish whether the upper bound on PBTD obtained this way is tight, or whether
the use of negative examples or preference relations other than inclusion yield smaller teaching sets.
Generally, the choice of preference relation provides a degree of freedom that increases the power of
the teacher but also increases the difficulty of establishing lower bounds on the number of examples
required for teaching.

9. Conclusions

of |L \ Sg(Rd )| = ∞, L does clearly not satisfy the condition in Theorem 34, which is necessary
for L to have a PBTD of 1. We may therefore conclude that PBTD(L) = PBTD+ (L) = 2.
The family of classes with the required properties is rich and includes, for instance, the class of
d-dimensional balls as well as the class of d-dimensional axis-parallel rectangles.
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Appendix A. Proof of Theorem 18
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In Section A.1, we present a general result which helps to verify the upper bounds in Theorem 18.
These upper bounds are then derived in Section A.2. Section A.3 is devoted to the derivation of the
lower bounds.
23

A.1 The Shift Lemma
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In this section, we assume that L is a concept class over a universe X ∈ {N 0 , Q0+ , R0+ }. We
furthermore assume that 0 is contained in every concept L ∈ L. We can extend L to a larger class,
namely the shift-extension L0 of L, by allowing each of its concepts to be shifted by some constant
which is taken from X :
L0 = {c + L : (c ∈ X ) ∧ (L ∈ L)} .

The next result states that this extension has little effect only on the complexity measures PBTD
and PBTD+ :

Lemma 36 (Shift Lemma) With the above notation and assumptions, the following holds:

PBTD(L) ≤ PBTD(L0 ) ≤ 1+PBTD(L) and PBTD+ (L) ≤ PBTD+ (L0 ) ≤ 1+PBTD+ (L) .

Proof It suffices to verify the inequalities PBTD(L0 ) ≤ 1 + PBTD(L) and PBTD+ (L0 ) ≤ 1 +
PBTD+ (L) because the other inequalities hold by virtue of monotonicity. Let T be an admissible
mapping for L. It suffices to show that T can be transformed into an admissible mapping T 0 for L0
such that ord(T 0 ) ≤ 1 + ord(T ) and such that T 0 is positive provided that T is positive. To this end,
we define T 0 as follows:

T 0 (c + L) = {(c, +)} ∪ {(c + x, b) : (x, b) ∈ T (L)} .

Obviously ord(T 0 ) ≤ 1+ord(T ). Note that c ∈ c+L because of our assumption that 0 is contained
in every concept in L. Moreover, since the admissibility of T implies that L is consistent with T (L),
the above definition of T 0 (c+L) makes sure that c+L is consistent with T 0 (c+L). It suffices therefore to show that the relation trcl(RT 0 ) is asymmetric. Consider a pair (c0 +L0 , c+L) ∈ RT 0 . By the
definition of RT 0 , it follows that c0 + L0 is consistent with T 0 (c + L). Because of (c, +) ∈ T 0 (c + L),
we must have c0 ≤ c. Suppose that c0 = c. In this case, L0 must be consistent with T (L). Thus
L0 ≺T L. This reasoning implies that (c0 + L0 , c + L) ∈ RT 0 can happen only if either c0 < c or
(c0 = c)∧(L0 ≺T L). Since ≺T is asymmetric, we may now conclude that trcl(RT 0 ) is asymmetric,
as desired. Finally note that, according to our definition above, the mapping T 0 is positive provided
that T is positive. This concludes the proof.

A.2 The Upper Bounds in Theorem 18

We remind the reader that the equality PBTD+ (LINSETk ) = k was stated in Example 2. We will
show in Lemma 37 that PBTD+ (NE-LINSETk ) ≤ k. In combination with the Shift Lemma, this
implies that PBTD+ (LINSETk0 ) ≤ k + 1 and PBTD+ (NE-LINSETk0 ) ≤ k + 1. All remaining
upper bounds in Theorem 18 follow now by virtue of monotonicity.
Lemma 37 PBTD+ (NE-LINSETk ) ≤ k.
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Proof We want to show that there is a preference relation for which k positive examples suffice to
teach any concept in NE-LINSETk . To this end, let G = {g1 , . . . , g` } be a generator set with ` ≤ k
where g1 < . . . < g` . We use sum(G) = g1 + . . . + g` to denote the sum of all generators in G. We
say that gi is a redundant generator in G if gi ∈ {g1 , . . . , gi−1 } . Let G∗ = {g1∗ , . . . , g`∗∗ } ⊆ G

24

h=

(

`∗ − 1 if G∗ = G
`∗
if G∗ ⊂ G

.

(12)

since

25

b0 = G
b \ {g ∗ , . . . , g ∗ }. We proceed by case analysis:
Let G
1
h

i=1
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b that is smaller than g ∗ would have a lower preference (com• a smallest generator in tuple(G)
1
pare with Condition 2 above).
∗ /
∗
∗
b
Assume
inductively
D
E that the i − 1 smallest generators in tuple(G) are g1 , . . . , gi−1 . Since gi ∈
∗ } , we may apply a reasoning that is similar to the above reasoning concerning g ∗
{g1∗ , . . . , gi−1
1
b equals g ∗ . The punchline of this discussion
and conclude that the i’th smallest generator in tuple(G)
i
b starts with g ∗ , . . . , g ∗ with h given by (12). Let G0 = G \ G∗ be the
is that the sequence tuple(G)
1
h
set of redundant generators in G and note that
(
h
∗
X
gP
if G∗ = G
`∗
g−
gi∗ =
.
0 if G∗ ⊂ G
g
g 0 ∈G0

b that is greater than g ∗ would cause an inconsistency with
• a smallest generator in tuple(G)
1
(g + g1∗ , +), and

b
generator in tuple(G)

+
equals g1∗

• concepts with smaller generator sums have a lower preference (compare with Condition 1
above).
D E
D E D E
b
b = G
b ∗ . We conclude that the smallest
It follows that g + gi∗ ∈ G
is equivalent to gi∗ ∈ G

• concepts with larger generator sums are inconsistent with (g, +), and

D E
b with G
b
Note that S contains at most |G| ≤ k examples. Let G
∈ NE-LINSETk denote the
+
D E
b
b = g since
generator set that is returned by the student. Clearly G satisfies sum(G)

where

To teach a concept hGi ∈ NE-LINSETk with sum(G) = g and tuple(G) = (g1∗ , . . . , g`∗∗ ), one
uses the teaching set
S = {(g, +), (g + g1∗ , +), . . . , (g + gh∗∗ , +)}

b and tuple(G) is a proper prefix of tuple(G).
b
Condition 3: sum(G) = sum(G)

b and tuple(G) is lexicographically greater than tuple(G)
b without
Condition 2: sum(G) = sum(G)
b as prefix.
having tuple(G)

Case 1: G∗ = G.
D
E
∗
∗
b is consistent with (g, +), we have P 0 b0 g 0 = g ∗∗ . Since g ∗∗ ∈
Since G
`
` / {g1 , . . . , g`∗ −1 } ,
g ∈G
b 0 must contain an element that cannot be generated by g ∗ , . . . , g ∗∗ . Given the
the set G
1
` −1
b 0 = {g ∗∗ }. It follows
preferences of the student (compare with Condition 2), she will choose G
`
b = G.
that G

with g1∗ < . . . < g`∗∗ be the set of non-redundant generators in G and let tuple(G) = (g1∗ , . . . , g`∗∗ )
be the corresponding ordered sequence. Then G∗ is an independent subset of G generating the same
linear set as G when allowing zero coefficients, i.e., we have hG∗ i = hGi (although hG∗ i+ 6= hGi+
whenever G∗ is a proper subset of G).
b be generator sets of size k or less with tuple(G)
To define a suitable preference relation, let G, G
b = (b
b if any of the
= (g1∗ , . . . , g`∗∗ ) and tuple(G)
g1∗ , . . . , gbb̀∗∗ ). Let the student prefer G over G
following conditions is satisfied:
b
Condition 1: sum(G) > sum(G).

(13)

(16)

(15)

(14)
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The proof of Lemma 38 builds on some ideas that are found in (Gao et al., 2015) already, but it
requires some elaboration to obtain the stronger results.
We now briefly explain why the lower bounds in Theorem 18 directly follow from Lemma 38.
Note that the lower bound k − 1 in (8) is immediate from (14) and a monotonicity argument.
This is because NE-LINSET0k ⊇ NE-CF-LINSET0k as well as LINSET0k ⊇ CF-LINSET0k ⊇
NE-CF-LINSET0k . Note furthermore that PBTD+ (CF-LINSET0k ) ≥ k + 1 because of (13) and
a monotonicity argument. Then the Shift Lemma implies that PBTD+ (CF-LINSETk ) ≥ k. All
remaining lower bounds in Theorem 18 are obtained from these observations by virtue of monotonicity.
The proof of Theorem 18 can therefore be accomplished by proving Lemma 38. It turns out
that the proof of this lemma is quite involved. We will present in Section A.3.1 some theoretical
prerequisites. Sections A.3.2 and A.3.3 are devoted to the actual proof of the lemma.

RTD(CF-LINSETk ) ≥ k − 1 .

RTD(NE-LINSET0k ) ≥ k − 1 .

RTD+ (NE-LINSET0k ) ≥ k + 1 .

This lemma can be seen as an extension and a strengthening of a similar result in (Gao et al.,
2015) where the following lower bounds were shown:

PBTD(NE-CF-LINSET0k ) ≥ k − 1 .
k−1
PBTD(NE-CF-LINSETk ) ≥
.
2
PBTD(CF-LINSETk ) ≥ k − 1 .

PBTD+ (NE-CF-LINSET0k ) ≥ k + 1 .

Lemma 38 The following lower bounds are valid:

The lower bounds in Theorem 18 are an immediate consequence of the following result:

A.3 The Lower Bounds in Theorem 18

Thus, in both cases, the student comes up with the right hypothesis.

+

Case 2: G∗ ⊂ G. P
P
Here, we have g0 ∈Gb0 g 0 = g0 ∈G0 g 0 . Given the preferences of the student (compare with
∗
∗
b such that G
b∗
b0
Condition 3), she will choose G
nP = Go and G consists of elements from hG i
P
0
0
0
b
that sum up to g0 ∈G0 g (with G =
among the possible choices). Clearly,
g 0 ∈G0 g
D E
b
= hGi+ .
G
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(17)

A.3.1 S OME BASIC C ONCEPTS IN THE T HEORY OF N UMERICAL S EMIGROUPS
nP
o
Recall from Section 6 that hGi =
g∈G a(g)g : a(g) ∈ N 0 . The elements of G are called
generators of hGi. A set P ⊂ N is said to be independent if none of the elements in P can be
written as a linear combination (with coefficients from N 0 ) of the remaining elements (so that P 0
is a proper subset of hP i for every proper subset P 0 of P ). It is well known (Rosales and Garcı́aSánchez, 2009) that independence makes generating systems unique, i.e., if P, P 0 are independent,
then hP i = P 0 implies that P = P 0 . Moreover, for every independent set P , the following
implication is valid:
(S ⊆ hP i ∧ P 6⊆ S) ⇒ (hSi ⊂ hP i) .

N is an independent set of cardinality at least 2 and min P is a prime, then

Let P = {a1 , . . . , ak } be independent with a1 = min P . It is well known7 and easy to see
that the residues of a1 , a2 , . . . , ak modulo a1 must be pairwise distinct (because, otherwise, we
would obtain a dependence). If a1 is a prime and |P | ≥ 2, then the independence of P implies that
gcd(P ) = 1. Thus the following holds:
Lemma 39 If P ⊂
gcd(P ) = 1.

(18)

In the remainder of the paper, the symbols P and P 0 are reserved for denoting independent sets of
generators.
It is well known that hGi is co-finite iff gcd(G) = 1 (Rosales and Garcı́a-Sánchez, 2009). Let P
be a finite (independent) subset of N such that gcd(P ) = 1. The largest number in N \ hP i is called
the Frobenius number of P and is denoted as F (P ). It is well known (Rosales and Garcı́a-Sánchez,
2009) that
F ({p, q}) = pq − p − q
provided that p, q ≥ 2 satisfy gcd(p, q) = 1.

where
LINSETk [N ] =
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X
hP i ∈ LINSETk : (gcd(P ) = 1) ∧ 
.
p ≤ N




p∈P

In other words, NE-CF-LINSETk0 [N ] is the subclass consisting of all concepts in NE-CF-LINSETk0
(written in the form (20)) whose constant is N .
A central notion for proving (13) is the following one:

Definition 40 Let k, N ≥ 2 be integers. We say that a set L ∈ NE-CF-LINSET0 is (k, N )-special
if it is of the form L = N + hP i such that the following holds:

1. P is an independent set of cardinality k and min P is a prime (so that gcd(P ) = 1 according
to Lemma 39, which furthermore implies that hP i is co-finite).

tr (P ) = min{s ∈ hP i : s ≡ r

(mod a)} and tmax (P ) =

X

max tr (P ) .

p .

0≤r≤a−1

p∈P \{a}

(21)

2. Let q(P ) denote the smallest prime that is greater than F (P ) and greater than max P . For
a = min P and r = 0, . . . , a − 1, let

Then

N ≥ k(a + tmax (P )) and N ≥ q(P ) +

We need at least k positive examples in order to distinguish a (k, N )-special set from all its
proper subsets in NE-CF-LINSETk0 [N ], as the following result shows:

Lemma 41 For all k ≥ 2, the following holds. If L ∈ NE-CF-LINSET0 is (k, N )-special, then
L ∈ NE-CF-LINSET0 [N ] and I 0 (L, NE-CF-LINSETk [N ]) ≥ k.

Proof Suppose that L = N + hP i is of the form as described in Definition 40. Let P =
{a, a2 . . . , ak } with a = min P . For the sake of simplicity, we will write tr instead of tr (P )
and tmax instead of tmax (P ). The independence of P implies that tai mod a = ai for i = 2, . . . , k.
It follows that tmax ≥ max P . Since, by assumption, N ≥ k · tmax , it becomes obvious that
L ∈ NE-CF-LINSET0 [N ].
Assume by way of contradiction that the following holds:

The shift-extension of NE-CF-LINSETk is (by way of definition) the following class:

A.3.2 P ROOF OF (13)

NE-CF-LINSETk0 = {c + hP i+ : (c ∈ N 0 ) ∧ (P ⊂ N ) ∧ (|P | ≤ k) ∧ (gcd(P ) = 1)} . (19)

NE-CF-LINSETk0 =

28
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Case 1: X ⊆ {a2 , . . . , ak } (so that, in view of |X| = k − 1, we even have X = {a2 , . . . , ak }).
Let L0 = N + hXi. Then S ⊆ L0 . Note that X ⊆ P but P 6⊆ X. We may conclude
0 ⊂ L. Thus L0 is a proper subset of L which
from (17) that hXi ⊂ hP i and, therefore, LP
Pk−1
k
contains S. Note that (21) implies that N ≥ i=2
ai = i=1
xi . If gcd(X) = 1, then L0 ∈
NE-CF-LINSET[N ] and we have an immediate contradiction to the above assumption (A).

(A) There is a weak spanning set S of size k − 1 for L w.r.t. NE-CF-LINSETk0 [N ].

It is easy to see that this can be written alternatively in the form




X
p≤N
N + hP i : N ∈ N 0 ∧ P ⊂ N ∧ |P | ≤ k ∧ gcd(P ) = 1 ∧



Since N is contained in any concept from NE-CF-LINSETk0 [N ], we may assume that N ∈
/ S so
that S is of the form S = {N + x1 , . . . , N + xk−1 } for integers xi ≥ 1. For i = 1, . . . , k − 1, let
ri = xi mod a ∈ {0, 1, . . . , a − 1}. It follows that each xi is of the form xi = qi a + tri for some
integer qi ≥ 0. Let X = {x1 , . . . , xk−1 }. We proceed by case analysis:
p∈P
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(20)
P
where N in (20) corresponds to c + p∈P p in (19).
For technical reasons, we define the following subfamilies of NE-CF-LINSETk0 . For each
N ≥ 0, let
= {N + L : L ∈ LINSETk [N ]}
NE-CF-LINSETk0 [N ]

7. E.g., see (Rosales and Garcı́a-Sánchez, 2009)

27

T + (L),

T + (L0 )

29
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• We obtain a contradiction to our initial assumption that T + is of order k.

• The discussion shows that T + (L0 ) must contain k examples in order to distinguish L0 from
all its proper subsets in Lk plus one additional example, N , needed to distinguish L0 from L.

• Since
is consistent with
the set
must contain an example which distinguishes L0 from L. But the only example which fits this purpose is (N, +).

L0

• According to Lemma 41, T + (L0 ) must contain at least k examples (all of which are different
from N ) for distinguishing L0 from all its proper subsets in Lk [N ].

If this can be achieved, then the proof will be accomplished as follows:

2. We define a second set L0 = N + hGi ∈ L that is (k, N )-special and consistent with T + (L).
Moreover, L0 \ L = {N }.

1. We define a set L ∈ Lk of the form L = N + p + h1i.

For the sake of brevity, let L = NE-CF-LINSET0 . Assume by way of contradiction that there
exists a positive mapping T of order k that is admissible for Lk . We will pursue the following
strategy:

Case 2: X 6⊆ {a2 , . . . , ak }.
If ri = 0 for i = 1, . . . , k − 1, then each xi is a multiple of a. In this case, N + a, q(P ) is
a proper subset of L = N + hP i that is consistent with S, which yields a contradiction. We
may therefore assume that there exists i0 ∈ {1, . . . , k − 1} such that ri0 6= 0. From the case
assumption, X 6⊆ {a2 , . . . , ak }, it follows that there must exist an index i00 ∈ {1, . . . , k − 1}
such that qi00 ≥ 1 or tri00 ∈
/ {a2 , . . . , ak }. For i = 1, . . . , k − 1, let qi0 = min{qi , 1}
and x0i = qi0 a + tri . Note that qi000 = 1 iff qi00 ≥ 1. Define L00 = N + X 0 for X 0 =
{a, x01 , . . . , x0k−1 } and observe the following. First, the set L00 clearly contains S. Second,
the choice of x01 , . . . , x0k−1 implies that X 0 ⊆ hP i. Third, it easily follows from qi000 = 1 or
tri00 ∈
/ {a2 , . . . , ak } that P 6⊆ {a, x01 , . . . , x0k−1 }. We may conclude from (17) that X 0 ⊂
hP i and, therefore, L00 ⊂ L. Thus, L00 is a proper subset of L which contains S. Since ri0 6= 0
and a is a prime, it follows that gcd(a, x0i0 ) = 1 and, therefore, gcd(X 0 ) = 1. In combination
with (21), it easily follows now that L00 ∈ NE-CF-LINSET[N ]. Putting everything together,
we obtain again a contradiction to the assumption (A).

Otherwise, if gcd(X) ≥ 2, then we define L00 = N + X ∪ {q(P )} . Note that S ⊆ L0 ⊆ L00 .
Since q(P ) > F (P ), we have X ∪ {q(P )} ⊆ hP i and, since q(P ) > max P , we have
P 6⊆ X ∪ {q(P )}. We may conclude from (17) that X ∪ {q(P )} ⊂ hP i and, therefore,
L00 ⊂ L. Thus, L00 is a proper subset of L which contains S. Because X = {a2 , . . . , ak }
and q(P ) is a prime that is greater than max P , it follows that gcd(X ∪ {q(P )}) = 1.
In combination with (21), it easily follows now that L00 ∈ NE-CF-LINSET[N ]. Putting
everything together, we arrive at a contradiction to the assumption (A).
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In view of PBTD+ (LINSETk ) = k, the next results show that negative examples are of limited
help only as far as preference-based teaching of concepts from LINSETk is concerned:

denote the class of those subsets of [k] that have exactly ` elements. It is trivial to verify that
 !
 
[k]
[k]
TDmin 2
= k and TDmin
= min{`, k − `} .
`

Example 5 For every k ∈ N , let [k] = {1, 2, . . . , k}, let 2[k] denote the powerset of [k] and, for all
` = 0, 1, . . . , k, let
 
[k]
= {S ⊆ [k] : |S| = `}
`

We make use of some well known (and trivial) lower bounds on TDmin :

A.3.3 P ROOF OF (14), (15), AND (16)

If |B| = k, we can simply set G = B. If |B| < k, then we make use of the elements in the independent set {p, p + 1, . . . , p + k} ⊆ I and add them, one after the other, to B (thereby removing other
elements from B whenever their removal leaves hBi invariant) until the resulting set G contains k
elements. We now define the set L0 by setting L0 = N + hGi. Since G ⊆ I = {p, p + 1, . . . , M },
and p, p + 1 ∈ G, it follows that p = min G, gcd(G) = 1 and min(L0 \ {N }) is N + p. Thus,
L0 \ L = {N }, as desired. Moreover, since N had been chosen large enough, the set L0 is (k, N )special. Thus L and L0 have all properties that are required by our proof strategy and the proof
of (13) is complete.

hBi ⊆ hGi, gcd(G) = 1 and |G| = k .

are (k, N )-special. With these choices of p and N , let L = N +p+h1i. Note that N +p, N +p+1 ∈
T + (L) because, otherwise, one of the concepts N + p + 1 + h1i, N + p + h2, 3i ⊂ L would be
consistent with T + (L) whereas T + (L) must distinguish L from all its proper subsets in Lk . Setting
A = {x : N + x ∈ T + (L)}, it follows that |A| = |T + (L)| ≤ k and p, p + 1 ∈ A. The set A
is not necessarily independent but it contains an independent subset B such that p, p + 1 ∈ B and
hAi = hBi. Since M = F ({p, p + 1}), it follows that any integer greater than M is contained in
hp, p + 1i. Since B is an independent extension of {p, p + 1}, it cannot contain any integer greater
than M . It follows that B ⊆ I. Clearly, |B| ≤ k and gcd(B) = 1. We would like to transform B
into another generating system G ⊆ I such that

N + hP i where |P | = k, p = min P and P ⊆ I

Let M = F ({p, p + 1}) = p(p + 1) − p − (p + 1). An easy calculation shows that k ≥ 2 and
p ≥ k + 1 imply that M ≥ p + k. Let I = {p, p + 1, . . . , M }. Choose N large enough so that all
concepts of the form

We still have to describe how our proof strategy can actually be implemented. We start with the
definition of L. Pick the smallest prime p ≥ k + 1. Then {p, p + 1, . . . , p + k} is independent.
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P REFERENCE - BASED T EACHING

Lemma 42 For every k ≥ 1 and for all ` = 0, . . . , k − 1, let
Lk = {hk, p1 , . . . , pk−1 i : pi ∈ {k + i, 2k + i}} ,
Lk,` = {{hk, p1 , . . . , pk−1 i ∈ Lk : |{i : pi = k + i}| = `} .
With this notation, the following holds:
TDmin (Lk ) ≥ k − 1 and TDmin (Lk,` ) ≥ min{`, k − 1 − `} .

Lk,S = {0, k} ∪ {2k, 2k + 1, . . .} ∪ S .

Lk = {Lk,S : S ⊆ {k + 1, k + 2, . . . , 2k − 1}}
Lk,` = {Lk,S : (S ⊆ {k + 1, k + 2, . . . , 2k − 1}) ∧ (|S| = `)}

Proof For k = 1, the assertion in the lemma is vacuous. Suppose therefore that k ≥ 2. An
inspection of the generators k, p1 , . . . , pk−1 with pi ∈ {k + i, 2k + i} shows that

where
Note that the examples in {0, 1, . . . , k} ∪ {2k, 2k + 1, . . . , } are redundant because they do not distinguish between distinct concepts from Lk . The only useful examples are therefore contained
in the interval {k + 1, k + 2, . . . , 2k − 1}. From this discussion, it follows that teaching the
concepts of Lk (resp. of Lk,` ) is not essentially different from teaching the concepts of 2[k−1]


resp. of [k−1]
`

. This completes the proof of the lemma because we know from Example 5 that


[k−1]
= min{`, k − 1 − `}.
`

TDmin (2[k−1] ) = k − 1 and TDmin

We claim now that the inequalities (14), (15) and (16) are valid, i.e., we claim that the following
holds:
1. PBTD(CF-LINSETk ) ≥ k − 1.

≥ k − 1.

2. PBTD(NE-CF-LINSETk ) ≥ b(k − 1)/2c.
3.

PBTD(NE-CF-LINSETk0 )

Proof For k = 1, the inequalities are obviously valid. Suppose therefore that k ≥ 2.
1. Since gcd(k, k + 1) = gcd(k, 2k + 1) = 1, it follows that Lk is a finite subclass of
CF-LINSETk . Thus PBTD(CF-LINSETk ) ≥ PBTD(Lk ) ≥ TDmin (Lk ) ≥ k − 1.

i=1

k−1
X

JMLR 18(31):1-32, 2017

1
i = k 2 +(k−1−b(k−1)/2c)k+ (k−1)k . (22)
2

2. Define Lk [N ] = {N + L : L ∈ Lk } and Lk,` [N ] = {N + L : L ∈ Lk,` }. Clearly
TDmin (Lk [N ]) = TDmin (Lk ) and TDmin (Lk,` [N ]) = TDmin (Lk,` ) holds for every N ≥
0. It follows that the lower bounds in Lemma 42 are also valid for the classes Lk [N ] and
Lk,` [N ] in place of Lk and Lk,` , respectively. Let
N (k) = k 2 +(k−1−b(k−1)/2c)k+
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i=1

k−1
X

pi + hk, p1 , . . . , pk−1 i .

It suffices to show that N (k) + Lk,b(k−1)/2c is a finite subclass of NE-CF-LINSETk . To this
end, first note that

hk, p1 , . . . , pk−1 i+ = k +

(23)

Call pi “light” if pi = k + i and call it “heavy” if pi = 2k + i. Note that a concept L from
N (k) + Lk,` is of the general form

L = N (k) + hk, p1 , . . . , pk−1 i

with exactly ` light parameters among
p1 , . . . , pk−1 . A straightforward calculation shows that,
Pk−1
pi equals the number N (k) as defined in (22). Thus,
for ` = b(k − 1)/2c, the sum k + i=1
the concept L from (23) with exactly b(k − 1)/2c light parameters among {p1 , . . . , pk−1 } can
be rewritten as follows:

L = N (k) + hk, p1 , . . . , pk−1 i = hk, p1 , . . . , pk−1 i+ .

This shows that L ∈ NE-CF-LINSETk . As L is a concept from N (k) + Lk,b(k−1)/2c in general form, we may conclude that N (k)+Lk,b(k−1)/2c is a finite subclass of NE-CF-LINSETk ,
as desired.

3. The proof of the third inequality is similar to the above proof of the second one. It suffices
to show that, for every k ≥ 2, there exists N ∈ N such that N + Lk is a subclass of
NE-CF-LINSETk0 . To this end, we set N = 3k 2 . A concept L from 3k 2 + Lk is of the
general form
L = 3k 2 + hk, p1 , . . . , pk−1 i

i=1

k−1
X

pi  + hk, p1 , . . . , pk−1 i+

with pi ∈ {k + i, 2k + i} (but without control over the number of light parameters). It is easy
to see that the constant 3k 2 is large enough so that L can be rewritten as



L = 3k 2 − k +


Pk−1 
where 3k 2 − k + i=1
pi ≥ 0. This shows that L ∈ NE-CF-LINSETk0 . As L is a
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concept from 3k 2 + Lk in general form, we may conclude that 3k 2 + Lk is a finite subclass
of NE-CF-LINSETk0 , as desired.
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Generalization error bounds are probabilistically valid, non-asymptotic tools for characterizing the predictive ability of forecasting models. This methodology is fundamentally
about choosing particular prediction functions out of some class of plausible alternatives so
that, with high reliability, the resulting predictions will be nearly as accurate as possible
(“probably approximately correct”). While many of these results are aimed at classification
problems with independent and identically distributed (i.i.d.) data, this paper adapts and
extends these methods to time-series models, so that economic and financial forecasting
techniques can be evaluated rigorously. In particular, these methods control the expected
accuracy of future predictions from mis-specified models based on finite samples. This
allows for immediate model comparisons which neither appeal to asymptotics nor make
strong assumptions about the data-generating process, in stark contrast to such popular
model-selection tools as AIC.

1. Introduction

Keywords: generalization error, prediction risk, model selection, VC dimension, statespace models, linear time-invariant systems

We derive generalization error bounds for traditional time-series forecasting models. Our
results hold for many standard forecasting tools including autoregressive models, moving
average models, and, more generally, linear state-space models. These non-asymptotic
bounds need only weak assumptions on the data-generating process, yet allow forecasters
to select among competing models and to guarantee, with high probability, that their
chosen model will perform well. We motivate our techniques with and apply them to
standard economic and financial forecasting tools—a GARCH model for predicting equity
volatility and a dynamic stochastic general equilibrium model (DSGE), the standard tool
in macroeconomic forecasting. We demonstrate in particular how our techniques can aid
forecasters and policy makers in choosing models which behave well under uncertainty and
mis-specification.
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Yu (1994) and Nobel and Dembo (1993) showed that it was possible to transfer some i.i.d.
results to β-mixing sequences, albeit without explicit rates of convergence (c.f. Vidyasagar,
2003, §3.4). Karandikar and Vidyasagar (2002); Meir (2000); Vidyasagar (2003) presented

1.1 Related Work

where the expectation is taken with respect to P, the joint distribution of (Y, X). The generalization error measures the inaccuracy of our predictions when we use f on future data,
making it a natural criterion for model selection, and a target for performance guarantees.
To actually calculate the risk, we would need to know the data-generating distribution P
and have a single fixed prediction function f , neither of which is common. Because explicitly calculating the risk is infeasible, forecasters typically try to estimate it, which calls for
detailed assumptions on P. The alternative we employ here is to find upper bounds on risk
which hold uniformly over large classes of models F from which some particular f is chosen,
possibly in a data-dependent way, and uniformly over distributions P.
Our main results in Section 5 assert that for wide classes of time-series models, the expected cost of poor predictions is bounded by the model’s in-sample performance inflated by
a term which balances the amount of observed data with the complexity of the model. The
bound holds with high probability under the unknown distribution P assuming only mild
conditions—existence of some moments, stationarity, and the decay of temporal dependence
as data points become widely separated in time. We give applications in Section 6.
Our goal in this paper is to provide general bounds for common time-series models
with unbounded loss functions, no explicit regularization, and potential dependence on the
entirety of the observed data. The bounds we derive here are relevant for the time-series
models typically used in applied settings—finance, economics, engineering, etc.—as well as
covering models more common in machine learning. In particular, we derive results for
non-linear models which depend only on a fixed quantity of recent data and linear time
invariant systems, state-space models, which use the entire past to predict new data. These
results however do not cover, e.g. HMMs in the strictest sense, as they require absolutely
continuous latent states rather than discrete valued ones.
The remainder of this paper is structured as follows. Section 2 provides motivation and
background for our results, giving intuition in the i.i.d. setting by focusing on concentration
of measure ideas and characterizations of model complexity. Section 3 gives the explicit
assumptions we make and describes how to leverage powerful ideas from time series to generalize the i.i.d. methods. Section 4 introduces linear time-invariant systems and discusses
how such forecasters are different from, e.g., autoregressive models. Section 5 states and
proves risk bounds for the time-series forecasting setting, while we demonstrate how to use
the results in Section 6 and give some properties of those results in Section 7. Finally, Section 8 concludes and illustrates the path toward generalizing our methods to more elaborate
model classes.

R(f ) := E[`(Y, f (X))],

To fix ideas, imagine i.i.d. data ((Y1 , X1 ), . . . , (Yn , Xn )) with (Yi , Xi ) ∈ Y × X , some
prediction function f : X → Y, and a loss function ` : Y × Y → R+ which measures the
cost of bad predictions. The generalization error or risk of f is
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bounds for model classes with finite covering numbers (a sufficient condition for which is
finite VC-dimension of a related class) but additionally require that Y is compact and ` is
bounded. Early work in signal processing (Modha and Masry, 1998) proposes predictors
based on sequences of parametric models of increasing memory which minimize a complexity regularized least squares criterion and establish that these predictors deliver the same
statistical performance as oracle predictors. Steinwart and Christmann (2009) prove an oracle inequality regularized ERM algorithms when observations are α-mixing which are close
to the optimal i.i.d. rates. Mohri and Rostamizadeh (2009) give results using Rademacher
complexity which are both tighter than those using VC-dimension or covering numbers as
well as being computable from the data in many cases. Mohri and Rostamizadeh (2010) and
Agarwal and Duchi (2013) consider another family of bounds for φ-mixing and β-mixing
sequences when the predictors are algorithmically stable. Many classes of common machine
learning algorithms are amenable to either Rademacher or algorithmic-stability bounds:
Kernel-regularized methods, support-vector machines, relative-entropy based regularization, and kernel ridge regression among others. However, methods common to time-series
such as AR models, ARIMA models, ARCH and GARCH models (Engle, 1982, 2001), statespace models, and other Box-Jenkins type predictors are not because they are not explicitly
regularized, the loss functions are not bounded, and the predictions can depend on more
than simply a fixed dimensional past. McDonald et al. (2011b) shows that stationarity alone
can be used to impose a kernel-type regularization on an AR model, and hence, following
the results of Mohri and Rostamizadeh (2009), is amenable to Rademacher complexity for
a bounded loss function.
Other dependence conditions apart from stationary and strong mixing are also considered in the literature. Alquier et al. (2012) develop oracle inequalities and model selection
procedures for linear models, neural networks, and non-parametric autoregressions when
observations come from causal Bernoulli shifts or bounded, weakly-dependent processes.
Under the same weak-dependence conditions, Alquier et al. (2014) extends this result to
convex Lipschitz loss functions and examines forecasting of the French GDP. Finally, recent
work by Kuznetsov and Mohri (2014) examines both average-path generalization and pathdependent generalization for certain types of non-stationary mixing processes and derives
Rademacher complexity bounds.

2. Statistical Learning Theory for I.I.D. Data
Our goal is to control the risk of predictive models, that is, their expected inaccuracy on new
data from the same stochastic source as the data used to fit the model. To orient readers,
we present some standard results for i.i.d. data, which are adapted to the dependent setting
in Section 5.
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Let f : X → Y be some function used for making predictions of Y from X. We define
a loss function ` : Y × Y → R+ which measures the cost of making poor predictions.
Throughout this paper, we will assume that `(y, y 0 ) is a function solely of the difference
y − y 0 where `(·) is nonnegative and `(0) = 0; we take the liberty of denoting that function
`(y − y 0 ). Then the risk of any predictor f ∈ F (where f is fixed independently of the data)
3

is given by

McDonald, Shalizi, and Schervish

R(f ) = E [` (Y − f (X))] ,

where (X, Y ) ∼ P. The risk or generalization error is the expected cost of using f to predict
Y from X on a new observation.
Since the true distribution P is unknown, so is R(f ), but we can try to estimate it based
on our observed data. The training error or empirical risk of f is

i=1

n
X
bn (f ) := 1
R
` (Yi − f (Xi )) .
n

bn (f ), is the average loss over the actual
In other words, the in-sample training error, R
bn (f ) using deviation
training points. For any given f , we can bound R(f ) in terms of R
inequalities, as illustrated below.
When we use the data to chose an fb from F, we would like to bound R(fb). To do so, we
bn (fb), but also the size, in some sense, of F. There are a number
must consider not just R
of measures for the size or capacity of a model many of which lead to learning theoretic
risk bounds. Algorithmic stability (Bousquet and Elisseeff, 2002; Kearns and Ron, 1999)
quantifies the sensitivity of the chosen function to small perturbations to the data. Similarly, maximal discrepancy (Vapnik, 2000) asks how different the predictions could be if two
functions are chosen using two separate data sets. A more direct, functional-analytic approach partitions F into equivalence classes under some metric, leading to covering numbers
(Pollard, 1984, 1990). Rademacher complexity (Bartlett and Mendelson, 2002; Koltchinskii
and Panchenko, 2002) directly describes a model’s ability to fit random noise. We focus
on a measure which is both intuitive and powerful: Vapnik-Chervonenkis (VC) dimension
(Vapnik, 2000; Vapnik and Chervonenkis, 1971).
VC dimension starts as an idea about collections of sets.

Definition 1 Let U be some (infinite) set and S a finite-cardinality subset of U. Let C be
a family of subsets of U. We say that C shatters S if for every S 0 ⊆ S, ∃C ∈ C such that
S 0 = S ∩ C.

Essentially, C can shatter a set S if it can pick out every subset of points in S. This says
that the collection C is very complicated or flexible. The cardinality of the largest set S
that can be shattered by C is the latter’s VC dimension.

vcd(C) := sup{|S| : S ⊆ U and S is shattered by C}.

Definition 2 (VC dimension) The Vapnik-Chervonenkis (VC) dimension of a collection
C of subsets of U is

To see why this is a “dimension”, we need one more notion.

S⊂U : |S|=n
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Definition 3 (Growth function) The growth function G(n, C) of a collection C of subsets of U is the maximum number of subsets which can be formed by intersecting a set S ⊂ U
of cardinality n with C,
sup
|S ∧ C|,
G(n, C) :=

where A ∧ B is the class of all sets A ∩ B, A ∈ A, B ∈ B.

4

en
vcd(C)

vcd(C)

≤ (n + 1)vcd(C) .

5
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In moving from the i.i.d. setting to time-series forecasting, we need a number of modifications
to our initial setup. Rather than observing input/output pairs (Yi , Xi ), we observe a single
sequence of random variables Y1 , . . . , Yn where each Yi takes values in Rp , though we can
generalize to arbitrary metric spaces at some cost in notational clarity. We are interested
in using functions which take past observations as inputs and predict future values of the

3. Time Series

where k · kT V is the total variation norm. A stochastic process is absolutely regular, or
β-mixing, if βa → 0 as a → ∞.

and the corresponding class C`◦F := {C`◦f : f ∈ F}.
The concentration result in Theorem 4 works well for independent data. However, for
time series, we must be able to handle dependent data. In particular the length n of a
sample path Y1 , . . . , Yn exaggerates how much information it contains relative to independent observations. Knowing the past allows forecasters to predict future data (at least to
some degree), so actually observing those future data points gives less information about
the underlying process than in the i.i.d. case. Thus, while in Theorem 4 the probability of
large discrepancies between empirical means and their expectations decreases exponentially
in n, in the dependent case, the effective sample size may be much less than n, resulting in
looser bounds.

6
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This is only one of many equivalent characterizations of β-mixing (see Bradley, 2005, for
others). This definition makes clear that a process is β-mixing if the joint probability
of events which are widely separated in time approaches the product of the individual
probabilities, that is that Y∞ is asymptotically independent. Many common time-series
models are known to be β-mixing, and the rates of decay are known up to constant factors
which are functions of the true parameters of the process. Among the processes for which
such results are known are ARMA models (Mokkadem, 1988), GARCH models (Carrasco
and Chen, 2002), and certain Markov processes (see Doukhan, 1995, for an overview).
Additionally, functions of β-mixing processes are β-mixing, so if P∞ could be specified by a
linear time-invariant system (see below), state-space model, vector auto regression, or some
function of a hidden Markov model, the observed data would satisfy this condition.
Knowing βa would let us determine the effective sample size of a time series Y1:n . In
effect, having n dependent-but-mixing data points is like having µ < n independent ones.
Once we determine the correct µ, we can (as we will show) use concentration results for
i.i.d. data like Theorem 4 with small corrections.

βa := kP0 × Pa − P0⊗a kT V ,

Definition 6 (β-Mixing) Consider a stationary random sequence Y∞ defined on a probability space (Ω, Σ, P∞ ). Let P0 be the restriction of P∞ to σ−∞:0 , Pa be the restriction of
P∞ to σa:∞ , and P0⊗a be the restriction of P∞ to σ(Y∞:0 , Ya:∞ ). The coefficient of absolute
regularity, or β-mixing coefficient, βa , is given by

Stationarity does not imply that the random variables Yi are independent across time i,
only that the marginal distribution of Yi is constant in time. (And similarly for Yi:i+j .) We
limit ourselves not just to stationary processes, but also to ones in which widely-separated
observations are asymptotically independent. Without this restriction, convergence of the
training error to the expected risk could occur arbitrarily slowly, and finite-sample bounds
may not exist. In fact, Adams and Nobel (2010) demonstrate that for ergodic processes,
finite VC dimension is enough to give consistency, but cannot itself provide rates. The next
definition describes the sort of serial dependence which we entertain.

Definition 5 (Stationarity) A random sequence Y∞ is stationary when all its finitedimensional distributions are time-invariant: for all t and all non-negative integers i and
j, the random vectors Yt:t+i and Yt+j:t+i+j have the same distribution.

C`◦f = {(u, u0 , u00 ) ∈ U × R × R : 1[0,∞) (`(u0 − f (u)) − u00 ) = 1},

When the loss function is unbounded, similar results hold, but we must consider the
composition of the loss function with f . This leads to the set

where Υ depends only on M and not n or F.

Theorem 4 (Vapnik and Chervonenkis, 1971) Suppose that 0 ≤ `(y, y 0 ) ≤ M < ∞.
Then,
!


n2
b
P sup |R(f ) − Rn (f )| >  ≤ 4G(2n, CF ) exp −
,
Υ
f ∈F

so F corresponds to the class CF := {Cf : f ∈ F}. This extension is sometimes called the
pseudo dimension (see e.g. Anthony and Bartlett, 1999; Pollard, 1990).

Cf = {(u, u0 ) ∈ U × R : 1[0,∞) (f (u) − u0 ) = 1},

This polynomial growth of capacity with n is why vcd is a “dimension”.
Using VC dimension to measure the capacity of function classes is straightforward.
Define the indicator function 1A (x) to take the value 1 if x ∈ A and 0 otherwise. Suppose
that f ∈ F, f : U → R. Each f corresponds to the set



process. Specifically, given data from time 1 to time n, we wish to predict time n + 1. To be
clear about notation, we will use the following conventions: Yi:j := (Yi , Yi+1 , . . . , Yj ), Y∞ :=
Y−∞:∞ is an infinite dimensional sequence; we also have the associated joint distributions
Pi:j and P∞ and σ-fields σi:j = σ(Yi:j ) and σ∞ = σ(Y∞ ).
While we no longer presume i.i.d. data, we still need to restrict the sort of dependent process we work with. We first remind the reader of the notion of (strict or strong) stationarity.

The growth function counts how many effectively distinct sets the collection contains, when
we can only observe what is going on at n points, not all of U. If n ≤ vcd(C), then from
the definitions G(n, C) = 2n , If the VC dimension is finite, however, and n > vcd(C), then
G(n, C) < 2n , and in fact it can be shown (Vapnik and Chervonenkis, 1971) that

G(n, C) ≤
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Algorithm 1: Kalman filter

Li = T − Ki Z,
Pbi+1 = T Pbi Li> + GQG> .

Fi = (Z Pbi Z > + H)−1 ,

Recursively generate minimum mean squared error predictions Ybi using the state
space model in (1).
Input: Initial guesses for the mean and variance of α1 : α
b1 and Pb1
Set Yb1 = T α
b1 .
for 1 ≤ i ≤ n do
Filter
vi = Yi − Ybi ,

Ki = T Pbi Z > Fi ,

α
bi+1 = T α
bi + Ki vi ,

Predict Ybi+1 = Z α
bi+1 .
end
return Yb1:n+1

4. Linear Time-Invariant Dynamical Systems

(1)

Our goal in this paper will be to derive risk bounds for linear time-invariant dynamical systems (LTIs). Such models presume an underlying latent process, and attempt, given observations, to learn that process, predict future values of the latent process, and forecast future
observations. Learning algorithms for these goals are linear functions of all previously observed values. Such models nest many common time-series forecasting techniques—ARIMA
models, GARCH models, linear-Gaussian state-space models—but, due to their (in general)
dependence on the entire past, are not covered by the work discussed in Section 1.1. We
present the general form of such models here, provide a canonical forecasting algorithm,
and discuss some properties of such models.
Linear dynamical systems model observations Yi as
Yi = Zαi + i ,
αi+1 = T αi + Gηi+1 .
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This is essentially a hidden markov model under certain conditions: Yi denotes observations,
αi are hidden “state” variables, i and ηi are both absolutely continuous random noise with
with E[i ] = E[ηi ] = 0, E[i j> ] = δij H, and E[ηi ηj> ] = δij Q for all i, j. We further assume
that  and η are mutually independent even though this is not strictly necessary, because
it makes notation simpler. We require stationarity for our results, and so we also require
the LTI to be stationary. This amounts to forcing the complex eigenvalues of T to lie
inside the unit circle. We note that the condition that the noise distributions are absolutely
continuous means that HMMs in the strictest sense are not members of this family. We
also allow the parameter matrices Z, T , H, G, and Q to depend on a (possibly unknown)
parameter vector θ, and assume that H and Q are positive definite for all θ.
The filtering problem uses observations Y1:i up to time i to learn information about the
distribution of αi . Then, conditional on an estimate α
bi , we can forecast α
bi+1 and hence
7
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a

derive a prediction Ybi+1 . For models of this form, one uses the Kalman filter (Anderson
and Moore, 2012; Durbin and Koopman, 2001; Kalman, 1960) both to estimate the latent
variables, α1:n+1 and to generate predictions Yb1:n+1 (Algorithm 1). This procedure gives
the minimum mean-squared error predictions of αi+1 (and hence of Yi+1 ) given Y1:i in the
sense that
h 

i
α
bi+1 = argmin E tr (αi+1 − a)(αi+1 − a)> | Y1:i .

i−j =1
i−j ≤0

Furthermore, if i and ηi are Gaussian, then Algorithm 1 also gives the likelihood for
the unknown parameter vector θ. To estimate the unknown parameters, we either: (1)
maximize the likelihood returned by the filter; or (2) use the EM algorithm, alternating
between running the Kalman filter (the E-step) and maximizing the conditional likelihood
by least squares (the M-step). Bayesian estimation works like EM, replacing the M-step
with Bayesian updating.
Predictions based on Algorithm 1 are linear functions of previous observations, but these
predictions depend on of all previous observations rather than simply a fixed number as
would be the case with, say, autoregressive models. More specifically, Yb1:n+1 = BY1:n where
 i−1

 Y L K i−j >1


j
k
Z
k=j+1
(2)
(B)ij = bij =


ZKj



0

for all 1 ≤ i ≤ n + 1 (Durbin and Koopman, 2001). Here bij is the weight for predicting Yi
based on Yj . Because of this dependence on the entire past, we will require some information
about the behavior of the matrices bij in terms of i and j. Define λk (A) to be the k th
largest absolute eigenvalue of a square matrix A, and let λmax (A) = maxk |λk (A)| and
λmin (A) = mink |λk (A)|.
Conditions for good behavior or LTIs are governed entirely by stationarity. In particular,
if r = λmax (T ) < 1, then the sequence of predictions generated by Algorithm 1 will be
stationary, and their dependence on the remote past will decay quickly. The rate of this
decay depends on r and ρ = λmax (T − KZ), where Ki → K. The next three results show
that the convergence is exponential in ρ. Proofs of these results are given in Section B.

Lemma 7 If H is positive definite and r = λmax (T ) < 1, then λmax (bij ) = O(ri−j−1 ) for
any i > 1, j < i.

While Pbi = V ar(αi+1 |Y1:i ) changes with i, for stationary LTIs, Pbi converges to a limiting
value as i → ∞. This means that the algorithm converges to a steady state as i grows.
The next result gives the values to which the algorithm converges, and shows that this
convergence occurs exponentially fast.
Lemma 8 If λmax (T ) < 1 then:

JMLR 18(32):1-40, 2017

1. The solution, P to the matrix equation P = T P T > − T P Z > (ZP Z > + H)−1 ZP T > +
GQG> exists and is positive definite.

2. Pbi → P and Ki → K = T P Z > (ZP Z > + H)−1 .

8

α
bi+1 = T α
bi + Kvi ,

i=d+1

n
X
1
` (Yi − f (Y1:i−1 )) .
n−d

JMLR 18(32):1-40, 2017
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9

1. In order to apply the results, one must either know βa for some a or be able to estimate it with sufficient
precision and accuracy. McDonald et al. (2011a, 2015) show how to estimate the mixing coefficients nonparametrically, based on a single sample from the process. However, those results (and those contained in
this paper) only apply if the data generating process is β-mixing, an assumption that cannot be verified.

In order to make use of this single definition of training error, we let d ≥ 0. In fixed memory
cases—say an AR(2)—d has an obvious meaning, and f (Y1:i ) = f (Yi−d+1:i ) by definition of
fixed memory, while with growing memory, d = 0, and we define Y1:0 := ∅.
To control the generalization error for time-series forecasting, we make one final assumption, about the possible magnitude of the losses. Specifically, we weaken the bounded loss
assumption we used in Section 2 to allow for unbounded loss as long as we retain some
control on moments of the loss.

bn (f ) :=
R

Definition 11 (Time-series training error)

The expectation is taken with respect to the joint distribution P and therefore depends on
n.

h
i
Rn (f ) := E ` (Yn+1 − f (Y1:n )) .

Definition 10 (Time-series risk)

Under stationarity, the marginal distribution of Yt is the same for all t. We deal mainly
with the joint distribution of Y1:n+1 , where we observe the first n observations and try
predicting Yn+1 . For the remainder of this paper, we will call this joint distribution P.
Our results extend to predicting more than one step ahead, but the notation becomes
cumbersome.
We must define generalization error and training error slightly differently for time series
than in the i.i.d. setting. Using the same notion of loss functions as before, we consider
prediction functions f : Rn×p → Rp . The function f may use some or all of the past to
generate predictions. A function using only the most recent d observations as inputs will
be said to have fixed memory of length d. Other functions, in particular, the linear timeinvariant systems we discuss below, have growing memory which means that f may use all
the previous data to predict the next data point. These concepts require us to state with
some care what we mean by prediction functions, and by time-series training error and risk.

Assumption A P∞ is a stationary, β-mixing process with mixing coefficients βa , ∀a > 0.1

We observe a finite subsequence of random vectors Y1:n from a process Y∞ defined on a
probability space (Ω, Σ, P∞ ), with Yi ∈ Rp . We make the following assumption on the
process.

5.1 Setup and Assumptions

bound on the generalization error of the chosen function fb. After slightly modifying the
definition of “risk” to fit the time-series forecasting scenario and stating necessary technical
assumptions, we derive risk bounds for traditional time-series forecasting models.

McDonald, Shalizi, and Schervish

With the relevant background in place, we can put the pieces together to derive our results.
We use β-mixing to find out how much information is in the data and VC dimension
to measure the capacity of the state-space model’s prediction functions. The result is a

5. Risk Bounds

We will refer to the class of predictors given by Algorithm 1 as F1 and those given by
Algorithm 2 as F2 .

Lemma 9 If λmax (T ) < 1 and H positive definite. Then, ksij k = O(ρi−j−1 ) and for j < i,
kbij − sij k = O(ρj ).

To arrive at this formulation, simply substitute Lk = (T − KZ) and Kj = K in (2). Notice
in particular that the weights depend only on the difference i − j for this algorithm. The
next result shows that the prediction weights for the two algorithms converge rapidly.

Since the Kalman filter algorithm converges quickly to a steady state, one could instead use
Algorithm 2 which approximates Algorithm 1 but is more computationally efficient.
For Algorithm 2, we can similarly write predictions as linear functions of previous observations. In this case, Yb1:n+1 = SY1:n where the prediction weights are given by
(
Z(T − KZ)i−j−1 K i − j > 0
(S)ij = sij = si−j−1 =
(3)
0
i−j ≤0


i
i
b
4. For any
 matrix norm k·k, kPi − P k = O ρ , kFi − F k = O(ρ ), and kKi − Kk =
i
O ρ .

3. 0 < λmax (T − KZ) = ρ < 1.

Predict Ybi+1 = Z α
bi+1 .
end
return Yb1:n+1

vi = Yi − Ybi ,

Recursively generate approximate minimum mean squared error predictions Ybi using
the state space model in (1).
Input: Initial guess for the mean of α1 : α
b1
Set Yb1 = Z α
b1 .
Solve P = T P T > − T P Z > (ZP Z > + H)−1 ZP T > + GQG> for P , denote the
solution as P
Set K = T P Z > (ZP Z > + H)−1
for 1 ≤ i ≤ n do
Filter

Algorithm 2: Steady-state approximate filter

Nonparametric Risk Bounds for Time-Series
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Y1:d

U1

V1

V2

←a→

Uj

Vj

←a→

McDonald, Shalizi, and Schervish

U2

Uµ

Vµ

Figure 1: The blocking procedure divides Yd+1:n into 2µ alternating blocks Uj (green) and
Vj (orange) each of length a. It ignores the first d observations Y1:d (blue).

Assumption B Assume that for all f ∈ F and all d ∈ N
r h
i
EP ` (Yd+1 − f (Y1:d ))2 ≤ M < ∞.
Assumption B will be satisfied for Yi sub-Gaussian, as well as other distributions with
bounded second moment. These include, for instance, heavy-tailed Lévy noises where the
tails of the pdf decay faster than an inverse cubic.

Qd (f ) :=

5.2 Fixed Memory

 



!
2
2


µ
exp
W
−
+
4
bn (f )
Rn (f ) − R
e4
>  ≤ 8G(n, C`◦F ) exp −
+ 2µβa−d ,


Qd (f )
4

r

E(4 − log E)
,
2

4 log G(n, C`◦F ) + 4 log 8/η 0
,
µ

bn (f ) + M e2
Rn (f ) ≤ R
E=

L(Uj0 ) = L(Uj ) = L(U1 ),

where L(·) means the probability law of the argument.

12
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Let U be the sequence of odd blocks Uj , and let V be the sequence of even blocks Vj . A
graphical depiction of the blocking procedure is shown in Figure 1. Finally, let U0 be a
sequence of blocks which are mutually independent but such that each block has the same
distribution as a block from the original sequence. That is construct Uj0 such that

Vj = {Yi : (2j − 1)a + d + 1 ≤ i ≤ 2ja + d}.

Uj = {Yi : 2(j − 1)a + d + 1 ≤ i ≤ (2j − 1)a + d},

We now prove both Theorem 12 and Corollary 13 to provide the reader with some intuition
for the types of arguments necessary. We defer proof of the remainder of our results to
Section B.
Proof [of Theorem 12 and Corollary 13] The first step is to move from the actual sample
size n to the effective sample size µ which depends on the β-mixing behavior. Let a and µ
be non-negative integers such that 2aµ + d = n. Now divide Yd+1:n into 2µ blocks, each of
length a, ignoring the first d observations. Identify the blocks as follows:

and η 0 = η − 2µβa−d .

with

Corollary 13 Under the conditions of Theorem 12, for any f ∈ F, the following bound
holds with probability at least 1 − η, for all η > 2µβa−d ,

bn (f ) ≤ Rn (f ). Of course, as discussed in Section 2, for most
only concerned with 0 ≤ R
bn (f ) as small as possible.
estimation procedures, f is chosen to make R
Before we prove Theorem 12, we will state a corollary which puts the same result in a
form that is sometimes easier to use.

We can now state our results giving finite sample risk bounds for the problem of time-series
forecasting. We begin with the fixed memory setting; the next section will allow the memory
length to grow.

f ∈F

sup

Theorem 12 Suppose that Assumption A and Assumption B hold, that the model class F
has a fixed memory length d < n, and that we have a sample Y1:n . Let µ and a > d be
3/2
integers such that 2µa + d = n.2 Then, for all 0 <  < e√2 ,
P
where W (·) is the Lambert W function.

The implications of this theorem are considerable. Given a finite sample of length n, we
can say that with high probability, future prediction errors will not be much larger than our
observed training errors. It makes no difference whether the model is correctly specified.
This stands in stark contrast to model selection tools like AIC or BIC which appeal to
asymptotics. Moreover, given a model class F, we can say exactly how much data we need
to have good control of the prediction risk. As the effective data size increases, the training
error is a better and better estimate of the generalization error, uniformly over all of F,
provided µ, a → ∞ such that βa−d = o(1/µ).
The Lambert W function in the exponential term deserves some explanation. The
Lambert W function is defined as the inverse of f (w) = w exp w (c.f. Corless et al., 1996).
A strictly, but only slightly, worse bound can be achieved by noting that
 


22
8/3
exp W − 4 + 4 ≤ 2/3
e
4

b

for all  ∈ [0, 1] (see Cortes et al., 2010, for the derivation).
The difference between expected and empirical risk is only interesting when Rn (f ) exbn (f ). Due to the supremum preceding Rn (f )−Rn (f ) , events where the training error
ceeds R
Qd (f )
exceeds the expected risk are irrelevant (as this term will be negative). Therefore, we are
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2. By making appropriate modifications to the definition of the training error and some of the proof elements, one could allow 2µa + d < n, but we obviate this issue for the sake of clarity.

11

≤P

sup

!
bV (f )
bU (f )
Rn (f ) − R
Rn (f ) − R
+ sup
> 2
Qd (f )
Qd (f )
f ∈F
f ∈F
!
!
b
bV (f )
Rn (f ) − RU (f )
Rn (f ) − R
>  + P sup
>
≤ P sup
Qd (f )
Qd (f )
f ∈F
f ∈F
!
bU (f )
Rn (f ) − R
= 2P sup
>
Qd (f )
f ∈F
!
bU (f )
Rd (f ) − R
= 2P sup
> .
Qd (f )
f ∈F

!
bn (f )
Rn (f ) − R
P sup
>
Qd (f )
f ∈F
"
#
!
bU (f ) Rn (f ) − R
bV (f )
Rn (f ) − R
= P sup
+
>
2Qd (f )
2Qd (f )
f ∈F

(6)

(5)

(4)

by stationarity and, similarly, Qd (f ) =

13
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q 

E ` (Yd+1 − f (Y1:d ))2 . Thus Rd (f ) and Qd (f )
bU (f ) depends
depend on only d + 1 data values. Likewise, a “point” in the training error R
on d + 1 data values. Therefore, a prediction at any Yi in some block Uj is separated by at
least a−d observations from any Yi0 in different block Uj 0 . Furthermore, we are estimating an
bU (f ) which
expectation Rd (f ) which depends on d+1 values with an empirical expectation R
is a dependent sum of components each of which depends on d + 1 observed data values.

Here, (4) follows by the convexity of the supremum and (5) by a union bound. Now, for
(6), as f has fixed memory d, we have that f (Y1:j ) = f (Yj−d+1:j ). Thus




Rn (f ) = E ` (Yn+1 − f (Y1:n )) = E ` (Yn+1 − f (Yn−d+1:n ))


= E ` (Yd+1 − f (Y1:d )) = Rd (f )

Then,

bn (f ) =
R

n
X
1
` (Yi − f (Y1:i−1 ))
n−d
i=d+1


X
1  X
` (Yj − f (Y1:j−1 ))
=
` (Yi − f (Y1:i−1 )) +
n−d
j:Yj ∈V
i:Yi ∈U


X
X
1 2
2
=
` (Yi − f (Y1:i−1 )) +
` (Yj − f (Y1:j−1 ))
2 n−d
n−d
i:Yi ∈U
j:Yj ∈V
i
1 hb
bV (f ) .
RU (f ) + R
=
2

bU (f ), R
bU0 (f ), and R
bV (f ) be the empirical risk of f based on the block sequences
Let R
U, U0 , and V respectively. We have

Nonparametric Risk Bounds for Time-Series

 = e2

r

E(4 − log E)
2

14

3. The Σ indicates a sum over the coordinates of the block.

implies

0
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2
 µ exp W − 2
+4 
e4
η = 8G(n, C`◦F ) exp −


4

Solving the equation

bn (f )
Rn (f ) − R
≤ .
Qd (f )

where we have applied Corollary 23 to bound the independent blocks U0 . Since there are µ
independent blocks, this upper bound is in terms of µ effectively independent data “points”
penalized by the correction βa−d which adjusts for the worst case dependence between
“points” rather than n dependent data points. However, the growth function is in terms of
the class of blocked predictors and depends on a. To remove this dependence, we present a
Σ ) ≤ G(2µa, C
novel result, Lemma 24. This lemma shows that G(2µ, C`◦F
`◦F ) ≤ G(n, C`◦F ),
giving the desired result.
To prove the corollary, set the right hand side of (8) to η, take η 0 = η − 2µβa−d , and
solve for . We get that with probability at least 1 − η, for all f ∈ F,

 



!
2
 µ exp W − 2
+4 
bU0 (f )
Rd (f ) − R
e4
Σ
>  ≤ 8G(2µ, C`◦F ) exp −
, (8)
2P sup


Qd (f )
4
f ∈F

This allows us to state that

j=1

where the probability on the right of (7) is for the σ-field generated by the independent
block sequence U0 . Let us now introduce the growth function for the class of “blocked”
Σ = {C Σ : f ∈ F}, where3
predictor losses C`◦F
`◦F




a


X
Σ
a
k×a
C`◦F = (u, d, b) : 1[0,∞) 
`(dj − f (uj )) − b = 1, u ∈ U , d ∈ R , b ∈ R .



Therefore, wen can apply Lemma 4.1 in
o Yu (1994) (reproduced as Lemma 21 in Section A)
bU (f )
R
to the event supf ∈F Rd (fQ)−
>

. This allows us to move from statements about the
d (f )
bU (f ) to statements about the independent blocks in R
bU0 (f ) with a
dependent blocks in R
slight correction which accounts for the worst-case dependence between adjacent blocks:
βa−d . Therefore,
!
!
bU (f )
bU0 (f )
Rd (f ) − R
Rd (f ) − R
2P sup
>  ≤ 2P sup
>  + 2µβa−d ,
(7)
Qd (f )
Qd (f )
f ∈F
f ∈F
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with
4 log G(n, C`◦F ) + 4 log 8/η 0
.
µ
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E=

The only obstacle to the use of Theorem 12 is knowledge of the G(n, C`◦F ) or vcd(C`◦F ).
For some models, these can be calculated explicitly.


2en
d+1

d+1
.

Theorem 14 If `(y − y 0 ) is monotone increasing in |y − y 0 |, then for the class of AR(d)
models,

G(n, C`◦F ) ≤


2en
d+1

p(d+1)
.

If `(y − y 0 ) is monotone increasing in each coordinate of |yj − yj0 |, then for the class of vector
autoregressive models of order d with p time-series,

G(n, C`◦F ) ≤

The proof of Theorem 14 is given in Section B. We note that this result applies equally
to Bayesian VARs, however, this is likely conservative as the prior tends to restrict the
effective complexity of the function class.4
5.3 Bounds for LTIs
As discussed in Section 4, our goal is to derive similar bounds for linear time-invariant
dynamical systems which produce forecasts via Algorithm 1 or Algorithm 2. We begin with
a result for the simple case with predictions generated by Algorithm 2.
Theorem 15 Suppose that Assumption A and Assumption B hold, and that the model class
F2 is generated by Algorithm 2 with λmax (T ) < 1. Further assume that the loss function ` is
a norm and let `∗ (A) = supz6=0 `(Az)/`(z) be the matrix norm induced by `. Given a timeseries of length n, fix some 1 ≤ d < n, and let µ and a be integers such that 2µa + d = n.
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4. Here we should mention that these risk bounds are frequentist in nature. We mean that if one treats
Bayesian methods as a regularization technique and predicts with the posterior mean or mode, then our
results hold. However, from a subjective Bayesian perspective, our results add nothing since all inference
can be derived from the posterior. For further discussion of the frequentist risk properties of Bayesian
methods under mis-specification, see for example Kleijn and van der Vaart (2006); Müller (2013) or
Shalizi (2009).

15

Then

where
δd (f2 ) =

2en
d+1
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exp

!
bn (f2 ) − δd (f2 )
Rn (f2 ) − R
P sup
>
Qd (f2 )
f2 ∈F2


 

2
 µ exp W − 2
+4 
e4
+ 2µβa−d ,
≤ 8G(n, C`◦F20 ) exp −


4
 



22
p(d+1)



µ
exp
W
−
+
4
e4
−
+ 2µβa−d ,


4

≤8

i=d+1

j=i−d

j=1

j=1

 



n
i−1
i−1
n−d
X
X
X
X
1
` Yi −
sij Yj  − ` Yi −
sij Yj  + E[` (Y1 )]
`∗ (snj ).
n−d

i=d

j=i−d+1

j=1

The δd (f2 ) term arises from taking a fixed-memory approximation, of length d, to predictors with growing memory5 . As becomes clear in the proof (see Section B), we make
this approximation to apply the previous theorem, but it involves a trade-off. As d % n,
δd (f2 ) & 0, but this drives µ & 0, resulting in fewer effective training points, whereas
smaller d has the opposite effect. The summation inside square braces on the left is the
difference between empirical risks for f2 and that of the truncated predictor f20 which uses
only the most recent d data values. That is
 



n−1
i
i
X
X
X
1
bn (f 0 ) − R
bn (f2 ).
` Yi+1 −
sij Yj  − ` Yi+1 −
sij Yj  = R
2
n−d−1



This term is easily calculated from the data. Also, δd (f2 ) depends on E ` (Y1 ) which
 is not
necessarily desirable. However, Assumption B has the consequence that E ` (Y1 ) ≤ M <
∞ as long as F2 allows sij = 0. Finally, we reiterate that sij = si−j−1 is a function only of
the difference between i and j. Finally, note that the upper bound depends on the growth
function of the truncated class F20 , which can be bounded using Theorem 14.

µ

,

E(4 − log E)
,
2

4 log G(n, C`◦F20 ) + 4 log 8/η 0

bn (f2 ) + δd (f2 ) + M e2
Rn (f2 ) ≤ R

Corollary 16 Under the conditions of either Theorem 15, for any f2 ∈ F2 , with probability
at least 1 − η,
r
where

E=

and η 0 = η − 2µβa−d . Furthermore,

δd (f2 ) = OP (ρd ).
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5. There are several ways one could make such an approximation. To simplify the proof, we have set all
coefficients at lags beyond d to zero rather than, e.g., asking for the d-memory linear predictor coming
closest in L2 to the infinite-memory predictor.

16

Qd (f10 ) :=

h
i
EP ` (Yn+1 − f10 (Yn−d+1:n ))2 ≤ M < ∞.

r

where

δd (f1 ) =

j=1

17

i−1
X

j=i−d

`∗ (bnj ).

` Yi −

 

n−d
X

i=d+1

+ E[` (Y1 )]

1
n−d

n
X



bij Yj  − ` Yi −



j=1

i−1
X
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si−j−1 Yj 



Theorem 17 Suppose that Assumption A and Assumption C hold, and that the model class
F1 is generated by Algorithm 1 with λmax (T ) < 1. Further assume that the loss function ` is
a norm and let `∗ (A) = supz6=0 `(Az)
`(z) be the matrix norm induced by `. Given a time-series
of length n, fix some 1 ≤ d < n, and let µ and a be integers such that 2µa + d = n. Then
!
bn (f1 ) − δd (f1 )
Rn (f1 ) − R
P sup
>

limn→∞ Qd (f10 )
fn ∈F


 

2
 µ exp W − 2
+4 
e4
+ 2µβa−d ,
≤ 8G(n, C`◦F20 ) exp −


4






2


 µ exp W − 2
+4 
2en p(d+1)
e4
≤8
exp −
+ 2µβa−d ,


d+1
4

this is no longer the case (as f10 depends on n). However, the dependence on n will not
be necessary. The second part of this assumption ensures that the loss of the truncated
versions of these predictors is uniformly integrable. Under this assumption, since predictions
f10 (Yn−d+1:n ) − f20 (Yn−d+1:n ) = OP (1), we have that limn→ Qd (f10 ) = Qd (f2 ). This statement
is made rigorous in the proof.

The first part of this assumption is analogous to Assumption B but for predictors f1 ∈
F1 . However, we need only impose the assumption on a fixed-memory version of these
growing memory predictors. Note also that
r forh the case of Algorithm i2, as in Theorem 15,
0
for any n, f2 ∈ F2 , we have Qd (f2 ) = EP ` (Yn − f20 (Yn−d:n−1 ))2 . For Algorithm 1,

A

2. For every  > 0 there exists δ > 0 such that, for all measurable sets A, with P(A) ≤ δ,
and every f10 ,
Z
h
2 i
dP ` Yn+1 − f10 (Yn−d+1:n )
≤ .

1.

i=d+1

j=i−d

j=1

E=

,

E =C

18
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4 log(d + 1) log(2en/(d + 1)) − (1 − γ) log(n − d) + [(n − d)γ − d] log(1/k)
.
(n − d)1−γ

To achieve reasonable bounds, we fix 0 < γ < 1 and choose µ = (n − d)1−γ , a =
0.5(n − d)γ , and η = 3µβa−d . With these choices, and using C as a mutable constant
independent of n and d,

F1 = {f1 : Z ∈ R, H, G > 0, −1 < T < 1}.

with a univariate state α. We will maximize the likelihood to estimate θ = (Z, H, T, G) and
apply Algorithm 1 to generate forecasts from n samples. Thus

αi+1 = T αi + Gηi+1 ,

Yi = Zαi + Hi ,

Example Suppose Y∞ is a 1-dimensional geometrically β-mixing time series with βa =
O(k a ) for some constant 0 < k < 1. We will choose as our predictor the state-space model
as in (1)

This corollary shows that δd (f1 ) decays rapidly as long as d → ∞ and d/n → 0. But for
LTIs, it is simple to compute δd (f1 ) or δd (f2 ) using results from Algorithm 1 or Algorithm 2,
so this and Corollary 16 let us compute risk bounds for common time-series forecasting
models without appealing to the asymptotic form of δd (f ).
As this bound is rather complicated, in that d, a, µ and η are expected to go to either 0
or ∞ as functions of n, we provide the following simple example demonstrating convergence.

δd (f1 ) = OP (rd ) + O(ρn−d+1 ) + OP ((n − d)−1 ).

µ

4 log G(n, C`◦F20 ) + 4 log 8/η 0

and η 0 = η − 2µβa−d . Furthermore,

where

Corollary 18 Under the conditions of Theorem 17, for any f1 ∈ F1 , with probability at
least 1 − η,
r
bn (f1 ) + δd (f1 ) + M e2 E(4 − log E) ,
Rn (f1 ) ≤ R
2

where
is given by Algorithm 2. Again, this term is easily calculated from the data.
Furthermore, the upper bound depends on the growth function of the level sets of F20 which
is easily bounded using Theorem 14.

f20

For this result, the summation inside square braces on the left is the difference between
empirical risk for f1 and that of the truncated steady-state predictor f20 which uses only the
most recent d data values. That is
 



n
i−1
i
X
X
X
1
bn (f1 ) − R
bn (f20 )
` Yi −


bij Yj − ` Yi+1 −
sij Yj  = R
n−d

For the case of Algorithm 1, Assumption B no longer makes sense as it fails to reflect
the fact each f1 ∈ F1 is a time varying function of previous observations as illustrated in
(2). We therefore strengthen the assumption slightly. Notice in particular that f10 depends
on n as illustrated in (2).

Assumption C For all f10 generated by truncating Algorithm 1 to depend on the most
recent d observations, and all n > d,

McDonald, Shalizi, and Schervish
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γ −d

.

Here, we have used Theorem 14 to bound the logarithm of the growth function of the growing
memory predictor with log(d + 1) log(2en/(d + 1)) for truncation length d. Therefore, for n
and d such that (n − d)γ > C log(n) log(d), E < C(n − d)−(1−2γ) . To complete the bound,
we need to choose d such that η → 0, rd → 0, and n − d → ∞. To achieve the first, we have
η = µβa−d = g(n − d)1−γ k 0.5(n−d)

r
1
n1−2γ

Therefore, we require d = o(nγ ). Thus, as long as d = o(nγ ) and d → ∞, for n large enough
(depending on many constants), Corollary 18 gives
bn (f1 ) + C
Rn (f1 ) ≤ R
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Figure 2: Daily realized volatility (squared log returns) for IBM from 1962–2011.

Effective VC
3
3
1

for some C with high probability.

Risk bound (1 − η > 0.95)
15.92
15.00
12.63
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Minimizing this gives estimates ς = −9.62, φ = 0.996, and ση2 = 0.003. Using absolute error
bn (f ) = 1.44.
loss gives training error R
To actually calculate the bound, we need a few more values. First, using the methods
in McDonald et al. (2011a, 2015), we can estimate β8 = 0.017. For a > 8, the optimal point
estimate of βa is 0. While this is presumably an underestimate,
p we will take βa = 0 for
a > 8. For the upper bound in Assumption B, we use M = π 2 /2 which corresponds to
the SV model being true.
Combining these values with the VC dimension for the stochastic volatility model, we
can bound the prediction risk. Finally, we take µ = 538, a = 11, d = 2, and E[|Y1 |] = M .
The result is the bound Rn (f ) ≤ 15.92 with probability at least 0.95. In other words, the
bound is much larger than the training error, but this is to be expected: the data are highly
dependent, so the large n translates into a relatively small effective sample size µ.
For comparison, we also computed the bound for forecasts produced with an AR(2)
model (with intercept) and with the global mean alone. In the case of the mean, we take
µ = 658 and a = 9 since in this case, d = 0. The results are shown in Table 1. The stochastic
volatility model reduces the training error by 5% relative to predicting with the mean, an
improvement which is marginal at best. But the resulting risk bound clearly demonstrates
that given the small effective sample size, even this gain may be spurious: it is likely that
the stochastic volatility model is simply over-fitting.

Table 1: This table shows the training error and risk bounds for 3 models. AIC is given
as the difference from predicting with the global mean (the smaller the value, the
more support for that model). The “Effective VC” dimension column reports the
exponent in the bound on the growth function. This is slightly different from the
VC dimension of the model.

AIC-Baseline
-2816
-348
0

6. Bounds in Practice

zi ∼ N(0, 1),

ηi ∼ N(0, ση2 ),

log Fi + vi2 Fi−1 .

Training error
1.44
1.49
1.51

Model
SV
AR(2)
Mean

We now show how the theorems of the previous section can be used both to quantify prediction risk and to select models. We first estimate a simple stochastic volatility model using
IBM return data and calculate the bound for the predicted volatility using Corollary 18.
Then we show how the same methods can be used for typical macroeconomic forecasting
models.
6.1 Stochastic Volatility Model

=

σzi exp(αi /2),

We estimate a standard stochastic volatility model using daily log returns for IBM from
January 1962 until October 2011 (n = 12541 observations). Figure 2 shows the squared
log-return series.
The model we investigate is
Yi
αi+1 = φαi + ηi ,

ξ = E[log z12 ].

i = log zi2 − ξ,

where the disturbances zi and wi are mutually and serially independent. Following Harvey
et al. (1994), we linearize this by taking the natural log of the observation equation:
1
= ς + αi + i ,
2
ς = log σ 2 + ξ,

log Yi2

n
X
i=1
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The noise term i is no longer Gaussian (it has a shifted log-gamma distribution), but the
Kalman filter will still give the minimum-mean-squared-error linear estimate of the variance
sequence α1:n+1 . The observation variance is now π 2 /2.
To match the data to the model, let yi be the log returns and remove 688 observations
where the return was 0 (the price did not change from one day to the next). Using the
Kalman filter, the negative log likelihood is given by
L(Y1:n |ς, φ, ση2 ) ∝

19

1950

1960

1970

1980

1990

2000

2010

y
c
i
h

JMLR 18(32):1-40, 2017

JMLR 18(32):1-40, 2017

21

P∈Π

P∈Π
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Ln (Π) := sup EP [Rn (fberm ) − Rn (f ∗ )] = sup EP [Rn (fberm )] − Rn (f ∗ )

be the oracle predictor with respect to F. We call

f ∈F

f ∗ = argmin Rn (f )

Here we give some idea of how tight the bounds presented in Section 5 are. Denote the
function that minimizes the training error (or penalized training error) over F by fberm , and
let

7.1 How Tight Are the Bounds?

the “oracle loss”; it describes how well empirical risk minimization works relative to the
best possible predictor f ∗ over the worst distribution P. Vapnik (1998) shows that for
classification and i.i.d. data, for sufficiently large n, there exist constants Υ∗ and Υ∗ such
that
r
r
vcd(CF )
vcd(CF ) log n
∗
Υ∗
≤ Ln (Π) ≤ Υ
,
n
n

In the previous section, we showed that the upper bound for the risk of standard macroeconomic forecasting models may be large. This of course raises the question “How tight are
these bounds?” We address this question next and then discuss how to use the bounds for
model selection.

7. Properties of Our Results

shows n = 245 observations. The minimal possible finite approximation model is a VAR
with one lag and four time series. In this case, since we are dealing with vector valued
forecasts, we take `(y − y 0 ) = ky − y 0 k2 so that the induced matrix norm of A is `∗ (A) =
σmax (A), the largest singular value of A. We assume that Assumption C is satisfied with
M = 0.1 and demand confidence 0.95 (η = 0.05). By Theorem 14, this class has growth
function bounded by (en)8 .
Again, using the methods of McDonald et al. (2011a), we can estimate the β-mixing
coefficients of the macroeconomic data set. The result is a point estimate β4 = 0. Assuming
that this is approximately accurate (0 is of course an underestimate), this suggests that the
effective size of the macroeconomic data set is no more than about µ = 25, much smaller
then n = 245. To calculate the bound, we assume that E[kY k2 ] < 0.1. The training error
bn (f ) = 0.046. The bound is Rn (f ) < 2.29.
of the fitted RBC model is R
The bound here is three orders of magnitude larger than the training error. If the
bound is tight, then this suggests that the training error severely underestimates the true
prediction risk. Of course, this should not be too surprising since the RBC model has 11
parameters and we are trying to get confidence intervals using only 25 effective data points.
In some sense, the empirical results in this section may seem slightly unreasonable. Since
the results are only upper bounds, it is important to get an idea as to how tight they may
be. We address this issue in the next section.

McDonald, Shalizi, and Schervish

In this section, we will discuss the methodology for applying risk bounds to the forecasts
generated by the real business cycle (RBC) model. This is a standard tool in macroeconomic
forecasting. For a discussion of the RBC model and the standard methods used to bring
such models to the data, see, for example DeJong and Dave (2007); DeJong et al. (2000);
Fernández-Villaverde (2010); Kydland and Prescott (1982); Romer (2011); Sims (2002);
Smets and Wouters (2007).
To estimate the parameters of this model, we use four data series. These are GDP yt ,
consumption ct , investment it , and hours worked nt which are from the Federal Reserve
Economic Database. The series we use are shown in Figure 3.
The basic idea of the estimation is to transform the model from an inter-temporal
optimization form into a state space model. This leads to a linear, Gaussian state-space
model with four observed variables (listed above), and two unobserved state variables. The
mapping from parameters of the optimization problem to parameters of the state-space
model is nonlinear, but, for each parameter setting, the Kalman filter returns the likelihood,
so that likelihood methods are possible. As the data are fairly uninformative about many
of the parameters, we estimate by maximizing a penalized likelihood, rather than a simple
likelihood. Then the Kalman filter produces in-sample forecasts which are linear in past
values of the data, so that we could potentially apply the growing memory bound.
For macroeconomic time series, there is not enough data to give nontrivial bounds,
regardless of the mixing coefficients or the size of the finite memory approximation. Figure 3

6.2 Real Business Cycle Model

Figure 3: Time series used to estimate the RBC model. These are quarterly data from
1948:I until 2010:I. The blue line is GDP (output), the red line is consumption,
the green line is investment, and the orange line is hours worked. These data are
plotted as percentage deviations from trend as discussed in the Online Appendix.
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vcd(CF )
n

where Π is the class of all distributions on U × {0, 1} and CF has finite VC-dimension
vcd(CF ). In other words, for i.i.d. data, the best we can hope to do is a rate of
!
r
O
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While we have stated these results in terms of standard economic forecasting models,
they have very wide applicability. Theorem 12 applies to any forecasting procedure with
fixed memory length, linear or non-linear. Theorem 17 applies only to methods whose
forecasts are linear in the observations, but a similar result for nonlinear methods would

This paper demonstrates how to control the generalization error of common time-series forecasting models, especially those used in economics and engineering—ARMA models, vector
autoregressions (Bayesian or otherwise), linearized dynamic stochastic general equilibrium
models, and linear state-space models. We derive upper bounds on the risk, which hold
with high probability while requiring only weak assumptions on the data-generating process. These bounds are finite sample in nature, unlike standard model selection penalties
such as AIC or BIC. Furthermore, they do not suffer the biases inherent in other risk estimation techniques such as the pseudo-cross validation approach often used in the economic
forecasting literature.

8. Conclusion

If we want to make the prediction risk as small as possible, we can minimize the generalization error bound simultaneously over models F and functions within those models. This
amounts to treating VC dimension as a control variable. Therefore, by minimizing both
the empirical risk and the VC dimension, we can choose that model and function which has
the smallest prediction risk, a claim which other model selection procedures cannot make
(Massart, 2007; Vapnik, 2000).

The generalization error bounds in Section 5 allow one to perform model selection via
the SRM principle without knowledge of the likelihood or appeals to asymptotic results.
The penalty accounts for the complexity of the model through the VC dimension. Most
useful however is that by using generalization error bounds for model selection, we are
minimizing the prediction risk. So in the volatility forecasting exercise above, we would
choose the mean.

Given a collection of models F1 , F2 , . . . each with associated empirical risk minimizers
fb1 , fb2 , . . ., we wish to use the function which has the smallest risk. Of course different
models have different complexities, and those with larger complexities will tend to have
smaller empirical risk. To choose the best function, we therefore penalize the empirical
risk and select that function which minimizes the penalized version. Model selection tools
like AIC or BIC have exactly this form, but they rely on specific knowledge of the data
likelihood and use asymptotics to derive approximate penalties. In contrast, we have finitesample bounds for the expected risk. This leads to a natural model selection rule: choose
the predictor which has the smallest bound on the expected risk.

the empirical risk. Many likelihood based methods have exactly this flavor. But more frequently, forecasters have many different models in mind, each with a different empirical risk
minimizer. Regularized model classes (ridge regression, lasso, Bayesian methods) implicitly
have this structure — altering the amount of regularization leads to different models F.
Or one may have many different forecasting models from which the forecaster would like
to choose the best. This scenario leads to a generalization of ERM called structural risk
minimization or SRM.

p

, and prediction methods which perform worse than O
vcd(CF ) log n/n are inefficient.
We will derive similar bounds for the β-mixing setting. First, we need a slightly different
version of Theorem 12.

f ∈F

bn (f )) > 
sup (Rn (f ) − R

Theorem 19 Suppose that `(y − y 0 ) < M , that Assumption A holds, and that F has a fixed
memory length d < n. Let µ and a be integers such that 2µa + d ≤ n. Then, for all  > 0,
!


µ2
≤ 8G(n, C`◦F ) exp −
+ 2µβa−d .
Υ
P

where Υ depends only on M .

The proof of Theorem 19 is exactly like that for Theorem 12 using the result for bounded
loss in Theorem 4 rather than that for relative loss in Corollary 23 to control the probability
that empirical risk over blocks deviates from its expectation (see (8)).

vcd(C`◦F ) log n
.
nκ/(1+κ)

Assumption D The time series Y∞ is geometrically β-mixing, that is βa = υ1 exp(−υ2 aκ )
for some constants υ1 , υ2 , κ.

vcd(C`◦F )
≤ Ln (Π) ≤ Υ∗
n

Theorem 20 Suppose `(y − y 0 ) < M and that Assumption D holds. Further assume that
C`◦F has finite VC-dimension vcd(C`◦F ). Then, for sufficiently large n, there exist constants
Υ∗ and Υ∗ , independent of n and vcd(C`◦F ), such that
r
r
Υ∗

If we instead assume algebraic mixing, that is βa = υa−ρ , then we can retrieve the same
rate where 0 < κ < (ρ − 1)/2 (see Meir, 2000). Theorem 20 says that in dependent data
settings, using the blocking approach developed here, we may pay a penalty: the upper
bound on Ln (Π) goes to zero more slowly than in the i.i.d. case. But, the lower bound
cannot be made any tighter since i.i.d. processes are still allowed under Assumption D (and
of course under the more general Assumption A). In other words, we may have κ → ∞ so


q
vcd(C`◦F ) log n
.
n

we can not rule out the faster learning rate of O

7.2 Structural Risk Minimization
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Our presentation so far has focused on choosing one function fb from a model F and demonstrating that the prediction risk Rn (fb) is well characterized by the training error inflated
by a complexity term. The procedure for actually choosing fb has been ignored. Common
ways of choosing fb are frequently referred to as empirical risk minimization or ERM: apbn (f ), and choose fb to minimize
proximate the expected risk Rn (f ) with the empirical risk R
23
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just need to ensure that the dependence of the forecast on the past decays in some suitable
way.
Rather than deriving bounds theoretically, one could attempt to estimate bounds on the
risk. While cross-validation is tricky (Racine, 2000), nonparametric bootstrap procedures
may do better. A fully nonparametric version is possible, using the circular bootstrap
(reviewed in Lahiri, 1999). Bootstrapping lengthy out-of-sample sequences for testing fitted
model predictions yields intuitively sensible estimates of Rn (f ), but there is currently no
theory about the coverage level. Also, while models like VARs can be fit quickly to simulated
data, general state-space models, let alone DSGEs, require large amounts of computational
power, which is an obstacle to any resampling method.
While our results are a crucial first step for the learning-theoretic analysis of time-series
forecasts, many avenues remain for future exploration. To gain a more complete picture
of the performance of forecasting algorithms, we would want minimax lower bounds (c.f.
Tsybakov, 2008). These would tell us the smallest risk we could hope to achieve using any
forecaster in some larger model class, letting us ask whether any of the models in common
use actually approach this minimum. Another possibility is to target not the ex ante risk
of the forecast, but the ex post regret: how much better might our forecasts have been, in
retrospect and on the actually-realized data, had we used a different prediction function
from the model F (Cesa-Bianchi and Lugosi, 2006; Rakhlin et al., 2010)? Remarkably, we
can find forecasters which have low ex post regret, even if the data came from an adversary
trying to make us perform badly. If we target regret rather than risk, we can actually ignore
mixing, and even stationarity (Shalizi et al., 2011).
An increased recognition of the abilities and benefits of statistical learning theory can
be of tremendous aid to financial and economic forecasters. The results presented here
represent an initial yet productive foray in this direction. They allow for principled model
comparisons as well as high probability performance guarantees. Future work in this direction will only serve to sharpen our ability to measure predictive power.
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f ∈F

sup

!
r


bn (f )
Rn (f ) − R
1
n2
>  2 + log
≤ 4G(2n, C`◦F ) exp −
Qd (f )

4
 



!
2
 n exp W − 2
+4 
bn (f )
Rn (f ) − R
e4
⇒ P sup
>  ≤ 4G(2n, C`◦F ) exp −
.


Qd (f )
4
f ∈F
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1
W − 4 +4
2
e
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G(µ, F Σ ) ≤ G(n/2, F).
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Lemma 24 Suppose we haveP
a function class F with growth function G(n, F). Let 2µa =
n. Consider the class F Σ = { aj=1 f (zj ) : f ∈ F}.

P

√
if 0 < 0 ≤ e3/2 / 2, so

 = exp

q
Proof Letting 0 =  2 + log 1 and solving for  gives

√
Corollary 23 Under Assumption B, for 0 <  ≤ e3/2 / 2,


 

!
2
 n exp W − 2
+4 
bn (f )
Rn (f ) − R
e4
P sup
.
>  ≤ 4G(2n, C`◦F ) exp −


Qd (f )
4
f ∈F

Lemma 22 (Cortes et al., 2010 Theorem 7) Under Assumption B,
!
r


bn (f )
Rn (f ) − R
1
n2
P sup
>  2 + log
.
≤ 4G(2n, C`◦F ) exp −
Qd (f )

4
f ∈F

This lemma essentially gives a way to apply i.i.d. results to β-mixing data. Because the
dependence decays as we increase the separation between blocks, widely spaced blocks are
nearly independent of each other. In particular, the difference between expectations over
these nearly independent blocks and expectations over blocks which are actually independent can be controlled by the β-mixing coefficient. Very similar results are also given in
Nobel and Dembo (1993) and Vidyasagar (2003).

respect to the independent sequence, U0 .

Lemma 21 (Yu, 1994 Lemma 4.1) Let Z be an event with respect to the block sequence
U. Then,
e
|P(Z) − P(Z)|
≤ βa (µ − 1),
e is with
where the first probability is with respect to the dependent block sequence, U, and P
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Σ ∈ F Σ with
Proof Let z1 , . . . , zµ ∈ Ua , b1 , . . . , bµ ∈ R be a set such that ∃f1Σ , . . . , fK
K = G(µ, F Σ ) which shatters{zi }. That is, for vik ∈ {0, 1}, i = 1, . . . , µ, k = 1, . . . , K, we
have
I(fkΣ (zi ) > bi ) iff vik = 1.
Pa
But this means, I(a−1 j=1
fk (zij ) > bi /a) iff vik = 1. Since this is a convex combination
of the fk (zij ), there is a subset of the zij such that

I(fk (zij ) > bi /a) iff vik = 1.
Thus G(µ, F Σ ) ≤ G(µa, F) = G(n/2, F).
Lemma 25 Let F be a class of predictor functions U 7→ R, and let h : R 7→ R, be a
monotone-increasing function. Define h ◦ F = {h ◦ f : f ∈ F}. Then ∀n ≥ 1, G(n, h ◦ F) ≤
G(n, F).

I(h(fk (zi )) > bi ) iff vik = 1.

Proof Let z1 , . . . , zn ∈ U, b1 , . . . , bn ∈ R be a set such that ∃f1 , . . . , fK ∈ F and K =
G(µ, h ◦ F) which shatters {zi }. That is, for vik ∈ {0, 1}, i = 1, . . . , n, k = 1, . . . , K, we
have
Set
k∈1:K

ci = max {fk (zi ) : h(fk (ui )) ≤ bi }
Then, because h is monotone,
bi ≥ h(fk (ui )) ⇔ ci ≥ fk (ui )
Hence this set of points is shattered by the same collection of functions, and G(n, h ◦ F) ≤
G(n, F).

Appendix B. Proofs of Selected Results

k=j+1

i−1
Y

Lk Kj

Proof [Lemma 7] We have that
bij = Z

= Z(I − Pj+1 Z > Fj+1 Z)T (I − Pj+2 Z > Fj+2 Z) · · · T (I − Pi−1 Z > Fi−1 Z)Kj .
Now, by assumption λmax (T ) < 1. Furthermore, λmax ((I − Pk Z 0 Fk Z)) ≤ 1 for all k. To
see this, write
I − Pk Z > Fk Z = I − Pk Z > (ZPk Z > + H)−1 Z
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= I − Z † [ZPk Z > ][(ZPk Z > + H)−1 ]Z,
27
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where Z † is a generalized inverse for Z. As, Pk and H are positive definite, [ZPk Z 0 ][(ZPk Z 0 +
H)−1 ] is positive definite with λmax ([ZPk Z > ][(ZPk Z > + H)−1 ]) < 1 and therefore I −
Z † [ZPk Z > ][(ZPk Z > + H)−1 ]Z is positive semi-definite if dim(H) > dim(Pk ) and positive definite if dim(P ) ≤ dim(H). Therefore, 0 < λmax ((I − Pk Z 0 Fk Z)) ≤ 1. Finally,
k
Q
i−1
λmax (bi,j ) ≤ kZk2 kT k2i−j−1 k=j+1
kI − Pk Z 0 Fk Zk2 ≤ λmax (T )i−j−1 kZk2 = O(ri−j−1 ).
Proof [Lemma 8]

1. This result is given in Anderson and Moore (2012, 4.4).

2. The convergence of Pbi is in Anderson and Moore (2012, 4.4). As

Ki = T Pbi Z > (Z Pbi Z > + H)−1

is continuous in Pbi , it converges as well.

3. This result is given in Anderson and Moore (2012, 4.4).

−1

)F k = O(kFi−1 − F

−1

k)

4. kPbi − P k = O(λmax (T − KZ)i ) is given Anderson and Moore (2012, 4.4). For Fi ,

kFi − F k = kFi (Fi−1 − F

since λmin (Fi−1 ) > λmin (H) > 0 ⇒ λmax (Fi ) < 1/λmin (H) = O(1). Proceeding,

O(kFi−1 − F −1 k) = O(kZ Pbi Z > − ZP Z > k) = O(kPbi − P k) = O(ρi ).
For Ki , note that

Ki − K = T Pi Z > Fi − T P Z > F = T Pi Z > Fi − T P Z > Fi + T P Z > Fi − T P Z > F .

We have kT Pi Z > Fi − T P Z > Fi k = O(ρi ) by the result for Pbi and kT P Z > Fi −
T P Z > F k = O(ρi ) by the result for Fi .

(T − Kk Z)Kj
k=j+1

i−1
Y
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sij = Z(T − KZ)i−j K.

Proof [Lemma 9] By (3), sij = Z(T − KZ)i−j−1 K with λmax (T − KZ) = ρ < 1. Thus
ksij k = ksi−j−1 k = O(ρi−j−1 ). For j < i − 1,
bij = Z

28

≤ kZk

j





+O

i−j−1


kbi,i−1 − si,i−1 k = ZKj − ZK = O λmax (T − KZ)j .

− (T − KZ) .

(T − Kj+1 Z) − (T − KZ)

k=j+1

i−1
Y







is
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This is the class contains sets of points u for which linear predictions of u0 are made via a
with threshold b. Rewrite C|F| as
n
C|F | = (u0 , u1 , u) : max{[sgn((1 − a − u1 )> (u0 u 1))],
o
[sgn((−1 a − u1 )> (u0 u 1))]} = 1 .

C|F| = {(u0 , u1 , u) ∈ R × R × Rd : 1(|u0 − a> u| > u1 ) = 1}.

(9)
(10)

(T − Kk Z) − (T − KZ)

Proof [Theorem 14] Consider first an AR(d) model and the class

For j = i − 1,

i−j−1

(T − Kj+1 Z)i−j−1 − (T − KZ)i−j−1

= (T − Kj+1 Z)

(T − Kk Z) − (T − KZ) ≤

k=j+1

i−1
Y

K

(T − Kk Z) − (T − KZ)

k=j+1

i−1
Y

Here, (9) follows from Lemma 8 and (10) follows because
increasing in k, so


= O λmax (T − KZ)j + O

= O λmax (T − KZ)j .

= O λmax (T − KZ)

Kj − K

i−j−1

(T − Kk Z) − (T − KZ)i−j−1

k=j+1

i−1
Y

(T − Kk Z)

k=j+1

i−1
Y

k=j+1

+ kZk K

≤ kZk

+ kZk

i−1
Y

(T − Kk Z)K

k=j+1

i−1
Y

(T − Kk Z)K − (T − KZ)

(T − Kk Z)Kj −

(T − Kk Z)Kj − (T − KZ)i−j−1 K

k=j+1

i−1
Y

kbij − sij k ≤ kZk

k=j+1

i−1
Y

Therefore,
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where

0
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sd−1 sd−2 · · · s0
 0
sd−1 · · · s1

0
S =


0
s0
..
.

0
Ybd+1:n+1
= S0 Y1:n

as in (3) (redefining si,j → si−j−1 ), but for f20 ∈ F20 ,

0

0

sd−1 · · · s0

0

(11)
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.




 

sd+1,1 · · · sd+1,d
sd−1 · · · s0
 sd+2,1 · · · sd+2,d sd+2,d+1
  sd · · · s1

s0

 

S= .
 =  ..

..
..
.
.
.
.
.
 .
  .

.
.
.
.
sn+1,1 · · · sn+1.d sn+1,d+1 · · · sn+1,n
sn−1 · · · sn−d sn−d+1 · · · s0

where


Ybd+1:n+1 = SY1:n

Proof [Theorem 15 and Corollary 16] Let F2 be the class of predictors given by Algorithm 2.
Let F20 be the same class, but predictions are made based on the truncated memory length
d. That is for f2 ∈ F2 ,

Then apply Lemma 25. As |F| ⊆ G, we have the result.

This is the class which correctly classifies at least one of the k coordinates. By (Anthony
and Bartlett, 1999, Theorem 7.6),
k(d+1) 


2ken
2en k(d+1)
=
.
G(n, CG ) ≤
k(d + 1)
d+1

∨ · · · ∨ [sgn((1 0 · · · 0 − ak − u1 /k)> (u0 u 1))]
o
∨ [sgn((−1 0 · · · 0 ak − u1 /k)> (u0 u 1))] .

∨ [sgn((1 0 − a2 0 · · · 0 − u1 /k)> (u0 u 1))] ∨ [sgn((−1 0 a2 0 · · · 0 − u1 /k)> (u0 u 1))]

Then apply Lemma 25. The result for VARs is similar. Consider the class
n
CG = [sgn((1 − a1 0 · · · 0 − u1 /k)> (u0 u 1))] ∨ [sgn((−1 a1 0 · · · 0 − u1 /k)> (u0 u 1))]

Then C|F | is a 2-combination of F as in Anthony and Bartlett (1999, Theorem 7.3). As F
is a linear function, it has solution set components bound B = 1 (Anthony and Bartlett,
1999, p. 91). We add an intercept to F so that it will be closed under addition. Then by
(Anthony and Bartlett, 1999, Theorem 7.6),


2en d+1
G(n, C|F | ) ≤
.
d+1
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Note that by using Algorithm 2, predictions Ybi0 are made using the same linear combination of previous observations at all times i. Thus, truncating the memory, makes these
predictions simple autoregressive models of order d.
en (f 0 ) to be the training error of this truncated predictor f 0 . Then, for any
Define R
2
2
f2 ∈ F2 ,
bn (f2 ) = (Rn (f2 ) − Rn (f 0 )) + (Rn (f 0 ) − R
en (f 0 )) + (R
en (f 0 ) − R
bn (f2 ))
Rn (f2 ) − R
2
2
2
2
en (f20 )) + ∆2 (d)
= ∆1 (d) + (Rn (f20 ) − R
en (f20 )) + δd (f2 ),
= (Rn (f20 ) − R

where we have defined ∆1 (d), ∆2 (d), and δd (f2 ) in the obvious way. For now, we will simply
proceed with the analysis incorporating the approximation term δd (f2 ), before showing that
δd (f2 ) decays rapidly for this class of models.
Now,
bn (f2 ) − δd (f2 ) = Rn (f 0 ) − R
en (f 0 ) = Rd (f 0 ) − R
en (f 0 ).
Rn (f2 ) − R
2
2
2
2

f2 ∈F2

sup

!
en (f 0 )
Rn (f 0 ) − R
sup
>
Qd (f 0 )
f 0 ∈F 0

0
0
e
b
R
Rn (f2 ) − R
n (f2 ) − Rn (f2 )
n (f2 ) − δd (f2 )
≤ sup
Qd (f2 )
Qd (f20 )
f2 ∈F2

Dividing through by Qd (f20 ) = Qd (f2 ) and taking the supremum over F2 (and therefore over
F20 ) gives

Finally,

P

!
bn (f ) − δd (f )
Rn (f ) − R
sup
> ≤P
Qd (f )

f ∈F

Since F 0 is a class with finite memory, we can apply Theorem 12 and Corollary 13 to get
the results.
To show that the finite approximation δd (f ) decays rapidly for Algorithm 2, consider
both components separately. For the case of the difference in expected risks, we need only
consider the last rows of S and S0 . As
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0
∆1 (d) = Rn (f ) − Rn (f 0 ) = E[` (Yn+1 − sn+1 Y1:n )] − E[` Yn+1 − sn+1
Y1:n ],
31

n−d
X

j=1
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`(sn−j Yj )




as ` is a norm, with `∗ (s) = supx6=0

`(sx)
`(x)



(by stationarity)


(sn−j )

(Lemma 9 and equivalence of norms)
= O(ρd ).

j=1



O(ρn−j )

`∗

`∗ (sn−j )E[`(Yj )]
n−d
X



(by the Triangle inequality for `)

0
where sn+1 indicates the (n + 1)st row of S and similarly for sn+1
,

j=1

n−d
X

= E

≤
=

j=1

ρd − ρn
1−ρ

n−d
X



E[`(Y1 )] 

j=1



= E[`(Y1 )] 
=O




0
∆1 (d) ≤ E[` (sn+1 − sn+1
)Y1:n ]



Similarly,

i=d+2

n i−d−1
X
X

O(ρi−j−1 )

n
i−d−1
X
X
1
Op (1)
`∗ (si−j−1 )
n−d

i=d+2 j=1

n i−d−1
X
X
1
`(si−j−1 Yj )
n−d

i=d+1

en (f 0 ) − R
bn (f )
∆2 (d) = R
n
X
1
`((si − si0 )Y1:i−1 )
n−d
≤

=

≤

≤ OP ((n − d)−1 )



(n − d − 1)ρd − (n − d)ρd+1 + ρn
(1 − ρ)2

i=d+2 j=1

= OP ((n − d)−1 )O
= OP (ρd )
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Proof [Theorem 17 and Corollary 18] Let F1 be the class of predictors given by Algorithm 1.
Let F20 be the class of predictors given by Algorithm 2 based on the truncated memory length
d. That is for f1 ∈ F1 ,

Ybd+1:n+1 = BY1:n

32

0
Ybd+1:n+1
= S0 Y1:n

0



bd,1 · · · bd,d
 bd+1,1 · · · bd+1,d bd+1,d+1



B= .

..
..
 ..

.
.
bn+1,1 · · · bn+1,d bn+1,d+1 · · · bn+1,n



en (f 0 ) − R
bn (f1 )) = ∆1 (d) + ∆2 (d).
δd (f1 ) = (Rn (f1 ) − Rn (f20 )) + (R
2

bn (f1 ) − δd (f1 )
en (f 0 )
Rn (f1 ) − R
Rn (f20 ) − R
2
=
0
limn→∞ Qd (f1 )
Qd (f2 )

f1 ∈F1

sup

!
bn (f1 ) − δd (f1 )
Rn (f1 ) − R
> ≤P
limn→∞ Qd (f1 )
f20 ∈F20

sup

!
en (f 0 )
Rn (f20 ) − R
2
>

Qd (f20 )

en (f 0 )
bn (f1 ) − δd (f1 )
Rn (f20 ) − R
Rn (f1 ) − R
2
≤ sup
.
0
limn→∞ Qd (f1 )
Qd (f2 )
f20 ∈F20
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Since F20 is a class with finite memory, we can apply Theorem 12 and Corollary 13 to get
the results.

P

Therefore,

f1 ∈F1

sup

For each f1 ∈ F1 (parameterized by θ), there exists one function f2 ∈ F2 which results from
the same parameter vector, so that

Therefore,

n→∞

Now, by Lemma 9, the truncated version of f1 , f10 converges to f20 so that f10 (Yn−d:n−1 )
converges in distribution to f20 (Yn−d:n−1 ). And because`(y − x)2 is continuous in x, `(Yn −
f10 (Yn−d:n−1 ))2 converges in distribution to `(Yn −f20 (Yn−d:n−1 ))2 by the continuous mapping
theorem. By Assumption C, `(Yn − f10 (Yn−d:n−1 ))2 is uniformly integrable, so




lim E `(Yn − f10 (Yn−d:n−1 ))2 = E `(Yn − f20 (Yn−d:n−1 ))2 .

where

2

en (f20 )) + δd (f1 ),
= (Rn (f20 ) − R

2

bn (f1 ) = (Rn (f1 ) − Rn (f 0 )) + (Rn (f 0 ) − R
en (f 0 )) + (R
en (f 0 ) − R
bn (f1 ))
Rn (f1 ) − R
2
2
2
2
en (f 0 )) + ∆2 (d)
= ∆1 (d) + (Rn (f 0 ) − R

as in (11).
en (f 0 ) to be the training error of the
Then, proceeding as in the previous proof, define R
2
associated truncated limiting predictor f20 and write analogously

as in (2), but for f20

where
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j=1

n−d
X



rd − rn
1−r



j=1

+O

O(r



)+

j=n−d+1

n
X

34



j



(13)

(12)
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` (bn+1,j − sn−j )

∗

O(ρ )

j=n−d+1

n
X

ρn−d+1 (1 − ρd )
1−ρ

n−j

` (bn+1,j ) +

∗

= O(rd ) + O(ρn−d+1 ).

=O

= E[`(Y1 )] 

n−d
X



j=1

n−d
X



`∗ (bn+1,j − sn−j )E[`(Yj )]


`((bn+1,j − sn−j )Yj )
j=n−d+1

n
X

j=n−d+1

`∗ (bn+1,j )E[`(Yj )] +

= E[`(Y1 )] 

≤

j=1


∆1 (d) ≤ E[` (bn+1 − s0n+1 )Y1:n ]

n−d
n
X
X
≤ E 
`(bn+1,j Yj ) +

where bn+1 indicates the (n + 1)st row of B and similarly for s0n+1 . Then, as in the previous
proof,


∆1 (d) = Rn (f1 ) − Rn (f20 ) = E[` (Yn+1 − bn+1 Y1:n )] − E[` Yn+1 − s0n+1 Y1:n ],

To show that the finite approximation δd (f1 ) decays rapidly, consider both components
separately. For the case of the difference in expected risks, we need only consider the last
rows of B and S0 . As
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i=d+1 j=i−d

(12) and B are via the triangle inequality for `, while (13) uses the fact that ` is a norm,
with `∗ (b) = supx6=0 `(bx)
`(x) . Similarly,

i=d+1

i=d+2

j=1

n i−d−1
X
X

i=d+2 j=1

i=d+1

ri−j−1 + OP ((n − d)−1 )

j=i−d

n
i−1
X
X

i=d+1 j=i−d

ρj

n
n
i−d−1
i−1
X
X
X
X
1
1
OP (1)
OP (1)
`∗ (bij ) +
`∗ (bij − sij )
n−d
n−d

i=d+1 j=1

n i−d−1
n
i−1
X
X
X
X
1
1
`(bij Yj ) +
`((bij − sn−j )Yj )
n−d
n−d

en (f 0 ) − R
bn (f1 )
∆2 (d) = R
2
n
X
1
≤
`((bi − si0 )Y1:n−1 )
n−d
≤
≤
≤ OP ((n − d)−1 )


(n − d − 1)rd − (n − d)rd+1 + rn
= OP ((n − d)−1 )O
(1 − r)2


(1 − rd )(rd − rn )
rd−1 (1 − r)2

+ OP ((n − d)−1 )

= OP (rd ) + OP ((n − d)−1 )

P(Z > )d, so
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R∞



dP Rn (fberm ) − Rn (f ∗ ) > 


√ 
dP Rn (fberm ) − Rn (f ∗ ) >  (14)


√ 
dP (Rn (fberm ) − Rn (f ∗ ))2 > 

M2

∞

0

ξ


 Z
dP (Rn (fberm ) − Rn (f ∗ ))2 >  +

ξ

ξ

For any nonnegative random variable Z, E[Z] =

0

Z ∞


Ln2 (Π) =
dP (Rn (fberm ) − Rn (f ∗ ))2 > 
0
Z ξ

 Z
dP (Rn (fberm ) − Rn (f ∗ ))2 >  +
=

0

Z

0

ξ

Z ξ

 Z
dP (Rn (fberm ) − Rn (f ∗ ))2 >  +

∞

=

=

!

r

vcd(C`◦F ) log n
nκ/(1+κ)

to balance the exponential and linear terms. Then

=O

!

.

µ = .5(n − d)κ/(1+κ) = O(nκ/(1+κ) ),

Z 2
h
n
i
M
µ o
≤ξ+
d 16G(n, C`◦F ) exp −
+ 4µβa−d
Υ
ξ
Z ∞
n
o Z M2
µ
≤ξ+
d16G(n, C`◦F ) exp −
+
d4µβa−d
Υ
ξ
ξ
n
o
16ΥG(n, C`◦F ) exp − µξ
Υ
+ 4(M 2 − ξ)µβa−d
=ξ+
µ


for all 0 < ξ < Υ. Here, (14) follows because P Rn (fberm ) − Rn (f ∗ ) > M = 0. Using
Assumption D, take

log G(n,C`◦F )
nκ/(1+κ)

a = (n − d)1/(1+κ) = O(n1/(1+κ) ),
and ξ =

r

log G(n, C`◦F )
nκ/(1+κ)

as C`◦F has finite VC-dimension.
For the lower bound, apply the i.i.d. version, as classification is a special case of bounded
regression. The result follows.

Ln (Π) = O





2
bn (fberm ) >  ≤ 8G(n, C`◦F ) exp − µ
P Rn (fberm ) − R
+ 2µβa−d
Υ

Proof [Theorem 20] Theorem 19 implies that simultaneously

and

36

JMLR 18(32):1-40, 2017

Pierre Alquier, Olivier Wintenberger, et al. Model selection for weakly dependent time
series forecasting. Bernoulli, 18(3):883–913, 2012.

Alekh Agarwal and John C. Duchi. The generalization ability of online algorithms for
dependent data. IEEE Transactions on Information Theory, 59(1):573–587, 2013.

References





2
bn (f ∗ ) >  ≤ 8G(n, C`◦F ) exp − µ
P Rn (f ∗ ) − R
+ 2µβa−d .
Υ

Terrence M. Adams and Andrew B. Nobel. Uniform convergence of Vapnik-Chervonenkis
classes under ergodic sampling. Annals of Probability, 38:1345–1367, 2010.

bn (fberm ) − R
bn (f ∗ ) ≤ 0, then
Since R

JMLR 18(32):1-40, 2017





2
µ
P Rn (fberm ) − Rn (f ∗ ) >  ≤ 16G(n, C`◦F ) exp −
+ 4µβa−d .
Υ
35

Rudolf E. Kalman. A new approach to linear filtering and prediction problems. ASME
Transactions, Journal of Basic Engineering, 82D:35–50, 1960.

Brian D.O. Anderson and John B. Moore. Optimal filtering. Prentice-Hall, Englewood
Cliffs, NJ, 2012.

37

JMLR 18(32):1-40, 2017
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Advances in Neural Information Processing Systems (NIPS), pages 1097–1104, 2009.
Mehryar Mohri and Afshin Rostamizadeh. Stability bounds for stationary φ-mixing and
β-mixing processes. Journal of Machine Learning Research, 11, 2010.
Abdelkader Mokkadem. Mixing properties of ARMA processes. Stochastic Processes and
their Applications, 29(2):309–315, 1988.
Ulrich K. Müller. Risk of Bayesian inference in misspecified models, and the sandwich
covariance matrix. Econometrica, 81:1805–1849, 2013.
Andrew Nobel and Amir Dembo. A note on uniform laws of averages for dependent processes. Statistics and Probability Letters, 17:169–172, 1993.
David Pollard. Convergence of Stochastic Processes. Springer-Verlag, Berlin, 1984.
David Pollard. Empirical Processes: Theory and Applications, volume 2 of NSF-CBMS Regional Conference Series in Probability and Statistics. Institute of Mathematical Statistics, Hayward, California, 1990.
Jeff Racine. Consistent cross-validatory model-selection for dependent data: hv-block crossvalidation. Journal of Econometrics, 99:39–61, 2000.
Alexander Rakhlin, Karthik Sridharan, and Ambuj Tewari. Online learning: Random averages, combinatorial parameters, and learnability. In John Lafferty, C. K. I. Williams,
John Shawe-Taylor, Richard S. Zemel, and A. Culotta, editors, Advances in Neural Information Processing (NIPS), pages 1984–1992. MIT Press, 2010.
David Romer. Advanced Macroeconomics. McGraw-Hill, New York, 4 edition, 2011.
Cosma Rohilla Shalizi. Dynamics of Bayesian updating with dependent data and misspecified models. Electronic Journal of Statistics, 3:1039–1074, 2009.
Cosma Rohilla Shalizi, Abigail Z. Jacobs, Kristina Lisa Klinkner, and Aaron Clauset.
Adapting to non-stationarity with growing expert ensembles. Technical report, Statistics
Department, CMU, 2011.
Christopher A. Sims. Solving linear rational expectations models. Computational Economics, 20:1–20, 2002.
Frank Smets and Rafael Wouters. Shocks and frictions in US business cycles: A Bayesian
DSGE approach. American Economic Review, 97(3):586–606, June 2007.

JMLR 18(32):1-40, 2017

Ingo Steinwart and Andreas Christmann. Fast learning from non-i.i.d. observations. In
Y. Bengio, D. Schuurmans, J. Lafferty, C. K. I. Williams, and A. Culotta, editors, Advances in Neural Information Processing Systems, volume 22, pages 1768–1776. MIT
Press, Cambridge, MA, 2009.
39

McDonald, Shalizi, and Schervish

Alexandre B. Tsybakov. Introduction to Nonparametric Estimation. Springer Verlag, New
York, 2008.

Vladimir N. Vapnik. Statistical Learning Theory. Wiley, New York, 1998.

Vladimir N. Vapnik. The Nature of Statistical Learning Theory. Springer-Verlag, Berlin,
2nd edition, 2000.

Vladimir N. Vapnik and Alexey Y. Chervonenkis. On the uniform convergence of relative
frequencies of events to their probabilities. Theory of Probability and its Applications, 16:
264–280, 1971.

Mathukumalli Vidyasagar. Learning and Generalization: With Applications to Neural Networks. Springer-Verlag, Berlin, second edition, 2003.

JMLR 18(32):1-40, 2017

Bin Yu. Rates of convergence for empirical processes of stationary mixing sequences. Annals
of Probability, 22:94–116, 1994.

40

Abstract

DCSZJ @ TSINGHUA . EDU . CN

TIANLINS @ CS . STANFORD . EDU

c 2017 Tianlin Shi and Jun Zhu.

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided at
http://jmlr.org/papers/v18/14-188.html.

JMLR 18(33):1-39, 2017

2

JMLR 18(33):1-39, 2017

1. There are also many distributed methods for scalable Bayesian inference. Please see (Zhu et al., 2014a) for a review.
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1. Introduction

With the fast growth of data volume and variety, it is becoming increasingly important to develop
scalable machine learning algorithms, which can be categorized into two major categories — online/stochastic methods on a single core and parallel/distributed algorithms on multiple-cores or
multiple machines. This paper focuses on online learning, a process of answering a sequence of
questions (e.g., which category does a document belong to?) given knowledge of the correct answers (e.g., the true category labels) to previous questions. Such a process is especially suitable
for the applications with streaming data. For the applications with large datasets, online learning
algorithms can effectively explore data redundancy relative to the model to be learned, by repeatedly subsampling the data; and they often lead to faster convergence to satisfactory results than
the corresponding batch learning algorithms. Among the many popular algorithms, online PassiveAggressive (PA) learning (Crammer et al., 2006) provides a generic framework of performing online

On the other hand, Bayesian methods enjoy greater flexibility in describing the possible underlying structures of complex data by incorporating a hierarchy of latent variables. Moreover, the
recent progress on nonparametric Bayesian methods (Hjort, 2010; Teh et al., 2006a) further provides an increasingly important framework that allows the Bayesian models to have an unbounded
model complexity, e.g., an infinite number of components in a mixture model (Hjort, 2010) or an
infinite number of units in a latent feature model (Ghahramani and Griffiths, 2005), and to adapt
when the learning environment changes. In particular, adaptation to the changing environment is
of great importance in online learning. For Bayesian models, one challenging problem is posterior
inference, for which both variational and Monte Carlo methods can be too expensive to be applied to
large-scale applications. To scale up Bayesian inference, much progress has been made on developing stochastic variational Bayes (Hoffman et al., 2013; Mimno et al., 2012) and stochastic gradient
Monte Carlo (Welling and Teh, 2011; Ahn et al., 2012) methods, which repeatedly draw samples
from a given finite dataset.1 To deal with the potentially unbounded streaming data, streaming variational Bayes methods (Broderick et al., 2013) have been developed as a general framework, with an
application to topic models for learning latent topic representations. However, due to the generative
nature, Bayesian models usually does not perform as well as discriminative models in predictive
tasks such as classification.

learning for large-margin methods (e.g., SVMs), with many applications in natural language processing and text mining (McDonald et al., 2005; Chiang et al., 2008). Though enjoying strong
discriminative ability that is preferable for predictive tasks, existing online PA methods are formulated as a point estimate problem by optimizing some deterministic objective function. This may
lead to some potential shortcomings. For example, a single large-margin model could fail to capture
the rich underlying structure of complex data.

S HI AND Z HU

Successful attempts have been made to bring large-margin learning and Bayesian methods together to solve supervised learning tasks using flexible Bayesian latent variable models. For example, maximum entropy discrimination (MED) made a significant advance in conjoining max-margin
learning and Bayesian generative models, in the context of univariate prediction (Jaakkola et al.,
1999) and structured output prediction (Zhu and Xing, 2009). Recently, much attention has been
devoted to generalizing MED to incorporate latent variables and perform nonparametric Bayesian
inference in various contexts, including topic modeling (Zhu et al., 2012), matrix factorization (Xu
et al., 2013), and multi-task learning (Jebara, 2011; Zhu et al., 2014c). Regularized Bayesian inference (RegBayes) (Zhu et al., 2014c) provides a unified framework for Bayesian models to perform
max-margin learning, where the max-margin principle is incorporated through adding posterior
constraints to an information-theoretical optimization problem. By solving this problem involving
latent variables, RegBayes can uncover structures that support the supervised learning tasks. RegBayes subsumes the standard Bayes’ rule and is more flexible in incorporating domain knowledge
or max-margin constraints. Though flexible in discovering latent structures and powerful in discriminative predictions, posterior inference in such models remains a challenge. By exploring data
augmentation techniques, recent progress has been made to develop efficient MCMC methods (Zhu
et al., 2014b), which can also be implemented in distributed clusters (Zhu et al., 2013). However,
these batch learning methods are not applicable to streaming data, and they do not explore the
statistical redundancy in large-scale corpora either.

We present online Bayesian Passive-Aggressive (BayesPA) learning, a generic online learning
framework for hierarchical Bayesian models with max-margin posterior regularization. We show
that BayesPA subsumes the standard online Passive-Aggressive (PA) learning and extends naturally
to incorporate latent variables for both parametric and nonparametric Bayesian inference, therefore
providing great flexibility for explorative analysis. As an important example, we apply BayesPA to
topic modeling and derive efficient online learning algorithms for max-margin topic models. We
further develop nonparametric BayesPA topic models to infer the unknown number of topics in an
online manner. Experimental results on 20newsgroups and a large Wikipedia multi-label dataset
(with 1.1 millions of training documents and 0.9 million of unique terms in the vocabulary) show
that our approaches significantly improve time efficiency while achieving comparable accuracy
with the corresponding batch algorithms.
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To address the above problems of both online PA on incorporating flexible latent structures and
Bayesian max-margin models on scalable streaming inference, this paper presents online Bayesian
Passive-Aggressive (BayesPA) learning, a general framework of performing online learning for
Bayesian max-margin models. We show that online BayesPA subsumes the standard online PA
when the underlying model is linear and the parameter prior is Gaussian (See Table 1 for its close
relationships with streaming variational Bayes and RegBayes). We further show that one major
significance of BayesPA is its natural generalization to incorporate a hierarchy of latent variables
for both parametric and nonparametric Bayesian inference, therefore allowing online BayesPA to
have the great flexibility of (nonparametric) Bayesian methods for explorative analysis as well as
the strong discriminative ability of large-margin learning for predictive tasks. As concrete examples, we apply the theory of online BayesPA to topic modeling and derive efficient online learning
algorithms for max-margin supervised topic models (Zhu et al., 2012). We further develop efficient
online learning algorithms for the nonparametric max-margin topic models, an extension of the nonparametric topic models (Teh et al., 2006a) for predictive tasks. Extensive empirical results on real
datasets demonstrate significant improvements on time efficiency and maintenance of comparable
results with corresponding batch algorithms.
The paper is structured as follows. We discuss the related work in Section 2, and review the
preliminary knowledge in Section 3. Then, we move on to the detailed description of BayesPA in
Section 4, and present the theoretical analysis. Section 5 presents the concrete instantiations on
topic modeling, and Section 6 presents the extensions to nonparametric topic models and multi-task
learning. Section 7 presents experimental results. Finally, Section 8 concludes this paper with future
directions discussed.

2. Related Work
As a well-established learning paradigm, online learning is of both theoretical and practical interest.
The goal of online learning is to make a sequence of decisions, such as classification and regression,
and use the knowledge extracted from previous correct answers to produce decisions on incoming
ones. The root of online learning could be traced back to early studies of repeated games (Hannan,
1957), where an agent dynamically makes choices with the summary of past information. The
idea became popular with the advent of Perceptron algorithms (Rosenblatt, 1958), which adopt
an additive update rule for the classifier weights, and its multiplicative counterpart is the Winnow
algorithm (Littlestone, 1988). The class of online multiplicative algorithms was further generalized
by Adaboost (Freund and Schapire, 1997) in a decision theoretic sense and is now widely applied
to various fields of study (Arora et al., 2012).

4

The theoretical analysis of online learning typically relies on the notion of regret, which is the
average loss incurred by an adaptive online learner on streaming data versus the best achievable
through a single fixed model having the hindsight of all data (Murphy, 2012). It can be shown
that the notion of regret is closely related to weak duality in convex optimization, which brings
online learning to the algorithmic framework of convex repeated games (Shalev-Shwartz and Singer,
2006).
Although the classical regime of online learning is based on decision theory, recently much
attention has been paid to the theory and practice of online probabilistic inference in the context
of Big Data. Rooted either in variational inference or Monte Carlo sampling methods, there are
broadly two lines of work on the topic of online Bayesian inference. Stochastic variational inference (SVI) (Hoffman et al., 2013) is a stochastic approximation algorithm for mean-field variational inference. By approximating the natural gradients in maximizing the evidence lower bound
with stochastic gradients sampled from data points, Hoffman et al. (2013) demonstrated scalable
inference of topic models on large corpora. Mimno et al. (2012) showed the performance of SVI
could be improved through structured mean-field assumptions and locally collapsed variational inference. SVI is also applicable to the stochastic inference of nonparametric Bayesian models, such
as hierarchical Dirichlet process (Wang et al., 2011; Wang and Blei, 2012b).
There is also a large body of work on extending Monte Carlo methods to the online setting.
A classic approach is sequential Monte Carlo methods (SMC) or particle filters (Doucet and Johansen, 2009), which arose from the numerical estimation of state-space models. Through RaoBlackwellized particle filters (Doucet et al., 2000), one could obtain online inference algorithms for
latent Dirichlet allocation (LDA) (Canini et al., 2009), and more recently Gao et al. (2016) presented
a streaming (collapsed) Gibbs sampler with better accuracy. To tackle the sparsity issues and inadequate coverage of particles, Steinhardt and Liang (2014) leveraged “abstract particles” to represent
entire regions of the sample space. Recently, Korattikara et al. (2014) introduced an approximate
Metropolis-Hasting rule based on sequential hypothesis testing that allows accepting and rejecting
samples using only a fraction of the data. As an alternative, Bardenet et al. (2014) proposed an
adaptive sampling strategy of Metropolis-Hastings from a controlled perturbation of the target distribution. With elegant use of gradient information that Metropolis-Hastings algorithms neglected,
a line of work (Welling and Teh, 2011; Ahn et al., 2012; Patterson and Teh, 2013) also developed
stochastic gradient methods based on Langevin dynamics.
While most online Bayesian inference methods have adopted a stochastic approximation of
the posterior distribution by sub-sampling a given finite dataset, in many applications data arrives in
stream so that the dataset is changing over time and its size is unknown. To relax the previous request
on knowing the data size, Broderick et al. (2013) made streaming updates to the estimated posterior
and demonstrated the advantage of streaming variational Bayes (SVB) over stochastic variational
inference. As will be discussed in this paper, BayesPA also does not impose assumptions on the
size of dataset and works on streaming data.
The idea to discriminatively train univariate or structured output classifiers was popularized by
the seminal work on support vector machines (Vapnik, 1995) and max-margin Markov networks
(aka structural SVMs) (Taskar et al., 2003). Since then, research on developing max-margin models
with latent variables has received increasing attention, because of the promise to capture underlying
complex structures of the problems. A promising line of work focused on Bayesian approaches, and
one representative is maximum entropy discrimination (MED) (Jaakkola et al., 1999; Jebara, 2001;
Zhu and Xing, 2009), which learns distributions of model parameters discriminatively from labeled
JMLR 18(33):1-39, 2017

First presented by Crammer et al. (2006) as a weight updating method, online Passive-Aggressive
(PA) algorithms provide a generic online learning framework for max-margin models. In particular,
they considered loss functions that enforce max-margin constraints, and showed that surprisingly
simple update rules could be derived in closed forms. Motivated by online PA learning and to handle
unbalanced training sets, Dredze et al. (2008) proposed confidence-weighted learning, which maintains a Gaussian distribution of the classifier weights at each round and replaces the max-margin
constraint in PA with a probabilistic constraint enforcing confidence of classification. Within the
same framework, Crammer et al. (2008) derived a new convex form of the constraint and demonstrated performance improvements through empirical evaluations.
3

(1)

(3)
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The choice of A can be problem-specific. For topic modeling, Broderick et al. (2013) showed that
one may adopt mean-field variational Bayes (Wainwright and Jordan, 2008), expectation propagation (Minka, 2001), and one-pass posterior approximation algorithms using stochastic variational
inference (Hoffman et al., 2013) or sufficient statistics update (Honkela and Valpola, 2003; Luts
et al., 2013). By applying the streaming update in a distributed setting asynchronously, SVB could
also be scaled up across multiple computer clusters (Broderick et al., 2013).

In other words, the posterior after observing the first T − 1 samples is treated as the prior for the
incoming data point.
This natural streaming Bayes’ rule, however, is often intractable to compute, especially for complex models (e.g., when latent variables are present). Streaming variational Bayes (SVB) (Broderick et al., 2013) suggests that a variational approximation should be adopted and it practically
works well. Specifically, let A be any algorithm that calculates an approximate posterior q(w) =
A(X, q0 (w)) based on data X and prior q0 (w). Then, the recursive formula for approximate
streaming update is:


−1
q(w|{xt }Tt=0 ) = A xT , q(w|{xt }Tt=0
) .

−1
)p(xT |w).
p(w|{xt }Tt=0 ) ∝ p(w|{xt }Tt=0

For Bayesian models, Bayes’ rule naturally leads to a streaming update procedure for online learning. Specifically, suppose the data {xt }t≥0 are generated i.i.d. according to a distribution p(x|w)
and the prior p(w) is given. Bayes’ theorem implies that the posterior distribution of w given the
first T samples (T ≥ 1) satisfies

3.2 Streaming Variational Bayes

where c is a positive regularization parameter and the constant factor 2 is included for simplicity
as will be clear soon. For problems (1) and (2) with samples arriving one at a time, closed-form
solutions can be derived (Crammer et al., 2006). For example, for the binary hinge loss the update
rule for problem (2) is wt+1 = wt + τt yt xt , where τt = min(2c, max(0,  − yt w> xt )/||xt ||2 );
and for the -insensitive loss, the update rule is wt+1 = wt + sign(yt − w> xt )τt xt , where τt =
max(0,  − yt w> xt )/||xt ||2 .

where k · k is the Euclidean 2-norm. Intuitively, if wt suffers no loss from the new data, i.e.,
` (wt ; xt , yt ) = 0, the algorithm passively assigns wt+1 = wt ; otherwise, it aggressively projects
wt to the feasible region of parameter vectors that attain zero loss on the new data. With provable
regret bounds, Crammer et al. (2006) showed that online PA algorithms could achieve comparable
results to the optimal classifier w∗ , which has the hindsight of all data. In practice, in order to
account for inseparable training samples, soft margin constraints are often adopted and the resulting
PA learning problem is
1
min ||w − wt ||2 + 2c · ` (w; xt , yt ),
(2)
w 2

1
min ||w − wt ||2 s.t.: ` (w; xt , yt ) = 0,
w 2

following optimization problem:
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Based on a decision-theoretic view, the goal of online supervised learning is to minimize the cumulative loss for a certain prediction task from the sequentially arriving training samples. Online
Passive-Aggressive (PA) learning (Crammer et al., 2006) achieves this goal by updating some parametric model w ∈ RK (e.g., the weights of a linear SVM) in an online manner with the instantaneous losses from arriving data {xt }t≥0 (xt ∈ RK ) and corresponding responses {yt }t≥0 , where
K is the number of input features. The loss ` (w; xt , yt ), as they consider, could be the hinge loss
( − yt w> xt )+ for binary classification (yt ∈ {0, 1}) or the -insensitive loss (|yt − w> xt | − )+
for regression (yt ∈ R), where  is a hyper-parameter and (x)+ = max(0, x). The online PassiveAggressive update rule is then derived by defining the new weight wt+1 as the solution to the

3.1 Online Passive-Aggressive Learning

This section reviews the preliminary knowledge that is needed to develop online Bayesian PassiveAggressive learning. The relationships with BayesPA will be summarized in Table 1 later.

3. Preliminaries

Finally, our conference version of the paper (Shi and Zhu, 2014) has introduced some preliminary work, which we largely extend here.

Max-margin Bayesian learning in the batch mode has already been one of the common challenges facing this class of models. Despite its general intractability, efficient algorithms have been
proposed under different settings. One way is to solve the problem via variational inference under
a mean-field (Zhu et al., 2012) or structured mean-field (Jiang et al., 2012) assumption. Recently,
Zhu et al. (2014b) provided a key insight in deriving efficient Monte Carlo methods without making
strict assumptions. Their technique is based on a data augmentation formulation of the expected
margin loss. Based on similar techniques, fast inference algorithms have also been developed for
generalized relational topic models (Chen et al., 2015), matrix factorization (Xu et al., 2013), etc.
Data augmentation (DA) refers to the method of introducing augmented variables along with the
observed data to make their joint distribution tractable. The technique was popularized in the statistics community by the well-known expectation-maximization algorithm (EM) (Dempster et al.,
1977) for maximum likelihood estimation with missing data. For posterior inference, the technique
is popularized by Tanner and Wong (1987) in statistics and by Swendsen and Wang (1987) for the
Ising and Potts models in physics. For a broader introduction to DA methods, we refer the readers
to Van Dyk and Meng (2001).

data. MedLDA (Zhu et al., 2012) extends MED to infer latent topical structure from data with large
margin constraints on the target posteriors. Similarly, nonparametric Bayesian max-margin models
have also been developed, such as infinite SVMs (iSVM) (Zhu et al., 2011) for building SVM classifiers with a latent mixture structure, and infinite latent SVMs (iLSVM) (Zhu et al., 2014c) for automatic discovering predictive features for SVMs. Furthermore, the idea of nonparametric Bayesian
learning has been applied to link prediction (Zhu, 2012), matrix factorization (Xu et al., 2013), etc.
Regularized Bayesian inference (RegBayes) (Zhu et al., 2014c) provides a unified framework for
performing max-margin learning of (nonparametric) Bayesian models, where the max-margin principle was incorporated through imposing posterior constraints to a variational formulation of the
standard Bayes’ rule.
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3.3 Regularized Bayesian Inference

q∈P

The decision-theoretic and Bayesian view of learning can be reciprocal. For example, it would be
beneficial to combine the flexibility of Bayesian models with the discriminative power of largemargin methods. The idea of regularized Bayesian inference (RegBayes) (Zhu et al., 2014c) is
to treat Bayesian inference as an optimization problem with an imposed loss function for prediction tasks or a regularization term on the target posterior distribution in general. Mathematically,
RegBayes for supervised learning can be formulated as
h
i
h
i


min KL q(w)||p0 (w) − Eq(w) log p(X|w) + 2c · ` q(w); X, Y ,
(4)

where P is the probability simplex, p(X|w) is the likelihood function and KL is the KullbackLeibler divergence.2 Note that if the loss is zero, i.e., `(q(w); X, Y ) = 0, then the optimal solution
is q ∗ (w) ∝ p0 (w)p(X|w), which is just the Bayes’ rule. However, when `(q(w); X, Y ) 6= 0,
RegBayes biases the inferred posterior towards discriminating the supervising side-information Y ,
with the parameter c controlling the extent of regularization. If the posterior regularization term `(·)
is a convex function of q(w) through the linear expectation operator, Zhu et al. (2014c) presented a
general representation theorem to characterize the solution to problem (4). To distinguish from the
posterior distribution obtained via Bayes’ rule, the solution to problem (4) is called post-data posterior (Zhu et al., 2014c). Many instantiations have been developed following the generic framework
of RegBayes to demonstrate its superior performance than standard Bayesian models in various
settings, such as topic modeling (Jiang et al., 2012; Zhu et al., 2014b), matrix factorization (Xu
et al., 2013) and link prediction (Zhu, 2012), as well as the flexibility of performing robust Bayesian
inference with noisy domain knowledge (Mei et al., 2014).

4. Bayesian Passive-Aggressive Learning
In this section, we present online Bayesian Passive-Aggressive (BayesPA) learning, a general perspective on online max-margin Bayesian inference. Without loss of generality, we consider binary
classification. The techniques can be applied to other learning tasks. We provide an extension in
Section 6.2.
4.1 Online BayesPA Learning
Instead of updating a point estimate of w, online Bayesian PA (BayesPA) sequentially infers a new
post-data posterior distribution qt+1 (w), either parametric or nonparametric, on the arrival of a new
data point (xt , yt ) by solving the following optimization problem:
h
i
h
i
min KL q(w)||qt (w) − Eq(w) log p(xt |w)
q(w)∈Ft


(5)
s.t.: ` q(w); xt , yt = 0,
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2. We assume that the model space W is a complete separable metric space endowed with its Borel σ-algebra B(W ).
Let P0 and Q be probability measures on W . The Kullback-Leibler
of the probability measure Q
R dQ (KL) divergence
dQ
dQ
with respect to the measure P0 is defined as KL[QkP0 ] = dP
(w) log dP
(w)dP0 (w), where dP
(w) is the
0
0
0
Radon-Nikodym derivative (Durret, 2010). It is required that Q is absolutely continuous with respect to P0 such
that this derivative exists. In this paper, we further assume that P0 is absolutely continuous with respect to some
background measure µ. Thus, there exists a density p0 that satisfies dP0 = p0 dµ and
R there also exists a density q
dµ(w).
that satisfies dQ = qdµ. Then, the KL-divergence can be expressed as KL[qkp0 ] = q(w) log pq(w)
0 (w)
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Figure 1: Graphical Illustration of BayesPA learning. (a). Update passively by Bayes rule, if the
resulting distribution suffer zero loss. (b) Otherwise, aggressively project the resulting
distribution to the feasible region of weights with zero loss.

(6)

where Ft can be some family of distributions or the whole probability simplex P. For notational
convenience, we denote the objective as L(q(w)). In words, we find a post-data posterior distribution qt+1 (w) in the feasible region that is not only close to the current posterior qt (w) in terms of
KL-divergence, but also has a high likelihood of explaining the new data. As a result, if Bayes’ rule
already gives the posterior distribution qt+1 (w) ∝ qt (w)p(xt |w) that suffers no loss (i.e., ` = 0),
BayesPA passively updates the posterior following just Bayes’ rule;3 otherwise, BayesPA aggressively projects the new posterior to the feasible region of posteriors that attain zero loss. The passive
and aggressive update cases are illustrated in Figure 1. We should note that when no likelihood
is defined (e.g., p(xt |w) is independent of w), BayesPA will passively set qt+1 (w) = qt (w) if
qt (w) suffers no loss; otherwise, it will aggressively project qt (w) to the feasible region. We call it
non-likelihood BayesPA.
In practical problems, the constraints in (5) could be unrealizable. To deal with such cases,
we introduce the soft-margin version of BayesPA learning, which is equivalent to minimizing the
objective function L(q(w)) in problem (5) with a regularization term, similar as in SVMs (Cortes
and Vapnik, 1995):
q(w)∈Ft





qt+1 (w) = argmin L q(w) + 2c · ` q(w); xt , yt .

For the max-margin classifiers that we consider, two types of loss functionals ` (q(w); xt , yt ) are
common:

JMLR 18(33):1-39, 2017

3. Under the Bayesian setting, we regard Bayes’ rule as a natural update (passive), since no aggressive projection is
applied.

8

Max-margin learning ?
yes
no
yes
yes

Bayesian inference ?
no
yes
yes
yes

Streaming update ?
yes
yes
no
yes
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Theorem 2 If the prior is normal q0 (w) = N (w0 , I), Ft = P, and we use the averaging classifier
`ave
 , the non-likelihood BayesPA subsumes the online PA.

BayesPA is deeply connected to its various precursors reviewed in Section 3, as summarized in
Table 1. First, BayesPA is a natural Bayesian extension of online PA, which is explicated via the
following theorem. Note that this theorem only serves as a connection to PA, and will not be relied
on by our algorithms, where we are more interested in the cases with nontrivial likelihood models
to describe the underlying structures (e.g., topic structures), which are typically out-of-reach for the
standard PA. Nevertheless, the idea of the proof details would later be applied to develop practical
BayesPA algorithms for topic models. Therefore, we include the complete proof here.

`gibbs
q(w); xt , yt ≥ `ave
q(w); xt , yt .





Lemma 1 The expected hinge loss `gibbs
is an upper bound of the hinge loss `ave

 , that is,

They are closely connected via the following lemma due to the convexity of the function (x)+ .

+




 
`gibbs
q(w); xt , yt = Eq(w)  − yt w> xt
.


2. Gibbs classifier: assume that a post-data posterior distribution q(w) is given, then a Gibbs
classifier randomly draws a weight vector w ∼ q(w) to make predictions using the sign rule
ŷt = sign w> xt , when the discriminant function has the same linear form as above. For each
single w, we can measure its hinge loss ( − yt w> xt )+ . To account for the randomness of
w, the expected hinge loss of a Gibbs classifier is therefore defined as:

+


 
h
i
`ave
q(w); xt , yt =  − yt Eq(w) w> xt
.


1. Averaging classifier: assume that a post-data posterior distribution q(w) is given, then an
averaging classifier makes predictions using the sign rule ŷt = sign Eq(w) [w> xt ] when the
discriminant function has the simple linear form, f (xt ; w) = w> xt . For this classifier, its
hinge loss is therefore defined as:

Table 1: The comparison between BayesPA and its various precursors, including online PA, streaming variational Bayes (SVB) and regularized Bayesian inference (RegBayes), in three different aspects.

Methods
PA
SVB
RegBayes
BayesPA

O NLINE BAYESIAN PASSIVE -AGGRESSIVE L EARNING

· ξt

(10)
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Second, suppose some algorithm A is capable of solving problem (6), then it would produce
streaming updates to the posterior distribution. For averaging classifiers, it is easy to modify the
proof of theorem 2 to derive the update rule of BayesPA, which is presented in the following lemma.

∗
∗
The optimal solution is µPA
t+1 = µt + τt yt xt . Note that τt is the optimal solution of dual problem
(10) shared by both PA and BayesPA. Therefore, we conclude that µt+1 = µPA
t+1 .

s.t.

1
||µ − µt ||2 + 2c
µ 2
>
yt µ xt ≥  − ξt , ξt ≥ 0.

µPA
t+1 = arg min

which is exactly the dual form of the online PA update equation:

τt

s.t.: 0 ≤ τt ≤ 2c,

>
max τt − 12 τt2 x>
t xt − yt τt µt xt

1 ∗2 >
where the constant C = exp(yt τt∗ µ>
the distribution qt+1 (w) =
t xt + 2 τt xt xt ) . Therefore,
√
1 2 >
N (µt +τt∗ yt xt , I), and the normalization term is Γ(τt , xt , yt ) = ( 2π)K exp(τt yt x>
t µt + 2 τt xt xt )
for any τt ∈ [0, 2c].
Next, we show that µt+1 = µt + τt∗ yt xt is the optimal solution of the online PA update rule
(Crammer et al., 2006). To see this, we replace Γ(τt , xt , yt ) in problem (9) with our derived form.
Ignoring constant terms, we obtain the dual problem

Using this primal-dual interpretation, we prove that for the normal prior p0 (w) = N (w0 , I), the
post-data posterior is also Gaussian: qt (w) = N (µt , I) for some µt in each round t = 0, 1, 2, ...
This can be shown by induction. By our assumption, q0 (w) = p0 (w) = N (w0 , I) is Gaussian.
Assume for round t ≥ 0, the distribution qt (w) = N (µt , I). Then for round t + 1, Eq. (8) suggests
the distribution


1
C
∗
2
||w
−
(µ
+
τ
y
x
)||
,
qt+1 (w) =
exp
−
t
t t t
Γ(τt∗ , xt , yt )
2

Similar to Corollary 5 in (Zhu et al., 2012), the optimal solution q ∗ (w) of the above problem can be
derived from its functional Lagrangian and has the following form:


1
q ∗ (w) =
qt (w) exp τt∗ yt w> xt ,
(8)
Γ(τt∗ , xt , yt )


R
where the normalization term Γ(τt , xt , yt ) = w qt (w) exp τt yt w> xt dw, and τt∗ is the optimal
solution to the dual problem
max τt − log Γ(τt , xt , yt )
τt
(9)
s.t. 0 ≤ τt ≤ 2c.

Proof The soft-margin version of BayesPA learning can be reformulated using a slack variable ξt :
h
i
qt+1 (w) = argmin KL q(w)||qt (w) + 2c · ξt
(7)
q(w)∈P


s.t. : yt Eq(w) w> xt ≥  − ξt , ξt ≥ 0.
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1




τt∗ yt w> xt ,


τt yt wt> xt dw,

(11)

Lemma 3 If Ft = P and we use the averaging classifier with loss functional `ave , the update rule
of online BayesPA is
qt+1 (w) =
w qt (w)p(xt |w) exp

qt (w)p(xt |w) exp
Γ(τt∗ , xt , yt )
R

τt − log Γ(τt , xt , yt )

0 ≤ τt ≤ 2c.

where Γ(τt , xt , yt ) is the normalization term Γ(τt , xt , yt ) =
and τt∗ is the optimal solution to the dual problem
max
τt

s.t.
For Gibbs classifiers, we have the following lemma to characterize its streaming update rule.

Γ(xt , yt )


 
qt (w)p(xt |w) exp −2c  − yt w> xt +
,

(12)

Lemma 4 If Ft = P and we use the Gibbs classifier with loss functional `gibbs , the update rule of
online BayesPA is

qt+1 (w) =
where Γ(xt , yt ) is the normalization constant.

Eq(w)

In both update rules (11) and (12), the post-data posterior qt (w) in the previous round t can be
treated as a prior, while the newly observed data and the loss it incurs provide a likelihood and
an un-normalized pseudo-likelihood respectively. Due to the analytical form, the BayesPA update
rule (12) is sequential in nature, simiar as the convential Bayes rule (3). Therefore, the sequential
posterior at time T is the same as the batch posterior that observes all the data instances up to T .
For the case with averaging classifers, Eq. (11) reduces to the streaming Bayesian update problem if
there is no loss functional (i.e., ` = 0). Therefore, BayesPA is an extension to streaming variational
Bayes (SVB) with imposed max-margin posterior constraints.
Finally, the update formulation (6) is essentially a RegBayes problem with a single data point
(xt , yt ). Although RegBayes inference is normally intractable, we would show later in the paper
how to use variational approximation to bypass the difficulty for specific settings. This would lead
to variational approximation algorithm A for the streaming update of post-data posterior.
Besides treating a single data point at a time, a useful technique in practice to reduce the noise
in data is to use mini-batches. Suppose that we have a mini-batch of data points at time t with an
index set Bt . Let Xt = {xd }d∈Bt , Yt = {yd }d∈Bt . The online BayesPA update equation for this
mini-batch can be defined in a natural way:
h
i
h
i


min KL q(w)||qt (w) −
log p(Xt |w) + 2c · ` q(w); Xt , Yt ,
q∈Ft
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P
where ` (q(w); Xt , Yt ) = d∈Bt ` (q(w); xd , yd ) is the cumulative loos functional on the minibatch Bt . Like the vanilla PA methods (Crammer et al., 2006), BayesPA on mini-batches may not
have closed-form update rules, and numerical optimization methods are needed to solve this new
formulation.
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Figure 2: Graphical illustrations of: (a) the abstraction of models with latent structures; and (b) the
procedure of BayesPA learning with latent structures.

4.2 BayesPA Learning with Latent Structures

(13)

To expressively explain complex real-word data, Bayesian models with latent structures have been
extensively developed. The latent structures could typically be characterized by a hierarchy of variables, which are generally grouped into two sets—local latent variables hd (d ≥ 0) that characterize
the hidden structures of each observed data xd and global variables M that capture the common
properties shared by all data.
As illustrated in Figure 2, BayesPA learning with latent structures aims to update the distribution
of M as well as the classifier weights w, based on each incoming mini-batch (Xt , Yt ) and their
corresponding latent variables Ht = {hd }d∈Bt . Because of the uncertainty in Ht , our posterior
approximation algorithm A would first infer the joint posterior distribution qt+1 (w, M, Ht ) from





min L q(w, M, Ht ) + 2c · ` q(w, M, Ht ); Xt , Yt ,
q∈Ft

where L(q) = KL[q(w, M, Ht )||qt (w, M)p0 (Ht )] − Eq(w,M,Ht ) [log p(Xt |w, M, Ht )] and
` (q(w, M, Ht ); Xt , Yt ) is some cumulative loss functional on the min-batch data incurred by
some classifiers on the latent variables Ht and/or global variables M. As in the case without latent
variables, both averaging classifier and Gibbs classifier can be used.
Next, algorithm A produces the approximate posterior qt+1 (w, M). In general we would not
obtain a closed-form posterior distribution by marginalizing out Ht , especially in dealing with
some involved models like MedLDA (Zhu et al., 2012). The intractability is bypassed through
the mean-field assumption q(w, M, Ht ) = q(w)q(M)q(Ht ). Specifically, algorithm A solves
problem (13) using an iterative procedure and obtain the optimal distribution q ∗ (w)q ∗ (M)q ∗ (Ht ).
Then it sets qt+1 (w, M) = q ∗ (w)q ∗ (M) and proceeds to next round. Concrete examples of this
method will be discussed in Section 5 and Section 6.

5. Online Max-Margin Topic Models

JMLR 18(33):1-39, 2017

In this section, we apply the theory of online BayesPA to topic modeling. We first review the basic
ideas of max-margin topic models, and develop online learning algorithms based on BayesPA with
averaging and Gibbs classifiers respectively.

12

d=1

(14)

(15)
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4. Without causing confusion, we slightly abused the notation K to denote the topic number (i.e., the latent dimension)
in topic models.


`ave
 (q(w, zd ); xd , yd ) =  − yd Eq(w,zd ) [f (w, zd )] + ,

P
where z̄dk = n1d i I[zdi = k] is the average frequency of assigning the words in document d to
topic k. Based on the discriminant function, both averaging classifiers with the hinge loss

f (w, zd ) = w> z̄d ,

where L(q(w, Φ, Θ, Z)) = KL[q(w, Φ, Θ, Z)||p(w, Φ, Θ, Z|X)] . To specify the loss function, a
linear discriminant function needs to be defined with respect to w and zd

q∈P

D



X
min L q(w, Φ, Θ, Z) + 2c
` q(w, zd ); xd , yd ,



The advantage of the variational formulation of Bayesian inference lies in the convenience of posing
restrictions on the post-data distribution with a regularization term. For supervised topic models
(Blei and McAuliffe, 2010; Zhu et al., 2012), such a regularization term could be a loss function
D
of a prediction model w on the data X = {xd }D
d=1 and response signals Y = {yd }d=1 . As a
regularized Bayesian (RegBayes) model, MedLDA infers a distribution of the latent variables Z as
well as classification weights w by solving the problem:

q∈P

where Dir(·) is the Dirichlet distribution and Mult(·) is the multinomial distribution. For Bayesian
LDA, the topics are also drawn from a Dirichlet distribution, i.e., φk ∼ Dir(γ).
D
D
Given a document set X = {xd }D
d=1 . Let Z = {zd }d=1 and Θ = {θd }d=1 denote all the
topic assignments and topic mixing vectors. LDA infers the posterior distribution p(Φ, Θ, Z|X) ∝
p0 (Φ, Θ, Z)p(X|Z, Φ) via Bayes’ rule. From a variational point of view, the posterior is identical
to the solution of the optimization problem:
h
i
min KL q(Φ, Θ, Z)||p(Φ, Θ, Z|X) .

– draw the word instance xdi ∼ Mult(φzdi ).

– draw a latent topic assignment zdi ∼ Mult(θd ).

• For the i-th word in document d, where i = 1, 2, ..., nd ,

• Draw a topic mixture proportion vector θd |α ∼ Dir(α)

A max-margin topic model consists of a latent Dirichlet allocation (LDA) model (Blei et al., 2003)
for describing the underlying topic representations of document content and a max-margin classifier
for making predictions. Specifically, LDA is a hierarchical Bayesian model that treats each document as an admixture of K topics, Φ = {φk }K
k=1 , where each topic φk is a multinomial distribution
over a given W -word vocabulary.4 The generative process of the d-th document (1 ≤ d ≤ D) is
described as follows:

5.1 Basics of MedLDA

O NLINE BAYESIAN PASSIVE -AGGRESSIVE L EARNING

(16)

d∈Bt

(17)

(18)

Pnd

(19)
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k · I[x = w] for all words w (1 ≤ w ≤ W ) in the
where ∆∗kw = ∆tkw + d∈Bt i=1 γdi
di
k
vocuabulary and γdi = Eq(zd ) I[zdi = k] is the probability of assigning each word xdi to topic
k.

P

q ∗ (Φk ) = Dir(∆∗k1 , ..., ∆∗kW ),

If initially the prior is q0 (Φk ) = Dir(∆0k1 , ..., ∆0kW ), then by induction the inferred distributions in each round are also in the family of Dirichlet distributions, namely, qt (Φk ) =
Dir(∆tk1 , ..., ∆tkW ). Using equation (18), we can derive


h
i
q ∗ (Φk ) ∝ qt (Φk ) exp Eq(Zt ) log p0 (Zt )p(Xt |Zt , Φ) , k = 1, 2, ..., K.

The optimal solution has the following closed form:

q(Φ)

1. Update global q(Φ): By fixing the distributions q(Zt ) and q(w), we can ignore irrelevant
terms and solve
h
i
min KL q(Φ)q(Zt )||qt (Φ)p0 (Zt )p(Xt |Φ, Zt ) .

Since directly solving the above problem is intractable, we would impose a mild mean-field assumption q(w, Φ, Zt ) = q(w)q(Φ)q(Zt ). Now, problem (17) can be solved using an iterative procedure
that alternately updates each factor distribution (Jordan et al., 1998), as detailed below:

q(w, Φ, Zt ) ∈ P.

s.t.: yd Eq(w,zd ) [w> z̄d ] ≥  − ξd , ξd ≥ 0, ∀d ∈ Bt ,

q,ξd

h
i
X
min KL q(w, Φ, Zt )||qt (w, Φ)p0 (Zt )p(Xt |Φ, Zt ) + 2c
ξd ,

We first apply online BayesPA to MedLDA with averaging classifiers, which will be referred to as
paMedLDAave for convenience. During inference, we integrate out the local variables Θt using the
conjugacy between a Dirichlet prior and a multinomial likelihood (Griffiths and Steyvers, 2004; Teh
et al., 2006b), which potentially improves the inference accuracy. Then we have the global variables
M = Φ and local variables Ht = Zt . The latent BayesPA rule (13) becomes:

5.2 Online MedLDA

have been proposed, with extensive comparisons reported in Zhu et al. (2014b) using batch learning
algorithms. As commented in (Chang and Blei, 2010), defining the classifier on z̄d , instead of
θd , enforces words and labels to share the same topics. Besides, it retains the conjugacy structure
between the Dirichlet prior of θ and the multinomial likelihood of generating z; and it will allow us
to integrate out θ for efficient collapsed inference.



`gibbs
(q(w, zd ); xd , yd ) = Eq(w,zd ) ( − yd f (w, zd ))+ ,


and Gibbs classifiers with the expected hinge loss
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X

d∈Bt

d∈Bt



X

τd∗ yd w> zbd  ,

τd − log Z(τd ).

(20)

2. Update global weight q(w): Keeping all the other distributions fixed, q(w) can be solved as
h
i
X
ξd ,
min KL q(w)||qt (w) + 2c
q(w)

s.t.: yd Eq(w) [w]> zbd ≥  − ξd , ξd ≥ 0, ∀d ∈ Bt ,

1

d∈Bt

where zbd = Eq(zd ) [z̄d ] is the expectation of topic assignments under the fixed distribution
q(Z). Similar to Proposition 2 in MedLDA (Zhu et al., 2012), the optimal solution is attained
by solving the Lagrangian form with respect to q(w), which gives


q ∗ (w) =

qt (w) exp
Z(τd∗ )

max

0≤τd ≤2c

where the Lagrange multipliers τd∗ (d ∈ Bt ) are obtained by solving the dual problem

X

d∈Bt

X

d1 ,d2 ∈Bt

d∈Bt

X
1 2
yd τd zbd ,
σ τd1 τd2 zbd>1 zbd2 − µt>
2

µ∗ = µt + σ 2

τd −

d∈Bt

(22)

For the common spherical Gaussian prior q0 (w) = N (0, σ 2 I), by induction the distribution
qt (w) = N (µt , σ 2 I) at each round. So equation (20) gives q ∗ (w) = N (µ∗ , σ 2 I), where
X
(21)
τd∗ yd zbd .


Furthermore, the dual problem becomes,

max

0≤τd ≤2c

d∈Bt


X
||µ − µt ||2
+ 2c
 − yd µ> zbd .
2σ 2
+

(23)

which is identical to the Lagrangian dual of the classical PA problem with mini-batch Bt
(expressed in the equivalent constrained form by introducing slack variables)

µ

min

||b
zt ||2

This equivalence suggests that we could rely on contemporary PA techniques to solve for µ∗ .
In particular, for instances coming one at a time (i.e., Bt = {t}, ∀t), we have the closed-form
solution
)
(

 − yt µt> zbt +
,

τt∗ = min 2c,
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whose computation requires O(K) time; for mini-batches, we could adapt methods solving
linear SVM to either the dual (22) or primal (23) problem, which by state-of-the-arts require
complexity O(poly(−1 )K) per training instance in order to obtain -accurate solutions. Here
we choose a gradient-based method similar to Shalev-Shwartz et al. (2011). Specifically, we
first set µ1 = µt , and then take the gradient steps i = 2, 3, ... until µi converges to µ∗ . Let
15

S HI AND Z HU

d∈At

X
µi − µ
t
yd zbd .
− 2c
σ2
i

Ati be the set of instances in Bt that suffer non-zero loss at step i, then we use the gradients
to iteratively update
µi+1 ← µi − ρi ∇i ,
(24)

where annealing rate ρi = σ 2 i−1 and

∇i =

(1 − 1i )τdi +
(1 − 1i )τdi

2c
i

for d ∈ Ati
for d 6∈ Ati .

Correspondingly, we can derive the gradient-based update rule for
P the dual parameters. Imagine that we implicitly maintain the relationship µ = µt + σ 2 d∈Bt τd yd zbd . Then the following update rule for τd (d ∈ Bt ) naturally implies the update rule (24) for µ:

τdi ←

Therefore, the gradient steps adaptively adjust the contribution of each latent zbd to µ based on
the loss it incurs. Furthermore, the annealing makes sure that 0 ≤ τdi ≤ 2c for all i. Since the
problem (22) is concave, it can be guaranteed that τdi converges to τd∗ . This correspondence
would be used in updating q(Zt ).

d∈Bt

3. Update local q(Zt ): Fixing all the other distributions, we aim to solve
h
i
X
min KL q(Zt )||p0 (Zt )p(Xt |Zt , Φ) + 2c
ξd ,

q(Zt )

s.t.: yd µ∗> Eq(zd ) [z̄d ] ≥  − ξd , ξd ≥ 0, ∀d ∈ Bt ,

τd∗ yd µ∗> z̄d  .

where µ∗ = Eq(w) [w] is the expectation of w under the fixed distribution q(w). Unlike the
weight w, the expectation over Zt during optimization is intractable due to the combinatorial
space of values. Instead, we adopt the same approximation strategy as MedLDA (Zhu et al.,
2012): fix ξ, τd at the previous global step, and use the approximate solution



X

d∈Bt

q ∗ (Zt ) = p0 (Zt )p(Xt |Zt , Φ) exp 

.

(25)

Then the expectation of z̄d , as needed in the global updates, could be approximated by samples from the distribution q ∗ (Zt ). Specifically, we use Gibbs sampling with the conditional
distribution
!

d∈Bt


P −1
¬di exp Λ
q(zdi = k | Zt¬di ) ∝ α + Cdk
nd yd τd∗ µk∗
k,xdi +

JMLR 18(33):1-39, 2017

using Eq. (25), discard the first β (0 ≤ β < J ) burn-in
PJ
P
(j)
j=β+1
d,i I[zdi = k].

P
where Λzdi ,xdi = Eq(Φ) [log(Φzdi ,xdi )] = Ψ(∆z∗di ,xdi ) − Ψ( w ∆z∗di ,w ) (note that Ψ(·) is the
digamma function) and Cd¬di is a vector with the k-th entry being the number of words in
document d (except the i-th word) that are assigned to topic k.
Then we draw J samples

(j) J
{Zt }j=1

samples, and approximate zbdk with the empirical sum (J − β)−1

16

qt (w, M)p0 (Ht )p(Xt |Ht , M)ψ(Yt |Ht , w)
,
Γ(Xt , Yt )



17

JMLR 18(33):1-39, 2017

where ψ(Yt , λt |Zt , w) = d∈Bt ψ(yd , λd |zd , w) and λt = {λd }d∈Bt are augmented variables locally
associated with individual documents. In fact, the augmented distribution qt+1 (w, Φ, Zt , λt ) is the

Q

p0 (Zt )qt (w, Φ)p(Xt |Zt , Φ)ψ(Yt , λt |Zt , w)
,
qt+1 (w, Φ, Zt , λt ) =
Γ(Xt , Yt )

)−1/2 exp


+cζd )2
where ψ(yd , λd |zd , w) = (2πλd
− (λd 2λ
. Equality (26) essentially implies that the
d
collapsed posterior qt+1 (w, Φ, Zt ) is a marginal distribution of

0

Q
where ψ(Yt |Ht , w) = d∈Bt ψ(yd |hd , w) and Γ(Xt , Yt ) is a normalization constant. The basic idea of DA is to construct conjugacy between prior and data during inference by introducing
augmented variables. Specifically, we would use the following equality (Zhu et al., 2014b):
Z ∞
ψ(yd |zd , w) =
ψ(yd , λd |zd , w)dλd ,
(26)

qt+1 (w, M, Ht ) =

In this section, we apply the theory of BayesPA to Gibbs MedLDA. As shown in Zhu et al. (2014b),
using Gibbs classifiers admits efficient inference algorithms by exploring data augmentation (DA)
techniques (Tanner and Wong, 1987; Polson and Scott, 2011). Based on this insight, we will
develop our efficient online inference algorithms for Gibbs MedLDA. We denote the model by
paMedLDAgibbs . Specifically, let ζd =  − yd f (w, zd ) and ψ(yd |zd , w) = e−2c(ζd )+ . By Lemma
4, the optimal solution to problem (13) is

5.3 Online Gibbs MedLDA

At each round t of BayesPA optimization during training, we run the global and local updates
alternately until convergence, and assign qt (Φ, w) = q ∗ (Φ)q ∗ (w), as outlined in Algorithm 1. To
make predictions on testing data, we use the mean µ as the classification weight and apply the
prediction rule. The inference of z̄ for testing documents is similar to Zhu et al. (2014b). First, we
draw a single sample of Φ, and for each test document d, we infer the MAP of θd . Then, we directly
run the sampling of zd until the burn-in stage is completed, and use the average of several samples
to compute zbd . Then the prediction rule is applied on µ and zbd .

Algorithm 1 Online MedLDA
1: Let q0 (w) = N (0; σ 2 I), q0 (φk ) = Dir(γ), ∀ k.
2: for t = 0 → ∞ do
3:
Set q(Φ, w) = qt (Φ)qt (w). Initialize Zt .
4:
for i = 1 → I do
(j)
5:
Draw samples {Zt }J
j=1 from Eq. (25).
6:
Discard the first β burn-in samples (β < J ).
7:
Use the rest J − β samples to update q(Φ, w) following Eq.s (19, 20).
8:
end for
9:
Set qt+1 (Φ, w) = q(Φ, w).
10: end for

O NLINE BAYESIAN PASSIVE -AGGRESSIVE L EARNING

(27)



µ +c

t

d∈Bt

X

d∈Bt

X



 
−1
Eq(zd ,λd ) yd 1 + cλd z̄d  .

−1
h
i
−1
> 
Eq(zd ,λd ) λd z̄d z̄d
,

(28)

i∈[nd ]
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where Λ admits the same definition as in (25). But it is impossible to evaluate the expectation in the global update using q(Zt , λt ) because of the huge number of configurations
for (Zt , λt ). As a result, we turn to Gibbs sampling and estimate the required expectations
using multiple empirical samples. This hybrid strategy has shown promising performance
for LDA (Mimno et al., 2012). Specifically, the conditional distributions used in the Gibbs
sampling are as follows:

t

2. Local Update: Given the distribution of global variables, q(Φ, w), the mean-field update
equation for (Zt , λt ) is




2
Y
X
1
(λ
+
cζ
)
d
d
,
√
q(Zt , λt ) ∝ p0 (Zt )
exp 
Λzdi ,xdi − Eq(Φ,w)
2λd
2πλd
d∈B

For the sequential update rule, we simply set µt+1 = µ∗ and Σt+1 = Σ∗ .

(Σ )

2

+c

t −1

t −1

∗

µ =Σ

∗

∗

Σ = (Σ )



where the posterior paramters are computed as

q ∗ (w) = N (w; µ∗ , Σ∗ ),

If the initial prior is normal q0 (w) = N (w; µ0 , Σ0 ), by induction we can show that the inferred distribution in each round is also a normal distribution, namely, qt (w) = N (w; µt , Σt ).
Indeed, the optimal solution of q(w) to problem (27) is

1. Global Update: By fixing the distribution of local variables, q(Zt , λt ), and ignoring irrelevant terms, the optimal distribution of w and Φ can be shown to have the induced factorization
form, q(w, Φ) = q(w)q(Φ). For q(Φ), the update rule is exactly (19). For q(w), we have
the update rule

h
i
qt+1 (w) ∝ qt (w) exp Eq(Zt ,λt ) log p0 (Zt )ψ(Yt , λt |Zt , w) .

where L(q(w, Φ, Zt , λt )) = KL[q(w, Φ, Zt , λt )kqt (w, Φ)p0 (Zt )]−Eq [log p(Xt |Zt , Φ)]. In fact,
this objective is an upper bound of that in the original problem (13) (See Appendix A for details).
Again, with the mild mean-field assumption that q(w, Φ, Zt , λt ) = q(w, Φ)q(Zt , λt ), we can
solve problem (27) via an iterative procedure that alternately updates each factor distribution (Jordan
et al., 1998), as detailed below.

q∈P



h
i
min L q(w, Φ, Zt , λt ) − Eq log ψ(Yt , λt |Zt , w) ,

solution to the problem:
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Algorithm 2 Online Gibbs MedLDA
1: Let q0 (w) = N (0; σ 2 I), q0 (φk ) = Dir(γ), ∀ k.
2: for t = 0 → ∞ do
3:
Set q(Φ, w) = qt (Φ)qt (w). Initialize Zt .
4:
for i = 1 → I do
(j)
(j) J
5:
Draw samples {Zt , λt }j=1
from Eq.s (29, 30).
6:
Discard the first β burn-in samples (β < J ).
7:
Use the rest J − β samples to update q(Φ, w) following Eq.s (19, 28).
8:
end for
Set qt+1 (Φ, w) = q(Φ, w).
end for
9:

10:

(29)

• For Zt : By canceling out common factors, the conditional distribution of one variable
zdi given Zt¬di and λt is

cyd (c+λd )µk∗
¬di
)exp
q(zdi = k|Zt¬di , λt ) ∝ (α+Cdk
nd λd
∗ +2(µ∗ µ∗ +Σ∗ )> C ¬di ) 
c2 (µk∗2 +Σkk
k
·,k
d
,
2nd2 λd

+Λk,xdi −

∗ is the k-th column of Σ∗ .
where Σ·,k

(30)

• For λt : Let ζ̄d =  − yd z̄d> µ∗ . The conditional distribution of each variable λd given
Zt is


c2 z̄d> Σ∗ z̄d + (λd + cζ̄d )2
1
q(λd |Zt )∝ √
exp −
2λd
2πλ
d


1
,
=GIG λd ; , 1, c2 ζ̄d2 + z̄d> Σ∗ z̄d
2

a generalized inverse gaussian distribution (Devroye, 1986). Therefore, λd−1 follows an
inverse gaussian distribution, that is,


1
q(λd−1 |Zt ) = IG λd−1 ; q
, 1 ,
c ζ̄d2 + z̄d> Σ∗ z̄d

from which we can draw a sample in constant time (Michael et al., 1976).

For training, we run the global and local updates alternately until convergence at each round
of PA optimization, as outlined in Alg. 2. To make predictions on testing data, we then draw one
sample of ŵ as the classification weight and apply the prediction rule. The inference of z̄ for testing
documents is the same as online MedLDA.

6. Extensions
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In the above topic models, we assume that the number of topics (i.e., K) is pre-specified, which is
unfortunately unknown in practice. An extra procedure is often applied to select a good K value.
19
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We now present extensions of online MedLDA to automatically determine the unknown K values
by leveraging nonparametric Bayesian techniques. We also present an extension of these models
for multi-task learning.
6.1 Online Nonparametric MedLDA

We first present online nonparametric MedLDA for resolving the unknown number of topics, based
on the theory of hierarchical Dirichlet process (HDP) (Teh et al., 2006a).
6.1.1 BATCH M ED HDP

i<k

A two-level HDP provides an extension to LDA that allows for a nonparametric inference of the
unknown topic numbers. The generative process of HDP can be summarized using a stick-breaking
∞ are generated as:
construction (Wang and Blei, 2012b), where the stick lengths π = {πk }k=1
Q
(1 − π̄i ), π̄k ∼ Beta(1, η), for k = 1, ..., ∞,

πk = π̄k

d=1

(31)

and the topic mixing proportions are generated as θd ∼ Dir(απ), for d = 1, ..., D. Each topic φk
is a sample from a Dirichlet base distribution, i.e., φk ∼ Dir(γ). After we get the topic mixing
proportions θd , the generation of words is the same as in the standard LDA.
To extend the HDP topic model for predictive tasks, we introduce a classifier w that is drawn
from a Gaussian process, GP(0, Σ), where the covariance function is Σ(w, w0 ) = σ 2 I[w = w0 ].
We still define the linear discriminant function in the same form as Eq. (14). Since the number of
words in a document is finite, the average topic assignment vector z̄d has only a finite number of
non-zero elements, and the dot product in Eq. (14) is in fact finite. Therefore, given the latent topic
assignments, the conditoinal posterior of w is in fact a multivariate Gaussian distribution.
∞ . We define maximum entropy discrimination HDP (MedHDP) topic model as
Let π̄ = {π̄k }k=1
solving the following RegBayes problem to infer the joint post-data posterior q(w, π̄, Φ, Θ, Z):5

q∈P

D




X
` q(w, zd ); xd , yd ,
min L q(w, π̄, Φ, Θ, Z) + 2c

5. Given π̄, π can be computed via the stick breaking process.
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where L(q(w, π̄, Φ, Θ, Z)) = KL[q(w, π̄, Φ, Θ, Z)||p(w, π̄, Φ, Θ, Z|X)] is the objective corresponding to the standard Bayesian inference under the variational formulation of Bayes’ rule. The
loss function could be either (15) or (16). We call the resulting model with the averaging classifier
MedHDPave and that with the Gibbs classifier MedHDPgibbs .
Since MedHDP is a new model, we would briefly discuss the corresponding inference problem.
For the inference of MedHDPgibbs , we can use Gibbs sampling based on Chinese Restaurant Franchise (Teh et al., 2006a; Wang and Blei, 2012a) with modifications similar to the techniques introduced in Zhu et al. (2014b). For MedHDPave , the current state-of-the-art for inferring max-margin
Bayesian models with averaging loss resorts to mean-field assumptions and variational inference.
Notice that classical mean-field derivation would fail due to the potentially unbounded space of
variables. However, it is possible to incorporate Gibbs sampling into mean-field update equations
to explore the unbounded space (Welling et al., 2008; Wang and Blei, 2012b) and therefore bypass
the difficulty. In this paper, we would not focus on developing inference algorithms for MedHDP,
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∞
Y

k=1

d∈Bt

S(nd z̄dk , sdk )(απk )

,

(32)
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2. Local Update: Fixing the global distribution q(w, π̄, Φ), we get the mean-field update equation for (Zt , St ):
q ∗ (Zt , St ) ∝ q̃(Zt , St )q̂(Zt )
(36)

Since Zt contains only a finite number of discrete variables, we only need to maintain and
update the above global distributions for a finite number of topics.

By induction, we can show that qt (π̄k ) = Beta(utk , vkt ) is a Beta distribution at each step, and
the update equation is
q ∗ (π̄k ) = Beta(u∗k , vk∗ ),
(35)
P
P
P
∗
t
∗
t
where uk = uk + d∈Bt Eq(sd ) [sdk ] and vk = vk + d∈Bt Eq(sd ) [ j>k sdj ] for k =
{1, 2, ...} and u0k = 1, vk0 = η.

d∈Bt

1. Global Update: By fixing the distribution of local variables, q(Ht ), and ignoring the irrelevant terms, we have same mean-field update equations (19) for Φ and (21) for w with the
averaging loss. For global variable π̄, we have

h
i
Y
q ∗ (π̄k ) ∝ qt (π̄k )
exp Eq(hd ) log p(sd , zd |π̄) .
(34)

where L(q(w, π̄, Φ, Ht )) = KL[q(w, π̄, Φ, Ht )||qt (w, π̄, Φ)p(Zt , St |π̄)p(Xt |Zt , Φ)] . As in
online MedLDA, we adopt the mild mean field assumption q(w, π̄, Φ, Ht ) = q(w)q(π̄)q(Φ)q(Ht )
and solve problem (33) via an iterative procedure detailed below.

q∈Ft

where S(a, b) are unsigned
P Stirling numbers of the first kind (Antoniak, 1974). It is not hard to
verify that p(zd |π̄) =
sd p(sd , zd |π̄). After this “collapse-and-augment” procedure, we now
have the local variables Ht = (Zt , St ). The global variables remain intact. The new BayesPA
problem is now:



X 
min L q(w, π̄, Φ, Ht ) + 2c
` w; xt , yt ,
(33)

p(sd , zd |π̄) ∝

sdk

To apply the ideas of BayesPA to develop online MedHDP algorithms, we have the global variables
M = (π̄, Φ), and the local variables Ht = (Θt , Zt ). As in online MedLDA, we marginalize
out Θt by conjugacy. Furthermore, to simplify the sampling scheme, we introduce another set of
auxiliary latent variables St = {sd }d∈Bt , where sd = {sdk }∞
k=1 and each element sdk represents
the number of occupied tables serving dish k in a Chinese restaurantQprocess (CRP) (Teh et al.,
2006a; Wang and Blei, 2012b). By definition, we have p(Zt , St |π̄) = d∈Bt p(sd , zd |π̄) and

6.1.2 O NLINE M ED HDP

but instead attain batch MedHDP algorithms from the corresponding BayesPA methods, as will be
clear at the end of each subsection below.

O NLINE BAYESIAN PASSIVE -AGGRESSIVE L EARNING

d∈Bt


q̃(Zt , St ) = exp Eq∗ (Φ)q∗ (π̄) [log p(X|Φ, Zt ) + log p(Zt , St |π̄)] ,


X
τd yd E[w]> z̄d  ,
q̂(Zt ) = exp 

(37)

(39)

(38)

(41)
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• For π̄: It can be derived from (36) that given (Zt , St ), each π̄k follows the beta distribution,
π̄k ∼ Beta(ak , bk ),
(42)
P
P
P
∗
∗
where ak = uk + d∈Bt sdk and bk = vk + d∈Bt j>k sdj .

q(sdk |Zt , π̄) ∝ S(nd z̄dk , sdk )(απk )sdk .

• For St : The conditional distribution of sdk given (Zt , π̄, λt ) can be derived from the
joint distribution (32):

k=1

Besides, for k > K and symmetric Dirichlet prior γ, (40) converge to a single rule
q(zdi = k|Zt¬di , π̄) ∝ απk /W , and therefore the total probability of assigning a new
topic is
!
K
X
q(zdi > K|Zt¬di , π̄) ∝ α 1 −
πk /W.

t

• For Zt : Let K be the current inferred number of topics. The conditional distribution
of one variable zdi given all other local variables can be derived from (36) with sd
marginalized out for convenience.


¬di )(C ¬di + ∆t
X
(απk + Cdk
kxdi
kxdi )
−1
∗
¬di

P
exp
nd yd τd µk . (40)
q(zdi = k|Zt , π̄) ∝
¬di
t
w (Ckw + ∆kw )
d∈B

Notice in the local updates, π̄ is only an auxilary variable. Putting all the pieces together, we
have the following sampling scheme.

q ∗ (π̄, Zt , St ) ∝ q̃(π̄, Zt , St )q̂(Zt ).

Now we propose to uncollapse π̄ and sample the local variables from

q̃(π̄, Zt , St ) ≈ Eq∗ (Φ)) [q ∗ (π̄)p(X|Φ, Zt )p(Zt , St |π̄)] .

Computing the expectation regarding π̄ in (37) turns out to be difficult. However, imagine
that the expectation operator is essentially collapsing π̄ out from the joint distribution

q̃(Zt , St ) ≈ Eq∗ (Φ)q∗ (π̄) [p(X|Φ, Zt )p(Zt , St |π̄)] .

and τd (d ∈ Bt ) are the dual variables computed in the global update. The most cumbersome
point to tackle is the potentially unbounded sample space of Zt and St . We take the ideas
from (Wang and Blei, 2012b) and adopt an approximation for q̃(Zt , St ):

where
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Similar to online MedLDA, we iterate the above steps till convergence for training. For testing,
the learned model is essentially a finite MedLDA, and we use the same scheme as that of online
MedLDA.
Notice that if we run online MedHDP for only one round (T = 1) and use the entire dataset
as mini-batch (|B| = D), iterating the above steps till converge in fact solves the batch MedHDP
problem Eq. (31). We call this batch version MedHDPave , and will use it as a baseline algorithm.
6.1.3 O NLINE G IBBS M ED HDP
For Gibbs MedHDP, the only difference is the loss functional ` , which is reflected in the sampling of
local variables. As in online Gibbs MedLDA, we can facilitate more efficient inference by adopting
the same data augmentation technique with the augmented variables λt . Then the local variables
are (Zt , St , λt ) and the global variables are unchanged. We then use the mean field assumption
q(w, π̄, Φ, Ht ) = q(w)q(π̄)q(Φ)q(Ht ) and compute the iterative steps as follows.
1. Global Update: The same as online MedHDP, except that the update rule for w is now (28)
for the Gibbs classifier.

Y
√
i∈[nd ]

πk

!

/W.

!





2
X
1
(λ
d + cζd ) 
exp 
Λzdi ,xdi − Eq(Φ,w)
,
2λd
2πλd

q ∗ (Zt , St , λt , π̄) ∝ q̃(π̄, Zt , St )q̂(Zt , λt ),

, (44)

(43)

2. Local Update: This step involves drawing samples of the local variables. We develop a
Gibbs sampler, which iteratively draws St from the local conditional in (41), draws π̄ from
the conditional in (42), and draws the augmented variables λt from the conditional in (30).
For Zt , we explain the sampling procedure in detail. Specifically, we infer Zt through

where
q̂(Zt , λt ) =
d∈Bt

¬di )(C ¬di + ∆t
+ Cdk
kxdi
kxdi )
P
¬di
t
w (Ckw + ∆kw )

The Gibbs sampling for each variable zdi is
(απk

K
X
k=1

2 ∗2
∗
∗ ∗
∗ > ¬di
cyd (c + λd )µk∗ c (µk + Σkk + 2(µk µ + Σ·,k ) Cd )
−
nd λ d
2nd2 λd

q(zdi = k|Zt¬di , λt , π̄) ∝
exp

while the probability of sampling a new topic is
q(zdi > K|Zt¬di , π̄) ∝ α 1 −
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Again, we iterate the above steps till convergence for training and the testing is the same as
online MedHDP. A batch version algorithm can be attained by setting T = 1 and |B| = D, which
we denote as MedHDPgibbs .
23

6.2 Multi-task Learning
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The above models have been presented for classification. The basic ideas can be applied to solve
other learning tasks, such as regression and multi-task learning (MTL). We use multi-task learning an one example. The primary assumption of multi-task learning is that by sharing statistical
strength in a joint learning procedure, multiple related tasks can be mutually enhanced or some
main tasks can be improved. MTL has many applications. We consider one scenario for multi-label
classification. In this task, a set of binary classifiers are trained, each of which identifies whether a
document xd belongs to a specific category ydq ∈ {+1, −1}. These binary classifiers are allowed to
share common latent representations and therefore could be attained via a modified BayesPA update
equation:

q=1

Q




X
` q(w, M, Ht ); Xt , Ytτ ,
min L q(w, M, Ht ) + 2c
q∈Ft

where Q is the total number of tasks. We can then derive the multi-task version of PassiveAggressive topic models, denoted by paMedLDAmtave and paMedLDAmtgibbs , in a way similar
as in Section 5. We can further develop the nonparametric multi-task MedLDA topic models in a
way similar as in Section 6.1 and the online PA learning algorithms. We denote the nonparametric online models by paMedHDPave and paMedHDPgibbs , according to whether the task-specific
classifier is averaging or Gibbs.

7. Experiments

We demonstrate the efficiency and prediction accuracy of online MedLDA, online Gibbs MedLDA
and their extensions on the 20Newsgroup (20NG) and a large Wikipedia dataset. A sensitivity
analysis of the key parameters is also provided. Following the same setting in Zhu et al. (2012), we
remove a standard list of stop words. All of the experiments are done on a normal computer with
single-core clock rate up to 2.4 GHz.
7.1 Classification on 20Newsgroup

JMLR 18(33):1-39, 2017

We perform multi-class classification on the entire 20NG dataset with all the 20 categories. The
training set contains 11,269 documents, with the smallest category having 376 documents and the
biggest category having 599 documents. The testing set contains 7,505 documents, with the smallest
and biggest categories having 259 and 399 documents respectively. We adopt the “one-vs-all”
strategy (Rifkin and Klautau, 2004) to combine binary classifiers for multi-class prediction tasks.
We use shorthand notations paMedLDAave and paMedLDAgibbs for online MedLDA and online Gibbs MedLDA respectively. The corresponding batch learning algorithms are MedLDA (Zhu
et al., 2012) and Gibbs MedLDA (MedLDAgibbs ) (Zhu et al., 2014b), which is a MedLDA model
with Gibbs classifiers. We use collapsed Gibbs sampling to solve MedLDA, which is exactly the
gMedLDA model proposed by Jiang et al. (2012). We also choose a state-of-the-art online unsupervised topic model as the baseline, the sparse inference for LDA (spLDA) (Mimno et al., 2012),
which has been demonstrated to be superior than the stochastic variational LDA (Hoffman et al.,
2013) in prediction performance. To perform the supervised tasks, we learn a linear SVM with the
topic representations using LIBSVM (Chang and Lin, 2011). We refer the readers to (Zhu et al.,
2012) for the performance of other batch-learning-based supervised topic models, such as sLDA
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(Blei and McAuliffe, 2010) and DiscLDA (Lacoste-Julien et al., 2008), as well as SVM classifiers on the raw inputs, which are generally either inferior in accuracy or slower in efficiency than
MedLDA. For all the LDA-based topic models, we use symmetric Dirichlet priors α = 1/K · 1 and
γ = 0.45 · 1. For BayesPA with Gibbs classifiers, the parameters were set at  = 164, c = 1, and
σ 2 = 1. The models’ performance is not sensitive to the choice of these parameters in wide ranges
as shown in Zhu et al. (2014b). For BayesPA with averaging classifiers, the parameters determined
by cross validation are  = 16, c = 500, and σ 2 = 10−3 . For reasons explained in section 7.3, we
set the mini-batch size |B| = 1 for the averaging classifier and |B| = 512 for the Gibbs classifier.
We first analyze how many processed documents are sufficient for each model to converge.
Figure 3 shows the test errors with respect to the number of passes through the 20NG training
set, where the number of topics is set at K = 80 and the other parameters of BayesPA are set at

Figure 3: Test errors of different models with respect to the number of passes through the 20NG
training dataset.
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Recall the nonparametric extensions of BayesPA topic models paMedHDPave and paMedHDPgibbs .
To validate the advantage of online learning, we test them against their corresponding batch algorithms (i.e., the models MedHDPave and MedHDPgibbs ) on the 20NG corpus. We also include an unsupervised baseline as the comparison model, the truncation-free HDP topic model (tfHDP) (Wang
and Blei, 2012b), which is first used to discover the latent topic representations, and then combined
with a linear SVM classifier for document categorization. For all HDP-based models, the following
parameter setting is used: α = 5 · 1, γ = 0.5 · 1 and η = 1. As an initial number of topic numbers

7.2.1 N ONPARAMETRIC T OPIC M ODELING

We now present the experimental results on the extensions of BayesPA topic models. We first
present the results of nonparametric topic modeling on the same 20NG dataset. Then we demonstrate multi-task learning on a large Wikipedia dataset with more than 1 million documents and
about 1 million unique terms.

7.2 Extensions

(I, J , β) = (1, 2, 0). As we can observe, by solving a series of latent BayesPA problems, both
paMedLDAave and paMedLDAgibbs fully explore the redundancy of documents and converge in less
than one pass, while their corresponding batch algorithms (i.e., MedLDA and MedLDAgibbs ) need
many passes as burn-in steps. Besides, compared with the online learning algorithms for unsupervised topic models (i.e., spLDA+SVM), BayesPA topic models use supervising side information
from each mini-batch, and therefore exhibit a faster convergence rate in discrimination ability. The
convergence performance of BayesPA models is significantly better than that of the unsupervised
spLDA.
Next, we study each model’s best performance possible and the corresponding training time.
To allow for a fair comparison, we train each model until the relative change of its objective is less
than 10−4 . Figure 4 shows the prediction accuracy and training time of LDA-based models on the
whole dataset with varying numbers of topics. We can see that BayesPA topic models are more
than an order of magnitude faster than their corresponding batch algorithms in training time due
to the power of online learning. paMedLDAave is faster than paMedLDAgibbs , because it does not
need to update the covariance matrix of classifier weights w. But the tradeoff is that for averaging
models, they are more sensitive to the initial choice of σ 2 , and therefore we need to use crossvalidation to determine the best choice of variance beforehand. Furthermore, thanks to the merits
of structured mean-field inference, which does not impose strict assumptions on the independence
of latent variables, BayesPA topic models parallel their batch alternatives in accuracy. Moreover,
all the supervised models are significantly better than the unsupervised spLDA in classification,
reaching the state-of-the-art performance on the tested datasets.
Table 2 visualizes the learnt topic representation by paMedLDAave and paMedLDAgibbs . For the
displayed categories, we plot the corresponding classifier’s topic distribution averaged over the positive examples and top words from the topic matrix. As we can see, the average topic distributions
become increasingly sparse as more and more data are observed. Eventually, the averaged topic distribution for each category contains only 1∼2 non-zero entries and meanwhile different categories
have quite diverse average topic distributions, therefore showing strong discriminative ability of the
topic representations in distinguishing different categories. Such sparse and discriminatrive patterns
are similar to what have been shown in batch settings (Zhu et al., 2012, 2014b).
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for HDP to start with, we choose K = 20. We observed that the training time and the prediction
accuracy do not depend heavily on the initial number of topics. The other parameters of BayesPA
are the same.
Figure 3 shows the convergence of paMedHDPave and paMedHDPgibbs , and Figure 4 plots the
accuracy and time together with the inferred topic numbers, where the length of the horizontal bars
represents the variance of the inferred topic numbers. The results are summarized from five different
runs. As we can see, the nonparametric extensions of BayesPA topic models also dramatically
improve time efficiency and converge to corresponding batch algorithms in prediction performance.
Furthermore, the averaging models are again faster to train because they do not need to update the
covariance matrix of classifier weights.

Figure 4: Classification accuracy and running time of various models with respect to the number of
topics on the 20NG dataset.
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Table 2: Visualization of the learnt topics by paMedLDAave and paMedLDAgibbs . See text for
details.
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Figure 5 shows the F1 scores of various models as a function of training time. We find that
BayesPA topic models produce comparable results with their batch counterparts, but the training
time is significantly less. With either Gibbs or averaging classifiers, BayesPA is about two orders of
magnitude faster than their batch counterparts. Therefore, BayesPA topic models could potentially
be applied to large-scale multi-class settings.

We use the same validation scheme as previous to select batchsize |B| = 1, c = 5000, σ 2 =
10−6 for paMedLDAmtave ; We choose |B| = 512, c = 1, σ 2 = 1 for paMedLDAmtgibbs . For both
models, the Dirichlet parameters are α = 0.8 · 1, γ = 0.5 · 1, and  = 1. We use K = 40 topics
for MedLDA models. The nonparametric extensions use exactly the same parameter settings except
that α = 5 · 1, η = 1 and we do not need to specify the topic number K.

As baseline batch algorithms, we include MedLDAmt, a recent multi-task extention of Gibbs
MedLDA (Zhu et al., 2013). Since MedHDP is a new model, there is no exising implementation
of multi-task batch versions. So we instead extended MedHDP to support multi-task inference. We
call this model MedHDPmt.

We test paMedLDAmt , paMedLDAmt
and their nonparametric exentions on a large Wiki
dataset. The Wiki dataset is built from the Wikipedia set used in PASCAL LSHC challenge 2012
6 . The Wiki dataset is a collection of documents with labels up to 20 different kinds, while the data
distribution among the labels is balanced. The training set consists of 1.1 millions of wikipedia documents and the testing test consists of 5,000 documents. The vocabulary contains 917,683 unique
terms. To measure performance, we use F1 score, the harmonic mean of precision and recall.

ave
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Number of iterations I and samples J : Since the time complexity of Algorithm 2 is linear
in both I and J , we would like to know how these parameters influence the quality of the trained
models. First, we analyze which setting of (I, J ) guarantees good performance. Fix β = 0, K =
40. Figure 8 presents the results. First, the number of samples J does not have a large effect on
the accuracy. Second, the peformance of paMedLDAgibbs and paMedHDPgibbs is not sensitive the
number of optimization round, but paMedLDAave and paMedHDPave suffers largely if I = 1. This
is because with averaging classifiers, the sampling of latent variable Z relies not only on global

Batch Size |B|: Figure 6 presents the test errors of BayesPA topic models (paMedLDAave ,
paMedLDAgibbs ) as a function of training time on the entire 20NG dataset with various batch sizes.
The number of topics is fixed at K = 40. We can see that the convergence speeds of different
algorithms vary. First of all, the batch algorithms suffer from multiple passes through the dataset
and therefore are much slower than the online alternatives. Second, we could observe that algorithms with medium batch sizes (|B| = 64 or 256) converge faster. If we choose a batch size
too small, for example, |B| = 1, each iteration would not provide sufficient evidence for the update of global variables; if the batch size is too large, each mini-batch becomes redundant and the
convergence rate also decreases. By comparing the two figures, we find that paMedLDAave runs
faster than paMedLDAgibbs . This is because for averaging classifers, we do not update the covaraince of the classifier weights, which requires frequent matrix inverse operations. Furthermore,
paMedLDAave appears to be more robust against change in batchsize. Similarly, Figure 7 shows the
sensitivity experiment of the batchsize parameter in paMedHDP models. The results are similar to
paMedLDA models, that is, a moderate batchsize leads to faster convergence.

We provide further discussions on BayesPA learning for topic models. We analyze the models’
sensitivity to some key parameters.

7.3 Sensitivity Analysis
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Figure 6: Test errors of paMedLDAave (left) and paMedLDAgibbs (right) with different batch sizes
on the 20NG dataset.
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Figure 5: F1 scores of various multi-task topic models with respect to the running time on the 1.1M
wikipedia dataset.
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• Ghost Samples: In this strategy, we create ghost copies of the data, that is, for every data point
(xd , yd ), we make L − 1 exact clones. Then in our global update equation, each aggregation

• Multiple Scans: In this strategy, we simply scan the dataset for multiple passes. As shown in
Figure 9, this method works well — with five passes, BayesPA can learn the topic model with
more than 100 topics well and lead to improved accuracy when K is in the range of [50, 100].
However, one disadvantage of this strategy is that it takes more computational resources,
linear to the number of scans.

documents with a split of 795/802 over the two categories and the test set contains 401 documents
with a split of 204/197. For clarity, we report the results of the online BayesPA with a Gibbs
MedLDA classifier, whose hyper-parameters are set as in the multi-class setting.
As shown in Figure 9 (the red curve), when the number of topics increases to relatively large,
the classification accuracy drops significantly for Gibbs MedLDA with a single pass of the dataset.
We believe this phenomenon is due to the fact that with a limited number of data points and a large
number of parameters, the online BayesPA fails to converge in just one pass. Two possible strategies
can be used to make this algorithm practically useful:

Figure 8: Classification accuracies and training time of (a): paMedLDAgibbs , (b): paMedHDPgibbs ,
(c): paMedLDAave , and (d): paMedHDPave , with different combinations of (I, J ) on
the 20NG dataset. The x-axis includes different values of J , while different values of I
are shown as separate lines.
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parameters, but also on a local variable τ , so more optimization rounds are needed. The training
time of all models scale linearly in terms of I and J .
J
1
3
5

Table 3: Effect of the number of local samples and burn-in steps for (a). paMedLDAave ; and (b).
paMedLDAgibbs .
Notice that the first β samples are discarded as burn-in steps. To understand how large β is sufficient, we consider the settings of the pairs (J , β) and check the prediction accuracy of Algorithm
2 for K = 40. Based on the sensitivity analysis of I and J , we fix I = 1 for paMedLDAgibbs ,
paMedHDPgibbs and I = 2 for paMedLDAave , paMedHDPave . The results are shown in Table
3. We can see that accuracy scores closer to the diagonal of the table are relatively lower, while
settings with the same number of kept samples, e.g. (J , β) = (3, 0), (5, 2), (9, 6), yield similar
results. Therefore, the number of kept samples exhibits a more significant role in the performance
of BayesPA topic models than the number of burn-in steps.
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Number of Topics. Finally, we observed an accuracy degradation phenomenon when running
one-pass BayesPA with a large number of topics on small datasets. To see this effect, we test
on a small binary classification dataset, which consists of the documents from the two groups
alt.atheism and talk.religion.misc in the 20 newsgroup dataset. The training set contains 1,597
31
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Accuracy
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Test Error

Figure 7: Test errors of paMedHDPave (left) and paMedHDPgibbs (right) with different batch sizes
on the 20NG dataset.
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Comparing these two equations and canceling out common factors, we know that in order for (45)
to make sense, it suffices to prove
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We present online Bayesian Passive-Aggressive (BayesPA) learning as a new framework for maxmargin Bayesian inference on streaming data. For fixed but large-scale datasets, online BayesPA
effectively explores the statistical redundancy by repeatedly drawing samples and leads to faster
convergence. We show that BayesPA subsumes the online PA, and more significantly generalizes
naturally to incorporate latent variables and to perform nonparametric Bayesian inference, therefore
providing great flexibility for explorative analysis. Based on the ideas of BayesPA, we develop
efficient online learning algorithms for max-margin topic models as well as their nonparametric
extensions which can automatically infer the unknown topic numbers. Empirical experiments on
20Newsgroups and a large-scale Wikipedia multi-label dataset demonstrate significant improvements on time efficiency, while maintaining comparable results.
As for future work, we are interested in developing highly scalable, distributed (Broderick et al.,
2013) BayesPA learning paradigms, which will better meet the demand of processing massive real
data available today. We are also interested in applying BayesPA to develop efficient algorithms for
more sophisticated max-margin Bayesian models, such as the latent feature relational models (Zhu,
2012). Finally, a theoretical analysis of the regret bounds for BayesPA needs to be systematically
carried out for both averaging and Gibbs classifiers.

8. Conclusions and Future Work

of sufficient statistics will be multiplied by an extra factor of L. This strategy works well
too, as shown in Figure 9, although slightly worse than the strategy of multiple scans. One
advantage of this strategy is that it does not increase the computation burden.

Figure 9: Solving the performance degradation issue with a couple of practical approaches: baseline: the model without any modifications, where degradation issues emerge. ghost
copies: create L = 10 copies for every mini-batch. multiple scan: run the model with
total of five passes over the dataset.
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1. Throughout this paper, marginal distribution or simply distribution refers to the distribution of covariates, while joint distribution is used for pairs of the covariates and their class labels.

In supervised learning, a learner is a model-algorithm pair that is optimized to (semi) automatically perform tasks, such as classification, or regression using information provided by

c 2017 Jamshid Sourati, Murat Akcakaya, Todd K. Leen, Deniz Erdogmus and Jennifer JMLR
G. Dy.

These three steps can be carried out iteratively. Note that the query selection subproblem is formulated in terms of the distribution from which the queries will be drawn.

(iii) (Prediction) Making decisions regarding class labels of the test covariates sampled
from the test marginal.

(ii) (Inference) Estimating parameters of the posterior model based on the training data
set formed in the previous step.

(i) (Query Selection) Sampling a set of covariates {x1 , ..., xn } from the training marginal1 ,
whose labels {y1 , ..., yn } are to be requested from an external source of knowledge (the
oracle). The queried covariates together with their labels form the training data set.

an external source (oracle). In passive learning, the learner has no control over the information given. In active learning, the learner is permitted to query certain types of information
from the oracle (Cohn et al., 1994). Usually there is a cost associated with obtaining information from an oracle; therefore an active learner will need to maximize the information
gained from queries within a fixed budget or minimize the cost of gaining a desired level of
information. A majority of the existing algorithms restrict to the former problem, to get
the most efficiently trained learner by querying a fixed amount of knowledge (Settles, 2012;
Fu et al., 2013).
Active learning is the process of coupled querying/learning strategies. In such an algorithm, one needs to specify a query quality measure in terms of the learning method that
uses the new information gained at each step of querying. For instance, information theoretic measures are commonly employed in classification problems to choose training samples
whose class labels, considered as random variables, are most informative with respect to the
labels of the remaining unlabeled samples. This family of measures is particularly helpful
when probabilistic approaches are used for classification. Among these objectives, Fisher
information criterion is very popular due to its relative ease of computation compared to
other information theoretic objectives, desirable statistical properties and existence of effective optimization techniques. However, as we discuss in this manuscript, this objective
is not well-studied in the classification context and there seems to be a gap between the
underlying theory and the motivation of its usage in practice. This paper is an attempt
to fill this gap and also provide a rigorous framework for analyzing the existing querying
methods based on Fisher information.
From the statistical point of view, we characterize the process of constructing a classifier
in three steps as follows: (1) choosing the loss and risk functions, (2) building a decision rule
that minimizes the risk, and (3) modeling the discriminant functions of the decision rule.
For instance, choosing the simple 0/1 loss and its a posteriori expectation as the risk, incurs
the Bayes rule as the optimal decision (Duda et al., 1999), where the discriminant function
is the posterior distribution of the class labels given the covariates. For this type of risk,
discriminative models that directly parametrize the posteriors, such as logistic regression,
are popularly used to learn the discriminant functions (Bishop, 2006). In order to better
categorize the existing techniques, we break an active learning algorithm into the following
sub-problems:

Sourati, Akcakaya, Leen, Erdogmus and Dy

1. Introduction

Obtaining labels can be costly and time-consuming. Active learning allows a learning
algorithm to intelligently query samples to be labeled for a more efficient learning. Fisher
information ratio (FIR) has been used as an objective for selecting queries. However, little
is known about the theory behind the use of FIR for active learning. There is a gap between
the underlying theory and the motivation of its usage in practice. In this paper, we attempt
to fill this gap and provide a rigorous framework for analyzing existing FIR-based active
learning methods. In particular, we show that FIR can be asymptotically viewed as an
upper bound of the expected variance of the log-likelihood ratio. Additionally, our analysis
suggests a unifying framework that not only enables us to make theoretical comparisons
among the existing querying methods based on FIR, but also allows us to give insight into
the development of new active learning approaches based on this objective.
Keywords: classification active learning, Fisher information ratio, asymptotic log-loss,
upper-bound minimization.
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expanded and different derivation, we discuss a novel theoretical result based on which
FIR is related to an MLE-based inference step for a large number of training data. More
specifically, under certain regularity conditions required for consistency of MLE and in the
absence of model mis-specification, and with no restricting assumptions on the form of test
or training marginals, we show that FIR can be viewed as an upper bound for the expected
variance of the asymptotic distribution of the log-likelihood ratio. Inspired by Chaudhuri
et al. (2015b), we also show that under certain extra conditions, this relationship holds even
in finite-sample case.
There are two practical issues in employing FIR as a query selection objective: its computation and optimization. First, computing the Fisher information matrices is usually
intractable, except for very simple distributions; also FIR depends on the true marginal,
which is usually unknown. Therefore, even if the computations are tractable, approximations have to be used for evaluating FIR. Second, the optimization of FIR is straightforward
only if a single query is to be selected per iteration, or when the optimization has continuous
domain (e.g., optimizing to get the real parameters of the query marginal as in Fukumizu,
2000). However, the optimization becomes NP-hard when multiple queries are to be selected
from a countable set of unlabeled samples (pool-based batch active learning). Heuristics have
been used to approximate such combinatorial optimization, such as greedy methods (Settles
and Craven, 2008) and relaxation to continuous domains (Guo, 2010). Another strategy is
to take advantage of monotonic submodularity of the objective set functions. If the objective is shown to be monotonically submodular, efficient greedy algorithms can be used for
optimization with guaranteed tight bounds (Krause et al., 2008; Azimi et al., 2012; Chen
and Krause, 2013). Regarding FIR, Hoi et al. (2006) proved that, when a logistic regression
model is used, a Monte-Carlo simulation of this objective is a monotone and submodular
set function in terms of the queries.
In addition to our theoretical contribution in asymptotically relating FIR to the loglikelihood ratio, we clarify the differences between some of the existing FIR-based querying
methods according to the techniques that they use to address the evaluation and optimization issues. Furthermore, we show that monotonicity and submodularity of Monte-Carlo
approximation of FIR can be extended from logistic regression models to any discriminative
classifier. Here is a summary of our contributions in this paper:
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• Discussing different existing methods for coping with practical issues in using FIR in
querying algorithms (Section 5.1), and accordingly providing a unifying framework
for existing FIR-based active learning methods (Section 5.2).

• Proving that under certain assumptions, the above-mentioned asymptotic relationship
also holds for finite-sample estimation of FIR (Section 5.1.1);

• Showing that FIR can be viewed as an upper bound of the expected asymptotic
variance of the log-likelihood ratio, implying that minimizing FIR, as an active learning objective, is asymptotically equivalent to upper-bound minimization of the expected variance of the log-likelihood ratio, as a measure of inference performance
(Section 4.2);

• Establishing a relationship between the Fisher information matrix of the query distribution and the asymptotic distribution of the log-likelihood ratio (Section 4.1);

Ideally, queries (or the query distribution) are chosen such that they increase the expected
quality of the classification performance measured by a particular objective function. This
objective can be constructed from two different perspectives: based on the accuracy of the
parameter inference or the accuracy of label prediction. In the rest of the manuscript,
accordingly, we refer to the algorithms that use these two types of objectives as inferencebased or prediction-based algorithms, respectively.
Most of the inference-based querying algorithms in classification aim to choose queries
that maximize the expected change in the objective of the inference step (Settles et al.,
2008; Guo and Schuurmans, 2008) or Fisher information criterion (Hoi et al., 2006; Settles
and Craven, 2008; Hoi et al., 2009; Chaudhuri et al., 2015b). On the other hand, the wide
range of studies in prediction-based active learning includes a more varied set of objectives:
for instance, the prediction error probability2 (Cohn et al., 1994; Freund et al., 1997; Zhu
et al., 2003; Nguyen and Smeulders, 2004; Dasgupta, 2005; Dasgupta et al., 2005; Balcan
et al., 2006; Dasgupta et al., 2007; Beygelzimer et al., 2010; Hanneke et al., 2011; Hanneke,
2012; Awasthi et al., 2013; Zhang and Chaudhuri, 2014), variance of the predictions (Cohn
et al., 1996; Schein and Ungar, 2007; Ji and Han, 2012), uncertainty of the learner with
respect to the unknown labels as evaluated by the entropy function (Holub et al., 2008),
mutual information (Guo and Greiner, 2007; Krause et al., 2008; Guo, 2010; Sourati et al.,
2016), and margin of the samples with respect to the trained hyperplanar discriminant
function (Schohn and Cohn, 2000; Tong and Koller, 2002).
In this paper, we focus on the Fisher information criterion used in classification active learning algorithms. These algorithms use a scalar function of the Fisher information
matrices computed for parametric models of training and test marginals. In the classification context, this scalar is sometimes called Fisher information ratio (FIR) (Settles and
Craven, 2008) and its usage is motivated by older attempts in optimal experiment design
for statistical regression methods (Fedorov, 1972; MacKay, 1992; Cohn, 1996; Fukumizu,
2000).
Among the existing FIR-based classification querying methods, only the very first one
proposed by Zhang and Oles (2000) approached the FIR objective from a parameter inference point of view. Using a maximum likelihood estimator (MLE), they claimed (with the
proof skipped) that FIR is asymptotically equal to the expectation of the log-likelihood ratio
with respect to both test and training samples (see sub-problem i above). Later on, Hoi et al.
(2006) and Hoi et al. (2009), inspired by Zhang and Oles (2000), used FIR in connection
with a logistic regression classifier with the motivation of decreasing the labels’ uncertainty
and hence the prediction error. Settles and Craven (2008) employed this objective with the
same motivation, but using a different approximation and optimization technique. More recently, Chaudhuri et al. (2015b) showed that even finite-sample FIR is closely related to the
expected log-likelihood ratio of an MLE-based classifier. However, their results are derived
under a different and rather restricting set of conditions and assumptions: they focused on
the finite-sample case where the test marginal is a uniform PMF and the proposal marginal
is a general PMF (to be determined) over a finite pool of unlabeled samples. Moreover,
they assumed that the conditional Fisher information matrix is assumed to be independent
of the class labels. Here, in a framework similar to Zhang and Oles (2000) but with a more
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2. Prediction error probability is indeed the frequentist risk function of 0/1 loss, and is also known as
generalization error.
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(2)
3. We say that a function f : X → Y is of C p (X), for an integer p > 0, if its derivatives up to the p-th
order exist and are continuous at all points of X.

θ

θ̂ n = arg max log p (Ln | θ) .

Here, we review maximum likelihood estimation in the context of classification problem.
Given a training data set Ln = {(x1 , y1 ), ..., (xn , yn )}, a maximum likelihood estimate
(MLE) is obtained by maximizing the log-likelihood function over all pairs inside Ln , with
respect to the parameter θ:

3.1 Maximum Likelihood Estimation

Here, we provide a short review of maximum likelihood estimation (MLE) as our inference
method, and briefly introduce Fisher information of a parametric distribution. These two
basic concepts enable us to explain some of the key properties of MLE, upon which our
further analysis of FIR objective relies. Note that our focus in this section is on subproblem (ii) with the assumptions listed above.

3. Background

Regarding assumptions (A4) and (A5), note that the training and test marginals are not
necessarily equal. The test marginal is usually not known beforehand and q cannot be set
equal to p in practice, hence q can be viewed as a proposal distribution. Such inconsistency
is what Shimodaira (2000) called covariate shift in distribution. In the remaining sections
of the report, we use subscripts p and q for the statistical operators that consider p(x) and
q(x) as the marginal in the joint distribution, respectively. We explicitly mention x as the
input argument in order to refer to marginal operators. For instance, Eq denotes the joint
expectation with respect to q(x)p(y| θ, x), whereas Eq(x) denotes the marginal expectation
with respect to q(x).

(A8). (Invertibility): The Fisher information matrix (reviewed in Section 3.2) of the joint
distribution is positive definite and therefore invertible for all θ ∈ Ω, and for any type
of marginal that is used under assumption (A0).

(A7). The parameter space Ω is compact and there exists an open ball around the true
parameter of the model θ 0 ∈ Ω.

(A6). (Differentiability): The log-conditional log p(y| x, θ) is of class C 3 (Ω) for all (x, y) ∈
X × {1, ..., c}, when being viewed as a funtion of the parameter.3

(A5). (Test joint): The unseen test pairs are distributed according to the test/true joint
distribution of the form p(y| x, θ 0 )p(x) where p is the test marginal with no dependence
on the parameter.

(A4). (Training joint): The set of observations in Ln := {(x1 , y1 ), ..., (xn , yn )} are drawn independently from the training/proposal /query joint distribution of the form p(y| x, θ 0 )
q(x), where q is the training marginal with no dependence on the parameter.
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(A3). (Model Faithfulness): For any x ∈ X, we have access to an oracle that generates
a label y according to the conditional p(y| x, θ 0 ). That is, the posterior parametric
model matches the oracle distribution. We call θ 0 the true model parameter.

(A2). The joint distribution Pθ has common support for all θ ∈ Ω.

∀ θ 1 6= θ 2 ∈ Ω ∃A ⊆ X × {1, ..., c} s.t. Pθ1 (A) 6= Pθ2 (A).

(A1). (Identifiability): The joint distribution Pθ , whose density is given by p(x, y| θ), is
identifiable for different parameters. Meaning that for every distinct parameter vectors
θ 1 and θ 2 in Ω, Pθ1 and Pθ2 are also distinct. That is,

Zhang and Oles (2000) referred to joint distributions with such parameter dependence
as type-II models, as opposed to type-I models which have parameter dependence in
both class conditionals and marginal. They argue that active learning is more suitable
for type-II models. Moreover, maximizing the joint with respect to the parameter vector in this model, becomes equivalent to maximizing the posterior p(y| x, θ) (inference
step in sub-problem ii).

(A0). The dependence of the joint distribution to the parameter θ comes only from the
class-conditional distribution and the marginal distribution does not depend on θ,
that is,
p(x, y| θ) = p(y| x, θ)p(x).
(1)

In this paper, we deal with classification problems, where each covariate, represented by a
feature vector x in vector space X, is associated with a numerical class label y. Assuming
that there are 1 < c < ∞ classes, y can take any integer among the set {1, ..., c}. Suppose
that the pairs (x, y) are distributed according to a parametric joint distribution p(x, y| θ),
with the parameter space denoted by Ω ⊆ Rd . Using a set of observed pairs as the training
data, Ln := {(x1 , y1 ), ..., (xn , yn )}, we can estimate θ and predict the class labels of the
unseen test samples, e.g., by maximizing p(y| x, θ). In active learning, the algorithm is
permitted to take part in designing Ln by choosing a set of data points {x1 , ..., xn }, for
which the class labels are then generated using an external oracle.
In addition to the framework described in the last section (see subproblems i to iii),
we make the following assumptions regarding the oracle, our classification model and the
underlying data distribution:

2. The Framework and Assumptions

Before going through the main discussion in Section 4, we formalize our classification
model assumptions, set the notations and review the basics and some of the key properties of
our inference method, maximum likelihood estimation, in Sections 2 and 3. The statistical
background required to follow the remaining sections is given in Appendix A.

• Proving submodularity for the Monte-Carlo simulation of FIR under any discriminative classifier, assuming a pool-based active learning which enables access to approximations of Fisher information matrices of both test and training distributions
(Lemma 7 and Theorem 8).
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log p(yi | xi , θ).
(3)
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i=1

n
X

Under the assumptions (A0) and (A4), the optimization in (2) can be written as

θ

θ̂ n = arg max

(4)

Equation (3) shows that MLE does not depend on the marginal when using type-II model.
Hence, in our analysis we focus on the conditional log-likelihood as the classification objective, and simply call it the log-likelihood function when viewed as a function of the
parameter vector θ, for any given pair (x, y) ∈ X × {1, ..., c}:
`(θ; x, y) := log p(y| x, θ).

n
X
i=1

n
X
i=1

n
X
i=1

log p(yi | xi , θ).

`(θ; xi , yi ).

`(θ; xi , yi ) =

(6)

(5)

Moreover, for any set of pairs independently generated from the joint distribution of the
training data, such as Ln mentioned in (A4), the log-likelihood function will be
`(θ; Ln ) =
Hence, the MLE can be rewritten as

θ

θ̂ n = arg max

(7)

Doing this maximization usually involves the computation
the stationary points of the
Pof
n
log-likelihood, which requires calculating ∇θ `(θ; Ln ) =
i=1 ∇θ `(θ; xi , yi ). For models
assumed in (A0), each of the derivations in the summation is equal to the score function
defined as the gradient of the joint log-likelihood:
∇θ `(θ; x, y) = ∇θ log p(y| x, θ) = ∇θ log p(x, y| θ).

y

ŷ(x) = arg max `(θ̂ n ; x, y).

(8)

Equation (7) implies that the score will be the same no matter whether we choose the
training or test distribution as our marginal. Furthermore, under regularity conditions (A6),
the score is always a zero-mean random variable.4
Finally, using MLE to estimate θ̂ n , class label of a test sample x will be predicted as
the class with the highest log-likelihood value:

3.2 Fisher Information

4. Score function is actually zero-mean even under weaker regularity conditions.
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In this section, we give a very short introduction to Fisher information. More detailed
descriptions about this well-known criterion can be found in various textbooks, such
as Lehmann and Casella (1998).
Fisher information of a parametric distribution is a measure of information that the
samples generated from that distribution provide regarding the parameter. It owes part

7
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of its importance to the Cramér-Rao Theorem (see Appendix A.2, Theorem 19), which
guarantees a lower-bound for the covariance of the parameter estimators.
Fisher information, denoted by I(θ), is defined as the expected value of the outer-product
of the score function with itself, evaluated at some θ ∈ Ω. In our classification context,
taking the expectation with respect to the training or test distributions gives us the training
or test Fisher information criteria, respectively:
h
i
Iq (θ) := Eq ∇θ log p(x, y| θ) · ∇θ> log p(x, y| θ) ,
h
i
Ip (θ) := Ep ∇θ log p(x, y| θ) · ∇θ> log p(x, y| θ) .
(9)

(10)

Here, we focus on Iq to further explain Fisher information criterion. Our descriptions can
be directly generalized to Ip as well. First, note that from equation (7) and that the score
function is always zero-mean, one can reformulate the definition as
i
h
Iq (θ) = Eq ∇θ `(θ; x, y) ·

∇θ> `(θ; x, y)

= Covq [∇θ `(θ; x, y)] .

Under the differentiability conditions (A6), it is easy to show that we can also write the
Fisher information in terms of the Hessian matrix of the log-likelihood:


(11)
Iq (θ) = −Eq ∇θ2 `(θ; x, y) .

x∈X

y=1

Recall that the subscript q in equations (10) and (11) indicates that the expectations are
taken with respect to the joint distribution that uses q(x) as the marginal, that is p(x, y| θ) =
q(x)p(y| x, θ). Expansion of the expectation in (11) results



Iq (θ) = −Eq(x) Ey| x,θ ∇θ2 `(θ; x, y)| x, θ


Z
c
X
q(x) 
p(y| x, θ) · ∇θ2 `(θ; x, y) d x .
(12)
= −

3.3 Some Properties of MLE

In this section, we formalize some of the key properties of MLE, which make this estimator
popular in various fields. They are also very useful in the theoretical analysis of FIR,
provided in the next section. More detailed descriptions of these properties, together with
the proofs that are skipped here, can be found in different sources, such as Wasserman
(2004) and Lehmann and Casella (1998).
Note that a full understanding of the properties described in this section requires the
knowledge of different modes of statistical convergence, specifically, convergence in probaP
L
bility (→), and convergence in law (→). A brief overview of these concepts are given in
Appendix A.

n=1
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Theorem 1 (Lehmann and Casella (1998), Theorem 5.1) If the assumptions (A0)
n
o
∗ ∞
θ̂ n
to ∇θ `(θ; Ln ) = 0 that

to (A7) hold, then there exists a sequence of solutions
converges to the true parameter θ 0 in probability.

8


L
n(θ̂ n − θ 0 ) → N 0, Iq (θ 0 )−1 .

(13)

L

n · Iq (θ 0 )1/2 (θ̂ n − θ 0 ) → N (0, Id ).
(14)

(16)

9
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This ratio can be viewed as an example of the classification loss function whose expectation
with respect to the test joint distribution of x and y, results in the discrepancy between the

`(θ̂ n ; x, y) − `(θ 0 ; x, y).

Recall that the estimated parameter θ̂ n is obtained from a given proposal distribution q(x).
The log-likelihood ratio function, at a given pair (x, y), is defined as

4.1 Asymptotic Distribution of MLE-Based Classifier

In this section, we give our main theoretical analysis to relate FIR to the asymptotic distribution of the parameter log-likelihood ratio. Using the established relationship, we then
show that FIR can be viewed as an asymptotic upper-bound of the expected variance of
the loss function.

4. Fisher Information Ratio as an Upper Bound

Corollary 3 (Wasserman 2004, Theorem 9.18) Under the assumptions given in Theorem 2, we get
√
L
n · Iq (θ̂ n )1/2 (θ̂ n − θ 0 ) → N (0, Id ) .
(15)

In the following corollary, we see that if we substitute Iq (θ 0 ) with Iq (θ̂ n ), the new sequence
still converges to a normal distribution:

√

sumption, i.e., θ̂ n → θ 0 , imply that MLE is an asymptotically efficient estimator with the
efficiency equal to the training Fisher information. One can rewrite (13) as

P

Theorems 2 and Cramér-Rao bound (see Appendix A), together with the consistency as-

√

(17)







L
−1
n · `(θ̂ n ; x, y) − `(θ 0 ; x, y)
→ N 0, tr ∇θ `(θ 0 ; x, y) · ∇>
.
θ `(θ 0 ; x, y) · Iq (θ 0 )

√

n·

(18)

(I) ∇θ `(θ 0 ; x, y) 6= 0 :
10
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(θ̂ n − θ 0 ) → N (0, Iq (θ 0 )−1 ). The rest of the proof is based on the Delta method in the two
modes described in Appendix A (Theorems 16 and 17):

L

Proof Due to assumptions (A0) to (A7), Theorem 2 holds and therefore we have

where λi ’s are eigenvalues of Iq (θ 0 )−1/2 ∇2θ `(θ 0 ; x, y) Iq (θ 0 )−1/2 .

i=1



d
X
L
n · `(θ̂ n ; x, y) − `(θ 0 ; x, y)
→
λi · χ21 ,

(II) In case ∇θ `(θ 0 ; x, y) = 0 and ∇2θ `(θ 0 ; x, y) is non-singular, the asymptotic distribution of the log-likelihood ratio is a mixture of Chi-square distributions with one degree
of freedom, and the convergence rate is one. More specifically,

√

(I) In case ∇θ `(θ 0 ; x, y) 6= 0, the log-likelihood ratio follows an asymptotic normality with
convergence rate equal to 1/2. More specifically,

Theorem 4 If the assumptions (A0) to (A8) hold, then, at any given (x, y) ∈ X ×{1, ..., c}:

true conditional p(y| x, θ 0 ) and MLE conditional p(y| x, θ̂ n ) (Murata et al., 1994). Here, we
analyze this measure asymptotically as (n → ∞). Primarily, note that based on continuity
of the log-likelihood function (A6) and consistency of MLE (Theorem 1), equation (16)
converges in probability to zero for any (x, y).
Furthermore, equation (16) is dependent on both the true marginal p(x) (through the
test pairs, where it should be evaluated) and the proposal marginal q(x) (through the
MLE θ̂ n ). In the classification context, Zhang and Oles (2000) claimed that the expected
value of this ratio with respect to both marginals converges to tr[Iq (θ 0 )−1 Ip (θ 0 )] with the
convergence rate equal to unity. In the scalar case, tr[Iq (θ 0 )−1 Ip (θ 0 )] is equal to the ratio of
the Fisher information of the true and proposal distributions, the reason why it is sometimes
referred to as the Fisher information ratio (Settles and Craven, 2008). This objective has
been widely studied in linear and non-linear regression problems (Fedorov, 1972; MacKay,
1992; Murata et al., 1994; Cohn, 1996; Fukumizu, 2000). However, it is not as fully analyzed
in classification.
Zhang and Oles (2000) and many papers following them (Hoi et al., 2006; Settles and
Craven, 2008; Hoi et al., 2009), used this function as an asymptotic objective in active learning to be optimized with respect to the proposal q. Here, we show that this objective can
also be viewed as an upper bound for the expected variance of the asymptotic distribution
of (16).
First, we investigate the asymptotic distribution of the log-likelihood ratio in two different cases:

Note that Theorem 1 does not imply that convergence holds for any sequence of MLEs.
Hence, if there are multiple solutions to equation ∇θ `(θ; Ln ) = 0 (the equation to solve for
∗
finding the stationary points) for every n, it is not obvious which root to select as θ̂ n to
sustain the convergence. Therefore, while consistency of the MLE is guaranteed for models
with a unique root of the score function evaluated at Ln , it is not trivial how to build a
consistent sequence when multiple roots exist. Here, in order to remove this ambiguity,
we assume that either the roots are unique, or become asymptotically unique, or we have
P
access to an external procedure guiding us to select the proper roots so that θ̂ n → θ 0 . We
will denote the selected roots the same as θ̂ n from now on.

Theorem 2 (Lehmann and Casella 1998, Theorem 5.1) Let θ̂ n be the maximum
likelihood estimator based on the training data set Ln . If the assumptions (A0) to (A8)
hold, then the MLE θ̂ n has a zero-mean normal asymptotic distribution with the covariance
equal to the inverse Fisher information matrix, and with the convergence rate of 1/2:
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(19)

∇θ> `(θ 0 ; x, y)·Iq (θ 0 )−1 ·∇θ `(θ 0 ; x, y)
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n·

`(θ 0 ; x, y)

Since the expected log-likelihood function, evaluated at a given pair (x, y), is assumed
to be continuously differentiable (A6) and that ∇θ `(θ 0 ; x, y) 6= 0, we can apply Theorem 16 to `(θ̂ n ; x, y) − `(θ 0 ; x, y) to write:




L
−
→ N 0 ,
,
√

`(θ̂ n ; x, y)

where the scalar variance can also be written in a trace format.
(II) ∇θ `(θ 0 ; x, y) = 0 and ∇θ2 `(θ 0 ; x, y) non-singular :
In this case, the conditions in Theorem 17 are satisfied (with Σ = Iq (θ 0 )−1 and
g(θ) = `(θ; x, y)), and therefore we can directly write (18) from equations (51).

2

Theorem 4 regards the log-likelihood ratio (16) evaluated at any arbitrary pair (x, y). Note
that if we consider the training pairs in Ln , which are used to obtain θ̂ n , it is known that
the ratio evaluated at the training set converges to a single Chi-square distribution with
degree one, that is,
1
L
`(θ̂ n ; Ln ) − `(θ 0 ; Ln ) → χ12 .
(20)
2
Theorem 4implies that variance of the asymptotic
 distribution of the log-likelihood ratio
in case (I) is tr ∇θ `(θ 0 ; x, y)·∇θ> `(θ 0 ; x, y)·Iq (θ 0 )−1 , whereas in case (II), from Theorem 17

(see Appendix A), the variance is 12 Iq (θ 0 )−1/2 ∇θ2 `(θ 0 ; x, y) Iq (θ 0 )−1/2 F . Therefore, it is
evident that the variance of the log-likelihood ratio at any (x, y) is reciprocally dependent
on the training Fisher information. From this point of view, one can set the training
distribution such that it leads to a Fisher information that minimizes this variance. Unless
the parameter and hence the Fisher information is univariate, it is not clear what objective
to optimize with respect to q such that the resulting Fisher information minimizes the
variance.

(21)

4.2 Establishing the Upper Bound


In the next theorem, we show that the Fisher information ratio , tr Iq (θ 0 )−1 Ip (θ 0 ) , is a
reasonable candidate objective to minimize in order to get a training distribution q for the
multivariate case.

n→∞

Theorem 5 If the assumptions (A0) to (A8) hold, then


h

i
√
Ep Varq lim n · [`(θ̂ n ; x, y) − `(θ 0 ; x, y)]
≤ tr Iq (θ 0 )−1 Ip (θ 0 ) .
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The equality holds if the set of pairs (x, y) where we have zero score function at θ 0 , i.e.,
∇θ `(θ 0 ; x, y) = 0, has measure zero under the true joint distribution Pθ0 in X × {1, ..., c}.


√
Proof First note that Varq limn→∞ n · [`(θ̂ n ; x, y) − `(θ 0 ; x, y)] is well-defined for any
given pair (x, y). We consider the two cases where the score ∇θ `(θ 0 ; x, y) is non-zero and
√
zero. In the former case, Theorem 4 shows that the sequence n · [`(θ̂ n ; x, y) − `(θ 0 ; x, y)]
11
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is asymptotically distributed according to a zero-mean normal distribution with variance
shown in (17). On the other hand, when the score is zero, the rate of convergence of
log-likelihood ratio is shown to be one. More specifically, Theorem 4 derives the asymptotic (non-degenerate) distribution of the sequence n · [`(θ̂ n ; x, y) − `(θ 0 ; x, y)]. Based on
Proposition 26, any sequence of random variables converging in law to a non-degenerate

distribution is of Op (1), that is, n ·[`(θ̂ n ; x, y) − `(θ 0 ; x, y)] = Op (1) and therefore,
√
n · [`(θ̂ n ; x, y) − `(θ 0 ; x, y)] = Op √1n . Now, from Proposition 25, one can conclude that
√
the sequence n·[`(θ̂ n ; x, y)−`(θ 0 ; x, y)] is of op (1) and, by definition, converges in probabil√
ity to zero. In other words, in case of zero score, the sequence n · [`(θ̂ n ; x, y) − `(θ 0 ; x, y)]
converges in law to a degenerate distribution concentrated at zero and hence has zero
asymptotic variance.
According to the analysis above, we can compute the expected value of the asymptotic
variance by only considering regions with non-zero score. Define the region R0 ⊆ X ×
{1, ..., c} as
R0 := {(x, y)|∇θ `(θ 0 ; x, y) = 0} .
(22)

By this definition, the case of having zero score, ∇θ `(θ 0 ; x, y) = 0, happens with probability Pθ0 (R0 ), and non-zero score, ∇θ `(θ 0 ; x, y) 6= 0, happens with probability 1 − Pθ0 (R0 ).
Considering these two cases and the analysis made above, variance of the asymptotic dis√
tribution of n · [`(θ̂ n ; x, y) − `(θ 0 ; x, y)] can be written as


√
Var lim n · [`(θ̂ n ; x, y) − `(θ 0 ; x, y)]
n→∞


= [1 − P (R )] · tr ∇ `(θ ; x, y) · ∇> `(θ ; x, y) · I (θ )−1 + P (R ) · 0
0
0
0
q
0
0
θ
θ
θ
θ
0
0


≤ tr ∇θ `(θ 0 ; x, y) · ∇θ> `(θ 0 ; x, y) · Iq (θ 0 )−1 .
(23)

Taking the expectation of both sides with respect to the true joint gives the inequality (21).
If the set of pairs (x, y) where ∇θ `(θ 0 ; x, y) = 0 form a zero measure set under Pθ0 , then
Pθ0 (R0 ) = 0 and we get equality in (23), hence an equality in (21).

Theorem 5 implies that minimizing the Fisher information ratio with respect to q, is indeed
the upper-bound minimization of the expected variance of the asymptotic distribution of
the log-likelihood ratio.

5. Fisher Information Ratio in Practice
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(24b)

(24a)

In this section, we explain how inequality (21) can be utilized in practice as an objective
function for active learning. The left-hand-side is the objective that is more reasonable
to minimize from classification point of view. However, its optimization is intractable and
FIR-based methods approximate it by its upper-bound minimization. Querying can be done
with this objective by first learning the optimal proposal distribution q that minimizes the
left-hand-side of inequality (21) and then drawing the queries from this optimal distribution:

q ∗ = arg min tr[Iq (θ 0 )−1 Ip (θ 0 )]
q

Xq ∼ q ∗ (x),

12

13
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where Xq is the set of queries whose samples are drawn from q ∗ . Note that in (24), due
to the sampling process, Xq cannot be deterministically determined even by fixing all the
other parameters leading to a fixed query distribution q ∗ (ignoring the uncertainties in
the numerical optimization processes). Hence, this setting is sometimes called probabilistic
active learning. Notice that in pool active learning, q should be constrained to be a PMF
over the unlabeled pool from which the queries are to be chosen. Relaxing q to continuous
distributions leads to synthetic active learning, since each time an unseen sample will be
synthesized by sampling from q. We will see later that in some pool-based applications,
the objective functional of q is approximated as a set function of Xq , and therefore a
combinatorial optimization is performed directly with respect to the query set.
As mentioned, q ∗ is an upper-bound minimization of the expected asymptotic loss variance. Moreover, there are a number of unknown variables involved in FIR objective, such
as Ip and θ 0 . In practice, estimations of these unknown variables are used in the optimization process for active learning. Therefore, although the derivations in the previous section
(Theorem 5) are made based on one querying of infinitely many samples, in active learning
a finite-sample approximation of the cost function is used in an iterative querying process.
As the number of querying iterations in active learning increases, the parameter estimates
get more accurate and so does the approximate FIR objective. In the next section, we show
that under certain assumptions the optimization with respect to proposal distribution in
each iteration is yet another upper-bound minimization similar to (21). More specifically,
Remark 6 (see Section 5.1.1) shows that although the proposal distribution is optimized
separately in each iteration of an FIR-based active learning algorithm, minimizing the approximate FIR at each iteration is still an upper-bound minimization of the original cost
function (i.e. left-hand-side of inequality 21).
Algorithm 0 shows steps of a general discriminative classification with active learning.
We assume an initial training set Ln0 = {(x1 , y1 ), ..., (xn0 , yn0 )} is given based on which an
initial MLE θ̂ n0 can be obtained. The initial MLE enables us to approximate the active
learning objective function and therefore select queries for building the new training set.
After obtaining the query set Xq , for each individual sample x ∈ Xq , we request its labels
y(x) from the oracle, or equivalently, sample it from the true conditional, y(x) ∼ p(y| x, θ 0 ).
These pairs are then added into the training set to get Ln1 , which in turn, is used to update
the parameter estimate to θ̂ n1 . Size of the new training data is n1 = n0 + |Xq |. This
procedure can be done repeatedly for a desirable number of iterations imax . All different
techniques that we discuss in the following sections, differ only in line 3 and the rest of
the steps are common between them. Each active learning algorithm A takes the current
estimate of the parameter θ̂ ni−1 possibly together with the unlabeled set of samples Xp ,
and generate a set of queries Xq to be labeled for the next iteration.
In our analysis in the subsequent sections, we focus on a specific querying iteration
indexed by i (as a positive integer). For simplicity, we replace ni−1 and ni (size of the
training data set before and after iteration i) by n0 and n, respectively. Hence, iteration
i consists of using the available parameter estimate, θ̂ n0 , obtained through the current
training data set Ln0 , to generate queries using a given querying algorithm A(θ̂ n0 , Ln0 ), and
then update the classifier’s parameter estimate accordingly to θ̂ n .
In what follows, we first discuss practical issues in using FIR in query selection (Section 5.1) and then review existing algorithms based on this objective (Section 5.2).
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return θ̂ nimax

θ̂ ni ← arg maxθ `(θ; Lni )

/* Initializations
θ̂ n0 ← arg maxθ `(θ; Ln0 )
/* Starting the Iterations
for i = 1 → imax do
/* Generating the query set by optimizing a querying objective
Xq ← A(Lni−1 , θ̂ ni−1 )
/* Request the queries’ labels from the oracle
y(x) ∼ p(y| x, θ 0 ) ∀ x ∈ Xq
/* Taking care of indexing
ni ← ni−1 + |Xq |
/* Update the training set and update MLE
nS
o
Lni ← Lni−1 ∪
x∈Xq (x, y(x))

*/

*/

*/

*/

*/

*/
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Their analysis is done only for pool-based active learning, and when the test marginal
p(x) is a uniform distribution U (x) over the pool Xp . It is also assumed that the Hessian
∂ 2 `(θ;x,y)
is independent of the class labels y, and therefore can be viewed as the condi∂ θ2
tional Fisher information I(θ, x), or equivalently Ip (θ) = Ep(x) [I(θ, x)]. Furthermore, there
assumed to exist four positive constants L1 , L2 , L3 , L4 ≥ 0 such that the following four

Since θ 0 is not known, the simplest idea is to replace it by the current parameter estimate,
that is θ̂ n0 (Fukumizu, 2000; Settles and Craven, 2008; Hoi et al., 2006, 2009; Chaudhuri
et al., 2015b). Clearly, as the algorithm keeps running the iterations (n0 increases), the
approximate objective (which contains θ n0 instead of θ 0 ) gets closer to the original objective.
This is due to the regularity and invertibility conditions assumed for the log-likelihood
function and Fisher information matrices, respectively. Moreover, Chaudhuri et al. (2015b)
analyzed how this approximation effects the querying performance in finite-sample case.

5.1.1 Replacing θ 0 by θ̂ n0

The main difficulties consist of (1) having unknown variables in the objective, such as the
test marginal, p(x), and the true parameter, θ 0 , and (2) lack of closed form for Fisher
information matrices for most cases. In the next two sections, we review different hacks
and solutions that have been proposed to resolve these issues.

5.1 Practical Issues

8

7

6

5

4

3

2

1

Algorithm 0: Classification with Active Learning
Inputs: The initial training set Ln0 ; number of querying iterations imax
Outputs: The trained classifier with MLE θ̂ nimax
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0

− θ 00 )>
Ip (θ 0 )(θ

0

− θ 00 )

(25)
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≤
L3 (θ

≤ L2

≤ L1

inequalities hold for all x ∈ Xp , y ∈ {1, ..., c} and θ ∈ Θ:
∇`(θ 0 ; x, y)> Ip (θ 0 )−1 ∇`(θ 0 ; x, y)
−

I(θ 00 , x)) Ip (θ 0 )−1/2

Ip (θ 0 )−1/2 I(θ 0 , x) Ip (θ 0 )−1/2

Ip (θ 0 )−1/2 (I(θ 0 , x)
−L4 k θ − θ 0 k2 I(θ 0 , x)  I(θ, x) − I(θ 0 , x)  L4 k θ − θ 0 k2 I(θ 0 , x),
where θ 0 and θ 00 are any two parameters in a fixed neighborhood of θ 0 . Then, provided that
n0 is large enough, the following remark can be shown regarding the relationship between
FIRs computed at θ 0 and an estimate θ̂ n0 :

(26)

Remark 6 Let the assumptions (A0) to (A8) and those in (25) hold. Moreover, assume
that the Hessian is independent of the class labels. If n0 is large enough, then the following
inequality holds for any β ≥ 10 with high probability:
h
i


β+1
tr Iq (θ 0 )−1 Ip (θ 0 ) ≤
· tr Iq (θ̂ n0 )−1 Ip (θ̂ n0 ) .
β−1

The minimum value for n0 that is necessary for having this inequality with probability 1 − δ,
increases quadratically with β and reciprocally with δ (Chaudhuri et al., 2015b, Lemma 2).

(28b)

(28a)

(27)

Proof It is shown in the proof of Lemma 2 in Chaudhuri et al. (2015a) that under assumptions mentioned in the statement, the following inequalities hold with probability 1 − δ:
β−1
β+1
I(x, θ 0 )  I(x, θ̂ n0 ) 
I(x, θ 0 ).
β
β
Taking expectation with respect to p(x) and q(x) results
β−1
β+1
Ip (θ 0 )  Ip (θ̂ n0 ) 
Ip (θ 0 ),
β
β
β−1
β+1
Iq (θ 0 )  Iq (θ̂ n0 ) 
Iq (θ 0 ).
β
β

(29)

Since Iq (θ 0 ) and Iq (θ̂ n0 ) are assumed to be positive definite, we can write (28b) in terms of
inverted matrices:5
β
β
I−1 (θ 0 )  Iq−1 (θ̂ n0 ) 
I−1 (θ 0 ).
β+1 q
β−1 q
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5. For any two positive definite matrices A and B, we have that A  B ⇒ A−1  B−1 .

Now considering the first inequalities of (28a) and (29), multiplying both sides and taking
the trace result (26).
h
i
Inequality (26) implies that minimizing tr Iq (θ̂ n0 )−1 Ip (θ̂ n0 ) (or an approximation of it)
with respect to q in each iteration of FIR-based querying algorithms, namely through the
operation A(Ln0 , θ̂ n0 ) (line 3 of Algorithm 0), is equivalent to upper bound minimization of
the original cost function, i.e. left-hand-side of (21).
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5.1.2 Monte-Carlo Approximation

x∈Xp y=1

c
1 X X
p(y| x, θ)∇θ `(θ; x, y)∇θ> `(θ; x, y) + δ · Id ,
|Xp |

(30)

Computation of Fisher information matrices is intractable unless when the marginal distributions are very simple or when they are restricted to be PMFs over finite number of
samples. The latter is widely used in pool-based active learning, when the samples in the
pool are assumed to be generated from p(x). In such cases, one can simply utilize a MonteCarlo approximation to compute Ip . More specifically, denote the set of observed instances
in the pool by Xp . Then the test Fisher information at any θ ∈ Ω can be approximated by
Ip (θ) ≈ Î(θ; Xp ) :=

where δ is a small positive number and the weighted identity matrix is added to ensure
positive definiteness. It is important to give the practical remark that when using equation (30), we are actually using some of the test samples in the training process, hence we
cannot use those in Xp in order to evaluate the performance of the trained classifier.
Similarly, Iq can be estimated based on a candidate query set Xq . Let Xq be the
set of samples drawn independently from q(x). Then, for any θ ∈ Θ, we can have the
approximation Iq (θ) ≈ Î(θ; Xq ). Putting everything together, the best query set Xq ⊆ Xp
is chosen to be the one that minimizes the approximate FIR querying objective,
h
i
tr Î(θ̂ n0 ; Xq )−1 Î(θ̂ n0 ; Xp ) .
(31)

Note that this objective is directly written in terms of Xq , and therefore the queries can
be deterministically determined by fixing all the rest (including the current parameter estimate θ̂ n0 ) and optimizing with respect to Xq . Therefore, such settings are usually called
deterministic active learning, as opposed to the probabilistic nature of (24).
5.1.3 Bound Optimization

There are other types of approximation methods occurring in the optimization side. These
methods are able to remove part of the unknown variables by doing upper-bound minimization or lower-bound maximization. Recall that in active learning, the querying objective is
to be optimized with respect to q (or Xq in pool-based scenario). In a very simple example,
when d = 1, note that the Ip (θ 0 ) is a constant scalar in (24a) and hence can be ignored.
Hence, in the scalar case, we can simply focus on maximizing the training Fisher information. In the multivariate case, though it is not clear what measure of Iq (θ̂ n ) to optimize,
one may choose the objective to be | Iq (θ̂ n )| (where | · | is the determinant function),6 or
tr[Iq (θ̂ n )].7 The latter is worth paying more attention due to the following inequality (Yang,
2000):
tr[Iq (θ 0 )−1 Ip (θ 0 )] ≤ tr[Iq (θ 0 )−1 ] · tr[Ip (θ 0 )].
(32)
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(33)

Since tr[Ip (θ 0 )] is a constant with respect to q, minimizing the right-hand-side of inequality (21) can itself be approximated by another upper-bound minimization:

q

arg min tr[Iq (θ 0 )−1 ].

6. Similar to D-optimality in Optimal Experiment Design (Fedorov, 1972).
7. Similar to A-optimality in Optimal Experiment Design (Fedorov, 1972).
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Algorithm

Hoi et al. (2006, 2009)
Chaudhuri et al. (2015b)

Settles and Craven (2008)

Fukumizu (2000)
Zhang and Oles (2000)

(34)
(34)
(31)
(31)
(26)

Obj.

3

3

Prob.
3
3
3

Det.
3
3
3
3

Pool
3
3

Syn.
3
3
3
3
3

Seq.

3
3
3

3

Batch

(34)
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This algorithm is the classification version of the probabilistic active learning proposed
by Fukumizu (2000) for regression problem. The assumption is that the proposal belongs
to a parametric family and is of the form q(x; α), where α is the parameter vector of the

Algorithm 1 (Fukumizu, 2000)

In this section, we discuss several existing algorithms for implementing the query selection
task based on minimization of FIR. We will analyze these algorithms, sorted according to
date of their publication, in the context of our unifying framework.
Besides the categorizations that have already been described in previous sections, it is
also useful to divide the querying algorithms into two categories based on the size of Xq :
sequential active learning, where a single sample is queried at each iteration, i.e., |Xq | = 1;
and batch active learning, where the size of the query set is larger than one. The nonsingleton query batches are usually generated greedily, with the batch size |Xq | fixed to a
constant value.
Table 1 lists the algorithms that we reviewed in the following sections together with a
summary of their properties and the approximate objective that they optimize for querying. Note that among these algorithms, the one by Chaudhuri et al. (2015b) makes extra
assumptions as is described in Section 5.1.1.

5.2 Some Existing Algorithms

Hence, algorithms that aim to maximize tr[Iq (θ 0 )], indeed introduce two layers of objective
approximations through equations (32) to (34). As discussed before, the dependence of the
objectives in all the layers (in 33 or 34) on θ 0 can be removed by replacing it with the
current estimate θ n0 .

q

arg max tr[Iq (θ 0 )].

This helps removing the dependence of the objective to the test distribution p. A lower
bound can also be established for the FIR. Using the inequality between arithmetic and
geometric means of the eigenvalues of Iq (θ 0 )−1 Ip (θ 0 ), one can see that d · | Iq (θ 0 )−1 | ·
| Ip (θ 0 )| ≤ tr[Iq (θ 0 )−1 Ip (θ 0 )]. Hence, when minimizing the upper-bound in (33), one should
be careful about the determinant of this matrix as a term influencing the lower-bound of
the objective.
In practice, of course, the minimization in (33) can be difficult due to matrix inversion.
Thus, sometimes it is further approximated by

Table 1: Reviewed FIR-based active learning algorithms for discriminative classifiers

1
2
3
4
5
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/* Sampling from the parametric proposal
xi ∼ q(x; α̂)
, i = 1, ..., |Xq |
return Xq = x1 , ..., x|Xq |

/* Parameter Optimization
hP
i
c
>
α̂ = arg maxα Eq(x;α)
y=1 p(y| x, θ̂ n0 )∇θ `(θ̂ n0 ; x, y)∇θ `(θ̂ n0 ; x, y)

*/

*/

α

y=1
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From equation (37), the parameter vector α can be obtained by maximizing the expected
contribution of that single query to the trace objective. That is, having fixed |Xq | to a
constant, the optimization for determining the parameter vector would be
 h
i
α̂ = arg max Eq(x;α) tr Î(θ̂ n0 ; x)
α


c
X
>
= arg max Eq(x;α) 
p(y| x, θ̂ n0 )∇θ `(θ̂ n0 ; x, y)∇θ `(θ̂ n0 ; x, y) .
(38)

x∈Xq

More specifically, the new parameter vector is obtained by maximizing the expected
contribution of the queries Xq generated from q(x; α) to this objective. Taking expectation
of (35) with respect to q(x; α) yields

h h
h
i
ii
1
n0
Î(θ̂ n0 ; XL ) + 0
Eq(x;α) tr Î(θ̂ n0 ; XL ∪ Xq )
Eq(x;α) Î(θ̂ n0 ; Xq ) .
= tr 0
n + |Xq |
n + |Xq |
(36)
Recall that n0 is the size of the current training data set Ln0 . The first term in (36) is
independent of the query set Xq (assuming that the size |Xq | is fixed to a constant), hence
we focus only on the second term in our optimization. Noting that the queries are generated
independently, we can rewrite this term (excluding the constant coefficient) as


 h
i
i
X h
1

Eq(x;α) tr Î(θ̂ n0 ; Xq )
=
E
tr Î(θ̂ n0 ; x) 
(37)
|Xq | q(x;α)

family. In this parametric active learning, the best set of parameters α̂ is selected using
the current parameter estimate and the query set is sampled from the resulting proposal
distribution Xq ∼ q(x; α̂).
This algorithm makes no use of the test samples and optimizes the simplified objective
in (34) to obtain the query distribution q(x). Denote the covariates of the current training
data set Ln0 by XL . As is described in Section (5.1), the new trace objective can be
approximated by Monte-Carlo formulation using the old queried samples XL as well as the
candidate queries Xq to be selected in this iteration:
h
i
tr Î(θ̂ n0 ; XL ∪ Xq ) .
(35)

3

2

1

Inputs: Current estimation of the parameter θ̂ n0 , size of the query set |Xq |
Outputs: The query set Xq

Algorithm 1: Fukumizu (2000)

Sourati, Akcakaya, Leen, Erdogmus and Dy

Inputs: Current estimation of the parameter θ̂ n0
Outputs: The query singleton set Xq = {xq }
xq ← arg maxx
return Xq = {xq }

Pc
>
y=1 p(y| x, θ̂ n0 )∇θ `(θ̂ n0 ; x, y)∇θ `(θ̂ n0 ; x, y)

Algorithm 2: Zhang and Oles (2000)

Asymptotic Analysis of Objectives Based on Fisher Information in Active Learning

1
2

The optimization (38) does not depend on XL , and therefore we do not need to explicitly
feed this algorithm with L. All it needs is an estimation of the parameter θ̂ n0 . The two-step
procedure of generating queries from parametric query distribution is shown in Algorithm 1.
This algorithm can be used in both sequential and batch modes by changing the number of
samples drawn from q(x; α).
We emphasize that Algorithm 1 is probabilistic, meaning that with any fixed parameter
estimate θ̂ n0 , the next set of queries are not deterministically selected. The optimization
is performed with respect to the parameters of the proposal distribution, which are then
used to sample Xq . Fukumizu (2000) claims that introducing such randomness into active
learning, which increases exploration against exploitation, may prevent the algorithm from
falling into local optima. Also note that this algorithm is not pool-based, meaning that it
does not select the queries from a pool of observed instances, although could be constrained
to do so.
Algorithm 2 (Zhang and Oles, 2000)

c
X
y=1

p(y| x, θ̂ n0 )∇θ> `(θ̂ n0 ; x, y)∇θ `(θ̂ n0 ; x, y).

(39)

Zhang and Oles (2000) started from optimization problem (34), and introduced even
additional simplifications to it. They specifically considered using a binary logistic regression
classifier. Here, we discuss their formulation using a general discriminate framework.
In their algorithm, a single query is selected at each iteration. Denote it by Xq = {xq }.
Similar to the previous section, the Fisher information matrix Iq can be approximated by
Monte-Carlo approximation. Zhang and Oles (2000) discarded the expectation with respect
to the proposal distribution in (38) or equivalently consider q to be a uniform distribution.
Therefore, the optimization with respect to parameters turned into a direct optimization
with respect to the single query xq :

x∈X

xq = arg max

JMLR 18(34):1-41, 2017

This single-step deterministic approach, shown in Algorithm 2, is very similar to the probabilistic approach described above, except that there is no intermediate parameter optimization step.
It is important to note that Algorithm 2 can be used in pool-based active learning as
well. This can be done by constraining xq to be a member of a pool of samples, in which
case it can even be extended to batch querying by sorting the unlabeled samples based on
their objective values and taking the highest ones. However, such iterative optimization is
not efficient, because the resulting queries will most probably be close to each other and
therefore contain redundant information.
19

1
2

3

5

4
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Algorithm 3: Settles and Craven (2008)

arg minx∈Xp

θ̂ n0 ; x

θ̂ n0 ; Xp

*/

*/

*/

*/

Inputs: Current estimation of the parameter θ̂ n0 , the set of unlabeled samples Xp , ,
size of the query set |Xq |
Outputs: The query set Xq

Xq

/* Initializing the query set for this iteration
Xq ← ∅
/* The loop for greedy batch querying
for j = 1 → |X | do
q
/* Query optimization and adding the result into the query set
 
−1 

←
∪
tr Î
Î
Xq

/* Removing the selected queries from the pool
Xp ← Xp − Xq

return Xq

Algorithm 3 (Settles and Craven, 2008)

Inspired by Zhang and Oles (2000), Settles and Craven (2008) employed Fisher information ratio to develop a pool-based active learning, which can be used in either sequential
or batch querying. The pool that is used here is the set of unlabeled samples, Xp , which
are assumed to be drawn from the test marginal p(x). Queries are chosen from Xp , that
is Xq ⊆ Xp . The test Fisher information matrix
canbe approximated by Monte-Carlo

simulation over the samples in Xp , meaning Î θ̂ n0 ; Xp . Similar to Algorithm 1, the up-

θ̂ n0 ; XL

Xq

θ̂ n0 ; Xp

Xq ⊂Xp

θ̂ n0 ; Xq

θ̂ n0 ; Xp

(40)

dated
training Fisher
information matrix after querying a set Xq can be approximated by


Î θ̂ n0 ; XL ∪ Xq . Thus, since we do have an approximation of both Fisher information
matrices, the objective to minimize is chosen to be in the form of (31).
Similar to the Zhang and Oles (2000) algorithm, the proposal distribution q is ignored
in the objective (or equivalently considered as being uniform). An additional assumption
Settles and Craven (2008) made to simplify the optimization task is
 
 

−1 

−1 
Î
.
arg min tr Î
∪
Î
≈ arg min tr Î
Xq ⊂Xp

This simplified optimization is easy to implement for sequential active learning. However,
the combinatorial optimization required for batch active learning can easily become intractable. As shown in Algorithm 3, Settles and Craven (2008) used a greedy approach to
do this optimization (the inner loop).
Algorithm 4 (Hoi et al., 2006, 2009)
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The algorithms proposed by Hoi et al. (2006) and Hoi et al. (2009) are very similar to
the one developed by Settles and Craven (2008), described above, except that they use a
more sophisticated optimization method. Their method shown in Algorithm 4, is different

20

Add the selected query into the query set

← Xp − {x̃}

Remove the selected instance from the pool

← Xq ∪ {x̃}

return Xq

/*
Xq
/*
Xp
*/

*/

*/

*/

*/
Xq ⊂Xp

arg max

Xq ⊂Xp

c
X

x∈Xp −Xq y=1

X

−1
P
.
δ · k vθ (x, y)k−2 + x0 ∈Xq gθ (x, y, x0 )

h
i
arg min tr Î(θ; Xq )−1 Î(θ; Xp ) ,

(41b)

(41a)

c
X

x∈Xp −Xq y=1

X

−1
P
,
δ · k vθ (x, y)k−2 + x0 ∈Xq gθ (x, y, x0 )

∀Xq ⊆ Xp ,

(42)
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8. This can always be assumed since maximizing a general set function f (Xq ) is equivalent to maximizing
its adjusted version g(Xq ) := f (Xq ) − f (∅), which satisfies g(∅) = 0.

In Algorithm 4, the inner loop (lines 2 to 5) implements the minimization in (40) greedily.
We have seen above that this set minimization is approximately equivalent to maximizing
a submodular and monotone set maximization, which, in turn, is shown to be efficient.

Theorem 9 (Nemhauser et al. (1978)) Let fθ : 2Xp → R be any submodular and nondecreasing set function with f (∅) = 0 satisfied.8 If Xq is the output of a greedy maximization
algorithm, and Xq∗ is the optimal maximizer of fθ with a cardinality constraint (fixed |Xq |),
then we have
"


 #

|Xq | − 1 |Xq |
1
fθ (Xq ) ≥ 1 −
fθ (Xq∗ ) ≥
1−
fθ (Xq∗ ).
(43)
|Xq |
e

The proof is in Appendix D. The result above, together with Lemma 7, imply that the objective of (41b) is a monotonically increasing set function with respect to Xq . Below we present
the main result that guarantees tight bounds for greedy maximization of monotonic submodular set functions. Details of this result, which is also shown to be the optimally efficient
solution to submodular maximization, can be found in the seminal papers by Nemhauser
et al. (1978) and Nemhauser and Wolsey (1978).

with vθ a d-dimensional vector depending on x and y, and gθ defined in (91). Then fθ is
a submodular and monotone (non-decreasing) set function for all θ ∈ Ω.

fθ (Xq ) =

Theorem 8 Suppose fθ : 2Xp → R is defined as

The proof can be found in Appendix C. Note that Lemma 7, as stated above, does not
depend on the size of Xq . However, just as before, in practice it is usually assumed that
|Xq | > 0 is fixed and therefore the optimizations in (41) should be considered with cardinality constraint. In general, combinatorial maximization problems can turn out to be
intractable. Next, it is shown that the objective at hand is a monotonically submodular set
function in terms of Xq and therefore can be maximized efficiently with a greedy approach
such as that shown in Algorithm 4.

The approximation is more accurate for smaller δ and well-conditioned Monte-Carlo approximation of proposal Fisher information matrix.

(ii)

(i)

for all θ ∈ Ω :

Sourati, Akcakaya, Leen, Erdogmus and Dy

Lemma 7 Let Xp , Xq ⊆ X be two non-empty and finite sets of samples randomly generated
from p(x) and its resample distribution q(x), respectively, such that Xq ⊂ Xp , and the
parameter δ ≥ 0 in (30) is a small constant. If assumptions (A0), (A4), (A6) and (A8) hold,
then the following optimization problems are approximately equivalent for some function
gθ : X × {1, ..., c} × X → R+ , d-dimensional non-zero vector vθ depending on x and y, and

Î θ̂ n0 ; x in each iteration (line 3 of Algorithm 3), Algorithm 4 takes into account all the


queries chosen so far and instead considers Î θ̂ n0 ; Xq ∪ {x} in each querying optimization
(line 3 in Algorithm 4).
Hoi et al. (2006) and Hoi et al. (2009) showed that when using binary logistic regression
classifier, their optimization (40) can be done by maximizing a submodular set function
with respect to the query set Xq . This allowed them to use the well-known iterative algorithm proposed by Nemhauser et al. (1978), which guarantees a tight lower-bound for
maximization of submodular and monotone set functions.
In the rest of this section, we show that minimizing this objective obtained from the
above-mentioned assumptions, can be efficiently approximated by a monotonically submodular maximizing under any discriminative classifier. This is a generalization of the result
derived by Hoi et al. (2006) that is obtained in case of using logistic regression classifier. As
a consequence, FIR can be efficiently optimized with guaranteed tight bounds (Nemhauser
et al., 1978; Nemhauser and Wolsey, 1978). First, we show in the following lemma that (40)
is approximately equivalent to maximizing a simplified set function, for any unlabeled sample pool Xp :

from Algorithm 3 mainly in the way that it greedily chooses the query at each inner loop
iteration of the algorithm. While Algorithm 3 exclusively considers the contribution of
each
 x ∈Xq , ignoring the samples selected in the previous iterations and considering only

6

5

4

3

2

1

/* Initializing the query set
Xq ← ∅
/* The loop for greedy batch querying
for j = 1 → |Xq | do
/* Query optimization
 
−1 

x̃ = arg minx∈Xp tr Î θ̂ n0 ; Xq ∪ {x}
Î θ̂ n0 ; Xp

Inputs: Current estimation of the parameter θ̂ n0 , the set of unlabeled samples Xp ,
size of the query set |Xq |
Outputs: The query set Xq

Algorithm 4: Hoi et al. (2006, 2009)

Asymptotic Analysis of Objectives Based on Fisher Information in Active Learning

Asymptotic Analysis of Objectives Based on Fisher Information in Active Learning

Algorithm 5 (Chaudhuri et al., 2015b)

can be written as

j=1

d
X

j=1

σj uj> Iq (θ̂ n0 )−1 uj .

(44)

This algorithm uses FIR for doing a probabilistic pool-based active learning. It has
extra assumptions in comparison to our general framework, which are briefly explained in
Section 5.1.1. Note that these assumptions are to be made as well as those listed in Section 2.
In such settings, Chaudhuri et al. (2015b) gave a finite-sample theoretical analysis for FIR
when applied to pool-based active learning.
More specifically, suppose p(x) is a uniform PMF and q(x) is a general PMF, both
defined over the pool Xp . Using the notations in (25), the training Fisher information can
P
be written as Iq (θ̂ n0 ) =
Now, assuming that Ip (θ̂ n0 ) has a singular
decomposition of the form

x∈X q(x) I(θ̂ n0 , x).
Pd p
>
j=1 σj uj uj , FIR

=





d
X
tr Iq (θ̂ n0 )−1 Ip (θ̂ n0 ) =
σj tr Iq (θ̂ n0 )−1 uj uj>

d
X

j=1

σj tj

(45)

Minimizing the last term in (44) with respect to PMF {q(x)| x ∈ Xp } is equivalent to a
semidefinite programming after introducing a set of auxiliary variables tj , j =, 1..., d and
applying Schur complements (Vandenberghe and Boyd, 1996):
arg min
q(x),x∈Xp

"
#
t
uj>
j
P
such that
 0,
uj
x∈Xp q(x) I(θ̂ n0 , x)
X
q(x) = 1.
x∈Xp

The steps for this querying method is shown in Algorithm 5. Note that the solution to (45) is
slightly modified by mixing it with the uniform distribution over the pool. Such modification
is mainly to establish their theoretical derivations. The mixing coefficient, 0 ≤ λ ≤ 1,
reciprocally depends on the number of queries. More specifically, Chaudhuri et al. (2015b)
made it equal to 1 − |X 1|1/6 . That is, as the number of queries increases, λ shrinks and so
q
does the modification. Furthermore, in their analysis, they assumed that sampling from
q̃(x) (line 3 of Algorithm 5) is done with replacement. That is, label of a given sample might
be queried multiple times.
5.2.1 Comparison with Other Information-theoretic Objectives

JMLR 18(34):1-41, 2017

In the last part of this section, we compare FIR and two other common querying objectives
from the field of information theory. Entropy of class labels and mutual information between
labeled and unlabeled samples are two other common active learning objectives. Their goal
is mainly to get the largest possible amount of information about class labels of unlabeled
samples from each querying iteration, hence naturally pool-based.
23
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Algorithm 5: Chaudhuri et al. (2015b)

Complexity

*/

*/

*/

Inputs: Current estimation of the parameter θ̂ n0 , the set of unlabeled samples Xp ,
size of the query set |Xq |
Outputs: The query set Xq

Algorithm

/* Solving the semidefinite programming
q(x) ← solution to (45)
/* Modification of the solution
q̃(x) ← λq(x) + (1 − λ)U (x)
/* Sampling with replacement from the modified proposal
xi ∼ q̃(x)  , i = 1, ..., |Xq |
return Xq = x1 , ... x|Xq |

Entropy

O d3 |Xp |2 + d4 |Xp | + d5

O(|Xp |cd)

O |Xq | · |Xp | · (cd + d3 )

O |Xq | · |Xp | · (cd + cd|Xq | + d3 )


O(|Xp |cd)

O |Xp | · |Xq | · c|Xq |+1 d
Mutual Information
Zhang and Oles (2000)
Settles and Craven (2008)

Hoi et al. (2006, 2009)
Chaudhuri et al. (2015b)

Table 2: Computational complexity of different querying algorithms

Entropy-based querying, also known as uncertainty sampling, directly measures the
uncertainty with respect to class label of each unlabeled sample and query those with
highest uncertainty. It has been widely popular due to its simplicity and effectiveness
especially in sequential active learning. However, it does not consider interaction between
samples when selecting multiple queries, which can cause querying very similar samples
(redundancy). Therefore, uncertainty sampling shows relatively poor performance in batch
active learning. Mutual information, on the other hand, does not suffer from redundancy,
however, it requires a much higher computational complexity.
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These two objectives directly measure the amount of information each batch can have
with respect to the class labels (hence prediction-based), as opposed to Fisher information as a measure of information regarding the distribution parameters (hence inferencebased). However, there is no guarantee that by minimizing uncertainty of the class labels
(or equivalently, choosing queries with highest amount of information about class labels),
the prediction accuracy also increases. Whereas, as we showed earlier, FIR upper-bounds
the expected asymptotic variance of a parameter inference loss function. From this point
of view, FIR has a closer relationship with the performance of a classifier.

24
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In this paper, we focused on active learning algorithms in classification problems whose
objectives are based on Fisher information criterion. As the primary result, we showed
the dependency of the variance of the asymptotic distribution of log-likelihood ratio on the
Fisher information of the training distribution. Then, we used this dependency to derive
our novel theoretical contribution by establishing the Fisher information ratio (FIR) as the
upper bound of expectation of such asymptotic variance. We also showed that replacing the
true parameter by the current estimate does not remove such upper-boundedness provided
that the current parameter estimate has been obtained using sufficient number of samples.
Moreover, we discussed that several layers of approximations can be employed in practice
to simplify FIR; simplifications, that can usually be avoided in pool-based active learning.
Additionally, Monte-Carlo simulations and greedy algorithms can be used to evaluate and
optimize the (simplified) FIR objective, respectively. Using this framework, we can distinguish the main differences between some of the existing FIR-based querying methods in the
classification context. Such comparative analysis, not only shed light on the assumptions
and simplifications of the existing algorithms, it can also be helpful for finding suitable
directions in developing novel active learning algorithms based on the Fisher information
criterion.
Finally, we remark that the log-likelihood ratio that is used here as the loss function is
an inference-based performance metric. It naturally shows up based on the set of assumptions that are usually being made in FIR-based querying frameworks. The final goal of a
classifier in machine learning is to predict labels of test samples as accurately as possible
and therefore, arguably, prediction-based metrics such as 0/1 loss function better evaluate
the performance of a classifier. While analyzing such metrics was out of scope of this paper,

6. Conclusion

analysis and development of querying algorithms using prediction-based metrics is definitely
an exciting future research direction.

Table 2 shows computational complexity of the querying objectives. The algorithm by
Fukumizu (2000) is excluded from this table since it cannot be used in pool-based sampling.
Also note that the complexity reported for mutual information is for the case when it is
optimized greedily. Nevertheless, it still contains an exponential term in its complexity.
Entropy-based and Zhang and Oles (2000) have the lowest complexity, but in the expense
of introducing redundancy into the batch of queries. Algorithms by Settles and Craven
(2008), Hoi et al. (2006, 2009) and Chaudhuri et al. (2015b) become very expensive when
d is large, whereas mutual information can easily get intractable for selecting batches of
higher size (large |Xq |). Observe that algorithm by Hoi et al. (2006, 2009) is more expensive
than Settles and Craven (2008). Recall that despite similarities in appearance, the former
guarantees tight bound for its greedy optimization, whereas the latter does not.
The complexity for the algorithm by Chaudhuri et al. (2015b) is computed assuming
that a barrier method (following path) is used as its numerical optimization (Boyd and
Vandenberghe, 2004). From Table 2, this algorithm is the only one whose complexity
increases quadratically with size of the pool |Xp |, and therefore can get significantly slow
for huge pools. Furthermore, it does not depend on |Xq | since the optimization in (45) as its
main source of computations, only depends on |Xp | and d. Furthermore, for this algorithm,
computing I(θ̂ n0 , x) is assumed to cost O(1) for each x ∈ Xp as it is taken to be independent
of y.

for all i = 1, ..., d,

(46)

26

where C F is the set of continuity points of the CDF F .

∀a ∈ C F ⊆ Rd ,
(47)
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Fn (a) = P (θn1 ≤ a1 , ..., θnd ≤ ad ) → F (a) = P (θ̃1 ≤ a1 , ..., θ̃d ≤ ad )

dom variable θ̃ and write θ n → θ̃, iff the sequence of their joint CDFs, Fn , point-wise
converges to the joint CDF of θ̃:

L

Definition 12 We say that a sequence {θ n } converges in law (in distribution) to the ran-

Ω → R is a continuous function, then g(θ n ) → g(θ 0 ).

P

Proposition 11 (Brockwell and Davis 1991, Proposition 6.1.4) If θ n → θ 0 and g :

P

Convergence in probability is invariant with respect to any continuous mapping:

where θni is the i’th component of θ n .

P (|θni − θ0i | > ε) → 0,

θ n → θ 0 , iff for every ε > 0 we have

P

Definition 10 We say that the sequence {θ n } converges in probability to θ 0 and write

Throughout this section, {θ 1 , θ 2 , ..., θ n , ...}, denoted simply by {θ n }, is a sequence of multivariate random variables lying in Ω ⊆ Rd . Also suppose that θ 0 is a constant vector and
θ̃ is another random variable in the same space Ω.

A.1 Convergence of Sequence of Random Variables

Asymptotic analysis plays an important role in statistics. It considers extreme cases where
the number of observations is increased with no bounds. In such scenarios, discussions
on different notions of convergence of the sequence of random variables naturally arise.
Generally speaking, there are three major types of stochastic convergence: convergence in
probability, convergence in law (distribution) and convergence with high probability (almost
surely). Here, we focus on the two former modes of convergence, discuss two fundamental
results based on them and formalize our notations regarding parameter estimators. Further
details of the following definitions and results can be found in any standard statistical
textbook such as Lehmann and Casella (1998).
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L

Equation (47) means that for large values of n, the distribution of θ n can be well approximated by the distribution of θ̃. Note that throughout this paper, for simplicity, we say that
a random sequence {θ n } converges to a distribution with density function p(θ), or write
θ n → p(θ), instead of the full statement that {θ n } converges in law to a random variable
with that distribution.
L
P
Note that θ n → θ 0 suggests that θ n − θ 0 → δ(θ) where δ is the Kronecker delta function,
which can be viewed as the density function of a degenerate distribution at θ = 0. This,
however, does not give any information about the speed with which θ n converges to θ 0 . In
order to take the rate into account, we consider the convergent distribution of the sequence
{an · (θ n − θ 0 )}, where an is any sequence of positive integers and an → ∞(as n → ∞). In
practice an is usually considered to have the form nr with r > 0.

P

Definition 13 Assume θ n → θ 0 . We say that the sequence {θ n } converges to θ 0 with
rate of convergence r > 0, iff nr (θ n − θ 0 ) converges in law to a random variable with nondegenerate distribution. Furthermore, the non-degenerate distribution is called the asymptotic distribution of θ n .
Next, we discuss some of the classic results in asymptotic statistics:

i=1

1X
P
θi → µ .
n

n

(48)

Theorem 14 (Law of Large Numbers, Brockwell and Davis 1991) Let θ 1 , ..., θ n
be a set of independent and identically distributed (i.i.d) samples. If E[θ i ] = µ, then
θ̄ n =

n · (θ̄ n − µ) → N (0, Σ).

L

(49)

Theorem 15 (Central Limit Theorem, Lehmann and Casella 1998) Let θ 1 ,..., θ n
be a set of i.i.d samples with mean E[θ i ] = µ and covariance Cov[θ i ] = Σ (with
 a symmetric
and
positive semi-definite matrix Σ), then the sequence of sample averages θ̄ n with θ̄ n =
1 Pn
i=1 θ i converges to the true mean with convergence rate 1/2. Moreover, its asymptotic
n
distribution is a zero-mean Gaussian distribution with covariance matrix Σ, that is,
√

The following results are very useful when deriving the asymptotic distribution of a random
sequence under a continuous mapping:
Theorem 16 (Multivariate Delta Method, first order, Lehmann and Casella
1998) Let {θ n } be a sequence of random variables such that it converges to θ 0 with rate of
√
L
convergence 1/2 and a normal asymptotic distribution, that is, n · (θ n − θ 0 ) → N (0, Σ).
If g : Rd → R is a continuously differentiable mapping and ∇θ g(θ 0 ) 6= 0, then




√
L
n · g(θ n ) − g(θ 0 ) → N 0, ∇θ> g(θ 0 ) Σ ∇θ g(θ 0 ) .
(50)
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Theorem 17 (Multivariate Delta Method, second order) Let {θ n } be a sequence of
random variables such that it converges to θ 0 with rate of convergence 1/2 and a normal
27
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i=1

√
L
asymptotic distribution, that is, n · (θ n − θ 0 ) → N (0, Σ). If g : Rd → R is a continuously
differentiable mapping where ∇θ g(θ 0 ) = 0 and ∇θ2 g(θ 0 ) is non-singular in a neighborhood of
θ 0 , then the sequence {g(θ n )−g(θ 0 )} converges in law to a mixture of random variables with
degree-one Chi-square distributions, and the rate of convergence is one. More specifically,


d
X
L
n · g(θ n ) − g(θ 0 ) →
λi χ12 ,
(51)

F

2

,

(52)

where λi ’s are eigenvalues of Σ1/2 ∇θ g(θ 0 ) Σ1/2 . Moreover, variance of this asymptotic
distribution can be written as

1
Σ1/2 ∇x2 g(x0 ) Σ1/2
2
where k · kF is the Frobenius norm.
Proof For proof see Appendix B.

A.2 Parameter Estimation

P

Now suppose that the set of independent and identically distributed (i.i.d) set of samples
x1 , ... xn are generated from an underlying distribution that belongs to a parametric family,
for which the density function p(x | θ) can be represented by a multivariate parameter vector
θ. Assume the true parameter is θ 0 , that is {xi } ∼ p(x | θ 0 ), i = 1, ..., n. An estimator
θ n = θ(x1 , ..., xn ) is a function that maps the observed random variables to a point in the
parameter space Ω. The subscript n in θ n indicates its dependence on the sample size.
Since the observations are generated randomly, the estimators are also random and thus
{θ n } can be viewed as a sequence of random variables. There are some reserved terms for
such a sequence, which we introduce in the remaining of this section:

Definition 18 (Consistency) We say that an estimator θ n is consistent iff θ n → θ 0 .

Based on Theorem 14, sample average of the observation set is a consistent estimator of the
true mean of the samples. Another important characteristic of estimators is based on the
following bound over their covariance matrices:

(53)

Theorem 19 (Cramér-Rao, Lehmann and Casella 1998) Let x1 , ..., xn ∼ p(x | θ 0 )
and θ n = θ(x1 , ..., xn ) be an estimator. If the first moment of θ n is differentiable with
respect to the parameter vector and its second moment is finite, then the following inequality holds for every θ ∈ Ω:

Cov[θ n ]  − (∇θ E[θ n ])> I(θ)−1 ∇θ E[θ n ].
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The right-hand-side of (53) is called the Cramér-Rao bound of the estimator, where the
middle term is the inverse of the Fisher information matrix of the parametric distribution
p(x | θ), defined as

h
i
I(θ) := E ∇θ log p(x | θ) · ∇θ> log p(x | θ) .

28

n

o

for all i = 1, ..., d

(54)

29

9. Unless subscripted otherwise, k · k denotes the L2 norm in all the equations.

(ii) θ n = Op (an ) ⇔ k θ n k = Op (an ).

(i) θ n = op (an ) ⇔ k θ n k = op (an ).

Proposition 24 The followings are true:9

(ii) θn ηn = op (an bn )

(i) θn2 = Op (a2n )
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Proposition 23 (Brockwell and Davis, 1991) Let {θn } and {ηn } be two sequences of
scalar random variables, and {an } and {bn } be two sequences of positive real numbers. If
θn = Op (an ) and ηn = op (bn ), then

We also need the following propositions:

is bounded in probability for
Definition 22 We write θ n = Op (an ) iff the sequence θain
n
every i = 1, ..., d, that is, for every  > 0 there exists δ such that


θin
P
> δ
< , n = 1, 2, ...
(55)
an

θin
= op (1),
an

Definition 21 We write θ n = op (an ) iff

The stochastic order notations are denoted by op and Op , where the former is equivalent to
convergence in probability (Definition 10) and the latter implies boundedness in probability.
In what follows, if otherwise stated, {θ n } is a sequence of multivariate random variables
lying in Ω ⊆ Rd and {an } is a sequence of strictly positive real numbers. The skipped proofs
can be found in many textbooks on asymptotic theory, such as Brockwell and Davis (1991,
Chapter 6).

B.1 Stochastic Order Notations

In order to prove this theorem, we have to formulate the statistical Taylor expansion. This,
in turn, needs a brief introduction of stochastic order notations.

Appendix B. Proof of Second-order Multivariate Delta Method

ε
d
, n = 1, 2, ....



2

2

≤

{θ n : |θni | > an · δmax }

!

{θ n : |θni | > an · δmax } ,

P (|θni | > an · δmax ).

i=1

P (|θni | > an · δε ) ≤ P (k θ n k > an · δε ) < 

, n = 1, 2, ...

30

(58)

(57)

(62)

(61)

(60)
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Proposition 25 If θ n = Op (an ) and an → 0(as n → ∞), then θ n = op (1).

meaning that θni = Op (an ), ∀i ∈ {1, ..., d}, or equivalently θ n = Op (an ).

hence

, n = 1, 2, ...

{θ n : |θni | > an · δε } ⊆ {θ n : k θ n k > an · δε } ,

It is clear that for any given i ∈ {1, ..., d} we have

P (k θ n k > an · δε ) < ε

i=1

i=1

d
X

≤ P

d
[

i=1



Therefore, for every ε > 0, we can choose δε = d · δmax such that P k θann k > δε < ε for
every n = 1, 2, .... Therefore, by definition, k θ n k = Op (an ).
(ii, ⇐) : Suppose k θ n k = Op (an ), that is for every ε > 0 we can find δε > 0 such that



=

i=1

d
[

(56)

Furthermore, for every i ∈ {1, ..., d}, we have δmax ≥ δi . Consequently, the interval
(an δmax , ∞) is a subset of (an δi , ∞) and P (|θni | > an δmax ) ≤ P (|θni | > an δi ). This implies
that
d


X
P k θ n k2 > (d · an · δmax )2 ≤
P (|θni | > an · δi ) < ε.
(59)

P k θ n k > (d · an · δmax )

implying that

i=1

Define δmax = max{δ1 , ..., δd } and note that we can write
(
)
" d
#c
d
X
\
2
2
θn :
⊆
|θni | > (d · an · δmax )
{θ n : |θni | ≤ an · δmax }

P (|θni | > an · δi ) <

(ii, ⇒) : Since θ n = Op (an ), for every ε > 0 and for every i = 1, ..., d, there exists a
coefficient δi > 0 such that

Proof The proof of part (i) can be found in Brockwell and Davis (1991, Proposition 6.1.2).
Here, we only prove part (ii):

Theorem 19 suggests that for an unbiased estimator θ n , the inequality over the covariance
matrix becomes: Cov[θ n ]  I(θ)−1 , ∀ θ ∈ Ω.

Definition 20 (Efficiency) We say that an estimator θ n is efficient, iff it attains the
Cramér-Rao bound, meaning that Cov[θ n ] achieves the lower-bound in (53) for every n =
1, 2, ... . Furthermore, we say that θ n is asymptotically efficient, iff the lower bound is
attained asymptotically (when n → ∞).
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X

1≤i,j,k≤d

∂ 3 g(θ ∗ )
(θi − θ0i )(θj − θ0j )(θk − θ0k ).
∂θi ∂θj ∂θk

≤ M

M
6

X

, ∀ θ ∈ Ω , ∀i, j, k ∈ {1, ..., d}.

1≤i,j,k≤3




0

|θi − θ0i | · |θj − θ0j | · |θk − θ0k |

M0
k θ − θ 0 k.
3

32

(70)

(71)

(72)

(75)
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In special case of this theorem, where Y = R, compactness of f (X) is equivalent to boundedness and
closedness.
11. Two norm functions k · k and k · k in a vector space Ω, are called equivalent iff there exist constants
(1)
(2)
cu ≥ cd > 0 such that
cd k θ k(2) ≤ k θ k(1) ≤ cu k θ k(2) , ∀ θ ∈ Ω.
(73)

Theorem 28 Let X and Y be two vector spaces. If g : X → Y is continuous and X is compact, then
f (X) is compact in Y .

10. This is because of the following Theorem in real analysis:

3ε
Hence, for every ε > 0, we can select δε = M
0 such that the following continuity condition
holds:
k θ − θ 0 k < δε ⇒ |h(θ)| ≤ ε.
(76)

|h(θ)| ≤

Note that h(θ) is continuous at θ = θ 0 : due to boundedness of r2 (θ, θ 0 ), h(θ) is also
bounded by

h(θ) :=

where M 0 = cu M and cu is obtained from the equivalence of norms in Rd vector space.11
Now define the function h : Ω → R as below

 r2 (θ, θ 0 )

, θ 6= θ 0
k θ − θ 0 k2 /2
(74)
, θ = θ0

≤

M
=
k θ − θ 0 k13
6
M0
k θ − θ 0 k3 ,
6

|r2 (θ, θ 0 )| ≤

Hence, the Lagrange remainder can be bounded by

∂ 3 g(θ)
∂θi ∂θj ∂θk

But since Ω is compact and g ∈ C 3 , the third derivative of g is bounded10 and therefore
there exists M > 0 such that

1
6
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(64)

(65)
(66)

(67)

r2 (θ, θ 0 ) =
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(63)

where r2 (θ, θ 0 ) is the Lagrange remainder of second order. Based on Taylor’s polynomial
theorem for multivariate functions, there exists a number t ∈ [0, 1] such that θ ∗ = t θ +(1 −
t) θ 0 ∈ Ω (due to convexity of Ω) and

∀n > N.

Proof The goal is to show θ n = op (1) or equivalently k θ n k = op (1) by proving that
P (k θ n k > ε) → 0(as n → ∞) for every ε > 0. Fix ε to a positive real number. In order
to have the sequence of probability numbers {P (k θ n k > ε)} converging to zero, for every
> 0 there should exist a positive integer N > 0 such that
ε0

P (k θ n k > ε) < ε0

n = 1, 2, ...

Because of the assumption of being bounded by an , that is θ n = Op (an ) or equivalently
k θ n k = Op (an ), we can choose a real number δ0 > 0 such that
P (k θ n k > an δ0 ) < ε0

∀n > N0 ,

P (k θ n k ≤ an δ0 ) ≤ P (k θ n k ≤ ε) ∀n > N0 .

[0, an δ0 ] ⊆ [0, ε]

On the other hand, since an → 0(as n → ∞), there exists a large enough number N0 > 0
such that 0 < an < δε0 for all n > N0 . Therefore, we get

implying that

∀n > N0 .

From inequalities (64) and (66), and noticing that the latter holds for all n whereas the
former is satisfied when n > N0 , one can write:
P (k θ n k > ε) ≤ P (k θ n k > an δ0 ) < ε0

Therefore, for every ε0 > 0, equation (63) is guaranteed if N is chosen to be equal to N0
so that inequality (66) is satisfied. Similarly, this can be written for every ε > 0, thus the
proof is complete.

L

Proposition 26 (Serfling 2002, Chapter 1) Let {θ n } be a sequence of random vari-

ables. If there exists a random variable θ̃ such that θ n → θ̃, then θ n = Op (1).

B.2 Second-order Statistical Taylor Expansion
Now we are ready to establish the second-order statistical Taylor expansion.

1
(θ n − θ 0 )> ∇θ2 g(θ 0 )(θ n − θ 0 ) + op (an2 ).
2
(68)

Theorem 27 Let {θ n } be a sequence of random vectors in a convex and compact set Ω ⊆ Rd
and θ 0 ∈ Ω be a constant vector such that θ n − θ 0 = Op (an ) where an → 0(as n → ∞). If
g : Ω → R is a C 3 function , then
g(θ n ) = g(θ 0 ) + ∇θ> g(θ 0 )(θ n − θ 0 ) +
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1
(θ − θ 0 )> ∇θ2 g(θ 0 )(θ − θ 0 ) + r2 (θ, θ 0 ), (69)
2

Proof Since g is twice continuously differentiable in a neighborhood of θ 0 , it can be written
in terms of the Taylor expansion as
g(θ) = g(θ 0 ) + (θ − θ 0 )> ∇θ g(θ 0 ) +

31

k θ n − θ 0 k2
= op (1) · Op (a2n ) = op (a2n )
2
(78)

(77)

1/2

∇2θ g(θ 0 ) Σ1/2

d

i=1

i=1

(81)

i=1

=

33

1
Σ1/2 ∇2x g(x0 ) Σ1/2
2

i=1

i=1
d

1X 2
=
λi
2

F

2

.
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(82)

where λi ’s are eigenvalues of Γ. Finally, noting that the terms in the Chi-square mixture
are independent, variance of the convergent random variable can be easily computed as
" d
#
d
 
1X
1X 2
2
Var
λ i χ1 =
λi · Var χ21
2
4

1
1X
1X
N (0, Id )> Γ N (0, Id ) =
λi N (0, 1)2 =
λi χ21 ,
2
2
2

d

and rewrite the right-hand-side element-wise as

(80)

 
1
, (79)
n



>
√

1 √
n g(θ) − g(θ 0 ) =
n · (θ − θ 0 ) ∇2θ g(θ 0 ) n · (θ − θ 0 ) + op (1)
2
1
L
→
N (0, Σ)> ∇2θ g(θ 0 ) N (0, Σ)
2
i
h
1
=
N (0, Id )> Σ1/2 ∇2θ g(θ 0 ) Σ1/2 N (0, Id ).
2

Define Γ := Σ

hence

to write

1
(θ − θ 0 )> ∇2θ g(θ 0 )(θ − θ 0 ) + op
2

√1
n

g(θ) = g(θ 0 ) + (θ − θ 0 )> ∇θ g(θ 0 ) +

Thus, we can use Theorem 27 with an =

Finally, here is the proof of second-order multivariate Delta method (Theorem 17):
√
L
Proof From the assumption for convergence in law, i.e., n(θ n − θ 0 ) → N (0, Σ),

 and
√
Proposition 26, one concludes that n(θ n − θ 0 ) = Op (1) and therefore θ n − θ 0 = Op √1n .

B.3 Second-order Multivariate Delta Method

r2 (θ n , θ 0 ) = h(θ n ) ·

Finally, from equation (74) and Propositions 23, 24 and 25, we can write that

h(θ n ) − h(θ 0 ) = h(θ n ) = op (1).

Continuity of h(θ) at θ = θ 0 implies limθ→θ0 h(θ) = h(θ 0 ) = 0. Furthermore, since
θ n − θ 0 = Op (an ) and an → 0(as n → ∞), Proposition 25 suggests that θ n − θ 0 = op (1).
These two enable us to use Proposition 11 and write
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x∈Xq y=1

c
∇θ p(y| x, θ)∇>
1 X X
θ p(y| x, θ)
+ δId
p(y| x, θ) ·
|Xq |
p(y| x, θ)2

∇θ p(y| x, θ)
,
p(y| x, θ)

x∈Xq y=1

c
1 X X
vθ (x, y). vθ (x, y)> + δ · Id .
|Xq |

(84)

(83)

(85)



34
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c
−1
X X
Î(θ;
X
)
|X
|
q
q

Î(θ; Xq )−1 Î(θ; Xp ) =
· Id +
vθ (x, y) · vθ (x, y)> 
|Xp |
|Xp |
x∈Xp −Xq y=1


|Xp | − |Xq |
+ δ
· Î(θ; Xq )−1 .
(86)
|Xp |

Now that we related the Fisher information matrices to each other, we can compute the
product of Î(θ; Xp ) and Î(θ; Xq )−1 as



c
|Xq |  1 X X
>
Î(θ; Xp ) =
vθ (x, y). vθ (x, y) + δ · Id 
|Xp | |Xq |
x∈Xq y=1


c
X X
|Xp | − |Xq |
1
+
· Id
vθ (x, y). vθ (x, y)> + δ
|Xp |
|Xp |
x∈Xp −Xq y=1


c
X X
|Xq |
1
=
· Î(θ; Xq ) +
vθ (x, y). vθ (x, y)>
|Xp |
|Xp |
x∈Xp −Xq y=1


|Xp | − |Xq |
+ δ
· Id
|Xp |

On the other hand, since Xq ⊂ Xp we can write Î(θ; Xp ) in terms of Î(θ; Xq ) by breaking
the summation over Xp into summations over Xq and Xp − Xq as follows:

Î(θ; Xq ) =


p
p(y| x, θ) and rewrite Î(θ; Xq ) as
Define the vector vθ (x, y) := ∇θ p(y| x, θ)

x∈Xq y=1

c
1 X X ∇θ p(y| x, θ).∇>
θ p(y| x, θ)
=
+ δId .
|Xq |
p(y| x, θ)

Î(θ; Xq ) =

into Monte-Carlo approximation of Iq to get

∇θ log p(y| x, θ) =

We first substitute the score function of the classifier, i.e.,
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c
X

2

.

.

(88)

(91)

fθ (Xq ∪ {ξ}; y)
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X

x∈Xp −Xq

=
=

+

1

+

X

X

x∈Xp −(Xq ∪{ξ})

.

+

∀Xq ⊆ Xp .

0)

1

.

0)

(93)



(94)


gθ (x, y, x0 )

x0 ∈Xq

P

x0 ∈Xq

P

0)

x0 ∈Xq ∪{ξ} gθ (x, y, x

−1
P

δ
k vθ (x,y)k2

+

gθ (x, y, x0 )

x0 ∈Xq ∪{ξ} gθ (x, y, x

−1
P

δ · kvθ (x, y)k−2 +

0)

δ
k vθ (x,y)k2

gθ (x, y, ξ)


x0 ∈Xq ∪{ξ} gθ (x, y, x

.

+

x0 ∈Xq ∪{ξ} gθ (ξ, y, x

1
P

δ · kvθ (x, y)k−2 +

δ · kvθ (ξ, y)k−2 +

x∈Xp −Xq

+

P

0)

0)

x0 ∈Xq ∪{ξ} gθ (x, y, x

P

x0 ∈Xq ∪{ξ} gθ (ξ, y, x

P

δ
k vθ (x,y)k2

x0 ∈Xq ∪{ξ} gθ (ξ, y, x

P

0)

We then form the discrete derivative of fθ (·; y) at Xq to get

+

δ
k vθ (x,y)k2

δ
k vθ (x,y)k2

x∈Xp −Xq

ρfθ (·;y) (Xq ; ξ) = fθ (Xq ∪ {ξ}; y) − fθ (Xq ; y)
"
X
−1
=

+





+

1

The right-hand-side can be rewritten as
X

x∈Xp −Xq

δ
k vθ (x,y)k2
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Since by definition gθ (x, y, x0 ) ≥ 0, ∀ x, y, x0 , all of the terms in (94) are non-negative and
therefore ρfθ (·;y) (Xq ; ξ) ≥ 0. This is true for any Xq ⊆ Xp , hence monotonicity of fθ (·; y)
is obtained. Now let us take any superset Xq0 such that Xq ⊆ Xq0 ⊆ Xp and ξ ∈ Xp − Xq0 ,
and form the difference between their corresponding discrete derivatives. From (94), we will

+

#

Therefore, in order to prove submodularity and monotonicity of fθ , it suffices to prove
these properties for fθ (·; y) for all y ∈ {1, ..., c}. Fix y and take any subset Xq ⊆ Xp and
ξ ∈ Xp − Xq . Then, we can write

−1
P
,
δ · kvθ (x, y)k−2 + x0 ∈Xq gθ (x, y, x0 )

Appendix D. Proof of Theorem 8

X

Applying the trace function to both sides of the equation will result

1

|Xp | − |Xq |
|Xp |

c

k vθ (x, y)k

fθ (Xq ; y) =

Proof of this Theorem is a generalization of the discussion by Hoi et al. (2006), with clarification of all the assumptions and approximations made.
Pc
First, note that the function fθ can be broken into simpler terms fθ (Xq ) = y=1
fθ (Xq ;
y), where

+ δ

|Xq | · d
+
|Xp |

(87)

vθ (x, y)> Î(θ; Xq )−1 vθ (x, y),

c
h
i
h
i
X X
|Xq | · d
1
tr Î(θ; Xq )−1 Î(θ; Xp ) =
+
tr Î(θ; Xq )−1 vθ (x, y) · vθ (x, y)>
|Xp |
|Xp |
x∈Xp −Xq y=1


h
i
· tr Î(θ; Xq )−1

≈
|Xp |
x∈Xp −Xq y=1

vθ (x, y)> Î(θ; Xq ) vθ (x, y)

k vθ (x, y)k4

where the last term is dropped since the overloading constant, δ, is assumed to be small.
Furthermore, the term including Î(θ; Xq )−1 can be approximated by replacing the weighted
harmonic mean of the eigenvalues of Î(θ; Xq ) by their weighted arithmetic mean (Hoi et al.,
2006)
vθ (x, y)> Î(θ; Xq )−1 vθ (x, y) ≈

x ∈Xq y =1

c
i2
1 X Xh
vθ (x, y)> vθ (x0 , y 0 )
+ δk vθ (x, y)k2
|Xq | 0
0

Note that this approximation becomes exact when the condition number of Î(θ; Xq ) is one.
Substituting Î(θ; Xq ) from equation (84) into the denominator of the approximation above
yields
vθ (x, y)> Î(θ; Xq ) vθ (x, y) =

X

x∈Xp −Xq y=1

y 0 =1

2
c 
X
vθ (x, y)> vθ (x0 , y 0 )

X
1
P
,
δ · k vθ (x, y)k−2 + x0 ∈Xq gθ (x, y, x0 )

i
h
|X
q| · d
tr Î(θ; Xq )−1 Î(θ; Xp ) ≈
|Xp |
1
+
|Xp |

1
|Xq |

c

(90)

(89)
Assume that the value of θ is not located at the stationary point of the conditional density p(y| x, θ), hence vθ (x, y) is not the zero vector. Integrating approximation (88) with
equation (87) results

where

gθ (x, y, x0 ) :=

X

Finally by removing the constants in (90), we get the optimization
h
i
arg min tr Î(θ; Xq )−1 Î(θ; Xp )
Xq ⊂Xp

(92)
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X
−1
P
.
δ · k vθ (x, y)k−2 + x0 ∈Xq gθ (x, y, x0 )
Xq ⊂Xp x∈X −X y=1
p
q

≈ arg max
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θ

δ
k vθ (ξ,y)k2

x∈Xp −Xq0

X

δ
k vθ (ξ,y)k2

1

+

1

x0 ∈Xq

P

0)

.

−1

x0 ∈Xq



gθ (x, y, ξ)

g
(x,
y, x0 ) k v
0 ∪{ξ} θ

gθ (ξ, y, x0 )

x0 ∈Xq0 ∪{ξ} gθ (ξ, y, x

P

δ
k vθ (x,y)k2

+

x0 ∈Xq ∪{ξ}

P



+

P
(95)


gθ (x, y, x0 )




gθ (x, y, x0 )

x0 ∈Xq0

x0 ∈Xq

P

+

+

δ
2
θ (x,y)k

δ

2
θ (x,y)k



X

x0 ∈Xq0

−



x0 ∈Xq0



X

0

δ

gθ (x, y, x ) +
k vθ (x, y)k2

−1

δ

gθ (x, y, x ) +
k vθ (x, y)k2

0

x0 ∈Xq0

x0 ∈Xq ∪{ξ}

X

+

δ
k vθ (ξ,y)k2

+

P

1

x0 ∈Xq ∪{ξ} gθ (ξ, y, x

θ

0)

−
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δ
k vθ (ξ,y)k2

+

1

0)

(98)
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x0 ∈Xq ∪{ξ} gθ (ξ, y, x

P

θ

ρfθ (·;y) (Xq ; ξ) − ρfθ (·;y) (Xq0 ; ξ)


X
gθ (x, y, ξ)






≥
P
P
δ
δ
0
+ x0 ∈Xq ∪{ξ} gθ (x, y, x0 ) k vθ (x,y)k
2 +
x∈Xp −Xq
x0 ∈Xq gθ (x, y, x )
k vθ (x,y)k2


X
gθ (x, y, ξ)




−
P
P
δ
δ
0
+ x0 ∈Xq ∪{ξ} gθ (x, y, x0 ) k v (x,y)k
2 +
x∈Xp −Xq0
x0 ∈Xq gθ (x, y, x )
k v (x,y)k2
,

(97)

(96)

−1
δ
0

gθ (x, y, x ) +
k vθ (x, y)k2

0

−1
δ

gθ (x, y, x ) +
k vθ (x, y)k2

Applying the inequalities (96) and (97) into euqation (95) results

x ∈Xq0 ∪{ξ}

X

0

−1
δ

gθ (x, y, x ) +
k vθ (x, y)k2

x0 ∈Xq

≥ −



X

x0 ∈Xq

≤ 

Similarly, since Xq ∪ {ξ} ⊆ Xq0 ∪ {ξ} we will get

−1

X
δ
0


−
≥ −
gθ (x, y, x ) +
k vθ (x, y)k2
0

⇔

⇔



From non-negativity of gθ and that Xq ⊆ Xq0 , we can conclude that for any x ∈ X and
y ∈ {1, ..., c},
X
X
gθ (x, y, x0 ) ≥
gθ (x, y, x0 )

−

−

+

ρfθ (·;y) (Xq ; ξ) − ρfθ (·;y) (Xq0 ; ξ)

X
gθ (x, y, ξ)


=
P
δ
+
g
(x,
y, x0 ) k v
0
θ
2
x∈Xp −Xq
x ∈Xq ∪{ξ}
k v (x,y)k

have
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δ
k vθ (x,y)k2

+

P
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−a · b = (−a) · b ≥ (−a0 ) · b = a0 · (−b) ≥ a0 · (−b0 ) = −a0 · b0 .

12. The inequality in (98) is obtained by the fact that, for every four positive real numbers a, a0 , b and b0 ,
if we have −a ≥ −a0 and −b ≥ −b0 (similar to equations 96 and 97), then
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Hidden semi-Markov models (HSMMs) are discrete latent variable models which allow temporal
persistence of latent states, and can be viewed as a generalization of the popular hidden Markov
models (HMMs) (Chiappa, 2014; Murphy, 2002; Yu, 2010). In HSMMs, the stochastic model for
the unobservable process is defined by a semi-Markov chain: latent state at the next time step is
determined by the current latent state as well as time elapsed since the entry into the current state.
The ability to flexibly model such latent state persistence turns out to be useful in many application
areas, including anomaly detection (Tan and Xi, 2008; Xie and Yu, 2009), activity recognition (van
Kasteren et al., 2010), and speech synthesis (Zen et al., 2007). Such state persistence is in contrast to
HMMs, which use a Markov chain over latent state transitions and hence have an implicit geometric
distribution for the state duration (Rabiner, 1989).
Given a set of training sequences, one can formulate two distinct but related problems: learning, i.e., estimating model parameters and inference, i.e., computing the probability of an observed
and/or latent variable sequence. The methods proposed for learning HSMMs usually follow the initial idea due to Rabiner (Rabiner, 1989) based on the modifications of the Baum-Welch algorithm
(Baum and Petrie, 1966), which are all variants of the expectation maximization (EM) framework,

1. Introduction

Hidden semi-Markov models (HSMMs) are latent variable models which allow latent state persistence and can be viewed as a generalization of the popular hidden Markov models (HMMs). In
this paper, we introduce a novel spectral algorithm to perform inference in HSMMs. Unlike expectation maximization (EM), our approach correctly estimates the probability of given observation
sequence based on a set of training sequences. Our approach is based on estimating moments from
the sample, whose number of dimensions depends only logarithmically on the maximum length of
the hidden state persistence. Moreover, the algorithm requires only a few matrix inversions and is
therefore computationally efficient. Empirical evaluations on synthetic and real data demonstrate
the advantage of the algorithm over EM in terms of speed and accuracy, especially for large data
sets.
Keywords: Graphical models, hidden semi-Markov model, spectral algorithm, tensor analysis,
aviation safety
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• Through careful analysis we show that the number of dimensions in the sample moments
(represented as a multidimensional matrix or a tensor) in estimated observable representation
depends only logarithmically on the maximum length of latent state persistence (this is in
contrast to a standard implementation, which would have a linear dependence).

• By exploiting the homogeneity of HSMMs we make our proposed algorithm more efficient
and accurate than the algorithm which directly follows from the recipe in (Parikh et al., 2012)
for general graphs. In particular, our approach ensures that during the training phase the
number of matrix multiplications and inverses is fixed and independent of the sequence length
of the observations.

presented in (Dempster et al., 1977). Once the parameters are estimated, we can then perform inference using, e.g., the forward-backward algorithm of (Yu and Kobayashi, 2003). However, since
EM, in general, has no global guarantees in estimating the parameters correctly and can suffer from
slow convergence, such methods can be inefficient and/or inconsistent.
Bayesian nonparametric approaches based on hierarchical Dirichlet processes have also been
proposed for HMMs (Fox et al., 2008) and HSMMs (Johnson and Willsky, 2013). Such models
avoid the need to specify the number of latent states and can, in principle, learn it from data. However, in practice, inference algorithms for such models are often sensitive to initialization and may
suffer from slow convergence.
In recent years, there has been an increased interest in spectral algorithms, which provide computationally efficient, local-minimum-free, provably consistent inference and/or parameter estimation algorithms for latent variable models. For example, (Anandkumar et al., 2013a, 2014b, 2013c)
have proposed spectral methods for learning the parameters of a wide class of tree-structured latent
graphical models, including Gaussian mixture models, topic models, and latent Dirichlet allocation. The main idea is based on a tensor decomposition of certain low order moments, computable
directly from data, in order to extract the model parameters.
In many problems, however, the end goal is not the recovery of model parameters but statistical
inference, i.e., computing the probability of a given test sequence, which may be doable without
estimating the canonical model parameters. In this regard, (Hsu et al., 2012) have proposed an efficient spectral algorithm for inference in HMMs. It is based on the idea of expressing the probability
of the observed sequence in a representation which does not depend on the model parameters and
uses easily computable second and third order sample moments to perform inference. Although
their work has been used in models on sequences and trees used in Natural Language Processing
(NLP) and Reinforcement Learning (RL) (Boots and Gordon, 2010; Dhillon et al., 2011; Balle et al.,
2011; Cohen et al., 2014), their approach is not easily extendable to general latent variable models.
The work of (Parikh et al., 2011), on the other hand, introduced a spectral algorithm to perform
inference in latent tree graphical models with arbitrary topology, and later in (Parikh et al., 2012) a
general spectral inference framework for latent junction trees.
In this paper, we utilize the framework of (Parikh et al., 2012) and introduce a novel spectral
algorithm for inference in HSMMs. Since we address a more specific problem than (Parikh et al.,
2012), our results shed more light into the details of the spectral framework for HSMMs, allow for
a sharper analysis, and yield a significantly more efficient algorithm than the general framework in
(Parikh et al., 2012). There are two main technical contributions in this work:
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Observation variable in HSMM
Latent state variable in HSMM
Latent duration variable in HSMM
Set of observations to the right of time step t
Set of observations to the left of time step t

p,q,r

Inversion of tensor X with respect to modes q and r

p,q,r

Multiplication of tensor X and tensor Y along mode r

p1 ,...,pK ,q1 ,...,qL

tr

rs

sp

rs

tr

qsr

where the inversion is performed along the modes q1 , . . . , qL , and

p1 ,...,pK q1 ,...,qL

4

I

denotes an iden-
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tity tensor, whose elements are everywhere zero, except I(i1 , . . . , iK , i1 , . . . , iK ) = 1. To perform
inversion, we first convert tensor to a matrix, i.e., matrisized tensor. If the modes to be inverted
along are associated with columns of the matrix, we compute the right matrix inverse, so that these
modes get eliminated after the product. Otherwise, if those modes associated with rows, we compute left matrix inverse. Obviously, for the full rank square matrices both choices would produce
the same result. For example, in the above equation the matrisized tensor might be of the form
X
∈ RIp1 ···IpK ×Iq1 ···IqL , therefore, we would compute the right matrix inverse so that

p1 ,...,pK ,p1 ,...,pK

×q1 ,...,qL
X−1
=
I
,
p1 ,...,pK ,q1 ,...,qL p1 ,...,pK ,p1 ,...,pK

performed along the common modes, i.e., q and r.
Tensor Inversion. We also discuss the operation of tensor inversion. Tensor inverse X−1 is
always defined with respect to a certain subset of modes and can be written as follows:

pqr

To reduce clutter, in many places we will drop the multiplication subscripts. The implied modes
of multiplication can then be inferred from the subscripts of the tensors. Specifically, when two
tensors are multiplied, we first check their modes and then multiply along the modes which are
common to both of them. For example, in the product X × Y , the implied multiplication is


X (YZ)T = XZT YT .

If we let the matrisized tensors to be X ∈ RIp ×Is , Y ∈ RIt ×Ir and Z ∈ RIr ×Is , then the above can
be verified to be true since

sp



 
X ×s Y ×r Z = X ×s Z ×r Y.

Table 1: Summary of some of the key notations used throughout the paper.

Xt
ot ∈ {1, . . . , no }
xt ∈ {1, . . . , nx }
dt ∈ {1, . . . , nd }
ORt := {ot+1 , ot+2 , . . .}
OLt := {. . . , ot−2 , ot−1 }

p,p

X ∈ RIp Iq ×Ir
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×q1 ,...,qL

p,q,r
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X

p1 ,...,pK ,q1 ,...,qL

p

An important fact about tensor multiplication is that in a series of tensor multiplications the
order is irrelevant (i.e., it is an associative operation) as long as the multiplication is performed
along the matching modes, e.g,

=

p,q,r

In experiments, comparing our method with EM on both synthetic and real data sets, two observations stand out: (i) the spectral method gets similar or better performance than EM as the number
of samples increases, and (ii) the spectral method is orders of magnitude faster than EM for the
datasets we consider.
Few remarks are in order about the proposed algorithm. Note that our method does not estimate
model parameters explicitly but rather learns alternative representation to perform inference on observable variables. The idea of the observable representations was first introduced with the name
‘observable operators models’ by (Jaeger, 2000) in the context of constructing learning algorithm
for the identification of linearly dependent processes. Our formulation cannot be directly used to
infer hidden states, although methods such as in (Mossel and Roch, 2005) can be potentially utilized to recover original HSMM parameters from the learned representation. Finally, we note that
the similar ideas of using homogeneity of HMMs to improve algorithm’s efficiency has also been
utilized in other related works, e.g., (Siddiqi et al., 2010; Hsu et al., 2012).
The rest of the paper is organized as follows: We introduce notation in Section 2. In Section 3, we present HSMM inference from a tensor product perspective and in Section 4 introduce
the spectral algorithm for inference. In Section 5, we present a careful technical analysis to establish
logarithmic dependence of the number of modes in the tensor on maximum latent state persistence.
We present experimental results in Section 6 and conclude in Section 7.

2. Notation and Preliminaries

m1 ,...,mN

In this section, we cover basic facts about tensor algebra. Detailed tutorials on tensors can be found
in (Kiers, 2000) or (Kolda and Bader, 2009). A tensor is defined as a multidimensional array of
data, which will be denoted by boldface Euler script letters, e.g.,
X
∈ RIm1 ×···×ImN , which

Z

∈ RIq1 ×···×IqL ×Ir1 ×···×IrM and the resulting tensor on the left hand side is
∈ RIp1 ×···×IpK ×Ir1 ×···×IrM . Observe that in the above, we can flatten

p1 ,...,pK ,r1 ,...,rM

p1 ,...,pK q1 ,...,qL

is N -mode tensor of dimensions Im1 × · · · × ImN . A specific mode is denoted by the subscript
variable mi , whose dimension is Imi .
Any tensor can be matrisized (or flattened) into a matrix. This mapping can be done in multiple
ways, the only requirement is that the number of elements is preserved and the mapping is oneto-one. If we split the modes into two disjoint sets, one corresponding to rows and the other to
columns, e.g., {m1 , . . . , mN } = {p1 , . . . , pK } ∪ {q1 , . . . , qL }, then a matrisization of X is denoted
by a corresponding capital boldface letter, e.g.,
X
∈ RIp1 ···IpK ×Iq1 ···IqL .

Y

Tensor Multiplication. Multiplication of two tensors is performed along specific modes. For
this, we flatten each tensor to a matrix, perform the usual matrix multiplication and transform the
result back to a tensor. The multiplication is denoted by a symbol × with an optional subscript
representing the modes along which the operation is performed, e.g.,:

where

p1 ,...,pK ,r1 ,...,rM

Z

q1 ,...,qL ,r1 ,...,rM

of the form

JMLR 18(35):1-39, 2017

the tensors X and Y in multiple different ways as long as the matrix multiplication remains valid.
For example, we could assign the multiplication modes in both tensors to columns, in this case
the matrix product becomes Z = XYT . Alternatively, the tensor Y could be matrisized with the
multiplication modes corresponding to rows, resulting in the product Z = XY.
3

pppq

tp

sp

pr

tp

X ×p Y ×p Z

pr

tpp

sp

prt

srt

5
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1. To reduce clutter, in the main paper we only consider the model for a general time stamp t and ignore the initial
(t = 0) and final (t = T ) steps of the model, whose representation differs slightly from what is shown in Figure 1.
The details for these parts are presented separately in Appendix B.

In this paper, we consider the problem of inference in HSMM1 (see Figure 1). Unlike the popular
HMM, which has a geometric probability for state persistence, i.e., the probability of persisting in
the same state over t time steps decreases as π t , where π is the probability of persistence for one
time step, HSMM explicitly models state persistence. From a graphical model perspective, HSMM
has three sets of variables: the observations ot ∈ {1, . . . , no }, the latent states xt ∈ {1, . . . , nx }, and
another latent variable dt ∈ {1, . . . , nd } which determines the length of state persistence. HSMM

3. Problem Formulation

a matricization of the form X ∈ RIp Iq ×Is can have a rank r2 , and so on. In our derivations, the
particular rank we are referring to will be evident from the context.
In Table 2 we summarized some of the key notations used throughout the paper.

pqs

Tensor rank Finally, we discuss the meaning of a tensor rank. A tensor can have multiple ranks
and each of them is defined based on the rank of a particular matricization. For example, consider
a tensor X . If we flatten it to a matrix X ∈ RIp ×Iq Is then it can have a rank r1 . On the other hand,

p1 ,...,pK

so that there are two multiplications over mode p and cumulatively there are four times such a
mode is encountered in the participating tensors. To reduce clutter, we sometimes do not explicitly
show the duplicated variables in the subscripts; the implied mode repetition will be evident from the
context or explicitly stated in cases when there is a confusion. For example, the identity tensor will
often be written as I .

sp

cannot be done since any product of two tensors along the mode p would eliminate it, preventing
any further multiplications. In general, if there are N multiplications along the specific mode, then
there are must be cumulatively 2N number of times such a mode is encountered in the participating
tensors. In our example, we might duplicate the mode p in, say, tensor Z to have


X ×p Y ×p Z = X ×p W = V ,

sp pr

p duplicated three times, then for a fixed index i, the sub-tensor X(:, :, :, i) is a hypercube with
elements X(:, i) on the diagonal.
Mode duplication enables us to multiply several tensors along the same mode. For example, if
we need to multiply tensors X, Y and Z along the mode p, then a simple product of the form

pq

In general, if a tensor has duplicate modes, the corresponding sub-tensor can be interpreted as a
hyper-diagonal. For example, if for a tensor X we construct a tensor X , which has its mode

p1 ,...,pK ,p1 ,...,pK

the modes q1 , . . . , qL are eliminated. If the matrisized X has full row rank, then the inverse can be
computed, otherwise we could only compute its pseudo-inverse. Tensorizing the matrix X−1 gives
us the desired tensor inverse.
Mode Duplication. Observe that in the above, the tensor
I
has duplicate modes.

A S PECTRAL A LGORITHM FOR I NFERENCE IN HSMM

ot

xt

dt
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We start by considering the matrix forms of the HSMM parameters and writing the computations
in tensor notation, as introduced in Section 2. Specifically, p(dt |xt , dt−1 = 1) is denoted as
D ∈ Rnd ×nx , p(xt |xt−1 , dt−1 = 1) is denoted as X ∈ Rnx ×nx , and p(ot |xt ) as O ∈ Rno ×nx .
We make the following assumptions on the HSMM parameters:

3.1 HSMM in Tensor Notations

where δ(a, b) denotes the Dirac delta function: δ(a, b) = 1 if a = b and 0 otherwise. In addition, one
can consider suitable prior probabilities p(x0 ) and p(d0 ). In essence, dt works as a down counter
for state persistence. When dt−1 > 1, the model remains in the same state xt = xt−1 , while when
dt−1 = 1, one samples a new state xt and the new duration in that state dt |xt . For our analysis,
we assume p(dt |xt , dt−1 = 1) to be a discrete distribution over {1, . . . , nd } where nd denotes the
largest duration of state persistence.
The considered inference problem can be posed as follows: given a set of discrete sequences
{S1 , . . . , SN } drawn independently from the HSMM model, where each sequence is defined as
Si = {oi1 , . . . , oiTi }, i = 1, . . . , N , our goal is to compute the probability p(Stest ) of any given test
test
sequence Stest = (otest
1 , . . . , oT ). A traditional approach would be to estimate the CPTs using
the EM algorithm, and use the estimates to compute p(Stest ). However, the EM algorithm is not
guaranteed to estimate the parameters optimally, and hence the computation of p(Stest ) may be
incorrect. The focus of our work is to develop a provably correct spectral algorithm for computing
the probability p(Stest ).

is specified by three conditional probability tables (CPTs): the observation/emission probability
p(ot |xt ) and the state transition and the duration probabilities given by
(
p(dt |xt )
if dt−1 = 1
p(dt |xt , dt−1 ) =
(1)
δ(dt , dt−1 − 1) if dt−1 > 1 ,
(
p(xt |xt−1 )
if dt−1 = 1
p(xt |xt−1 , dt−1 ) =
(2)
δ(xt , xt−1 )
if dt−1 > 1 ,

Figure 1: Hidden Semi-Markov Model (HSMM) depicted as a dynamic Bayesian network. Here
ot ∈ {1, . . . , no } denotes an observation at time step t, xt ∈ {1, . . . , nx } is a latent state
and dt ∈ {1, . . . , nd } is the length of state persistence at time step t.

ot−1

xt−1

xt−2
ot−2

dt−1

dt−2
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Xt−1
xt−1 xt−2 dt−2
xt−1

Dt
dt−1 xt−1 dt−2
xt−1 dt−1

Xt
xt xt−1 dt−1
xt
o t xt

Ot

xt dt−1
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xt−1 dt−2

ot−1 xt−1 Ot−1

Dt+1
dt xt dt−1

Figure 2: Junction Tree for Hidden Semi-Markov Model. The ovals represent cliques, which are
denoted by capital blackboard bold variables; the rectangles denote separators. Symbols
within the shapes represent the variables on which the corresponding potentials depend.

P

xt |xt−1 dt−1

Assumptions
A1. X is full rank and has non-zero probability of visiting any state from any other state.
A2. D has a non-zero probability of any duration in any state.
A3. O is full column rank and, as a consequence, nx ≤ no .
We provide some comments on the above assumptions. We note that the assumption A1 can be
relaxed to allow zero entries (while still ensuring full rank structure) and thus prevent certain states
to be directly reachable from other states; however, this would require more involved analysis based
on the mixing time of the corresponding Markov chain (Levin et al., 2009), and is not pursued in
this work. Also, observe that the assumption of nx ≤ no is needed in order to ensure that hidden
states are identifiable, although recent work is showing that such an assumption can be relaxed in
some cases (Bailly et al., 2009; Anandkumar et al., 2013b). Intuitively, it means that the number
of different observations coming from each state is large enough, so that one hidden state can be
differentiated from the other.
To express the joint probability p(o1 , . . . , oT ) for any possible observation sequence in tensor
form, we utilize the junction tree algorithm (Barber, 2012). The resulting tree is shown in Figure 2
and it corresponds to the graphical model of HSMM in Figure 1. Recall, that the junction tree is a
tree-structured representation of an arbitrary graph enabling efficient inference. It can be constructed
by forming a maximal spanning tree from the cliques of the graph. The cliques then represent
vertices in the junction tree and the edges connecting the vertices are labeled with variables common
to two cliques it connects. The set of variables on the edges are referred to as separators. For
example, in Figure 2 the cliques Xt and Dt have two variables in common, xt−1 and dt−1 , and
which define the sepatator between Xt and Dt .
We proceed by representing the clique CPTs of the junction tree as tensors. For example, the
clique Xt , containing the CPT of p(xt |xt−1 , dt−1 ) is represented as tensor
X
. For ease of

ot |xt

o1 ,...,oT

then the

exposition, the tensor’s modes are named based on the variables on which the tensor depends. We
also keep the conditioning symbol | for clarity. Similarly, we represent the clique Dt with its CPT
p(dt |xt , dt−1 ) as tensor D , and Ot containing p(ot |xt ) as tensor O .

dt |xt dt−1

If we denote the joint probability of the observed sequence p(o1 , . . . , oT ) as
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message passing for the junction tree algorithm in Figure 2 can be represented as tensor multiplications:
7

P

o1 ,...,oT

=

Y
t

t



X

xt xt |xt−1 dt−1 dt−1

ot |xt

×xt O



the tensor product over multiple time steps.

×xt−1 dt−1

M ELNYK AND BANERJEE

D

Q

dt−1 |xt−1 xt−1 dt−2

where, for simplicity, we denoted by

,

xt xt |xt−1 dt−1 dt−1

(3)

Note that in (3) the neighboring tensors are multiplied along the modes which are the separator
variables between two corresponding neighboring cliques in Figure 2. Therefore, as we discussed in
Section 2, if a certain mode of a tensor is to participate multiple times in products with other tensor,
the mode must be duplicated for the expression to remain correct. It can easily be seen from the
junction tree that the number of times the mode is duplicated depends on the number of times such
a variable appears in separators adjacent to the clique. For example, the tensor
X
has

a mode xt−1 appearing once in the separator connecting Xt and Dt in Figure 2, while xt appears a
total of two times, once in the separator connecting Xt and Ot , and once in the separator connecting
Xt and Dt+1 . Finally, dt−1 appears in the separator between Dt and Xt , and between Dt+1 and Xt .
Applying the same reasoning to tensors D and O results in the expression (3).
3.2 Summary of Technical Results

In this work, we represent expression (3), which is defined in terms of unknown model parameters,
in a different observable form, where all the factors can be estimated directly from data using certain
sample moments without knowledge of model parameters. Such an observable form is derived in
Sections 4.1 and 4.2. Based on the observable form, in Section 4.3 we propose a simple spectral
algorithm which requires estimating X, D and O for all the time stamps t. This estimation process is
expensive as it involves costly tensor operations to be performed at each time index t. Moreover, the
accurate estimation of these tensors requires large number of training sequences which might not be
available, leading to inaccurate and unstable computations. However, exploiting the homogeneity
property of HSMMs, i.e., the probability distributions represented by the above tensors are the same
across all time t, we derive a computationally efficient and accurate spectral algorithm in Section
4.4 which requires the estimation of only three tensors for all the time stamps t. Although the
computational complexity of the inference, i.e., the evaluation of expression (3), is not affected by
the introduced modifications, the overall algorithm becomes faster and more accurate.
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In Section 5 we return to the results of Sections 4.1 and establish the conditions under which
the derived observable form can be computed from data. In particular, our analysis shows that
the number of dimensions of the required sample moments (in the form of tensors, estimated from
data and representing the co-occurrence frequency of certain observable variables), has logarithmic
dependence on the longest state persistence nd . Such conclusion is in contrast to the analysis,
which would follow from the work of (Parikh et al., 2012), in which case the required number
of dimensions in the estimated sample moments would have had linear dependence on nd . The
exponential reduction in the size of the estimated tensors represents significant improvement in
algorithm’s efficiency and accuracy since the multidimensional matrices are of smaller size and
consequently more data is available to estimate each of its entry.

8

o1 ,...,oT

×xt−1 dt−2

×xt−1 dt−1

dt−1 |xt−1 xt−1 dt−2

D

xt−1 dt−1

I

×xt−1 dt−1


xt xt |xt−1 dt−1 dt−1

X
xt

ot xt

×xt I ×xt O


xt dt−1

×xt dt−1 I ×, (4)

ωxt xt

ωxt xt

F−1

F−1

=

ωxt−1 dt−1 |xt−1 dt−1

ωxt−1 dt−2 |xt−1 dt−2

=

ωxt |xt

ot |xt

×xt−1 dt−1

×xt−1 dt−2


X



×xt dt−1

F

F

ωxt dt−1 |xt dt−1

ωxt−1 dt−1 |xt−1 dt−1

ωxt |xt

×xt F

×xt−1 dt−1

xt xt |xt−1 dt−1 dt−1

D

dt−1 |xt−1 xt−1 dt−2

9
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Note that although each of the above tensors depends only on certain observed variables ω, for a
concrete algorithm one has to decide what these ω are, and also how to estimate the associated

ωxt ot

Õ = F−1 ×xt O .

ωxt−1 dt−1 ωxt ωxt dt−1

X̃

ωxt−1 dt−2 ωxt−1 dt−1

D̃

After expanding each of the identity tensors, regrouping the factors and recalling that in a series
of tensor multiplication the order is irrelevant, we can identify three modified tensors:

ωxt |xt

corresponding to a conditional probability distribution, i.e., p(ωxt |xt ) and therefore write F .

ωxt xt

F, whose columns correspond to xt , has full column rank, and (iii) we interpret the factor F as

ωxt xt

we have freedom in selecting it as convenient. Moreover, observe that since the tensor inversion
is done along the mode ωxt and the matrix F has its rows associated with mode ωxt , we need to
ensure such a matrix has full column rank for the inverse to exist and for the product F−1 F to be the
identity matrix (see Section 2 for more details on tensor inversion). Based on the above discussion,
we choose tensor F such that (i) ωxt are the observed variables, (ii) F is invertible, i.e., matrix

xt

fixed and is determined by the modes of the identity tensor I , while the mode ωxt is not fixed and

ω x t xt

for some invertible factor F , whose modes are xt and ωxt . Note that the choice of mode xt is

xt

I = F ×ωxt F−1 ,

where all the identity tensors have duplicated modes which are not shown.
Now rewrite each of the identity tensors in (4) as a multiplication of some factor times its
inverse. For example,

xt−1 dt−2

× I

in terms of the quantities directly computable from data. To that end, we follow (Parikh et al., 2012)
and between every two factors in (3) introduce an identity tensor with the modes corresponding to
the modes along which the multiplication is performed. For example, consider a part of (3) after
introducing identity tensors:

Observe that the computation of the joint probability in (3) requires knowledge of the unknown
model parameters. Our goal is to change the tensor representation such that P can be written

4.1 Observable Tensor Representation

In this Section we present the details of the spectral inference approach. In particular, in Sections
4.1 and 4.2 we derive observable tensor representation and show how to estimate each of its factors
directly from data. Practical algorithms implementing these ideas are then derived in Sections 4.3
and 4.4.

4. Spectral Algorithm for Inference in HSMM
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ωxt−1 dt−2 ωxt−1 dt−1

xt

=

t

Y

ORt−1 ORt

D̃

×ORt

X̃

ORt ot ORt



ot ot

×ot Õ



.

(5)

D̃

=

F−1

ORt−1 |xt−1 dt−2

×xt−1 dt−2

D

×xt−1 dt−1
dt−1 |xt−1 xt−1 dt−2

F

ORt |xt−1 dt−1

,

(6)

p(OLt−1 , ORt−1 ) =

xt−1 dt−2

X

10

(7)
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p(OLt−1 |xt−1 dt−2 )p(ORt−1 |xt−1 dt−2 )p(xt−1 dt−2 ).

whose modes are the observable variables ORt−1 and ORt . To estimate this tensor from data, consider OLt−1 , a set of the observed variables such that OLt−1 and ORt−1 are independent, conditioned
on xt−1 dt−2 (see Figure 3):

ORt−1 ORt

D̃

ORt−1 ORt

Consider the tensor from Section 4.1

4.2.1 C OMPUTATION OF T ENSOR

In this Section we express each of the tensors in (5) in forms which can be directly estimated from
the observed sequences.

4.2 Estimation of Observable Tensors

Comparing (3) and (5) we see that the above equation expresses the joint probability distribution
in the observable form. As noted above, we cannot yet use this formula in practice since we do
not know how to compute the transformed tensors. In what follows, we show how to estimate such
tensors directly from data, without the need for the model parameters.

o1 ,...,oT

P

Therefore, we need to define three types of observable sets ωxt−1 dt−1 , ωxt dt−1 and ωxt . There are
multiple choices for these sets, one of them is ωxt−1 dt−1 = ωxt dt−1 = {ot+1 , ot+2 , . . .} for all
t (see Figure 3 for an illustration). Ideally, we want these sets to be of minimal size, since they
need to be estimated from observations. The detailed description of how many and which of these
observations to select to get a minimal set is deferred until Section 5, where we also show that we
can set ωxt = ot .
In what follows, we define ORt := {ot+1 , ot+2 , . . . , ot+τ } (see Figure 3) to emphasize that this
is a fixed set of observations whose length τ is yet to be determined, starting after time stamp t and
going to the right (or forward in time) in the graphical model in Figure 1. With these definitions,
setting ωxt−1 dt−1 = ORt , ωxt dt−1 = ORt , ωxt−1 dt−2 = ORt−1 and ωxt = ot , we can now rewrite
(3) in the form:

xt−1 dt−1 xt dt−1

Next, we discuss the choice of the observable set ω in the factors F. From Figure 2 we can
see that there are three types of separators which depend on xt−1 dt−1 , xt dt−1 and xt , consequently,
there are three types of identity tensors which we introduced in (4), i.e.,
I , I and I .

tensors from data. The right hand side in the above expressions depend on the unknown model
parameters, whereas the tensors on the left do not correspond to valid probability distributions (due
to the presence of inverses F−1 ), and so cannot be estimated from data using sample moments. For
example,
D̃
is not a tensor form of p(ωxt−1 dt−2 , ωxt−1 dt−1 ).
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dt+1
xt+1

dt
xt

dt−1
xt−1
ot+1

dt−2
xt−2
ot
O Rt

ot−1

ORt−1

ot−2
OLt

�
M

OLt−1 ORt−1

−1

×

M

−1

�

M

ot−1 ot

OLt−1 ORt−1 ot−1

X̃

�

ORt−1 ot−1 ORt−1

ot−1

Õ

ot−1 ot−1

ORt−1

−1

×

M

OLt−1 ORt

�

O Rt

�

M

−1

×

X̃

Õ

M

OLt O R t o t

ot ot

ot

OR t o t O R t

O Lt OR t
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D̃

ORt−1 ORt
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−1

×

M

OLt ORt+1

D̃

ORt ORt+1

ot ot+1

× M

�

Figure 4: Graphical representation of the HSMM spectral algorithm for inference in Algorithm 1.
As compared to junction tree in Figure 2, the cliques and separators are now defined in
terms of the tensors, which are defined with respect to the observed data. The expressions
in the parenthesis show the observable representation of the corresponding tensors.

OLt−1

Figure 3: Conditional independence in HSMM. The figure depicts two sets of relationships: OLt
and ORt are independent conditioned on xt−1 dt−1 , similarly, OLt−1 and ORt−1 are
conditionally independent given xt−1 dt−2 . We defined OLt = {. . . , ot−2 , ot−1 } and
ORt = {ot+1 , ot+2 , . . .}.

=
F

OLt−1 |xt−1 dt−2

×xt−1 dt−2
F

ORt−1 |xt−1 dt−2

×xt−1 dt−2

K ,

xt−1 dt−2

The above conditional independence relationship can be written in tensor form:

defined with respect to unknown model parameters (as, for example, in (7)), we can readily estimate
them from data. For example, M is a tensor, where each entry is computed from the frequency

O

M

×ORt−1
O

|xt−1 dt−2

F−1

Rt−1

F−1

ORt−1 |xt−1 dt−2

=
=

O

Lt−1

F

|xt−1 dt−2

×xt−1 dt−2

I

xt−1 dt−2

F

K

K ,
xt−1 dt−2

xt−1 dt−2

×xt−1 dt−2

×xt−1 dt−2
OLt−1 |xt−1 dt−2

(9)
Next, substituting (9) back to (6), we get

×OLt−1
OLt−1 .

M−1
OLt−1 ORt−1

is inverted with respect to mode

M

OLt−1 ORt

,

(10)

4.2.2 C OMPUTATION OF T ENSOR

=

X̃

O Rt o t O Rt

×xt−1 dt−1

ORt |xt−1 dt−1

F−1

X

xt xt |xt−1 dt−1 dt−1

ot |xt

×xt F

×xt dt−1

The form of this tensor was established at the beginning of Section 4.2 to be:


X̃

ORt ot ORt

K

xt−1 dt−1

=

M =
K

F

×xt−1 dt−1

F

OLt ORt

= M−1 ×OLt

ORt |xt−1 dt−1

F

ORt |xt−1 dt−1

F

OLt |xt−1 dt−1

K

xt−1 dt−1



×xt−1 dt−1

X

K ,

xt−1 dt−1

K ,

xt−1 dt−1

F



.

×xt dt−1

F

(11)

(12)

ORt |xt dt−1

.

is inverted with respect

ot |xt
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×xt F

M

xt xt |xt−1 dt−1 dt−1

OLt ORt

×xt−1 dt−1

from the above equation

and we omitted the duplicated modes.

OLt |xt−1 dt−1
xt−1 dt−1 xt−1 dt−1

O L t O Rt

Consider the following conditional independence relationship (see Figure 3):

where

F−1

×xt−1 dt−1

×xt−1 dt−1

is inverted with respect to mode ORt , while

ORt |xt−1 dt−1
ORt |xt−1 dt−1

F

We express the inverse of tensor

where tensor

F

OLt |xt−1 dt−1

12

ORt |xt dt−1

of co-occurrence of tuples of the observations {. . . , ot−3 , ot−2 , ot+1 , ot+2 , . . .}. Ideally, we want a
small number of observations since we need to estimate their co-occurrence frequency from the
training data. A precise characterization of how many and which of these observations suffices for
the analysis will be done in Section 5.

OLt−1 ORt

(8)

M

OLt−1 ORt−1

ORt−1 |xt−1 dt−2

where tensor K represents the marginal p(xt−1 , dt−2 ). Note that, though not shown, the modes
xt−1 and dt−2 need to appear twice in K, since it interacts with both other terms (see the discussion
on mode duplication in Section 2). The set OLt−1 is defined in a way similar to ORt but with the
set of observations starting at time stamp t − 2 and going to the left (or backward in time), i.e.,
OLt−1 := {. . . , ot−3 , ot−2 } (see Figure 3).
Next, we express the inverse of the tensor
F
from (8) and substitute back to (6). For

O
Lt−1

Rt−1

this, we observe that in (6) the tensor F−1 is inverted with respect to mode ORt−1 , therefore, we do
the following:

where

M−1
OLt−1 ORt−1

×OLt−1

D̃ = M−1 ×OLt−1
F
×xt−1 dt−2 K ×xt−1 dt−2
D
×xt−1 dt−1
F
ORt−1 ORt OLt−1 ORt−1
xt−1 dt−2
OLt−1 |xt−1 dt−2
dt−1 |xt−1 xt−1 dt−2
ORt |xt−1 dt−1
OLt−1 ORt−1

= M−1

OLt ORt

= M−1 ×OLt

to mode OLt . Substituting back to (11), we get
X̃

where we have eliminated all the latent variables by multiplying the last four terms on the first line.
and M represent valid joint probability distributions
Observe that the tensors
M
OLt−1 ORt

O Rt o t O Rt

OLt−1 ORt−1
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over a subset of observations p(OLt−1 , ORt−1 ) and p(OLt−1 , ORt ), respectively, and though they are
11

OLt |xt−1 dt−1

X̃
M

O L t O Rt o t

,

ot |xt

F

.

(13)

ORt |xt dt−1

ot |xt

ot |xt

Õ = F−1 ×xt O .

ot ot

ot ot

ot ot+1

ot ot+1

ot |xt

ot+1 |xt

F

ot ot+1

P

o1 ,...,oT

ot |xt

X̃

,

ot ot

, and Õ for each t using (10), (13) and (15) from the training data. In the inference step,

D̃

ORt−1 ORt

D̃

ORt−1 ORt

=

13

M−1
OLt−1 ORt−1

×OLt−1
M

OLt−1 ORt

.
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use (5) to compute p(Stest ). Algorithm 1 shows its basic version and Figure 4 shows the graphical
representation of this algorithm in terms of the transformed junction tree of Figure 2.
As an example, consider the learning step of the algorithm and the computation of tensor in
(10), i.e.,

ORt−1 ot ORt

(15)

(14)

entirely using the observed

variables can be described as a two step process: in the learning step, compute tensors

The basic version of the spectral HSMM algorithm to compute

ot ot+1

xt

xt

×xt K ,

×xt K ×xt O

= M−1 ×ot+1 M .

4.3 Basic Version of Spectral Algorithm

ot ot

F

xt

×xt K .

ot+1 |xt

F

ot+1 |xt

F−1 = M−1 ×ot+1

ot |xt

Õ = M−1 ×ot+1

and substituting in (14), we get

ot |xt

Expressing the inverse of F

ot ot+1

M = F ×xt

The conditional independence relationship can take the form

Finally, we consider the tensor

4.2.3 C OMPUTATION OF T ENSOR Õ

where the right hand side can now be estimated directly from data, without the need for the model
parameters.

OLt ORt

xt xt |xt−1 dt−1 dt−1

= M−1 ×OLt

xt−1 dt−1

ORt ot ORt

Finally, (11) can now be written as

OLt ORt ot

Considering the last five factors and multiplying them together, we obtain


X
×xt F ×xt dt−1
M =
F
×xt−1 dt−1 K ×xt−1 dt−1

A S PECTRAL A LGORITHM FOR I NFERENCE IN HSMM

X̃

ORt−1 ORt

D̃



from the frequency of co-occurrence of tuples

ot ot ot =otest
t

×ot Õ

M

ORt−1 OLt−1

(see Section 2 for

ORt−1 OLt−1

OLt−1 ORt

OLt−1 ORt

ORt−1 ORt

∈ R10×1 , a third column in the original matrix.

ot ot

OLt−1 ORt−1

14
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Analyzing (10), (13) and (15), we see that the computational complexity of the learning phase of
the algorithm is determined by the tensor inverses and multiplications. For example, if in (10) we de`
`
log nd
M
∈ Rno ×no
note |OR | = |OL | = ` (in Section 5 we will show that ` = d1 + log
nx e), then

ot ot ot =otest
t

Õ

10×10 and otest = 3 then
the column corresponding to the element otest
t . For example, if Õ ∈ R
t

ot ot ot =ot

the second mode ot , whose dimension is no is collapsed into a scalar. This operation is denoted as
, which means that based on the value of the tth symbol in testing sequence, we select
Õ
test

ot ot

produces a matrix, which is then converted to a tensor to get the final result in (10).
In the inference step we perform tensor multiplications for each t running along the length of
the testing sequence. The only nuance here is that before multiplying the tensor Õ with others,

ORt−1 OLt−1

using the corresponding co-occurrences of the ob-

served symbols. Matrisizing the result, so that the rows correspond to the modes OLt−1 and the
columns to ORt , we get the matrix M . The multiplication M−1
·
M =
D̃

OLt−1 ORt

M

ORt−1 OLt−1

Similarly, we estimate the tensor

ORt−1 OLt−1

the discussion on tensor matrisization and inversion). Finally, we compute the right inverse of the
matrix to obtain M−1 , so that
M
· M−1 = I

OLt−1 are associated with columns and ORt−1 with rows in matrix

OLt−1 ORt−1

of the observed symbols {. . . , ot−3 , ot−2 , ot+1 , ot+2 , . . .} in the given data set (the sets OLt−1 and
ORt−1 were defined at the beginning of Section 4.2). Next, following our discussion after (9),
we invert M−1 along the modes OLt−1 . For this, we matrisize the tensor so that the modes

M

X̃

O Rt o t O Rt



OLt−1 ORt−1

×ORt

o t ot

and Õ from data {S1 , . . . , SN } using equations (10), (13) and

For a fixed t, we estimate each entry of

end for

p(Stest ) = p(Stest ) ×

Inference phase:
p(Stest ) = 1
for t = T down to t = 1 do

(15).
end for

,

ORt−1 ORt ORt ot ORt

Learning phase:
for all t do
Estimate
D̃

Algorithm 1 Basic Spectral Algorithm for HSMM inference
Input: Training sequences: Si = {oi1 , . . . , oiTi }, i = 1, . . . , N .
test
Testing sequence: Stest = {otest
1 , . . . , oT }.
test
Output: p(S )

M ELNYK AND BANERJEE

and
M

OLt−1 ORt

`

A S PECTRAL A LGORITHM FOR I NFERENCE IN HSMM

`

∈ Rno ×no . The computational complexity of the multiplications and inversions would

O Rt

then be O(no3` ). Performing this computations
for all t and assuming that the length of the se
quences is T , would result in O no3` T . Additionally, with N training examples there will be a cost
of O (`N T ) to estimate the sample moments M, which is based on counting the co-occurrences of
certain observable symbols. In the inference phase of the algorithm, we perform a series of tensor
multiplications with the cost of O(no3` T ).
4.4 Efficient Version of Spectral Algorithm

O

Lt−1

ORt−1 ORt

Note that for large ` the accurate estimation of tensors M for each t will require large number of
training sequences which might not be available, leading to inaccurate and unstable computations.
Observe, however, that for example the estimated sample-based tensors M in (10) for each t

X
M

OLt−1 ORt−1

!−1
×OL

X
t

M

OLt−1 ORt

!

,

(16)

estimate the same population quantity due to homogeneity of HSMM. Thus, a novel aspect of our
work is the improvement of the accuracy and efficiency of the basic Algorithm 1 by exploiting the
homogeneity property of HSMM and estimating the tensors X̃, D̃ and Õ using all time steps, i.e.,
by pooling samples across different t and averaging the estimates. Thus, we compute only three
tensors across all t, as opposed to computing these tensors separately for each t.
We show the details for computing the tensors D̃ in the batch form. The derivations for other
tensors X̃ and Õ can be computed in a similar manner. Recall from (10) the form of
D̃ , and

D̃ =
t

consider the following alternative expression, based on the sum over all t:

M

OLt−1 ORt−1

×xt−1 dt−2

=
F

OLt−1 |xt−1 dt−2

F

ORt−1 |xt−1 dt−2

=

=

(b)

(a)

F

t

×xt−1 dt−2

F

×

F

t

X

K ,
xt−1 dt−2

×xt−1 dt−2
F

,

F

K

(17)

(18)

OLt−1 xt−1 dt−2

×xt−1 dt−2
F

does not

xt−1 dt−2 xt−1 dt−2

OLt−1 xt−1 dt−2

ORt−1 |xt−1 dt−2

OR2 |x2 d1

=

F

X

ORt−1 |xt−1 dt−2

xt−1 dt−2

K

×xt−1 dt−2

×xt−1 dt−2

F

OLt−1 |xt−1 dt−2

!

where OL denotes a generic mode of the averaged tensor M, corresponding to OLt−1 for all t. Note
that in practice, instead of summation, we use averaging to avoid numerical overflow problems, and
the average is equivalent to the expression in (16) since the term T1 cancels out. Since

F

OLt−1 |xt−1 dt−2

the first term inside brackets can be rewritten as:
X
t

where in (a) we combined the two factors, i.e.,

OLt−1 xt−1 dt−2

and in (b) we used the homogeneity property of HSMM, i.e., the fact that

ORt−1 |xt−1 dt−2

xt−1 dt−2

depend on time stamp t, and extracted one of the common factors, in fact, the first factor. Note
, on the other hand, does depend on t since the factor K , which
that the term
F
OLt−1 xt−1 dt−2
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represents the probability p(xt−1 , dt−2 ), changes as the time stamp t changes.
15

=

F

OLt−1 |xt−1 dt−2

Similarly, since
M

OLt−1 ORt

F

|xt−1 dt−2

K

×xt−1 dt−2

F

D

OR3 |x2 d2

,

D

×xt−1 dt−1

F

,

(19)

ORt |xt−1 dt−1

F

(20)

dt−1 |xt−1 xt−1 dt−2

D

ORt |xt−1 dt−1

×xt−1 dt−1

×xt−1 dt−1

F

ORt |xt−1 dt−1

dt−1 |xt−1 xt−1 dt−2

dt−1 |xt−1 xt−1 dt−2

M ELNYK AND BANERJEE

×xt−1 dt−2

×x2 d2

D

×xt−1 dt−2

xt−1 dt−2

K

D

d2 |x2 x2 d1

dt−1 |xt−1 xt−1 dt−2

xt−1 dt−2

!

×

×xt−1 dt−2

×xt−1 dt−2
F

F

OLt−1 xt−1 dt−2

OLt−1 xt−1 dt−2

t

X

t

X

Lt−1

rewrite the second term in (16) as
O

X
t

=
=

X

=

F

×

F

X

t

OR3 |x2 d2

!−1
×x2 d2

OLt−1 xt−1 dt−2

D

,

d2 |x2 x2 d1

D̃

ORt−1 ORt

×x2 d1

t

F

OLt−1 xt−1 dt−2

!

×

D

×

F

OR3 |x2 d2

ORt−1 ORt

d2 |x2 x2 d1

(22)

(21)

are homogeneous, independent of t. Now if we multiply the inverse of (18) with

where we used the transformations similar as in (18), i.e., the fact that the factors
F

×

ORt |xt−1 dt−1

(20), we get

and

F−1

D̃

OR2 OR3

OR2 |x2 d1

F−1

OR2 |x2 d1

=
=

=

ORt−1 |xt−1 dt−2

F−1

×

×

dt−1 |xt−1 dt−2

D

F

ORt |xt−1 dt−1

,

where in (21) we used the fact that the order in which tensors are multiplied is irrelevant and also
the fact that the terms in parenthesis are invertible. This is due to the fact that the set of observations
OLt−1 for all t is selected so as to make each of the summand invertible (see Section 5 for the details
about the choice of OLt−1 ). Moreover, in (22) we used the definition of
D̃
D̃

ORt−1 ORt

X
t

M

OLt−1 ORt−1

!−1

×OL

X

t

M

OLt−1 ORt

!

(23)
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.

together with the homogeneity property of HSMM. We note that although the above derivations rely
on the assumption of the existence of the matrix summation inverse in equation (21), the idea of aggregating observations from multiple time steps has also been utilized by other works, e.g., (Siddiqi
et al., 2010; Anandkumar et al., 2014a) and shown to be very effective in practice, significantly
improving the accuracy of corresponding algorithms.
We can conclude that the batch form of the tensor takes the form:
D̃ =

16

t

X

t

X

M

ot ot+1

!−1

O L t O Rt

M

×o
t

M

!

.

M

O L t O Rt o t

ot ot+1

t

X

X

×OL

!
,
(25)

(24)

F−1

ORt−1 |xt−1 dt−2

×

F−1

OLt−1 |xt−1 dt−2

xt−1 dt−2

× K−1 ×
K ×

F

×

D

xt−1 dt−2 OLt−1 |xt−1 dt−2 dt−1 |xt−1 xt−1 dt−2

×

F

ORt |xt−1 dt−1

,

I

=

F−1

OLt−1 |xt−1 dt−2

×OLt−1

F

OLt−1 |xt−1 dt−2

=
ORt−1 |xt−1 dt−2

F−1

×ORt−1

,

(27)

(26)

F

OLt−1 |xt−1 dt−2

|OL

t−1

|

M

=

F

OLt−1 |xt−1 dt−2

×

K

,

F

xt−1 dt−1 OLt |xt−1 dt−1

and

F

ORt |xt−1 dt−1

K

xt−1 dt−2

(28)

ot |xt

and F is nx . In particular, note that
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OLt−1 ORt−1 OLt ORt

In Section 4.2.1, when we derived the equations (10), (13) and (15), we glossed over the question of
the existence of tensor inverses M−1 , M−1 and M−1 . In this section, our task is to analyze

17

ot |xt

the tensor F is the observation matrix O ∈ Rno ×nx of the model and it has rank nx according to

xt ot+1 |xt

F

ot ot+1

has rank nx nd since in (12) the

×

in (27) must have rank nx nd .

all have rank nx nd . Similarly, M will have rank nx
because in (15) the rank of the participating tensors K,

tensors

M

OLt ORt

F

ORt−1 |xt−1 dt−2

will have rank nx nd and, in general, is rank-deficient.
The argument above can also be used to show that

OLt−1 ORt−1

F

ORt−1 |xt−1 dt−2

then F must have full column rank nx nd for the proper
≥ nx nd . Similarly,

×nx nd

As a consequence of the above, the tensor

|OL |
no t−1

∈ Rno

inverse to exist, implying

tensor as

with p(xt−1 dt−2 ) on the diagonal. Using assumptions A1 and A2, it can be concluded that the
diagonal elements in this matrix are non-zero and it has rank nx nd , it is thus invertible and so the
first equation in (26) is satisfied.
Next, consider the second equation in (26) and recall from Section 2 that if we matrisize the

xt−1 dt−2

ORt−1 |xt−1 dt−2

.

which in turn determine the length of the observation sequences OLt−1 and ORt−1 .
Since K represents a distribution p(xt−1 dt−2 ), its matrisized version is a diagonal matrix

xt−1 dt−2 OLt−1 |xt−1 dt−2

F

ORt−1 |xt−1 dt−2

was originally introduced as part of the identity tensor

I

xt−1 dt−2

therefore, we can conclude that for (10) to exist, the identity statements in (26) and (27) must be satisfied. These statements have implications for the ranks of K ,
F
and
F
,

xt−1 dt−2

F

K

xt−1 dt−2

ORt−1 |xt−1 dt−2

xt−1 dt−2

= K−1 ×xt−1 dt−2

Moreover, recall that

I

xt−1 dt−2

the rank structure of these tensors and impose restrictions on the sets OL and OR to ensure that the
rank conditions are satisfied. For example, consider equation (10) and expand all its terms using (8)

ot ot+1

=

where we dropped the multiplication subscripts and some of the duplicated modes, which can be
inferred from the context. Observe that in order for the above equation to produce (6), the terms in
the middle must multiply out into identity tensor

ORt−1 ORt

D̃

to get

M ELNYK AND BANERJEE

assumption A3. This conclusion also justifies our choice for ωxt = ot at the end of Section 4.1.
The key unknowns now are the sets of the observed variables OR and OL that must be appropriately selected for the corresponding tensors to have rank nx nd . Recall that we defined
ORt−1 = {ot , ot+1 , . . .}. As one of the new key results of our work, we established that if we
select the observations ot non-sequentially with gaps that grow exponentially with the state size nx
then the following result holds for all t:

5. Rank Analysis of Observable Tensors

Analyzing (23), (24) and (25), we see that
 the computational complexity of the learning phase
of the Algorithm 2 is now O (n2`
o + `N )T , mainly determined by the tensor additions and the
estimation of the sample moments M. The number of inverses and multiplications is now fixed and
independent of sequence length T . Specifically, there will be only three tensor multiplications and
inversions for a total cost of O(n3`
o ) (as opposed to T tensor multiplications and inversions as in
Algorithm 1). The computational complexity of the inference phase is O(n3`
o T ), which is the same
as for Algorithm 1.
Note that such a batch tensor computation significantly improves the accuracy of the resulting
spectral algorithm. In part, this is due to the fact that we now use more data to estimate the tensors as
compared to the original form (5). The estimates obtained in this form have lower variance, which
in turn ensures that the inverses we compute in (23), (24) and (25) are more stable and accurate.

ot ot+1

where in the last expression the mode o corresponds to the mode ott+1 after averaging of tensor
M for all t.

Õ =

X̃ =

!−1

Similar derivations can be carried out to obtain the rest of the tensors in the batch form:

Inference phase:
p(Stest ) = 1
for i = T down to i = 1 do 

p(Stest ) = p(Stest ) × D̃ × X̃ × Õ|o=otest
i
end for

Learning phase:
Estimate D̃, X̃ and Õ from data {S1 , . . . , SN } using equations (23), (24) and (25).

Algorithm 2 Efficient Spectral Algorithm for HSMM inference
Input: Training sequences: Si = {oi1 , . . . , oiTi }, i = 1, . . . , N .
test
Testing sequence: Stest = {otest
1 , . . . , oT }.
test
Output: p(S )

A S PECTRAL A LGORITHM FOR I NFERENCE IN HSMM

ot−21 ot−19

M

OLt−1 ORt−1

ot−2 ot

ot+17 ot+19

from data for HSMM with nx = 3 and

nd

ot+11

ORt−1

A S PECTRAL A LGORITHM FOR I NFERENCE IN HSMM

OLt−1

ot−13
nd

Figure 5: Observations required to estimate
nd = 20.

ORt−1 |xt−1 dt−2

Theorem
 1 Let the number of observations be |ORt−1 | = ` and define the set of indices
S = max t, t + (nd − 1) − (nxi − 1) | i = 0, . . . , ` − 1 , such that ORt−1 = {ok |k ∈ S} then
the rank of tensor
F
is min[nx` , nx nd ].

OLt−1 ORt−1

. This specific choice was only done to ensure the compactness in our notations,

ORt+1 |xt dt

log nd
As a consequence of this result, to achieve the rank nx nd we will require ` = d1 + log
nx e
observations, since we need to ensure nx` ≥ nx nd and we want the minimal ` which satisfies this.
The span of the selected observations is nd , while their number is only logarithmic in nd . For
example, consider the estimation of tensor
M
for an HSMM with nx = 3 and nd = 20.

F

In this case ` = 4 and ORt−1 = {ot , ot+11 , ot+17 , ot+19 } and OLt−1 = {ot−21 , ot−19 , ot−13 , ot−2 },
where the set OLt−1 is defined similar to ORt−1 in Theorem 1 but for the indices to the left of
time stamp t − 1. Figure 5 illustrates this example. We note that the requirement for the span of
the selected observations to be nd , which is a maximum state persistence, is to ensure that for a
given time stamp t, we select the observations far enough to the right and left of it so that those
observations are likely to be sampled from different hidden states.
In order to prove the above Theorem, we will focus our analysis on the tensor
F
instead
of
ORt−1 |xt−1 dt−2

=

F

ORt−1 |xt−2 dt−2

=

F

ORt−1 |xt−1 dt−2

×xt−1 dt−2

X

xt−1 dt−2 |xt−2 dt−2

,

however the HSMM homogeneity property enables us to transfer this result for tensors for any t.
Note that
F

ORt+1 |xt dt

X

xt−1 dt−2 |xt−2 dt−2
∈ Rnx nd ×nx nd

F

ORt−1 |xt−1 dt−2

.

has rank nx nd , i.e., it is
determines the rank structure of

xt−1 dt−2 |xt−2 dt−2

F

where the first equality is due to the homogeneity property of the model and in the second equality
we embedded the HSMM transition matrix into tensor
X
with mode dt−2 duplicated.
It can be shown that the matricized tensor
full rank. Therefore, the rank structure of

ORt+1 |xt dt

ORt+1
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The rest of Section 5 is devoted to the proof of Theorem 1. We first establish the rank structure
of tensor
F
for sequential set of observations
and then analyze the rank structure for
ORt+1 |xt dt

the observations which were selected non-sequentially.
19

5.1 Rank Structure of Tensor

M ELNYK AND BANERJEE

F

ORt+1 |xt dt

=

Q

ORt+1 |XRt+1

×

T

XRt+1 |xt dt

,

(29)

Define by XRt+1 = {xt+2 , xt+3 , . . .}, the sequence of hidden states corresponding to observations
ORt+1 = {ot+2 , ot+3 , . . .}. Then using conditional independence property of the graphical model
in Figure 1, namely, that the variables ORt+1 and xt dt are independent given XRt+1 , we can write:
F

ORt+1 |xt dt

X

Rt+1

|xt dt

translates to the problem of rank

. In what follows, we assume that XRt+1

ORt+1 |xt dt

F

for some tensors Q and T, representing the appropriate probability distributions.
Denoting ` = |ORt+1 | = |XRt+1 |, it can be verified, that the matrisized form of Q in (29) can be
`
`
written as Q = ⊗` O ∈ Rno ×nx , i.e., a Kronecker product of the observation matrix O with itself `
times. According to the assumption A3, rank(O) = nx and nx ≤ no , and using the rank property
of the Kronecker product, we infer that rank(Q) = nx` .
Combining the above conclusion with the fact that the matrisized form of the other two tensors
` ×n n
`
nx
x d
in (29) is F ∈ Rno ×nx nd and T
 , to ensure invertibility of F, we need to select a set of
 ∈R
variables XRt+1 so that rank
= nx nd with the condition that nx` ≥ nx nd . Thus, the
T
T

XRt+1 |xt dt

problem of the analysis of the rank structure of tensor

structure of matrix

XRt+1 |xt dt

= {xt+2 , . . . , xt+`+1 } are


= nx nd .
T

sequential and so we would be interested in determining ` which makes rank

T

XRt+1 |xt dt

we will have to understand the mechanism how

Later, the sequential assumption will be removed and we show how to select such variables in a
more efficient way.
5.1.1 C OMPUTATION OF FACTOR T
In order to study the rank structure of

X

dt+1

dt+2

X

p(xt+3 , xt+2 |xt+1 , dt+1 ) p(dt+1 |xt+1 , dt )p(xt+1 |xt , dt ) . (31)

p(xt+3 |xt+2 , dt+2 ) p(dt+2 |xt+2 , dt+1 )p(xt+2 |xt+1 , dt+1 ) (30)

this matrix is constructed and how the rank changes as the size of XRt+1 increases. We start by
considering the following conditional independence relationships from the model in Figure 1:
p(xt+3 , xt+2 |xt+1 , dt+1 ) =
p(xt+3 , xt+2 , xt+1 |xt , dt ) =

Using the model’s homogeneity property, we see that the quantity underlined in expression (30)
is the same as the one in (31). Moreover, equation (30) can then be thought of as transforming
p(xt+1 |xt , dt ) into p(xt+2 , xt+1 |xt , dt ), while the expression in (31), in effect, transforms probability p(xt+2 , xt+1 |xt , dt ) into p(xt+3 , xt+2 , xt+1 |xt , dt ). Thus (30) and (31) encode the following
chain of transformations:
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p(xt+1 |xt , dt ) → p(xt+2 , xt+1 |xt , dt ) → p(xt+3 , xt+2 , xt+1 |xt , dt ).
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V

xt+2 ,dt+2 |xt+1 ,dt+1

=

V

xt+2 ,xt+1 |xt ,dt

T

xt+1 ,xt |xt ,dt

=

× V.

X

xt+1 ,dt |xt ,dt

×V

×xt+1 dt

(33)

(35)

(34)

. The homogeneity

,

(32)

D

xt+1 ,dt+1 |xt+1 ,dt

∈ Rnx nd ×nx nd and

∈R

, and matrix

T

∈

T

xt+3 ,xt+2 ,xt |xt ,dt

xt+1 ,xt |xt ,dt

T

V
V,

xt+2 ,xt+1 |xt ,dt
3
∈ Rnx ×nx nd .

T

xt+2 ,xt+1 ,xt |xt ,dt

T

xt+1 ,xt |xt ,dt

2
Rnx ×nx nd ,

=

=

∈

2
Rnx ×nx nd ,

and similarly

(38)

(37)

∈ Rnx nd ×nx nd . Next, consider the equations

(36)

xt+1 |xt ,dt

T

xt+1 |xt ,dt

T0

xt+1 ,xt |xt ,dt

=

xt+2 ,xt+1 |xt ,dt

T

xt+1 |xt ,dt

E,

xt+3 ,xt+2 ,xt+1 |xt ,dt

has a duplicated mode xt , therefore, we need to

, which can be accomplished with:

xt+1 ,xt |xt ,dt

T

pn


p1
 p2 
 
2. Let P =  .  ∈ Rm×n and Q ∈ Rk×n then P
 .. 
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p1 ⊗ Q
 p2 ⊗ Q 


Q=
 ∈ Rmk×n , where ⊗ is a Kronecker product.
..


.



xt+2 ,xt+1 |xt ,dt

where E = [I · · · I] ∈ Rnx ×nx nd and
denotes a Khatri-Rao product (row-wise Kronecker
product)2 . Then, we use (38) to transform
T
into
T
where, again a

restructure

However, notice that in (37) the matrix

where the first block X ∈ Rnx ×nx corresponds to dt = 1, and the subsequent (nd − 1) blocks of
I ∈ Rnx ×nx correspond to dt > 1 for which xt+1 = xt . We then use (37) to get
T
.

XRt+1 |xt dt

Summarizing the above derivations, we can describe the following algorithmic approach for
analyzing
T
as XRt+1 increases. We begin with
T
= [X I · · · I] ∈ Rnx ×nx nd ,

xt+2 ,xt+1 ,xt |xt ,dt

T

T

xt+3 ,xt+2 ,xt+1 |xt ,dt

here the sizes of the matrices are

n3x ×nx nd

T

xt+2 ,xt+1 |xt ,dt

X

xt+1 ,dt |xt ,dt

X

xt+1 ,dt+1 |xt+1 ,dt xt+1 ,dt |xt ,dt

D

(34) and (35), its matrix version is of the form:

where

V=

Our next step is to represent the above tensor equations in the matrix form. First, consider tensor
V, its matricized form can be written as:

xt+3 ,xt+2 ,xt+1 ,xt+1 |xt ,dt

T

T

=

D

V

xt+1 ,dt+1 |xt dt

V

xt+2 ,dt+2 |xt+1 dt+1

×xt+1 dd+1

xt+1 ,dt+1 |xt+1 ,dt

xt+2 ,xt+1 |xt ,dt

T

=

T

×xt+2 dt+2

xt+3 ,xt+2 ,xt+1 |xt+1 ,dt+1

T

xt+3 ,xt+2 |xt+2 ,dt+2

xt+1 ,dt+1 |xt ,dt

=

=

property allows us to rewrite the above as

where

xt+3 ,xt+2 ,xt+1 |xt ,dt

T

xt+3 ,xt+2 |xt+1 ,dt+1

T

Based on the above considerations, we can rewrite (30) and (31) in the tensor form as follows:
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T

XRt+1 |xt dt

xt+i+1 , ... ,xt+2 ,xt+1 |xt ,dt

T

T0

xt+i , ... ,xt+1 ,xt |xt ,dt

D

=

=

=

T

xt+2 ,xt+1 |xt ,dt

E.

T

XRt+1 |xt dt

=

Q
ORt+1 |XRt+1

×

T

XRt+1 |xt dt

F

ORt+1 |xt dt

in the output of the

`

∈ Rno ×nx nd , i.e. to ensure that the rank

,

(40)

(39)
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is nx nd , the number of observations ` in ORt+1 = {ot+2 , ot+3 , . . . , ot+`+1 }

F

ORt+1 |xt dt

must be equal to the maximum state persistence i.e., ` = nd .

of tensor

Corollary 3 To achieve the full column rank for

where rank(Q) = n`x we can now conclude the following result:

F

ORt+1 |xt dt

T

XRt+1 |xt dt

in Algorithm 3 is min(`nx , nx nd ).
Applying now Theorem 2 to equation (29) in matrix form

Theorem 2 The rank of the output matrix

Algorithm 3. The proof can be found in Appendix A.1.

Algorithm 3 summarizes the above constructions for a general case.
The following Theorem characterizes the rank structure of matrix

T0

xt+2 ,xt+1 ,xt |xt ,dt

V

E

E = [I · · · I]

xt+i , ... ,xt+1 ,xt |xt ,dt

T0

T

,

xt+i , ... ,xt+1 |xt ,dt

X

xt+1 ,dt+1 |xt+1 ,dt xt+1 ,dt |xt ,dt

X

xt+1 ,dt |xt ,dt

preliminary step is to restructure the matrix as follows:

end for

for i = 1 to ` − 1 do

V=

p(xt+1 |xt , dt ) →

D

xt+1 ,dt+1 |xt+1 ,dt

T

xt+1 |xt ,dt

p(dt+1 |xt+1 , dt ) →

p(xt+1 |xt , dt ) →

Input: p(dt |xt , dt−1 ) and p(xt |xt−1 , dt−1 ) - duration and transition distributions, ` - the number
of sequential hidden states represented by XRt+1 .
Initialization:

Algorithm 3 Computation of

M ELNYK AND BANERJEE

T
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Algorithm 4 Efficient computation of
XRt+1 |xt dt

p(xt+1 |xt , dt ) →
T

xt+1 |xt ,dt

X

D

,

xt+1 ,dt+1 |xt+1 ,dt

X

xt+1 ,dt |xt ,dt

p(dt+1 |xt+1 , dt ) →

D

p(xt+1 |xt , dt ) →
V=
xt+1 ,dt+1 |xt+1 ,dt xt+1 ,dt |xt ,dt

E = [I · · · I]

(42)

(41)

Input: p(dt |xt , dt−1 ) and p(xt |xt−1 , dt−1 ) - duration and transition distributions, ` - the number
of sequential hidden states represented by XRt+1
Initialization:

c=1
for i = 1 to ` − 1 do

E

T=T V

T=T

if i == (nx )c − 1 or i == ` − 1 do

end if
c=c+1
end for

5.1.2 E FFICIENT C OMPUTATION OF FACTOR T
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In Corollary 3 we established that the number of observations in ORt+1 = {ot+2 , ot+3 , . . . , ot+`+1 }
nd
nd
nd
nd
is ` = nd . Therefore, the sizes of the estimated quantities D̃ ∈ Rno ×no and X̃ ∈ Rno ×no ×no
in Algorithm 3 will have exponential dependency on nd . When maximum state persistence is large,
the estimation of such quantity becomes impractical. Fortunately, we can modify Algorithm 3 to
significantly reduce the number of observations. The idea is to apply the step (40) multiple times
in-between the applications of step (39). Recall that in the previous construction we established that
` = nd consecutive observations are sufficient, e.g., ORt+1 = {ot+2 , . . . , ot+`+1 }. In contrast, in
the proposed approach, every time we add an observation, say ot+τ , we skip certain number δ of
time steps before adding another observation ot+τ +δ , so that the observations are non-consecutive.
As we illustrate next, the span of these non-consecutive observations is still nd but the number
of them is only logarithmic in nd . The proposed approach still achieves the full rank structure of
F
but with smaller number of data points. Algorithm 4, which is a simple modification of
ORt+1 |xt dt

Algorithm 3, summarizes the above procedure.
23
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The following result establishes the rank structure of the matrix

T

XRt+1 |xt dt

T

XRt+1 |xt dt

in the output of the

in Algorithm 4 is min(nx` , nx nd ).

Algorithm 4. The proof can be found in Appendix A.2.
Theorem 4 The rank of the output matrix

XRt+1 |xt dt

Note that based on the above theorem, Algorithm 4 increases the rank at every step exponentially
rather than linearly. In order for
T
to achieve the rank nx nd we will now require ` =

F

`

∈ Rno ×nx nd , i.e. to ensure that the rank

log nd
is nx nd , the number of observations ` in ORt+1 must be equal to ` = d1+ log
nx e,

ORt+1 |xt dt

log nd
`
d1 + log
nx e observations, since we need to ensure nx = nx nd . Observe that the span of the
selected observations is still nd , while the number of the observations is only logarithmic in nd . The
following Corollary summarizes the above conclusions.

F

ORt+1 |xt dt

Corollary 5 To achieve the full column rank for
of tensor

since we need to ensure nx` = nx nd .

Theorem 4 together with Corollary 5 now proves the Theorem 1 stated earlier.

6. Experiments

In this section we evaluated the performance of the proposed algorithm both on synthetic as well as
real data sets and compared its performance to a standard EM algorithm.
6.1 Synthetic Data
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Using synthetic data, we compared the estimation accuracy and the runtime of the proposed spectral algorithm with EM. For this, we defined two HSMMs, one with no = 3, nx = 2, nd = 2
and another with no = 5, nx = 4, nd = 6. For each model, we generated a set of Ntrain =
{500, 1000, 5000, 104 , 105 } training and Ntest ==1000 testing sequences, each of length T = 100.
The accuracy of estimating likelihood for each testing sequence was measured using the relative
|p̂(Sitest )−p(Sitest )|
deviation from the true likelihood, i.e., i =
for i = 1, . . . , 1000. Given 1000 such
p(Sitest )
values, we then computed the final
which is the root-mean-square error (RMSE) across all
q score,
1 PNtest 2
the testing sequences, RMSE = Ntest
i=1 i .
Figure 6 shows results, where the top row of graphs corresponds to the model with no = 3, nx =
2, nd = 2 and the bottom row is for model with no = 5, nx = 4, nd = 6. The left column of graphs
shows the progression of RMSE across EM iterations for both models; the middle column shows
the dependence of testing error on the number of training samples and the right column shows the
running times. It can be observed from plots (b) and (e) in Figure 6 that with the small training set,
EM achieves smaller errors, while as the number of training samples increases, the spectral method
becomes more accurate, outperforming EM. Also, comparing the plots (a), (b) with (d) and (e),
we can conclude that for larger models, i.e., whose no , nx and nd are larger, the spectral method
requires more data in order to achieve same or better accuracy than EM. This is expected since the
sizes of estimated tensors grow with the model size. Moreover, the plots (c) and (f) in Figure 6 show
that spectral method is several orders of magnitude faster than EM.
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where oi are the observed pilot actions for test flight i, and Ti is the length of the test flight i,
with i = 1, . . . , 200. Figure 7 shows the results. The high-likelihood sequences were considered
normal and low-likelihood ones classified as anomalous (see plots (a) and (b) in Figure 7). Both
algorithms achieved similar detection accuracy, with the spectral algorithm having the Area Under
Curve (AUC) score of 0.91 and the EM had AUC = 0.89 (see plot (c) on Figure 7). On the other
hand, the computational time of the spectral algorithm was orders of magnitude smaller as compared
to EM. We also compared performance of both algorithm on the same flight data while varying the
dimensionality of the HSMM parameters (see Figure 8 and Table 2). We can see that although the
performance of EM and spectral algorithm is similar across many models, the latter offers significant
computational savings.

1
log p(o1 , o2 , . . . , oTi ),
Ti

For each flight in the testing set, we applied EM and spectral algorithm to compute the normalized joint log-likelihood

to the touch down on the runway. Our experiments are run on a subset of flights landing at the
same airport. We chose 9 pilot commands, which include “selected altitude”, “selected heading”,
“selected throttle level”, etc. A simple data filter, based on the histogram of the pilot actions, was
applied to select 10, 020 normal flights for training. The test set contained 200 flights, with 100 of
them being similar to the training set and the rest were selected from the flights rejected by the filter.
Most of anomalous flights contained low occurrence or rare events, such as fast descent, unusual
usage of air brakes, etc., and few significant anomalies, e.g., aborted descent in order to delay the
flight when the runway is not available. The length of the considered flight sequences varied from
500 to 4000 seconds.

Figure 7: Evaluation of the spectral algorithm and EM on aviation safety data. (a) and (b): Normalized joint loglikelihood computed by spectral algorithm (a) and EM (b) for a set of
200 test flights, with 100 normal and 100 anomalous. HSMM parameters: no = 9, nx =
8, nd = 40 (c): The Receiver Operating Characteristic (ROC) curve, illustrating classification accuracy of the algorithms. Area Under Curve (AUC) for spectral algorithm is
0.91 and for EM is 0.89.
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0.2
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We also compared the performance of the spectral algorithm and EM on real NASA flight data
set (NASA), containing over 180, 000 flights of 35 aircrafts from a defunct mid-western airline
company. For each flight, the data has a record of 186 parameters, sampled at 1 Hz, including
sensor readings and pilot actions. We considered a problem of anomaly detection in aviation systems
(Budalakoti et al., 2009; Gorinevsky et al., 2012; Matthews et al., 2013) and used HSMM to detect
abnormal flights based on pilot actions. Our idea is based on the observation that a flight can be
partitioned into a number of phases, e.g., initial descent, touch down, or braking on the runway,
and where within each phase the pilot performs certain actions. For example, during the initial
descent, the pilot reduces throttle, lowers the flaps, and uses the ailerons and elevator to stabilize
the aircraft. On the other hand, in the braking stage, the pilot uses brakes as well as rudder to keep
the aircraft in the middle of the runway. Using HSMM as a model, we represented the flight phases
as hidden states and the pilot actions as the observations from these states (see Melnyk et al. (2013)
and Melnyk et al. (2016) for more details).
In our experiments, we focused on a part of flight related to the landing phase, which typically
lasts 15-60 minutes in duration from when the flight crosses 10,000 ft while approaching an airport

6.2 Application to Aviation Safety Data

Given the above results, we can conclude that (i) for small data sets EM is a preferable algorithm,
(ii) for large data, the spectral algorithm is a better choice, since it achieves higher accuracy and (iii)
across all data sets the spectral algorithm requires significantly less computations as compared to
EM.

Figure 6: Performance of the spectral algorithm and EM on synthetic data generated from HSMM
with no = 3, nx = 2, nd = 2 (top row) and no = 5, nx = 4, nd = 6 (bottom row). (a),
(d): Error for EM across different iterations for various training data sets. The straight
lines show the performance for spectral method. (b), (e): Average error and one standard
deviation over 100 runs for EM after convergence and spectral algorithm across different
number of training data. (c), (f): Runtime, in seconds, for both methods.
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Figure 9: Schematic representation of Algorithm 3. This example illustrates the HSMM with nx =
5 and nd = 10. The non-zero matrix elements are displayed as dots.

itera)on	
  2	
  

itera)on	
  1	
  

xt+1 ,xt |xt ,dt

T�

Proof Let K = (I A) ∈ Rmn×n . By definition of Khatri-Rao product, K(:, j) = ej ⊗ A(:, j),
for j = 1, . . . , n, which consists of zeros, except for rows (j − 1)m + 1, . . . , (j − 1)m + m, containing the column A(:, j). Here ⊗ denotes Kronecker product and ej is everywhere zero except for

Lemma 6 Let A ∈ Rm×n be a matrix which has no all-zero columns, then the rank (I
rank (A I) = n, where denotes Khatri-Rao product and I ∈ Rn×n .

of a few steps of the algorithm. For the analysis we will need to establish certain auxiliary results.

XRt+1 |xt dt

In this Section, we provide analysis of the Algorithm 3 and study the rank structure of matrix T in
order to prove Theorem 2. To understand the analysis, it is important to know how the structure of
matrix
T
evolves across iterations. For this, we present in Figure 9 a schematic description

A.1 Analysis of Algorithm 3

Appendix A. Analysis of Tensor Rank Structure
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j:j∈ᾱ

30

JMLR 18(35):1-39, 2017

where diag [D(i, :)] is the diagonal matrix with ith row from D on the diagonal. Note that we can
also write Ψ = (D I) X . Observe that the rank of V is nx nd because the nx (nd −1)×nx (nd −1)

We are now ready to analyze Algorithm 3. It can be verified that (36) is of the form:




I
diag [D(1, :)] X




..


 diag [D(2, :)] X 
.
V = Ψ
where Ψ = 
 ∈ Rnx nd × nx ,
 ∈ Rnx nd × nx nd
..



I 
.
diag [D(nd , :)] X
0 ··· 0
(43)

Since cj 6= 0, j ∈ ᾱ, the above equation claims the linear dependence of vectors in V , which is a
contradiction of our assumption and so u ∪ U are independent.

i:i∈α

Proof Define {1, . . . , n} = αP
∪ ᾱ, where αP
denotes a subset of indices for vectors corresponding
to U . Then we can write u = i:i∈α ci vi + j:j∈ᾱ cj vj .
P
Assuming the opposite, i.e., u ∪ U are dependent, we can write k0 u + i:i∈α ki vi = 0 where
k0 6= 0 and some of ki , i ∈ α are also must be non-zero. Substituting the definition of u and
rearranging the terms, we get:
X
X
k0
(ci + ki )vi + k0
cj vj = 0.

P
Lemma 8 Let V = {v1 , . . . , vn } be a set of linearly independent vectors. Define u = ni=1 ci vi ,
where coefficients ci 6= 0, i = 1, . . . , n. Define U to be a strict subset of V , i.e., U ⊂ V , then a set
of vectors u ∪ U is independent.

Proof First note that M E and E M are row permuted version of each other, so they have
the same rank. Therefore, consider W0 = E M = [I A1 · · · I Ak ]. Also, note that
ej ⊗ [A1 (:, j) · · · Ak (:, j)], j = 1, . . . , n is a matrix which consists of zeros except for rows
(j − 1)m + 1, . . . , (j − 1)m + m where it contains the columns [A1 (:, j) · · · Ak (:, j)]. The
rank of these columns is rj and all other columns in W are independent of them due to the structure of the Khatri-Rao product. Therefore, each set of such columns adds rj to the total rank.
Since the overall rank ofPW cannot exceed either the number of rows or columns, we conclude that
rank(W) = min(mn, j rj ).

Lemma 7 Define a block-row matrix M = [A1 A2 · · · Ak ] ∈ Rm×kn , where each Ai ∈ Rm×n .
Define by rj , j = 1, . . . , n the rank of matrix [A1 (:, j) · · · Ak (:, j)] composed of jth columns of
A’s, and let E = [I I · · · I] ∈ Rn×kn , where I ∈ Rn×n . Then
P the rank of matrix W = M E ∈
Rmn×kn , obtained using a Khatri-Rao product, is min(mn, j rj ).

position j which is 1. As long as there is no all-zero columns in A, each column of K is independent of each other and therefore the rank is n. Moreover, since the matrix A I is a row-permuted
version of A I, their ranks are the same.
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T

T

xt+i+1 ,...,xt+2 ,xt+1 |xt ,dt

xt+i , ... ,xt+1 ,xt |xt ,dt

T0

xt+i , ... ,xt+1 |xt ,dt

=

(i)

· · · Bn(i)d ]

= [C1 · · · Cn(i)d ].

(i)

(i)
[B1

= [A1 · · · An(i)d ]

block diagonal matrix delineated in (43) and the last nx × nx block matrix diag [D(nd , :)] X in Ψ
together comprising nx nd independent columns of V. Note that diag [D(nd , :)] X has rank nx
because X is full rank and D(nd , :) is non-zero, which follows from assumptions A1 and A2. As
a side note observe that the requirement to have D(nd , :) non-zero implies that there is a non-zero
probability of maximum state persistence.
In analyzing the Algorithm 3, it would be useful to denote the matrices at iteration i in (39) and
(40) as

(i)

C1

(i)

C2

(i)

C3

i h
i
(i)
(i)
(i)
(i)
· · · Cn(i)d = [B1 · · · Bn(i)d ]Ψ B1 B2 · · · Bnd −1 .

(44)

Moreover, utilizing the structure of matrix V from (43), the operations involved in step (40) are as
follows:
h

(1)

(1)

(1)

· · · Cnd ]

With the above information we can now present the proof of Theorem 2:
(1)
(1)
Proof of Theorem 2 At the start of the algorithm
T
= [X I · · · I] = [A1 · · · And ], which
xt+1 |xt ,dt
h
i
(1)
(1)
has rank nx . The rank of matrix A1 (:, l) · · · And (:, l) for l = 1, . . . , nx is rl = 2 since among
all the columns only two of them are independent. Therefore, according to Lemma 7, the result of
P
(1)
(1)
(1)
operations in (39), has rank l rl = 2nx . Moreover, we note that since [B1 B2 · · · Bnd ] =
[X I I I · · · I I], it can behseen that its 2nx independent
vectors can be formed by the columns
i
(1)
(1)
(1)
(1)
[B1 B2 ], so that the rank of B1 (:, l) · · · Bnd (:, l) for l = 1, . . . , nx is 2.
(1)

Next, since the rank of V is nx nd , the operations in (40) produce matrix [C1 C2

(1)
[B1
(1)

C2

C3

(1)
B2
(1)

(1)

(1)

X

I I I · · · I I],

I I I · · · I I]
(1)

· · · Cn(1)
] = [C1
d

· · · Bn1 d ] = [X

with the rank still being 2nx . Moreover, the columns of C1 are linearly
dependent on the
h
i rest of
(1)
(1)
(1)
(1)
the columns, [C2 · · · Cnd ], due to (44). However, the rank of C1 (:, l) · · · Cnd (:, l) is now
rl = 3 for l = 1, . . . , nx . To understand this, note that

(1)

[C1

(1)
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where, according to (44), C1 = [B1 · · · Bnd ]Ψ. As we established before, the rank of the
h
i
h
i
(1)
(1)
(1)
(1)
matrix C2 (:, l) · · · Cnd (:, l) = B1 (:, l) · · · Bnd−1 (:, l) is rl = 2. Moreover, it can also be
h
i
(1)
(1)
(1)
checked that C1 (:, l) is independent of C2 (:, l) · · · Cnd (:, l) due to Lemma 8. Clearly, then
h
i
(1)
(1)
the cumulative rank of C1 (:, l) · · · Cnd (:, l) is 3 for l = 1, . . . , nx .
h
i
(i)
(i)
To generalize the above, if at the iteration i the rank of matrix A1 · · · And is inx while the
h
i
h
i
(i)
(i)
(i)
(i)
rank of A1 (:, l) · · · And (:, l) is (i + 1), then the operations in step (39) produce B1 · · · Bnd
31
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T

XRt+1 |xt dt

with rank

is nx nd since this is the number of

xt+1 |xt ,dt

h
i
(i)
(i)
having rank (i + 1)nx due to Lemma 7. The step in (40) keeps the rank of C1 · · · Cnd at
(i + 1)n
h x due to the full ranki structure of V. At the same time, this step increases the rank of
(i)
(i)
(i)
matrix C1 (:, l) · · · Cnd (:, l) to (i + 2) due to Lemma 8, i.e., independence of C1 (:, l) from
i
h
(i)
(i)
C2 (:, l) · · · Cnd (:, l) with the latter having the rank (i + 1). Therefore, each iteration increases
the rank of matrix T by nx and so after 2 ≤ ` ≤ nd steps the rank of the resulting matrix
T

T

XRt+1 |xt dt

is `nx .
Note that if ` = 1 then the Algorithm 3 is not executed and returns the trivial

nx . On the other hand, if ` > nd then the rank of

columns in that matrix and so is the maximum achievable rank.

A.2 Analysis of Algorithm 4

(1)

(1)

2 ×n n
nx
x d

In this Section we analysis of the Algorithm 4 in order to prove Theorem 4. Similarly as in Section A.1, it is instructive to visualize the progress of Algorithm 4. Figure 10 shows a schematic
description of a few steps of the algorithm.
We are now ready to present the proof of Theorem 4.
Proof of Theorem 4 For the proof, we refer back to Algorithm 3 and the proof of Theorem 2.

(1)

(1)

(1)

(1)

Recall, that at iteration
, whose
h i = 1, the result of istep (39) is a matrix [B1 · · · Bnd ] ∈ R
(1)
(1)
rank is 2nx , since A1 (:, l) · · · And (:, l) = [X I · · · I] ∈ Rnx ×nx nd for l = 1, . . . , nx had two
h
i
(1)
(1)
independent columns. Then, the transformations in step (40) produced C1 (:, l) · · · Cnd (:, l) for
l = 1, . . . , nx with rank 3nx .h
i
(1)
(1)
Note that if nx > 2 then A1 (:, l) · · · And (:, l) potentially can have a rank up to nx , while in
Algorithm 3 we only have it equal to 2.hIt turns out that if we apply
step (40) multiple times and use
i
(1)
(1)
Lemma 8, we can increase the rank of C1 (:, l) · · · Cnd (:, l) for l = 1, . . . , nx to nx .

Specifically, consider step (41). At iteration i = 1hwe have [A1 · · · Aind ] = [B1 · · · Bnd ] and
(1)
(1)
for l = 1, . . . , nx the two independent columns are B1 (:, l) B2 (:, l) = [X (:, l) I(:, l)]. The
result of step (41) gives us then three independent columns
h
i h
i
(1)
(1)
(1)
(1)
C1 (:, l) C2 (:, l) C3 (:, l) = C1 (:, l) X (:, l) I(:, l) ,

(1)

(1)

(1)

(2)
C2 (:, l)

where C1 = [X I · · · I]Ψ. The independence follows from Lemma 8. The repeated application
of step (41) one more time gives four independent columns
h
i h
i
(2)
(2)
(2)
(1)
C3 (:, l) C4 (:, l) = C1 (:, l) C1 (:, l) X (:, l) I(:, l) ,

(2)
C1 (:, l)

(2)
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where C1 = [C1 · · · Cnd ]Ψ. Observe that since the number of rows is nx , we can increase the
rank at most up to nx . Therefore, if in the beginning we had two independent columns and we want
to get nx independent columns, we would need to apply the step (41) nx − 2 times, so as to have
(n −2)
(n −2)
the matrix [C1 x (:, l) · · · Cndx (:, l)] with rank nx .
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Figure 10: Schematic representation of Algorithm 4. This example illustrates the HSMM with
nx = 5 and nd = 10. The non-zero matrix elements are displayed as dots.
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Figure 12: Part of HSMM corresponding to the final time stamps and the related part of junction
xT
xT −1
tree.

dT −1

dT −2

xT −1
xT −2

dT −2
dT −1 to the initial time stamps and the related part of junction
Figure 11: Part of HSMM corresponding
tree.

x3

d2

d1

d3

In this Section we present the derivations for the initial and final steps of HSMM, which were
omitted from the main text. Specifically, this amounts to computing the factor X for two parts of
the model, corresponding to Xroot and XT in Figures 11 and 12. The derivations for all other parts
of HSMM were presented in the main text and this supplement.

Appendix B. Initial and Final Parts of HSMM

we need to add ` = d1 +

Observe that the above proof also provided the method for selecting the non-sequential observations XRt+1 . Specifically, since the set of observations XRt+1 = {ot+2 , . . .} must start from observation ot+2 and |XRt+1 | = `, we denote s = t + 2. Then, ith added observation is os+(nd −1)−(nix −1)
to achieve rank nx nd
for i = 0, . . . , ` − 2 and the `th observation is os = ot+2 . For tensor
F

If we now apply step (42) it will give us [A1 · · · And ] ∈ Rnx ×nx nd with rank n2x due to
Lemma 7. Continuing in this manner, we can again repeatedly apply the step (41) to create a matrix
with a rank at most n2x , since there are n2x rows and assuming that nx nd ≥ n2x . The number of times
we need to apply (41) is now n2x − nx since we need to go from nx to n2x independent columns.
c
In general, the step (41) needs to be applied ncx − nc−1
x , in order to obtain nx independent
c+1
columns. The application of step (42) then creates T with rank nx . Note, that since T has nx nd
columns, the maximum achievable rank is nx nd .

(1)
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Y

D

×

X

xt

xT |xT −1 dT −1

d2 |x2 x2 d1

xt |xt−1 dt−1

ot |xt

A S PECTRAL A LGORITHM FOR I NFERENCE IN HSMM

=

xt−1 dt−1

o2 |x2

×x2 O

dt−1 |xt−1 dt−2

X

x2 x2 |x1 d1

×xT −1 dT −1

×x2 d1


To begin, recall the expression for the joint likelihood of the observed sequence:


X
× O
P

t

O ×x1

o1 |x1

o1 ,...,oT

=

dT −1 |xT −1 xT −1 dT −2

D

×xT
O

oT |xT

and rewrite the above expression by keeping only the initial and final factors:



D × ···
P

o1 ,...,oT

··· ×

=

=

F

ωx1 |x1

×x1

F−1

X

×x2

F

ωx2 |x2

×xT −1 dT −1

x2 x2 |x1 d1

ωxT −1 dT −1 |xT −1 dT −1

×x2 d1

X

F

×xT

ωx2 d1 |x2 d1

xT |xT −1 dT −1

F

.

!



ωxT |xT

Introduce the identity tensors into (45), regroup the terms and extract the factors X:


X̃

ωx1 ωx2 ωx2 d1

X̃

ωxT −1 dT −1 ωxT

X

x2 x2 |x1 d1

o2 |x2

×x2 F

×x2 d1

OR3 |x2 d1

.

(45)

(46)
(47)

= o1 , ωx2 = o2 and ωx2 d1 = OR3 we can rewrite (46) as follows:


F .
(48)

o1 |x1

= F ×x1

Defining the observable sets ωx1
X̃

o 1 o 2 O R3

o 1 o 2 O R3

Note that since all the factors participating in (48) are valid probability distributions, the resulting factor, i.e., X̃ is also a valid probability distribution, so it can be estimated directly from

=

F−1

ωxt−1 dt−1 |xt−1 dt−1

F

ωxt dt−1 |xt dt−1

xt xt |xt−1 xt−1 dt−1

×ωxt dt−1

1

ωxt dt−1

=

×xt

ωxt |xt

1 ,
xt dt−1

×xt dt−1

(49)

ωxt dt−1 |xt dt−1

(50)

in (49) is a conditional probability distribution, which

×xt−1 dt−1

data. This is in contrast to the derivations we made for other parts of the model, where we had to
perform additional transformations such as, for example in (10), in order to bring to the form, which
could be estimated from the data samples.
In order to estimate (47), we compare it to the similar factor we considered in the main paper:


X
F
F
,
X̃

ωxt−1 dt−1 ωxt ωxt dt−1

and observe that the last factor

F

ωxt dt−1 |xt dt−1

has the following marginalization property

t t−1

X̃

ωxt−1 dt−1 ωxt

OLt ORt

= M−1 ×OLt

,

X̃

ωxT −1 dT −1 ωxT

M

OLt ORt ot

, which is the time-shifted version of
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. Therefore, to compute

where 1 isP
the tensor, which has all elements equal to 1. The above can also be written in the scalar
notations, ωx d p(ωxt dt−1 |xt dt−1 ) = 1 for each value of xt dt−1 . Therefore, if we apply (50) to
(49), we get

(47), we estimate the tensor in (13), i.e.,
X̃

ORt ot ORt

35

t
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X

M

OLt ORt

!−1

×OL

X

t

M

O L t O Rt o t

,
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and marginalize out the right set of modes, corresponding to ORt . Alternatively, we can use the
batch estimate
!
X̃ =

and similarly perform the marginalization. This concludes our derivations.

36
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We will consider simplification in the context of causal inference in graphical models
(Pearl, 2009). Advances in causal inference have led to algorithmic solutions to problems such
as identifiability of causal effects and conditional causal effects (Huang and Valtorta, 2006;
Shpitser and Pearl, 2006a,b), z-identifiability (Bareinboim and Pearl, 2012), transportability
and meta-transportability (Bareinboim and Pearl, 2013b,a) among others. The aforementioned algorithmic solutions operate symbolically on the joint distribution of the variables of
interest and return expressions for the desired queries. These algorithms have been previously
implemented in the R package causaleffect (Tikka and Karvanen, 2017). Another implementation of an identifiability algorithm can be found in the CIBN software by Jin Tian and
Lexin Liu freely available from http://web.cs.iastate.edu/~jtian/Software/CIBN.htm.
However, the algorithms themselves are imperfect in a sense that they often output an
expression that is complicated and far from ideal. The question is whether there exists a
simpler expression that is still a solution to the original problem.

Symbolic derivations resulting in complicated expressions are often encountered in many
fields working with mathematical notation. These expressions can be derived manually or
they can be outputs from a computer algorithm. In both cases, the expressions may be
correct but unnecessarily complex in a sense that some unrecognized identities or properties
would lead to simpler expressions.

1. Introduction

Keywords: simplification, probabilistic expression, causal inference, graphical model,
graph theory

We present an automatic simplification algorithm that seeks to eliminate symbolically
unnecessary variables from these expressions by taking advantage of the structure of the
underlying graphical model. Our method is applicable to all causal effect formulas and is
readily available in the R package causaleffect.

Obtaining a non-parametric expression for an interventional distribution is one of the most
fundamental tasks in causal inference. Such an expression can be obtained for an identifiable
causal effect by an algorithm or by manual application of do-calculus. Often we are left
with a complicated expression which can lead to biased or inefficient estimates when missing
data or measurement errors are involved.
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X

P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 ).

P (Z1 |Z2 , X)P (Z2 )

X

X

2

(1)
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P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 ),

It turns out that there exists a significantly simpler expression,

X,Z3 ,Y

P (Z1 |Z2 , X)P (Z3 |Z2 ) P

P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 )
×
X,Y P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 )

P

Simplification of expressions may provide significant benefits. First, a simpler expression
can be understood and reported more easily. Second, evaluating a simpler expression will
be less of a computational burden due to reduced dimensionality of the problem. Third, in
situations where estimation of causal effects is of interest and missing data is a concern,
eliminating variables with missing data from the expression has clear advantages. The same
applies to variables with measurement error.
We begin with presenting in Section 2 a general form of probabilistic expressions that are
often encountered in causal inference. In this paper probabilistic expressions are formed by
products of non-parametric conditional distributions of some variables and summations over
the possible values of these variables. Simplification in this case is the process of eliminating
terms from these expressions by carrying out summations. As our expressions correspond to
causal effects, the expressions themselves take a specific form.
Causal models are typically associated with a directed acyclic graph (DAG) which
represents the functional relationships between the variables of interest. In situations where
the joint distribution is faithful, meaning that no additional conditional independences
are generated by the joint distribution (Spirtes et al., 2000), the conditional independence
properties of the variables can be read from the graph itself through a concept known as
d-separation (Geiger et al., 1990). We will use d-separation as our primary tool for operating
on the probabilistic expressions. The reader is assumed to be familiar with a number of
graph theoretic concepts that are explained for example in (Koller and Friedman, 2009) and
used throughout the paper.
Our simplification procedure is built on the definition of simplification sets, which is
presented in Section 3. We continue by introducing a sound and complete simplification
algorithm for probabilistic expressions defined in Section 2 for which these simplification
sets exist. The algorithm takes as an input the expression to be simplified and the graph
induced by the underlying causal model, and proceeds to construct a joint distribution of
the variables contained in the expression by using the d-separation criteria. Higher level
algorithms that use this simplification procedure are presented in Section 4. These include an
algorithm for the simplification of a nested expression and an algorithm for the simplification
of a quotient of two expressions. Section 5 contains examples on the application of these
algorithms. We have also updated the causaleffect R-package to automatically apply these
simplification procedures to causal effect expressions.
As a motivating example we present an expression of a causal effect given by the ID
algorithm of Shpitser and Pearl (2006a) that can be simplified. The complete derivation
of this effect can be found in Appendix C. The causal effect of X on Z1 , Z2 , Z3 and Y is
identifiable in the graph of Figure 1 and application of the ID algorithm gives
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Figure 1: A graph for the introductory example on simplification.
for the same causal effect. This expression can be obtained without any knowledge of the
underlying model by using standard probability manipulations. However, this requires that
a favorable choice is made for the ordering of the nodes of the graph in the ID algorithm.
In the case that we had chosen an ordering where Z1 precedes Z3 , the term for Z3 would
instead be P (Z3 |Z2 , Z1 , X) and simplification would require knowledge about the underlying
graph. We will take another look at this example later in Section 5 where we describe in
detail how our procedure can be used to find expression (1).
Our simplification procedure is different from the well-known exact inference method of
minimizing the amount of numerical computations when evaluating expressions for conditional and marginal distributions by changing the order of summations and multiplications
in the expression. Variants of this method are known by different names depending on
the context, such as Bayesian variable elimination (Koller and Friedman, 2009) and the
sum-product algorithm (Bishop, 2006) which is a generalization of belief propagation (Pearl,
1988; Lauritzen and Spiegelhalter, 1988). Efficient computational methods exist for causal
effects as well, such as (Shpitser et al., 2011). The general principle is the same in all of the
variants, and no symbolic simplification is performed.
In our setting simplification can be defined explicitly but in general it is difficult to
say what makes one expression simpler than another. Carette (2004) provides a formal
definition for simplification in the context of Computer Algebra Systems (CAS) that operate
on algebraic expressions. Modern CAS systems such as Mathematica (Wolfram Research
Inc., 2015) and Maxima (Maxima, 2014) implement techniques for symbolic simplification.
Bailey et al. (2014) and references therein discuss simplification techniques in CAS systems
further. However to the best of our knowledge, the symbolic simplification procedures for
probabilistic expressions described in this paper have neither been given previous attention
nor implemented in any existing system.

2. Probabilistic Expressions
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Every expression that we consider is defined in terms of a set of variables W. As we are
interested in probabilistic expressions, we also assume a joint probability distribution P for
the variables of W. The most basic of expressions are called atomic expressions which will
be the main focus of this paper.
3

Tikka and Karvanen

A = A[W] = hT, Si,

Definition 1 (Atomic expression) Let W be a set of p discrete random variables and
let P be any joint distribution of W. An atomic expression is a pair

where

1. T is a set of pairs {hV1 , C1 i, . . . , hVn , Cn i} such that for each Vi and Ci it holds that
Vi ∈ W, Ci ⊆ W, Vi 6∈ Ci and Vi 6= Vj for i 6= j.

S i=1

n
XY

P (Vi |Ci ).

2. S is a set {S1 , . . . , Sm } ⊆ W such that for each i = 1, . . . , m it holds that Si = Vj for
some j ∈ {1, . . . , n}.

The value of an atomic expression A is

PA =

P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 ),

The probabilities P (Vi |Ci ) are referred to as the terms of the atomic expression. A term
P (Vi |Ci ) is said to contain a variable V if Vi = V or V ∈ Ci . A term for a variable V refers
to a term P (V |·). We also use the shorthand notation V [A] := {V1 , . . . Vn }. As S is a set,
we will only sum over a certain variable once. All variables are assumed to be univariate
and discrete for clarity, but we may also consider multivariates and situations where some of
the variables are continuous and the respective sums are interpreted as integrals instead.
As an example we will construct an atomic expression describing the following formula
X
X

and

{X},

which is a part of the motivating example in the introduction. We let W = {X, Y, Z1 , Z2 , Z3 },
which is the set of nodes of the graph of Figure 1. The sets T and S can now be defined as

{hY, {Z2 , X, Z3 , Z1 }i, hZ3 , {Z2 , X}i, hX, {Z2 }i, hZ2 , ∅i}

respectively. Next we define a more general probabilistic expression.

B = B[W, n, m] = hB, A, Si,

JMLR 18(36):1-30, 2017

Definition 2 (Expression) Let W be a set of p variables and let P be the joint distribution
of W. An expression is a triple

where
1. S is a subset of W.

{hT1 , S1 i, . . . , hTm , Sm i}.

2. For m > 0, A is a set of atomic expressions

If m = 0 then A = ∅.

4

PB =

S i=1

n
XY

PBi
j=1

m
Y

PAj ,

5
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The symbol Vjπ is used to denote the subset of vertices of G that are less than Vj in π.
For sets we may define Vπ to contain those vertices of G that are less than every vertex of V
in π. Consider a DAG G = hW, Ei and a topological ordering π of its vertices. We use the
notation π(·) to denote indexing over the vertex set W of G in the ordering given by π, that
is Vπ(1) > Vπ(2) > · · · > Vπ(m) where m = |W|. For any atomic expression A[V] = hT, Si
such that V ⊆ W we also define the induced ordering ω. This ordering is an ordering of the
variables in V such that if X > Y in ω then X > Y also in π. From now on in this paper,
any indexing over the variables of an atomic expression will refer to the induced ordering of
the set V when π is given, i.e V1 > V2 > · · · > Vn in ω. In other words, ω is obtained from
π by leaving out variables that are not contained in A.

Definition 3 (Topological ordering) Topological ordering π of a DAG G = hW, Ei is
an ordering of its vertices, such that if X is an ancestor of Y in G then X < Y in π.

In the context of probabilistic graphical models, we are provided additional information
about the joint distribution of the variables of interest in the form of a DAG. As we are
concerned on the simplification of the results of causal effect derivations in such models, the
general form of the atomic expressions can be further narrowed down by using the structure
of the graph and the ordering of vertices called a topological ordering.

A2 = h{hY, {Z2 , X, Z3 , Z1 }i, hZ3 , {Z2 , X}i, hX, {Z2 }i, hZ2 , ∅i}, {X}i.

A2 = h{hZ2 , ∅}i}, ∅i,

A1 = h{hZ1 , {Z2 , X}i}, ∅i,

The recursive definition ensures the finiteness of the resulting expression by requiring
that each sub-expression has fewer sub-expressions of their own than the expression above it.
A single value might be shared by multiple expressions, as the terms of the product in the
value of the expression are exchangeable. Expressions B1 [W, n1 , m1 ] and B2 [W, n2 , m2 ] are
equivalent if their values PB1 and PB2 are equal for all P . Equivalence is defined similarly for
atomic expressions. Every expression is formed by nested atomic expressions by definition.
Because of this, we focus on the simplification of atomic expressions.
As an example we construct an expression for the causal effect formula (1). We define
W := {X, Y, Z1 , Z2 , Z3 } and let the sets B and S be empty. We define the set A to consist
of three atomic expressions A1 , A2 and A3 defined as follows

where an empty product should be understood as being equal to 1.

The value of an expression B is

such that Wi ⊆ W, ni < n, mi < m for all i = 1, . . . , n. If n = 0 then B = ∅.

{B1 [W1 , n1 , m1 ], . . . , Bn [Wn , nn , mn ]}

3. For n > 0, B is a set of expressions

Simplifying Probabilistic Expressions

P (Vπ(p) , . . . , Vπ(q) |D) =

6

U ∈M

Y

P (U |EU )

Vi ≥Vj

Y

(2)
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P (Vi |Ci ),

If there exists a set D ⊂ Vjπ and the sets EU ⊆ W for all U ∈ M such that the conditional
distribution of the variables Vπ(p) , . . . , Vπ(q) can be factorized as

{U ∈ W | U 6∈ V [A], Vπ(q) > U > Vπ(p) }.

Definition 5 (Simplification sets) Let G0 be a DAG and let G be a subgraph of G0
over a vertex set W with a topological ordering π. Let A[W] = hT, Si, where T =
{hV1 , C1 , i, . . . , hVn , Cn i}, be a π-consistent atomic expression and let Vj ∈ S. Suppose
that Vπ(p) = Vj and that Vπ(q) = V1 and let M be the set

Simplification in our context is the procedure of eliminating variables from the set of variables
that are to be summed over in expressions. In atomic expressions, a successful simplification
in terms of a single variable should result in another expression that holds the same value,
but with the respective term eliminated and the variable removed from the summation. As
we are interested in causal effects, we consider only simplification of topologically consistent
atomic expressions.
Our approach to simplification is that the atomic expression has to represent a joint
distribution of the variables present in the expression to make the procedure feasible. The
question is whether the expression can be modified to represent a joint distribution. Before
we can consider simplification, we have to define this property explicitly.

3. Simplification

Here An(Vi )G denotes the ancestors of Vi in G. To motivate this definition we note that
the outputs of the algorithms of Shpitser and Pearl (2006a,b) can always be represented by
using products and quotients of topologically consistent atomic expressions. An expression
is topologically consistent when every atomic expression contained by it is topologically
consistent with respect to a topological ordering of a subgraph. We provide a proof for this
statement in Appendix A. This also shows that any manual derivation of a causal effect
can always be represented by a topologically consistent expression. The assumption that
An(Vi )G ⊆ Ci is not necessary for the simplification to be successful. This assumption is
used to speed up the performance of our procedure in Section 3.

An(Vi )G ⊆ Ci ⊆ Viπ for all i = 1, . . . , n.

Definition 4 (Topological consistency) Let G0 be a DAG with a subgraph G = hW, Ei
and let π be a topological ordering of the vertices of G. An atomic expression A[W] = hT, Si
is topologically consistent (or π-consistent for short) if

The ID algorithm performs the so-called C-component factorization. These components
are subgraphs of the original graph where every node is connected by a path consisting
entirely of bidirected edges. The resulting expressions of these factors serve as the basis for
our simplification procedure.

Tikka and Karvanen
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(U ⊥
⊥ Vj |EU \ {Vj })G0 for all U ∈ M.

then the sets D and EU , U ∈ M are the simplification sets of A with respect to Vj .

(3)

This definition is tailored for the next result that can be used to determine the existence
of a simpler expression when simplification sets exist. Afterwards we will show how this
result can be applied in practice via an example. The definition characterizes π-consistent
atomic expressions that represent joint distributions. It is apparent that simplifications sets
are not always unique, which can lead to different but still simpler expressions. Henceforth
the next result considers simplification in terms of a single variable. The proof is available
in Appendix B.
Theorem 6 (Simplification) Let G0 be a DAG and let G be a subgraph of G0 over a vertex
set W with a topological ordering π. Let A[W] = hT, Si be a π-consistent atomic expression
and let D and EU , U ∈ M be its simplification sets with respect to a variable Vj ∈ S. Then
there exist an expression A0 [W \ {Vj }] = hT0 , S0 i such that Vj 6∈ S0 , PA = PA0 and no term
in A0 contains Vj .
Note that even if M = ∅ in Definition 5, the existence of simplification sets still requires
Q
that Vi ≥Vj P (Vi |Ci ) = P (Vj , . . . , V1 |D). In many cases there exists variables U ∈ M such
that the expression does not contain a term for U . Condition (2) of Definition 5 guarantees
that if these terms were contained in the expression it would represent a joint distribution.
Our goal is thus to introduce these terms into the original expression temporarily, carry
out the desired summation, and finally remove the added terms. This can only be achieved
if the variables in the set M are conditionally independent of the variable currently being
summed over, hence the assumption (U ⊥
⊥ Vj |EU \ {Vj })G0 of condition (3) of Definition 5.
We show how simplification sets can be used in practice to derive a simpler expression
via an example. We consider the causal effect of {X, Z, W } on Y in the graph G of Figure 2.

Figure 2: A graph G for the example on the use of simplification sets.

X

P (Y |X, W, Z)P (X|W )P (W ).
JMLR 18(36):1-30, 2017

The effect in question is identifiable and the ID algorithm readily gives atomic expression

X,W

7
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We consider simplification sets with respect to Vj = W . The topological order is W < X <
Z < Y . The atomic expression does not contain a term for Z so we have M = {Z}. By
noting that (Z ⊥
⊥ W |X)G we are able to satisfy condition (3) of Definition 5. We can write

P (Y, Z, X, W ) = P (Z|X, W )P (Y |X, W, Z)P (X|W )P (W ),

P (Y |X, Z)P (X).

as required by condition (2) of Definition 5 by setting EZ = {X, W }. Thus, the simplification
sets D and EZ for the atomic expression with respect to W are ∅ and {X, W }, respectively.
Finally, we obtain the simpler atomic expression by carrying out the summation over W :
X

X
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Neither Definition 5 nor Theorem 6 provide a method to obtain simplification sets or to
determine whether they exist in general. To solve this problem we present a simplification
algorithm for π-consistent atomic expressions that operates by constructing simplification
sets iteratively for each variable in the summation set.
Algorithm 1 always attempts to perform maximal simplification, meaning that as many
variables of the set S are removed as possible. If the simplification in terms of the entire
set S can not be completed, the intermediate result with as many variables simplified as
possible is returned. If simplification in terms of specific variables or a subset is preferred,
the set S should be defined accordingly.
The function simplify takes three arguments: an atomic expression A[W] that is to
be simplified, a graph G and a topological ordering π of its vertices. A is assumed to be
π-consistent.
On line 10 the function index.of returns the corresponding index i of the term containing
Sj . Since A is π-consistent, we only have to iterate through the variables V1 , . . . , Vj as the
terms outside this range contain no relevant information about the simplification of Vj . The
variables without a corresponding term in the atomic expression A are retrieved on line 11
by the function get.missing. This function returns the set M of Definition 5 with respect
to the current variable to be summed over.
In order to show that the term of A represent some joint distribution, we proceed in
the order dictated by the topological ordering of the vertices. The sets J and D keep track
of the variables that have been successfully processed and of the conditioning set of the
joint term that was constructed on the previous iteration. Similarly, the sets R and I keep
track of the variables and conditioning sets of the corresponding variables that the atomic
expression does not originally contain a term for. Iteration through relevant terms begins
on line 13. Next, we take a closer look at the function join which is called next on line 14.
Here P(·) denotes the power set, 4 denotes the symmetric difference and An∗ (·)G denotes
the ancestors with the argument included. The function join attempts to combine the joint
term P (J|D), obtained from the previous iteration steps, with the term P (V |C) := P (Vk |Ck )
of the current iteration step. d-separation statements of G are evaluated to determine whether
this can be done. In practice this means finding a suitable subset Pi of G, where G∪An(V )G
is the largest possible conditioning set of the new combined term. The set G is computed
on line on line 4 of Algorithm 2. A valid subset Pi satisfies P (J|D) = P (J|An∗ (V )G , Pi )
and P (V |C) = P (V |An(V )G , Pi ) which allow us to write the product P (J|D)P (V |C) as
P (J, V |An(V )G , Pi ).

8

Algorithm 2 Construction of the joint distribution of the set J and a variable V given
their conditional sets D and C using d-separation criteria in G. S is the current summation
variable, M is the set of variables not contained in the expression and π is a topological
ordering.
1: function join(J, D, V, C, S, M, G, π)
2:
if J = ∅ then
3:
return h{V }, C, ∅i
4:
G ← Jπ \ An∗ (V )G
5:
P ← P(G)
6:
n ← |P|
7:
for i = 1 : n do
8:
A ← (An∗ (V )G ∪ Pi ) 4 D
9:
B ← (An(V )G ∪ Pi ) 4 C
10:
if (J ⊥
⊥ A|D \ A)G and (V ⊥
⊥ B|C \ B)G then
11:
return hJ ∪ {V }, (An(V )G ∪ Pi ), ∅i
12:
if M 6= ∅ then
13:
for M 0 ∈ M do
14:
if M 0 ∈ D, M 0 6∈ C then
15:
hJnew , Dnew , Ri ← insert(J, D, M 0 , S, G, π)
16:
if J ⊂ Jnew then
17:
return hJnew , Dnew , Ri
18:
return hJ, D, ∅i

Algorithm 1 Simplification of an atomic expression A = hT, Si given graph G and topological ordering π.
1: function simplify(A, G, π)
2:
j←0
3:
while j < |S| do
4:
B←A
5:
J←∅
6:
D←∅
7:
R←∅
8:
I←∅
9:
j ←j+1
10:
i ← index.of(A, j)
11:
M ← get.missing(A, G, j)
12:
k←1
13:
while k ≤ i do
14:
hJnew , Dnew , Rnew i ← join(J, D, Vk , Ck , Sj , M, G, π)
15:
if Jnew ⊆ J then
16:
break
17:
else
18:
J ← Jnew
19:
D ← Dnew
20:
if Rnew 6= ∅ then
21:
R ← R ∪ Rnew
22:
I ← I ∪ {D}
23:
M ← M \ Rnew
24:
else
25:
k ←k+1
26:
if k = i + 1 then
27:
Anew ← factorize(J, D, R, I, A)
28:
if Anew = A then
29:
A←B
30:
else
31:
A ← Anew
32:
S ← S \ {Sj }
33:
j←0
34:
return A

JMLR 18(36):1-30, 2017
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Together the functions join and insert capture the two conditions of Definition 5. They
are essentially two variations of the underlying procedure of determining whether the terms
of the atomic expression actually represent a joint distribution. The only difference is that
join is called when we are processing terms that already exist in the expression, and insert

In order to find this valid subset, we compute the sets A and B for each candidate
on lines 8 and 9. These sets characterize the necessary change in the conditioning sets of
the terms P (J|D) and P (V |C) that would enable a joint term to be formed by these two
terms. The validity of the candidate set is finally checked on line 10 which determines if the
necessary change is allowed by d-separation criteria in the graph G. If no valid subset Pi can
be found, we can still attempt to insert a missing variable of M by calling insert. If this

In essence, the function insert is a simpler version of join, because the only restriction
on the conditioning set of M 0 is imposed by the conditioning set of J and the fact that M 0
has to be conditionally independent of the current variable S to be summed over. If join or
insert was unsuccessful in forming a new joint distribution, we have that Jnew ⊂ J. In this
case simplification in terms of the current variable cannot be completed. If we have that
Jnew 6⊂ J the iteration continues.

A special case where the first variable of the joint distribution forms P (J, D) alone is
processed on line 2 of Algorithm 2. In this case, we have an immediate result without having
to iterate through the subsets of G. The formulation of the set G ensures that the resulting
factorization is π-consistent if it exists. Knowing that the ancestral set An(V )G has to be a
subset of the new conditioning set also greatly reduces the amount of subsets we have to
iterate through. In a typical situation, the size of P is not very large. Let us now inspect
the insertion procedure in greater detail.

does not succeed either, the original sets J and D are returned, which instructs simplify to
terminate simplification in terms of Vj and attempt simplification in the next variable.

Tikka and Karvanen
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Algorithm 3 Insertion of variable M 0 into the joint term P (J|D) using d-separation criteria
in G. S is the current summation variable and π is a topological ordering.
0
1: function insert(J, D, M , S, G, π)
2:
G ← Jπ \ An∗ (M 0 )G
3:
n ← |G|
4:
for i = 1 : n do
5:
A ← (An∗ (M 0 )G ∪ Pi ) 4 D
6:
B ← (An(M 0 )G ∪ Pi )
7:
if (J ⊥
⊥ A|D \ A)G and (M 0 ⊥
⊥ S|B \ S)G then
return hJ ∪ {M 0 }, (An∗ (M 0 )G ∪ Pi ), {M 0 }i
return hJ, D, ∅i

Simplifying Probabilistic Expressions
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9:

8:

12:

12

JMLR 18(36):1-30, 2017

Algorithm 4 begins by simplifying all atomic expressions contained in the expressions.
If an atomic expression contains no summations after the simplification but does contain
multiple terms, each individual term is converted into an atomic expression of their own.
After this, we iterate through all sub-expressions contained in the expression. The purpose
of this is to carry out the simplification of every atomic expression in the stack and collect
the results into as few atomic expressions as possible. First, we traverse to the bottom of the
stack on line 8 by deconstructing sub-expressions until they have no sub-expressions of their
own. Afterwards, it must be the case that hBX , AX , SX i consists of atomic sub-expressions
only.
If hBX , AX , SX i contains no summations on line 9 then the atomic expressions contained
in this expression do not require an additional expression to contain them, but can instead
be transferred to be a part of the expression above the current one in the recursive stack.
On line 6 we lift the atomic expressions contained in the atomic sub-expressions up to the
current recursion stage.
There is no guarantee, that the resulting atomic expression is still π-consistent after
this procedure. The function deconstruct operates on the principle of simplifying as
many atomic expressions as possible, combining the results into new atomic expressions
and simplifying them once more. We do not claim that this procedure is complete in a
sense that Algorithm 4 would always find the simplest representation for a given expression.
This method in nonetheless sound and finds drastically simpler expressions in almost every
situation where such an expression exists.
We may also consider quotients often formed by deriving conditional distributions. For
this purpose we need a subroutine to extract terms from atomic sub-expression that are
independent of the summation index, that is Vi 6∈ S and Ci ∩ S = ∅.
The procedure of Algorithm 5 is rather straightforward. First, we attempt to simplify
B by using deconstruct on line 2. Next, we simply recurse as deep as possible without
encountering a sum in an expression. If a sum is encountered, extraction is attempted.
On any stage where a sum was not encountered, we may still have atomic sub-expression

13:

Algorithm 4 Recursive wrapper for the simplification of an expression B = hB, A, Si given
graph G and topological ordering π.
1: function deconstruct(B, G, π)
2:
R←∅
3:
for Y ∈ A do
4:
h{hV1 , C1 i, . . . , hVn , Cn i}, SY i ← simplify(Y, G, π)
5:
if SY = ∅ then
Sn
6:
A ← A ∪ ( i=1
{h{hVi , Ci i}, ∅i})
7:
for hBX , AX , SX i ∈ B do
8:
hBX , AX , SX i ← deconstruct(hBX , AX , SX i, G)
9:
if BX = ∅ and SX = ∅ then
10:
R ← R ∪ {hBX , AX , SX i}
11:
A ← A ∪ AX
B←B\R
return hB, A, Si

is called when there are variables without corresponding terms in the expression, that is the
set M of Definition 5 is not empty.
If the innermost while-loop of Algorithm 1 succeeded in iterating through the relevant
variables, we are ready to complete the simplification process in terms of Sj . We carry
out the summation over Sj which results in P (J \ {Vi }|D). This is done on line 27 by
calling factorize(J, D, R, I, A) which checks whether the joint term P (J \ {Vi }|D) can be
factorized back into a product of terms. In practice this means that if the function succeeds,
it will return an atomic expression obtained by removing each inserted term P (R|IR ) such
that R ∈ R and IR ∈ I from atomic expression A. The status of the atomic expression is
updated on lines 31 and 32 to reflect this. If the function fails, it will return A unchanged.
If the innermost while-loop did not iterate completely through the relevant variables,
the simplification was not successful in terms of Sj at this point. In this case we reset A
to its original state on line 29 and attempt simplification in terms of the next variable. If
there are no further variables to be eliminated, the outermost while-loop will also terminate.
In the next theorem, we show that Algorithm 1 is both sound and complete in terms of
simplification sets. The proof for the theorem can be found in Appendix D.
Theorem 7 Let G0 be a DAG and let G be a subgraph of G0 over a vertex set W with a
topological ordering π. Let A[W] = hT, {Vj }i be a π-consistent atomic expression. Then if
simplify(A, G, π) succeeds, it has constructed a collection of simplification sets of A with
respect to Vj . Conversely, if there exists a collection of simplifications sets of A with respect
to Vj , then simplify(A, G, π) will succeed.

4. High Level Algorithms
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In this section, we present an algorithm to simplify all atomic expressions in the recursive
stack of an expression. We will also provide a simple procedure to simplify quotients
defined by two expressions: one representing the numerator and another representing the
denominator. In some cases it is also possible to eliminate the denominator by subtracting
common terms. First, we present a general algorithm to simplify topologically consistent
expressions.
11

13
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Algorithm 6 takes two expressions, B1 and B2 , and removes any sub-expressions and
atomic sub-expressions that are shared by B1 and B2 . This is of course only feasible when
the summation sets are empty for both B1 and B2 . This condition is checked on line 4.

that contain sums. Because the recursion had reached this far, we know that there are no
summations above them in the stack, so we can attempt extraction on them as well.

31:

30:

29:

28:

27:

(2)

if TA ∩ S = ∅ and TA ∩ S = ∅ then
AE ← AE ∪ {hTA , SA i}
R ← R ∪ {hTA , SA i}
A←A\R
BE ← {B}
return hBE , AE , ∅i

(1)

14
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Figure 3: A graph G for the example on the necessity of the insertion procedure.

In this section we present examples of applying the algorithms of the previous sections. We
denote line number y of algorithm x with Ax:y. We begin with a simple example on the
necessity of the insert procedure in graph G of Figure 3.

5. Examples

Algorithm 6 Simplification of a quotient PB1 /PB2 given by the values of two expressions
B1 = hB1 , A1 , S1 i and B2 = hB2 , A2 , S2 i given graph G and topological ordering π.
1: function q-simplify(B1 , B2 , G, π)
2:
B1 ← extract(B1 , G, π)
3:
B2 ← extract(B2 , G, π)
4:
if S1 6= ∅ or S2 6= ∅ then
5:
return hB1 , B2 i
6:
i←1
7:
while i ≤ |B1 | and |B1 | > 0 and |B2 | > 0 do
8:
for j = 1 : |B2 | do
9:
if B1i = B2j then
10:
B1 ← B1 \ {B1i }
11:
B2 ← B2 \ {B2j }
12:
i←0
13:
break
14:
i←i+1
15:
i←1
16:
while i ≤ |A1 | and |A1 | > 0 and |A2 | > 0 do
17:
for j = 1 : |A2 | do
18:
if A1i = A2j then
19:
A1 ← A1 \ {A1i }
20:
A2 ← A2 \ {A2j }
21:
i←0
22:
break
23:
i←i+1
24:
return hB1 , B2 i

Algorithm 5 Extraction of terms independent of the summation indices from a expression
B = hB, A, Si given graph G and topological ordering π.
1: function extract(B, G, π)
2:
B ← deconstruct(B, G, π)
3:
if S = ∅ then
4:
for X ∈ B do
5:
X ← extract(X, G, π)
6:
for hTA , SA i ∈ A do
7:
if SA 6= ∅ then
8:
AE ← ∅
9:
R←∅
10:
for hV, Ci ∈ TA do
11:
if V 6∈ SA and C ∩ SA = ∅ then
12:
AE ← AE ∪ {h{hV, Ci}, ∅i}
13:
R ← R ∪ {hV, Ci}
14:
A ← A ∪ AE
15:
TA ← TA \ R
16:
else
17:
AE ← ∅
18:
R←∅
19:
for hTA , SA i ∈ A do
20:
if SA = ∅ then
(1)
21:
TA ← ∅
(2)
22:
TA ← ∅
23:
for hV, Ci ∈ TA do
(1)
(1)
24:
TA ← TA ∪ {V }
(2)
(2)
25:
TA ← TA ∪ C

26:
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P (Y )P (Z|Y )P (X|W, Z, Y )

The causal effect of W on X is identifiable in this graph, and expression
X

Z,Y

is obtained by direct application of the ID algorithm or by the truncated factorization
formula for causal effects in Markovian models (Pearl, 2009). We let A be this atomic
expression. The topological ordering π is X > W > Z > Y and M = {W }. The call to
simplify(A, G, π) will first attempt simplification in terms of Z, by calling
join(∅, ∅, X, {W, Z, Y }, Z, {W }, G, π),
which results in hX, {W, Z, Y }, ∅i. At the second call
join({X}, {W, Z, Y }, Z, Y, Z, {W }, G, π)
we already run into trouble since we cannot find a conditioning set that would allow Z to be
joined with {X}. However, since M is non-empty and W ∈ {W, Z, Y } and W 6∈ {Z} this
means that the next call is
insert({X}, {W, Z, Y }, W, Z, G, π).
Insertion fails in this case, as one can see from the fact that no conditioning set exists that
would make W conditionally independent of Z. Thus we recurse back to join and back to
simplify and end up on line A1:15 which breaks out of the while-loop. Thus A cannot be
simplified in terms of Z. Simplification is attempted next in terms of Y . The first two calls
are in this case
join(∅, ∅, X, {W, Z, Y }, Y, {W }, G, π),

join({X}, {W, Z, Y }, Z, {Y }, Y, {W }, G, π),

and in the second call we run into trouble again and have to attempt insertion
insert({X}, {W, Z, Y }, W, Y, G, π).
This time we find that we can add a term for W which is P (W |Z, Y ) because (W ⊥
⊥ Y |Z)G .
The other calls to join also succeed and we can write the value of A as
Z,Y

P

P (Y )P (Z|Y )P (W |Y, Z)P (X|W, Z, Y )
.
P (W |Z)

P (X|W, Z)P (Z).

and complete the summation in terms of Y . After the call to factorize we are left with
the final expression
X

Z
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P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 ),

We continue by considering again graph G depicted in Figure 1. The topological ordering
π is Y > Z1 > Z3 > X > Z2 . Atomic expression A1 given by
X
X,Y

15
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P (Z3 |Z2 , X)P (X|Z2 )P (Z2 ).

is a part of the expression to be simplified.
We will first simplify A1 and take a closer look at how the function join operates. The
call to simplify(A1 , G, π) will attempt simplification in terms of the set {X, Y } in the
ordering that agrees with the topological ordering π, which is (Y, X). After initializing the
required sets, we find the index of the term with Y as a variable on line 10. There is one
missing variable, Z1 , so M = {Z1 } as returned by get.missing on line A1:11. The first
call to join results in hY, {Z2 , X, Z3 , Z1 }, ∅i, because line A2:3 is triggered. Condition on
line A1:15 is not satisfied since Jnew = {Y } 6⊆ ∅ = J. Thus we update the status of J and D
on lines A1:18 and A1:19. Since Rnew = ∅ on line A1:20 we do not have to update the status
of R, I and M on lines A1:21, A1:22 and A1:23. The innermost while-loop is now complete
and we call factorize on line A1:27 which succeeds in removing the term P (Y |Z2 , X, Z3 , Z1 )
by completing the sum. Now we update the status of the atomic expression on line A1:31
and remove Y from the set of variables to be summed over on line A1:32. The resulting
value of the expression at this point is
X

X

Next, the summation in terms of X is attempted. join is once again successful, because
Z3 is the first variable to be joined and line A2:3 is triggered. Next we attempt to join the
terms P (Z3 |Z2 , X) and P (X|Z2 ). Computation of the set G on line A2:4 results in

{Z3 }π \ An∗ (X)G = {X, Z2 } \ {X, Z2 } = ∅.

B = (An(X)G ∪ P1 )4C = ({Z2 } ∪ ∅)4{Z2 } = ∅

∗
A = (An(X)G
∪ P1 )4D = ({X, Z2 } ∪ ∅)4{X, Z2 } = ∅

The power set computed on line A2:5 contains only the empty set. For P1 = ∅ we have
on line 8, and

P (Z3 |Z2 )P (Z2 ).

(4)

on line 9. The condition on line A2:10 evaluates to true and we return with h{Z3 , X}, {Z2 }, ∅i.
The innermost while-loop terminates allowing the summation over X to be performed. The
function factorize provides us with the final expression

P

X

P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 ).

P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 )
×
P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 )

Next, we will consider the full example and see how q-simplify is applied. Using the ID
algorithm we obtain the causal effect of X on Z1 , Z2 , Z3 and Y in graph G of Figure 1 and
it is
P (Z1 |Z2 , X)P (Z3 |Z2 ) P

X

X,Y

X,Z3 ,Y

JMLR 18(36):1-30, 2017

P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 ),

We will represent this as a quotient of expression using Definition 2. Let A1 be the atomic
expression of the previous example and let A2 also be an atomic expression given by
X

X

16

P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 ).

B2 = h∅, {A1 }, ∅i.

B = (An(Z3 ) ∪ P4 )4C = {Z2 , X, Z1 }4{Z2 , X} = {Z1 }.

17
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and continue in an attempt to join the term P (X|Z2 ) with this result. The set G is now
defined as
{Y, Z3 }π \ An∗ (X)G = {Z1 , X, Z2 } \ {X, Z2 } = {Z1 }

Both conditions on line A2:10 are now satisfied ny noting that (Z3 ⊥
⊥ Z1 |X, Z2 )G . Afterwards
we obtain
P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X) = P (Y, Z3 |Z1 , Z2 , X)

and

A = (An∗ (Z3 ) ∪ P4 )4D = {Z2 , X, Z3 , Z1 }4{Z2 , X, Z3 , Z1 } = {X}

and since (Y 6⊥
⊥ X|Z1 , Z3 , Z2 )G the condition on line A2:10 is again, not satisfied. Finally,
for P4 = {Z1 , X} we have

A = (An∗ (Z3 ) ∪ P3 )4D = {Z2 , Z3 , Z1 }4{Z2 , X, Z3 , Z1 } = {X}

and since (Y 6⊥
⊥ Z1 |X, Z3 , Z2 )G the condition on line A2:10 is still not satisfied. Next, for
P3 = {Z1 } we have

A = (An∗ (Z3 ) ∪ P2 )4D = {X, Z2 , Z3 }4{Z2 , X, Z3 , Z1 } = {Z1 }

and since (Y 6⊥
⊥ X, Z1 |Z3 , Z2 )G the condition on line A2:10 is not satisfied. We continue
with P2 = {X} and obtain

A = (An∗ (Z3 ) ∪ P1 )4D = {Z2 , Z3 }4{Z2 , X, Z3 , Z1 } = {X, Z1 }

and its subsets are {Z1 , X}, {Z1 }, {X} and ∅. For the first subset P1 = ∅ we have that

{Y }π \ An∗ (Z3 )G = {Z3 , Z1 , X, Z2 } \ {Z3 , Z2 } = {Z1 , X}

We now call q-simplify(B1 , B2 , G, π). First, we must trace the calls to extract for both
expressions on lines A6:2 and A6:3. For B1 and B2 this immediately results in a call to
deconstruct on line A5:2. First, the function applies simplify to each atomic expression
contained in the expressions on line A4:4.
Let us first consider the simplification of A2 . As before with A1 , we have that join first
succeeds in forming hY, {Z2 , X, Z3 , Z1 }, ∅i, but this time Y is not in the summation set, so
we continue. Next, the algorithm attempts to join P (Y |Z2 , X, Z3 , Z1 ) with P (Z3 |Z2 , X).
The set G is defined as

B1 = h∅, {A2 , A3 , A4 , A5 }, ∅i,

We also define the atomic expressions A4 with the value P (Z3 |Z2 ) and A5 with the value
P (Z1 |Z2 , X). Now, we define two expressions B1 and B2 for the quotient PB1 /PB2 as follows:

X,Z3 ,Y

X

which is essentially the same as A1 , but with the variable Y removed from the summation
set S. Similarly, we let A3 be an atomic expression given by

Simplifying Probabilistic Expressions

X

X
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P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 ).
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on line A3:6, and since (Z1 6⊥
⊥ X|Z2 )G the condition on line A3:7 is not satisfied and we
return with hJ, D, ∅i unchanged on line 9 of Algorithm 3, which causes join to also return
with the same output on line A3:18. The condition on line A1:15 is now satisfied and we
cannot simplify A2 .
The atomic expression A3 can be simplified. First, Y is eliminated exactly as it was
removed from A1 . Following the same principle we can see that whenever a variable in the
summation set is the largest one in the topological order of the variables contained in the
atomic expression, it will be removed successfully. From this we obtain that the value of
A3 is in fact simply P (Z2 ). Let us call the atomic expression with this value E, that is
PE = P (Z2 ). The atomic expression A1 can also be simplified, and its value is given by
(4). Furthermore, since this value is made of two product terms, it is split into two atomic
expressions respectively. Let these be called D1 and D2 such that PD1 = P (Z3 |Z2 ) and
PD2 = P (Z2 ).
Applying simplify to A4 and A5 simply returns the original expressions, since they do
not contain any summations and the loop on line A1:3 is never entered. The set of atomic
expressions is afterwards updated on line A4:6. Neither B1 nor B2 contain any sub-expressions
or summations on line A4:9, so deconstruct(B1 , G, π) returns h∅, {A2 , E, A4 , A5 }, ∅i and
deconstruct(B2 , G, π) returns h∅, {D1 , D2 }, ∅i. The lack of summations on line A5:3 of
causes extract to iterate through the atomic expression contained in B1 and B2 directly
on line A5:6, since neither of them have any sub-expressions of their own.
Only A2 contains a sum at this point. The iteration over the terms of A2 on line A5:10
finds that the only term that does not contain X is P (Z2 ) on line A5:11. Let us denote the
atomic expression with the value P (Z2 ) as C1 and the atomic expression resulting from the
extraction as C2 which now has the value

B = (An(Z1 )G ∪ P1 ) = {X, Z2 }

For the only subset P1 = ∅ we have

Jπ \ An∗ (Z1 )G = {Y, Z3 }π \ {X, Z1 , Z2 } = ∅.

Again, the condition on line A2:10 is not satisfied by noting that (X 6⊥
⊥ Z1 |Z2 )G . We have
exhausted the possible subsets, which means that we enter the loop on line A2:13 since the
set M = {Z1 } is not empty of line A2:12.
In this case insert is called to bring Z1 into the expression because Z1 ∈ D = {Z1 , Z2 , X}
and Z1 6∈ C = {Z2 }. The set G is constructed on line A3:2 and it is

B = (An(X) ∪ P2 )4C = {Z2 , Z1 }4{Z2 } = {Z1 }.

and since (Y, Z3 6⊥
⊥ Z1 |X, Z2 )G the condition on line A2:10 is not satisfied. Continuing with
P2 = {Z1 } we have

A = (An∗ (X) ∪ P1 )4D = {X, Z2 }4{Z1 , Z2 , X} = {Z1 }

and its subsets are {Z1 } and ∅. Starting with P1 = ∅ we have that

Tikka and Karvanen
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This completes the extraction and results in an expression B10 such that
B10 = h∅, {C1 , C2 , E, A4 , A5 }, ∅i.

P
X

P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 ).

P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 ).

P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 )
×
P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 )

The expression B2 remains unchanged.
q-simplify is now able to proceed. Neither B10 nor B2 contain sub-expression so the loop
on line A6:7 is not entered, and we are only subtracting their common atomic expressions in
the loop on line A6:16. It is easy to see that A4 = D1 and C1 = D2 , so they are removed from
both B10 and B2 . Finally, the expressions corresponding to the numerator and denominator
are returned.
To summarize, we began with the expression
P (Z1 |Z2 , X)P (Z3 |Z2 ) P
X

X,Y

X,Z3 ,Y

X

X

and successfully simplified it into
P (Z1 |Z2 , X)P (Z2 )

6. Discussion
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We have presented a formal definition of topologically consistent atomic expressions and
simplification sets and provided a sound and complete algorithm to find these sets for a
given expression. We also discussed some general techniques that apply to a more general
class of these expressions. Algorithm 7 and Algorithm 8, presented in Appendix A, have
been previously implemented in the R package causaleffect (Tikka and Karvanen, 2017). We
have updated the package to include all of the simplification procedures presented in this
paper and they can be applied to all causal effect and conditional causal effect expressions
derived from identification procedures. Our definition of topologically consistent atomic
expressions is similar to g-functionals that can be used to characterize identifiability results
under special conditions (Shpitser and Tchetgen Tchetgen, 2016).
It is plausible that these procedures could also be extended into other causal inference
results, such as formulas for z-identifiability, transportability and meta-transportability
of causal effects. The extensions are non-trivial however, since transportability formulas
contain terms with distributions from multiple domains and z-identifiable causal effects
contain do-operators in the conditioning sets which would require the implementation of the
rules of do-calculus into Algorithm 1. Do-calculus consists of three inference rules that can
be used to manipulate probabilities involving the do-operator (Pearl, 2009). Currently, we
operate only on expressions that do not involve the do-operator. In fact, in our procedure it
is not required to know the original causal query that produced the result.
Simpler expressions have many useful properties. They can help in understanding and
communicating results and evaluating them saves computational resources. Estimation
accuracy can also be improved in some cases when variables that are present in the original
expression suffer from missing data or measurement error. One example where the benefits
19
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Figure 4: A graph G for a situation where simplification fails

X

P (Y |Z, X)P (Z).

of simplification are realized can be found in (Hyttinen et al., 2015), where expressions of
causal effects are derived and repeatedly evaluated for a large number of causal models.
Our approach to simplification stems from the nature of causal effect expressions. In
our setting, a question still remains whether simplification sets completely characterize all
situations where a variable can be eliminated from an atomic expression. One might also
consider simplification in a general setting, where we do not assume topological consistency
or any other constraints for the atomic expressions. In this case a ’black box’ definition
for simplification could be considered, where we simply require that when the sum over a
variable of interest is completed we are again left with another atomic expression without
this variable in the summation set. This framework is theoretically interesting but we are
not aware of any potential applications.
The worst case time complexity of Algorithm 1 is difficult to gauge and is a topic
for further research. One can observe that the performance of the algorithm is highly
dependent on the size of the differences of the conditioning sets between adjacent terms.
Both Algorithm 2 and Algorithm 3 iterate through the subsets of these differences and
check d-separation criteria for each subset. Thus dynamic programming solutions could
be implemented to further improve performance by collecting the results of these checks.
Previously determined conditional independences would not need to be checked again and
could be retrieved from memory instead.
In some cases, simplification has some apparent connections to identifiability. Consider
the graph G of Figure 4. In this graph the causal effect of X on Y is identifiable, and its
expression is
Z
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If we let Z be an unobserved variable instead, then G depicts the well-known bow-arc graph,
where the same causal effect is unidentifiable. This corresponds to an unsuccessful attempt
to remove Z from the expression of the causal effect. However, we cannot know beforehand
whether an expression for a causal effect is going to be atomic or not, so we cannot use our
algorithm to derive identifiability in general.
A reviewer suggested a simplification algorithm where the ID algorithm would be applied
to latent projections (Pearl and Verma, 1991) onto the variables to be marginalized. This
algorithm would be able to solve many, but not all, simplification tasks. Importantly, in the
example presented in Figure 1, we cannot make any variables latent, as we are interested in
the causal effect of X on all of the other variables. A reviewer also suggested that simplified

20
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Furthermore, any expression returned from line 7 will now be πr -consistent. Thus all
recursive calls retain topological consistency with respect to π.
Consider now the non-recursive terminating calls on lines 1 and 6. Consider line 1 first.
If line two was triggered previously, we can factorize P (V) in such a way that each variable is
conditioned by its ancestors, since the ancestors of ancestors of Y are by definition ancestors
of Y. If line 7 was triggered previously we already know that the joint distribution was
previously factorized in a πr -consistent fashion. If line 3 or 4 was triggered previously, we

Vi ∈S

0

π
Vi r

since every conditioning set is of the form
when we only consider variables instead of
their values, so we obtain
Y
π
0
P (S ) =
P (Vi |Vi r ),

∗

where P a (·) contains unobserved parents as well.
Consider first lines 2, 3, 4 and 7 of Algorithm 7 where recursive calls occur and let πr
be the topological ordering of the graph in the previous recursion step. Line 2 limits the
identification procedure to the ancestors of Y so we can still obtain an expression that
topologically consistent with respect to a topological ordering obtained from πr by removing
non-ancestors. Lines 3 and 4 make no changes to the distribution P and the graph G. On
line 7 the induced subgraph G[S0 ] in the next call is a C-component, but the joint distribution
in this case is a πr -consistent expression

P =

We prove the statement that every causal effect formula returned by the algorithms of Shpitser
and Pearl (2006a,b) can be represented by using products and quotients of π-consistent
atomic expressions such that π is a topological ordering of G.
We use the notation G[X] to denote an induced subgraph, which is obtained from G
by removing all vertices not in X and by keeping all edges between the vertices of X in G.
Here GX,Z means the graph that is obtained from G by removing all incoming edges of X
and all outgoing edges of Z. We say that G is an I-map of P if P admits the causal Markov
factorization with respect to G = hV, Ei, which is

Appendix A. Topological Consistency of Causal Effect Formulas

We thank the anonymous reviewers for their constructive feedback that greatly helped us to
improve this paper. We also thank Lasse Leskelä for his comments.

function ID(y, x, P, G)
if x = ∅, then
P
return v∈v\y P (v).

function IDC(y, x, z, P, G)
if ∃Z ∈ Z such that (Y ⊥
⊥ Z|X, Z \ {Z})G
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return IDC(y, x ∪ {z}, z \ {z}, P, G).
0
2: else let P = ID(y ∪ z, x, P, G).
P
return P 0 / y∈y P 0

1:

X,Z

then

JMLR 18(36):1-30, 2017

Algorithm 8 The causal effect of intervention do(X = x) on Y given Z (Shpitser and Pearl,
2006b).
INPUT: Value assignments x, y and z, joint distribution P (v) and a DAG G = hV, Ei.
G is an I-map of P .
OUTPUT: Expression for Px (y|z) in terms of P (v) or FAIL(F, F 0 ).

The claim is now apparent for Algorithm 8 since line 2 is eventually called for every
conditional causal effect.

i

if C(G[V \ X]) = {G[S]}, then
if C(G) = {G}, then
throw FAIL(G, G[S]).
6:
if G[S] ∈ C(G), then
P
Q
return v∈s\y Vi ∈S P (vi |viπ ).
0
0
7:
if (∃S )S ⊂ S such that G[S0 ] ∈ C(G), then
Q
return ID(y, x ∩ s0 , V ∈S0 P (Vi |Viπ ∩ S0 , viπ \ s0 ), G[S0 ]).

5:

2:

if V 6= An(Y)G , then
return ID(y, x ∩ An(Y)G , P (An(Y)G ), G[An(Y)G )].
3: Let W = (V \ X) \ An(Y)G .
X
if W 6= ∅, then
return ID(y, x ∪ w, P, G).
4: if C(G[V \ X]) = {G[S1 ], . . . , G[Sk ]}, then
P
Q
return v∈v\(y∪x) ki=1 ID(si , v \ si , P, G).

1:

Algorithm 7 The causal effect of intervention do(X = x) on Y (Shpitser and Pearl, 2006a).
INPUT: Value assignments x and y, joint distribution P (v) and a DAG G = hV, Ei. G is
an I-map of P .
OUTPUT: Expression for Px (y) in terms of P (v) or FAIL(F, F 0 ).

know that they have not imposed any changes on P of G. Line 6 clearly produces a πr
consistent end result. Lines 4, 6 and 7 can only produce either products of quotients. By
noting that πr -consistency implies π-consistency, we have that the result of the algorithm can
always be represented by using products and quotients of π-consistent atomic expressions.

expressions could be categorized into those that are obtained through latent projections and
those that are not. This categorization might give additional insight into the topic.
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Appendix B. Proof of Theorem 6

Vi >Vj

Y

U ∈M P (U |EU )

P (Vi |Di ) := PA0 ,

P (Vπ(p+1) , . . . , Vπ(q) |D)
Q
U ∈M P (U |EU )

Vj

X P (Vπ(p) , . . . , Vπ(q) |D)
Q

Vj Vi ≥Vj

X Y

P (Vi |Ci )

P (Vi |Ci )

P (Vi |Ci )

P (Vi |Ci )

P (Vi |Ci )

Vj i=1

Vi <Vj

Vi <Vj

Y

Y

Vi <Vj

Y

Vi <Vj

Y

n
XY

Proof By direct calculation we obtain
PA =
=
=
=
=

where the sets Di are obtained from the factorization of the joint term such that A0 is a
π ∗ -consistent where π ∗ is obtained from π by removing Vj from the ordering. To justify
the equalities, we first note that terms of variables Vi < Vj do not contain Vj and can be
brought outside the sum.
Q
Q
To obtain the third equality, we multiply by [ U ∈M P (U |EU )]/[ U ∈M P (U |EU )] and
apply condition (2) of Definition 5 on the right-hand side as licensed by condition (3) of the
definition. To obtain the fourth equality, we simply carry out the summation in terms of
Vj . Conditions (2) and (3) of Definition 5 make it possible to refactorize the joint term into
product terms so that the terms corresponding to variables U ∈ M remain unchanged and
can be divided out once more. Thus we obtain the last equality, and an expression that no
longer contains Vj and has the same value as A.

Appendix C. Derivation of the Causal Effect in the Introductory
Example

(5)

We present the derivation of the causal effect of X on Y, Z3 , Z2 , Z1 in the graph G of Figure 1
using Algorithm 7. We fix topological ordering of G as Z2 < X < Z1 < Z3 < Y . The
original call ID({Y, Z1 , Z2 , Z3 }, {X}, P (V), G) fires line 4 and results in three new recursive
calls. We have
PX (Y, Z3 , Z1 , Z2 ) = PY,Z3 ,X,Z2 (Z1 )PY,Z1 ,X,Z2 (Z3 )PZ3 ,Z1 ,X (Y, Z2 ),
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as the graph G[V \ {X}] has three C-components formed by the sets {Z1 }, {Z3 } and {Y, Z2 },
respectively.
The first recursive call ID({Z1 }, {Y, Z3 , X, Z2 }, P (V), G) fires line 2 because Z3 and Y
are not ancestors of Z1 . The next call ID({Z1 }, {X, Z2 }, P (Z1 , X, Z2 ), G[{Z1 , X, Z2 }]) fires
line 6 because C(G[{Z1 }]) contains only one C-component and it is not part of a larger
23
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C-component in the graph of the current recursion stage. We have

PY,Z3 ,X,Z2 (Z1 ) = PX,Z2 (Z1 ) = P (Z1 |X, Z2 ).

(6)

(7)

To obtain PY,Z1 ,X,Z2 (Z3 ) we call ID({Z3 }, {Y, Z1 , X, Z2 }, P (V), G) which also fires line 2
because X, Z1 and Y and not ancestors of Z3 . Calling ID({Z3 }, {Z2 }, P (Z3 , Z2 ), G[{Z3 , Z2 }])
fires line 6 C(G[{Z3 }]) contains only one C-component and it is not part of a larger Ccomponent in the graph of the current recursion stage. We have

PY,Z1 ,X,Z2 (Z3 ) = PZ2 (Z3 ) = P (Z3 |Z2 ).

(8)

To obtain the last term we call ID({Y, Z2 }, {Z3 , Z1 , X}, P (V), G). The subgraph G[V \
{Z3 , Z1 , X}] = G[{Y, Z2 }] has only one C-component, but it is part of a larger C-component
formed by the set S0 = {Y, Z3 , X, Z2 } in the current graph G. Line 7 is fired resulting in

ID({Y, Z2 }, {Z3 , X}, P (Y |Z3 , Z1 , X, Z2 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 ), G[S0 ]).

X

X

P (Y |Z3 , Z1 , X, Z2 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 ), G[T]).

(9)

This call fires line 2 since X is not an ancestor of Y in the graph G[S0 ]. Letting T =
S0 \ {X} = {Y, Z3 , Z2 } the next call is
ID({Y, Z2 }, {Z3 },

P (Y |Z3 , Z1 , X, Z2 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 ).

(11)

(10)

This time we trigger line 6 because G[T \ {Z3 }] has only one C-component and there is no
larger C-component of G[T] that would contain it. We obtain

= P ∗ (Y |Z3 , Z2 )P ∗ (Z2 ),

= PZ3 (Y, Z2 )

= PZ3 ,X (Y, Z2 )

PZ3 ,Z1 ,X (Y, Z2 ) = PZ3 ,Z1 ,X (Y, Z2 )

X

X

where P ∗ is the distribution of the current recursion stage, that is
P ∗ (Y, Z3 , Z2 ) =

In order to represent the conditional probability on the last line of (10), we write

3
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P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 ).

P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 )
×
P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 )

P ∗ (Y, Z3 , Z2 ) ∗
P (Z2 )
P ∗ (Y |Z3 , Z2 )P ∗ (Z2 ) =
P ∗ (Z3 , Z2 )
P ∗ (Y, Z3 , Z2 ) X ∗
=P
P (Y, Z3 , Z2 )
∗
Y P (Y, Z3 , Z2 ) Y,Z
P

X

X,Y

=P

X

X,Z3 ,Y
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P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 )

P (Vi |Ci )

Vj Vi ≥Vj

X Y

P (Vi |Ci ),

Vj

Vi ≥Vj

Y

25

P (Vi |Ci ) = P (Vj , . . . , V1 |D),
JMLR 18(36):1-30, 2017

Because Algorithm 1 succeeds, we know that every insertion is canceled out by factorize.
To complete the procedure we obtain a new factorization without Vj resulting in an atomic
expression A0 that no longer contains Vj . Condition (3) of Definition 5 is satisfied by the
definition of insert, because the function always checks the conditional independence with
the current summation variable on line 7. Both conditions for simplification sets have been
satisfied by construction.
(ii) Suppose that there exists a collection of simplification sets of A with respect to Vj .
For the sake of clarity, assume further that Vn = Vj . This assumption lets us only consider
those terms that are relevant to the simplification of Vj , as we can always move conditionally
independent terms outside the summation and consider only the expression remaining inside
the sum. Let us first assume that M = ∅. In this case condition (2) simply reads

Vi <Vj

which means that condition (2) of Definition 5 is now satisfied, as we have obtained a joint
term from the original product terms.Because Vj ∈ J we can carry out the summation which
yields
Y
P (Vi |Ci ) · P (J \ {Vj }|D),

Vi <Vj

where the terms P (Vi |Ci ) such that Vi < Vj can be brought outside the sum over Vj , because
they cannot contain Vj . The functions join and insert use only standard rules of probability
calculus, which can be seen on line 10 of Algorithm 2 and line 7 of Algorithm 3, and thus
every new formation of a joint distribution P (J|D) has been valid. Once again we rewrite
the value of A as
Y
X
P (Vi |Ci )
P (J|D),

Vi <Vj

Y

Proof (i) Suppose that simplify(A, G, π) has returned an expression with variable Vj
eliminated. Because the computation completed successfully, we have that each application
of join and insert succeed. We can rewrite the value of A as

Appendix D. Proof of Theorem 7

as the formula for the causal effect.

X,Z3 ,Y

X

Y

P (Vi |Ci ) =
Vk ,...,V1

X

P (Vj |Cj ) = P (Vj |D)

P (Vj , . . . , V1 |D) = P (Vj , . . . , Vk+1 |D).

i = 1, . . . , j − 1

(12)

Vi ≥Vj

= P (V1 , V2 |C∗2 )
...

= P (V1 |C∗1 )

P (V1 , . . . , Vj−1 |C∗j−1 )P (Vj |Cj ) = P (Vj , . . . , V1 |C∗j ).

P (V1 |C1 )
P (V1 |C∗1 )P (V2 |C2 )

= D ∪ {Vj , . . . , Vi+1 } for i < j and C∗j = D. From this we obtain

Vi ≥Vj

(13)
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The function join will succeed every time since the for-loop starting on line 7 of Algorithm 2
will discover the conditional independence properties allowing the previous equalities in
(13) to take place. Thus Algorithm 1 will return an atomic expression with the variable Vj
eliminated from the summation set.

where

C∗i

Algorithm 1 operates by starting from V1 , so we still have to show it succeeds in
constructing the joint term. Using the previous results we can rewrite the original equation
as
Y
Y
P (Vi |Ci ) =
P (Vi |C∗i ),

P (Vi |Ci ) = P (Vi |Vj , . . . , Vi+1 , D),

In fact, we can do this for any two subsequent equations in (12) to obtain

P (V1 |C1 ) = P (V1 |Vj , . . . , V2 , D).

and by dividing with the first term from the left hand side we obtain

P (Vj , . . . , V2 |D)P (V1 |C1 ) = P (Vj , . . . , V1 |D),

From the last and second to last equation we can obtain

P (Vj |Cj ) · · · P (V2 |C2 )P (V1 |C1 ) = P (Vj , . . . , V1 |D).

P (Vj |Cj ) · · · P (V2 |C2 ) = P (Vj , . . . , V2 |D)

P (Vj |Cj )P (Vj−1 |Cj−1 ) = P (Vj , Vj−1 |D)
..
.

We obtain for k = j − 1, . . . , 1

Vk ,...,V1 Vi ≥Vj

X

and that the product terms are a factorization of the joint term. However, we want to show
that they also provide a factorization that agrees with the topological ordering. Because A
is π−consistent, for any two variables V > W we have that CW ⊆ V π which enables us to
consider the summations from Vk up to V1 for k = 1, . . . , j − 1, which results in

Finally, we gather the results of our subproblems in (6), (7) and (11), and insert them back
into the equation in (5) which yields

PX (Y, Z3 , Z1 , Z2 ) = P (Z1 |Z2 , X)P (Z3 |Z2 )×
P
P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 )
P X
×
X,Y P (Y |Z2 , X, Z3 , Z1 )P (Z3 |Z2 , X)P (X|Z2 )P (Z2 )
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j
\

k=1

Ck } and

P (Vi |Ci )

k−l



V

 k−m

V
l


V

 k

U

k=1

n+m
Y

Dk =

k−l



C

 k−m

C

Ul


C

 k

E

P (Qk |Dk ) = P (Q|D∗ ),

We can now rewrite the factorization of (14) as

Qk =

Tikka and Karvanen

Vi ≥Vj

Y

Vi ≥Vj

P (U |EU )
P (Vi |Ci ).
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We can now apply the same procedures as in the case of M = ∅ with the exception that
insert succeeds where join fails with terms containing Qk and Qk+1 when k = l − 1 for all
l = 1, . . . , m. The success of insert is guaranteed by condition (3), as the function will find
this conditional independence on line 10 of Algorithm 3. Also, factorize will remove all
additional terms that were introduced in the process, which is made possible by condition (3)
and the definition of the factorization of P (Q|D∗ ). After the summation over Vj is carried
out, the conditional independence between Vj and the variables U ∈ M∗ ensures that their
respective terms are equal to the original factorization before the summation was carried
out when the new factorization is constructed so that it agrees with the ordering of the set
Q. Thus an atomic expression is returned with the variable Vj eliminated with the same
value as the original atomic expression.

k > um ,
ul < k < ul+1 ,
k < u1 ,
k = ul .
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P (U |EU )

Ck } , M+ := {U ∈ M | U ∈

P (U |EU )

P (V, M|D)
Y

U ∈M

X
Y

Vi ≥Vj

− U ∈M

U ∈M

P (U |EU )

Q

P (U |EU ) = P (M+ |D).

−

P (Vi |Ci )

k > um ,
ul < k < ul+1 ,
k < u1 ,
k = ul .

Assume now that M 6= ∅ and let V = V [A] and. In this case condition (2) allows us to
write
Y
Y
P (Vi |Ci ) = P (V, M|D),

U ∈M

j
[

k=1

and furthermore, we have that these product terms are a factorization of the joint term.
First, we aim to reduce the number of variables in M to be considered. This is done because
Algorithm 1 always starts and finishes the construction of the joint term with a variable in
V. We categorize each U ∈ M into three disjoint sets. We define
M− := {U ∈ M | U 6∈

+

Q

Vi ≥Vj

P (Vi |Ci ) = P (V, M∗ |D∗ ),

P (Vi |Ci ).

P (U |EU )

P (U |EU )

Y

+

Vi ≥Vj

U ∈M

Q

P (U |EU )

U ∈M\M

Y

∗

U ∈M

Y

Vi ≥Vj

(15)

where D∗ = D ∪ M+ .
Next, we will order the variables in M∗ . For each U ∈ M∗ we find the largest index
u ∈ {1, . . . , j − 1} such that U ∈ Cu . This choice is well defined, since by definition at least
one such index exists. Furthermore, as the product terms in (14) are a factorization of the
joint term, the conditioning sets are increasing and we have that U 6∈ Ci for all i ≥ u + 1.
In the case that multiple variables Ui ∈ M∗ for some set of indices i ∈ I share the same
index u, we may redefine M ∗ such that Ui , i ∈ I are replaced by a single variable UI such
Q
that i∈I P (Ui |EUi ) = P (UI |EUI ), where EUI = ∩i∈I EUi . Thus we can assume that for any
two variables U1 , U2 ∈ M∗ we have that u1 6= u2 . We can now order the variables in M∗ by
their respective indices u such that U1 > U2 > . . . > Um and u1 < u2 < . . . < um .
Nest we will extend the ordering to include all of the variables in the set V. We let
Q := V ∪ M∗ and find an ordering of this set such that it agrees with induced ordering ω
of the variables in V and with the ordering of the indices u1 , . . . , um . A new factorization
given by this ordering can be defined as follows:

M∗ := M \ (M− ∪ M+ ).

X

−

U ∈M

X

−

U ∈M

Y
−

P (Vi |Ci )

Y

Vi ≥Vj

U ∈M\M

Y

First, we show that we can ignore variables in M− by obtaining a new factorization without
them. It follows from the definition of M− and (2) that we can compute the marginalization
as follows

=

=

=

P (V, M \ M− |D) =

Y

U ∈M

P (U |EU )

JMLR 18(36):1-30, 2017

(14)

We have a new factorization without any variables in M− . Similarly, we can eliminate the
variables in M+ from our factorization. It follows from the definition of M+ that for all
U ∈ M+ we have that EU ⊆ D. From this we obtain

We can now write

=

=

P (V, M \ M− )
P (V, M∗ |D, M+ ) =
P (M+ |D)

Y

∗

Thus it suffices to consider the factorization given by
U ∈M
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1. Some authors use the term “semimetric” to mean pseudometrics. These preserve much of the structure
of metrics, the only difference being that they allow distinct points to have distance 0. Our usage appears
to be more standard.

but may not satisfy the triangle inequality (Wilson, 1931)1 . Without the latter, quite a bit
of structure is lost — for example, semimetric spaces admit convergent sequences without
a Cauchy subsequence (Burke, 1972). We are not aware of any rigorous learning results in
semimetric spaces prior to this work.
Background and motivation. Much of the existing machinery for classification algorithms, as well as generalization bounds, depends strongly on the data residing in a Hilbert
space. For some important applications, this structural constraint severely limits the applicability of existing methods. Indeed, it is often the case that the data is naturally endowed
with some distance function strongly dissimilar to the familiar Euclidean norm.
Consider images, for example. Although these can be naively represented as coordinatevectors in Rd , the Euclidean (or even `p ) distance between the representative vectors does
not correspond well to the one perceived by human vision. Instead, the earthmover distance
is commonly used in vision applications (Rubner et al., 2000). Yet representing earthmover
distances using any fixed `p norm unavoidably introduces very large interpoint distortion
(Naor and Schechtman, 2007), potentially corrupting the data geometry before the learning
process has even begun. Nor is this issue mitigated by kernelization, as kernels necessarily
embed the data in a Hilbert space, again incurring the aforementioned distortion. A similar
issue arises for strings: These can be naively treated as vectors endowed with different
`p metrics, but a much more natural metric over strings is the edit distance, which is
similarly known to be strongly non-Euclidean (Andoni and Krauthgamer, 2010). Additional
limitations of kernel methods are articulated in Balcan et al. (2008b).
These concerns have led researchers to seek out algorithmic and statistical approaches
that apply in greater generality. A particularly fruitful recent direction has focused on metric
spaces, which are point sets endowed with a distance function that is non-negative and
symmetric, and also satisfies the triangle equality. While metric spaces are significantly more
general than Hilbertian ones, they still do not capture many common distance functions
used by practitioners. These non-metric distances include the Jensen-Shannon divergence,
which appears in statistical applications (Fuglede and Topsøe, 2004; Goodfellow et al., 2014),
the k-median Hausdorff distances, and the `p distances with 0 < p < 1, which appear in
vision applications (M. Dubuisson, A. Jain, 1994; Jacobs et al., 2000) — all of which are
semimetrics. An additional line of work (M. Dubuisson, A. Jain, 1994; Jacobs et al., 2000,
1998; Weinshall et al., 1998) underscored the effectiveness of non-metric distances in various
applications (mainly vision), and among these, semimetrics again play a prominent role
(Basri et al., 1995; Cox et al., 1996; Gdalyahu and Weinshall, 1999; Huttenlocher et al.,
1993; Jain and Zongker, 1997; J. Puzicha, J. Buhmann, Y. Rubner, C. Tomasi, 1999).
Main results. We initiate the rigorous study of classification for semimetric spaces. We
define the density dimension (dens = dens(X )) of a semimetric space X as the logarithm
of the density constant µ = µ(X ), which intuitively is the smallest number such that any
r-radius open ball in X contains at most µ points at mutual interpoint distance at least r/2;
a formal definition is given in Equation (2). We then demonstrate that dens plays a central
role in the statistical and algorithmic feasibility of learning in this setting by showing that it
controls the packing numbers of X . Crucially for learning, this insight implies that there is
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The problem of learning in non-metric spaces has been of significant recent interest, being
the subject of a 2010 COLT workshop and a central topic of all three SIMBAD conferences.
In this paper, we initiate the study of efficient statistical learning in semimetric spaces,
which are point sets endowed with a distance function that is non-negative and symmetric

1. Introduction

Keywords: semimetric, classification, compression, generalization

Our claim of near-optimality holds in both computational and statistical senses. When
the sample has radius R and margin γ, we show that it can be compressed down to roughly
d = (R/γ)dens points, and further that finding a significantly better compression is algorithmically intractable unless P=NP. This compression implies generalization via standard
Occam-type arguments, to which we provide a nearly matching lower bound.

We initiate the rigorous study of classification in semimetric spaces, which are point sets
with a distance function that is non-negative and symmetric, but need not satisfy the
triangle inequality. We define the density dimension dens and discover that it plays a
central role in the statistical and algorithmic feasibility of learning in semimetric spaces.
We compute this quantity for several widely used semimetrics and present nearly optimal
sample compression algorithms, which are then used to obtain generalization guarantees,
including fast rates.
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Classification for semimetrics

Paper outline. After presenting our basic definitions in Section 2, we give packing bounds
and net-construction algorithms in Section 3. In Section 4 we give upper and lower bounds
on sample complexity for learning in semimetrics. The density dimension of some common semimetircs is computed in Section 5. The Appendix contains a detailed discussion
demonstrating the inapplicability of existing metric-space techniques to the semimetric case.
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µ(S)Log(α) = dαedens(S) .

r

, Br (x) ≤ µ},
2

(1)

(2)
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(3)

and we define the density dimension of X by dens(X ) = log2 µ(X ). A closely related notion
was introduced by Vol’berg and Konyagin (1987) under the term uniform metric dimension.
An important property of the density dimension is that it is hereditary: for S ⊂ X , we
have µ(S) ≤ µ(X ); the doubling dimension is only approximately hereditary (Gottlieb and
Krauthgamer, 2013).
It will be convenient to define Log (x) := log2 dxe, and we will make frequent use of the
identity

µ(X ) = min{µ ∈ N : (x ∈ X ) ∧ (r > 0) =⇒ M

The density constant µ(X ) was defined in Gottlieb and Krauthgamer (2013) as the
smallest number such that any open r-radius ball in X contains at most µ points at mutual
interpoint distance at least r/2:

M(r, A) = max{|E| : E ⊆ A, (x, y ∈ E) ∧ (x 6= y) =⇒ ρ(x, y) ≥ r}.

Then λ is the doubling constant of X , and the doubling dimension of X is ddim(X ) = log2 λ.
An r-net of a set A ⊆ X is any maximal subset A having mutual interpoint distance at
least r. The r-packing number M(r, A) of A is the maximum size of any r-net of A:

λ
λ(X ) = min{λ ∈ N : ∀x ∈ X , r > 0 ∃x1 , . . . , xλ ∈ X : Br (x) ⊆ ∪i=1
Br/2 (xi )}.

Doubling and density dimensions. Let λ = λ(X ) be the smallest number such that
every open ball in X can be covered by λ open balls of half the radius, where all balls are
centered at points of X . Formally,

the open r-ball about x. The radius of a set is the radius of the smallest ball containing it,
rad(A) = inf {r > 0 : ∃x ∈ A, A ⊆ Br (x)} and diam(A) := supx,x0 ∈A ρ(x, x0 ).

x∈A,x ∈B

Semimetric spaces. Throughout this paper, our instance space X will be endowed with
a semimetric ρ : X × X → [0, ∞), which is a non-negative symmetric function verifying
ρ(x, x0 ) = 0 ⇐⇒ x = x0 for all x, x0 ∈ X . If the semimetric space (X , ρ) additionally
satisfies the triangle inequality, ρ(x, x0 ) ≤ ρ(x, x00 ) + ρ(x00 , x0 ) for all x, x0 , x00 ∈ X , then
ρ is a metric. The distance between two sets A, B in a semimetric space is defined by
ρ(A, B) = inf0 ρ(x, x0 ). For x ∈ X and r > 0, denote by Br (x) = {y ∈ X : ρ(x, y) < r}

2. Preliminaries

one standard technique that survives violations of the triangle inequality — namely, sample
compression. Denoting by R and γ the sample radius and margin, respectively, we can
achieve the latter by extracting a γ-net from the sample (Theorem 2). This compresses the
sample from size n to (R/γ)O(dens) , which is nearly optimal unless P=NP (Theorem 4).
On the statistical front, we give a compression-based generalization
p bound that smoothly
interpolates between the consistent (R/γ)O(dens) /n and agnostic (R/γ)O(dens) /n decay
regimes (Theorem 8). This “fast rate” holds for general compression schemes. Applied
to margin-based semimetric sample-compression schemes, it becomes amenable to efficient
Structural Risk Minimization. The lower bound in Theorem 11 shows that even under
margin assumptions, there exist adversarial distributions forcing the sample complexity to
be exponential in dens.
To demonstrate the applicability of our framework, we compute the density dimension of
the three popular semimetrics enumerated above: Jensen-Shannon divergence, `p distances
with 0 < p < 1, and k-median Hausdorff distances (Theorem 13). Along the way, we
discover that the latter (for k = 1) is in fact universal for all semimetrics; this surprising
fact may be of independent interest (Lemma 12).
Related work. In a series of papers, Balcan et al. (2008c,a,b) developed a theory of learning
with similarity functions, which resemble kernels but relax the requirement of being positive
definite. Learning is accomplished by embedding the data into an appropriate Euclidean
space and performing large-margin separation. Hence, this approach effectively extracts
the implicit Euclidean structure encoded in the similarity function, but does not seem
well-suited for inherently non-Euclidean data. In Wang et al. (2007) this framework was
extended to dissimilarity functions, obtaining analogous results.
For metric spaces, it is known that a sample of size exponential in the doubling dimension (ddim) suffices to achieve low generalization error (von Luxburg and Bousquet, 2004;
Gottlieb et al., 2014a; Shalev-Shwartz and Ben-David, 2014; Kontorovich and Weiss, 2014),
and that exponential dependence on ddim is in general unavoidable (Shalev-Shwartz and
Ben-David, 2014). As for algorithmic runtimes, the naive nearest-neighbor classifier evaluates queries in O(n) time (where n is the sample size); however, an approximate nearest
neighbor can be found in time 2O(ddim) log n. If one desires runtimes depending not on n
but on the geometry (say, margin γ) of the data, one may achieve a sample compression
scheme of size γ −O(ddim) , and it is NP-hard to achieve a significantly better compression
(Gottlieb et al., 2014b).
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As we show in the Appendix, the above results characterizing learning in metric space
do not carry over to semimetrics. More precisely, the doubling dimension of a semimetric
does not control its packing numbers, as it does in metric spaces. Although we succeed
in showing that the density constant does indeed control the packing numbers even in
semimetrics, this does not necessarily imply portability of learning algorithms for metric
spaces into semimetrics. For example, although the nearest-neighbor classifier is still welldefined in semimetric spaces, and may naively be evaluated on queries in O(n) time, relaxing
to approximate nearest neighbors no longer provides the exponential speedup in query time
that it does in metric spaces (Lemma 17). Simply put, without the triangle inequality, the
hierarchy-based search methods, such as Beygelzimer et al. (2006); Gottlieb et al. (2014a)
and related approaches, all break down.
3
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Proof To bound the size of a maximal r-net C ⊂ S, suppose its radius is R. Partition C
into clusters by extracting from C an arbitrary net D with minimum interpoint distance
R/2, and assigning each point p ∈ C to a cluster centered at the nearest neighbor of p in

Lemma 1 For any point set S in a semimetric space X and r > 0, the size of any r-net
of S is k = drad(S)/redens(S) , and furthermore, such an r-net can be computed in time
O(k|S|).

The central contribution of this section is the following lemma, which demonstrates that for
a semimetric space, a bound on its density dimension implies one on its packing numbers.

3. Packing bounds and algorithms

The problem of nearest-neighbor condensing is to produce the minimal subsample S̃ ⊂ S
so that the 1-NN classifier hS̃ is consistent with S, i.e. has zero training error. In the
inconsistent version of this problem, one is given a parameter ε > 0 and tasked with
producing a minimal subsample S̃ ⊂ S whose induced hS̃ has training error at most ε.

Figure 1: In this example, the sub-sample S̃ ⊂ S is indicated by double circles. It is always
the case that marg(S̃) ≥ marg(S).

−

marg(S)

+

k log n+log
n

1
δ

.

k log n+log
n

1
δ
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Remark 3 If the margin is not known in advance, then it must be computed, and the
runtime in Theorem 2 grows to O(n2 ). In this case we can give an alternate construction

Proof We build a γ-net C for S in time O(k|S|), as in Lemma 1. Since γ is the margin,
by construction every point in S has the same label as its nearest neighbor in C, and so the
nearest neighbor classifier with respect to C has zero sample error.
Given a test point x, we assign it the same label as its nearest neighbor in C. Then
the generalization bounds follow from Theorem 7(i). For the runtime, O(k) operations are
clearly sufficient to find the nearest neighbor (see also Lemmas 16 and 17).

classifier has generalization error O

Theorem 2 Let S be a sample set equipped with a semimetric distance function, and let the
margin γ = marg(S) be given. In time O(k|S|) we can construct a nearest-neighbor classifier
that achieves zero training error on S, where k = (rad(S)/γ)O(dens(S)) . The evaluation on
a test point requires Θ(k) distance computations,

 and with probability 1 − δ, the resulting

induced by a sub-sample of size k has generalization error O

Consistent case. For a labeled sample S, recall that the margin of S is the minimum
distance between oppositely labeled points in S, as defined formally in Section 2. The margin
of a given sample can be computed in time Θ(|S|2 ) by considering all pairs of points. We
begin with a consistent classifier, whose generalization performance with explicit constants
is analyzed in Theorem 7(i). Informally, the latter states that a 1-nearest neighbor
classifier


Having demonstrated the existence of a small r-net, we can now consider the problems of
producing both consistent (lossless) and inconsistent (lossy) 1-NN classifiers for the sample
(see Section 2).

Algorithm 1 Brute-force net construction
Require: sample S, margin r
Ensure: C is an r-net for S
for x ∈ S do
if ρ(x, C) ≥ r then
C = C ∪ {x}
end if
end for

D. Then apply the procedure recursively to each cluster, halving the previous radius, until
reaching point sets with minimum interpoint distance at least r. By repeatedly applying
the definition of the density constant, the size of C is bounded by µ(S)Log(rad(S)/r) =
drad(S)/redens(S) .
The actual r-net is constructed in a greedy fashion. Initialize set C = ∅, and for every
point in S, add it to C if its closest neighbor in C is at distance r or greater. Since |C| ≤ k,
the total runtime is O(k|S|). See Algorithm 1.

Learning model. We work in the standard agnostic learning model (Mohri et al., 2012;
Shalev-Shwartz and Ben-David, 2014), whereby the learner receives a sample S consisting of
n labeled examples (Xi , Yi ), drawn iid from an unknown distribution over X × {−1, 1}. All
subsequent probabilities and expectations will be with respect to this distribution. Based on
the training sample S, the learner
P produces a hypothesis h : X → {−1, 1}, whose empirical
error is defined by err(h)
c
= n−1 ni=1 1{h(Xi )6=Yi } and whose generalization error is defined
by err(h) = P(h(X) 6= Y ).

Sub-sample, margin, and induced 1-NN. In a slight abuse of notation, we will blur
the distinction between S ⊂ X as a collection of points in a semimetric space and S ∈
(X × {−1, 1})n as a sequence of labeled examples. Thus, the notion of a sub-sample S̃ ⊂ S
partitioned into its positively and negatively labeled subsets as S̃ = S̃+ ∪ S̃− is well-defined.
The margin of S̃, defined by marg(S̃) = ρ(S̃+ , S̃− ), is the minimum distance between a pair
of opposite-labeled points (see Fig. 1). In degenerate cases where one of S̃+ , S̃− is empty,
marg(S̃) = ∞. (For ease of presentation, we assume that the margin is strictly less than
rad(S), and so rad(S)/ marg(S) > 1. In the case of equality, substituting any value less
than the margin will cause the relevant claim to hold.) A sub-sample S̃ naturally induces
the 1-NN classifier hS̃ , via hS̃ (x) = sign(ρ(x, S̃− ) − ρ(x, S̃+ )).

Gottlieb, Kontorovich, Nisnevitch
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that achieves the runtime of O(k|S|) of the Theorem. Extract sets S+ , S− ∈ S of oppositely
labeled points in S, and for each set build a subset in a manner similar to the proof of
Lemma 1: Let R be the maximum among the radii of S+ , S− . Partition S+ into clusters by
extracting from S+ an arbitrary net D with minimum interpoint distance R/2, and assigning
each point p ∈ S+ to a cluster centered at the nearest neighbor of p in D. Then apply the
procedure recursively to each cluster in D, halving the previous radius. This construction
is done to S− in parallel, and terminates when the union of the subsets for S+ and S− is
consistent with S. This must occur within O(log(rad(S)/marg(S))) iterations, producing a
consistent set of size k in time O(kn log(rad(S)/marg(S))) = O(kn) (where equality follows
from the log(rad(S)/marg(S)) term being subsumed in the definition of k).
The procedure in Theorem 2 compresses S, producing a consistent sub-sample C. Immediate from the theorem is that the smaller the compressed set C, the better the generalization bounds of the classifier. However, as Gottlieb et al. (2014b) recently demonstrated,
even in metric spaces, it is NP-hard to approximate the size of the minimum consistent
1−o(1)
1−o(1)
subset to within a factor 2O(ddim(S) log(rad(S)/ marg(S))
= 2O(dens(S) log(rad(S)/ marg(S))
(where the equality follows from Lemma 15). This means that choosing the net of Lemma 1
is close to the optimal construction for a consistent subset of S.

nk
δ

ε
n

nk
δ

Inconsistent case. It is natural to ask whether allowing the classifier nonzero sample
error results in improved generalization bounds. This is indeed generally the case, as the
bound in Theorem 8 indicates. Informally, the latter shows that a 1-nearest neighbor
classifier induced
by a sub-sample of size

 k with sample error ε has generalization error
q
Q(k, ε) = O ε + log
+
log
. Optimizing this bound is an instance of Struc-

1
n

tural Risk Minimization (SRM). Unfortunately, we can show SRM to be infeasible for this
problem, and that the generalization guarantees of Theorem 2 are nearly the best that can
be obtained by way of Theorem 8:
Theorem 4 Given a set S equipped with a metric or semimetric distance function, let
S ∗ ⊂ S be a sub-sample for which the generalization bound Q(k, ε) in Theorem 8 (for a
fixed constant δ) is minimized. Then it is NP-hard to compute any subset of S achieving
1−o(1)
a generalization bound within factor 2O((dens(S) log(rad(S)/ marg(S)))
of the generalization
bound induced by S ∗ .
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Proof The proof is via reduction from the minimum consistent subset problem mentioned
above. Fix the confidence level δ in the bound, let T be an instance of the minimum
consistent subset problem, and put m = |T |. For some large value p, replace each point
ti ∈ T with a (similarly labeled) set of p points si,1 , . . . , si,p obeying the line metric, with
ρ(si,a , si,b ) = φ|a − b| for an infinitesimally small φ. Put ρ(si,a , sj,b ) = ρ(ti , tj ). The new set
is S, with n = |S| = pm.
Consider a subset S 0 ⊂ S. If the 1-NN rule on S 0 misclassifies a point of S, say si,a ,
then in fact it must misclassify all p points si,b , b ∈ [1, p]. So an inconsistent subset of S
achieves a value of Q(|S 0 |, p/n) = Ω(p/n) in the generalization bound.
Now consider the consistent subset of S consisting of m = n/p points si,1 for i ∈ [1, m].



m log n
= O logp n .
n
By Theorem 7(i), this classifier achieves a generalization bound of O

7
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1−o(1)

√
classifier.
So when p = Ω( n log n), this consistent classifier is better than any inconsistent


n
Now a consistent subset of size d ≤ m has generalization bound O d log
. As it is NP-hard
n

to find a subset whose size is within a factor 2O(dens(S) log(rad(S)/ marg(S))
of the smallest
consistent subset, it is NP-hard to find a consistent subset with generalization bound within
1−o(1)
a factor 2O(dens(S) log(rad(S)/ marg(S))
of the optimal consistent subset, and the theorem
follows.

In light of the hardness result established in Theorem 4, we specialize the goal from
one of seeking a small nearly consistent sub-sample to one where the sub-sample must be
a γ-net. In this case, the relevant generalization bound is provided by Theorem 10. As
before, we wish to perform SRM for this bound. Fortunately, we are able to compute the
latter exactly in polynomial time, and even more efficiently if we are willing to settle for a
solution within a constant factor of the optimal. The proof of the following theorem follows
the lines of Gottlieb et al. (2014a).

Theorem 5 Given a sample set S equipped with a semimetric:

(a) A nearest-neighbor classifier minimizing the generalization bound of Theorem 10 can be
computed in randomized time O(|S|4.373 ).



rad(S)
γ

O(dens(S))

, where γ

(b) A nearest-neighbor classifier whose generalization bound is within factor 2 of optimal
can be computed in deterministic time O(|S|2 log |S|).

Each of these classifiers can be evaluated on test points in time
is the margin imposed by the SRM procedure.

JMLR 18(37):1-22, 2017

Proof For each of these solutions, we enumerate and sort in increasing order the distances
between all oppositely labeled point pairs in S, in total time O(|S|2 log |S|). Each distance
constitutes a separate guess for the optimal margin to “impose” on S. That is, for each
distance γ, we will remove from S some points to ensure that all opposite labeled pairs are
more than γ far apart.
To accomplish this, we iteratively build a new graph G. We initialize G with vertices
representing the points of S. At each round we add to G an edge between the next closest
pair of opposite labeled points, as given by the sorted enumeration above. This distance is
the margin of the current round: Points connected by an edge in G represent pairs that are
too close together for the current margin, and we need to compute how many points would
need to be removed from G in order for no edge to remain in the graph. (However, no points
or edges will actually removed from G.) As observed by Gottlieb et al. (2014a), this task is
precisely the problem of bipartite vertex cover. By König’s theorem, the minimum vertex
cover problem in bipartite graphs is equivalent to the maximum matching problem, and
a maximum matching in bipartite graphs can be computed in randomized time O(n2.373 )
(Mucha and Sankowski, 2004; Williams, 2012). So for each candidate margin, we can
compute in O(n2.373 ) time the number of points that must be removed from the current
graph G in order to remove all edges. For O(n2 ) possible margins, this amounts to O(n4.373 )
time. Having computed for each interpoint distance the number of points required to be

8

9
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In this section, we provide general sample compression bounds, which then will be specialized to the nearest-neighbor classifier proposed above. Theorem 8 presents a smooth
interpolation between two classic bounds: the consistent case with rate Õ(1/n), and the
√
agnostic case with rate Õ(1/ n). Applied to margin-based semimetric sample-compression
schemes, this result yields the efficiently computable and optimizable bound in Theorem 10,
which is nearly optimal (as shown in Theorem 4). Finally, the lower bound in Theorem 11
shows that even under margin assumptions, there exist adversarial distributions forcing the
sample complexity to be exponential in dens.

4. Generalization guarantees

Remark 6 It is worth asking whether a succesful learner in (semi)metric space must necessarily perform some type of compression. Moran and Yehudayoff (2016) recently demonstrated that for classifiers of finite VC-dimension, learning and compression are in fact
equivalent. However, no such result is known — or even conjectured — for infinite VCdimension classifiers such as 1-NN and its variants.
If a (semi)metric learner does choose to learn by compression, he is not necessarily
restricted to learning via 1-NN, but can make use of any proximity-based function. But even
then, Theorems 10 and 11 below demonstrate that from an information-theoretic standpoint,
roughly (rad(S)/marg(S))dens(X ) examples are both necessary in the worst case and always
sufficient. One could still hope to exhibit a learning problem in a (semi)metric space where
any learner achieving small generalization must solve some hard problem. Results of this
type are known for finite automata under cryptographic assumptions (Kearns and Vazirani,
1997, Section 1.4); could something similar be shown for proximity-based learning?

deleted to achieve this distance, we choose the distance-number pair which minimizes the
bound of Theorem 10. We then remove the corresponding points from S, and use the
algorithm of Lemma 1 to construct a net satisfying the margin bound.
The runtime improvement in (b) comes from a faster vertex-cover computation. It is
well known that a 2-approximation to vertex cover can be computed (in arbitrary graphs)
by a greedy algorithm in time linear in the graph size O(|V + ∪ V − | + |E|) = O(n2 ), see
e.g. Bar-Yehuda and Even (1981). This algorithm simply chooses any edge and removes
both endpoints, until no edges remain. We apply this algorithm to our setting: A new edge
is added to G only if both endpoints survive in the already computed cover, and then both
endpoints are marked as removed in the solution to the new graph. Having computed for
each interpoint distance the number of points required to be deleted to achieve this distance,
we choose the distance-number pair which minimizes the bound of Theorem 10. We then
remove the corresponding points from S, and use the algorithm of Lemma 1 to construct
a net satisfying the margin bound. The runtime is dominated by the time required to sort
the distances.
For both algorithms, a new point is classified by finding its nearest neighbor in the
extracted net.

Classification for semimetrics

(4)
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Proof We closely follow the argument in Graepel et al. (2005, Theorem 2), with the twist
that instead of Hoeffding’s inequality, we use Bernstein’s. The particular form of the latter
is due to Dasgupta and Hsu (2008, Lemma 1): if p̂ ∼ Bin(n, p)/n and δ > 0, then the
following holds with probability at least 1 − δ:
r
1
9p̂(1 − p̂)
1
2
p ≤ p̂ +
log +
log .
(5)
3n
δ
2n
δ

=: Q(d, ε).

Theorem 8 Fix a distribution over X × {−1, 1}, an n ∈ N and 0 < δ < 1. With probability
at least 1 − δ over the random sample S of size n, the following holds for all 0 ≤ ε ≤ 21 : If
S is (d, ε)-compressible, then, putting ε̃ = εn/(n − d), we have
s
9ε̃(1 − ε̃)
2
nd+1
nd+1
err(hS ) ≤ ε̃ +
log
+
log
3(n − d)
δ
2(n − d)
δ

The generalizing power of sample compression was independently discovered by Littlestone
and Warmuth (1986); Devroye et al. (1996), and later elaborated upon by Graepel et al.
(2005). The bounds above are already quite usable, but they feature
p an abrupt transition
from the (log n)/n decay in the lossless (ε = 0) regime to the (log n)/n decay in the
lossy regime. We now provide a smooth interpolation between the two (such results are
known in the literature as “fast rates” (Boucheron et al., 2005); see also a related result in
Shalev-Shwartz and Ben-David (2014)):

Theorem 7 (Graepel et al. (2005)) For any distribution over X × {−1, 1}, any n ∈ N
and any 0 < δ < 1, with probability at least 1 − δ over the random sample S of size n, the
following holds:


1
1
(i) If S is (d, 0)-compressible, then err(hS ) ≤
(d + 1) log n + log
.
n−d
δ
s
(d + 1) log n + log 1δ
εn
(ii) If S is (d, ε)-compressible, then err(hS ) ≤
+
.
n−d
2(n − d)

We use the notion of a sample compression scheme in the sense of Graepel et al. (2005),
where it is treated in full rigor. Informally, a learning algorithm maps a sample S of size n
to a hypothesis hS . It is a d-sample compression scheme if a sub-sample of size d suffices
to produce a hypothesis that agrees with the labels of all the n points. It is an ε-lossy
d-sample compression scheme if a sub-sample of size d suffices to produce a hypothesis that
disagrees with the labels of at most εn of the n sample points. At this stage, we are not
assuming anything about the computational efficiency of a compression scheme.
The algorithm need not know d and ε in advance. We say that the sample S is (d, ε)compressible if the algorithm succeeds in finding an ε-lossy d-sample compression scheme
for this particular sample. In this case:

4.1 Sample compression schemes

Gottlieb, Kontorovich, Nisnevitch

c drad(S)/marg(S)edens(X )
n

12

≥ δ.
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The assumption dens(X ) > 6 implies m ≥ 65. Taking 0 < ε < 81 , recall the standard VC
lower bound argument (Blumer et al., 1989; A. Ehrenfeucht, D. Haussler, M. Kearns, L.
Valiant, 1989), which constructs a distribution D over M by putting a mass of 1 − 8ε on
x1 ∈ M and distributing the remaining mass uniformly over the other m−1 points. Suppose
the target f : M → {−1, 1} is drawn uniformly at random from F = {−1, 1}M , and some
learning algorithm is given a sample S = (X1 , . . . , Xn ) ∼ Dn , where n = (m − 1)/(32ε).

(c) ρ(x, x0 ) ≥ r for x 6= x0 ∈ M

(b) M is contained in a ball of radius 2r

(a) m := |M | = µ(X ) = 2dens(X )

Proof The definition of the density constant implies the existence of an r > 0 and an
M ⊆ X satisfying

P err(hn ) ≥

Theorem 11 There are universal constants c, δ > 0 such that for every semimetric space
(X , ρ) with dens(X ) > 6 and any learning algorithm mapping samples S of size n to hypotheses hn : X → {−1, 1}, there is a distribution P over X and a target concept f : X → {−1, 1},
such that err(f ) = 0 yet
!

The following result shows that even under margin assumptions, a sample of size exponential
in dens will be required for some distributions. (See also the recent agnostic lower bound
for passive 1-NN, Kontorovich et al. (2016, Theorem 5), based on (Berend and Kontorovich,
2015, Equation (25)) an exact PAC lower bound (Kontorovich and Pinelis, 2016, Theorem
2.1).)

4.3 Sample complexity lower bound

Furthermore, the minimizer (k ∗ , γ ∗ ) of R(·, ·) is efficiently computable.


dens(S)
0
d = µ(S 0 )Log(rad(S )/γ) = rad(S 0 )/γ
.

where Q is defined in (4) and

err(hS 0 ) ≤ Q(d, k/n) =: R(k, γ),

Theorem 10 Fix a distribution over X , an n ∈ N and 0 < δ < 1. With probability at least
1 − δ over the random sample S of size n, the following holds for all 0 ≤ k ≤ n/2: If S is
(k, γ)-separable with witness S 0 , then
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errs on x}

These observations culminate in an efficiently optimizable margin-based generalization
bound:

x∈S\S̃

X
1
:=
1{ h
S̃
|S \ S̃|

(6)

Now suppose that S is (d, k/n)-compressible, as witnessed by some sub-sample S̃ ⊂ S
of size d. In particular, the hypothesis hS̃ induced by the sub-sample S̃ makes k or fewer
mistakes on the n − d points in S \ S̃. Substituting p = err(hS̃ ) and
p̂ =

err
c S\S̃ (hS̃ )

9ε̃(1 − ε̃)
1
log ,
2(n − d)
δ

into (5) yields that for fixed S̃ and random S \ S̃, with probability at least 1 − δ,
s
1
2
log +
err(hS̃ ) ≤ err
c S\S̃ (hS̃ ) +
3(n − d)
δ

where we used the monotonicity of t 7→ t(1 − t) on [0, 21 ]. To see that (6) follows from (5),
note that when S̃ of size d is fixed and S \ S̃ is drawn iid ∼ P, we have (n − d)err
c S\S̃ (hS̃ ) ∼

Bin(n − d, err(hS̃ )). To make (6) hold simultaneously for all S̃ ⊆ S, divide δ by nd — the
number of ways to choose a (multi)set S̃ of size d. To make the claim hold for all d ∈ [n]
and all 0 ≤ ε < 1, stratify (as in Graepel et al. (2005, Lemma 1)) over the n possible choices
of d, which amounts to dividing δ by an additional factor of n. Unlike in Graepel et al.
(2005), there is no need to stratify over the possible values of ε, since (5) holds for random
(and not just fixed) p̂.

4.2 Margin-based nearest neighbor compression
We now specialize the general sample compression result of Theorem 8 to our setting, where
hS 0 induced by a sub-sample S 0 ⊂ S is given by the 1-NN classifier defined in Section 2.
Any sample S of size n is trivially (n, 0)-compressible and (0, 21 )-compressible — the former
is achieved by not compressing at all, and the latter by a constant predictor. Now d and
ε cannot simultaneously be made arbitrarily small, and for non-degenerate samples S, the
bound Q in Theorem 8 will have a nontrivial minimal value Q∗ . Theorem 4 shows that
computing Q∗ is intractable and the algorithm in Theorem 5 solves a tractable modification
of this problem. For k ∈ N and γ > 0, let us say that the sample S is (k, γ)-separable if
it admits a sub-sample S 0 ⊂ S such that |S \ S 0 | ≤ k and marg(S 0 ) > γ, and observe that
separability implies compressibility:


Lemma 9 If S is (k, γ)-separable then it is drad(S)/γedens(S) , k/|S| -compressible.
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Proof Suppose S 0 ⊂ S is a witness of (k, γ)-separability. Being pessimistic, we will allow
our lossy sample compression scheme to mislabel all of S \ S 0 , but not any of S 0 , giving
it a sample error ε ≤ k/|S|. Now by construction, S 0 is (0, γ)-separable, and thus a γ-net
S̃ ⊂ S 0 suffices to recover the correct labels of S 0 via 1-nearest neighbor. Lemma 1 provides
the estimate
|S̃| ≤ µ(S)Log(rad(S)/γ) = drad(S)/γedens(S) ,
whence the compression bound.
11

m−1
32n

>

0.05m
n

and the claimed lower bound follows.

13

m = µ(X )Log(rad(S)/marg(S)) .
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where S ∼ Dn . By construction, rad(M ) ≤ 2r, and by (ii,iii), r ≤ marg(S) ≤ 2r, whence
Log (rad(S)/marg(S)) = 1 and

µ(X )Log(rad(S)/marg(S)) = drad(S)/marg(S)edens(X ) ,

To finish the proof, it remains to establish the requisite relationship between the deterministic quantity m = |M | and the random quantity

(iii) the randomly chosen f has f (x) 6= f (x0 ).

(ii) the sample S contains exactly two distinct points, x, x0

(i) err(hn ) > 1.95 ·

We conclude that P(E2 ) < 0.0003 + e−1/4 < 0.7789 and hence P(E1 ∪ E2 ) < 0.91415.
Let E3 be the event that S will consist exacly of 2 distinct points x, x0 , and furthermore,
that the randomly drawn f has f (x) 6= f (x0 ); then P(E3 ) ≥ 21 (1 − P(E1 ∪ E2 )) > 0.04.
Conditioned on E3 , the labels assigned by f to the remaining m − 2 points in M are iid
Bernoulli(1/2) and their total mass under D is at least (m − 2)(8ε/(m − 1)) > 7.875ε,
since m ≥ 65. Since the labels are random, no learning algorithm can do better than
flipping a coin, and the algorithm will be correct on 21 (m − 2) of the unseen points, in
expectation. The probability of being correct on more than 34 (m − 2) of the points is
bounded by e−(m−2)/8 < 0.000381. Thus, with probability at least δ := 0.039, any learning
algorithm that observes n labeled examples sampled from D will achieve an error of at least
(7.875/4)ε > 1.95ε.
The above argument proves a sample complexity lower bound of Ω (m/ε). Inverting the
bound for ε = err(hn ) implies that with probability at least δ, the following events occur:

P(Z ≥ 2) = P(Z ≥ 4EZ) ≤ e−EZ = e−1/4 .

Since n = (m − 1)/(32ε) and m ≥ 65, the first term in the right-hand side of (7) is at most
e−(m−1)/32 ≤ e−2 < 0.1353354. The second term therein is (i) monotonically decreasing in
m (for m ≥ 65) and (ii) monotonically increasing in ε; at m = 65 and ε = 1/8, we have the
upper bound 65/6416 < 10−27 . Thus P(E1 ) < 0.1353355.
Let E2 be the event that S has more than 2 points. We decompose E2 into two cases:
E20 , where x1 ∈ S and E200 , where x1 ∈
/ S. Clearly, P(E200 ) ≤ (8ε/(m − 1))3 < 0.000004. To
0 , define ξ = 1
analyze
E
and
note that under E20 , the random quantity 1 + Z :=
i
{X
=
6
x
}
2
1
i
Pm
0
i=1 ξi upper-bounds the number of distinct points in S. Hence, P(E2 ) ≤ P(Z ≥ 2). Now
E[Z] = n(8ε/(m − 1)) = 1/4, and by the multiplicative Chernoff’s bound,

First, we argue that with probability Ω(1), S will contain exactly 2 distinct points. Let
E1 be the event that S consists of 1 point; then

n
8ε
P(E1 ) = (1 − 8ε)n + (m − 1)
.
(7)
m−1
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Proof We begin with a standard proof that a set of d-dimension Euclidean vectors has
density dimension O(d). Take any radius 4 ball, and we bound the size of a 2-net of points
within this ball. By the triangle inequality, 1-radius balls centered at the 2-net points do
not intersect, and so the density constant of the space is bounded by the number of 1-radius
balls whose centers can be packed into the 4-radius ball. Since a piece of a 1-radius ball may
escape the 4-radius ball, by the triangle inequality this term is bounded by the number of

Theorem 13 A set of m d-dimensional vectors has density dimension: O(d) under `2 squared, O(d/p2 ) under `p (0 < p < 1), and O(k(d + log m)) under Hk .

We bound the density dimension under these three distance functions.

Proof Put D = diam(X) and replace each point xi ∈ X with a set Ai ⊂ R of size n
as follows. For ai,j ∈ Ai , if j ≥ i, then set ai,j = 2D((i + 1)n + j), and otherwise set
ai,j = aj,i + ρ(xi , xj ).
Consider any pair xi , xj ∈ X for i < j. Clearly `2 (ai,j −aj,i ) = `2 (ai,j −ai,j −ρ(xi , xj )) =
ρ(xi , xj ), so H1 (Ai , Aj ) is at most this value. On the other hand, for any k, p we can show
that `2 (ai,k − aj,p ) ≥ D whenever k 6= j or p 6= i): If i ≤ k, we have ai,k = 2D((i + 1)n + k),
and otherwise 2D((k + 1)n + i) ≤ ai,k ≤ 2D((k + 1)n + i) + D. Similarly, if j ≤ p we have
aj,p = 2D((j + 1)n + p), and otherwise 2D((p + 1)n + j) ≤ aj,p ≤ 2D((p + 1)n + j) + D.
Since by assumption i 6= j, the two terms differ by at least D unless both j = k and i = p.

Lemma 12 If ρ is a semimetric on a point set X of size n, then ρ can be realized as the
H1 distance (induced by l = `2 as above) over subsets of R of size n.

In this section we demonstrate the utility of the density dimension by calculating its value
under some common semimetric distance functions on d-dimensional vectors. The first of
these functions is the Jensen-Shannon divergence,
equivalent (Fuglede and Topsøe, 2004) to
P
the `2 -squared distance function `22 (x, y) = di=1 |xi − yi |2 . We also consider the non-metric
Pd
`p -spaces for 0 < p < 1, `p (x, y) = ( i=1 |xi − yi |p )1/p . Finally, we consider the k-median
Hausdorff distance.
Recall that the usual Hausdorff distance is a metric defined on any two point sets A
and B, and we shall make the simplifying assumption that |A| = |B| = m. Let l(a, b) for
all a ∈ A and b ∈ B be a vector distance function — for simplicity we shall assume the
Euclidean `2 distance — and l(a, B) be the distance from a ∈ A to its nearest neighbor
in B. The Hausdorff distance is the maximum distance between a point in A (or B)
and its nearest neighbor in B (respectively, in A): max {maxa∈A l(a, B), maxb∈B l(b, A)}.
Huttenlocher et al. (1993) define the k-median Hausdorff distance (in the terminology of
Jacobs et al. (2000), but perhaps more aptly termed the k-rank Hausdorff distance) by
setting hk (A, B) to be the k-th smallest value in the vector v = (l(a1 , B), . . . , l(ad , B)),
and then the k-rank Hausdorff distance is Hk (A, B) = max {hk (A, B), hk (B, A)}. Note
that Hm (A, B) recovers the classic metric Hausdorff distance (and we require k ≤ m). On
the other hand, we can show that H1 (A, B) is sufficiently robust to be universal for all
semimetrics — that is, any semimetric can be realized by the distance function H1 (A, B):

5. Density dimension of some common semimetrics
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Figure 2: Summary of the performance of semimetric sample compression algorithm.
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We leave it as an open problem to improve on the dependence of k in our bound of the
density dimension of the Hausdorff distance.
We conclude this section with an illustration of how the theory developed in this paper explains the success of the greedy net-based compression algorithm, even in the case
of semimetrics. We present results for the Hausdorff semimetric applied to the Covertype
dataset, found in the UCI Machine Learning Repository.2 This dataset contains 7 different label types, which we treated as 21 separate binary classification problems; we report
representative results below.

k different Euclidean balls, and so there are at most 2k different sets of k balls (i.e., ball
configurations) into which Ai0 may fall. Let C ⊂ A0 (p = |C|) include all vertex sets falling
into some specific ball configuration. For each pair of vertex sets in C, there must be a
pair of vectors at distance at least 2 falling into the same 2-radius Euclidean ball. Then
p = 2O(kd) and n ≤ 2k p = 2O(kd) .
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1-radius balls that can be packed into a 5-radius ball. The ratio of the volume of a 5-radius
ball to that of a 1-radius ball is 5d , which bounds the density constant of d-dimensional
Euclidean space.
For `22 , we embed this space into `2 by simply retaining the vectors and changing only
the distance function. In other words, we take the square root of all the distances, which
is known as a snowflake operator. To bound the number of 2-net points within a ball of
radius 4 in `22 , consider instead a larger 1-net in the 4-radius ball. After the embedding, it
is a 2-radius Euclidean ball containing a 1-net, and so the density constant of `2 is 2O(d) as
2
well.
p/2
For `p (0 < p < 1), let us consider a snowflake of this function, that is `p (x, y) =
Pd
|xi − yi |p )1/2 . We can show that the vectors under this distance function can be
( i=1
embedded into O(d/p2 )-dimensional Euclidean space with only constant distortion: Considering each coordinate separately, the distance operator |xi − yi |p/2 on a single coordinate
has the effect of embedding all points on a line into a helix. It is known that this embedding
can be realized in O(1/p2 )-dimensional Euclidean space with arbitrarily small distortion (see
Talagrand (1992) for 21 < p < 1, and Gottlieb and Krauthgamer (2011); Bartal et al. (2011)
for 0 < p ≤ 21 ). We create such an embedding for each coordinate and then concatenate the
coordinate embeddings into a single vector. This yields an embedding from d-dimensional
p/2
`p into O(d/p2 )-dimensional Euclidean space with arbitrarily small distortion. Then a 1net inside a 22/p -radius ball in the original `p -space is a 1-net inside a (2 + ε)-radius ball in
the target Euclidean space (for arbitrarily small ε), and so its density dimension is O(d/p2 ).
For the k-rank Hausdorff distance, first note that since hk is non-decreasing under
deletions, we have for all vector sets A, B and subsets A0 ⊂ A and B 0 ⊂ B that Hk (A0 , B 0 ) ≥
Hk (A, B). Also, we can show there always exist A0 , B 0 each of size exactly k that satisfy
Hk (A0 , B 0 ) = Hk (A, B): To see this, assume without loss of generality that hk (A, B) ≥
hk (B, A). Let hk (A, B) be determined by a set A1 ⊂ A of size exactly k, along with a set
B1 ⊂ B of size k1 ≤ k, where the points of B1 are the nearest neighbors of A1 . Similarly,
let hk (B, A) be determined by set B2 ⊂ B of size exactly k, along with nearest-neighbor
set A2 ⊂ A of size k2 ≤ k. Now add to B 0 the k1 vectors of B1 , and for each b ∈ B1 ,
add to A0 a distinct vector a ∈ A1 for which b is its nearest neighbor. Further add to A0
min{k2 , k − k1 } vectors of A2 , and add to B 0 min{k2 , k − k1 } distinct vectors of B2 that
are the nearest neighbors of the relevant vectors in A2 . If the resulting sets A0 , B 0 are of
size k then we are done, and have Hk (A0 , B 0 ) = Hk (A, B). Otherwise, we add to A0 and B 0
additional points of A1 and B2 , respectively, until both sets are of size k – as A0 , B 0 already
contain the respective nearest neighbors of B2 , A1 , the additional points do not affect the
distance.
Now consider a set A of vector sets all within distance 2 of some center set Ac ∈ A and at
mutual inter-set distance at least 1. We will show that |A| = 2O(kd) mk , from which
 thek item
follows. To prove this, take in turn each subset Ac0 ⊂ Ac of size k (there are m
k < m such
subsets), and let A0 contain all sets Ai0 ⊂ Ai of size k for which Hk (Ac0 , Ai0 ) = Hk (Ac , Ai ).
A0 has radius 2 and inter-set distance at least 1. To complete the proof, we will show that
n = |A0 | ≤ 2O(kd) , from which it follows that |A| < |A0 |mk = 2O(kd) mk :
Since Hk (Ac0 , Ai0 ) ≤ 2 for all Ai0 ∈ A0 , we have that hk (Ai0 , Ac0 ) ≤ 2, and so every vector
of Ai0 is within Euclidean distance 2 of one of the k vectors of Ac0 . Let each vector of Ac0
be the center of a 2-radius Euclidean ball. Clearly, the vectors of each Ai0 fall into at most
15
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Our proof that the density constant controls the size of a net in semimetric spaces (Lemma 1)
is non-constructive, and as a result the construction times for nets in semimetrics are necessarily inferior to those of metric spaces. Likewise, estimating a margin of a point set
is more challenging for semimetrics and requires a more sophisticated approach than for
metric spaces (see Remark 3).
Unlike in metric spaces, where the covering numbers N (·) and the packing numbers
M(·) are related via M(2ε) ≤ N (ε) ≤ M(ε) (see e.g., Alon et al. (1997)), violating the
triangle inequality breaks this connection between covering and packing. Particularly, for
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Proof To prove (a) and (c), that λ ≤ µ: Consider any open ball Br (x) ∈ X . Let C be
a maximal collection of points at mutual interpoint distance at least 2r , and note that by
definition |C| ≤ µ(X ). By the maximality of C, |C| balls of radius 2r centered at points
of C cover all of Br (x), so λ(X ) ≤ |C| ≤ µ(X ). For (b): again, consider any open ball
Br (x) ∈ X , and let C be a maximal collection of points at mutual interpoint distance at
least 2r . Now, by definition X may be covered by λ(X ) balls of radius 2r , and each of these
smaller balls may be covered by λ(X ) balls of radius 4r , so there exists a set of λ2 (X ) balls
of radius 4r covering all of X, and in particular C. By the triangle inequality, each ball
of radius 4r can cover at most one point of C, and so |C| ≤ λ2 (X ). Finally, (d) follows

(d) µ(Y) may be as large as Θ(|Y|), even when λ(Y) = O(1).

(c) λ(Y) ≤ µ(Y),

Let Y be a point set endowed with a semimetric distance function. Then

(a) λ(X ) ≤ µ(X ),
p
(b) µ(X ) ≤ λ(X ).

Lemma 15 Let X be point set endowed with a metric distance function. Then

In fact, a deeper principle underlies the results above: In metric spaces, the doubling and
density constants are almost the same, while in semimetric spaces there may be a large gap
between them. This is captured in the following lemma, which delineates the relationship
between the doubling constant and density constant. (The first half of the lemma is due to
Gottlieb and Krauthgamer (2013).)

This defines a semimetric on X .
rad(X )-net of size |X |/2, and yet we can show that λ(X ) = O(1).
Indeed, consider any ball Br (x) in X . Then all points in Br (x) can be covered by the same
λ(A) = O(1) balls of radius 2r that cover A ∩ Br (x). The claim follows.

while ρ(a0i , a0j ) = n − 1.
Clearly, A0 forms a

ρ(a0i , aj ) = ρ(ai , aj ) + φ1{i=j} ,

Proof Let X be composed of two sets, A and A0 . Put A = {a1 , . . . , an }, endowed with the
line metric ρ(ai , aj ) = |i−j|, so the maximum distance in A is n−1. Note that λ(A) = O(1).
Define A0 to consist of n points, such that

Lemma 14 In semimetric spaces, a bound on the doubling constant does not imply a packing number. In particular, There exist semimetric spaces X of arbitrary cardinality with a
universally bounded doubling constant λ(X ) = O(1), such that X contains a rad(X )-net C
of size Θ(|X |).

semimetrics, a doubling constant (while well-defined) does not imply a packing property
such as that of Lemma 1. As a consequence, the bounds in the host of results constituting
the theory of learning in doubling metric spaces are not applicable to semimetrics. This
fact is captured in the following lemma:

Classification for semimetrics
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Proof For the upper bound, trivially O(|S|) time is sufficient to consider every point in S.
For the lower bound, suppose the query point q is at an infinitesimally small distance
from a single point s0 ∈ S, and at distance rad(S) from all other points of S. Then s0
can be any point in S, and cannot be located without inspecting each point: Without the
triangle inequality, the distance between one pair of points has no bearing on any other
distance.

Lemma 17 Given a point set S equipped with a semimetric distance function, discovering
an exact or approximate nearest neighbor requires Θ(|S|) comparisons in the worst case.

For semimetric spaces, we demonstrate that the situation is much worse:

Proof To prove (a), let S be a set of points obeying the line metric, i.e. the distance
between si , sj ∈ S is |i − j|. Suppose x is at distance n = |S| from si , and at distance n + 1
from all other points of S. Then si can be any point of S, and cannot be located without
inspecting each point. The claim in (b) is the result of Krauthgamer and Lee (2004).

(b) A (1 + ε)-approximate nearest neighbor of x in S can be found in time 2ddim(S) log |S| +
ε−O(ddim(S)) .

(a) Locating the exact nearest neighbor of x in S requires Θ(|S|) comparisons in the worst
case.

Lemma 16 Given a point set S equipped with a metric distance function, and a query point
x:

In metric spaces, the following bounds on exact and approximate nearest neighbor search
are well-known.

immediately from Lemma 14.

Gottlieb, Kontorovich, Nisnevitch
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2.1 Problems

2

There are three main aspects of any computer science field: the problems to be solved,
the algorithms used to solve them and the paradigms used to assess and compare different algorithms’ performance with respect to the problem-solving goal. For each of these
aspects, we explain what’s common and what’s different between supervised learning and
co-optimization. In the process, we also build a two-way dictionary between the terminologies of these two fields, summarized in Table 3.

2. Parallel Between Fields

We first present some problem examples through their real-world formulations, but explaining or replacing domain jargon with simple words. This should make it easier to spot both
commonalities and differences, which are then formalized later in Section 2.1.3.

un-assessed situations are similar in nature to unseen examples, but their space can and
must be explored. The present work delves into this parallel in much greater detail.
We start in Section 2.1 with a handful of examples of problems from both fields, first
presented in natural language and then formalized to highlight both the commonalities and
the differences between them. Then in Section 2.2 we discuss the relationship between the
typical algorithmic approaches applied to solve such problems in their respective fields. Two
themes thread through both sections: how much and what kind of information is available to
the problem-solver, and what are the various kinds of cost the problem-solver might incur.
The performance-versus-cost issue is further detailed in Section 2.3, highlighting how both
fields lack a performance-evaluation approach encompassing all cost types.
Thus Section 2 should provide a useful guide to those newcomers to one of the fields
that already have a background in the other, but it is not a detailed survey of either field;
many books and review papers are available for that purpose, e.g., by Abu-Mostafa et al.
(2012) for supervised learning, Popovici et al. (2010) for co-optimization. Rather, it presents
a mapping between the core issues and concepts that researchers in the two fields concern
themselves with and the language they use in the process (summarized in Table 3). State-ofthe-art approaches in either field should be describable in terms of such core notions; while
not the main focus, a couple of supervised learning examples, such as deep learning (LeCun
et al., 2015) and the reusable holdout (Dwork et al., 2015), are mentioned in sections 2.3.1
and 2.3.2.
The motivation behind this type of presentation is to enable researchers in the two fields
to better understand each other and provide a bridge over which methods, ideas and results
can travel both ways and contribute to the advancement of both fields. In particular, for
machine learning researchers, the co-optimization paradigm should reveal the formalization
of new and non-trivial learning tasks and of methods for assessing performance on those
tasks which offer interesting free lunches. To illustrate the potential, in Section 3 we derive
the counterpart for binary classification of a recent line of work in co-optimization concerning
the exploitation of free lunch to design algorithms that have optimal performance with
respect to a particular type of cost. We discuss the implications for the other cost types
described in Section 2.3 and also point out how this new paradigm suggests alternative
approaches to instance selection and active learning.
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It is not uncommon in science that separate fields independently develop similar ideas but
describe them with different language, or that they need to solve similar problems but
approach them from different perspectives and thus derive different methods of solving
them. Either field would benefit from learning about the latest and greatest in the other,
but achieving such benefits requires overcoming a couple of barriers: lack of awareness of
the existence of another field concerned with similar issues and lack of understanding of
its language and perspective. The goal of this paper is to break such barriers between the
fields of supervised learning and co-optimization.
Supervised learning has been around for a long time, thus knowledge and understanding
of it has permeated other disciplines. Loosely speaking, it is concerned with generalizing
from given examples to unseen ones. Co-optimization is a much newer area, not widely
known outside its community. The term has been introduced by Service and Tauritz (2008a),
though the ideas had already been floating around in the field of coevolution (Popovici et al.,
2010), a sub-field of evolutionary computation (De Jong, 2006) that has been around since
the early 90’s (Hillis, 1990). There are multiple possible goals in co-optimization, of which a
common one is finding solutions that would perform well in many different situations (tests),
given the ability to do only a limited number of performance assessments. This type of goal
is the focus of test-based co-optimization. To draw a quick parallel to supervised learning,

1. Introduction

This paper takes a close look at the important commonalities and subtle differences between the well-established field of supervised learning and the much younger one of cooptimization. It explains the relationships between the problems, algorithms and views
on cost and performance of the two fields, all throughout providing a two-way dictionary
for the respective terminologies used to describe these concepts. The intent is to facilitate advancement of both fields through transfer and cross-pollination of ideas, techniques
and results. As a proof of concept, a theoretical study is presented on the connection between existence / lack of free lunch in the two fields, showcasing a few ideas for improving
computational complexity of certain supervised learning approaches.
Keywords: supervised learning, active learning, co-optimization, free lunch, optimal
algorithms
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2.1.1 Examples of Co-optimization Problems
Resilient Piping – Automated design of robust physical systems (Co-optimization). Consider
the problem of placing valves in a network of water-carrying pipes so as to maximize the
resilience of the network in case of damage. Such piping networks carry water from pumps
to a number of usage sites; this could be for human consumption, for equipment cooling
or for putting out fires (Popovici et al., 2007). Should damage occur somewhere in the
network, such as broken pipes causing local leaks and global pressure drop, the damaged
areas need to be isolated by automatically closing nearby “smart” valves, so as to stop the
leak and restore pressure to as much of the network as possible. Smart valves are expensive
and can only be placed sparingly throughout the network. Where they are placed has a big
impact on how tightly we can isolate a given damage, i.e., how resilient the network is to
that damage. For any given placement of valves and any given damage, we can compute this
resilience value using graph-traversal algorithms to identify the valves closest to damaged
spots and to determine, once these valves are closed, how many usage sites still have an
unobstructed path to a pump and thus can get water. The goal is to find, for a given
piping network and number of smart valves, a placement that provides as good as possible
resilience across many/all damage scenarios. More broadly, the problem described here is
that of automating the design of physical systems that perform well under many different
circumstances.
Sorting Networks – Automated algorithm design (Co-search). Consider the task of sorting in increasing order a sequence of numbers by repeatedly comparing pairs of numbers
and, if the first is bigger than the second, swapping them. An algorithm performing such
sorting is called a sorting network, because it can be represented as a network of compareand-swap gates. Sorting networks have both software and hardware applications. Each gate
incurs a cost, either computational or actual, so one would like to use as few of them as
possible. For a given number of available gates and a given length of input sequences, the
goal is to find a network with that number of gates that correctly sorts all input sequences of
that length (Hillis, 1990). More broadly, the problem described here is that of automating
the design of computer programs that for any possible input produce the correct output,
where correctness is according to the computational task at hand (e.g., sorting).
2.1.2 Examples of Supervised Learning Problems

JMLR 18(38):1-39, 2017

Photo Labeling – Automated item classification (Supervised binary classification). Consider
the problem of automating the labeling of photos as to whether or not they contain a
particular thing, say a balloon. We are provided with a set of examples of photos that have
been manually labeled by humans as ‘yes’ if they contain a balloon or ‘no’ if they don’t. The
goal is to find a computer program that outputs the correct label for any possible photo.
Protein Structure – Outcome prediction (Discrete regression). Consider the problem of
predicting higher-level protein structure. The primary structure of a protein is specified by
a chain of amino-acids of 20 possible types. In nature, this chain folds into a convoluted
shape, such that neighboring amino-acids become part of local formations of three different
types: coil, helix and beta-strand. Determining this secondary-structure sequence of a
given protein (i.e., what type of formation each amino-acid becomes part of) requires lab
experiments and it is known only for a small percentage of all known proteins. The goal is
3
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to find a computer program that outputs the correct secondary-structure sequence for any
amino-acid sequence (Cheng et al., 2008).
More broadly, these two problems are about learning from samples in order to generalize
to new, as yet unseen cases.

2.1.3 Problem Comparisons and Formalisms

While these problems span a varied set of domains and at first glance may not appear
particularly related, closer inspection reveals common aspects as well as key differentiators.
All of the descriptions above state that the problem-solving goal is finding something
(a placement of valves, a network of compare-and-swap gates, a computer program). This
‘object’ of interest needs to ‘perform’ in a certain way (or have some desirable properties)
across all/many ‘contexts’ (damages, number sequences, photos, proteins). While not explicitly stated in the above descriptions, for each of these problems the number of contexts
of interest can be very large: there are millions of proteins with known amino-acid sequence
but unknown structure; there is an infinite number of photos, or at least a combinatorial
number of them if we restrict the size; there is an exponential number of sorting-relevant
sequences;1 and the number of possible damage locations in a water-delivery network can
also be significant, with the number of damage scenarios increasing in combinatorial fashion
if we account for co-occurrences at different locations (which can happen for instance in case
of earthquakes).
Additionally, for each of these problems, the set of objects of interest can also be very
large: if there are n possible locations where we could place valves,
but we can only af
n
ford m < n valves, then the number of possible placements is m
; the number of possible
networks with n compare-and-swap gates is also combinatorial in n; and the number of
input-output mappings for the computer programs predicting photo labels or protein structures is exponential.
The descriptions above also hint at differences in the information available to help us
solve the respective problem. To see this better, we turn to formalisms. Table 1 provides a
summary of the notation. Throughout the rest of Section 2 we underline key terminology
which is then collated in Table 3.
Co-optimization Formalisms. Consider the problem of designing resilient piping
networks. Let S denote the set of all possible placements of a given number of valves
in a given piping network. Let T denote the set of all possible/likely damages to that
piping network. For any valve placement s ∈ S and any damage t ∈ T we can compute
the resilience of s to t, as described earlier. Let this computation be denoted by a metric
M : S × T → V ⊂ R. The goal is to find a valve placement s ∈ S that maximizes, say,
the average resilience over all damages t ∈ T , g(s) = avgt∈T M (s, t).2 We call this goal
the maxiavg solution concept (i.e., definition of what constitutes a solution) and we call g
the quality function; g(s) is the quality of potential solution
P s. Equivalently, we could be
concerned with the total resilience over all damages, g(s) = t∈T M (s, t), a solution concept
called maxisum. Other interpretations of ‘as good as possible resilience across many/all
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1. Specifically, 2n , where n is the length of the sequence, since any network which correctly sorts all binary
sequences of length n also correctly sorts any arbitrary numeric sequence of length n.
2. Assuming such average (or perhaps an expectation) is well defined and that g has a maximum.
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With a bit of reshaping, the sorting network problem can similarly be cast. Let S denote
the set of all possible networks made up of a fixed number of compare-and-swap gates and
taking as inputs sequences of a fixed length. Let T denote the set of all binary sequences of
that length (see footnote 1 on page 4). For any network s ∈ S and any input sequence t ∈ T ,
we can determine sorting correctness by running the sequence through the network, then
checking if the output is in fact sorted. Let M : S × T → {0, 1} ⊂ R be a metric such that
M (s, t) = 1 if s correctly sorts t and 0 otherwise. Like for the piping network design problem,
M is not given by a closed-form mathematical formula, but for any input-pair hs, ti we can
compute M (s, t) via the above procedure. As originally stated, the goal for sorting network
design is to find a network s ∈ S such that M (s, t) = 1 for all t ∈ T . This is an example
of a test-based co-search problem, in that we are searching for an element with a particular
property. A co-optimization problem is a co-search problem in which the property of the
element we’re looking for is that the element optimizes some function. The sorting network
problem can be re-phrased as a test-based co-optimization
problem, since an s satisfying
P
the above property also maximizes g : S → R, g(s) = t∈T M (s, t). Also note that for this
problem an M -evaluation has fairly modest cost (linear in the number of compare-and-swap
gates and likely measured in milliseconds), but the size of T is exponential (2n , where n is
the length of the input sequence).
A subtle difference between the resilient piping problem and the re-stated sorting networks problem is that for the latter it is really important that we find a maximum of g
and we might be able to tell whether or not we have, whereas for the former we would not
recognize a maximum even if we found one, so we’re really looking for as high a value of g as
we can find. Nonetheless, any method we can apply to the generic, black-box formulation of
the resilient piping problem we can also apply to the sorting networks problem. Problems
like these are the object of study in the field of co-optimization (Service and Tauritz, 2008a;
Popovici et al., 2010; Popovici and Winston, 2015).
Supervised Learning Formalisms and Mapping to Co-optimization. We now
turn our attention to the latter two problems, which come from the field of supervised
machine learning (Abu-Mostafa et al., 2012). For the photo labeling problem, let X be the
set of all possible photos (up to a certain size limit). Let Y = {yes, no} be the set of labels,
denoting presence or absence of balloons. Let f : X → Y denote the correct assignment of
labels to photos, where correctness can always be judged by humans. This is often referred
to as the target function to be learned. We are provided with a set of n labeled examples
D = (xi , yi = f (xi ))i=1..n ⊂ X × Y and the goal is to find the full f , or, more precisely,
to find a computer program that implements f . Such a program is often referred to as a
classifier or predictor, the examples D are also referred to as data points or simply as data
or a data set, and the problem solving goal is also referred to as (binary) classification.
We can map this problem to a test-based co-optimization problem as follows. Let S
be the set of all computer programs that take as input a photo x ∈ X and output a label
y ∈ Y . For any s ∈ S and any x ∈ X we denote by s(x) the output of program s for
input photo x. Note |S| is larger than |Y X |, since multiple programs can implement the
same functionality. Let T = X (i.e., photos constitute tests) and define M : S × T → R
via M (s, t) = δ(s(t), f (t)), where δ is the Kronecker delta function or some other function
measuring the agreement between s(t) and f (t). Then the photo labeling goal is to find
a program s ∈ S such that M (s, t) = 1 for all t ∈ T . This is essentially the same goal as

damage scenarios’ include, for instance, aggregating over damages by taking the worst value
rather than the average (worst-case optimization, also called maximin solution concept) or
requiring Pareto-dominance, like in multi-objective optimization with the damages playing
the role of objectives (Popovici et al., 2010).
Thus, resilient piping design is clearly an optimization problem: we have a set of
potential solutions S and we are searching for the element of S that maximizes a function g : S → R. More specifically, in the field of optimization, this type of problem is called
a test-based co-optimization problem. This is because the function g is in fact defined via
the metric M , whose definition involves an additional set of entities T . The elements of T
are called tests: they do not contribute to the definition of the set of potential solutions S,
but they help test which elements of S are solutions and which are not, via the metric M .
For brevity, from here on we will use just the word co-optimization when we actually mean
test-based co-optimization; co-optimization problems that are not test-based exist, but are
outside the scope of this paper.3
Note also that we do not have a closed-form mathematical formula for M . Rather,
the resilience of a design to a damage is determined through a computational procedure
(this could involve graph-traversal algorithms as mentioned above, or, in some cases, a fluid
dynamics simulation). While we might know what this procedure is, this knowledge does
not easily (or even at all) provide us with a roadmap for solving the problem. What we can
always do though is to evaluate M to get its output for one input-pair hs, ti at a time; hs, ti is
typically called an interaction or event and determining M (s, t) is referred to as performing
a metric evaluation or M -evaluation or, for short, an evaluation; we also say that s has seen
t (and t has seen s). For each such evaluation we incur the computational cost of running M
(ranging from milliseconds for graph-traversal algorithms to minutes or hours for hydraulics
simulations); this is the basic unit of cost for co-optimization algorithms. We say that M
is accessible in black-box fashion. In some domains, M may in fact be the outcome of a
real-world experiment which we do not know how to simulate computationally, in which
case M is truly black-box and even more costly (e.g., days and dollars).
A key point in co-optimization is that the function whose maximum we are trying to
find is not the black-box M , but g, which is an aggregate of |T | values of M . As previously
discussed, the size of T can be such that computing the actual value of g for even a single
s ∈ S can be very costly or completely infeasible. Even estimating g(s) will typically require
evaluating multiple interactions involving s. This is in contrast with traditional black-box
optimization, where the quality of a potential solution is given by a single evaluation, since
it is potential solutions that are the object of black-box evaluation, not interactions. It
is also in contrast with multi-objective optimization, where the number of objectives is so
small that evaluating each potential solution on all objectives is not an issue and may in fact
be considered the basic unit of cost; in co-optimization the set T is something that needs to
be explored. Single- and multi-objective optimization could also be seen as instantiations
of the more generic framework of co-optimization.4

3. In particular, the field of co-optimization also comprises a subfield concerned with so-called compositional
co-optimization problems (Popovici et al., 2010), some of which have been approached via cooperative
coevolutionary algorithms (Potter, 1997).
4. But see also work mapping test-based co-optimization to multi-objective optimization with fewer underlying objectives than the size of T (Bucci et al., 2004).
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for sorting network design and can be restated as maxisum, which is useful since for this
particular application we do not actually expect to find a perfect program. Equivalently
and more commonly, M is defined as 1 − δ(s(t), f (t)) and called error, which is then to be
minimized.
The problem of predicting secondary protein structure is similar: X is the set of all possible primary-structure amino-acid sequences, Y is the set of all possible secondary-structure
sequences and f represents the real-world mapping of primary to secondary structure sequences. When mapping to co-optimization, S is the set of all computer programs that
take as input a primary-structure amino-acid sequence and output a secondary-structure
sequence, T = X and M (s, t) is defined to measure agreement between s(t), the secondarystructure sequence output by program s for amino-acid sequence t, and the true secondarystructure sequence given by f (t); agreement could be binary (1 if sequences are identical, 0
otherwise) or it could give partial credit for those positions that do match between the two
sequences. The problem-solving goal, especially for the second choice of M , is once again
maxisum.
Comparison. While these formalisms show us how we can express the problem-solving
goals of typical supervised learning tasks in a similar fashion to those of co-optimization,
they also expose subtle but important differences in the information available to any algorithm attempting to solve such problems. One such difference is the access we have to the
function M . For generic co-optimization problems like resilient piping and sorting network
design, we can evaluate M for any hs, ti, thus the main concern is with the cost of each such
evaluation and, consequently, with the number of evaluations that can be afforded and how
good a potential solution (as judged via g) we can find given such an evaluation budget.
For supervised learning problems like photo labelling and protein structure prediction, we
can only get at the value of M for pairs hs, xi ii∈1..n corresponding to the data set D (which
is provided as input to the algorithm for free) and the main concern is how good a potential
solution we can find given only those n specific labeled examples. Note how n does not
impose a hard limit on the number of hs, xi i pairs for which we can compute M , but see
more on cost in Section 2.3.1.
Having made this difference explicit, we can now see that the related field of supervised
active learning (Settles, 2012) concerns itself with problems whose information availability
lies on a spectrum between the above two extremes.
2.1.4 Active Learning Problems
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For instance, consider the following slight variation of the photo labeling problem. The goal
is the same as before, but instead of a set of labeled photos we have a much larger set of
unlabeled photos (obtained, for instance, via internet crawling). With the advent of the
Amazon Mechanical Turk (Amazon, 2005) obtaining a label for a photo can be relatively
cheap and prompt, though it is not completely free, and the time required to get it is not
computational in nature, but rather depends on human availability (Maji, 2011). Both to
save money and to speed up the process, it would be beneficial if we could ask for a label
only for those images most useful for the learning task. This is referred to as a pool-based
active learning problem. Formally, we are given X the set of all possible photos, Y the set
7

Symbol
S
T
V ⊆R
M :S×T →V
g:S→R
X
Y
f :X→Y
D⊂X ×Y
D = (xi , f (xi ))i=1..n
H
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Description
Space of potential solutions.
Space of tests.
Space of metric values.
Interaction metric; M (s, t) is the result of evaluating potential
solution s with test t; it can be completely black box or based
on labels in supervised learning.
Quality function that is the target of optimization; g(s) gives
quality of potential solution s ∈ S; examples include taking the
average, sum or minimum of M over T .
Space of inputs, from which data is sampled.
Space of outputs (labels for inputs).
Target function from Y X , labeling inputs; it defines M when
viewing supervised learning as co-optimization.
Data set of size n from which f must be inferred.

In supervised learning, set of hypotheses considered (also called
a model). In co-optimization, set of potential solutions actually being searched. Its mapping to Y X or, respectively, S is
typically not one-to-one.

Table 1: Notation summary for Section 2.1 (Problems) and Section 2.2 (Algorithms).
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of labels, a strict subset X 0 = (xi )i=1..n of X and access to f in black-box fashion with the
restriction that we can only query f for xi ∈ X 0 .
If mapping this to co-optimization, the restriction on access to f means in turn that we
can only get the value of M for pairs hs, xj i for those xj ∈ X 0 for which we have obtained
a label. However, while in generic co-optimization one metric evaluation is the basic unit
of cost, in active learning if we perform multiple M (s, xj ) evaluations with different s but
the same xj we incur the cost of obtaining the label f (xj ) only once overall and the costs
for s(xj ) and δ(s(xj ), f (xj )) multiple times, once for each s.
This is true for two additional flavours of active learning. One further variation of the
above problem consists of the case when we are not provided with a set X 0 ⊂ X, but with a
stream of elements from X: each element is available only for a limited time, during which
the algorithm can ask for a label for that element, thus it must decide quickly whether or
not to do so—and we cannot ask for all labels. This setup is of interest for domains such
as part-of-speech tagging (Dagan and Engelson, 1995).
Let us also revisit the protein structure problem and relax the requirement that we
use only data previously generated by lab experiments. Rather, we are allowed to perform
further experiments for any existing amino-acid chain to determine its secondary structure, though for any such experiment we incur costs both in money and in time required
to perform the experiment. Note that for this setting f is truly black-box and we have
no restrictions as to for which examples x ∈ X we can obtain the label f (x)—examples

8
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Recall from the formalization of supervisedP
learning in Section
P 2.1.2 that we are looking for
an element s ∈ S that minimizes g(s) = t∈T M (s, t) = t∈T (1 − δ(s(t), f (t))), but we
only have access to the value of f (t) for t ∈ (xi )i=1..n from the data D. Thus, a first issue
to be addressed is that we cannot actually compute g(s) for any s. Supervised learning
algorithms deal with this by working with restrictions of the sum inside g to subsets of
the data. State-of-the-art methods employ meta-approaches such as regularization or crossvalidation (discussed at the end of this section), but at their core they incorporate and
expand upon the following procedure. Data is randomly partitioned into a training set and
a test set. An s ∈ S is identified that minimizes g tr , the variant of g obtained by summing
M (s, t) only over the t in the training set, also called in-sample error or training error.
It is hoped that g tr (s) will correlate with the actual value of g(s), though of course the
former is an optimistically-biased estimator of the latter. For that reason, for the best s
only, an unbiased estimator is computed by summing M (s, t) only over the t in the test
set. Overfitting or over-training is said to have occurred if an s was chosen that had low
training error, but high test set error. The term generalization error is used to refer either
to the actual value of g(s) or to the out-of-sample error defined as the sum of M (s, t) only
over the t ∈ T \ (xi )i=1..n (the symbol ‘\’ stands for set difference).
In minimizing g tr , the next issue concerns the set S. For supervised learning problems,
the true space of all potential solutions S is the set of all computer programs implementing
a function from X to Y . In practice though, supervised learning algorithms only consider
a subset H ⊂ S of programs, but one with a structure that facilitates finding a program

2.2.1 Supervised Learning Algorithms

We now turn to discussing the various types of algorithms that have historically been
used to approach supervised learning and co-optimization problems. Even state-of-the art
algorithms tend to fall under these broad types or employ as components the core approaches
described here and hybrids thereof; when they don’t, this framework should make it easy to
express how they differ. Our categorization is mainly driven by the way algorithms make
use of the information available to them. Sections 2.2.1 and 2.2.2 will read familiar to the
machine learning researcher; we review some basic notions so that: 1) whenever possible,
we can directly describe them using co-optimization terminology; and 2) we can refer back
and contrast with them the co-optimization-specific notions we introduce later in Section
2.2.3 and thus build towards the vocabulary mapping in Table 3.
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5. In some works, the word ‘model’ is used to mean a single hypothesis. To avoid confusion, in this paper
‘model’ only refers to a set of hypotheses H.
6. These have also been referred by De Jong (2006) as bottom-up and, respectively, top-down.

that implements f or a good approximation of f . The elements of H are referred to as
hypotheses. For instance, H could be the set of neural networks of a particular size and
shape, or the set of decision trees of a certain depth, etc. Such a set H is typically called a
model.5 There may be multiple elements of H that implement the same function from X
to Y and there may be functions from X to Y that no element of H implements (i.e., the
mapping from H to Y X is not one-to-one). The choice of H (and an algorithm to search
it) has a strong bearing on the expected generalization error and carries with it a so-called
bias-variance tradeoff (Geman et al., 1992), where bias and variance represent two different
sources of said error that are difficult to minimize simultaneously. Bias is the average, over
possible data sets, of the distance between the target function and the best hypothesis found
by the algorithm for that data set. The variance measures how much this best hypothesis
varies with the data set. Larger, more complex sets H tend to have lower bias but higher
variance and be prone to high generalization error via overfitting. Smaller and simpler sets
H tend to have lower variance but be prone to high generalization error due to high bias
(underfitting).
For many supervised learning approaches, the choice of H requires that the data is either
directly given as or can be transformed into tabular form, i.e., the set X can be written as
X f = X1f × X2f × ... × Xkf where the sets Xif are numeric, ordinal or categorical in nature (the
superscript ‘f’ stands for ‘feature’). These sets represent so-called variables or features or
(in statistics) covariates. In certain domains the elements of X in fact have richer structure,
which cannot be represented in tabular form. When mapping such an X into an X f there
will inevitably be information loss; additionally, the choice of mapping could have an impact
on the difficulty of the problem.
At the core of even sophisticated machine learning methods there are two main ways in
which the structure of H helps locate an element of H that minimizes g tr and they differ in
the way they make use of the training data: constructive versus exploratory.6
Constructive approaches rely on a mapping of X to X f and define H in such a way
that the training data can be used to directly construct a single element s ∈ H with a good
g tr -value (low training error). From a co-optimization standpoint, this constructive process
used during training does not involve any M (s, t) evaluations. For instance, for decision
trees (Rokach and Maimon, 2014) this is done by repeatedly partitioning the examples
based on one feature Xif at a time, by using the relationship between the feature’s values
for the training data points and the respective labels of those data points; a new node
is added to the tree with each partition until a maximum depth is reached. For support
vector machines (SVMs, Cristianini and Shawe-Taylor, 2000), H is a set of polynomials
which, along with some constraints, makes the problem of minimizing training error into a
quadratic programming problem.
Exploratory approaches work by computing the training error g tr for multiple elements of H in order to find one with a good value. In co-optimization lingo, they perform
a series of M (s, t) evaluations for various s ∈ H and various t in the training set portion of
(xi )i=1..n in order to decide which s to pick. This search process can be strongly or loosely
guided.

can be generated de-novo. Consequently, if we model this as co-optimization, we have no
restrictions in terms of which pairs hs, xi we can compute M for. Thus, this problem is the
most similar to the co-optimization problems of resilient piping design and sorting network
design. The difference is that for those problems it was M directly that was given in blackbox fashion, whereas for the de-novo active learning problem we have that M is defined
through f and it is f that we have black-box access to. The impact of this difference will
be discussed in Section 3.
For all active learning problems there may be a budget constraining how many labels
the algorithm can obtain.

2.2 Algorithms
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Bridging Supervised Learning and Test-Based Co-optimization

One way to provide strong guidance to the search is to map X to X f and define the
space H so that the error g tr has a closed form with easily computable derivative that allows
gradient descent techniques to be used for minimization. Neural networks are an example
of this (Rumelhart et al., 1986): the Xif are mapped to the input nodes of the network,
H is the set of all possible weight combinations for the edges and the error function is
linear in these weights. Forward propagation constitutes performing one M -evaluation.7
Back-propagation of the error to update the weights via gradient descent generates a new
network s0 ∈ H. Using a single example for each back-propagation step generates a series
of evaluations of the type M (s1 , t1 ), M (s2 , t2 ), M (s3 , t3 ), . . . . Using multiple examples and
aggregating the error before propagating it back leads to a series of evaluations of the type
M (s1 , t11 ), M (s1 , t21 ), . . . , M (s1 , ti1 ), M (s2 , t12 ), M (s2 , t22 ), . . . , M (s2 , tj2 ), M (s3 , t13 ), . . . . In either case, the s with best g tr -value (often last in the series) is output. Choosing the order
in which to use the examples is typically done stochastically and orderings resulting from
different random seeds lead to different exploratory paths through H.
An example of a loosely-guided exploratory approach is the application of genetic programming (Koza et al., 2006) to supervised learning. Genetic programming is a set of
techniques from the field of evolutionary computation (De Jong, 2006) that draw inspiration from the principle of evolution by natural selection to search for computer programs
achieving some task. Programs can take various shapes, such as rule-sets in the field of
learning classifier systems (Lanzi et al., 2003), expression trees in symbolic regression (Icke
and Bongard, 2013), even neural networks with variable structure in neuro-evolution (Floreano et al., 2008), etc. The set X, representing inputs to the programs, need not necessarily
take tabular X f form and the space H of programs is not constrained to lead to a closed-form
error function. Instead, H is endowed with a topology such that neighboring points (programs) in H have close error values. This topology is induced by so-called genetic operators
that generate new programs in H from previous programs, in a manner inspired by how
mutation and crossover work on DNA. A program s ∈ H is evaluated by computing M (s, t)
for some (usually all) t from the training-set portion of (xi )i=1..n and aggregating these measurements into one value, often referred to as fitness. Programs with good fitness (low error)
are selected and operators are applied to them to produce a population of new programs;
the process then repeats for multiple iterations called generations. These techniques are
slower at climbing any given local optima than pure-gradient methods—since they essentially have to indirectly estimate the gradient by performing M (s, t) evaluations—but better
at avoiding getting stuck in one. Note also that they are general optimization techniques
applicable to other tasks besides supervised learning and therefore not tuned to it.
Meta-approaches. Both exploratory and constructive approaches need to be concerned about over-/under-fitting. One heuristic is to try out sets H of different complexities:
for example, put a hard constraint on the degree of the polynomials or the depth of the
trees considered, then investigate what happens when varying the value of the constraint.
Another heuristic is to use “soft” constraints, i.e., allow an all-encompassing H, but include
in the training error g tr a penalty term for the complexity of individual hypotheses in that
H; examples include: allowing trees of high maximum depth, but including a penalty term
that grows with the depth; or allowing polynomials of high degree, but including a penalty
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7. Feeding example t through network s computes s(t) and determining disagreement between the network’s
output and the example’s label computes M (s, t) = 1 − δ(s(t), f (t)).
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term that is low when most weights are close to 0 and high otherwise. This latter heuristic
is generally referred to as regularization; in genetic programming, penalizing tree depth is
called parsimony pressure. Different levels must be tried out for the relative contribution
of the penalty term versus the main error term.
In the above, the expression ‘try out’ refers to the fact that the overall algorithm applies
multiple basic methods (either exploratory or constructive), or applies a parameterized basic method multiple times with different parameter values, then selects one of the variants
for producing the final output—a process known as model selection. To perform the selection, (semi)unbiased empirical estimates are computed for the output of each variant by
performing additional M (s, t) evaluations with tests not used during the training of that
variant—a process known as (cross-)validation (Refaeilzadeh et al., 2009; Geisser, 1975;
Stone, 1974). Thus, during this process, what was originally designated as a training set
gets further split (possibly multiple times for cross-validation) into an actual training set
and a validation set. The term holdout set has also been used in the literature, but with
inconsistent meaning, referring sometimes to a validation set and sometimes to a true test
set. The test set is still to be used only once to get an unbiased estimate for the quality
of the final output. Such uses of estimates for output selection and performance evaluation
are relevant for co-optimization algorithms as well, as discussed in sections 2.2.3 and 2.3.2.
2.2.2 Active Learning Algorithms

Typical approaches to active learning treat the problem as an extension of supervised learning. As such, they use a query strategy to decide for which points x ∈ X to obtain a label,
then apply one of the supervised learning methods described above on the labeled data
accumulated so far, then re-iterate these two steps. Some query strategies are generic and
could be used with any supervised learning approach, whereas others are specific to the
supervised learning algorithm used (Settles, 2012). Whether the core supervised learning
approach is constructive or exploratory, the query strategy of active learning algorithms can
be thought of as exploring the set X. The resemblance of active learning to co-optimization
suggests there may be approaches that are more direct than the standard iterative one. We
will revisit this at the end of Section 3.
2.2.3 Co-optimization Algorithms

JMLR 18(38):1-39, 2017

Because in co-optimization it is the metric M that is given in black-box fashion (as opposed
to an f that further defines M ), it is not obvious if or how one could find a good element
of S through a constructive approach. Therefore, co-optimization algorithms (Service and
Tauritz, 2008a) are exploratory by necessity and involve adaptations of stochastic search
and optimization heuristics (Luke, 2013) like simulated annealing (SA), hill-climbing (HC)
and evolutionary algorithms (EAs)—the genetic programming described in Section 2.2.1
being an example of the latter.
Note that in this case the search space S does not necessarily contain computer programs, but possibly other kinds of objects or structures (e.g., subsets of valves in the case of
resilient piping design or, often, simply vectors of parameter values characterizing a structure or design). Recall that supervised learning algorithms actually search a hypothesis
set H that does not have a one-to-one mapping with Y X ; similarly, in co-optimization, the
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8. This has also been called just an algorithm (Wolpert and Macready, 2005; Service and Tauritz, 2008b) or
a search heuristic (Service and Tauritz, 2008b; Service, 2009a,b; Popovici and De Jong, 2009; Popovici
et al., 2011).
9. This has also been called a sample (Wolpert and Macready, 2005) or simply a sequence (Service and
Tauritz, 2008b).
10. This has also been called a champion-selection rule (Wolpert and Macready, 2005), a champion selection
function (Service and Tauritz, 2008b), a candidate selection function (Service and Tauritz, 2008b; Service,
2009a,b) or output selection (Popovici and De Jong, 2009; Popovici et al., 2011).

referred to as competitive coevolution (Angeline and Pollack, 1993; Popovici et al., 2010);
and 2) reward elements of T for their ability to differentiate between elements of S, that is
for being informative tests (Bucci, 2007). In addition to the tests in the current population,
archives of hard/informative tests can be kept and used in evaluations (Rosin and Belew,
1997; de Jong, 2005). Co-optimization problems emerged as a formalization of the kinds of
problems coevolutionary algorithms were being applied to.
Both approaches (random sampling of tests versus coevolution) typically use the same
number of tests to evaluate all potential solutions considered; these potential solutions are
called partially evaluated, as said number of tests is usually much smaller than |T |.
Output mechanisms. A typical approach is greedy, which outputs the partiallyevaluated potential solution with the best average of M -values over the tests it was evaluated
with. It is also common to maintain archives of promising potential solutions (as identified
by the greedy method) and then do another round of M -evaluation for them, with either
freshly sampled or similarly archived tests, and pick the output based on the resulting empirical g-estimates (Panait and Luke, 2002); this is similar to the process of validation for
model selection used in supervised learning. Newer work (Wolpert and Macready, 2005) has
introduced optimal output mechanisms whose definition makes use of theoretical (Bayes)
estimates of g consisting of aggregations (e.g., averages) over all possible values that yetunperformed metric evaluations could result in. Interestingly—and unlike greedy—such
output mechanisms even consider outputting completely-unevaluated potential solutions,
i.e., ones for which the algorithm hasn’t yet performed any M -evaluations, if their Bayes
estimates are better. We will discuss these in more detail in sections 2.3.2 and 3.
Estimates of g, whether empirical or theoretical, can also be used to judge the quality
of the outputted potential solution. In particular, using freshly sampled tests to obtain an
unbiased empirical estimate (Chong et al., 2008) is similar to the way a test set is used in
supervised learning; such an estimate represents an objective quality and is external to the
algorithm itself. As with over/under-training in supervised learning, this is necessary because a disconnect can occur between internal and external quality measurements (Popovici
and De Jong, 2005; de Jong, 2007).

way the space S is represented in the computer often means that what’s actually being
explored by the algorithm is a set other than S and whose mapping to S is not one-to-one.
To limit notation, we’ll denote this set by the same symbol H. In the field of evolutionary
computation (De Jong, 2006), the choice of H is called a representation and the mapping
from H to S is called the genotype-to-phenotype mapping. One still needs to consider the
tradeoff between the ability of H to represent many/all the elements of S and the ease of
searching H (which may decrease as the size of H increases). This can be considered a
counterpart concept to supervised learning’s bias-variance tradeoff.
As in supervised learning, an important issue is the fact that we might not be able to
compute the actual value of the quality function g that we are to optimize, because g(s) is
defined as the sum of M (s, t) for all t ∈ T and T is very large and/or M is very expensive.
In contrast to supervised learning, there are no restrictions as to which elements t ∈ T we
can use in M (s, t) evaluations. Consequently, co-optimization algorithms explore not just the
space S but also the space T , as well as the cross-product of the two. Thus, a co-optimization
algorithm can be formalized as having two components: 1) the exploration mechanism,8
deciding which interaction between a potential solution s ∈ S and a test t ∈ T should be
evaluated next via the metric M , given the sequence of interactions previously evaluated and
their M -values, also referred to as the history9 ; and 2) the output mechanism,10 deciding,
based on such a history, which potential solution s to output. This formalism can be used to
describe exploratory approaches to supervised learning as well; and most meta approaches
perform some kind of output selection even when incorporating constructive components.
Exploration mechanisms. A basic but sometimes successful approach is to use any
of the previously-mentioned stochastic search heuristics for exploring S, by evaluating any
considered s ∈ S with a random sample of tests t ∈ T and using as fitness an aggregation
of the resulting M -values, a placeholder for the true quality of s. This sample may contain
a portion that is fixed throughout the entire algorithm, a portion that is regenerated for
each iteration and a portion that is regenerated for each s.
Another popular approach is to apply the evolutionary metaphor to both spaces. The
resulting coevolutionary algorithms (Popovici et al., 2010) maintain a population of potential
solutions s ∈ S and a population of tests t ∈ T . Elements in the former population are
paired with elements in the latter and the resulting interactions are evaluated via the metric
M . Various interaction methods can be used to determine who is paired (interacts) with
whom (Popovici, 2006). For the maxiavg/maxisum solution concepts, fitness is typically
assigned to each element s in the S-population by averaging M (s, t) for all the interactions
that particular s was involved in; such fitness represents a subjective quality, internal to the
algorithm. Much research has gone into how to assign fitness to the elements of T , leading
to two main paradigms: 1) if high values of M are good for the elements of S, then reward
tests in T for low values of M (i.e., for being difficult tests)—a paradigm traditionally
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In computer science the terms cost and performance are sometimes used interchangeably,
especially when algorithms are acceptable only if they produce correct output and differentiating between them is done by measuring their execution speed. In supervised learning and
co-optimization the notion of correctness is replaced by as-good-as-possible, thus we have
to differentiate between two terms. We use the word ‘performance’ to refer to quantities
having to do with the quality of potential solutions outputted by the algorithm. We use
the word ‘cost’ to refer to time or money. Performance and cost are typically inter-related,
since the performance of an algorithm may vary with the cost expended. We start by formalizing the various types of cost encountered in co-optimization and supervised learning,
and hint at possible tradeoffs between different types. Then we review ways of assessing
performance, which may itself incur costs.
The study in Section 3 relies upon and provides examples for several of the notions of
cost and performance introduced here.

2.3 Cost and Performance

Popovici
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Bridging Supervised Learning and Test-Based Co-optimization

2.3.1 Cost

Popovici

Type: usually computational,
unless we collect new data Type: allways computational
or perform new experiments

Performance-evaluation costs

Output-selection costs

… to decide which examples
to label next:

Exploration-decision costs

Construction costs

How many …
… and which interactions
<s,t>:

Metric-evaluation (M(s,t)) costs

Label availability

How many …

Labeling costs

Incurred by constructive approaches
Magnitude: big-O complexity as function of data size
Incurred many times if full retraining is required

N/A

Incurred by exploratory approaches only
Magnitude: for backprop, at most as much as metric-evaluation costs;
for others, see co-opt. box to the right

… and which examples we
can get labels for:

Supervised Learning
Active
Passive
Pool-based
Stream-based
De-novo
Pay for label
Free ("gift" from
Type: usually money or time, occasionally computational.
someone else)
Magnitude: varies widely across domains
Restricted mainly
by labeling budget,
Restricted by labeling budget
then by pb. spec.

Restricted by
problem
specification

Incurred by query strategy

Restricted

Always incurred, as all approaches are exploratory
Magnitude: negligible compared to metric-evaluation
costs for traditional approaches (EAs, SA, HCs), not so for
newer ones (CMA-ES, EDAs, Bayes-optimal)

Test-based Co-optimization
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Not applicable (N/A), there are no labels
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M(s,t) availability

… to decide which
interactions to evaluate next:

Magnitude: metric-evaluation costs over a single-use test set
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In general, costs can take several high-level forms: 1) computational time, that is the time
required by a computer to perform a calculation; it can vary from one hardware to another,
but may be expressible in terms of basic operations via the big-O notation of traditional
computational complexity—this tends to be more difficult to achieve when the calculation
is in fact a complex simulation; 2) real-world time, for instance time required to run a
physical or chemical experiment, or time required to get a human to provide a label; and
3) money, for instance to pay for a lab, materials and people.
Algorithms for supervised learning and co-optimization problems can incur these kinds
of costs while carrying out various activities. Some are directly driven by the problem specification: obtaining labels for active learning and evaluating M (s, t) for co-optimization;
all algorithms attacking these problems will necessarily incur the associated costs. Other
cost-incurring activities are dependent on the specific choice of algorithm and include: exploration decisions, construction, output selection. Last but not least, in supervised learning
and co-optimization evaluating the performance of any algorithm often incurs additional
costs. Table 2 provides an overview in concise form.
Labeling costs are relevant only for active learning and are discussed extensively in
Section 2.1.4, so we only re-summarize them on the top of Table 2. The only additional
note is that while for all the problem examples in Section 2.1.4 labeling costs were in the
form of real-world time or money, they can occasionally be measured in computational time:
for instance, trying to find a quick-to-compute approximation for a very-slow-to-compute
simulation (Sacks et al., 1989), such as one involving computational fluid dynamics or a
weather model.
Metric-evaluation costs are part of the problem specification in co-optimization, as
detailed in Section 2.1.1; their type and magnitude can vary, but even when computational
and small it is a concern due to the very large sizes of S and T (often combinatorial or
exponential) requiring a lot of M -evaluations to find good potential solutions.
Metric-evaluation costs are also relevant in supervised learning. They are a key concern
for all exploratory algorithms, since exploration decisions are made based on the outcome of
such evaluations. Additionally, incurring M (s, t) evaluation costs may also be necessary for
two other algorithmic activities discussed later in this section, namely output selection and
performance assessment, which are relevant even for constructive approaches to supervised
learning. The cost of evaluating M (s, t) is always computational time and has two components: 1) cost of computing s(t), that is the computational time required to run example t
through program s (e.g., forward-propagation through a neural network, or top-down propagation through a decision tree, or evaluation of a polynomial for a support vector machine);
and 2) cost of computing the agreement δ(s(t), f (t)). The latter cost is typically small, e.g.,
constant when simply comparing photo labels or linear in the number of amino-acids when
comparing protein structures. The cost of computing s(t) varies with the size of individual
hypotheses, e.g., number of edges in a neural network, levels in a decision tree (and trees
in a random forest, Ho, 1995) or terms in a polynomial; it has grown in recent years for
models such as deep learning’s convolutional neural networks with millions of connections
(LeCun et al., 2015). Using models with a low cost of computing s(t) is desirable because
this cost is also always incurred once a solution is deployed in the real world.
15

Table 2: Summary of the various types of costs encountered in test-based co-optimization and supervised learning.

Magnitude: multiple of metric-evaluation costs when
using empirical estimates; negligible to prohibitive for
theoretical Bayes estimates

Incurred to estimate the actual, "true" quality of the outputted potential solution

Magnitude: negligible when picking the output of core training components; Magnitude: negligible for greedy methods; multiple of
multiple of metric-evaluation costs when performing (cross-)validation for metric-evaluation costs when using empirical estimates;
model selection
negligible to prohibitive for theoretical Bayes estimates

Incurred to determine which of the considered potential solutions to output as the algorithm's best guess for a solution

N/A

N/A

Type: always computational, two components s(t) and δ(s(t), f(t)); exclusive
Main cost of interest, all algorithms incur it
of cost of obtaining label f(t)
Type: usually computational, sometimes real-world time
Incurred during training by exploratory algorithms
and/or money
Incurred during testing and validation by all algorithms
Magnitude: varies widely, a concern even if small due to
Cost of s(t) always incurred in the real world by deployed solution
extremely large S and T
Magnitude: s(t) varies with hypothesis size, δ with label size
May also be incurred as part of ouput-selection and performance-assesment
Restricted by metric-evaluation budget
Restricted to t in Restricted to t that we have choosen to obtain a label for
Unrestricted
(see label availability)
training data

Unrestricted
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In co-optimization, simple output selection methods just side-step the issue, by using
the greedy heuristic of outputting the potential solution with the best average over only the
tests seen so far, a highly-biased empirical estimate of g. Keeping track of this potential
solution is trivial, so output selection costs have historically been considered negligible
compared to metric-evaluation costs. As described in Section 2.2.3, there are also approaches
that acknowledge the issue. Some compute new empirical estimates of g for a handful
of potential solutions identified via the greedy method, then use these estimates (which
could be unbiased or at least less biased) to select which one to output; this requires
performing additional M (s, t) evaluations and incurring the respective metric-evaluation
costs. Others use theoretical g-estimates whose computation does not involve performing
additional metric evaluations, but rather aggregating (e.g., averaging) over all possible
values that such evaluations could result in. These aggregates can be computationallyprohibitive; but output selection only relies on comparisons between them, the outcome of
which can sometimes be determined without actually computing the aggregates themselves
(Popovici and De Jong, 2009; Popovici et al., 2011; Popovici, 2017), in which case the costs
are minimal.
Unless we collect new data or perform new experiments for the purpose of additional
M (s, t) evaluations, output selection costs are only computational. This is the case for supervised learning as well. Here too, output selection costs can be negligible if the algorithm
simply outputs the outcome of the training process for a particular method, for example, the
decision tree constructed, or the final set of weights for a neural network (which is often the
greedy best-so-far, given the gradient-based nature of exploration via back-propagation).
More commonly though, a model is selected first via (cross-)validation, as described in
Section 2.2.1. To compute the empirical estimates involved in validation, M (s, t) costs are
incurred by performing additional metric evaluations for the outputs of the models to be
selected amongst.

For active learning, note that the cost of obtaining the label f (t) is not included in the
cost of M (s, t), because a label can be used for multiple computations of M (s, t) for the
same t but different s.
Exploration-decision costs are incurred to decide which problem-specification costs
to incur next (e.g., which evaluations M (s, t) an exploratory approach would perform, or, in
the case of active learning, which labels a query strategy would request). They are always
computational.
Back-propagation in neural networks for supervised learning is an example of an exploration decision incurring a cost: it produces a new network s for which to then evaluate
M (s, t) via forward propagation. The cost of one backward propagation has similar magnitude to that of one forward propagation and both vary with the size of the network, as
described earlier. If multiple rounds of forward propagation are performed for each backward propagation, then, overall, exploration-decision costs are accordingly smaller than
metric-evaluation costs.
Evolutionary approaches, whether used for supervised learning or co-optimization, usually incur exploration-decision costs while performing selection and breeding to produce a
new generation of potential solutions, which will then be involved in M (s, t) evaluations.
Similarly, simulated annealing and hill-climbers incur exploration costs when generating
and sampling from a local neighborhood. Historically, these costs have been considered
much lower than M (s, t) costs. But newer stochastic black-box optimization heuristics
tend to have non-negligible exploration costs, such as: quadratic matrix computations for
covariance-matrix adaptation evolutionary strategies (CMA-ES, Hansen and Ostermeier,
2001), estimating distributions for estimation of distribution algorithms (EDAs, Larranaga
and Lozano, 2002), recursive optimization for optimal exploration mechanisms (Popovici
and Winston, 2015; Popovici, 2017).
In active learning, exploration-decision costs are also incurred via the query strategy
used to decide the next x ∈ X for which to obtain a label. Such costs vary widely with the
strategy (Settles, 2012) and have to be weighted against the costs of obtaining labels, since
reducing the latter is the main goal of sophisticated query strategies .
Construction costs, as the name suggests, are incurred by constructive approaches
to supervised learning, whether passive or active; examples include the construction of a
decision tree and solving quadratic programming equations for support vector machines.
They are computational costs, usually measured in basic operations and expressed via bigO complexity as a function of properties of the problem, such as size of data. They are
of particular concern for the increasingly more common “big data”, as well as in active
learning, where these costs are incurred multiple times if full retraining is necessary each
time new labels are obtained.
Output-selection costs are incurred in order to decide which potential solution to
output out of the possibly multiple ones considered. This activity is closely-related to performance assessment, since the performance of an algorithm always relies in some manner
on the quality of potential solutions it outputs. As discussed in Section 2.2, one distinguishing feature—and potential difficulty—of co-optimization and supervised learning problems
is the inability to compute the actual quality of any potential solution for the problem
instance at hand. Consequently, assessing quality of potential solutions must be done by
means of estimation, which carries a cost.
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By performance of an algorithm we mean the quality of the algorithm’s outputted potential
solutions with respect to the problem solving goal. But because in supervised learning
and often in co-optimization as well exact quality is not actually computable, assessing
algorithmic performance is an uncertainty-laced, more difficult task in these fields compared
to traditional function optimization.
Perhaps the simplest performance question one can answer—and one that is quite important to answer in practice—is: on the problem instance at hand, what is the quality
of the potential solution that constitutes our algorithm’s final choice as the solution to be
deployed in the real-world?
This is a quality-estimation question, so it can be answered the same way as when
part of the output selection process (see previous section). But subtle care must be taken.
Computing unbiased empirical estimates (by performing additional M (s, t) evaluations and
incurring the associated costs) must be done with fresh tests in co-optimization (Chong
et al., 2008) or, in supervised learning, with labeled data points (a test set) not used for
any other purpose.11 Moreover, the resulting estimate should not be used for any further

2.3.2 Performance
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tweaking of the chosen potential solution, or else it ceases to be an unbiased estimate; in
other words, a true test set is always single-use—but see the work of Dwork et al. (2015) for
a novel technique where the bias resulting from reuse is small and quantifiable as a function
of the amount of reuse.
We may also wish to know how performance of an algorithm varies as a function of given
resources/cost expended, so we can determine how we may be able to boost performance.
Ideally, such characterizations would take into account all costs listed in the previous section.
In reality, different approaches have focused on different aspects of the performance-cost
dependence.
In passive supervised learning, the main concern is with performance as a function
of resources, in the form of size of available data. However, the cost of acquiring data
is not counted as a cost incurred by the learning algorithm. Indirectly, this dependency
on data size does describe a relationship between performance and algorithmic cost, because making use of more data takes more time, whether it is done in constructive or
exploratory fashion. Because of this, a whole subfield of supervised learning concerns itself
with instance selection, that is determining a subset of the labeled examples that is small,
yet using it would result in similar output quality as using the whole set (Reinartz, 2002).
In co-optimization, the main concern is with performance as a function of metric-evaluation
costs. In active learning, the main concern is with performance as a function of labeling
costs. Unlike passive supervised learning, the latter two fields do concern themselves with
the dependency of performance on the cost of acquiring data, whether the data consists of
values of M or values of f .
Algorithms often have one or more parameters whose values must be set. Thus another important issue is how performance varies with changes in parameters. In supervised
learning, a common example of this comes from binary classification in the form of receiver
operating characteristic (ROC) curves (Spackman, 1989) which plot how the error for one
class changes as a function of the error for the other class while varying the value of the
algorithm parameter investigated.
Being able to compare the performance obtained for two different values of one parameter
of an algorithm is akin to being able to compare two different algorithms. While empirical
quality estimates allow us to do that and to determine if one one algorithm is better than
another for the one problem instance at hand, the question that immediately arises is
whether some algorithms are better than others in a general sense (i.e., across all, or a large
class of problem instances). This is important because designing or tuning a new algorithm
for each problem instance is a time-consuming manual activity that might not be feasible
in practice. For instance, imagine a factory that must schedule jobs on a set of machines
susceptible to various breakdowns (Jensen, 2001) and must produce a new schedule every
day for the jobs of that day. One cannot re-tune with such high frequency.
To answer the above question, one must make precise the meaning of ‘better’ and of ‘general’. Theoretical Bayes estimates are intrinsically about performance on multiple problem
instances. By definition, they are aggregations (e.g., expectations) over all possible hypotheses f or metrics M , assuming a certain probability distribution over such functions. Wolpert
(1992, 1996) first introduced this view of algorithmic performance and argued that, to the
extent that the goal of supervised learning is to generalize to unseen examples, the meaning of ‘better’ should really be based on out-of-sample error (off-training set (OTS) error)
19

Supervised Learning
labeled example
data point
data set
data
data size
training set
test set
hypotheses
classifiers
predictors
model
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variables
features
covariates
bias-variance tradeoff
unknown target
forward propagation
labeling
IID error
generalization error
out-of-sample, off-training set (OTS) error
in-sample error
validation error
overfitting (over-training)
underfitting
regularization

Co-optimization

test
interaction
event

budget
history
fresh tests

potential solutions
population

representation

search space

genotype-to-phenotype mapping
black-box metric

evaluation

quality function

external, objective quality
fitness
internal, subjective quality

internal-external quality disconnect

output mechanism

parsimony pressure
exploration mechanism
genetic operators (e.g., mutation,
crossover)
interaction methods
generation
model selection
(cross-)validation

solution concept (e.g., maxiavg,
maxisum, maximin)
test-based co-optimization problem
co-search problem

gradient descent
back-propagation
query strategy
instance selection

supervised learning
(binary) classification
active learning (pool-based, stream, de novo)

no free lunch (NFL)
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Table 3: Terminology map. Terms in respective cells for the two fields are not synonymous, but
represent concepts that are similar or related (e.g., back-propagation can be thought of as
being a type of exploration mechanism).
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12. Wolpert and Macready (2005) originally showed this for the worst-case (maximin) solution concept, but
similar results have later been shown for other solution concepts (Service and Tauritz, 2008b; Service,
2009a,b), including the maxisum that most resembles supervised learning (Popovici and De Jong, 2009;
Popovici, 2017).

Having laid out the various concerns and approaches to measuring performance and cost,
we now use them to present a proof-of-concept method transfer from co-optimization to
supervised learning. Specifically, we focus on the free lunch view of performance versus cost,
where quality is measured by means of theoretical Bayes estimates and metric-evaluation
costs are constrained by a budget. We show how optimal exploratory algorithms can be
designed within this framework, but also emphasize how they might incur significant costs
in some of the other categories listed in Section 2.3.1, such as exploration-decision costs and
output-selection costs, thus arguing for the need of a more encompassing view on costs to
be developed.

3. Free Lunch Study

We structure the presentation in 3 incremental steps with respect to metric-evaluation
costs: in Section 3.1 we describe the small-scale case of only one or two M -evaluations in total at most one of which is remaining in the budget; in Section 3.2 we progress to histories of
arbitrarily-many already-evaluated interactions, but still at most one remaining to be evaluated; finally, in Section 3.3 we discuss the most general case of arbitrarily-large spent budgets
and arbitrarily-large remaining budgets. In each section we first review the co-optimization
perspective and results pertaining to free lunch and optimality, then derive and contrast
their counterparts for supervised learning. We focus specifically on binary classification,
but many of the ideas presented would apply in a multi-class situation. Throughout, we
differentiate between the nature of free lunches for output mechanisms versus exploration
mechanisms. We keep the presentation as informal as possible and support it with small
but concrete examples; precise mathematical definitions of all concepts involved and proofs
of the results can be found in the accompanying Online Appendix A.

rather than on the overall error g (IID error, where IID stands for independently identically
distributed). For the OTS notion, he showed that there is no free lunch (NFL), meaning
that for any given data set: 1) if all hypotheses consistent with that data set are equally
likely (i.e., uniformly distributed), then all algorithms have the exact same aggregated performance; and 2) for any two algorithms, there are as many distributions over hypotheses
for which one algorithm is aggregately-better than the other for that data set, as there are
distributions where the opposite relation between algorithms holds. If by ‘better’ we mean
better actual g value (i.e., over all tests in T ), then there is free lunch, but of a rather unsatisfying type: the only aggregate-performance differences between algorithms come from
their in-sample error. And while overall error is non-increasing as a function of the data set
size n, out-of-sample error can actually increase with n (Wolpert, 1992). All of this holds
regardless of the amount of computation expended by the algorithms.
Wolpert and Macready (2005) adapted and applied this approach to co-optimization.
Since in co-optimization there is no given data set, the meaning of ‘better’ must rely on the
actual value of g over all tests in T and the “fair ground” on which we compare algorithms
is not a data set but the budget of M (s, t) evaluations they are allowed to perform. Under
this setup, there is free lunch (i.e., some algorithms are aggregately-better than others) even
if all metrics M are equally likely.12
Active learning has not been studied to a similar extent from a free lunch perspective.
Cursory treatment by Wolpert (1996) claims negative implications of no free lunch theorems
apply just as they do for passive supervised learning. The details of this are unclear though,
as there are several different NFL theorems for passive supervised learning and they are
conditioned on a given data set (or its size) and are generally concerned with error outside
this data set, whereas in active learning there is no data set given upfront, generating data is
a key part of the algorithms. The claim is also intriguing given active learning’s similarities
with co-optimization and the existence of free lunch in that field. Investigating this issue
is subject for future work and the treatment in Section 3 should provide a base towards
that: it uses the common ground built in Section 2 to get a deeper understanding of the
commonalities and differences between the two fields from a free lunch perspective.
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Consider a domain with S = {a, b, c}, T = {t1 , t2 }, V = {0, 1} and M : S × T → V ,
meaning there are 3 potential solutions, 2 tests and binary outcomes for interactions between
solutions and tests. To ease comparison with supervised learning, suppose the values in V
represent some kind of penalty, such that lower values are better and we’re trying to find
the potential solution minimizing the sum of M over the tests (i.e., a minisum solution
concept rather than maxisum). The total number of interactions is |S| · |T | = 3 · 2 = 6 and
therefore the total number of possible metrics M for this domain is |V ||S|·|T | = 26 = 64.
These are shown in columns 1–7 of Table 4, one per row, numbered from 0 to 63.
Output mechanisms concern themselves with which potential solution to output given
the history of interactions evaluated so far and their M -values; this history reflects the
budget spent so far; the remaining budget is not a concern. If the current history is an
empty sequence H = [] (i.e., we haven’t yet performed any evaluations, spent budget is 0)
and we have no other information, then all 64 metrics are possible and, we assume, equally
likely (more on this in Section 3.4). Columns 8–10 in the table show, for each metric, the
actual value of g (i.e., the sum of M over all tests) for each of the 3 potential solutions. At
the bottom, the expected value of g, averaged over all metrics, shows that in the absence
of any data or information all 3 potential solutions are equally promising, with an expected
g-value of 1. Due to the equal likelihood of all metrics, this can also be thought of as follows:
the expected M -value for a potential solution on a test it hasn’t yet seen is the average of
the values in V , which is 0.5; summing that over two tests gives 2 · 0.5 = 1.
Consider now the situation where an algorithm has evaluated the interaction ha, t1 i and
observed value M (a, t1 ) = 1, so now the history is H = [hha, t1 i, 1i] (spent budget is 1).
What should the algorithm output as the most promising potential solution? As we can
see from the columns 11–13 in Table 4, metrics from 0 to 31 are no longer possible, since
they have M (a, t1 ) = 0. Averaging g only over the remaining metrics (which we say are
consistent with the history) yields a different expected value for potential solution a (1.5)

3.1.1 Co-optimization

In this section we look at a spent budget of 0 or 1 evaluations and a remaining budget of 1.

3.1 Small Overall Budget
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Exploration choices for history H=[((s,t),1)], case s=a, t=t1
Choice 2: Pick s'≠s=a and test with t=t1. Let s''≠s,s'
Choice 2: Pick s'≠s=a and test with t'=t2≠t=t1. Let s''≠s,s'
Possible outcomes:
Possible outcomes:
M(s',t)=1
M(s',t')=1
M(s',t)=0
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Case s'=b
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2
1
1
2
1
1
2
1
1
2
1
1
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1
1
0
1
0
2
1
1
2
1
1
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1
1
2
1
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1
2
1
1
2
1
1
2
1
1
2
1
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1
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1
2
2
1
2
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2
2
1
2
2
1
2
2
1
2
2
1
2
2
1
2
2
1
2
2
1
2
60 1
1
1
1
0
0
2
2
0
2
2
0
2
2
0
2
2
0
2
2
0
2
2
0
2
2
0
2
2
0
2
2
0
2
2
0
61 1
1
1
1
0
1
2
2
1
2
2
1
2
2
1
2
2
1
2
2
1
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1
2
2
1
2
2
1
2
2
1
2
2
1
2
2
1
62 1
1
1
1
1
0
2
2
1
2
2
1
2
2
1
2
2
1
2
2
1
2
2
1
2
2
1
2
2
1
2
2
1
2
2
1
2
2
1
63 1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
Expected g for given potential solution and H 1
1
1 1.5 1
1
1 1.5 1
1
1 1.5 1.5 1
1
1 1.5 1
1
1 1.5 1
1
1
2
1
1 1.5 0.5 1 1.5 1 0.5 1.5 1.5 1 1.5 1 1.5 1.5 0.5 1 1.5 1 0.5 1.5 1.5 1 1.5 1 1.5
s
s'
s
s'
s
s'
s
s'
s''
s
s'
s''
s
s'
s''
s
s'
s''
Expected g above, averaged over cases
1.5
1
1
1
2
1
1.5
0.5
1
1.5
1.5
1
1.5
0.5
1
1.5
1.5
1
Expected g for best output given H (minimum error)
1
1
1
0.5
1
0.5
1
Expected g for given exploration decision, averaged over possible outcomes
1
0.75
0.75

Metric M

Choice 1: Test s=a with t'=t2≠t=t1.
Let s'≠s. Possible outcomes

JMLR 18(38):1-39, 2017

Bridging Supervised Learning and Test-Based Co-optimization

23

Table 4: Examples of co-optimization free lunch in domain with S = {a, b, c}, T = {t1 , t2 }, V = {0, 1}. Output mechanism free lunch

(columns 11–28): for history H = [hhs, ti, 1i] with s ∈ {a, b, c} and t ∈ {t1 , t2 }, outputting a new potential solution s0 6= s yields
strictly better expected performance (1) than outputting s (1.5). Exploration mechanism free lunch (right half of table): for history
H = [hhs, ti, 1i], instantiated with s = a and t = t1 , testing a new potential solution s0 6= s with either the same test t or a new test
t0 6= t yields strictly better expected performance (0.75) than further testing s (1). Font style indicates which values were averaged
to compute an expectation, green cell shading indicates where the minimum value is coming from and orange cell shading highlights
the expected performance for each exploration choice.

Popovici

than for b or c (1). Given these estimates, it follows that outputting one of b or c is the
strictly best choice from the perspective of the algorithm’s aggregated performance. This
is an example of existence of output mechanism free lunch in co-optimization. Note this
does not mean that outputting b or c is the best thing to do for each and every metric; for
instance, if M happens to be M 47 , outputting a would be the better choice.

Often, an algorithm might not be able to pick a specific potential solution and/or a
specific test, rather it picks at random from a set of previously unexplored possibilities.
Consider for instance a history H = [hhs, ti, 1i], where s is any of a, b or c and t is either t1
or t2 , but we do not know which. There are 6 possible cases, depicted in columns 11–28 of
Table 4. In each of these cases, the expected g-value of s is 1.5, so overall the expectation is
also 1.5 and the expected g-value of any s0 6= s is 1, thus outputting s0 is the better choice.
These values can also be arrived at with the kind of reasoning described a few paragraphs
back: for s, the expected g-value is the sum of the actual M -value observed for t, which is
1, plus the expected value of M on the remaining test, 0.5; for s0 6= s, since it hasn’t seen
any tests yet, the expected g-value is the same as before: we simply multiply the expected
M -value on a given test, 0.5, by the total number of tests, 2.

Exploration mechanisms concern themselves with which interaction to evaluate next
given the history; this decision may be influenced by the remaining budget of M -evaluations.
Suppose that the algorithm having produced history H = [hhs, ti, 1i] (spent budget of 1) is
now allowed one additional evaluation (remaining budget of 1). It is the job of the exploration mechanism to decide which of the remaining 5 interactions to run through the metric
M . And to determine the performance expected to result from a given interaction choice
(exploration decision), we must aggregate over the potential outcomes of evaluating that
interaction (0 or 1) the expected value of g for the best output for the ensuing lengthened
history for that outcome. The exploration decision can be thought of as having two parts:
choosing which potential solution to evaluate and choosing which test to evaluate it with.
If s is chosen, then there is only one test it hasn’t seen yet, T \ {t}. If an s0 6= s is chosen,
then there is a choice between evaluating s0 with t or with the other test, t0 6= t. These
choices are shown in columns 29–58 of Table 4, instantiated only with with s = a and t = t1 ,
due to space constraints; the other instantiations yield the same kind of results. We can
see that once an interaction is chosen and its M -value observed, the number of consistent
metrics is further cut in half: there are as many metrics producing an M -value of 1 as of 0.
Thus aggregating over outcomes is simply by averaging. And within each outcome, for each
potential solution we average over the consistent metrics the g-value for that solution, then
choose the potential solution with the best average. We see that the choice of evaluating
an s0 6= s, regardless of whether with test t or t0 , leads to a better expected g-value (0.75)
than evaluating s again with the remaining test t0 (expected g-value 1). This is an example
of existence of exploration mechanism free lunch in co-optimization.

3.1.2 Supervised Learning
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Consider now a small binary classification domain with inputs X = {t1 , t2 , t3 } and outputs
Y = {y, n} (short-hand for yes, no). There are a total of |Y ||X| = 23 = 8 possible functions
f : X → Y . These are shown on the top left side of Table 5 (columns 1–4), one per
row, numbered from 0 to 7. The problem is to guess f given some data D in the form

24

s4
s4
s4
s4
s4
s4
s4
s5
s5
s5
s5
s5
s5
s5
s6
s6
s6
s6
s6
s6
s6
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History H=[((s,t),y)] (i.e. s(t)=y). Case t=t1
Exploration choices
Choice 2: pick s'≠s and evaluate s'(t=t1)
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g(s3)

g(s2)

g(s1)

g(s0)

g(s7)

g(s6)

g(s5)
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g(s1)

D=[]
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of pairs from X × Y . Columns 5–28 in Table 5 show how this problem can be mapped
to a co-optimization problem. We’ve already denoted the elements of X via the letter
t because from a co-optimization perspective they serve as tests. For simplicity, let the
space of potential solutions S have a one-to-one mapping with Y X —though in practice this
will often not be the case, as discussed in Section 2.1.3. So let S = {s0 , ..., s7 } where si
corresponds to fi . Typically, an algorithm attempting to find an s ∈ S that approximates
f would know there is some mapping between S and Y X , but may not be able to pick
s ∈ S guaranteeing specific outputs for given inputs (e.g., we don’t know how to directly
set the weights of a neural network to guarantee a certain error for a certain input). We
have T = X = {t1 , t2 , t3 } and M : S × T → V = {0, 1}, M (s, t) = 1 − δ(s(t), f (t)) where
δ is the Kronecker delta function. There are |S| · |T | = 8 · 3 = 24 possible interactions. In
generic co-optimization, there would be |V ||S|·|T | = 224 possible metrics M , but since here
M is fully determined by f , there are only 8 possible metrics M , fully-specified, one per
row, in columns 5–28 of Table 5.
One way to think about it is that supervised learning with an unrestricted set of functions
f maps to co-optimization with a restricted set of metrics M ; the specifics of this restriction
lead to differences in the design of optimal algorithms that we point out throughout the
entire Section 3. Note also that in supervised learning there is a dependence between the
number of tests and the number of theoretically-possible distinct potential solutions, as
|Y X | = |Y ||X| , whereas that’s typically not the case in co-optimization (for instance, in the
piping network problem, the set S of possible valve placements would be the same whether
tests consist of pairs of co-occurring damages or triples thereof, the latter of which are more
numerous).
Output mechanisms. If we have no data (D = {}), then all these metrics (functions)
are possible and, we assume, equally likely. We discuss this assumption in more detail in
Section 3.4. Columns 29–36 in the table show, for each metric, the actual value of g (i.e.,
the sum of errors over all tests) for each of the 8 potential solutions. At the bottom, the
expected value of g, averaged over all metrics, shows that in the absence of information all
potential solutions are equally promising, with an expected g-value of 1.5.
Consider being given 2 data points, namely D = {(t1 , n), (t2 , n)}. Columns 37–44 in
Table 5 show that only 2 out of the 8 functions f (metrics M ) are still possible (consistent
with the data D). Averaging the expected value of g over only these functions shows that
potential solutions s0 and s1 look more promising than the rest. So any algorithm that
would output one of them, by whatever means, would be better overall than an algorithm
outputting one of the other six potential solutions. This constitutes free lunch with respect
to g. By contrast, the no free lunch that Wolpert (1992) showed was for off-training-set
(OTS) error. This is exemplified in columns 45–52 of Table 5, where OTS(si ) is simply
equal to the error over the remaining test t3 , which is M (si , t3 ). Averaging this over the two
possible functions shows that all potential solutions have the same expected error outside
of the sample D.
Nonetheless, one question is: how might we exploit the free lunch with respect to g?
Answering this for the equal-likelihood case can provide a base from which to then study
non-uniform distributions over problems, where there should be free lunch with respect
to OTS as well. We can approach this question in a manner similar to co-optimization
by considering only algorithms that use an exploratory approach, where they can sample
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9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52
s1
s2
s3
s4
s5
s6
s7

Choice 3: pick s'≠s and t'=t2≠t=t1 and evaluate s'(t')

Table 5: Examples of binary classification free lunch in domain with X = {t1 , t2 , t3 }, Y = {y, n}. Font style indicates which values and
probabilities were aggregated, green cell shading indicates where the minimum value is coming from and orange cell shading
highlights the expected performance for each exploration choice.
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The issue of free lunch and optimality for the maxisum solution concept of co-optimization
has first been investigated by Popovici and De Jong (2009), for output mechanisms only.
As shown there and alluded to in the simple example of Section 3.1.1, given a history of
evaluated interactions H, the expected value of g for a potential solution s is obtained by
adding two components: 1) the sum of actual M (s, t) values over those tests t seen by s
as part of H; and 2) the sum of expected M (s, t) values over tests t not seen by s. Due to
the assumption of equally-likely metrics, the later is simply the product of the number of
unseen tests and the average of V . To express this formally, assume T and V are finite,
|T | = m, T = {t1 , . . . , tm }, |V | = p, V = {v1 , . . . , vp }. Given a history H and a potential
solution s, let 0 ≤ k ≤ m denote the number of distinct interactions in H involving s:
hhs, ti1 i, vj1 i, . . . hhs, tik i, vjk i, where i1 , . . . , ik ∈ 1..m, all distinct, and j1 , . . . , jk ∈ 1..p,
vj` = M (s, ti` ). Let the current sum of s given H, gH (s) = vj1 + · · · + vjk . Then the
expected g-value of s given H is E(g(s)| H) = gH (s) + (m − k) · avg(V ). For brevity, we
sometimes leave H implicit and simply write E(g(s)). Notably, this value does not depend
on any interactions involving potential solutions other than s. It also does not depend
on which specific distinct k tests s has interacted with as part of H, only how many and
what the outcomes of those interactions were. For a potential solution that is completely
unevaluated (i.e., k = 0), the expectation is simply m · avg(V ).
Output mechanisms are optimal if for any given H they output the potential solution s
with the best E(g(s)| H) value; this may be a partially-evaluated potential solution (k > 0)

3.2.1 Co-optimization

When the budget spent so far consists of more than a couple of M -evaluations, the structure
of the resulting histories can become more complex in terms of which potential solutions
have interacted with which tests. We extend the treatment from the small examples above
to these more generic cases; when discussing exploration mechanisms we still keep the
remaining budget at just one M -evaluation.

3.2 Large Spent Budget, Small Remaining Budget

remaining completely-unevaluated potential solution, but not for s, which has already seen t;
evaluating s0 (t0 ) for s0 6= s, t0 6= t changes both expectations. In contrast, for co-optimization
solution concepts like maxisum and maximin the outcome of evaluations involving one
potential solution never changes the expectation for any other potential solutions (and this
is independent of which test is used in the evaluation).
This difference can be explained through the prism of the possible metrics M , which
in the case of supervised learning are much fewer than |V ||S|·|T | . Note for instance how
in Table 5 we have no metric M assigning 0 to all interactions, nor one assigning 1 to all
interactions. In fact, each of the metrics induced by possible functions f has the property
that half the interactions get assigned a 0 and half get assigned a 1; and this is also true
at the test level: for any test t ∈ T , there are |S|/2 potential solutions s ∈ S such that
M (s, t) = 0 and just as many for which M (s, t) = 1. Thus for any given test t, the expected
value of M for a random potential solution that hasn’t seen t yet depends on how many
other potential solutions have seen t and what the outcomes were. We provide a generic
characterization of this in the following section.
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s ∈ S and t ∈ T that are present in the data and pay for each M (s, t) evaluation. While
traditional exploratory approaches to supervised learning always perform full evaluation,
i.e., for each s considered they evaluate M (s, t) for all t in the data, there is no constraint
to do so. In fact, as we shall see later in this section, full evaluation can be suboptimal.
Consider the history H = [hhs, ti, yi], meaning the algorithm randomly selected an s ∈ S
and a t ∈ {t1 , t2 }, evaluated s(t) and observed value y (spent budget is 1). The output
mechanism has two choices: output the partially-evaluated s or output a randomly selected,
completely-unevaluated potential solution s0 6= s. These choices are shown in the bottom
left part of Table 5 (instantiated only with with t = t1 , due to space constraints; the
other instantiation yields the same kind of results). Since s(t) = y, s can only be one of
s4 , s5 , s6 , s7 , with respective expected g-values of 1.5, 1.5, 2.5, 2.5. For each possible s, there
are seven possibilities for s0 6= s, of which four (s0 , s1 , s2 , s3 ) have expected g less than or
equal to 1.5 and three ({s4 , s5 , s6 , s7 } \ {s}) have expected g greater than or equal to 1.5.
Averaging over all situations yields an overall expectation of 2 for g(s) and ≈ 1.43 for g(s0 ),
thus outputting s0 is the strictly better choice and we have output mechanism free lunch.
Exploration mechanisms. Suppose now that the algorithm having produced history
H = [hhs, ti, yi] (spent budget of 1) is allowed one additional M -evaluation (remaining
budget of 1). It is the job of the exploration mechanism to decide which interaction to
run through the metric M . The rest of Table 5 outlines the three exploration choices: 1)
evaluate s again with the remaining test present in the data (in this case, t0 = t2 ); 2) pick
a random s0 6= s and evaluate it with the test already seen by s (that is t = t1 ); and 3)
pick a random s0 6= s and evaluate it with the other test (t0 = t2 ). And to determine the
expected performance for a given exploration choice, we must: consider each of the two
potential outcomes, y or n, that could be observed when evaluating the chosen interaction;
determine the best (minimum) g-value estimate for the history resulting from that outcome;
then aggregate the estimates for the two outcomes. This aggregate is a weighted average,
since the two outcomes might not be equally likely; for instance, if we choose to evaluate
s0 (t = t1 ), there are 16 cases with outcome n and only 12 with outcome y, so the respective
probabilities are 16/28 ≈ 0.57 and 12/28 ≈ 0.43. The calculations reveal that evaluating
an interaction involving s0 , whether with t or t0 , yields a strictly better expected g-value
(1.14) than further evaluating s (1.43). This constitutes exploration mechanism free lunch.
It is insightful to look more closely at these calculations so as to understand how the
estimates for the various potential solutions involved change when a new interaction is
evaluated. Recall that after having evaluated s(t) and observing y the expected g(s) is 2
and the expected g(s0 ) for any completely-unevaluated potential solution s0 6= s is 1.43.
The outcome of evaluating s(t0 ) changes the estimate for s: if we observe s(t0 ) = n, the
new estimate goes down to 1.5 (we’ve just observed a match between s and f , so s looks
more promising now), whereas if we observe s(t0 ) = y, then the estimate goes up to 2.5.
This is not surprising, since by evaluating s(t0 ) we are, after all, learning more about s.
What is interesting is that the estimate of g for a completely-unevaluated potential solution
also changes: either to 1.5 if s(t0 ) = n or to 1.36 if s(t0 ) = y. This is pointedly different
from generic co-optimization. Referring back to Table 4, for history H = [hha, t1 i, 1i] the
expected g-value of b or c is 1 and it does not change when we evaluate M (a, t2 ) no matter
what outcome we observe. Similar impacts can be noted in Table 5 for the other two
exploration choices: evaluating s0 (t) for s0 6= s changes the expected value for a random
27
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13. For other co-optimization solution concepts, like maximin, output-selection cost can be much larger.

Let us now return to the case of binary classification. Given a history of evaluated interactions H, the expected value of g for a potential solution s is still obtained by adding
the same two components as in co-optimization: the sum of M (s, t) values known from the
history (gH (s)) and the sum of expected M (s, t) values. The difference is that for the second
component, the expected value of M (s, t) varies with t.
To see this, consider the example in Table 6. For a binary classification domain with
|X| = m, assuming a one-to-one relationship between S and Y X , the total number of
potential solutions is 2m . For any test and any metric M , half of these potential solutions
will produce an M -value of 1, while the other half will produce an M -value of 0. As part of
the history H, test t has interacted with potential solutions s and s0 , both times resulting

3.2.2 Supervised Learning

or a completely-unevaluated one. The computational cost of this, alluded to in Section
2.3.1, is small13 : updating E(g(s)) after each new M -evaluation involving s is trivial, as is
determining the potential solution with the best E(g(·))-value; the cost of optimal outputselection is at most O(| H |). But the feasibility of implementation is dependent on knowing
avg(V ). Note that we do not need to know the actual value of m, since the the term
m · avg(V ) is common to all estimates and thus doesn’t impact the outcome of comparisons
between them.
Exploration mechanisms have the nature of choices available to them influenced by
the above-mentioned lack of dependencies, as follows. To assess an interaction choice, for
each possible outcome in V we assess the resulting history and determine the potential
solution with the best g-value estimate for that history, using the E(g(s)| H) formula in the
previous paragraph; then we aggregate these values over the possible outcomes; under the
assumption of all possible and equally-probable metrics, all outcomes for a given interaction
are also equally likely, so the aggregation is via uniform averaging. These mathematical
derivations reveal that for any interaction hs, ti that is new with respect to history H, the
expected performance after evaluating hs, ti is independent of the specific t used, as long as s
has not previously seen it (Popovici, 2017). Thus the only actual choice to be made is which
potential solution to evaluate; the test can be picked randomly amongst those yet unseen
by that solution (can be one seen by other potential solutions). For a history containing
measured interactions involving α distinct potential solutions, the number of choices is
α + 1: one of α partially-evaluated potential solutions or a random completely-unevaluated
one. And the computational cost of assessing one choice is the sum of p optimal output
mechanism costs (as described in the previous paragraph), one for each possible outcome
in V . This is considerably more expensive than the optimal output mechanism, though
explicitly implementing it could still be tractable for small values of p and α. Furthermore,
such explicit implementation might not be necessary in some situations: for domains where
V is symmetric around 0, if the history H does not contain any fully-evaluated potential
solutions (ones that have seen all m tests), then the best choice is mathematically-provable
to be evaluating a new interaction for a still-testable potential solution with the best E(g(·))
(Popovici, 2017)—and the ensuing exploration-decision cost is as small as described above
for the optimal output mechanism.

Bridging Supervised Learning and Test-Based Co-optimization

2m-1 - 2
2m - 2

2m-1
2m - 1

2m-1 - 1
2m - 1

E(g(s))
E(g(s'))
E(g(s''))
E(g(snew))

= M(s,t) + E(t') +
E(t'') +
= M(s',t) + M(s',t') +
E(t'') +
= E(t) + E(t') + M(s'',t'') +
= E(t) + E(t') +
E(t'') +

(m-3)*0.5
(m-3)*0.5
(m-3)*0.5
(m-3)*0.5

m−1

m−1
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Exploration mechanisms are exemplified in Table 7, which shows how Table 5’s
performance estimates for the various exploration choices can be re-derived using a more
compact computation approach: for a given choice, for each of the two possible outcomes,
consider the resulting history and compute E(g(·)) for all potential solutions involved, using

Output mechanisms are optimal if they output the potential solution with minimum
E(g(·)). To implement that, the estimates are inexpensive to compute, albeit more involved
than for co-optimization: for each new M (s, t) evaluation, first update the expected value
for E(t), then update E(g(s)) as well as E(g(·)) for any other potential solutions that haven’t
yet seen t (including a representative completely-unevaluated one) then re-determine the
potential solution with the best g-value estimate, for a total output-selection cost of O(| H |).
However, these computations do require knowing the value of m and care must be taken to
avoid potential computer precision errors for large m.

−(β−β1 )
−β1
−β1
evaluating a new interaction with that test is 2 2m −β
· 1 + 2 2m
· 0 = 2 2m −β
. E(t0 )
−β
and E(t00 ) in Table 6 were also derived using this formula. The expected value for any test
m−1 −0
not seen by any potential solution is still avg(V ) = 0.5, which can also be derived as 2 2m −0
.
This is regardless of whether such a test is part of the data D or not. Then the g-value
estimates for potential solutions are E(g(s)| D, H) = E(g(s)) = M (s, t)+E(t0 )+E(t00 )+(m−
3) · 0.5 and respectively E(g(s0 )), E(g(s00 )) and E(g(snew )) shown in Table 6. More thorough
mathematical derivations of these quantities can be found in Online Appendix A.2.

m−1

in value 1. Thus of the remaining 2m − 2 potential solutions that have not been evaluated
with t yet, there are only 2m−1 − 2 left that can produce a value of 1, while the other 2m−1
give a value of 0. So the expected value of M (·, t) for any potential solution other than
m−1 −2)·1+2m−1 ·0
m−1 −2
= 2 2m −2
. In general, if as part of H a
s and s0 is E(t| D, H) = E(t) = (2
2m −2
test has interacted with β other potential solutions, of which β1 produced an outcome of
1, then the probability of observing 1 upon evaluating another potential solution with this
m−1 −(β−β )
m−1 −β
1
1
test is 2 2m −β
and the probability of observing 0 is 2 2m
; so the expected value for
−β

Binary classification domain with |X| = m > 4, |Y | = 2 and 3 ≤ |D| < m, with
D ⊇ {(t, n), (t0 , n), (t00 , y)} and history H = [hhs, ti, yi, hhs0 , ti, yi, hhs0 , t0 i, ni, hhs00 , t00 i, ni].
E(·) is shorthand notation for E(·| D, H), whether applied to tests or to g-values for potential solutions.

Table 6: Examples of computing expected g-values for potential solutions for a given history.

m-1
E(.) = 2 m - β1
2 -β

0
1

1
1

2
2

1

t''

snew
# 1s seen (β1)
# pot. sols. seen (β)

0

M(.,.)
t'

s
s'
s''

t
1
1

Popovici

s'(t)=y, i.e. M(s',t)=1
0.43
Probability:

s'(t)=n, i.e. M(s',t)=0
0.57
Probability:

E(g(.))

E(g(Best))

E(g(Best))

M(.,.) E(M(.,.))

2

2.00
0.5 1.00 1.00
1.50

s'(t')=y, i.e. M(s',t')=1
Probability:
0.5

s'('t)=n, i.e. M(s',t')=0
Probability:
0.5

Choice 2: pick s'≠s and evaluate s'(t=t1)

t1
1
0
0.5

t2

M(.,.)
t1

t2

E(M(.,.))

Choice 3: pick s'≠s and t'=t2≠t=t1 and evaluate s'(t')

t1

t1

t2

E(M(.,.))

s
1
1 0.57
s'
0 0.4 0
snew
0.43 0.57
E(.) 0.43 0.57

t2

M(.,.)
t1

1

2.07
0.5 0.93 0.93
1.50

E(Choice)
1.14

4

t'

M(.,.)

t
0
1

t''

t'
0

t

t

t'

E(M(.,.))

t'

E(M(.,.))

t''

t''

1

0.5

1.57
2.03
1.53
1.53
2.07

Choice 1: pick s''≠s,s' and t''≠t,t' and evaluate s''(t'')

m

t

t''

1.52

Popovici

t

t'

E(M(.,.))

t'

2

2

0.5

0.5

1.50
2.00
1.50
2.50
2.00

1.57
2.00
1.50
1.50
2.07

Choice 2: pick s''≠s,s' and evaluate s''(t')

t'

M(.,.)

t

t

E(M(.,.))

s
0
0 0.57
s'
1
0
1
0
s''
0 0.50 0
snew
0.50 0.57
E(.) 0.50 0.57

t'

M(.,.)

t

s
0
0 0.50
s'
1
0
1
0
s''
1 0.50 1
snew
0.50 0.50
E(.) 0.50 0.50

t

t'

E(M(.,.))

Choice 5: evaluate s(t')

t'

M(.,.)

t

t

t'

E(M(.,.))

s
0
0
0 0.00
s'
1
0
1
0
snew
0.50 0.57
E(.) 0.50 0.57

t'

M(.,.)

t

2

2

1.00
0.5 2.00 1.00
2.07

2.00
0.5 2.00 2.00
2.00

1.50

1.53

t

t'

E(M(.,.))

t'

2

2

0.5

0.5

1.53
2.00
1.53
2.53
1.99

1.53
2.00
1.53
1.53
2.07

Choice 3: pick s''≠s,s' and evaluate s''(t)

t'

M(.,.)

t

t

E(M(.,.))

s
0
0 0.53
s'
1
0
1
0
s'' 0
0 0.53
snew
0.54 0.53
E(.) 0.54 0.53

t'

M(.,.)

t

s
0
0 0.53
s'
1
0
1
0
s'' 1
1 0.53
snew
0.46 0.53
E(.) 0.46 0.53

1.53

E(Choice)

t1
s
1
s'
0
snew
E(.) 0.50
1.14

E(Choice)
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E(M(.,tnew))
1.50
1.50
1.50

t1

t'

M(.,.)

s
0
0 0.5 0.5
s'
1
0
1
0 0.5
s''
0 0.50 0.5 0
snew
0.50 0.5 0.5
E(.) 0.50 0.53 0.53

t

1.50
1.97
1.50
2.53
2.00

1.50

s
0
1
0 1.00
s'
1
0
1
0
snew
0.50 0.50
E(.) 0.50 0.50

E(g(.))

E(M(.,.))

0.5

t1

M(.,.) E(M(.,.))

1

1.93
0.5 1.93 1.36
1.36

0.5

1.03
0.5 2.03 1.03
2.07

2.03
0.5 1.97 1.97
2.00

1.50

E(g(Best))

M(.,.)

1

1.43

2

s
1
1 0.43
s'
1 0.4 1
snew
0.43 0.43
E(.) 0.43 0.43

1

1

1

1.57
0.5 1.50 1.50
2.07

1.50
0.5 2.50 1.50
2.00

E(g(.))

E(g(Best))

t2

t2

E(Choice)

Choice 1: pick t'=t2≠t=t1 and evaluate s(t')

t1

E(M(.,.))

Number of
new tests
E(M(.,tnew))
2.50
1.36
1.36

2.00
0.5 2.00 1.33
1.33

t''

t''

t''

1

1

Number of
new tests

E(M(.,tnew))

t1

s
1
0
1
0
snew
0.43 0.57
E(.) 0.43 0.57

t2

M(.,.)
t1

Number of
new tests
0.5

1
1
0.33

E(M(.,.))
t'

t'

E(M(.,.))

t'

E(M(.,.))

t''

Number of
new tests

E(M(.,tnew))

E(g(.))

1

s
1
s'
1
snew
E(.) 0.33

t

t

t

E(M(.,.))
t'

s''(t)=n, i.e. M(s,t)=0
0.5
Probability:

t2

s
1
1
1
1
snew
0.43 0.43
E(.) 0.43 0.43

M(.,.)
t'

t''

Choice 4: pick t''≠t,t' and evaluate s(t'')

s
0
0 0.5 0.5
s'
1
0
1
0 0.5
s''
1 0.50 0.5 1
snew
0.50 0.5 0.5
E(.) 0.50 0.53 0.47

t

t''

s
0
0
0 0.5 0
s'
1
0
1
0 0.5
snew
0.50 0.5 0.5
E(.) 0.50 0.53 0.53

t'

M(.,.)

t''

t

s''(t)=y, i.e. M(s'',t)=1
0.5
Probability:

E(g(.))
E(g(.))

t1

s(t')=n, i.e. M(s,t')=0
Probability: 0.5

Table 7: Examples of computing expected g-values for potential solutions after various exploration
choices and outcomes. Binary classification domain with X = {t1 , t2 , t3 }, Y = {y, n},
data D = {(t1 , n), (t2 , n)} and history H = [hhs, t1 i, yi]. Font style and green & orange
cell shading link to the respective cells in Table 5. Light blue shading corresponds to the
current history and dark blue shading shows the next interaction chosen for evaluation
and its M -outcome. E(·) is shorthand notation for E(·| D, H). For a given s and t, the
expected value E(M (s, t)) is equal either to the actual value of M (s, t), if it has been
evaluated, or to E(t) otherwise.

t

t'

M(.,.)

Choice 6: pick t''≠t,t' and evaluate s'(t'')

s
0
1
0 0.5 1
s'
1
0
1
0 0.5
snew
0.50 0.5 0.5
E(.) 0.50 0.53 0.47

t

M(.,.)
t'

t''

s
0
0 0.5 0.5
s'
1
0
0
1
0
0
snew
0.50 0.5 0.5
E(.) 0.50 0.53 0.53

t

E(Choice)

E(Choice)

E(g(.))

E(.)

E(g(.))
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Table 8: Examples of how the choice of test impacts the expected resulting performance. Binary
classification domain with |X| = m = 4, Y = {y, n}, data D = {(t, n), (t0 , n), (t00 , y)}
and history H = [hhs, ti, ni, hhs0 , ti, yi, hhs0 , t0 i, ni]. Bold font shows which values and
probabilities were aggregated. Green cell shading indicates where the best (minimum)
value is coming from, orange cell shading highlights the expected performance for each
exploration choice, light blue shading corresponds to the current history and dark blue
shading shows the next interaction chosen for evaluation and its M -outcome. E(·) is
shorthand notation for E(·| D, H). For a given s and t, the expected value E(M (s, t)) is
equal either to the actual value of M (s, t), if it has been evaluated, or to E(t) otherwise.
E(g(s)) is equal to the sum of the E(M (s, t)) over tests seen by any potential solution plus
the number of new tests times E(M (·, tnew )) = E(tnew ) = 0.5.

s
0
0 0.5 0.5
s'
1
0
1
1
0
1
snew
0.50 0.5 0.5
E(.) 0.50 0.53 0.47

E(g(Best))

E(Best)

s''(t')=n, i.e. M(s'',t')=0
0.47
Probability:
s''(t')=y, i.e. M(s'',t')=1
0.53
Probability:

E(Choice)
E(Choice)

s''(t'')=y, i.e. M(s'',t'')=0
0.5
Probability:
s''(t'')=n, i.e. M(s'',t'')=1
0.5
Probability:

E(g(Best))
E(g(Best))

E(g(.))
E(g(.))

Number of
new tests
Number of
new tests

E(g(Best))
E(g(Best))

Number of
new tests
Number of
new tests

E(M(.,tnew))
E(M(.,tnew))

E(M(.,tnew))
E(M(.,tnew))
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E(g(.))

E(g(Best))

E(g(.))

Number of
new tests

E(M(.,tnew))

E(g(Best))

Number of
new tests

E(M(.,tnew))

Number of
new tests

Number of
new tests

E(M(.,tnew))

E(M(.,tnew))

Evaluation Outcome

formulas like the ones in Table 6; then take the best (minimum) estimate; then use the
probabilities of the two outcomes to compute a weighted average of the best estimates.
For example, consider the middle panel of Table 7, where m = 3 and we choose to
evaluate a new potential solution s0 with the test t = t1 , which has previously interacted only
with s (so β = 1) and produced a value M (s, t) = 1 (so β1 = 1). The probability of outcome
2 −1
2 −0
1 for M (s0 , t1 ) is 223 −1
= 73 ≈ 0.43 and the probability of outcome 0 is 223 −1
= 74 ≈ 0.57. For
outcome 1 the best g-value estimate is 1.33 for snew and for outcome 0 it is 1 for s0 , resulting
in an expected performance of 1.14 = 1.33 · 0.43 + 1 · 0.57 for the hs0 , t1 i exploration choice.
For this particular example, the expected performance for evaluating a new potential
solution s0 was the same whether using the test t1 already seen by s or the new test t2 .
This is not the case in general, as exemplified in Table 8 for a slightly larger domain and
history. When choosing to evaluate a new potential solution s00 , we get different expected
performance whether we use the test t previously seen by s and s0 , the test t0 previously
seen by s0 only or a new test t00 not previously seen by any potential solution. Similarly, if
choosing to further evaluate s, we get different expected performance whether we use the
test t0 previously seen by s0 or a new test t00 .
Thus for binary classification the number of relevant choices available for the exploration
mechanism for a given history is considerably larger than in co-optimization. If a history H
contains η distinct interactions involving α distinct potential solutions and γ distinct tests
(η ≤ α · γ), then there could be as many as (α + 1) · (γ + 1) − η relevant choices, as opposed
to at most α + 1 in co-optimization. The computational cost of assessing one choice is the
sum of two optimal output mechanism costs, one for each of the possible outcomes {y, n}.
Consequently, the total exploration-decision cost is significantly larger than the optimal
output mechanism cost, though still polynomial with a naive explicit implementation of
O(| H |3 ), which could be tractable for moderate-size histories.
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E(Best)
E(g(Best))

s(t')=n, i.e. M(s,t')=0
0.47
Probability:

E(g(Best))
E(.)
E(g(.))
E(g(.))

s(t')=y, i.e. M(s,t')=1
0.53
Probability:

E(g(.))
E(g(.))

E(g(Best))
E(g(Best))

Number of
new tests

E(M(.,tnew))

E(g(Best))

E(Choice)

Number of
new tests

E(M(.,tnew))
E(M(.,tnew))
E(M(.,tnew))

Number of
new tests
Number of
new tests
Number of
new tests
Number of
new tests

E(M(.,tnew))
E(M(.,tnew))

Evaluation Outcome
Evaluation Outcome
Evaluation Outcome

s(t'')=y, i.e. M(s,t'')=0
0.5
Probability:
s(t'')=n, i.e. M(s,t'')=1
0.5
Probability:
s'(t'')=y, i.e. M(s',t'')=0
0.5
Probability:
s'(t'')=n, i.e. M(s',t'')=1
0.5
Probability:

s(t')=y, i.e. M(s,t')=1
Probability: 0.5

v∈{0,1}

E
X

P (M (s, t) = v| D, H) · Φmin
a (D, H ⊕hhs, ti, vi, n − 1)

Φmin
a (D, H ⊕hhs, ti, vi, n − 1)

• the subscript ‘a’ refers to ‘algorithms’.
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• ⊕ denotes adding a measured interaction to a history; and
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• the probabilities P (M (s, t) = v| D, H) of outcomes 0 and 1 are as described at the
beginning of Section 3.2.2;

• E 0 (D, H) represents the set of all new interactions that could be evaluated next;

where

min

=

hs,ti∈E 0 (D,H)

min

hs,ti∈E 0 (D,H) v∈{0,1}

Φmin
a (D, H, n) =

s∈S

Φmin
a (D, H, 0) = min E(g(s)| D, H),

Since output mechanisms are not impacted by remaining budgets and we have already studied large spent budgets in Section 3.2, in this section we focus on exploration mechanisms.
Their optimality and free lunch for large remaining budgets was previously investigated in
co-optimization for the maxisum (Popovici, 2017) and maximin (Popovici and Winston,
2015) solutions concepts. Following the reasoning from those works, exemplified for n = 1
in the previous section, the expected performance for an optimal exploratory algorithm for
binary classification, given data D, current history H and remaining budget n, denoted by
Φmin
a (D, H, n), can be recursively expressed as:

3.3 Large Remaining Budget

In words, the optimal performance for a given history and budget is dependent on the
optimal performance for histories lengthened by one and budgets decreased by one; it is
obtained by optimizing over interaction choices the expected value, aggregated over possible
outcomes for the interaction, of the optimal performance for the resulting lengthened history
and reduced budget.

Since math-based reductions of exploration-decision costs have been proven for cooptimization, we did a preliminary analysis to see if the same were possible for binary
classification. We were able to prove a couple of ways to analytically prune the set of relevant exploration choices while maintaining optimality. Specifically, if tnew is a test present
in the data but previously unseen by any potential solution, then out of the exploration
choices hs, tnew i, s ∈ S we only need to assess the expected performance for hsbest , tnew i,
where sbest is the potential solution with the best expectation E(g(·)) for the current H
(Theorem 1 in Appendix A.3). Moreover, if sbest is a completely-unevaluated potential solution, then out of all choices of type hsbest , ti, t ∈ T we only need
assess hsbest , t∗ i for a
 tom −β
t∗ easily-identifiable as maximizing the quantity E(t) · 1 − E(t) · 2m2 −β−1
, where β is as in
Section 3.2.2, the number of potential solutions seen by t (Theorem 2 in Appendix A.3).
While helpful, these results allow us to prune at most α + γ exploration choices, which
in the worst case (if α · γ  η) could still leave us with O(| H |2 ) interaction choices to be
assessed, each costing O(| H |). Further research is needed to determine if additional analytical pruning can be performed. Moreover, these results only concern the interaction choice
optimizing the expected g-value for the best output right after evaluating that interaction,
i.e., a remaining budget of n = 1. Which interaction choice is optimal could vary with n
and we briefly discuss this case in the next section; the pruning results above were obtained
by first generalizing to the formulas below and then instantiating them with n = 1.
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The preliminary analysis we performed for binary classification so far only yielded the
pruning results for n = 1 presented in the previous section, which could still leave us with
more than one choice, requiring recursing down to n = 0. This is not an issue for such
a small n, but for large n the exponential cost of recursive optimization can be infeasible.
The additional complexity introduced in binary classification by the interdependence between different potential solutions makes it unclear at the moment whether a full analytical
solution for the recursive optimization (or at least some amount of pruning) can be proven
for large remaining budgets—and thus whether the costs of the optimal exploration mechanism are feasible or not. This serves to highlight the importance of acknowledging all types
of costs, as optimizing with respect to one type (e.g., metric-evaluation costs) can incur
another (e.g., exploration-decision costs).

However, implementing the optimal exploration mechanism appears daunting for large
budgets n, as it seemingly involves solving a very time-consuming recursive optimization
problem. Interestingly, the co-optimization studies of optimal exploration mechanisms for
maxisum (Popovici, 2017) and maximin (Popovici and Winston, 2015) showed that for some
situations an analytical solution to this recursive optimization can be proven, making the
optimal algorithm straightforward to implement, with low exploration-decision and outputselection costs of O(| H |).

To show that this can indeed happen, we apply the above recursive formula to a small
example. Consider a domain with 3 inputs (|X| = m = 3) and a situation where we are
given 2 data points (| D | = 2) and a budget of 2 M -evaluations. Whenever output needs to
be produced, we use the optimal output mechanism, which chooses the potential solution
with minimum E(g(·)) given the history at that point. The optimal exploration mechanism
takes into account the outcome of the first interaction in order to determine what the second
interaction should be; the respective aggregate performance, given by the above formula,
is ≈ 1.071. Full evaluation simply evaluates a potential solution with the two available
tests and there are 4 equally-likely combinations of outcomes (11, 01, 10, 00); averaging the
respective minimum E(g(·)) values (1.357, 1.5, 1.5, 0.5) yields an aggregate performance of
≈ 1.214, which is strictly worse.

Going back to the expression of E(g(s))
from Table 6, note that it can be re-written as

M (s, t) + E(t0 ) + E(t00 ) + (|D| − 3) · 0.5 + (m − |D|) · 0.5. The last term is the expected outof-sample (OTS) error and is the same for all potential solutions: this is the no free lunch
of Wolpert (1992). The sum of the other terms represents the expected in-sample error.
Note this differs from traditional exploratory approaches to supervised learning, where each
considered potential solution is evaluated with all tests in the data and therefore the actual
in-sample error is known. Such an approach can still be used if the budget n is large in
relation to the size of the data D, but given the existence of exploration mechanism free
lunch, this could conceivably be a suboptimal approach.
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Metaphorically speaking, this paper laid out a deciphered Rosetta Stone for the languages
of supervised learning and co-optimization, then used it to translate free lunch research from
the latter field to the former. While practical optimal algorithms based on free lunch are still
a ways away, the hope of this presentation is that the different perspective provided by cooptimization could spark ideas for new types of heuristics for supervised learning (promising
directions were described in Section 3.4) and also that this translation will become only one
of many, the beginning of cross-pollination of ideas between the fields.
Several paths for future research have already been pointed out: reducing the time
complexity of optimal exploration mechanisms in the base setup comprising uniformity
assumptions, expanding to non-uniform distributions and adapting to the multiple types
of costs incurred in active learning. Additionally, there are yet more fields concerned with
similar problems and constructing similar mappings for them could lead to further advances;
the most obvious ones are reinforcement learning, design of experiments and statistical
learning in general.
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The above analysis made two core assumptions: 1) that all functions in Y X are equally
likely; and 2) that there is a of one-to-one mapping between S and Y X . Additionally, algorithms were constrained to use only a limited budget of M -evaluations; such algorithms
might not know the actual in-sample error (error on the data D) for all/any of the potential solutions considered and thus must decide what to output given only such incomplete
information.
For this setup, given a certain budget n of M -evaluations, an optimal algorithm is one
that has the smallest average over all functions in Y X of the error on the data D (in-sample
error) for the potential solution outputted after using up the budget; and there is free
lunch, in that some algorithms produce strictly smaller such average values than others.
Unfortunately, this is not useful for generalization, since under the above assumptions, all
potential solutions have the same average over functions of OTS-error (error outside the
data D): (m − | D |) · 0.5.
In practice though, we often have reason to believe that the first assumption is not
true, rather that there is a non-uniform P on Y X . But if we do not know anything more
specific about P besides its existence, this in itself is not sufficient reason for dismissing
OTS no free lunch, as there are as many distributions over metrics for which one algorithm
is aggregately-better than the other as there are distributions where the opposite relation
holds (Wolpert, 1992). On the other hand, if the knowledge we have about P and the
way we choose S allow us to express theoretical Bayes estimates, then we can perform
the same type of analysis as presented here to derive and investigate algorithms that are
aggregately-optimal from a generalization perspective as well.
Here are several ways in which this could become useful. First, it could be used in passive
supervised learning to provide a new approach for dealing with data sets so large that it
is too costly to perform evaluation with their entire contents for every potential solution
considered. Rather than performing instance selection (Reinartz, 2002) and then performing
full evaluation using the selected subset of examples, computational resources could be used
more effectively by selecting at a more granular level, namely that of interactions hs, ti rather
than that of examples (tests) t.
Second, it could be extended for usage in active learning, as a direct exploratory approach instead of the current methods which perform retraining after new labels are observed. To achieve this, the analysis will have to be adapted to take into account labeling
costs; whether a new interaction hs, ti will incur both an M -evaluation cost and a labeling
cost or only the former depends on whether or not the test t has been previously seen
by other potential solutions and thus already labeled. This could be formalized as having
two different budgets, one for labeling and one for M -evaluations, or, if both costs are in
fact measured in the same “currency”, have a single budget and allow the algorithm to
determine the best way to allocate it to the two activities.
Last but not least, recall from the discussion on page 11 that some exploratory approaches do not rely on the error function having a closed form with easily computable
derivative and therefore they also do not require that the data be in (or transformed into)
tabular form. The optimal algorithms described in Section 3 have this desirable property
and thus would be applicable to supervised learning for more complex data structures.
35

Subhransu Maji. Large scale image annotations on amazon mechanical turk. EECS Department, University of California, Berkeley, Tech. Rep. UCB/EECS-2011-79, 2011.
Liviu Panait and Sean Luke. A comparison of two competitive fitness functions. In
W. B. Langdon et al, editor, Genetic and Evolutionary Computation Conference, pages
503–511. Morgan Kaufmann, 2002.

Edwin D. de Jong. Objective fitness correlation. In Genetic and Evolutionary Computation
Conference, pages 440–447. ACM Press, 2007.

Kenneth A. De Jong. Evolutionary Computation: A Unified Approach. MIT press, 2006.

JMLR 18(38):1-39, 2017
38

JMLR 18(38):1-39, 2017

37

Elena Popovici, Ezra Winston, and Anthony Bucci. On the practicality of optimal output
mechanisms for co-optimization algorithms. In Foundations of Genetic Algorithms, pages
43–60. ACM Press, 2011.

Elena Popovici, Anthony Bucci, R. Paul Wiegand, and Edwin D. de Jong. Coevolutionary
principles. In Grzegorz Rozenberg, Thomas Back, and Joost N. Kok, editors, Handbook
of Natural Computing, Theoretical Computer Science, pages 987–1033. Springer-Verlag,
2010.

John R Koza, Martin A. Keane, Matthew J. Streeter, William Mydlowec, Jessen Yu, and
Guido Lanza. Genetic Programming IV: Routine Human-Competitive Machine Intelligence, volume 5 of Genetic Programming. Springer Science & Business Media, 2006.

Mikkel T. Jensen. Finding worst-case flexible schedules using coevolution. In Genetic and
Evolutionary Computation Conference, pages 1144–1151. Morgan Kaufmann, 2001.

Ilknur Icke and Josh C. Bongard. Improving genetic programming based symbolic regression
using deterministic machine learning. In Congress on Evolutionary Computation, pages
1763–1770. IEEE, 2013.

Elena Popovici, Oliver Bandte, and Paolo Gaudiano. New approaches for the automated
performance evaluation and design of control systems: a firemain example. In Automation
and Controls Symposium. American Society of Naval Engineers, 2007.

Elena Popovici and Ezra Winston. A framework for co-optimization algorithm performance
and its application to worst-case optimization. Theoretical Computer Science, 567:46 –
73, 2015.

W. Daniel Hillis. Co-evolving parasites improve simulated evolution in an optimization
procedure. Physica D, 42:228–234, 1990.

Tin Kam Ho. Random decision forests. In Third International Conference on Document
Analysis and Recognition, volume 1, pages 278–282. IEEE, 1995.

Elena Popovici and Kenneth A. De Jong. Monotonicity versus performance in cooptimization. In Foundations of Genetic Algorithms, pages 151–170. ACM Press, 2009.

Elena Popovici and Kenneth A. De Jong. Relationships between internal and external
metrics in co-evolution. In Congress on Evolutionary Computation, pages 2800–2807.
IEEE Press, 2005.

Elena Popovici. Co-optimization free lunches: Tractability of optimal black-box algorithms
for maximizing expected utility. Evolutionary Computation (accepted for publication
March 21st), 2017.

Nikolaus Hansen and Andreas Ostermeier. Completely derandomized self-adaptation in
evolution strategies. Evolutionary Computation, 9(2):159–195, 2001.
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GFA can be used for prediction by simply including the missing matrix elements as NAs.
The model parameters are sampled based on the observed data only, and the missing values
are predicted with the function reconstruction(). If the data samples are acquired in a
sequential manner, it is alternatively possible to i) infer the models parameters on the first
batch, and ii) using fixed projections, quickly predict missing data sources of the second
batch based on the observed data sources. Both the approaches use learned relationships
between the data sources (shared components) to predict from one to other, and provide
predictive distributions along with point estimates.

2.2 Missing Value Prediction

Another main use of the package is biclustering of multiple data sources, which is done
by using element-wise sparse priors for the matrices X and W. This approach has been
presented in Bunte et al. (2016), and is usable via getDefaultOpts(bicluster=TRUE).
The input data Y given to function gfa() is a list of matrices (that is, data sources) that
each have an equal number of rows. Alternatively, if there are several data sources with the
same columns, it is possible to input a list with two elements: the sources with paired rows,
and the sources with paired columns. Other important options include which parts of the
data collection share the scale of each component or the strength of the residual noise (by
default each data source for both), and whether the convergence of the sampling chain should
be estimated (based on the Geweke diagnostic of its reconstruction). A full description of
the possible options is given in the documentation of the function getDefaultOpts().

opts <- getDefaultOpts()
res <- gfa(Y,opts)

The package includes a variety of model options for the user to choose from, depending on
the application requirement. The default priors assume latent factors that are dense along
the sample space, and group sparsity along the feature space (Klami et al., 2015). Using
them, the posterior given data Y can be inferred by:

2.1 Model Options and Initialization

GFA implements a Gibbs sampling scheme for inferring the posterior of group factor analysis, and it is available for R at https://cran.r-project.org/package=GFA. It has been
designed to contain the key elements needed for the data analysis task of factorization of
multiple data sources.

2. The GFA Package

of a data matrix to component k is based on evidence in the data. Allowing only a subset
of the components to explain a data matrix results in the posterior identifying relationships
between any subset of the data sources. The spike-and-slab sparsity priors used to achieve
this are described by Bunte et al. (2016). Alternative priors aiming for similar goals have
been presented by Zhao et al. (2016)2 , though not containing any tools for preprocessing or
model interpretation.

Leppäaho, Ammad-ud-din and Kaski

1. Available at https://cran.r-project.org/package=CCAGFA and https://cran.r-project.org/
package=CMF .

The need for intelligent data integration and analysis methods is getting increasingly common. We often encounter connected measurements from multiple data sources, possessing
complex shared variation and structured noise. Modelling the relationships within this kind
of a data collection, and using them for prediction, is a challenging problem. Two existing
R packages, CCAGFA (Klami et al., 2015) and CMF (Klami et al., 2014), provide good
tools for this1 , but remain limited in their use for two reasons: the packages do not provide a
complete data analysis pipeline, and they assume the structure present within data sources
to be dense, that is, present in all the samples and the features. This assumption is often
unrealistic, and we provide package GFA to allow sparse factorization of multi-source data,
along with tools from data preprocessing to model interpretation.
Extending from the classical Bayesian matrix factorization work, group factor analysis
(GFA) (Virtanen et al., 2012; Klami et al., 2015) assumes that data matrix Y(m) ∈ RN ×Dm
can be approximated with XW(m)> , where the latent variable matrix X ∈ RN ×K describes
the observed data in a lower dimensional space, and the projection matrix W(m) ∈ RDm ×K
gives a mapping between the latent space and the data space of the mth source. A key
aspect of the model definition is a group sparse prior for the W matrices: the association

1. Introduction

The R package GFA provides a full pipeline for factor analysis of multiple data sources
that are represented as matrices with co-occurring samples. It allows learning dependencies
between subsets of the data sources, decomposed into latent factors. The package also
implements sparse priors for the factorization, providing interpretable biclusters of the
multi-source data.
Keywords: Bayesian latent variable modelling, biclustering, data integration, factor
analysis, multi-view learning
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The priors of GFA are able to infer the model complexity. This P
is achieved by initializing
the model with a high number of components K (default min(N, m Dm )/2) and allowing
the sparsity prior to prune out excessive components (explaining only little variance). As
complexity selection is a difficult task in general, we recommend using any prior information
of the data, if available, when selecting the initial K. Here it should be noted that the
components can model (structured) noise in addition to the signal of interest, inducing a
flexible noise model. If this is not desired, informativeNoisePrior() can be used to specify
how large proportion of variance is expected to be explained with the components; in effect
causing weaker (structured noise) components to be explained by the simple residual noise.
The package issues a warning if the automatic model complexity selection does not seem to
work as intended, for example if no components are pruned.
We demonstrate model complexity selection with two examples in Figure 1: a synthetic
data set, and a cancer cell line data set by Genomics of Drug Sensitivity in Cancer project
(GDSC) (Yang et al., 2013). The complexity of the synthetic data set is overestimated
slightly, resulting in accurate predictions as long as initial K is above the true K = 32.
With the GDSC data set, where the true model complexity is unknown, initial K at 20 or
25 gives the best predictions, but the full model is not far behind.

3.2 Model Complexity Selection

The input data can be normalized in different ways with normalizeData(Y). As GFA
aims to explain maximal variance with a compact set of parameters, and has no separate
assumptions for the bias (mean) of features, centering the data is advised. Furthermore,
the higher the variance of features (or data sources), the larger their effect to the model
parameters. If the user considers this to be desired behavior, no scaling should be done.
On the other hand, if the features (or data sources) are deemed approximately equally
important, they should be scaled accordingly.

3.1 Preprocessing

In addition to inferring model parameters and predicting missing values, the data analysis
pipeline typically needs additional steps presented here.

3. Usage

Figure 1: Illustrating model complexity selection with GFA on synthetic data (left) and
GDSC data set (right), showing the cross-validated predictive performance
(Spearman correlation), and the number of empty components (red numbers) as
a function of initial model complexity K. High initial K allows the components
to produce a flexible noise model, as opposed to low initial K.
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3.3 Interpreting the Model

The inferred factorization explains dependencies in the data collection through K components. The factorization can be visualized using function visualizeComponents(), which
shows the component activities in the data sources. Shared components imply predictability
from a data source to another. The function can also show the full parameter matrices X
and W, as well as their effect, and the effect of individual components, in the data space.
3.4 Robustness Analysis

As in factor analysis in general, the factorization GFA aims to infer is unidentifiable, resulting in an extremely multi-modal posterior.3 Thus consideration is needed if a user wishes to
analyze multiple factorizations (in this case sampling chains) jointly, as they are not likely
to be identical. To the best of our knowledge, there are no sampling methods that would
in practice converge to the true multi-modal posterior with high-dimensional data. To this
end, we provide function robustComponents() which uses a correlation-based procedure
to analyze which components occur frequently in different GFA sampling chains. This approach can be used to obtain robust factorizations for noisy data collections, where the
components explain only small parts of the variation, resulting in uncertain estimates.
3.5 Examples

The package manual contains simplified examples demonstrating function usage. Besides
this, we provide the following three demonstrations:

• demo(GFApipeline): Simple illustration of the GFA pipeline.
• demo(GFAexample): Elaborate illustration of the GFA model on simulated data.
• demo(GFAdream): Replication of Bunte et al. (2016) results (requiring data download, which is instructed).

4. Discussion

GFA allows inferring the relationships between multiple co-occurring data matrices by reconstructing them with group sparse priors for the projection matrices. It finds a decomposition
with components that are specific to the data sources, shared between them all, or shared
between any subset of them. This kind of sparsity is beneficial for exploratory data analysis
and integration. Our GFA package covers essential tools ranging from preprocessing to
modelling assumptions and from robustness analysis to interpreting the model.
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3. Unimodal posterior could be achieved in special cases, given limiting identifiability constraints.
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GPf low is a Gaussian process library that uses TensorFlow for its core computations and
Python for its front end.1 The distinguishing features of GPf low are that it uses variational
inference as the primary approximation method, provides concise code through the use
of automatic differentiation, has been engineered with a particular emphasis on software
testing and is able to exploit GPU hardware.
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Table 1 gives a summary of which GP libraries possess the distinguishing features we
have highlighted. The GPflow interface and Python architecture are heavily influenced by
GPy. An important difference between GPflow and GPy is that GPflow uses TensorFlow for
its core computations rather than numeric Python. This difference significantly affects the
general requirements of the architecture. The GPU functionality in GPy is currently limited
to CUDA code for the GPLVM (Dai et al., 2014). By contrast the GPflow implementation
is targeted at a broad variety of GPU capability.

(v) A dedication to testing and open source software principles.

(iv) A clean object-oriented Python front end.

(iii) The ability to leverage GPU hardware for fast computation.

(ii) Relatively concise code which uses automatic differentiation to remove the burden of
gradient implementations.

(i) The use of variational inference as the primary approximation method to meet the
twin challenges of non-conjugacy and scale (Matthews, 2016).

To best meet the key goals of our library, we were led to a project that had all of the
following distinguishing features:

3. Key features for meeting the objectives

GPflow is motivated by a set of goals. The software is designed to be fast, particularly
at scale. Where approximation inference is necessary we want it to be accurate. We aim
to support a variety of kernel and likelihood functions. Another goal is that the implementations are well tested. The software should be made easy to use by an intuitive user
interface. Finally it should be easy to extend the software. We argue that there is a way to
better meet these simultaneous objectives than existing packages and that it is realised in
GPflow.

2. Objectives for a new library

Gaussian processes (GPs) are versatile Bayesian nonparametric models using a prior on
functions (Rasmussen and Williams, 2006). There are now many publicly available GP
libraries ranging in scale from personal projects to major community tools. We do not
here give detailed consideration to all libraries, regrettably neglecting, for instance, those
that only support Gaussian likelihoods (Ambikasaran et al., 2014) or do not make provision
for scalability (Pedregosa et al., 2011). The influential GPML toolbox (Rasmussen and
Nickisch, 2010) uses MATLAB. It has been widely forked. A key reference for our particular
contribution is the GPy library (GPy, since 2012), which is written primarily using Python
and Numeric Python (NumPy). GPy has an intuitive object-oriented interface. Another
relevant GP library is GPstuff (Vanhatalo et al., 2013) which is also a MATLAB library.

1. Existing Gaussian Process Libraries

Matthews et al.

Library
3
Partial
3
3

Sparse variational
inference
7
7
7
3

Automatic
differentiation
7
7
GPLVM
SVI

GPU
demonstrated
7
7
3
3

OO Python
front end
N\R
N\R
49%
99%

Test
coverage

GPf low: A Gaussian process library using TensorFlow

GPML
GPstuff
GPy
GPf low

Table 1: A summary of the features possessed by existing GP libraries at the time of writing. OO stands for object-oriented. In the GPU column GPLVM denotes GP
latent variable model and SVI is Stochastic variational inference. N\R denotes
not reported.
Having established a desirable set of key design features, the question arises as how best
to engineer a GP library to achieve them. A central insight here is that many of the features
we highlight are well supported in neural network libraries. Of the available libraries we
use TensorFlow (Abadi et al.), as discussed in the next section.

4. Contributing GP Requirements to TensorFlow
In TensorFlow (Abadi et al.) a computation is described as a directed graph where the nodes
represent Operations (Ops for short) and the edges represent Tensors. As a directed edge,
a Tensor represents the flow of some data between computations. Ops are recognisable
mathematical functions such as addition, multiplication etc. Kernels (in an unfortunate
collision in terminology with the GP literature) are implementations of a given Op on a
specific device such as a CPU or GPU. Like almost all modern neural network software,
TensorFlow comes with the ability to automatically compute the gradient of an objective
function with respect to some parameters. The TensorFlow open source implementation
comes with a wealth of GPU kernels for the majority of Ops.
Although we gained significantly from using TensorFlow within GPflow, there were
some capabilities that were not yet present in the software which were required for our
purposes. We therefore added this functionality to TensorFlow. GP software needs the
ability to solve systems of linear equations using common linear algebra algorithms. The
differentiation of computational graphs that used the Cholesky decomposition required a
new Op, which we contributed. The main part of the code was a C++ implementation of
the blocked Cholesky algorithm proposed by Murray (2016). We also contributed code that
enabled GPU solving of matrix triangular systems, which in some cases is the bottleneck
for approximate inference.

5. Details of GPflow

JMLR 18(40):1-6, 2017

GPflow supports exact inference where possible, as well as a variety of approximation methods. One source of intractability is non-Gaussian likelihoods, so it is helpful to categorize
the available likelihood functionality on this basis. Another major source of intractability is
the adverse scaling of GP methods with the number of data points. To this end we support
‘variationally sparse’ methods which ensure that the approximation is scalable and close
3

Full covariance
Variational sparsity

Gaussian
likelihood

VGP
SVGP

Non-Gaussian
likelihood
(variational)

GPMC
SGPMC

Non-Gaussian
likelihood
(MCMC)

Matthews et al.

GPR
SGPR

Table 2: A table showing the inference classes in GPflow. Relevant references are VGP
(Opper and Archambeau, 2009), SGPR (Titsias, 2009), SVGP (Hensman et al.,
2013, 2015b) and SGPMC (Hensman et al., 2015a).

in a Kullback-Leibler sense to the posterior (Matthews et al., 2016). Whether or not a
given inference method uses variational sparsity is another useful way to categorize it. The
inference options, which are implemented as classes in GPflow, are summarized in Table 2.
Note that all the MCMC based inference methods support a Bayesian prior on the hyperparameters, whereas all other methods assume a point estimate. Our main MCMC method
is Hamiltonian Monte Carlo (Neal, 2010).
We now discuss some architectural considerations. The whole Python component of
GPflow is intrinsically objected-oriented. The code for the various inference methods in
Table 2 is structured in a class hierarchy, where common code is pulled out into a shared
base class. The object-oriented paradigm, whilst very natural for the Python layer of the
code, has a different emphasis to that of a computational graph which is arguably closer
to a functional concept. The largely functional computational graph, and a object-oriented
interface need to live cleanly together in GPflow. This is achieved through the Param class
that allows parameters to be both properties of an object that can be manipulated as such
and Variables in a TensorFlow graph that can be optimized.
A number of steps have been taken to ensure project quality and usability. All GPflow
source code is openly available on GitHub at http://github.com/GPflow/GPflow. The
web page uses continuous integration to run an automated test suite. The test code coverage for GPflow is higher than similar packages where the code coverage statistics are
published, achieving a level of 99% (Table 1). A user manual can be found at http:
//gpflow.readthedocs.io.

6. Timed Experiments

As a scenario, we studied training a multiclass GP classifier on MNIST using stochastic
variational inference (Hensman et al., 2015b,a).2 We compared against GPy. None of
the other libraries discussed support this algorithm. Functionally, the algorithms are nearly
identical in GPflow and GPy. We did a series of trials measuring the time each package took
to perform 50 iterations of the algorithm. The trials included a set of CPU experiments,
where we varied the number of threads available to the two packages. For GPflow, we
also measured the effect of adding a GPU on top of the maximal number of CPU threads
considered. GPy does not presently have a GPU implementation of this algorithm. We
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2. Code for these timing experiments can be found at http://github.com/gpflow/GPflowBenchmarks

4

0

2

4

6

8

10

12

1

2

3
4
n CPU threads

5

6

GPflow: GPU & all CPU threads.
GPflow: n CPU threads.
GPy: n CPU threads.

GPf low: A Gaussian process library using TensorFlow

Carl E. Rasmussen and Hannes Nickisch. Gaussian Processes for machine learning (GPML)
toolbox. Journal of Machine Learning Research, 11:3011–3015, 11 2010.

Acknowledgments

5

JMLR 18(40):1-6, 2017

Zhenwen Dai, Andreas Damianou, James Hensman, and Neil Lawrence. Gaussian process
models with parallelization and GPU acceleration. arXiv preprint 1410.4984, 2014.

Sivaram Ambikasaran, Daniel Foreman-Mackey, Leslie Greengard, David W. Hogg, and
Michael O’Neil. Fast direct methods for Gaussian processes and the analysis of NASA
Kepler mission data. arXiv preprint 1403.6015, 2014.

Martı́n Abadi et al. TensorFlow: Large-scale machine learning on heterogeneous systems.

References

We acknowledge contributions from Valentine Svensson, Dan Marthaler, David J. Harris,
Rasmus Munk Larsen and Eugene Brevdo. We acknowledge EPSRC grants EP/I036575/1,
EP/N014162/1 and EP/N510129/1. James Hensman was supported by an MRC fellowship.

Fabian Pedregosa et al. Scikit-learn: Machine learning in Python. Journal of Machine
Learning Research, 12:2825–2830, 2011.

6

JMLR 18(40):1-6, 2017
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used a Linux workstation Intel Core I7-4930K CPU clocked at 3.40GHz an NVIDIA GM200
Geforce GTX Titan X GPU.
The results of the timing experiments are shown in Figure 1. For the CPU experiments,
the speeds for GPflow and GPy are similar. It can be seen that the increase in speed from
adding a GPU is considerable. These gains could make a significant difference to the work
flow of a researcher on this topic. Based on the measurements we have made, training
using GPflow with 6 CPU threads would take approximately 41 hours or just under 2 days.
Adding a GPU would currently reduce the training time to about 5 hours.

Figure 1: A comparison of iterations of stochastic variational inference per second on the
MNIST data set for GPflow and GPy. Error bars shown represent one standard
deviation computed from five repeats of the experiment.
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Information diffusion in online social networks is affected by the underlying network
topology, but it also has the power to change it. Online users are constantly creating new
links when exposed to new information sources, and in turn these links are alternating
the way information spreads. However, these two highly intertwined stochastic processes,
information diffusion and network evolution, have been predominantly studied separately,
ignoring their co-evolutionary dynamics.
We propose a temporal point process model, Coevolve, for such joint dynamics,
allowing the intensity of one process to be modulated by that of the other. This model
allows us to efficiently simulate interleaved diffusion and network events, and generate
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Online social networks, such as Twitter or Weibo, have become large information networks where people share, discuss and search for information of personal interest as well as
breaking news (Kwak et al., 2010). In this context, users often forward to their followers
information they are exposed to via their followees, triggering the emergence of information
cascades that travel through the network (Cheng et al., 2014), and constantly create new
links to information sources, triggering changes in the network itself over time. Importantly,
recent empirical studies with Twitter data have shown that both information diffusion and
network evolution are coupled and network changes are often triggered by information diffusion (Antoniades and Dovrolis, 2015; Weng et al., 2013; Myers and Leskovec, 2014).
While there have been many recent works on modeling information diffusion (GomezRodriguez et al., 2010; Du et al., 2013; Cheng et al., 2014; Farajtabar et al., 2015a) and
network evolution (Chakrabarti et al., 2004; Leskovec et al., 2008, 2010), most of them
treat these two stochastic processes independently and separately, ignoring the influence
one may have on the other over time. More notably, Weng et al. (2013) were the first
to show experimental evidence that information diffusion influences network evolution in
microblogging sites both at system-wide and individual levels. In particular, they studied
Yahoo! Meme, a social micro-blogging site similar to Twitter, which was active between
2009 and 2012, and showed that information diffusion causes about 24 % of the new links,
and that the likelihood of a new link from a user to another increases with the number of
posts by the second user seen by the first one. Also, Antoniades and Dovrolis (2015) studied
the temporal characteristics of retweet-driven connections within the Twitter network and
realized that the number of retweets is an important factor to infer such connections. They
showed that links created due to information diffusion account for 42 % of new links, and
are rather infrequent, compared to tweets and retweets, but they are responsible for a large
percentage of the new links in Twitter.
However, there are a few limitations in the above-mentioned studies. First, they only
characterize the effect that information diffusion has on the network dynamics, or the vice
versa, but not the bidirectional influence. Second, previous studies are mostly empirical and
only make binary predictions on link creation events without precise timing. For example,
the work of (Weng et al., 2013; Antoniades and Dovrolis, 2015) predict whether a new link
will be created based on the number of retweets; and, Myers and Leskovec (2014) predict
whether a burst of new links will occur based on the number of retweets and users’ similarity.
Thus, to better understand information diffusion and network evolution, there is an urgent
need for joint probabilistic models of the two processes, which are largely inexistent to date.
In this paper, we propose a probabilistic generative model, Coevolve, for the joint
dynamics of information diffusion and network evolution on Twitter-like networks. Our

1. Introduction

traces obeying common diffusion and network patterns observed in real-world networks
such as Twitter. Furthermore, we also develop a convex optimization framework to learn
the parameters of the model from historical diffusion and network evolution traces. We
experimented with both synthetic data and data gathered from Twitter, and show that our
model provides a good fit to the data as well as more accurate predictions than alternatives.
Keywords: social networks, information diffusion, network structure, co-evolutionary
dynamics, point processes, Hawkes process, survival analysis
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Figure 1: Illustration of how information diffusion and network structure processes interact
model is able to learn parameters from real world data, and predict the precise timing of both
diffusion and new link events. The proposed model is based on the framework of temporal
point processes, which explicitly characterizes the continuous time interval between events,
and it consists of two interwoven and interdependent components, as shown in Figure 1:
I. Information diffusion process. We design an “identity revealing” multivariate
Hawkes process (Farajtabar et al., 2014) to capture the mutual excitation behavior of
retweeting events, where the intensity of such events in a user is boosted by previous
events from her time-varying set of followees. Although Hawkes processes have been
used for information diffusion before (Farajtabar et al., 2016; Blundell et al., 2012;
Iwata et al., 2013; Zhou et al., 2013a; Farajtabar et al., 2014; Linderman and Adams,
2014; Valera and Gomez-Rodriguez, 2015), the key innovation of our approach is to
explicitly model the excitation due to a particular source node, hence revealing the
identity of the source. Such design reflects the reality that information sources are
explicitly acknowledged, and it also allows a particular information source to acquire
new links in a rate according to her “informativeness”.
II. Network evolution process. We model link creation as an “information driven”
survival process, and couple the intensity of this process with retweeting events. Although survival processes have been used for link creation before (Hunter et al., 2011;
Vu et al., 2011), the key innovation in our model is to incorporate retweeting events as
the driving force for such processes. Since our model has captured the source identity
of each retweeting event, new links will be targeted toward information sources, with
an intensity proportional to their degree of excitation and each source’s influence.
Our model is designed in such a way that it allows the two processes, information
diffusion and network evolution, unfold simultaneously in the same time scale and exercise
bidirectional influence on each other, allowing sophisticated coevolutionary dynamics to be
generated, as illustrated in Figure 2.
Importantly, the flexibility of our model does not prevent us from efficiently simulating
diffusion and link events from the model and learning its parameters from real world data:
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• Efficient simulation. We design a scalable sampling procedure that exploits the
sparsity of the generated networks. Its complexity is O(nd log m), where n is the
number of events, m is the number of users and d is the maximum number of followees
per user.
3
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Cool paper
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1:10pm, @D:
Indeed
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Classic

Christine

1:20pm @C @S @D: Jacob
2:03pm, @D:
Really? Will check
I want that car
1:35pm @B @S @D:
Indeed brilliant

Figure 2: Illustration of information diffusion and network structure co-evolution.
Information diffusion → network structure: David’s tweet at 1:00 pm about a
paper is retweeted by Sophie and Christine respectively at 1:10 pm and 1:15 pm
to reach out to Jacob. Jacob retweets about this paper at 1:20 pm and 1:35 pm
and then finds David a good source of information and decides to follow him
directly at 1:45 pm.
Information diffusion → network structure: As a result new path of information
from David to Jacob (and his downstream followers) is created. Consequently, a
subsequent tweet by David about a car at 2:00 pm directly reaches out to Jacob
without need to Sophie and Christine retweet.

• Convex parameters learning. We show that the model parameters that maximize
the joint likelihood of observed diffusion and link creation events can be efficiently
found via convex optimization.
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Then, we experiment with our model and show that it can produce coevolutionary dynamics
of information diffusion and network evolution, and generate retweet and link events that
obey common information diffusion patterns (e.g., cascade structure, size and depth), static
network patterns (e.g., node degree) and temporal network patterns (e.g., shrinking diameter) described in related literature (Leskovec et al., 2005, 2010; Goel et al., 2012). Finally,
we show that, by modeling the coevolutionary dynamics, our model provides significantly
more accurate link and diffusion event predictions than alternatives in large scale Twitter
data set (Antoniades and Dovrolis, 2015).
The remainder of this article is organized as follows. We first proceed by building
sufficient background on the temporal point processes framework in Section 2. Then, we
introduce our joint model of information diffusion and network structure co-evolution in
Section 3. Sections 4 and 5 are devoted to answer two essential questions: how can we
generate data from the model? and how can we efficiently learn the model parameters from
historical event data? Any generative model should be able to answer the above questions.

4

𝑡

𝑡 + 𝑑𝑡

Pr. event survives
after 𝑡 (survival function)

𝑆 ∗ (𝑡)

𝑓 ∗ (𝑡)

𝑡

ti ∈H(t)

5
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The point process representation of temporal data is fundamentally different from the discrete time representation typically used in social network analysis. It directly models the
time interval between events as random variables, avoids the need to pick a time window
to aggregate events, and allows temporal events to be modeled in a fine grained fashion.
Moreover, it has a remarkably rich theoretical support (Aalen et al., 2008).
An important way to characterize temporal point processes is via the conditional intensity function—a stochastic model for the time of the next event given all the times of
previous events. Formally, the conditional intensity function λ∗ (t) (intensity, for short) is

0

Rt
and hence N (t) = 0 dN (s), where δ(t) is a Dirac delta function. More generally, given a
function f (t), we can define the convolution with respect to dN (t) as
Z t
X
f (t) ? dN (t) :=
f (t − τ ) dN (τ ) =
f (t − ti ).
(2)

ti ∈H(t)

A temporal point process is a random process whose realization consists of a list of discrete
events localized in time, {ti } with ti ∈ R+ and i ∈ Z+ . Many different types of data
produced in online social networks can be represented as temporal point processes, such
as the times of retweets and link creations. A temporal point process can be equivalently
represented as a counting process, N (t), which records the number of events before time t.
Let the history H(t) be the list of times of events {t1 , t2 , . . . , tn } up to but not including
time t. Then, the number of observed events in a small time window [t, t + dt) of length dt
is
X
dN (t) =
δ(t − ti ) dt,
(1)

2. Background on Temporal Point Processes

In Sections 6, 7, and 8 we perform empirical investigation of the properties of the model,
we evaluate the accuracy of the parameter estimation in synthetic data, and we evaluate
the performance of the proposed model in the real-world data set, respectively. Section 9
reviews the related work, and finally, the paper is concluded in Section 10. Proofs, more
detailed contents and experimental results, and some extensions are left to the appendices.

Figure 3: Illustration of three inter-related quantities in point processes framework: conditional density function, conditional cumulative density function, and survival
function.
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(3)

(5)

0
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λ∗ (t) = g(t) > 0.
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(8)

(i) Poisson process. The intensity is assumed to be independent of the history H(t),
but it can be a nonnegative time-varying function, i.e.,

This simple log-likelihood will later enable us to learn the parameters of our model from
observed data. Finally, the functional form of the intensity λ∗ (t) is often designed to capture
the phenomena of interests. Some useful functional forms we will use are (Aalen et al., 2008):

i=1

Figure 3 illustrates these quantities. Moreover, we can express the log-likelihood of a list of
events {t1 , t2 , . . . , tn } in an observation window [0, T ) as
Z T
n
X
L=
log λ∗ (ti ) −
λ∗ (τ ) dτ, T > tn .
(7)

t

and the (conditional) cumulative density function, which accounts for the probability that
an event happens before time t0 :
Z t0
F ∗ (t0 ) = 1 − S ∗ (t0 ) =
f ∗ (τ ) dτ.
(6)

f ∗ (t0 ) = λ∗ (t0 ) S ∗ (t0 ),

the (conditional) probability density function that an event occurs at time t0 as

t

where one typically assumes that only one event can happen in a small window of size dt
and thus dN (t) ∈ {0, 1}. Then, given the observation until time t and a time t0 > t, we can
also characterize the conditional probability that no event happens until t0 as
!
Z t0
S ∗ (t0 ) = exp −
λ∗ (τ ) dτ ,
(4)

the conditional probability of observing an event in a small window [t, t + dt) given the
history H(t), i.e.,
λ∗ (t)dt := P {event in [t, t + dt)|H(t)} = E[dN (t)|H(t)],

𝑡

𝑡

𝑡

exp −|𝑡 − 𝑡𝑖 | = 𝜇 + 𝛼 𝜅𝜔 (𝑡)⋆ 𝑑𝑁(𝑡)

𝜆∗ 𝑡 = 1 − 𝑁 𝑡

𝑡𝑖 <𝑡

Figure 4: Three types of point processes with a typical realization
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X

ti ∈H(t)

κω (t) := exp(−ωt)I[t > 0]

λ∗ (t) = µ + ακω (t) ? dN (t) = µ + α
κω (t − ti ),
(10)

(9)

(ii) Hawkes process. The intensity is history dependent and models a mutual excitation
between events, i.e.,

where,
is an exponential triggering kernel and µ > 0 is a baseline intensity independent of
the history. Here, the occurrence of each historical event increases the intensity by a
certain amount determined by the kernel and the weight α > 0, making the intensity
history dependent and a stochastic process by itself. In our work, we focus on the
exponential kernel, however, other functional forms, such as log-logistic function, are
possible, and the general properties of our model do not depend on this particular
choice.

(11)

(iii) Survival process. There is only one event for an instantiation of the process, i.e.,
λ∗ (t) = (1 − N (t))g(t),

where g(t) > 0 and the term (1 − N (t)) makes sure λ∗ (t) is 0 if an event already
happened before t.
Figure 4 illustrates these processes. Interested reader should refer to Aalen et al. (2008) for
more details on the framework of temporal point processes.
Point process models have been applied to many tasks in networks such as fake news
mitigation (Farajtabar et al., 2017), recommendation systems (Hosseini et al., 2017), outlier
detection (Li et al., 2017), activity shaping in social networks (Farajtabar et al., 2014), verifying crowd-generated data (Tabibian et al., 2017), sequence modeling using deep recurrent
neural networks (Xiao et al., 2017), and campaigning in networks (Farajtabar et al., 2016).

3. Generative Model of Information Diffusion and Network Evolution
In this section, we use the above background on temporal point processes to formulate
Coevolve, our probabilistic model for the joint dynamics of information diffusion and
network evolution.
3.1 Event Representation

or

↑

source
↓

s,
destination

el := ( u,

↑

time

t ).

(12)

We model the generation of two types of events: tweet/retweet events, er , and link creation
events, el . Instead of just the time t, we record each event as a triplet, as illustrated in
Figure 5(a):
er
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For retweet event, the triplet means that the destination node u retweets at time
t a tweet originally posted by source node s. Recording the source node s reflects the
real world scenario that information sources are explicitly acknowledged. Note that the
occurrence of event er does not mean that u is directly retweeting from or is connected
7

D
S
means
S follows D

Christine

(J, S, 5:25)

Sophie

1:45pm

Bob

David

4pm, B:
It snows
(B, B, 4:00)

𝑡

…

𝑁𝐽𝐵 (𝑡)

𝑁𝐽𝐷 (𝑡)

𝑡 𝑁𝐽𝐽 (𝑡)

“Identity Revealing” tweet/retweet processes 𝑁 𝑡 ∈ 0 ∪ 𝑍 +

(J, D)

(J, S)
…

𝑡

𝐴𝐽𝑆 (𝑡)

𝑡 𝐴𝐽𝐷 (𝑡)

(b) Point and counting processes

…

“Information driven” link creation processes 𝐴 𝑡 ∈ {0,1}

(J, B)
…

(J, D)

(D, D, 1:00) (J, J)

1pm, D:
Cool paper
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(J, D, 1:45)

Tweet/Retweet event
𝑒𝑟 =
(destination,source,time)

1:35pm @B @S @D:
Indeed brilliant
(J, D, 1:35)
Jacob 4:10pm, @B:

Beautiful
5pm, J:
Going out (J, J, 5:00) (J, B, 4:10)

(a) Event representation

Link creation event
𝑒𝑙 =
(destination,source,time)

Figure 5: Events of point processes and their associated counting processes for link creation
and information diffusion; (a) Trace of events generated by a tweet from David
followed by new links Jacob creates to follow David and Sophie; (b) The associated
points in time and the counting process realizations.

(14)

(13)

to s. This event can happen when u is retweeting a message by another node u0 where
the original information source s is acknowledged. Node u will pass on the same source
acknowledgement to its followers (e.g., “I agree @a @b @c @s”). Original tweets posted by
node u are allowed in this notation. In this case, the event will simply be er = (u, u, t).
r (t) of retweets
Given a list of retweet events up to but not including time t, the history Hus
by u due to source s is

r
Hus
(t) = {eir = (ui , si , ti )|ui = u and si = s} .

The entire history of retweet events is denoted as

r
Hr (t) := ∪u,s∈[m] Hus
(t).

For link creation event, the triplet means that destination node u creates at time
t a link to source node s, i.e., from time t on, node u starts following node s. To ease
the exposition, we restrict ourselves to the case where links cannot be deleted and thus
each (directed) link is created only once. However, our model can be easily augmented to
consider multiple link creations and deletions per node pair, as discussed in Section E. We
denote the link creation history as Hl (t).

3.2 Joint Model with Two Interwoven Components

Given m users, we use two sets of counting processes to record the generated events, one
for information diffusion and another for network evolution. More specifically,

JMLR 18(41):1-49, 2017

I. Retweet events are recorded using a matrix N (t) of size m × m for each fixed time
point t. The (u, s)-th entry in the matrix, Nus (t) ∈ {0} ∪ Z+ , counts the number of
retweets of u due to source s up to time t. These counting processes are “identity
revealing”, since they keep track of the source node that triggers each retweet. The

8

(17)
(18)

∗
Γ∗ (t) = ( γus
(t) )u,s∈[m]

Λ∗ (t) = ( λ∗us (t) )u,s∈[m] .

(16)

(15)

v∈Fu (t)

9
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where I[·] is the indicator function and Fu (t) := {v ∈ [m] : Auv (t) = 1} is the current set
of followees of u. The term ηu > 0 is the intensity of original tweetsPby a user u on
his own initiative, becoming the source of a cascade, and the term βs v∈Fu (t) κω1 (t) ?
(Auv (t) dNvs (t)) models the propagation of peer influence over the network, where the
triggering kernel κω1 (t) models the decay of peer influence over time.
Note that the retweeting intensity matrix Γ∗ (t) is by itself a stochastic process that
depends on the time-varying network topology, the non-zero entries in A(t), whose growth is
controlled by the network evolution process in Section 3.4. Hence the model design captures
the influence of the network topology and each source’s influence, βs , on the information
∗ (t), one first finds the current set F (t)
diffusion process. More specifically, to compute γus
u
of followees of u, and then aggregates the retweets of these followees that are due to source s.
Note that these followees may or may not directly follow source s. Then, the more frequently
node u is exposed to retweets of tweets originated from source s via her followees, the more
likely she will also retweet a tweet originated from source s. Once node u retweets due to
source s, the corresponding Nus (t) will be incremented, and this in turn will increase the
likelihood of triggering retweets due to source s among the followers of u. Thus, the source
does not simply broadcast the message to nodes directly following her but her influence

We model the intensity, Γ∗ (t), for retweeting events using multivariate Hawkes process:
X
∗
γus
(t) = I[u = s] ηu + I[u 6= s] βs
κω1 (t) ? (Auv (t) dNvs (t)) ,
(19)

3.3 Information Diffusion Process

The sign ∗ means that the intensity matrices will depend on the joint history, Hr (t) ∪ Hl (t),
and hence their evolution will be coupled. By this coupling, we make: (i) the counting
processes for link creation to be “information driven” and (ii) the evolution of the linking
structure to change the information diffusion process. In the next two sections, we will
specify the details of these two intensity matrices.

where,

E[dA(t) | Hr (t) ∪ Hl (t)] = Λ∗ (t) dt,

E[dN (t) | Hr (t) ∪ Hl (t)] = Γ∗ (t) dt

Then, the interwoven information diffusion and network evolution processes can be characterized using their respective intensities

II. Link events are recorded using an adjacency matrix A(t) of size m × m for each fixed
time point t. The (u, s)-th entry in the matrix, Aus (t) ∈ {0, 1}, indicates whether u is
directly following s. Therefore, Aus (t) = 1 means the directed link has been created
before t. For simplicity of exposition, we do not allow self-links. The matrix A(t) is
typically sparse, but the number of nonzero entries can change over time. We also
define dA(t) := ( dAus (t) )u,s∈[m] .

matrix N (t) is typically less sparse than A(t), since Nus (t) can be nonzero even when
node u does not directly follow s. We also let dN (t) := ( dNus (t) )u,s∈[m] .
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∗
𝐸[𝑑𝐴𝐽𝐷 𝑡 ] = 𝜆𝐽𝐷
𝜏 𝑑𝜏

∗
𝜆𝐽𝐷
𝑡 =

⋅ 𝜇𝐽 + 𝛼𝐽 exp − 𝑡 ⋆ 𝑑𝑁𝐽𝐶 𝑡 + 𝑑𝑁𝐽𝐵 𝑡
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∗
𝐸[𝑑𝑁𝐽𝐷 𝑡 ] = 𝛾𝐽𝐷
𝜏 𝑑𝜏

𝛽𝐷 exp − 𝑡 ⋆ 𝐴𝐽𝐵 𝑡 𝑑𝑁𝐵𝐷 𝑡 + 𝐴𝐽𝐶 𝑡 𝑑𝑁𝐶𝐷 𝑡
∗
𝛾𝐽𝐷
𝑡 =

Exposure
due to 𝐵

Aggregate exposure
from all followees

Hawkes process
High intensity with more exposure

∗
𝐸[𝑑𝑁𝐷𝐷 𝑡 ] = 𝛾𝐷𝐷
𝜏 𝑑𝜏

∗
𝛾𝐷𝐷
𝑡 = 𝜂𝐷

Poisson process
User 𝐷’s own initiative
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v∈Fu (t)
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In the first category, events corresponds to the times when an information cascade hits a
person, for example, through a retweet from one of her neighbors, but she does not explicitly
like or forward the associated post. Here, we model the intensity, Λ∗ (t), for link creation
using a combination of survival and Hawkes process:


X
∗
λus (t) = (1 − Aus (t)) µu + αu
κω2 (t) ? dNvs (t) ,
(20)

In our model, each user is exposed to information through a time-varying set of neighbors.
By doing so, information diffusion affects network evolution, increasing the practical application of our model to real-world network data sets. The particular definition of exposure
(e.g., a retweet’s neighbor) depends on the type of historical information that is available.
Remarkably, the flexibility of our model allows for different types of diffusion events, which
we can broadly classify into two categories.

3.4 Network Evolution Process

propagates through the network even to those nodes that do not directly follow her. Finally,
this information diffusion model allows a node to repeatedly generate events in a cascade,
and is very different from the independent cascade or linear threshold models (Kempe et al.,
2003) which allow at most one event per node per cascade.

Figure 6: Our hypothetical social network where the information diffusion paths make Jacob follow David: (a) The breakdown of conditional intensity function for the link
creation process of Jacob following David AJD (t); (b) The information paths between Jacob and David; (c) The information diffusion processes for David tweeting
on his own initiative NDD (t) and Jacob retweeting posts originated from David
NJD (t).

(a) Link creation process

1 − 𝐴𝐽𝐷 𝑡

Poisson
Check
whether process
the link User 𝐽’s
own
already
initiative
there

Survival Process
High intensity when no link and retweet often

S
means
S follows D

D
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(21)

where the term 1 − Aus (t) effectively ensures a link is created only once, and after that, the
corresponding intensity is set to zero. The term µu > 0 denotes a baseline intensity, which
models when a node u decides to follow a source s spontaneously at her own initiative. The
term αu κω2 (t) ? dNvs (t) corresponds to the retweets by node v (a followee of node u) which
are originated from source s. The triggering kernel κω2 (t) models the decay of interests over
time.
In the second category, the person decides to explicitly like or forward the associated
post and influencing events correspond to the times when she does so. In this case, we
model the intensity, Λ∗ (t), for link creation as:
∗
λus
(t) = (1 − Aus (t))(µu + αu κω2 (t) ? dNus (t)),

(22)

where the terms 1 − Aus (t), µu > 0, and the decaying kernel κω2 (t) play the same role
as the corresponding ones in Equation (20). The term αu κω2 (t) ? dNus (t) corresponds to
the retweets of node u due to tweets originally published by source s. The higher the
corresponding retweet intensity, the more likely u will find information by source s useful
and will create a direct link to s.
In both cases, the link creation intensity Λ∗ (t) is also a stochastic process by itself,
which depends on the retweet events, be it the retweets by the neighbors of node u or the
retweets by node u herself, respectively. Therefore, it captures the influence of retweets on
the link creation, and closes the loop of mutual influence between information diffusion and
network topology. Figure 6 illustrates these two interdependent intensities.
Intuitively, in the latter category, information diffusion events are more prone to trigger
new connections, because, they involve the target and source nodes in an explicit interaction,
however, they are also less frequent. Therefore, it is mostly suitable to large event data sets,
as the ones we generate in our synthetic experiments. In contrast, in the former category,
information diffusion events are less likely to inspire new links but found in abundance.
Therefore, it is more suitable for smaller data sets, as the ones we use in our real-world
experiments. Consequently, in our synthetic experiments we used the latter and in our
real-world experiments, we used the former.
More generally, the choice of exposure event should be made based on the type and
amount of available historical information. Note that, these are two realizations, among
the many others, of the link formation process in the Coevolve framework. Many other
extensions can be found in appendix E. In practice, these different forms can be utilized
depending on the conditions and constraints of the networks and the data in hand. More
importantly, in this section, we make one example on how to tailor the model to fit the
application best.
Finally, note that creating a link is more than just adding a path or allowing information sources to take shortcuts during diffusion. The network evolution makes fundamental
changes to the diffusion dynamics and stationary distribution of the diffusion process in
Section 3.3. As shown in Farajtabar et al. (2014), given a fixed network structure A,
the expected retweet intensity µs (t) at time t due to source s will depend of the network
structure in a nonlinear fashion, i.e.,
∗
(t)] = (e(A−ω1 I)t + ω1 (A − ω1 I)−1 (e(A−ω1 I)t − I)) ηs ,
µs (t) := E[Γ·s
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where ηs ∈ Rm has a single nonzero entry with value ηs and e(A−ω1 I)t is the matrix exponential. When t → ∞, the stationary intensity µ̄s = (I − A/ω)−1 ηs is also nonlinearly
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(a) Ogata’s algorithm

τU

τ

τ

τ

τ

Figure 7: Ogata’s algorithm vs our simulation algorithm in simulating U interdependent
point processes characterized by intensity functions λ1 (t), . . . , λU (t); (a) Illustrating Ogata’s algorithm, which first takes a sample from the process with intensity
equal to sum of individual intensities and then assigns it to the proper dimension
proportionally to its contribution to the sum of intensities; (b) Illustrating our
proposed algorithm, which first draws a sample from each dimension independently and then takes the minimum time among them.

related to the network structure. Thus, given two network structures A(t) and A(t0 ) at
two points in time, which are different by a few edges, the effect of these edges on the information diffusion is not just an additive relation. Depending on how these newly created
edges modify the eigen-structure of the sparse matrix A(t), their effect on the information
diffusion dynamics can be very significant.

4. Efficient Simulation of Coevolutionary Dynamics

JMLR 18(41):1-49, 2017

We could simulate samples (link creations, tweets and retweets) from our model by adapting
Ogata’s thinning algorithm (Ogata, 1981), originally designed for multidimensional Hawkes
processes. However, a naive implementation of Ogata’s algorithm would scale poorly, i.e.,
for each sample, we would need to re-evaluate Γ∗ (t) and Λ∗ (t). Thus, to draw n sample
events, we would need to perform O(m2 n2 ) operations, where m is the number of nodes.
Figure 7(a) schematically demonstrates the main steps of Ogata’s algorithm. Please refer
to Appendix B for further details.
Here, we design a sampling procedure that is especially well-fitted for the structure of
our model. The algorithm is based on the following key idea: if we consider each intensity
function in Γ∗ (t) and Λ∗ (t) as a separate point process and draw a sample from each, the
minimum among all these samples is a valid sample for the multidimensional point process.

12
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To prove that the new algorithm generates samples from the same distribution as Ogata’s
algorithm does we need the following Lemma. It justifies step 2 of the above outline.

Note that, events are sampled one by one; After each event, the intensities of affected dimensions are recomputed and fixed. This means that, the history is fixed and the dimensions of
the Hawkes process become independent (just until the next event). We take next sample.
Then, we make the necessary updates in the intensity functions to capture the influence
of dimensions on each other. Therefore, each dimension can be thought independent until
next sample is drawn because the intensity function is known.

3. Update: Recalculate the intensities of the dimensions that are affected by this approved sample and re-sample only their next event. Then go to step 2.

Algorithm 3 1-D next event sampling
Input: Current time: t
Output: Next event time: s
s←t
λ̂ ← λ∗ (s) (Algorithm 2)
while s < T do
g ∼ Exponential(λ̂)
s←s+g
λ̄ ← λ∗ (s) (Algorithm 2)
Rejection test:
d ∼ U nif orm(0, 1)
if d × λ̂ < λ̄ then
return s
else
λ̂ = λ̄
end if
end while
return s

Global Variabels:
Last time of intensity computation: t
Last value of intensity computation: I
Initialization:
t←0
I←µ
function get intensity(t0 )
I 0 ← (I − µ) exp(−ω(t0 − t)) + µ
t ← t0
I ← I0
return I
end function

Algorithm 2 Efficient Intensity Computation

Farajtabar, Wang, Gomez-Rodriguez, Li, Zha and Song

2. Minimization: Take the minimum among all the sampled times and declare it as the
next event of the multidimensional process.

1. Initialization: Simulate each dimension separately and find their next sampled event
time.

As the results of this section are general and can be applied to simulate any multidimensional point process model we abuse the notation a little bit and represent U (possibly
inter-dependent) point processes by U intensity functions λ∗1 , . . . , λ∗U . In the specific case
of simulating coevolutionary dynamics we have U = m2 + m(m − 1) were the first and
second terms are the number information diffusion and link creation processes, respectively.
Figure 7 illustrates the way in which both algorithms differ. The new algorithm has the
following steps:

Algorithm 1 Simulation Algorithm for Coevolve
Initialization:
Initialize the priority queue Q
for ∀ u, s ∈ [m] do
Sample next link event elus from Aus (Algorithm 3)
Q.insert(elus )
Sample next retweet event erus from Nus (Algorithm 3)
Q.insert(erus )
end for
General Subroutine:
t←0
while t < T do
e ← Q.extract min()
if e = (u, s, t0 ) is a retweet event then
r (t0 ) = Hr (t) ∪ {e}
Update the history Hus
us
for ∀ v s.t. u
v do
Update event intensity: γvs (t0 ) = γvs (t0− ) + β
Sample retweet event ervs from γvs (Algorithm 3)
Q.update key(ervs )
if NOT s
v then
Update link intensity: λ∗vs (t0 ) = λ∗vs (t0− ) + α
Sample link event elvs from λvs (Algorithm 3)
Q.update key(elvs )
end if
end for
else
l (t0 ) = Hl (t) ∪ {e}
Update the history Hus
us
λ∗us (t) ← 0 ∀ t > t0
end if
t ← t0
end while

Information Diffusion and Network Evolution
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Lemma 1 Assume we have U independent non-homogeneous Poisson processes with inten∗ (τ ). Take random variable τ equal to the time of process u’s first event
sity λ1∗ (τ ), . . . , λU
u
after time t. Define τmin = min1≤u≤U {τu } and umin = argmin1≤u≤U {τu }. Then,
∗
(a) τmin is the first event after time t of the Poisson process with intensity λsum
(τ ). In
other words, τmin has the same distribution as the next event (t0 ) in Ogata’s algorithm.
λ∗ (x)
(b) umin follows the conditional distribution P(umin = u|τmin = x) = λ∗ U (x) . I.e. the
sum
dimension firing the event comes from the same distribution as the one in Ogata’s algorithm.
Given the above Lemma, we can now prove that the distribution of the samples generated
by the proposed algorithm is identical to the one generated by Ogata’s method.
Theorem 2 The sequence of samples from Ogata’s algorithm and our proposed algorithm
follow the same distribution.

(23)

It’s noteworthy that the dimensions are not independent, but their dependency is considered in the update stage. Until the next update happens they can be considered independent
because their intensity function is determined and fixed.
This new algorithm is specially suitable for the structure of our inter-coupled processes.
Since social and information networks are typically sparse, every time we sample a new
node (or link) event from the model, only a small number of intensity functions in the local
neighborhood of the node (or the link), will change. This number is of O(d) where d is the
maximum number of followers/followees per node. As a consequence, we can reuse most of
the individual samples for the next overall sample. Moreover, we can find which intensity
function has the minimum sample time in O(log m) operations using a heap priority queue.
The heap data structure will help maintain the minimum and find it in logarithmic time
with respect to the number of elements therein. Therefore, we have reduced an O(nm)
factor in the original algorithm to O(d log m).
Finally, we exploit the properties of the exponential function to update individual intensities for each
P new sample in O(1). For simplicity consider a Hawkes process with intensity
λ∗ (t) = µ+ ti ∈Ht α exp(−ω(t−ti )). Note that both link creation and information diffusion
processes have this structure. Now, let ti < ti+1 be two arbitrary times, we have
λ∗ (ti+1 ) = (λ∗ (ti ) − µ) exp(−ω(ti+1 − ti )) + µ.
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It can be readily generalized to the multivariate case too. Therefore, we can compute the
current intensity without explicitly iterating over all previous events. As a result we can
change an O(n) factor in the original algorithm to O(1). Furthermore, the exponential kernel
also facilitates finding the upper bound of the intensity since it always lies at the beginning
of one of the processes taken into consideration. Algorithm 2 summarizes the procedure
to compute intensities with exponential kernels, and Algorithm 3 shows the procedure to
sample the next event in each dimension making use of the special property of exponential
triggering kernel.
The simulation algorithm is shown in Algorithm 1. By using this algorithm we reduce
the complexity from O(n2 m2 ) to O(nd log m), where d is the maximum number of followees
per node. That means, our algorithm scales logarithmically with the number of nodes and
linearly with the number of edges at any point in time during the simulation. Moreover,
events for new links, tweets and retweets are generated in a temporally intertwined and
15
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Algorithm 4 MM-type parameter learning for Coevolve

u∈[m]

I[u6=s]



t=ti

κω1 (t)?(Auv (t) dNvs (t)) dt



κω2 (t)?dNvs (t)



t=ti

t=ti

κω2 (t)?dNvs (t)

κω2 (t)?dNvs (t)

v∈Fui (ti )

v∈Fui (ti )

v∈Fui (ti )

P

µui

v∈Fu (t) 0

Input: Set of retweet events E = {eir } and link creation events A = {eil } observed in
time window [0, T )
Output: Learned parameters {µu } , {αu } , {ηu } , {βs }
Initialization:
for u ← 1 to m do
Initialize µu and αu randomly
end for
for u ← 1Pto m do
er ∈E I[u=ui =si ]
i
ηu =
T
end for
for s ← 1 to m do
P
er ∈E I[s=si 6=ui ]
i
RT
P
βs = P

P

µui +αui

αui

µui +αui

end for
while not converged do
for i ← 1 to nl do
νi1 =
P

νi2 =

I[u=u ] ν

i i2
el ∈A
i
RT
s∈[m] 0 (1−Aus (t))(κω2 (t)?dNus (t)) dt

I[u=u ]ν

i i1
el ∈A
i R
T
(t)) dt
s∈[m] 0 (1−A
P us

P

P

end for
for u ← 1 toPm do
µu =

αu =
end for
end while

interleaving fashion, since every new retweet event will modify the intensity for link creation
and vice versa.

5. Efficient Parameter Estimation from Coevolutionary Events

In this section, we first show that learning the parameters of our proposed model reduces
to solving a convex optimization problem and then develop an efficient, parameter-free
Minorization-Maximization algorithm to solve such problem.

5.1 Concave Parameter Learning Problem
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Given a collection of retweet events E = {eir } and link creation events A = {eil } recorded
within a time window [0, T ), we can easily estimate the parameters needed in our model
using maximum likelihood estimation. To this aim, we compute the joint log-likelihood L
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|

eli ∈A

X
links

{z

T

}

λ∗us (τ ) dτ .

}

∗
γus
(τ ) dτ

u,s∈[m] 0

X Z

log λ∗ui si (ti ) −

tweet / retweet

{z

u,s∈[m] 0

T

(24)

∀ u, s ∈ [m].

(25)

0

T

u,s∈[m]

µu
0

Z
T

(1 − Aus (t)) dt + αu

νi1 log(νi1 ) + νi2 log(νi2 )

0

Z

T

κω2 (t) ? dNvs (t)





t=ti

(1 − Aus (t))(κω2 (t) ? dNus (t)) dt.

v∈Fui (ti )

X

κω1 (t) ? (Auv (t) dNvs (t)) dt

t=ti

 (27)

(32)

i

i

Fortunately, the above constrained optimization problem can be solved easily via Lagrange
multipliers, which leads to closed form updates:
µui

P
νi1 =
(33)
µui + αui v∈Fu (ti ) κω2 (t) ? dNvs (t) t=t
i
i

P
αui v∈Fu (ti ) κω2 (t) ? dNvs (t) t=t
i
P i
νi2 =
.
(34)
µui + αui v∈Fu (ti ) κω2 (t) ? dNvs (t) t=t

maximize{νij } L0 ({µu } , {αu } , {ηu } , {βs } , {νij })
subject to
νi1 + νi2 = 1
∀ i : 1 ≤ i ≤ nl
νi0 , νi1 ≥ 0
∀ i : 1 ≤ i ≤ nl .

Finally, although the lower bound is valid for every choice of νij satisfying Equation (26),
by maximizing the lower bound with respect to the auxiliary variables we can make sure
that the lower bound is tight:

17

18
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(26)

v∈Fu (t)

Z


κω1 (t) ? (Aui v (t) dNvsi (t))
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νi1 + νi2 = 1.

X



Algorithm 4 summarizes over the learning procedure, which is guaranteed to converge
to a global optimum (Hunter and Lange, 2004; Zhou et al., 2013a)

νi1 , νi2 ≥ 0,

ηu T + βs

v∈Fui (ti )

eri ∈E

νi1 log(µui ) + νi2 log(αui ) + νi2 log

X

eli ∈A

X

eli ∈A

X

u,s∈[m]

X

eri ∈E

I[ui 6= si ] log

X

Given the above lemma, by taking the gradient of the lower-bound with respect to the
parameters, we can find the closed form updates to optimize the lower-bound:
P
eri ∈E I[u = ui = si ]
ηu =
(28)
T
P
I[s
=
s
=
6
u
]
r
i
i
ei ∈E
βs = P
(29)
RT
P
I[u
=
6
s]
κ
(t)
?
(Auv (t) dNvs (t)) dt
ω
1
u∈[m]
v∈Fu (t) 0
P
eli ∈A I[u = ui ] νi1
µu = P
(30)
RT
s∈[m] 0 (1 − Aus (t)) dt
P
eli ∈A I[u = ui ] νi2
αu = P
.
(31)
RT
s∈[m] 0 (1 − Aus (t))(κω2 (t) ? dNus (t)) dt

−

−

+

−

+

X

eri ∈E

Lemma 4 The log-likelihood in Equation (24) is lower-bownded as follows:
X
X
L ≥ L0 =
I[ui = si ] log (ηui ) +
I[ui 6= si ] log(βsi )

Farajtabar, Wang, Gomez-Rodriguez, Li, Zha and Song

The following lemma is preliminary to find a closed form update formula for the parameters.

∀ 1 ≤ i ≤ nl :

Our algorithm utilizes Jensen’s inequality to provide a lower bound for the second logsum term in the log-likelihood given by Equation (24). More specifically, consider a set of
arbitrary auxiliary variable νij , where 1 ≤ i ≤ nl , j = 1, 2 and nl is the number of link
events, i.e., nl = |A|. Further, assume these variables satisfy

Since the optimization problem is jointly convex with respect to all the parameters, one
can simply take any convex optimization method to learn the parameters. However, these
methods usually require hyper parameters like step size or initialization, which may significantly influence the convergence. Instead, the structure of our problem allows us to
develop an efficient algorithm inspired by previous work (Zhou et al., 2013a,b; Xu et al.,
2016), which leverages Minorization Maximization (MM) (Hunter and Lange, 2004) and is
parameter free and insensitive to initialization.

5.2 Efficient Minorization-Maximization Algorithm

Theorem 3 The optimization problem defined by Equation (25) is jointly convex.

minimize{µu },{αu },{ηu },{βs } −L({µu } , {αu } , {ηu } , {βs })
subject to
µu ≥ 0, αu ≥ 0, ηu ≥ 0, βs ≥ 0

Once we have an expression for the joint log-likelihood of the retweet and link creation
events, the parameter learning problem can be then formulated as follows:

For the terms corresponding to retweets, the log term sums only over the actual observed
events while the integral term actually sums over all possible combination of destination and
source pairs, even if there is no event between a particular pair of destination and source. For
such pairs with no observed events, the corresponding counting
processes have essentially
RT ∗
(τ )dτ simply corresponds to
survived the observation window [0, T ), and the term − 0 γus
the log survival probability. The terms corresponding to links have a similar structure.

+

|

eri ∈E

of these events using Equation (7), i.e.,
X
X Z

L({µu } , {αu } , {ηu } , {βs }) =
log γu∗i si (ti ) −
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grows more locally. Interestingly, the lower their values, the closer the distribution to an
Erdos-Renyi random graph (Erdos and Rényi, 1960), because, the edges are added almost
uniformly and independently without influence from the local structure. Figure 9 confirms
this intuition by showing the degree distribution for different values of β and α.

JMLR 18(41):1-49, 2017

6.3 Degree Distribution

19

There is empirical evidence that the diameter of online social networks and microblogging
sites exhibit relatively small diameter and shrinks (or flattens) as the network grows (Backstrom et al., 2012; Chakrabarti et al., 2004; Leskovec et al., 2005). Figures 10(a-b) show the
diameter on the largest connected component (LCC) against the sparsity of the network

Figure 9: Degree distributions when network sparsity level reaches 0.001 for different β (α)
values and fixed α = 0.1 (β = 0.1) are shown in top (bottom) row. By varying the
value of β (α) the degree distributions spans from random to scale-free networks
illustrating the flexibility of the framework to model real-world networks.

10 0
10

2

Figure 8: Coevolutionary dynamics for synthetic data; (a) Spike trains of link and retweet
events; (b) Link and retweet intensities with an exponentially decaying kernel;
(c) Cross covariance of link and retweet intensities: The peak around 0 shows the
coupling of retweet and link events.

Cross covariance

Information Diffusion and Network Evolution

It’s notable that, the maximum likelihood is prone to fall into overfitting, therefore, there
is a wealth of research on how to add sparsity constraints like low rank or group sparsity
regularizers (Zhou et al., 2013a) or via suitable conjugate prior (Linderman and Adams,
2014). The ideas on the next section are applicable with some modification to the case
that the aforementioned ideas are utilized to improve the naive solution of the maximum
likelihood.

6. Properties of Simulated Co-evolution, Networks and Cascades
In this section, we perform an empirical investigation of the properties of the networks
and information cascades generated by our model. In particular, we show that our model
can generate co-evolutionary retweet and link dynamics and a wide spectrum of static and
temporal network patterns and information cascades.
6.1 Simulation Settings
Throughout this section, if not said otherwise, we simulate the evolution of a 8,000-node
network as well as the propagation of information over the network by sampling from our
model using Algorithm 1. We set the exogenous intensities of the link and diffusion events
to µu = µ = 4 × 10−6 and ηu = η = 1.5 respectively, and the triggering kernel parameter to
ω1 = ω2 = 1. The parameter µ determines the independent growth of the network—roughly
speaking, the expected number of links each user establishes spontaneously before time T is
µT . Whenever we investigate a static property, we choose the same sparsity level of 0.001.
The specific range of values we utilized in the current and the next section are such that the
process remains stationary and doesn’t blow up (Hawkes, 1971). Furthermore, the range of
parameters are chosen such that all the results could be reported in a unified scale.
6.2 Retweet and Link Coevolution

Intensity

Empirical studies have shown that the degree distribution of online social networks and
microblogging sites follow a power law (Chakrabarti et al., 2004; Kwak et al., 2010), and
argued that it is a consequence of the rich get richer phenomena. The degree distribution
of a network is a power law if the expected number of nodes md with degree d is given by
md ∝ d−γ , where γ > 0. Intuitively, the higher the values of the parameters α and β, the
closer the resulting degree distribution follows a power-law. This is because the network

Figures 8(a,b) visualize the retweet and link events, aggregated across different sources, and
the corresponding intensities for one node and one realization, picked at random. Here, it
is already apparent that retweets and link creations are clustered in time and often follow
each other. Further, Figure 8(c) shows the cross-covariance of the retweet and link creation
intensity, computed across multiple realizations, for the same
R node, i.e., if f (t) and g(t) are
two intensities, the cross-covariance is a function h(τ ) = f (t + τ )g(t) dt. It can be seen
that the cross-covariance has its peak around 0, i.e., retweets and link creations are highly
correlated and co-evolve over time. For ease of exposition, we illustrated co-evolution using
one node, however, we found consistent results across nodes.
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7.3 Link Prediction
We use our model to predict the identity of the source for each test link event, given the
historical events before the time of the prediction, and compare its performance with two

We evaluate the accuracy of our model estimation procedure via two measures: (i) the
relative mean absolute error (i.e., E[|x − x̂|/x], MAE) between the estimated parameters
(x) and the true parameters (x̂), (ii) the Kendall’s rank correlation coefficient between each
estimated parameter and its true value, and (iii) test log-likelihood. Tables 1 and 2, and
Figure 12 show the rank correlation, relative error, and the log likelihood on the test data,
respectively. They show that as we feed more events into the estimation procedure, the
estimation becomes more accurate.

7.2 Model Estimation

Throughout this section, we experiment with our model considering m=400 nodes. We set
the model parameters for each node in the network by drawing samples from µ∼U (0, 0.0004),
α∼U (0, 0.1), η∼U (0, 1.5) and β∼U (0, 0.1). We then sample up to 60,000 link and information diffusion events from our model using Algorithm 1 and average over 8 different
simulation runs.

7.1 Experimental Setup

In this section, we first show that our model estimation method can accurately recover the
true model parameters from historical link and diffusion events data and then demonstrate
that our model can accurately predict the network evolution and information diffusion
over time, significantly outperforming two state of the art methods (Weng et al., 2013;
Antoniades and Dovrolis, 2015; Myers and Leskovec, 2014) at predicting new links, and a
baseline Hawkes process that does not consider network evolution at predicting new events.

7. Experiments on Model Estimation and Prediction on Synthetic Data

Our model can produce the most commonly occurring cascades structures as well as heavytailed cascade size and depth distributions, as observed in historical Twitter data (Goel
et al., 2012). Figure 11 summarizes the results, which provide empirical evidence that the
higher the α (β) value, the shallower and wider the cascades.

6.6 Cascade Patterns

Triadic closure (Granovetter, 1973; Leskovec et al., 2008; Romero and Kleinberg, 2010)
has been often presented as a plausible link creation mechanism. However, different social
networks and microblogging sites present different levels of triadic closure (Ugander et al.,
2013). Importantly, our method is able to generate networks with different levels of triadic
closure, as shown by Figure 10(c-d), where we plot the clustering coefficient (Watts and
Strogatz, 1998), which is proportional to the frequency of triadic closure, for different values
of α and β.

0

0.1%

1%

10%

100%

0

0.1%

1%

10%

100%

Figure 11: Distribution of cascade structure, size and depth for different values of α (β)
and fixed β = 0.2 (α = 0.8) on the top (bottom) row. The commom motifs of
propagation are shown in (a) and (d).

(d)

(a)

Others

6.5 Clustering Coefficient

over time for different values of α and β. Although at the beginning, there is a short increase
in the diameter due to the merge of small connected components, the diameter decreases as
the network evolves. Moreover, larger values of α or β lead to higher levels of local growth
in the network and, as a consequence, slower shrinkage. Here, nodes arrive to the network
when they follow (or are followed by) a node in the largest connected component.

Figure 10: Diameter and clustering coefficient for network sparsity 0.001; (a,b) The diameter against sparsity over time for fixed α = 0.1, and for fixed β = 0.1 respectively;
(c,d) The clustering coefficient (CC) against β and α, respectively.
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We use our model to predict the identity of the node that generates each test diffusion event,
given the historical events before the time of the prediction, and compare its performance
with a baseline consisting of a multi-dimensional Hawkes process without network evolution

7.4 Activity Prediction

Origin: follow a randomly selected origin; Traffic shortcut: follow a randomly selected
grandparent or origin. Then, they parameterize the the probability of using a strategy and
learned the it using maximum likelihood. Because of the contribution of multiple terms
in the log-likelihood expression (due to the mixed effects of strategies) they numerically
explore the values of parameters in the unit square to maximize the log-likelihood.
Here, we evaluate the performance by computing the probability of all potential links
using our model, TRF and WENG. In our model, the intensity gives us a measure of how
likely a link will be created at a specific point of time. The higher the intensity, the more
likely the connection. Therefore, we can sort the future events based on the likelihood of
happening. Then, we compute (i) the average rank of all true (test) events in our sorted
list (AvgRank) and, (ii) the success probability that the true (test) events rank among the
top-1 potential events at each test time (Top-1). Figure 13 summarizes the results, where
we trained our model with an increasing number of events. Our model outperforms both
TRF and WENG for a significant margin.

Figure 13: Prediction performance of future links and activities for a 400-node synthetic
network on the test unseen data. The accuracy is reported by means of average
rank (AR) and success probability that the true events rank among the top-1
events (Top-1).

Top−1

Table 1:
# Events
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state of the art methods, which we denote as TRF (Antoniades and Dovrolis, 2015) and
WENG (Weng et al., 2013).
Central to TRF model is the notion of TRF event: When a follower L ∈ F(R) receives a
retweet of S through R, L can decide to follow S directly. They call this sequence a TweetRetweet-Follow (TRF) event, and refer to its three main actors as Speaker S, Repeater R,
and Listener L. In addition to characterizing and identifying such events, TRF measures
the probability of creating a link from a source at a given time by simply computing the
proportion of new links created from the source over all total created links up to the given
time. More specifically, it estimates the probability of new link as follows. Consider a tweet
of Speaker S at time ts . Suppose that this tweet is not retweeted by any of the followers
of S in the period [ts , ts + ∆]. Let Φ(S, ts ) be the set of followers of followers of S that are
not directly following S at ts . The exogenous probability of of following S is:
|L : L ∈ Φ(S, ts ), L ∈ F(S, ts + ∆|
PEXO =
.
(35)
|Φ(S, ts )|
Similarly, consider a tweet of Speaker S at time ts that has been retweeted by a follower of
S, referred to as Repeater R, at time tr > ts . Let ΦR (S, tr ) be the subset of Φ(S, tr ) that
includes only followers of R. The endogenous probability of following S is:
|L : L ∈ ΦR (S, tr ), L ∈ F(S, tr + ∆|
PEN D =
.
(36)
|ΦR (S, tr )|
And the probability of following S is simply PEXO + PEN D .
Weng et al. (2013) analyzed the complete graph and activity of Yahoo! Meme, to identify the effect of information diffusion on the evolution of the underlying network. WENG
considers several link creation strategies and makes a prediction by combining these strategies. More specifically, they consider five link creation mechanisms and their combinations:
Random: follow a randomly selected user who is not yet followed; Triadic closure: follow
a randomly selected triadic node; Grandparent: follow a randomly selected grandparent;
23
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In this section, we validate our model using a large Twitter data set containing nearly
550,000 tweet, retweet and link events from more than 280,000 users (Antoniades and
Dovrolis, 2015). We will show that our model can capture the co-evolutionary dynamics

8. Experiments on Coevolution and Prediction on Real Data

Now, we have two Hawkes process based models, Coevolve, which considers information
propagation coevolved with the link creation process, and the baseline Hawkes model which
only contains the information propagation part to model activities. Similar to the link
prediction we used the intensity to measure how likely is an event. We can sort future
events according to their probability. Then, we evaluate the performance via the same two
measures as in the link prediction task and summarize the results in Figure 13 against an
increasing number of training events. Please refer to the previous subsection to learn about
the measures used here. The results show that, by modeling the network evolution, our
model performs significantly better than the baseline.

v∈Fu (t)

part. For the Hawkes baseline, we take a snapshot of the network right before the prediction
time, and use all historical retweeting events to fit the model and finding (auv )u,v∈[m] and
(ηu )u∈[m] similar to previous works (Farajtabar et al., 2014). Here, each user u performs
activity with intensity
X
γu (t) = ηu +
auv κω1 (t) ? dNv (t).
(37)

Figure 14: Link and retweet behavior of 4 typical users in the real-world data set. Panels
(a,c,e,g) show the spike trains of link and retweet events and Panels (b,d,f,h)
show the estimated link and retweet intensities with exponential decaying kernel.
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Figures 14 visualizes the retweet and link events, aggregated across different targets, and
the corresponding intensities given by our trained model for four source nodes, picked at
random. Here, it is already apparent that retweets (of his posts) and link creations (to
him) are clustered in time and often follow each other, and our fitted model intensities
successfully track such behavior. Further, Figure 15 compares the cross-covariance between
the empirical retweet and link creation intensities and between the retweet and link creation
intensities given by our trained model, computed across multiple realizations, for the same
nodes. For all nodes, the similarity between both cross-covariances is striking and both has

8.2 Retweet and Link Coevolution

We use a data set that contains both link events as well as tweets/retweets from millions
of Twitter users (Antoniades and Dovrolis, 2015). In particular, the data set contains data
from three sets of users in 20 days; nearly 8 million tweet, retweet, and link events by more
than 6.5 million users. The first set of users (8,779 users) are source nodes s, for whom all
their tweet times were collected. The second set of users (77,200 users) are the followers of
the first set of users, for whom all their retweet times (and source identities) were collected.
The third set of users (6,546,650 users) are the users that start following at least one user
in the first set during the recording period, for whom all the link times were collected.
In our experiments, we focus on all events (and users) during a 10-day period (Sep 21
2012 - 30 Sep 2012) and used the information before Sep 21 to construct the initial social
network (original links between users). We model the co-evolution in the second 10-day
period using our framework. More specifically, in the coevolution modeling, we have 5,567
users in the first layer who post 221,201 tweets. In the second layer 101,465 retweets are
generated by the whole 77,200 users in that interval. And in the third layer we have 198,518
users who create 219,134 links to 1978 users (out of 5567) in the first layer.
We split events into a training set (covering 85% of the retweet and link events) and a
test set (covering the remaining 15%) according to time, i.e., all events in the training set
occur earlier than those in the test set. We then use our model estimation procedure to fit
the parameters from an increasing proportion of events from the training data.

8.1 Data Set Description & Experimental Setup

and, by doing so, it predicts retweet and link creation events more accurately than several
alternatives.

Figure 15: Empirical and simulated cross covariance of link and retweet intensities for four
typical users.
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Temporal Networks. Much effort has been devoted to modeling the evolution of social
networks (Phan and Airoldi, 2015; Doreian and Stokman, 2013; Wang et al., 2011). Of
the proposed methods in characterizing link creation, triadic closure (Granovetter, 1973)
is a simple but powerful principle to model the evolution based on shared friends. Modeling timing and rich features of social interactions has been attracting increasing interest

In this section, we survey related works in modeling temporal networks followed by a subsection on co-evolution dynamics. Next, we review the literature on information diffusion
models. Finally, we conclude this section by works that are closely related and are developed
for almost the same goal.

9. Related Work

Given all the subsequent event times generated using a Hawkes process, i.e., ti and ti+1 ,
to the time changing theorem (Daley and Vere-Jones, 2007), the intensity integrals
Raccording
ti+1
λ(t) dt should conform to the unit-rate exponential distribution. Figure 18 presents the
ti
quantiles of the intensity integrals computed using intensities with the parameters estimated
from the real Twitter data against the quantiles of the unit-rate exponential distribution. It
clearly shows that the points approximately lie on the same line, giving empirical evidence
that a Hawkes process is the right model to capture the real dynamics.

8.5 Model Checking

Figure 18: Quantile plots of the intensity integrals from the real link and retweet event time.
The alignment of blue dots (empirical) and red ones (theoretical) shows the
suitability of our model in representing observed traces of activities in Twitter.

(a) Link process

Q. observed time samples

Figure 17: Prediction performance in the Twitter data set by means of average rank (AR)
and success probability that the true (test) events rank among the top-1 events
(Top-1).

AvgRank

Q. exponential distribution

0
1

Figure 16: Empirical cross covariance and learned model parameters for 1,000 users, picked
at random. The x-axis indexes the users while their α, β and the empirical cross
covariance are shown in different colors on the y-axis.

their peak around 0, i.e., retweets and link creations are highly correlated and co-evolve
over time. For ease of exposition, as in Section 6, we illustrated co-evolution using four
nodes, however, we found consistent results across nodes.
To further verify that our model can capture the coevolution, we compute the average
value of the empirical cross covariance function, denoted by mcc , per user. Intuitively, one
could expect that our model estimation method should assign higher α and/or β values to
users with high mcc . Figure 16 confirms this intuition on 1,000 users, picked at random.
Whenever a user has high α and/or β value, she exhibits a high cross covariance between
her created links and retweets.
8.3 Link Prediction
We use our model to predict the identity of the source for each test link event, given
the historical (link and retweet) events before the time of the prediction, and compare its
performance with the same two state of the art methods as in the synthetic experiments,
TRF (Antoniades and Dovrolis, 2015) and WENG (Weng et al., 2013).
We evaluate the performance by computing the probability of all potential links using
different methods, and then compute (i) the average rank of all true (test) events (AvgRank)
and, (ii) the success probability (SP) that the true (test) events rank among the top-1
potential events at each test time (Top-1). We summarize the results in Figure 17(ab), where we consider an increasing number of training retweet/tweet events. Our model
outperforms TRF and WENG consistently. For example, for 8 · 104 training events, our
model achieves a SP 2.5x times larger than TRF and WENG.
8.4 Activity Prediction
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We use our model to predict the identity of the node that generates each test diffusion event,
given the historical events before the time of the prediction, and compare its performance
with a baseline consisting of a Hawkes process without network evolution. For the Hawkes
baseline, we take a snapshot of the network right before the prediction time, and use all
historical retweeting events to fit the model. Here, we evaluate the performance the via the
same two measures as in the link prediction task and summarize the results in Figure 17(cd) against an increasing number of training events. The results show that, by modeling the
co-evolutionary dynamics, our model performs significantly better than the baseline.
27

Top1
Q. exponential distribution

Parameters

29

JMLR 18(41):1-49, 2017

Information Diffusion. The presence of timing information in event data and the ability to model such information bring up the interesting question of how to use the learned
model for time-sensitive inference or decision making. Furthermore, the development of
online social networks has attracted a lot of empirical studies of the online influence patterns of online communities (Guo et al., 2015), micro blogs (Bakshy et al., 2011) and so on.
However, these works usually consider only relatively simple models for the influence, which
may not be very predictive. For more mathematically oriented works, based on information
cascades (a special case of asynchronous event data) from social networks, discrete-time
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diffusion models have been fitted to the cascades (Goyal et al., 2010a) and used for decision making, such as identifying influencer (Agarwal et al., 2008), maximizing information
spread (Rodriguez and Schölkopf, 2012), and marketing planing (Richardson and Domingos, 2002; Bhagat et al., 2012). Several recent experimental comparisons on both synthetic
and real world data showed that continuous-time models yield significant improvement in
settings such as recovering hidden diffusion network topologies from cascade data (Du et al.,
2012; Gomez-Rodriguez et al., 2011; Yang and Zha, 2013; Zarezade et al., 2015), predicting
the timings of future events (Rodriguez et al., 2013), finding source of information cascades (Farajtabar et al., 2015a). Besides this, Point process modeling of activity in network
is becoming increasingly popular (Parikh et al., 2012; Hall and Willett, 2016; Farajtabar
et al., 2017). These time-sensitive modeling and decision making problems can usually be
framed into optimization problems and are usually difficult to solve. This brings up interesting optimization problems, such as efficient submodular function optimization with provable
guarantees (Goyal et al., 2010b; Kempe et al., 2003), sampling methods (Lian et al., 2014;
Gunawardana et al., 2011) for inference and prediction, and convex framework proposed
in (Farajtabar et al., 2014; Karimi et al., 2016) to make decisions to shape the activity to a
variety of objectives and intervene in networks (Farajtabar et al., 2017). Furthermore, the
high dimensional nature of modern event data makes the evaluation of objective function
of the optimization problem even more expensive. Therefore, more accurate modeling and
sophisticated algorithm needed to be designed to tackle the challenges posed by modern
event data applications.
The work most closely related to ours is the empirical study of information diffusion
and network evolution (Gross and Blasius, 2008; Singer et al., 2012; Weng et al., 2013;
Antoniades and Dovrolis, 2015; Myers and Leskovec, 2014). Among them, (Weng et al.,
2013) was the first to show experimental evidence that information diffusion influences
network evolution in microblogging sites both at system-wide and individual levels. In
particular, they studied Yahoo! Meme, a social micro-blogging site similar to Twitter,
which was active between 2009 and 2012, and showed that the likelihood that a user u starts
following a user s increases with the number of messages from s seen by u. Antoniades and
Dovrolis (2015) investigated the temporal and statistical characteristics of retweet-driven
connections within the Twitter network and then identified the number of retweets as a
key factor to infer such connections, in agreement with (Weng et al., 2013). Besides link
prediction, they argue about which potential network motifs TRF events can lead to in the
network structure. Myers and Leskovec (2014) showed that the Twitter network can be
characterized by steady rates of change, interrupted by sudden bursts of new connections,
triggered by retweet cascades. They also developed a method to predict which retweets are
more likely to trigger these bursts. Finally, Tran et al. (2015) utilized multivariate Hawkes
process to establish a connection between temporal properties of activities and the structure
of the network. In contrast to our work they studied the static properties, e.g., community
structure and inferred the latent clusters using the observed activities.
However, there are fundamental differences between the above-mentioned studies and
our work. First, they only characterize the effect that information diffusion has on the
network dynamics, but not the bidirectional influence. In contrast, our probabilistic generative model takes into account the bidirectional influence between information diffusion
and network dynamics. Second, previous studies are mostly empirical and only make binary

in the social network modeling community (Goldenberg et al., 2010). However, most of
these models use timing information as discrete indices. The dynamics of the resulting
time-discretized model can be quite sensitive to the chosen discretization time steps; Too
coarse a discretization will miss important dynamic features of the process, and too fine
a discretization will increase the computational and inference costs of the algorithms. In
contrast, the events we try to model tend to be asynchronous with a number of different
time scales. Recently, Snijders and Luchini (2006) used a Cox-intensity Poisson model with
exponential random graphs to model friendship dynamics. Brandes et al. (2009) extended
this model to the temporal sequence of interactions that take place in the social network,
but with insufficient model flexibility, and limited scalability. However, these works largely
fail to model the interdependency between events generated by different users, which is one
of the focuses of our proposed framework. Most of this line of work is summarized in a recent
survey (Holme, 2015), with a short section devoted to point process based approaches.

Co-evolution Dynamics. In machine learning and several other communities, both the
dynamics on the network and the dynamics of the network have been extensively studied,
and combining the two is a natural next step. For example, Bhattacharya et al. (2015)
claimed that content generation in social networks is influenced not just by their personal
features like age and gender, but also by their social network structure. Furthermore,
research has been done to address the co-evolution problems, for example, in the complex
network literature, under the name of adaptive system (Gross and Blasius, 2008). The main
premise is that the evolution of the topology depends on the dynamics of the nodes in
the network, and a feedback loop can be created between the two, which allows dynamical
exchange of information. In a different context, epidemiologists have found that nodes may
rewire their links to try to avoid contact with the infected ones (Gross et al., 2006). Coevolutionary models have been also developed for collective opinion formation, investigating
whether the coevolutionary dynamics will eventually lead to consensus or fragmentation of
the population (Zschaler et al., 2012). However, this line of research tends to be less datadriven.Moreover, although the general nonlinear dynamic-system based methods usually
address co-evolutionary phenomena that are macroscopic in nature, they lack the inference
power of statistical generative models which are more adapted to teasing out microscopic
details from the data. Finally, we would also like to mention a different line of research
exemplified by the actor-oriented models developed by Snijders (2014), where a continuoustime Markov chain on the space of directed networks is specified by local node-centric
probabilistic link change rules, and MCMC and method of moments are used for parameter
estimation. Hawkes processes we used are generally non-Markovian and making use of event
history far into the past.
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predictions on link creation events. For example, the work of (Weng et al., 2013; Antoniades and Dovrolis, 2015) predict whether a new link will be created based on the number of
retweets; and, (Myers and Leskovec, 2014) predict whether a burst of new links will occur
based on the number of retweets and users’ similarity. However, our model is able to learn
parameters from real world data, and predict the precise timing of both diffusion and new
link events.

10. Conclusion and Future Works
In this work, we proposed a joint continuous-time model of information diffusion and network evolution, which can capture the coevolutionary dynamics, can mimic the most common static and temporal network patterns observed in real-world networks and information
diffusion data, and can predict the network evolution and information diffusion more accurately than previous state-of-the-arts. Using point processes to model intertwined events in
information and social networks opens up many interesting venues for future. Our current
model is just a show-case of a rich set of possibilities offered by a point process framework,
which have been rarely explored before in large scale social network modeling. There are
quite a few directions that remain as future work and are very interesting to explore. For
example:
• A large and diverse range of point processes can also be used instead in the framework
and augment the current model without changing the efficiency of simulation and the
convexity of parameter estimation.
• We can incorporate features from previous state of the diffusion or network structure.
For example, one can model information overload by adding a nonlinear transfer
function on top of the diffusion intensity, or model peer pressure by adding a nonlinear
transfer function depending on the number of neighbors.
• There are situations that the processes are naturally evolve in different time scales. For
example, link dynamics is meaningful in the scale of days, however, the resolution in
which information propagation occurs is usually in hours or even minutes. Developing
an efficient mechanism to account for heterogeneity in time resolution would improve
the model’s ability to predict.
• We may augment the framework to allow time-varying parameters. The simulation
would not be affected and the estimation of time-varying interaction can still be carried
out via a convex optimization problem (Zhou et al., 2013b).
• Alternatively, one can use different triggering kernels for the Hawkes processes and
learn them to capture finer details of temporal dynamics.
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Appendix A. Notations

number of nodes in the network

Table 3: Table of Notations of the COEVOLVE framework
Description
m

link event: node u create at time t a link to source node s

retweet event: node u retweets at time t a tweet by source node s

Notation

el = (u, s, t)

history of retweet events by node u up to time t due to source s

er = (u, s, t)
r (t)
Hus

A(t)

Aus (t)

dN (t)

N (t)

Nus (t)

conditional intensity function of user u retweet an event due to source s

differential of link creation process matrix dA(t) := ( dAus (t) )u,s∈[m]

survival process matrix of all paris A(t) := ( Aus (t) )u,s∈[m]

survival process indicating whether u is directly following s at time t

differential of retweet process matrix dN (t) := ( dNus (t) )u,s∈[m]

count process matrix of all pairs N (t) := ( Nus (t) )u,s∈[m]

count process of the number of retweets of u due to source s up to time t

history of all link events up to time t

history of all retweet events up to time t

dA(t)

Hl (t)

Hr (t)

∗ (t)
γus

indicator function

set of followers of u at time t

∗ (t) )
matrix of information diffusion intensity functions Γ(t) = ( γus
u,s∈[m]

intensity of original tweets by a user u on his own initiative

I[·]
Fu (t)

Γ∗ (t)

ηu

conditional intensity function for user u follows source s at time t

decaying kernel with bandwidth ω; κω (t) = e−ωt
∗ (t)
λus

∗ (t) )
matrix of link creation intensity functions Λ∗ (t) = ( λus
u,s∈[m]

amount of increase in retweeting intensity when a tweet by source s hits

Λ∗ (t)

intensity of node u deciding to follow a source at her own initiative

βs

µu

collection of retweet events observed

amount of increase in linking intensity when a tweet by the source hits

κω (t)

E

likelihood of observation

collection of link creation events

αu

L
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auxiliary variable for lower-bounding the log-likelihood

A
νij

32

current time

t
|{z}

+

waiting time for the first event

s.
|{z}

(38)
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Sampling from a non-homogenous Poisson process is not straight-forward, therefore, Ogata’s
algorithm uses rejection sampling with a homogenous Poisson process as the proposal distribution. More in detail, given λ̂ = maxt≤τ ≤T λ∗sum (τ ), t0 is the time of first event of homogenous Poisson Process with rate λ̂. Then, we accept the sample time with probability
λ∗sum (t0 )/λ̂. Finally, the dimension firing the event is determined by sampling proportionally
to the contribution of the intensity of that user to the total intensity, i.e., λ∗u (t0 )/λ∗sum (t0 )
for 1 ≤ u ≤ U . This procedure is iterated until we reach the end of simulation time T .
Algorithm 5 presents the complete procedure.
Ogata’s algorithm would scale poorly with the dimension of the process, because, after
each sample, we would need to re-evaluate the affected intensities and find the upper bound.
As a consequence, a naive implementation to draw n samples require O(U n2 ) time complexity, where U is the number of dimensions. This is because for each sample we need to find
the new summation of intensities, which involves O(U ) individual ones, each taking O(n)
time to accumulate over this history. In our social networks application, we have m2 − m
point processes for link creation and m2 ones for retweeting, i.e., U = O(m2 ). Therefore,
Ogata’s algorithm takes O(m2 n2 ) time complexity.

t0 =

In this section, we revisit Ogata’s algorithm in more details. Consider a U -dimensional
point process in which each dimension u is characterized by a conditional intensity function
λ∗u (t).
P
∗
Ogata’s algorithm starts with summing the intensities, λ∗sum (τ ) = U
u=1 λu (τ ). Then,
0
assuming we have simulated up to time t, the next sample time, t , is the first event drawn
from the non-homogenous Poisson process with intensity λ∗sum (τ ) which begins at time
t. Here, the algorithm exploits that, given a fixed history, the Hawkes Process is a nonhomogenous Poisson process, which runs until the next event happens. Then, the new event
will result in an update of the intensities and a new non-homogenous Poisson process starts
until the next event.
It can be shown that the waiting time of a non-homogeneous Poisson process is an exponentially distributed random
R variable with rate equal to integral of the intensity (Ross,
t+s
2011), i.e. s ∼ Exponential t λ∗sum (τ ) dτ . Thus, the next sample time can be computed as

Appendix B. Basic Simulation Algorithm
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break
end if
λ̄ ← λ∗sum (t0 )
d ∼ U nif orm(0, 1)
if d × λ̂ > λ̄ then
Rejection test
t ← t0
Goto 6
end if
S←0
d ∼ U nif orm(0, 1)
for u ← 1 to U do
S ← S + λ∗u (t0 )
if S ≥ d then
i←i+1
Attribution test
ui ← u
ti ← t0
t ← t0
Goto 6
end if
end for
Given the new event just sampled update intensity functions λ∗u (τ )
end while

Input: U dimensional Hawkes process {λ∗u (t)}u=1...U , Due time: T
Output: Set of events: H = {(t1 , u1 ), . . . , (tn , un )}
t←0
i←0
while t < T doP
∗
λ∗sum (τ ) ← U
u=1 λu (τ )
λ̂ ← maxt≤τ ≤T λ∗sum (τ )
s ∼ Exponential(λ̂)
Sampling next
t0 ← t + s
event time
if t0 ≥ T then

Algorithm 5 Ogata’s Algorithm
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Appendix C. Proofs
Lemma 1 Assume we have U independent non-homogeneous Poisson processes with inten∗ (τ ). Take random variable τ equal to the time of process u’s first event
sity λ1∗ (τ ), . . . , λU
u
after time t. Define τmin = min1≤u≤U {τu } and umin = argmin1≤u≤U {τu }. Then,
∗
(a) τmin is the first event after time t of the Poisson process with intensity λsum
(τ ). In
other words, τmin has the same distribution as the next event (t0 ) in Ogata’s algorithm.
λ∗ (x)
(b) umin follows the conditional distribution P(umin = u|τmin = x) = λ∗ U (x) . I.e. the
sum
dimension firing the event comes from the same distribution as the one in Ogata’s algorithm.

U
Y

 Z
exp −

t

t+x

t

λu∗ (τ ) dτ



U
Y

u=1
t+x

∗
λsum
(τ ) dτ

P(τu > x|x > t)

 Z
= 1 − exp −

t

λv∗ (τ ) dτ



.

Proof (a) The waiting time of the first event of a dimension
distributed1

R u is exponentially
t+τ
random variable (Ross, 2011); i.e., τu − t ∼ Exponential t u λu∗ (τ ) dτ . We have:

=1−

= x) =

u=1

= 1 − P(τ1 > x, . . . , τU > x|x > t) = 1 −

P(τmin ≤ x|x > t) = 1 − P(τmin > x|x > t) = 1 − P(min (τ1 , . . . , τU ) > x|x > t)

=

u|τmin

λu∗ (x) exp

−

t

 Z
Y
exp −

v

t

 Z
Y
exp −

.

v6=u

λv∗ (τ ) dτ

λu∗ (τ ) dτ

t+x

∗ (x)
λU
∗
λsum
(x) .



(40)

(39)
R
τ
∗
(τ ) dτ which can
Therefore, τmin − t is exponentially distributed with parameter t min λsum
∗
be seen as the first event of a non-homogenous poisson process with intensity λsum
(τ ) after
time t.
(b) To find the distribution of umin we have

 Z t+x
t+x
P(umin

= λu∗ (x)

After normalization we get P(umin = u|τmin = x) =

Theorem 2 The sequence of samples from Ogata’s algorithm and our proposed algorithm
follow the same distribution.

=

n
Y

i=1

P {(ti , ui )|(ti−1 , ui−1 ), . . . , (t1 , u1 )}

=

n
Y

i=1

P {(ti , ui )|Hti } .

Proof Using the chain rule the probability of observing HT = {(t1 , u1 ), . . . , (tn , un )} is
written as:
P {(t1 , u1 ), . . . , (tn , un )}

By fixing the history up to some time, say ti , all dimensions of multivariate Hawkes process
become independent of each other (until next event happens). Therefore, the above lemma
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1. If random variable X is exponentially distributed with parameter r, then fX (x) = r exp(−rx) is its
probability distribution function and FX (x) = 1 − exp(−rx) is the cumulative distribution function.
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can be applied to show that the next sample time from Ogata’s algorithm and the proposed
one come from the same distribution, i.e., for every i, P {(ti , ui )|Hti } is the same for both
algorithms. Thus, the multiplication of individual terms is also equal for both. This will
prove the theorem.

Theorem 3 The optimization problem defined by Equation (25) is jointly convex.

eir ∈E

X

eil ∈A

X

T

I[u = s] ηu


µu

0

Z

Z

0

T

0

Z

T

v∈Fui (ti )

X

v∈Fu (t)



Z

0

T

t=ti


κω2 (t) ? dNvs (t) dt.

(41)

κω1 (t) ? (Auv (t) dNvs (t)) dt





X

v∈Fu (t)

t=ti

(1 − Aus (t))

κω2 (t) ? dNvs (t)

dt + I[u 6= s] βs
X

v∈Fui (ti )

(1 − Aus (t)) dt + αu

log µui + αui

u,s∈[m]

X

Proof We expand the likelihood by replacing the intensity functions into Equation (24):




X
X
log I[ui = si ] ηui + I[ui 6= si ] βsi
κω1 (t) ? (Aui v (t) dNvsi (t))
L=

−
+

−

u,s∈[m]

T

eir ∈E

T

Z

T

t=ti



κω2 (t) ? dNvs (t)

t=ti

 (42)
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(1 − Aus (t))(κω2 (t) ? dNus (t)) dt.

v∈Fui (ti )

X

κω1 (t) ? (Auv (t) dNvs (t)) dt

(1 − Aus (t)) dt + αu



If we stack all parameters in a vector x = P
({µu } , {αu } , {ηP
u } , {βs }), one can easily notice
that the log-likelihood L can be written as j log(aj> x) − k bk> x, which is clearly a concave function with respect to x (Boyd and Vandenberghe, 2004), and thus −L is convex.
Moreover, the constraints are linear inequalities and thus the domain is a convex set. This
completes the proof for convexity of the optimization problem.

X

0

Z

v∈Fui (ti )

v∈Fu (t)



κω1 (t) ? (Aui v (t) dNvsi (t))

Lemma 4 The log-likelihood in Equation (24) is lower-bownded as follows:
X
X
I[ui = si ] log (ηui ) +
I[ui 6= si ] log(βsi )
L ≥ L0 =

X

X

I[ui 6= si ] log
ηu T + βs

Z

0

νi1 log(νi1 ) + νi2 log(νi2 )

µu

0

νi1 log(µui ) + νi2 log(αui ) + νi2 log

u,s∈[m]

eil ∈A

u,s∈[m]

X

eil ∈A

X

X

X

eir ∈E

eir ∈E

+
−
+
−
−
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v∈Fui (ti )

µui
νi1



αu
+ νi2 log  i
νi2





X





v∈Fui (ti )

X

t=ti






κω2 (t) ? dNvs (t)


κω2 (t) ? dNvs (t)

t=ti

t=ti





(43)

2. http://gephi.github.io/
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Figure 19 visualizes several snapshots of the largest connected component (LCC) of two
300-node networks for two particular realizations of our model, under two different values
of β. In both cases, we used µ = 2 × 10−4 , α = 1, and η = 1.5. The top two rows
correspond to β = 0 and represent one end of the spectrum, i.e., Erdos-Renyi random
network. Here, the network evolves uniformly. The bottom two rows correspond to β = 0.8
and represent the other end, i.e., scale-free networks. Here, the network evolves locally, and
clusters emerge naturally as a consequence of the local growth. They are depicted using a
combination of forced directed and Fruchterman Reingold layout with Gephi2 . Moreover,
the figure also shows the retweet events (from others as source) for two nodes, A and B, on
the bottom row. These two nodes arrive almost at the same time and establish links to two
other nodes. However, node A’s followees are more central, therefore, A is being exposed
to more retweets. Thus, node A performs more retweets than B does. It again shows how
information diffusion is affected by network structure. Overall, this figure clearly illustrates
that by careful choice of parameters we can generate networks with a very different structure.

D.1 Network Visualization

In this section we complement the properties of simulated coevolved networks and cascades
by visualizing the outcomes, i.e., the networks and cascades.

Appendix D. More Properties of the Coevolution Model

Replacing the logarithm with the lower-bound gets the result.

− νi1 log(νi1 ) − νi2 log(νi2 ).

i


κω2 (t) ? dNvs (t)

v∈Fui (ti )

v∈Fui (ti )

X

≥ νi1 log(µui ) + νi2 log(αui ) + νi2 log 

≥ νi1 log



µu
αu
= log νi1 i + νi2 i
νi1
νi2



Proof We can lower-bound the logarithm in the log-likelihood (Equation (41)) using
Jensen’s inequality as follows:


X


log µui + αui
κω2 (t) ? dNvs (t) t=t 

B
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A
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Figure 19: Evolution of two networks: one with β = 0 (1st and 2nd rows) and another one
with β = 0.8 (3rd and 4th rows), and spike trains of nodes A and B (5th row).
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Figure 20: Coevolutionary dynamics of events for the network shown in Figure 21. Explanation is provided in section D.2.
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Figure 21: Network structure in which events from Figure 20 take place shown at different
time points with the important nodes and links higlighted.

D.2 Cascade Visualization

Figure 20 illustrates the spike trains (tweet, retweet, and link events) for the first 140 nodes
of a network simulated with a similar set of parameters as above and Figure 21 shows
three snapshots of the network at different times. First, consider node 6 in the network.
After she joins the network, a few nodes begin to follow him. Then, when she starts to
tweet, her tweets are retweeted many times by others (red spikes) in the figure and these
retweets subsequently boost the number of nodes that link to her (Magenta spikes). This
clearly illustrates the scenario in which information diffusion triggers changes on the network
structure. Second, consider nodes 46 and 68 and compare their associated events over time.
After some time, node 46 becomes much more active than node 68. To understand why,
note that soon after time 137, node 46 followed node 130, which is a very central node (i.e.
following a lot of people), while node 68 did not. This clearly illustrates the scenario in
which network evolution triggers changes on the dynamics of information diffusion.

Appendix E. Extensions

The basic model presented in Section 3 is just a show-case of the potential of point processes
in modeling networks and processes over them. In this section, we extend our model in a
variety of ways. More specifically, we explain how the model can be augmented to support
link removal, node birth and death, and connection specific parameters. We did not perform experiments with these extensions because our real-world data set does not contain
information regarding to link removal and node birth and death. Curating a comprehensive
data set that can be used in modeling all these aspects of networks is left as interesting
future work.
E.1 Link Deletion
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We can generalize our model to support link deletion by introducing an intensity matrix
∗ (t))
Ξ∗ (t) = (ξus
u,s∈[m] and model each individual intensity as a survival process. Assume
A+ (t) is the previously defined counting matrix A(t), which indicates the existence of an
− (t))
edge at time t. Then, we introduce a new counting matrix A− (t) = (Aus
u,s∈[m] , which

40

v∈F u

X

κω3 (t) ? dA−
vs (t)),
(45)

(44)

(46)

φ∗ (t) =  + θ

u,s∈[m(t)]

X

κω4 (t) ? dNus (t).

(48)

(47)

+

(49)

j=1
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Intuitively, we expect the nodes with lower activity to be more likely to leave the network
and thus its conditional intensity function to adopt the following form:


 
J
X
X
∗


σu (t) = (1 − lu (t))
πj gj (t) + h(t) −
κω5 (t) ? dNus (t)  ,
(50)

E[dl(t)|Hr (t) ∪ Hl (t)] = σ ∗ (t) dt.

P
Here,  is the constant rate of arrival and θ u,s∈[m(t)] κω4 (t) ? dNus (t) is the increased rate
of node arrival due to the increased activity of nodes. Intuitively, the higher the overall
activity in the existing network, the larger the number of new users.
The construction of the death process, md (t), is more involved. Every time a new user
joins the network, we start a survival process that controls whether she leaves the network.
Thus, we can stack all these survival processes in a vector, l(t) = (lu (t))u∈[m] , characterized
by a multidimensional conditional intensity function σ ∗ (t) = (σu (t))u∈[mb (t)] :

where

E[dmb (t) | Hr (t) ∪ Hl (t)] = φ∗ (t) dt,

where mb (t) and md (t) are counting processes modeling the numbers of nodes that join and
left the network till time t, respectively. The way we construct mb (t) and md (t) guarantees
that m(t) is always non-negative.
The birth process, mb (t), is characterized by a conditional intensity function φ∗ (t):

m(t) = mb (t) − md (t)

We can augment our model to consider the number of nodes m(t) to change over time:

E.2 Node Birth and Death

where the term A+
us (t) guarantees that the link has positive intensity to be removed only if
it already exists, just like theP
term 1 − Aus (t) in Equation (21), the parameter ζu is the base
rate of link deletion and νs v∈F u κω3 (t) ? dA−
vs (t) is the increased link deletion intensity
due to increased number of followees of u who decided to unfollow s. This is an excitation
term due to deleted links to source s; given s is unfollowed by some followees of u, then u
may find s not a good source of information too.
Given a pair of nodes (u, s), the process starts with A+
us (t) = 0. Whenever a link is
created this process ends and a removal process A−
us (t) starts. Similarly, when the removal
process fires, the connection is removed and a new link creation process is instantiated.
These two processes interleave until the end.

∗
ξus
(t) = A+
us (t)(ζu + νs

Then, we define the intensity as

E[dA− (t) | Hr (t) ∪ Hl (t)] = Ξ∗ (t) dt,

indicates the lack of an edge at time t, and we define it via its intensity function as
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u=1

X

mb (t)

lu (t),

(51)
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Through this extension we can easily incorporate content quality of events as well;
Tweets containing interesting ideas, hot news, or specific language will be retweeted more.
Furthermore, these high quality tweets can increase the likelihood of new connections. All
these contextual features can be easily incorporated.

v∈Fu (t)

Similarly, we can parameterize the coefficients of the link creation intensity by a Kdimensional vector and write the counter-part of Equation (20) incorporating features of
the node for computing the intensity:
X
>
λ∗us (t) = (1 − Aus (t))(µ>
κω2 (t) ? dNvs (t)).
(53)
u xu + αu xu

v∈Fu (t)

Interestingly, we can augment the information diffusion intensity as follows. We introduce a K-dimensional link intensity parameter ηu in which each dimension reflects the
contribution of the corresponding element in the feature vector to the intensity and replace
the baseline rate ηu by ηu> xu . Similarly, we introduce a K-dimensional vector βs where
each dimension has a corresponding element in the feature vector xs and substitute βs
by βs xs . Therefore, one can rewrite the original information diffusion intensity given by
Equation (19) as:
X
∗
γus
(t) = I[u = s] ηu> xu + I[u 6= s] βs> xs
κω1 (t) ? (Auv (t) dNvs (t)) .
(52)

One can simply enrich the model by taking into account the longitudinal or static information of the networked data, e.g., by conditioning the intensity on additional external
features, such as node attributes or edge types (Li and Zha, 2014; Tran et al., 2015). Let
us assume each user u comes with a K-dimensional feature vector xu including properties
such as her age, job, location, number of followers, number of tweets, and more generally
structural features (Fadaee et al., 2015). A good feature set can represent the local and
global structure of the networks. For example, when the feature set includes number of followers or location information, the link creation process can be reduced to Barabasi-Albert
model (Barabási and Albert, 1999), Watts-Strogatz model(Watts and Strogatz, 1998), or
their many variations depending on the coefficients.

E.3 Incorporating Features

which completes the modeling of the time-varying number of nodes.

md (t) =

Then, given the individual death processes the total death process is

PJ
where the term (1 − lu (t)) ensures that a node is deleted only once,
j=1 πj gj (t) is the
history-independent typical rate of death, shared across nodes, which we represent by a
grid of known temporal kernels, {gj (t)} with unknown coefficients, {πj }, and the second
term is capturing the effect of activity on the probability of leaving the network. More
specifically, if a node is not active, we assume its intensity is upper bounded by h(t) and the
most P
active she becomes, the lower its probability of leaving the network and the larger the
term s∈[m(t)] κω5 (t) ? dNus (t). The hinge function (·)+ guarantees the intensity is always
positive.
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Another important feature that can be used is the time. The framework can handle
situations that the base rates are time dependent, i.e., ηu (t) or µu (t). Please refer to
(Tabibian et al., 2017; Du et al., 2015) for good instances of time dependent base rates. For
example, where there are seasonal increase
PK or decrease in the follow or retweet processes, we
can write the base rate as µu (t) = k=1
rk hk (t) where hk (t)’s are sinusoidal kernels with
different width and rk ’s are the coefficients to be learned.
Surprisingly enough, all the results for convexity for parameter learning, and efficient
simulation techniques are still valid for this case too. As far as the features contribute to the
intensity linearly, the log-likelihood is concave and we can simulate the model as efficiently
as the original model (Li and Zha, 2014; Tran et al., 2015).
E.4 Connection Specific Parameters

v∈Fu (t)

Up to this point, the parameters of the link creation and removal, node birth and death and
the information diffusion intensities depend on one end point of the interactions. For example βs and ηu in the information diffusion intensity given by Equation (19) only depend on
the source and the actor, respectively. However, proceeding with this example, parameters
can be made connection specific, i.e., Equation (19) can be restated as
X
κω1 (t) ? (Auv (t) dNvs (t)) ,
(54)

∗
γus
(t) = I[u = s] ηus + I[u 6= s] βus

where ηus is the base intensity of u retweeting a tweet originated by s and βus is the
coefficient of excitement of u to retweet s when one of her followees retweets something
from s.

Given enough computational resources and large amounts of historical data, one can take
into account more complex scenarios and larger and more flexible models. For example, the
middle user, say v, who is along the path of diffusion and forwards the tweet originated from
s to u can also be taking into consideration, i.e., defining βsvu as the amount of increase
in intensity of user u retweeting from s when user v has just retweeted a post from s. All
desirable properties of simulation algorithm and parameter estimation method still hold.
E.5 Source-oblivious Information Propagation

JMLR 18(41):1-49, 2017

Our framework, Coevolve, relies on the assumption that the identity of the original source
is preserved through the information propagation process. However, some platforms may
only keep the last hop in the propagation. Furthermore, this assumption may be violated
when users copy the content of the posts rather than reshare or retweet it. The current
framework, can be easily extended to handle such cases. Basically, the source-oblivious
problem can be posed as a missing (or noisy) data problem which amounts to model and infer
the propagation process via incomplete observation and has been studied recently (Zipkin
et al., 2016; Du et al., 2015; Stomakhin et al., 2011). Furthermore, the unobserved identity
of the source can be modeled as a latent variable and inferred simultaneously with the
Hawkes diffusion network (Yang and Zha, 2013).
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k=1

r−1
X

where ε ∼ N (0, Ip ). Thus, Lrk = 0 (for k < r) can be interpreted as meaning that in
predicting Xr from the previous random variables, one does not need to know Xk . This observation has motivated previous work, including Pourahmadi (1999); Wu and Pourahmadi
(2003); Huang et al. (2006); Shojaie and Michailidis (2010); Khare et al. (2016). While
these methods assume sparsity in L, they do not require local dependence because each
variable is allowed to be dependent on predecessors that are distant from it (compare the
upper left to the upper right panel of Figure 10).

Lrr Xr = −

In the context of variables with a natural ordering, by contrast, almost no work uses
convex optimization to flexibly estimate Ω while exploiting the ordering structure. Sparsity
is usually induced via the Cholesky decomposition of Σ, which leads to a natural interpretation of sparsity. Consider the Cholesky decomposition Σ = QQT , which implies Ω = LT L
for L = Q−1 for lower triangular matrices Q and L with positive diagonals. The assumption
that X ∼ N (0, Σ) is then equivalent to a set of linear models in terms of rows of L, i.e.,
L11 X1 = ε1 and

In general settings where variables do not necessarily have a known ordering, two main
types of convex methods with strong theoretical results have been developed for introducing
sparsity in Ω. The first approach, known as the graphical lasso (Yuan and Lin, 2007;
Banerjee et al., 2008; Friedman et al., 2008; Rothman et al., 2008), performs penalized
maximum likelihood, solving minΩ0,Ω=ΩT L (Ω) + λP (Ω), where L(Ω) = − log det Ω +
P
n−1 ni=1 xTi Ωxi is, up to constants, the negative log-likelihood of a sample of n independent
Gaussian random vectors and P (Ω) is the (vector) `1 -norm of Ω. Zhang and Zou (2014)
introduce a new convex loss function called the D-trace loss and propose a positive definite
precision matrix estimator by minimizing an `1 -penalized version of this loss. The second
approach is through penalized pseudo-likelihood, the most well-known of which is called
neighborhood selection (Meinshausen and Bühlmann, 2006). Estimators in this category are
usually solved by a column-by-column approach and thus are more amenable to theoretical
analysis (Yuan, 2010; Cai et al., 2011; Liu and Luo, 2012; Liu and Wang, 2012; Sun and
Zhang, 2013; Khare et al., 2014). However they are not guaranteed to be positive definite
and do not exploit the symmetry of Ω. Peng et al. (2009) propose a partial correlation
matrix estimator that develops a symmetric version of neighborhood selection; however,
positive definiteness is still not guaranteed.

genome. In such a context, it is often reasonable to assume that random variables that
are far away in the ordering are less dependent than those that are close together. For
example, it is known that genetic mutations that occur close together on a chromosome
are more likely to be coinherited than mutations that are located far apart. We propose
a method for estimating the precision matrix based on this assumption while also allowing
each random variable to have its own notion of closeness.

Yu and Bien

Estimating large inverse covariance matrices is a fundamental problem in modern multivariate statistics. Consider a random vector X = (X1 , . . . , Xp )T ∈ Rp with mean zero and
covariance matrix E(XX T ) = Σ. Unlike the covariance matrix, which captures marginal
correlations among variables in X, the inverse covariance matrix Ω = Σ−1 (also known as
the precision matrix) characterizes conditional correlations and, under a Gaussian model,
Ωjk = 0 implies that Xj and Xk are conditionally independent given all other variables.
When p is large, it is common to regularize the precision matrix estimator by making it
sparse (see, e.g., Pourahmadi, 2013). This paper focuses on the special context in which
variables have a natural ordering, such as when data are collected over time or along a

1. Introduction

In many applications, data come with a natural ordering. This ordering can often induce
local dependence among nearby variables. However, in complex data, the width of this
dependence may vary, making simple assumptions such as a constant neighborhood size
unrealistic. We propose a framework for learning this local dependence based on estimating
the inverse of the Cholesky factor of the covariance matrix. Penalized maximum likelihood
estimation of this matrix yields a simple regression interpretation for local dependence in
which variables are predicted by their neighbors. Our proposed method involves solving
a convex, penalized Gaussian likelihood problem with a hierarchical group lasso penalty.
The problem decomposes into independent subproblems which can be solved efficiently
in parallel using first-order methods. Our method yields a sparse, symmetric, positive
definite estimator of the precision matrix, encoding a Gaussian graphical model. We derive
theoretical results not found in existing methods attaining this structure. In particular, our
conditions for signed support recovery and estimation consistency rates in multiple norms
are as mild as those in a regression problem. Empirical results show our method performing
favorably compared to existing methods. We apply our method to genomic data to flexibly
model linkage disequilibrium. Our method is also applied to improve the performance of
discriminant analysis in sound recording classification.
Keywords: Local dependence, Gaussian graphical models, precision matrices, Cholesky
factor, hierarchical group lasso
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r = 2, . . . , p. (2)

xir +

r−1
X

k=1

Lrk xik /Lrr

!2

.
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r − Kr ≤ k ≤ r − 1,

r=1 i=1
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for Lrk 6= 0,

L̂ ∈

arg min

L:Lrr >0
Lrk =0 for r<k

−2

r−1
X
`=1

r=1

log Lrr +

W (`) ∗ Lgr,`

2

=

i=1

r−1
X

`=1

X̀

m=1

r=2

2
2
w`m
Lrm

The penalty Pr , which is applied to the r-th row, is defined by
Pr (Lr· ) =

4

,

(6)
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where W (`) = (w`1 , . . . , w`` ) ∈ R` is a vector of weights, ∗ denotes element-wise multiplication, and Lgr,` denotes the vector of elements of L from the group gr,` , which corresponds

!1/2

For a given tuning parameter λ ≥ 0, we define our estimator L̂ to be a minimizer of the
following penalized negative Gaussian log-likelihood
(
)
p
p
n
X
X
1X
kLxi k22 + λ
Pr (Lr· ) .
(5)
n

2. Estimator

This connection has motivated previous work with the modified Cholesky decomposition,
in which Trk = −Lrk /Lrr are the coefficients of a linear model in which Xr is regressed on
−2 corresponds to the error variance. The second key choice
its predecessors, and Drr = Lrr
is our use of a hierarchical group lasso in place of the nested lasso’s nonconvex penalty.
We introduce here some notation used throughout the paper. For two sequences of
constants a(n) and b(n), the notation a(n) = o (b(n)) means that for every ε > 0, there
exists a constant N > 0 such that |a(n)/b(n)| ≤ ε for all n ≥ N . And the notation
a(n) = O (b(n)) means that there exists a constant N > 0 and a constant M > 0 such that
|a(n)/b(n)| ≤ M for all n ≥ N . For a sequence of random variables A(n), the notation
A(n) = OP (b(n)) means that for every ε > 0, there exists a constant M > 0 such that
P (|A(n)/b(n)| > M ) ≤ ε for all n.
Pp
Pp
2
1/2 and
For a vector v = (v1 , . . . , vp ) ∈ Rp , we define kvk1 = j=1
|v
j |, kvk2 = ( j=1 vj )
kvk∞ = maxj |vj |. For a matrix M ∈ Rn×p , we define the element-wise norms
vertical
P by two
2 )1/2 . For
bars. Specifically, kM k∞ = maxjk |Mjk | and Frobenius norm kM kF = ( j,k Mjk
q ≥ 1, we define the matrix-induced (operator) q-norm by three vertical bars: |||M |||q =
max
kM vk . Important special cases include |||M ||| , also known as the spectral norm,
kvk
q
2
q =1
Pp
whichP
is the largest singular value of M , as well as |||M |||1 = maxk j=1
|Mjk | and |||M |||∞ =
p
maxj k=1
|Mjk |. Note that |||M |||1 = |||M |||∞ when M is symmetric.
Given a p-vector v, a p × p matrix M , and an index set T , let vT = (vi )i∈T be the
|T |-subvector and MT the p × |T | submatrix with columns selected from T . Given a second
index set T 0 , let MT T 0 be the |T | × |T 0 | submatrix with rows and columns of M indexed by
T and T 0 , respectively. Specifically, we use Lr· to denote the r-th row of L.

r=1

is convex in L. This parametrization is considered in Aragam and Zhou (2015), Khare
et al. (2014), and Khare et al. (2016). Maximum likelihood estimation of L preserves the
regression interpretation by noting that

r−1
X

Lrk Xk + εr ,

i=1

p
p
n
X

1 XX 2
log Lrr +
L LT L = −2
Lrr
n

The assumption of “local dependence” can be expressed as saying that each variable Xr
can be best explained by exactly its Kr closest predecessors:
Lrr Xr = −
k=r−Kr

(3)

Note that this does not describe all patterns of a variable depending on its nearby variables.
For example, Xr can be dependent on Xr−2 but not on Xr−1 . In this case, the dependence
is still local, but would not be captured by (2). We focus on the restricted class (2) since it
greatly simplifies the interpretation of the learned dependence structure by capturing the
extent of this dependence in a single number Kr , the neighborhood size.
Another desirable property of model (2) is that it admits a simple connection between
the sparsity pattern of L and the sparsity pattern of the precision matrix Ω in the Gaussian
graphical model. In particular, straightforward algebra shows that for j < k,
Lkj = · · · = Lpj = 0 =⇒ Ωjk = 0.

r=1
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(4)

Statistically, this says that if none of the variables Xk , . . . , Xp depends on Xj in the sense
of (1), then Xj and Xk are conditionally independent given all other variables.
Bickel and Levina (2008) study theoretical properties in the case that all bandwidths,
Kr , are equal, in which case model (2) is a Kr -ordered antedependence model (Zimmerman
and Nunez-Anton, 2009). A banded estimate of L then induces a banded estimate of Ω. The
nested lasso approach of Levina et al. (2008) provides for “adaptive banding”, allowing Kr to
vary with r (which corresponds to variable-order antedependence models in Zimmerman and
Nunez-Anton, 2009); however, the nested lasso is non-convex, meaning that the proposed
algorithm does not necessarily minimize the stated objective and theoretical properties of
this estimator have not been established.
In this paper, we propose a penalized likelihood approach that provides the flexibility
of the nested lasso but is formulated as a convex optimization problem, which allows us to
prove strong theoretical properties and to provide an efficient, scalable algorithm for computing the estimator. The theoretical development of our method allows us to make clear
comparisons with known results for the graphical lasso (Rothman et al., 2008; Ravikumar
et al., 2011) in the non-ordered case. Both methods are convex penalized likelihood approaches, so this comparison highlights the similarities and differences in the ordered and
non-ordered problems.
There are two key choices we make that lead to a convex formulation. First, we express the optimization problem in terms of the Cholesky factor L. The nested lasso and
other methods (starting with Pourahmadi 1999) use the modified Cholesky decomposition,
Ω = T T D−1 T , where T is a lower-triangular matrix with ones on its diagonal and D is a
diagonal matrix with positive entries. While L(Ω) is convex in Ω, the negative log-likelihood
L(T T D−1 T ) is not jointly convex in T and D. By contrast,

i=1

p
n
n
X

 1X
1X
L LT L = − log det LT L +
log Lrr +
xiT LT Lxi = −2
kLxi k22
n
n

3

`=1

m=1

(7)

5
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This observation means that the computation can be easily parallelized, which potentially
can achieve a linear speed up with the number of CPU cores. Theoretically, to analyze the
properties of L̂ it is easier to start by studying an estimator of each row, i.e., a solution
to (8). We will see in Section 4 that problem (8) has connections to a penalized regression
problem, meaning that both the assumptions and results we can derive are better than if
we were working with a penalty based on Ω.

but also consider the unweighted case (in which w`m = 1). The decay counteracts the fact
that the elements of L appear in differing numbers of groups (for example Lr1 appears
in r − 1 groups whereas Lr,r−1 appears in just one group). In a related problem, Bien
et al. (2016) choose weights that decay more slowly with ` − m than (7). Our choice
makes the enforcement of hierarchy weaker so that our penalty behaves more closely to the
lasso penalty (Tibshirani, 1996). The choice of weight sequence in (7) is more amenable to
theoretical analysis; however, in practice the unweighted case is more efficiently implemented
and works well empirically.
P
Problem (5) is convex in L. While − log det(·) is strictly convex, − r log(Lrr ) is not
strictly convex in L. Thus, the arg min in (5) may not be unique. In Section 4, we provide
sufficient conditions to ensure uniqueness with high probability.
In Appendix A, we show that (5) decouples into p independent subproblems, each of
which estimates one row of L. More specifically, let X ∈ Rn×p be a sample matrix with
independent rows xi ∼ N (0, Σ), L̂11 = n1/2 (XT1 X1 )−1/2 and for r = 2, . . . , p,

!1/2 
r−1


X
X̀
1
2
2
2
L̂r,1:r = arg min −2 log βr + kX1:r βk2 + λ
w`m βm
.
(8)

n
β∈Rr :βr >0 

w`m

1
=
,
(` − m + 1)2

Since gr,1 ⊂ gr,2 ⊂ · · · ⊂ gr,r−1 , each row r of L is penalized with a sum of r − 1 nested,
weighted `2 -norm penalties. This is a hierarchical group lasso penalty (Yuan and Lin, 2007;
Zhao et al., 2009; Jenatton et al., 2011; Yan and Bien, 2015) with group structure conveyed
in Figure 1.
With w`m > 0, this nested structure always puts more penalty on those elements that
are further away from the diagonal. Since the group lasso has the effect of setting to zero a
subset of groups, it is apparent that this choice of groups ensures that whenever the elements
in gr,` are set to zero, elements in gr,`0 are also set to zero for all `0 ≤ `. In other words,
for each row of L̂, the non-zeros are those elements within some (row-specific) distance of
the diagonal. This is in contrast to the `1 -penalty as used in Khare et al. (2016), which
produces sparsity patterns with no particular structure (compare the top-left and top-right
panels of Figure 10).
The choice of weights, w`m , affects both the empirical and theoretical performance of
the estimator. We focus primarily on a quadratically decaying set of weights,

to the first ` elements in the r-th row (for 1 ≤ ` ≤ r − 1):

gr,` = (r, `0 ) : `0 ≤ ` .
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0
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0
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0
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0
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0

0
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0

0

0
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0

0

0

0

m=1

X̀

2
2
γm
w`m

!1/2

s.t.

β=γ






.

β−r

(t+1)

βr(t+1) =

−B −
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B 2 − 8A
>0
2A

−1 

(r)
(r)
(t)
(t)
= − 2S−r,−r + ρI
2S−r,r βr(t+1) + u−r − ργ−r ,

√

Algorithm 1 presents the ADMM algorithm, which repeatedly minimizes this problem’s
augmented Lagrangian over β, then over γ, and then updates the dual variable u ∈ Rr . The
main computational effort in the algorithm is in solving (9) and (10). Note that (9) has
a smooth objective function. Straightforward calculus gives the closed-form solution (see
Appendix B for detailed derivation),

`=1


r−1

X
1
2
min
−2
log
β
+
kX
βk
+
λ
r
1:r
2
β,γ∈Rr :βr >0 
n

As observed above, we can compute L̂ by solving (in parallel across r) problem (8). Consider
an alternating direction method of multipliers (ADMM) approach that solves the equivalent
problem

3. Computation

In light of the regression interpretation of (1), L̂ provides an interpretable notion of local
dependence; however, we can of course also use our estimate of L to estimate Ω: Ω̂ = L̂T L̂.
By construction, this estimator is both symmetric and positive definite. Unlike a lasso
penalty, which would induce unstructured sparsity in the estimate of L and thus would not
be guaranteed to produce a sparse estimate of Ω, the adaptively banded structure in our
estimator of L can yield a generally banded Ω̂ with sparsity pattern determined by (3) (See
the top-left and bottom-left panels in Figure 10 for an example).


Figure 1: There are p2 groups used in the penalty, with each row r having r − 1 nested
groups gr,1 ⊂ gr,2 ⊂ · · · ⊂ gr,r−1 . Left: the group g4,3 . Middle: the nested
group structure g4,1 ⊂ g4,2 ⊂ g4,3 . Right: A possible sparsity pattern in L̂, where
elements in g2,1 , g4,2 (and thus g4,1 ) and g5,1 are set to zero.
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6
(1 − α)
π2

0 < κ−1 ≤ σmin (L) ≤ σmax (L) ≤ κ

A4 Bounded singular values: There exists a constant κ such that

2≤r≤p `∈Irc

A3 Irrepresentable condition: There exists some α ∈ (0, 1] such that

A2 Sparsity assumption: The true Cholesky factor L ∈ Rp×p is the lower triangular matrix
with positive diagonal elements such that the precision matrix Ω = Σ−1 = LT L. The
matrix L has row-specific bandwidths Kr such that Lrj = 0 for 0 < j < r − Kr .

A1 Gaussian assumption: The sample matrix X ∈ Rn×p has n independent rows with
each row xi drawn from N (0, Σ).

Our theoretical analysis is built on the following assumptions:

Figure 2: Schematic showing Jr , Kr , Ir , and Irc .

J5 = 2

I4 = {2, 3}, I4c = {1, 4}
0
0
L53
L54

0

r − 1 − Kr elements of row r are zero, and the band of non-zero off-diagonals (of size Kr )
is denoted Ir = {Jr + 1, . . . , r − 1}. We also denote Irc = {1, 2, . . . , r} \ Ir . See Figure 2 for
a graphical example of K5 , J5 , I4 , and I4c .

γ (t)

Algorithm 2 Algorithm for solving (10) for unweighted estimator

r−1
X

2

Algorithm 1 ADMM algorithm to solve (8)



+λ
m=1


T
1
ρ
−2 log βr + kX1:r βk22 + β − γ (t−1) u(t−1) +
β − γ (t−1)
n
2

2
2
`=1

return γ (t) .

Require: β (t) , u(t−1) ∈ Rr , λ, ρ > 0.
Initialize γ (t) = β (t) + u(t−1) /ρ and τ = λ/ρ
for ` = 1, . . . , r − 1 do

β (t) ← arg min
β∈Rr :βr >0


ρ
γ − β (t) − ρ−1 u(t−1)
2


(10)

Require: β (0) , γ (0) , u(0) , ρ > 0, t = 1.
repeat
1:

2:

3:

γ∈Rr

γ (t) ← arg min
4:
u(t) ← u(t−1) + ρ β (t) − γ (t)
5:
t←t+1
6: until convergence
return γ (t)

7:

where
1
S (r) = XT X
1:r
n 1:r

−1
(r)
(r)
(r)
A = 4S
2S
+ ρI
S
− 2S (r) − ρ < 0
r,r
r,−r
−r,−r
−r,r

−1 

(r)
(r)
(t)
(t)
B = 2Sr,−r 2S−r,−r + ρI
u−r − ργ−r − ur(t) + ργr(t) .

The closed-form update above involves matrix inversion. With ρ > 0, the matrix
(r)
2S−r,−r + ρI is invertible even when r > n. Since determining a good choice for the ADMM
parameter ρ is in general difficult, we adapt the dynamic ρ updating scheme described in
Section 3.4.1 of Boyd et al. (2011).
Solving (10) requires evaluating the proximal operator of the hierarchical group lasso
with general weights. We adopt the strategy developed in Bien et al. (2016) (based on
a result of Jenatton et al. 2011), which solves the dual problem of (10) by performing
Newton’s method on at most r − 1 univariate functions. The detailed implementation is
given in Algorithm 3 in Appendix C. Each application of Newton’s method corresponds to
performing an elliptical projection, which is a step of blockwise coordinate ascent on the
dual of (10) (see Appendix D for details). Finally we observe in Algorithm 2 that for the
unweighted case (w`m = 1), solving (10) is remarkably efficient.
The R package varband provides C++ implementations of Algorithms 1 and 2.

4. Statistical Properties

JMLR 18(42):1-60, 2017

In this section we study the statistical properties of our estimator. In what follows, we
consider a lower triangular matrix L having row-specific bandwidths, Kr . The first Jr =
7

`∈Ir

(12)

8
α

r
θr log r
n

(13)

(14)

j≥Jr +1


min |Lrj | > λ 4 (ΣIr Ir )−1

∞


+ 5κ2 ,

∞


+ 5κ2 .

∞

(16)

(15)
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can grow as fast as Kr log Jr , thenqthe row estimator L̂r· still recovers the exact support of
Lr· when the signal is at least O( logn r ) in size, and the estimation error maxj |L̂rj − Lrj |
q
is O( logn r ). Intuitively, for the row estimator to detect the true support, we require that
the true signal be sufficiently large. The condition (16) imposes limitations on how fast the
signal is allowed to decay, which is the analogue to the commonly known “βmin condition”
that is assumed for establishing support recovery of the lasso.

In the classical setting where the ambient dimension r is fixed and the sample size n is
allowed to go to infinity, λ → 0 and the above scaling requirement is satisfied. By (15) the
row estimator L̂r· is consistent as is the classical maximum likelihood estimator. Moreover,
it recovers the true support since (16) holds automatically. In high-dimensional scaling,
however, both n and r are allowed to change, and we are interested in the case where r
= O(1) and if n
can grow much faster than n. Theorem 1 shows that, if (ΣIr Ir )−1

Proof See Appendix F.

then exact signed support recovery holds: For all j ≤ r, sign(L̂rj ) = sign(Lrj ).

3. If in addition,

∞

2. The estimate L̂r· satisfies the element-wise `∞ bound,

L̂r· − Lr·
≤ λ 4 (ΣIr Ir )−1

1. The row problem (8) has a unique solution L̂r· and K̂r ≤ Kr .

then with probability greater than 1 − c1 exp {−c2 min(Kr , log Jr )} − 7 exp (−c3 n) for some
constants c1 , c2 , c3 independent of n and Jr , the following properties hold:


n > α−2 3π 2 Kr + 8 θr κ2 log Jr ,

and weights given by (7). Under Assumptions A1–A4, if the tuple (n, Jr , Kr ) satisfies

λ=

Theorem 1 Consider the family of tuning parameters

We start by analyzing support recovery properties of our estimator for each row, i.e., the
solution to the subproblem (8). For r > n, the Hessian of the negative log-likelihood is
not positive definite, meaning that the objective function may not be strictly convex in β
and the solution not necessarily unique. Intuitively, if the tuning parameter λ is large, the
resulting row estimate L̂r· is sparse and thus includes most variation in a small subset of
the r variables. More specifically, for large λ, Îr ⊆ Ir and thus by Assumption A1, XÎr
has full rank, which implies that L̂r· is unique. The series of technical lemmas in Appendix
E precisely characterizes the solution.
The first part of the theorem below shows that with an appropriately chosen tuning
parameter λ the solution to (8) is sparse enough to be unique and that we will not overestimate the true bandwidth. Knowing that the support of the unique row estimator L̂r· is

4.1 Row-Specific Results

which is equivalent to the commonly used bounded eigenvalue condition in other literatures.

0 < κ−2 ≤ σmin (Σ) ≤ σmax (Σ) ≤ κ2 ,

In words,
measures the degree to which X` cannot be explained by the variables in the
support and θr is the maximum such value over all ` outside of the support Ir in the r-th
row. Intuitively, the difficulty of the estimation problem increases with θr . Note that for
(r)
r = 1, . . . , p, (1) implies θr = 1/L2rr .
Assumption A3 (along with the βmin condition) is essentially a necessary and sufficient condition for support recovery of lasso-type methods (see, e.g., Zhao and Yu, 2006;
Meinshausen and Bühlmann, 2006; Wainwright, 2009; Van de Geer and Bühlmann, 2009;
Ravikumar et al., 2011). The constant α ∈ (0, 1] is usually referred to as the irrepresentable
(incoherence) constant (Wainwright, 2009). Intuitively, the irrepresentable condition requires low correlations between signal and noise predictors, and thus a value of α that is
close to 1 implies that recovering the support is easier to achieve. The constant 6π −2 is
determined by the choice of weight (7) and can be eliminated by absorbing its reciprocal
into the definition of the weights w`m . Doing so, one finds that our irrepresentable condition
is essentially the same as the one found in the regression setting (Wainwright, 2009) despite
the fact that our goal is estimating a precision matrix.
Assumption A4 is a bounded singular value condition. Recalling that Ω = LT L,

(`)
θr

By Assumption A1,
= Σ`` − Σ`Ir (ΣIr Ir )−1 ΣIr ` represents the noise variance when
regressing X` on XIr , i.e., for ` = 1, . . . , Jr , r,


X` = Σ`Ir (ΣIr Ir )−1 XITr + E`
with
E` ∼ N 0, θr(`) .
(11)

(`)
θr

and θr := maxc θr(`) .

contained in the true support reduces the dimension of the parameter space, and thus leads
to a reasonable error bound. Of course, if our goal were simply to establish the uniqueness of
L̂r· and that K̂r ≤ Kr , we could trivially take λ = ∞ (resulting in K̂r = 0). The latter part
of the theorem thus goes on to provide a choice of λ that is sufficiently small to guarantee
that K̂r = Kr (and, furthermore, that the signs of all non-zeros are correctly recovered).

When maxr Kr < n, the Gaussianity assumption A1 implies that XIr has full column
rank for all r with probability one. Our analysis applies to the general high-dimensional
scaling scheme where Kr = Kr (n) and p = p(n) can grow with n.
For r = 2, . . . , p and ` ∈ Irc = {1, . . . , Jr , r}, let

θr(`) := Var (X` |XIr )
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Learning Local Dependence In Ordered Data

`∈Ir

Yu and Bien

`∈Ir

Learning Local Dependence In Ordered Data

`∈Ir

Remark 2 Both the choice of tuning parameter (13) and the error bound (15) depend on
the true covariance matrix via θr . This quantity can be bounded by κ2 as in (12) using the
fact that (ΣIr Ir )−1 is positive definite:
n
o
θr = maxc θr(`) = maxc Σ`` − Σ`Ir (ΣIr Ir )−1 ΣIr ` ≤ maxc Σ`` ≤ κ2 .
The proof of Theorem 1 shows that the results in this theorem still hold true if we replace θr
by κ2 . This observation leads to the fact that we can select a tuning parameter having the
properties of the theorem that does not depend on the unknown sparsity level Kr . Therefore,
our estimator is adaptive to the underlying unknown bandwidths.

(17)

8
α

2θ log p
n

and weights given by (7). Under Assumptions A1–A4, if (n, p, K) satisfies

n > α−2 θκ2 12π 2 K + 32 log p,

λ=

Theorem 3 Let θ = maxr θr and K = maxr Kr , and take
r

(21)

(20)

With the properties of the row estimators in place, we are ready to state results about
estimation of the matrix L. The following theorem gives an analogue to Theorem 1 in the
matrix setting. Under similar conditions, with one particular choice of tuning parameter,
the estimator recovers the true bandwidth for all rows adaptively with high probability.

4.2 Matrix Bandwidth Recovery Result

In Städler et al. (2010), the authors study the asymptotic and non-asymptotic properties of the `1 -penalized estimator for the general mixture regression models where the loss
functions are non-convex. The theoretical properties of (19) are studied in Sun and Zhang
(2010), which partly motivates the scaled lasso (Sun and Zhang, 2012).
The theoretical work of Sun and Zhang (2010) differs from ours both in that they study
the `1 penalty (instead of the hierarchical group lasso) and in their assumptions. The nature
of our problem requires the sample matrix to be random (as in A1), while Sun and Zhang
(2010) considers the fixed design setting, which does not apply in our context. Moreover,
they provide prediction consistency and a deviation bound of the regression parameters
estimation in `1 norm. We give exact signed support recovery results for the regression
parameters as well as estimation deviation bounds in various norm criteria. Also, they take
an asymptotic point of view while we give finite sample results.

4.1.1 Connections to the regression setting

ω ∼ N (0, σ 2 In )

In (1) we showed that estimation of the r-th row of L can be interpreted as a regression of
Xr on its predecessors. It is thus very interesting to compare Theorem 1 to the standard
high-dimensional regression results. Consider the following linear model of a vector y ∈ Rn
of the form
y = Zη + ω

(18)

where η ∈ Rp is the unknown but fixed parameter to estimate, Z ∈ Rn×p is the design
matrix with each row an observation of p predictors, σ 2 is the variance of the zero-mean
additive noise ω. A standard approach in the high-dimensional setting where p  n is the
lasso (Tibshirani, 1996), which solves the convex optimization problem,
1
min
ky − Zηk22 + λ kηk1 ,
2n

η∈Rp

where λ > 0 is a regularization parameter. In the setting where η is assumed to be sparse,

Proof See Appendix G.

3. If in addition,

L̂ − L

j≥Jr +1

∞

r

r

∞


min min |Lrj | > λ 4 max (ΣIr Ir )−1

12


+ 5κ2 ,


+ 5κ2 .

∞

(22)

(23)

JMLR 18(42):1-60, 2017

then exact signed support recovery holds: sign(L̂rj ) = sign(Lrj ) for all r and j.

r

2. The estimator L̂ satisfies the element-wise `∞ bound,

≤ λ 4 max (ΣIr Ir )−1

1. The estimator L̂ is unique, and it is at least as sparse as L, i.e., K̂r ≤ Kr for all r.

then with probability greater than 1 − cp−1 for some constant c independent of n and p, the
following properties hold:

the lasso solution is known to be able to successfully
q recover the signed support of the true
η with high probability when λ is of the scale σ logn p and certain technical conditions are
satisfied (Wainwright, 2009).
Despite the added complications of working with the log term in the objective of (8),
Theorem 1 gives a clear indication that, in terms of difficulty of support recovery, the row
estimate problem (8) is essentially the same as a lasso problem with random design, i.e.,
with each row zi ∼ N (0, Σ) (Theorem 3, Wainwright, 2009). Indeed, a comparison shows
that the two irrepresentable conditions
are equivalent. Moreover,
θr plays the same role


as Wainwright (2009)’s maxi ΣS c S c − ΣS c S (ΣSS )−1 ΣSS c , a threshold constant of the
ii
conditional covariance, where S is the support of the true η.
Städler et al. (2010) introduce an alternative approach to the lasso, in the context of
penalized mixture regression models, that solves the optimization problem,


1
(φ̂, ρ̂) = arg min −2 log ρ + kρy + Zφk22 + λ kφk1 ,
(19)
n
φ,ρ

As discussed in Remark 2, we can replace θ with its upper bound κ2 , and the results remain
true. This theorem shows that one can properly estimate the sparsity pattern across all rows
JMLR 18(42):1-60, 2017

where σ̂ = ρ̂−1 and η̂ = −φ̂/ρ̂. Note that (19) basically coincides with (8) except for the
penalty.
11

1

≤ (1 − α)
(24)

(ΓSS )−1

∞

13
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can be much larger than
Thus, comparing to (21), one finds that their sample size
requirement is much more restrictive. A similar comparison could also be made with the
lasso penalized D-trace estimator (Zhang and Zou, 2014), whose irrepresentable condition
2
2
involves Γ = (Σ ⊗ I + I ⊗ Σ)/2 ∈ Rp ×p . Of course, the results in both Ravikumar et al.

κ2 .

zero elements in each row of the true Σ, which in our case is 2K +1, and κΓ =

for some α ∈ (0, 1]. Our Assumption A3 is on each variable through the entries of the true
covariance Σ while (24) imposes such a condition on the edge variables Y(j,k) = Xj Xk −
E (Xj Xk ), resulting in a vector `1 -norm restriction on a much larger matrix Γ, which can
be more restrictive for large p. More specifically, condition (24) arises in Ravikumar et al.
(2011) to tackle the analysis of the log det Ω term in the graphical lasso problem. By
contrast, in our setting the parameterization in terms of L means that the log det term is
simply a sum of log terms on diagonal elements and is thus easier to deal with, leading to the
milder irrepresentable assumption. Another difference is that they require the sample size
n > cκ2Γ d2 log p for some constant c. The quantity d measures the maximum number of non-

e∈S

maxc ΓeS (ΓSS )−1

(2011) and Zhang and Zou (2014) apply to estimators invariant to permutation of variables;
additionally, the random vector only needs to satisfy an exponential-type tail condition.

exactly using only one tuning parameter chosen without any prior knowledge of the true
bandwidths. In Section 4.1.1, we noted that the conditions required for support recovery
and the element-wise `∞ error bound for estimating a row of L is similar to those of the
lasso in the regression setting. A union bound argument allows us to translate this into
exact bandwidth recovery in the matrix setting and to derive a reasonable convergence rate
under conditions as mild as that of a lasso problem with random design. This technique is
similar in spirit to neighborhood selection (Meinshausen and Bühlmann, 2006), though our
approach is likelihood-based.
Comparing (21) to (14), we see that the sample size requirement for recovering L is
determined by the least sparse row. While intuitively one would expect the matrix problem
to be harder than any single row problem, we see that in fact the two problems are basically
of the same difficulty (up to a multiplicative constant).
In the setting where variables exhibit a natural ordering, Shojaie and Michailidis (2010)
proposed a penalized likelihood framework like ours to estimate the structure of directed
acyclic graphs (DAGs). Their method focuses on variables which are standardized to have
unit variance. In this special case, penalized likelihood does not involve the log-determinant
term and under similar assumptions to ours, they proved support recovery consistency.
However, they use lasso and adaptive lasso (Zou, 2006) penalties, which do not have the
built-in notion of local dependence. Since these `1 -type penalties do not induce structured
sparsity in the Cholesky factor, the resulting precision matrix estimate is not necessarily
sparse. By contrast, our method does not assume unit variances and learns an adaptively
banded structure for L̂ that leads to a sparse Ω̂ (thereby encoding conditional dependencies).
To study the difference between the ordered and non-ordered problems, we compare our
method with Ravikumar et al. (2011), who studied the graphical lasso estimator in a general
setting where variables are not necessarily ordered. Let S index the edges of the graph
specified by the sparsity pattern of Ω = Σ−1 . The sparsity recovery result and convergence
2
2
rate are established under an irrepresentable condition imposed on Γ = Σ ⊗ Σ ∈ Rp ×p :

14
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Corollary 5 Using the notation and conditions in Theorem 4, if ζΓ , |||L|||∞ , and κ remain
constant, then the scaling (K + 1)2 log p = o(n) is sufficient to guarantee the following
estimation error bounds:
!
r
log p
Ω̂ − Ω
= OP
,
n
∞
!
r
log p
Ω̂ − Ω
,
= OP (K + 1)
n
∞
!
r
log p
Ω̂ − Ω = OP (K + 1)
,
n
2
!
r
(s + p) log p
Ω̂ − Ω = OP
.
n
F

When the quantities ζΓ , |||L|||∞ , and κ are treated as constants, these bounds can be summarized more succinctly as follows:
Proof See Appendix H.

Although our primary target of interest is L, the parameterization Ω = LT L makes it
natural for us to try to connect our results of estimating L with the vast literature in
directly estimating Ω, which is the standard estimation target when the known ordering is
not available. In this section, we consider the estimation consistency of Ω using the results
we obtained for L. The following theorem gives results of how well Ω̂ = L̂T L̂ performs in
estimating the true precision matrix Ω = LT L in terms of various matrix norm criteria.
P
Theorem 4 Let θ = maxr θr , K = maxr Kr and s =  r Kr denote the total number

√
of non-zero off-diagonal elements in L. Define ζΣ = 8 α2θ 4 maxr (ΣIr Ir )−1
+ 5κ2 .
∞
Under the assumptions in Theorem 3, the following deviation bounds hold with probability
−1
greater than 1 − cp for some constant c independent of n and p:
r
log p
log p
+ ζΣ2 (K + 1)
,
Ω̂ − Ω
≤ 2ζΣ |||L|||∞
n
n
∞
r
log p
log p
+ ζΣ2 (K + 1)2
,
Ω̂ − Ω
≤ 2ζΣ |||L|||∞ (K + 1)
n
n
∞
r
log p
log p
Ω̂ − Ω ≤ 2ζΣ |||L|||∞ (K + 1)
+ ζΣ2 (K + 1)2
,
n
n
2
r
√
(s + p) log p
log p
Ω̂ − Ω ≤ 2κζΣ
+ ζΣ2 (K + 1) s + p
.
n
n
F

4.3 Precision Matrix Estimation Consistency

Yu and Bien
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r = 2, . . . , p. With the same tuning parameter choice (13) and (20), the terms of Kr and
K in sample size requirements (14) and (21) are replaced with Kr2 and K 2 , respectively.
The estimation error bounds in all norms are multiplied by an extra factor of K. All of the
above indicates that in highly sparse situations (in which K is very small), the unweighted
estimator has very similar theoretical performance to the weighted estimator.

Yu and Bien

F

F

= OP

= OP

(s + p) log p
n

(s + p) log p
n

!

,

.
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• Model 3: Model 3 is a denser and thus more challenging version of Model 2, with T
a block diagonal matrix with only 2 blocks. Each of the blocks is of size p/2 but is
otherwise generated as in Model 2.

• Model 2: Model 2 is at the other extreme, in which we allow Kr to vary with r. We
take T to be a block diagonal matrix with 5 blocks, each of size p/5. Within each
block, with probability 0.5 each row r is assigned with a non-zero bandwidth that
is randomly drawn from a uniform distribution on {1, . . . , r − 1} (for r > 1). Each
non-zero element in T is then drawn independently from a uniform distribution on
the interval [0.1, 0.4], and is assigned with a positive/negative sign with probability
0.5.

• Model 1: Model 1 is at one extreme of bandedness of the Cholesky factor L, in which
we take the lower triangular matrix L ∈ Rp×p to have a strictly banded structure,
with each row having the same bandwidth Kr = K = 1 for all r. Specifically, we take
Tr,r = 1, Tr,r−1 = 0.8 and Tr,j = 0 for j < r − 1.

All simulations are run at a sample size of n = 100, where each sample is drawn independently from the p-dimensional normal distribution N (0, (LT L)−1 ). We compare the
performance of our estimators with the methods above both in terms of support recovery
(in Section 5.1) and in terms of how well L̂ estimates L (in Section 5.2). For support recovery, we consider p = 200 and for estimation accuracy, we consider p = 50, 100, 200, which
corresponds to settings where p < n, p = n, and p > n, respectively.
We simulate under the following models for L. We adapt the parameterization L =
D−1 T as in Khare et al. (2016), where D is a diagonal matrix with diagonal elements drawn
randomly from a uniform distribution on the interval [2, 5], and T is a lower-triangular
matrix with ones on its diagonal and off-diagonal elements defined as follows:

• Nested Lasso (Levina et al., 2008): This method yields an adaptive banded structure by solving a set of penalized least-squares problems (both the loss function and
the nested-lasso penalty are non-convex). The regularization parameter controls the
amount of penalty and thus the sparsity level of the resulting estimate.

• Non-Adaptive Banding (Bickel and Levina, 2008): This method estimates L as
a lower-triangular matrix with a fixed bandwidth K applying across all rows. The
regularization parameter used in this method is the fixed bandwidth K.

In this section we study the empirical performance of our estimators (both with weights as
in (7) and with no weights, i.e., w`m = 1) on simulated data. For comparison, we include
two other sparse precision matrix estimators designed for the ordered-variable case:

5. Simulation Study

The conditions for these deviation bounds to hold are those required for support recovery as
in Theorem 3. In many cases where estimation consistency is more of interest than support
recovery, we can still deliver the desired error rate in Frobenius norm, matching the rate
derived in Rothman et al. (2008). In particular, we can drop the strong irrepresentable
assumption (A3) and weaken the Gaussian assumption (A1) to the following marginal
sub-Gaussian assumption:
A5 Marginal sub-Gaussian assumption: The sample matrix X ∈ Rn×p has n independent
rows with each row drawn from the distribution of a zero-mean random vector X =
(X , · · · , X )T with covariance Σ and sub-Gaussian marginals, i.e.,
1
p

p 

E exp tXj / Σjj ≤ exp Ct2
for all j = 1, . . . , p, t ≥ 0 and for some constant C > 0 that does not depend on j.

L̂ − L

Ω̂ − Ω

r

q
Theorem 6 Under Assumption A2, A4 and A5, with tuning parameter λ of scale logn p
and weights as in (7), the scaling (s + p) log p = o(n) is sufficient for the following estimation error bounds in Frobenius norm to hold:
!
r

Proof See Appendix I.

1
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The rates in Corollary 5 (and Theorem 6) essentially match the rates obtained in methods that directly estimate Ω (e.g., the graphical lasso estimator, studied in Rothman et al.
2008, Ravikumar et al. 2011, and the column-by-column methods as in Cai et al. 2011,
Liu and Wang 2012, and Sun and Zhang 2013). However, the exact comparison in rates
with these methods is not straightforward. First, the targets of interest are different. In
the setting where the variables have a known ordering, we are more interested in the structural information among variables that is expressed in L, and thus accurate estimation of
L is more important. When such ordering is not available as considered in Rothman et al.
(2008); Cai et al. (2011); Liu and Wang (2012) and so on, however, the conditional dependence structure encoded by the sparsity pattern in Ω is more of interest, and the accuracy
of directly estimating Ω is the focus. Moreover, deviation bounds of different methods are
built upon assumptions that treat different quantities as constants. Quantities that are assumed to remain constant in the analysis of one method might actually be allowed to scale
with ambient dimension in a nontrivial manner in another method, which makes direct rate
comparison among different methods complicated and less illuminating.
Our analysis can be extended to the unweighted version of our estimator, i.e., with
weight w`m = 1, but under more restrictive conditions and with slower rates of convergence.
Specifically, Assumption A3 becomes max`∈Irc Σ`Ir (ΣIr Ir )−1
≤ (1 − α) /Kr for each
15
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In practice, we find that our methods and the nested lasso sometimes produce entries
with very small, but non-zero, absolute values. To study support recovery, we set all
estimates whose absolute values are below 10−10 to zero, both in our estimators and the
nested lasso.

0.2

weighted
unweighted
nonadaptive
nested

Model 3 (n = 100, p = 200)

0.2

weighted
unweighted
nonadaptive
nested

Model 2 (n = 100, p = 200)

Figure 4: ROC curves showing support recovery when the true L (top-left) is strictly
banded, (top-right) has small variable bandwidth, (bottom-left) has large variable
bandwidth, and (bottom-right) is block-diagonal, over 10 replications.

0.0

0.0

weighted
unweighted
nonadaptive
nested

Model 1 (n = 100, p = 200)

The sparsity level of the non-adaptive banding estimator depends only on the prespecified bandwidth (which is the method’s tuning parameter) and not on the data itself.
Consequently, the sensitivity-specificity curves for the non-adaptive banding do not vary
across replications when simulating from a particular underlying model. The sparsity levels
of the nested lasso and our methods, by contrast, hinge on the data, thus giving a different
curve for each replication.

the result of one draw from 10 simulations. Curves closer to the upper-right corner indicate
better classification performance (the x + y = 1 line corresponds to random guessing).

Yu and Bien

We first study how well the different estimators identify zeros in the four models above. We
generate n = 100 random samples from each model with p = 200. The tuning parameter
λ ≥ 0 in (5) measures the amount of regularization and determines the sparsity level of the
estimator. We use 100 tuning parameter values for each estimator and repeat the simulation
10 times.
Figure 4 shows the sensitivity (fraction of true non-zeros that are correctly recovered)
and specificity (fraction of true zeros that are correctly set to zero) of each method parameterized by its tuning parameter (in the case of non-adaptive banding, the parameter
is the bandwidth itself, ranging from 0 to p − 1). Each set of 10 curves of the same color
corresponds to the results of one estimator, and each curve within the set corresponds to

5.1 Support Recovery

Model 1 is a stationary autoregressive model of order 1. By the regression interpretation
(1), for each r, it can be verified that the autoregressive polynomial of the r-th row of Models
2, 3, and 4 has all roots outside the unit circle, which characterizes stationary autoregressive
models of orders equal to the corresponding row-wise bandwidths. See Figure 3 for examples
of the four sparsity patterns for p = 100. The non-adaptive banding method should benefit
from Model 1 while the nested lasso and our estimators are expected to perform better in
the other three models where each row has its own bandwidth.
For all four models and every value of p considered, we verified that Assumptions A3
and A4 hold and then simulated n = 100 observations according to each of the four models
based on Assumption A1.

• Model 4: Model 4 is a dense block diagonal model. The matrix T has a completely
dense lower-triangular block from the p/4-th row to the 3p/4-th row and is zero
everywhere else. Within this block, all off-diagonal elements are drawn uniformly
from [0.1, 0.2], and positive/negative signs are then assigned with probability 0.5.

Figure 3: Schematic of four simulation scenarios with p = 100: (from left to right) Model
1 is strictly banded, Model 2 has small variable bandwidth, Model 3 has large
variable bandwidth, and Model 4 is block-diagonal. Black, gray, and white stand
for positive, negative, and zero entries, respectively. The proportion of elements
that are non-zero is 4%, 6%, 15%, and 26%, respectively.
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In Model 1, we observe that all methods considered attain perfect classification accuracy
for some value of their tuning parameter. While the non-adaptive approach is guaranteed
to do so in this scenario, it is reassuring to see that the more flexible methods can still
perfectly recover this sparsity pattern.
In Model 2, we observe that our two methods outperform the nested lasso, which itself,
as expected, outperforms the non-adaptive banding method. As the model becomes more
challenging (from Model 2 to Model 4), the performances of all four methods start deteriorating. Interestingly, the nested lasso no longer retains its advantage over non-adaptive
banding in Models 3 and 4, while the performance advantage of our methods become even
more substantial.
The fact that the unweighted version of our method outperforms the weighted version
stems from the fact that all models are comparatively sparse for p = 200, and so the heavier
penalty on each row delivered by the unweighted approach recovers the support more easily
than the weighted version.
5.2 Estimation Accuracy

2

We proceed by comparing the estimators in terms of how far L̂ is from L. To this end,
we generate n = 100 random samples from the four models with p = 50, p = 100, and
p = 200. Each method is computed with its tuning parameter selected to maximize the
Gaussian likelihood on the validation data in a 5-fold cross-validation. For comparison,
we report the estimation accuracy of each estimate in terms of the scaled Frobenius norm
1
p

L̂ − L , the matrix infinity norm L̂ − L
, the spectral norm L̂ − L , and the
F
∞
2
h
i
tr(Ω−1 Ω̂) − log det(Ω−1 Ω̂) − p (Levina et al., 2008).
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Figure 5: Estimation accuracy when data are generated from Model 1, which is strictly
banded.

Non

0.0

0.3
0.2

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07

(scaled) Kullback-Leibler loss

JMLR 18(42):1-60, 2017

The simulation is repeated 50 times, and the results are summarized in Figure 5 through
Figure 8. Each figure corresponds to a model, and consists of a 4-by-3 panel layout. Each
row corresponds to an error measure, and each column corresponds to a value of p.
As expected, the non-adaptive banding estimator does better than the other estimators
in Model 1. In Models 2, 3, and 4, where bandwidths vary with row, our estimators and
the nested lasso outperform non-adaptive banding.
A similar pattern is observed as in support recovery. As the model becomes more
complex and p gets larger, the performance of the nested lasso degrades and gradually
becomes worse than non-adaptive banding. By contrast, as the estimation problem becomes
more difficult, the advantage in performance of our methods becomes more obvious.
We again observe that the unweighted estimator performs better than the weighted one.
As shown in Section 4, the overall performance of our method hinges on the underlying
model complexity (measured in terms of maxr Kr ) as well as the relative size of n and
p. When n is relatively small, usually a more constrained method (like the unweighted
estimator) is preferred over a more flexible method (like the weighted estimator). So in our
simulation setting, it is reasonable to observe that the unweighted method works better.
Note that as the underlying L becomes denser (from Model 1 to Model 4), the performance
difference between the weighted and the unweighted estimator diminishes. This corroborates
our discussion in the end of Section 4 that the performance of the unweighted estimator
becomes worse when the underlying model is dense.
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Figure 7: Estimation accuracy when data are generated from Model 3, which has large
variable bandwidth.

ted

Nes

ted

Nes

●

●

Model 2 (scaled) KL divergence p = 100

Non

d
ted
ighte
eigh
We
Unw

●
●

●

Model 2 Matrix−Inf norm p = 100

e
ptiv
Ada

Non

ted
Nes

●

●

●

Model 2 Spectral norm p = 100

e
ptiv
Ada

Non

●

●
●

Model 2 (scaled) Frobenius norm p = 200

Yu and Bien

Figure 6: Estimation accuracy when data are generated from Model 2, which has small
variable bandwidth.
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Figure 8: Estimation accuracy when data are generated from Model 4, which is blockdiagonal.
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6. Applications to Data Examples

In this section, we illustrate the practical merits of our proposed method by applying it to
two data examples. We start with an application to genomic data where our method can
help model the local correlations along the genome. In Section 6.2 we compare our method
with other estimators within the context of a sound recording classification problem.

6.1 An Application to Genomic Data

r=2

p

k=1

r−1

X
1 X
L̂rr x̃r +
L̂rj x̃k
p−1

!2

.

(25)

We consider an application of our estimator to modeling correlation along the genome.
Genetic mutations that occur close together on a chromosome are more likely to be coinherited than mutations that are located far apart (or on separate chromosomes). This
leads to local correlations between genetic variants in a population. Biologists refer to this
local dependence as linkage disequilibrium (LD). The width of this dependence is known
to vary along the genome due to the variable locations of recombination hotspots, which
suggests that adaptively banded estimators may be quite suitable in these contexts.
We study HapMap phase 3 data from the International HapMap project (Consortium
et al., 2010). The data consist of n = 167 humans from the YRI (Yoruba in Ibadan, Nigeria)
population, and we focus on p = 201 consecutive tag SNPs on chromosome 22 (after filtering
out infrequent sites with minor allele frequency ≤ 10%).
While tag SNP data, which take discrete values {0, 1, 2}, are non-Gaussian, we argue
that our estimator is still sensible to use in this case. First, the parameterization Ω = LT L
does not depend on the Gaussian assumption. Moreover the estimator corresponds to
minimizing a penalized Bregman divergence of the log-determinant function (Ravikumar
et al., 2011). Furthermore, the least-squares term in (5) can be interpreted as minimizing
the prediction error in the linear models (1) while the log terms act as log-barrier functions
to impose positive diagonal entries (which ensures that the resulting L̂ is a valid Cholesky
factor).
To gauge the performance of our estimator on modeling LD, we randomly split the 167
samples into training and testing sets of sizes 84 and 83, respectively. Along a path of
tuning parameters with decreasing values, estimators L̂ are computed on the training data.
To evaluate L̂ P
on a vector x̃ from the test data set, we can compute the error in predicting
r−1
L̂rr x̃r using − k=1
L̂r,k x̃k via (1) for each r, giving the error
err(x̃) =

JMLR 18(42):1-60, 2017

This quantity (with mean and the standard deviation over test samples) is reported in
Figure 9 for our estimator under the two weighting schemes. Recall that the quadratically
decaying weights (7) act essentially like the `1 penalty. For numerical comparison, we also
include the result of the estimator with `1 penalty, which is the CSCS (Convex Sparse
Cholesky Selection) method proposed in Khare et al. (2016). For both the non-adaptive
banding and the nested lasso methods, we found that their implementations fail to work
due to the collinearity of the columns of X.
Figure 9 shows that our estimators are effective in improving modeling performance
over a diagonal estimator (attained when λ is sufficiently large) and strongly outperform

24
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In this section, we develop an application of our method to a classification problem described
in Hastie et al. (2009). The data contain n = 1717 continuous speech recordings, which are
categorized into two vowel sounds: ‘aa’ (n1 = 695) and ‘ao’ (n2 = 1022). Each observation
(xi , yi ) has a predictor xi ∈ Rp representing the (log) intensity of the sound across p = 256
frequencies and a class label yi ∈ {1, −1}. It may be reasonable to apply our method in
this problem since the features are frequencies, which come with a natural ordering
In linear discriminant analysis (LDA), one models the features as multivariate Gaussian
conditional on the class: xi |yi = k ∼ Np (µ(k) , Σ) for k ∈ {1, −1}; in quadratic discriminant
analysis (QDA), one allows each class to have its own covariance matrix: xi |yi = k ∼
Np (µ(k) , Σ(k) ). The LDA/QDA classification rules assign an observation x ∈ Rp to class
k that maximizes P̂ (y = k|x) ∝ P̂ (x|y = k)P̂ (y = k), where the estimated probability

6.2 An Application to Phoneme Classification

the plain MLE (as evidenced by the sharp increase in prediction error as λ → 0). As
expected, the weighted estimator performs very similarly to the CSCS estimator, which
uses the `1 penalty. Both of these perform better than the unweighted one. However, the
sparsity pattern obtained by the two penalties are different (as shown in Figure 10).
In Figure 10 we show the recovered signed support of the weighted, unweighted, and
CSCS estimators and their corresponding precision matrices. Black, gray, and white stand
for positive, negative, and zero entries, respectively. Tuning parameters are chosen using the
one-standard-error rule (see, e.g., Hastie et al., 2009). The r-th row of the estimated matrix
L̂ reveals the number of neighboring SNPs necessary for reliably predicting the state of the
r-th SNP. Interestingly, we see some evidence of small block-like structures in L̂, consistent
with the hotspot model of recombination as previously described. This regression-based
perspective to modeling LD may be a useful complement to the more standard approach,
which focuses on raw marginal correlations. Finally, the sparsity recovered by the CSCS
estimator, which uses the `1 penalty, is less easily interpretable, since some entries far from
the diagonal are non-zero, losing the notion of ‘local’.

Figure 9: Prediction error (computed on an independent test set) of the weighted (left),
unweighted (middle), and CSCS (right) estimators.
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Figure 10: Estimates of linkage disequilibrium with tuning parameters selected by the onestandard-error rule and their corresponding precision matrix estimates.

Weighted Omega

Weighted L
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LDA
QDA

Weighted
0.246
0.256

Nested Lasso
0.250
0.221

Non-adaptive
0.268
0.246

Learning Local Dependence In Ordered Data

Unweighted
0.271
0.232

CSCS
0.245
0.267

Table 1: Average test data classification error rate of discriminant analysis of phoneme data

2
2

+ log π̂ (k) .

(27)

(26)

P̂ (x|y = k) is calculated using maximum likelihood estimates µ̂(k) , Σ̂, and Σ̂(k) . More
precisely, in the ordered case, the resulting class k maximizes the LDA/QDA scores:

1
L̂(k) µ̂(k)
2

1
(k)
δLDA (x) = xT Ω̂µ̂(k) − (µ̂(k) )T Ω̂µ̂(k) + log π̂ (k)
2
2
1
= (L̂x)T L̂µ̂(k) −
L̂µ̂(k) + log π̂ (k)
2
2
1
(k)
δQDA (x) = xT Ω̂(k) µ̂(k) − (µ̂(k) )T Ω̂(k) µ̂(k) + log π̂ (k)
2
= (L̂(k) x)T L̂(k) µ̂(k) −
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Note that it is the precision matrix, not the covariance matrix, that is used in the above
scores. In the setting where p > n, the MLE of Ω or Ω(k) does not exist. A regularized
estimate of precision matrix that exploits the natural ordering information can be helpful
in this setting.
To demonstrate the use of our estimator in the high-dimensional setting, we randomly
split the data into two parts, with 10% of the data assigned to the training set and the
remaining 90% of the data assigned to the test set. On the training set, we use 5-fold
cross-validation to select the tuning parameter minimizing misclassification error on the
(k) are then plugged into (26) and (27) along
validation data.
P The estimates L̂ and L̂
with µ̂(k) = i∈class k xi /n(k) and π̂ (k) = n(k) /ntrain to calculate the misclassification error
in the test set. For comparison, we also include non-adaptive banding, the nested lasso,
and CSCS. We compute the classification error (summarized in Table 1), averaged over 10
random train-test splits.
We first observe that, in general, the adaptive methods perform better than the nonadaptive one (which assumes a fixed bandwidth). It is again found that the performance of
the weighted estimator is very similar to the one using `1 penalty (i.e., the CSCS method).
And our results are comparable to the nested lasso both in LDA and QDA. Interestingly,
we find that the weighted estimator does better in LDA while the unweighted estimator
performs better in QDA. The reason, we suspect, is that QDA requires the estimation
of more parameters than LDA and therefore favors more constrained methods like the
unweighted estimator, which more strongly discourages non-zeros from being far from the
diagonal than the weighted one.
An R (R Core Team, 2016) package, named varband, is available on CRAN, implementing
our estimator. The estimation is very fast with core functions coded in C++, allowing us
to solve large-scale problems in substantially less time than is possible with the R-based
implementation of the nested lasso.
27

7. Conclusion

Yu and Bien

We have presented a new flexible method for learning local dependence in the setting where
the elements of a random vector have a known ordering. The model amounts to sparse
estimation of the inverse of the Cholesky factor of the covariance matrix with variable
bandwidth. Our method is based on a convex formulation that allows it to simultaneously
yield a flexible adaptively-banded sparsity pattern, enjoy efficient computational algorithms,
and be studied theoretically. To our knowledge, no previous method has all these properties.
We show how the matrix estimation problem can be decomposed into independent row
estimation problems, each of which can be solved via an ADMM algorithm having efficient
updates. We prove that our method recovers the signed support of the true Cholesky factor
and attains estimation consistency rates in several matrix norms under assumptions as mild
as those in linear regression problems. Simulation studies show that our method compares
favorably to two pre-existing estimators in the ordered setting, both in terms of support
recovery and in terms of estimation accuracy. Through a genetic data example, we illustrate
how our method may be applied to model the local dependence of genetic variations in genes
along a chromosome. Finally, we illustrate that our method has favorable performance in
a sound recording classification problem.
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2
(r)
(r)
−
+ 2Srr
+ ρ βr + 2Sr,−r β−r + u(t−1)
− ργr(t−1) = 0,
r
βr


(r)
(r)
(t−1)
(t−1)
2S−r,−r + ρI β−r + 2S−r,r βr + u−r − ργ−r = 0.

Letting S (r) = n1 XT1:r X1:r , then the equations above can be further decomposed into

The objective function in (9) is a smooth function. Taking the derivative with respect to β
and setting to zero gives the following system of equations:


1
2
−2 er + XT1:r X1:r β + u(t−1) + ρ β − γ (t−1) = 0.
βr
n

Appendix B. A Closed-Form Solution to (9)

L̂T1:r,r

v


r−1 u


u X̀
X
1
2
t
2
2
= arg min −2 log βr + kX1:r βk2 + λ
w`m βm .

n
β∈Rr :βr >0 

and for r = 2, . . . , p,

Therefore the original problem can be decoupled into p separate problems. In particular,
a solution L̂ can be written in a row-wise form with


1
1
L̂11 = arg min −2 log L11 + kX1 L11 k22 = √
,
n
S11
L11 >0

r=2

2
2

r=1

p

1X
=
X1:r LT1:r,r
n


p
X
1
2
−2 log Lrr + 1 X1:r LT1:r,r
= − 2 log L11 + kX1 L11 k2 +
n
n

r=1

where X1:r is a matrix of the first r columns of X. Thus
v
p
p X
r−1 u
u X̀
X
X
T
t
2 L2
−2
log Lrr + tr(SL L) + λ
w`m
rm

r=1

p
p
 1X
 1X
XLT·r
tr SLT L =
tr XLT·r Lr· XT =
n
n

First note that under the lower-triangular constraint

Lrk =0 for r<k

Let S =
∈
be the sample covariance matrix. Then the estimator (5) is the
solution to the following minimization problem:
v


p
p X
r−1 u

 X
u X̀
X
T
t
2
2
min
−2
log Lrr + tr(SL L) + λ
w`m Lrm .


L:Lrr >0

1 T
nX X

Appendix A. Decoupling Property
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Thus, the minimization problem in (10) becomes
(
)
r−1

2
λ X  (`)
1
min
γ − y (t) +
W ∗γ
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Proof Note that
v
u


u X̀
t
2 γ2 =
w`m
W (`) ∗ γ
m

γ (t) = y (t) −
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≤ 1, a(`)
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where y (t) = β (t) + ρ1 u(t−1) . Also, given a solution â(1) , . . . , â(r−1) , the solution to (10) can
be written as

`=1

Lemma 7 A dual problem of (10) is

2
r−1

λ X (`)
min
y (t) −
W ∗ a(`)
ρ
a(`) ∈Rr 

Appendix C. Dual Problem of (10)




−1
(r)
(r)
(r)
(r)
S−r,r − 2Sr,r
− ρ,
A = 4Sr,−r 2S−r,−r + ρI

−1 

(r)
(r)
(t−1)
(t−1)
B = 2Sr,−r 2S−r,−r + ρI
u−r − ργ−r
− u(t−1)
+ ργr(t−1) .
r

1
+ Aβr + B = 0,
βr

Solving for βr gives the closed-form update.

where

2

which is then plugged back in the first equation to give

Solving for β−r in the second system of equations gives

−1 

(r)
(r)
(t−1)
(t−1)
β−r = − 2S−r,−r + ρI
2S−r,r βr + u−r − ργ−r
,
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r−1

`=1

2

2

X̀

m=1

`=1

a(`)



s.t.

2
w`m


=0



2 +ν
w`m

a(`)



`=1

≤ 1,



a(`)



c
gr,`



=0 .
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(30)

where y (t) = β (t) + ρ1 u(t−1) . We solve the inner minimization problem by setting the derivative to zero,

r−1

`=1

λ X (`)
γ − y (t) +
W ∗ a(`) = 0,
ρ

2



c
gr,`

λ X (`)
W ∗ a(`) + y (t) .
γ=−
ρ

which gives the primal-dual relation,

Using this gives

`=1

`=1

gr,` 2

(
)
r−1

2
1
λ X  (`)
W ∗γ
min
γ − y (t) +
γ
2
ρ
gr,` 2
2
`=1

+
*
2
r−1
r−1
r−1

X
X
X
1
λ
λ
λ
= max
−
W (`) ∗ a(`) +
W (`) ∗ a(`) , −
W (`) ∗ a(`) + y (t)
2
ρ
ρ
ρ
a(`)



 
≤ 1,
a(`)
s.t.
gr,` 2

r−1

X
λ
= min
y (t) −
W (`) ∗ a(`)
ρ

a(`)

Algorithm 3 BCD on the dual problem (28)

 2 λ 2
(`)
= 2
2 ẑm
ρ

1: Let y (t) = β (t) + ρ1 u(t−1)
2: Initialize â(`) ← 0 for all ` = 1, · · · , r − 1
3: for ` = 1, · · · , r − 1 do
Pr−1 (k)
ẑ (`) ← y (t) − λρ k=1
W ∗ â(k) Find a root ν̂` that satisfies
4:

h` (ν) :=

5:
for m = 1, · · · , ` do
(`)
(`)
ẑ
6:
âm ← λ w2w`m
+[ν̂` ]+ ) m
ρ ( `m

7: return â(`) as a solution to (28)
Pr−1 (`)
return γ (t) = y (t) − λρ `=1
W ∗ â(`) as a solution to (10)
8:
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Appendix D. Elliptical Projection

2

2

s.t.

kak2 ≤ 1,

We adapt the same procedure as in Appendix B of Bien et al. (2016) to update one a(`) in
Algorithm (3). By (10) we need to solve a problem of the form

min ẑ (`) − τ Da
a∈R`

2

2

where τ = λρ and D = diag(w`m )m≤` ∈ R`×` . If D−1 ẑ (`) 2 ≤ τ , then clearly â = τ1 D−1 ẑ (`) .
Otherwise, we use the Lagrangian multiplier method to solve the constrained minimization
problem above. Specifically, we find a stationary point of


+ ντ 2 kak22 − 1 .

L (a, ν) = ẑ (`) − τ Da

Taking the derivative with respect to a and set it equal to zero, we have
w`m
(`)
2 + ν̂) ẑm ,
τ (w`m

âm =

2

2
− w``

+

≤ ν̂ ≤

1
Dẑ (`)
τ

2

for each m ≤ `, and ν̂ is such that kâk2 = 1, which means it satisfies (30). By observing
that h` (ν) is a decreasing function of ν and w`` = maxm≤` w`m , following Appendix B of
Bien et al. (2016), we obtain lower and upper bounds for ν̂:


,
1
Dẑ (`)
τ

which can be used as an initial interval for finding ν̂ using Newton’s method. In practice,
1
we usually find ν̂ from the equation h(ν)
= τ −2 for better numerical stability.
We end this section with a characterization of the solution to (10), which says that the
solution can be written as γ (t) = y (t) ∗ t̂, where t̂ is some data-dependent vector in Rr .

Theorem 8 A solution to (10) can be written as γ (t) = y (t) ∗ ĝ, where the data-dependent
vector ĝ ∈ Rr is given by

r−1
Y
[ν̂` ]+
=
w2 + [ν̂` ]+
`=m `m
 2
(`)
ẑm .

2
P
w`m
`
m=1 w2 +ν 2
( `m )

ĝm
and ĝr = 1, where ν̂` satisfies τ 2 =

[ν̂ ]
`
+
(`)
2 + [ν̂ ] ẑm .
w`m
` +

Proof By Jenatton et al. (2011), we can get a solution to (10) in a single pass as described
in Algorithm 3. If we start from ẑ (1) = y (t) , then for ` = 1, · · · , r − 1 and each m ≤ `,

(`+1)
(`)
(`)
ẑm
= ẑm
− τ w`m âm
=

By (29), γ (t) = ẑ (r−1) , and the result follows.
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γ (t)

A key observation from this characterization is that a banded sparsity pattern is induced
in solving (10), which in turn implies the same property of the output of Algorithm 1.

= 0 for Jˆ =
1:Jˆ

Corollary 9 A solution γ (t) to (10) has banded sparsity, i.e.,
max {` : ν̂` ≤ 0}.

32

m=1



c
gr,`

= 0, â(`)



gr,`

=

(W (`) ∗β̂ )gr,`

(W (`) ∗β̂ )gr,`

2

for β̂gr,` 6= 0 and

`=1

â(`)


gr,` 2

â(`)



gr,` 2

<1

for

` = 1, . . . , J(β̂)

33
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We start with introducing notation. From now on we suppress the dependence on
r in notation for simplicity. We denote the group structure g` = {1, · · · , `} for ` ≤ r
for each r = 1, . . . , p. For any vector β ∈ Rr , we let βg` ∈ R` be the vector
 with elements
{βm : m ≤ `}. We also introduce the weight vector W (`) ∈ Rp with W (`) m = w`m where
w`m can be defined as in (7) or w`m = 1. Finally recalling from Section 4 the definition of
I, we denote S = I ∪ {r} = {J + 1, . . . , r} and S c = {1, 2, . . . , J}.
The general idea of the proof depends on the primal-dual witness procedure in Wainwright (2009) and Ravikumar et al. (2011). Considering the original
problem (8) for any
 P
(`) ∗ ã(`) as
r = 2, . . . , p, we construct the primal-dual witness solution pairs β̃, r−1
`=1 W
follows:

Appendix F. Proof of Theorem 1

Proof See Appendices J, K, and L.

n
o
Lemma 12 (Uniqueness) Under the conditions of the previous lemma, let Ŝ = i : β̂i =
6 0 .

If XŜ has full column rank (i.e., rank XŜ = |Ŝ|) then β̂ is unique.

K(β̃) ≤ K̂r .

(31)

≤ 1 for β̂gr,` = 0.

then for any other solution β̃ to (8), it is as sparse as β̂ if not more. In other words,



Lemma 11 Take β̂ and â(`) as in the previous lemma. Suppose that

with â(`)

2

X
2
− er + XT1:r X1:r β̂ + λ
W (`) ∗ â(`) = 0
n
β̂r

r−1

if and only if there exist â(`) ∈ Rr for ` = 1, . . . , r − 1 such that

`=1

Lemma 10 (Optimality condition) For any λ > 0 and a n-by-p sample matrix X, β̂ is a
solution to the problem
v


r−1 u


u X̀
X
1
2
t
2 β2
w`m
minr −2 log βr + kX1:r βk2 + λ
m

β∈R 
n

Appendix E. Uniqueness of the Sparse Row Estimator
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βS c =0

`=1

(`)

γ∈RK+1

(

= W


(`+J)


S

⇐⇒

`=1



W̃

(`)

∗γ



g` 2

`=J+1

m=J+1

2

−

γ̃K+1

2



g`c

= 0,

ã(`)



g` 2



0J
b̃(`−J)



.

g`


≤ 1, ã(`)

ã(`) =

`=1

K

g` 2

=

,

(W (`) ∗β̃ )g`

(W (`) ∗β̃ )g`
2

= 0 and

for β̃g` 6= 0.

g`c

`

34

`
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`

By construction and the fact that w`` = 1,


 
 
λ W (`) ∗ ã(`) = λw`` ã(`) = −2 S β̃ .

(d) For each ` = 1, ..., J, we choose ã(`) ∈ Rr satisfying
 
 
2  
2
ã(`) 0 = 0 for any `0 6= ` and
S β̃ = − XT` XS β̃S .
ã(`) = −
λw``
nλ
`
`
`

Then we have ã(`)

gr`


W̃ (`) ∗ γ̃
g`
= 
,

W̃ (`) ∗ γ̃

X
2 T
X XS γ̃ + λ
W̃ (`) ∗ b̃(`) = 0.
n S



eK+1 +

b̃(`)

(c) For ` = J + 1, . . . , r − 1, we let

satisfying



)

v
r−1 u
r−1
X
u X
2 γ2
t
=
w`m
m−J .

K


X
1
W̃ (`) ∗ γ
kXS γk22 + λ
n
g`

K

X
`=1

γ̃ = arg min −2 log γK+1 +

 
0J
,
γ̃

 
(b) By Lemma 10, there exist b̃(`) ∈ RK+1 for ` = 1, . . . , K, such that b̃(`)

W̃

with

where

β̃ =

The solution above can be written as

(a) Solve the restricted subproblem with the true bandwidth K = r − 1 − J:
)
(
r−1 

X
1
2
(`)
.
β̃ = arg min −2 log βr + kX1:r βk2 + λ
W ∗β
n
g` 2
βr >0
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r−1

2

< 1.

X
2
2
T
er + X1:r
X1:r β̃ + λ
W (`) ∗ ã(`) = 0
n
β̃r
`=1


By Lemma 10, ã(`) satisfies the optimality condition (31):
−
(e) Verify the strict dual feasibility condition for ` = 1, ..., J
 
 
2 T
X XS β̃S = ã(`)
= ã(`)
nλ `
g`
`

(32)

(33)

= 0. Note that β̃gJ = 0

 

At a high level, steps (a) through (d) construct a pair β̃, ã(`)
that satisfies the
 (`)
optimality
is not necessarily guaranteed to be a member of

 condition (31), but the ã
∂ P (β̃) . Step (e) does more than verifying the necessary conditions for it to belong to


∂ P (β̃) . The strict dual feasibility condition, once verified, ensures the uniqueness of the

solution. Note that by construction
in Step (b), ã(`) satisfies dual feasibility conditions
n o
for ` = J + 1, ..., r − 1 since b̃(`)
g`c

does, so it remains to verify for ` = 1, ..., J (see Step (c)).


For each ` = 1, ..., J, by the construction in Step (d), ã(`)

"

`=1

λn
2

r−1
X

`=1

I

W (`) ∗ ã(`)

! #
I

.

(36)

(35)

(34)

implies β̃g` = 0. Thus, for ã(`) to satisfy conditions in Lemma 10, it suffices to show (33).
If the primal-dual witness procedure succeeds, then by construction, the solution β̃,
whose support is contained in the support of the true Lr· , is a solution to (8). Moreover,
by strict dual feasibility and Lemma 12, we know that β̃ is the unique solution β̂ to the
unconstrained problem (8). Therefore, the support of β̂ is contained in the support of Lr· .
In the following we adapt the same proof technique as Wainwright (2009) to show that
the primal-dual witness succeeds with high probability, from which we first conclude that
K(β̂) ≤ K.
F.1 Proof of Property 1 in Theorem 1

−1

XIT Xr β̃r +

2
2
2
+ XrT Xr β̃r + XrT XI β̃I = 0,
−
n
n
β̃r
!
r−1
X
2 T
2
X Xr β̃r + XIT XI β̃I + λ
W (`) ∗ ã(`)
= 0.
n I
n

Proof We need to verify the strict dual feasibility (33). By (32),

From (35),
β̃I = − XIT XI
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−1 Pr−1 (`)
Plugging (36) back into (34) and denoting CI = XI XIT XI
∗ ã(`)
`=1 W
I
−1 T
XI as the orthogonal projection matrix onto the orthogonal
and OI = I − XI XIT XI

35

Yu and Bien

+

q

2
λ2
T
4 (Xr CI )
2 T
n Xr OI Xr

r−1
X

+ n4 XrT OI Xr

2
2
+ XrT OI Xr β̃r − λXrT CI = 0,
n
β̃r

λ T
2 Xr CI

−

complement of the column space of XI , we have

which implies that
β̃r =

and that
 
2
2
2 T
ã(`) = − X`T XS β̃S = − X`T Xr β̃r −
X XI β̃I
nλ
nλ
nλ "`
`
−1
2 T
λn
2
X XI XIT XI
XIT Xr β̃r +
= − X`T Xr β̃r +
nλ
nλ `
2

`=1

h
−1 T i
−1
2
= − XT I − X XT X
XI Xr β̃r + X`T XI XIT XI
I
I
I
nλ `



2
Xr β̃r .
= X`T CI − OI
nλ

Conditioning on XI , we can decompose Xr and X` as

XrT = ΣrI (ΣII )−1 XIT + ErT ,

X`T OI = E`T OI

r−1
X

`=m

and

r−1
X

m∈I

= max

`=1

OI Xr = OI Er ,

!

I ∞

! #

I

W (`) ∗ ã(`)

W (`) ∗ ã(`)

r−1
X

`=1

!

I

 
w`m ã(`)

W (`) ∗ ã(`)

r−1
X

`=m

r−1
∞
X
X
1
1
π2
=
,
≤
k2
6
(` − m + 1)2
k=1

`=J+1

m∈I

≤ max

=

F (`) . Note that
!

I ∞



m

W (`) ∗ ã(`)





2
= E`T CI − OI
Er β̃r
+ Σ`I (ΣII )−1
nλ
`



ã(`)

(37)

!

I

(38)

(39)

(40)

(41)
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m

X`T = Σ`I (ΣII )−1 XIT + E`T ,




(r)
(`)
(`)
(r)
where Er ∼ N 0n , θr In×n and E` ∼ N 0n , θr In×n , and θr and θr are defined in
Section 4. Then

and from (38)


ã(`)

max`

:= R(`) + F (`) .

We first bound
r−1
X

w`m

W (`) ∗ ã(`)

`=m

r−1
X

`=1

m∈I

≤ max

36

≤ ã(`)

2

1≤`≤J

`=1

I

≤ 1. Therefore, by Assumption A3,
!
r−1
X
max Σ`I (ΣII )−1
W (`) ∗ ã(`)
≤ 1 − α.

∞

i
≥ Q̄ ≤ p̄

n


o
B̄ = Var EjT η XI ≥ Q̄ .





a2
P EjT η ≥ a ≤ 2 exp −
+ p̄
2Q̄



`=1

I

`=1

I

37
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where the first equality holds from Pythagorean identity. The next lemma bounds the
random scaling Mn .

:=θr Mn ,

Then note that Var (Ei` ) = θr ≤ θr for i = 1, . . . , n. Now conditioned on both XI and
Xr , R(`) is zero-mean with variance at most


Var R(`) XI
(


 2
 2)
2
2
T
Er β̃r
= θr CI CI + OI
Er β̃r
≤θr CI − OI
nλ
nλ
2
2


!
!
T 
−1 X
r−1
r−1
1 X
4β̃r2 kOI Er k22 
1 T
(`)
(`)
(`)
(`)
=θr
W ∗ ã
X XI
W ∗ ã
+
n

n I
n2 λ 2

(`)

Conditioned on B̄ c , the variance of EjT η is at most Q̄. So by standard Gaussian tail bounds,
we have






i
h 

i
h
a2
a2
P EjT η ≥ a B̄ c = E P EjT η ≥ a XI , Xr B̄ c ≤ E 2 exp −
B̄ c ≤ 2 exp −
.
2Q̄
2Q̄

Now for any a and conditioned on XI and Xr ,
i
h
h
i


 
P EjT η ≥ a ≤ P EjT η ≥ a B̄ c + P B̄ ≤ P EjT η ≥ a B̄ c + p̄.

Proof Define the event

then for any a > 0,



P Var EjT η XI , Xr

h

Lemma 13 Consider the term EjT η where η ∈ Rn is a random vector depending on XI


(j)
and Xr and Ej ∼ N 0n , θr In×n for j = 1, . . . , J, r. If for some Q̄ ≥ 0

To give a bound on the random quantity R(`) , we first state a general result that will
be used multiple times later in the proof.

where we used ã(`)
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α2
2θr M̄n (ε)





1−

3κ2 π 2
1
16
+
+
2
(r)
2
Kθr (1 − ε)2 Kλ

!

K
≤
n

)!

(42)

!

.

= o(1), we have

3κ2 π 2
4
16
+
+
(r)
2
Kλ2
Kθr

K
n

.

3κ2 π 2 +

Kθr

(r)

8

+

32
Kλ2

!

.

38
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Next we study the `∞ error bound. The following theorem gives an `∞ error bound of β̃.

F.2 Proof of Property 2 in Theorem 1

n
θr
> 2
K log J
α

For the exponential term in (42) to have faster decaying rate than the J term, we need

K
M̄n (ε) ≤
n

K
n

+ 7 exp (−c3 n) ,

,

ε2
(r) 2 2
3θr κ π K 4

α2

for some constant c3 independent of n and J. By the assumption that
that K
n ≤ 1 − ε for n large enough, thus

1≤`≤J




P max R(`) ≥ α ≤ 2J exp −

Now by Lemma 13 and the union bound,

(

1
16
3κ2 π 2 K
,
+ (r)
+
2
2 n
θr (n − K) (1 − ε) nλ

h
i
P Mn ≥ M̄n (ε) XI ≤ 7 exp −n min

Proof See Appendix M.

then

M̄n (ε) :=


Lemma 14 For ε ∈ 0, 12 , denote

Yu and Bien


1:r,r

`=1

W (`) ∗ ã(`)



I

I

1
XT XI
n I
!

W (`) ∗ ã(`)


−1

SLT



λ
2

I,r

WI,r −

1
Lrr ,

−1

=

1 T
X XI
n I

rr

XrT XI



r−1
X
`=1

−1

!
I

W (`) ∗ ã(`)

W (`) ∗ ã(`)

r−1
X
`=1

!

.

(44)

(43)

I

and W = SLT − (L)−1 , then from (35) and the fact
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Proof Let δ = β̃ − β ∗ = β̃ − LT
that L−1 is lower-triangular,



1 T
X XI
n I

−1

r−1
X

XIT Xr δr −

−1
`=1

XIT Xr δr −


1 T
X XI
n I

i nλ
−1 h T

−1
δ = − XT X
X X β̃ + XT X (L)T −
XT X
r
r
I
I
I
I
I
I
I
I
I,r
2
 




−1
1
1 T
1
T
XT XI
XT Xr (δr + βr∗ ) +
X XI (L)I,r
=−
n I
n I
n I
!
−1 X
r−1
λ
−
2


−1

1 T
X XI
n I

= − XIT XI
λ
−
2
= − XIT XI
From (34) and the fact that L−1

1
1
1
1
1
−
+ XT X δ + XT X δ + XT X βr∗ + XrT XI βI∗
r
r
r
I
I
n r
n r
n r
n
β̃r

1
1
1
= − + XT Xr δr + XT XI δI + SLT rr
n r
n r
β̃r

1
1
1
= L−1
−
+ XT Xr δr + XrT XI δI + Wrr
rr
n r
n
β̃r
1
δr
1
+ XrT Xr δr + XrT XI δI + Wrr = 0.
n
n
Lrr β̃r
=

Plugging (43) into (44), we have

−1 


−1
λ
XIT XI
WI,r + Xr CI − Wrr .
2

WI,r +
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−1
λ
WI,r + Xr CI + |Wrr |
XT XI XT XI
I
r
2

−1
λ
Xr CI + |Wrr | .
2
XrT XI XIT XI

1
1
+ XT OI Xr
n r
Lrr β̃r
−1 
1 T
X OI Xr
n r

−1

1
1
+ XrT OI Xr
n
Lrr β̃r

−1
λ
δr
1
WI,r + Xr CI − Wrr ,
+ XrT OI Xr δr = XrT XI XIT XI
n
2
Lrr β˜r



> 0 and β̃r > 0,


which implies

δr =

Since Lrr
|δr | ≤
≤

39

"

1 T
X OI Xr
n r

−1

≥
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−1
1 T
n Xr OI Xr

3θr κ2 π 2 K

(r)

nα2

!

=



n
+ 2 exp −
.
2

−1
1 T
n Er OI Er

#


n
1
1
1
≤ exp − (n − K) ε2 .
(r)
4
θr n − K 1 − ε

Now conditioned on XI , by the decomposition (39),
From Lemma 20, it follows that

n
.
kOI Er k22

P

Also, by Lemma 19,



P XrT CI ≥ 1 ≤ 2 exp −

=

To deal with the rest of terms in (44) that involve W, we introduce the following concentration inequality to control its element-wise infinity norm.

A = {kWk∞ ≤ λ} ,

!

λ2
n

= o(1),

Lemma 15 Let W = SLT − L−1 . Under Assumptions A4 and A5, there exist constants
C1 , C2 , C3 > 0 such that for any 0 < t ≤ 2κ,




C3 nt2
C1 nt
P [kWk∞ > t] ≤ 2p2 exp − 2
+ 4p exp − 2
+ 4p exp (−C2 nt) .
κ
κ
Proof See Appendix N.
In terms of the event

Lemma 15 states that




C3 nλ2
C1 nλ
P [Ac ] ≤ 2p2 exp −
+ 4p exp − 2
+ 4p exp (−C2 nλ) .
κ2
κ

∞

−1

kWI,r k∞ ≤ λ.

WI,r = ΣrI (ΣII )−1 WI,r + ErT XI XIT XI

ΣrI (ΣII )−1
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WI,r .



n
+ 2 exp −
.
2

The next lemma shows that, on the event A and with the assumption that
−1
WI,r can be bounded by λ with high probability.
the term XrT XI XIT XI

9θr κ2 Kλ2

(r)

2nα2

Lemma 16 Using the general weigthing scheme (7), we have

i
h
−1
WI,r ≥ λ A ≤ 2 exp −
P XrT XI XIT XI

−1

Proof Recall that by conditioning on XI , the decomposition (39) gives
XrT XI XIT XI

On the event A, by A3 and (41),
ΣrI (ΣII )−1 WI,r ≤

40

−1



. The result follows from Lemma 13.

WI,r , then

1 T
X XI
n I

−1

− (ΣII )−1

λ
WI,r + D
2



with

∞

`=1

W (`) ∗ ã(`)

!
I

41

.



λ
+ (ΣII )−1 WI,r + D
2

D=

r−1
X

.
(46)

∞

JMLR 18(42):1-60, 2017





λ
λ
kWI,r k∞ + kDk∞
(ΣII )−1 WI,r + D
≤ (ΣII )−1
2
2
∞
∞

2
π2
−1
−1/2
≤ (ΣII )
1+
λ ≤ 2λ (ΣII )
12
∞
∞

On the event A, by (41),

kF2 k∞ ≤



!

−1 T
F1 = − XTI XI
XI Xr δr ,
−1 


λ
1 T
XI XI
WI,r + D
F2 = −
n
2

An `∞ bound of F2 is given by

where

δI = F1 + F2

for some constants c4 , c5 , c6 , x > 0 that do not depend on n and p.
We now consider a bound for δI . Recall from (43) that

Putting everything together and choosing the tuning parameter from (13), with a union
bound argument and some algebra, we have shown that conditioned on XI ,
"
#
"
#
#
"
1
n
5
1 5
5
P |δr | ≥ (r)
λ ≤ P |δr | ≥ (r) λ ≤ P |δr | ≥ (r) λ A + P [Ac ]
θr n − K 1 − ε 2
2θr
2θr


 




 n
2
1
K
nα
2nα2
≤ exp −
1−
ε2 + 2 exp −
+
2
exp
−
+ 4 exp −
4n
n
3θr κ2 π 2 K
9θr κ2 Kλ2
2




C3 nλ2
C1 nλ
2
+ 4p exp − 2
+ 4p exp (−C2 nλ)
+ 2p exp −
κ2
κ
c6
≤ c4 exp (−c5 n) + ,
(45)
p

with probability greater than 1 − 2 exp

n
2

−1

(r)

 θ(r)
1 T
9θr κ2 Kλ2
r
T
Var B (r) XI =
WI,r
XI XI
WI,r ≤
,
n
n
n

Note that Var (Eir ) = θr for i = 1, . . . , n. Let B (r) := ErT XI XTI XI
(r)
B has mean zero and variance at most

(r)
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∞

G=

"
1 T
W WI
n I

−1

#


λ
− IK (ΣII )−1/2 WI,r + D
2

∞

.

. Thus,

∞

2

is upper bounded by

−1

∞

2


A + P [Ac ]


A ≤ 4 exp (−c7 min {K, log J}) ,

∞


≤ P kF2 k∞ ≥ 4λ (ΣII )−1/2

∞

2

c6
.
p



≤ 4 exp (−c7 min {K, log J}) +


P kF2 k∞ ≥ 4λ (ΣII )−1/2

P G ≥ 2λ (ΣII )−1/2



∞



ΣIr

∞

|δr | ≥

(r)
2θr

5

|δr | +

XTI Er δr

λ ≤ c4 exp (−c5 n) +

#

XTI XI

.

c6
.
p

∞

2

δr2
.
n

(47)
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By Lemma 18 and (45),

h
i 235 κ2 λ2 
 n
−1 T
c6
P Var eTj XTI XI
XI Er δr XI ≥
≤ 2 exp −
+ c4 exp (−c5 n) + .
4 θr n
2
p


−1
h
i
−1 T
1 T
Var eTj XTI XI
XI Er δr XI ≤ θr
XI XI
n

(ΣII )

−1

∞

Consider each coordinate j ∈ I of the random term whose variance is bounded by

P

By (45) and A3,
"

kF1 k∞ ≤ (ΣII )−1 ΣIr

Turning to F1 , conditioned on XI , by decomposition (39), we have that

and

2λ (ΣII )

−1/2

Note that conditioning on A, (ΣII )−1/2 WI,r + λ2 D

By Lemma 5 in Wainwright (2009), we have, for some constant c7 > 0.




λ
P G ≥ (ΣII )−1/2 WI,r + D
XI ≤ 4 exp (−c7 min {K, log J})
2
∞

where

To deal with the first term in (46), note that XI = WI (ΣII )1/2 , where WI ∈ Rn×K is
a standard Gaussian random matrix, i.e., (WI )ij ∼ N (0, 1). Thus we can write it as
"
#
−1


λ
1 T
−1/2
(ΣII )
WI WI
− IK (ΣII )−1/2 WI,r + D
≤ (ΣII )−1/2
G,
n
2
∞

Yu and Bien

∞

5

(r)

θr

≥

n
18θr κ2

λ ≤ c8 exp (−c9 n) + 2



n
+ 2 exp −
2

c6
+ 4 exp (−c7 min {K, log J}) ,
p




n
c
6
+ 2 exp −
+ c4 exp (−c5 n) + .
2
p

+c4 exp (−c5 n) +

#

5
λ ≤2 exp −

(r)

2θr

n
18θr κ2

c6
,
p
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−1
XIT Er δr

+

#

5
λ ≤ 2 exp −

(r)

θr

XIT XI

Thus by Lemma 13,
"
P

"

P kF1 k∞ ≥

2

∞

Combining with (45) and (47), we have
#

and

"

P kδk∞ ≥ 4λ (ΣII )−1/2
for some constants c8 , c9 > 0 that do not depend on n and J.

F.3 Proof of Property 3 in Theorem 1

max

j≥J+1

n
o
|βj | − β̃j − βj > 0,

β̃j ≥ |βj | − β̃j − βj .

Finally we establish a βmin condition, which, combined with the `∞ rate, gives the other
direction of the support recovery, i.e., K(β̂) ≥ K.
By the triangle inequality

So if we have

then K(β̃) ≥ K.

Appendix G. Proof of Theorem 3

,

Proof The overall proof techniques are the same as the proof of Theorem 1. The first part of
the theorem holds if max2≤r≤p max1≤`≤Jr |ã(r`) | < 1. Now for each r = 2, . . . , p we proceed
with the same primal-dual witness procedure and end up with the same decomposition (40).
Assumption A3 ensures that max2≤r≤p max1≤`≤Jr |F (r`) | ≤ 1 − α. Following the same
line of proof to deal with random term R(r`) , we have that R(r`) is zero-mean Gaussian with
conditional variance bounded above by the scaling

K
κ2
16
+ (r)
+
2
n
nθr (1 − ε)2 nλ
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θr
1
16θr
3κ2 π 2 θr K ∗
r
+ (r)
+
∗
2
n
nλ2
θr (n − Kr ) (1 − ε)
!
3κ2 π 2 θr
2

θr M̄n(r) (ε) =
≤

43

Yu and Bien

r=2

h
i
P R(r`) ≥ α ≤ 2 exp −

!

+

32θ
nλ2

+7

Jr exp (−c3 n)

K
n

≤ε

7
+ p2 exp (−c3 n) .
2

r=2

!

p
X

+ 7 exp (−c3 n) .

2θr M̄n (ε)

(r)

α2

2θr M̄n (ε)

(r)

α2


for ε ∈ 0, 21 with high probability, where we use the fact that K = o(n) implies that
for n large. And
!
Thus,

2≤r≤p 1≤`≤Jr

8θκ2
n

α2

3κ2 π 2 θ K
n +



p
X
Jr exp −
P max max R(r`) ≥ α ≤ 2

≤ p2 exp −

2
α2

For the exponential term to decay faster than p2 , we need
 


32θ
2
3κ2 π 2 θK + 8κ2 θ + 2 ,
.
λ
c3
n
> max
log p
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L̂ − L

F

≤ ζΓ

r
log p
L̂ − L
≤ ζΓ (K + 1)
,
n
∞
r
log p
,
L̂ − L ≤ ζΓ (K + 1)
n
1
r
log p
L̂ − L ≤ ζΓ (K + 1)
,
n
2
r
(s + p) log p
.
n

Lemma 17 Using the notation and conditions in Theorem 4, the following deviation bounds
hold with high probability:

∞

2≤r≤p

= max

c=1

r
X

L̂ − L

∞

≤ ζΓ

2≤r≤p

log p
.
n

L̂rc − Lrc ≤ max (Kr + 1) L̂ − L

∞

∞

.
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≤ (K + 1) L̂ − L

Proof By Theorem 3, with high probability, the support of L̂ is contained in the true
support and
r
Note that
L̂ − L

44

1

1≤c≤p−1

max

L̂ − L

F

=

r=2 c=Jr +1

L̂rc − Lrc

≤

L̂T L̂ − LT L

L̂T L̂ − LT L

1

∞

=

≤

∞

≤

≤

T

2



L̂ − L

45

L̂ − L

then the results follow from Corollary 17.

≤

∞

2

.

≤ ζΓ2

∞

.

r

X

2

+ 2|||L|||2


L̂ − L

, we have
,

2

log p
.
n
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F

F

.

.




Ip ⊗ LT vec L̂ − L

L̂T L̂ − LT L

∞

2

.

!

Kr + p

L̂ − L

,

∞

∞

+

= |||L|||2 L̂ − L

=

F

F

2

1

∞

+ 2|||L|||∞ L̂ − L

L̂T L̂ − LT L



L̂ − L L̂ − L

F



Ip ⊗ LT

L̂ L̂ − L L

T

Applying the same strategy to

F

L̂ − L

L̂ − L

≤ 2|||L|||∞ L̂ − L

∞

Finally, for Frobenius norm, observe that


 

LT L̂ − L
= vec LT L̂ − L

2

r

∞

L̂ − L

L̂T L̂ − LT L

L̂ − L

L̂T L̂ − LT L

By Hölder’s inequality

Thus,

1

r=2 c=Jr +1

L̂ − L

∞

∞


L̂ − L + L̂T L + LT L̂ − 2LT L

 
T


L̂ − L + L̂ − L L + LT L̂ − L .



≤

1≤c≤p−1

max (Dc + 1) L̂ − L

≤ (K + 1) L̂ − L

p
r
X
X

r

∞

L̂rc − Lrc ≤

2

2

Proof [of Theorem 4] First note that

T
L̂T L̂ − LT L = L̂ − L

T
= L̂ − L

L̂ − L

p
r

X
X

Finally for Frobenius norm,

2

r=1

c
X

≤ (D + 1) L̂ − L

=

By Hölder’s inequality

L̂ − L

Denote D = max1≤c≤p−1 Dc where Dc = |{r = c, . . . , p : Lrc 6= 0}|. Observing that D ≤ K,
we have
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(48)

m=1

r Pp
( r=2 Kr + p) log p
rn =
.
n

0

46
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The trace term in (48) can be written as




tr S (L + ∆)T (L + ∆) − tr SLT L = tr SLT ∆ + S∆T L + S∆T ∆


= 2 tr SLT ∆ + tr S∆T ∆

≥ 2 tr SLT ∆ ,

log det(L + ∆) − log det(L)
Z 1

= tr(L−1 ∆) − (vec ∆)T
(1 − ν)(L + ν∆)−1 ⊗ (L + ν∆)−1 dν (vec ∆).

We start with analyzing the logarithm terms in (48). First let f (t) = log det(L + t∆).
Using a Taylor expansion of f (t) at t = 0 with f 0 (t) = tr[(L + t∆)−1 ∆] and f 00 (t) =
−vec ∆T (L + t∆)−1 ⊗ (L + t∆)−1 vec ∆, we have

ˆ F = kL̂ − LkF ≤ M rn .
k∆k

The assumed scaling implies that rn → 0. We aim at showing that inf {G(∆) : ∆ ∈ Θn (M )} >
ˆ ≤ G(0) = 0 implies
0. If it holds, then the convexity of G (∆) and the fact that G(∆)

where M > 0 and

ˆ = L̂ − L. Consider the value of G(∆) on the set
it follows that G(∆) is minimized at ∆
defined as
n
o
Θn (M ) = ∆ : ∆jk = 0 for all k > j, (∆ + L)jj > 0 for all j , k∆kF = M rn ,

Ljk =0:j<k

Since the estimator L̂ is defined as
n
o

L̂ = arg min −2 log det L + tr SLT L + λ kLk∗2,1 ,

r=2 `=1

where L is the inverse of the Cholesky factor of the true covariance matrix, and the penalty
is defined above as
v
p X
r−1 u
u X̀
X
∗
t
2 L2 .
kLk2,1 =
w`m
rm

Proof We adapt the proof technique of Rothman et al. (2008). Let


G(∆) = − 2 log det (L + ∆) + tr S (L + ∆)T (L + ∆) + λ k(∆ + L)k∗2,1

+ 2 log det L − tr SLT L − λ kLk∗2,1 ,

Appendix I. Proof of Theorem 6

Yu and Bien

−2

2

˜ F ≤ M rn ≤
≤ k∆k

κ2
1
≥
,
2
2|||L|||22
˜
∆

≥

|Lr` |,

p X
r
X
r=1 j=1

tr[(SLT − L−1 )∆] =

=

=

≥

m=1

SLT − L−1



rj

∆rj

(SLT − L−1 )rj ∆rj +

2 (L
2
w`m
rm + ∆rm ) +

2 (L
2
w`m
rm + ∆rm ) +

r=2 `:(r,`)∈S
/

p
X
X

m:(r,m)∈S
/

X

∗
∗
kL + ∆k2,1
− kLk2,1
v
u
p X
r−1 u
X
X̀
∗
t
2 (L
2
w`m
rm + ∆rm ) − kLS k2,1
r=2 `=1

X

m:(r,m)∈S

p X
r−1 s
X

r=2 `=1

X

m:(r,m)∈S

p X
r−1 s
X

r=2 `=1

∗
∗
= kLS + ∆S k2,1
+ kLS c + ∆S c k2,1 − kLS k2,1

∗
∗
= kLS + ∆S k2,1
+ k∆S c k2,1 − kLS k2,1

∗
2λ k∆S k2,1
=

≤
=

p
X

r=2

λ2 a +

λ2 a +

r=2 m=Jr +1

p
r−1
X
X

r=1 j ∈I
/ r

(SLT − L−1 )rj ∆rj

∗
|Lr` + ∆r` | − kLS k2,1

X̀

`=m

r−1
X

2
w`m

r=2 `=Jr +1 m=Jr +1

p
r−1
X
X

m=Jr +1

v
r−1 u
X
X̀
u
2 ∆2
t
w`m
rm
!

!

`=Jr +1

Kr

Kr

2λ
p
X
r=2

p
X
r=2
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2
∆rm
/a.

2
2
w`m
∆rm
/a

∗
where the last inequality comes from triangle inequality. To give an upper bound on kLS k2,1
,
we observe that 2λb ≤ aλ2 + b2 /a holds for any a > 0, and obtain

∗
≥ k∆S c k2,1 − k∆S k2,1
,

∗
2 (L
2
w`m
rm + ∆rm ) − kLS k2,1

where the last inequality comes from Lemma 15 with probability tending to 1. To bound
the penalty terms, we note that

√
≤ s + p SLT − L−1 ∞ k∆S kF + SLT − L−1 ∞ k∆S c k2,1
r
r
√
log p
log p
≤ C1 s + p
k∆S kF + C1
k∆S c k2,1 ,
(52)
n
n

r=1 j∈Ir

p X
X

Yu and Bien

2

p X
r−1
X
r=2 `=1

p X
X
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w`` |Lr` | =

≤

where the last equality holds since w`` = 1 by (7). Then, by the Cauchy-Schwarz inequality,

(49)

where the last inequality comes from the fact that the sample covariance matrix S is positive
semidefinite. Combining these with (48) gives
Z 1

G(∆) ≥2(vec ∆)T
(1 − ν)(L + ν∆)−1 ⊗ (L + ν∆)−1 dν (vec ∆)
0


∗
∗
− kLk2,1
+ 2 tr[(SLT − L−1 )∆] + λ kL + ∆k2,1
≡(a) + (b) + (c).

2
(1 − ν)σmin
(L + ν∆)−1 dν

(50)

The integral term (a) above has a positive lower bound. Recalling that
σmin (M ) = minkxk=1 xT M x is a concave function of M (the minimum of linear functions of
M is concave), we have

Z

0

0
1

Z

1
vec ∆T
vec ∆
(a) = 2k vec ∆k2
(1 − ν)(L + ν∆)−1 ⊗ (L + ν∆)−1 dν
k vec ∆k 0
k vec ∆k
Z 1

≥ 2k∆kF2 σmin
(1 − ν)(L + ν∆)−1 ⊗ (L + ν∆)−1 dν
0
Z 1


(1 − ν)σmin (L + ν∆)−1 ⊗ (L + ν∆)−1 dν
≥ 2k∆kF2

≥ 2k∆kF2

2
−1
≥ k∆kF2 min σmin
(L
+
ν∆)
0≤ν≤1
n
o
2
˜ −1 : k∆k
˜ F ≤ M rn .
≥ k∆kF2 min σmin
(L + ∆)

˜
∆

The second inequality uses Jenson’s inequality of the concave function σmin (·), and the third
inequality uses the fact that σmin (A ⊗ A) = σmin (A)2 for any positive (semi)definite matrix
A. Using triangle inequality on the matrix operator norm, we have

2
˜ −1 = σ −2 (L + ∆)
˜ ≥ |||L||| +
σmin
(L + ∆)
max
2

where the second inequality holds with high probability since

(51)

|||L|||2 as rn → 0 and the last inequality follows from Assumption A4. This gives the lower
bound for the first term in (49):
1
1
(a) ≥ κ2 k∆kF2 = κ2 M 2 rn2 .
2
2

p X
r−1
X
r=2 `=1
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To deal with (b), we start by
Pprecalling some notation. We let S = {(r, j) : Lrj 6= 0} denote
the support of L, and s = r=2
Kr be the number of non-zero off-diagonal elements. We
also define
kLk2,1 =

47

=

4
max
max
κ2 r Jr +1≤m≤r−1

4
a = 2 max
max
κ r Jr +1≤m≤r−1
∞

r

λ=

C1
ε

r

λ − C1

log p
.
n

(s + p) log p
k∆kF +
n

log p
n

!
k∆S c k2,1 −

= − 2 log τ +

r−1

49
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E
XD
1
1
kzk22 + ν (τ − βr ) + hφ, z − X1:r βi + λ
W (`) ∗ a(`) , β .
n
n

Proof Denote


L τ, z, β; ν, φ, a(`)

Appendix J. Proof of Lemma 10

for M sufficiently large.

G(∆) ≥

(53)

C2 2
sλ .
κ2

r


κ2 2 2
log p 1
C2 C 2 s log p
M rn − C1 M rn2 + C1
− 1 k∆S c k2,1 − 2 21
4
n
ε
κ ε
n
 2

2
κ
C
C
2
≥
M 2 − C1 M − 2 21 rn2 > 0,
4
κ ε

Since k∆kF = M rn , we have

For any ε < 1, choose

κ2
G(∆) ≥
k∆k2F − C1
4

r



κ2
C2
k∆k2F .
λ kL + ∆k∗2,1 − kLk∗2,1 ≥ λ k∆S c k2,1 − 2 sλ2 −
κ
4

C2 2
κ2
C2
κ2
sλ + k∆S k2F
≤ 2 sλ2 + k∆k2F
.
κ2
4
κ
4

Finally, combining (51), (52), and (53), we have

Therefore,

λ k∆S k∗2,1 ≤

2
w`m

X 4
C2
1
≤ 2,
4 ≤
k 4 κ2
κ
(` − m + 1)
k=1
`=m

`=m
r−1
X

r−1
X

for some constant C2 > 0, it follows that

Now let
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τ,z,β

ν,φ,a(`)

gr,` 2

c
gr,`


=0
.

`=1

â(`)



gr,` 2

≤ 1, â(`)



= 0.

W (`) ∗ â(`) = 0,

`=1
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f (β) = −2 log βr + S1:r,1:r , ββ T + λP (β),


then from the equality f (β̂) = L τ̂ , ẑ, β̂; ν̂, φ̂, â(`) together with the primal-dual relation,
we have
r−1 D
r−1 D
E X
E
X
W (`) ∗ â(`) , β̂ =
W (`) ∗ β̂, â(`) .
P (β̂) =
`=1

`=1

r−1
X

φ̂ = −2ẑ = −2X1:r β̂.

er + 2S1:r,1:r β̂ + λ

c
gr,`

β̂r

2

If we denote the objective function as

with

−

β̂r = τ̂ =

2
ν̂
This implies that at optimal points

The primal-dual relation is

where er ∈ Rr is such that (er )r = 1 and (er )j = 0 for all j =
6 r. Thus the dual problem
(up to a constant) is


max g ν, φ, a(`)
(`)
ν,φ,a

 
 
1
= min −2 log ν +
kφk22 s.t. ν > 0,
a(`)
≤ 1, a(`) c = 0,
4n
gr,` 2
gr,`
ν,φ,a(`)
)
r−1
X
1
W (`) ∗ a(`) .
νer + XT1:r φ = λ
n

`=1

1
kφk22
=2 log ν − 2 log 2 + 2 − 1∞ {ν > 0} −
4n
(
)
r−1
X
1 T
(`)
(`)
− 1∞ −νer − X1:r φ + λ
W ∗a =0 ,
n

`=1

 
≤ 1, a(`)



1
1
= inf {−2 log τ + ντ } + inf
kzk22 + hφ, zi
τ
z
n
n
(
)
r−1 D
E
X
1
XT1:r φ, β + λ
+ inf −νβr −
W (`) ∗ a(`) , β
β
n

τ,z,β

The dual function can then be written as




g ν, φ, a(`) = inf L τ, z, β; ν, φ, a(`)

Then the primal (8) can be written equivalently as

 
  
min max L τ, z, β; ν, φ, a(`) : a(`)

Yu and Bien

would give
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r−1 
X

W (`) ∗ β̂

gr,`0 2


>

=

gr,` 2


gr,`
2

for β̂gr,` 6= 0 and âgr,`

p X
r−1 D
E
X
W (`) ∗ β̂, â(`) ,
r=2 `=1

(W (`) ∗β̂ )gr,`
(W (`) ∗β̂ )gr,`

(`)
2

≤1

(W (`) ∗β̂ )gr,`

6= 0 but â(`)
Suppose there exists some ` with β̂
6=
,
g
r,`
gr,`
(W (`) ∗β̂ )gr,`
2
D
E


then W (`) ∗ β̂, â(`) < W (`) ∗ β̂
while for other `0 by Cauchy-Schwarz inequality
gr,`
D
E

2
0
0
0
we have W (` ) ∗ β̂, â(` ) ≤ W (` ) ∗ β̂
. Therefore, summing over all ` = 1, . . . , r−1
P (β̂) =
`=1

which leads to a contradiction. Thus â(`)
for β̂gr,` = 0.

Appendix K. Proof of Lemma 11
Proof In this proof, we continue to use the notation in Appendix J. Observe that L τ, z, β; ν, φ, a(`)
is jointly convex in τ , z and β, and it is strictly convex in τ and z. Thus, the minimizers ẑ
and τ̂ are unique.
To see this in a more general setting, without loss of generality, suppose f (x, y) is convex
in y and is strictly convex in x. Then for x1 6= x2 and θ ∈ (0, 1) we have
f (θx1 + (1 − θ) x2 , y) < θf (x1 , y) + (1 − θ) f (x2 , y)
Now
 suppose
 (x̂1 , ŷ) and (x̂2 , ŷ2 ) are both minima of f , then taking θ = 1/2 we have
2
f x̂1 +x̂
2 , ŷ < f (x̂1 , ŷ) = f (x̂2 , ŷ), which leads to a contradiction.

`=1





L τ̂ , ẑ, β̂; ν̂, φ̂, â(`) = L τ̂ , ẑ, β̃; ν̂, φ̂, â(`) ,



.
< 1, then for the equality above to hold,

gr,` 2

By the primal-dual relation, we know that if β̂ and β̃ are two solutions to (8), then
β̂r = β̃r and X1:r β̂ = X1:r β̃. So from the equality f (β̂) = f (β̃) we know that P (β̃) = P (β̂).
Also by
 






 
f β̂ = L τ̂ , ẑ, β̂; ν̂, φ̂, â(`) ≤ L τ̂ , ẑ, β̃; ν̂, φ̂, â(`) ≤ L τ̃ , z̃, β̃; ν̃, φ̃, ã(`) = f β̃ ,
we have

and thus

`=1

â(`)

r−1 D
r−1 D
r−1 
E X
E

X
X
W (`) ∗ â(`) , β̃ =
W (`) ∗ â(`) , β̂ = P (β̂) = P (β̃) =
W (`) ∗ β̃
`=1

Now for any ` ≤ r − 1 suppose

gr,` 2
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we must have β̃gr,` = 0. Therefore, by Lemma 10, β̂gr,` = 0 =⇒ β̃gr,` = 0, so any other
51
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solutions to (8) cannot be less sparse than β̂.

Appendix L. Proof of Lemma 12

Proof By Lemma 11, any other solution β to (8) must have βgJ(β̂) = 0. Recall that

−2 log γK(β̂)+1 +

1
XŜ γ
n

2
2

+λ

X 

K(β̂)

`=1

Ŵ (`) ∗ γ



gr,` 2

,

J(β̂) = r − 1 − K(β̂). The original problem (8) can thus be written equivalently as
min
γ∈RK(β̂)+1

W (`) ∗ ã(`)

!T 

1 T
X XI
n I

−1

r−1
X

`=1

W (`) ∗ ã(`)

!

I

+

4
β̃ 2 kOI Er k22 .
n2 λ2 r



ˆ
where Ŵ (`) = W (`+J) .
Ŝ
Note that the penalty term is a convex function of γ. The Hessian matrix of the first
term is a diagonal matrix of dimension |Ŝ| = K(β̂) + 1 with non-negative entries in the
diagonal. The Hessian matrix of the second term is 2SŜ Ŝ . Then by Assumption A1, the
uniqueness follows from strict convexity.

r−1
X
`=1

I

Appendix M. Proof of Lemma 14

1
n

Proof Recall that
Mn =

We cite Lemma 9 (specifically in the form (60)) in Wainwright (2009) here for completeness.

W (`) ∗ ã(`)

P

" 

!T 
I

1 T
X XI
n I

1 T
X XI
n I

−1

−1

r−1
X

`=1

2

≥

!

I

9κ2
n

r−1
X

≤

#


9
n
≤ 2 exp −
.
κ
2

W (`) ∗ ã(`)

3π 2 κ2 K
,
2 n

W (`) ∗ ã(`)

!

I

2
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≤

`=1

Lemma 18 (Wainwright 2009) For k ≤ n, let XI ∈ Rn×k have i.i.d. rows from a
multivariate Gaussian distribution with mean 0 and covariance matrix Σ. If Σ has minimum
eigenvalue κ > 0, then

r−1
X
`=1

By the lemma above, Assumption A4, and (41)
1
n


with probability greater than 1 − 2 exp − n2 .

52

I

`=1

r−1
X

W (`) ∗ ã(`)

!
I

≤ 1 − α.

W (`) ∗ ã(`)

(r)

θr

kOI Er k22

−1
`=1

r−1
X

W (`) ∗ ã(`)

I

!
I

≤

(r)


I

3θr κ2 π 2 K
,
2n

W (`) ∗ ã(`)

53

JMLR 18(42):1-60, 2017

∼ χ2 (n − K). To bound it, we cite a concentration inequality from

Wainwright (2009) (specifically (54b)) as the following lemma:

Since

h
P B (r)



1 T
X XI
n I

`=1

−1 Pr−1

`=1

. By Lemma 13, we have that
!
i
 n
nα2
≥ α ≤ 2 exp − (r)
+ 2 exp −
.
2
2
2
3θr κ π K

n
2

I

!T 

with probability greater than 1 − 2 exp

`=1

r−1
X

has mean zero and variance at most


 θ(r)
r
Var B (r) XI =
n

By Lemma 18,

B (r)

Note that Var (Eir ) = θr for i = 1, . . . , n. Let B (r) = ErT XI XTI XI

(r)

ΣrI (ΣII )−1

By the irrepresentable assumption (A3) and (41),

`=1

Proof Conditioned on XI , from the decomposition (39) and the definition of CI
!
!
r−1
r−1
X
−1 X
−1
T
(`)
(`)
T
T
(`)
(`)
Xr CI = ΣrI (ΣII )
W ∗ ã
+ Er XI XI XI
W ∗ ã
.

Lemma 19 Using the general weight (7), we have


 n


nα2
+ 2 exp −
.
P XTr CI ≥ 1 ≤ 2 exp −
3θκ2 π 2 K
2

The next lemma gives us a handle on the numerator of the first term.

q

2
1 T
Xr CI + 14 (XTr CI )2 + λ24n kOI Er k22
4
4
2
2
 kOI Er k2
β̃ 2 kOI Er k2 = 2 
2
2
2
n2 λ 2 r
n
kO
E
k
r
I
2
n
2
2
4 1 XTr CI + λ24n kOI Er k2
kOI Er k22
≤ 24
4
1
n
kOI Er k2
n2
2
XTr CI
16
=
+ 2 .
λ n
kOI Er k22

Next we deal with the second term in Mn . Recall from (37) that
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.

we have that

Letting

So we have

i=1
n

n


T
1X
Xi − X̄ Xi − X̄ LT
n

n

SLT



k=1

p
X

k=1

Xki Ykj − L−1
54

i=1



ij

+ X̄i Ȳj .

Xki Ykj − X̄i Ȳj .
W = SLT − L−1 ,

= n−1

p
X

ij

|Wij | ≤ n−1

i=1
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T

T
1X
1X
=
Xi − X̄ LXi − LX̄ =
Xi − X̄ Yi − Ȳ .
n
n

SLT =

Proof The proof strategy is based on the proof of Lemma 2 in Bien et al. (2016).
For the design matrix Xn×p with independent rows, denote Xi = (Xi· )T ∈ Rp . Then
−1
Xi are P
i.i.d with mean 0 and true covariance matrix Σ = LT L
for i = 1, ..., n. And
X̄ = n1 ni=1 Xi has mean 0 and true covariance matrix n1 Σ.
p
Let Yi = LX
i.i.d with mean
i ∈ R . Then Yi are P
−1
P 0 and true covariance matrix
LΣLT = L LT L
LT = Ip . And Ȳ = n1 ni=1 Yi = n1 ni=1 LXi = LX̄ has mean zero and
covariance matrix n1 Ip . Also the corresponding design matrix Y = XLT has independent
rows.

Appendix N. Proof of Lemma 15

The result follows from a union bound.

which together with Lemma 19 implies that
"
#
2
XTr CI
1
P
≥
(r)
kOI Er k22
θr (n − K) (1 − ε)
!


 n
nα2
1
≤2 exp − (r)
+ 2 exp −
+ exp − (n − K) ε2 .
2
4
3θr κ2 π 2 K

From Lemma 20 it follows that


h
i
1
P kOI Er k22 ≤ θr(r) (n − K) (1 − ε) ≤ exp − (n − K) ε2 ,
4

Lemma 20 (Tail Bounds for χ2 -variates, Wainwright 2009) For a centralized χ2 -variate
X with d degrees of freedom, for all ε ∈ (0, 1/2), we have


1
P [X ≤ d(1 − ε)] ≤ exp − dε2 .
4
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P max |W|ij > t

#
"


p
X

t
t
+ P max X̄i Ȳj >
≤P max n−1
Xki Ykj − L−1 ij >
ij
ij
2
2
k=1
"
#
p
X

t
≤P n−1
Xki Ykj − L−1 ij > for some i, j
2
k=1
"
"
r #
r #
t
t
+ P max X̄i >
+ P max Ȳj >
i
j
2
2
#
"
"
"
r #
r #
p
X
X
X
X

t
t
t
+
P X̄i >
+
P Ȳj >
≤
P n−1
X Y − L−1
>
ki
kj
ij
2
2
2
i
j
ij
k=1
"
#
p
X

t
Xki Ykj − L−1 ij >
≤p2 max P n−1
ij
2
k=1
"
"
r #
r #
t
t
+ p max P X̄i >
+ p max P Ȳj >
i
j
2
2
ij

i

j

:=p2 max Iij + p max IiX + p max IjY .

!
=



n
Y
Xki
E exp t √
nΣii

k=1

t2 /K12



,

by the definition of sub-Gaussian,

by independence

n


Y
exp C̃1 t2 /n = exp(C̃1 t2 )

k=1

Consider IiX first. Since Xki are independent sub-Gaussian with variance Σii for k =
1, .., n, we have

X̄i
E exp t p
Σii /n
≤


> t ≤ exp 1 −

so X̄i is sub-Gaussian with variance Σii /n.
By Lemma 5.5 in Vershynin (2010), we have
h
p
P X̄i /

∗
Σii

k=1

h

p

P Ȳi / 1/n > t ≤ exp 1 − t2 /K22 ,
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n
 Y



p
√ 
E exp tYki / n ≤ exp C̃2 t2 ,
E exp tȲi / 1/n =

where K1 is a constant that does not depend on i.
Following the same argument we have

thus
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where K2 is a constant that does not depend on i. And we have
h
h
p i
p i
IiX + IiY = P X̄i > t/2 + P Ȳi > t/2
"
#
"
#
p
p
X̄i
t/2
t/2
Ȳi
=P p
>p
+P p
>p
Σii /n
Σii /n
1/n
1/n




nt
nt
+ exp 1 −
.
≤ exp 1 −
∗
2K12 Σii
2K22
Thus




C1 nt
max IiX + IiY ≤ 4 exp −
+ 4 exp (−C2 nt)
∗
i
maxi Σii

for some

q ≥ 3 ∈ N,

for some constant C1 .
Now consider the term Iij . We have shown that both X and Y have independent rows.
(ij)
So for any i, j, Zk = Xki Ykj are independent for k = 1, . . . , n. Let X ∼ N (0, Σ) and
Y ∼ N (0, Ip ), then




E (Xki Ykj ) = Cov (X, LX)ij − 0 = Cov (X, X) LT ij = ΣLT ij = L−1 ij .

n
o
q!
q−2
q
≤ νij cij
E (Xki Ykj )+
2


2 2
Ykj ≤ νij
E Xki

If there exist νij and cij such that

n
X
k=1

n
X
k=1

n 
X

k=1

−1
Xki Ykj − (L)ij



#

> t ≤ 2 exp −

t2
2 (νij + cij t)



.

then by Theorem 2.10 (Corollary 2.11) in Boucheron et al. (2013), ∀t > 0, we have
"
P



q 1/q
p
√
E Xij / Σjj
≤ K3 q

The rest of the proof focuses on characterizing νij and cij . First, Lemma 5.5 in Vershynin
(2010) shows that, for some constant K3 that does not depend on j,

holds for all q ≥ 1. Thus,

E |Xij |q ≤ K3q q q/2 (Σjj )q/2 .

E |Yij |q ≤ K4q q q/2
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Following the same argument, there exists some constant K4 that does not depend on j
such that

for all q ≥ 1.
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k=1


2 2
E Xki
Ykj ≤

k=1

n q
X

4 EY 4
EXki
kj

q
≤ n K34 24 K44 24 Σii 2 = 16nK32 K42 Σii ,
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Current literature for multidimensional network data considers settings in which the multiple networks are either dynamic or multilayer. Statistical modeling of dynamic networks
has focused on stochastic processes which are designed to borrow information between edges
and across time (e.g., Hanneke et al., 2010; Snijders et al., 2010; Xing et al., 2010; Yang
et al., 2011; Durante and Dunson, 2014; Crane, 2016), whereas inference for multilayer net-

1.1 Related Work

While modeling of a single network observation is still an active area of research, the increasing availability of multidimensional networks from World Wide Web architectures (Leetaru
and Schrodt, 2013), telecommunication infrastructures (Blondel et al., 2015) and human
sensing devices (Cattuto et al., 2010), have motivated more flexible statistical models. This
endeavor is particularly relevant in the dynamic multilayer network field, providing information on the time-varying connectivity patterns among a set of actors in different contexts.
Notable examples include dynamic relationships between individuals according to multiple
forms of social interactions (Snijders et al., 2013), and time-varying connectivity structures
among countries based on different types of international relations (Hoff, 2015).
In modeling these highly complex networks, it is of paramount interest to learn the wiring
processes underlying the observed data and to infer differences in network structures across
layers and times. Improved estimation of the data’s generating mechanism can refine the
understanding of social processes and enhance the quality in prediction of future networks.
In order to successfully accomplish these goals, it is important to define statistical models
which can incorporate the different sources of information in the observed data, without
affecting flexibility. However, current literature lacks similar methods, to our knowledge.
Motivated by this gap, we develop a Bayesian nonparametric model for dynamic multilayer networks which efficiently incorporates dependence within each network, across time,
and between the different layers, while preserving flexibility. Our formulation borrows network information by defining the edge probabilities as a function of pairwise similarities
between actors in a latent space. To share information among layers without affecting flexibility in characterizing layer-specific structures, we force a subset of the latent coordinates
of each actor to be common across layers, and let the remaining coordinates to vary between
layers. Finally, we accommodate network dynamics by allowing these actors coordinates to
change in time, and incorporate time information by modeling the dynamic actors coordinates via Gaussian processes (e.g., Rasmussen and Williams, 2006). Our model is tractable
and has a theoretical justification, while providing simple procedures for inference and prediction. In addition, we find that our procedures outperform current methods in inference
and out-of-sample prediction on both simulated and real data.
The paper proceeds as follows. Section 1.1 reviews recent contributions in the literature,
and Section 1.2 provides a motivational example of dynamic multilayer networks. Section 2
describes our Bayesian latent space model, while Section 3 discusses its properties. Methods
for posterior computation and prediction are provided in Section 4. Section 5 highlights
the performance gains of our model compared to other possible competitors in a simulation
study, whereas Section 6 illustrates on infection studies, monitoring face-to-face contacts,
our success in inference and prediction, compared to possible competitors. Future directions
of research and additional fields of application are discussed in Section 7.

Durante, Mukherjee and Steorts

Data on social interaction processes are rapidly becoming highly multidimensional, increasingly complex and inherently dynamic, providing a natural venue for machine learning as
seen in applications such as disease transmission (Marathe and Ramakrishnan, 2013), international relations (Schein et al., 2016), social interactions (Guo et al., 2015), and others.

1. Introduction

A plethora of networks is being collected in a growing number of fields, including disease
transmission, international relations, social interactions, and others. As data streams continue to grow, the complexity associated with these highly multidimensional connectivity
data presents novel challenges. In this paper, we focus on the time-varying interconnections
among a set of actors in multiple contexts, called layers. Current literature lacks flexible
statistical models for dynamic multilayer networks, which can enhance quality in inference
and prediction by efficiently borrowing information within each network, across time, and
between layers. Motivated by this gap, we develop a Bayesian nonparametric model leveraging latent space representations. Our formulation characterizes the edge probabilities as
a function of shared and layer-specific actors positions in a latent space, with these positions
changing in time via Gaussian processes. This representation facilitates dimensionality reduction and incorporates different sources of information in the observed data. In addition,
we obtain tractable procedures for posterior computation, inference, and prediction. We
provide theoretical results on the flexibility of our model. Our methods are tested on simulations and infection studies monitoring dynamic face-to-face contacts among individuals in
multiple days, where we perform better than current methods in inference and prediction.
Keywords: Dynamic multilayer network, edge prediction, face-to-face contact network,
Gaussian process, latent space model
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works has motivated formulations which can suitably induce dependence between edges and
across the different types of relationships—characterizing the multiple layers (e.g., Gollini
and Murphy, 2016; Han et al., 2015; Heaney, 2014). These contributions have generalized
exponential random graph models (Holland and Leinhardt, 1981; Frank and Strauss, 1986)
and latent variables models (Nowicki and Snijders, 2001; Hoff et al., 2002; Airoldi et al.,
2008) for a single network to allow inference in multidimensional frameworks, when the multiple networks arise either from dynamic or multilayer studies. These methods are valuable
building blocks for more flexible models, but fall far short of the goal of providing efficient
procedures in more complex settings when the networks are both dynamic and multilayer.
The routine collection of dynamic multilayer networks is a recent development and
statistical modeling of such data is still in its infancy. For example, Lee and Monge (2011)
considered a generalization of exponential random graph models for multilayer networks,
but performed a separate analysis for each time point. Oselio et al. (2014) focused instead
on a dynamic stochastic block model which borrows information across time and within each
network, but forces the underlying block structures to be shared between layers. Dynamic
multilayer networks are complex objects combining homogenous structures shared between
actors, layers, and smoothly evolving across time, with layer-specific patterns and acrossactor heterogeneity. Due to this, any procedure that fails to incorporate the different sources
of information in the observed data (e.g., Lee and Monge, 2011) is expected to lose efficiency,
whereas models focusing on shared patterns (e.g., Oselio et al., 2014) may lack flexibility.
More general formulations are the multilayer stochastic actor-oriented model (Snijders
et al., 2013) and the multilinear tensor regression (Hoff, 2015). Snijders et al. (2013) allowed
for dynamic inference on network properties within and between layers, but failed to incorporate across-actor heterogeneity. This may lead to a lack of flexibility in prediction. Hoff
(2015) considered autoregressive models with the vector of parameters having a tensor factorization representation. This formulation allows for across-actor heterogeneity, but forces
the model parameters to be constant across time. In addition, the parameterization of the
interdependence between layers relies on homogeneity assumptions. Consistent with these
methods, our representation incorporates the different types of dependencies in the observed
data, but crucially preserves flexibility to avoid restrictive homogeneity assumptions.
15:00 to 16:00

17:00 to 18:00

18:00 to 19:00

Durante, Mukherjee and Steorts

16:00 to 17:00

19:00 to 20:00

day 2

day 3
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Let Yt denote the V ×V adjacency matrix characterizing the undirected network observed
i
at time ti ∈ <+ in layer k, for any ti = t1 , . . . , tn and k = 1, . . . , K. Each matrix has binary
(k)
(k)
elements Yti [vu] = Yti [uv] ∈ {0, 1} measuring the absence or presence of an edge among actors

(k)

2. Dynamic Multilayer Latent Space Model

on a common time grid t1 , . . . , tn in different days k = 1, . . . , K. The matrices have entries
(k)
(k)
(k)
(k)
Yti [vu] = Yti [uv] = 1 if actors v and u interact at time ti in day k, and Yti [vu] = Yti [uv] = 0
otherwise, for every v = 2, . . . , V and u = 1, . . . , v − 1. Dynamic multilayer proximity data
provide key information on infections spread (Cauchemez et al., 2011), facilitating the design
of outbreak prevention policies (Vanhems et al., 2013). The importance of this endeavor
has motivated a wide variety of descriptive studies summarizing the information provided
by face-to-face proximity data in several environments, including hospitals (Vanhems et al.,
2013), schools (Stehlé et al., 2011) and households (Kiti et al., 2016).
Although the above analyses provide key insights on the connectivity processes underlying the observed proximity data, explicitly accounting for variability in network structures
via carefully tailored statistical models can lead to improved learning of the connectivity
patterns and properties, while providing methodologies for formal inference in the network
framework, including estimation techniques, uncertainty quantification and prediction. In
Section 6, we apply our methodology to this motivating application, showing how a careful
statistical model for dynamic multilayer network data can provide substantial performance
gains in learning underlying social processes and predicting future contact patterns.

Figure 1: For five consecutive hours in the three days, adjacency matrices Yti representing
the observed contact networks. Black refers to an edge, and white to a non-edge.

(k)

day 1

1.2 Motivating Application

JMLR 18(43):1-29, 2017

Our motivation is drawn from epidemiologic studies monitoring hourly face-to-face contacts
among individuals in a rural area of Kenya, during three consecutive days. Data are available
from the human sensing platform SocioPatterns (http://www.sociopatterns.org) and
have been collected using wearable devices that exchange low-power radio packets when two
individuals are located within a sufficiently close distance to generate a potential occasion
of contagion. Leveraging this technology it is possible to measure for each hour in the
three consecutive days which pairs of actors had a face-to-face proximity contact. These
information are fundamental to monitor the spread of diseases and learn future patterns.
Refer also to Cattuto et al. (2010) for a detailed description of the data collection technology,
and Kiti et al. (2016) for a more in-depth discussion of our motivating application.
As illustrated in Figure 1, the observed data can be structured as a dynamic multilayer
(k)
network characterized by a sequence of V × V symmetric adjacency matrices Yti collected
3

Illustrative example

If individual v had a face-to-face contact with both actors u and w
at time ti in day k, this information may be relevant to learn the
face-to-face contact behavior between u and w at time ti in day k.
If individuals v and u had a face-to-face contact at time ti in day
k, this information may be relevant to learn the contact behavior
between v and u at the same time ti in other days.
If individuals v and u had a face-to-face contact at time ti in day
k, this information may be relevant to learn the contact behavior
between v and u at the next time ti+1 in the same day.

(1)

r=1

R
X

x̄vr (t)x̄ur (t) +

h=1

H
X

(k)

(k)

xvh (t)xuh (t),

(2)
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Recall the motivating application described in Section 1.2, our representation has an intuitive interpretation. In fact, the latent coordinates of each actor may represent his propensity towards R + H latent interests or tasks. According to the factorization in equation (2),
actors having propensities for the different interests in the same directions are expected to
be more similar than actors with interests in opposite directions. Therefore, these actors
are more likely to interact according to equation (1). Part of these actors interests or tasks
may be associated with a common routine or constrained by daytime schedules. Therefore,
the actors propensities towards these interests are expected to remain constant across days

2.1.1 Interpretation and Identifiability

where x̄vr (t) ∈ < is the rth coordinate of actor v at time t shared across the different layers,
(k)
whereas xvh (t) ∈ < denotes the hth coordinate of actor v at time t specific to layer k, for
every t ∈ T, k = 1, . . . , K, v = 1, . . . , V , r = 1, . . . , R and h = 1, . . . , H. Finally, µ(t) ∈ <
represents a time-varying baseline parameter centering the log-odds processes to improve
computational and mixing performance.
In equation (2) the probability of an edge between actors v and u at time t ∈ T in layer k,
PR
PH
P
(k)
(k)
increases with R
h=1 xvh (t)xuh (t). Note that
r=1 x̄vr (t)x̄ur (t) ∈ <
r=1 x̄vr (t)x̄ur (t) and
characterizes a similarity measure between actors v and u at time t common to all the
PH
(k)
(k)
layers, whereas h=1 xvh (t)xuh (t) ∈ < defines a layer-specific deviation from this shared
similarity, which enhances flexibility in modeling network structures specific to layer k.
These similarity measures are defined as the dot product of shared and layer-specific actors
coordinates in a latent space, allowing actors with coordinates in the same direction to have
an higher chance of contact than actors with coordinates in opposite directions.
The dot product characterization in equation (2) is in the same spirit as the factorization
in Hoff (2005) for a single network, and allows dimensionality reduction from n × K × V ×
(V − 1)/2 time-varying log-odds to n × {1 + V × (R + H × K)} dynamic latent coordinates,
where typically R  V and H  V . Although it is possible to consider other concepts
of similarity when relating the latent coordinates to the log-odds (e.g., Hoff et al., 2002),
the dot product representation facilitates the definition of simple algorithms for posterior
inference and has been shown to efficiently borrow information within the network, while
accommodating topological structures of interest such as homophily, transitivity, and others.

(k)
logit{πvu
(t)} = µ(t) +

independently for every time t ∈ T, layer k = 1, . . . , K and pair of actors [vu], v = 2, . . . , V ,
u = 1, . . . , v − 1. To incorporate our multilayer bilinear representation having shared and
layer-specific latent coordinates, we express the log-odds of each edge probability as

(k)
(k)
(k)
Yvu
(t) | πvu
(t) ∼ Bern{πvu
(t)},

between layers. This last choice facilitates a flexible characterization of more irregular events
and incorporates differences between layers in specific contact patterns.
(k)
Consistent with the aforementioned statistical model, and letting πvu (t) ∈ (0, 1) denote
the probability of an edge between actors v and u at time t ∈ T in layer k, we define
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In order to incorporate network and layer information, while preserving flexibility, we adapt
latent bilinear models for a single network (Hoff, 2005) to our dynamic multilayer framework.
In particular, we characterize the edges as conditionally independent Bernoulli random
variables given their corresponding edge probabilities, and borrow information within each
network by defining these probabilities as a function of the actors coordinates in a latent
space. In order to incorporate dependence among the different layers, we force a subset of
these coordinates to be common across layers, and allow the remaining coordinates to change

2.1 Dynamic Bilinear Model with Shared and Layer-Specific Coordinates

We accomplish the aforementioned goals via a flexible dynamic latent bilinear model,
combining shared and layer-specific actors coordinates which are allowed to change in time
via Gaussian process priors. Section 2.1 describes our model formulation with a focus on
sharing network and layer information, whereas Section 2.2 clarifies how time information
is effectively incorporated via Gaussian processes.

One major modeling objective is to carefully incorporate dependence among edges, between layers and across time, without affecting flexibility. Recalling the motivating application in Section 1.2 and Figure 1, it is reasonable to expect three main sources of information
in the dynamic multilayer face-to-face contact data, summarized in Table 1. Incorporating
such information can substantially improve the quality of inference and prediction, while
facilitating dimensionality reduction. However, in reducing dimensionality and borrowing of
information, it is important to avoid restrictive formulations that lead to inadequate characterizations of dynamic patterns, layer-specific structures, and across-actor heterogeneity.

v and u at time ti in layer k, for every v = 2, . . . , V and u = 1, . . . , v −1. When modeling the
(k)
data Y = {Yti : ti = t1 , . . . , tn , k = 1, . . . , K}, we assume that Y is a realization, on a finite
time grid, of the stochastic process Y = {Y (k) (t) : t ∈ T ⊂ <+ , k = 1, . . . , K}, and seek a
provably flexible representation for the probabilistic generative mechanism associated with
the stochastic process Y. Note that, as each random adjacency matrix Y (k) (t) is symmetric
and the diagonal elements—denoting self-relations—are not of interest, it is sufficient to
(k)
model its lower triangular elements {Yvu (t) : v = 2, . . . , V, u = 1, . . . , v − 1}.

Table 1: Relevant sources of information characterizing a dynamic multilayer network.

Time information

Layer information

Type of information
Network information

Bayesian Learning of Dynamic Multilayer Networks

Bayesian Learning of Dynamic Multilayer Networks

providing a subset of R shared coordinates. Finally, these propensities are allowed to change
across time inducing dynamic variations in the contacts within each day.
Although inference for the latent coordinates is potentially of interest, the factorization
in equation (2) is not unique. In fact, it is easy to show that there exist many different
latent coordinates values leading to the same collection of edge probabilities under the factorization in equation (2). However, such an overcomplete representation does not lead to
identifiability issues if inference focuses on identified functionals of the latent coordinates,
and has beneficial effects in terms of posterior computation and borrowing of information
(Bhattacharya and Dunson, 2011; Ghosh and Dunson, 2009). Our focus is not on estimating
the latent coordinates, but on leveraging the factorization in equation (2) to enhance efficiency in learning of identified functionals of the edge probabilities and improve prediction
of future networks. Therefore, we avoid identifiability constraints on the latent coordinates
in equation (2) as they are not required to ensure identifiability of the edge probabilities.
2.2 Gaussian Process Priors for the Time-Varying Latent Coordinates

with cx̄ (ti , tj ) = exp{−κx̄ (ti − tj )2 }, κx̄ > 0,

cx ),

with cx (ti , tj ) = exp{−κx (ti − tj )2 }, κx > 0,

(4)

(3)

Equation (2) facilitates borrowing of information among edges and between layers. This is
obtained by leveraging the shared dependence on a common set of latent coordinates. We
additionally incorporate across-layer heterogeneity via a set of layer-specific latent positions.
Moreover, these coordinates are allowed to vary across time in order to accommodate flexible
dynamic variations in the multilayer network structure. While it is possible to estimate the
edge probabilities separately for every time point, this approach may be suboptimal in ruling
out relevant temporal dependence. As seen in Figure 1, it is reasonable to expect a degree
of dependence between the contact networks observed at close times, with this dependence
decreasing with the time lag. Therefore, a formulation sharing information across time may
provide substantial benefits in terms of efficiency, uncertainty propagation, and prediction.
Motivated by dynamic modeling of a single network, Durante and Dunson (2014) addressed a related goal by considering Gaussian process priors for the actors latent coordinates, with an additional shrinkage effect to facilitate automatic adaptation of the latent
space dimensions and avoid overfitting. In the spirit of their proposed methods, we define
x̄vr (·) ∼

GP(0, τr−1 cx̄ ),

(k)−1

independently for v = 1, . . . , V , r = 1, . . . , R and
(k)

xvh (·) ∼ GP(0, τh

JMLR 18(43):1-29, 2017

independently for v = 1, . . . , V , h = 1, . . . , H and k = 1, . . . , K. In the prior specification given in equations (3)–(4), the quantities cx̄ (ti , tj ) and cx (ti , tj ) denote the squared
exponential correlation functions of the Gaussian processes for the shared and layer-specific
(k)−1
(k)−1
latent coordinates, respectively. The quantities τ1−1 , . . . , τR−1 and τ1
, . . . , τH
, for each
k = 1, . . . , K, are instead positive shrinkage parameters controlling the concentration of the
latent coordinates around the zero constant mean function. Focusing on the prior for the
trajectories of the rth shared coordinates x̄vr (·), v = 1, . . . , V , a value of τr−1 close to zero
forces these trajectories to be concentrated around the zero constant mean function, reducing the effect of the rth shared dimension in defining the edge probabilities in equation (2).
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=

=

l=1

(k)

δl

h
Y
1

δ
m=1 m

r
Y
1
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(k)

, h = 1, . . . , H, k = 1, . . . , K, with δ1

(5)

∼ Ga(a1 , 1), δl≥2 ∼ Ga(a2 , 1). (6)

(k)

, r = 1, . . . , R, with δ1 ∼ Ga(a1 , 1), δm≥2 ∼ Ga(a2 , 1),

In order to penalize highly parameterized representations and facilitate adaptive deletion
of unnecessary dimensions, the above shrinkage effects are designed to be increasingly strong
as the latent coordinates indices r = 1, . . . , R and h = 1, . . . , H increase. This goal is accomplished by considering the following multiplicative inverse gamma priors (Bhattacharya
and Dunson, 2011) for the shrinkage parameters:
1
τr
1
(k)

τh

(k)−1

(8)

(7)

According to Bhattacharya and Dunson (2011), the multiplicative inverse gamma prior in
equations (5)–(6) induces prior distributions for the shrinkage parameters with a cumulative
shrinkage effect. In particular, these priors are increasingly concentrated close to zero as
the indices r = 1, . . . , R and h = 1, . . . , H increase, for appropriate a1 ∈ <+ and a2 ∈ <+ ,
facilitating adaptive dimensionality reduction and reducing overfitting issues. Refer also to
Durante (2017) for an additional discussion on the multiplicative inverse gamma prior and
its shrinkage properties. To conclude the prior specification, we let µ(·) ∼ GP(0, cµ ), with
cµ (ti , tj ) = exp{−κµ (ti − tj )2 }, κµ > 0.
The Gaussian process prior provides an accurate choice in our setting which incorporates
time dependence, allowing the amount of information shared between networks to increase
as the time lag decreases. Beside improving efficiency, the Gaussian process prior can deal
with multilayer networks observed at potentially unequally spaced time grids, and is closely
related to the multivariate Gaussian distribution, providing substantial benefits in terms of
computational tractability and interpretability. In fact, following Rasmussen and Williams
(2006), equations (3)–(4) imply the following prior for the shared and layer-specific latent
coordinates at the finite time grid t1 , . . . , tn on which data are observed:

(k)

Σx ),

{x̄vr (t1 ), . . . , x̄vr (tn )}| ∼ Nn (0, τr−1 Σx̄ ),

independently for v = 1, . . . , V , r = 1, . . . , R and
(k)

{xvh (t1 ), . . . , xvh (tn )}| ∼ Nn (0, τh

independently for v = 1, . . . , V , h = 1, . . . , H, and k = 1, . . . , K. In equations (7)–(8), the
n×n variance and covariance matrices Σx̄ and Σx have elements Σx̄[ij] = exp{−κx̄ (ti −tj )2 }
and Σx[ij] = exp{−κx (ti − tj )2 }, respectively. The same holds for the baseline process
obtaining {µ(t1 ), . . . , µ(tn )}| ∼ Nn (0, Σµ ).

3. Model Properties
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In order to ensure accurate learning and prediction, it is important to guarantee that our
factorization in equation (2) along with the Gaussian process priors for its components are
sufficiently flexible to approximate a broad variety of dynamic multilayer edge probability
processes. These properties are stated in Propositions 1 and 2. See Appendix A for detailed
proofs. In particular, Proposition 1 guarantees that equation (2) is sufficiently flexible to

8

v=2 u=1

factorized as in equation (2) with Gaussian process priors on the latent coordi-

k=1

r=1

τr−2 +

h=1

H
X

(k)−2

τh
,

(k)
(k)
cov{zvu
(t), zpq
(t) | τ, τ (k) } = 1,

r=1

R
X

τr−2 ,
(k)
(g)
cov{zvu
(t), zpq
(t) | τ, τ (k) , τ (g) } = 1,

)2
r=1

R
X

)2

h=1

H
X

τr−2 e−2κx̄ (ti −tj ,

2

τr−2 e−2κx̄ (ti −tj ) +

+

r=1

R
X

2

e

(k)−2 −2κx (ti −tj )2

τh

9

,
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(k)
(k)
(k)
(g)
cov{zvu
(ti ), zpq
(tj ) | τ, τ (k) } = cov{zvu
(ti ), zpq
(tj ) | τ, τ (k) , τ (g) } = e−κµ (ti −tj ) ,

(k)
(g)
cov{zvu
(ti ), zvu
(tj ) | τ, τ (k) , τ (g) } = e−κµ (ti −tj

(k)
(k)
cov{zvu
(ti ), zvu
(tj ) | τ, τ (k) } = e−κµ (ti −tj ) +

2

for every pair of layers k and g with k 6= g, time t ∈ T and pairs of actors [vu], v > u and
[pq], p > q with p 6= v or q 6= u. Finally, the covariances at different times are

(k)
(g)
cov{zvu
(t), zvu
(t) | τ, τ (k) , τ (g) } = 1 +

for every layer k = 1, . . . , K, time t ∈ T and pairs of actors [vu], v > u and [pq], p > q with
p 6= v or q 6= u. The covariance between different layers, at the same time t ∈ T is

(k)
var{zvu
(t) | τ, τ (k) } = 1 +

R
X

Full prior support is a key property in ensuring that our Bayesian formulation assigns
a positive probability to a neighborhood of every possible true dynamic multilayer edge
probability process, avoiding flexibility issues that may arise if zero mass is assigned to a
subset of the parameters space where the truth may be.
In order to highlight the dependence structures induced by our model and priors, we
additionally study the prior variances and covariances associated with the log-odds processes
(k)
(k)
z = {zvu (t) = logit{πvu (t)} ∈ < : t ∈ T, k = 1, . . . , K, v = 2, . . . , V, u = 1, . . . , v − 1}. By
conditioning on the shrinkage parameters, and leveraging equations (7) and (8), we obtain

with
nates.

(k)
πvu (t)

Proposition 2 If T is compact, then for every π 0 = {πvu (t) ∈ (0, 1) : t ∈ T, k =
1, . . . , K, v = 2, . . . , V, u = 1, . . . , v − 1} and  > 0,
v




K u
V X
v−1
uX
X
(k)
0(k)
t
pr supt∈T 
{πvu (t) − πvu (t)}2  <  > 0,

0(k)

Although Proposition 1 guarantees that factorization in equation (2) is sufficiently general, it is important to ensure that the same flexibility is maintained when defining priors on
the parameters in equation (2). Proposition 2 guarantees that our model and prior choices
induce a prior on the dynamic multilayer edge probability process with full support.

Proposition 1 Let π(t) = {πvu (t) ∈ (0, 1) : k = 1, . . . , K, v = 2, . . . , V, u = 1, . . . , v − 1}
denote the collection of edge probabilities between the actors in each layer at time t ∈ T.
Then every collection π(t) can be represented as in equation (2) for some R and H.

(k)

10
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Step [4]: Update the layer-specific coordinates. For each layer k = 1, . . . , K, this step relies on the same strategy considered for the shared coordinates, providing again Gaus(k)
(k)
(k)
(k)
(k)
sian full conditionals for each x(v) = {xv1 (t1 ), . . . , xv1 (tn ), . . . , xvH (t1 ), . . . , xvH (tn )}| ,
v = 1, . . . , V and k = 1, . . . , K. Moreover the updating can be performed separately
for each layer, allowing this step to be efficiently implemented in parallel.

Step [3]: Update the shared coordinates. In performing this step we block-sample in turn
the coordinates trajectories x̄(v) = {x̄v1 (t1 ), . . . , x̄v1 (tn ), . . . , x̄vR (t1 ), . . . , x̄vR (tn )}| of
each actor v = 1, . . . , V conditionally on the others {x̄(u) : u 6= v}. This choice allows
us to linearize equation (2), with x̄(v) acting as a coefficients vector and {x̄(u) : u 6= v}
representing appropriately selected regressors. Leveraging the Pólya-gamma data augmentation also this step relies on a multiple linear regression with transformed Gaussian response data, providing Gaussian full conditionals for each x̄(v) , v = 1, . . . , V .

Step [2]: Update the baseline process µ = {µ(t1 ), . . . , µ(tn )}| from its full conditional multivariate Gaussian distribution. This is obtained by recasting the logistic regression
for µ in terms of a multiple linear regression having transformed Gaussian response.

Step [1]: For each time ti = t1 , . . . , tn , layer k = 1, . . . , K and pair of actors [vu], v =
2, . . . , V , u = 1, . . . , v − 1, sample the corresponding Pólya-gamma augmented data.

Equations (1)–(2) along with the Gaussian process priors for the latent coordinates can be
seen as a nonlinear Bayesian logistic regression with the parameters entering in a bilinear
form. Although performing posterior computation in this setting is apparently a cumbersome task, leveraging the Pólya-gamma data augmentation for Bayesian logistic regression
(Polson et al., 2013) and adapting derivations in Durante and Dunson (2014), it is possible
to obtain a simple and tractable Gibbs sampler having conjugate full conditionals. In fact,
the Pólya-gamma data augmentation allows recasting the problem from a logistic regression
to a multiple linear regression having transformed Gaussian response data, while derivations
in Durante and Dunson (2014) provide results to linearize the factorization in equation (2).
Joining the above procedures and exploiting equations (7)–(8), the updating of the latent coordinates processes at every step simply relies on standard Bayesian linear regression.
Algorithm 1 in Appendix B provides derivations and guidelines for step-by-step implementation of our Gibbs sampler. We summarize below the main steps of the MCMC routine.

4. Posterior Computation and Prediction

for every pair of layers k and g with k 6= g, times ti ∈ T, tj ∈ T and pairs of actors [vu],
v > u and [pq], p > q with p 6= v or q 6= u.
It is easy to show that a priori the log-odds of the edge probabilities have mean zero,
whereas, based on the above results, their variances increase with the sum of the shared and
layer-specific shrinkage parameters. Allowing a subset of the coordinates to be common to
all layers, has the effect of introducing dependence between the log-odds of edge probabilities
in different layers. The Gaussian process priors provide an efficient choice to incorporate
dependence between edge probabilities in different times. The strength of this dependence is
regulated by the time lag and the positive smoothing parameters κµ , κx̄ and κx . The lower
these quantities, the stronger the dependence is between coordinates in different times.

characterize any collection π(t) = {πvu (t) ∈ (0, 1) : k = 1, . . . , K, v = 2, . . . , V, u =
1, . . . , v − 1} for every time t ∈ T.

(k)

Durante, Mukherjee and Steorts

Bayesian Learning of Dynamic Multilayer Networks

Bayesian Learning of Dynamic Multilayer Networks

Step [5] and [6]: The updating of the gamma parameters characterizing the priors in
equations (5)–(6) follows conjugate analysis, proving gamma full conditionals.
Step [7]: Update the dynamic multilayer edge probabilities simply by applying equation
(2) to the samples of the baseline process, the shared and the layer-specific coordinates.
In performing posterior computation we set R and H at conservative upper bounds,
allowing the multiplicative inverse gamma priors for the shrinkage parameters to delete
redundant latent space dimensions not required to characterize the data. Hence, posterior
inference is not substantially affected by the choice of R and H, unless these bounds are fixed
at excessively low values compared to the complexity of the data analyzed. We additionally
assess the goodness of these bounds via in-sample and out-of-sample predictive performance.
4.1 Edge Prediction

i

vu

i

(9)

Edge prediction is an important topic in dynamic modeling of multilayer networks. For
example some networks may have unobserved edges due to inability to monitor certain
types of relationships or actors at specific times. Likewise, some layers may be available
in time earlier than others, facilitating prediction of those yet missing. The availability of
efficient procedures that are able to reconstruct partially unobserved connectivity structures
or forecast future networks can have important consequences in many applications, such as
destabilization of terrorists networks or epidemic prevention (e.g., Tan et al., 2016).
Our statistical model for dynamic multilayer networks in equations (1)–(2) facilitates
the definition of simple procedures for formal edge prediction relying on the expectation
(k)
(k)
E{Yvu (ti ) | Yobs } of the posterior predictive distribution for Yvu (ti ), with Yobs denoting
the observed data. In fact, under equations (1)–(2), this functional is easily available as
vu

(k)
(k)
(k)
(k)
E{Yvu
(ti ) | Yobs } = Eπ(k) (t ) [EY (k) (t ) {Yvu
(ti ) | πvu
(ti )} | Yobs ] = E{πvu
(ti ) | Yobs },

(k)

(k)

for every time ti ∈ T, layer k = 1, . . . , K and actors v = 2, . . . , V , u = 1, . . . , v − 1, where
(k)
(k)
E{πvu (ti ) | Yobs } simply coincides with the posterior mean of πvu (ti ). Hence prediction
requires the posterior distribution of the edge probabilities. These quantities are available
also for unobserved edges by adding the following data augmentation step in Algorithm 1:
Step [8]: Impute the missing edges given the current state of πvu (ti ) from a Bern{πvu (ti )},
for all the combinations of times ti ∈ T, layers k = 1, . . . , K and actors v = 2, . . . , V ,
u = 1, . . . , v − 1 corresponding to unobserved edges.

5. Simulation Study
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We consider a simulation study to evaluate the performance of our methodology in a simple
scenario partially mimicking the size and structure of the face-to-face dynamic multilayer
networks. Consistent with our aim we assess performance in the tasks outlined in Table 2.
To highlight the benefits of our methods (Joint Analysis), we compare the performance
with two competitors. The first (Collapsed Analysis) assumes the layers arise from a common latent space model, forcing all the actors coordinates to be shared among layers. This
formulation is a special case of our model holding out in (2) the layer-specific similarities.
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Quantity
Edge probabilities

Unobserved edges

Network density

Actors degrees

Durante, Mukherjee and Steorts

Focus of the performance assessment

Assess accuracy in learning the true edge probability process underlying
the simulated network data. As already discussed, accurate modeling of the
(k)
edge probabilities πvu (ti ) is fundamental for inference and prediction.
Assess out-of-sample predictive performance in forecasting future unob(k)
served networks leveraging the expectation E{Yvu (ti ) | Yobs } of the posterior predictive distribution for the unobserved edges.
Accuracy in modeling the expected overall chance of connectivity θ(k) (ti ) =
PV Pv−1 (k)
PV Pv−1 (k)
E[ v=2 u=1 Yvu (ti )/{V (V −1)/2}] = v=2 u=1 πvu (ti )/{V (V −1)/2},
for every time t ∈ T and layer k = 1, . . . , K.
i
Accuracy in learning the total number of different individuals dv(k) (ti ) =
P
P
(k)
(k)
E{ u6=v Yvu (ti )} =
u6=v πvu (ti ), each actor v is expected to interact
with, for every v = 1, . . . , V , time ti ∈ T and layer k = 1, . . . , K.

Table 2: Quantities of interest, which are considered in performance assessments. Although
it is possible to provide inference on several properties, from an epidemiological
perspective, the network density and actors degrees are of interest in characterizing
the overall risk of contagion and the infectivity of each actor, respectively.

Hence, posterior analysis requires minor modifications of Algorithm 1. The second competitor (Separate Analysis) estimates the dynamic latent space model of Durante and Dunson
(2014) separately for each layer. Although both methods are reasonable choices, modeling
only shared structures lacks flexibility in capturing layer-specific patterns, whereas separate
analyses lose efficiency in inference and prediction when the layers share common patterns.
We describe the simulation setting in Section 5.1 and discuss results in Section 5.2.

5.1 Outline of the Simulation Settings

We consider V = 30 actors whose connections are monitored for K = 2 days on the same
time grid t1 , . . . , t17 , with ti ∈ T = {1, . . . , 17}. In simulating the networks, we sample the
edges from conditionally independent Bernoulli variables given their corresponding edge
probabilities as in equation (1), with these probabilities defined to mimic possible scenarios
in our application. To accomplish this goal, we consider, for each day, five representative
edge probability matrices π 0(k) (ti ) at times ti ∈ {1, 5, 9, 13, 17}, displayed in Figure 2, and
define the matrices at the remaining times as a convex combination of these representative
matrices. Focusing, for example, on the times t14 , t15 and t16 between t13 and t17 , we let

π 0(k) (t15 ) = 0.50π 0(k) (t13 ) + 0.50π 0(k) (t17 ),

π 0(k) (t14 ) = 0.75π 0(k) (t13 ) + 0.25π 0(k) (t17 ),

π 0(k) (t16 ) = 0.25π 0(k) (t13 ) + 0.75π 0(k) (t17 ).

JMLR 18(43):1-29, 2017

The same construction holds for all the other time windows, except for times t4 and t6 ,
where we induce a more rapid variation by letting π 0(k) (t4 ) = π 0(k) (t6 ) = π 0(k) (t5 ), instead

12

time 5

time 9

time 13

time 17

layer 2

We perform posterior computation under our model with κµ = κx̄ = κx = 0.05 to favor
smooth trajectories a priori and a1 = 2, a2 = 2.5 to facilitate adaptation of the latent spaces
dimensions. Although our model can be easily modified to learn these hyperparameters from
the data as in Murray and Adams (2010) and Bhattacharya and Dunson (2011), respectively,
borrowing of information within the dynamic multilayer networks has the effect of reducing
sensitivity to the choice of the hyperparameters. In fact, we found results robust to moderate
changes in these quantities, and therefore prefer to elicit them to improve convergence and
mixing. We consider 5000 Gibbs iterations with R = H = 5, and set a burn-in of 1000.
Traceplots for the time-varying edge probabilities in the two layers show no evidence against
convergence, and mixing is good in our experience with most of the effective sample sizes
for the quantities of interest being around 1500 out of 4000 samples. Posterior computation
for our competitors is performed with the same smoothing parameters and a1 = 2, a2 = 2.5,
using R + H = 10 dimensional latent spaces, to improve comparison with our results.

5.2 Results in the Simulation

13

14

(k)
0(k)
(k)
0(k)
(k)
E([{πvu
(ti ) | Yobs } − πvu
(ti )]2 ) = [E{πvu
(ti ) | Yobs } − πvu
(ti )]2 + var{πvu
(ti ) | Yobs }.

Flexible modeling of π (k) (t) is fundamental for learning and prediction. Table 3 summarizes
the concentration of the posterior distributions for the dynamic multilayer edge probabilities
(k)
0(k)
using the posterior mean of the squared difference between πvu (ti ) | Yobs and πvu (ti ). To
provide empirical insights on posterior consistency we study this property also at varying n
and V . In the first case we focus on the dynamic multilayer network studied at odd times
ti ∈ {1, 3, 5, . . . , 17}, whereas in the second case we consider the reduced networks where
four actors within each block are not analyzed. To highlight the contribution of the squared
posterior bias and the posterior variance, we factorize the concentration measure as

5.2.1 Performance in Learning the True Edge Probability Process

JMLR 18(43):1-29, 2017

0.75π 0(k) (t5 ) + 0.25π 0(k) (t9 ).

In order to assess predictive performance, we perform posterior analysis under our model
and the competing methods, holding out from the observed data the networks from time t13
to t17 in the second day. This choice provides a scenario of interest in our application. For
example a subset of actors may contract a disease at time t12 in the second day, motivating
the design of prevention policies relying on the forecasted contact patterns at future times.

JMLR 18(43):1-29, 2017

π 0(k) (t6 )

Posterior Concentration
n↓
V ↓
0.020 0.032 0.028
0.023 0.030 0.029
0.034 0.052 0.042

To assess the overall performance, these measures are averaged across the edge probabilities

0.25π 0(k) (t1 ) + 0.75π 0(k) (t5 ),

Posterior Variance
n↓
V ↓
0.011 0.018 0.016
0.007 0.011 0.010
0.018 0.027 0.023

Table 3: For our methodology and the two competitors, measures of posterior concentration
around the true dynamic multilayer edge probability process, at varying n and V .
Bold numbers are the measures associated with our initial simulation scenario.

Joint
Collapsed
Separate

Squared Posterior Bias
n↓
V ↓
0.009 0.014 0.012
0.016 0.019 0.019
0.016 0.025 0.019

Durante, Mukherjee and Steorts

of
=
and
=
We
incorporate this setting to study the effects of the Gaussian process’ constant smoothness
assumption in scenarios having time-varying smoothness. In order to empirically evaluate
Proposition 1, the edge probability matrices in Figure 2 are not generated from equation
(2), but are instead constructed to characterize possible face-to-face contact scenarios.
Focusing on the first day, which corresponds to layer k = 1, the edge probability matrices
at times t1 , t9 and t17 characterize contacts during breakfast, lunch and dinner, respectively.
These favor block-structures due to homophily by age and gender. In fact, it is reasonable
to expect that young individuals, adult women and adult men, corresponding to actors in
the first, second, and third block, may have a higher chance of contact with individuals in
the same socio-demographic group. We additionally allow adult women to have a moderate
chance of contact with young individuals and adult men during breakfast, lunch, and dinner
times. The edge probability matrix at time t5 characterizes instead block-structures due
environmental restrictions during the morning, with young individuals attending school,
adult women sharing the house, and two sub-groups of adult men working in two different
places. Finally, the edge probability matrix at time t13 is similar to the one at time t5 with
exception of an increased chance of contact between young individuals and adult women
who are expected to share the same environment in the afternoon after school.
The dynamic contact networks in the different days share similar patterns, as shown in
Figure 1. We maintain this property by considering the same representative edge probability
matrices in the second day, which corresponds to layer k = 2, with exception of t5 and t13 .
In the morning of the second day, we assume five young individuals contract a disease and
remain at home. This increases their chance of contact with the adult women taking care of
them, and reduces the probability of a contact with the other young individuals. The edge
probability matrix in the afternoon of the second day characterizes a similar scenario, but
focuses on five adult men. Including different edge probability matrices at times t5 and t13 ,
allows us to assess performance in learning layer-to-layer differences in contact patterns.

π 0(k) (t4 )

Figure 2: True representative edge probability matrices π 0(k) (ti ). The color in each cell
goes from white to black as the corresponding edge probability goes from 0 to 1.

time 1
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Accurate modeling of the dynamic multilayer edge probabilities has key benefits in improving inference on time-varying network structures in the different layers. Figure 4 summarizes

5.2.3 Performance in Learning Network Properties of Interest

analyses after replacing E{πvu (ti ) | Yobs } with E{πvu (ti ) | Yobs } and E{πvu (ti ) | Yobs },
respectively.
According to Figure 3 the separate analysis obtains good predictive performance for the
times subsequent to the last observed network, but this accuracy decays with increasing time
lag. As the underlying edge probability process is smooth, it is reasonable to expect good
predictive performance at time t13 exploiting information at time t12 , whereas the reduced
accuracy for later times is likely due to inefficient exploitation of the information from the
first layer. As expected, the collapsed analysis provides accurate predictions when there is a
high degree of similarity between the edge probabilities in the two layers, such as at time t17 ,
but the accuracy decreases in correspondence of more evident differences. Differently from
the above procedures, our model incorporates dependence between layers without assuming
a single edge probability process common to all of them, providing predictions which are
less sensitive to the underlying data generating mechanism. In fact, as shown in Figure 3,
we obtain an improved prediction of unobserved edges compared to the competing methods.

(k)

Figure 4: For the three methods, posterior mean (grey lines) and pointwise 0.95 credibility
intervals (grey segments) for the dynamic expected network density (upper panels) and the dynamic expected degree of the first actor (lower panels) in the two
layers. Black lines are the true trajectories, and triangles the held-out networks.

10.0

layer 1

0.7
0.6

13

Figure 3: For times from t13 to t17 —held out in the second day from posterior computation
—boxplots of the areas under the ROC curves (AUC) when predicting the unobserved edges with our method and the two competitors, from 100 simulations.

characterizing the dynamic multilayer network process.
According to Table 3, borrowing of information across layers has the effect of reducing
both bias and posterior variance compared to the separate analyses, improving accuracy and
efficiency in inference and prediction. Enhancing flexibility via layer-specific latent coordinates additionally facilitates bias reduction compared to collapsed analyses, but provides
posterior distributions with slightly higher variance. This result is not surprising provided
that the collapsed analyses assume the edge probability process to be common across layers,
reducing the number of parameters. Moreover, although low variance is a desired feature
when bias is small, this property may lead to poor inference and prediction when the posterior distribution is centered far from the truth. In our simulation—having few differences
between the true edge probability processes in the two layers—the bias is low also for the
collapsed analyses, but this bias is expected to grow when the layers have more differences.
The above results are maintained at varying n and V , while showing improved concentration for higher n or V . Although it would be interesting to prove posterior consistency,
state-of-the-art literature provide results for the single binary outcome case (e.g., Ghosal and
Roy, 2006), and it is not clear how to adapt this theory to our much complex network–valued
data. However, results in Table 3 provide positive empirical support for this property.
5.2.2 Out-of-sample Predictive Performance
As discussed in Sections 2 and 4, developing models characterized by lower bias is important
to improve inference and prediction. In fact, our method has an improved ability to predict
unobserved edges compared to the competing models, as shown in Figure 3.1 In predicting
held-out edges we leverage the procedures discussed in Section 4.1. Since equation (1) is also
valid for our competitors, results in Section 4.1 can be used for the collapsed and separate
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1. In assessing predictive performance in Figure 3, we generate for each time from t13 to t17 —held out in
0(2)
the second day from posterior computation—100 networks from (1) with edge probabilities πvu (ti ), and
compute for each network the area under the ROC curve when predicting its edges with the expectation
of the posterior predictive distribution associated with each method—according to Section 4.1.

15

In–sample
Out–of–sample
In–sample
Out–of–sample

Collapsed
Separate

0.97
0.82

0.94
0.95

0.97
0.95

8

0.97
0.83

0.94
0.95

0.97
0.95

10

0.97
0.82

0.95
0.95

0.97
0.95

12

Area under the curve

94%
89%

92%
94%

95%
94%

8

94%
89%

92%
94%

95%
94%

10

94%
89%

92%
94%

94%
95%

12

Accuracy with cutoff 0.5
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The above results motivate additional posterior analyses of the dynamic multilayer stochastic process estimated under our model. Figure 5 summarizes the posterior distribution for
the trajectory of the expected network density in the three days. The expected frequency

6.1.2 Learning Network Properties of Interest

As one assessment of our proposed methodology, Table 4 compares our performance for insample and out-of-sample edge prediction with those provided by the competing procedures.
Consistent with the strategy outlined in equation (9), the ROC curves for in-sample edge
prediction are constructed using the observed data Yobs and the posterior mean of their
corresponding edge probabilities, estimated under the three different methods. The ROC
curves for assessing out-of-sample predictive performance are defined in a similar way, but
focusing on the held-out network at time t14 in day 3. To evaluate sensitivity to the choice
of the upper bounds for the latent space dimensions, we study predictive performance also
under other settings of R and H, including R = H = 4 and R = H = 6.
Edge prediction is clearly more accurate in-sample than out-of-sample. This is because
Yobs is part of the posterior computation, whereas the network at time t14 in day 3 is held
out. According to Table 4, the separate analysis achieves comparable results to our model
for in-sample edge prediction in accommodating layer-specific patterns, but provides poor
predictions of future edges due to inability to incorporate information from the previous
days. The collapsed analysis allows instead borrowing of information between the three days
via shared coordinates, but does not incorporate differences in contact patters across these
days. As a result, the collapsed analysis provides comparable performance to our model for
out-of-sample edge prediction, but has a reduced in-sample predictive ability. Our dynamic
multilayer representation efficiently incorporates both shared structures and layer-specific
differences, facilitating good predictive performance both in-sample and out-of-sample. As
discussed in Section 4, these results are not substantially affected by moderate variations in
R and H, and therefore we perform posterior inference for R = H = 5, as in the simulation.

6.1.1 In-sample and Out-of-sample Predictive Performance

Table 4: For our method and the two competitors, in-sample and out-of-sample predictive
performance measured via the AUC, and the percentage of correctly predicted
edges—using a cutoff probability of 0.5—at varying R + H, with R = H.

In–sample
Out–of–sample

Joint

Number of latent coordinates

Durante, Mukherjee and Steorts

2. Posterior computation under the three models uses the same default hyperparameters as in the simulation
study. Similarly to the simulation study, we consider 5000 Gibbs iterations and obtain no evidence against
convergence after a burn-in of 1000. The effective sample sizes for the quantities of interest for inference
are around 1200 out of 4000 samples. Although this provides a slightly reduced result compared to the
simulation studies, the mixing is still good given the complexity of our dynamic multilayer network data.

The face-to-face proximity data can be structured as a dynamic multilayer network recording
for each day k ∈ {1, 2, 3} the time-varying face-to-face contacts among the V = 29 actors
on the same hourly basis t1 , . . . , t14 , where ti ∈ {1, . . . , 14} is simply a discrete time index
denoting the current hour. We apply our statistical model and the competing methods to
the aforementioned data, where we hold out the contact network at the last time in the
(3)
third day Yt14 to assess out-of-sample predictive performance.2

6.1 Results in the Application

We now turn to applying the methods proposed in Sections 2 and 4 to the face-to-face contact networks described in Section 1.2. Raw contact data are available for 75 individuals
belonging to five different households in rural Kenya. Each household has different families
living in the same compound and reporting to one head. Face-to-face contacts for the individuals in each household are collected hourly from 06:00 to 20:00 during three consecutive
days, with these three days windows differing for most of the households. Hence, contact
data are unavailable for almost all the pairs corresponding to actors in different households,
making it impossible for any methodology to infer across-households connectivity structures.
In order to avoid complications due to non-overlapping days, we focus on the face-to-face
contact networks for the individuals in the most populated household comprising V = 29
actors. This choice is further supported by the fact that within households contacts play a
fundamental role in the speed of contagion, motivating primary interests in household-based
analyses; see e.g., House and Keeling (2009) and the references cited therein.

6. Application to Dynamic Multilayer Face-to-Face Contact Data

the posterior distribution of the dynamic expected network density, and the time-varying
expected degree of a selected actor in the two layers.
As shown in Figure 4, our method outperforms the competing approaches also in providing inference for the selected network properties. The collapsed analysis forces the trajectories of these networks summary measures to be equal across layers, causing poor performance in capturing differences among layers in specific times. Modeling the dynamic edge
probability processes underlying each layer separately improves flexibility, but the inefficient
exploitation of the information shared between layers leads to poor performance in modeling
network properties associated with unobserved edges. Our formulation in equations (1)–(2)
incorporates dependence between layers and preserves flexibility via a set of layer-specific
latent coordinates, which reduces in-sample and out-of-sample bias. Although our model
has accurate performance, the constant smoothness assumption characterizing the Gaussian
process priors leads to a slight over-smoothing around the more rapid variation in times t4
and t6 . One possibility to avoid this behavior is to replace the Gaussian process priors with
nested Gaussian processes (Zhu and Dunson, 2013) having time-varying smoothness.
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Figure 5: Posterior mean (grey lines) and pointwise 0.95 credibility intervals (grey segments) for the time-varying expected network density in the three days. The
triangle for the last time in the third day denotes the held-out contact network.
of proximity contacts evolves on similar patterns during the three days, while showing some
day-specific variations at certain hours. This result further confirms the importance of analyzing such data with statistical models that are able to borrow information across days,
while maintaining flexibility in capturing day-specific patterns. Consistent with Kiti et al.
(2016), the expected network density remains in general on low levels during the morning
and afternoon when the actors are in different environments such as school and workplace,
and peaks in correspondence of lunch and dinner times when the households members congregate. We learn a similar pattern when considering the dynamic expected frequencies
of contact within and between groups of actors having similar traits, such as gender and
age.3 These trajectories provide key additional information compared to the expected network density, highlighting how infectious diseases can spread within and between groups of
actors. The posterior mean of these trajectories is visualized in Figure 6.
According to Figure 6, all the trajectories inherit the pattern discussed for the expected
network density, with clear peaks during lunch and dinner times. Although there are not
evident differences in the dynamic expected frequencies of face-to-face contact within and
between gender groups, we notice how contacts among males are typically less likely than
contacts between females, whereas face-to-face interactions among actors of different genders
become notable during lunch. Therefore, these hours might be at risk of spreading diseases
from a gender group to the other. Consistent with the static analyses considered in Kiti et al.
(2016), we observe more differences in the trajectories by age groups, with a substantially
high chance of contact between young actors, whereas the dynamic expected frequency of
interaction among adults remains on low levels. In fact, young individuals potentially have
less restrictions from environment or work schedule than adults, and therefore have more
chances of interaction, especially with actors of their same age. Hence, diseases may spread
more easily among young individuals and reach adults during lunch times when the chance
of contact between the two age groups is higher.
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3. We can easily derive the posterior mean of these trajectories by averaging, for each time ti and day k, all
the estimated edge probabilities corresponding to pairs of actors having the same combination of traits,
e.g., both males, both females, one male and one female.
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Figure 6: Upper panels: posterior mean of the dynamic expected frequencies of contact for
actors having same gender—both males or both females—and different gender,
in each day. Lower panels: same quantities with respect to high (≥ 15) and low
(<15) age groups.
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Figures 5 and 6 provide global measures for the dynamic risk of contagion in the network
and for groups of actors. In order to develop more refined prevention policies it is of key
interest to monitor the infectivity of each actor, and how this measure evolves with time and
days. Consistent with this goal, Figure 7 provides a graphical analysis of selected contact
networks, with the actors positions depending on the estimated edge probabilities averaged,
for each day, over the two time windows having the more dense networks which may lead to
a faster disease spread. As shown in Figure 7, the contact patterns in the same time window share a similar configuration across the three days, while displaying some day-to-day
difference in the connectivity behavior of subsets of actors. For example, the community
structure formed by actors 6, 17 and 28 during lunch times is less separated from the rest
of the network in the first day, compared to the second and third day. This result provides
additional support for our methodology which can simultaneously incorporate shared patterns and possible day-specific deviations from these common structures. Consistent with
Figures 5 and 6, young individuals—represented by circles—are typically characterized by
more frequent contacts, whereas the adult actors—corresponding to squares—have a more
peripheral position in the network. As a result the degree of the young individuals is typically higher, making these actors particularly relevant in the economy of disease contagion
and transmission. In this respect, actors 9 and 15 may represent dangerous hubs.
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7. Discussion

The increasing availability of multidimensional, complex, and dynamic information on social interaction processes motivates a growing demand for novel statistical models. In order
to successfully enhance quality in inference and prediction, these models need to efficiently
incorporate the complex set of dependencies in the observed data, without affecting flexi-
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bility. Motivated by this consideration and by epidemiological studies monitoring disease
transmission via dynamic face-to-face interactions, we have developed a Bayesian nonparametric model for dynamic multilayer networks leveraging latent space representations. In
order to preserve flexibility and borrow information across layers and time, we modeled the
edge probabilities as a function of shared and layer-specific latent coordinates which evolve
in time via Gaussian process priors. We provided theoretical support for our model, and
developed simple procedures for posterior computation and formal prediction. Finally, we
illustrated on both simulated data and on infection studies monitoring face-to-face contacts
that our methods perform better than competitors in terms of inference and prediction.
Although we focus on face-to-face interaction networks collected at multiple times and
days, our methods have a broad range of applications. Notable examples include dynamic
cooperations among countries with respect to different types of international relations, timevarying interactions between researchers according to multiple forms of academic collaborations, and dynamic contacts between terrorists in relation to different types of dark
interactions. In all these relevant applications, our flexible methodology can provide an
appealing direction in accurately learning and predicting hidden wiring mechanisms and
their implication in several environments and phenomena.
In addition, our methods motivate further directions of research. An important one is to
facilitate scaling to larger dynamic multilayer network data. Currently, the computational
complexity of our Gibbs sampler—as a function of the dimensions of the input data—is
of order O(V Kn3 ), and corresponds to the most intensive step updating the layer-specific
latent coordinates trajectories for the V actors. Although the latent space representation
reduces computational complexity from quadratic in the number of actors V to linear, the
cubic complexity in the number of time points n associated with the Gaussian process prior,
may still represent a computational barrier when data are monitored for wide time windows.
A possible strategy to successfully address this issue is to consider more scalable processes
such as the low-rank approximations to the Gaussian process (Banerjee et al., 2013) or statespace models. Another important generalization is accommodating the more informative
contact counts instead of just a binary variable indicating presence or absence of face-toface interactions. In accomplishing this goal one possibility is to adapt the methodology
proposed in Canale and Dunson (2011) to our framework and assume the weighted edges are
realizations from a rounded Gaussian whose mean is factorized as in equation (2). Finally,
additional studies on the theoretical properties of these stochastic processes, such as those
recently considered in Crane (2017), are of relevant interest.
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We can additionally notice some community structure within the network, particularly
during dinner times. For example, actors 3, 10, 12, 14, 24 and 25 are tightly connected, but
separated from the others, with exception of the young subjects 10 and 24 which may play
a key role in the transmission of a disease from their community to the rest of the network.
Other two communities can be more clearly observed during dinner times in day three. It is
interesting to notice how these groups of actors comprise both young and adult individuals,
and therefore may represent different families within the household under analysis.

Figure 7: Weighted network visualization with weights obtained by averaging the posterior
mean of the edge probabilities in the two time windows having the more dense
networks, within each of the three days. Squares and circles represent the actors
having high (≥ 15) and low (< 15) age, respectively. The color of each node goes
from white to dark red as the estimated expected degree of the corresponding actor increases, relative to the others. Actors positions are obtained by applying the
Fruchterman and Reingold (1991) force–directed placement algorithm, whereas
the width of each edge is proportional to its averaged edge probability.
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Appendix A. Proofs of Propositions 1 and 2

(k)

Proof of Proposition 1. As the logistic mapping is one-to-one continuous, Proposition
1 is valid if and only if—for each time t ∈ T—every possible collection of log-odds z(t) =
(k)
{zvu (t) ∈ < : k = 1, . . . , K, v = 2, . . . , V, u = 1, . . . , v − 1} can be factorized as
(k)
(k)
zvu
(t) = µ(t) + s̄vu (t) + svu
(t) = µ(t) + x̄v (t)| x̄u (t) + xv(k) (t)| xu(k) (t),

k = 1, . . . , K,

(k)

(k)

for all k = 1, . . . , K, v = 2, . . . , V, u = 1, . . . , v − 1, where xv (t) = {xv1 (t), . . . , xvH (t)}|
and x̄v (t) = {x̄v1 (t), . . . , x̄vR (t)}| , for every v = 1, . . . , V .
Assume without loss of generality µ(t) = 0 for every t ∈ T and let X̄(t) and X (k) (t) for
k = 1, . . . , K, denote the V × R and V × H matrices containing the shared and layer-specific
latent coordinates, respectively, at time t ∈ T. Since we are not interested in the diagonal
elements of the V ×V edge probabilities and log-odds matrices, it is always possible to write
Z (k) (t) = S̄(t) + S (k) (t),

t

where Z (k) (t) is the V × V symmetric matrix having the log-odds of the edges at time t in
layer k as off-diagonal elements, whereas S̄(t) and S (k) (t) are V × V positive semidefinite
(k)
symmetric matrices having quantities s̄vu (t), v = 2, . . . , V, u = 1, . . . , v − 1 and svu (t),
v = 2, . . . , V, u = 1, . . . , v − 1 as off-diagonal elements. Since we are not interested in selfrelations, there is no loss of generality in assuming S̄(t) and S (k) (t) are positive semidefinite,
since for any configuration of shared and layer-specific similarities there exist infinitely many
positive semidefinite matrices having these quantities as off-diagonal elements.
Since S̄(t) and S (k) (t) are positive semidefinite, they admit the eigendecompositions
S̄(t) = Ū (t)Λ̄(t)Ū (t)| and S (k) (t) = U (k) (t)Λ(k) (t)U (k) (t)| , where Ū (t) and U (k) (t) denote
(k)
the V × R and V × H
matrices of eigenvectors, whereas Λ̄(t) and Λ(k) (t) are the cort
t
responding diagonal matrices with the positive eigenvalues. Therefore, letting R ≥ Rt for
(k)
every t ∈ T and H ≥ Ht , for every k = 1, . . . , K and t ∈ T, Proposition 1 follows after defining X̄(t) and X (k) (t) as the block matrices X̄(t) = {Ū (t)Λ̄(t)1/2 , 0V ×(R−Rt ) } and
X (k) (t) = {U (k) (t)Λ(k) (t)1/2 , 0V ×(H−H (k) ) } for every k = 1, . . . , K.

0(k)

k=1

v=2 u=1

(k)

0(k)

Proof of Proposition 2. Leveraging proof of Corollary 2 in Durante and Dunson (2014),
to prove Proposition 2 it suffices to show that
v




u
K u
V X
v−1
X
X
(k)
0(k)
t
pr supt∈T 
{zvu (t) − zvu (t)}2  <  > 0,
(k)

v=2 u=1

(k)

(k)

(k)

0(k)

where zvu (t) and zvu (t) are the log-odds of πvu (t) and πvu (t), respectively. Recalling
the proof of Proposition 1, the above probability can be factorized as
v




u
V
v−1
K u
X
X
X
(k)
t
0 (t) − s0(k) (t)}2  <  ,
{µ(t) + s̄vu (t) + svu (t) − µ0 (t) − s̄vu
pr supt∈T 
vu
k=1
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0 (t) = x̄0 (t)| x̄0 (t) and s
with s̄vu (t) = x̄v (t)| x̄u (t), svu (t) = xv (t)| xu (t), s̄vu
vu (t) =
v
u
0(k)
0(k)
xv (t)| xu (t). Exploiting the triangle inequality and the independence of the Gaussian
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k=1
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v=2 u=1


v


u
K
V X
v−1
uX
Y
 
(k)
0(k)
{svu (t) − svu (t)}2  <
pr supt∈T t
.
2K

v=2 u=1

process priors for the different trajectories, a lower bound for the above probability is

v


u
V
v−1
uX
X
 
0 (t)}2  <
pr supt∈T t
{µ(t) − µ0 (t) + s̄vu (t) − s̄vu
×
2K
×

Applying Theorem 2 in Durante and Dunson (2014) to each term in this factorization, it is
easy to show that all the above probabilities are strictly positive, proving Proposition 2.

Appendix B. Pseudocode for Posterior Computation

Algorithm 1 provides guidelines for step-by-step implementation of our Gibbs sampler.

Algorithm 1 Gibbs sampler for the dynamic multilayer latent space model

[1] Generate the Pólya-gamma augmented data
for each ti = t1 , . . . , tn , k = 1, . . . K, v = 2, . . . , V and u = 1, . . . , v − 1 do
(k)
Sample the augmented data ωvu (ti ) from the full conditional Pólya-gamma
n
o
(k)
ωvu
(ti ) | − ∼ PG 1, µ(ti ) + x̄v (ti )| x̄u (ti ) + xv(k) (ti )| xu(k) (ti ) ,

where PG(a, b) is the Pólya-gamma random variable with parameters a > 0 and b ∈ <.
end for
———————————————————————————————————————

v=2

(k)
u=1 {Ytn [vu]

Pv−1



.



[2] Update the baseline trajectory µ = {µ(t1 ), . . . , µ(tn )}| from µ | − ∼ Nn (µµ , Ψµ )
o
i−1
h
nP
PK PV Pv−1 (k)
Pv−1 (k)
K PV
−1
where Ψµ = diag
u=1 ωvu (tn ) + Σµ
v=2
k=1
v=2
u=1 ωvu (t1 ), . . . ,
k=1
and µµ = Ψµ ηµ with

k=1

PK PV

 PK PV Pv−1 (k)
(k)
(k)
|
| (k)
k=1
v=2
u=1 {Yt1 [vu] − 1/2 − ωvu (t1 )[x̄v (t1 ) x̄u (t1 ) + xv (t1 ) xu (t1 )]}
.
..
(k)
(k)
(k)
− 1/2 − ωvu (tn )[x̄v (tn )| x̄u (tn ) + xv (tn )| xu (tn )]}


ηµ = 

———————————————————————————————————————

[3] Sample the vectors of shared coordinates x̄v (t1 ), . . . , x̄v (tn ) for v = 1, . . . , V
for each actor v = 1, . . . , V do
Block-sample {x̄v (t1 ), . . . , x̄v (tn )} given the others {x̄u (ti ) : u 6= v, ti = t1 , . . . tn }.

[a] Let x̄(v) = {x̄v1 (t1 ), . . . , x̄v1 (tn ), . . . , x̄vR (t1 ), . . . , x̄vR (tn )}|
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[b] Define a Bayesian logistic regression with x̄(v) acting as coefficient vector and hav
ing prior, according to equation (7), x̄(v) ∼ Nn×R 0, diag(τ1−1 , . . . , τR−1 ) ⊗ Σx̄
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(k)

(k)

(k)

(k)

(k)

(k)

(k)

(K)

(v)

(k)

(v)

(k)|

(k)

(k)
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end for
end for
———————————————————————————————————————

(v)

µx(k) = Ψx(k) [X(−v) {Y(v) − 1V −1 ⊗ 1n 0.5 − Ω(v) (1V −1 ⊗ µ + X̄(−v) x̄(v) )}].

(v)

with
(k)| (k) (k)
(k)
(k)
−1
Ψx(k) = {X(−v) Ω(v) X(−v) + diag(τ1 , . . . , τH ) ⊗ Σ−1
x } ,

(v)

[4] Sample the layer-specific coordinates xv (t1 ), . . . , xv (tn ) for v = 1, . . . , V and
k = 1, . . . , K
for each layer k = 1, . . . , K do
for each actor v = 1, . . . , V do
(k)
(k)
(k)
Block-sample {xv (t1 ), . . . , xv (tn )} given {xu (ti ) : u 6= v, ti = t1 , . . . tn }. In par(k)
(k)
(k)
(k)
(k)
ticular, letting x(v) = {xv1 (t1 ), . . . , xv1 (tn ), . . . , xvH (t1 ), . . . , xvH (tn )}| and adapting
derivations in step [3] to the sampling of the layer-specific coordinates, we obtain


(k)
x(v) | − ∼ Nn×H µx(k) , Ψx(k) ,

(k)

end for
———————————————————————————————————————

(1)

|
−1
Ψx̄(v) = {X̄(−v)
(Ω(v) + . . . + Ω(v) )X̄(−v) + diag(τ1 , . . . , τR ) ⊗ Σ−1
x̄ } ,
PK
(k)
(k)
(k)
(k)
|
µx̄(v) = Ψx̄(v) (X̄(−v) [ k=1 {Y(v) − 1V −1 ⊗ 1n 0.5 − Ω(v) (1V −1 ⊗ µ + X(−v) x(v) )}]).

with

According to the above specification, and letting Ω(v) denote the diagonal matrix
with the corresponding Pólya-gamma augmented data, we obtain


x̄(v) | − ∼ Nn×R µx̄(v) , Ψx̄(v) ,

from {x̄u (ti ) : u 6= v, ti = t1 , . . . tn } and {xu (ti ) : u 6= v, ti = t1 , . . . tn }

(k)

X̄(−v) and X(−v) the matrices of regressors whose entries are suitably chosen

(k)

•

(k)

(k)

x(v) = {xv1 (t1 ), . . . , xv1 (tn ), . . . , xvH (t1 ), . . . , xvH (tn )}|

(k)

(k)

Y(v) obtained by stacking vectors {Yt1 [vu] , . . . , Ytn [vu] }| for all pairs having
v as a one of the two actors
(k)
π(v) the corresponding vector of edge probabilities

(k)

logit(π(v) ) = 1V −1 ⊗ µ + X̄(−v) x̄(v) + X(−v) x(v) ,

•

•

•

(k)

Y(v) ∼ Bern(π(v) ),

(k)

[c] For every k = 1, . . . , K, the Bayesian logistic regression for the updating of x̄(v) is
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=

f =1,f 6=r δf

Qm

v=1
R
X
V

)
,

for r = 1, . . . , R and x̄vm = {x̄vm (t1 ), . . . , x̄vm (tn )}| .

v=1

X
V × n × (R − r + 1)
1
θ(−r)
x̄|vm Σ−1
,1 +
x̄ x̄vm
2
2 m=r m

m=1

R
V
1 X (−1) X | −1
V ×n×R
θm
x̄vm Σx̄ x̄vm
,1 +
2
2

)

,

l=h

v=1

(k)−1

(k)

(k)

(k)

(k)

(k)
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[8] Impute the missing edges given the current state of πvu (ti ) from a Bern{πvu (ti )},
for all the combinations of times ti ∈ T, layers k = 1, . . . , K and actors v = 2, . . . , V ,
u = 1, . . . , v − 1 corresponding to unobserved edges.

(k)

for every ti = t1 , . . . , tn , layer k = 1, . . . , K and actors v = 2, . . . , V , u = 1, . . . , v − 1.
———————————————————————————————————————

(k)
| (k)
−1
πvu
(ti ) = [1 + exp{−µ(ti ) − x̄v (ti )| x̄u (ti ) − x(k)
v (ti ) xu (ti )}] ,

(k)

[7] Obtain the posterior samples for the edge probabilities πvu (ti ) via

(−h)
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end for
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Ql

[6] Sample the variables defining the layer-specific parameters τ1
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for each layer k = 1, . . . , K do
(
)
H
V
V ×n×H
1 X (−1) X (k)| −1 (k)
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δ1 | − ∼ Ga a1 +
,1 +
θl
xvl Σx xvl ,
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l=1
(
)
H
V
V × n × (H − h + 1)
1 X (−h) X (k)| −1 (k)
(k)
,1 +
θl
xvl Σx xvl ,
δh≥2 | − ∼ Ga a2 +
2
2

(k)−1
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(−r)

where θm

δr≥2 | − ∼ Ga a2 +

(
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τ1−1 , . . . , τR−1

Durante, Mukherjee and Steorts

Bayesian Learning of Dynamic Multilayer Networks

Q. Han, K. Xu, and E.M. Airoldi. Consistent estimation of dynamic and multi-layer block
models. In Proceedings of the 32nd International Conference on Machine Learning, pages
1511–1520. Journal of Machine Learning Research, Workshops & Proceedings, 2015.

Durante, Mukherjee and Steorts

M.C. Kiti, M. Tizzoni, T.M. Kinyanjui, D.C. Koech, P.K. Munywoki, M. Meriac, L. Cappa,
A. Panisson, A. Barrat, C. Cattuto, and D.J. Nokes. Quantifying social contacts in a
household setting of rural Kenya using wearable proximity sensors. EPJ Data Science, 5
(1):1, 2016.

T. House and M.J. Keeling. Household structure and infectious disease transmission. Epidemiology and Infection, 137(5):654–661, 2009.

P.W. Holland and S. Leinhardt. An exponential family of probability distributions for
directed graphs. Journal of the American Statistical Association, 76(373):33–50, 1981.

P.D. Hoff, A.E. Raftery, and M.S. Handcock. Latent space approaches to social network
analysis. Journal of the American Statistical Association, 97(460):1090–1098, 2002.

P.D. Hoff. Multilinear tensor regression for longitudinal relational data. The Annals of
Applied Statistics, 9(3):1169–1193, 2015.

P.D. Hoff. Bilinear mixed-effects models for dyadic data. Journal of the American Statistical
Association, 100(469):286–295, 2005.

M.T. Heaney. Multiplex networks and interest group influence reputation: An exponential
random graph model. Social Networks, 36(1):66–81, 2014.

S. Hanneke, W. Fu, and E.P. Xing. Discrete temporal models of social networks. Electronic
Journal of Statistics, 4:585–605, 2010.

A. Bhattacharya and D.B. Dunson. Sparse Bayesian infinite factor models. Biometrika, 98
(2):291–306, 2011.
V.D. Blondel, A. Decuyper, and G. Krings. A survey of results on mobile phone datasets
analysis. EPJ Data Science, 4(1):1, 2015.
A. Canale and D.B. Dunson. Bayesian kernel mixtures for counts. Journal of the American
Statistical Association, 106(496):1528–1539, 2011.
C. Cattuto, W. Van den Broeck, A. Barrat, V. Colizza, J.F. Pinton, and A. Vespignani.
Dynamics of person-to-person interactions from distributed RFID sensor networks. PloS
one, 5(7):e11596, 2010.
S. Cauchemez, A. Bhattarai, T.L. Marchbanks, R.P. Fagan, S. Ostroff, N.M. Ferguson,
D. Swerdlow, and the Pennsylvania H1N1 working group. Role of social networks in
shaping disease transmission during a community outbreak of 2009 h1n1 pandemic influenza. Proceedings of the National Academy of Sciences, 108(7):2825–2830, 2011.
H. Crane. Combinatorial Levy processes. arXiv preprint, arXiv:1612.05746, 2017.
H. Crane. Dynamic random networks and their graph limits. The Annals of Applied
Probability, 26(2):691–721, 2016.

D. Durante and D.B. Dunson. Nonparametric Bayes dynamic modelling of relational data.
Biometrika, 101(4):883–898, 2014.

S. Lee and P. Monge. The coevolution of multiplex communication networks in organizational communities. Journal of Communication, 61(4):758–779, 2011.

D. Durante. A note on the multiplicative gamma process. Statistics & Probability Letters,
122:198–204, 2017.

O. Frank and D. Strauss. Markov graphs. Journal of the American Statistical Association,
81(395):832–842, 1986.

K. Leetaru and P.A. Schrodt. GDELT: Global data on events, location, and tone, 1979–
2012. In International Studies Association Annual Convention, 2013.

28

JMLR 18(43):1-29, 2017

N.G. Polson, J.G. Scott, and J. Windle. Bayesian inference for logistic models using Pólya–
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1. Yq is some label assigned to quantization point q, depending on the labels of those data points Xi ’s
represented by q.

data {Xi , Yi } of size n, predicting Y at a new query x can take time Θ(n) since much of
the data {Xi } has to be visited to compute kernel weights.
Practical implementations therefore generally combine fast-similarity search procedures
with some form of data-quantization or sub-sampling (where the original large training data
{Xi , Yi } is replaced with a smaller quantization set {q, Yq }1 , see Figure 1) for faster processing (see e.g. Lee and Gray, 2008; Atkeson et al., 1997). However, the effect of these approximations on prediction accuracy is not well understood theoretically, hence good tradeoffs
rely mostly on proper engineering and domain experience. A main motivation of this work
is to elucidate which features of practical approaches to time-accuracy tradeoffs should be
most emphasized in practice, especially in applications where it is crucial to approximately
maintain the accuracy of the original predictor (e.g. medical analytics, structural-health
monitoring, robotic control, where inaccurate prediction is relatively costly, yet fast prediction is desired).
The present work provides simple guiding principles that guarantee good tradeoffs between prediction time and accuracy under benign theoretical conditions that are easily met
in real-world applications.
We first remark that fast-similarity search procedures alone can only guarantee suboptimal time-improvement, replacing the linear order O(n) with a root of n; this is easy to
show (see Proposition 1). Therefore, proper data-quantization or sub-sampling is crucial to
achieving good tradeoffs between prediction time and accuracy. In particular we first show
that it is possible to guarantee prediction time of order O(log n) for structured data (data
on a manifold or sparse data) while maintaining a near minimax prediction accuracy as a
function of the original data size n (rather than the suboptimal quantization size).
Interestingly our sufficient conditions on quantization for such tradeoffs are not far from
what is already intuitive in practice: quantization centers (essentially a compression of the
data) are usually picked so as to be close to the data, yet at the same time far apart so
as to succinctly capture the data (illustrated in Figure 1). Formalizing this intuition, we
consider quantization centers Q = {q} that form (a) an r-cover of the data {Xi } (i.e. r-close
to data), and (b) an r-packing, i.e. are r far-apart. We show that, with proper choice of r,
and after variance correction, the first property (a) maintains minimax prediction accuracy,
while the second property (b) is crucial to fast prediction.
As alluded to earlier, the achievable tradeoffs are worked out in terms of the unknown
intrinsic structure of the data, as captured by the now common notion of doubling dimension, known to be small for structured data. The tradeoffs improve with the doubling
dimension of the data, independent of the ambient dimension D of Euclidean data in RD .
In fact our analysis is over a generic metric space and its intrinsic structure and thus allow
general representations of the data.
Finally, the most practical aspect of our tradeoff guarantees is that they explicitly capture the interaction between the quantization parameter r and the kernel bandwidth h.
Note that, for a fixed h, it is clear that increasing r (more quantization) can only improve
time while potentially decreasing accuracy; however the choice of h is not fixed in practice,
and paired with the choice of r, the direction of the tradeoffs become unclear. Our analysis
simplifies these choices, as we show that the ratio α = r/h acts as a practical knob that
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Kernel regression or classification approaches—which predict at a point x by weighting
the contributions of nearby sample points using a kernel function—are some of the most
studied approaches in nonparametric prediction and enjoy optimality guarantees in general theoretical settings. In Machine Learning, these methods often appear as weighted
-Nearest-Neighbor prediction, and are ubiquitous due to their simplicity.
However, vanilla kernel prediction (regression or classification) methods are rarely implemented in practice since they can be expensive at prediction time: given a large training

1. Introduction

Kernel regression or classification (also referred to as weighted -NN methods in Machine
Learning) are appealing for their simplicity and therefore ubiquitous in data analysis. However, practical implementations of kernel regression or classification consist of quantizing
or sub-sampling data for improving time efficiency, often at the cost of prediction quality.
While such tradeoffs are necessary in practice, their statistical implications are generally
not well understood, hence practical implementations come with few performance guarantees. In particular, it is unclear whether it is possible to maintain the statistical accuracy
of kernel prediction—crucial in some applications—while improving prediction time.
The present work provides guiding principles for combining kernel prediction with dataquantization so as to guarantee good tradeoffs between prediction time and accuracy, and
in particular so as to approximately maintain the good accuracy of vanilla kernel prediction.
Furthermore, our tradeoff guarantees are worked out explicitly in terms of a tuning
parameter which acts as a knob that favors either time or accuracy depending on practical
needs. On one end of the knob, prediction time is of the same order as that of single-nearestneighbor prediction (which is statistically inconsistent) while maintaining consistency; on
the other end of the knob, the prediction risk is nearly minimax-optimal (in terms of
the original data size) while still reducing time complexity. The analysis thus reveals the
interaction between the data-quantization approach and the kernel prediction method, and
most importantly gives explicit control of the tradeoff to the practitioner rather than fixing
the tradeoff in advance or leaving it opaque.
The theoretical results are validated on data from a range of real-world application
domains; in particular we demonstrate that the theoretical knob performs as expected.
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Figure 1: Quantization in kernel regression: given a bandwidth h > 0, the estimate fQ (x)
is a weighted average of the Y contributions of quantization-centers q ∈ Q (gray
points) which fall in the ball B(x, h). Each q ∈ Q contributes the average Y value
of the sample points close to it.

can be tuned (α → 1 or α → 0) to favor either prediction time or accuracy according to
application needs. In other words, rather than fixing a tradeoff, our analysis shows how
to control the tradeoff through the interaction of the parameters r and h; such simplified
control is valuable to practitioners since appropriate tradeoffs differ across applications.
The resulting approach to kernel prediction, which we term Kernel-Netting, or Netting
for short, can be instantiated with existing fast-search procedures and quantization methods
properly adjusted to satisfy the two conditions (a) and (b). In particular, the two conditions
are maintained by a simple farthest-first-traversal of the data, and are shown experimentally
to yield the tradeoffs predicted by the analysis. In particular the prediction accuracy of
the vanilla kernel predictor is nearly maintained as shown on datasets from real-world
applications. Furthermore, actual tradeoffs are shown empirically to be easily controlled
through the knob parameter α.
The rest of the paper is organized as follows. In Section 2 we discuss related work,
followed by a discussion of our theoretical results in Section 3. A detailed instantiation of
Netting is presented in Section 4. This is followed by experimental evaluations in Section
5. All the supporting proofs of our theoretical results are deferred to the appendix.

2. Related Work
We discuss various types of tradeoffs studied in the literature.
2.1 Tradeoffs in General
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While practical tradeoffs have always been of interest in Machine Learning, they have been
gaining much recent attention as the field matures into new application areas with large data
3
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sizes and dimension. There are many important directions with respect to time-accuracy
tradeoffs. We next overview a few of the recent results and directions.
One line of research is concerned with deriving faster implementations for popular procedures such as Support Vector Machines (e.g. Bordes et al., 2005; Rahimi and Recht,
2007; Le et al., 2013; Dai et al., 2014; Alaoui and Mahoney, 2015), parametric regression
via sketching (e.g. Clarkson and Woodruff, 2013; Pilanci and Wainwright, 2014; Clarkson
et al., 2013; Shender and Lafferty, 2013; Raskutti and Mahoney, 2014).
Another line of research is concerned with understanding the difficulty of learning in
constrained settings, including under time constraints, for instance in a minimax sense or
in terms of computation-theoretic hardness (see e.g. Agarwal et al., 2011; Cai et al., 2015;
Chandrasekaran and Jordan, 2013; Berthet and Rigollet, 2013; Zhu and Lafferty, 2014).
Our focus in this paper is on kernel prediction approaches, and most closely related
works are discussed next.
2.2 Tradeoffs in Kernel Prediction

Given a bandwidth parameter h > 0, a kernel estimate fn (x) is obtained as a weighted
average of the Y values of (predominantly) those data points that lie in a ball B(x, h).
Note that data points outside of B(x, h) might also contribute to the estimate but they
are typically given negligible weights. These weights are computed using kernel functions
that give larger weights to data points closest to x. Kernel weights might be used directly
to average Y values (kernel regression, see Gyorfi et al., 2002), or they might be combined
in more sophisticated ways to approximate f by a polynomial in the vicinity of x (local
polynomial regression, see Gyorfi et al., 2002).
In the naive implementation, evaluation takes time Ω(n) since weights have to be computed for all points. However many useful approaches in the applied literature help speedup
evaluation by combining fast proximity search procedures with methods for approximating
kernel weights (see e.g. Carrier et al., 1988; Lee and Gray, 2008; Atkeson et al., 1997;
Morariu et al., 2009). More specifically, let X1:n = {Xi }1n , such faster approaches quickly
identify the samples in B(x, h) ∩ X1:n , and quickly compute the kernel weights of these
samples. The resulting speedup can be substantial, but guarantees on speedups are hard
to obtain as this depends on the unknown size of B(x, h) ∩ X1:n for future queries x. In
particular, it is easy to show as in Proposition 1 below, that |B(x, h) ∩ X1:n | is typically at
least a root of n for settings of h optimizing statistical accuracy (e.g. `2 excess risk).

Proposition 1 There exists a distribution P supported on a subset on RD such that the
n
following holds.
 Let X1:n ∼ P denote a randomly drawn train set of size n, and h =
O n−1/(2+D) (this is the order of a statistically optimal bandwidth in kernel regression
where E [Y |x] is Lipschitz, see Gyorfi et al., 2002). Fix any x in the interior of the support
of P . For n sufficiently large, we have with probability at least 1/2 on X1:n that



|B(x, h) ∩ X1:n | = Ω n2/(2+D) .
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The distribution P in the above proposition corresponds to actually reasonable distribution such as ones with (upper and lower) bounded density on a full-dimensional subset

4
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We need to capture the complexity of the input data X through notions of data space
complexity such as metric dimension of the underlying space (X , ρ).
For intuition, consider a natural two-dimensional object such as a square. A square can
be covered by 4 = 22 squares of half its side length. Similarly, a cube can be covered by
8 = 23 cubes of half its side length. Notice that the exponents correspond to the natural

3.1.1 Input Space X

We are interested in classification or regression where the learner has access to training data
n
(X1:n , Y1:n ) = {Xi , Yi }n1 ∼ PX,Y
where PX,Y is unknown. The goal is to return a regression
estimate or classifier that maps future inputs X to outputs Y while achieving good tradeoffs
on accuracy and estimation time for Y = Y (X).
The input X belongs to a metric space (X , ρ). The learner has access to ρ while X is
only observed through the data X1:n . The output Y belongs to a space Y, where Y = {0, 1}
in the case of classification, or Y = RdY in the case of regression (we allow multivariate
regression outputs).
Next we overview our working assumptions on the input and output spaces. Our main
assumptions are rather mild and are specified under Assumptions 1, 2. Our theoretical
results generally have no other assumption unless explicitly specified.

3.1 Preliminaries

We start this section with our main theoretical assumptions and useful definitions towards
the discussion of results.

3. Overview of Theoretical Results

dimensions of the objects. This sort of intuition can be formalized in a number of ways
involving how the space X might be covered by subsets such as balls under the metric ρ.

of RD . The proposition (whose proof is given in the appendix) is easily extended to low
dimensional subsets X of RD , resulting in larger lower-bounds of the form Ω n2/(2+d) ,
d = dim(X ) (lower-dimensional balls tend to have larger mass).
Approaches that further quantize the data X1:n (or sub-sample from it), e.g. Carrier
et al. (1988) can attain better time complexity, however likely at the cost of decreased
accuracy in estimates. The resulting tradeoffs on time and accuracy are generally not well
understood, and largely depend on how the data is compressed. The present work derive
general insights on how to quantize to guarantee good tradeoffs.
The present work extends on insights from an earlier conference work (Kpotufe, 2009)
which provides initial results in the case of regression. However, that earlier work only
manages a fixed (theoretical) tradeoff between time complexity and accuracy. Instead, as
discussed above, the present work provides a controllable tradeoff and works out the continuum of achievable rates and time complexity as the knob α is tuned up or down. This
requires a refined analysis of all supporting results. Furthermore, the main theoretical results are now shown to carry over to the classification regime as a corollary to the risk
bounds for regression; the time complexity bounds are the same for regression and classification since kernel classification involves no extra-work over kernel regression. Finally,
the refined analysis of the present work is further supported by extensive experimental
evaluation.

6
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Let Y (x) ∼ PY |x , its variance, namely EY |X=x kY − f (x)k2 , is uniformly bounded by σY2
over x ∈ X . Furthermore, f is bounded over X , i.e. supx,x0 ∈X kf (x) − f (x0 )k ≤ ∆f .

Assumption 2 The regression function f is λ-Lipschitz for some unknown λ > 0:

∀x, x0 ∈ X ,
f (x) − f (x0 ) ≤ λρ x, x0 .

We have the following assumptions:

Definition 5 The regression function is defined for all x ∈ X as f (x) = E [Y |x]. For
classification, its range is [0, 1] while for regression, its range is RdY . In a slight abuse of
notation, we will let the norm kf (x) − f (x0 )k denote the absolute value on [0, 1] (classification) or the Euclidean norm on RdY (regression).

Both classification and regression can be treated under the same assumptions on conditional
distributions PY |x . In particular we are interested in the behavior of the unknown regression
function f :

3.1.2 Output Space Y

Assumption 1 The metric space (X , ρ) has bounded diameter maxx,x0 ∈X ρ (x, x0 ) = ∆X ,
and doubling dimension d.

The doubling dimension captures the inherent complexity of various settings of contemporary interest including sparse datasets and low-dimensional manifolds (Dasgupta and Freund, 2008) and is common in the Machine Learning literature (see for instance Krauthgamer
and Lee, 2004; Clarkson, 2005; Beygelzimer et al., 2006; Dasgupta and Freund, 2008; Gottlieb et al., 2013; Reddi and Poczos, 2014).
We have the following assumptions on X:

Definition 4 The doubling dimension of (X , ρ) is the smallest d such that any ball B(x, r)
can be covered by 2d balls of radius r/2.

Note that, on the algorithmic side, we will be interested in packings and covers of the
input data X1:n (rather than of X ) as a means to attain good time-accuracy tradeoffs.
We can now introduce the following (common) notion of metric dimension.

– Q ⊂ X is an r-net of X1:n if it is an r-cover and an r-packing.

– Q ⊂ X is an r-packing if for all q, q 0 ∈ Q, ρ (q, q 0 ) > r.

– Q ⊂ X is an r-cover of X if for all x ∈ X , there exists q ∈ Q, s.t. ρ (x, q) ≤ r. In
other words, the balls B(q, r) cover X , i.e. X ⊂ ∪q∈Q B(q, r).

Definition 3 (Covers, packings, and nets) Consider a metric space (X , ρ) and r > 0.

Next we introduce proper definitions of what we mean by a cover of a space, along with
related notions that appear throughout the discussion.

Definition 2 Let x ∈ X and r > 0. The ball B(x, r) is defined as {x0 ∈ X : ρ (x0 , x) ≤ r}.
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We can therefore proceed with a single analysis for both classification and regression based
solely on the assumptions on the regression function f . We note that the above discussion
on curse of dimension also apply to classification, unless more regularity is assumed on
f (see e.g. a discussion of such additional noise assumptions in Audibert and Tsybakov,
2007).

Kpotufe and Verma

fQ (x) =

q∈Q

q 0 ∈Q nq 0 (K(ρ (x, q

P
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Most common kernels satisfy the above conditions, e.g., triangle kernel K(u) = |1 − u|+ ,
box kernel K(u) = 1[u ≤ 1], Epanechnikov K(u) = (1 − u2 )+ , etc.

for a positive correction 0 <  ≤ K(3/4)/n2 .

wq =

nq (K(ρ (x, q) /h) + )
,
0 ) /h) + )

Definition 6 (Regression estimate) Given a bandwidth h > 0, and 0 < α < 3/4, consider an αh-net Q of the sample X1:n , where Q is independent of Y1:n . Assign every point
Xi ∈ X1:n to a single q ∈ Q such that ρ (Xi , q) ≤ αh. For q ∈ Q, let nq denote the number
of points from X1:n assigned to it, and let Ȳq denote the average Y value of points assigned
to q.
Let the kernel K(u) be a non increasing function of u ∈ [0, ∞); K is positive on u ∈
[0, 1), maximal at u = 0, and is 0 for u ≥ 1. Define the regression estimate as
X
wq (x)Ȳq , where
(3)

Our main results on tradeoffs are given in the next theorem. The theorem relies on the
benign Assumptions 1 and 2 on X and Y, and considers Netting with a generic quantization
Q of the data. It is shown that good tradeoffs can be guaranteed whenever Q is an r-net
of the data (see Definition 3). The tradeoffs are given in terms of a knob α = r/h which
can be dialed up or down to favor either accuracy or time. The regression estimate, under
a generic quantization Q is given as follows:

3.2.1 Main Results

We are now ready to discuss the two main goals of Netting, namely improved estimates and
good evaluation time. Many instantiations of the approach are possible, combining a choice
of kernel function, and choice of quantization Q with fast-proximity search. The results in
this section remain generic, and only assume that Q forms an r-net of the data for some r
properly tied to the kernel bandwidth. In Section 4 we discuss how to exactly obtain such
quantizations, and discuss details of the prediction procedures.
In contrast with usual analyses of kernel regression, the added technicality in establishing
these results is in dealing with non-i.i.d. data: the quantization points q ∈ Q on which the
estimates are defined, and their assigned Yq values, are interdependent, and also depend on
the data in nontrivial manners (since we only assume a generic Q that forms an r-net).
These interdependencies are handled by properly decomposing the risk, and conditioning
on the right sequence of events (see conditional variance and bias bounds of Appendix A).

3.2 Results and Key Insights on Tradeoffs

The Lipschitz condition is common and known to be mild: it captures the idea that whenever
x and x0 are close, so are f (x) and f (x0 ), uniformly.
Note that the boundedness conditions hold automatically in the case of classification
since then Y is itself bounded. In the case of regression, Y itself is allowed to be unbounded;
the boundedness assumption on f is immediate from the continuity of f (implied by the
Lipschitz condition) whenever (X , ρ) has bounded diameter (see Assumption 1).
3.1.3 Risk and Excess Risk of a Regression Estimate

(1)

Suppose g : X → Y is some estimate of f . We define its `2 pointwise risk at x to be
.
.
R(g, x) = EY |X=x kY − g(x)k2 and its integrated risk to be R(g) = EX R(g, X). Standard
manipulations show that
R(g) = R(f ) + EX kg(X) − f (X)k2 .

R(g, x) = R(f, x) + kf (x) − g(x)k2 , and therefore
In this paper we are interested in the integrated excess risk
.
kg − f k2 = R(g) − R(f ) = EX kg(X) − f (X)k2 .

Many factors contribute to the complexity of nonparametric regression, more precisely,
to the excess risk kfn − f k2 of the regression estimate fn . Important quantities identified
h in the literature are
i the smoothness of the regression function f (x), the Y -variance
E kY − f (x)k2 |X = x ≤ σY2 , and the dimension of the input space X .

Curse of dimension. Suppose X ⊂ RD . Then, for any regression estimate fn ,
there exists PX,Y where f is λ-Lipschitz, such that the error kfn − f k2 is of the order
2/(2+D)
(Stone, 1982). Clearly, the dimension D has a radical effect on the qualλD σY2 /n
ity of estimates. With kernel regression estimates however, D in the above rate can be
replaced by d  D, where d is the doubling dimension as we will soon see.
Such adaptivity in kernel regression was first shown in Bickel and Li (2006) for data
on a manifold,2 and more recently in Kpotufe and Garg (2013) for a different measure of
intrinsic dimension related to doubling measures (Clarkson, 2005) and doubling dimension.
We will show how to maintain adaptive rates in terms of the unknown doubling dimension while reducing the data to speedup prediction. This will also be true in the case of
classification as explained below.

3.1.4 Risk and Excess risk of a Classifier

(2)

The pointwise risk of a classifier l : X 7→ {0, 1} is defined as R0,1 (l, x) = E Y |X=x 1[l(x) 6= Y ],
and the integrated risk, or classification error, is given as R0,1 (l) = E X R(l, X).
A kernel classifier is a so-called plug-in classifier. These are classifiers of the form lg (x) =
1[g(x) ≥ 1/2] where g ∈ [0, 1] is an estimate of the regression function f (x) = E [Y |x]. It is
well known that the Bayes classifier lf attains the smallest pointwise risk at every x ∈ X .
The excess risk of a plug-in classifier is directly upper-bounded by regression excess risk
(Devroye et al., 1996):
R0,1 (lg ) − R0,1 (lf ) ≤ 2E |g(X) − f (X)| ≤ 2 kf − gk .
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2. The paper concerns local polynomial regression but the results are easily extended to kernel regression.
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kfQ − f k ≤

n · ((3/4 − α)h/(2∆X



C σY2 + ∆2f
))d

+ (1 + α)2 λ2 h2 +
n

∆2f

n · ((3/4 − α)h/(2∆X ))d



C σY2 + ∆2f
+ (1 + α)2 λ2 h2 +
n

∆2f


1/2
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The choice of 0 < α < 3/4 in the above theorem can be relaxed to any 0 < α < α0 < 1,
simply replacing 3/4 everywhere it appears with α0 . The need to for an upper-bound less
than 1 on α stems from the need for considering only those centers q that fall in the interior
of B(x, h) and hence contribute non-negligible weight to the estimate fQ (x).
The accuracy results (items 1 and 2) of the above theorem holds simultaneously for any
h and is decomposed into variance and bias terms. Thus the bound can be optimized over
choices of h as is done later in Corollary 8 (which further establishes that a good choice of
h can be obtained through cross-validation).
The risk bounds mainly depend on α through the variance terms of the form C/n ·
((3/4 − α)h)d while the bias term is effectively O(λh)2 . This bound is best as α → 0 and
recovers known variance bounds (see e.g. Gyorfi et al., 2002; Tsybakov and Zaiats, 2009)
for kernel regression and classification for α = 0 (in which case there is no quantization,
i.e. Q = X1:n ). We emphasize that the bound here is adaptive to the unknown intrinsic
dimension d of the data space X (for X ⊂ RD ), which is now known to be a feature of
kernel regression and other distance-based procedures (see e.g. Bickel and Li, 2006; Scott
and Nowak, 2006; Lafferty and Wasserman, 2007; Kpotufe, 2011; Kpotufe and Dasgupta,
2012; Kpotufe and Garg, 2013; Gottlieb et al., 2013). In other words, the achieved tradeoffs
are best for structured data as captured by its intrinsic dimension d.
The time complexity of Theorem 7 is expressed as worst-case over any choice of x and h.
In particular, it depends exponentially on the unknown doubling dimension d of X (through

3. Time complexity: the estimate fQ (x), used in either regression
or classification, can

be obtained in worst-case time C 0 log(∆X /αh) + α−d , for some C 0 that depends on
d, but independent of the choice of x ∈ X , h and α.

E X1:n ,Y1:n R0,1 (lfQ )−R0,1 (lf ) ≤ 2 



2. Classification: it follows by (2) that the excess risk of the corresponding Netting classifier lfQ = 1[fQ ≥ 1/2] over the Bayes classifier lf = 1[f ≥ 1/2] satisfies

where d is the doubling dimension of X , ∆X is its diameter, and the constant C
depends only on K(·).

(X1:n ,Y1:n )

E

2

1. Regression: for any h > 0, we have

.
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While Q in Theorem 7 is an αh-net, the accuracy statements (items 1 and 2) in fact only
require Q to be an αh-cover of X1:n . As stated, the classification result (item 2) is a direct
consequence of the regression result (item 1). We therefore only need to discuss the technical
insights behind the regression accuracy bounds. Item 1 of Theorem 7 is obtained as Lemma
14 proved in the appendix. The main insights are as follows.
As is well known, the excess `2 risk of a regression estimate fQ is a sum of its variance
and its square bias. The bias of a kernel regression estimate fˆ(x) at a point x is a function
how far the data points contributing to the estimate are from x, and is order O(h). So,
suppose Q is an αh-cover of the data; every center q being close to the data X1:n , the data
points contributing to the estimate fQ (x) (the points assigned to the centers q contributing
to the estimate) are O(h) close to x, so the bias remains of order O(h) (Lemma 13).
The variance of a quantization-based estimator such as fQ is more problematic and
requires variance correction, consisting here of weighting every center q by the number
nq of data points assigned to it. To see this, remember that the variance of a kernel estimate
fˆ(x) (in fact of distance-based estimates in general) depend on the number of points say nx
contributing to the estimate, and is of the form 1/nx . Without the variance correction (i.e.

3.2.2 Maintaining Good Accuracy

α and possibly through C 0 ), which as previously discussed, can be much smaller than the
ambient dimension D for structured high-dimensional data (e.g. X is O(d)-sparse, or is an
O(d)-dimensional submanifold of RD ). This sort of worst-case time dependence on intrinsic
dimension cannot be avoided as one
 can construct doubling-metrics X where fast-similarity
search requires time Ω 2O(d) log n (see e.g. Krauthgamer and Lee, 2004), but fortunately
does not seem typical of practical data (see experiments).
The time complexity of the theorem is best as α → 3/4 and depends on the number of
points in the range B(x, h) ∩ Q (which can be shown to be at most O(α−d ), independent
of n) but does not depend on the number of points in B(x, h) ∩ X1:n (the effective range
for vanilla kernel-prediction which can be a root of n as shown in Proposition 1). For fixed
α ≈ 3/4, the time complexity is of order O(log(∆X /h)); thus if h is of the form n−1/O(d)
(the theoretical order for risk-optimal h) the time complexity is O(log n).
We emphasize that a time complexity of O(log n) is the best attainable for fast-range
search (see e.g. Krauthgamer and Lee, 2004; Beygelzimer et al., 2006) when the range
B(x, h) contains a constant number of points. In particular O(log n) is the time complexity
for single-nearest-neighbor search (a range of 1 point). This is interesting in that the
procedure remains statistically consistent (unlike 1-NN or any constant-NN approach), i.e.,
fQ →P f for fixed α provided h → 0 and nhd → ∞.
As is often the case when providing guarantees which hold in the worst-case, the bounds
of the above theorem are quite conservative in practice, but accurately identify the dependence of the Netting approach on the parameter α. This is further shown in the experimental evaluations of Section 5; in particular the dependence on the unknown d is often
much milder than the worst-case time complexity above, as the achievable time-savings are
significant for relatively small values of α ensuring good accuracy.
We discuss the main technical insights in our analysis in the next two subsections on
accuracy and time complexity.

The Kernel correction  simply insures that we do not divide by 0; the (technical) upperbound on  ensures that the error term induced by  is of smaller order than the desired
rate. Our results hold for any  as described above, and in our implementation we just set
it very small to 1/n2 .

Theorem 7 Let fQ be defined as in (5). The following holds under Assumptions 1 and 2.
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if every q is weighted only by the kernel K) the information in nx is lost; hence effectively
only the net centers in B(x, h) ∩ Q contribute to the estimate; suppose there are nQ,x < nx
such centers, we will then get a worse variance bound of the form 1/nQ,x . By adjusting
the kernel weights of every q with nq , we properly account for all data contributing their
estimates, and can show that the variance of fQ is then of similar order as that of a vanilla
kernel estimate (Lemma 12).
Analysis outline. The bias analysis is broken into the bias due to net centers q close
to the query x, and the bias due to centers q far from x; for q’s close to x the analysis is
fairly standard by following the above insights; the new technicality is in handling the bias
due to q’s far from x, which is done by considering both situations where x is appropriately
close to the data and far from the data.
For the variance analysis, notice that our basic variance correction can be viewed as
replacing the original kernel K with one that accounts for both distances ρ (x, q) and density
at q. This makes the variance analysis relatively non-standard, along with the fact that we
have little control over the data-dependent choice of Q. The variance analysis is divided
over queries x that are particularly close to centers in Q (and therefore result in high
weights wq and low variance) and those queries x that are far from Q (and therefore result
in unstable estimates). Integrating properly over the data space X and the choice of data
X1:n , Y1:n helps circumvent the dependence of Q on X1:n , and also reveals that the estimator
fQ remains adaptive to the unknown intrinsic dimension d of X (by further breaking the
integration over an appropriately refined O(h)-cover of X depending on α).
Risk dependence on α. The risk bound of Theorem 7 depends on α through the
variance term of the form 1/n · ((3/4 − α)h)d , assuming ∆X = 1. Noting that the typical
volume of a ball of radius r in a d-dimensional space is of the form rd , if PX is nearly uniform
in a neighborhood of a query x (or has upper and lower bounded density) then the term
n · ((3/4 − α)h)d corresponds to the expected number of points in a ball B(x, (3/4 − α)h).
In contrast, the variance of a kernel estimate would depend on the number of points in
the ball B(x, h). The difference is easily explained: the estimate fQ (x) is based on the
data through assigned centers q ∈ Q falling in B(x, h); however, the data assigned to these
q’s—this is the actual data driving the estimate and its variance—are only guaranteed to be
in B(x, (1 − α)h). Rather than using 1, i.e., considering q’s as far as h from x, we consider
only q’s at most 3h/4 from x to ensure they contribute non-negligible weights wq to fQ (x)
(in fact, we can use any 0 < α0 < 1 rather than 3/4), which results in a variance bound
depending on the mass of B(x, (3/4 − α)h). Thus the risk bound captures the worst-case
dependence on α and cannot be further tightened without additional assumptions of the
interaction between Q and PX .
Choice of h. It follows from Theorem 7 above that the bandwidth h can be chosen by
cross-validation to obtain a nearly minimax-optimal rate in terms of the unknown distributional parameters d and λ, where α is viewed as a constant. This is stated in the corollary
.
dlog ne
below where ĥ is assumed to be picked out of a range H = {∆X · 2−i /(3/4 − α)}0
, using
an independent validation sample of size n.
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Corollary 8 Assume the conditions of Theorem 7. Assume
o bounded
n further that Y has
diameter, and w.l.o.g. contains the 0 vector. Let ∆Y = max diam(Y), σY2 + ∆f2 . Suppose
11
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2d/(2+d)

2
≤ Φ(n) + 4∆Y

2
∆Y
n

!2/(2+d)

, and C1 =

K(3/4) + 
, C2 = 1/C1 .
K(0) + 

(4)


1/(2+d)
X
n ≥ ∆Y λ∆
. There exist C depending on X and the kernel K such that the
(3/4−α)
following holds. Define
Φ(n) = C

2

A bandwidth ĥ can be selected by cross-validation over O(log n) choices to guarantee
#
"
r


ln n
∆Y (3/4 − α) 2
2
.
+ 2(C2 − C1 )2 ∆Y
·1 n<
n
λ∆X
E fQαĥ − f

In the case of classification, by equation (2), the excess risk for lfQ is bounded by twice
αĥ
the square-root of the r.h.s. above.

Notice that, for n sufficiently large, the third term in (4) is 0, so the rate is given by Φ(n).
This rate is minimax-optimal for α fixed, with respect to the intrinsic dimension d and
Lipschitz parameter λ (see matching lower-bound in Kpotufe, 2011).

3.2.3 Maintaining a Fast Evaluation Time

The time complexity of Theorem 7 (item 3) only requires that the quantization Q be an
αh-packing of the data X1:n . Together with the requirement of Q being an αh-cover for
good accuracy, we get the theorem’s requirement of Q being an αh-net.
The time complexity relies on noticing that the time to estimate fQ (x) depends on the
number of centers q in the range B(x, h)∩Q and how fast these points can be identified by a
given fast-range search procedure. The weights nq can be precomputed during preprocessing
and therefore do not contribute to estimation time.
Intuitively, the farther points in B(x, h) ∩ Q are, the fewer such points there should be.
In particular, if they are over h far apart, there could only be one point in B(x, h) ∩ Q.
This intuition carries over to αh-nets where all points in B(x, h) ∩ Q are over αh apart.
This is stated in the following lemma which relies on simple arguments that are standard
in analyses of fast proximity search procedures. Its proof is given in the appendix.

Lemma 9 Suppose X has doubling dimension d. Let Q be a set of centers forming an
αh-packing, 0 < α < 1. Then for any fixed c ≥ 1, maxx∈X |Q ∩ B(x, c · h)| ≤ Cα−d , where
C depends on d and c.
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Again, the above bound cannot be tightened, since following directly from the definition
of doubling-dimension, it is easy to construct X such that there is a ball of radius 1 with
largest α-packing of size roughly α−d (e.g. X is a d-dimensional hypercube with l∞ metric).
Now it is left to ensure that Q∩B(x, h) can be identified quickly. As previously discussed,
we can employ a generic fast-range search procedure. We will expect the time complexity to
be of the form τ (Q) + α−d , where τ (Q) is the time to identify a near-neighbor q of a query
x in Q (range-search typically then consists of traversing a precomputed neighborhood of
q). In particular, the statement of Theorem 7 relies on results from Krauthgamer and Lee
(2004) and is proven in Lemma 16 in the appendix.

12
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Proof By construction Qr is an r-packing in both procedures. It is also an r-cover since
the only points not added to (the current) Qr are within distance r of Qr .

Proposition 10 (Correctness of Algorithms 1 and 2) Qr is an r-net over {xi }.

Algorithm 2: r-net online
Input: points {xi } of size n > 1, r > 0.
Initialize Qr ← {x1 }.
.
Define ρ (xi , Qr ) = minxj ∈Qr ρ (xi , xj ).
for i = 2 to n do
Add xi to Qr if ρ (xi , Qr ) > r.
end for
Return r-net Qr .

For fixed r, an r-net can be obtained online in time i=1 t(i) where t(·) is the timecomplexity of an online black-box nearest neighbor search procedure (e.g. Krauthgamer and
Lee, 2004; Beygelzimer et al., 2006). Thus, if interested in a fixed r, the r-net could be obtained in time O(n × time for a nearest-neighbor search) which, as observed empirically for
fast-search procedures, could behave as low as O(n log n) depending on the fast-search procedure and the data (see e.g. the nice discussions in Krauthgamer and Lee, 2004; Beygelzimer
et al., 2006). This online approach is given in Algorithm 2.

Algorithm 1: r-net with farthest-first traversal
Input: points {xi } of size n, r > 0.
Initialize Qr ← {x1 }.
.
Define ρ (xi , Qr ) = minxj ∈Qr ρ (xi , xj ).
while max{xi } ρ (xi , Qr ) > r do
.
Add x = argmax{xi } ρ (xi , Qr ) to Qr .
end while
Return r-net Qr .

Algorithm 1 below details a standard way to building an r-net offline using a farthestfirst-traversal. This is an O(n2 ) procedure, but is easily implemented to handle all r > 0
simultaneously in O(n) space (notice that Qr ⊂ Qr0 in Algorithm 1 whenever r > r0 ).

+ n

.

14

3. The dataset was taken from Rasmussen and Williams (2006).
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Datasets. We selected a number of prediction benchmarks from different application domains, including some large-scale prediction tasks. Datasets are summarized in Table 1.
The first prediction task is taken from robotic controls. The goal here is to learn the
inverse dynamics for the movement of an anthropomorphic robotic arm. That is, we want to
predict the torque required to move the robotic arm to a given state, where each state is a 21dimensional vector of position, velocity and acceleration (Vijayakumar and Schaal, 2000).3
Different torques are applied at seven joint positions, we predict the first torque value in
our experiments as a regression task. This dataset contains 44,484 training examples.
The second prediction task comes from the medical image analysis domain. The dataset
consists of 384 features extracted from 53,500 Computed Tomography (CT) scan images

5.1 Tradeoff Between Estimation Time and Prediction Accuracy

In this section we discuss the practical benefits of Netting, and in particular verify experimentally that the knob α can be adjusted to favor estimation time or prediction accuracy
on benchmark datasets from a diverse set of application domains.

5. Experiments

The estimation of fQr (x) is already given in Theorem 7, and is given in an equivalent
form (closer to implementation) in Algorithm 3. The form given in Algorithm 3 pulls out the
kernel correction  and makes it clear that we only need to identify those q’s with nonnegative
kernel values (using any black-box range-search procedure). In light of Theorem 7 we can
expect this version of Netting to be competitive with kernel regression in terms of accuracy
but considerably better in terms of time complexity. We will see that this holds empirically.

0 ) /h)

nq K(ρ (x, q) /h)Ȳq + nȲ
q 0 ∈Q nq 0 K(ρ (x, q

q∈Q
Return fQ (x) ← P

P

Algorithm 3: Netting: r-nets, fQ (x)
Input: h > 0, query point x, αh-net Q of the data.
Assign every x ∈ X1:n to closest center q ∈ Q (break ties arbitrarily).
Precomputed: Ȳ ← average Y value over training data.
nq ← number of training points assigned to q ∈ Q.
Ȳq ← Average Y value of training points assigned to q ∈ Q.
Pick any 0 <  ≤ K(3/4)/n2 .

Algorithm 3 describes the prediction procedure fQ in the case of regression. Instantiations
.
for classification follow as direct plug-ins lfQ = 1[fQ ≥ 1/2] of the corresponding regression
estimate fQ as discussed in Section 3.1.4.

We now discuss instantiations of the insights of Theorem 7. In Section 4.1 below, we discuss
a few ways to exactly obtain an r-net of the data. This is followed by the regression and
classification procedures in Section 4.2.

4.1 Obtaining an r-net

4.2 Prediction Procedure

Kpotufe and Verma

4. Detailed Instantiation of Netting

Time-Accuracy Tradeoffs in Kernel Prediction

Application Domain
Robotic Control
Medical Image Analysis
Particle Physics

n
44k
54k
130k

D
21
384
50

Time-Accuracy Tradeoffs in Kernel Prediction

Dataset Name
SARCOS 3
Location of CT slices (axial) 4
MiniBooNE 4

SARCOS (42k)
0.99 - 2.03
0.99 - 4.10
0.98 - 6.31
0.96 - 7.70
0.89 - 9.26
0.77 - 10.14

CT Slices (51k)
0.93 - 1.29
0.92 - 2.04
0.91 - 3.17
0.91 - 5.40
0.85 - 11.94
0.43 - 15.33

Task
regression
regression
classification

MiniBooNE (128k)
0.99 - 1.17
0.99 - 1.65
0.99 - 4.05
0.98 - 6.42
0.94 - 8.83
0.88 - 10.22

Table 1: Summary of the datasets used for time-accuracy tradeoff experiments.

Datasets
α = 1/6
α = 2/6
α = 3/6
α = 4/6
α = 5/6
α = 6/6
Table 2: The two numbers in each cell are error ratio, vs. time ratio (w.r.t. base kernel
method), for different datasets. The error ratio (loss in accuracy) is the error of
the base kernel method over the error of the method (for a given α value). The
time ratio (time improvement) is the estimation time of the base kernel method
over the estimation time of the method (for a given α value). Shown are averages
over multiple runs (as described in the experimental section). For the MiniBooNE
dataset, the error is the 0-1 classification error, while for the other datasets we use
RMSE. Some of the best tradeoffs are highlighted, appearing at different α values
for different datasets. As predicted by the analysis, in many such cases, little
accuracy is lost when following our conditions on quantization. Furthermore, as
predicted by the analysis, the knob α can be seen to control the tradeoffs, i.e.
relative accuracy goes down as α → 1, while time gain goes up.
from 74 distinct patients (Graf et al., 2011).4 The goal is to predict the relative location of
the CT slice on the axial axis of the human body. This is a regression task.
The third prediction task is from Particle Physics, where the goal is to classify elementary
particles. Particles are either electron neutrinos (signal) or muon neutrinos (background)
collected from the MiniBooNE (Booster Neutrino) experiment (Roe et al., 2005). 4 There
are 50 features computed for each event (observation), with a total of 130,065 events.
Experimental setup. We consider increasing settings of the trade-off knob α from
1 2
6
6 , 6 , . . . , 6 , while we monitor the prediction accuracy and evaluation time for different
sample sizes of each dataset. The results (accuracy and prediction time w.r.t. the vanilla
kernel method) for the largest sample sizes are reported in Table 2, while in Figure 2 we
report results for increasing sample sizes.
A basic experiment is as follows. We select 2,000 random samples from each dataset
for testing, and use (part of) the rest for training. Training sizes are logarithmically space
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4. The dataset was taken from UCI Machine Learning repository (Lichman, 2013).
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from 100 samples to the maximum training dataset size. For each training size, results are
averaged over 5 draws of training and testing samples.
Implementation details. Both r-nets and kernel regression (baseline) can significantly benefit from using a fast nearest neighbor search mechanism. We use the default fast
rangesearch functionality available in Matlab for nearest neighbor search in all our experiments. The choice of weighting kernel can also affect the prediction quality. We use the
triangular kernel (K(u) = (1 − |u|)+ ) for all our experiments; we get similar trends (with
slightly worse accuracies) if we use the box kernel instead.
The bandwidth parameter for each procedure (corresponding to each choice of α, where
α = 0 is the vanilla kernel regression estimate) were selected using a 5-fold cross validation
(over the training sample).
Bandwidth range. For a good range of bandwidth (for any procedure) we use a two
step approach: we first approximate a good bandwidth choice h1 by iterating over 10 sizes
ranging from minimum training-data diameter to maximum training-data diameter (equally
spaced). We then use h1 to get a refined range to search, namely [h1 /2, 2h1 ], over which we
do a full sweep of 100 equally spaced bandwidth values.
Demo code. A Matlab implementation of the r-nets algorithm along with a test demo
is available at http://www.cse.ucsd.edu/~naverma/code/rnets_prediction.zip.
5.2 Discussion of Results
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We report the root mean squared error (RMSE) for regression tasks, and the 0-1 loss for
classification.
In Figure 2, the errors and estimation (wall-clock) times are reported for each dataset
for increasing values of the sample size n. For baseline comparison we also include the
performance of a simple “average” predictor, i.e. one that returns the global average Y
value of the training samples.
In Table 2, the results are on the same experiments as in Figure 2, but we now focus on
the largest sample size for each dataset. While Figure 2 shows the general trend of tradeoffs
as n varies, Table 2 emphasizes the exact accuracy and time ratios relative to the vanilla
kernel procedure as a function of the knob α.
The empirical results match the theoretical analysis. The knob α is seen to control
the achievable tradeoffs, i.e., an α value close to 0 results in an accuracy on par with
that of kernel regression, while as α → 1, the accuracy decreases while time improves,
sometimes dramatically for some of the datasets. Some of the best tradeoffs are highlighted
in bold in Table 2. Some of the best tradeoffs are obtained for SARCOS (regression) and
the MiniBoone (classification) tasks, where we observe negligible decrease in accuracy for
nearly 8 to 9 times speedups in prediction time. The largest decrease in accuracy is observed
with the CT Slices dataset, although the achieved tradeoffs are still of significant practical
value.
The general trend is maintained as the sample size n grows (see Figure 2), with better
accuracy for low-values of α (as the statistical aspect gets easier with sample size), and
more speedup (as also suggested by the time bounds in the earlier analysis).
Finally, we contrast these results with those obtained using a more common quantization
approach such as a kd-tree. A kd-tree (see appendix) is a hierarchical partitioning of the
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Figure 2: Average prediction error (left column) and the corresponding evaluation time
(right column) of r-nets (Algorithm 3).
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√

0−1 loss
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time (sec)

CT Slices (51k)
0.34 - 4.22
0.41 - 2.89
-

MiniBooNE (128k)
0.90 - 4.95
0.92 - 3.49
0.95 - 2.24

Table 3: kd-tree quantization results

SARCOS (42k)
0.80 - 1.58
0.93 - 1.42
-
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Our analysis reveals simple sufficient conditions on data-quantization to approximately
maintain prediction accuracy while significantly improving prediction time. Furthermore,
we identify a practical knob tying together quantization and prediction parameters, so
as to simplify practical control of achievable tradeoffs. These new insights are validated
experimentally on real-world datasets.
One possible future direction is to extend the insights herein to situations where the
data is a mixture of structured subspaces of varying complexity so as to better capture
the richness of real-world data. It could be that different quantization schemes should be
employed for each such subspace once identified. Another potential direction is in characterizing what happens with a random subsampling scheme (as a way to quantize data) rather
than with data-quantization; in particular it will be interesting to characterize situations
where a random subsample (approximately) achieves the sufficient quantization conditions
derived in the present work.

6. Final Remarks and Potential Future Directions

We see that the best error-ratios (error of kernel over error of fQ ) attained are worse
than those using the r-nets as prescribed by our analysis, and furthermore the time-speedups
(time of kernel over time of fQ ) are also significantly worse. This is most apparent for the CT
Slices dataset, which seems the hardest for maintaining the accuracy of the original kernel
predictor (0.41-2.89 is the best tradeoff for kd-tree, vs, 0.91-5.40 for the r-net approach).
We note however that, if time is favored, then a kd-tree can be preferable to the r-net
approach since much better time can be attained at lower tree levels (further quantization)
but with significant decrease in prediction accuracy (see Appendix C).

Datasets
level 14
level 15
level 16

space that aims to quickly decrease the diameter of the data in each partition-cell. Each
level of a kd-tree (from 0 to about log n, with the last level being all of the data) yields a
quantization Q of the data by simply assigning datapoints in each cell to their mean. For
comparison, we pick a bandwidth h by cross-validation (as described above for the other
methods), and estimate f by the quantized predictor fQ of (5). In other words we simply
replace our earlier quantization with r-nets with those defined by levels of the common
kd-tree. Again we use the default Matlab fast-similarity search over Q.
The resulting error and time ratios (w.r.t. the base kernel method) are given in Table 3
below, where we only show the last few levels which the best prediction errors (note that the
last level, not shown, is exactly the vanilla kernel method since there is no quantization).
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Appendix A. Analysis for r-nets

q∈Q

nq (K(ρ (x, q) /h) + )
,
0 ) /h) + )

q 0 ∈Q nq 0 (K(ρ (x, q

P

2

+ fen (x) − f (x)

2

We first analyze the risk for a fixed choice of h, then we give guarantees for a simple
cross-validation procedure for choosing a good h.
Throughout this section we assume that Q is independent of Y1:n , and is an αh-cover of
X1:n . Here we consider the Kernel Netting estimate fQ defined as follows.
Let the kernel K(u) be a non increasing function of u ∈ [0, ∞); K is positive on u ∈ [0, 1),
maximal at u = 0, and is 0 for u ≥ 1. For q ∈ Q, let nq denote the number of points from
X1:n assigned to it, and let Ȳq denote the average Y value of points assigned to q.
Define the regression estimate as
X
wq (x)Ȳq , where
fQ (x) =

wq =

fn (x) − fen (x)

where the positive constant  ≤ K(3/4)/n2 ensures the ratio is well defined.
All the results below are given under Assumptions 1 and 2.
A.1 Risk Bound for Fixed h

E

kfn (x) − f (x)k2 =

Y1:n |X1:n

E

.

(5)

Throughout this section we assume 0 < h < ∆X , 0 < α < 3/4 and we let Q = Qαh . We’ll
bound the risk for fQ for any fixed choice of h. The results in this section only require the
fact that Q is a cover of the data and thus preserves local information.
.
.
For any estimator fn (x) = fn (x; X1:n , Y1:n ), define fen (x) = EY1:n |X1:n fn (x), i.e., the
conditional expectation of the estimate for X1:n fixed. In particular we will be interested in
.
feQ (x) = EY1:n |X1:n fQ (x). We have the following standard decomposition of the (conditional)
excess risk into variance and bias terms:
∀x ∈ X ,
Y1:n |X1:n

kfn (x) − f (x)k2 ≤ σY2 + ∆f2 ,

Proposition
11 Fix x ∈ X and consider a linear estimate fn (x) =
P
= 1. We then have

E

Y1:n |X1:n

(6)

For linear estimates (as those discussed in this work), the above decomposition yields the
following simple proposition providing a rough bound on the risk for all x ∈ X .
P
i wi (x)Yi , where
i wi (x)

∀x ∈ X ,

where σY2 and ∆f2 are respectively shown to bound the variance and bias terms in (5).

fn (x) − fen (x)

2

≤

X

i

wi2 (x)

Y1:n |X1:n

E

Yi −

Y1:n |X1:n

E

Yi

2

≤

X

i

JMLR 18(44):1-29, 2017

wi2 (x) · σY2 ≤ σY2 .

Proof
verified that, for independent random vectors vi with expectation 0,
P It is easily
P
E k i vi k2 = i E kvi k2 . We therefore have for the variance,
E

Y1:n |X1:n
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=

X
i
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wi (x) (f (xi ) − f (x))

2

≤

For the bias term we have by a simple triangle inequality,
fen (x) − f (x)

X

i

wi (x)∆f

!2

≤ ∆f2 .

The rough bound of Proposition 11 is used for particular x ∈ X that end up in potentially
bad estimates. The following lemmas establish refined variance and bias bounds for those
queries x ∈ X close to the data X1:n .
We’ll proceed by bounding each term of (5) separately in the following two lemmas, and
then combining these bounds in Lemma 14. We let µ denote the marginal measure over X
and µn denote the corresponding empirical measure.

fQ (x) − feQ (x)

2

≤



2K(0) · σY2
· 1[Eα (x)] + σY2 · 1 Ēα (x) .
K(3/4) · n · µn (B(x, (3/4 − α) · h))

Lemma 12 (Variance at x) Let h > 0, and 0 < α < 3/4. Fix X1:n , and let Q be an αhcover of X1:n . Let x ∈ X and let Eα (x) denote the event that X1:n ∩ (B(x, (3/4 − α) · h)) 6= ∅.
We have
E
Y1:n |X1:n

fQ (x) − feQ (x)

2

=

E

X

Ȳq −

E

E

1

nq

Ȳq



2

E

Y1:n |X1:n

2


Yi −

Ȳq

Y1:n |X1:n

X

Y1:n |X1:n


wq (x) Ȳq −

E

Y1:n |X1:n

E

Y1:n |X1:n

q∈Q

wq2 (x)

wq2 (x)

Y1:n |X1:n

X

q∈Q

X

i:Xi ∈X1:n (q)

(K(x, q, h)

)

wq = max
q∈Q
q∈Q
+ )σY2
0 , h) + )

q 0 ∈Q nq 0 (K(x, q



2

Yi

X

q∈Q

2

=

wq2 (x)

Proof Conditioned on X1:n and Q ⊂ X1:n , the Yi values are mutually independent
P and so
are the Ȳq values. Therefore, in what follows, we repeatedly use the fact that k i vi k2 =
P
kvi k2 for independent 0-mean vectors vi . We have
iE

E
Y1:n |X1:n

=

=

q∈Q

(

.
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X
X
1
=
wq2 (x)
Yi −
E Yi
E
2
n
Y1:n |X1:n
Y1:n |X1:n
q∈Q
i:Xi ∈X1:n (q) q





X
σ2
σ2
max wq (x) Y
wq (x) Y
q∈Q
nq
nq
≤

q∈Q

= max P

2K(0)σY2

q∈Q nq K(x, q, h)

≤ min σY2 , P

20

σY2
nq

(7)

nq K(x, q, h) ≥

q:ρ(x,q)≤3h/4

X

nq K(3/4) ≥ K (3/4) · n · µn (B(x, (3/4 − α) · h)).

i:Xi ∈X1:n (q)

X

2

≤

≤

equals

(f (Xi ) − f (x))

2

q∈Q

X wq (x)
nq

q∈Q

X wq (x)
nq
i:Xi ∈X1:n (q)

X

i:Xi ∈X1:n (q)

X
λ2 ρ (Xi , x)2

kf (Xi ) − f (x)k2
(9)

(8)

q:ρ(x,q)<h

X

wq (x)
nq

i:Xi ∈X1:n (q)

X

≤

λ2 ρ (Xi , x)2 ≤
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q:ρ(x,q)<h

X

q:ρ(x,q)<h

X
wq (x)
nq

wq (x)
nq

λ2 (ρ (x, q) + ρ (q, Xi ))2
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(1 + α)2 λ2 h2 .

i:Xi ∈X1:n (q)

X

i:Xi ∈X1:n (q)

X

Now assume the event Eα (x). We bound the r.h.s of (8) by breaking the summation over
the following two subsets of Q: those centers q close to x and those far from x. Starting
with close centers, and using (9) we have

f

where in (8) we applied Jensen’s inequality on the norm square. It immediately follows
2
from (8) that feQ (x) − f (x) is at most ∆2 , for any x ∈ X .

q∈Q

X wq (x)
nq

Proof The bias term feQ (x) − f (x)

Lemma 13 (Bias at x) Fix X1:n , let 0 < α < 3/4, and h > 0. Suppose Q is an αh-cover
of X1:n . Let x ∈ X , and define Eα (x) as the event that X1:n ∩ (B(x, (3/4 − α) · h)) 6= ∅. We
have
!
2
∆2f


2 2 2
e
fQ (x) − f (x) ≤ (1 + α) λ h +
· 1[Eα (x)] + ∆2f · 1 Ēα (x) .
n

The last inequality follows by remarking that, since Q is an αh-cover of X1:n , the ball
B(x, (3/4 − α) · h) can only contain points from ∪q:ρ(x,q)≤3h/4 X1:n (q). Plug this last inequality into (7) and conclude.

q∈Q

X

Assume the event Eα (x). To bound the fraction in (7), we lower-bound the denominator as:
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q:ρ(x,q)≥h

X

≤

∆2f

K(3/4)

!−1

q:ρ(x,q)≥h

q:ρ(x,q)≥h nq 

1+ P

wq (x)∆2f

−1

nq (K(x, q, h) + )

q:ρ(x,q)≥h

X

≤ ∆2f



∆2f
K(3/4) −1
1+
,
≤
n
1+n

(K(x, q, h) + ) 

X


nq 

q:ρ(x,q)<h

X

q:ρ(x,q)<h nq

P

nq  +

q:ρ(x,q)≥h nq 

P

kf (Xi ) − f (x)k2 ≤

∆2f

Xi ∈X1:n (q)

X



= ∆2f 1 +


=

wq (x)
nq

E

kfQ (X) − f (X)k2 · (1[µn (B(X, τ h)) > 0] + 1[µn (B(X, τ h)) = 0]) .
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By lemmas 12 and 13 and equation (5), for X = x fixed, E(X1:n ,Y1:n ) kfQ (x) − f (x)k2 ·
1[µn (B(x, τ h)) > 0] is upper bounded by
 2

∆2f
σY 1[µn (B(x, τ h)) > 0]
C1 E
+ (1 + α)2 λ2 h2 +
X1:n
nµn (B(x, τ h))
n


2
2
∆
2σY
f
≤ C1
+ (1 + α)2 λ2 h2 +
,
(10)
nµ(B(x, τ h))
n
h
i
2
where for the last inequality we used the fact that for a binomial b(n, p), E 1[b(n,p)>0]
≤ np
b(n,p)
(see lemma 4.1 of Gyorfi et al. (2002)).

X (X1:n ,Y1:n )

E

.
Proof To ease notation, let τ = (3/4 − α). Applying Fubini’s theorem, the expected excess
2
risk, E(X1:n ,Y1:n ) kfQ − f k , can be written as

where the constant C depends only on K(·).

Lemma 14 (Integrated excess risk) Given a bandwidth h > 0, and 0 < α < 3/4, consider an αh-cover Q of the sample X1:n . Assign every point Xi ∈ X1:n to a single q ∈ Q
such that ρ (Xi , q) ≤ αh. We have:


C σY2 + ∆2f
∆2f
2
E
kfQ − f k ≤
+ (1 + α)2 λ2 h2 +
d
n
n
·
((3/4
−
α)h/(2∆
))
(X1:n ,Y1:n )
X

where the first inequality is due to the fact that, since µn (B(x, (3/4 − α) · h)) > 0, the set
B(x, 3h/4) ∩ Q cannot be empty (remember that Q is an αh-cover of X1:n ). This concludes
the argument.

q:ρ(x,q)≥h

X

Next, we have
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by
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(1 − µ(B(x, τ h)))n


σY2 + ∆f2


≤ σY2 + ∆f2 e−nµ(B(x,τ h)) ≤

E 1[µn (B(x, τ h)) = 0] = σY2 + ∆f2

X1:n

n

nµ(B(x, τ h))

≤

N
X
X

E



∆f2
1
+ (1 + α)2 λ2 h2 +
.
µ(B(X, τ h))
n

d

+ (1 + α)2 λ2 h2 +

∆f2
n

.

, where C3 depends just on X .

i=1

 X



N
1[X ∈ B(zi , τ h/2)]
1[X
∈ B(zi , τ h/2)]
≤
E
X
µ(B(X, τ h))
µ(B(zi , τ h/2))

X

E

.

(12)

(11)

On the other hand, E(X1:n ,Y1:n ) kfQ (x) − f (x)k2 · 1[µn (B(x, τ h)) = 0] is upper bounded
σY2 + ∆f2

kfQ − f k2 ≤



Combining (10) and (11) we can then bound the expected excess risk as


C2 σY2 + ∆f2
E

(X1:n ,Y1:n )



1
µ(B(X, τ h))


C

∆f2

n(τ h/2∆X )d

σY2

2∆X
τh

The expectation on the r.h.s. can now be bounded using a standard covering argument
(see e.g. Gyorfi et al. (2002)). Let {zi }1N be a τ h/2-cover of X . Notice that for any zi ,
x ∈ B(zi , τ h/2) implies B(x, τ h) ⊃ B(zi , τ h/2). We therefore have
X

E
i=1

= N ≤ C3

kfQ − f k2 ≤

We conclude by combining the above with (12) to obtain


+
E

(X1:n ,Y1:n )

A.2 Choosing a Good h by Empirical Risk Minimization
In this section, we analyze the following simple procedure for choosing a good h:
.
dlog ne
Define H = {∆X · 2−i /(3/4 − α)}0
. For every h ∈ H, pick the αhnet Qαh over the sample (X1:n , Y1:n ), and let fQ be as previously defined
αh
0 , Y 0 ) of size n. For every h ∈ H,
(equation 5). Draw a new sample (X1:n
1:n
.
0 , Y 0 ); let the empirical risk be minimized at ĥ, i.e. ĥ =
test fQαh on (X1:n
1:n
Pn
argminh∈H n1 i=1
kfQαh (Xi0 ) − Yi0 k2 .
Return fQαĥ as the final regression estimate.



∆X
3/4 − α

d/(2+d)

2
∆Y
λ2 n

!1/(2+d)
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Proof [Corollary 8] The sample size n is lower-bounded so that there exists a universal
constant C0 such that
.
h̃ = C0
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2

≤ C0



λ∆X
3/4 − α

2d/(2+d)

2
∆Y
n

!2/(2+d)

We have by Lemma 14 that for some C, regression with h̃ satisfies

fQαh̃ − f

.

(13)

is a dyadic number greater than ∆X /n.
First, let’s consider the situation where h ∈ H, i.e. h̃ ≤ ∆X /(3/4 − α). Note that,

2
∆Y (3/4−α)
, we can choose a universal C0 above so that h̃ ∈ H.
λ∆X

whenever n ≥

E
X1:n ,Y1:n

n

2

2
≤ ∆Y

q

r
√
ln(|H| n)
.
n

2
≤ inf h∈H EX,Y kfQαh (X) − Y k2 + 2∆Y

i=0

1X
fQαh (Xi0 ) − Yi0
n
2

h∈H

≤ inf kfQαh

2
+ 2∆Y

r
√
ln(|H| n)
2
− f k2 + 2∆Y
n
r
√
ln(|H| n)
n

2

(14)

√
ln(|H| n)
,
n

Applying McDiarmid’s to the empirical risk followed by a union bound over H, we have
√
0 , Y 0 ), for all h ∈ H
that, with probability at least 1 − 1/ n over the choice of (X1:n
1:n
E kfQαh (X) − Y k2 −
X,Y

2

It follows that EX,Y fQαĥ (X) − Y
which by equation (1) implies
fQαĥ − f

≤ fQαh̃ − f

2

.

Take the expectation (given the randomness in the two samples) over this last inequality

and apply (13) to obtain the first two terms of the bound on E fQαĥ − f

2

≤





∆Y (3/4−α)
λ∆X

2

2

≤ 2 fQαh̃ − f

2

2
+ 2(C2 − C1 )2 ∆Y
.

, let h̃ > ∆X /(3/4 − α), and obtain by (14) that

fQαh̃ − f + fQαl0 − fQαh̃

Now consider the case where h̃ ∈
/ H, i.e. h̃ > ∆X /(3/4 − α). Consider any h ≥
∆X /(3/4 − α). For any such h, and any query x ∈ X , 0 ≤ ρ (x, q) ≤ ∆X ≤ 3h/4 for
all q ∈ Q ⊂ X . It follows that for any q ∈ Q, C1 /n ≤ wq ≤ C2 /n where C1 , C2 are as
defined in the corollary’s statement. In particular, the estimates (at any x) using h̃P
or using
l0 = ∆X /(3/4 − α) differ by at most (C2 − C1 ) Ȳ ≤ (C2 − C1 )∆Y , where Ȳ = i Yi /n.
It follows that the difference in errors (fixing X1:n , Y1:n ) is at most
fQαl0 − f

Therefore, whenever n <
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r
√
2
2
ln(|H| n)
2
2
+ 2∆Y
fQ − f ≤ 2 fQαh̃ − f + 2(C2 − C1 )2 ∆Y
,
α
ĥ
n
√
with probability at least 1 − 1/ n. Again take the expectation w.r.t. the two samples and
apply (13) to obtain the full corollary’s statement.
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Proof This is a direct corollary to Lemmas 9 and 15, by noticing that the aspect ratio of
Q is at most ∆X /αh.

Lemma 16 Assume the conditions of Theorem
7. For any x ∈ X , the estimate fQ (x) can

be computed in time C log(∆X /αh) + α−d , where C depends on d.

for some C depending on d, and a universal constant c ≥ 1.

C (|B(x, c · r) ∩ {xi }| + log τ ) ,

Lemma 15 (Paraphrased from Krauthgamer and Lee (2004)) Let {xi } be a finite
set of points from a metric space (X , ρ) with doubling dimension d.
.
Define the aspect-ratio of {xi } as τ = maxi,j ρ (xi , xj ) / mini,j ρ (xi , xj ). For any query
x ∈ X and r > 0, the range B(x, r) ∩ {xi } can be obtained in time at most

Proof [Proof of Lemma 9] It is well known that an r-packing Q of a ball B(x, r0 ), r0 > r,
has size at most that of an r/2-cover of B(x, r0 ) (Clarkson, 2005). This size is bounded by
C(r0 /r)d , which is seen by applying the definition of doubling dimension recursively.

B.2 Evaluation Times for Netting

for some universal constant C. This implies that if Pn (B(x, h))
 < C/n, then P (B(x, h)) <
3C/n. For n sufficiently large, P (B(x, h)) = Ω n−D/(2+D) ≥ 3C/n, so we must have
Pn (B(x, h)) ≥ C/n. It then follows by the above Bernstein’s inequality that P (B(x, h)) ≤
3Pn (B(x, h)), which yields the proposition’s statement.

The proof of Proposition 1 follows easily from considering the mass of balls in a highdimensional space. The proof is given below.
Proof [Proposition 1] Let for instance P be uniform on a closed ball X of RD . Then any

ball of radius h centered on the interior of X has mass Ω(hD ). Thus for h = Ω n−1/(2+D) ,

E |B(x, h) ∩ X1:n | = n · P (B(x, h)) = Ω n2/(2+D) . Now, let Pn denote the empirical
distribution on X1:n ; it is well known that by Bernstein’s bounds (Bousquet et al., 2004),
we have with probability at least 1/2 that
p
P (B(x, h)) ≤ Pn (B(x, h)) + C · Pn (B(x, h))/n + C/n,

B.1 Time Bound of Proposition 1

Appendix B. Time Complexity Bounds

Time-Accuracy Tradeoffs in Kernel Prediction

Datasets
level 0
level 1
level 2
level 3
level 4
level 5
level 6
level 7
level 8
level 9
level 10
level 11
level 12
level 13
level 14
level 15
level 16

CT Slices (51k)
0.08 - 2,351.77
0.09 - 260.33
0.09 - 301.92
0.10 - 254.53
0.10 - 209.23
0.11 - 174.25
0.12 - 126.92
0.13 - 90.44
0.15 - 67.72
0.16 - 43.64
0.18 - 27.14
0.20 - 16.25
0.23 - 9.63
0.28 - 6.17
0.34 - 4.22
0.41 - 2.89
-
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MiniBooNE (128k)
0.46 - 412.06
0.46 - 515.86
0.48 - 11.71
0.51 - 12.63
0.54 - 11.96
0.60 - 12.06
0.62 - 11.15
0.64 - 10.51
0.64 - 9.38
0.69 - 8.42
0.71 - 7.21
0.78 - 9.70
0.81 - 7.33
0.87 - 5.84
0.90 - 4.95
0.92 - 3.49
0.95 - 2.24
Table 4: kd-tree quantization results

SARCOS (42k)
0.34 - 271.67
0.37 - 11.08
0.38 - 10.52
0.39 - 10.77
0.40 - 10.46
0.41 - 10.73
0.43 - 10.22
0.45 - 9.44
0.48 - 8.30
0.52 - 7.77
0.56 - 6.05
0.60 - 4.86
0.65 - 3.23
0.71 - 2.18
0.80 - 1.58
0.93 - 1.42
-

The following table lists the error and time ratios (w.r.t. to kernel prediction) achieved at
every level of the tree (omitting the last level with no quantization).

C.1 kd-tree Results

Algorithm 4: kd-tree
Input: dataset X1:n .
if |X1:n | ≤ 1 then
Return leaf.
end if
Let j be the largest-variance
coordinate of the data x ∈ X1:n .

.
Define t = median xj : x ∈ X1:n .
.
Xleft = {x ∈ X1:n | xj ≤ t}.
.
Xright = {x ∈ X1:n | xj > t}.
left ).
Treeleft = kd-tree(X1:n
right
Treeright = kd-tree(X1:n
).
Return (Treeleft , Treeright ).

Appendix C. kd-tree Construction Details
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The Support Vector Machine (SVM) is a state-of-the-art powerful classification method
proposed by Vapnik (Vapnik, 1995). It has been widely used in bioinformatics and many
other disciplines and has achieved a lot of success. Like other classification methods, SVM
may suffer from a loss of generalization ability in high dimensional situations as shown
by Figure 1 which displays the application of SVM to a high dimensional two class toy
example with class labels +1 and −1. The data have dimension N = 100, with M+ =
45 data vectors from Class +1 represented as circles, and M− = 45 data vectors from
Class −1 represented as plus. The two distributions are nearly standard normal except
that the mean in the first dimension is shifted to +µ and −µ for Class +1 and Class
−1 respectively. Here µ = 1. Figure 1 shows the projections of the data onto the twodimensional subspace determined by the first dimension (dashed line) and the normal vector
(solid line) of the SVM separating hyperplane. The angle between these two directions can
be used to determine the generalization ability of the classifier. A classifier who has good
generalization properties should have small angle. For the particular example shown in

1. Introduction

For spiked population model, we investigate the large dimension N and large sample size
M asymptotic behavior of the Support Vector Machine (SVM) classification method in the
limit of N, M → ∞ at fixed α = M/N . We focus on the generalization performance by
analytically evaluating the angle between the normal direction vectors of SVM separating
hyperplane and corresponding Bayes optimal separating hyperplane. This is an analogous
result to the one shown in Paul (2007) and Nadler (2008) for the angle between the sample
eigenvector and the population eigenvector in random matrix theorem. We provide not just
bound, but sharp prediction of the asymptotic behavior of SVM that can be determined by
a set of nonlinear equations. Based on the analytical results, we propose a new method of
selecting tuning parameter which significantly reduces the computational cost. A surprising
finding is that SVM achieves its best performance at small value of the tuning parameter
under spiked population model. These results are confirmed to be correct by comparing
with those of numerical simulations on finite-size systems. We also apply our formulas to
an actual dataset of breast cancer and find agreement between analytical derivations and
numerical computations based on cross validation.
Keywords: Asymptotic behavior, Spiked population model, Support Vector Machine

Editor: Xiaotong Shen

Department of Epidemiology and Biostatistics
University of Georgia
Athens, GA 30602, USA

Hanwen Huang

Asymptotic behavior of Support Vector Machine for spiked
population model

Journal of Machine Learning Research 18 (2017) 1-21

Hanwen Huang

−2

−1

0

1

2

2

JMLR 18(45):1-21, 2017

Analogous conclusion has been drawn in the context of unsupervised learning for Principal Component Analysis (PCA). The study of sample covariance matrices is fundamental in
multivariate analysis. It is well known that the sample covariance matrix is a consistent estimator of the population covariance matrix for fixed dimension N and sample size M → ∞.

Figure 1: Toy examples, illustrating the performance of SVM on high dimensional data
with N = 100 and sample size M = M+ + M− = 90. The circles denote the data
from Class +1 and and the plus denote the data from Class −1. The dashed line
represents the first dimension which is the true difference in the Gaussian means.
The solid line represents the normal vector of SVM separating hyperplane. The
angle between the solid and dashed lines is 56.6◦ .

−3

SVM

True

Figure 1, the angle is 56.6◦ . Therefore, projection of a new data vector onto the SVM
direction cannot be expected to provide effective discrimination. As mentioned by Marron
et al. (2007), the reason is that the estimated SVM classifier is driven only by very particular
aspects of the realization of the training data at hand. New data will have their own quite
different quirks, which will bear no relation to these.
Hall et al. (2005) studied the High Dimensional Low Sample Size (HDLSS) asymptotics
of SVM and shown that for fixed sample size M = M+ + M− , as N → ∞ the angle depends
on the signal size µ which is defined as half of the distance between the means of two
distributions for this example. Assume that µ increases with N as N γ , then if γ>1/2,
SVM is strongly consistent, i.e., the angle approaches to 0◦ ; if γ<1/2, SVM is strongly
inconsistent, i.e., the angle approaches to 90◦ ; if γ = 1/2, the angle is between 0◦ and 90◦ .
Therefore the signal size µ has to be large enough in order to gain some prediction power.

2
1
0
−1
−2
−3
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The PCA consistency in HDLSS context (fixed M and N → ∞) was studied in Jung and
Marron (2009); Jung et al. (2012) and it was shown that the asymptotic behavior of the
Principal Component (PC) directions of sample covariance matrix depend on the size of the
corresponding eigenvalues. Assume that the eigenvalue of the sample covariance matrix λ
increases with N in the order of power γ, i.e. λ ∼ N γ . Then, if γ>1/2, the corresponding
estimated PC direction is strongly consistent, i.e. the angle between the estimated direction
and its population counterpart is 0◦ ; if γ<1/2, the corresponding estimated PC direction
is strongly inconsistent, i.e. the angle is 90◦ ; if γ = 1/2, the angle is random and follows a
certain distribution.
On the other hand, with the development of modern high-throughput technologies, it is
not uncommon to have data where M is comparable in size to N , or substantially larger.
There has been considerable effort to establish asymptotic results for sample eigenvalues
and eigenvectors under the assumption that N and M grow at the same rate, that is,
M/N → α>0 (see review Bai (1999)). The limiting distribution of eigenvalues of the sample
covariance matrix was derived in Marcenko and Pastur (1967). Johnstone (2001) studied
the distribution of the largest eigenvalue in PCA. Baik and Silverstein (2006) investigated
the convergence of the sample eigenvalues and eigenvectors under the spiked population.
The degree of discrepancy in terms of the angle between the directions of sample and
population eigenvectors was further derived in Paul (2007); Nadler (2008) for both 0<α<1
and α>1 situations. A phenomenon of retarded learning was observed that the angle goes
√
through a critical phase transition from angle equal to 90◦ for λ< α to angle less than
√
90◦ for λ> α. Therefore, one can only detect signals whose corresponding eigenvalues are
√
larger than the critical value α in PCA. More general results have been obtained by Hoyle
and Rattray (2004) and Hoyle and Rattray (2007); Hoyle (2010) for general population
covariance matrix.
In the present work, we study the analogous asymptotic results in the joint limit N, M →
∞ with M/N = α in the supervised learning context for the SVM classification method. We
focus on the generalization performance of SVM by deriving analytical results for the angle
between the estimated direction and the true direction and investigating how this angle
depends on µ, α and other model parameters. We consider a spiked population model and
assume that the data from each class are generated from a purely noise model spiked with
a few significant eigenvalues. We derive the analytical results using the replica method
developed in statistical mechanics and also compare with numerical simulations on finite
size systems. To the best of our knowledge, the present paper is the first that provides not
just bounds, but sharp predictions of the asymptotic behavior of the SVM estimators in
the limit N, M → ∞ at fixed M/N = α.
An immediate application of our analytical findings is for tuning parameter selection.
SVM is required to solve problem of determining the tuning parameter τ that characterizes
the strength of the penalty term. Cross validation (CV) is a practically useful strategy for
handling this task; its basic concept is to evaluate the prediction error by examining the
data under control. Smaller values of the CV error are expected to be better to express the
generative model of the data. The minimum, if it exists, of the CV error when changing
τ is thus considered to obtain an optimal value of τ . However, conducting CV through
grid search for finding the minimizer of the CV error is rather computationally expensive
especially for high dimensional data. Here we propose a new method of selecting optimal
3
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value of τ base on analytical evaluation for the angle between the estimated SVM direction
and true direction which considerably reduces the computational cost. Under the spiked
population assumption, smaller angle indicates smaller test error. A surprising finding
is that SVM achieves its best performance at small value of the tuning parameter. All
analytical results are confirmed by numerical experiments on finite-size systems and our
formula is clarified to work well for moderate-size systems.
The rest of this paper is organized as follows: In Section 2, we state SVM in the context
of spike population model. The analytical results for large N, M asymptotics are presented.
In Section 3, we show the result of numerical experiments to support our analytical results.
An application of the proposed tuning parameter selection method to the breast cancer
data is also presented in this section. The last section is devoted to the conclusion.

2. Method

In the classification problem, we are given a training dataset consisting of M observations
(xi , yi ), for i = 1, · · · , M . Here xi ∈ RN represents an input vector and yi ∈ {+1, −1}
denotes the corresponding output class label. Each (xi , yi ) is an independent random vector distributed according to a joint distribution function p(x, y). We assume that y has
probability p+ to be +1 and probability p− to be −1 with p+ + p− = 1. Conditional on
y = +1, −1, x follows multivariate distributions p(x|y = +1), p(x|y = −1) with mean
µ+ , µ− and covariance matrices Σ+ , Σ− , respectively. Without loss of generality, assume
µ+ = −µ− = µ. Similar to linear discriminant analysis, we make an additional simplifying
homoscedasticity assumption Σ+ = Σ− = Σ. Here µ ∈ RN and Σ denotes the N × N
matrix. Based on this setting, the data from two classes are generated from two multi-

variate distributions with the same covariance but different means. The signal size can be
q
PN
2
characterized by µ = kµk =
j=1 µj .
We consider a spiked covariance model here. For high dimensional data, typically only
few components are biologically important. The remaining structures can be considered as
i.i.d. background noise. Therefore, in high-dimensional settings, a collection of data can
be modeled by a low-rank signal plus noise structure (Ma, 2013; Liu et al., 2008). We use
a factor analysis model to explain correlations between a set of N variables by means of a
smaller set of K causal factors. Specifically, we assume the following:

m=1

K
X
p
σ λm vm zm + .

(1)

Assumption 1 Each observation vector x from Class +1 can be viewed as an independent
instantiation of the following generative model
x=µ+

i.i.d

T v = 1 and
Here µ is the mean vector, λm >0, vm ∈ RN are orthonormal vectors, i.e. vm
m
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T v 0 = 0 for m 6= m0 , µ̂ = µ/µ = v . The random variables z , · · · , z
vm
1
1
K ∼ N (0, 1).
m
The vector  = {1 , · · · , N } whose elements j s are i.i.d random variables with E(j ) = 0,
E(j2 ) = σ 2 and E(j3 )<∞. The j s are independent of zm s. The x from Class −1 can be
modeled in a similar way with µ replaced by −µ.

4

T
σ 2 λm vm vm
,

(3)

(2)

√

N

≥ 1, i = 1, · · · , M.

√

N

+ ξi ≥ 1, ξi ≥ 0, i = 1, · · · , M,

i=1

(4)

5
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where the tuning parameter τ determines the trade-off between increasing the margin-size
and ensuring that the xi lie on the correct side of the margin. For sufficiently large values of
τ , the soft-margin SVM will behave identically to the hard-margin SVM. We will show below
that, as τ → ∞, the asymptotic result of soft-margin SVM is the same as the asymptotic
result of hard-margin SVM.

s.t.

yi xTi w

w

To extend SVM to cases in which the data are not linearly separable, we introduce the slack
variables ξi for i = 1, · · · , M . The soft-margin SVM solution can be formulated in terms of
the following optimization problem
"
#
M
X
min wT w + τ
ξi

s.t.

yi xTi w

w

where IN is N-dimensional identity matrix. Although the j s are i.i.d, we didn’t impose any
parametric form for the distribution of j which allows for very flexible covariance structures for x, and thus the results are quite general. The requirement for the finite third
order moment is to ensure Berry-Esseen central limit theorem applies. The Assumption
1 is also called spiked population model and has been used in many situations, see Baik
and Silverstein (2006); Marcenko and Pastur (1967); Johnstone (2001) for examples. Such
a population covariance is a finite rank perturbation of multiple of the identity matrix. In
other words, all but finitely many eigenvalues of the population covariance matrix are the
same. Examples of spiked data include speech recognition (Trevor Hastie, 1995), mathematical finance (LALOUX et al., 2000), wireless communications (Telatar, 1999), and physics
of mixture (Sear and Cuesta, 2003).
The task of linear classification is to construct a hyperplane xT w = 0 (w ∈ RN ) so that
the new data vector x is assigned to Class +1 when xT w>0 and Class −1 otherwise. If
the training data are linearly separable, SVM seeks to find this hyperplane such that the
minimal distance between the hyperplane and the data point from each class is maximized.
The hard-margin SVM solution can be formulated in terms of the following optimization
problem


min wT w

m=1

K
X

and

where

F

zc =

√
1/ q0 − µρ
√
,
σ 1 + λ1 ρ
6

zc

στ
τ̂ = √ √
.
q0 1 + λ 1 ρ

(9)
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Dz(zc − z)z,

Dz(zc − z) = 0,

zc −qτ̂

Z

zc −qτ̂

zc −qτ̂
Z zc

Dzz − αλ1

αµ
Dz −
σ

zc −qτ̂
−∞

Z

−∞

−∞
zc −qτ̂

Z

= 1 − αλ1 qτ̂

αqτ̂ µ
p
−
σ
1 + λ1 ρ2

ρF

Proposition 2 Under Assumption 1, in the limit N, M → ∞, with fixed α = M/N , denote
θ the angle between µ and w solved from the soft-margin SVM algorithm (4), then cos θ
converges to ρ that is determined by the following three nonlinear equations
Z zc
Z zc −qτ̂
1 − ρ2
2 2
Dz(zc − z)2 = 0,
(7)
−
αq
τ̂
Dz
−
α
1 + λ1 ρ 2
zc −qτ̂
−∞
Z zc −qτ̂
Z zc
2q − 1 − αqτ̂
Dzz − α
Dz(zc − z)z = 0,
(8)

All the proofs are given in the supplementary materials. From equations (5) and (6), we
can solve two unknown parameters ρ and zc given α, µ, σ, and λ1 . It is interesting to note
that the results do not depend on λ2 , · · · , λK which means that only the variance along the
signal direction has influence on SVM performance. This observation is also confirmed by
extensive simulations in Section 3.1. All the biological components in orthogonal directions
have no impact. The nonlinear equations (5) and (6) have no closed form solution. We
have to use some numerical algorithms to solve them. As expected, it can be easily checked
from the numerical studies in Section 3 that cos(θ) increases with α as well as the signal to
noise ratio µ/σ, but decreases with λ1 .

where zc is an unknown parameter
 needs
 to be estimated, µ, σ, λ1 are defined in (2), and the
2
standard notation Dz = √dz2π exp − z2 .

Proposition 1 Under Assumption 1, in the limit N, M → ∞, with fixed α = M/N , denote
θ the angle between µ and w solved from the hard-margin SVM algorithm (3), then cos θ
converges to ρ that is determined by the following two nonlinear equations
Z zc
1 − ρ2
Dz(zc − z)2 ,
(5)
= α
2
1 + λ1 ρ
−∞
!
Z zc
ρ
µ
λ1 ρ
p
Dz(zc − z)
= α
+p
z .
(6)
σ
1 + λ1 ρ2
1 + λ1 ρ2
−∞

For the setting described in Assumption 1, the normal direction vector of the separating
hyperplane based on Bayes optimal rule is in the same direction as µ. Therefore, the
performance of any classification method can be evaluated by the angle between the normal
direction vector of its separating hyperplane and µ. Propositions 1 and 2 provide the sharp
prediction of the high-dimensional limiting angles for hard-margin SVM and soft-margin
SVM respectively.

In model (1), λm represents the strength of the m-th biological component, and σ 2
represents the level of background noise. The real biology is typically low-dimensional, i.e.
K  N . Considering signal as one of the biological components, without loss of generality,
we assume that µ is in the same direction as v1 , i.e. µ̂ = v1 . Note that the eigenvalue λm
is not necessarily decreasing in m and λ1 is not necessarily the largest eigenvalue. From
(1), the covariance matrix is

Σ = σ 2 IN +
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Therefore, we estimate µ as
µ̂ =

10

1
2

where σ̂ is given from (10) and µ̂c =
µc .

3. Numerical Results

8

3.1 Hard-margin SVM

6

(a)

µ

4

α

6

(b)

xi − M1−

8

i=1

PM−

σ̂ 2
,
αr+ r−
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s

i=1

2

PM+

kµ̂c k2 −
1
M+

0

0

1

λ1

(c)
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3

xi is the sample estimation of
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(10)

4

cos(θ)

1+λ1 ρ

MADX
.
MADN (0,1)

cos(θ)

8

JMLR 18(45):1-21, 2017

Figure 2 shows the dependence of cos(θ) on the parameters µ, α, and λ1 based on
numerical solutions of equations (5) and (6). Here θ represents the angle between the
directions of SVM separating hyperplane and Bayes optimal separating hyperplane. For
spiked population model (1), the normal vector of Bayes optimal separating hyperplane lies
in the direction of µ. Discrimination methods whose normal vector w/kwk lies close to this
direction should have good “generalization” properties, i.e., new data will be discriminated
as well as possible. Figure 2(a) shows that, for fixed α and λ1 , the classification performance
is improved as we increase the signal size µ. Figure 2(b) shows that, for fixed µ and
λ1 , cos(θ) increases with α, indicating that the classification performance is improved by
adding more samples to the training data. For α<1/2, the increasing is faster; for α>2,
the increasing becomes slower and saturated. This indicates that, for HDLSS situations,
increasing training data can improve the prediction power dramatically; while for situations

Figure 2: (a) Dependence of cos(θ) on µ for fixed σ = 1, λ1 = 1 and α = 0.1 (solid), 0.5
(dashed), 1.5 (dotted); (b) Dependence of cos(θ) on α for fixed λ1 = 1 and µ = 3
(solid), 5 (dashed), 7 (dotted); (c) Dependence of cos(θ) on λ1 for fixed α = 1
and µ = 3 (solid), 5 (dashed), 7 (dotted).
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Therefore, given α, λ1 , µ, σ, and τ , equations (7), (8), (9) can be used to solve three unknown
parameters ρ, q0 , and q. The nonlinear equations (7), (8), and (9) have no closed form
solution. We have to use some numerical algorithms to solve them. Under Assumption 1,
if we further
assumethat  in (1) follows a normal distribution, then the SVM test error is

ε = Φ − √ ρ 2 σµ , where Φ(·) is the cumulative distribution function of N (0, 1).

σ̂ =

(13)
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It is interesting to note that, as τ → ∞, the two equations (7) and (9) are equivalent
to (5) and (6) respectively. Therefore, for large τ , the behavior of soft-margin SVM is the
same as hard-margin SVM. Our simulation studies in Section 3.2 will also confirm this.
For a given dataset, α, λ1 , µ, and σ can be estimated, therefore Proposition 2 allows
us to select optimal tuning parameter τ by studying the dependence of ρ on τ for fixed
α, λ1 , µ, σ.
We now discuss how to estimate λ1 , µ, and σ from the data. To estimate the background
noise level σ 2 , we use a robust variance estimate based on the full matrix of data values (Liu
et al., 2008); that is, for the full set of M × N entries of the original M × N data matrix X,
we calculate the robust estimate of scale, the median absolute deviation from the median
(MAD), to estimate σ as

(1 +

Here MADX = median(|xij − median(X)|) and MADN (0,1) = median(|ri − median(r)|),
where r is a M N -dimensional vector whose elements are i.i.d. samples from N (0, 1) distribution.
To estimate λ1 , we use the results from Baik and Silverstein (2006) which shows that
in the limit of M, N → ∞, with fixed α = M/N , the sample eigenvalue λ̃1 satisfies


(
p
(λ1 + 1) 1 + αλ1 1 − 1, for λ1 > 1/α,
(11)
p
p
1/α)2 − 1,
for λ1 ≤ 1/α.

a.s.

λ̃1 −−→

Therefore, for any finite α, λ̃1 is not a consistent estimator of λ1 . We use equation (11) to
estimate λ1 as
!

r


2
p

 1
1
1
4
−
for
λ̃
λ̃
1 >1/α + 2 1/α,
1− α
2 λ̃1 − α +
α ,
=
(12)

p
 p
1/α,
for λ̃1 ≤ 1/α + 2 1/α.
λ̂1

To estimate µ, let M+ , M1 denote the sample sizes of Class +1 and Class −1 respectively.
Define µc = x̄+ − x̄− , where x̄+ and x̄− represent the sample means for Class +1 and Class
−1 respectively. The following Proposition describes the relationship between µc and µ.

σ2
.
αr+ r−

Proposition 3 Under Assumption 1, in the limit N, M → ∞, with fixed α = M/N ,
r+ = M+ /M , and r− = M− /M , then kµc k2 converges to
4µ2 +
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Koo et al. (2008) studied the asymptotic behavior of the coefficients of the linear SVM
in the limit of M → ∞ with N fixed. They established a Bahadur type representation of
the coefficients and derived their asymptotic normality and statistical variability. Denote
w? the minimizer of the population version of the SVM loss function. It was shown in Koo
et al. (2008) that the SVM solution ŵ converges to w? which is in the same direction as µ

ρc
µ
1+λ1 ρ2c σ

which is independent of λ1 . This finding of λ1 independence is also confirmed by numerical
simulations with data on finite size systems. Therefore, if  in (1) follows a normal distribution, then the
 best test error
 we can achieve using the soft-margin SVM classification

of log τ for fixed α, µ, λ1 , and σ. Both the analytical solution based on Proposition 2 and
numerical experiment based on simulated finite dimensional data are provided and they
excellently agree with each other. In simulation, we randomly generate a training set and
a test set for the given parameter setting, the test error can be obtained by applying the
classifier built from the training set to the test set. The results from the summary over 100
replications are given in Figure 5. From the upper panel, it is interesting to note that cos θ
reaches a maximum value as one decreases the tuning parameter τ to a threshold value.
After that value, further decreasing τ cannot change cos θ. On the other hand, if we increase
τ , cos θ will approach the value determined by the hard-margin SVM method as shown by
the dashed line in the upper panel of Figure 5. These observations are further confirmed by
the dependence of test error ε on log τ as shown in the lower panel. The test error reaches
a minimum value if we decrease τ to the same threshold value as for cos θ. From equations
(7), (8), and (9), it can be derived that the limiting value of cos θ as τ → 0 is
v

u
u α µ 2
σ
ρc = cos θc = t
(14)
2
1 + α σµ

Figure 4: Dependence of cos(θ) on µ, α, and λ1 for τ = 1 and σ = 1. (a) Dependence of
cos(θ) on µ for fixed λ1 = 2 and α = 1; (b) Dependence of cos(θ) on α for fixed
λ1 = 2 and µ = 2; (c) Dependence of cos(θ) on λ1 for fixed α = 1 and µ = 2.
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Figure 4 shows the dependence of cos(θ) on the parameters µ, α, and λ1 based on the
solution of nonlinear equations (7), (8), and (9) for fixed τ = 1 and σ = 1. Similar to
Figure 2, the cos θ increases with µ and α but decreases with λ1 .
To study the the influence of the tuning parameter τ on the performance of the softmargin SVM classification method (4). Figure 5 shows the dependence of cos(θ) as function

5

2

cos(θ)

method (4) is Φ − √

4

1

(a)
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cos(θ)

3.2 Soft-margin SVM

To examine the validity of our analysis and to determine the finite-size effect, Figure
3 provides the comparison with numerical simulations on finite size systems. Similar to
Figure 2, we consider the dependence of cos(θ) on three parameters µ, α and λ1 in the plots
in Figure 3 (a), (b), and (c) respectively. Here the dimension of the simulated data N = 100
and the data are generated according to Assumption 1 with j follows i.i.d standard normal
distribution. We repeat simulation 100 times for each parameter setting. The mean and
standard errors over 100 replications are presented. From Figure 3, we can see that our
analytical curves show fairly good agreement with the simulation experiment. Thus our
analytical formulas (5) and (6) provide reliable estimates even for moderate system sizes.
The benefit of these formulas is their computational ease. We also find that the simulation
results for SVM estimators are independent of the choices of orthogonal components λm≥2
which further confirms that the analytical results described by Proposition 1 are correct.

Figure 3: Comparison of analytical calculations with simulation experiments. The solid
curves represent the theoretical results, the dots and bars represent the mean
and standard error of the estimated cos θ by applying SVM algorithm (3) to 100
simulated data sets for each parameter setting. In simulations, the dimension
N = 100, the background noise σ = 1. The other parameters are: (a) α =
1, λ1 = 2; (b) µ = 5, λ1 = 2; (c) α = 1, µ = 2.
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when sample size is twice as big as the dimension, adding more samples can not gain too
much power. Figure 2(c) shows that, for fixed µ and α, cos(θ) decreases with λ1 as expected.
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under the spiked population setting (1). Therefore ρ → 1 as M → ∞ with N fixed. This
can be confirmed in (14) by letting α → ∞ on the right hand side.
√ On the other hand,
if we
√ let N → ∞ with M fixed, from (14) we get ρc → 0 if µ/ N → 0 and ρc → 1 if
µ/ N → ∞. This confirms the results of Hall et al. (2005) for HDLSS setting. Therefore,
our asymptotic results are more general with both traditional and HDLSS asymptotics as
special cases.
The analytical results in Figure 5 are based on the true values for α, λ1 , µ and σ which
ultimately need to be estimated from the given data. In Figure 6 we provide the comparison
between the results using the true values and the results using the estimated values for
µ, α, λ1 and σ. For each simulated data, we first estimate µ, α, λ1 and σ and then use them
to derive theoretical results. Figure 6 indicates that the influence of moderate estimation
errors in the parameters is small.

−6
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The key assumptions for deriving the results in Propositions 1 and 2 are homoscedasticity
(equal covariance) and spiked covariance condition (1). In this section, we use simulation to

3.3 Check the model assumptions

Although Figure 5 suggests that, for spiked population model, the best performance of
SVM is achieved at the smallest value τ , in practice, using too tiny τ could cause difficulties
in numerically solving the optimization problem. In order to provide a practical recommendation for the tuning parameter, we need to estimate the threshold value τc at which the
limiting value cos θc is almost achieved, i.e. the elbow point in Figure 5. More precisely,
τc is defined as τc = max{τ : ρ(τ ) = ρc }. In practice, we can compute τc by numerically
finding the largest τ that can give cos θ = ρc and use it as a guideline for choosing τ . Figure
7 displays the change of log τc as functions of the parameters µ, α, λ1 . It is shown that log τc
decreases with all three parameters.

Figure 6: Comparison between the results using the true values and the results using the
estimated values for parameters. Here the true parameter values are α = 1, µ = 2,
σ = 1, and λ1 = 2. The solid curve represents the results derived using the true
values. The dots and bars represent the means and standard errors of the cos θ
values derived using the estimated parameters for 100 simulated data sets.
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Figure 5: Upper panel: compare theoretical result with simulation experiment for the dependence of cos(θ) on tuning parameter log(τ ) for fixed α = 1, µ = 2, σ = 2,
and λ1 = 2. The solid line is the theoretical curve, the dots and bars represent
the mean and standard error based on 100 simulated data sets at each parameter
setting. In simulation, the dimension N = 100. The dashed line represents the
value based on the hard-margin SVM solution from equations (5) and (6). Lower
panel: dependence of the test error ε on log(τ ) based on simulations.
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Figures 9, 10, and 11 are for situations where the spiked assumption is violated. In
simulation, we first generate M samples from N (0, Σ) distribution. Then M/2 of them are
shifted by µ in x1 direction to form the positive class and the remaining M/2 are shifted
by −µ in x1 direction to form the negative class. The covariance matrix Σ is diagonal with
the ith eigenvalue equal to iσ 2 for i ≤ K and σ 2 for i>K. The spiked condition requires
K  p. If we increase K, the spiked condition can be violated. Figures 9, 10, and 11
show the results for K = 0.1N , K = 0.3N , and K = 0.5N respectively. For situations
where the number of uncommon eigenvalues K is less than 10% of the total number of
variables N , our method can provide quite accurate estimation for cos θ and also bigger
cos θ corresponds to smaller test error as illustrated in Figure 9. For situations where K
is 30% of N , our method can still provide reasonable estimation for cos θ, but cos θ cannot
be used as a criterion for choosing τ because bigger cos θ does not always correspond to

study the validity of our method in situations where these assumptions are not true. Figure
8 is for situation where the two covariance matrices from the positive and negative classes
are different. In simulation, we first generate M samples from N (0, σ 2 Ip ) distribution. Then
M/2 of them are shifted by µ in x1 direction to form the positive class and the remaining
M/2 are shifted by −µ in x1 direction to form the negative class. Both classes are further
divided into two subclasses with sample size M/4 for each. In the positive class, the two
subclasses are separated by shifting in x2 direction by µ and −µ respectively. Similarly,
the two subclasses in the negative class are separated by shifting in x3 direction by µ
and −µ respectively. The data generated in this way satisfies the spiked assumption but
the two classes have different covariances. Figure 8 shows that the theoretical estimation
and direct computation agree fairly well with each other. We have tried several different
settings for µ, α and σ and got similar results. Therefore, our method is fairly robust to
homoscedasticity as long as the spiked condition (1) holds for the covariance matrices of
both classes.

Figure 7: (a) Dependence of log(τc ) on µ for fixed λ1 = 2 and α = 1; (b) Dependence of
log(τc ) on α for fixed λ1 = 2 and µ = 2; (c) Dependence of log(τc ) on λ1 for fixed
α = 1 and µ = 2.
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Figure 8: Comparison of theoretical prediction with direct computation for simulated data
using parameters α = 1, µ = 2, σ = 2, and λ1 = 2. In simulation, the covariances
are different between the positive class and the negative class.
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smaller test error as illustrated in Figure 10. For situations where K is 50% of N , our
method cannot provide estimation for cos θ. Moreover, cos θ and ε behavior in an opposite
way, i.e. smaller cos θ corresponds to smaller test error as illustrated in Figure 11.

−6

−6

Figure 9: Comparison of theoretical prediction with direct computation for simulated data
using parameters α = 1, µ = 2, σ = 2, and λ1 = 2. In simulation, the number of
the uncommon eigenvalues K is equal to 10% of the total number of variables N .

In summary, our simulations indicate that the proposed method depends on the spiked
assumption but is not sensitive to the homoscedasticity violation. The spiked assumption
is based on factor analysis which is one of the most useful tools for modeling common
dependence among all the variables. In genetics, factor analysis modeling appeared to be
useful tools to investigate the dependence structure in high-dimensional microarray data.
It can fit the data with covariance matrix governed by linkage disequilibrium patterns
(Rochat et al., 2007). For data set which cannot be modeled using spiked population, our
results indicate that further exploring the data structure is useful for understanding the
classification performance.
3.4 Real Data
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We apply our methods to a breast cancer dataset from The Cancer Genome Atlas Research
Network (Network, 2008) which include two subtypes: LumA and LumB. As in Liu et al.
(2008), we filter the genes using the ratio of the sample standard deviation and sample
mean of each gene. After gene filtering, the dataset contained 235 patients with 56 genes.
Among the 235 samples, there are 154 LumA samples and 81 LumB samples.
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Figure 10: Comparison of theoretical prediction with direct computation for simulated data
using parameters α = 1, µ = 2, σ = 2, and λ1 = 2. In simulation, the number of
the uncommon eigenvalues K is equal to 30% of the total number of variables
N.
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Figure 11: Comparison of theoretical prediction with direct computation for simulated data
using parameters α = 1, µ = 2, σ = 2, and λ1 = 2. In simulation, the number of
the uncommon eigenvalues K is equal to 50% of the total number of variables
N.
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Figure 12: Upper panel: theoretical prediction of the dependence of cos(θ) on tuning parameter log(τ ) based on the solutions from equations (7), (8) and (9) using
parameters estimated from the breast cancer data. Lower panel: dependence of
cross-validation error ε on tuning parameter log(τ ). The dots and bars represent
the mean and standard error of the cross validation error based on 100 random
splittings of the breast cancer data.
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We consider LumA as Class +1 and LumB as Class -1. Assume the data are generated
based on model (1), using the method discussed in Section 2, we obtain the following
parameter estimations: µ̂ = 3.80, σ̂ = 2.32, λ̂1 = 4.06, α = 4.20, N = 56, M = 235,
M+ = 154, M− = 81. The upper panel of Figure 12 shows the analytical curve for the
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In this study, we examine the asymptotic behavior of SVM in the limit of N, M → ∞
with fixed α = M/N . We investigate the estimators of both the hard-margin SVM and
the soft-margin SVM methods. Our focus is on the angle between the direction of the estimated separating hyperplane and the Bayes optimal separating hyperplane. Under spiked
population model assumption, we analytically evaluate the relation between this angle and
the SVM tuning parameter. On the basis of this finding, a new method of selecting tuning
parameter is developed for analyzing high dimensional data which significantly reduces the
computational cost. The analytical calculations are compared with numerical simulations
on finite-size systems and the agreement between the numerical data and the analytical
result is fairly good, and thus, our formulas are validated. Although the asymptotic results
that we have obtained apply only to the spiked population model, they have shed a new
light on the asymptotic behavior of SVM and can also improve the practical use of SVM
in various aspects. For situations where the spiked model cannot be applied, one possible
solution is to use the generalized spiked population model proposed in Bai and Yao (2012)
to re-derive our results. This is one of our future research topics.
It is shown in Figure 1 that a lot of data points are piling up on the two boundaries.
This is a phenomenon called data piling which has been studied in Marron et al. (2007)
in more details. The reason is that the hinge loss function used in SVM is not continuous
differentiable. The consequence of data piling is that the generalization performance is
adversely affected. To overcome this problem, Marron et al. (2007) proposed a new classification method call Distance Weighted Discrimination (DWD) which does not have data
piling problem. Simulation studies have shown that DWD typically yields better classification performance than SVM in high dimensions, but deeper theoretical evidence is strongly
desired. It will be interesting to study the asymptotic property of DWD and compare it
with SVM from a analytical point of view. This is another direction that we will pursue
in future. The same technique can also be used in other popular classifier that currently
heavily relies on cross validation. Examples include the hybrid of DWD and SVM proposed
in Qiao and Zhang (2015) and the Large-Margin Unified Machines proposed in Liu et al.
(2011).
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Data from practical applications in medicine, finance, business and other fields are often
stored distributively across multiple servers (called local processors) and may not be shared
for reasons of preserving privacy. This requires privacy-preserving machine learning algorithms to discover population-wide patterns of the data without revealing any individual’s
sensitive information. Distributed learning (Balcan et al., 2012; Yan et al., 2013; Li et

1. Introduction

This paper provides error analysis for distributed semi-supervised learning with kernel
ridge regression (DSKRR) based on a divide-and-conquer strategy. DSKRR applies kernel
ridge regression (KRR) to data subsets that are distributively stored on multiple servers to
produce individual output functions, and then takes a weighted average of the individual
output functions as a final estimator. Using a novel error decomposition which divides the
generalization error of DSKRR into the approximation error, sample error and distributed
error, we find that the sample error and distributed error reflect the power and limitation
of DSKRR, compared with KRR processing the whole data. Thus a small distributed
error provides a large range of the number of data subsets to guarantee a small generalization error. Our results show that unlabeled data play important roles in reducing the
distributed error and enlarging the number of data subsets in DSKRR. Our analysis also
applies to the case when the regression function is out of the reproducing kernel Hilbert
space. Numerical experiments including toy simulations and a music-prediction task are
employed to demonstrate our theoretical statements and show the power of unlabeled data
in distributed learning.
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j = 1, . . . , m.

(1)

In this paper, we focus on the distributed kernel ridge regression (DKRR). Let (HK , k ·
kK ) be the reproduced kernel Hilbert space (RKHS) induced by a Mercer kernel K on a
metric (input) space X . In a standard setting (Mann et al., 2009; Zhang et al., 2013; Lin
et al., 2016), DKRR is defined with a regularization parameter λ > 0 by

Figure 1: Training and testing of distributed learning for privacy-preserving

(a) Flow of training

al., 2015; Xie et al., 2016) provides a promising way to tackle privacy-preserving learning
problems.
|D |
Let m be the number of local processors and Dj = {(xSi,j , yi,j )}i=1j be the data subset
m
stored in the j-th local processor with 1 ≤ j ≤ m and D = j=1 Dj be the disjoint union of
{Dj }m
j=1 , where |Dj | denotes the cardinality of Dj . Distributed learning firstly gets an estimator fDj ,λ on each local processor based on Dj and some (regularization) parameter λ, and
then launches the individual estimators to a central processor to get a final estimator f D,λ .
To get an estimation for a new query point xtest , due to the purpose of privacy-preserving,
xtest is firstly transmitted to each local processor to get an estimation fDj ,λ (xtest ), then
all fDj ,λ (xtest ) with 1 ≤ j ≤ m are communicated to the central processor to synthesize
the final estimation f D,λ (xtest ). Flows of training and testing for distributed learning are
exhibited in Figure 1. Distributed learning can thus be a privacy-preserving strategy in the
sense that except for a real number fDj ,λ (xtest ), the individual’s data information in each
local processor is unknown to each other. The aim of statistics and learning theory is to
verify that f D,λ (xtest ) is a good approximation of the unknown but definite output of xtext .
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{x1j , . . . , x|jD̃ | }.
j

|D∗ |

Dj∗ = {(xi∗ , yi∗ )}i=1j
(

fDj∗ ,λ .

yi∗ =

|D∗ |

m
X
|Dj∗ |

j=1

0,

|Dj∗ |
|Dj | yi ,

if (xi , yi ) ∈ Dj ,
otherwise,

(4)

(3)

The optimal learning rate for DKRR was presented in (Zhang et al., 2015) under some
eigenfunction assumptions which were removed in (Lin et al., 2016) by using a novel integral
operator approach. In these existing results on rigorous analysis for DKRR, there are still
two critical problems which greatly hinder applications of DKRR in practice. One is that
the optimal learning rate is built upon a strict condition bounding the number of local
processors, making DKRR infeasible for large m. The other is that the target function
called regression function fρ is assumed to be in HK to achieve the optimal learning rate,
which is difficult to verify in practice.
The aim of the present paper is to consider distributed semi-supervised learning with
kernel ridge regression (DSKRR) and demonstrate that using additional unlabeled data in a
semi-supervised setting can overcome the aforementioned hurdles of DKRR. Let Dj ∪ D̃j (x)
be the subset of the data for semi-supervised learning which is stored on the j-th local
processor, where D̃j (x) =
Based on Dj ∪ D̃j (x), j = 1, . . . , m, we construct



a training set associated with Dj ∪ D̃j (x) as

with
xi∗ =

f D∗ ,λ =

xi , if (xi , yi ) ∈ Dj ,
and
x̃i , if x̃i ∈ D̃j (x),
Sm
∗
j=1 Dj . Define DSKRR by

and denote D∗ =

|D∗ |

We revise the standard integral operator framework (Smale and Zhou, 2007; Caponnetto
and De Vito, 2007; Lin et al., 2016) to analyze the learning performance of algorithm (4).
The main tool is a novel error decomposition that decomposes the generalization error of
algorithm (4) into the approximation error, sample error and a new term called distributed
error. The approximation error, which reflects the difference between a data-free limit of
KRR and fρ , is standard. The sample error reflects the advantage of weighted averaging
in (4) in the sense of scaling the generalization error of individual fDj∗ ,λ , j = 1, 2, . . . , m,
with an additional factor |Dj∗ | . The distributed error describes the difference between the
distributed algorithm (4) and KRR processing the whole data in one single processor via
presenting a restriction to the number of local processors. We find that additional unlabeled
data play crucial roles in deducing a small distributed error and thus relaxing heavily the
restriction on m to achieve the optimal learning rate for DKRR. We also prove that DSKRR
leads to satisfactory estimates for the sample error when fρ ∈
/ HK , which is beyond the
standard setting with fρ ∈ HK in (Zhang et al., 2015; Lin et al., 2016). Experimental
studies are carried out to verify our theoretical analysis.

2. Theoretical Assessments
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The generalization ability of DSKRR will be analyzed in a standard learning theory framework, in which the sample in D is assumed to be independently drawn from ρ, a Borel
3
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X

(5)

m D̃ (x) from ρ , the
probability measure on Z := X × Y with Y = R and D̃(x) = ∪j=1
j
X
marginal distribution of ρ. Our purpose is to estimate
R how the estimator f D∗ ,λ based on
D∗ approximates the regression function fρ (x) := Y ydρ(y|x) with ρ(·|x) being the conditional distribution of ρ induced at x ∈ X . Throughout this paper, we assume |y| ≤ M
almost surely forp
some constant M > 0 and X is compact, which implies kfρ k∞ ≤ M almost
surely and κ := supx∈X K(x, x) < ∞.
As convergence may be as slow as one wants without imposing any restriction on the
distribution ρ (Györfy et al., 2002), we introduce the following regularity assumption on fρ .
Let LK be the integral operator on HK (or Lρ2X with norm k · kρ k) defined by
Z
Kx f (x)dρX ,

LK f =

where Kx is the function K(·, x) in HK . The regularity condition in this paper is

r
fρ = LK
hρ , for some r > 0 and hρ ∈ Lρ2X ,

λ > 0.

r denotes the r-th power of L
2
2
where LK
K : LρX → LρX , a compact and positive operator.
This regularity condition is standard in learning theory and has been used in a large literature (Bauer et al., 2007; Caponnetto and De Vito, 2007; Smale and Zhou, 2007; Caponnetto
and Yao, 2010; Shi et al., 2011; Guo et al., 2016; Hu et al., 2015; Lin and Zhou, 2016).
To derive fast learning rates, we should also present some restrictions on the capacity of
HK . In this paper, we use the effective dimension N (λ) to measure the complexity of HK
with respect to ρX , which is defined to be the trace of the operator (LK + λI)−1 LK , that is

N (λ) = Tr((λI + LK )−1 LK ),

We are in a position to present our main results, to be proved in Section 5. We first
consider the traditional case of fρ ∈ HK by imposing condition (5) with r ≥ 1/2.

|D∗ |

m
X
|Dj∗ |
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2
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+1
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λ2r−1 AD
∗
j ,λ



|Dj∗ | 2
,
A
|D∗ | Dj ,λ

(7)

(6)

Theorem 1 Assume |y| ≤ M almost surely and that (5) holds with 1/2 ≤ r ≤ 1. We have
 



2
max E kf D∗ ,λ − fρ kρ2 , λE kf D∗ ,λ − fρ kK

!2 
≤ C λ2r +

where C is a constant independent of m, |Dj |, |Dj∗ |, or λ and
p
N (λ)
1
√ + p
.
|D| λ
|D|

AD,λ =

N (λ) ≤ C0 λ−s ,

∀λ > 0.

(8)

To obtain explicit learning rates, we quantify the increment of N (λ) with a parameter
0 < s ≤ 1 and a constant
> 0 as
C0
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Condition (8) with s = 1 is always satisfied by taking C0 = Tr(LK ) ≤ κ2 . When 0 < s < 1,
condition (8) is more general than the eigenvalue decaying assumption in the literature
(Caponnetto and De Vito, 2007; Steinwart et al., 2009). Based on Theorem 1 and condition
(8), we derive the following optimal learning rate of algorithm (4).

4



2r
E[kf D∗ ,λ − fρ k2ρ ] = O |D|− 2r+s .

5
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Corollary 4 Assume |y| ≤ M almost surely, (8) with 0 < s ≤ 1 and (5) with 0 < r < 1/2.
1
∗ |, λ = |D|− 2r+s ,
If r + s ≥ 1/2, |D1 | = |D2 | = · · · = |Dm |, |D1∗ | = |D2∗ | = · · · = |Dm
s+1
|D∗ | ≥ |D| 2r+s and m satisfies (9), then


2r
E[kf D∗ ,λ − fρ k2ρ ] = O |D|− 2r+s .

Theorem 3 yields the following optimal learning rate for algorithm (4) when fρ ∈
/ HK ,
which has not been given in the literature of distributed learning (Zhang et al., 2015; Lin
et al., 2016; Guo et al., 2016).

where C is a constant independent of m, |Dj |, |Dj∗ | or λ.

j=1

Theorem 3 Assume |y| ≤ M almost surely and that (5) holds with 0 < r < 1/2. Let
0 < λ ≤ 1. We have


!2 

2
m
X
|Dj∗ | ADj∗ ,λ
|Dj∗ | 2


2
2r
2r−1
2
E kf D∗ ,λ − fρ kρ ≤ C λ +
+1
λ
ADj∗ ,λ + ∗ ADj ,λ  , (10)
|D∗ |
λ
|D |

restriction m ≤ |D| 1+s . This allows the number of local processors to increase as the sample
size |D| does. Thus our analysis demonstrates the usage of additional unlabeled data in
distributed learning, which is the first purpose of this paper.
The second purpose of this paper is to extend the range of r in (5) from r ≥ 1/2 for the
standard setting with fρ ∈ HK to 0 < r < 1/2 for considering the situation fρ ∈
/ HK .

1

When |D∗ | = |D|, the training set D∗ defined by (3) for DSKRR is the same as D for
DKRR. In such a situation (without using any unlabeled data), the output function f D∗ ,λ
produced by DSKRR algorithm (4) coincides with f D,λ generated by DKRR algorithm
(1), and the optimal learning rates stated in Corollary 2 are the same as those in (Lin et
2r−1
al., 2016; Guo et al., 2016) achieved under the restriction m ≤ |D| 2r+s given by (9). In
particular, for the special case of r = 1/2 (that is, fρ ∈ HK ), the number of local processors
m = O(1) does not increase as the sample size |D| becomes large, which is very restrictive
and limits the use of distributed learning.
Corollary 2 tells us that additional unlabeled data can be used to relax the above
1
restriction on m. For the special case with r = 1/2 and s ≥ 1/2, when |D∗ | = |D|1+ 1+s with
1
1+ 1+s
additional unlabel data of size |D|
− |D|, Corollary 2 asserts that the output function
f D∗ ,λ produced by DSKRR algorithm (4) achieves the optimal learning rates under the

then

Corollary 2 Assume |y| ≤ M almost surely, (8) with 0 < s ≤ 1 and (5) with 1/2 ≤ r ≤ 1.
1
∗ |, and
If λ = |D|− 2r+s , |D1 | = |D2 | = · · · = |Dm |, |D1∗ | = |D2∗ | = · · · = |Dm
n
o
2r+2s−1
−s−1
m ≤ min |D| 2r+s , |D∗ ||D| 2r+s ,
(9)
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∀` ∈ N.

(11)

6
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Condition (11) was removed in (Lin et al., 2016), by using a novel integral operator approach based on a second order decomposition of difference of operator inverses. However,
the analysis in (Lin et al., 2016) works only for r > 1/2. In our Corollary 2, we show that
the optimal learning rate for DSKRR can be achieved for all 12 ≤ r ≤ 1 without assuming
condition (11), provided additional unlabeled data are used. At the first glance, our approach in algorithm (4) incurs additional computation due to the unlabeled data. However,
it is important for privacy-preserving learning when the data are stored in m (fixed) servers
2r−1
with m > N 2r+s and cannot be shared. Our result in Corollary 4 is new since optimal
learning rates for DKRR when fρ ∈
/ HK have not been provided in the existing literate of
distributed learning (Zhang et al., 2015; Lin et al., 2016; Guo et al., 2016).

X

h
i
kϕ` k2k
= E |φ` (x)|2k ≤ A2k ,
L2k
ρ

As a state-of-the-art strategy to reduce the computational burden for some specified algorithms, distributed and parallel computation has triggered enormous research activities in
the statistical and machine learning communities (Gillick et al., 2006). Distributed learning
with ridge regression (Zhang et al., 2013), gradient descent algorithms (Shamir and Srebro,
2014), online learning (Zinkevich et al., 2010) and spectral algorithms (Guo et al., 2016)
were proposed and their learning performances have been observed in many practical applications to be as good as that of a big processor which could handle the whole data, provided
the number of servers m is not very large. Some theoretical bounds for m were presented
in (Zhang et al., 2015; Lin et al., 2016; Guo et al., 2016; Blanchard and Mücke, 2016),
asserting that the range of m depends on the regularity of fρ , which is difficult to verify in
practice. This key problem makes users select only a small m or take m as a parameter in
the learning process.
Compared with these results, there are two novelties of our results in this paper, though
adding unlabeled data in the learning process causes additional computations. On one
hand, if one takes m as a parameter in the learning process, the data should be re-divided
again and again and thus it requires a large amount of communications. Our result avoids
these re-division and communications in the sense that for a large range of m, if enough
unlabeled data are given, optimal learning rates can be achieved. On the other hand, for
some applications, data of small size (e.g. data in hospitals) are stored distributively across
a great number of processors and cannot be shared each other for preserving privacy. The
existing results (Zhang et al., 2015; Lin et al., 2016; Guo et al., 2016; Blanchard and Mücke,
2016) cannot tackle these problems in the sense that m is out of the range for the quantity
to guarantee the optimal learning rate. The result in this paper presents a possibility to
conquer this problem, provided there are additional unlabeled data.
We then compare our results with those in two closely related papers (Zhang et al., 2015;
Lin et al., 2016). The seminal work (Zhang et al., 2015) considered the learning performance
of algorithm (1) when r = 21 , i.e., (fρ ∈ HK ). Using a matrix decomposition approach,
(Zhang et al., 2015) derived an optimal learning rate of order O(|D|−1/(s+1) ) under the
assumption that for some constants k > 2 and A < ∞, the normalized eigenfunctions {φ` }`
of LK in L2ρX satisfy

3. Related Work and Discussion

Chang, Lin and Zhou
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X

Unlabeled data exist widely due to the expensive cost of label evaluation. Originally,
unlabeled data are considered to be non-informative and often given up. However, with
deeper understanding of semi-supervised learning, researchers recognize that unlabeled data
can be useful in some special applications (Zhu and Goldberg, 2009) such as manifold
learning (Belkin et al., 2006). In learning theory, it was found in (Caponnetto and Yao,
2010) that using unlabeled data can overcome the limitation that the optimal learning
rate for KRR is only achievable for fρ ∈ HK . It was shown there that optimal learning
rates for spectral algorithms might be achieved even when fρ 6∈ HK , provided enough
unlabeled data were added in the training process. Similar results have been deduced for
kernel-based conjugate gradient descent in (Blanchard and Krämer, 2010; Blanchard and
Mücke, 2016). Results in the present paper show that unlabeled data also benefit distributed
learning algorithms by allowing more local processors while achieving optimal learning rates.
Furthermore, using some ideas from (Caponnetto and Yao, 2010), we succeed in conquering
the bottleneck that optimal learning rates for distributed learning algorithms are achievable
only when fρ ∈ HK . The numerical experiments to be reported in the last section motivated
the last two authors (Lin and Zhou, 2016) to study the use of unlabeled data in distributed
kernel-based gradient descent algorithms. Our results in the present paper also motivated
a recent work (Guo et al., 2017) on error analysis for distributed manifold regularization
algorithms.

4. Error Decomposition

f ∈HK

fλ = arg min

= E∗
[fDj ,λ ]

:=

E[fDj ,λ |Dj (x)].

The main tool in our analysis is a novel error decomposition for DSKRR. For this purpose,
we introduce data-free limit and semi-supervised learning version of fDj ,λ as
Z

2
(f (x) − fρ (x))2 dρX + λkf kK
and

fD
j ,λ

be defined by (1). We have
m






fD
− fλ
j ,λ


fD
− fλ
j ,λ



K

2

,



.

(12)

ρ

2

The following proposition gives the error decomposition, whose proof is given at the end of
this section.
Proposition 5 Let
f D,λ

m

j=1

m

j=1

2
X
X j|


|D
|D
1
j|
E[kf D,λ − fρ kρ2 ] ≤ kfλ − fρ kρ2 +
E kfDj ,λ − fλ kρ2 +
E
2
|D|2
|D|

and if fρ ∈ HK ,
m

j=1

X |Dj |2 
 X |Dj |
1
2
2
2
E[kf D,λ −fρ kK
] ≤ kfλ −fρ kK
+
E
E kfDj ,λ − fλ kK
+
2
|D|2
|D|
j=1

(13)
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The three terms on the right-hand side of (12) (or (13)) are the approximation error,
sample error and distributed error. The approximation error, independent of the sample,
7
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(x,y)∈Dj

describes the approximation capability of fλ . The sample error connects the synthesized
estimator (1) with the estimator (2). Compared with the sample error of the estimator (2),


|D |
E kfDj ,λ − fλ kρ2 , there is an additional |D|j in our error decomposition, which reflects the
power of the weighted averaging in (1) and shows the reason why the distributed algorithm
(1) possesses similar learning performances as KRR processing the whole data D. Since

E ∗ [yi ] = fρ (xi ), it is easy to check that fD
is the estimator derived from KRR with the
j ,λ
noise-free data {(xi , fρ (xi ))}(xi ,yi )∈Dj . This implies


 1

X
2
(f (x) − fρ (x))2 + λkf kK
.
(14)
 |Dj |

f ∈HK


fD
= arg min
j ,λ


fD
− fλ
j ,λ

ρ

2

The distributed error presented in Proposition 5 measures the limitation of the
 distributed
learning algorithm (1). Compared with the sample error E kfDj ,λ − fλ kρ2 of estimator


2

(2), the distributed error E fD
− fλ
focuses on the noise-free data and therefore
j ,λ
ρ


is smaller than E kfDj ,λ − fλ kρ2 . This makes algorithm (1) possess similar learning rates
as that of KRR with the whole data D. However, since there are only 
|Dj | samples, it


is impossible to get upper bounds asymptomatically as |D|−2r/(2r+s) for E

when m is large. Thus, a restriction on m to guarantee the optimal learning rate is necessary.
To deduce a wide range of m, we need a tight bound for the distributed error. Noting

is independent of the sample outputs, it motivates us to employ the unlabeled
that fD
j ,λ

(xi ,yi )∈D

→ Lρ2X ) is given by
X
ci Kxi ,
c ∈ R|D| .

SD f := {f (xi )}(xi ,yi )∈D .
1
|D|

(16)

(15)

part D̃j (x), j = 1, . . . , m of the data set Dj∗ in designing the algorithm (4). In the following,
we combine the traditional integral operator approach (Smale and Zhou, 2004, 2005, 2007)
with a recently developed second order decomposition of operator inverses (Lin et al., 2016;
Guo et al., 2016) to derive a tight estimate for the distributed error of algorithm (4). Denote
the sampling operator SD : HK → R|D| (or Lρ2X → R|D| ) by

T
SD
c :=

T : R|D| → H (or R|D|
Its adjoint SD
K

Let LK,D

(x,y)∈D

be the data-dependent approximation of LK defined by
1 X
f (x)Kx .
|D|

T
LK,D f = SD
SD f =

fλ = (LK + λI)−1 LK fρ


fD,λ
= (LK,D + λI)−1 LK,D fρ ,

T
fD,λ = (LK,D + λI)−1 SD
yD ,

Then it is easy to check (Smale and Zhou, 2007; Caponnetto and De Vito, 2007) that

and
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where I is the identity operator and yD := (y1 , . . . , y|D| )T . The following proposition
presents error estimates for the sample and distributed errors.

8

K

SD,λ := (LK + λI)−1/2 (LK − LK,D ) ,

QD,λ := k(LK + λI)1/2 (LK,D + λI)−1/2 k,

T
PD,λ := (LK + λI)−1/2 (LK fρ − SD
yD )

,



max{kfD
− fλ kρ , λkfD
− fλ kK } ≤ Q2Dj ,λ RDj ,λ,fλ −fρ ,
j ,λ
j ,λ

√

.

1/2

1/2

kf kρ = kLK f kK = kLK (LK + λI)−1/2 (LK + λI)1/2 f kK ≤ k(LK + λI)1/2 f kK

(18)

(17)

9

= −(LK,Dj + λI)−1 [LK − LK,Dj ](fρ − fλ ).

JMLR 18(46):1-22, 2017

= (LK,Dj + λI)−1 (LK,Dj − LK )fρ + (LK,Dj + λI)−1 [LK − LK,Dj ](LK + λI)−1 LK fρ

= (LK,Dj + λI)−1 (LK,Dj − LK )fρ + [LK,Dj + λI)−1 − (LK + λI)−1 ]LK fρ


fD
− fλ = (LK,Dj + λI)−1 LK,Dj fρ − (LK + λI)−1 LK fρ
j ,λ

This completes the proof of (17). Now we turn to prove (18). Due to (15) and (16), we
have

≤ Q2Dj ,λ (PDj ,λ + SDj ,λ kfλ kK ).

+ Q2Dj ,λ k(LK + λI)−1/2 (LK − LK,Dj )kk(LK + λI)−1 LK fρ kK

T
≤ Q2Dj ,λ k(LK + λI)−1/2 (SD
y − LK fρ )kK
j Dj

+ k(LK + λI)1/2 (LK,Dj + λI)−1 (LK − LK,Dj )(LK + λI)−1 LK fρ kK

T
≤ QDj ,λ k(LK,Dj + λI)−1/2 (SD
y − LK fρ )kK
j Dj

+ k(LK + λI)1/2 [LK,Dj + λI)−1 − (LK + λI)−1 ]LK fρ kK

T
≤ k(LK + λI)1/2 (LK,Dj + λI)−1 (SD
y − LK fρ )kK
j Dj

for any f ∈ L2ρX , it follows from A−1 − B −1 = A−1 (B − A)B −1 for positive operators A, B
that
n
o
√
max kfDj ,λ − fλ kρ , λkfDj ,λ − fλ kK

and

K

T
= (LK,Dj + λI)−1 (SD
y − LK fρ ) + [(LK,Dj + λI)−1 − (LK + λI)−1 ]LK fρ ,
j Dj

T
fDj ,λ − fλ = (LK,Dj + λI)−1 SD
y − (LK + λI)−1 LK fρ
j Dj

Proof Since

(x,y)∈D

and with a bounded measurable function g on X ,


Z
1 X
−1/2 
g(x)Kx 
g(x)Kx dρX −
RD,λ,g := (LK + λI)
|D|
X

where

and


Proposition 6 Let fDj ,λ , fλ and fD
be defined by (15) and (16). We have
j ,λ
√
max{kfDj ,λ − fλ kρ , λkfDj ,λ − fλ kK } ≤ Q2Dj ,λ (PDj ,λ + SDj ,λ kfλ kK ),
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λkfD
− fλ kK }
j ,λ

(LK,Dj + λI)−1 [LK − LK,Dj ](fλ − fρ )kK

√

≤ QDj ,λ k(LK,Dj + λI)−1/2 (LK,Dj − LK )(fλ − fρ )kK ≤ Q2Dj ,λ RDj ,λ,fλ −fρ .

≤ k(LK + λI)

1/2


max{kfD
− fλ kρ ,
j ,λ

1
|Dj∗ |

(x,y)∈Dj∗

X

y ∗ Kx =

1 |Dj∗ |
|Dj∗ | |Dj |

(x,y)∈Dj

X

T
yKx = SD
y .
j Dj

+

j=1

|D∗ |

m
X
|Dj∗ |

10

h
i
2
2
E Q4Dj∗ ,λ SD
∗ kfλ − fρ kK
j ,λ

j=1

(19)
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1
max E[kf D∗ ,λ − fρ k2ρ ], λE[kf D∗ ,λ − fρ k2K ]
2
m
i
X
|Dj∗ |2 h 4
≤ max{kfλ − fρ k2ρ , λkfλ − fρ k2K } +
E QDj∗ ,λ (PDj ,λ + SDj∗ ,λ kfλ kK )2
∗
2
|D |

Proposition 7 Let f D∗ ,λ be defined by algorithm (4). If condition (5) holds with 0 < r ≤ 1,
then for 1/2 ≤ r ≤ 1,

Then PDj∗ ,λ = PDj ,λ for each 1 ≤ j ≤ m, which implies that the sample error estimate does
not increase when the unlabeled data are added and shows the necessity of re-weighting of
y in our definition in (3).
Thus, the unlabeled data in algorithm (4) can reduce the distributed error estimate
without increasing the sample error estimate. The following proposition which can be
deduced directly from Propositions 5 and 6, shows the detailed error decomposition for
algorithm (4).

T
SD
∗ yD ∗ =
j
j

This implies that the distributed error can be bounded by Q2Dj ,λ SDj ,λ kfλ −fρ kK . Comparing
with the sample error estimate (17) for an individual local processor, there is an additional
term kfλ − fρ kK in the distributed error estimate, since PDj ,λ , and SDj ,λ are asymptotically
equal due to Lemma 9 in Section 5. This together with Lemma 8 below shows that the
distributed error estimate is essentially smaller than the sample error estimate for local
processors under (5) with r > 1/2, and presents the reason why DSKRR performs similarly
as KRR on the whole data set D, provided m is not so large.
Recall the definitions of QDj ,λ , RDj ,λ,fλ −fρ and SDj ,λ . These three quantities are independent of the outputs. Thus, the distributed error estimate decreases when additional
unlabeled data are given. This explains why unlabeled data can enlarge the range of m to
guarantee the optimal learning rates for DSKRR. On the other hand, it follows from the definition of PD,λ that the sample error estimate depends heavily on the labels corresponding
to unlabeled data. But (3) implies that for each fixed 1 ≤ j ≤ m,

RDj ,λ,fλ −fρ = k(LK + λI)−1/2 (LK,Dj − LK )(fλ − fρ )kK ≤ SDj ,λ kfλ − fρ kK .

If fρ ∈ HK , we have

This completes the proof of Proposition 6.

Then
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while for 0 < r < 1/2,
|D∗ |2

m
X
|Dj∗ |2

h
i
4
2
E QD
∗ (PDj ,λ + SD ∗ ,λ kfλ kK )
j
j ,λ
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E[kf D∗ ,λ − fρ kρ2 ] ≤ kfλ − fρ kρ2 +
j=1

m
∗
h
i
X
|D
j|
4
2
+
E QD
.
∗ RD ∗ ,λ,f −f
ρ
λ
j ,λ
j
|D∗ |
j=1

j=1

2

ρ

ρ



.

(20)

(21)

We end this section by proving Proposition 5.
Proof of Proposition 5 For the sake of brevity, we only prove (12), since (13) can be
derived by using the same method. Due to the triangle inequality and the elementary
inequality (a + b)2 ≤ 2a2 + 2b2 for a, b > 0, we have
= 1 that



E[f D,λ ] − fλ , E[f D,λ ] − fλ

ρ

=

2
.
ρ

+ E[f D,λ ] − fλ

2
.
ρ

ρ

+
X |Dk |
(fDk ,λ − fλ ) .
|D|
k6=j

E[kf D,λ − fρ kρ2 ] ≤ 2kfλ − fρ kρ2 + 2E[kf D,λ − fλ kρ2 ].

Pm |Dj |
j=1 |D|
m

*

fDj ,λ − fλ ,

X |Dj |
(fDj ,λ − fλ )
|D|
m

j=1

m

j=1

X |Dj |2
X |Dj |
kfDj ,λ − fλ kρ2 +
|D|2
|D|
j=1

kf D,λ − fλ kρ2 =

It follows from

=

m

ρ

m

j=1
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X |Dj |
E[fDj ,λ ] − fλ
|D|

2
.
ρ

E[f D,λ ] − fλ

≤

= 1, we have

2
ρ

=


|Dj |
E[fDj ,λ ] − fλ , E[f D,λ ] − fλ −
E[fDj ,λ ] − fλ
|D|

EDj [fDj ,λ ] − fλ , E[f D,λ ] − fλ

j=1

X |Dj |
+
|D|

m
 X


|Dj |2 
E kf D,λ − fλ kρ2 =
E kfDj ,λ − fλ kρ2
|D|2

Taking expectations gives

But
|D|

m
X
|Dj |
j=1

m



We see that E kf D,λ − fλ kρ2 equals
m

j=1

Pm |Dj |
j=1 |D|

ρ

2

2
X j |2
X


|D
|D
j|
E kfDj ,λ − fλ kρ2 −
E[fDj ,λ ] − fλ
|D|2
|D|2

j=1

m

j=1

X |Dj |

E[fDj ,λ ] − fλ
|D|

Furthermore, by the Schwarz inequality and
kE[f D,λ ] − fλ kρ2 =

11

Then

j=1
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m

j=1

m
m
X

 X

|Dj |2 
|Dj |
E kf D,λ ] − fλ kρ2 ≤
E kfDj ,λ − fλ kρ2 +
E[fDj ,λ ] − fλ
|D|2
|D|
m

j=1

Inserting the above inequalities into (21), we find

j=1

2
ρ

≤E




fD
− fλ
j ,λ

2

ρ



,

m

j=1

m



2
.
ρ


− fλ
fD
j ,λ

X |Dj |2 
 X |Dj |
1
E[kf D,λ − fρ kρ2 ] ≤ kfλ − fρ kρ2 +
E kfDj ,λ − fλ kρ2 +
E[fDj ,λ ] − fλ
2
|D|2
|D|
E[fDj ,λ ] − fλ

According to Jensen’s inequality, we obtain

which implies

j=1

X |Dj |2 
 X |Dj |
1
E[kf D,λ − fρ kρ2 ] ≤ kfλ − fρ kρ2 +
E kfDj ,λ − fλ kρ2 +
E
2
|D|2
|D|

This completes the proof of Proposition 5.

5. Proofs



.

2
.
ρ

2

ρ

According to Proposition 7, to prove Theorems 1 and 3, we only need to bound kfλ − fρ kρ ,
kfλ − fρ kK , QDj∗ ,λ , PDj ,λ , RDj∗ ,λ,g and SDj∗ ,λ . The following two lemmas present bounds for
these quantities. The first one can be found in (Smale and Zhou, 2007), which estimates
the approximation error of algorithm (4).

(22)

Lemma 8 Assume (5) with 0 < r ≤ 1. There holds

kfλ − fρ kρ ≤ λr khρ kρ .

(23)

Furthermore, if 1/2 ≤ r ≤ 1, then we have

kfλ − fρ kK ≤ λr−1/2 khρ kρ .

The second lemma presents bounds for QDj∗ ,λ , PDj ,λ , RDj∗ ,λ,g and SDj∗ ,λ . In particular,
(24) was proved in (Guo et al., 2016), (25) and (27) were given in (Lin et al., 2016) and
(26) can be found in (Caponnetto and De Vito, 2007). Recall the quantity AD,λ defined by
(7).

2(κ2 + κ)AD,λ log 2δ
√

+ 2,
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(27)

(26)

(25)

(24)

Lemma 9 Let D be a sample drawn independently according to ρ and 0 < δ < 1. If |y| ≤ M
almost surely, then each of the following estimates holds with confidence at least 1 − δ,
!2
2
QD,λ
≤ 2

λ

SD,λ ≤ 2(κ2 + κ)AD,λ log(2/δ),

PD,λ ≤ 2M (κ + 1)AD,λ log(2/δ),

RD,λ,g ≤ 2kgk∞ (κ + 1)AD,λ log(2/δ).

12

(28)

|Dj∗ |

|D∗ |

|Dj∗ |

|D∗ |

∗

PDj ,λ
r−1/2

kkLK hρ kK ≤ κ2r−1 khρ kρ

1/2

+ 2,

j



B(Dj∗ , λ)

where

0

(κ2 + κ)ADj∗ ,λ
√
:= (κ + 1) 
λ



13

!2


2r

∞

(29)
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(30)

u6−1 exp {−u} du,

+ 1 M ADj ,λ + κ khρ kρ ADj∗ ,λ .



0

for u ≥ 256 log6 6B(Dj∗ , λ)2 , we have
h
i
E Q4Dj∗ ,λ (PDj ,λ + SDj∗ ,λ kfλ kK )2 ≤ 256 log6 6B(Dj∗ , λ)2
Z
Z ∞
o
n
1
1
+ 6
exp −[16B(Dj∗ , λ)]− 3 u 6 du = 256(6 + log6 6)B 2 (Dj∗ , λ)

1
2

n
o
1
1
1
Prob [ξ1 > u] = Prob ξ1 > u 2 ≤ 6 exp −[16B(Dj∗ , λ)]− 3 u 6



for nonnegative random variables to ξ1 = Q4D∗ ,λ (PDj ,λ + SDj∗ ,λ kfλ kK )2 and

0

Using the probability to expectation formula
Z ∞
E[ξ] =
Prob [ξ > t] dt

Q2Dj∗ ,λ (PDj ,λ + SDj∗ ,λ kfλ kK )


!2
2 + κ)A ∗
h
i
(κ
D
,λ
6
j
√
≤ 16(κ + 1) log3 
+ 1 M ADj ,λ + κ2r khρ kρ ADj∗ ,λ .
δ
λ

yields that with confidence at least 1 − δ, there holds

kfλ kK = k(LK + λI)−1 LK fρ kK ≤ kfρ kK ≤ kLK

This together with

Q2Dj∗ ,λ ≤ 2

SDj∗ ,λ

!
6 2

2(κ2 + κ)ADj∗ ,λ log δ
√
λ
6
≤ 2(κ2 + κ)ADj∗ ,λ log ,
δ
6
≤ 2M (κ + 1)ADj ,λ log .
δ

Z1,δ ∩ Z2,δ ∩ Z3,δ there holds

|Dj∗ |

subsets Z1,δj , Z2,δj and Z3,δj of Z |Dj | with measures at least 1 − δ/3 such that for Dj∗ ∈

|D∗ |

For an arbitrary fixed j ∈ {1, . . . , m}, it follows from Lemma 9 that there exist three

We can now use Proposition 7 and the above lemmas to prove our main results.
Proof of Theorem 1 As r ≥ 1/2, Lemma 8 implies that
n
o
√
max kfλ − fρ kρ , λkfλ − fρ kK ≤ λr khρ kρ .
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∩Z

|Dj∗ |
20 ,δ

there holds

|D∗ |

|D∗ |
∗

2

6

4)5!khρ k2ρ λ2r−1 

2(κ2 + κ)ADj∗ ,λ
√
λ

!2

+ 1 A2Dj∗ ,λ . (33)

2

(32)

This completes the proof of Theorem 1.
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C := 2khρ k2ρ + 512(6 + log6 6)5!(κ + 1)2 [(κ + 1)2 + 1]2 max κ2 khρ k2ρ , (M + khρ kρ κr )2 .

Then (6) follows from ADj∗ ,λ ≤ ADj ,λ and the above estimate with


max E[kf D∗ ,λ − fρ k2ρ ], λE[kf D∗ ,λ − fρ k2K ] ≤ 2λ2r khρ k2ρ

2
!2
m
X
(κ2 + κ)ADj∗ ,λ
|Dj∗ |
2
2
6
2 2r−1

√
+512κ (κ + 1) (4 + log 4)5!khρ kρ λ
+ 1 A2Dj∗ ,λ
|D∗ |
λ
j=1

2
!2
2 + κ)A ∗
m
∗
2
X |Dj |
(κ
D
,λ
j

√
+512(6 + log6 6)5!(κ + 1)2
+ 1
|D∗ |2
λ
j=1
h
i2
× M ADj ,λ + κ2r khρ kρ ADj∗ ,λ .

Inserting (28), (31), (30) and (33) into (19), we obtain

≤ 256κ (κ + 1) (4 + log

2

h
i
2
2
E Q4Dj∗ ,λ SD
∗ kfλ − fρ kK
j ,λ





!
4 2
2
4  2(κ + κ)ADj∗ ,λ log δ
√
+ 1 ADj∗ ,λ .
khρ kρ log
δ
λ

The same method as that in deriving (31) yields

≤ 4κ(κ + 1)λ

r−1/2

Q2Dj∗ ,λ SDj∗ ,λ kfλ − fρ kK

Since r ≥ 1/2, plugging (23) into (32), with confidence at least 1 − δ, there holds

Q2Dj∗ ,λ SDj∗ ,λ kfλ − fρ kK


!
4 2
2
4  2(κ + κ)ADj∗ ,λ log δ
2
√
+ 1 ADj∗ ,λ kfλ − fρ kK .
≤ 4(κ + κ) log
δ
λ

at least 1 − δ/2 such that for Dj∗ ∈ Z

|Dj∗ |
10 ,δ

According to Lemma 9, there exist two subsets Z10 ,δj and Z20 ,δj of Z |Dj | with measures

R∞
Due to the expression 0 ud−1 exp {−u} du = Γ(d) for Gamma functions with d > 0, we
have
h
i
E Q4Dj∗ ,λ (PDj ,λ + SDj∗ ,λ kfλ kK )2 ≤ 256(6 + log6 6)5!B 2 (Dj∗ , λ).
(31)
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2r+2s−1
2r+s

∀ j = 1, . . . , m.

∀j = 1, . . . , m.

i

1/2+r

1/2

(κ2 + κ)ADj∗ ,λ
√
λ

!2

kkLK hρ kK ≤ λr−1/2 khρ kρ


≤ 512(6 + log6 6)5!(κ + 1)2 

i2

.

Chang, Lin and Zhou

Inserting (39), (40) and (41) into (20), we have


E kf D∗ ,λ − fρ kρ2 ≤ 2λ2r khρ kρ2 + 1024(κ + 1)2 (4 + log6 4)5!(M + κλr−1/2 khρ kρ )2


2
!
2
m
X
(κ2 + κ)ADj∗ ,λ
|Dj∗ |
2

√
×
+ 1 AD
∗
j ,λ
|D∗ |
λ
j=1

2
!
2
2
m
∗ 2
X
(κ
+
κ)A
|D
Dj∗ ,λ
j| 
√
+1024(6 + log6 6)5!(κ + 1)2
+ 1
|D∗ |2
λ
j=1
h
i2
× M ADj ,λ + κλr−1/2 khρ kρ ADj∗ ,λ .

(36)

C := 2khρ kρ2 + 1024(6 + log6 6)5!(khρ kρ + M )2 (κ + 1)4 [(κ2 + κ)2 + 1]2 .

Together with the restrictions 0 < λ ≤ 1 and 2r < 1, this yields (10) with

, we

(38)

(39)

2
+ 1

(40)

2r+s+1
2r+s

in the last inequality. This completes the proof of

16

JMLR 18(46):1-22, 2017

In this part, we carry out three simulations to verify our theoretical statements. The
first two simulations are devoted to verifying Corollaries 2 and 4, respectively. The last
simulation focuses on the relation between the generalization performance of algorithm (4)
and the size of unlabeled data to show the power of unlabeled data in distributed learning.
N
Simulation 1: We generate N = 5000 examples for training. The inputs {xi }i=1
are independently drawn according to the uniform distribution on the (hyper-)cube [0, 1]d

6.1 Toy simulations

In this section, we report experimental studies to justify the statements in Section 2. We
employ two criteria for the comparison. The first criterion is the global error (GE) which is
the mean square error of a testing set with N = |D| examples used in the training flow. GE
provides a baseline to assess the performance of DSKRR. The second criterion is the average
error (AE) which is the mean square error of algorithm (4). Regularization parameters in
all experiments are selected by the 5-fold cross-validation.

6. Experimental Verifications

where we have used |D∗ | ≥ |D|
Corollary 4.

E[kf D∗ ,λ − fρ kρ2 ] ≤ C|D|−2r/(2r+s)


m
X
p
|Dj∗ | 1 2
2
+ C(( C0 + 1)2 + 1)2
A
+ λ2r−1 AD
∗
j ,λ
|D| m Dj ,λ
j=1
p
p
2r
≤ [C + 2C(( C0 + 1)2 + 1)2 ((1 + C0 )2 )]|D|− 2r+s ,

This completes the proof of Theorem 3.
Proof of Corollary 4 Due to r + s ≥ 1/2 and (9), we get (34), (35) and (36). Inserting
1+s
(34), (35), (36) and (9) into (10), we obtain from |D∗ | ≥ |D| 2r+s that

(35)

(34)

. Since r + s ≥ r ≥ 1/2, we obtain from (7), (8)

p
r
C0 m|D|− 2r+s

1
− (2r+s)

+

p
C0 + 1.

p
s+1
C0 m|D∗ |−1/2 |D| 4r+2s .

p
s
C0 m|D∗ |−1/2 |D| 4r+2s ,

2r+s−1/2
2r+s

Proof of Corollary 2 Let λ = |D|
and |D1 | = · · · = |Dm | that
ADj ,λ ≤ m|D|−
∗ |, we have
Since |D1∗ | = · · · = |Dm
1

ADj∗ ,λ ≤ m|D∗ |−1 |D| 4r+2s +
This implies
2

λ−1/2 ADj∗ ,λ ≤

λ−1/2 ADj∗ ,λ ≤ m|D∗ |−1 |D| 4r+2s +
Due to (9), we have
|D∗ |

1
Plugging (34), (35), (36) and (9) into (6) and noticing |Dj∗ | = m
and m ≤ |D|
obtain
p
E[kf D∗ ,λ − fρ kρ2 ] ≤ C|D|−2r/(2r+s) + 8C( C0 + 2)6 |D|−2r/(2r+s) .

+

M ADj ,λ + κλr−1/2 khρ kρ ADj∗ ,λ

(37)

This completes the proof of Corollary 2.
Proof of Theorem 3 The proof is almost the same as that of Theorem 1. The only
difference is that when 0 < r < 1/2, we have

kfλ kK = k(LK + λI)−1 LK fρ kK ≤ k(LK + λI)−1 LK
and

kfλ − fρ k∞ ≤ kfλ k∞ + kfρ k∞ ≤ κkfλ kK + M ≤ M + κλr−1/2 khρ kρ .
kfλ − fρ kρ ≤ λr khρ kρ .

Since 0 < r < 1/2, we also see from Lemma 8 that

h

SDj∗ ,λ kfλ kK )2

h

It follows from (37), (27) and the same method as that for deriving (31) that

E

4
QD
∗ (PDj ,λ
j ,λ

×

(41)
2
+ 1  AD
∗ .
j ,λ
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2(κ2 + κ)ADj∗ ,λ
√
λ

Combining (38) and (27) with the same method as that for deriving (33) yields
h
i
4
2
E QD
∗ RD ∗ ,λ,f −f
ρ
λ
j ,λ
j

2
!2
≤ 512(κ + 1)2 (4 + log6 4)5!(M + κλr−1/2 khρ kρ )2 
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(1 − kxk2 )6 (35kxk22 + 18kxk2 + 3),
0,

0 < kxk2 ≤ 1, x ∈ R3 ,
kxk2 > 1.
(43)
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Figure 3: Performances of algorithm (4) with different scale of |D∗ | when fρ ∈
/ HK
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Figure 2: Performances of algorithm (4) with different scale of |D∗ | when fρ ∈ HK
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0
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In Figure 2, AE curves are recorded by different SN . When m is not too large, as shown
in Figure 2, AEs are always comparable to GEs. Furthermore, there exists an upper bound
of the number of local processors, mSN (e.g., m100,00 ≈ 30), lager than which AE curves
increase dramatically. This result confirms Corollary 2 which indicates that DSKRR can
achieve the optimal learning rate as long as m is not too large. Moreover, when we add more

0

SN = 0
SN = 2000
SN = 4000
SN = 6000
SN = 8000
SN = 10000
Base Line

1

2

3

4

5

6

7

8

This simulation shows similar results as Simulation 1. The only difference is that the
regression function g3 ∈
/ HK3 . This demonstrates the statement of Corollary 4, saying that
even when the regression function is not in the RHKS, the optimal learning rate of algorithm
(4) can be achieved. Based on Simulations 1 and 2, we find that adding unlabeled data into
the training set can essentially improve the learning performance of algorithm (1).
Simulation 3: The experimental setting of this simulation is the same as that in
Simulation 1. We generate N = 500 observations as a training set and 50 observations as
a testing set. Here, we fix the size of local processors to be m = 10 and vary the number
of unlabeled data SN from 50 to 10000. The aim is to describe the relation between the
generalization ability of algorithm (4) and the size of unlabeled data. The simulation results
are reported in Figure 4.
In Figure 4, we construct two straight lines (black and blue lines) as base lines for
comparisons. The black straight line is the GE, while the blue line is the AE value with
SN = 0. We change the size of unlabeled data and apply algorithm (4) on the training set.
It is shown in Figure 4 that the AE’s curve decreases dramatically and can achieve the GE
value when we add about 10N unlabeled data. However, when we add more unlabeled data

0.015

then we know (Wu, 1995; Schaback and Wendland, 2006) that K1 and K2 are reproducing
kernels for W11 and W32 , respectively. Obviously, g1 ∈ HK1 and g2 ∈ HK2 . The N + SN
sample points are evenly distributively stored in m local processors and algorithm (4) is
applied to the training set. The testing results of GEs and AEs are recorded and shown in
Figure 2.

0
We also generate 500 test examples {(x0i , yi0 )}500
i=1 with {xi } drawn independently according to
the uniform distribution and yi0 = gj (x0i ), j = 1, 2. The number m of local processors varies
from 2 to 60. The SN ∈ {0, 2000, 4000, 6000, 8000, 10000} unlabeled examples {x̃i }SN
i=1 are
independently drawn according to the uniform distribution on the (hyper-)cube [0, 1]d . It
can be found in (Wu, 1995; Schaback and Wendland, 2006) that g1 ∈ W11 and g2 ∈ W34 ,
where Wdα denotes the α-order Sobolev space on [0, 1]d . Furthermore, it is easy to see that
g1 ∈
/ W12 and g2 ∈
/ W35 . If we define K1 (x, x0 ) = 1 + min(x, x0 ) and K2 (x, x0 ) = h3 (kx − x0 k2 )
with

(1 − kxk2 )4 (4kxk2 + 1), 0 < kxk2 ≤ 1, x ∈ R3 ,
g3 (x) := h3 (kxk2 ) :=
(44)
0,
kxk2 > 1,

g2 (x) := h2 (kxk2 ) :=



unlabeled data into the training set, i.e., increasing SN , the upper bound mSN increases
and AEs decrease (e.g., the AE curve for SN = 100, 00 is almost below all the other curves).
This shows the power of adding unlabeled data into training data, as condition (9) shows.
Simulation 2: We generate a training set from the regression model yi = g3 (xi )+εi , i =
1, . . . , N with N = 5000, where the inputs {xi }N
i=1 are independently drawn according
to the uniform distribution on [0, 1]3 . We also generate 500 test examples {(x0i , yi0 )}500
i=1
with x0i drawn independently according to the uniform distribution and yi0 = g3 (x0i ). The
number of servers m varies from 2 to 90 and the number of unlabeled examples is SN ∈
{0, 2000, 4000, 6000, 8000, 10000}. We utilize K3 (x, x0 ) = h2 (kx − x0 k2 ) as the kernel. It can
be found in (Wu, 1995; Schaback and Wendland, 2006) that K3 is a reproducing kernel for
W34 . Obviously, g3 ∈
/ HK3 . GEs and AEs are recorded and shown in Figure 3.

with d = 1 or d = 3. The corresponding outputs are generated from the regression models
yi = gj (xi )+εi , i = 1, . . . , N, j = 1, 2, where εi is the independent Gaussian noise N (0, 1/5),

x,
0 < x ≤ 0.5,
g1 (x) :=
(42)
1 − x, 0.5 < x ≤ 1,

and
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Figure 4: Relation between generalization error and the size of unlabeled data

10000

into the training data, the AE curve begins to increase slowly. This phenomenon indicates
two important observations. On one hand, adding unlabeled data into the training set can
essentially improve the learning performance of DSKRR. On the other hand, if the size of
unlabeled data is too large, the optimal learning rate has reasonable probabilities to be
broken out. From our simulations, we suggest that SN ≤ 10N . Here, we need to mention
that for stabilizing the AE’s curve, the simulation is repeated 10 times. The drawn curve
is the average values of AE.
All these simulations verify our theoretical statements in Section 2 and show the power
of unlabeled data in distributed semi-supervised learning.
6.2 Real data experiment
In this part, we focus on the Million Song data (Bertin-Mahieux et al., 2011) that describes
a learning task of predicting the year in which a song is released based on audio features
associated with the song. The dataset consists of 463, 715 training examples and 51, 630
test examples. Each example is a song released between 1922 and 2011, and the song is
represented as a vector of timbre information computed about the song. Each sample point
consists of a pair (xi , yi ) ∈ [0, 1]d × [1922, 2011] with d = 90.
For the Million Song data, we normalize the feature vectors x so that the timbre
signals have mean 0 and standard deviation 1. We also give a feature weight vector
W = (w1 , . . . , wd )> for setting xij := wj xij . Here we choose wj = 1 if j n≤ 12 and o
wj = 0.2
kx−x0 k2
if 12 < j ≤ 90. Finally, we use the Gaussian kernel K(x, x0 ) = exp − 2β 2 2 in our

JMLR 18(46):1-22, 2017

experiments with bandwidth parameter β = 6 and regularization parameter λ = N −1 /2.
For each feature Xj = (x1j , . . . , xN j )> , we denote xjmin = min{x1j , . . . , xN j } and
xjmax = max{x1j , . . . , xN j }. Then we generate the unlabeled data x̃ij , j = 1, . . . , SN ,
independently from the uniform distribution U [xjmin , xjmax ]. It should be noted that the
distributions for the labeled data and unlabeled data are different, making the learning
task a so-called mismatch problem. Algorithm (4) is applied to the training examples with
six partitions m ∈ {300, 500, 700, 900, 1100, 1300}. Finally, we plot AE curves of DSKRR
with 3 different sizes of unlabeled samples in Figure 5. As exhibited in Figure 5, DSKRR
19

500
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has better performance when SN increases if m ≥ 300. This phenomenon confirms the
observation that adding unlabeled data into training examples can improve the order of m,
as condition (9) shows.
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Figure 5: Performance of DSKRR with unlabeled data on Million Song data
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1 Introduction

Contents

Markov chain Monte Carlo methods are often deemed too computationally intensive to be
of any practical use for big data applications, and in particular for inference on datasets
containing a large number n of individual data points, also known as tall datasets. In scenarios where data are assumed independent, various approaches to scale up the MetropolisHastings algorithm in a Bayesian inference context have been recently proposed in machine
learning and computational statistics. These approaches can be grouped into two categories: divide-and-conquer approaches and, subsampling-based algorithms. The aims of
this article are as follows. First, we present a comprehensive review of the existing literature, commenting on the underlying assumptions and theoretical guarantees of each
method. Second, by leveraging our understanding of these limitations, we propose an original subsampling-based approach relying on a control variate method which samples under
regularity conditions from a distribution provably close to the posterior distribution of interest, yet can require less than O(n) data point likelihood evaluations at each iteration for
certain statistical models in favourable scenarios. Finally, we emphasize that we have only
been able so far to propose subsampling-based methods which display good performance in
scenarios where the Bernstein-von Mises approximation of the target posterior distribution
is excellent. It remains an open challenge to develop such methods in scenarios where the
Bernstein-von Mises approximation is poor.
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Performing inference on tall datasets, that is datasets containing a large number n of individual data points, is a major aspect of the big data challenge. Statistical models, and
Bayesian methods in particular, commonly demand Markov chain Monte Carlo (MCMC)
algorithms to make inference, yet running MCMC on such tall datasets is often far too
computationally intensive to be of any practical use. Indeed, MCMC algorithms such
as the Metropolis-Hastings (MH) algorithm require at each iteration to sweep over the
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whole dataset. Frequentist or variational Bayes approaches are thus usually preferred to a
fully Bayesian analysis in the tall data context on computational grounds. However, they
might be difficult to put in practice or justify in scenarios where the likelihood function is
complex; e.g. non-differentiable (Chernozhukov and Hong, 2003). Moreover, some applications require precise quantification of uncertainties and a full Bayesian approach might
be preferable in those instances. This is the case for example for applications from experimental sciences, such as cosmology (Trotta, 2006) or genomics (Wright, 2014), were such
big data problems abound. Consequently, much efforts have been devoted over recent years
to develop scalable MCMC algorithms. These approaches can be broadly classified into
two groups: divide-and-conquer approaches and subsampling-based algorithms. Divideand-conquer approaches divide the initial dataset into batches, run MCMC on each batch
separately, and then combine these results to obtain an approximation of the posterior:
Subsampling approaches aim at reducing the number of individual data point likelihood
evaluations necessary at each iteration of the MH algorithm.
After briefly reviewing the limitations of MCMC for tall data, introducing our notation
and two running examples in Section 2, we first review the divide-and-conquer literature in
Section 3. The rest of the paper is devoted to subsampling approaches. In Section 4, we
discuss pseudo-marginal MH algorithms. These approaches are exact in the sense that they
target the correct posterior distribution. In Section 5, we review other exact approaches,
before relaxing exactness in Section 6. Throughout, we focus on the assumptions and
guarantees of each method. We also illustrate key methods on two running examples.
Finally, in Section 7, we improve over our so-called confidence sampler in (Bardenet et al.,
2014), which samples from a controlled approximation of the target. We demonstrate these
improvements yield significant reductions in computational complexity at each iteration in
Section 8. In particular, our improved confidence sampler can break the O(n) barrier of
number of individual data point likelihood evaluations per iteration in favourable cases. Its
main limitation is the requirement for cheap-to-evaluate proxies for the log-likelihood, with
a known error. We provide examples of such proxies relying on Taylor expansions.
All examples can be rerun or modified using the companion IPython notebook1 to the
paper.

2. Bayesian inference, MCMC, and tall data

X = {x1 , ..., xn } ⊂ X ⊂ Rd ,

(1)

In this section, we describe the inference problem of interest and the associated MH algorithm. We also detail the two running examples on which we benchmark key methods in
Section 4, 5 and 6.
2.1 Bayesian inference
Consider a dataset
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and a parameter
Qn space Θ. We assume the data are conditionally independent with associated
likelihood i=1
p(xi |θ) given a parameter value θ and we denote `(θ) the associated average
1. https://github.com/rbardenet/2017-JMLR-MCMCForTallData

3

log-likelihood

i=1

i=1

n
n
1X
1X
log p(xi |θ) =
`i (θ).
n
n
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`(θ) =

(2)

(3)

We follow a Bayesian approach where one assigns a prior p(θ) to the unknown parameter,
so that inference relies on the posterior distribution

π(θ) = p(θ|x) ∝ γ(θ) , p(θ)en`(θ) ,

where γ denotes an unnormalized version of π. In most applications, π is intractable and
we will focus here on Markov chain Monte Carlo methods (MCMC; Robert and Casella,
2004) and, in particular, on the Metropolis-Hastings (MH) algorithm to approximate it.

2.2 The Metropolis-Hastings algorithm

k=0

"
#
Z
Niter
1 X
2
h(θk ) − h (θ) π(θ)dθ → N (0, σlim
(h)),
Niter

(4)

A standard approach to sample approximately from π(θ) is to use MCMC algorithms.
To illustrate the limitation of MCMC in the tall data context, we focus here on the MH
algorithm (Robert and Casella, 2004, Chapter 7.3). The MH algorithm simulates a Markov
chain (θk )k≥0 of invariant distribution π. Then, under weak assumptions, see e.g. (Douc
et al., 2014, Theorem 7.32), the following central limit theorem holds for suitable test
functions h
p
Niter

q(θ|θ0 )
q(θ0 |θ)

. Reject

. Accept

×



where convergence is in distribution.

MH γ(·), q(·|·), θ0 , Niter
θ ← θk−1 ,

θ0 ∼ q(.|θ),
u ∼ U(0,1)

α(θ, θ0 ) ←

else θk ← θ

θk ← θ 0

if u < α(θ, θ0 )

γ(θ0 )
γ(θ)

1 for k ← 1 to Niter
2

3
4
5
6
7
8

9 return (θk )k=1,...,Niter

Figure 1: Pseudocode of the MH algorithm targeting the distribution π. Note that π is
only involved in ratios, so that one only needs to know an unnormalized version
γ of π.
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The pseudocode of MH targeting a generic distribution π is given in Figure 1. In the
case of Bayesian inference with independent data (3), Step 5 is equivalent to setting




p (θ0 ) q(θ|θ0 )
+ n `(θ0 ) − `(θ) .
(5)
p (θ) q(θ0 |θ)
log α(θ, θ0 ) = log

4

i=1

B
Y

p(θ)1/B p(xi |θ),
(6)

5
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fit a smooth approximation to each batch posterior, and multiply them. These methods are
however theoretically justified only when batch posteriors are Gaussian, or when the size of

Huang and Gelman (2005) propose to combine the batch posterior approximations using
Gaussian approximations or importance sampling. Scott et al. (2013) propose to average samples across batches, noting this is exact under Gaussian assumptions. Neiswanger
et al. (2014) propose to run an MCMC chain on each batch xi targeting an artificial batch
posterior
πi (θ) ∝ p(θ)1/B p(xi |θ),

p(θ|X ) ∝

Assume data X are divided in B batches x1 , . . . , xB . Relying on the equality

3.1 Representing the posterior as a combination of batch posteriors

A natural way to tackle tall data problems is to divide the data into batches, run MH on
each batch separately, and then combine the results.

3. Divide-and-conquer approaches

We will evaluate some of the described approaches on two illustrative simple running examples. We fit a one-dimensional normal distribution p(·|µ, σ) = N (·|µ, σ 2 ) to 105 i.i.d.
points drawn according to Xi ∼ N (0, 1) and lognormal observations Xi ∼ log N (0, 1), respectively. The latter example illustrates a misspecification of the model. We assign a flat
prior p(µ, log σ) ∝ 1. For all algorithms, we start the chain at the maximum a posteriori
(MAP) estimate. The MH proposal is an isotropic Gaussian random walk, whose stepsize
√
is first set proportional to 1/ n and then adapted during the first 1 000 iterations so as to
reach 50% acceptance. When applicable, we also display the number of likelihood evaluations per iteration, and compare it to the n evaluations required at each iteration by the
MH algorithm.
In Figure 2, we illustrate the results of 10 000 iterations of vanilla MH on each of the
two datasets. MH does well, as the posterior coincides with that of a longer reference run
of 50 000 iterations in each case, and the autocorrelations show a fast exponential decrease.
The Bernstein-von Mises approximation (van der Vaart, 2000, Chapter 10.2), a Gaussian
centered at the true value, with covariance minus the scaled inverse Fisher information, is
a very good approximation to the posterior in both cases. We are thus in simple cases of
heavy concentration of the posterior, where subsampling should help a lot if it is to be of
any help in tackling tall data problems.

2.3 Running examples

When the dataset is tall (n  1), evaluating the log likelihood ratio in (5) is too costly an
operation and rules out the applicability of such a method. As we shall see, two possible
options are to either divide the dataset into tractable batches, or approximate the acceptance
ratio in (5) using only part of the dataset.
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Figure 2: Results of 10 000 iterations of vanilla MH fitting a Gaussian model to onedimensional Gaussian and lognormal synthetic data, on the left and right panel,
respectively. Figures 2(a) and 2(b) show the chain histograms, joint and
marginals; the x-axis corresponds to the mean of the fitted Gaussian, the yaxis to the standard deviation. We have superimposed a kernel density estimator
of a long MH chain for reference in green and the Bernstein-von Mises Gaussian
approximation in red. Figures 2(c) and 2(d) show the marginal autocorrelation
of log σ in blue. The green curves are baselines that correspond to the long MH
reference run depicted in green in the top panel; although the green autocorrelation functions are of limited interest when comparing them to vanilla MH, we
use them as reference in all similar later figures.

σ
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each batch goes to infinity, to guarantee that the used smooth approximation of each batch
posterior is accurate.
There are few results available on how the properties of combined estimators scale with
the number of batches B. Neiswanger et al. (2014) fit a kernel density estimator to the
samples of each batchwise chain, and multiply the resulting kernel density estimators. A
sample from this mixture approximation to π is then obtained through an additional MCMC
step. Under simplifying assumptions (all MCMC chains are assumed being independent
draws from their targets, for example), a bound on the MSE of the final estimator is
obtained. However, this bound explodes as the kernel bandwidth goes to zero, and more
importantly, it is exponential in the number of batches B. In a tall data context, the number
of batches is expected to grow with n to ensure that the size of each batch is less than O(n).
Thus, the proposed bound is currently not informative for tall data.
As pointed out by Wang and Dunson (2013), if the supports of the πi are almost disjoint,
then the product of their approximations will be a poor approximation to π. To improve
the overlap between the approximations of the πi ’s, Wang and Dunson (2013) propose to
replace the posterior in (6) by the product of the Weierstrass transforms of each batch
posterior. When the approximation of πi is an empirical measure, its Weierstrass transform
corresponds to a kernel density estimator. The product of the Weierstrass transforms can
be interpreted as the marginal distribution of an extended distribution on ΘB+1 , where the
first B copies of θ are associated to the B batches, and the remaining copy is conditionally
Gaussian around a weighted mean of the first B copies. Unfortunately, sampling from the
posterior of this artificial model is difficult when one only has access to approximate samples
of each πi .
Although it is not strictly speaking a Monte Carlo method, we note that Xu et al. (2014)
and Gelman et al. (2014) propose an expectation-propagation-like algorithm that similarly
tackles the issue of disjoint approximate batch posterior supports. Each batch of data points
is represented by its individual likelihood times a cavity distribution. The cavity distribution
is itself the product of the prior and a number of terms that represent the contributions
of other batches to the likelihood. The algorithm iterates between 1) simulating from each
batchwise likelihood times a batch-specific cavity distribution, and 2) fitting each batchspecific cavity component. Again, while these approaches are computationally feasible and
appear to perform well experimentally, it is difficult to assert the characteristics of the
proposed approximation of the posterior and there is no convergence guarantee available
for this iterative algorithm.
3.2 Replacing the posterior by a geometric combination of batch posteriors
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Another avenue of research consists in avoiding multiplying the batch posteriors by replacing
the target by a different combination of the latter.
By introducing a suitable metric on the space of probability measures such as the Wasserstein metric, it is for example possible to define the barycenter or the median of a set of
probability measures. Minsker et al. (2014) propose to output the median of the batch
posteriors, while Srivastava et al. (2015) use the Wasserstein barycenter, which can be computed efficiently in practice using the techniques developed by Cuturi and Doucet (2014).
While this idea has some appeal, the statistical meaning of these median or mean measures
7
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is unclear, and the robustness of the median estimate advocated in (Minsker et al., 2014)
may also be a drawback, as in some circumstances valuable information contained in some
batches may be lost.
To conclude, divide-and-conquer techniques appear as a natural approach to handle tall
data. However, the crux is how to efficiently combine the batch posterior approximations.
The main issues are that the batch posterior approximations potentially have disjoint supports, that the multiplicative structure of the posterior (3) leads to poor scaling with the
number of batches, that theoretical guarantees are often asymptotic in the batch size, and
that cheap-to-sample combinations of batch posteriors are difficult to interpret.

4. Exact subsampling approaches: Pseudo-marginal MH

Pseudo-marginal MH (Lin et al., 2000; Beaumont, 2003; Andrieu and Roberts, 2009) is a
variant of MH, which relies on unbiased estimators of an unnormalized version of the target.
Pseudo-marginal MH is useful to help understand several potential approaches to scale up
MCMC. We start by describing pseudo-marginal MH in Section 4.1. Then, we present two
pseudo-marginal approaches to tall data in Section 4.2 and Section 4.3.

4.1 Pseudo-marginal Metropolis-Hastings

JMLR 18(47):1-43, 2017

Assume that instead of being able to evaluate γ(θ), we have access to an unbiased, almostsurely non-negative estimator γ̂(θ) of the unnormalized target γ(θ). Pseudo-marginal MH
substitutes a realization of γ̂(θ0 ) to γ(θ0 ) in Step 5. Similarly, it replaces γ(θ) in Step 5 by the
realization of γ̂(θ) that was computed when the parameter value θ was accepted. Pseudomarginal MH is of considerable practical importance, with applications such as particle
marginal MH (Andrieu et al., 2010) and MCMC versions of the approximate Bayesian
computation paradigm (Marin et al., 2012). It is thus worth investigating its use in the
context of tall data problems.
The possibility to use an unbiased estimator of γ comes at a price: first, the asymptotic
2 in (4) of an MCMC estimator based on a pseudo-marginal chain will always
variance σlim
be larger than that of an estimator based on the underlying “marginal” MH (Andrieu
and Vihola, 2015). Second, the qualitative properties of the underlying MH may not be
preserved, meaning that the rate of convergence to the invariant distribution may go from
geometric to subgeometric, for instance; see Andrieu and Roberts (2009) and Andrieu and
Vihola (2015) for a detailed discussion. In practice, if the variance of γ̂(ϑ) is large for some
value ϑ ∈ Θ, then an MH move to ϑ might be accepted while γ̂(ϑ) largely overestimates
γ(ϑ). In that case, it is difficult for the chain to leave ϑ, and pseudo-marginal MH chains
thus tend to get stuck if the variance of the involved estimators is not controlled. When
some tunable parameter allows to control this variance, Doucet et al. (2015) show that, in
order to minimize the variance of MCMC estimates for a fixed computational complexity,
the variance of the log-likelihood estimator should be kept around 1.0 when the ideal MH
having access to the exact likelihood generates quasi-i.i.d samples from π; or set to around
3.0 when it exhibits very large integrated autocorrelation times. In practice, the integrated
autocorrelation times of averages under the ideal MH are unknown as this algorithm cannot
be implemented. In this common scenario, Doucet et al. (2015) recommend keeping the
variance around 1.5 as this is a value which ensures a small penalty in performance even in

8

t

i=1

log p(x∗i |θ).
(7)

t

i=1

nX
log p(x∗i,j |θ) − na(θ),
t
(8)

j=1

9
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By (Rhee and Glynn, 2015, Theorem 1), Y is a non-negative unbiased estimator of the
likelihood en`(θ) . As mentioned in Section 4.1, it is crucial, if we want to plug γ̂(θ) = Y ×p(θ)

k=1

be an unbiased estimator of n (`(θ) − a(θ)), where the x∗i,j ’s are drawn with replacement
from X for each i, and are further independent across j. In (Jacob and Thiery, 2015, Section
3.1), N is an integer-valued random variable whose tails do not decrease too fast, in the
sense that P(N ≥ k) ≥ C(1 + )−k . To ease computations, we take N to be geometric with
parameter /(1 + ). This corresponds to the lightest tails allowed by (Jacob and Thiery,
2015, Section 3.1), since P(N ≥ k) = (1 + )−k . Finally, let


N
k
X
1
1 Y ∗
na(θ) 
Y ,e
1+
Dj .
(9)
P(N ≥ k) k!

Dj∗ =

ˆ
We denote by `(θ)
the subsampling estimate of the average log-likelihood and denote by
σt (θ)2 its variance. Obviously, exponentiating (7) does not provide an unbiased estimate of
the likelihood en`(θ) . However, an interesting question is whether one can design a procedure
which outputs an unbiased, almost-surely nonnegative estimate of en`(θ) using unbiased
ˆ
ˆ
estimates of n`(θ) such as n`(θ).
Without making any further assumption about n`(θ),
it
was recently shown by Jacob and Thiery (2015) that it is not possible. However, this can
be done if one further assumes, for instance, that there exists a(θ) such that `i (θ) > a(θ)
for all i, see (Jacob and Thiery, 2015, Section 3.1) who rely on a technique by Rhee and
Glynn (2015) generalizing (Bhanot and Kennedy, 1985). Unfortunately, as we shall see, the
resulting estimator γ̂(θ) typically has a very large relative variance, resulting in very poor
performance of the associated pseudo-marginal chain.
We apply (Rhee and Glynn, 2015, Theorem 1) to build an unbiased non-negative estimator of γ(θ)/p(θ), which is equivalent to defining γ̂(θ). For j ≥ 1, let

ˆ =
n`(θ)

t
nX

As described in Section 4.1, pseudo-marginal MH requires an almost-surely nonnegative
unbiased estimator γ̂(θ) of the unnormalized posterior at θ, for any θ in Θ. It is easy to
check that, by sampling x∗1 , . . . , x∗t from the dataset X with or without replacement, we
obtain the following unbiased estimator of the log-likelihood n`(θ)

4.2 Unbiased estimation of the likelihood using unbiased estimates of the
log-likelihood

in a pseudo-marginal algorithm, to control the variance of its logarithm. The variance of
log Y is difficult to compute, so we use here the relative variance of Y as a proxy.

scenarios where 1.0 or 3.0 are actually optimal. They also show that the penalty incurred
for having a variance too small (i.e. inferior to 0.2) or too large (i.e. superior to 10) is
very large. When mentioning pseudo-marginal MH algorithms, we will thus comment on
the variance of the logarithm of the involved estimators γ̂(θ), or, if not available, of their
relative variance.

(10)

10
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In (MacLaurin and Adams, 2014), the authors propose an alternative MCMC to sample
from π which, similarly to the method described previously, only requires evaluating the
likelihood of a subset of the data at each iteration. Assume a bound `i (θ) ≥ bi (θ) is available
for each i and θ. For simplicity, we further assume that bi (θ) = b(θ, xi ) only depends on i
through xi . This is the case in the experiments of (MacLaurin and Adams, 2014), as well as
ours. Note also that in Section 4.2, we used a bound that was uniform in the data index i;
we could have used similarly a non-uniform bound, but this would have made the derivation
of Proposition 1 unnecessarily heavy.

4.3 Building γ̂(θ) with auxiliary variables

We note that Strathmann et al. (2015) have recently proposed a different way to exploit
the methodology of Rhee and Glynn (2015) in the context of tall data. However, their
methodology does not provide unbiased estimates of the posterior expectations of interest.
It only provides unbiased estimates of some biased MCMC estimates of these expectations,
these biased MCMC estimates corresponding to running an MCMC kernel on the whole
dataset for a finite number of iterations. Strathmann et al. (2015) suggest that it might be
possible to combine their algorithm with the recent scheme of Glynn and Rhee (2014) to
obtain unbiased estimates of the posterior expectations. It is unclear whether this could be
achieved under realistic assumptions on the MCMC kernel.

Hence for the reasons outlined in Section 4.1, we expect the pseudo-marginal MH relying
on Y to be highly inefficient. Indeed, we have not been able to obtain reasonably mixing
chains even on our Gaussian running example. We have experimented with various choices
of , and with various values of t, but none yielded satisfactory results. We conclude that
this approach is not a viable solution to MH for tall data.

The proof of Proposition 1 can be found in Appendix A. It follows from (10) that in
order for the relative variance of Y not to increase exponentially with n, it is necessary that
nσt (θ) is of order 1. But σt (θ) is of order t−1/2 , so that the√batchsize t would have to be
of order n2 , which is impractical. It is also necessary that 1 +  is of order 1 + n−1 to
control the term in (`(θ) − a(θ)). This means that  should be taken of order n−1 , but then
the mean (1 + )−1 of the geometric variable N will be of order n. This entails that the
number of terms in the randomly truncated series (9) should be of order n, which defeats
the purpose of using this estimator.

√
2
2
e−2n(`(θ)−a(θ))+2n (1+)[σt (θ) +(`(θ)−a(θ)) ]
VarY
p
≥
+ O(1).
2n`(θ)
e
n (1 + )[σt (θ)2 + (`(θ) − a(θ))2 ]

Proposition 1 Let θ ∈ Θ and Y be the almost surely non-negative estimator of en`(θ)
defined in (9). Then its relative variance satisfies
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n
Y

i=1


z
1−zi
exp `i (θ) − exp bi (θ) i exp bi (θ)

i=1

n
n
Y
Y


z
exp bi (θ)
exp `i (θ) − bi (θ) − 1 i .

i=1

(11)

As noted in (MacLaurin and Adams, 2014), we can then define the following extended
target π̃ distribution on Θ × {0, 1}n
π̃(θ, z) ∝ p(θ)
= p(θ)

p(xi |θ) =

zi ∈{0,1}

X

p (xi , zi |θ)

This distribution satisfies two important features: it admits π(θ) as a marginal distribution,
and its pointwise evaluation only requires to evaluate `i (θ)
Qnfor those i’s for which zi = 1.
Note that evaluating π̃(θ, z) however requires to evaluate i=1
exp(bi (θ)), and the bounds
bi (θ) thus must be chosen so that this computation is cheap. This is the case for the lower
bound of the logistic regression log-likelihood model discussed in (MacLaurin and Adams,
2014), which is a quadratic form in ti θT xi , where ti is the ±1 label of datum xi . The idea
of replacing the evaluation of the target by a Bernoulli draw and the evaluation of a lower
bound has been exploited previously in the physics literature; see e.g. (Mak, 2005).
Any MCMC sampler could be used to sample from π̃. MacLaurin and Adams (2014)
propose an MH-within-Gibbs sampler that leverages the known conditional π̃(z|θ). The
expected cost of one conditional MH iteration on θ at equilibrium, that is the average
number of indices i such that zi = 1, is O(n), and the constant is related to the expected
relative tightness of the bound, see (MacLaurin and Adams, 2014, Section 3.1). The number
of likelihood evaluations for an update of z conditional on θ is explicitly controlled in
(MacLaurin and Adams, 2014) by either specifying a maximum number of attempted flips,
or implicitly specifying the fraction of flips to 1.
The authors of MacLaurin and Adams (2014) remarked that their methodology is related
to pseudo-marginal techniques but did not elaborate. We show here how it is indeed possible
to exploit the extended target distribution π̃ in (11) to obtain an unbiased estimate of an
unnormalized version of π. More precisely, we have

R

p(zi = 1|θ) =

=

Z

[exp(`i (θ)) − exp(bi (θ))] dxi
= 1 − Iθ ,
exp(b(θ, x))dx. Using Bayes’ theorem, we obtain accordingly
exp(bi (θ))
exp(`i (θ)) − exp(bi (θ))
, p(xi |θ, zi = 0) =
.
1 − Iθ
Iθ
JMLR 18(47):1-43, 2017

(12)

where p (zi |θ, xi ) = {1 − exp(bi (θ) − `i (θ))}zi exp(bi (θ) − `i (θ))1−zi . Hence, the marginal
distribution of zi under this extended model is given by
Z
p(zi = 1, xi |θ)dxi

where Iθ ,

p(xi |θ, zi = 1) =

11
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i=1

n
Y

p(xi |θ, zi )

An obvious unbiased estimator of the unnormalized posterior is thus given by

γ̂(θ) = p(θ)

log p(xi |θ, zi ) = Iθ (1 − Iθ )

i=1

log2



Iθ  `i (θ)−bi (θ)
−1
e
1 − Iθ

(13)

(14)

where each zi is drawn independently given θ from (12). Note that in the case of logistic regression, if bi (θ) is chosen to be the quadratic lower bound given in (MacLaurin and Adams,
2014), its integral Iθ is a Gaussian integral and can thus be computed. Finally, similarly
to the Firefly algorithm of MacLaurin and Adams (2014), the number of evaluations of the
likelihood per iteration is nIθ , loosely speaking.
Although the pseudo-marginal variant of Firefly we propose has the disadvantage of
requiring the integrals Iθ to be tractable, it comes with two advantages. First, the sampling
of z does not require to evaluate the likelihood at all. If computing all bounds does not
become a bottleneck, this avoids the need to explicitly state a resampling fraction at the
risk of augmenting the variance of the likelihood estimator. Second, the properties of this
variant are easier to understand, as it is a ‘standard’ pseudo-marginal MH and hence the
results from Section 4.1 apply. In particular, although it has the correct target distribution,
the asymptotic variance of ergodic averages is inflated compared to the ideal algorithm.
As explained in Section 4.1, we consider the variance of the log likelihood estimator.

i=1

Proposition 2 Let θ ∈ Θ. With the notations introduced in Section 4.3,
" n
#
n
X
X
Varz
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The proof of Proposition 2 can be found in Appendix B. Proposition 2 can be interpreted as
follows: the variance is related to how tight the bound is. In general, obtaining a variance
of order 1 will only be possible if most bounds bi (θ) are very tight, and the bigger n, the
tighter the bounds have to be. These conditions will typically not be met when a fixed
fraction of “outlier” xi ’s correspond to untight bounds.
We give the results of the original Firefly MH on our running Gaussian and log normal
examples in Figure 3. We bound each `i (θ) using a 2nd order Taylor expansion at the MLE
and the Taylor-Lagrange inequality, see Section 7.2.1 for further details. This bound is very
tight in both cases, so that we are in the favourable case where only a few components of
z are 1 at each iteration, and the number of likelihood evaluations per full joint iteration is
thus roughly the fraction of points for which zi has been resampled. We chose the fraction
of resampled points to be 10% here, and initialized z to have 10% of ones. Trying smaller
fractions led to very slowly mixing chains even for the Gaussian example. Estimating
the number of likelihood evaluations per full joint iteration as the sum of the number of
resampled zi ’s and the number of “bright” points, we obtained in both the Gaussian and
lognormal case an almost constant number of likelihood evaluations close to 10%, so that
only a few points are bright. This can be explained by the tightness of the Taylor bound,
which leads Firefly MH to almost exclusively replace the evaluation of the likelihood by
that of the Taylor bound. Finally, unlike the other algorithms we applied, we observed that
a bad choice of the initial value of z can easily take θ out of the posterior mode. To be fair,
we thus discarded the first 1 000 iterations as a burn-in before plotting.
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Other exact approaches have been proposed, which do not rely on pseudo-marginal MH.

5. Other exact approaches

As expected, the algorithm behaves erratically in the lognormal case, as failure to attempt a flip of each zi draws the µ-component of the chain towards the few large values of
(xi − µ)2 which are bright. Since the bright points are rarely updated, the chain mixes very
slowly.

Figure 3: Results of 10 000 iterations of Firefly MH (MacLaurin and Adams, 2014) on our
Gaussian and lognormal running examples. See Section 4.3 and the caption of
Figure 2 for details.
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k=0
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is an approximation to π. The algorithm has been analyzed recently in (Teh et al., 2016),
where it has been established that it provides indeed a consistent estimate of the target.
−1/3
Additionally, a central limit theorem holds with convergence rate Niter , which is slower
−1/2
than the traditional Monte Carlo rate Niter . It is yet unclear how SGLD compares to
other subsampling schemes in theory: it may require a smaller fraction of the dataset per
iteration, but more iterations are needed to reach the same accuracy.
In practice, we show the results of SGLD on our two running examples in Figure 5.1.
The stepsize k is chosen proportional to k −1/3 , following the recommendations of Teh et al.
(2016). We show the results of two choices for the subsample size t: 10% and 1% of the
data, with respectively 10 000 and 100 000 iterations, so that both runs amount to the
same 10% fraction of the budget of the vanilla MH in Figure 2. Both runs are still far
from convergence on the lognormal example: subsampling draws the chain away from the
support of the posterior, and one has to wait for smaller stepsizes to avoid overconfident
moves. But then, the variance of the final estimate gets bigger. Constant stepsizes lead to
comparable results (not shown).
Finally, we note that subsampling for Hamiltonian Monte Carlo (HMC; Duane et al.,
1987) has also been recently considered. Chen et al. (2014) propose a modification of

k=0

is used in an MH acceptance step, where  ∼ N (0, Id ). The point of Welling and Teh (2011)
is that if one suppresses the MH acceptance step, computes an unbiased estimate of the
score but introduces a sequence of stepsizes (k ) that decreases to zero at the right rate,
then
!−1 N
N
iter
iter
X
X
k δθk
k

i=1

is ann unbiased
estimate of the score computed at each iteration using a random subsamo
ple x∗i,k of the observations. This approach is reminiscent of the Metropolis-adjusted
Langevin algorithm (MALA; Robert and Casella 2004, Section 7.8.5), where the proposal
given by
"
#
n
X
√

0
θ =θ+
∇ log p(θ) +
∇ log p(xi |θ) + η,
2

i=1

nX
∇ log p(x∗i,k |θ)
t

t

(k ) is a sequence of time steps, (ηk ) are independent N (0, Id ) vectors and

i=1

Welling and Teh (2011) proposed an algorithm based on stochastic gradient Langevin dynamics (SGLD). This is an iterative algorithm which at iteration k + 1 uses the following
update rule
"
#
t
k+1
nX
√
∗
θk+1 = θk +
∇ log p(θ) +
(15)
∇ log p(xi,k |θ) + k+1 ηk+1 ,
2
t

5.1 Forgetting about acceptance probability: stochastic approximation
approaches
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Figure 4: Results of SGLD (Welling and Teh, 2011) on our Gaussian and lognormal running
examples. See Section 5.1 and the caption of Figure 2 for details.
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HMC that is inspired by the SGLD with decreasing stepsize of Welling and Teh (2011),
while Betancourt (2015) explores why naive approaches suffer from unacceptable biases.
The algorithm of Chen et al. (2014) is however a heuristic, which further relies on the
subsampling noise being Gaussian. As demonstrated in (Bardenet et al., 2014) and in
Section 6.2, relying on a Gaussian noise assumption can yield arbitrarily poor performance
when this assumption is violated.
5.2 Delayed acceptance

i=1

B
Y

ρi (θ, θ0 )

Banterle et al. (2015) remarked that if we decompose the acceptance ratio in a product of
positive functions

α(θ, θ0 ) =



min ρi (θ, θ0 ), 1

then the MH-like algorithm that accepts the move from θ to θ0 with probability
B
Y
i=1

still admits π as invariant distribution. In practice, in the case of tall data, we can divide
the dataset into B batches and use for example

 p(θ0 )1/B p(xi |θ0 )q(θ|θ0 )
ρi θ, θ0 =
.
p(θ)1/B p(xi |θ)q(θ0 |θ)

This allows us to reject candidate θ0 without having to compute the full likelihoods and the
calculations of ρi (θ, θ0 ) can be done in parallel. However, as remarked by Banterle et al.
2
(2015), the resulting Markov chain has a larger asymptotic variance σlim
in (4) than the
original MH, and it does not necessarily inherit the ergodicity of the original MH. Furthermore, by construction, every accepted point has to be evaluated on the whole dataset, and
the average proportion of data points used is thus lower bounded by the acceptance rate of
the algorithm, which in practice is often around 25%. Overall, it is an easy-to-implement
feature that does not add any bias, but its benefits are inherently limited, and speed of
convergence might be affected.

5.3 Piecewise deterministic Markov chain Monte Carlo methods

JMLR 18(47):1-43, 2017

The Bouncy Particle Sampler (BPS) is an MCMC algorithm where the target distribution
of interest is explored using a continuous-time piecewise-deterministic process. In other
words, the state of the Markov process moves along straight lines around the space and,
when facing a high energy barrier, it is not rejected but its path is modified by bouncing
against this barrier. The BPS was originally proposed in the physics literature by Peters
and de With (2012). Several generalizations of this method have then been proposed by
Bouchard-Côté et al. (2015). In the context of tall data, in particular, Bouchard-Côté et al.
(2015) show that one can use subsampling and preserve the correct target distribution. This
has also been noticed by Bierkens et al. (2016), who propose an algorithm related to BPS

16

t

i=1

1X
p(x∗i |θ0 )
log
.
t
p(x∗i |θ)
(16)

i=1

ˆ

=

Een`(θ) =

r=0 #Ir =r

i

17

λr (1 − λ)n−r p(xIr |θ)1/λ ,

λe`i (θ)/λ + (1 − λ)

n
X
X

i=1

n h
Y
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be an unbiased estimator of the average log likelihood `(θ), where zi ∼ B(1, λ) i.i.d. Now
ˆ
one could think of plugging estimates γ̂(θ) = p(θ)en`(θ) in Steps 2 and 3 of MH in Figure 1.
However, as γ̂(θ) is not an unbiased estimator of γ(θ), this algorithm samples from a target
ˆ
distribution which is proportional to p(θ)Een`(θ) 6= γ(θ), where the expectation is w.r.t the
distributions of the Bernoulli random variables {zi }. Now

The first approach one could try is to only use a random fixed proportion of data points
to estimate π at any newly drawn θ. We highlight that this leads to a nontrivial mixture
target that is hard to interpret, where all subsampled posteriors appear, suitably rescaled.
Assume that at each new θ drawn in an MH run, we draw n independent Bernoulli variables
and let
n
X
zi
ˆ = 1
`i (θ)
(17)
`(θ)
n
λ

6.1 Naive subsampling

Note that unlike the exact approaches of Sections 4 and 5, the methods reviewed in Section 6
do not attempt to sample exactly from π, but just from an approximation to π.

Λ∗t (θ, θ0 ) ,

In this Section, we consider again subsampling approaches where, at each MH iteration,
a subset of data points is used to approximate the acceptance ratio (5). As mentioned in
Section 4.2, it is very simple to obtain an unbiased estimator of the log-likelihood n`(θ)
based on random samples x∗1 , . . . , x∗t from the dataset X ; see (7). Similarly, one can also
easily obtain an unbiased estimator of the average log likelihood ratio [`(θ0 ) − `(θ)]

6. Approximate subsampling approaches

r=0

1/λ

Cnr λr (1 − λ)n−r pr (θ)1/λ = ER∼B(n,λ) pR (θ),

(18)

r=0 #Ir =r

λr (1 − λ)n−r p(xIr |θ)
≈ ER∼B(n,λ) pR (θ).

=

i=1

i
λe`i (θ) + (1 − λ)
n
X
X

n h
Y

(20)

(19)

i=1

n
X

18

λ(1 − λ)

`i (θ)2
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is of order 1 in the case of (17). This entails that λ should be close to 1, so that there is no
substantial gain in terms of number of likelihood evaluations. In the case of (19),

i=1

(1 − λ) X
`i (θ)2
λ

n

Again, all subsampled likelihoods contribute, but without being further exponentiated. Still,
the result is a much broadened target, as values of r that are larger than nλ are unlikely to
contribute a lot. In this case, the broadening effect of subsampling is not only due to the
contribution of small subsamples, but also to the absence of bias correction in (19).
We have thus seen that naive subsampling is nontrivial tempering, so that the target is
not preserved. Additionally, as mentioned in Section 4.1, the variance of the log likelihood
estimator needs to be kept around a constant, 1 or 3 depending on hypotheses, in order for
pseudo-marginal MH to be efficient. This means that λ should be such that

˜

Een`(θ) =

instead of (17) one ends up with

i=0

X
˜ = 1
`(θ)
zi `i (θ),
n

n

where B(n, λ) denotes the binomial distribution with parameters n and λ. Noticing that
pr (θ) is roughly exponentially decreasing in r, the values or r that are larger than the mode
of the binomial probability mass function are unlikely to contribute a lot to (18). The largest
subsample size contributing to (18) is thus roughly nλ, and the power 1/λ makes this term
of the same scale as p(x1 , . . . , xn |θ). Broadly speaking, subsampling has a “broadening”
effect due to the contribution of the likelihoods of small subsamples.
Alternately, if one starts with the biased estimator of the average log likelihood

Een`(θ) ≈

n
X

where Ir denotes a set of r distinct indices in {1, . . . , n}, xIr = {xi ; i ∈ Ir }, and with the
convention p(x∅ |θ) = 1. Each subsampled likelihood contributes to the target, exponentiated to the power 1/λ, resulting in a nontrivial mixture of rescaled data likelihood terms.
To further simplify, assume p(xIr |θ) ≈ pr (θ) for each set of indices Ir , that is, the variance
of the likelihood under subsampling is small, then

but using an alternative bouncing mechanism. However, these approaches also suffer from
severe limitations.
First, for subsampling to preserve the invariant distribution, the statistical model under
consideration needs to satisfy strong regularity conditions, which have only been established
for logistic regression; see (Bouchard-Côté et al., 2015) and (Bierkens et al., 2016). These
conditions can be relaxed, but at the price of introducing a bias that is difficult to control
(Pakman et al., 2016). Second, it is shown in (Bouchard-Côté et al., 2015, Section 4.6)
that, although these subsampling BPS algorithms might have a cost of O(1) per iteration
instead of O(n) for standard MH, the asymptotic variance of the corresponding averages is
empirically of order O(n) instead of O(1) for a correctly scaled random walk MH. Hence the
gains brought by these approaches over a correctly scaled random walk MH are debatable.
ˆ
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can be of order 1 if λ ∼ n−1 . But then the leading terms in the mixture target (20) will be
the subsampled likelihoods corresponding to small subsamples, so that the target will be
very different from the actual target π.
Overall, naive subsampling is a very poor approach. However, it allows us to identify the
main issues a good subsampling approach should tackle: guaranteeing its target, not loosing
too much convergence speed compared to the MH algorithm based on the true likelihood,
and cutting the likelihood evaluation budget. As shown in (Bardenet et al., 2014), the first
point is an algorithmic design issue, while the last two points are related to controlling the
variance of the log likelihood ratios.
6.2 Relying on the CLT
Several authors have appealed to the central limit theorem to justify their assumption
that the average subsampled log likelihoods and log likelihood ratios in (7) and (16) are
Gaussianly distributed.
If the distribution of the log likelihood ratio estimate minus the true log-likelihood ratio
was normal with known variance σ 2 and mean -σ 2 /2, Ceperley and Dewing (1999) have
proposed an MH with a corrected acceptance ratio that is exact, i.e., that still targets π.
However, this distribution is never exactly normal and the variance of the noise is unknown.
In Nicholls et al. (2012), it is proposed to estimate the noise variance and the author propose
a heuristic argument to explain why this inexact chain might give reasonable approximate
results, but the Gaussian assumption remains crucial there. As shown in (Bardenet et al.,
2014) and in Figures 5 and 6 of this paper, this assumption can be easily violated when
subsampling tall data if the log likelihood ratios `i (θ0 ) − `i (θ) are heavy-tailed. Missing log
likelihoods in the tails will lead to erroneous decisions, and uncontrolled results.
6.2.1 A pseudo-marginal approach with variance reduction under Gaussian
assumption

JMLR 18(47):1-43, 2017

Quiroz et al. (2014) propose a methodology to use MH for tall data which also relies on
the assumption that the log-likelihood estimator is Gaussian with mean `(θ), for every
θ. By introducing a bias correction providing an approximately unbiased estimate of the
likelihood, this corresponds to a pseudo-marginal MH algorithm whose target distribution
ˆ
is proportional to p(θ)Een`(θ)−b̂(θ) , where b̂(θ) is an estimate of the bias b(θ) satisfying
ˆ
Een`(θ) = en`(θ)+b(θ) . They rightly notice that, ideally, if one wants to keep the variance
of average subsampled log likelihoods small, one should not subsample data points with or
without replacement, but one should rather perform importance sampling with the weight of
data point i being proportional to |`i (θ)|. While this variance reduction approach obviously
defeats the purpose of subsampling, Quiroz et al. (2014) propose to use as weights an
approximation of the log-likelihood, based e.g. on a Gaussian process or splines trained
on a small subset of computed likelihoods `i (θ). Finally, a heuristic to adaptively choose
the size of the total subsample so as to keep the variance of the log likelihood controlled is
proposed. The method is demonstrated to work on a bivariate probit model using only 10%
of the full dataset. However, as a general purpose method, it suffers from two limitations.
First, it is based on Gaussian assumptions, which can be unreasonable as noted above and
it is unclear whether it will be robust to these CLT approximations not being valid. Second,
19
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the proposed importance sampling step requires to learn a good proxy for x 7→ p(x|θ) for
each θ drawn during the MCMC run. The fitted proxies should thus be cheap to train and
evaluate, but at the same time accurate if any variance reduction is to be obtained.

6.2.2 Adaptive subsampling with T-tests

(21)

Still assuming the noise of the log likelihood is Gaussian, given a drawn θ ∈ Θ, one can try
to adaptively choose the size of the subsample {x1∗ , . . . , xt∗ } to be used in the unbiased estimators (7) or (16), so as to take the correct acceptance decision with high probability. Upon
noting that the MH acceptance decision is equivalent to deciding whether log α(θ, θ0 ) > u,
or equivalently
i=1



n
1X
p(xi |θ0 )
1
1
p(θ0 )q(θ|θ0 )
log
> log u − log
n
p(xi |θ)
n
n
p(θ)q(θ0 |θ)
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with u ∼ U[0,1] drawn beforehand, statistical tests can be used to assert whether (21)
holds with a given level of “confidence”. As far as we are aware, Bulgak and Sanders
(1988) were the first to consider such a procedure. They used it in a simulated annealing
algorithm maximizing a function defined as an expectation w.r.t a probability distribution,
and approximated using Monte Carlo. Simulated annealing is a simple non-homogeneous
variant of the MH algorithm where the the target distribution is annealed over the iterations.
The same application received more attention later (Alkhamis et al., 1999; Wang and Zhang,
2006). Applied to the standard MH, the method has been considered by Singh et al. (2012),
and more recently by Korattikara et al. (2014) specifically for tall data. Korattikara et al.
(2014) propose an MH-like algorithm called Austerity MH that incorporates a sequential
T-test to check (21) for each pair (θ, θ0 ), thus relying on several CLTs. They demonstrate
dramatic reductions in the average number of subsamples used per MCMC iteration on
particular applications. However, as noted in (Korattikara et al., 2014; Bardenet et al.,
2014), the results can be arbitrarily far from the original MH when the CLT approximations
are not valid.
We show the results of 10 000 iterations of Austerity MH on our two running examples
in Figure 5. The parameters are  = 0.05, corresponding to the p-value threshold in the
aforementioned T-test, and an initial subsample size of 100 at each iteration. In the Gaussian case, the posterior is rightly centered, but is slightly too wide. This is a tempering
effect due to too small subsamples, while the CLT-based Student approximation seems reasonable, as shown in Figure 6. In the lognormal case, the departure of the chain from the
actual posterior is more remarkable, and relatedly the CLT approximations of Austerity MH
are inaccurate for the chosen initial subsample size of 100, as we demonstrate in Figure 6.
This explains the strong mismatch of the chain and the posterior in Figure 5(b). The standard deviation of the fitted Gaussian is largely underestimated, due to small subsamples
which do not include enough of the tails of the log likelihood ratios, which coincide with
the tails of X . Finally, the reductions in the number of samples needed per iteration are
quite interesting: half of the iterations require less than 4% of the dataset for the lognormal
case, but this is at the price of a large error in the posterior approximation. Augmenting
the initial size of the subsample will likely make the CLT approximations tighter, but there
is no generic answer as to which size to choose: any fixed choice will fail on an example
where the log likelihood ratios have heavy enough tails. In both the Gaussian and the
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We do not assume that the Λ∗t (θ, θ0 )’s are Gaussianly distributed, but we make the parametric assumption that the second and third absolute moments σ 2 and ρ of − log p(x∗i |θ0 ) +
log p(x∗i |θ) are known and independent of θ, θ0 . Applying the Berry-Esseen inequality
(van der Vaart and Wellner, 1996) to the variables − log p(x∗i |θ0 ) + log p(x∗i |θ) yields


K(σ, ρ)
u + Λn (θ, θ0 )
√
P(−Λ∗t (θ, θ0 ) ≤ u) − Φ
≤ √
(23)
σ/ t
t

Λ∗t (θ, θ0 ) > 0.

instead of (21)? This idea has been first used by Branke et al. (2008) to develop heuristics
for simulated annealing in the presence of noise. We formalize this argument here in the
context of subsampling. For the sake of simplicity, assume for a moment we have a flat
prior and a symmetric proposal, so that (22) becomes

This section is an original contribution, which illustrates a way to obtain subsampling
algorithms with guarantees under weaker assumptions than Gaussianity. This approach
is impractical, but it is of methodological and illustrative interest. First it illustrates a
potentially useful technique to take advantage of subsampling noise. Second, it is our
first illustration of the seemingly inevitable O(n) average number of subsamples required
per MCMC iteration as soon as we do not use any CLT-based approximation and require
theoretical guarantees.
Let θ, θ0 ∈ Θ, and let x∗1 , . . . , x∗t be drawn independently with replacement from X . Let
Λ∗t (θ, θ0 ) be the average subsampled log likelihood ratio defined in (16). Now, we remark that
MH has some inherent noise in its acceptance decision (21), encapsulated by the uniform
variable u ∼ U[0, 1]. Why, then, not rely on the subsampling noise to guarantee exploration,
and accept a move if and only if
 0

1
p(θ )q(θ|θ0 )
Λ∗t (θ, θ0 ) + log
>0
(22)
n
p(θ)q(θ0 |θ)

6.3 Exchanging acceptance noise for subsampling noise

lognormal example, it is actually safer to go with the Bernstein-von Mises approximation,
which costs little more than a run of stochastic gradient descent, and only requires one CLT
approximation, for a sample of size n  1. This illustrates the danger of using CLT-based
approximations for small sample sizes, which is related to asymptotic arguments on small
batches in Section 3.
Overall, CLT-based approaches to MH with tall data lead to heuristics with interesting
reductions in the number of samples used, but they have little theoretical backing so far
and they are not robust to the involved CLT approximations being inaccurate. We note
also that the CLT is assumed to provide a good approximation for the log likelihood or log
likelihood ratio for any θ, θ0 ∈ Θ, which amounts to more than one Gaussian assumption.
The approaches in this section should thus be applied with care. As a minimal sanity-check,
we recommend using tests of Gaussianity across Θ × Θ to make sure the CLT assumptions
are realistic. Note that even then, there is no guarantee the above algorithms have π for
target, if any.
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Figure 5: Results 10 000 iterations of Austerity MH (Korattikara et al., 2014). See Section 6.2 and the caption of Figure 2 for details.
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Figure 6: Histogram of 1000 realizations of the Student statistic required in Austerity MH,
taken at θ = θMAP and θ0 ∼ q(·|θ). The theoretical Student pdf is plotted in red.

i=1

1X
p(xi |θ0 )
log
n
p(xi |θ)

n

for any u ∈ R, where Φ is the cdf of a N (0, 1) variable, and
Λn (θ, θ0 ) ,

≥ 0) − Φ

Λn (θ, θ0 )
√
σ/ t

is the average log likelihood ratio. When u = 0, (23) yields


P(Λt∗ (θ, θ0 )

1
≤ C.
1 + e−λx

Now let C, λ > 0 be such that for any x ∈ R,
Φ(x) −

1+e

−

λΛn (θ,θ 0 )
√
σ/ t

1

≤C+

K(σ, ρ)
√ .
t

Bowling et al. (2009) for instance, empirically found C = 0.0095 and λ = 1.702. Combining
this bound with (24), we obtain
P(Λt∗ (θ, θ0 ) ≥ 0) −
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Hence, the acceptance probability of an algorithm that would accept the move from θ to
θ0 by checking whether Λ∗ (θ, θ0 ) > 0 is close to the acceptance probability of an MCMC
algorithm with a Baker acceptance √
criterion (Robert and Casella, 2004, Section 7.8.1) that
targets π β with temperature β = λnσt . Arguments such as (Bardenet et al., 2014, Lemma
3.1, Proposition 3.2) could then help concluding that the distance between the kernels of
both Markov chains is controlled, which would yield positive ergodicity results, in the line of
(Bardenet et al., 2014, Proposition 3.2). This reasoning shows again a close relation between
23

Bardenet, Doucet and Holmes

subsampling and tempering, as in Section 6.1, with a clear link between the variance of the
subsampled log likelihood ratios and the temperature.
Now, from a practical point of view, in simple applications such as logistic regression, σ
is of the order of kθ −θ0 k, which in turn should be of order Op (n−1/2 ) if the MCMC proposal
is a Gaussian random walk with covariance similar to that of π, see Bardenet et al. (2014).
This means that t has to be of order n for the temperature β to be of order 1, and this
approach is thus bound to use O(n) subsamples per iteration! In conclusion, robustness to
non-Gaussianity leads to requiring a fixed proportion of the whole dataset on average, even
in the favourable case when one controls the first three moments of the subsampling noise
and one swaps subsampling noise for the inherent MCMC acceptance noise.
6.4 Confidence samplers

In (Bardenet et al., 2014), we proposed a controlled approximation of the acceptance decision (21). Indeed, let us fix θ, θ0 and momentarily assume that x 7→ log[p(x|θ0 )/p(x|θ)]
was Lipschitz with known constant. Then, having observed the log likelihood ratio at some
points {xi∗ , i = 1, . . . , t} ⊂ X , one could build a lower and an upper bound for the complete
log likelihood ratio
i=1



n
1X
p(xi |θ0 )
,
log
n
p(xi |θ)

n

i=1

Cθ,θ0 , max log

p(xi |θ0 )
p(xi |θ)

simply by associating each xi with the nearest point among {x1∗ , . . . , xt∗ }. These bounds
could be refined by augmenting the set of observed log likelihoods ratios, until eventually
one knows for sure whether (21) holds.
Now, concentration inequalities allow softer bounds and require less than this Lipschitz
assumption. If one knows a bound for the range


,
(25)

i=1

i=1

!




t
n
1X
1X
p(xi∗ |θ0 )
p(xi |θ0 )
−
log
log
> ct (δ) ≥ 1 − δ,
t
p(xi∗ |θ)
n
p(xi |θ)

(26)

then concentration inequalities such as Hoeffding’s or Bernstein’s, yield confidence bounds
ct (δ) such that
P
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where the probability is taken over x1∗ , . . . , xt∗ drawn uniformly from X , with or without
replacement. Borrowing from the bandit literature, we explain in (Bardenet et al., 2014)
how to leverage such confidence bounds to automatically select a subsample size T such
that the right MH acceptance decision is taken with a user-specified probability 1 − δ. Note
that for our algorithm to bring any improvement over the ideal MH, the range (25) must
be cheap to compute, i.e. cheaper than O(n). This is the case for logistic regression, for
example, but it is the major limitation of the approach in Bardenet et al. (2014). We showed
in (Bardenet et al., 2014, Proposition 3.2) that if the ideal MH sampler is uniformly ergodic
then the resulting algorithm inherits the uniform ergodicity of the ideal MH sampler, with a
convergence speed that is within O(δ) of that of the ideal MH. Importantly, we showed that
our sampler then admits a limiting distribution, which is also within O(δ) of π. Uniform
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Figure 7: Results of 10 000 iterations of the vanilla confidence sampler (Bardenet et al.,
2014), see Section 6.4 and the caption of Figure 2 for details.
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We start by recalling the pseudocode of the confidence sampler in (Bardenet et al., 2014)
in Figure 9, using sampling with replacement and a generic empirical concentration bound
ct (δ). In practice, one can think of the empirical Bernstein bound of Audibert et al. (2009)

7.1 Introducing proxies in the confidence sampler

In this section, we build upon the confidence sampler in (Bardenet et al., 2014) by introducing likelihood proxies, which act as control variates for the individual likelihoods.

7. An improved confidence sampler

ergodicity is a very strong assumption and it would be worth extending these results to
the geometrically ergodic scenario. There has recently been work in this direction (Alquier
et al., 2016; Pillai and Smith, 2014; Rudolf and Schweizer, 2015).
On the negative side, we demonstrated in (Bardenet et al., 2014) that vanilla confidence
samplers still require O(n) samples at each iteration at equilibrium, where the proportionality constant is the variance of the log likelihood ratio under subsampling. This statement
relies on the leading term in ct (δ) being of order t−1/2 . In practice, the results of the vanilla
confidence sampler on our running examples are shown in Figure 7. We set δ = 0.1 and
we place ourselves in the favourable scenario where the algorithm has access to the actual
range of each log likelihood ratio. The number of likelihood evaluations is estimated as
follows: we take by default twice the detected value T for the subsample size in general, but
only once when the previous iteration required computing all n likelihoods at the current
state of the chain. Still, even in these favourable conditions, the algorithm basically requires
essentially the whole dataset at each iteration.
Concentration inequalities are “worst-case” guarantees, and the theoretical results come
at the price of a smaller reduction in the number of samples required. When the target
is locally Gaussian, e.g. when Bernstein-von Mises yields a good approximation, there is
potentially a lot to be gained, as empirically demonstrated by Korattikara et al. (2014),
for example. In the current paper, we propose in Section 7 a modified confidence sampler
that can leverage concentration of the target to yield dramatic empirical gains while not
sacrificing any theoretical guarantee of the confidence sampler. The basic tool is a cheap
proxy for the log likelihood ratio that acts as a control variate in the concentration inequality
(26). Using a 2nd order Taylor expansion centered at the maximum of the likelihood –
obtained with a stochastic gradient descent for example – allows to replace many likelihood
evaluations by the evaluation of this Taylor expansion. Figure 8 shows the results of this
new confidence sampler with proxy on our running Gaussian and lognormal examples. Our
algorithm outperforms all preceding methods, using almost no sample in the Gaussian
case where it automatically detects that a quadratic form is enough to represent the log
likelihood ratio. Finally, we demonstrate in Sections 7.2.3 and 8 that this new algorithm can
require less than O(n) likelihood evaluations per iteration. Combined with the statements
in Bardenet et al. (2014) that each iteration is almost as efficient as the ideal MH, which is
further supported by the match of the autocorrelation functions in Figures 8(c) and 8(d),
this opens up big data horizons. We give full details on the confidence algorithm with proxy
in Section 7.
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r
2 log(3/δ) 6Cθ,θ0 log(3/δ)
ct (δ) = σ̂t,θ,θ0
+
,
t
t
is the sample standard deviation of the log likelihood ratio
 


p(xi∗ |θ0 )
, i = 1, . . . , t ,
p(xi∗ |θ)
log

(27)

and Cθ,θ0 is their range, defined in (25). We emphasize that other choices of sampling
procedure and concentration inequalities are valid, as long as they guarantee a concentration
like (26). We refer the reader to (Bardenet et al., 2014) for a proof of the correctness of the
confidence sampler and implementation details.
The bottleneck for the performance of the confidence sampler was identified in (Bardenet
et al., 2014) as the expectation w.r.t. π(θ)q(θ0 |θ) of the variance of the log likelihood ratio
log p(x|θ0 )/p(x|θ) w.r.t. to the empirical distribution of the observations. We now propose a
control variate technique inspired from the Firefly MH of MacLaurin and Adams (2014) to
lower this variance down when an accurate and cheap proxy of the log likelihood is known.
We require a proxy for the log likelihood ratio that may decrease the variance of the log
likelihood ratio or its range. More precisely, let ℘i (θ, θ0 ) be such that for any θ, θ0 ∈ Θ,

1. ℘ (θ, θ0 ) ≈ ` (θ0 ) − `i (θ)
i
i
Pn
0
i=1 ℘i (θ, θ ) can be computed cheaply.

2.
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1X
℘i (θ, θ0 ).
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1X
℘i (θ, θ0 ) − ψ(u, θ, θ0 ) ≥ c,
n

n

the condition in Step 19 is replaced by

Λ∗ ←

!

i=1
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,

Building the confidence sampler on (28) leads to the same pseudocode as in Figure 9, except
that Step 14 is replaced by

i=1

We now simply remark that the acceptance decision (21) in MH is equivalent to checking
whether



n 
n
1X
p(xi |θ0 )
1
1
p(θ0 )q(θ|θ0 )
1X
log
− ℘i (θ, θ0 ) > log u − log
−
℘i (θ, θ0 ).
(28)
n
p(xi |θ)
n
n
p(θ)q(θ0 |θ)
n
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Figure 8: Results of 10 000 iterations of the confidence sampler of Section 7 with a single
2nd order Taylor proxy at θMAP .
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and the condition in Step 21 becomes
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tlook ← 0

X∗

6

8

b ← 1 . Initialize batchsize to 1

9

b ← n ∧ dγte . Increase batchsize geometrically, stop when all data have been seen

18

if

c ← ct (δtlook ) . Use a valid concentration inequality

16

Λ∗

21

θk ←

. Accept

else θk ← θ . Reject

θ0
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Proposition 3 Let P be uniformly geometrically ergodic, i.e., there exists an integer m,
a probability measure ν on (Θ, B (Θ)) and 0 ≤ ρ < 1 such that for all θ ∈ Θ, P m (θ, ·) ≥

For completeness, we restate here in Proposition 3 that the vanilla confidence sampler
inherits the uniform ergodicity of the underlying MH sampler, that its target is within O(δ)
of π, and that the difference in speed of convergence is also controlled by δ. Let P be the
underlying MH kernel, and P̃ the kernel of the confidence sampler described in this section.

Figure 9: Pseudocode of the confidence MH from (Bardenet et al., 2014). Note that although we present the algorithm with uniform subsampling without replacement,
batches can be drawn with or without replacement at Step 12, as long as a valid
concentration inequality is used at Step 16. Our contribution is a modification of
Steps 14, 19 and 21 to introduce proxies for the log likelihood ratios, see Section 7.

24 return (θk )k=1,...,Niter

23

22

>

ψ(u, θ, θ0 )

Done ← True

if |Λ∗ − ψ(u, θ, θ0 )| ≥ c or t = n

19

20

tlook ← tlook + 1

17

i

t←b

15

14

X ∗ ← X ∗ ∪ {x∗t+1 , . . . , x∗b }

h ∗ 0 i
P
p(x |θ )
Λ∗ ← 1b tΛ∗ + bi=t+1 log p(xi∗ |θ)

x∗t+1 , . . . , x∗b ∼w/o repl. X \ X ∗ . Sample new batch without replacement

while Done = False do

Done ← False



13

12

11

10

Λ∗ ← 0

7

← ∅ . Keeping track of points already used

t←0

5

4

θ0 ∼ q(.|θ), u ∼ U(0,1) ,
i
h
p(θ)q(θ0 |θ)
ψ(u, θ, θ0 ) ← n1 log u p(θ
0 )q(θ|θ 0 )

θ ← θk−1

3

2

1 for k ← 1 to Niter

ConfidenceSampler p(x|θ), p(θ), q(θ0 |θ), θ0 , Niter , X , (δt ), Cθ,θ0 ,
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(29)

kπ − π̃kTV ≤

Amδ
.
1−ρ

(31)

(30)

µ̂ =

30
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n

1X
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n
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where gi,? and Hi,? are respectively the gradient and the Hessian of `i at θ? . The choice
of P
θ? is deferred to Section 7.2.2. Let us now define ℘i (θ, θ0 ) = `ˆi (θ0 ) − `ˆi (θ). The average
n
1
0
i=1 ℘i (θ, θ ) can be computed in O(1) time if one has precomputed
n

1
T
`ˆi (θ) = `i (θ? ) + gi,?
(θ − θ? ) + (θ − θ? )T Hi,? (θ − θ? ),
2

We expand `i around some reference value θ? to obtain an estimate

7.2.1 Taylor expansions

In general, the choice of proxy ℘ will be problem-dependent, and the availability of a good
proxy at all is a strong assumption, although not as strong as our previous requirement
in Bardenet et al. (2014) that the range (25) can be computed cheaply, which basically
corresponds to ℘i (θ, θ0 ) being identically zero for all i. Indeed, we show in this section
that all models that possess up to third derivatives can typically be tackled using Taylor
expansions as proxies. In Section 8, we detail the case of logistic regression and gamma
linear regression.

7.2 An example proxy: Taylor expansions

If ℘i (θ, θ0 ) is a good proxy for the log likelihood ratio, one can thus expect significantly
more accurate confidence bounds, leading in turn to reduction in the number of samples
used.

Even in the presence of proxies, the proofs of (Bardenet et al., 2014, Lemma 3.1, Proposition 3.2) apply with straightforward modifications, so that we can extend Proposition 3
to the proxy case. The major advantage of this new algorithm is that the sample standard
deviation σ̂t,θ,θ0 and range Cθ,θ0 in the concentration inequality (27) are replaced by those
of
 


p(x∗i |θ0 )
log
− ℘i (θ, θ0 ), i = 1, . . . , t .
∗
p(xi |θ)

Furthermore, π̃ satisfies

kP̃ k (θ, ·) − π̃kTV ≤ B[1 − (1 − δ)m (1 − ρ)]bk/mc .

Then there exists B < ∞ and a probability distribution π̃ on (Θ, B (Θ)) such that for all
θ ∈ Θ and k > 0,

∀θ ∈ Θ, ∀k > 0, kP k (θ, ·) − πkTV ≤ Aρbk/mc .

(1 − ρ) ν(·) . Hence there exists A < ∞ such that
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and

n

i=1

n

i=1

1X
Hi,? .
n
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Ŝ =

θ?

1X
1
℘i (θ, θ0 ) = µ̂T (θ0 − θ) + (θ0 − θ)T Ŝ(θ + θ0 − 2θ? ).
n
2

Indeed, the following holds

Finally, assuming
∂`i
∂θ(j) ∂θ(k) ∂θ(l)
can be bounded uniformly in i, j, k, l, the absolute difference `i (θ0 ) − `i (θ) − ℘i (θ, θ0 ) can be
bounded using the Taylor-Lagrange inequality. To conclude, all conditions of Section 7.1
are satisfied by the proxy ℘i .
7.2.2 Drop proxies along the way
When the mass of the posterior is concentrated around the maximum likelihood estimator
θMLE , a single proxy – say a Taylor proxy centered at θ? = θMLE – can represent the
target quite accurately. This is the proxy we used in the running examples of Section 6, see
Figure 8. When the posterior does not concentrate, or the proposal is not local enough, such
a proxy will be inaccurate, potentially resulting in insufficient subsampling gains. There
are various tricks that can be applied. One can either precompute proxies across Θ if one
has an idea where the modes of π are, and then use the closest proxy to the current state
of the chain at each iteration. Alternately, if one agrees to look at the whole dataset every
α iterations, we can drop proxies along the way, i.e. set θ? to the current state of the
chain every α MH iterations. The whole dataset needs to be browsed at each change of the
reference point θ? , since there is typically some preprocessing to do in order to compute
later bounds. In the case of 2nd order Taylor expansions, for example, one has to compute
the full gradient, Hessian, and any other quantity needed to bound the third derivatives.
What the user should aim at is to sacrifice a proportion α of the budget of the ideal MH to
make the remaining iterations cheaper. The proof of Proposition 3 easily generalizes to the
case of proxies dropped every constant number of iterations. We demonstrate the empirical
performance of such an approach in Sections 8.1.3 and 8.2.2.
7.2.3 A heuristic on the subsampling gain

JMLR 18(47):1-43, 2017

In (Bardenet et al., 2014), we presented a heuristic that showed the original confidence
sampler required O(n) likelihood evaluations per iteration. At the time, it seemed every
attempt at marrying subsampling and MH was fundamentally O(n). We first repeat here
the heuristic from (Bardenet et al., 2014), before arguing that the contributions of this paper
can lower this budget to o(n), even O(1) up to polylogarithmic factors in very favourable
conditions.
31
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Assuming a symmetric proposal and a flat prior, the stopping rule of the while loop in
the original confidence sampler in Figure 9 is met whenever

i=1



t
1X
p(xi∗ |θ0 )
1
log
− log u
t
p(xi∗ |θ)
n

is of the same order as the confidence bound ct (δ), that is, when ct (δ) is of order 1/n. We
consider the Bernstein bound in (27) and we assume the range Ct,θ,θ0 grows with n strictly
√
slower than n. The latter assumption is realistic: Ct,θ,θ0 is often dominated by some
power of max kx k , and if x , . . . , x are drawn i.i.d. from a subgaussian distribution,
i
∞
1
n
√
n x = O( log n) (Cesa-Bianchi and Lugosi, 2006, Lemma A.13). The leading
then E maxi=1
i
√
term of the Bernstein bound is proportional to σ̂t,θ,θ0 / t. In simple models such as logistic
regression, σ̂t,θ,θ0 is proportional to kθ − θ0 k.
Assuming n is large enough that standard asymptotics apply and the target is approximately Gaussian, the results of Roberts and Rosenthal (2001) lead to choose the covariance
matrix of the proposal such that kθ − θ0 k is of order n−1/2 . Summing up, we exit the while
loop when

1
1
∼√√ ,
n
t n

which leads to t ∼ n.
Now consider the confidence sampler with second-order Taylor proxies introduced in
Section 7.2.1. σ̂t,θ,θ0 and Ct,θ,θ0 now correspond to the standard deviation and range of


 
p(xi∗ |θ0 )
− ℘i∗ (θ, θ0 ) ; 1 ≤ i ≤ t .
log
p(xi∗ |θ)

i

Now let us assume the third-order derivatives at the reference point θ? can be bounded, say
3 as will be the case for the exponential family models
by some constant times maxi kXi k∞
of Section 8. Then σ̂t,θ,θ0 and Ct,θ,θ0 are dominated by

3
max kXi k∞
kθ − θ? k3 + kθ0 − θ? k3 .
(32)

But kθ − θ? k is of order n−1/2 if standard asymptotics (van der Vaart, 2000) yield good
approximations and θ? is set to the maximum of the posterior. Alternatively, if one has
implemented the strategy of dropping proxies regularly, then kθ − θ? k should be of order
n−1/2 since we assume the covariance matrix of the proposal distribution is of order 1/n.
3 grows, say, like ρ(n) = o(n1/3 ), we now exit the while
Again assuming that maxi kXi k∞
loop when

ρ(n)3
o(1)
1
∼ √ 3/2 = √ √ .
n
tn
t n
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Thus, when the target is approximately Gaussian and the chain is in the mode, the cost
in likelihood evaluations per iteration of the confidence sampler with proxy is likely to be
o(n). The actual order of convergence depends on the rate of growth of the bounds on the
third derivatives. For example, in the case of independent Gaussian data and still assuming
(32), we have t = O(1) up to polylogarithmic factors.
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3. available at http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html

1 tanh(z/2)
1
≤ ,
4 cosh2 (z/2)
4

|`i (θ0 )−`i (θ) − ℘i (θ, θ0 )|

1 n
≤
max kxi k3 kθ − θ? k3 + kθ0 − θ? k3 .
24 i=1

φ000 (z) =

∂
(j) (k) (l)
`i (θ) = ti φ000 (ti xTi θ)xi xi xi
∂θ(j) ∂θ(k) ∂θ(l)

8.1.2 A toy example that requires O(1) likelihood evaluations

so that

and

Furthermore,

2. http://www.sqlite.org/

8.1.3 The covtype dataset

Figure 10: Results of 10 000 iterations of confidence MH with a single Taylor proxy, applied
to a synthetic logistic regression dataset vs. n
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In this section, we consider the simple two-dimensional logistic regression dataset in (Bardenet et al., 2014, Section 4.2.2), where the features within each class are drawn from a
Gaussian. The dataset is depicted in Figure 10(a). We consider subsets of the dataset
with increasing size log10 n ∈ {3, 4, 5, 6, 7}, run a confidence MH chain for each n, started
at the MAP, with δ = 0.1 and a single proxy around the MAP. We report the numbers
of likelihood evaluations L at each iteration in Figure 10(b). The fraction of likelihood
evaluations compared to MH roughly decreases by a factor 10 when the size of the dataset
is multiplied by 10: the number of likelihood evaluations is constant for n large enough. In
other words, 1 000 random data points at each iteration are enough to get within O(δ) of
the actual posterior, the rest of the dataset appears to be superfluous. There is a saturation
phenomenon. By relaxing the goal of sampling from π into sampling from a controlled
approximation, we can break the O(n) barrier and in this particular example reach a cost
per iteration of O(1).

Hi,? = φ00 (ti xTi θ? )xi xTi

1.5

(a) Synthetic logistic regression dataset
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We consider the dataset covtype.binary 3 described in Collobert et al. (2002). The dataset
consists of 581,012 points, of which we pick n = 400, 000 as a training set, following the
maximum training size in Collobert et al. (2002). The original dimension of the problem is
54, with the first 10 attributes being quantitative. To illustrate our point without requiring
a more complex sampler than MH, we only consider the 10 quantitative attributes. We use
the preprocessing and Cauchy prior recommended by Gelman et al. (2008).
We run 5 independent chains for 10 000 iterations, dropping proxies every 10 iterations
as explained in Section 7.2.2. We obtain a Gelman-Rubin statistic of 1.01 (Robert and
Casella, 2004, Section 12.3.4), which suggests the between-chain variance is low enough
that we can stop sampling.
We estimate the number of likelihood evaluations Lk at MH iteration k as follows. First,
note that –dropping proxies or not– on a regular iteration where the proxy is not necessarily
recomputed, Lk can take values up to 2n, unlike MH, which can store the evaluation of the
likelihood at the current state of the chain from one iteration to the next, and thus only
requires n likelihood evaluations per iteration. Second, at an iteration where the proxy is
recomputed, the whole data has to be read anyway, so that we choose here to perform a
normal MH iteration. This requires the maximum 2n likelihood evaluations, Assuming the
cost of the likelihood evaluation is the bottleneck, we neglect here the additional cost of
computing the proxy itself, and only report Lk = 2n when the proxy is recomputed. Third,
whenever we compute the full likelihood at a state of the chain, we store it until the chain
leaves that state, similarly to any implementation of MH. Thus, at an iteration that follows
a full read of the data, i.e. Lk−1 = 2n, we only count the likelihood evaluations of the
proposed state.
We summarize the results in Figure 11. All runs use on average 27 to 42% of n likelihood
evaluations per iteration. Since we compute the proxy every α = 10 iterations, there is a
necessary 2 × 10 = 20% of n that is due to recomputing the proxy. We manually assessed

and

and the label ti is in {−1, +1}. We can use the Taylor expansion proxy of Section 7.2.1,
using
gi,? = φ0 (ti xTi θ? )ti xi

φ(z) = − log(1 + e−z )

In logistic regression, the likelihood is defined by `i (θ) = φ(ti xTi θ), where

8.1.1 A Taylor proxy for logistic regression

8.1 Logistic regression

As a proof of concept, all experiments in this section avoid loading the dataset or proxyrelated quantities into memory by building, maintaining and querying from a disk-based
database using SQLite 2 .

8. Experiments
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ex θ
κ

log p(y|x, θ) ∝ −κye−θ

Tx

− κθT x

up to an additive constant, so that


T
∇ log p(y|x, θ) = κ ye−x θ − 1 x,
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where Γ(κ, s) is the gamma distribution with shape parameter κ and scale parameters s.
Assuming κ is known, the log likelihood is thus given by

y ∼ Γ κ,

In gamma regression, the nonnegative response y is assumed to be gamma-distributed
!
T

8.2.1 A Taylor proxy for gamma regression

8.2 Gamma linear regression

the value of α, and recomputing the proxy less often increases the average number of
likelihood evaluations (not shown). Thanks to these forced 20%, the rest of the iterations
are considerably cheaper than n, since 50% of the iterations require less than 5% of the
dataset, as shown in Figure 11(b). Relatedly, although subsampling implies a forced 2n
likelihood evaluations to start and thus shows an initial delay in Figure 11(a), it quickly
catches up and converges faster. The gains are two- or threefold, which is of limited overall
practical interest, but we know from Section 7.2.3 and Figure 10(b) that increasing n will
also improve the gain.

Figure 11: Results of 5 runs of a confidence sampler with Taylor proxies dropped every
10 iterations, applied to logistic regression on covtype. In Figure 11(a), a solid
line corresponds to the online posterior mean of the 1st component of the chain
vs. the budget of MH, while a dashed line of the same color corresponds to the
budget of the confidence sampler.
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As an application, we consider the covtype dataset again and regress the nonnegative feature
“horizontal distance to nearest wildfire ignition” onto the other quantitative features. We
run 5 independent chains for 10 000 iterations, dropping proxies every 10 iterations as
explained in Section 7.2.2. We obtain a Gelman-Rubin statistic of 1.001, which again
suggests we can stop sampling. We estimate the evaluation budget as in Section 8.1.3. We
summarize the results in Figure 12.
All runs use on average 33 to 54% of n likelihood evaluations per iteration, from which
2 × 10 = 20% are due to recomputing the proxy every 10 iterations. Recomputing the proxy
less often increases the average number of likelihood evaluations (not shown). Thanks to
these forced 20% the rest of the iterations are considerably cheaper than n, since, as in
Section 8.1.3, 50% of the iterations require less than 10% of the dataset. Relatedly, and

8.2.2 The covtype dataset

The Taylor proxies of Section 7.2.1 can thus be applied.

and
∂
T
log p(y|x, θ) = κye−x θ x(j) x(k) x(l) .
∂θ(j) ∂θ(k) ∂θ(l)
Furthermore, we can bound


n
∂
n
3
log p(y|x, θ) ≤ κ max |y| exp − min xiT θ max kxi k∞
.
i=1
i=1
1≤i≤n
∂θ(j) ∂θ(k) ∂θ(l)

Hess(log p(y|x, θ)) = −κye−x θ xxT

T

Figure 12: Results of 5 runs of a confidence sampler with Taylor proxies dropped every 10
iterations, applied to gamma linear regression on covtype. In Figure 12(a), a
solid line corresponds to the online posterior mean of the 1st component of the
chain vs. the budget of MH, while a dashed line of the same color corresponds
to the budget of the confidence sampler.
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We have reviewed recent advances in applying MCMC to tall datasets. Divide-and-conquer
approaches have yet to solve the recombination problem, i.e. how to obtain a meaningful
distribution in a stable manner from the output of individual chains on a growing number of
smaller datasets. Subsampling approaches face different issues, namely that of approaching
the right target at a known speed, and of keeping the overall budget in terms of likelihood
evaluations per iteration low.
We have proposed an alternative original subsampling approach and have shown that,
under strong ergodicity assumptions on the original MH sampler, our algorithm samples
from a controlled approximation of the posterior distribution of interest. While these strong
assumptions are rarely satisfied in practice, our experiments suggest that our results extend
to more general scenarios. Recent bounds by Rudolf and Schweizer (2015) support this,
extending the results of Mitrophanov (2005) on perturbations of uniformly ergodic Markov
chains to geometrically ergodic chains, and explicitly including our algorithm.
In terms of scaling, our methodology is able to lower the natural cost of O(n) subsamples per iteration to as low as O(1) in favourable scenarios, while providing MCMC
estimates whose asymptotic variance is of order O(1). However, we have yet only observed
these dramatic gains in contexts where the Bernstein-von Mises approximation is already
excellent. So although our algorithm improves on other proposed subsampling approaches,
the benefits of such an approach appear limited. Indeed, computing the Bernstein-von
Mises approximation for regular models can be typically achieved in only a couple of passes
over the data, using for example stochastic gradient to compute the maximum likelihood
estimator, and the observed information matrix at this point to estimate the Hessian.
Since the first preprint of the current paper, our Taylor-based control variates have
become a popular idea for tall data (Quiroz et al., 2014; Bierkens et al., 2016; Giles et al.,
2016). Similarly to our methodology, the algorithms in these references allow to lower
the cost per iteration to O(1) in favourable scenarios and provide MCMC estimates whose
asymptotic variance is of order O(1). However, they similarly only appear to work well when
the Bernstein-von Mises approximation is excellent, their performance degrading quickly
otherwise (Galbraith, 2016). A similar problem arises with other techniques which implicitly
use some form of control variates, such as (MacLaurin and Adams, 2014).
Hence, further work should focus on demonstrating the applicability of subsampling
approaches to cases where it is either difficult to compute Bernstein-von Mises even if it
is a good approximation (Chernozhukov and Hong, 2003), or – more importantly – cases
where n is not large enough that Bernstein-von Mises yields a good approximation and
cases where the posterior does not concentrate.

9. Discussion

similarly to the logistic regression task in Section 8.1.3 subsampling converges two or three
times faster in this example. Again, this is a proof of concept that subsampling works, and
we know from Section 7.2.3 and Figure 10(b) that increasing n will also improve the gain.

On MCMC for tall data
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∞
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E(S − Sk−1 )2 − E(S − Sk )2 ,
P(N ≥ k)

with the convention S−1 = 0 and S0 = ena(θ) . We note that

EY 2 =

From (Rhee and Glynn, 2015, Theorem 1), the second moment of Y is

k=1

By construction and the monotone convergence theorem, ESn → ES = en`(θ) , where


k
∞
X
1 Y ∗
na(θ) 
Dj .
S=e
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There is a large literature explaining why AdaBoost is a successful classifier. The literature
on AdaBoost focuses on classifier margins and boosting’s interpretation as the optimization of an exponential likelihood function. These existing explanations, however, have been
pointed out to be incomplete. A random forest is another popular ensemble method for
which there is substantially less explanation in the literature. We introduce a novel perspective on AdaBoost and random forests that proposes that the two algorithms work for
similar reasons. While both classifiers achieve similar predictive accuracy, random forests
cannot be conceived as a direct optimization procedure. Rather, random forests is a selfaveraging, interpolating algorithm which creates what we denote as a “spiked-smooth”
classifier, and we view AdaBoost in the same light. We conjecture that both AdaBoost and
random forests succeed because of this mechanism. We provide a number of examples to
support this explanation. In the process, we question the conventional wisdom that suggests that boosting algorithms for classification require regularization or early stopping and
should be limited to low complexity classes of learners, such as decision stumps. We conclude that boosting should be used like random forests: with large decision trees, without
regularization or early stopping.
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In the “boosting” approach to machine learning, a powerful ensemble of classifiers is formed
by successively refitting a weak classifier to different weighted realizations of a data set.
This intuitive procedure has seen a tremendous amount of success. In fact, shortly, after
its introduction, in a 1996 NIPS conference, Leo Brieman crowned AdaBoost (Freund and
Schapire, 1996) (the first boosting algorithm) the “best off-the-shelf classifier in the world
(Friedman et al., 2000).” AdaBoost’s early success was immediately followed by efforts
to explain and recast it in more conventional statistical terms. The statistical view of
boosting holds that AdaBoost is a stage-wise optimization of an exponential loss function
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(Friedman et al., 2000). This realization was especially fruitful leading to new “boosting
machines” (Friedman, 2001; Ridgeway, 2006) that could perform probability estimation
and regression as well as adapt to different loss functions. The statistical view, however,
is not the only explanation for the success of AdaBoost. The computer science literature
has found generalization error guarantees using VC bounds from PAC learning theory and
margins (Guestrin, 2006). While some research has cast doubt on the ability of any one of
these to fully account for the performance of AdaBoost they are generally understood to be
satisfactory (Schapire, 2013).
This paper parts with traditional perspectives on AdaBoost by concentrating our analysis on the implications of the algorithm’s ability to perfectly fit the training data in a wide
variety of situations. Indeed, common lore in statistical learning suggests that perfectly
fitting the training data must inevitably lead to “overfitting.” This aversion is built into
the DNA of a statistician who has been trained to believe, axiomatically, that data can
always be decomposed into signal and noise. Traditionally, the “signal” is always modeled
smoothly. The resulting residuals represent the “noise” or the random component in the
data. The statistician’s art is to walk the balance between the signal and the noise, extracting as much signal as possible without extending the fit to the noise. In this light,
it is counterintuitive that any classifier can ever be successful if every training example is
“interpolated” by the algorithm and thus fit without error.
The computer scientist, on the other hand, does not automatically decompose problems
into signal and noise. In many classical problems, like image detection, there is no noise
in the classical sense. Instead there are only complex signals. There are still residuals,
but they do not represent irreducible random errors. If the task is to classify images into
those with cats and without, the problem is hard not because it is noisy. There are no cats
wearing dog disguises. Consequently, the computer scientist has no dogmatic aversion to
interpolating training data. This was the breakthrough.
It is now well-known that interpolating classifiers can work, and work well. The AdaBoost classifier created a huge splash by being better than its established competitors (for
instance, CART, neural networks, logistic regression) (Breiman, 1998) and substantively
better than the technique of creating an ensemble using the bootstrap (Breiman, 1996).
The statistics community was especially confounded by two properties of AdaBoost: 1)
interpolation (perfect prediction in sample) was achieved after relatively few iterations, 2)
generalization error continues to drop even after interpolation is achieved and maintained.
The main point of this paper is to demonstrate that AdaBoost and similar algorithms
work not in spite, but because of interpolation. To bolster this claim, we will draw a constant
analogy with random forests (Breiman, 2001), another interpolating classifier. The random
forests algorithm, which is also an ensemble-of-trees method, is generally regarded to be
among the very best commonly used classifiers (Manuel Fernández-Delgado and Amorim,
2014). Unlike AdaBoost, for which there are multiple accepted explanations, random forest’s performance is much more mysterious since traditional statistical frameworks do not
necessarily apply. The statistical view of boosting, for example, cannot apply to random
forests since the algorithm creates decision trees at random and then averages the results—
there is no stage-wise optimization. In this paper, we will put forth the argument that both
algorithms are effective for the same reason. We consider AdaBoost and random forests
as canonical examples of “interpolating classifiers,” which we define to be a classifier’s al-
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gorithmic property of fitting the training data completely without error. Each of these
interpolating classifiers also exhibits a self-averaging property. We attempt to show that
these two properties together make for a classifier with low generalization error. While it
is easy to see that random forests has both of these mechanisms by design, it is less clear
that this is true for AdaBoost.
It is worth noting that Breiman noticed the connection between random forests and
AdaBoost as well, although his notion of a random forest was more general, including
other types of large ensembles of randomly grown trees (Breiman, 2001). In his 2001
Random Forests paper, he conjectured that the weights of AdaBoost might behave like
an ergodic dynamic system, converging to an invariant distribution. When run for a long
time, the additional rounds of AdaBoost were equivalent to drawing trees randomly grown
according to this distribution, much like a random forest. Recent work has followed up on
this idea, proving that the weights assigned by AdaBoost do indeed converge to a invariant
distribution 1 (Belanich and Ortiz, 2012). In this work, the authors also show that functions
of these weights, such as the generalization error and margins, also converge. This work
certainly complements ours, but we focus on the similarity between AdaBoost and random
forests through the lens of the type of decision surfaces both classifiers produce, and ability
of both algorithms to achieve zero error on the training set.
One of our key contributions will be to present a decomposition of AdaBoost as the
weighted sum of interpolating classifiers. Another contribution will be to demonstrate the
mechanism by which interpolation combined with averaging creates an effective classifier.
It turns out that interpolation provides a kind of robustness to noise: if a classifier fits the
data extremely locally, a “noise” point in one region will not affect the fit of the classifier
at a nearby location. When coupled with averaging, the result is that the fit stabilizes
at regions of the data where there is signal, while the influence of noise points on the fit
becomes even more localized. It will be easy to see this point holds true for random forests.
For AdaBoost, it is less clear, however, and a decomposition of AdaBoost and simulation
results in Section 4 will demonstrate this crucial point. We will observe that the error of
AdaBoost at test points near noise points will continue to decrease as AdaBoost is run for
more iterations, demonstrating the localizing effect of averaging interpolating classifiers.
We will begin in Section 2 by critiquing some of the existing explanations of AdaBoost.
In particular, we will discuss at length some of the shortcomings of the statistical optimization view of AdaBoost. In Section 3, we will discuss the merits of classification procedures
that interpolate the training data, that is, that fit the training data set with no error.
The main conclusion from this section is that interpolation, done correctly, can provide
robustness to a fit in the presence of noise. This discussion will be augmented with simulations discussing the performance of random forests, AdaBoost, and other algorithms in a
noisy environment. We will then derive our central observation in Section 4, namely that
AdaBoost can be decomposed as a sum of classifiers, each of which fits the training data
perfectly. The implication from this observation is that for the best performance, we should
run AdaBoost for many iterations with deep trees. The deep trees will allow the component
classifiers to interpolate the data, while a large number of iterations will lend to a bagging
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1. More specifically, they consider the so called “Optimal AdaBoost” algorithm, which is assume to pick
the base classifier with lowest weighted error at each round. They show that the per round average of
any measurable function of the training weights converges under mild conditions.
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effect. We will then demonstrate this intuition in a real data example in Section 5. Finally,
we conclude with a brief discussion in Section 6.

2. Competing Explanations for the Effectiveness of Boosting

In this section we will present an overview of some of the most popular explanations for the
success of boosting, with analysis of both the strengths and weaknesses of each approach.
Our emphasis will focus on the margins view of boosting and the statistical view of boosting,
each of which has a large literature and has led to the development of variants of boosting
algorithms. For a more extensive review of the boosting literature, one is well-advised to
consult Schapire and Freund (2012).
Before we begin, we will briefly review the AdaBoost algorithm not only to refresh the
reader’s mind, but also to establish the exact learning algorithm this paper will consider,
as there are many variants of AdaBoost. To this end, the reader is invited to review
Algorithm 1. In our setting, we are given N training points (xi , yi ) where xi ∈ X and
yi ∈ {−1, +1}. On round m, where m = 1, . . . , M , we fit a weak classifier Gm (x) to a
version of the data set reweighted by some weighting vector wm . We then calculate the
weighted misclassification rate of our chosen learner, and update the weighting measure
used in the next round, wm+1 . The final classifier is output as the sign of a weighted
linear combination of classifiers produced from each stage of the algorithm. In practice,
one sometimes limits the number of rounds of boosting as a form of regularization. We will
discuss this point more in the next section, and challenge its usefulness in later parts of the
paper.

m=1 am Gm (x)

PM

Algorithm 1: AdaBoost Hastie et al. (2009)
1
1. Initialize the observation weights wi = , i = 1, 2, . . . , N .
N
2. For m = 1 to M :
(a) Fit a classifier Gm (x) to the training data using weights wi .
PN
w I (yi 6= Gt (xi ))
i
.
(b) Compute errm = i=1 PN
i=1 wi


1 − errt
(c) Compute am = log
.
errt
(d) Set wi ← wi · exp (at · I (yi 6= Gt (xi )))
(e) Set fi (x) =

3. Output f (x) = sign (fM (x))

2.1 Margin View of Boosting

JMLR 18(48):1-33, 2017

Some of the earliest attempts to understand AdaBoost’s performance predicted that its
generalization error would increase with the number of iterations: as AdaBoost is run for

4

Although the statistical optimization perspective of AdaBoost is surely interesting and
informative, there remain problems. First, we observe that the fact that AdaBoost minimizes an exponential loss may not alone account for its performance as a classifier. Wyner
(2003) introduces a variant of AdaBoost called Beta-Boost which is very similar to AdaBoost
except that by design the exponential loss function is constant throughout the iterations.
Despite this, Beta-Boost was able to demonstrate similar performance to AdaBoost on
simulated data sets. Furthermore, among many similar examples in the literature, Mease
and Wyner (2008) present a simulation example in which the the exponential loss is monotonically increasing with the number of iterations of AdaBoost on a test set, while the
generalization error decreases. In this example, the value of the exponential loss is uninformative about how well the classifier generalizes. Freund et al. (2013) also provide evidence to
this end. They conduct an experiment that compares AdaBoost to two AdaBoost variants
that minimize the exponential loss function at differing rates: one performs the minimization very quickly through gradient descent, while the other performs the minimization quite
slowly. They find that AdaBoost performed significantly better than these two competitors,
suggesting that AdaBoost’s strong performance cannot be tied exclusively to its action on
the exponential loss function.
We also contend that some of the mathematical theory connected with the statistical
optimization view of boosting has a disconnect with the types of boosting algorithms that
work in practice. The optimization theory of boosting insists that overfitting can be avoided
by requiring the set of weak learners, to be just that: weak. Bühlmann and Yu (2003)
argues that one can avoid overfitting by employing regularization with weak base learners.
However, empirical evidence points to quite the opposite: boosting deep trees for many
iterations tends to produce a better classifier than boosted stumps with regularization
(Mease and Wyner, 2008). The use of early-stopping as a form of regularization has also
been called into question (Mease and Wyner, 2008). The thrust of our paper will be to
demonstrate why we should actually expect boosting with deep trees run for many iterations
to have better generalization error. Recent work also suggests that boosting low complexity
classifiers may not be able to achieve good accuracy in difficult classification tasks such
as speech recognition or image recognition (Cortes et al., 2014). This paper proposes an
algorithm called “DeepBoost” which encourages boosting high complexity base classifiers—
such as very deep decision trees—but in a “capacity-conscious” way. One last problem
with theory associated with the statistical view of boosting is that by its very nature it
suggests that we should be able to extract conditional class probability estimates from the
boosted fit, as the procedure is apparently maximizing a likelihood function. Mease and
Wyner (2008), however, point out a number of examples where the implied conditional class
estimates from the boosting fit diverge to zero and one. While boosting appears to do an
excellent job as a classifier, it apparently fails to estimate probability quantiles correctly.
We can now summarize the main empirical contradictions with existing theoretical explanations of boosting, which motivates the view we present in this paper:

more rounds, it is able to fit the data increasingly well which should lead to overfitting.
However, in practice we observe that running boosting for many rounds does not overfit
in most cases. One of the first attempts to resolve this paradox was explored by Schapire
et al. (1998), who focused on the margins of AdaBoost. The margins can be thought of
as a measure of how confident a classifier is about how it labels each point, and one would
hypothetically desire to produce a classifier with margins as large as possible. Schapire et al.
(1998) proved that AdaBoost’s generalization error decreases as the size of the margins
increase. Indeed, in practice one observes that as AdaBoost is run for many iterations, test
error decreases while the size of the empirical margins increase. In fact, recent research has
demonstrated that AdaBoost can be reformulated exactly as mirror descent applied to the
problem of maximizing the smallest margin in the training set under suitable separability
conditions (Freund et al., 2013).
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2. The value of exponential loss does not always bear a clear relationship to generalization
error (Mease and Wyner, 2008).
6

1. Boosting works well, perhaps best in terms of performance if not efficiency, with
“strong learners” like C4.5 and CART (Niculescu-Mizil and Caruana, 2005).

Friedman et al. (2000) take great strides to clear up the mystery of boosting to provide
statisticians with a statistical view of the subject. The heart of their article is the recasting
of boosting as a statistically familiar program for finding an additive model by means of a
forward stage-wise approximate optimization of an exponential criterion. In short, this view
places boosting firmly in classical statistical territory by clearly defining it as a procedure
to search through the space of convex combinations of weak learners or base classifiers. This
explanation has been widely assimilated and has reappeared in the statistical literature as
well as in a plethora of computer science articles. Subsequent to the seminal publication of
Friedman et al. (2000) there has been a flurry of activity dedicated to theoretical analysis
of the algorithm. This was made possible by the identification of boosting as optimization,
which therefore admits of a mathematically tractable representation. Research on the optimization properties of AdaBoost and the exponential loss function is still an active area
of research, see Mukherjee et al. (2013), for example.

2.2 Statistical Optimization View of Boosting

One could take these observations to suggest that a more effective algorithm might
be designed to explicitly optimize margins. However, one can find evidence against this
hypothesis in Breiman’s arc-gv algorithm (Breiman, 1999). Breiman designed the arc-gv
algorithm to maximize the minimum margin in a data set, and he found that this algorithm
actually had worse generalization error than AdaBoost. Moreover, he developed generalization error bounds based on the minimum margin of a classifier which were tighter than those
established by Shapire, casting doubt on the existing margin explanation. Other algorithms
designed to maximize margins, such as LP-Boost have also been found to perform worse
than AdaBoost in practice (Wang et al., 2011). Critics of these supposed counterexamples
to the margin view of boosting note that AdaBoost’s success likely depends on the entire
distribution of margins on the data, not just the smallest margin. More recent work has
improved upon the Breiman’s generalization bound by taking into account other aspects
of the margin that more closely reflect its distribution, adding new life to the margin explanation of AdaBoost (Gao and Zhou, 2013). While the margin explanation of AdaBoost
is certainly intuitive, its role in producing low generalization error is still an area of active
research.
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3. The optimization theory offers no explanation as to why the training error can be
zero, yet the test error continues to descend (Freund and Shapire, 2000)
This paper will squarely depart from the statistical optimization view by asserting that
AdaBoost may be best thought of as a (self) smoothed, interpolating classifier. We will
see that unlike the statistical optimization view, this perspective suggests that for best
performance once should run many iterations of AdaBoost with deep trees. This will allow
us to draw a number of analogies between AdaBoost and random forests. A key component
to this argument will consist of explaining the success of interpolating classifiers in noisy
environments. We will pursue this line of thought in the following section.

3. Interpolating Classifiers
Algorithm 2: Random Forests Hastie et al. (2009)
1. For b = 1 to B:
(a) Draw a bootstrap sample X∗ of size N from the training data
(b) Grow a decision tree Tb to the data X∗ by doing the following recursively
until the minimum node size nmin is reached:
i. Select m of the p variables
ii. Pick the best variable/split-point from the m variables and partition
2. Output the ensemble {Tb }bB
B (x∗ ) = majority vote{Ĉ (x∗ )}B .
Let Ĉb (x∗ ) be predicted class of tree Tb . Then Ĉrf
b
1

It is a widely held belief by statisticians that if a classifier interpolates all the data, that
is, it fits all the training data without error, then it cannot be consistent and should have a
poor generalization error rate. In this section, we demonstrate that there are interpolating
classifiers that defy this intuition: in particular, AdaBoost and random forests will serve
as leading examples of such classifiers. We argue that these classifiers achieve good out
of sample performance by maintaining a careful balance between the complexity required
to perfectly match the training data and a general semi-smoothness property. We begin
with a quick review of the random forests classifier, which will be in constant analogy with
AdaBoost.
3.1 Random Forests
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Random forests has gained tremendous popularity due to robust performance across a wide
range of data sets. The algorithm is often capable of achieving best-in-class performance
with respect to low generalization error and is not highly sensitive to choice of tuning
parameters, making it the off-the-shelf tool of choice for many applications.
Algorithm 2 reviews the procedure for constructing a random forests model. Note that in
many popular implementations, such as R implementation randomForest Liaw and Wiener
(2002) built from Breiman’s CART software, nmin is set to one for classification. This
implies that each decision tree is designed to be grown to maximal depth and therefore
7
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necessarily interpolates the data in its bootstrap sample (assuming as least one continuous
predictor). This results in each tree being a low bias but high variance estimator. Variance
is then reduced by averaging across trees, resulting in a “smoothing” of the estimated
response surface. The random predictor selection within each tree further reduces variance
by lowering the correlation across the trees. The final random forest classifier still fits the
entire training data set perfectly, at least with very high probability. To see this is true,
consider any given training point. As the number of trees increases, with probability close
to one, that point will be present in the majority of the bootstrap samples used to fit the
trees in the forest. Thus the point will get the correct training set label when the votes are
tabulated to determine the final class label.
We wish to emphasize that despite its success, random forests is not directly optimizing
any loss function across the entire ensemble; each tree is grown independently of the other
trees. While each tree may optimize a criteria such as the Gini index, the full ensemble is
not constructed in any optimization-driven fashion such as is the case for AdaBoost. While
there has been recent theoretical work describing the predictive surface of random forests
(Wager and Walther, 2015), the analysis required unnatural assumptions that are hard to
justify in practice (such as the growth rate of minimum leaf size). Rather, we postulate
that the success of the algorithm is due to its interpolating nature plus the self-averaging
mechanism. We next consider the implications of interpolating classifiers more broadly.

3.2 Local Robustness of Interpolating Classifiers

Let us begin with a definition of interpolation:

Definition: Let Xi be vector observations of predictor variables a let Yi be the observed
class label. A classifier f (X) is said to be an interpolating classifier if for every training set
example, the classifier assigns the correct class label; that is for every i, f (Xi ) = Yi .
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The term “interpolation” is likely jarring for some readers. In many contexts, one
often thinks about interpolating a set of points with classically smooth functions, such as
polynomial splines. However, strictly speaking, there are many other ways that one might
interpolate a set of points—through the fit of an AdaBoost classifier, for instance! Since
the notion of fitting a set of points without error is central to this paper, and since the
common definition of interpolation does not preclude the kinds of fits we consider, we felt
it appropriate to proceed with the term.
Many statisticians are not comfortable with classifiers that interpolate the training data:
common wisdom suggests that any classifier which fits the training data perfectly must have
poor generalization error. Indeed, one of the first interpolating classifiers that might come
to one’s mind, the one-nearest neighbor, can be shown to be inconsistent and have poor
generalization error in environments with noise. Specifically, Cover and Hart (1967) have
shown that the asymptotic generalization error for the one-nearest neighbor classifier is at
least as large as the Bayes error rate. However, the claim that all interpolating classifiers
overfit is problematic, especially in light of the demonstrated success of classifiers that
perfectly fit the training data, such as random forests.

8

0.2

0.4

x

0.6

0.8

1.0

9

JMLR 18(48):1-33, 2017

Figure 1: Three estimated regression functions with two interpolating fits (black and blue)
and an ordinary least squares fit (red).

0.0
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Intuitively, we expect ensembles of interpolating classifiers to generalize well because
they are flexible enough to fit a complex signal, and “local” enough to prevent the undue
influence of noise points. It is clear that random forests are averaged collections of interpolating classifiers, and we will show in section 4 that AdaBoost may be thought of in

Figure 2: An illustration of the robustness to noise of interpolating classifiers. In 2a a
classifier (such as a logistic regression) is fit to a set of training data, and the decision
boundary produced by this classifier is shown as a solid line. In 2b, the same type of
classifier is fit to the training data, except a noise point is added to the data (the blue point
marked by the arrow). The one noise point shifts the entire decision boundary, which is
shown as the dotted line. On the other hand, the decision boundary produced by a classifier
which interpolates very locally is shown as a solid line. It is clear that this classifier is able
to adapt locally to the noise point, and the overall fit does not get corrupted.

(a)

While it is conceptually clear that it is desirable to produce fits like the blue interpolating
line in the previous example, one may wonder how such fits can be achieved in practice.
In the classification setting, we will argue throughout this paper that this type of fit can
be realized through the process of averaging interpolating classifiers. We will refer to the
decision surface produced by this process as being spiked-smooth. The decision surface is
spiked in the sense that it is allowed to adapt in very small regions to noise points, and it
is smooth in the sense that it has been produced through averaging. A technical definition
of a spiked-smooth decision surface would lead us too far astray. It may be helpful instead
to consider the types of classifiers that do not produce a spiked-smooth decision surface,
such as a logistic regression. Logistic regression separates the input space into two regions
with a hyperplane, making a constant prediction on each region. This surface is not spikedsmooth because it does not allow for local variations: in large regions (namely, half-spaces),
the classifier’s predictions are constrained to be the same sign. Figure 2 provides a graphical
illustration of this intuition.

One of our key insights reverses the common intuition about classifiers: interpolation can
prevent overfitting. An interpolated classifier, if sufficiently local, minimizes the influence
of noise points in other parts of the data. In order to make this point conceptually clear, it
is helpful to put ourselves in familiar territory with a regression example.

1.0

Suppose we are trying to predict a continuous response y based on real-valued x observations. Let us assume that the true underlying model is y = x + , where  is a mixture
of a point mass at zero and some heavy-tailed distribution. In other words, we’ll assume
that most points in a given training set reflect the true linear relationship between y and
x, but a few observations will be noise points. This is analogous to the types of probability
models we typically consider in classification settings, such as those found in later sections
of the paper. Figure 1 shows hypothetical training data: note that the only “noise” point
is found at x = 0.4. We then consider fitting three models to this data: two interpolating
functions, given by the blue and black lines, and an ordinary regression fit given by the
red line. The first thing to notice is that the two interpolating fits differ only from the
true target mean model y = x only at the noise point x = 0.4. In contrast, the fit of the
regression line deviates from the underlying target over the entire range of x. The one noise
point corrupted the entire fit of the regression line, while the interpolating lines were able to
minimize the influence of the noise point by adapting to it only very locally. Moreover, one
should note that between the two interpolating fits, the blue line interpolates more locally
than the black line, and thus its overall fit is even less influenced by the noise point. This
simplified example is of course meant to be didactic, but we will show throughout the rest
of this paper that in practice AdaBoost and random forest do indeed produce fits similar
to the blue line.
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the same way. Classically smooth classifiers—such as logistic regression or pruned CART
trees—are forced to produce fits that are locally constant. It is harder for such classifiers
to “recover” from making a mistake at a noise point since the surface of the fit will affect
the fit at nearby points. Interpolating classifiers are flexible enough to make mistakes in
“small regions.” When averaged over many such classifiers, the influence of the noise point
can be easily smoothed out. Later examples in the paper will visualize this process, and will
demonstrate that the later iterations of AdaBoost have a smoothing effect which shrinks
down the influence of noise points on the overall fit of the classifier.
With this discussion in mind, let us consider another conceptual example, this time
in the classification setting. Suppose we have have two predictors x1 and x2 distributed
independently and uniformly on [0, 1]2 and y ∈ {−1, +1}. Further suppose that the true
conditional class probability function is
P (x) = P (y = 1|x) = p = .75

lim (1 − p)n/nd = 0

for all x. This is a pure noise model with no signal, but in general one could view this as a
subspace of a more complex model in which the P (x) function is approximately constant.
Since the Bayes decision rule is to classify every point as a “+1”, we would desire an
algorithm that will match the Bayes rule as close as possible. Again, we stress that this
closeness should be judged with respect to the population or a hold-out sample. On this
training data, any interpolating classifier will necessarily differ from the Bayes rule for
1 − p = 25% of the points on average.
Figure 3 shows a possible sample of training data from this model of size n = 20.
The blue points represent the “+1”’s and the red points represent the “-1”’s. There are
5/20 = 25% red points. The training data was sampled according to a Latin Hypercube
design using the midpoints of the squares so that the points would be evenly spaced, but
that is not essential.
Figure 4 shows four hypothetical classifiers that could result from fitting boosted decision
tree models to the training data in Figure 3. When decision trees are used as base learners
for data with continuous predictors, it is a common convention to restrict the split points
of the trees to be the midpoints of the predictors in the training data. Consequently, the
classifier in each small square shown in Figure 3 will necessarily be constant throughout;
this is the finest resolution of the classifier resulting from boosting decision tress assuming
no sub-sampling. Thus, Figure 4a represents the interpolating classifier closest to the Bayes
rule. (In these plots, pink squares represent “-1”’s and light blue squares represent “+1”’s.)
Note that the interpolation is in fact quite local; the estimated function varies rapidly in
the small neighborhoods of the pink squares. For such a classification rule the percentage
of points in a hold-out sample that would differ from the Bayes rule (in expectation over
training sets) would be (1 − p)n/nd where p = P (y = 1|x) and d is the dimensionality of
the predictor space (for our example, d = 2). We will present evidence later that in noisy
environments boosting sufficiently large trees does actually tend to find such rules as that
in Figure 4a. Interestingly, since
n→∞
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such rules are in fact consistent. This illuminates the point that interpolation does not rule
out consistency. By allowing the decision boundary to be “mostly” smooth, with spikes of
11

Wyner, Bleich, Olson, and Mease

Figure 3: Training Data

vanishing measure, it is possible to obtain consistency in the limit as n → ∞, even while
classifying every training point correctly. This stands in direct contrast to the conclusion
of others such as Bickel et al. (2006) who have observed that the “empirical optimization
problem necessarily led to rules which would classify every training set observation correctly
and hence not approach the Bayes rule whatever be n.”

While a classifier such as that in Figure 4a would preform well and is even consistent,
many possible interpolators exist, such as the others displayed in Figure 4. Figure 4b shows
the (hypothetical) result of allowing the boosting algorithm to use trees involving only x1
and not x2 . It is interesting to note that this classifier has severely overfit, even though it is
a simpler model, depending on only one of the two predictors. The classifier in Figure 4c has
an even worse error rate, while the classifier in Figure 4d differs from the Bayes rule with
rate ((1 − p)n)2 /n2 . This final example illustrates the type of structure and error rate that
occurs when stumps are used as the weak learner. In fact, Mease and Wyner (2008) show
that the additive nature of stumps results in boosted classifiers that differ from the Bayes
rule at a rate of at least (1 − p)d (1 − 1/d)d and hence is not consistent. The reason for this is
that using linear combinations of stumps does not provide enough flexibility to interpolate
locally around points for which the observed class differs from the Bayes rule. In contrast,
boosting larger trees, such as those grown in random forests interpolating with spikes of
increasingly smaller size. Some simulations demonstrating the superior performance of
larger trees over stumps are given in Mease and Wyner (2008) and here in Section 4.3.
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The different classification rules represented by the four plots all interpolate the training
data; however, their performances on the population vary considerably due to different
degrees of local interpolations of noise. In the sequel, we will show how random forests
and boosted ensembles of large trees results in classifiers that are robust to noise. The
classifiers behave in noisy regions as in Figure 4a. AdaBoost and random forests average
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Figure 4: Four different hypothetical classifiers on a pure noise response surface where
P (y = 1|x) = 0.75.
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As we will see in the Section 3.6, by increasing the sample size, number of dimensions and
iterations the performance is even better. The agreement with the Bayes rule for AdaBoost
and random forests converge to practically 100% despite the fact that both algorithms still
interpolate the training data without error.

Figure 5 displays the results for the following: (a) one-NN, (b) AdaBoost , and (c)
random forests. Regions classified as +1 are colored light blue and regions classified as
−1 are colored pink. The training data is displayed with blue points for y = +1 and
red points for y = −1. Since the Bayes’ rule would be to classify every point as +1, we
judge the performance of the classifiers by the fraction of the unit square that matches the
Bayes’ rule. The nearest neighbor rule in this example classifies 79% of the region as +1
(we expect p = 80% on average for the one-NN) while AdaBoost performs substantially
better classifying 87% of the square as +1 after 100 iterations (which is long after the
training error equals zero). This is evidence of boosting’s robustness to noise discussed in
the previous section. The random forests (with 500 trees) does even better, classifying 94%
of the figure as +1. Visually, it is obvious that the random forests and AdaBoost classifier
is more spiked-smooth than one-nearest neighbors, which allows it to be less sensitive to
noise points. AdaBoost and random forests do in fact overfit the noise—but only the noise.
They do not allow the overfit to metastasize to modestly larger neighborhoods around the
errors. It is interesting to note that there seems to be a large degree of overlap between the
regions classified as -1 by both the random forests and AdaBoost; one-NN does not seem
to visually follow a similar pattern.

We will consider again the “pure noise” model as described in the previous section,
where the probability that y is equal to +1 for every x is some constant value p > .5. For
the training data we will take n = 400 points uniformly sampled on [0, 1]2 according to a
Latin Hypercube using the midpoints as before. For the corresponding y values in training
data we will randomly choose 80 points to be −1’s so that P (y = 1|x) = .8.

The implementation of AdaBoost is carried out according to the algorithm described
earlier. The base learners used are trees fit by the rpart package (Therneau and Atkinson,
1997) in R. The trees are grown to a maximum depth of 8, meaning they may have at most
28 = 256 terminal nodes. This will be the implementation of AdaBoost we will consider
throughout the remainder of this paper.

We will begin with an easy to visualize example that demonstrates how fine interpolation
can provide robustness in a noisy setting. In particular, we compare the performance of
AdaBoost, random forests and one-nearest neighbors, which are all interpolating classifiers.
We will see see graphically that AdaBoost and random forests interpolate more locally
around error points in the training data than the one-NN classifier. Consequently, AdaBoost
and random forests are less affected by noise points as one-NN and have lower generalization
error. We will show that the self-averaging property of AdaBoost and random forests is
crucial. This property will be discussed in subsequent sections.

3.3 A Two-Dimensional Example with Pure Noise

many individually overfit classifiers, similar to the one in Figure 4b. The final result is a
robust classifier, that is spiked-smooth; it fits the noise but only extremely locally.

Wyner, Bleich, Olson, and Mease

(b) AdaBoost

AdaBoost and Random Forests: the Power of Interpolation

(a) one-NN

(c) Random Forests
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Figure 5: Performance of one-NN, AdaBoost, and random forests on a pure noise response
surface with P (y = 1|x) = .8 and n = 400 training points.
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3.4 A Visualization of Spiked-Smoothing

We have argued that local interpolation such as in Figure 4c is desirable, and we have
demonstrated that AdaBoost and random forest classifiers can achieve such a fit in the
previous simulation. Now, we turn to the crucial point of how these classifiers achieve such
a fit. To this end, we will graphically display the process of spiked-smoothing in the case
of the random forest classifier from the previous simulation. Each of the first six plots in
Figure 6 shows the classification rule fit by different decision trees in the random forest. We
have restricted each plot to a subset of the unit square to aide in visual ease. The bottom
plot, Figure 6g shows the classifier created from a majority vote of each of the six random
forest decision trees. As in the previous sections, the light blue regions indicate where a
classifier returns y = +1, and the pink regions indicate where a classifier returns y = −1.
As before, we remark that the Bayes rule in this case would be to classify every point as
y = +1, and so agreement with the Bayes rule in the plots below can be visualized as the
proportion of the figure that is light blue. The first thing to notice is that each decision tree
fails to reproduce the Bayes rule. Indeed, since each tree interpolates its bootstrap sample,
each figure is bound to contain regions of pink, since most bootstrap samples will contain
at least a few noise points. However, one will also notice that these regions of pink tend to
be localized into thin strips (this is especially apparent in trees one, three, five, and six). In
other words, noise points tend not to ruin the fit of the decision tree at nearby points.. The
magic of spiked-smoothing is revealed in the classifier 6g created by a majority vote of the
six decision trees. By itself, each decision tree is a poor classifier (evinced by relatively large
regions of pink). However, when voted these regions of pink get shrunk down into smaller
regions, indicating better agreement with the Bayes rule. One can easily imagine that if
these “thin strips” were actually much wider, as in the case of fitting stumps, averaging
would not be able to reduce the influence of these noise points enough. The end effect of
averaging is to create a decision surface which is affected only very minimally by the noise
points in the training set. A simulation in Section 4 will demonstrate that the additional
iterations of AdaBoost serve to “shrink” the fit around noise points, much as the regions of
pink in this example became more localized after averaging.

3.5 A Two-Dimensional Example with Signal

JMLR 18(48):1-33, 2017

In light of the example in the previous section, one might note that certain non-interpolating
algorithms, such as a pruned CART tree, would recover the Bayes error rate exactly. In
this section, we consider an example where a much more complex classifier is required to
recover the signal, yet the self-averaging property is still needed to prevent over-fitting to
noise.
We consider n = 1000 training points sampled uniformly on [0, 1]2 with the Latin Hypercube design. In this simulation, there is signal present. Inside of a circle of radius 0.4
centered in the square, the probability that y = +1 is set to 0.1, while the probability that
y = +1 outside the circle is set to 0.9.
This simulation setting is similar to the previous one, except that the probability that
y = +1 varies at different points over the unit square. One can see in Figure 7 that the
Bayes rule in this setting is just to label every point inside the circle y = +1 and every
point outside the circle y = −1, which gives a Bayes error rate of 0.1. We can then compare
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Figure 6: First six trees from a random forest, along with the classifier created by a majority
vote over the trees.
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Since in 20 dimensions it is difficult to display the resulting classification rules graphically
we instead examine the rules on a hold out sample of 10,000 points sampled uniformly and
independently on [0, 1]20 . Figure 8 plots the proportion of points in the hold out sample
classified by AdaBoost as +1 as a function of the number of iterations. This proportion
peaks at .1433 at nine iterations but then gradually decreases to .0175 by 100 iterations and
is equal to .0008 by 1,000 iterations. The fact that by 1,000 iterations only 8 of the 10,000
points in the hold out sample are classified as +1 means there is very little overfitting. The
large number of iterations has the effect of smoothing out the classifier resulting in a rule
that agrees with the Bayes rule for 99.92% of the points. Recall that AdaBoost fits the
training data perfectly, and thus differs from the Bayes rule on 20% of this sample. We see
clearly here that AdaBoost overfits with respect to the training data but not with respect
to the population. Again, this is a result of extremely local interpolation of the points in
the training data for which the observed class differs from the Bayes rule. A random forests
model fit to the training data agrees with the Bayes rule at every point except for one, and
hence has exceptional generalization error.

We now repeat the simulation in Section 3.3 with a larger sample size and in 20 dimensions
instead of 2. Specifically, the training data now has n = 5000 observations sampled according to the midpoints of a Latin Hypercube design uniformly on [0, 1]20 . We again randomly
select 20% or 1000 of these points to be −1’s with the remaining 4000 to be +1’s.

3.6 A Twenty-Dimensional Example

We find that AdaBoost and random forests have an overall error rate of around 0.13,
one-nearest neighbor has an overall error rate of 0.20, and CART has an error rate of 0.18.
CART fails to perform well in this example because it is not allowed enough complexity to
capture the circular pattern. To do so via only the splits parallel to the axes allowed by
the algorithm would require a very deep tree (as allowed in random forests and AdaBoost),
which pruning does not afford. Rather, a shallow tree can only recover a simple rectangular
pattern due to its shallow depth. One-NN, on the other hand, again suffers from its inability
to keep the interpolation localized. Outside of the circle, one can observe small “islands”
of pink surrounding noise points: by failing to localize the fit, test points near these noise
points get classified incorrectly. Again, one finds that random forests and AdaBoost have
superior performance because they tend to finely interpolate the training data, and the
process of spiked-smoothing shrinks down the influence of noise points.

the performance of AdaBoost, random forests, and CART as in the previous section by
examining how much of the circle gets classified as y = +1 and how much of the outer
region is classified as y = −1. We run AdaBoost for 500 iterations, fit a random forests
model with 500 trees, and build a CART tree that is pruned using cross-validation. Note
that we prune the CART tree in order to show how a “classical” statistical model of limited
complexity performs on the classification task.

Wyner, Bleich, Olson, and Mease

(d) CART

(b) AdaBoost

AdaBoost and Random Forests: the Power of Interpolation

(a) One-NN

(c) Random Forests
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Figure 7: Performance of AdaBoost, random forests, and CART on a response surface where
P (y = 1|x) = 0.10 inside the circle and P (y = 1|x)) = 0.90 outside of the circle. There are
n = 1000 training points and the Bayes error is 0.10.
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as defined earlier. Taking M = 1000 which was successful in our example let us rewrite
this as

fM (x) =

In the previous sections, we have demonstrated simple examples where random forests and
AdaBoost yield the strongest performance with respect to the Bayes rule. We have argued
that these algorithms are successful classifiers due to the fact that they fit initially complex
models by interpolating the training data but also exhibit smoothing properties via selfaveraging that stabilizes the fit in regions with signal, while continuing to keep localized
the effect of noise points on the overall fit. While this smoothing mechanism is obvious
for random forests via the averaging over decision trees, it is less obvious for AdaBoost.
In this section we explain why the additional iterations in boosting way beyond the point
at which perfect classification of the training data (i.e interpolation) has occurred actually
has the effect of smoothing out the effects of noise rather than leading to more and more
overfitting. To the best of our knowledge, this is a novel perspective on the algorithm. To
explain our key idea, we will recall the pure noise example from before with p = .8, d = 20
and n = 5000.
Recall that the classifier produced by AdaBoost corresponds to I[fM (x) > 0] where

4.1 Boosting is Self-Smoothing

4. Self-Averaging Property of Boosting

Figure 8: This plot shows the proportion of points in a test set for which the predictions
made by AdaBoost and the Bayes rule differ, as a function of the number of boosting rounds
(black). The blue line shows this proportion for the one nearest neighbor classifier. Note
that the agreement of AdaBoost and the Bayes rule increases with the number of boosting
rounds.
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hjK (x)

hjk (x) ≡ α100(j−1)+k G100(j−1)+k (x).

αm Gm (x) =

Wyner, Bleich, Olson, and Mease

The Bayes’ error is 0.20 and the optimal Bayes’ decision boundary is the diagonal of the
unit square in x1 and x2 . Even with this small sample size, AdaBoost interpolates the
training data after 10 iterations. So we boost for 100 iterations which decomposes into ten

m=1

1000
X

% Different from Bayes

and note that for every j ∈ {1, ..., 10} and every K ∈ {1, ...100} that I[hjK (x) > 0] is
itself a classifier made by linear combinations of classification trees. The ten plots in Figure
9 display the performance on the hold-out sample for these ten classifiers corresponding to
the ten different values for j as a function of K. Interestingly, each of these 10 classifiers by
itself displays the characteristic of boosting: the agreement with the Bayes rule increases
as more terms are added (for instance, as K is increased).
A second interesting fact about these 10 individual classifiers in the decomposition is
that each one achieves perfect separation of the training data and thus each one is an
interpolating classifier. This result can be expected in general, provided the total number
of iterations for each classifier in the decomposition is sufficiently large. This is clear for the
first classifier, since it is simply AdaBoost itself and will necessarily achieve zero training
error under some standard conditions as discussed in Jiang (2002). The second classifier in
the decomposition is simply AdaBoost weight carried over from the first classifier. Since reweighting the training data does not prevent AdaBoost from obtaining zero training error,
the second classifier also interpolates eventually, as does the third, and so on.
Decomposing boosting in this way offers an explanation of why the additional iterations
lead to robustness and better performance in noisy environments rather than severe overfitting. In this example, AdaBoost for 100 iterations is an interpolating classifier. It makes
some errors, mostly near the points in the training data for which the label differs from the
Bayes rule, although these are localized. Boosting for 1000 iterations is thus a point-wise
weighted average of 10 interpolating classifiers. The random errors near the points in the
training data for which the label differ from the Bayes’ rule cancel out in the ensemble average and become even more localized. Of course, the final classifier is still an interpolating
classifier as it is an average of 10 interpolating classifiers. In this way, boosting is selfsmoothing, self-averaging or self-bagging process that reduces overfitting as the number of
iterations increase. The additional iterations provide averaging and smoothing—not overfitting. Empirically this is very similar to random forests and provides evidence that both
algorithms, which perform well in our examples, actually do so using the same mechanism.
We further illustrate this phenomenon of increasing localization of the interpolating
resulting from this averaging through the following simulation. We take the same training
data as before but this time we form the hold out sample by taking a point a (Euclidean)
distance of .1 from each of the 1000 points labeled as −1 in the training data in a random
direction. Due to the forced (and unnatural) close proximity of the points in the hold out

Now define

where

f1000 (x) =
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j=1



2
X

P (y = 1|x) = .2 + .6 I
xj > 1 .

We will now consider a second simulation to further illustrate how this self-averaging property of AdaBoost helps prevent overfitting and improves performance. In this simulation
we add signal while retaining significant random noise. Let n = 400, d = 5 and sample xi
distributed iid uniform on [0, 1]5 . The true model from for the simulation is

4.2 A Five-Dimensional Example

to training set deviations from the Bayes’ rule (points with −1 labels), the error rate is
much higher than it would be for a random sample. However, the interpolation continues
to become more localized as the iterations proceed (see Figure 10) so even points that are
quite close to the label errors (the −1 points) eventually become classified correctly as +1.
Comparison to Figure 8 shows that this localization continues at a steady rate even after the
error on the random hold-out sample is practically zero. In contrast, the nearest neighbor
interpolator this simulation yielded 100% disagreement with the Bayes’ rule.

Figure 9: A decomposition of boosting
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The ten plots in the first two rows in Figure 11 show the performance of the ten classifiers
corresponding to this decomposition with respect to a hold out sample of 1000 points. Each
point in the figure represents a point classified differently from the Bayes rule. While each
of the ten classifiers in the decomposition classifies a number of these 1000 points incorrectly
especially along the Bayes boundary, exactly which points are classified incorrectly varies
considerably from one classifier to the next. The final classifier (displayed in the last plot),
which corresponds to AdaBoost after 100 iterations, makes fewer mistakes than each of
the ten individual classifiers. Since AdaBoost is a point-wise weighted average of the 10
classifiers, the averaging over the highly variable error locations made by each classifier
reduces substantially the number of errors made by the ensemble. The percentage of points
classified differently from the Bayes’ rule by the final classifier is 118/1000=0.118 while
after the first ten there were still 162/1000=0.162 classified differently from the Bayes rule.
Averaged over 200 repetitions of this simulation these numbers are .19 after the first ten
iterations and .15 after 100 iterations confirming that the performance does improve by
running beyond the point at which interpolation initially occurs as (a result of this selfsmoothing).

sets of ten (which is analogous to the 10 sets of 100 from the 20 dimensional example in the
previous section).

Figure 10: This plot shows the proportion of points in a test set for which the predictions
made by AdaBoost and the Bayes rule differ, as a function of the number of boosting rounds
(black). The test set has been chosen to contain excess points near the error points in the
training set.

% Different from Bayes

JMLR 18(48):1-33, 2017

In this example, we also have evidence that AdaBoost takes some measure to decorrelate
the errors made by its base classifiers, as hypothesized in Amit et al. (2000) and suggested in
1 (X) = Y ], . . . , I[h10 (X) =
Figure 11. To this end, we computed the correlation between I[h10
10
Y ] over a large test set. The correlations ranged from 0.4 to 0.56, with an average value
of 0.488. As a comparison, we also considered a similar calculation for the decomposition
produced from a random forest with 500 trees, and from bagging 1000 depth 8 trees. As with
AdaBoost, we can also decompose these classifiers into a sum of interpolating classifiers: 25
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Figure 11: Errors made by each classifier in a decomposition of boosting (first two rows)
and errors made by the final classifier (bottom)
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In previous sections, we explored the mechanism of spiked smoothing in simulation experiments where it was easy for us to identify noise points. Recall that with a fully specified
probability model, noise points are simply sample points whose sign differs from the Bayes’
rule. While simulated examples are certainly good for illustration, one may wonder whether
these settings are overly simplistic. Data in the real world is typically generated by more
complicated—and unknown—probability models with heteroskedastic noise components.
Since boosted trees have been empirically successful in such settings, it pays to move our
discussion to the context of a data set arising in the real world.

5. Real Data Example

good out-of-sample performance of AdaBoost using large trees resulting from the local interpolation of noise points is not shared by AdaBoost using stumps. The idea that stumps
will perform better in noisy environments because they overfit less is not supported by this
simulation. While the stumps do overfit less on the training data, as evidenced by the fact
that they did not give zero training error, they actually overfit worse than the larger trees
out of sample. Again, we attribute this to boosting with stumps lacking the self-smoothing
property and not being flexible enough to interpolate the noise locally.

Figure 12: Comparison of AdaBoost with stumps (a) and 28 node trees (b) for the five
dimensional simulation. The blue line corresponds to One-NN.

(a) Stump

Iterations

JMLR 18(48):1-33, 2017

50

JMLR 18(48):1-33, 2017

0

In this section, we will discuss spiked smoothing in the context of a data set arising in a
speech recognition task designed to discriminate “nasal” vowels from “oral” vowels in spoken

% Different from Bayes

Throughout this paper we have considered AdaBoost with large trees of up to 28 terminal
nodes. We have shown that AdaBoost with such large trees is a classifier which interpolates
the data in such a way that it performs well out of sample for problems in which the Bayes’
error rate is substantially larger than zero. In this section we will consider the performance
of AdaBoost with stumps as the base learner. The statistical theory predicts that AdaBoost
with stumps will overfit less than AdaBoost with larger trees, as expressed, for instance, in
Jiang (2002). It is also thought that stumps should be preferable when the Bayes’ decision
rule is additive in the original predictors. For instance the seminal book by Hastie et al.
(2009, chapter 10) advocates using trees of a depth one greater than the dominant level of
interaction, which is generally quite low.
AdaBoost with stumps does not self-smooth nearly as well as with larger trees, likely
because the the classifiers in the decomposition are more highly correlated, and the “rough”
fits from stumps fail to interpolate the training data locally enough; the fit is not spikedsmooth around the training set error points. Consequently, AdaBoost with stumps as base
learners is outperformed by AdaBoost with large trees as base learners, when the Bayes error
rate is high. This is the case even when the Bayes rule is additive. This result is matched
by random forests which works best with large trees. Its randomly chosen predictors at
each splitting opportunity lowers the correlation among the trees and the resulting fit is
more spiked-smooth.
To illustrate this with an example, we return to the five dimensional simulation from
Section 4.2 which has an additive Bayes decision rule. Figure 12 displays the percentage
of points that are classified differently from the Bayes rule in the hold out sample of 1000,
as a function of the number of iterations. It can be seen that the stumps (left panel) do
not perform as well as the 28 node trees (right panel). After 250 iterations, AdaBoost
with stumps yields 141/1000 points in the hold out sample classified differently from the
Bayes rule, compared to 116/1000 for this same data set using instead AdaBoost with 28
node trees. In fact, the stumps seems to suffer from overfitting when run beyond only
25 iterations, while the 28 trees do not have a problem with overfitting as the number of
iterations are increased.
These numerical values are based only on a single run of this simulation, but the qualitative finding is reproducible over repeated runs. The result serves to illustrate that the

4.3 Comparison to Boosted Stumps

sub-ensembles of 20 trees in the case of the random forest, and 10 sub-ensembles of trees in
the case of bagged trees. The interpolating classifiers produced by the random forest had
error correlations ranging from 0.75 to 0.87, with an average of 0.81, while the correlations
for the bagged trees ranged from 0.9 to 0.94, with an average value of 0.92. In other words,
the sub-ensembles produced by random forests and AdaBoost are less correlated than the
bagged trees, with AdaBoost being markedly less so. When voting across constituents in
its decomposition, it is clear that such a decorrelating effect would help to increase the
effectiveness of the voting mechanism to cancel out error points. While we observed this
phenomenon in a few data sets, we cannot state under what conditions it happens more
generally. However, it is know that boosting generally outperforms bagging, and that bagged
trees will be much more correlated.
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Figure 13: Plots of testing and training error as a function of number of boosting iterations
for trees of different depths. The black lines show the test error rates while the red lines
show training error rates. Notice that depth seven and eight boosted trees quickly fit the
training data, as depicted by the rapidly decreasing red lines.
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we instead consider small neighborhoods around each of the noise points and track the
fraction of points in these neighborhoods that agree with the sign of the “correct label”,

Figure 14: Plot of testing error for depth 8 boosted trees fit to a training set which has
flipped labels for 100 randomly selected examples.

Test Error
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language 2 . For a collection of 5404 examples of spoken vowels, this data set contains the
amplitudes of the first 5 harmonic frequencies as collected by a cochlea spectra (hearing
aid), along with a label of either nasal or oral (n=5404, p=5). The goal is then to use
these harmonic frequencies to correctly identify the type of vowel. While there are many
potential data sets we could have considered, this one is convenient to analyze since it
consists of a relatively small number of real valued covariates. This makes it easier to talk
about “neighborhoods” of points later in our discussion.
We begin by dividing the phoneme data set up into a training set consisting of 70% of
the samples, and a testing set consisting of 30% of the examples. Depth eight decision trees
boosted for 1000 rounds and a random forest classifier both achieve comparable test error
rates of 9.0% and 9.4%, respectively 3 . Figure 13 demonstrates that boosting deep trees is
preferable to shallow trees in this data set. Each frame in the figure shows the testing error
in black and the training error in red as a function of the number of boosting iterations for
different depth trees. One can readily observe that test error steadily decreases with the
depth of tree used in AdaBoost. It is interesting to note that boosting trees of all depths
are slow to overfit the data, even with boosted stumps after 1000 iterations. It is also worth
noting that boosted depth 8 trees quickly interpolate the training data, as indicated by the
sharply decreasing red line. This raises the often asked question: what is AdaBoost doing
after it achieves a perfect fit on the training set?
Any discussion of spiked smoothing on real data is complicated by the reality that it
is impossible to identify noise points without knowing the underlying probability model.
As a substitute for noise points, we flipped the signs of 100 randomly chosen points in our
training data set (about 2% of the data) and analyzed the fits of boosted trees and a random
forest classifier around these points. After refitting the models to the perturbed data, we
find the the testing errors are 10.2% and 10.0% for boosted depth eight trees and a random
forest, respectively. Figure 14 illustrates that even after thousands of rounds of boosting,
test error continues to decrease. The punchline is that both algorithms are able to achieve
fits with comparable test set error even after flipping the sign of a large number of points
in the training set.
As a comparison with another interpolating classifier, we also repeated the same experiment with a one nearest-neighbors classifier. We found the one nearest neighbor achieved a
test error rate of 10.5% when fit on the original training set, and a test error rate of 12.6%
when fit on the noisy training set. The increase in error rate when noise is added to the
training set is larger than that of AdaBoost or a random forest, which coincides with the
results form the simulated example in section 3.3. Furthermore, two sample t-tests reveal
that the increase in error rate for one nearest-neighbors is significant at the 0.01 level in
both cases (p-values less than 1e−16 in both cases).
We will argue that additional rounds of boosting are helping to “smooth out” and
“localize” the influence of the 100 noise points that we introduced into our training set.
In section 3.3, we illustrated the action of spiked smoothing in diagrams which showed
AdaBoost’s fit on a two dimensional plane. In this slightly higher dimensional example,

JMLR 18(48):1-33, 2017

2. The original data can be found at the following address: https://www.elen.ucl.ac.be/neuralnets/Research/Projects/ELENA/databases/REAL/phoneme/phoneme.txt.
3. The error rates reported are the result from repeating the fitting procedure on 100 random train/test
set splits and considering the average error on the test set.
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4. We choose each neighborhood to be a rectangle centered at the point of interest, with side lengths chosen
in such as way that the neighborhood contains only a small number of training points. We then chose
100 points uniformly at random in this rectangle and computed the AdaBoost classifier at each point:
these points are obviously not included in the original data set.

We repeated a version of the analysis conducted in Section 5.1 for five additional data sets
from the UCI repository: Haberman, Wisconsin breast cancer, voting, Pima, and German
credit. In our analysis we did the following: we added 5% label noise to the training data,
missing values were imputed with the mean prior to model fitting, and all experiments were
conducted on 50 random training-testing splits of each data set. Table 1 reports the mean
increase in testing error after adding 5% label noise over the 50 random training-testing
splits. For example, on the original haberman data set, AdaBoost achieved an average error
rate of 34.225%, and on the noisy version of the data set achieved an average error rate of

5.2 Additional Data Sets

Figure 15: The fraction of points in a neighborhood that agree with the sign of the original
training point before its sign was flipped. Figures (a) and (b) plot this proportion for two
different, representative noise points.
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AdaBoost is an undeniably successful algorithm and random forests is at least as good,
if not better. But AdaBoost is as puzzling as it is successful; it broke the basic rules of
statistics by iteratively fitting even noisy data sets until every training set data point was
fit without error. Even more puzzling, to statisticians at least, it will continue to iterate
an already perfectly fit algorithm which lowers generalization error. The statistical view
of boosting understands AdaBoost to be a stage wise optimization of an exponential loss,
which suggest (demands!) regularization of tree size and control on the number of iterations.
In contrast, a random forest is not an optimization; it appears to work best with large
trees and as many iterations as possible. It is widely believed that AdaBoost is effective
because it is an optimization, while random forests works—well because it works. Breiman
conjectured that “it is my belief that in its later stages AdaBoost is emulating a random
forest” (Breiman, 2001). This paper sheds some light on this conjecture by providing a novel
intuition supported by examples to show how AdaBoost and random forest are successful
for the same reason.
A random forests model is a weighted ensemble of interpolating classifiers by construction. Although it is much less evident, we have shown that AdaBoost is also a weighted
ensemble of interpolating classifiers. Viewed in this way, AdaBoost is actually a “random”
forest of forests. The trees in random forests and the forests in the AdaBoost each interpolate the data without error. As the number of iterations increase the averaging of decision
surface because smooths but nevertheless still interpolates. This is accomplished by whittling down the decision boundary around error points. We hope to have cast doubt on the
commonly held belief that the later iterations of AdaBoost only serve to overfit the data.

6. Concluding Remarks

Table 1: The increase in average testing error after changing the sign of 5% of the training
data. The stars in the table report the significance level when comparing the increase in
error rate for AdaBoost and a random forest with that of one-nearest neighbors using a twosample t-test. One star denotes significance at the 10% level, two stars denotes significance
at the 5% level, and three stars denotes significance at the 1% level.

AdaBoost
0.13**
0.20***
1.63**
0.56***
0.29

34.354%. The mean difference of 0.13% is reported in the table. It is also apparent in each
setting that AdaBoost and random forest are relatively immune to the addition of label
noise. The stars in the Table 1 report the significance level when comparing the increase
in error rate for AdaBoost and a random forest with that of one-nearest neighbors using
a two-sample t-test. With the exception of the German credit data, the increase in error
rate for one nearest neighbors was larger than that of one nearest neighbors with statistical
significance.

that is, before flipping the sign. 4 . Panels (a) and (b) of Figure 15 plot this fraction as
a function of the number of boosting iterations for two representative “noise points.” In
both panels, it is clear that as the number of iterations increases, the fraction of points in
each neighborhood that agrees with the original sign of the training point increases. Recall
that in this case AdaBoost still fits its training data perfectly: the in-sample AdaBoost fit
agrees with the sign of the flipped training point in both figures. Despite this, the algorithm
still fits a majority of points in a neighborhood of each of these noise points in the correct
way. The classifier is producing a spiked smooth fit, that is, it fits the data in such a way
to localize the influence of noise points. One can interpret the increasing homogeneity in
each neighborhood as the result of averaging. The first few iterations of deeply boosted
trees produce a fit that interpolates the training data, but this fit is quite complicated in
the sense that it assigns large numbers of points in the neighborhood to both ‘+1‘ and ‘-1‘.
As the number of iterations increases, this fraction increases so that the fit becomes more
smooth in the classical sense.
Data set
Haberman
breast cancer
voting
Pima
German
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Instead, we argue that these later iterations lead to an “averaging effect”, which causes
AdaBoost to behave like a random forest.
A central part of our discussion also focused on the merits of interpolation of the training
data, when coupled with averaging. Again, we hope to dispel the commonly held belief that
interpolation always leads to overfitting. We have argued instead that fitting the training
data in extremely local neighborhoods actually serves to prevent overfitting in the presence
of averaging. The local fits serve to prevent noise points from having undue influence over
the fit in other areas. Random forests and AdaBoost both achieve this desirable level of local
interpolation by fitting deep trees. It is our hope that our emphasis on the “self-averaging”
and interpolating aspects of AdaBoost will lead to a broader discussion of this classifier’s
success that extends beyond the more traditional emphasis on margins and exponential loss
minimization.
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In the standard formulation of graph clustering, we are given an unweighted graph and seek a
partitioning of the nodes into disjoint groups such that members of the same group are more densely
connected than those in different groups. Here, the presence of an edge represents certain affinity
or similarity between the nodes, and the absence of an edge represents the lack thereof.
In many applications, from chemical interactions to social networks, the interactions between
nodes are much richer than a simple “edge” or “non-edge”. Such extra information can be used to
improve the clustering quality. We may represent each type of pairwise interaction by a label. One

1. Introduction

We present a general framework for graph clustering and bi-clustering where we are given a general
observation (called a label) between each pair of nodes. This framework allows a rich encoding
of various types of pairwise interactions between nodes. We propose a new tractable and robust
approach to this problem based on convex optimization and maximum likelihood estimators. We
analyze our algorithms under a general statistical model extending the planted partition and stochastic block models. Both sufficient and necessary conditions are provided for successful recovery of
the underlying clusters. Our theoretical results subsume many existing graph clustering results for
a wide range of settings, including planted partition, weighted clustering, submatrix localization
and partially observed graphs. Furthermore, our results are applicable to novel settings including
time-varying graphs, providing new insights to solutions of these problems. We provide empirical
results on both synthetic and real data that corroborate with our theoretical findings.
Keywords: graph clustering, convex optimization, low-rank matrix, information divergence, timevarying graphs, pairwise observation, dynamic graphs
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Our framework easily generalizes to the bi-clustering setting, where pairwise labels are observed between two disjoint sets of nodes, potentially from different domains, and the task is to
jointly cluster these two sets of nodes given the bipartite label observations. All our algorithmic and
statistical results extend to this bi-clustering setting with only minor changes.

By specializing to concrete examples of the distributions µ and ν, our results cover a wide
range of clustering settings—with theoretical guarantees matching or stronger than existing work—
including the standard stochastic block model, partially observed graphs, weighted graphs and submatrix localization. Our framework in fact allows us to handle new classes of problems that are not
a priori obvious to be a special case of our model, including the clustering of time-varying graphs.

To systematically evaluate clustering performance, we consider a generalization of the stochastic
block model and the planted partition model (Holland et al., 1983; Condon and Karp, 2001). Our
model assumes that the observed labels are generated based on an underlying set of ground truth
clusters, where node pairs from the same cluster generate labels using a distribution µ over L, and
pairs from different clusters use a different distribution ν. The standard planted partition model
corresponds to the case where µ and ν are Bernoulli distributions with µ(edge) = p and ν(edge) =
q, p 6= q. We provide theoretical guarantees for our algorithm under this generalized model.

In this paper, we present a new and principled approach for graph clustering that is directly
based on general pairwise labels. We assume that between each pair of nodes i and j, one observes
a label Lij that takes values in a label set L. The set L may be continuous, discrete or mixed,
and need not have any algebraic or geometric structure. The standard graph model corresponds to
a binary label set L = {edge, non-edge}, and a weighted graph corresponds to L = R. Given
the matrix of observed labels L = (Lij ) ∈ Ln×n between n nodes, the goal is to partition these
nodes into disjoint clusters. Our algorithmic approach is based on finding a partition that optimizes
a weighted objective that is appropriately constructed from the observed labels. This formulation
leads to a combinatorial optimization problem, and our algorithms use its convex relaxation.

We emphasize that our notion of labels (types of pairwise observations) is very general. A label
can take real, discrete, categorical or even mixed values—we will see several such examples in
Section 4. A label can even take the form of a time series, i.e., a record of time varying interactions
such as “A and B messaged each other on June 1st, 4th, 15th and 21st”, or “they used to be friends,
but they stop talking to each other since 2012”. The labeled graph model is therefore an immediate
tool for analyzing time-varying graphs.

simple setting of this type is weighted graphs, where instead of a 0-1 graph, we have edge weights
representing the strength of the pairwise interaction. In this case the observed label between each
pair is a real number. In a more general setting, the label need not be a number. For example, on
social networks like Facebook, the label between two persons may be “they are friends”, “they went
to different schools”, “they liked 21 common pages”, or the concatenation of them. In such cases
different labels carry different information about the underlying community structure. A standard
approach that converts these pairwise interactions into a simple edge/non-edge and then applies
standard clustering algorithms, often does not work well here, as much of the information may be
lost. Even in the simple case of a standard weighted/unweighted graph, it may not be immediately
clear how information in the graph should be used in clustering. For example, should the absence of
an edge be interpreted as a neutral observation carrying no information, or as a negative observation
indicating dissimilarity between the two nodes?
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Remark 1 Preliminary versions of some of the results here have appeared in part in Chen et al.
(2014b) and Lim et al. (2014). The theory was previously stated with respect to only discrete label sets, but are now extended to general label sets, including continuous and mixed-valued labels,
which appear frequently in applications (see, for example, Section 4). We also include a more
detailed and systematic discussion on the bi-clustering setting and various special cases. Implementation details of efficient first-order solvers are now included. We also report a much more
extensive set of empirical results on both synthetic and real data, including comparison with other
methods.
1.1 Related Work
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The planted partition model/stochastic block model (Condon and Karp, 2001; Holland et al., 1983)
are standard models for studying graph clustering. Variants of the models cover partially observed
graphs (Oymak and Hassibi, 2011; Chen et al., 2014a), weighted graphs and the submatrix localization and bi-clustering problems (Balakrishnan et al., 2011; Kolar et al., 2011). All these models
are special cases of ours. Various algorithms have been proposed and analyzed under these models, such as spectral clustering (McSherry, 2001; Chaudhuri et al., 2012; Rohe et al., 2011), convex
optimization approaches (Mathieu and Schudy, 2010; Ames and Vavasis, 2011) and tensor decomposition methods (Anandkumar et al., 2014). Ours is based on convex optimization, generalizing
the convexified maximum likelihood approach in Chen et al. (2014c).
Time-varying graphs arise in a broad range of applications, and the problem of clustering such
graphs has been studied in various context (see Fortunato, 2010; Sun et al., 2007; Chakrabarti
et al., 2006; Kawadia and Sreenivasan, 2012; Nguyen et al., 2011, and the references therein). The
stochastic block model has also been extended in a number of ways to accommodate time-varying
graphs. For example, Han et al. (2015) consider multiple, independent graphs, where edge distributions can differ in each graph and each cluster membership pair. In the work of Xu and Hero (2014);
Matias and Miele (2016), the cluster membership of an individual node is allowed to change with
time. Another extension is in allowing mixed cluster membership in time-varying networks, as done
by Fu et al. (2009). These extensions allow additional flexibilities, but the existing solutions lack
the kind of theoretical performance guarantees afforded by our approach. Also note that dealing
with time-varying graph is only one of the applications of our general theory on clustering based on
pairwise labels.
Most related to our setting is the labelled stochastic block model proposed by Heimlicher et al.
(2012) and Lelarge et al. (2013). A main difference in their model is that they assume each pairwise
observation is from a two-step process: first an edge/non-edge is observed; if it is an edge then a
label is associated with it. In our model all observations are in the form of labels—in particular, an
edge or no-edge is also a label—which covers their setting as a special case. Our model is therefore
more general and natural, and as a result our theory covers a broad class of subproblems including
time-varying graphs. Moreover, their analysis is mainly restricted to the two-cluster setting with
edge probabilities on the order of Θ(1/n), while we allow for an arbitrary number of clusters and a
wide range of edge/label distributions. In addition, we consider the setting where the distributions of
the labels are not precisely known. Algorithmically, they use belief propagation (Heimlicher et al.,
2012) and spectral methods (Lelarge et al., 2013).
Appearing after the conference versions of this paper, the work by Jog and Loh (2015) studies a form of labelled stochastic block model and thus is also related to ours. Restricting to the
3
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homogeneous case with equal-size clusters, they derive recovery conditions in terms of the Renyi
divergence. Their results are based on the maximum likelihood decoder, which is not computationally feasible. Another recent work by Chen et al. (2015) also studies the statistical limits of
information recovery from pairwise observations. Their model is however quite different from ours,
and the results are again based on the intractable maximum likelihood decoder.

2. Problem Setup and Algorithms

We assume n nodes are partitioned into r disjoint clusters of size at least K. The clusters are unknown and considered as the ground truth. For each pair of nodes (i, j), a label Lij ∈ L is observed,
where L is the set of all possible values of the label. These labels are generated independently across
node pairs according to some distributions µ and ν on L.1 In particular, if nodes i and j are in the
same cluster, the observed label Lij follows the distribution µ, otherwise Lij follows ν. The goal
is to recover the ground truth clusters given the pairwise labels, which is represented as a matrix
L = (Lij ) ∈ Ln×n . We encode the true clusters as an n × n cluster matrix Y ∗ , where Yij∗ = 1 if
nodes i and j belong to the same cluster and Yij∗ = 0 otherwise, with the convention that Yii∗ = 1
for all i. The problem is therefore to find Y ∗ given L.
We take an optimization approach to this problem. To motivate our algorithm, first consider the
case of clustering a weighted graph, where L = R and all labels are real numbers. Suppose that
positive weights indicate affinity between node pairs while negative weights indicate dissimilarity.
A natural approach is to partition the nodes in a way that maximizes the total weight inside the
clusters (this is equivalent to correlation clustering by Bansal et al. 2004). Mathematically, this
formulation is to find a clustering, represented by a cluster matrix Y ∈ {0, 1}n×n , such that the sum
P
i,j Lij Yij is maximized. In the setting of general labels, we pick a weight function w : L → R,
which assigns a number Wij = w(Lij ) to the label Lij observed at each pair (i, j). We then solve
the following max-weight problem:

(2)

max hW, Y i
Y
(1)
s.t. Y is an n × n cluster matrix,
P
where hW, Y i :=
i,j Wij Yij is the trace inner product. Note that once the weight function is
specified, this formulation effectively converts the problem of clustering from labels into a weighted
clustering problem.
The optimization program (1) is non-convex due to the combinatorial constraint. Our algorithm
is based on a convex relaxation of (1), using the fact that any cluster matrix is a symmetric positive
semidefinite, block-diagonal 0-1 matrix. Relaxing the constraint in (1) leads to the following convex
optimization problem:
max hW, Y i

n
s.t. Y ∈ S+
,

Y

0 ≤ Yij ≤ 1, ∀(i, j),

n denotes the set of n × n symmetric positive semidefinite matrices. We say that the
where S+
program (2) recovers the true clusters if it has a unique optimal solution equal to the true cluster
matrix Y ∗ .
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1. More precisely, we assume that there is a σ-algebra F such that (L, F) is a measurable space, endowed with probability measures µ and ν.

4

ν(l) =

dν
(l),
dλ

(3)

5
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2. The nuclear norm of a matrix is defined as the sum of its singular values. A cluster matrix is positive semidefinite, so
its nuclear norm is equal to its trace and also called the trace norm.

Intuitively, this relaxed problem uses the fact that a cluster matrix always satisfies kY ∗ k∗ = n,
which is much smaller than a general n × n binary matrix.
The formulation (3) has the advantage that it applies directly to a bi-clustering setting. In this
setting, there are two disjoint sets of nodes N1 and N2 , where |N1 | = n1 and |N2 | = n2 . Each
of the sets N1 and N2 are partitioned into r clusters {Ck , k ∈ [r]} and {Ck0 , k ∈ [r]}, respectively,
where the clusters Ck and Ck0 are associated with each other and called a bi-cluster. Similarly to
the clustering case, the true cluster matrix Y ∗ ∈ {0, 1}n1 ×n2 is defined as Yij∗ = 1 if and only if

0 ≤ Yij ≤ 1, ∀(i, j).

s.t. kY k∗ ≤ kY ∗ k∗

Y

max hW, Y i,

Program (2) uses the fact that Y ∗ is symmetric positive semidefinite. The following program, which
is based on a more relaxed constraint using the nuclear norm k · k∗ ,2 also works and has essentially
the same theoretical guarantees:

2.1 Alternative Formulations and the Bi-clustering Problem

dν
where dµ
dλ and dλ are the respective Radon-Nikodym derivatives. In the sequel, unless specified
otherwise, we will always assume that λ is the counting measure if L is a discrete label set, in
which case we simply have µ(l) = Pr(Lij = l). For a continuous set L, we use the Lebesgue base
measure and hence µ(l) is the usual density function of µ. Later we will encounter more general,
mixed-valued label sets L.
Intuitively, a weight function w should assign w(Lij ) > 0 to a label Lij with µ(Lij ) > ν(Lij ),
so the program (2) is encouraged to place nodes i and j in the same cluster, the more likely possibility; similarly we should have w(Lij ) < 0 if µ(Lij ) < ν(Lij ). In other words, a good weight
function should reflect the information in µ and ν. Our theoretical results in Section 3 characterize the performance of the program (2) for any given weight function w. Building on this general
result, we further derive robust and optimal choices of w. Since µ and ν are often unknown, Section 3 also includes results when w is chosen based on distributions that are different from the true
distributions.
For cluster recovery to be possible, the observed labels must contain sufficient information to
distinguish different clusters. If µ = ν, the observed labels for intra- and inter-cluster pairs will
have the same distribution, in which case the data L is distributed independently of the underlying
clusters and recovery is impossible. In general, the problem becomes harder if µ and ν are more
similar to each other. We quantify this relation precisely in Section 3.

dµ
(l) and
dλ

0 ≤ Yij ≤ 1, ∀(i, j).

(4)

L

w(l) dµ

and

Varµ w :=

L

[w(l) − Eµ w]2 dµ;

6

3. Both (3) and (4) are strictly feasible, so strong duality holds by Slater’s condition.
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Theorem 2 (Main) Suppose b is any number that satisfies |w(l)| ≤ b almost everywhere (a.e.)
over L with respect to µ and ν. There exists a universal constant c > 0 such that if
√
√
b log n + K log n Varν w
−Eν w ≥ c
,
(5)
K p
√
b log n + n log n max(Varµ w, Varν w)
Eµ w ≥ c
,
(6)
K

Eν w and Varν w are defined similarly. We assume in the sequel that all the relevant integrals and
expectations are well-defined. With these notations, we now state our general theorem.

Eµ w :=

Our main result is a general theorem that gives sufficient conditions for the programs (2) and (3)
to recover the true cluster matrix Y ∗ . These conditions are stated in terms of the minimum cluster
size K, the label distributions µ and ν, as well as any given weight function w(·) through the
quantities
Z
Z

In this section, we provide theoretical analysis for the performance of the convex formulations (2)
and (3) under the statistical model described in Section 2. We give sufficient and necessary conditions for cluster recovery, and discuss choices of the weight function. All our results apply to
both clustering and bi-clustering settings. In the bi-clustering case, we let n = max{n1 , n2 },
and recall that (Ck , Ck0 ) is the k-th bi-cluster for k ∈ [r]. The minimum cluster size is K =
mink∈[r] min |Ck |, |Ck0 | . These notations are consistent with the clustering setting, for which n
is the total number of nodes and K the minimum cluster size.

3. Theoretical Results

The formulations (2)–(4) are semidefinite programs that can be solved in polynomial time by various
methods. In Section 5 we describe efficient first order solvers and discuss other implementation
details. Note that by convex duality, if the constrained formulation (3) succeeds in recovering the
true cluster matrix Y ∗ , then there exists a multiplier η for which the Lagrangian formulation (4) also
succeeds.3 Therefore, all our theoretical results for the formulations (2) and (3) in Section 3 also
hold for the formulation (4) with a suitable η.

s.t.

Y

max hW, Y i − ηkY k∗

(i, j) ∈ Ck × Ck0 for some k ∈ [r]. Labels are generated from the distribution µ for each pair (i, j)
with Yij∗ = 1, and from ν otherwise. Here Y ∗ is not necessarily a square or positive semidefinite
matrix. The program (3) still applies, with the understanding that the matrices W and Y have size
n1 × n2 instead of n × n.
While we always have kY ∗ k∗ = n in the clustering case, this is not the case in general for
bi-clustering. The value of kY ∗ k used in the constraint of (3) is usually unknown in practice, in
which case we can instead solve an equivalent formulation in terms of a Lagrange multiplier:

One has the freedom of choosing the weight function w. Here, the likelihood ratio between
label distributions µ and ν will play an important role. We assume that the measures µ and ν are
absolutely continuous with each other, as well as with some base measure λ on L. With a slight
abuse of notation, the likelihoods of a label l ∈ L with respect to µ and ν are given by

µ(l) =
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then Y ∗ is the unique solution to the programs (2) and (3) with probability at least 1 − n−10 .4
We prove this claim in Section 7. Theorem 2 is in fact a special case of the more general Theorem 9
(Section 3.5), which does not require the boundedness assumption w(l) ≤ b.
Theorem 2 is valid for any given weight function w. Below we discuss how to choose w optimally, and then address the case where w deviates from the optimal choice.
3.1 Optimal Weights
A candidate for a good weight function w can be derived from the maximum likelihood estimator (MLE) of Y ∗ . Given the observed label matrix L, the log-likelihood of the true cluster matrix
taking the value Y is

i,j

 X


log p L | Y ∗ = Y =
log µ(Lij )Yij ν(Lij )1−Yij

ij

c

X
µ(Lij ) X
=
Yij log
+
log ν(Lij )
ν(Lij )
| {z } |i,j {z
}
W

i,j

= hW, Y i + c.

µ(l)
.
ν(l)

The MLE, which maximizes the above expression over Y , therefore corresponds to using the log
likelihood ratio as the weight function:
w(l) ← wMLE (l) := log

Specializing Theorem 2 to the weight function wMLE , we obtain the following theorem that
characterizes the performance of using the MLE weights in the convex relaxations. Here D(· k ·)
denotes the KL divergence between two distributions.

log n
,
K



n log n
K2



,

(8)

(7)

Theorem 3 (MLE) Suppose that w = wMLE is used as the weight function, and b and ζ are any
numbers that satisfy with D(νkµ) ≤ ζD(µkν) and log µ(l)
ν(l) ≤ b, ∀l ∈ L. There exists a universal
constant c > 0 such that if
D(νkµ) ≥ c(b + 2)

D(µkν) ≥ c(ζ + 1)(b + 2)

then with probability at least 1 − n−10 , Y ∗ is the unique solution to the programs (2) and (3).
Moreover, it always holds that D(νkµ) ≤ (2b + 3)D(µkν), so we can take ζ = 2b + 3.
We prove this claim in Appendix A. The two conditions (7) and (8) are not symmetric due to the
fact that there are more cross-cluster pairs than in-cluster pairs in general. The quantity ζ accounts
for the asymmetry between D(νkµ) and D(µkν).
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4. In all subsequent results, we use an arbitrary choice of exponent in the failure probability n−10 . It is easily seen from
Theorem 9 that the constant c scales linearly with the exponent.

7
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Theorem 3 has the intuitive interpretation that the in/cross-cluster label distributions µ and ν
should be sufficiently different, measured by their KL divergence, for the underlying clusters to be
recovered. Using a classical result in information theory (Topsoe, 2000), we may replace the KL
divergences with a quantity called the triangle discrimination that is often easier to work with. This
is summarized in the following corollary.

(µ(l) − ν(l))2
dλ ≥ c(ζ + 1)(b + 2)
µ(l) + ν(l)



n log n
K2



.

(9)

Corollary 4 (MLE 2) Suppose wMLE is used, and b, ζ are defined as in Theorem 3. There exists a
universal constant c such that Y ∗ is the unique solution to the programs (2) and (3) with probability
at least 1 − n−10 if
Z

L

One may take ζ = 2b + 3.

We prove this claim in Appendix A. Note that the left hand side of (9) is the triangle discrimination
between µ and ν, which lower bounds of the KL-divergence (cf. Lemma 23.) It can be seen that the
constant c if Corollary 4 may be trivially chosen such that it only differs from the c in Theorem 3
by a factor of 2. In general, we do not assume any special relationship between universal constants.

The MLE weight function wMLE turns out to be near-optimal, at least in the two-cluster case, in
the sense that no other weight function (in fact, no other algorithm) has significantly better statistical
performance. This is shown by establishing a necessary condition for any algorithm to recover
the true clustering Y ∗ . Here, an algorithm is a measurable function Ŷ that maps the data L to a
clustering represented by a cluster matrix.

Theorem 5 (Converse) The following holds for some universal constants c, c0 > 0. Suppose K =
n
0
2 , and the quantity b defined in Theorem 3 satisfies b ≤ c . If
Z
(µ(l) − ν(l))2
c log n
dλ ≤
,
(10)
n
L µ(l) + ν(l)

then inf Ŷ supY ∗ P Ŷ (L) 6= Y ∗ ≥ 21 , where the supremum is over all possible cluster matrices.

We prove this claim in Appendix B.
Under the assumption of Theorem 5, the conditions (9) and (10) match up to a constant factor,
showing that program (3) with the MLE weights wMLE is statistically order-wise optimal.
3.2 Monotonicity

µ(l)
µ̄(l)
µ(l)
≥
≥
≥1
ν(l)
ν̄(l)
ν̄(l)

or
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ν(l)
ν(l)
ν̄(l)
≥
≥
≥ 1.
µ(l)
µ̄(l)
µ̄(l)

We sometimes do not know the exact label distributions µ and ν in computing the MLE weights wMLE .
Instead, we may construct the weights using the log likelihood ratios of some “incorrect” distributions µ̄ and ν̄. Our algorithms have a nice monotonicity property: as long as the divergence between
the true µ and ν is larger than that between µ̄ and ν̄ (hence an “easier” problem), then the algorithm
still has the same (if not better) probability of success, even though the wrong weights are used.
More precisely, we say that the pair (µ, ν) is more divergent than (µ̄, ν̄) if, for each l ∈ L, we
have
either

8

µ(l)
(l) = w(l) − log
ν(l)

µ(l)
, ∀l ∈ L,
ν(l)

|∆µ | ≤ γD(µkν),

and |∆ν | ≤ γD(νkµ)

wLIN (l) :=

9

µ(l) − ν(l)
.
µ(l) + ν(l)
JMLR 18(49):1-47, 2017

We next consider a weight function that is an alternative to the MLE weights, and may be preferable
in certain scenarios. It is based on a linear approximation to the MLE weight function, hence
referred to as the linear weights:

3.4 Linear Weights

We prove this claim in Appendix D.
Therefore, as long as the errors ∆µ and ∆ν in w are not too large, the condition for recovery is
order-wise similar to that of the MLE weight given in Theorem 3. The numbers α and γ measure
the level of inaccuracy in the weight function w with respect to the ideal choice wMLE . The last two
conditions in Theorem 7 thus quantify the relation between the inaccuracy in w and the statistical
price to pay for using such a weight.

for some numbers α > 0 and γ < 1. Then Y ∗ is unique solution to the programs (2) and (3) with
probability at least 1 − n−10 provided that


α2
log n
α2
n log n
D(νkµ) ≥ c
(b + 2)
and D(µkν) ≥ c
(ζ + 1)(b + 2)
.
2
2
2
(1 − γ)
K
(1 − γ)
K

|w(l)| ≤ α log

Theorem 7 (Inaccurate Weights) Let b and ζ be defined as in Theorem 3. Suppose that the weight
function w satisfies

R
be
R the weighting error for each label l ∈ L. Then the quantities ∆µ := L ε(l) dµ and ∆ν :=
L ε(l) dν represent the average errors with respect to µ and ν. Note that ∆µ and ∆ν can be positive
or negative. The theorem below characterizes the performance of using such an inaccurate weight
function w.

ε(l) := w(l) − w

MLE

We now consider a more general way of choosing the weight function w, which need not be conservative, but is only required to be not too far from the true log-likelihood ratios wMLE . Let

3.3 Using Inaccurate Weights

We prove this claim in Appendix C.
Theorem 6 suggests that one may choose the weight function by using the log likelihood ratios
of a conservative estimate (i.e., a less divergent one) of the true label distribution pair.

Theorem 6 (Monotonicity) Suppose that we use the weight function w(l) = log µ̄(l)
ν̄(l) , ∀l ∈ L,
while the actual label distributions are µ and ν. If the conditions in Theorem 3 or Corollary 4 hold
with µ, ν replaced by µ̄, ν̄, and (µ, ν) is more divergent than (µ̄, ν̄), then with probability at least
1 − n−10 , Y ∗ is the unique solution to programs (2) and (3).

C LUSTERING FROM G ENERAL PAIRWISE O BSERVATIONS

Varµ wLIN + Varν wLIN
1
=
2
2
L

Z
(µ(l) − ν(l))2
dλ.
µ(l) + ν(l)

and

ν(l) = 0, ∀l ∈ L∞ : w(l) > 0.

Wij (2Yij∗ − 1) > 0,
10

∀(i, j) : Lij ∈ L∞ .
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(12)

This condition ensures that whenever a node pair is assigned with unbounded weight, the sign of
the weight is consistent with the true cluster relation between the pair, that is, with probability one,

µ(l) = 0, ∀l ∈ L∞ : w(l) < 0

where b∞ should be thought of as a very large positive number. For all l ∈
/ L∞ , we assume that
|w(l)| ≤ b for some b < b∞ . We further assume that the weight function w is L∞ -consistent in the
sense that

L∞ := {l ∈ L : |w(l)| > b∞ },

The general result in Theorem 2 is valid for any weight function that is uniformly bounded, i.e.,
|w(l)| ≤ b a.e. on L. (The theorem becomes vacuous if b → ∞.) We now give a more general
result, which allows some of the weights to have arbitrarily large magnitudes. Unbounded weights
arise when some of the pairwise observations are highly certain, or given as hard constraints. For
example, the label between nodes i and j may have the form lsame = “these nodes are known to be in
the same cluster”, in which case assigning an unbounded weight w(lsame ) → ∞ in the program (1)
forces the nodes i and j to be clustered together. Similarly, for two nodes that are known to be in
different clusters, a large negative weight would be desirable.
We identify the set of labels associated with unbounded weights as

3.5 Unbounded Weights

Note the the left hand side of (11) coincides with the triangle discrimination term that has appeared
in Corollary 4 as a lower bound of the KL-divergence. Comparing Corollary 8 above to the converse
results in Theorem 5, we see that, at least for the case of two equal-size clusters, the linear weight
function wLIN provides order-wise optimal recovery guarantees.
The linear weights wLIN (l) are always between −1 and 1 and thus well bounded. Empirically, it
is observed that wLIN performs slightly worse than the MLE weight function wMLE in general. However, in certain cases wLIN can actually outperform wMLE . In particular, comparing Corollaries 4
and 8 suggests that this most likely happens when the quantity ζ is large, i.e., D(νkµ)  D(µkν).
We demonstrate this phenomenon in our empirical results in Section 6.2, where ζ is large in the case
of dense graphs.

Corollary 8 (Linear) Suppose the weight function wLIN is used. There exists a universal constant c
such that Y ∗ is the unique solution to the program (3) with probability at least 1 − n−10 if
Z
(µ(l) − ν(l))2
n log n
dλ ≥ c
.
(11)
K2
l∈L µ(l) + ν(l)

Using this observation, we immediately obtain the following corollary for wLIN from Theorem 2.

Eµ wLIN = −Eν wLIN =

It is straightforward to show that

L IM , C HEN AND X U

Denote by sµ :=

R
L∞

C LUSTERING FROM G ENERAL PAIRWISE O BSERVATIONS


0
if l ∈ L∞ ,
w(l) otherwise,

dµ the total probability of the labels in L∞ under the distribution µ, and
w̃b (l) :=

(s
|Ck |
,
|Ck0 |

s
)
|Ck0 |
.
|Ck |

the weight function restricted to labels with bounded weights. Finally, in the bi-clustering setting,
we need an additional parameter ξ that measures bi-cluster skewness:
ξ := max
k∈[r]

In the standard clustering case we simply have ξ = 1.
Under the above setting, we have the following result valid for unbounded weights with arbitrarily large b∞ .

√
√
Kβ log n Varν w̃b
,
K

√
nβ log n

p
max(Varµ w̃b , Varν w̃b )
,
K

(16)

(15)

(14)

(13)

Theorem 9 Suppose that the weight function w is L∞ -consistent, and β > 0 is any fixed number.
There exists a universal constant c > 0 such that the following is true. If

bβ log n +

Eµ w̃b ≥ 0,
−Eν w̃b > c

bβ log n +



n
o
n
max(Var
Eµ w̃b
β
log
n
bξ
µ w̃b , Varν w̃b )
,
,
> c max max 1,
2
b∞
b∞
K
Kb∞

Eµ w̃b > c

and at least one of the following two inequalities holds:

sµ +

then with probability at least 1 − n−β the solution to the programs (2) and (3) is unique and
equals Y ∗ .

β log n
,
K

(17)

We prove this claim in Section 7.
Theorem 9 is particularly useful when we take b∞ → ∞ while keeping b, n and K finite. In
this case the condition (16) simplifies to
sµ > c
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a lower bound on the probability of observing a label from L∞ between two nodes in the same
cluster. The conditions (17) together with (14) are sufficient for successful recovery of Y ∗ . Significantly, these conditions only depend logarithmically on n, which is in contrast to the dependence
√
on n in Theorem 2. This improvement demonstrates the benefit of assigning unbounded weights
to labels in L∞ (i.e., label with high certainty).
Also note that Theorem 2 is a special case of Theorem 9, as we show in Section 7.
11
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4. Consequences and Applications

We now apply the general results in the last section to different concrete cases. In sections 4.1
and 4.2, we consider two clustering settings with sub-Gaussian weights or non-uniform edge probabilities, both of which generalize the standard stochastic block model. In these settings two immediate corollaries of our main theorems recover, and in fact improve upon, existing results. In
sections 4.3 and 4.4, we turn to the more complicated setting of clustering time-varying graphs and
derive several new results.
Throughout this section we use c, c0 etc. to denote universal positive constants.

4.1 Clustering a Sub-Gaussian Matrix with Partial Observations

√1
2π

(
1 − s,

 if l =?,
2
exp − (l−ū)
, if l ∈ R,
2
s·

and ν(l) =

s·

√1
2π

(
1 − s,


 if l =?,
2
exp − (l−u)
, if l ∈ R.
2

Analogous to the planted partition and stochastic block models for unweighted graphs, the submatrix localization problem concerns clustering a weighted graph whose adjacency matrix has subGaussian entries. This problem is often used as an idealized model for the bi-clustering of drugs
and proteins, species and gene sequences, customers and products, and other forms of object-feature
pairs (see Kolar et al., 2011, and references therein).
Here we consider a generalization of this problem, where some of the entries are unobserved.
This setting arises when the relations between some node pairs are costly to determine, so it is
unknown whether or not they are connected by an edge, nor is the weight of the edge (Shamir
and Tishby, 2011). For simplicity, we state our results assuming that the adjacency matrix and its
submatrices are symmetric, and that the entries of the matrix are Gaussian. Our theoretical results
apply to the general sub-Gaussian case without change.
Specifically, we observe a matrix L ∈ (R ∪ {?})n×n , where Lij =? with probability 1 − s,
and otherwise Lij follows the Gaussian distribution N (uij , 1).5 Here Lij =? denotes that the
relation between the i-th and j-th nodes is unobserved. The means {uij } of the Gaussians satisfy
the following: within L there are r submatrices of size at least K × K with disjoint row and column
support; we have uij = ū if the pair (i, j) is inside one of the submatrices, and uij = u if outside,
where ū > u ≥ 0. The goal is to locate these submatrices with elevated means given the large
matrix L. We may think of this problem as finding clusters in a weighted graph with the partially
observed adjacency matrix L.
This problem is a special case of our general framework with a mixed-valued label set L =
R ∪ {?}. The base measure λ is chosen to be such that it equals the Lebesgue measure on R and 1
on {?}. Then the density functions of µ and ν are
µ(l) =

(
0,
if l =?,
l − (ū + u)/2, if l ∈ R.

The MLE weight function therefore has the form
wMLE (l) ∝
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5. Equivalently, Lij is generated according to N (uij , 1), and then is replaced by ? with probability 1 − s.

12

n log3 n
,
K2
(18)



n log n
(P − Q)2
≥ c (ζ + 1)(b + 2)
.
(P + Q)(2 − P − Q)
K2

Applying Corollary 4 for MLE weights, we immediately obtain the following recovery guaran-

(19)

(20)
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7. The planted partition model satisfies the sub-Gaussian assumption, so the results in Section 4.1 in fact apply to this
setting. Here we take into account the variance information to derive tighter bounds.

In Section 4.1 we discussed clustering Gaussian weighted graphs with partial observations. Here
we consider such a similar setting for unweighted graphs under the planted partition model.7

4.2.1 C LUSTERING PARTIALLY O BSERVED U NWEIGHTED G RAPHS

Below we discuss two applications of Corollary 12, which leads to generalization and improvement over existing results.

As a passing observation, we note the log n factor in the above two corollaries can be removed by a
slightly more careful analysis; see Remark 20.

then with probability at least 1 − n−10 , Y ∗ is the unique solution to the programs (2) and (3) with
the conservative MLE weight function w̄MLE in (20).

Corollary 12 (Non-uniform Edge Probabilities, II) Under the above setting, suppose that P ≥
Q almost surely with respect to ψ. If


n log n
(P − Q)2
≥c
,
E(P,Q)∼ψ
P (1 − Q)
K2

These weights are clearly bounded by a constant. Applying Theorem 6 for monotonicity together
with Corollary 4 for MLE weights, we obtain the following recovery guarantee:


3p + q
4 − 3p − q
w̄MLE (l) = w̄MLE (a, p, q) = a log
+ (1 − a) log
.
p + 3q
4 − p − 3q

Here the notation (P, Q) ∼ ψ means that (P, Q) is a pair of numbers sampled from the distribution ψ.
We can simplify the above condition considerably by considering a conservative weight function
(cf. Section 3.2): on the RHS of (19) we replace p and q with p̄ = 43 p + 41 q and q̄ = 14 p + 34 q,
respectively, which leads to the weight function

then with probability at least 1 − n−10 , Y ∗ is the unique solution to the programs (2) and (3) with
the MLE weight function in (19). One may take ζ = 2b + 3.

E(P,Q)∼ψ

Corollary 11 (Non-uniform Edge Probabilities, I) Under the above setting, suppose that there
exist ζ and b such that D(νkµ) ≤ ζD(µkν) and | log µ(l)
ν(l) | ≤ b almost everywhere. If

tee:


p
1−p
wMLE (l) = wMLE (a, p, q) = a log + (1 − a) log
.
q
1−q

The MLE weight function therefore has the form
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√
6. Otherwise, if ū − u > c0 log n for some sufficiently large constant c0 > 0, then with high probability the smallest
entry inside the submatrices will dominate the largest entry outside, so simple element-wise thresholding finds the
submatrices (Balakrishnan et al., 2011; Kolar et al., 2011).

Recall that in the standard planted partition model, the observed unweighted graph is generated by
independently connecting each node pair with probability p if they are in the same cluster, or with
probability q if they are in different clusters, where p, q ∈ [0, 1] are two fixed numbers. Here we
consider a more general setting, where the in/cross-cluster edge probabilities can be different across
node pairs. This setting has a range of applications as discussed at the end of this sub-section.
Concretely, suppose that each node pair (i, j) is associated with two numbers Pij and Qij .
Independently for each (i, j), the values of Pij and Qij are generated randomly according to some
distribution ψ on [0, 1] × [0, 1], which is assumed to have a density function with respect to some
reference measure λ0 . Conditioned on Pij and Qij , the nodes i and j are connected by an edge with
probability Pij if they are in the same cluster, or with probability Qij if they are in different clusters.
For each (i, j), one knows the values of Pij and Qij , but not which of them is the probability that
generates the edge. Assuming that there are r ground-truth clusters of size at least K, the goal is to
find these clusters given the graph adjacency matrix A ∈ {0, 1}n×n and the edge probabilities (Pij )
and (Qij ) ∈ [0, 1]n×n .
This model can be cast as a special case of our labeled framework, in which each pairwise label
is a triplet of the form Lij = (Aij , Pij , Qij ) ∈ L = {0, 1} × [0, 1] × [0, 1]. Note that the labels take
a combination of discrete and real values. If we choose the base measure λ to be the product of the
counting measure on {0, 1} and λ0 , then the density functions of µ and ν are given as follows: for
each l = (a, p, q) ∈ {0, 1} × [0, 1] × [0, 1],
(
(
pψ(p, q),
if a = 1,
qψ(p, q),
if a = 1,
µ(l) =
and
ν(l) =
(1 − p)ψ(p, q), if a = 0,
(1 − q)ψ(p, q), if a = 0.

4.2 Planted Partition with Non-Uniform Edge Probabilities

In the full observation case s = 1, Corollary 10 recovers the results in Ames (2014); Balakrishnan et al. (2011); Kolar et al. (2011) up to log factors. Our results are more general as we allow for
partial observation, which is not considered in previous work. Corollary 10 allows
the observation
√
probability to be as small as s = Ω( Kn2 ), or the signal strength to be ū − u = Ω( Kn ) (ignoring log
factors). In general we see a quadratic tradeoff between these two quantities: with four times more
observations, the signal strength can be 50% smaller.

then with probability at least 1 − 2n−10 , Y ∗ is the unique solution to the programs (2) and (3) with
the weight function w = wMLE .

s (ū − u)2 ≥ c

Corollary 10 (Gaussian Graphs) Under the above setting, if

√
This submatrix localization problem is most interesting when ū − u ≤ c0 log n for some
universal constant c0 > 0,6 which we assume to hold in the sequel. Observe that D (µkν) =
D (νkµ) = 14 s(ū − u)2 . In Appendix E we apply the general result in Theorem 2 to derive the
following recovery guarantee.

C LUSTERING FROM G ENERAL PAIRWISE O BSERVATIONS

Specifically, suppose that the edge probabilities (Pij , Qij ) ∼ ψ is distributed as (Pij , Qij ) =
(p, q) with some probability s, and Pij = Qij = 21 with probability 1 − s, where p > q are two
fixed numbers. This setting extends the standard planted partition model to partial observation:
with probability 1 − s, the connection Aij between a pair (i, j) is known to be purely random and
uninformative about the cluster membership of i and j—having such a purely random observation is equivalent to saying that one does not observe whether or not i and j are connected by an
edge.8 This setting is sometimes called the planted partition model with partial or censored edge
observation. Note that the conservative MLE weight function (20) assigns zero weight to unobserved/uninformative pairs, as should be expected.
By calculating the left hand side of the condition in Corollary 12, we immediately obtain the
following guarantee.

C LUSTERING FROM G ENERAL PAIRWISE O BSERVATIONS
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Corollary 13 Under the above planted partition model with partial observation, if
s(p − q)2
n log n
≥c
,
p(1 − q)
K2

3 − 2Qij
.
1 + 2Qij


 
2
1
n
log n
−Q
,
&
2
K2
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10. That is, the density function ψ(p, q) is supported on the line segment {(p, q) ∈ R2 : q = 1 − p, 0 ≤ q ≤ 21 }.
11. Asymptotically the difference between the right hand sides can be made arbitrarily small, regardless of the contants.
Furthermore, empirically the constants involved are very similar, depending on how the weights are bounded.

where the expectation is with respect to (P, Q) ∼ ψ. We can compare this result with the presumably sub-optimal unweighted approach, which ignores the non-uniformity of the uncertainty level
and uses uniform weights Wij = 2Aij − 1 ∈ {−1, 1}. By Theorem 2 this unweighted approach
succeeds if


2
1
n
log n
.
− EQ &
2
K2
The difference between the left hand sides of the last two conditions is E[Q2 ] − (EQ)2 = Var[Q],
the variance of the uncertainty level.11 This is therefore evidence that the weighted approach is
indeed better than the unweighted one, and the gain is large precisely when the uncertainty level is
very non-uniform with a high variance. We refer the readers to Chen et al. (2014b) for empirical
verification of this gain as well as further discussion and applications.
Of course our results are not limited to the symmetric setting Qij ≡ 1 − Pij . Corollary 12 is
applicable under a general distribution ψ of Pij and Qij , in which case a larger value of |Pij − Qij |
corresponds to a lower level of uncertainty. We omit discussion of this general setting due to space
limit.

E

Note that the magnitude |Wij | of the weight is small for a high uncertainty level Qij ; in particular,
one has Wij = 0 for a completely uncertain observation with Qij = 21 .
Using these weight, Corollary 12 guarantees that the programs (2) and (3) recover the clusters
with high probability provided that

Wij = (2Aij − 1) log

is associated with high confidence, whereas those with a few votes or divergent votes have low
confidence, and a pair receiving no votes is completely uncertain.
In such a setting, each pairwise observation Aij should be treated differently according to its
level of uncertainty. Often, one has prior knowledge on the uncertainty levels, for example when
the graph is built from a known process as in the crowd-clustering example. Intuitively, using such
knowledge improves clustering performance. It is, however, less clear how this knowledge can be
used and how much improvement it can provide. Below we use Corollary 12 to obtain a quantitative
answer.
For simplicity, we focus on a special case of the setting in Corollary 12: we assume that the
distribution ψ of edge probabilities is symmetric, in the sense that we always have Qij ≡ 1 − Pij ,
where Qij ∈ [0, 21 ].10 In this case, the quantity Qij can be interpreted as the probability of an
erroneous observation—namely, a no-edge between two nodes in the same cluster (a false negative),
or an edge between two nodes in different clusters (a false positive). Therefore, Qij measures the
level of uncertainty in the observation Aij at (i, j). In particular, Qij = 0 means that Aij is a
noiseless observation of the cluster relation between i and j, whereas Qij = 21 corresponds to a
completely uncertain observation with no information.
For each observation Aij ∈ {0, 1} with an uncertainty level Qij ∈ [0, 21 ], the conservative MLE
weight function (20) assigns the weight

then with probability at least 1 − n−10 , Y ∗ is the unique solution to the programs (2) and (3) with
the conservative MLE weight function w̄MLE in (20).
In the full observation setting s = 1, the above result matches the best existing bounds for standard
planted partition (e.g., in Chen et al., 2014c; Anandkumar et al., 2014), up to a log n factor that
can be removed (see the remark after Corollary 12). In the partial observation setting s < 1,
the work by Vinayak et al. (2014); Chen et al. (2014a) gives a similar bound under the additional
assumption p > 0.5 > q, which is not required by Corollary 13. For general p and q, the best
existing bounds can be found in Oymak and Hassibi (2011); Chen et al. (2014c), where unobserved
entries in the adjacency matrix A are replaced with 0 and recovery is guaranteed under the condition
s(p−q)2
n log n 9
p(1−sq) & K 2 . Our result is tighter when p and q are close to 1. Finally, we note that our result
is non-asymptotic and valid under any scaling of the parameters n, K, r, p, q, s.
4.2.2 P LANTED PARTITION WITH N ON - UNIFORM U NCERTAINTY
We next consider an application of Corollary 12 to a further generalization of the partial observation
setting above. In the above setting, if an entry Aij of the adjacency matrix is unobserved or purely
random, the cluster relation between the nodes i and j is completely uncertain (based on only Aij ).
Here we assume that each Aij is associated with a different, continuous level of uncertainty. For
some node pairs, the observation Aij of the existence of an edge (or respectively, the absence of an
edge) may be generated by accurate measurements, and therefore a strong indicator that the nodes i
and j should be assigned to the same (or respectively, different) clusters.
For example, in crowd-clustering a number of users are asked whether or not they think a pair
of nodes (e.g., movies or images) are similar, and the final graph is constructed by aggregating
the users’ answers by say majority voting (Gomes et al., 2011; Yi et al., 2012). The uncertainty
levels are naturally non-uniform across pairs: a pair receiving a large number of unanimous votes
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8. This model can be rephrased in the following equivalent form: given a partially observed adjacency matrix A ∈
{0, 1, ?}n×n , one replaces each unobserved entry ? in A with an independent Bernoulli random variable.
9. We use & when the inequality is up to a constant factor.
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(t)
T
µ(Lij )
µ(L̄ij )
1
1X
.
log
=
log
(t)
T
T
ν(L̄ij )
ν(Lij )
t=1

(22)

(21)

(t)

(1)

(1) 

|Lij

(τ +1) 

− µ0 Lij

≤ κφτ and

(τ +1)

Prν Lij

(1) 

|Lij

(τ +1) 

− ν0 Lij

≤ κφτ (23)

(25)

(24)
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4.4 Markov Sequence of Snapshots

We now consider a more general and useful setting for time-varying graphs, where the graph snapshots are not assumed to be independent but instead form a Markov chain.
For simplicity we assume that the Markov chain is time-invariant and has a finite state space
and a unique stationary distribution that is also the initial distribution. Therefore, the observations

See Appendices F for the proof of this claim, and G for additional discussion of the assumptions.

then with probability at least 1 − n−10 , Y ∗ is the unique solution to the programs (2) and (3) with
MLE weight function wMLE .


1
1
log n
D(ν0 kµ0 ) + 1 −
Eν0 Dl (νkµ) ≥ c(b + 2)
,
T
T
K


n
1
n log n o
1
log n
D(µ0 kν0 ) + 1 −
Eµ0 Dl (µkν) ≥ c(b + 2) max
, (ζ + 1)Φ
,
T
T
K
T K2

Corollary 15 (Markov Snapshots) Under the above setting, suppose that for each label pair (l, l0 ) ∈
0 |l)
(l)
L × L, we have log µν00(l)
≤ b, log µ(l
ν(l0 |l) ≤ b, D(ν0 kµ0 ) ≤ ζD(µ0 kν0 ) and Eν0 Dl (νkµ) ≤
ζEµ0 Dl (µkν) for some numbers b and ζ. If

With these notations, we have the following corollary of Theorem 2.

and similarly for Eν0 Dl (νkµ). As in the previous subsection, we use the average log-likelihood
µ(L̄ )
ratio wMLE (L̄ij ) = T1 log ν(L̄ij ) as the weight, where µ(L̄ij ) is the joint distribution of the sequence
ij

(1)
(T )
L̄ij = Lij , . . . , Lij under the above Markov chain; similarly for ν(L̄ij ). Finally, define the
quantity
κ
Φ :=
.
(1 − φ) minl∈L {µ0 (l), ν0 (l)}

for some constants κ ≥ 1 and 0 < φ < 1 that only depend on µ and ν. Let Dl (µkν) denote the
KL-divergence between µ(·|l) and ν(·|l); Dl (νkµ) is similarly defined. Let
P
Eµ0 Dl (µkν) := l∈L µ0 (l)Dl (µkν)

Prµ Lij

(τ +1)

Lij , t = 1, 2, . . . at each pair (i, j) are generated by first drawing a label Lij from the stationary
distribution µ0 (or ν0 , according to the cluster membership of i and j) over the finite set L at t = 1,
then applying a one-step transition to obtain the label at each subsequent t. In particular, given
the previously observed label l, let the intra-cluster and inter-cluster conditional distributions of
(1)
(2)
the next observation be µ(·|l) and ν(·|l). We assume that the Markov chains {Lij , Lij , . . .} with
respect to both µ and ν are geometrically ergodic, in the sense that for each integer τ ≥ 1 and pair
(1)
(τ +1)
Lij , Lij ,
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As an illuminating example, consider the case where µ0 ≈ ν0 , i.e., the marginal distributions
for individual snapshots are very close or even identical in and across clusters. This means that
the information about cluster membership is not contained in the labels themselves in individual
snapshots, but instead in the change of labels between snapshots. This point is made evident in
the left hand sides of (24) and (25), as first terms therein are approximately zero. In this case, it is
necessary to use the temporal information in order to perform clustering. Such information would
be lost if one disregards the ordering of the snapshots (for example, by averaging the snapshots)
and then applies a single-snapshot clustering algorithm. This example therefore highlights a crucial
difference between clustering time-varying graphs and static graphs.

Note that setting T = 1 above recovers the result in Theorem 3 for clustering a single label graph.
The second term on the right hand side of (22) usually dominates. In this case, Corollary 14
says that the clustering problem becomes easier if T is larger (i.e., more snapshots of the graph are
observed), and the relation between T and cluster recovery is quantified precisely. As a concrete
example, suppose that each snapshot is generated by the standard planted partition model with edge
n
probabilities p and q, where q = p/2. By Corollary 14 we need p & nTlog
to guarantee cluster
K2
recovery. Therefore, if four times more snapshots are available, then one can recover clusters whose
sizes K are 50% smaller. Similarly, we see a tradeoff between the number of snapshots T and the
graph sparsity p.

then with probability at least 1 − n−10 , Y ∗ is the unique solution to the programs (2) and (3) with
the MLE weights given above.

and
n log n
n log n o
D(µkν) ≥ c(b + 2) max
, (ζ + 1)
,
K
T K2

log n
D(νkµ) ≥ c(b + 2)
K

Corollary 14 (Independent Snapshots) Suppose that | log µ(l)
ν(l) | ≤ b, ∀l ∈ L and D(νkµ) ≤
ζD(µkν). If

Since the weight wMLE (L̄ij ) is the average of T independent random variables, its variance scales
as T1 . Applying Theorem 2 and following almost identical arguments as in the proof of Theorem 3,
we obtain the following guarantee for clustering a time-varying graph with independent snapshots.

wMLE (L̄ij ) =

Standard graph clustering concerns the partition of a single, static graph. We now consider a setting
where the graph is time-varying. Specifically, for each time interval t = 1, 2, . . . , T , one observes
a snapshot of the (label) graph L(t) ∈ Ln×n . In this subsection, we assume that each snapshot is
generated by the distributions µ and ν independently of other snapshots. In the next subsection we
consider the more general setting of Markov snapshots.
We can map this problem into our labeled framework, by considering the whole time sequence
(1)
(T )
of L̄ij := (Lij , . . . , Lij ) as a single label observed at the pair (i, j). In this case the label set is
the set of all possible sequences, i.e., L̄ = LT , and the label distributions are (with a slight abuse
Q
Q
(t)
(t)
of notation) given by the products µ(L̄ij ) = Tt=1 µ(Lij ) and ν(L̄ij ) = Tt=1 ν(Lij ). The MLE
weight (normalized by T ) is therefore the average log-likelihood ratio:

4.3 Clustering Time-varying Multiple-snapshot Graphs

C LUSTERING FROM G ENERAL PAIRWISE O BSERVATIONS

5. Implementation

C LUSTERING FROM G ENERAL PAIRWISE O BSERVATIONS

The convex programs (2) and (4) used in our clustering approach are semidefinite programs and
can be solved efficiently by the Alternating Direction Method of Multipliers (ADMM) (Boyd et al.,
2011). We provide the pseudocode for a complete implementation of the programs (2) and (4) in
Algorithms 1 and 2 below.
Algorithm 1 ADMM solver for Program (2)
Input: Weight matrix W ∈ Rn×n symmetric, convergence threshold  > 0
Output: Y
1. ρ ← 1, k ← 0
2. Y k ← 0, Qk ← 0, (Y k , Qk ∈ Rn×n )
3. X k+1 ← U max{Λ, 0}U > , where U ΛU > is an eigen-decomposition of (Y k − Qk + ρ1 W ).


4. Y k+1 ← min max X k+1 + Qk , 0 , 1

5. Qk+1 ← Qk + X k+1 − Y k+1

6. If kX k+1 − Y k+1 kF ≤  max{kX k+1 kF , kY k+1 kF } and kY k+1 − Y k kF ≤ kQk+1 kF then
stop and output Y = Y k+1 .
7. (Optional) Update ρ and Qk+1
8. k ← k + 1, go to step 3.
The inputs and outputs of Algorithms 1 and 2 are the same terms used in √
the programs (2)
and (4), respectively. We find that in practice, using the tuning parameter η = 2n for the program (4) works well. The criterion for convergence is specified by the threshold  > 0, and using
 = 10−4 provides a good tradeoff between the convergence time and the quality of the solution.
All our experiment results in Section 6 are based on these choices of η and .
In both Algorithms 1 and 2, an optional Step 7 for updating ρ can be used to potentially improve the speed of convergence. Boyd et al. (2011) suggest one such updating rule, which takes
an additional parameter τ and aims to balance the primal and dual residuals. In particular, if
kX k+1 − Y k+1 kF > τ ρkY k+1 − Y k kF , then set ρ ← 2ρ and Qk+1 ← Qk+1 /2. On the other
hand, if τ kX k+1 − Y k+1 kF < ρkY k+1 − Y k kF , then set ρ ← ρ/2 and Qk+1 ← 2Qk+1 . Typically
τ = 10 is a stable choice, which we use in all our experiments. For further details of this updating
rule we refer the reader to Boyd et al. (2011).
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In practice, due to finite precision and numerical errors, the output matrix Y will not in general
have entries that are exactly 0 or 1, even if the true cluster matrix Y ∗ is in fact the unique optimal
solution. If this is the case, a simple rounding of Y will give the correct solution, from which the
clusters can then be obtained by sorting the rows. If Y can not be rounded into a cluster matrix, we
use a simple k-means algorithm to the rows of Y to extract a desired number of clusters.
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Algorithm 2 ADMM solver for Program (4)
Input: Weight matrix W ∈ Rn1 ×n2 , tuning parameter η > 0, convergence threshold  > 0
Output: Y
1. ρ ← 1, k ← 0

2. Y k ← 0, Qk ← 0, (Y k , Qk ∈ Rn1 ×n2 )

3. X k+1 ← U max{Σ − ηρ , 0}V > , where U ΣV > is an SVD of (Y k − Qk ).
o o
n
n
4. Y k+1 ← min max X k+1 + Qk + ρ1 W, 0 , 1
5. Qk+1 ← Qk + X k+1 − Y k+1

6. If kX k+1 − Y k+1 kF ≤  max{kX k+1 kF , kY k+1 kF } and kY k+1 − Y k kF ≤ kQk+1 kF then
stop and output Y = Y k+1 .
7. (Optional) Update ρ and Qk+1
8. k ← k + 1, go to step 3.

6. Empirical results

In this section we report empirical results by applying Algorithm 1 to a variety of both synthetic
and real data sets.12 In our experiments, unless specified otherwise, we report the “full recovery
rate” based on 100 repeated trials, i.e., the fraction of trials where the output of Algorithm 1 (after
rounding to the nearest 0 and 1) equals Y ∗ exactly. Error bars show 95% confidence intervals.
6.1 Clustering with General Labels

We first evaluate graph clustering performance on a generic graph model with 5 labels. We use
n = 200 with 4 equal-size clusters. In each experiment, two distributions µ and ν are randomly
chosen from a uniform prior over all distributions as the in-cluster and the cross-cluster label distributions. Then, 100 random graphs are generated using this (µ, ν) pair, and each clustering outcome
is checked against the corresponding ground truth. This is repeated 500 times to get a large variety of pairs. In other words, 500 random (µ, ν) pairs are generated, each tested on 100 random
graphs. According to Theorem 3, the KL-divergence between µ and ν is the key deciding factor
for the successful recovery of the underlying true clusters. The results are shown in Figure 1. In
the left panel of Figure 1, we use the sum D(µkν) + D(νkµ) as the predictor (the horizontal axis
is cut off at 2 since beyond this range all recovery rates are essentially 1). In the right panel, we
use min{D(µkν), D(νkµ)} as the predictor. The results indeed support the theoretical prediction
as given by conditions (7) and (8) of Theorem 3.
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12. Although we only report results from Algorithm 1 and for standard clustering, we note that similar results are obtained
with Algorithm 2 and in the bi-clustering case as well.
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Figure 1: Clustering performance under different label distributions
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Figure 3: Clustering dense graph (n = 200)
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Figure 2: Clustering sparse graph (n = 200)

full recovery rate

In the next experiment, we test the planted partition model with partial observations. The model is
as described in Section 4.2. Each pair is observed with probability s. For each observed in-cluster
pairs, an edge is generated with probability p while for each observed cross-cluster pairs, an edge is
generated with probability q. We consider both sparse graphs (p and q close to 0) and dense graphs
(p and q close to 1). For the sparse case, we fix q = 0.02 and vary p, whereas for the dense case, we
fix p = 0.98 and vary q.
Figures 2 and 3 show the results for graphs with n = 200, and Figures 4 and 5 show the results
for n = 1000, with 4 equal-size clusters in both cases. For n = 200, we set the observation
probability to s = 0.8; for n = 1000, we use s = 0.5 since the problem is significantly easier.
For comparison, we include results for the MLE weights (wMLE ), the linear weights (wLIN ),
and the uniform weights. An imputation scheme labeled “MLE (no partial)”, where all unobserved
entries are treated as “no edge”, is also included.

6.2 Clustering Sparse/Dense Graphs with Partial Observations

full recovery rate
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Lelarge et al. (2013) proposed a labeled stochastic block model, which is a special case of our model
(cf. Section 1.1). In particular, their setup is restricted to only the two-cluster case, with balanced
cluster sizes (i.i.d. uniform cluster membership). They proposed a spectral method specially tailored
for this case. In this section, we compare our approach with theirs on the exact same setup that
they use. In this setup, each pairwise observation can be an edge/non-edge. Each edge can take
one of two possible labels. This is equivalent to a 3-label case in our setup. Figure 10 shows
the results in terms of the “overlap” (as used by Lelarge et al. (2013)), which is a measure of
how closely the resulting clusters match the ground truth. In Fig. 10, “convex” refers to results

6.2.1 C OMPARISON WITH S PECTRAL M ETHODS

2

Figure 5: Clustering dense graph (n = 1000)
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Corollary 11 predicts more success as the ratio s(p−q)
p(1−q) gets larger. All else being the same,
label distributions with small ζ (corresponding to sparse graphs in the planted partition setting,
where D(νkµ)
D(µkν) is small) are easier to solve. Note that these predictions are with respect to the MLE
weights. Both predictions are consistent with the empirical results given in Figures 2–5. The results
also indicate that the MLE weights outperform the other weights in the sparse settings. On the other
hand, in the dense case, we observe that the linear weights outperform the MLE weights by a small
margin. This empirical observation is consistent with the prediction given in Section 3.4.
To give an idea of the computation time involved, Figures 6 and 7 plot the average CPU time
needed to solve program (2) with Algorithm 1 on a typical quad-core desktop machine in Matlab.
A commonly observed trend is that the number of iterations needed to converge is usually small
when the problem is either too “hard” (p − q small) or too “easy” (p − q large). Note that we did
not attempt to optimize the algorithm in terms of speed. Improvement in the computational aspect
is certainly an interesting direction to explore.
We next examine the effect of varying cluster size K on the performance, with the total number
of nodes held fixed. Figures 8 and 9 show clustering results with various values of K for n = 400.
We choose a particular value of (p, q, s) that shows an interesting region. As expected, the success
rates improve when K grows. The results remain qualitatively similar for other values of p, q and s.

Figure 4: Clustering sparse graph (n = 1000)
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13. We note that computationally the cost is typically dominated by the SVD operations, especially for large n. For
spectral clustering, only 1 SVD needs to be performed, whereas the ADMM solver performs 1 SVD per iteration.
The number of iterations may range from just a few to several hundreds, depending on the problem.

based on Algorithm 1, where the final clustering is obtained by running K-means on the normalized
rows of the output matrix. “Spectral” refers to results based on the proposed spectral method by
Lelarge et al. (2013). We can observe that both approaches produce comparable results. Although
computationally more costly,13 our approach can handle a much wider range of problem setups, and
as shown in Section 6.5.1, can significantly outperform the spectral method in many cases.

Figure 8: Clustering sparse graph (n = 400)

cpu time (seconds)

full recovery rate

cpu time (seconds)
full recovery rate

1

0.8

0.6

0.4

0.2

0
0

0.1

0.2

n = 1000

0.3
epsilon

0.5

Convex (p=0.012,q=0.008)
Spectral (p=0.012,q=0.008)
Convex (p=0.006,q=0.004)
Spectral (p=0.006,q=0.004)
Convex (p=0.003,q=0.001)
Spectral (p=0.003,q=0.001)

L IM , C HEN AND X U

0.4

24

JMLR 18(49):1-47, 2017

We run two experiments, each with n = 600, 1200, 1800, 2400. In all cases, the cluster size K
is fixed at 150, and the labels are either “edge”, “no edge” or “unobserved”. In the first experiment
we consider uncertain observations, where each observed entry is equal to the corresponding entry
of Y ∗ with probability 0.7, and otherwise it is flipped. In the second experiment with highly certain

We empirically test the prediction of Theorem 9 regarding highly certain observations. For partially
observed graphs with uncertain observations, the sufficient condition for recovery given by Corollary 13 requires that the fraction of observed entries, s, grows linearly with n (ignoring logarithmic
term) if the other parameters p, q and K are held fixed. On the other hand, if all observed entries
are highly certain, Theorem 9 predicts that s needs to grow only logarithmically with respect to n.

6.4 Clustering with Highly Certain Observations

In this experiment, we evaluate real-valued labels drawn from Gaussian distributions. We also
evaluate the effect of using weights that deviate from the MLE weights. Figure 11 shows clustering
results on graphs with n = 200 and 8 equal-size clusters. The cross-cluster label distribution has
mean 0 and variance 1. The in-cluster label distribution has the same variance but with elevated
mean of µ = 2 (blue) and µ = 1.5 (red). Obviously, the case of µ = 2 is an easier problem. In
each case, we run Algorithm 1 using MLE weights that correspond to an in-cluster distribution with
mean µ + ∆ instead of µ. Figure 11 shows that clustering performance drops when the deviation
gets sufficiently large. Observe that negative ∆ (conservative weights) performs better—consistent
with Theorem 6. Figure 12 shows results based on the same settings, except that random noise is
added to the (true) MLE weight, where the noise is uniformly distributed within the range [−∆, ∆].
We observe a gradual drop of performance with respect to ∆, as predicted by Theorem 7.

6.3 Gaussian Graphs and Inaccurate Weights

Figure 10: Comparison with spectral method. p and q are within-cluster and between-cluster edge
probabilities, respectively.  denotes the difference in within/between-cluster label distributions, where 0 is the smallest and 0.5 is the largest.
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14. Our method has extra advantage in the partially observed case, since it is generally unclear what weight to use
for spectral clustering in this case. We tested a few imputation scheme for spectral clustering but the results are
qualitatively the same.

In this section, we compare our approach with an existing approach in clustering time-varying
graphs based on evolutionary spectral clustering, as proposed by Chi et al. (2009). In particular,
to handle time-varying graphs, one can assign a weight to each time step and compute a weighted
average of the normalized graph Laplacian in each time step, then perform standard spectral clustering using this averaged graph Laplacian. We use the same settings as in Figure 14, except that
we use the fully-observed case, to make sure that the comparison is fair.14 For our approach, the
final cluster assignments are obtained via running K-means on the normalized rows of the output
matrix of the convex program. For spectral clustering, the final cluster assignments are based on
K-means on the normalized rows of the top-K left singular vectors of the averaged graph Laplacian.
For reference, we also include the results based on simply running K-means on the normalized rows
of the averaged graph Laplacian. Figure 16 shows the results for T = 1, T = 2 and T = 3 in terms
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0
0

0.2

0.4

0.6

0.8

1

Figure 15 shows results for Markov label sequences. Here, we test a simple model with two
labels “interaction” and “no-interaction” (equivalent to “edge” and “no-edge”). For within-cluster
pairs, the probability of interaction is greater (i.e., equal to 0.5 + ) in the next time-step if there
is no interaction in the current time-step, and vice versa. For inter-cluster pairs, the occurrence
of interaction/no-interaction is completely random (i.e.,  = 0) and therefore independent across
snapshots. In this setting, both the marginal and stationary distributions for µ and ν are identical in
every time step, and therefore at least two consecutive time steps are needed for informative clustering (cf. Section 4.4). The figure shows results for 200 nodes partitioned into 8 equal-size clusters,
with the horizontal axis tracking the average KL-divergence between the conditional distributions
(by varying ). As predicted by Corollary 15, the performance improves as the number of snapshots
T increases.
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We next investigate clustering performance on time-varying graphs. Figure 14 shows results based
on multiple independent snapshots of partially observed graphs. Each graph is generated according
to the planted partition model with partial observation (20% observed) as described in Section 4.2.1,
with uniform error rate q = 1 − p for all node pairs. We tested a wide range of error rates (q ∈
[0.006, 0.325]), and the horizontal axis tracks the corresponding KL divergence between µ and
ν. We used n = 200 with 8 equal-size clusters. As predicted by Corollary 14, the clustering
performance improves as the number of snapshots T grows.

6.5 Clustering Time-varying Graphs

Figure 13: Fraction of observed entries needed for 90% full-recovery rate. Left panel: uncertain
observations. Right panel: highly-certain observations.
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0.8
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observations, all observed entries are equal to Y ∗ with probability 1. In both experiments, we search
for the smallest fraction of observed entries needed to achieve a 90% full-recovery rate.
The results are shown in Figure 13. The plots indeed suggest a linear dependency on n for the
uncertain observations, but a sub-linear dependency on n for the highly certain case.

Figure 11: Systematic weight deviation
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of full clusters recovery rate. Figure 17 shows the pairwise error rate, which is the fraction of all
node pairs that have been wrongly classified as either belonging to the same or different clusters.
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Figure 16: Comparison with evolutionary spectral clustering (full recovery rate)
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The next two data sets, Workplace and Primary-school, are from Genois et al. (2015) and Stehl
et al. (2011), respectively. The Workplace data involves human contacts among 92 employees in
an office building, where the ground truth clusters correspond to 5 different departments. We split
this data set (over 10 days) into 10 daily snapshots, each with a binary {“interact”, “no-interact”}
observation set. The Primary-school data involves contacts among 232 children in a primary school

Figure 18: Reality Mining data set. Left: Varying number of snapshots (50 training pairs). Right:
Varying number of training pairs (14 snapshots).

2

Figure 18 shows the results with respect to varying number of snapshots (left panel) and varying
number of training pairs used for parameter estimation (right panel). For comparison, we also
added result based on evolutionary spectral clustering (Chi et al., 2009). The vertical axis shows
the fraction of pairs whose cluster relationships are correctly identified. The accuracy generally
improves when more snapshots are used. However, the improvement with respect to T is lower than
expected, most likely due to the fact that the snapshots are not independent. The union model is
expected to improve with T for sparse graphs—due to increase in the KL-divergence between the
in/cross-cluster distributions. Overall, the Markov model managed to achieve higher accuracy than
both the union and independent model, though the best accuracy is achieved by the evolutionary
spectral clustering approach. Further inspection of the data suggests that the snapshots are nonstationary in the sense that the earlier snapshots have rather different label distributions than the
later snapshots.

We compare three models on this data set: the Markov snapshot model in Section 4.4, the
independent snapshot model in Section 4.3, and a single snapshot approach (i.e., our approach
with T = 1) applied to a static graph generated by taking the union of all snapshots (i.e., two
individuals are connected if they interact during any of the 14 weeks). In each trial, the in/crosscluster label distributions are estimated from a fraction of randomly selected pairwise interaction
data. In particular, each parameter (i.e., the interaction probability and the transition kernel) is
estimated using the corresponding empirical frequency in the selected data, regularized by adding 1
to each count. We use the MLE weights in all instances. To ensure that a valid clustering is always
obtained, we run K-means on the normalized rows of the output matrix of Algorithm 1.
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As expected, the overall performance improves as more snapshots are included. Among the
three approaches, ours performs the best in terms of clustering error rates, but at the expense of
higher computational cost relative to the other two.
6.6 Real-world Data Set
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accuracy

full recovery rate
pairwise error rate

We consider three real-world data sets for which reliable ground truth is available. All three sets
involve interactions among different social groups, with different clustering structures and different
temporal granularity.
The Reality Mining data set (Eagle and Pentland, 2006) contains individuals from two main
groups, the MIT Media Lab and the Sloan Business School, which we use as the ground-truth clusters. The data set records when two individuals interact, i.e., become proximal of each other or
make a phone call, over a 9-month period. We choose a window of 14 weeks (the Fall semester)
during which most individuals have non-empty interaction data. This sub-dataset consists of n =
85 individuals with 25 of them from Sloan and 60 from the Media Lab. We represent the data
as a time-varying graph with 14 snapshots (one per week), each with two observations Lt =
{“interact”, “no-interact”}: “interact” if a pair of individuals interact within the week, and “nointeract” otherwise. Note that with T snapshorts, the full label set L = L1 × . . . × LT consists of
all possible binary sequences of length T .
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Figure 20: Primary-school data set. Left: Varying number of snapshots (50 training pairs). Right:
Varying number of training pairs (18 snapshots).

accuracy

Figure 19: Workplace data set. Left: Varying number of snapshots (40 training pairs). Right:
Varying number of training pairs (10 snapshots).

accuracy

(teachers are omitted), where the ground truth clusters correspond to 10 different classes. We split
this data set (over 2 days) into 18 hourly snapshots, with the same binary observation per snapshot.
Figures 19 and 20 show the empirical results using the Markov snapshot, independent snapshot
and single snapshot models described above, as well as evolutionary spectral clustering. All 3
models achieve comparable clustering accuracy in the Workplace data set, while the union model
performs significantly worse in the Primary-school data set. The evolutionary spectral clustering
approach performs worse overall—with large variations across varying number of snapshots. We
believe that this is due to its sensitivity to the distribution of the top eigenvectors of the graph
Laplacian.

C LUSTERING FROM G ENERAL PAIRWISE O BSERVATIONS

accuracy

accuracy

(U V )ij =

>

(

√

(

0

1
Ki Kj0

0

1
Ki0

otherwise.

if Ci ∼ Cj0 ,

if Ci0 = Cj0 ,
otherwise,

PT ⊥ Z := Z − PT Z.

(29)

(28)

(27)

which implies

30

hX, Y ∗ − Y i ≥ hPT X − η0 U V > , Y ∗ − Y i.

(30)
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0 ≥ kY k∗ − kY ∗ k∗ ≥ hU V > + η0−1 PT ⊥ X, Y − Y ∗ i,

Denote by k · k the spectral norm (largest singular value) of a matrix. For any matrix X with
kXk ≤ η0 , the matrix U V > + η0−1 PT ⊥ X is a subgradient of the nuclear norm k · k∗ at Y ∗ (Recht
et al., 2010). It follows that for any feasible solution Y to the program (3), we have

and its complementary projection

PT Z := U U > Z + ZV V > − U U > ZV V >

Define the projection operator

and

(V V )ij =

>

The projections PR , PΩ∩R etc are defined similarly.
Let U ΣV > be the rank-r SVD of Y ∗ , where r is the number of groud-truth clusters and the rank
of Y ∗ . Note that
 1
Ki if Ci = Cj ,
(26)
(U U > )ij =
0 otherwise,

We need some additional notation to account for the bi-clustering setting. Recall that |N1 | = n1
and N2 = n2 , and set n = max{n1 , n2 }. For a node i ∈ N1 , let Ci be the cluster that contains
node i and Ki = |Ci |. Similarly, Cj0 is the cluster that contains a node j in N2 , and Kj0 = |Cj0 |.
Each cluster Ci in N1 is associated with exactly one cluster Cj0 in N2 , which is denoted by Ci ∼ Cj0 .
These notations are consistent with those for clusteirng, with the understanding that N1 = N2 ,
n1 = n2 = n, Ci = Ci0 and Ki = Ki0 .
Let Ω = {(i, j) : Lij ∈ L∞ } and R = {(i, j) : Yij∗ = 1}. Let PΩ be the projection operator on
matrices such that

Zij if (i, j) ∈ Ω,
(PΩ Z)ij =
0 otherwise.

7.1 Notations

In this section, we prove the general results in the two main theorems. Observe that Theorem 2 is
a special case of Theorem 9 with β = 10: if the weight function w is bounded, then there exists
some b∞ such that the set L∞ is empty, in which case we have w̃b ≡ w and the conditions (14)
and (15) in Theorem 9 reduce to (5) and (6) in Theorem 2. Therefore, it suffices to prove Theorem 9.

7. Proof of Theorems 2 and 9
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7.2 Preliminary Lemmas

l∈Cj

k∈Ci l∈Cj

(31)

The proof of Theorem 9 builds on the following four lemmas. The first lemma gives a closed form
expression for the projected matrix PT Z.

k∈Ci

1 X
1 X
1 XX
Zkj + 0
Zil −
Zkl .
Ki
Kj
Ki Kj0
0
0

Lemma 16 For any matrix Z and each index (i, j), we have
(PT Z)ij =
Proof The lemma is immediate by the definition (29) of the projection PT and the expressions (26)
and (27) for the matrices U U > and V V > .

β log n +

if Ci ∼ Cj0

otherwise

p
Ksµ (1 − sµ )β log n
.
K

Ki Kj0

√ η1
0

(33)

(32)

Recall that W is the weight matrix used in program (3). The second lemma controls the spectral
norm and the element magnitudes of the matrix PΩ U V > .
Lemma 17 Define
η1 := c1

(

kPΩ U V > − E[PΩ U V > ]k ≤ η1

With probability at least 1 − n−β the followings hold:
and for all i, j
|(PT (PΩ U V > − E[PΩ U V > ]))ij | ≤

(i,j),Ci ∼Cj0

X

Xi,j ,

Proof For the first inequality (32), consider PΩ U V > − E[PΩ U V > ] as the sum of independent,
zero-mean random matrices:
PΩ U V > − E[PΩ U V > ] =

X

∀i, j,
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sµ (1 − sµ )
s (1 − sµ )
µ
.
(ei ei> ) ≤
Ki Kj0
K

1
,
K

(i,j),Ci ∼Cj0

kXi,j k ≤

where, noting the expression (28), we define




1
1
Xi,j := PΩ  q
(ei ej> ) − EPΩ  q
(ei ej> )
Ki Kj0
Ki Kj0

>
EXi,j Xi,j
=

with ei denoting the i-th standard basis vector. Note that

and
X

(i,j),Ci ∼Cj0
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sµ (1 − sµ )
.
Ki Kj0

i

j

P
sµ (1−sµ )
>
Similarly we have
. By applying the matrix Bernstein inequal(i,j),Ci ∼Cj0 EXi,j Xi,j ≤
K
ity (Tropp, 2012), we obtain the desired inequality (32).
Turning to the inequality (33), let Z := PΩ U V > − E[PΩ U V > ]. Note that each entry of Z is
an independent zero-mean random variable. From the expression (31), let ẑ be the first term of its
RHS, which is an average of Ki independent zero-mean random variables with |Zkj | ≤ √K1 K 0 and

Var(Zkj ) =

i

j

By the standard Bernstein’s inequality, we obtain that |ẑ| ≤ √Kη1 K 0 with probability at least

(37)

(36)

(35)

(34)

1 − n−β−2 . The same reasoning can be used to arrive at the same bound for the second and the
third RHS term of expression (31). Applying a union bound over all (i, j) we obtain the desired
inequality (33).



if Ci ∼ Cj0 ,

otherwise.

The next lemma is an analogue of Lemma 17 and controls the matrix PΩc ∩R W .
Lemma 18 Define

min

√ η3 0
Ki Kj

0





q
η2 := c2 bβ log n + nVarµ (w̃b )β log n ,


q
η3 := c3 bξβ log n + nVarµ (w̃b )β log n .






η2
K,

kPΩc ∩R W − E[PΩc ∩R W ]k ≤ η2

With probability at least 1 − n−β the followings hold:
and for all i, j

|(PT (PΩc ∩R W − E[PΩc ∩R W ]))ij | ≤

Proof This claim follows the same arguments as in the proof of Lemma 17.

The last lemma is again analogous to Lemma 17 and controls the matrix PΩc ∩Rc W .
Lemma 19 Define

bβ log n +



p
η4 := c4 bβ log n + nVarν (w̃b )β log n ,
p
KVarν (w̃b )β log n
.
K
η5 := c5
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0 if Ci ∼ Cj0 ,
η5 otherwise,

kPΩc ∩Rc W − E[PΩc ∩Rc W ]k ≤ η4

With probability at least 1 − n−β the followings hold:
and for all i, j

|(PT (PΩc ∩Rc W − E[PΩc ∩Rc W ]))ij | ≤

32

(38)

33

hPΩ∩Rc W, Y − Y i ≥ 0.

∗

(40)

(39)
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For the second RHS term in (38), it follows immediately from the assumption (12) that

hPΩ∩R W, Y ∗ − Y i ≥ max {0, b∞ K(sµ − 2η1 )} · hU V > , Y ∗ − Y i.

where we apply the bounds (30) and (32) in the step (a), and the bound (33) in the step (b). Again
by assumption (12) we have hPΩ∩R W, Y ∗ − Y i ≥ 0. We conclude that

= b∞ K(sµ − 2η1 )hU V > , Y ∗ − Y i,

≥ b∞ KhPΩ U V > , Y ∗ − Y i


= b∞ K hE[PΩ U V > ], Y ∗ − Y i + hPΩ U V > − E[PΩ U V > ], Y ∗ − Y i


= b∞ K hsµ U V > , Y ∗ − Y i + hPΩ U V > − E[PΩ U V > ], Y ∗ − Y i


(a)
≥ b∞ K hsµ U V > , Y ∗ − Y i + hPT (PΩ U V > − E[PΩ U V > ]) − η1 U V > , Y ∗ − Y i


(b)
≥ b∞ K hsµ U V > , Y ∗ − Y i + h−2η1 U V > , Y ∗ − Y i

hPΩ∩R W, Y ∗ − Y i

We analyze separately the four terms on the RHS above.
For the first RHS term, note that by the assumption (12), all entries of the matrix PΩ∩R W are
positive with probability one. We therefore have

+ hPΩc ∩Rc W, Y ∗ − Y i.

hW, Y ∗ − Y i = hPΩ∩R W, Y ∗ − Y i + hPΩ∩Rc W, Y ∗ − Y i + hPΩc ∩R W, Y ∗ − Y i

which implies that Y ∗ is the unique solution of program (3). Note that the feasible set of the
program (2) is a subset of the feasible set of the program (3) (but always contains Y ∗ ). This means
that whenever Y ∗ is the unique solution of the program (3), it is also the unique solution of the
program (2).
To proceed, we decompose hW, Y ∗ − Y i as follows:

hW, Y ∗ − Y i > 0,

We are now ready to complete the proof of Theorem 9. We will show that with probability at least
1 − n−β the following inequality holds for all Y 6= Y ∗ feasible to the program (3):

7.3 Proof of Theorem 9

Remark 20 The log n factors in the expressions of η2 , η3 and η4 can be removed via a more
careful analysis, for example by using the results in Bandeira and van Handel (2016). We do not
delve into the details here.

√

Proof This claim follows the same arguments as in the proof of Lemma 17.
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(41)

(42)

(43)

sµ +

2η2 + η4
> 0,
K

34



Eµ w̃b
2η3 + η4
− 2η1 +
> 0.
b∞
b∞ K

whereas the condition (16) ensures that

Eµ w̃b −
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We see that the condition (14) in the theorem statement ensures that −Eν w̃b − η5 > 0. On the other
hand, the condition (15) ensures that

+ (−Eν w̃b − η5 )hJ − Y ∗ , Y i.

+ (−Eν w̃b − η5 )hJ − Y ∗ , Y i
(

2η2 + η4
hY ∗ , Y ∗ − Y i,
= max
Eµ w̃b −
K
)



Eµ w̃b
2η3 + η4
b∞ K sµ +
− 2η1 +
hU V > , Y ∗ − Y i
b∞
b∞ K

(b∞ K(sµ − 2η1 ) + KEµ w̃b − 2η3 − η4 ) hU V > , Y ∗ − Y i

where we use the bounds (30) and (36) in the step (a), and the bound (37) in the step (b).
Applying the above inequalities (39), (40), (41) and (42) to the equation (38), we obtain that
(

2η2 + η4
hW, Y ∗ − Y i ≥ max
Eµ w̃b −
hY ∗ , Y ∗ − Y i,
K
)

≥ (−Eν w̃b − η5 )hJ − Y ∗ , Y i − hη4 U V > , Y ∗ − Y i,

(b)

≥ (−Eν w̃b )hJ − Y ∗ , Y i + hPT (PΩc ∩Rc W − E[PΩc ∩Rc W ]) − η4 U V > , Y ∗ − Y i

(a)

= (−Eν w̃b )hJ − Y ∗ , Y i + hPΩc ∩Rc W − E[PΩc ∩Rc W ], Y ∗ − Y i

= hE[PΩc ∩Rc W ], Y ∗ − Y i + hPΩc ∩Rc W − E[PΩc ∩Rc W ], Y ∗ − Y i

hPΩc ∩Rc W, Y ∗ − Y i

where we use the bounds (30) and (34) in the step (a), and the bound (35) in the step (b); also in (b)
we use the inequality h(Eµ w̃b )Y ∗ , Y ∗ − Y i ≥ h(KEµ w̃b )U V > , Y ∗ − Y i, which follows from the
assumption (13).
Finally, letting J denote the all one matrix, we can bound the last RHS term in (38) as

≥ h(Eµ w̃b )Y ∗ , Y ∗ − Y i + hPT (PΩc ∩R W − E[PΩc ∩R W ]) − η2 U V > , Y ∗ − Y i



(b)
2η2
hY ∗ , Y ∗ − Y i, (KEµ w̃b − 2η3 ) hU V > , Y ∗ − Y i ,
≥ max
Eµ w̃b −
K

(a)

=h(Eµ w̃b )Y ∗ , Y ∗ − Y i + hPΩc ∩R W − E[PΩc ∩R W ], Y ∗ − Y i

=hE[PΩc ∩R W ], Y ∗ − Y i + hPΩc ∩R W − E[PΩc ∩R W ], Y ∗ − Y i

hPΩc ∩R W, Y ∗ − Y i

Turning to the third RHS term in (38), we have
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Either of last two inequalities is sufficient to guarantee that the right hand side of the equation (43)
is strictly positive. This completes the proof of Theorem 9.

8. Conclusion
In this paper we presented a general framework for graph clustering by assuming that all pairwise
observations are in the form of labels. The algorithm involves solving a tractable convex optimization problem with an appropriately weighted objection function based on the observed labels.
A key contribution of our theoretical results is in showing that the MLE weights are order-wise
optimal under a generalized version of the stochastic block model, thus providing a principled way
of assigning weights to the observed graph. Our main results also identify the relevant parameters
that are crucial to the successful recovery of the underlying clusters. These include the minimum
cluster size, the distance between the label distributions, as well as properties of the observations
such as the number of snapshots in a time-varying graph.
This framework recovers as special cases a broad range of existing results in graph clustering,
and in fact provides substantial improvement for many of them. Important features such as partial
observability and non-uniform uncertainties can be readily analyzed using our results, which provide new insights in many applications. Moreover, our framework is powerful enough to yield new
results on novel settings such as the clustering of time-varying graphs.
An interesting future direction is to extend the proposed approach to problems with more complex structures such as overlapping clusters. Another important direction is to develop scalable
solution applicable to very large data sets, both in terms of storage and computational complexity.
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Appendix A. Proofs of Theorem 3 and Corollary 4
In this section, we prove Theorem 3 and Corollary 4 for using MLE weights.
A.1 Proof of Theorem 3

JMLR 18(49):1-47, 2017

Throughout this subsection, w always means the MLE weight function wMLE . The proof is based
on several lemmas. The first lemma, proved in Section A.1.1 to follow, bounds the log-likelihood
ratios.

µ(l)
µ(l) − ν(l)
≤ (b + 2)
.
ν(l)
µ(l) + ν(l)

Lemma 21 Suppose that log µ(l)
ν(l) ≤ b, ∀l ∈ L. Then, for any l ∈ L,
log

35
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The second lemma, proved in Section A.1.2 to follow, controls the variance terms.

max(Varµ w, Varν w) ≤ (ζ + 1)(b + 2)D(µkν).

Varν w ≤ 3(b + 2)D(νkµ)

(45)

(44)

Lemma 22 Suppose that | log µ(l)
ν(l) | ≤ b, ∀l ∈ L and D(νkµ) ≤ ζD(µkν), then

and

The last lemma is a classical result in information theory. The lemma bounds the KL divergence
D(µkν) and D(νkµ) in terms of the triangle discrimination between µ and ν.

1
2

Z

L

(µ(l) − ν(l))2
dλ.
µ(l) + ν(l)

Lemma 23 (Topsoe 2000) The following holds for any distributions µ and ν, assuming that µ and
ν are absolutely continuous with each other and with respect to a base measure λ:

min{D(µkν), D(νkµ)} ≥

Z

L

log

µ(l)
dν = D(νkµ).
ν(l)

We are now ready to prove Theorem 3. To this end, we verify that the conditions (5) and (6) in
Theorem 2 are satisfied under the assumption of Theorem 3. Note that
−Eν w = −

r
√
√
K log n Varν w
log n p
(b + 2) log n
3(b + 2)D(νkµ)
≤
+
K
K
K
p
p
≤ cD(νkµ) + c0 D(νkµ) D(νkµ)

Combining the assumption (7) in Theorem 3 with the previous bound (44), the first condition (5) in
Theorem 2 is satisfied as follows:
b log n
+
K

≤ c00 D(νkµ) = −c00 Eν w.

Z

L
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(ν(l) − µ(l))2
dλ
ν(l) + µ(l)

≤ b, ∀l ∈ L. Then we have

Turning to the condition (6), we note that Eµ w = D(µkν). Combining the assumption (8) in
Theorem 3 with the previous bound (45) in a similar manner establishes the condition (6).
Finally, the last sentence in the statement of Theorem 3 is a special case of the following more
general result, which is useful later in the proof of Theorem 5.
µ(l)
ν(l)

D(νkµ) + D(µkν) ≤ (b + 2)

Lemma 24 Suppose that log

and

1
D(νkµ)
≤
≤ 2b + 3.
2b + 3
D(µkν)

36

D(νkµ)
D(νkµ) + D(µkν)
+1=
D(µkν)
D(µkν)
R
ν(l)
dλ
(ν(l)
− µ(l)) log µ(l)
L
=
D(µkν)
R (ν(l)−µ(l))2
(a) (b + 2) L ν(l)+µ(l) dλ
≤
,
D(µkν)

1−p
p

for p ∈



eb + 1
eb − 1



|1 − 2p| = b


eb + 1
eb − 1

(1 − x)(5 + x)
1
≥
,
x
2 + 4x

3

L

Z

log

ν(l)
dν −
µ(l)

L

Z

37

L

Z

L

ν(l)

µ(l)
2µ(l) + ν(l) (1 − ν(l) )(5 +
µ(l) + ν(l)
2 + 4 µ(l)

2µ(l) + ν(l)
ν(l)
log
dν
µ(l) + ν(l)
µ(l)
µ(l)
ν(l) )

L

≥ 0,

(a)

=

dν
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(ν(l) − µ(l))(5ν(l) + µ(l))
dλ
µ(l) + ν(l)
Z
µ(l)2
= −4 + 8
dλ
L µ(l) + ν(l)

Z

≥2

µ(l) − ν(l)
µ(l)
log
dν = 2
µ(l) + ν(l)
ν(l)

Z

(1−x)(5+x)
2+4x

has a unique minimum

µ−ν
µ−ν
≤ (b + 2)
.
µ+ν
µ+ν

∀x > 0,

which follows from that fact that the function g(x) = log x1 −
g(1) = 0. Using this inequality, we obtain that

log



[ eb1+1 , 0.5]. By the convexity of g(p) in this range we
 b 
1−p
e +1
ν
p ≤ b eb −1 (1 − 2p). Taking p = µ+ν , we then

We need a version of the Padé approximation for logarithms:

A.1.2 P ROOF OF L EMMA 22

µ
1−p
log
= log
≤b
ν
p

can linearly upper-bound it and show that log
have

Consider the function g(p) = log

A.1.1 P ROOF OF L EMMA 21

where we use Lemma 21 in the inequality (a). This proves the first equation in the lemma. Bounding the right side of (a) using Lemma 23, we prove the upper bound in the second equation of the
lemma. The lower bound in the second equation follows from switching the roles of µ and ν.

Proof We have
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µ(l)2
L µ(l)+ν(l)

R

dλ ≥ 12 . The first inequality (44)

38
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In this section, we prove the converse result in Theorem 5. We use a standard technique of converting a statistical estimation problem to multiple hypothesis testing—in particular, we shall apply
Theorem 2.5 of Tsybakov (2009). We will consider the standard clustering case where Y ∗ is symmetric. Set M = n and let θ0 ∈ {0, 1}n×n be a fixed cluster matrix corresponding to two equal
sized clusters. For k = 1, . . . , M
2 , let θk be the cluster matrix of a new clustering by swapping
the 1st member of cluster 1 with the k-th member of cluster 2. Likewise, for k = M
2 + 1, . . . , M ,
θk is obtained by swapping the 2nd member of cluster 1 with the k-th member of cluster 2. Let
L0 , L1 , . . . , LM be the random label matrices generated by the corresponding clustering.

Appendix B. Proof of Theorem 5

The corollary follows immediately from Theorem 3, by lower bounding the left hand sides of the
equations (7) and (8) using Lemma 23.

A.2 Proof of Corollary 4

≤ (ζ + 1)(b + 2)D(µkν).

max(Varµ w, Varν w) ≤ Eµ w2 + Eν w2


Z
µ(l) 2
= (µ(l) + ν(l)) log
dλ
ν(l)
L
Z
µ(l) − ν(l)
µ(l)
≤ (b + 2) (µ(l) + ν(l))
log
dλ
µ(l)
+
ν(l)
ν(l)
L

= (b + 2) D(µkν) + D(νkµ)

For the second inequality (45), again by using Lemma 21 we obtain that

where the step (a) follows from Lemma 21 and the step (b) follows from the inequality above.

Varν w ≤ Eν w2

Z 
µ(l) 2
dν
=
log
ν(l)
L
Z
(a)
µ(l)
µ(l) − ν(l)
log
dν
≤ (b + 2)
ν(l)
L µ(l) + ν(l)
Z
(b)
ν(l)
≤ 3(b + 2) log
dν
µ(l)
L
= 3(b + 2)D(νkµ),

where the last inequality (a) follows from the fact that
in the lemma then follows from
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X
i<j

k
0
D(Lij
kLij
)

(ν(l) − µ(l))2
dλ
ν(l) + µ(l)

Since the label of each pair (i, j) is generated independently, we have:
D(Lj kL0 ) =
(a)

L

= (n − 2)D(µkν) + (n − 2)D(νkµ)
Z

(b)

≤ (n − 2)(b + 2)

≤ (c0 + 2)c log n;

(c)

here in step (a) we use the fact that due to the membership swap, exactly n − 2 intra-cluster pairs
in θ0 become inter-cluster pairs in θj and vise-versa, step (b) follows from the first equation in
Lemma 24, and step (c) holds due to the assumption (10) of the theorem and that b is bounded by a
universal constant.
The result then follows from taking c sufficiently small and applying Theorem 2.5 of Tsybakov
(2009).

Appendix C. Proof of Theorem 6

∈ E, then with probability 1 −

ν(Lij )
ν̄(Lij ) ,

set

Lij

←l

In this section we prove the monotonicity property in Theorem 6. Let E = {l ∈ L : µ̄(l) ≥ ν̄(l)}
and E c = L \ E. Since (µ, ν) is strictly more divergent than (µ̄, ν̄), we have that for all l ∈ E,
µ(l) ≥ µ̄(l) ≥ ν̄(l) ≥ ν(l) and for all l ∈ E c , ν(l) ≥ ν̄(l) > µ̄(l) ≥ µ(l).
Suppose that the label matrix L is generated using the following two-stage procedure:

= 0, if

Lij

1. First, generate a matrix L̄ from (µ̄, ν̄). Set L ← L̄.
2. Second:
• For each (i, j) where

Yij∗

µ(L )

ν(l)−ν̄(l)
where l is drawn from the set E c with distribution R
0
0
0 . Let Ω− be the
l0 ∈E c ν(l )−ν̄(l ) dλ(l )
set of all such entries, i.e. where Lij has switched from E to E c .

ij
• For each (i, j) where Yij∗ = 1, if Lij ∈ E c , then with probability 1 − µ̄(Lij
) , set Lij ← l

µ(l)−µ̄(l)
where l is drawn from the set E with distribution R
0
0
0 . Let Ω+ be the
l0 ∈E µ(l )−µ̄(l ) dλ(l )
set of all such entries, i.e. where Lij has switched from E c to E.
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It is straightforward to verify that the resulting distribution of L is identical to that generated by the
pair (µ, ν).
Consider the program (3) with L̄ as input, and let W̄ be the corresponding MLE weights. Since
the pair (µ̄, ν̄) satisfies the condition of Theorem 3, we have that with probability at least 1 − n−10 ,
the matrix Y ∗ is the unique optimal solution and hence satisfies hW̄ , Y ∗ i > hW̄ , Y i for any feasible
solution Y 6= Y ∗ . Now, consider the program (3) with L as the input, using the corresponding MLE
39
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(Wij − W̄ij )Yij∗

(Wij − W̄ij )Yij

(Wij − W̄ij )Yij +

(i,j)∈Ω+

X

weights W based on (µ̄, ν̄). We have that for any feasible Y 6= Y ∗ ,
X

X

(i,j)∈Ω+

(i,j)∈Ω+

X

(i,j)∈Ω−

= hW, Y i − hW̄ , Y i,

≥

≥

hW, Y ∗ i − hW̄ , Y ∗ i =

which implies that

(Wij − W̄ij )Yij

hW, Y ∗ i − hW, Y i ≥ hW̄ , Y ∗ i − hW̄ , Y i > 0.

Therefor, Y ∗ is still the unique optimal solution.

Appendix D. Proof of Theorem 7

c0 (1 − γ)2
D(νkµ) +
cα

3c02 (1 − γ)2
D(νkµ)2
c

In this section, we prove Theorem 7 for using inaccurate weights. Our strategy is to apply Theorem 2. To avoid confusion we use b0 and c0 to denote the constants b and c in Theorem 2.
To show that the condition (5) in Theorem 2 is satisfied, we upper bound its right hand side as
follows:
r
√
√
b0 log n + K log n Varν w (a) c0 b0 (1 − γ)2
log n
≤
D(νkµ) + 3c02 α2 (b + 2)D(νkµ)
K
cα2 (b + 2)
K
r
c0

≤

≤ (1 − γ)D(νkµ)

(b)

≤ D(νkµ) − ∆ν

(c)

= −Eν w,

where in step (a) we use Varν w ≤ α2 Varν wMLE due to the condition |w| ≤ α| log µν | and apply
the bound (44), step (b) holds by choosing an appropriately large c, and in step (c) we use the
assumption |∆ν | ≤ γD(νkµ) in the statement Theorem 7.
We can use similar arguments, using the bound (45) instead of (44), to prove that the condition (6) in Theorem 2 is satisfied. Theorem 7 then follows from applying Theorem 2.

Appendix E. Proof of Corollary 10
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In this section, we prove Corollary 10 for clustering Gaussian graphs. Ideally we would like apply
Theorem 3 as we are using the MLE weight. A minor technical difficulty is that the boundedness
condition |wMLE (Lij )| ≤ b is not satisfied as the Gaussian entries of L are unbounded. To overcome
this we use a standard truncation argument.
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√
l:|l|<c0 log n

MLE

L

Z

T

1

+∞

xe
√
c0 log n/2

−x2 /2

We control the term T

(a)

1

dx ≤ (2π)− 2

+∞

e
√
c0 log n/2

Z
−(x−1/2)2 /2

(b)

dx ≤

1 (c) ū
≤
,
n2
16
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Combining the above bounds, it is easy to check that the condition (6) of Theorem 2 is satisfied
under the assumption (18) of Corollary 10. Similar lines of arguments establish the condition (5) of
Theorem 2. This theorem therefore guarantees that the program (2) with the weight function w = w̃
recovers the true cluster matrix Y ∗ with probability at least 1 − n−10 .
Now, by choosing the constant c0 to be sufficiently large and using the Gaussian tail bound and
the union bound, we are guaranteed that with probability at least 1 − n−10 , w̃(Lij ) = wMLE (Lij )
for all (i, j). In the intersection of the above two events (which occurs with probability at least
1 − 2n−10 ), the program (2) with the weight function w̃ is identical to that with the weight function
wMLE , both of which recover the true Y ∗ . The same holds for the program (3).

max{Varµ w̃, Varν w̃} ≤ max{Varµ wMLE , Varν wMLE } ≤ s(ū2 + 1) ≤ 2c20 s log n.

where the step (a) follows from x ≤ ex−1/2 , (b) follows from the standard Gaussian tail bound
2
1 − Φ(t) ≤ e−t /2 and the fact that c0 is sufficiently large, and (c) follows from the assumption (18)
of Corollary 10. It follows that Eµ w̃ ≥ sū
4 . On the other hand, since w̃ is a truncated version of
wMLE , we have

T = (2π)− 2

Z

√
c0 log n
.
4

wMLE (l) dµ −
wMLE (l) dµ
√
l:|l|>c0 log n or l=?
Z
sū
=
(l − ū/2)φ(l − ū) dl
−s
√
2
|l|>c0 log n
Z
sū
≥
−s
(|l| + ū/2)φ(l − ū) dl
√
2
|l|>c0 log n
Z +∞
sū
− 4s √
lφ(l) dl,
≥
2
c0 log n/2
|
{z
}

(l) dµ =

Z

√
where the last inequality follows from the fact that ū ≤ c0 log n <
as

Eµ w̃ =

Z

where c0 > 4c0 is a universal constant to be chosen later. With the goal of applying Theorem 2 to this
weight√
function, we√verify that the conditions of the theorem are satisfied. By the
√ assumption ū ≤
u + c0 log n = c0 log n, the weight function w̃ satisfies w̃(l) ≤ b = (c0 + c0 ) log n, ∀l ∈ L, so
2
the boundedness condition holds. We next verify the condition (6). Letting φ(x) = (2π)−1/2 e−x /2
be the density function of the standard normal, we note that

(
√
0,
if |l| > c0 log n or l =?,
w̃(l) =
√
l − (ū + u)/2, if |l| < c0 log n,

Without loss of generality assume that u = 0. Define a truncated version w̃ for the weight
function wMLE by
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(1)

(2)

(1)

(T )

(T −1)

(1)
(t) (t−1)
T
µ0 (Lij )
µ(Lij |Lij )
1
1X
log
+
log
.
(1)
(t) (t−1)
T
ν0 (Lij ) T t=2
ν(Lij |Lij )

)
µ0 (Lij )µ(Lij |Lij ) . . . µ(Lij |Lij
1
log
(1)
(2) (1)
(T ) (T −1)
T
ν0 (Lij )ν(Lij |Lij ) . . . ν(Lij |Lij
)

and

Eµ (f (X1 )) = D(µ0 kν0 ) and

t=1

T
1X
f (Xt ).
T

f (L, L0 ) = log

µ(L0 |L)
.
ν(L0 |L)

Eµ (f (Xt )) = Eµ0 Dl (µkν) for t > 1,

wMLE (L̄) =

µ0 (L)
ν0 (L)

Varµ (f (Xt )) ≤ 3(b + 2)Eµ0 Dl (µkν)

≤

≤

(a)

=

µ0 (L(t−1) )

µ0 (L(t−1) )

L(t)

X

L(t)

X

(t > 1).
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µ(L(t) |L(t−1) )
ν(L(t) |L(t−1) )

L

L(t+τ )

X
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κφτ DL(t+τ ) (µkν)

µ(L(t) |L(t−1) ) X
Prµ (L(t+τ ) |L(t) )DL(t+τ ) (µkν)
ν(L(t) |L(t−1) ) (t+τ )
µ(L(t) |L(t−1) ) log

µ(L(t) |L(t−1) ) log

κφτ
bEµ0 Dl (µkν),
minl µ0 (l)

L(t−1)

X

− Eµ0 Dl (µkν)2

L(t−1)

X

Covµ (f (Xt ), f (Xt+τ +1 ))
#
"
µ(L(t+τ +1) |L(t+τ ) )
µ(L(t) |L(t−1) )
log
− Eµ0 Dl (µkν)2
= Eµ log
ν(L(t) |L(t−1) )
ν(L(t+τ +1) |L(t+τ ) )

We now bound the covariance Covµ (f (Xt ), f (Xt+τ +1 )) for t ≥ 2 and τ ≥ 0:

Varµ (f (X1 )) ≤ 3(b + 2)D(µ0 kν0 ) and

Eµ (wMLE ) =


1
1
D(µ0 kν0 ) + 1 −
Eµ0 Dl (µkν).
(46)
T
T
MLE
The rest of the proof concerns bounding Varµ (w
). Following the proof of Lemma 22, the
variance of f (Xt ) can be bounded by

whence

It is straightforward to show that

We therefore have

f (L) = log

In the sequel, we will focus on an in-cluster pair (i, j) with label distribution µ and drop the subscript
ij in Lij . The same analysis holds for the cross-cluster pair (i, j).
It is convenient to consider an auxiliary Markov chain X1 , . . . XT where each state is characterized by a label pair Xt = (L(t−1) , L(t) ) for t > 1, and X1 = L(1) . We define the function f on the
domain of Xt such that

=

wMLE (L̄ij ) =

In this section we prove Corollary 15 for clustering with Markov snapshots. The MLE weight in
this case is given by

Appendix F. Proof of Corollary 15
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|Prµ (L(1+t) |L(1) ) − µ0 (L(1+t) )| ≤ |ρ|t

This Markov chain of the observed sequence of an in-cluster pair satisfies the inequality

|Prµ (L(t+τ ) |L(t) ) − µ0 (L(t+τ ) )| ≤ κφτ .

where in the step (a) we use the geometric ergodicity assumption of µ, i.e.,

The same bound also applies to the case t = 1. Note that the covariance bound is independent of t
and only dependent on τ .
We proceed to bound Varµ (wMLE ) as follows:

t=1 t =t+1

T −2



p0
t
p0 +p1 (1 − ρ )
p0
p1 t
p0 +p1 (1 + p0 ρ )

#

,

1
.
min{p0 , p00 }
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The value of Φ is large when the flipping probabilities p0 , and p00 are close to zero. In this case
the next snapshot is almost always the same as the current snapshot, hence providing little extra
information. On the other hand, if these probabilities are closer to 21 , say p0 = p1 = 21 and
p00 = p10 = 14 , then Φ = 4 is small. In this case the snapshots have more independence and thus the
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for some p00 and p10 . By similar arguments, ν has the stationary distribution ν0 = [p10 /(p00 +
p10 ), p00 /(p00 + p10 )], and satisfies |Prν (L(1+t) |L(1) ) − ν0 (L(1+t) )| ≤ |ρ0 |t , where ρ0 := 1 − p00 − p10 .
Therefore, the geometric ergodicity condition in (23) of Section 4.4 holds with parameters κ = 1
and φ = max{|ρ|, |ρ0 |}. The parameter Φ, having the value

for all integer t ≥ 1.
Now suppose that the cross-cluster distribution ν is of a similar form as µ, i.e., has the transition
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With the above bounds (46) and (47), we complete the proof of Corollary 15 by applying Theorem 2.

Appendix G. Example of Markov Chain with Explicit Bound on Φ
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The snapshots in the Markov model are not independent. Therefore, given T snapshots we do not
expect a T -fold increase in the information as in the independent snapshot model. In the conditions
given in Corollary 15, this penalty is characterized by the parameter Φ defined in Section 4.4. To
provide a sense of what values it may take, we now derive an explicit bound for a simple class of
2-state sequences (i.e., |L| = 2).
As in Section F, we first focus on an in-cluster pair (i, j) with label distribution µ, and drop the
subscript ij in Lij . Suppose the transition matrix for the distribution µ is



1 + pp10 ρt


1 − ρt

where 0 < p0 , p1 < 1. If we identify the label set L with {edge, non-edge}, then p0 can be thought
of as the probability that an edge “flips” into a non-edge, and p1 as the probability that a non-edge
flips into an edge. Let ρ := 1 − p0 − p1 . By eigen-decomposition we can show that the transition
matrix after t transitions is
"

p1
p0 +p1
p1
p0 +p1

p1
p0 + p1
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and the stationary distribution on the two states, written as a vector, is given by


p0
.
p0 + p1
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1. Introduction
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subspace clustering

Over several decades, the study of networks or graphs has played a key role in analysing
relational data or pairwise interactions among entities. While networks often arise naturally
in social or biological contexts, there are several machine learning algorithms that construct
graphs to capture the similarity among data instances. A classic example of this approach is
the spectral clustering algorithm of Shi and Malik (2000) that performs image segmentation
by partitioning a graph constructed on the image pixels, where the weighted edges capture
the visual similarity of the pixels. In general, graph partitioning and related problems are
quite popular in unsupervised learning (Ng et al., 2002; Cour et al., 2007), dimensionality
reduction (Zhao and Liu, 2007), semi-supervised learning (Belkin et al., 2004) as well as

Uniform hypergraphs have been in the limelight of theoretical research for more than a
century with the problem of hypergraph colorability surfacing in early 20th century (Bernstein, 1908) to recent works establishing sharp phase transitions in random hypergraphs
(see references in Bapst and Coja-Oghlan, 2015). However, there has been much less interest in studying practical machine learning problems that deal with uniform hypergraphs.
For instance, restricting our discussion to the network partitioning, one can immediately
notice a sharp contrast in the theoretical understanding of the problem in the context of
graph and hypergraphs. Spectral graph partitioning algorithms have been analysed from
different perspectives since the works of McSherry (2001) and Ng et al. (2002). The seminal
work of Rohe et al. (2011), which studied standard spectral clustering under the stochastic
block model, drew the attention of both statisticians and computer scientists, and has led
to significant advancements in understanding of when the partitions can be detected, and
which algorithms achieve optimal error rates (see Abbe and Sandon, 2016, for the current
state of the art). In contrast, a similar line of study in the context of hypergraphs is quite
recent (Ghoshdastidar and Dukkipati, 2014, 2015b, 2017; Florescu and Perkins, 2016).

transductive inference (Wang et al., 2008). In spite of the versatility of the graph based
approaches, these methods are often incapable of handling complex networks that involve
multi-way interactions. For instance, consider a market transaction database, where each
transaction or purchase corresponds to a multi-way connection among commodities involved
in the transaction (Guha et al., 1999). Such networks do not conform with a traditional
graph structure, and need to be modelled as hypergraphs. Similar multi-way interactions
have been considered in the case of molecular interaction networks (Michoel and Nachtergaele, 2012), VLSI circuits (Karypis and Kumar, 2000), tagged social networks (Ghoshal
et al., 2009), categorical databases (Gibson et al., 2000), computer vision (Agarwal et al.,
2005) among others. In this work, we consider the network clustering problem for hypergraphs, where all the edges are of same cardinality. Uniform hypergraph partitioning finds
use in computer vision applications such as subspace clustering (Agarwal et al., 2005; Rota
Bulo and Pelillo, 2013), geometric grouping (Govindu, 2005; Chen and Lerman, 2009) or
higher-order matching (Duchenne et al., 2011).

Ghoshdastidar and Dukkipati

Florescu and Perkins (2016) recently solved the problem of optimally detecting two
equal-sized partitions in a planted unweighted hypergraph governed by a single parameter. On the other hand, the primary focus of our works has been to analyse the consistency of hypergraph partitioning approaches used in practice under a more general planted
model. In Ghoshdastidar and Dukkipati (2014), we presented a generic planted model for
dense uniform hypergraphs, and analysed the tensor decomposition based clustering algorithm of Govindu (2005) under this model. Subsequently, in Ghoshdastidar and Dukkipati
(2015b), we found that a wide class of so-called “higher order” clustering algorithms can
be unified by a common framework of tensor trace maximisation, which is quite similar
in spirit to the associativity maximisation problem posed in the case of graph partitioning (Shi and Malik, 2000). We further proposed to solve a relaxation of the problem using
a simple, spectral scheme that was consistent, and achieved better error rates compared to
our previously studied approach. An extension of the whole setting to the case of sparse
non-uniform hypergraphs came next on our agenda (Ghoshdastidar and Dukkipati, 2017),
and we proved consistency of a spectral approach for non-uniform hypergraph partitioning.

In a series of recent works, we have generalised the consistency results in the stochastic
block model literature to the case of uniform and non-uniform hypergraphs. The present
paper continues the same line of study, where we focus on partitioning weighted uniform
hypergraphs—a problem often encountered in computer vision. This work is motivated by
two issues that arise when a hypergraph partitioning approach is used to tackle computer
vision problems:
(i) The uniform hypergraphs constructed for higher-order learning contain all edges, but
most have negligible weights. Thus, the adjacency tensor is nearly sparse, and yet, not
binary.
(ii) A more serious concern is that standard partitioning algorithms need to compute all
edge weights, which is computationally expensive for hypergraphs. This is usually resolved
in practice by merging the clustering algorithm with a tensor sampling strategy—an approach that is yet to be analysed rigorously.
We build on our earlier work on partitioning dense unweighted uniform hypergraphs
(Ghoshdastidar and Dukkipati, ICML, 2015), and address the aforementioned issues by
proposing provable and efficient partitioning algorithms. Our analysis justifies the empirical
success of practical sampling techniques. We also complement our theoretical findings by
elaborate empirical comparison of various hypergraph partitioning schemes.
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Like graphs, sparsity turns out to be an important characteristics of real-world hypergraphs. While this fact complicates analysis of the algorithms (see Ghoshdastidar and
Dukkipati, 2017; Florescu and Perkins, 2016), it definitely provides significant computational relief. For instance, it is easy to realise that for any network clustering scheme, the
computational complexity is at least linear in the number of edges. Hence, for a m-uniform
hypergraph on n vertices, any standard approach should have a O(nm ) runtime unless the
hypergraph is sparse. This is precisely the problem that one encounters in vision applications, where the network is not given a priori, but one constructs a weighted hypergraph
using m-way similarities among data instances. Thus, one needs to spend O(nm ) runtime
to construct the entire adjacency tensor only to realise at the end that only few edges have
significant weights, and will aid the partitioning scheme. This scenario motivates the study
in our present work, where we allow the planted hypergraph to have weighted edges, and
still be sparse (in the sense that most weights are close to zero). But, at the same time,
the non-zero entries are not known a priori, and hence, efficient schemes are required to
perform the partitioning by observing only a small subset of the O(nm ) edge weights.

Uniform Hypergraph Partitioning

Ghoshdastidar and Dukkipati

1.1 Contributions in this Paper
We build on our earlier work. To be precise, we study the approach presented in Ghoshdastidar and Dukkipati (2015b), which solves a relaxation of the tensor trace maximisation
(TTM) problem that lies at the heart of a variety of higher order learning methods. On the
other hand, the model under consideration is that of sparse planted uniform hypergraph
similar to the one studied in Ghoshdastidar and Dukkipati (2017). However, unlike previous works, we do not restrict the edge weights to be binary, but arbitrary random variables
lying in the interval [0, 1]. So, the sparsity parameter in our model reduces the mean edge
weights, leading to a large amount of edges with negligibly small weights, and hence, creating computational challenges of identifying significant edges. The planted model is formally
described in Section 2, while our spectral approach is briefly recapped in Section 3. It
might come as a surprise to many that this work does not make use the wide range of tensor decomposition techniques that have now become standard tools in machine learning. In
Section 2, we discuss in detail how our model violates the common structural assumptions
used in the tensor literature.

4

JMLR 18(50):1-41, 2017

1. Codes are available at: http://sml.csa.iisc.ernet.in/SML/code/Feb16TensorTraceMax.zip
and also on the personal webpage of first author.

We conclude this section by stating the standard terminology and notations that we follow
in the rest of the paper. We denote tensors in bold faces (A, B etc.), matrices in capitals
(A, Z etc.), while vectors and scalars will be understood from the context. We use Trace(·)

1.2 Notations

special case of bi-partitioning suggests that our analysis is nearly optimal. We also show
that the performance of this method is similar to the normalised hypergraph cut approach
studied in Ghoshdastidar and Dukkipati (2017), and is superior than tensor decomposition
based partitioning of Ghoshdastidar and Dukkipati (2014).
The second and key contribution in this paper is the analysis of a sampled variant of the
TTM approach given in Section 5. As noted above, any basic partitioning scheme would
have a Ω(nm ) runtime merely due to the construction of the entire adjacency tensor. We
consider a scenario where only N edges are randomly sampled (with replacement) according
to some pre-specified distribution. Theorem 9 provides a lower bound on the sample size
N so that the sampled variant achieves desired error rate. The proof of this result borrows
ideas from matrix sampling techniques (Drineas et al., 2006), but mainly relies on a trick of
rephrasing the problem such that matrix Bernstein inequality can be applied. The analysis
provides quite striking conclusions. For instance, under a simplified setting, if hypergraph
is dense and consists of a constant number of partitions, then it is sufficient to observe only
Ω(n(ln n)2 ) uniformly sampled edges. For sparse hypergraphs, uniform sampling cannot
improve upon the Ω(nm ) runtime, but a certain choice of sampling distribution works
with only N = Ω(n(ln n)2 ). To the best of our knowledge, this is the first work that
analyses graph / hypergraph partitioning with sampling, and such sampling rates have not
been previously observed in any related tensor problem. Typically, most methods need to
observe about Ω(nm/2 ) entries of the tensor in order to estimate its decomposition (see, for
instance, Bhojanapalli and Sanghavi, 2015; Jain and Oh, 2014), whereas we find that much
less observations are required for the purpose of clustering. Our analysis also justifies the
popularity of the iterative sampling schemes (Chen and Lerman, 2009; Jain and Govindu,
2013) in the higher order clustering literature.
Our final contribution is purely algorithmic. We present an iteratively sampled variant
of the TTM algorithm, and conduct an extensive numerical comparison of various methods
in the context of both hypergraph partitioning and subspace clustering. Section 6 presents a
wide variety of empirical studies that (i) validate our theoretical findings regarding relative
merits of TTM over previously studied algorithms, (ii) compare spectral methods to other
hypergraph partitioning algorithms, including popular hMETIS tool (Karypis and Kumar,
2000), and (iii) weigh the merits of hypergraph partitioning in subspace clustering applications, including benchmark problems. Such empirical studies, though often seen in the
subspace clustering works, was long overdue in the higher order learning literature. We also
hope that the implementations will help standardising subsequent studies in this direction.1
We also note here that to achieve clarity of presentation, the sections only contain the
outline of proofs of the main results. The proofs of the intermediate lemmas and corollaries
are given in the appendix that follows after the concluding section (Section 7).
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Our first contribution is presented in Section 4, where we analyse the basic TTM approach under the above mentioned planted model for weighted m-uniform hypergraphs. We
note that in Ghoshdastidar and Dukkipati (2015b), we had studied the problem only in the
dense unweighted case, whereas similarity hypergraphs encountered in subspace clustering
etc. are weighted and typically have large number of insignificant edges (sparse). Furthermore, we recall that spectral partitioning methods, for graphs or hypergraphs, typically
require a final step of distance based clustering. While k-means is the practical choice
at this stage, theoretical studies even in the block model literature often use alternative
schemes that are easy to analyse. Adhering to our goal of studying practical methods, our
analysis utilises guarantees of k-means algorithm (Ostrovsky et al., 2012) instead of resorting to standard assumptions (Lei and Rinaldo, 2015) or other schemes (Gao et al., 2015).
In this general setting, Theorem 2 presents the error rate of the TTM approach under mild
restrictions on sparsity. Furthermore, recent results of Florescu and Perkins (2016) for the
3

i=1

5
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where ψ and ψ 0 denote the true and the estimated partitions, respectively, and σ is any
permutation on {1, 2, . . . , k}. Note that we also allow number of classes k to grow with n.
The first part of the paper builds on the tensor trace maximisation method of Ghoshdastidar and Dukkipati (2015b), and we prove statistical consistency of TTM under the
above sparse planted partition model. To be precise, we show that under certain conditions

(2)

A ≈ αn (B ×1 Z ×2 Z ×3 . . . ×m Z) + noise term,

σ

1{ψi 6= σ(ψi0 )} ,

n
X

Err(ψ, ψ 0 ) = min

6
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2. Consider a matrix B ∈ Rp×nl and a mth -order tensor A ∈ Rn1 ×n2 ×...×nm . The mode-l product of A
and B is a mth -order tensor, represented as A ×l B ∈ Rn1 ×...nl−1 ×p×nl+1 ×...×nm , whose elements are
P
(A ×l B)i1 ..il−1 jil+1 ..im = il Ai1 ..il−1 il il+1 ..im Bjil .

where ×l denotes the mode-l product between a tensor and a matrix (De Lathauwer et al.,
2000).2 The basic problem is to detect Z from a given A.

(4)

where E is a symmetric random tensor with zero mean entries. For ease of understanding,
one may ignore the O(nm−1 ) entries of A with repeated indices to write

This may be a good time to reflect on the history of both hypergraphs and tensors with the
focus of understanding the theoretical or practical tools that either fields provide for the
planted uniform hypergraph problem. Before proceeding further, it will be helpful to take
a look at the adjacency tensor of the random (planted) hypergraph.
Let A ∈ [0, 1]n×n×...×n be the symmetric adjacency tensor of order m. Let Z ∈ {0, 1}n×k
be the assignment matrix of the latent partition ψ, i.e., Zij = 1{ψi = j}. Then we have

k
P

αn Bj1 j2 ...jm Zi1 j1 . . . Zim jm + Ei1 i2 ...im for distinct i1 , . . . , im
Ai1 i2 ...im =
(3)
 j1 ,..,jm =1
0
otherwise,

(1)

for all e = {i1 , i2 , . . . , im } ∈ E, and the collection of random variables (w(e))e∈E are mutually
independent. For convenience, we henceforth write we instead of w(e). The above model
extends the planted partition model for graphs (McSherry, 2001), and is a weighted variant
of the planted uniform hypergraph model studied in our earlier works. In particular, if
αn = 1 and we are independent Bernoulli random variables satisfying (1), then one retrieves
the model of Ghoshdastidar and Dukkipati (2014). We present our results for weighted
hypergraphs due to their extensive use in computer vision (e.g., Agarwal et al., 2005). Note
that the edge distributions are governed by B and ψ, and hence, depend only on the class
membership. In addition, αn accounts for sparsity of the hypergraph. Under this setting,
the objective of a hypergraph partitioning algorithm is to estimate ψ from a given random
instance of the m-uniform hypergraph (V, E, w). Throughout this paper, we are interested
in bounding the error incurred by a partitioning algorithm, defined as a multi-class 0-1 loss

E[w({i1 , i2 , . . . , im })] = αn Bψi1 ψi2 ...ψim

We consider the following random model. Let V = {1, 2, . . . n} be a set of n nodes, and
ψ : {1, 2, . . . , n} → {1, 2, . . . , k} be a (hidden) partition of the nodes into k classes. For
a node i, we denote its class by ψi . For a fixed integer m ≥ 2, let αn ∈ [0, 1], and
B ∈ [0, 1]k×k×...×k be a symmetric k-dimensional tensor of order m. Let E be the collection of
all subsets of V of size m. A random weighted m-uniform hypergraph (V, E, w) is generated
through the random function w : E → [0, 1] such that

2.1 A Look at Alternative (or Possible) Approaches

on αn and B, this method achieves Err(ψ, ψ 0 ) = o(n). In the block model terminology (Mossel et al., 2013), this statement implies that the algorithm is weakly consistent. Furthermore,
if the hypergraph is dense (αn = 1), then we show that TTM can exactly recover the partitions, i.e., Err(ψ, ψ 0 ) = o(1), and hence, exhibits strong consistency properties. From the
recent work of Florescu and Perkins (2016), which studies the special case of bi-partitioning,
one can see that our restrictions on αn are nearly optimal (upto a difference of (ln n)2 ) in
the case of bi-partitioning as one cannot detect partitions for sparser hypergraphs. 
n
Next we study partitioning algorithms that compute weights of only N out of m
edges.
For the theoretical analysis, we assume that there is a known probability mass function
(pe )e∈E , and N edges are sampled with replacement from this distribution. We are interested
in finding the minimum N that guarantees weak consistency of the sampled TTM approach.
We focus on two sampling distributions: (i) uniform sampling, and (ii) weighted sampling
where pe ∝ we . Surprisingly, we see that if αn = 1 (dense case), only N = Ω(nk 2m−1 (ln n)2 )
edges are sufficient for either sampling strategies. This leads to a drastic improvement in
runtime, particularly if k = O(1), and even in general, since typically k grows much slower
than n. However, if αn decays rapidly with n, then more samples are needed for the case of
uniform sampling, whereas the alternative strategy still works for N = Ω(nk 2m−1 (ln n)2 ). A
comparison with tensor literature is not very meaningful, but known methods of the latter
field typically need to observe Ω(nm/2 ) tensor entries (Bhojanapalli and Sanghavi, 2015). In
practice, however, computing the weighted sampling distribution requires a single pass over
the adjacency tensor, which still takes O(nm ) time. But, we argue that practical iterative
schemes essentially approximate this distribution without observing the entire tensor.

to write the sum of diagonal entries of a matrix or tensor, and k · k2 for Euclidean norm
for vector and the spectral norm for matrix. For a matrix, say A, Ai· (or A·i ) represents its
ith row (column), kAkF denotes its Frobenius norm, and λi (A) is the ith largest eigenvalue
or singular value of A (depending on context). We also use the standard O(·), o(·) and
Ω(·) notations, where, unless specified otherwise, the corresponding quantities are viewed
as function of n. In addition, 1{·} is the indicator function, and ln(·) is natural logarithm.
Moreover, the results in this paper consider two sources of randomness—the random
model for hypergraph, and random sampling of edges (or tensor entries). We make this
distinction in the notation for expectation, variance and probability by specifying the underlying measure. For instance, EH [·] is expectation with respect to distribution of the
planted model, and ES|H [·] is the expectation over sampling distribution conditioned on
a given random hypergraph. Similar subscripts have been used for probability, P(·), and
variance, Var(·). Note that for a matrix A, EH [A] refers to its entry-wise expectation.

2. Formal Description of the Problems

Ghoshdastidar and Dukkipati

Uniform Hypergraph Partitioning

Ghoshdastidar and Dukkipati

αn Bj1 j2 ...jm Z·j1 ⊗ Z·j2 ⊗ . . . ⊗ Z·jm + noise,

Uniform Hypergraph Partitioning

j1 ,...,jm =1

k
X

The above form is quite similar to the representation of a tensor in terms of its higher
order singular value decomposition or HOSVD (De Lathauwer et al., 2000). In fact, it
shows that the random adjacency tensor has a multilinear rank approximately k  n, and
clearly suggests that the partitioning problem should be viewed as a tensor decomposition
problem. This hint was quickly picked up by Govindu (2005), who proposed a spectral
approach for higher order clustering based on HOSVD. Long after this work, tensor methods
have gained significant popularity in machine learning in recent years. However, only few
works (Bhaskara et al., 2014; Anandkumar et al., 2015) consider decomposition of tensor into
asymmetric rank-one terms, while most of the machine learning literature (Anandkumar
et al., 2014; Ma et al., 2016) consider decomposition into symmetric rank-one terms. To be
more precise, (3) suggests that
A≈

αn pZ·j⊗m + αn qv ⊗m + noise,

(5)

8
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In this section, we briefly recap the work in Ghoshdastidar and Dukkipati (2015b) and then
present the basic approach that will be later analysed and modified in the remainder of the
paper. Let (V, E, w) be a given weighted uniform hypergraph, where E is the collection of
all sets of m vertices, and w : E → [0, 1] associates a weight with every edge. We consider
the problem of partitioning V into k disjoint sets, V1 , ..., Vk , such that the total weight of
edges within each cluster is high, and the partition is ‘balanced’. In the case of graphs, i.e.,
for m = 2, the popular heuristic for achieving these two conditions is the normalised cut
minimisation problem, or equivalently normalised associativity maximisation problem (Shi
and Malik, 2000; von Luxburg, 2007). We extend this approach to uniform hypergraphs.

3. Tensor Trace Maximisation (TTM)

We conclude this section with a brief mention of the wide variety of other higher order
learning methods, which include tensor based clustering algorithms (Shashua et al., 2006;
Chen and Lerman, 2009; Arias-Castro et al., 2011; Ochs and Brox, 2012), other unsupervised
tensorial learning schemes (Duchenne et al., 2011; Nguyen et al., 2015), as well as related
optimisation approaches (Leordeanu and Sminchisescu, 2012; Rota Bulo and Pelillo, 2013;
Jain and Govindu, 2013), and can easily be represented as instances of the uniform hypergraph partitioning problem. In Ghoshdastidar and Dukkipati (2015b), we showed that
most of the above methods can be unified by a general tensor trace maximisation (TTM)
problem. A spectral solution to this problem is analysed in the present paper, and thus, we
believe that some of our conclusions can also be extended to these alternative approaches.
We also numerically compare with some of these methods in Section 6.

Interestingly, uniform hypergraphs predate the tensor literature, and one may refer
to Berge (1984) for early development. Even hypergraph partitioning came into practice (Schweikert and Kernighan, 1979) before tensor decompositions gained popularity.
However, initial approaches to hypergraph partitioning in VLSI (Karypis and Kumar, 2000)
and database (Gibson et al., 2000) communities relied on clever combination of heuristics
with no known performance guarantees. Subsequent works in computer vision (Agarwal
et al., 2005) and machine learning (Zhou et al., 2007) proposed spectral solutions for the
problem. Such approaches are more amenable for a theoretical analysis. While the analysis in Ghoshdastidar and Dukkipati (2017) and Florescu and Perkins (2016) are somewhat
based on the hypergraph cut approach of Zhou et al. (2007), the algorithm studied in this
paper is closely related to work of Agarwal et al. (2005). The key idea of such spectral
schemes is to reduce the hypergraph into a graph and then apply spectral clustering. Quite
surprisingly, we show in this paper that both schemes perform better than HOSVD based
partitioning both theoretically (Remark 5) and numerically (Section 6.1). This is counterintuitive since one would expect significant information loss during the reduction to a graph.
A careful look at the algorithm presented in the next section would reveal that this is not
the case. While most information in modes 3, . . . , m are lost, one can still estimate Z from
the first two modes, which suffices for the purpose of detecting planted partitions. This
observation is reinforced by the recent study of Florescu and Perkins (2016), where the
authors show that a reduction based spectral approach can optimally detect two partitions
all the way down to the limit of identifiability of the partitions.

j=1

k
X

where ⊗ is the tensor outer product. Clearly the k m rank-one terms are asymmetric.
It is well known that such a tensor can be represented by a symmetric outer product
decomposition only in an algebraically closed field (Comon et al., 2008), i.e., one can write as
sum of symmetric rank-one terms, but the vectors in the decomposition are not guaranteed
to be real, and hence, will be of little use. We note that though the works of Bhaskara
et al. (2014) and Anandkumar et al. (2015) are applicable, their incoherence assumption is
clearly violated in the present context where the same vectors appear in all m modes, and
with multiplicity greater than one.
Under simpler settings such as the one described later in Section 4.1, one can express
A as a sum of (k + 1) symmetric terms of the form
A≈
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P
where v =
j Z·j and p, q are parameters defining B. Such tensors, which have a finite symmetric CP-rank (Candecomp/Parafac), have been extensively studied in machine
learning. For a single rank-one term, optimal detection rates are known under Gaussian
noise (Richard and Montanari, 2014). Though there is no distributional assumption on the
noise term in our case, (1) does imply that the variance of the noise is smaller than the
signal, i.e., specialised to this setting, our model lies in the detection region. Unfortunately,
single rank-one term occurs for k = 1, which does not correspond to any meaningful hypergraph problem, and hence, such results are of little use in our case. It may seem that the
case of k ≥ 2 can still be tackled using tensor power iteration based approaches (Anandkumar et al., 2014, 2015), but the necessary incoherence criterion is violated even here since
v has a significant overlap with each Z·j . To summarise, it suffices to say that existing
guarantees in the tensor literature are not directly applicable for solving (5), but it does not
rule out the possibility that a careful analysis of power iterations (Anandkumar et al., 2014)
or alternative approaches (Ma et al., 2016) may lead to alternative partitioning techniques.
That being said, one should note that (5) is merely a special case of (3), where HOSVD
still appears to be the natural answer.
7

e∈E:e⊂V1

i=1

vol(Vi )

k
X
assoc(Vi )

.

(6)

l=1

(8)


1{i∈Vj } βl
.
vol(Vj )



1
T
T
T
Trace A ×1 Y (1) ×2 Y (2) ×3 . . . ×m Y (m)
,
m!



(7)
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3. Dominant eigenvectors are the orthonormal eigenvectors corresponding to the largest k eigenvalues.

where ×l denotes the mode-l product. Thus, for some chosen parameters β1 , . . . , βm , one
can pose the associativity maximisation problem as a tensor trace maximisation (TTM).
In Ghoshdastidar and Dukkipati (2015b), we showed that the above optimisation has
connections with the tensor eigenvalue problem (Lim, 2005) and the tensor diagonalisation
problem (Comon, 2001). More interestingly, it also lies at the heart of several higher-order
1
learning algorithms. For instance, β1 = . . . = βm = m
results in the method of Shashua
et al. (2006), while the same strategy when used with k = 1 has been used to successively
extract clusters (Rota Bulo and Pelillo, 2013; Leordeanu and Sminchisescu, 2012). A similar
idea lies in some tensor matching algorithms (Duchenne et al., 2011; Nguyen et al., 2015).
Another strategy is to set β1 = β2 = 21 and β3 = . . . = βm = 0. This squeezes the tensor
into a matrix, which allows one to use subsequently graph partitioning tools. Our algorithm
described below takes this route, and similar ideas have been previously used (Agarwal et al.,

N-Assoc(V1 , . . . , Vk ) =

(l)

βl = 1, and Y (1) , . . . , Y (m) ∈ Rn×k with Yij =

w{i1 ,i2 ,...,im } if i1 , i2 , . . . , im are distinct,
0
otherwise.

m
P



Then, one can rewrite (6) (see appendix for details) as

Define β1 , ..., βm ∈ [0, 1] with

Ai1 i2 ...im =

Observe that the above definitions coincide with the corresponding terms in graph literature (Shi and Malik, 2000). We now follow the popular goal of finding clusters that
maximises the normalised associativity (6). In the case of graphs, it is well known that the
problem can be reformulated in terms of the adjacency matrix of the graphs, which results
in a matrix trace maximisation problem (von Luxburg, 2007). Furthermore, a spectral relaxation allows one to find an approximate solution for the problem by computing the k
dominant eigenvectors of the normalised adjacency matrix.3 A similar approach is possible
in the case of uniform hypergraphs. Let A be the adjacency tensor (of order m), i.e.,

N-Assoc(V1 , . . . , Vk ) =

which is the total weight of edges contained within V1 . The normalised associativity of a
partition V1 , ..., Vk is given as

v∈V1

We consider the problem of finding the partition of the vertices that maximises the normalised associativity. This is subsequently formulated in terms of a tensor trace maximisation objective. We define few terms. The degree
of any node v ∈ V is the total weight of
P
edges on which v is incident, i.e., deg(v) =
we . For any collection of nodes V1 ⊆ V, we
e∈E:v∈e
P
P
define its volume as vol(V1 ) =
deg(v) and its associativity as assoc(V1 ) =
we ,

3.1 TTM Approach and Algorithm

Uniform Hypergraph Partitioning

Let D ∈

be diagonal with Dii =

j=1

n
P

Aij , and L = D−1/2 AD−1/2 .

i3 ,...,im =1
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The first task in our agenda is to analyse the basic TTM approach. This section extends
the results in Ghoshdastidar and Dukkipati (2015b) to the the planted partition model for
sparse weighted hypergraphs described in Section 2. Recall that our aim is to derive an
upper bound on Err(ψ, ψ 0 ), where ψ and ψ 0 denote the true and the estimated clusters.
Moreover, for the purpose of analysis we assume that the k-means step is performed using
Lloyd’s approach with the seeding described in (Ostrovsky et al., 2012). The reason for this
consideration is the known theoretical guarantee for this method.

4. Consistency of Algorithm TTM under Planted Partition Model

A careful look at computational complexity of the algorithm will be helpful for our
discussions in Section 5. To this end, we note that our analysis assumes the use k-means
approach of Ostrovsky et al. (2012), which has a complexity of O(k 2 n + k 4 ) since the data
is embedded in a k-dimensional space. Furthermore, Steps 2 to 4 involve only matrix
operations with the eigenvector computation being the most expensive operation. One may
compute the k dominant eigenvectors using power iterations, which can be done provably in
O(kn2 ln(kn)) runtime (Boutsidis et al., 2015). However, the computational bottleneck of
the algorithm is Step 1, which has complexity of m2 |E| = O(m2 nm ). This is not surprising
since any network partitioning method should have have complexity at least linear in the
number of edges. But it gets quite challenging in computer vision problems, where one
often requires to consider higher order relations, for instance m = 4 used in Duchenne et al.
(2011), m = 5 in Chen and Lerman (2009) and even m = 8 in Govindu (2005). The aim of
Section 5 is to reduce this complexity to m2 N by sampling only N  nm edges.

4:

3:

Compute k dominant eigenvectors of L, denoted by X ∈ Rn×k .
Normalise rows of X to have unit norm, and denote this matrix as X.
5: Run k-means on the rows of X.
Output: Partition of V that correspond to the clusters obtained from k-means.

2:

Rn×n

Algorithm TTM : Spectral relaxation of tensor trace maximisation problem
Input: Affinity tensor A of the m-uniform hypergraph (V, E, w), where |V| = n.
n
P
1: Read A, and compute the n × n matrix A as Aij =
Aiji3 ...im .

2005; Arias-Castro et al., 2011). This reduction also corresponds
to the clique expansion of

a hypergraph, where every m-way edge is replaced by m
2 pairwise edges.
We list our basic spectral approach in Algorithm TTM, and we later study the consistency of TTM and its sampled variants. Note that a spectral relaxation of the problem is a
two-fold procedure, where first we construct a matrix from the affinity tensor A, and then
relax the problem into a matrix spectral decomposition type objective. This principle is
reminiscent of the classical technique for studying spectral properties of hypergraphs (Bolla,
1993), and is closely related to approach of the clustering graph approximations of hypergraphs (Agarwal et al., 2006).

Ghoshdastidar and Dukkipati

Uniform Hypergraph Partitioning

if i1 , i2 , . . . , im are distinct, and
otherwise,

(9)

We briefly recall the planted model for weighted m-uniform hypergraphs described in
Section 2. An underlying function ψ groups the n nodes into k clusters, and ψi denotes
the true cluster of node i. For any edge e = {i1 , i2 , . . . , im }, its weight we is a random
variable taking values in [0, 1] with mean given by (1), where the parameters αn ∈ [0, 1] and
symmetric m-way tensor B ∈ [0, 1]k×k×...×k , respectively, govern the mean edge weight and
the relative weights of edges formed among nodes from different classes.4 For instance, in
Section 4.1, we consider an example where given p, q ∈ [0, 1], the tensor B is constructed such
that E[we ] = αn (p + q) if all nodes in the edge belong to the same cluster, and E[we ] = αn q
if the participating nodes are from different clusters. Thus, in this case, the mean weight of
edges residing within in each cluster is larger than inter-cluster edge weights. In addition
to above, we also assume that all edge weights (we )e∈E are mutually independent.
Consider a random m-uniform hypergraph (V, E, w) generated according to the above
model. As a consequence of (1), the expected affinity tensor of the hypergraph

EH [Ai1 i2 ...im ] =

αn Bψi1 ψi2 ...ψim
0

j=1

X

αn Bψi ψj ψi3 ...ψim ,

(10)

has a block structure, ignoring entries with repeated indices. Obviously, the k m blocks are
aligned with the underlying clusters, which gives rise to the representation mentioned in (3).
Algorithm TTM first squeezes the adjacency tensor A to a n × n matrix A. To analyse
the algorithm in the expected case, let A = EH [A] and D = EH [D], where A and D are
the matrices computed in Algorithm TTM. Observe that if the algorithm had access to the
expected affinity tensor (9), then A corresponds to the matrix computed in the first step
n
P
Aij . From the definition of the model, it can be seen that
of the algorithm, and Dii =

Aii = 0 for all i, and for i 6= j,

Aij = (m − 2)!
i3 <i4 <...<im ,
i,j ∈{i
/ 3 ,...,im }

Gψj ψj
nψi
Gψi ψi
− max
−
,
Dii 1≤i,j≤n Dii
Djj

(11)

where the factor (m − 2)! takes into account all permutations of {i3 , . . . , im }. The key
observation here is that Aij = Ai0 j 0 whenever ψi = ψi0 and ψj = ψj 0 , which holds since,
under the present model, nodes in the same cluster are statistically identical. Thus, one can
define a matrix G ∈ Rk×k such that Aij = Gψi ψj for all i 6= j. This implies that, ignoring
the diagonal entries, A is essentially of rank k.
Let Z ∈ {0, 1}n×k be the assignment matrix corresponding to partition ψ, i.e., Zij =
1{i ∈ ψ(j)}, and let the sizes of the k clusters be n1 ≥ n2 ≥ . . . ≥ nk . We define
1≤i≤n

δ = λk (G) min

where λk (G) is the smallest eigenvalue of G. The following lemma, proved in the appendix,
shows that if δ > 0, then Algorithm TTM correctly identifies the underlying clusters in the
expected case.
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4. Note that αn plays the role of a sparsity parameter commonly introduced to define sparse stochastic block
models (Lei and Rinaldo, 2015), and a smaller αn increases the complexity of the problem. However,
unlike the unweighted case, all edges are present in our setting but most of the weights are very small.
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Lemma 1 Let L = D−1/2 AD−1/2 . If δ in (11) satisfies δ > 0, then there exists an orthonormal matrix U ∈ Rk×k such that the k leading orthonormal eigenvectors of L correspond to the columns of the matrix X = Z(Z T Z)−1/2 U .

It is easy to see that X has k distinct rows, each corresponding to a true cluster. Hence,
clustering the rows of X (or its row normalised form) using k-means gives an accurate
clustering of the nodes. In the random case, however, the dominant eigenvectors of L
computed in TTM need not always reflect the true assignment matrix Z. The following
result shows that under certain conditions on the model parameters, the eigenvectors are
still close to X , and hence, the number of mis-clustered nodes (2) grows slowly.

1≤i≤n

(13)

(12)

Theorem 2 Let (V, E, w) be a random m-uniform hypergraph on |V| = n vertices generated
from the model described above. Define d = min EH [deg(i)] and, without loss of generality,

Ckn1 (ln n)2
nk

assume that the cluster sizes are n1 ≥ n2 ≥ . . . ≥ nk . Let δ be as defined in (11).
There exists an absolute constant C > 0, such that, if δ > 0 and

δ2d >

kn1 ln n
δ2d

for all large n, then with probability (1 − o(1)), the partitioning error for TTM is


.

Err(ψ, ψ 0 ) = O

The bound in (13) along with the condition in (12) immediately suggests that TTM is
weakly consistent, i.e., Err(ψ, ψ 0 ) = o(n) or the fractional of mis-clustered vertices vanishes
as n → ∞. However, in certain (dense) cases, even Err(ψ, ψ 0 ) → 0 as we will discuss later.
Note that d grows with n though this dependence is not made explicit in the notation. We
also allow k to vary with n. The condition on δ 2 d in (12) ensures that the hypergraph is
sufficiently dense so that the following three conditions hold, respectively: (i) the matrix
A computed in Algorithm TTM concentrates near its expectation, (ii) the k dominant
eigenvectors of L contain information about the partition, and (iii) the k-means step provides
a near optimal solution. While restricting d from below in (12) essentially limits the sparsity
of the hypergraph, the quantity δ on the other hand quantifies the complexity of the model.
The threshold for identifying two partitions, derived in Florescu and Perkins (2016),
shows that the condition in (12) differs from the threshold for identifiability only by logarithmic factors. These extra ln n factors arise since (i) we consider weighted hypergraphs,
and (ii) we do not substitute k-means by alternative strategies. Note that even works on
stochastic block model (Lei and Rinaldo, 2015; Gao et al., 2015) do not consider these two
factors, and hence, even in the case of graphs, it is not known till date whether the logarithmic terms can be avoided when these practical aspects are included in the analysis.
We point out that the present analysis incorporates the guarantees for k-means derived
in Ostrovsky et al. (2012), which was also used in our earlier work (see Lemma 4.8 of
Ghoshdastidar and Dukkipati, 2017).
4.1 A Special Case

JMLR 18(50):1-41, 2017

To gain insights into the implications of Theorem 2, we consider the following special case of
the planted partition model. The partition ψ is defined such that the k clusters are of equal

12

(ln n)2m−3

.

(14)



n
(ln n)2



= o(n) with probability (1 − o(1)).

C(ln n)2m+1
,
nm−1
(15)
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5. The model considered here may be viewed as the four parameter stochastic block model (Rohe et al.,
2011) defined by the parameters (n, k, pn , qn ), where n nodes are divided into k partitions of equal size.
Edges within a cluster occur with probability (pn + qn ), while inter-cluster edges occur with probability
qn . Here, we set pn = αn p and qn = αn q for some constants p, q ∈ [0, 1] with q ≤ (1 − p).

• a non-uniform hypergraph partitioning approach that solves a spectral relaxation of
the normalised hypergraph cut (NH-Cut) problem (Zhou et al., 2007; Ghoshdastidar
and Dukkipati, 2017). Florescu and Perkins (2016) also use a similar method.

• a uniform hypergraph partitioning method that uses a higher order singular value
decomposition (HOSVD) of the adjacency tensor (Govindu, 2005; Ghoshdastidar and
Dukkipati, 2014), and

While the stochastic block model has been extensively studied for graphs, the existing
hypergraph literature provides consistency results for only two other approaches:

then Err(ψ, ψ 0 ) = O

αn ≥

Corollary 4 Let k = O (ln n). There exists an absolute constant C > 0, such that, if

According to the notions of consistency defined in Mossel et al. (2013), it can be seen that
for m = 2, Algorithm TTM is weakly consistent, i.e., Err(ψ, ψ 0 ) = o(n). We note here
that, in this sense, the algorithm is not worse than spectral clustering that is also known
to be weakly consistent (Rohe et al., 2011). However, for m ≥ 3, Err(ψ, ψ 0 ) = o(1) for
Algorithm TTM, which implies that it is strongly consistent in this case. In other words,
the algorithm can exactly recover the partitions for large n. This conclusion is intuitively
acceptable since in this case, uniform hypergraphs for large m have a large number of edges
that provides ‘more’ information about the partition, providing a smaller error rate.
In the sparse regime, the question one is interested in is the minimum level of sparsity
under which weak consistency of an algorithm can be proved. The following result answers
this question. For the case of graphs (m = 2), Lei and Rinaldo (2015) showed that weak
n
consistency is achieved by spectral clustering for αn ≥ C ln
n , which matches our result upto
2
a factor of (ln n) . In fact, our proof also allows the difference to be reduced to a factor of
ω(ln n), but this difference has negligible effect in practice.

Err(ψ, ψ 0 ) = O

!

C 0 (ln n)m+1.5
n(m−1)/2

(16)
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where the constants C1 , C2 , C3 > 0 take into account the additional factor of (m − 1)!. Note
that the last term dominates, and corresponds to (12) when  = (ln n)−1/2 . The subsequent
results show that the eigenvector matrix X computed from a random realisation of the
hypergraph is close to X almost surely, and hence, one can expect a good clustering in the
random case.

analysis as well as for all the proofs, it is more convenient to expand (12) as


C2 ln n C3 kn1 ln n
Dmin > max C1 ln n,
,
,
δ2
nk 2 δ 2

1≤i≤n

Here, we give an outline of the proof of Theorem 2 using a series of technical lemmas.
The proofs of these results are given in the appendix. The proof has a modular structure
which consists of (i) deriving certain conditions on the model parameters such that Algorithm TTM incurs no error in the expected case, (ii) subsequent use of matrix concentration
inequalities and spectral perturbation bounds to claim that (almost surely) the dominant
eigenvectors in the random case do not deviate much from the expected case, and (iii)
finally, the proof of correctness of the k-means step.
Recall that the first step of the proof is taken care of by Lemma 1. For convenience,
define Dmin = min Dii . One can see that Dmin = (m − 1)!d. Hence, for the subsequent

4.2 Proof of Theorem 2

for some C 0 > 0. This is larger than the allowable sparsity for TTM or NH-Cut.

αn ≥

Thus the performance of NH-Cut is similar to TTM, and both methods have a smaller error
bound than HOSVD.
Similarly, in the case of Corollary 4, the lower bound on sparsity for NH-Cut is same
as in (15) up to a constant scaling. However, HOSVD achieves weak consistency only for

with probability (1 − o(1)), while the corresponding bound for HOSVD algorithm is
!
n(4−m)/2
0
.
ErrHOSVD (ψ, ψ ) = O
(ln n)2m−1

Remark 5 Under the setting of Corollary 3, the error bound for the NH-Cut algorithm is
!
n(3−m)/2
0
ErrNH-Cut (ψ, ψ ) = O
(ln n)2m−3

We comment on the theoretical performance of TTM in comparison with these two approaches. In particular, we focus on the settings of Corollaries 3 and 4. The following
remark is quite surprising since both TTM and NH-Cut reduce the hypergraphs to graphs,
and hence, apparently incur some loss. Yet both outperform HOSVD, which appears to be
the most natural solution according to the representation in (3). This fact is also validated
numerically in Section 6.1.

size. Moreover, the tensor B in (1) is given by Bj1 j2 ...jm = (p + q) if j1 = j2 = . . . = jm ,
and q otherwise, where p, q ∈ [0, 1] with q ≤ (1 − p). Thus, in this model, edges residing
within each cluster have a high weight (in the expected sense) as compared to other edges.5
This model corresponds to the decomposition of A mentioned in (5). We state the following
consistency result for dense hypergraphs.
 1/4 
Corollary 3 Let αn = 1 and k = O nln n . Then with probability (1 − o(1)),

n(3−m)/2
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X

e∈E

we Re .

(17)

Lemma 6 proves a concentration bound for the normalised affinity matrix L computed
in Algorithm TTM. The proof, given in the appendix, relies on an useful characterisation
of the matrix A. To describe this representation, we define for each edge e ∈ E, a matrix
Re ∈ {0, 1}n×n as (Re )ij = 1 if i, j ∈ e, i 6= j, and zero otherwise. Quite similar to the
representation of (10), one can note that
A = (m − 2)!
This characterisation is quite useful since the independence of (we )e∈E ensures that A is
represented as a sum of independent random matrices, and hence, one can use matrix
concentration inequalities (Tropp, 2012) to derive a tail bound for kA − Ak2 .

(m − 1)! ln n
.
Dmin

(18)

Lemma 6 If there exists n0 such that Dmin > 9(m − 1)! ln n for all n ≥ n0 , then with

probability 1 − O(n−2 ) ,
s
kL − Lk2 ≤ 12

The above result directly leads to a bound on the perturbation of the eigenvectors as shown
in Lemma 4.7 of Ghoshdastidar and Dukkipati (2017). The result adapted to our setting is
stated below.
q
ln n
Lemma 7 Assume there is an n0 such that Dmin > 9(m − 1)! ln n and δ > 24 (m−1)!
 Dmin
for all n ≥ n0 . Then the following statements hold with probability 1 − O(n−2 ) .

≤

24
δ

(m − 1)!2kn1 ln n
.
Dmin

(19)

1. The matrix X does not have any row with zero norm, and hence, its row normalised
form, denoted by X, is well-defined.

F

2. There is an orthonormal matrix Q ∈ Rk×k such that
s
X − ZQ

1
i ∈ V : kSi· − Zi· Qk2 ≥ √
2

Finally, we analyse the k-means step of the algorithm, where the rows of X are assigned
to k centres. Define S ∈ Rn×k such that Si· denotes the centre to which X i· is assigned.
Also define the collection of nodes Verr ⊂ V such that


.
(20)
Verr =

Lemma 8 Under the conditions stated in (16), for small enough ,

(21)

The following result, adapted from Ghoshdastidar and Dukkipati (2017), shows that on one
hand Verr contains all the mis-labelled nodes, whereas, on the other, it proves that under
the conditions of Theorem 2, the k-means algorithm of Ostrovsky et al. (2012) finds a near
optimal solution for which |Verr | can be bounded from above.
Err(ψ, ψ 0 ) ≤ |Verr | ≤ 8(1 + 2 )2 kX − ZQkF2
√ 
) .

with probability 1 − O(n−2 +
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Theorem 2 follows by setting  = (ln n)−1/2 , and using the bound on kX − ZQkF in (19).
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5. Sampling Techniques for Algorithm TTM

(22)

We now present the second, and key, contribution in this work. Recall from the discussions
in Section 3 that the overall computational complexity of TTM is O(m2 nm + kn2 ln(kn) +
k 2 n + k 4 ), where the first term clearly dominates for m ≥ 3. A practical solution to this
problem is to simply compute the weights of few edges, or equivalently, sample few entries
of the adjacency tensor A. This strategy has often been used in computer vision, but
to the best of our knowledge, there is no known theoretical study of the approach. The
only relevant theoretical works (Bhojanapalli and Sanghavi, 2015; Jain and Oh, 2014) are
in a different context, where the authors study factorisation of partially observed tensors.
While the latter work assumes an uniform sampling, the former presents distributions that
are more adapted to the tensor. We later compare these results with our findings.
In contrast, practical higher order learning methods exhibit considerable variety in sampling techniques. Govindu (2005) used a sampling that uniformly selects fibers of the tensor,
which is similar in spirit to the well known column sampling technique for matrices. Ideas
along the same lines, and also a Nyström approximation, for the HOSVD based approach
were suggested in Ghoshdastidar and Dukkipati (2015a). A more efficient technique of iterating between sampling and clustering was used in Jain and Govindu (2013) and Chen and
Lerman (2009), where one starts with a naive sampling to get approximate partitions and
then iteratively improves the result by sampling edges aligned with partitions. Matching algorithms (Duchenne et al., 2011) exploit side information to prioritise edges with significant
weights. Other heuristics have also been suggested in some works.
We formally study the following problem. Suppose we are given a certain distribution
(pe )e∈E on the set of all m-way edges E. Let N edges be sampled with replacement according
to the given distribution. We aim to find the minimum sample size required such that
corresponding partitioning algorithm (with edge sampling) is still weakly consistent. In
this paper, we assume that the core partitioning approach is TTM, and the sampling only
b
affects Step 1 of the algorithm, where we replace A by its sample estimate, denoted by A.
b = A, where the
A requirement of the estimator should be its unbiasedness, i.e., ES|H [A]
expectation is with respect to the sampling distribution given an instance of the random
hypergraph. Based on (17), we propose to use an unbiased estimator of the form

e∈I

X e
w
b = (m − 2)!
A
Re ,
N
pe

where I ⊂ E with |I| = N is the collection of sampled edges (with possible duplicates).
The matrix Re ∈ {0, 1}n×n is such that (Re )ij = 1 if i, j ∈ e, i 6= j, and zero otherwise.
The overall method is listed below, and one can easily see that its runtime is O(m2 N +
kn2 ln(kn) + k 2 n + k 4 ).

5.1 Consistency of Sampled Variants of Algorithm TTM

JMLR 18(50):1-41, 2017

We now analyse the performance of Algorithm Sampled TTM for any given edge sampling
distribution (pe )e∈E . The main message of the following result is that the algorithm remains
weakly consistent even if we use very small number of sampled edges, i.e., N = o(nm ).
However, the minimum sample size required depends on the sampling distribution.

16

(24)

(23)

for all e ∈ E.

(25)

k 2m−1 (ln n)2
nm−1
and

N > C0

ξnk 2m−1 (ln n)2
,
αn

(26)
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7. Note that this observation is only true for weighted hypergraphs, where a small αn implies that most
edges have very small, but positive, weights. On the other hand, unweighted hypergraphs with small αn
implies that only few edges are present, and sampling is not required if these edges are given a priori.

For simplicity,

 let us start with the case where k = O(1). Then one has the lower bound
n)2
N = Ω n(ln
for uniform sampling, and N = Ω(n(ln n)2 ). Thus, the both sampling
αn
techniques have similar performance in the dense case (αn = 1), the gap between the lower
bounds increase when αn decays with n. In fact, in the most sparse setting possible in (23),
n)2
) and so, uniform sampling works only when one samples Ω(nm ) edges.7 But
αn = O( (ln
nm−1
with weighted sampling, one still needs only Ω(n(ln n)2 ) edges.
Possibility of achieving consistency with such a low sample size is quite remarkable, and
has not been yet observed in any other tensor problem. For instance, it may be argued
that one can directly use the factorisation techniques for partially observed tensors studied
in Jain and Oh (2014) and Bhojanapalli and Sanghavi (2015), to guarantee sampling rates
derived in these works. We show here that this may not be a good strategy since such
sampling can be often much larger than the rate derived in Corollary 10. We note here that
the comparison is not entirely fair since, on one hand, we require only the clusters instead of
the complete factorisation, whereas on the other hand, the results in related tensor sampling
works are usually tied to an incoherence assumption that is violated in our setting.
For the comparison, we recall that in the setting of Corollary 10, A has an approximate
CP-decomposition of rank (k + 1) as shown in (5). Furthermore, most works on tensors do
not consider the case where entries decay with dimension, and so, we may assume αn = 1.
The aforementioned works consider the problem of tensor factorisation, where the tensor is
partly observed by means of some sampling. Jain and Oh (2014) show that to obtain an
accurate tensor factorisation, it is suffice to observe Ω(k 5 nm/2 (ln n)4 ) uniformly sampled
entries. Bhojanapalli and Sanghavi (2015) use a different sampling distribution, which
essentially assigns more weight for larger entries quite similar to (25), and then prove a
similar bound on the sample size (upto logarithmic factors). The key difference of such
bounds with Corollary 10 is that the m in the exponential is tied to n in other works,
whereas it is tied to k in our case—this improves efficiency significantly when k grows much
slower than n, which is clearly the case in clustering.
We elaborate on this further by considering the extreme values of
 k1/4and
 αn possible
in Corollaries 3 and 4, respectively. First, let αn = 1 and k = O nln n , as in Corollary 3. Then both uniform and weighted sampling can guarantee weak consistency if
N = Ω n0.5m+0.75 (ln n)3−2m . In contrast, the sample size from (Jain and Oh, 2014) is
√
N = Ω(n0.5m+1.25 (ln n)−1 ), which is worse by a factor of about n. Turning to the setting
of Corollary 4, we have k = O(ln n) and let αn be at its lower bound in (15). Then, the above

then Err(ψ, ψ 0 ) = o(n) with probability (1 − o(1)).

αn > C

Corollary 10 Consider the setting described in Section 4.1. Define quantity ξ such that
ξ = 1 for uniform sampling, and ξ = αn for the weighted sampling of (25). There exist
constants C, C 0 > 0, such that, if
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6. The probability is with respect to the randomness of the planted model, and arises since the edge weights
are random.


P
n
One can easily see that β = e we in the latter case, whereas β = m
maxe we for uniform
sampling. For ease of exposition, we restrict ourselves to the special case described in
Section 4.1, and demonstrate the effect of these distributions on sample size.

e0 ∈E

we
pe = P
we0

Note that the above probability is with respect to both the randomness of the hypergraph
and edge sampling. The above result is similar to Theorem 2 except for the additional
condition and error term associated with the number of sampled edges N . We mention here
that the constant C in (23) is different from the one used in Theorem 2, but the quantity δ
remains the same, and does not depend on the sampling distribution. Since, the above error
rate is o(n), we can immediately conclude that the lower bound on N in (23) is sufficient
to ensure weak consistency of the sampled variant. The result also shows that if we fix a
particular sampling strategy, then smaller N is needed for denser and easier models (large
δ 2 d). This can be explained since for sparse hypergraphs, most edges have zero or negligibly
small weights, and do not provide ‘sufficient information’ about the true partition.
On the other hand, the sampling strategy plays a crucial role in the lower bound for N ,
but the dependence is only via the ratio of the edge weight to the sampling probability. We
note that β is a high probability upper limit of this ratio,6 and (23) suggests that a better
sampling distribution is one for which β is smaller. To clarify this observation, we state
the result for two particular sampling distributions: (i) uniform sampling, and (ii) sampling
each edge e with probability proportional to its weight, i.e.,

for all large n, then with probability (1 − o(1)),



kn1 ln n 1
1
2β
Err(ψ, ψ 0 ) = O
+
+
= o(n).
2
δ
d N
Nd

There exist absolute constants C, C 0 > 0, such that, if δ > 0,


kn1 (ln n)2
2β kn1 (ln n)2
δ2d > C
and N > C 0 1 +
nk
d
nk δ 2

e∈E

Theorem 9 Let N edges be sampled with
 replacement
 according to probability distribution
we
(pe )e∈E , and let β > 0 be such that PH max pe > β = o(1). Let δ be as defined in (11).

Algorithm Sampled TTM : TTM where a sampled set of edge weights are observed
Input: Distribution (pe )e∈E on the set of all edges E;
Affinity tensor A, which is not observed, but requested entries can be observed.
1: Sample a collection of N edges I ∈ E with replacement.
b using (22).
2: Observe entries of A corresponding to edges in I, and compute A
b instead of A.
3: Run Steps 2-5 of Algorithm TTM using A
Output: Partition of V that correspond to the clusters obtained from k-means.

Uniform Hypergraph Partitioning

Uniform Hypergraph Partitioning

result shows that while uniform sampling
is poor, by sampling significant edges frequently,

one needs only N = Ω n(ln n)2m+1 edges for consistent partitioning. In contrast, the
weighted sampling of Bhojanapalli and Sanghavi (2015) still needs Ω(n0.5m (ln n)7 ) samples,
which is much larger.
5.2 Proof of Theorem 9
We will further discuss the implications and limitations of weighted sampling, but first, we
provide an outline for the proof of Theorem 9. Recall that the sampled variant differs from
b (22) instead of A. Let us define D,
b L
b for this case
core TTM algorithm only in the use of P
A
b ii =
b
b
b −1/2 A
bD
b −1/2 . Note that A,
b D
b are
corresponding to D, L. That is, D
j Aij and L = D
both unbiased estimates of A, D. The proof follows the lines of the proof of Theorem 2. It
is easy to see that the only difference is in Lemma 6, where instead of kL − Lk2 , we now
b − Lk2 . Observe that
need to compute a bound on kL
b − Lk2 ≤ kL
b − Lk2 + kL − Lk2 ,
kL



2β
1+
.
d

(28)

(27)

where the second term is bounded due to Lemma 6. We have the following bound for the
first part, which can be derived using matrix Bernstein inequality.

ln n
N



2β
1+
.
d

s

ln n
N

Lemma 11 For large n and under the conditions in (23), with probability 1 − o(1),
s
b − Lk2 ≤ 12
kL

ln n
+ 12
d

This bound combined with Lemma 6 implies
r
b − Lk2 ≤ 12
kL

q

F

≤



.

then with probability 1 − o(1),

X − ZQ

8kn1 ln n
,
nk



kn1 γn2
δ2

(30)

Let us denote the above upper bound by γn . Then one can restate Lemmas 7 and 8 as
follows.
Lemma 7∗ . If δ > 2γn for all large n, then with probability (1 − o(1)),
√
2γn 2kn1
.
(29)
δ
Lemma 8∗ . If δ ≥ 2γn

Err(ψ, ψ 0 ) = O



ln n ln n
+
d
N



2β
1+
.
d

Here, the stronger condition is required for the k-means error bound. Now, observe that we
can bound γn2 as
γn2 ≤ 288
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The above bound immediately implies the error bound in (24), whereas the condition in
Lemma 8∗ is satisfied if (23) holds. Thus, the claim of Theorem 9 follows.
19
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5.3 TTM with Iterative Sampling

In this section, we discuss practical strategies for sampling. The purpose of the section is
two-fold. We first relate the weighted sampling strategy (25) to heuristics used in practice.
We then suggest a practical variant of Algorithm Sampled TTM to solve the problem of
subspace clustering. Our experimental results in next section will validate the efficacy of
this method in realistic problems.
We recall that Corollary 10 led to the conclusion that, in general, weighted sampling (25)
achieves a runtime that is smaller than that of uniform sampling by a factor of αn . It is
obvious that specifying this distribution involves computing all edge weights, which in turn,
requires a single pass over the adjacency tensor. Even the weighted sampling of Bhojanapalli
and Sanghavi (2015) suffers from the same issue. However, even this is not acceptable in
practice as a single pass also has computational complexity of O(nm ), and hence, Sampled
TTM based on (25) is mainly of theoretical interest. But our analysis leads to an important
conclusion—sample edges with larger weights more frequently.
This is essentially the idea commonly used in most tensor based algorithms. In the case
of matching algorithms, one uses an efficient nearest neighbour search to sample the larger
tensor entries (Duchenne et al., 2011). On the other hand, the subspace clustering literature
has acknowledged the idea of iterative sampling (Chen and Lerman, 2009; Jain and Govindu,
2013), where one uses an alternating strategy of finding clusters using a sampled set of edges,
and then re-sampling edges for which at least (m−1) nodes belong to a cluster. It is not hard
to realise that both sampling techniques give higher preference to edges with large weights,
and hence, as a consequence of Corollary 10, both methods are expected to perform better
than uniform sampling. Thus Corollary 10 provides a theoretical justification for why such
heuristics work, thereby answering an open question posed by Chen and Lerman (2009).
We now turn to the problem of designing a practical variant of TTM based on the above
discussion. We use the conclusions of Corollary 10 and present an iterative version of Algorithm TTM for the purpose of subspace clustering. We henceforth refer to this algorithm as
tensor trace maximisation with iterative sampling, or simply Tetris. An additional reason
for presenting this algorithm is to address a paradoxical situation that arose in our previous
work (Ghoshdastidar and Dukkipati, 2015b). While the theoretical results suggest that
TTM perform better than HOSVD based techniques (Govindu, 2005; Chen and Lerman,
2009), experiments on large benchmark problems did not align with the same conclusion.
We later realised that this disparity occurred because we had combined TTM with a naive
sampling technique, but had compared with the practical iterative variant of HOSVD. The
numerical comparisons in this paper using Tetris resolves this issue, and shows that TTM
is indeed more favourable.
We now present Tetris for solving the subspace clustering problem (Soltanolkotabi et al.,
2014). In this problem, one is given a collection of n points Y1 , Y2 , . . . , Yn ∈ Rra in an high
dimensional ambient space. However, there are k subspaces, each of dimension at most
r < ra , such that one can represent Yi as

Yi = Yei + ηi ,
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where Yei lies in one of the k subspaces, and ηi is a noise term. The objective of a subspace
clustering algorithm is to group Y1 , . . . , Yn into k disjoint clusters such that each cluster corresponds to exactly one of the k low-dimensional subspaces. A hypergraph or tensor based
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Total number of vertices, n

(b) m = 3

(c) m = 4
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6. Experimental Validation

12:

b denoted by X
b ∈ Rn×k .
Compute k dominant left singular vectors of L,
b
13: Normalise rows of X to have unit norm.
14: Run k-means on the rows of the normalised matrix, and partition Y into k clusters.
15: From each obtained cluster, sample c/k subsets, each of size (m − 1).
16: Repeat from Step 3, and iterate until convergence.
Output: Clustering of Y into k disjoint clusters.

j=1

In this section, we present numerical illustrations related to uniform hypergraph partitioning. The numerical results are categorised into four parts. The first set of results is based on

6.1 Comparison of Spectral Algorithms

the setting of Corollary 3, and validates our theoretical observations about TTM. We next
compare the performance of TTM with several uniform hypergraph partitioning methods
for some small scale problems. The reason for restricting our study to small problems is
because, in such cases, the hypergraphs can be completely specified, and edge sampling can
be avoided. The rest of the section focuses on practical versions of the subspace clustering
problem, where we compare sampled variants of TTM with state of the art subspace clustering algorithms. Our experiments include both synthetic subspace clustering problems (Park
et al., 2014) and benchmark motion segmentation problem (Tron and Vidal, 2007).

Figure 1: Number of vertices mis-clustered by TTM, HOSVD and NH-Cut as n increases.
The figures from left to right correspond to cases with m = 2, 3 and 4, respectively.

(a) m = 2

Ghoshdastidar and Dukkipati

We first compare the performance of TTM with the HOSVD based algorithm (Govindu,
2005; Ghoshdastidar and Dukkipati, 2014) and the NH-Cut algorithm (Zhou et al., 2007;
Ghoshdastidar and Dukkipati, 2017). This study is based on the model related to Corollary 3, where a m-uniform hypergraph is generated on n vertices. We assume here that
αn = 1, k = 2, and the true clusters are of equal size. The edges occur with following
probabilities. If all vertices in an edge do not belong to the same cluster, then the edge
probability is q = 0.2, else it is (p + q) for some p ∈ (0, 1 − q) specified below.
In Figure 1, we show results for three examples, where p is fixed at p = 0.1, m is
varied over m = 2, 3, 4, and the total number of vertices n grows from 10 to 100. For
each case, 50 planted hypergraphs are generated, and subsequently partitioned by TTM,
HOSVD and NH-Cut. The mean error, Err(ψ, ψ 0 ), is reported for each algorithm as a
function of n. Figure 1 shows that the performance of TTM and NH-Cut are similar, and
the errors incurred by these methods are significantly smaller than that of HOSVD. This
observation validates Corollary 3 and Remark 5. It can also be seen empirically that all
three methods have a sub-linear error rate for m = 2, i.e., they are weakly consistent,
whereas, Err(ψ, ψ 0 ) = o(1) for m ≥ 3.
We consider another example on bi-partitioning 3-uniform hypergraphs, where we fix
q = 0.2 but the gap p is decreased as 0.1, 0.05 and 0.025. Figure 2 shows the errors,
averaged over 50 runs, incurred by the three methods as the hypergraph grows. Note that

Algorithm Tetris : TTM with iterative sampling for subspace clustering
Input: Dataset Y = [Y1 , . . . , Yn ]; k = Number of subspaces;
r = Maximum subspace dimension; and
c = A hyper-parameter controlling number of sampled edges (N = nc)
1: Set m = r + 2.
2: Uniformly sample c subsets of Y , each containing (m − 1) points.
b ∈ Rn×n to a zero matrix.
3: Initialise A
4: for j = 1 to c do
5:
Consider j th subset of Y with the points Yj1 , . . . , Yjm−1 .
6:
for i = 1 to n do
7:
Compute the weight we for the edge e = {Yi , Yj1 , . . . , Yjm−1 } using (31).
bij = A
bij + we for all l = 1, . . . , m − 1.
8:
Update A
l
l
9:
end for
10: end for
n
b ∈ Rn×n be diagonal with D
b ii = P A
bij , and L
b=D
b −1 A.
b
11: Let D

Here, fr (·) computes the error of fitting a r-dimensional subspace for the given m points,
and σ is a scaling parameter. Different choices for fr (·) has been considered in the literature
based on Euclidean distance of points from the estimated subspace (Govindu, 2005; Jain
and Govindu, 2013), polar curvature of the points (Chen and Lerman, 2009) among others.
Chen and Lerman (2009) also proposed a heuristic for estimating σ at each iteration.
We present Algorithm Tetris for the subspace clustering problem. We fix the order of
the tensor as m = (r + 2), and define fr (·) in terms of polar curvature (see Equations
1-3 of Chen and Lerman, 2009). We also incorporate the convergence criteria and the
estimation procedure for σ used by Chen and Lerman (2009), which are not explicitly
stated below. Furthermore, to standardise with their approach, Tetris uses a one-sided
degree normalisation and computes left singular vectors of the normalised adjacency matrix.

subspace clustering approach (Agarwal et al., 2005; Govindu, 2005) involves construction
of a weighted m-uniform hypergraph such that m ≥ (r + 2) and the weight of an edge
e = {i1 , . . . , im } is given by


fr (Yi1 , . . . , Yim )
.
(31)
we = w({i1 , . . . , im }) = exp −
2
σ
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Error, Err(ψ, ψ 0 )

(a) p = 0.1

(c) p = 0.025
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(b) p = 0.05

Total number of vertices, n
Figure 2: Number of vertices mis-clustered by TTM, HOSVD and NH-Cut as n increases.
The figures from left to right correspond to cases with p = 0.1, 0.05 and 0.025,
respectively.

the problem becomes harder as p reduces, and the performance of HOSVD is highly affected.
But, the effect is much less in case of TTM and NH-Cut. This follows from Theorem 2,
where one can observe that, in the present context Err(ψ, ψ 0 ) varies as 1/p2 . Same holds for
NH-Cut, but in the case of HOSVD, Err(ψ, ψ 0 ) varies as 1/p4 making the algorithm more
sensitive to reduction in probability gap.
6.2 Comparison of Hypergraph Partitioning Methods
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We consider similar studies with other hypergraph partitioning methods, such as methods
based on symmetric non-negative tensor factorisation (SNTF) (Shashua et al., 2006), higher
order game theoretic clustering (HGT) (Rota Bulo and Pelillo, 2013) and the hMETIS
algorithm widely used in VLSI community (Karypis and Kumar, 2000). For the latter two
methods, we have used implementations provided by the authors.
We first compare the different algorithms under a planted model for 3-uniform hypergraphs with k = 3 planted clusters of equal size. As before, we assume the hypergraph to
be dense, αn = 1, and the inter-cluster edges occur with probability q = 0.2. We study the
performance of the methods as the number of vertices n, and the probability gap p varies.
The fractional clustering error, n1 Err(ψ, ψ 0 ), averaged over 50 runs, is reported in Figure 3.
The figure shows the previously observed trends for TTM, NH-Cut and HOSVD. In
addition, it is observed that SNTF and hMETIS provide nearly similar, but marginally
worse results than TTM. However, HGT uses a greedy strategy for extracting individual
clusters, and hence, often identifies a majority of the vertices as outliers, thereby resulting
in poor performance.
Since partitioning algorithms find use in a variety of applications, we compare the performance of the above algorithms for the subspace clustering problem. In particular, we
consider the line clustering problem in an ambient space of dimension 3. We randomly generate three one-dimensional subspaces, and sampled n/k random points from each subspace.
As mentioned in the previous section, the data points in subspace clustering problems are
typically perturbed by noise. To simulate this behaviour, we add a zero mean Gaussian
23
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We now compare our method against the state of the art subspace clustering algorithms.
We consider sampled variants of the TTM algorithm, i.e., TTM with uniform sampling and
TTM with iterative sampling (Tetris). We note that from practical consideration, we do

6.3 Comparison of Subspace Clustering Algorithms: Synthetic Data

noise vector to each point. The covariance of the noise vectors is given as σa I, where we vary
σa to control the difficulty of the problem. We construct a weighted 3-uniform similarity
hypergraph based on polar curvature of triplet of points, which is partitioned by the different methods. The fractional clustering errors are presented in Figure 4. As expected, all
the methods can identify the exact subspace in the absence of noise, and the errors increase
for larger σa . Apart from HGT, a good performance is observed from all the methods.
One can observe that the above comparisons were based on very small problems, where
the hypergraph consists of at most 120 vertices. This restriction was imposed since specification of the entire affinity tensor is computationally infeasible for large hypergraphs. To
demonstrate the performance of TTM in practical settings, we study its sampled variants
in the subsequent sections.

Figure 4: Fractional error incurred by hypergraph partitioning algorithms in clustering
noisy points from three intersecting lines. The cluster size, (n/k), and the noise
level σa are varied. The colour bar indicates the shade corresponding to different
levels of error, with darker shade representing larger error.

Number of points in each subspace, n/k

Figure 3: Fractional error incurred by hypergraph partitioning algorithms under a planted
model. The cluster size, (n/k), and the probability gap p are varied. The colour
bar indicates the shade corresponding to different levels of error, with darker
shade representing larger error.

Probability gap p
Noise level, σa

Error, Err(ψ, ψ 0 )
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8. For this method, we have used our implementation.
9. Here, the edge sampling is not exactly uniform since we only select the c subsets of size (m−1) uniformly.
10. The experimental setup has been adapted from Park et al. (2014), and the codes are available at:
http://sml.csa.iisc.ernet.in/SML/code/Feb16TensorTraceMax.zip

We first focus on the problem of clustering randomly generated subspaces.10 In an
ambient space of dimension ra = 5, we randomly generate k = 5 subspaces each of dimension
r = 3. From each subspace, we randomly sample n/k points and perturb every point with
a 5-dimensional Gaussian noise vector with mean zero and covariance σa I. In Figure 5, we
report the fractional error, n1 Err(ψ, ψ 0 ), incurred by various subspace clustering algorithms
when (n/k) and σa are varied. The results are averaged over 50 independent trials. We
note that for existing methods, we fix the parameters as mentioned in Park et al. (2014).
For Tetris and SGC, the parameters are set to the same values as SCC, where c = 100k and
σ as in (31) is determined by the algorithm. In case of uniformly sampled TTM, we fix σ
to be same as the value determined by Tetris. To demonstrate that sampling more edges
lead to error reduction, we consider uniform sampling for two values c = 100k and 200k.
Figure 5 shows that Tetris and SGC clearly outperform other methods over a wide
range of settings. In particular, it can be seen that greedy methods like NSN is accurate

• Algorithm TTM with uniform sampling, which is derived by performing a single iteration of Steps 1-14 of Algorithm Tetris.9

• Algorithm Tetris, and

• sparse Grassmann clustering (SGC) (Jain and Govindu, 2013),8 yet another variation
of HOSVD where some information about the eigenvectors computed in previous
iterations is retained,

• spectral curvature clustering (SCC) (Chen and Lerman, 2009), which is an iterative
variant of HOSVD,

• greedy subspace clustering using nearest subspace neighbour search and spectral clustering (NSN+Spectral) (Park et al., 2014),

• faster variant of SSC using orthogonal matching pursuit (SSC-OMP) (Dyer et al.,
2013),

• thresholding based subspace clustering (TSC) (Heckel and Bölcskei, 2013),

• subspace clustering using low-rank representation (LRR) (Liu et al., 2010),

• sparse subspace clustering (SSC) (Elhamifar and Vidal, 2013), which finds clusters by
estimating the subspaces,

• k-flats algorithm (Bradley and Mangasarian, 2000) which generalises k-means to subspace clustering,

• k-means algorithm for clustering based on Euclidean distance,

not consider aforementioned hypergraph partitioning methods that require computation of
the entire tensor. The clustering algorithms under consideration include:

Uniform Hypergraph Partitioning

Number of points in each subspace, n/k
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The Hopkins 155 database (Tron and Vidal, 2007) contains a number of videos capturing
motion of multiple objects or rigid bodies. In each video, few features are tracked along the
frames, each giving rise to a motion trajectory that resides in a space of dimension twice
the number of frames. One can show that under particular camera models, all trajectories
corresponding to a particular rigid body motion span a subspace of dimension at most
four (Tomasi and Kanade, 1992). Thus, the problem of segmenting different motions in a
video can be posed as a subspace clustering problem.
The Hopkins database contains 120 sequences, each containing two motions, and 35 three
motion sequences. We run above mentioned subspace clustering algorithms for purpose of

6.4 Comparison of Subspace Clustering Algorithms: Motion Segmentation

in the absence of noise, but a drastic increase in error occurs when the data is noisy. The
effect of noise is much less in hypergraph based methods like SCC, SGC or Tetris. One
can also observe that the hypergraph based methods do not work well when there are very
few points in each cluster (for example, 6). This is expected since, by definition, these
algorithms construct 5-uniform
hypergraphs (m = r + 2) in this case, and hence, there

are very few edges ( 65 = 6) with large weight for each cluster. However, with increase
in number of points, there is a rapid decay in the clustering error. This also shows the
consistency of these methods empirically. To this end, it seems that NSN or SSC should
be recommended for small scale problems (smaller n/k), whereas Tetris or SGC should be
the algorithm of choice for larger n and possible presence of noise. Finally, we also observe
that TTM with uniform sampling, even with twice the number of samples, performs quite
poorly as compared to Tetris. However, with increase in the number of sampled edges, some
extent of error reduction is observed.

Figure 5: Fractional error incurred by subspace clustering algorithms for synthetic data.
The number of points in each subspace, (n/k), and the variance of the noise
vector σa is varied. The colour bar indicates the shades for different levels of
error.

Noise level, σa

Algorithm
k-means
k-flats
SSC
LRR
SSC-OMP
TSC
NSN+Spec
SCC
SGC
Tetris

3 motion (35 sequences)
Mean (%) Median (%) Time (s)
26.13
20.48
0.05
15.45
14.88
0.76
4.40
0.56
1.51
4.03
1.43
1.29
27.61
23.79
1.23
28.58
29.67
0.51
8.28
2.76
0.17
6.40
1.46
0.76
9.08
5.05
0.89
5.71
1.19
0.90
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2 motion (120 sequences)
Mean (%) Median (%) Time (s)
19.58
17.92
0.03
13.19
10.01
0.38
1.53
0.00
0.80
2.13
0.00
0.94
16.93
13.28
0.72
18.44
16.92
0.19
3.62
0.00
0.08
2.53
0.03
0.45
3.50
0.41
0.54
1.31
0.02
0.50

Table 1: Mean and median of clustering error and computational time for different subspace
clustering algorithms on Hopkins 155 database.

motion segmentation. For existing approaches, the parameters specified in Park et al.
(2014) have been used, and for Tetris and SGC, we use the parameters for SCC. TTM with
uniform sampling is not considered due to its higher error rate. Table 1 reports the mean
and median of the percentage errors incurred by different algorithms, where these statistics
are computed over all 2-motion and 3-motion sequences. In order to remove the effect of
randomisation due to sampling (for SCC, SGC, Tetris) or initialisation (for k-means, k-flats,
NSN), we average the results over 20 independent trials. The average computational time
(in seconds) of each algorithm for each video is also reported.11
Table 1 shows that Tetris performs quite well in comparison with state of the art subspace clustering algorithms. In particular, Tetris achieves least mean error for the two
motion problem. The computational time for Tetris is also much smaller than other accurate methods like SSC and LRR. The mean error achieved by Tetris is also smaller than
SCC in either cases. We note here that the best known results for Hopkins 155 database
is achieved by the algorithm in Jung et al. (2014), which uses techniques based on epipolar geometry, and hence, it is not a subspace clustering algorithm. Smaller errors have
also been reported in the literature when one construct larger tensors, m = 8 (Jain and
Govindu, 2013), or uses manual tuning of hyper-parameters (Ghoshdastidar and Dukkipati,
2015a). However, in either cases, computational time increases considerably.

7. Conclusion
In this paper, we studied the problem of partitioning uniform hypergraphs that arises in
several applications in computer vision and databases. We formalised the problem by
defining a normalised associativity of a partition in a uniform hypergraph that extends a

JMLR 18(50):1-41, 2017

11. We note that the reported time is based on the fact that we have used Matlab implementations of the
algorithms, run on a Mac OS X operating system with 2.2 GHz Intel Core i7 processor and 16 GB
memory.
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similar notion used in graph literature. We showed that the task of finding a partition that
maximises normalised associativity is equivalent to a tensor trace maximisation problem.
We proposed a tensor spectral algorithm (TTM) to solve this problem, and following the
lines of our previous works, we showed that the TTM algorithm is consistent under a
planted partition model. To this end, we extended the existing model of Ghoshdastidar
and Dukkipati (2014, 2017) by allowing both sparsity of edges as well as the possibility
of weighted edges. Accounting for these factors makes the model more appropriate in the
context of computer vision applications. We derived error bounds for the TTM approach
under the planted partition model. Our bounds indicate that under mild assumptions on
the sparsity of the hypergraph, TTM is weakly consistent, and the error bound for TTM is
comparable that of NH-Cut, but better than the error rates for HOSVD. This fact is also
validated numerically.
Weighted uniform hypergraphs have been particularly interesting in the computer vision since hypergraphs provide a natural way to represent multi-way similarities. Yet, it
is computationally expensive to compute the entire affinity tensor of the hypergraph. As
a consequence, several tensor sampling strategies have come into existence. We provide
the first theoretical analysis of such sampling techniques in the context of uniform hypergraph partitioning. Our result suggests that consistency can be achieved even with very
few sampled edges provided that one assigns a higher sampling probability for edges with
larger weight. The derived sampling rate is much lower than that known in tensor literature (Bhojanapalli and Sanghavi, 2015; Jain and Oh, 2014), and our analysis also justifies
the superior performance of popular sampling heuristics (Chen and Lerman, 2009; Duchenne
et al., 2011). We finally proposed a iteratively sampled variant of TTM, and empirically
demonstrated the potential of this method in subspace clustering and motion segmentation
applications.
We conclude with the remark that this paper was motivated by practical aspects of
hypergraph partitioning, and our aim was to present an approach that can be analysed
theoretically, and at the same time, can compete with practical methods. While the paper
manages to achieve this goal, there are several questions that still remain unanswered. We
list some of the important open problems:

(i) What is the threshold for detecting planted partitions in hypergraphs?
This question was recently answered for a special model in the case of bi-partitioning (Florescu and Perkins, 2016), but more general cases have still not been explored. For instance,
it would interesting to know any extension of the results in Abbe and Sandon (2016) for unweighted hypergraphs. However, this would still not provide any information in the weighted
case. We noted that one of the reasons for our condition in (12) being worse by logarithmic
factors was our analysis is for weighted hypergraphs. It is not known yet whether one can
do better for weighted hypergraphs without making distributional assumptions on the edge
weights.

JMLR 18(50):1-41, 2017

(ii) What are the complicated examples? How can we deal with these cases?
Our error bound leads to a counter-intuitive conclusion that even after collapsing the tensor
to a matrix, one can get better performance than direct tensor decomposition (HOSVD).
The caveat here is that this result is stated for a special case, and still leaves the possibility
that that there are models which do not satisfy the condition δ > 0, and hence, TTM does
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Here, we sequentially present the proofs of lemmas and corollaries stated in the paper. We
begin with the calculations that lead to (8).

Appendix A. Proofs of Technical Lemmas and Corollaries
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(iv) How well does TTM extend for other higher order learning problems?
While TTM unifies a wide variety of higher order learning methods, the special cases studies
in this paper were restricted to clustering problems. However, other problems like tensor
matching can also be modelled as partitioning uniform hypergraph with two partitions of
widely different sizes (Duchenne et al., 2011). In principle, this problem has a flavour quite
similar to that of the well known planted clique problem (Alon et al., 1998). The state of the
art algorithms in tensor matching rely on tensor power iterations, and in Ghoshdastidar and
Dukkipati (2017), we showed that a naive use of NH-Cut does not fare well. We feel that
in this particular setting, better theoretical guarantees can be achieved by power iteration
based approaches.

(iii) What is the minimum sample size for achieving weak consistency?
Similar in spirit to the first problem, one can ask what is the minimum sampling rate
required to achieve weak consistency irrespective of the partitioning algorithm. We have
not made any attempt to answer this question, and surprisingly, the question is open even in
graph partitioning. While column sampling techniques (Drineas et al., 2006) are often used
in conjunction with spectral clustering, the error rate for this combination is not known.

On a similar note, it is known in the case of graph partitioning that the eigen gap
(quantified by δ in our results) is not the correct quantity that reflects the presence of a
partition. For instance, there are planted graph models, which clearly reflect a separation
of the classes, and yet δ is not positive. It would be interesting to see how one can deal
with such examples in the case of hypergraphs. An alternative approach in such cases is
to quantify the separation by the minimum difference (or distance) between the k rows of
B, which is a matrix for graphs. For uniform hypergraphs, a similar quantity would be the
difference between the (m − 1)-order slices of the tensor B, but it is not clear yet how such
a condition can be incorporated into the analysis of hypergraph partitioning.

not work. In Ghoshdastidar and Dukkipati (2017), we constructed few examples, but it is
not known whether HOSVD works in these cases. We also mention that the use of other
tensor methods (such as power iterations) have not been analysed yet. While we showed
that existing results cannot be applied due to the difference in assumptions, we do not claim
that alternative tensor methods are inapplicable.
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(l)

T

A ×1 Y (1) ×2 . . . ×m Y (m)


T

j...j

i1 <...<im

X

i1 ,...,im =1

n
X

= m!

=

×2 Y

Ai1 ...im

(m)

1{i1 , . . . , im ∈ Vj }
,
(vol(Vj ))β1 +...+βm

(1)

Ai1 ...im Yi1 j . . . Yim j

1{i∈Vj }
. The claimed relation follows
(vol(Vj ))βl
T
(2) × . . . × Y (m) T , which are given by
3
m


n−2
m−2

if i = j.

if i 6= j, ψi 6= ψj

if i 6= j, ψi = ψj

δ = λk (G)



n
(m − 2)!αn pn nk − 2
=
kDmin
kDmin
m−2

(33)

(32)
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12. The notation fn = Θ(n) denotes that there exists constants c, C such that cn ≤ fn ≤ Cn for all large n.

We need to validate that the conditions in (12), or equivalently (16), are satisfied. Given
αn = 1, one can see that Dmin = Θ(nm−1 ) easily satisfies first condition of (16) for large
n.12 Also

 m−1 
 


n
n 2m−2 1
=Θ
= Ω n(m−1)/2 (ln n)2m−2 ,
δ 2 Dmin = Θ
k
Dmin
k 2m−2
 1/4 
taking into account that k = O nln n . Thus, the second condition in (16) also holds for
large n and forall m ≥ 2. Subsequently, one can applying the bound in (13) to claim that
n(3−m)/2
Err(ψ, ψ 0 ) = O (ln
with probability (1 − o(1)).
n)2m−3

and

From the definition of G, Dmin and δ, one can compute that
 n



n−1
−1
Dmin = (m − 1)!αn p k
+q
,
m−1
m−1

We begin by computing A as defined in (10)
 n 

−2
k

+q
(m − 2)!αn p m−2






n−2
Aij =
(m − 2)!αn q m−2






0

A.2 Proof of Corollary 3

where we use theP
symmetry of the terms to group all m! permutations of every distinct
i1 , . . . , im . Since l βl = 1, the denominator is simply vol(Vj ), whereas the indicator in
the numerator counts only the edges e ⊂ Vj and Ai1 ...im provides the weights. So the
assoc(V )
above quantity is simply m! vol(Vj )j , and summing over all diagonal entries results in the
normalised associativity, scaled by m!.



by computing diagonal entries of A ×1 Y

(1) T

We recall that the entries of Y (l) is simply Yij =

A.1 Proof of Equation (8)
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2m+1
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=O

n ln n
αn nm−1 (ln n)2−2m

=O

n
(ln n)2

A.3 Proof of Corollary 4


3
For k = O(ln n), one can verify that (12) holds if Dmin = Ω (lnδn)
. From (32) and (33),
2

we have Dmin = Θ(αn nm−1 ) and δ 2 Dmin = Ω αn nm−1 (ln n)2−2m . Hence, choosing αn ≥
n ln n
δ 2 Dmin

C(ln n)
for sufficiently large C ensures that (16) is satisfied. Subsequently with probanm−1

bility 1 − O n−2 + (ln n)−1/4 = (1 − o(1)), we obtain an error bound






= o(n) ,

Err(ψ, ψ 0 ) = O

which completes the proof.
A.4 Proof of Lemma 1
The proof is along the lines of the proof of Lemma 4.5 in Ghoshdastidar and Dukkipati
(2017). We still include a sketch of the proof since the quantities involved are different from
the terms dealt in the mentioned paper. From the discussions following (10), one can see
that the matrix A may be expressed as
A = ZGZ T − J ,



Gψi ψi
Jii
−
= − min
.
1≤i≤n Dii
Dii

(34)

where J ∈ Rn×n is diagonal with Jii = Gψi ψi . Following the arguments of Ghoshdastidar
and Dukkipati (2017), one can show that there is a matrix G ∈ Rk×k with eigen decomposition G = U Λ1 U T such that LX = X Λ1 , where X = Z(Z T Z)−1/2 U , and it satisfies
X T X = I. Thus, the columns of X are orthonormal eigenvectors of L corresponding to
the eigenvalues in Λ1 . It is also known
n that the other (n
o − k) orthonormal eigenvectors
Jii
correspond to eigenvalues from the set − D
:1≤i≤n .
ii
Thus, to prove the claim we need to ensure that X corresponds to the dominant eigenvectors of L, or in other words,
1≤i≤n

λk (G) > max

Gψi ψi
(Z T Z)ψi ψi
− max
.
1≤i≤n Dii
Dii

A lower bound on λk (G) can be derived from Rayleigh’s principle and Weyl’s inequality as
1≤i≤n

λk (G) ≥ λk (G) min

Noting that (Z T Z)jj = nj , size of cluster-j, one can readily see from above that if δ > 0,
then (34) is satisfied and hence, X contains the dominant eigenvectors. It is also useful to
note that δ ≤ λk (L) − λk+1 (L), i.e., δ is a lower bound on the eigen gap between the k th
and (k + 1)th largest eigenvalues of L. This fact is used later in the proof of Lemma 7.
A.5 Proof of Lemma 6

(35)
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We begin the proof with the claims that if Dmin > 9(m − 1)! ln n, then


s
Dii
(m − 1)! ln n 
2
−1 >3
≤ 2 ,
Dii
Dmin
n
1≤i≤n

PH  max
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PH kD−1/2 (A − A)D−1/2 k2 > 3

We now bound kL − Lk2 as

(36)

kL − Lk2 ≤ kD−1/2 AD−1/2 − D−1/2 AD−1/2 k2 + kD−1/2 AD−1/2 − D−1/2 AD−1/2 k2 .
We expand the first term as

≤ k(D−1/2 − D−1/2 )AD−1/2 + D−1/2 A(D−1/2 − D−1/2 )k2

kD−1/2 AD−1/2 −D−1/2 AD−1/2 k2

≤ k(D−1 D)1/2 − Ik2 k(DD−1 )1/2 k2 + k(D−1 D)1/2 − Ik2 ,

Dii
Dii
− 1 ≤ max
−1 .
1≤i≤n Dii
Dii

where the last inequality follows since kD−1/2 AD−1/2 k2 = 1. Also, note that
r

1≤i≤n

k(D−1 D)1/2 − Ik2 = max

n
X
j=1

Aij =

n
X

i2 ,...,im =1

Aii2 ...im = (m − 1)!

e∈E:e3i

X

we ,

Combining above arguments, we can write


Dii
Dii
kL − Lk2 ≤ max
− 1 2 + max
− 1 + kD−1/2 AD−1/2 − D−1/2 AD−1/2 k2 .
1≤i≤n Dii
1≤i≤n Dii
(37)
q
ln n
< 1, one arrives
Using the bounds in (35) and (36) along with the fact that 3 (m−1)!
Dmin
at the claim.
We now prove the concentration bound in (35). Observe that
Dii =



tDii
(m−1)!

2



.

(38)
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X


≤ 2 exp 

VarH (we ) ≤

−

where the last equality holds since the summation over all i2 , . . . , im counts each edge
containing node-i (m − 1)! times. Since, Dii is a sum of independent random variables, we
can use Bernstein inequality to obtain for any t > 0,
!
X
tDii
PH (|Dii − Dii | > tDii ) = PH
we − EH [we ] >
(m − 1)!

Since we ∈ [0, 1], we have

X
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(m−1)! ln n
in (39), and combining above
bounded from above by (m−1)!
Dmin . Setting t = 3
Dmin
arguments, one arrives at (36). This completes the proof.

Here, the first inequality holds due to Gerschgorin’s theorem. Observing that the row sum
of Re2 is at most (m − 1)2 , the expression can q
be simplified to show that the quantity is

((m −
Dmin

2

(m − 1)!
.
≤
Dmin

VarH (we )D−1/2 Re D−1 Re D−1/2

1≤i≤n

e∈E

X

e∈E

X

≤ ((m − 2)!) max

2

= ((m − 2)!)2

≤

Re D

−1/2

(m − 2)! (we − EH [we ]) D−1/2 Re D−1/2

= ((m − 2)!)2

e∈E

X

In addition, one can bound

(m − 2)! (we − EH [we ]) D

−1/2

as a sum of independent, zero mean random matrices. One can verify that kRe k2 ≤ (m−1),
and hence,

D−1/2 (A − A)D−1/2 =

for any t > 0. Owing to the representation in (17), one can write

P

q
ln n
The bound in (35) follows from above by setting t = 3 (m−1)!
, and using a union bound
Dmin
over all i = 1, . . . , n.
Finally, we derive (36) using matrix Bernstein inequality (Tropp, 2012, Theorem 1.4),
which states that for independent, symmetric, random matrices Y1 , . . . , YM ∈ Rn×n with
EH [Yi ] = 0 and kYi k2 ≤ R almost surely, one has


PH (|Dii − Dii | > tDii ) ≤ 2 exp −

Substituting this in (38), we have
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1≤i≤n



Dmin >

Dmin
2

and

\
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2β(m − 1)!
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s

ln n
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2β(m − 1)!
Dmin



.

(42)
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b − Lk2 in the following way.
Assuming that the above hold, we now derive a bound on kL
First, note that the bounds in (41) and (42) are with respect to a conditional probability
measure, and need to be converted into a bound with respect to the joint probability measure
PS,H . This is not hard to derive as one can see in the case of (42), where one can write
s

!
ln n
2β(m − 1)!
−1/2 b
−1/2
PS,H kD
(A − A)D
k2 > 3
1+
N
Dmin
s
"

!#
ln n
2β(m − 1)!
−1/2 b
−1/2
= EH PS|H kD
(A − A)D
k2 > 3
1+
N
Dmin
s
"

!#
ln n
2β(m − 1)!
−1/2 b
−1/2
≤ PH (Γ) EH|Γ PS|H,Γ kD
(A − A)D
k2 > 3
1+
+ PH (Γc )
N
Dmin
 
1
=O
+ PH (Γc ) ,
(43)
n2

and

Then, conditioned on a given random hypergraph and the event Γ, we claim that the
following bounds hold with probability (1 − n22 ),
s


b ii
2β(m − 1)!
D
ln n
−1 ≤3
1+
.
(41)
max
1≤i≤n Dii
N
Dmin

Γ=

Also let Γ denote the event

Dmin > 36(m − 1)! ln n

Let β be defined as in Theorem 9 and Dmin = min Dii . Assume that

A.7 Proof of Lemma 11

We begin by characterising β for either sampling methods. Note that β ≥ maxe wpee . Since,


n
n −1
|E| = m
, it followsthat for uniform sampling pe = m
for all e, and hence,P
an approprin
ate choice of β = m . On the other hand, for the sampling in (25), maxe wpee = e we . Using

P
n
Bernstein inequality, one may easily bound this term from above by 2 e EH [we ] ≤ 2αn m
,
where the bound holds with probability (1 − n−2 ).
Thus, ignoring constants factors, one may set β = ξnm , where ξ = 1 for uniform
sampling and αn for weighted sampling. The conditions in (26) follow directly from (23)
and d, δ computed in the proof of Corollary 3.

A.6 Proof of Corollary 10
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where the inequalities follow by observing that all the quantities are smaller than one, and
the first term is bounded due to (42). For bounding PH (Γc ), note that from (35), it follows
that with probability (1 − O(n−2 )), for all i = 1, . . . , n,



s
(m − 1)! ln n 
.
Dmin

Dii > Dii 1 − 3
Hence, if Dmin > 36(m − 1)! ln n, then



s
(m − 1)! ln n  Dmin
>
.
Dmin
2

Dmin > Dmin 1 − 3

!

b − A)D−1/2 k2
+ kD−1/2 (A

This fact, along with the assumption on β, shows that PH (Γc ) = o(1), and so, the upper
b − A)D−1/2 k2 holds with probability (1 − o(1)) even with respect to
bound on kD−1/2 (A
joint probability measure. Similar result also holds for (41). Subsequently, we follow the
arguments leading to (37) to conclude that

ln n
N

b ii
b ii
D
D
b
kL
−
Lk
− 1 2 + max
−1
2 ≤ max
1≤i≤n Dii
1≤i≤n Dii
s


2β(m − 1)!
1+
,
Dmin
≤ 12

where the last inequality holds with probability (1 − O(n−2 )) under the conditions stated
in (40). To complete the proof, we derive the bounds (41) and (42), which again rely on
the use of Bernstein inequality. For this, observe that
n

j=1 e∈I

pe

e∈I

pe

X X we
(m − 1)! X we
b ii = (m − 2)!
D
(Re )ij =
1{i ∈ e} ,
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N
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distributed, we can use Bernstein inequality to write
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The inequalities are derived using above relations, and the definition of Γ. From above, (41)
follows from union bound.
To prove (42), observe from (22) that
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The first bound uses the fact kD−1/2 AD−1/2 k2 = 1 and the second follows since Dmin >
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2 Dmin and kRe k2 ≤ (m − 1). We can also bound the norm of the variance term as
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Networks have become a natural and popular way to model interactions in applications such as
information technology (Rossi and Latouche, 2013), social life (Jiang et al., 2013; Matias et al.,
2015), genetics (Giraud et al., 2012) or ecology (Thomas et al., 2015; Miele and Matias, 2017).
In this paper, we investigate the reconstruction of an undirected weighted graph of size N from
incomplete information on its set of edges (for instance, one knows that the target graph has
no self-loops) and an estimation of the eigenspaces of its adjacency matrix W. This situation
depicts any model where one knows in advance a linear operator K that commutes with W.
For instance, several authors (Espinasse et al., 2014; Girault, 2015; Perraudin and Vandergheynst, 2016; Marques et al., 2016) have introduced a definition of stationarity for signal
processing on graphs. In the Gaussian framework, they have shown that this definition implies
that the covariance operator K is jointly diagonalizable with the Laplacian (Perraudin and Vandergheynst, 2016) or some weighted symmetric adjacency matrix W supported on the graph
(Espinasse et al., 2014; Marques et al., 2016).
Another framework adapted to our methodology concerns time-varying Markov processes,
which are used to model numerous phenomena such as chemical reactions (Anderson and Kurtz,
2011) or waiting lines in queuing theory (Gaver Jr, 1959), see also Pittenger (1982); MacRae
(1977); Barsotti et al. (2014). In some cases, one may observe at random times a Markov chain
with transition matrix P. The transition matrix Q of the resulting Markov chain can be shown

1. Presentation

We aim at recovering the weighted adjacency matrix W of an undirected graph from a perturbed version of its eigenspaces. This situation arises for instance when working with stationary signals on graphs or Markov chains observed at random times. Our approach relies on
minimizing a cost function based on the Frobenius norm of the commutator AB − BA between
symmetric matrices A and B. We describe a particular framework in which we have access to
an estimation of the eigenspaces and provide support selection procedures from theoretical and
practical points of view. In the Erdős-Rényi model on N vertices with no self-loops, we show
that identifiability (i.e., the ability to reconstruct W from the knowledge of its eigenspaces)
follows a sharp phase transition on the expected number of edges with threshold function
N log N/2. Simulated and real life numerical experiments assert our methodology.
Keywords: Support recovery; Identifiability; Stationary signal processing; Graphs; Backward selection algorithm
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Equivalently, the set F is disjoint from the set of edges of the target graph. Throughout this
paper, a special interest is given to the case F = Fdiag := {(i, i) : 1 ≤ i ≤ N } conveying that
there are no self-loops in W.

Our goal is to reconstruct W from a perturbed observation of its eigenspaces, provided by an
b of K. The key point is then to use extra information given by the location of some
estimator K
zero entries of W. Hence, we assume that one knows in advance a set F ⊂ [1, N ]2 of “forbidden”
entries such that
∀(i, j) ∈ F, Wij = 0
(HF )

In this setting, the transformation K = f (W) preserves the eigenspaces. In particular, W and K
commute, i.e., WK = KW, since they share the same eigenspaces.

K = f (W) :=

Consider a symmetric matrix W ∈ RN ×N , viewed as the weighted adjacency matrix of an
undirected graph with N vertices. We investigate the eigenspaces of W in a situation where we
have no direct information on the spectrum of the graph. Depicting this situation, we assume
that the information on the target W stems from an unknown transformation K = f (W) ∈ RN ×N
b of K. Precisely, let f : x 7→ P∞ an xn
or, in more realistic scenarios, from a perturbed version K
n=0
be an injective function, analytical on the spectrum of W, the matrix K is given by

2.1 The Model

2. Model and Identifiability

to be a function of P. Thus, the transitions on the original process can be recovered from an
estimation of Q given that P and Q commute. Several models are presented in Section 3 while
the general model is given in Section 2.1.
Section 2.2 is concerned with identifiability issues, i.e., the capacity to solve such problems.
We exhibit sufficient and necessary conditions on the ability to reconstruct an undirected graph
with no self-loops from the knowledge of the eigenspaces of W. These conditions allow us to
derive a sharp phase transition on identifiability in the Erdős-Rényi model.
In Section 4.1, we introduce and theoretically assert new estimation schemes based on the
Frobenius norm of the commutator AB − BA between symmetric matrices A and B. More
b of K and we consider the empirical
precisely, we assume that we have access to an estimation K
b − AKk,
b where k · k denotes the Frobenius
contrast given by the commutator, namely A 7→ kKA
norm. Using backward-type procedures based on this empirical contrast, we build in Section 4
an estimator of the graph structure, i.e., its set of edges S ? referred to as the support. Numerical
experiments on simulated data (Section 5) and actual data (Section 6) assess the performances
of our new estimation method. A discussion and related questions are presented in Section 7.
Related topics encompass spectral, least-squares and moment methods for graph reconstruction (Verzelen et al., 2015; Guédon and Vershynin, 2015; Klopp et al., 2017; Bubeck et al.,
2016), Graphical Models (Verzelen, 2008; Giraud et al., 2012), or Vectorial AutoRegressive
process (Hyvärinen et al., 2010). In the specific cases of Ornstein-Uhlenbeck processes and
non-linear diffusions, the interesting papers Bento et al. (2010) and Bento and Ibrahimi (2014)
tackle a related problem which is to estimate W along a trajectory, see Section 3.6 for further
details. Note that the framework of the present paper addresses processes observed at random
times—with possibly unknown distribution—which are not covered by Bento et al. (2010) and
Bento and Ibrahimi (2014).
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2.2 Identifiability

Reconstructing Graphs from Eigenspaces

For S ⊆ [1, N ]2 , denote by E(S) the set of symmetric matrices A whose support is included in S,
which we write Supp(A) ⊆ S. Given the set F of forbidden entries defined via (HF ), the matrix
of interest W is sought in the set E(F ) with F the complement of F . In some cases, typically
for F sufficiently large, most matrices W ∈ E(F ) are uniquely determined by their eigenspaces.
For those W ∈ E(F ), there is no matrix A ∈ E(F ) non collinear with W that commutes with W.
This property is encapsulated by the notion of F -identifiability as follows.
Definition 1 (F -identifiability) We say that a symmetric matrix W is F -identifiable if, and
only if, the only solutions A with Supp(A) ⊆ F to AW = WA are of the form A = tW for
some t ∈ R. Equivalently,


A ∈ RN ×N : A = A>, AW = WA and Supp(A) ⊆ F = tW : t ∈ R
(2)

A matrix W is F -identifiable if the set of symmetric matrices with the same eigenvectors as W
and whose support is included in F is the line spanned by W.
Remark 2 The dimension of the commutant, defined by
n
o
Com(W) := A ∈ RN ×N : A = A>, AW = WA ,

is entirely determined by the multiplicity of the eigenvalues of W. Indeed, letting λ1 , . . . , λs
denote the different eigenvalues of W and `1 , . . . , `s their multiplicities, one can show that

s
 X
N (N + 1)
`j (`j + 1)
N ≤ dim Com(W) =
≤
.
2
2
j=1


Now, the F -identifiability of W can be stated equivalently as dim Com(W)∩E(F ) = 1, observing
that the left hand side of (2) is exactly Com(W) ∩ E(F ). Using a simple inclusion/exclusion
formula, one can check that the condition

|F | ≥ dim Com(W) − 1
is necessary for the F -identifiability, where |F | denotes the cardinality of F . In particular, a
matrix W with repeated eigenvalues requires a large set F of forbidden entries to be F -identifiable.

Proposition 3 (Lemma 2.1 in Barsotti et al. (2014)) Let S ⊆ F , the set of F -identifiable
matrices in E(S) is either empty or a dense open subset of E(S).

This proposition conveys that the F -identifiability of a matrix W is essentially a condition on its
support S. The proof uses the fact that non F -identifiable matrices in E(S) can be expressed as
the zeros of a particular analytic function, we refer to Barsotti et al. (2014) for further details.
By abuse of notation, we say that a support S ⊆ F is F -identifiable if almost every matrix
in E(S) is F -identifiable.
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Characterizing the F -identifiability appears to be a challenging issue since it can be viewed as
understanding the eigen-structure of graphs through their common support. The special case of
the diagonal Fdiag as the set of forbidden entries turns out to be particularly interesting. Indeed,
the Fdiag -identifiability, or diagonal identifiability, can be reasonably assumed in many practical
situations since it entails that W lives on a simple graph, with no self-loops. In Theorem 16 (see
Appendix A.1), we introduce necessary and sufficient conditions on the target support Supp(W)
for diagonal identifiability. Defining the kite graph ∇N of size N ≥ 3 as the graph (V, E) with
vertices V = [1, N ] and edges E = {(k, k + 1), 1 ≤ k ≤ N − 1} ∪ {(N − 2, N )} (see Figure 1),
one simple sufficient condition on diagonal identifiability reads as follows—a proof in given in
Section A.2.
3
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2

3

.....

N-3

N-2

N

N-1

Proposition 4 If the graph G = ([1, N ], S) contains the kite graph ∇N as a subgraph, then S
is diagonally identifiable.

1

Figure 1: The kite graph ∇N on N vertices.

Denote G(N, p) the Erdős-Rényi model on graphs of size N where the edges are drawn independently with respect to the Bernoulli law of parameter p. Using Theorem 16, one can prove
that log N/N is a sharp threshold for diagonal identifiability in the Erdős-Rényi model (see
Section A.4). This can be stated as follows.

Theorem 5 Diagonal identifiability in the Erdős-Rényi model occurs with a sharp phase transition with threshold function log N/N : for any ε > 0, it holds

• If pN ≥ (1 + ε)log N /N and GN ∼ G(N, pN ) then the probability that Supp(GN ) is
diagonally identifiable tends to 1 as N goes to infinity.

• If pN ≤ (1 − ε)log N /N and GN ∼ G(N, pN ) then the probability that Supp(GN ) is
diagonally identifiable tends to 0 as N goes to infinity.

In practice, one may expect that any target graph of size N with no self-loops and degree
bounded from below by log N is diagonally identifiable. In this case, it might be recovered from
its eigenspaces. Conversely, small degree graphs (i.e., graphs with some vertices of degree much
smaller than log N ) may not be identifiable. In this case, there is no hope to reconstruct it from
its eigenspaces since there exists another small degree undirected weighted graph with the same
eigenspaces.

3. Some Concrete Models
3.1 Markov chains

=

j|Yk

=

t≥0

X

t≥0

X

t≥0

P[τ1 = t](Pt )ij .

P[Xt = j|X0 = i]P[τk = t]

= i] = P[XTk+1 = j|XTk = i]
X
P[XTk +t = j, τk = t|XTk = i]

We begin with an example treated in the companion papers Barsotti et al. (2014, 2016). Consider a Markov chain (Xn )n∈N with finite state space [1, N ] and transition matrix P ∈ RN ×N .
Let (Tk )k≥1 be a sequence of random times such that the time gaps τk := Tk+1 − Tk are i.i.d
random variables independent of (Xn )n∈N . One can show that the sequence Yk = XTk is also
a Markov chain with transition matrix Q = E[Pτ1 ] =: f (P) where f is the generating function
of τk . Indeed, this follows from noticing that
P[Yk+1

=
=
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Under regularity conditions, Q = f (P) can be estimated from the Yk ’s and one may recover P
from Q without any information on the distribution of the time gaps τk .

4

j=0

∞
X

Wj Yk P(τk = j) = f (W)Yk ,

E[Xt+u |Xu ] = exp(−tW)Xu

Yk+1 = uk Yk + vk WYk + εk ,

where f (x) :=

5
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(uk − vk x) .

k=1

T
Y

In this case, K = f (W) can be estimated from the observations.

E[Xt |Xt−1 ] = f (W)Xt−1

where εk are independent and centered random variables. We may observe the model only at
time gap intervals T with some error, i.e., Xt = YtT +k0 + ηt with ηt centered and independent
random variables. This falls into the general frame

∀k ∈ Z ,

Consider a seasonal VAR structure: let T be a positive integer, (uk )k∈Z , (vk )k∈Z periodic sequences of period T and

3.4 Seasonal VAR structure

by independence of τk and Yk−1 .

E[Yk+1 |Yk ] = E[E[XTk +τk |XTk , τk ]|XTk ] = E[exp(−τk W)XTk |XTk ] = E[exp(−τk W)]Yk ,

so that

∀t, u ∈ R,

for f the Laplace transform of τ1 , that is, f (W) = E[exp(−τ1 W)]. Indeed, note that

E[Yk+1 |Yk ] = f (W)Yk ,

In this case, one can check that the random process Yk := XTk where the Tk ’s are random times
with i.i.d. gaps τk = Tk+1 − Tk satisfies

dXt = WXt dt + dBt .

The same property holds for the continuous time version of this process, namely a vectorial
Ornstein-Uhlenbeck process observed at random times verifying

3.3 Ornstein-Uhlenbeck process

which allows us to estimate K = f (W) and ultimately recover W.

E[Yk+1 |Yk ] = E[E[Yk+1 |Yk , τk ]|Yk ] =

with εi i.i.d. centered random variables. Define as above Yk = XTk where again Tk are random times such that the time gaps τk = Tk+1 − Tk are i.i.d. with generating function f and
independent of (Xn )n∈Z . Then, it holds

6
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Remark 6 (Matrix perturbation theory) In practice, we do not observe K but an estimab (which we assume symmetric) with perturbed eigen-decomposition K
b = U
bD
bU
b > . Nevtion K
b being close to K implies
ertheless, by continuity of the eigen-decomposition, we know that K

for all λk . Moreover, the dimension of each eigenspace is equal to the multiplicity of the corresponding eigenvalue λk in the spectrum of W. Additionally, when F -identifiability holds, the
only solutions A with Supp(A) ⊆ F to AK = KA are of the form A = tW for some t ∈ R.

{v ∈ RN : Wv = λk v} = {v ∈ RN : Kv = f (λk )v},

The methodology presented in the paper relies on the fact that the target matrix W commutes
with the matrix K, in view of K := f (W), as defined in Eq. (1). Because W is symmetric, it
has real eigenvalues λ1 , ..., λN (here listed with repetitions, if any) and is diagonalizable in an
orthogonal basis. That is, letting Λ denote the diagonal matrix with diagonal entries λk , there
exists an orthogonal matrix U such that W = UΛU> . With this notation, one verifies easily
from Eq. (1) that K = UDU> , where D := f (Λ) is the diagonal matrix with diagonal entries
f (λi ), i = 1, . . . , N . Since f is assumed one-to-one on the spectrum of W, the matrices W and K
share the same eigenspaces associated to λk and f (λk ) respectively :

4.1 Empirical Contrast: the Commutator

4. Estimating the Support

Note that Gaussian AutoRegressive processes on Z verify that the precision operator may be
written as a polynomial of the adjacency operator of Z. One natural way to extend this property
(see for instance Espinasse et al. (2014)) is to define centered Gaussian AutoRegressive fields
on a graph through the same relation between the covariance operator K and the adjacency
operator W (or the discrete Laplacian, depending on the framework) : K−1 = P (W), with P
a polynomial of degree p. In this framework, Graphical models methods will infer the graph
of path of length p, whereas our method aims at recovering W. Note that this framework
extends to ARMA spatial fields where K writes as a rational fraction of W, and the property of
commutativity between W and K still holds.
In the previous cases, we assumed that we can not estimate directly W. For spatio-temporal
processes, this means that we do not have access to a full trajectory. It may be the case when
the sample is drawn at random times, or when we sample with respect to the stationary measure
of the process—for instance when observation times are a lot larger than the typical evolution
time’s scale of the process. If the whole trajectory is available, it is better to use this extra
information, see for instance Bento et al. (2010) for the Ornstein-Uhlenbeck case and Bento and
Ibrahimi (2014) for the non-linear diffusion case.

3.6 Spatial AutoRegressive Gaussian fields

Our model is related to Gaussian Graphical models for which an overview can be found in
the thesis Verzelen (2008). The reader may also consult the pioneering paper Friedman et al.
(2008). One may consider the target W as the precision matrix, i.e., the inverse of the covariance
matrix K, having some non zero entries described by a graph of dependencies. Using f (x) = x−1 ,
this falls into our setting, trying to recover the “dependency” graph given by the precision
matrix W from the estimation of the covariance matrix K. Of course, in this case, it is better
to use the knowledge of f , which certainly improves estimation. Nevertheless, our procedure
allows us to estimate the function f and heuristically validate the hypothesis f (x) = x−1 .

Xn+1 = WXn + εn ,

3.5 Gaussian Graphical models

Consider a stationary Vectorial AutoRegressive process of order one (Xn )n∈Z verifying
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3.2 Vectorial AutoRegressive process

Reconstructing Graphs from Eigenspaces

Reconstructing Graphs from Eigenspaces

(3)

simultaneously the proximity of their eigenvalues and eigenspaces (see for instance Mirsky’s inequality (Stewart and Sun, 1990, Corollary 4.12) and Wedin’s sin(θ) theorem (Stewart and Sun,
b = KA,
b then A has the same
1990, P. 260) for the details). Thus, if we consider A such that AK
b which in turns, are expected to be close to the eigenspaces of W.
eigenspaces as K
b of K, remark that W verifies
Given an estimator K
b − K) − (K
b − K)Wk
b − KWk
b
kW(K
kWK
b − Kk .
=
≤ 2kK
kWk
kWk

b − KAk
b
kAK
,
kAk

A ∈ E(F ) \ {0}.

Hence, in view of (3) and the discussion above, we aim to estimate W by minimizing the following
cost function
A 7→
This empirical criterion was first used in Barsotti et al. (2014), in a Markov Chain context, to
b
reflect that W is expected to nearly commute with K.
4.2 The `0 -approach

Q(S) :=
A∈E(S)\{0}

min

b − KAk
b
kAK
+ λn |S|,
kAk

b of K build from a sample of size n and a set of forbidden entries F
Given an estimator K
reflecting (HF ), we construct an estimator Sb of the target support S ? := Supp(W) as a minimizer
of the criterion Q given by
∀S ⊆ F ,

(H2 )

for some tuning parameter λn > 0 and defining the minimum of an empty set as ∞. Recall
that E(S) is the set of symmetric matrices A such that Supp(A) ⊆ S. Our estimator of the true
support S ? is defined as
S⊆F

Sb ∈ arg min Q(S)

b converges toward K in probability with
Furthermore, we assume that the estimator K

b − Kk ≥ t ≤ Rn (t),
P kK
∀t > 0 ,

(4)

where Rn , n ∈ N is a sequence of non-increasing functions that converge pointwise toward 0 as n
goes to ∞.

) := min

 c (S ? ) − λ |S ? | 
λ 

0
n
n
P Sb 6= S ? ≤ Rn
+ Rn
,
4
2
?

kAK − KAk
min
> 0.
kAk

S6=S ? A∈E(S)
|S|≤|S ? |

and
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Theorem 7 Assume that (H2 ) and (HF ) hold. If W is F -identifiable, then

where

c0 (S

A proof of Theorem 7 is given in Section B.1.

λn → 0

n∈N

Corollary 8 Under the assumptions of Theorem 7, if
 
X
λ
n
Rn
< +∞ ,
2
then Sb → S ? almost surely.

7
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Note that, based on the upper bound in Theorem 7, a good scaling may be λn? =
interestingly does not depend on n. This leads to the upper bound

 c (S ? ) 

n→∞
0
−−−−→ 0
P Sb 6= S ? ≤ 2Rn
2|S ? | + 8

c0 (S ? )
|S ? |+4

which

which is optimal up to a constant less than 2. This oracle choice λn? is of course irrelevant in
practice since both c0 (S ? ) and |S ? | are unknown. Alternatively, we may choose a sequence λn
decreasing slowly to 0 to ensure both conditions of Corollary 8.

4.3 Edge significance based on the commutator criterion

2

×N 2

The exponential complexity of the `0 -approach making it generally infeasible in practice, a backward methodology provides a computationally feasible alternative to the support reconstruction
problem. Starting from the maximal acceptable support F , the idea of the backward procedure
is to remove the least significant entries one at a time and stop when every entry is significant. Using the corresponding small case letter to denote the vectorization of a matrix, e.g.,
a = vec(A) = (A11 , ..., AN 1 , ..., A1N , ..., AN N )> , significancy can be leveraged using the Frobenius
norm of the commutator operator a 7→ ∆(K)a = vec(KA − AK), where

∆(K) = I ⊗K − K ⊗ I ∈ RN

and ⊗ denotes the Kronecker product. Indeed, searching for the target W in the commutant of K
reduces to searching for w = vec(W) in ker(∆(K)), the kernel of ∆(K). Because the Frobenius
b − AKk
b 2
norm coincides with the Euclidean norm of the vectorization, the functions A 7→ kKA
b 2 can be used indistinctly as cost functions.
and a 7→ k∆(K)ak
Assumptions

n→∞

Assume the three following hypotheses (HΣ ), (H1 ) and (HId ).
b
◦ Deriving the asymptotic law of least-squares estimators, we may assume that the estimate K
is such that
√
d
n(b
k − k) −−−−→ N (0, Σ),
(HΣ )

1> w = 1,

(H1 )

where Σ is a N 2 × N 2 covariance matrix (either known or that can be estimated). For instance,
b as the empirical covariance when observing a sample of vectors of covariance K.
one can think of K
This condition is verified for instance in the framework considered in Barsotti et al. (2014,
2016). Note that asymptotic normality is a standard ground base investigating any least-squares
procedure.
◦ In order to exclude the trivial solution a = 0, the target W is assumed normalized

where 1 has all its entries equal to one. Because the available information on W is of spectral
nature and as such, is scale-invariant, a normalization of some kind is crucial for the reconstruction. Here, the condition 1> w = 1 achieves two goals: preventing the null matrix form being a
solution and making the problem identifiable.
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Remark 9 The main drawback of this normalization concerns the situation where the entries
of W sum up to zero, in which case the normalization is impossible. If the context suggests that
the solution may be such that 1> w = 0, a different affine normalization v> w = 1 (with any
fixed vector v) must be used, without major changes in the methodology. In practice, one may
consider the vector v at random (for instance with isotropic law), so that (H1 ) is almost surely
fulfilled for any fixed target w. Finally, observe that if W has non-negative entries, then the
normalization (H1 ) is always feasible.

8

(HId )

b∈R
,

min

b∈Rdim(AS )

b 0 − ΦS b)k2 .
k∆(K)(a

(5)

a∈AS

b S ) = arg min k∆(K)ak
b 2 = a0 − ΦS βbS .
w
bS = vec(W

∆(K)ΦS .

n→∞


d
n(w
bs − w) −−−−→ N 0, ΦS ΩS Φ>
S .

(7)

(6)

9
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b S, K
b and Σ
b yields an
The limit covariance matrix is unknown, but plugging the estimates W
b S Φ> , which is consistent under the F -identifiability assumption. In particular,
estimator ΦS Ω
S

√

The asymptotic distribution of w
bS follows directly from Theorem 10,

We then have

where ΩS :=

†

n→∞

d
n(βbS − β) −−−−→ N (0, ΩS ),

†
Φ>
S ∆(K) ∆(W)Σ∆(W)

√

Theorem 10 If S ? ⊆ S, the estimator βbS is asymptotically Gaussian with

b 0 and noisy design matrix X = ∆(K)Φ
b S.
We recognize a linear model with response y = ∆(K)a
In this setting, remark that w = a0 − ΦS β with β the unique solution to ∆(K)(a0 − ΦS β) = 0.
Denoting by M† the pseudo-inverse of a matrix M, we deduce the following result.

βbS ∈ arg

b
with a0 chosen arbitrarily in AS . When replacing the unknown ∆(K) with its estimate ∆(K),
b 2 over AS can be written similarly as a linear
the minimization of the criterion a 7→ k∆(K)ak
regression framework where the parameter of interest is estimated by

b 7→ ∆(K)(a0 − ΦS b) ,

dim(AS )

The framework under consideration can be viewed as a heteroscedastic linear regression model
with noisy design for which w = vec(W) is the parameter of interest. Indeed, consider for each
2
support S ⊆ F a full-ranked matrix ΦS ∈ RN ×dim(AS ) whose column vectors form a basis of LS .
Assuming that W is F -identifiable and taking S ⊆ F , the operator ∆(K)ΦS is one-to-one. In
this case, evaluating the commutator a 7→ ∆(K)a over AS reduces to considering the map

Asymptotic normality and significance test

which is implied by F -identifiability, see Definition 1.

ker(∆(K)) ∩ LF = {0},

By abuse of notation, AS may refer both to the space of matrices or their vectorizations. To
find the target support S ?, one must exploit the fact that the vector w lies in the intersection of
ker(∆(K)) and AF . Actually, w can be recovered if the intersection is reduced to the singleton
{w}. In this case, the matrix W and its support S ? are F -identifiable. Hence, we assume that

LS := {a = vec(A) : Supp(A) ⊆ S, A = A> , 1> a = 0} .

with linear difference space given by

AS := {a = vec(A) : Supp(A) ⊆ S, A = A> , 1> a = 1}.

◦ For S a support included in F , we aim at a solution in the affine space

Reconstructing Graphs from Eigenspaces

b S,ij
√ W
n
σ
bS,ij

(8)
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Figure 2: Estimated density of the statistic τij (S) for an edge (i, j) ∈ S \ S ? compared to its
theoretical Gaussian limit distribution, for samples of size n = 1000 (left), n = 10000
(center) and n = 100000 (right).
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The backward algorithm produces a sequence of nested supports that one can choose to
stop once all the edges are judged significant, that is, when all the statistics τij (Sk ), (i, j) ∈ Sk
b S,ij
exceed in absolute value some fixed threshold τ0 . Owing to the asymptotic normality of W
shown in Eq. (7), the (1 − α2 )-quantile of the standard Gaussian distribution would appear as a
reasonable choice for the threshold τ0 , as it boils down to performing an asymptotic significance
test of level α. However, due to the slow convergence to the limit distribution and the tendency
to overestimate the variance for small sample sizes (see Figure 2), a threshold based on the
Gaussian quantile inevitably leads to an overly large estimated support. Nevertheless, we show
that an adaptive calibration of the threshold can be achieved by considering the overall behavior
b w
of the commutator ∆(K)
bSm computed over the nested sequence of active supports.

Start with the maximal acceptable support S1 = F ,
At each step k, compute the statistics τij (Sk ) for all (i, j) ∈ Sk ,
Remove the least significant edge (i, j) which minimizes |τij (Sk )| for (i, j) ∈ Sk , and set
Sk+1 = Sk \ {(i, j), (j, i)},
4: Stop when all edges have been removed.

1:
2:
3:

Algorithm 1: Backward algorithm for support selection
b
Data: A set of forbidden entries F , a matrix K.
bS ,W
b S , ... with nested supports S1 ⊃ S2 ⊃ ....
Result: A sequence of estimators W
1
2

b S,ij . The backward
can be used to measure the relative significance of the estimated entry W
support selection procedure is then implemented by the recursive algorithm as follows.

τij (S) :=

2
b S Φ> associated to the (i, j)-entry of W, which we denote σ
the diagonal entry of ΦS Ω
bS,ij
, provides
S
b S,ij . As a result, the statistic
a consistent estimator for the asymptotic variance of W
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Calibration of the threshold by cross-validation

b S , K)
b :=
S 7→ Crit(W

b Sk
kW

kWS K

b b −K
bW
b Sk
.

(9)

By removing the least significant edge at each step, the backward algorithm generates a sequence
of nested active supports S1 ⊃ · · · ⊃ S` , that we refer to as a “trajectory”. Along this trajectory,
we compute the empirical contrast defined by
∀S ⊆ F ,
b S which is a simple projection
Note that computing this criterion boils down to compute W
onto AS as shown in (6).
When the true support S ? lies in the trajectory, one expects to observe a “gap” in the
b S , K)
b when Sj goes from S ? to a smaller support. Indeed:
sequence j 7→ Crit(W
j

(10)

b S so that Crit(W
b S , K)
b tends to
• For S ? ⊆ S,√the target W is consistently estimated by W
zero at rate n,

b b bb
kW
S K − KWS k
b − Kk
≥ c(S) − 2kK
b Sk
kW

b − KAk
b
b − KkkAk yields
• For S ( S ? , the lower bound kAK
≥ kAK − KAk − 2kK

b S , K)
b =
Crit(W

with c(S) := minA∈AS kAK − KAk/kAk a positive constant. In particular, one has
S6=S
|S|≤|S ? |

min c(S) ≥ min? c(S) = c0 (S ? ) > 0

S(S ?
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• The term ∆(K)w
eSj approaches zero as w
eSj gets closer to w. Heuristically, the variance
of w
eSj , and incidentally that of ∆(K)w
eSj , is larger for over-fitting supports S ⊇ S ? . This
results in the sequence j 7→ ∆(K)w
eSj being stochastically decreasing as Sj approaches S ?
from above. On the other hand, the bias of order O(1) is expected to dominate once
the trajectory passes through the true value S ? , making the remaining of the sequence
∆(K)w
eSj increase stochastically.

b − K)(w
b − K and w
• The term ∆(K
eSj − w) is negligible for S ⊇ S ? , as both K
eSj − w tend
to zero independently. We emphasize that this argument no longer holds without the
b This is precisely why we use a training sample.
independence of w
eSj and K.

40

Whole sample

60

20
Support size

80

40

Training sample

60

Support size

20

e S , K)
b = k∆(K)
b w
Thus, the sequence j 7→ Crit(W
eSj k/kw
eSj k is expected to achieve its minimum
j
for the best estimator w
eSj in the trajectory, that is for Sj = S ? . Furthermore, beyond the true
support (for small active supports), w
eSj is not a consistent estimator of w so that the criterion no
longer approaches zero, resulting in the so-called commutation gap.
The “reversed” monotonicity provides an easy way to calibrate the threshold in the backward
b w
algorithm. Indeed, since Sj 7→ ∆(K)
eSj is expected to decrease when approaching the true
support (coming from larger active supports along a trajectory), the estimated support can be
heuristically chosen as the last time the criterion is below an adaptive threshold, see Figure 3.
e S , K)
b can be used as an adaptive threshold for the backward algorithm
In particular, Crit(W
1
b and the trajectory S1 ⊃ · · · ⊃ S` are obtained from independent samples.
when the estimator K
e S independent from K
b may be
Of course, to afford splitting the sample to build the W
j
unrealistic. Nevertheless, the numerical study suggests that the independence is well mimicked
b is built from the whole dataset but the backward algorithm sequence W
e S , ..., W
e S is
when K
1
`
obtained from a learning sub-sample, as illustrated in Figure 3. Empirically, the optimal size
of training samples could be calibrated in function of the number of observations using the
robustness of the outputs of the algorithm. In this paper, we always draw training samples by
taking each observation with probability 1/2, with no consideration regarding the size of the
whole sample.

80

0.004

0.008

0.000
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e S , K)
b computed in the example of Section 5.2.
Figure 3: The contrast sequence j 7→ Crit(W
j
e S are obtained from the backward
The nested support sequence and estimators W
j
algorithm implemented on the whole sample (left) and on a training sample of half size
b is constructed from the whole sample. Using a training sample
(right). In both cases, K
manages to reverse the monotonicity in the first part of the sequence, thus making the
e S , K)
b
commutation gap easier to locate. The initial value of the sequence t = Crit(W
1
then provides a tractable adaptive choice for the threshold.

Constrast

where c0 (S ? ) is defined in (4).
In some way, c0 (S ? ) measures the amplitude of the signal: one expects to be able to recover
b − Kk reaches at least the same order as c0 (S ? ).
the target W when the estimation error kK
The true support S ? then corresponds to a transitional gap in the contrast curve that can be
b converges toward K in probability, any
captured by a suitably chosen threshold t > 0. Since K
threshold 0 < t < c0 (S ? ) will work with probability one asymptotically.

Remark 11 The condition that S ? lies in the trajectory of nested supports is crucial to detect the
commutation gap, although seldom verified in practice due to the tremendous amount of testable
supports. This issue is specifically targeted by the bagging version of the backward algorithm
discussed in Section 4.4.
An obstacle to the detection of the commutation gap is the increasing behavior of the commutator over the nested trajectory S1 ⊃ · · · ⊃ S` . This phenomenon, indirectly caused by the
b can be annihilated when considering the empirical
dependence between the trajectory and K,
contrast over a trajectory built from a training sample. In fact, the monotonicity can even be
b
b
“reversed” before reaching the true support if the W
Sj are estimated independently from K. This
e S , ..., W
e S are built
can be explained as follows. Consider the ideal scenario where estimators W
1
`
e independent from K.
b We assume moreover
from the backward algorithm using an estimator K
that the true support S ? lies in the trajectory S1 ⊃ ... ⊃ S` . The trick is to write
b w
e + ∆(K)w
b − K)(w
∆(K)
esj = ∆(K)w
eSj + ∆(K
eSj − w),
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b
• The term ∆(K)w
has no influence as it is common to all supports in the trajectory.

and to analyze the three terms separately:

11

Constrast
0.004

0.008
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We choose W as the (normalized) adjacency matrix of G1 then draw a sample of size n = 500
of centered Gaussian vectors X1 , · · · Xn of R5 with covariance matrix K = exp(W). We assume

Figure 4: The kite graph G1 = ∇5 .

In the previous section, we have introduced different algorithms. To emphasize the motivation
of the bagging algorithm, we consider a simple example, and implement the different algorithms
for support recovery. To check the performances of the `0 procedure, we need to consider a
graph with a small number of vertices (since the `0 complexity grows with 2N (N −1)/2 where N
denotes the number of vertices). Here, we consider the graph G1 represented in Figure 4, the
kite graph on 5 vertices.

5.1 Toy example

5. Numerical study

The bagging algorithm produces a collection of estimated supports in a way to make the final
decision more robust. At this point, several solutions are possible: select the most represented
support among the Sbm ’s, keep the edges present in the most supports etc... A preliminary
detection of the outliers among the Sbm ’s, e.g. by removing beforehand the supports Sbm ’s that
are either too big or too small, might also considerably improve the method, as we illustrate on
actual examples in Section 5.

2:
3:

1:

Build M bootstrapped samples without replacement.
e m of K.
For each sub-sample m = 1, ..., M , build an estimator K
For all m, run Algorithm 1 without stopping condition and return M trajectories
eS .
S1m ⊃ · · · ⊃ S`m and the corresponding estimators W
km
e S , K)
b over each trajectory with the estimator K
b
4: Evaluate the empirical contrast Crit(W
km
calculated from the whole sample.
bm := S
5: For each trajectory, return the estimated support S
k̂m m as the last support whose
contrast lies below the initial value:

e S , K)
b ≤ Crit(W
e S , K)
b .
k̂m := max k = 1, ..., ` : Crit(W
1m
km

Algorithm 2: Bagging backward algorithm
Data: A set of forbidden entries F , a sample X.
Result: A collection of estimated supports Sbm , m = 1, ..., M .

The main weakness of the backward procedure remains that it requires the true support S ? to
lie in the trajectory S1 ⊃ · · · ⊃ S` obtained from removing the least significant edge one at
a time. In practice, this condition is rarely verified, especially with small datasets. A way to
solve this issue is to replicate the backward algorithm over a collection of random sub-samples,
a process commonly known to as Bootstrap Aggregating, or bagging. The description of this
algorithm is given in Algorithm 2.

4.4 Improving the backward algorithm by bagging

Reconstructing Graphs from Eigenspaces
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The estimated support Sb is obtained as follows. Only a proportion q of the training
samples m with a small initial contrast tm are
√ kept, they are expected to provide better
results—in the whole paper, we chose q = 2/ M empirically. Then, the smallest support
among the remaining candidates is retained, breaking ties arbitrarily.

b S , K)
b corresponding to the initial value of the contrast,
- the threshold tm = Crit(W
1m
- the estimated support, that is, the smallest support Sbm in the trajectory such that
b b , K)
b ≤ tm .
Crit(W
Sm

4. Bagging backward algorithm. The previous algorithm is implemented over M = 100 training samples drawn keeping observations with probability 1/2. For each m = 1, ..., M , we
retain

3. Backward algorithm. We generate a training sample by taking each observation with
probability 1/2 independently, from the whole sample. The estimator of K in this sube We implement Algorithm 1 on K,
e yielding a trajectory S1 ⊃ ... ⊃ S` of
sample is denoted K.
nested supports whose sizes vary from |S1 | = 20 (the full off-diagonal support) to |S` | = 12
(the minimal size required for diagonal identifiability), along with the associated estimators
e S , k = 1, ..., `. Remark that the supports are symmetric, hence two entries are removed
W
k
e S , K)
b
at each step so that ` = 5 in this case. We then compute the threshold t = Crit(W
1
corresponding to the initial value of the contrast. The estimated support Sb is defined as
b S , K)
b ≤ t. Here, the choice of t
the smallest support S in the trajectory such that Crit(W
is adaptive in a fully data driven manner.

b Here again, the
where the threshold t is chosen so as to minimize the oracle error δ(S).
performances are expected to be overestimated compared to a data-driven threshold.

b ij | > t},
Sb = {(i, j) : |W

2. Thresholding contrast minimization with optimal threshold. The target matrix W is estimated over the maximal acceptable support F diag . We then compute

Note that the calibration parameter λ is chosen optimally. Hence, the numerical performances of the method can be expected to be overestimated compared to a fully data-driven
procedure.

b := |Sb ∪ S ? \ Sb ∩ S ? | .
δ(S)

b
The constant λ is chosen as the best possible value, minimizing the oracle error δ(S)
measured by the symmetric difference between Sb and S ? , namely

1. Contrast penalized `0 minimization with optimal penalization constant. We compute


b − KAk
b
kAK
min
+ λ|S| .
Sb = arg min
kAk
A∈E(S)\{0}
S⊆F diag

We compare the following algorithms:

known that G1 contains no self-loop so that we take F = Fdiag as the set of forbidden values.
In this simple example, the constant c0 (S ? ) (see Eq. (4)) can be calculated explicitly, yielding
b − Kk is evaluated to approximately 0.27 by
c0 (S ? ) ≈ 0.12. In comparison, for n = 500, EkK
Monte-Carlo. We expect to be able to recover the true support when the noise level drops below
b
the signal amplitude. Based on the bound of Eq. (10), this occurs as soon as kK−Kk
≤ c0 (S ? )/2.
However, because this bound is not sharp, a lesser level of precision is required in practice.

Yohann De Castro, Thibault Espinasse and Paul Rochet
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Remark 12 Using a `1 -penalized contrast
b − AKk
b 2 + λkAk1
A 7→ kKA

(subject to a normalizing condition so as to rule out the trivial solution A = 0) tends to overestimate the support. In fact, any conservative choice of λ will lead to false positives in the
b while still having a
estimated support (typically, a full support matrix may commute with K
small `1 norm). Hence, when aiming for support recovery, the typical solution is to vanish the
small entries of the minimizer, making it no more efficient than the thresholded `2 procedure
considered in Algorithm 2. For this reason, the numerical performances of the Lasso procedure
are not included in the study.

`0
0.45
68%
0.32

`2 −thresholding
0.37
75%
0.002

Backward
1.95
23%
0.009

Bagging Backward
0.68
61%
0.59

The next table compares the performances of the four algorithms. We calculated the Monteb and probability of exact recovery P{Sb = S ? } for 1000
Carlo estimated mean error E(δ(S))
repetitions of the experiment. The average computational time (obtained with the function
timer of Scilab) on a processor Intel Xeon @2.6 GHz are shown, using the oracle values of λ
and t for the first two algorithms (the calibration of these parameters is thus not accounted for
in the computation time).
Algorithm
Mean Error
Exact recoverery
CPU time (s)

In this example, the first two algorithms are the more accurate. The percentage of successful
recoveries for the bagging backward algorithm is nonetheless competitive given that the first two
procedures have been calibrated optimally for each experiment, which would be highly infeasible
in practice. Finally, we observe that although it is much more expensive computationally, the
bagging version of the backward algorithm yields an undeniable improvement.

`0
O(N 4 )
O(2N (N −1)/2 )

`2 −thresholding
O(N 4 )
O(1)

Backward
O(N 4 )
O(N 2 )

Bagging Backward
O(N 4 )
O(N 2 .M )

Upper bounds for the time and space complexity of the algorithms are given in the next
table. The time complexity is calculated as the number of different supports S considered to
lead to the solution in function of the size N of the graph and the number M of training
samples. The spatial complexity measures the memory size needed to compute the solution. In
this setting, it is the main limitation for applying the procedures to large graphs. The N 4 comes
from the computation of ∆(K) = K ⊗ I − I ⊗K in the solver. Admittedly, the complexity could
be improved by using sparse matrix encoding although this was not implemented.
Algorithm
Space Complexity
Time Complexity

Yohann De Castro, Thibault Espinasse and Paul Rochet

a centered Gaussian vector of variance K = exp(W) where W is the normalized adjacency matrix
of G2 , with normalizing constant chosen such that 1> w = 1. The implementation of the different
algorithms follow the description of the previous example.

Figure 5: The graph G2 is diagonally identifiable.

`2 −thresholding
10
22%
0.04

Backward
25
26%
2.5

Bagging Backward
1
69%
256

In this case, the number of possible supports is too large for the `0 method to be implementable while the accuracy of the thresholded `2 drops considerably compared to smaller
cases. We summarize the results in the following table.
Algorithm
Mean Error
Exact recoverery
CPU time (s)

5000
87%
0.33

2000
83%
0.9

1000
13%
8.5

A drawback of the bagging backward algorithm is the larger computational time: it takes
around 4 minutes in average to estimate the support. Being essentially M = 100 repetitions of
the backward algorithm, the numerical complexity of the bagging version is roughly M times
that of the simple backward algorithm, although the improvement is, here again, clear.
To illustrate the influence of the unknown function f , we consider f : t 7→ (1 − t)−2 and
reproduce the numerical study for K = f (W). The results for various sample sizes are gathered
in the next table, for M = 100 bagging runs.

n
10000
Exact recovery 97%
Mean error
0.05

The probability of recovering the true support appears to be greater than in the previous
example (97% against 69% previously for n = 10000). This sheds lights on another important
factor in the efficiency of the methods which is the separability of the spectrum of K. Indeed, in
this framework, the information needed to recover W lies in its eigenspaces, which are estimated
b The accuracy of these estimates depends on the distance between the different eigenvalues
via K.
(see e.g. Corollary 4.12 in Stewart and Sun (1990) and Wedin’s sin(θ) theorem in Stewart and
Sun (1990)). Thus, for the spectrum λ1 , ..., λN of W, the ability to recover W from K = f (W)
essentially relies on how far the f (λi )’s are from each other. For the sake of comparison, the
spectrum of W which lies in the interval [−0.5, 0.5] is more “spread” by the function t 7→ (1−t)−2
than by the exponential, as we can see in Figure 6.

On the current version, the bagging backward algorithm contains scalability issues for big
graphs due to its space complexity. Leads to reduce the spatial complexity include using sparse
matrix encoding or the use of cheap approximations of the criterion. These shall be investigated
in future works.
5.2 A diagonally identifiable matrix

JMLR 18(51):1-24, 2017

Remark 13 We also implemented the procedure in a random setting where W is drawn from
an Erdös-Rényi graph with binomial entries. The conclusions obtained in this case are similar
to those already discussed and shall not be presented to avoid redundancy.
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The advantages of the bagging backward algorithm are highlighted for larger graphs. In the next
example, we consider the graph G2 on N = 15 vertices represented in Figure 5. The experimental
conditions are similar to that of the previous example, a sample of size n = 10000 is drawn from
15

−0.6

−0.4

−0.2

0.0

0.2

f(t)=exp(t)

Spectrum of W

0.4

0.6

−0.6

−0.4

0.0

0.2

Spectrum of W

−0.2

f(t)=1/(1−t)²

0.4

0.6
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For practical issues, there remain three main challenges to be addressed. The first one
concerns the symmetry of W, that once relaxed, would offer a wider range of applications. The
second concerns the generalization and applications to identifiability conditions other than W
having zero diagonal. Finally, our algorithm is greedy when the size of the graph increases. For
large graphs, it remains to find a way to compute more efficiently the criterion and significance
of the variables.

A main limitation of our method lies in the large amount of data necessary to recover the
true support with high probability. Arguably, this limitation is intrinsic to our model and is a
b − Kk and the signal strength, measured
matter of comparison between the estimation error kK
?
by the constant
c
(S
)
in
(4)
and
(10).
Even
under
the assumption that the estimation error
0
√
has order 1/ n, the difficulties stem from the constant c0 (S ? ) being extremely small in some
cases.

In this paper, we develop a new method to recover hidden graphical structures in different
models. We consider a general framework in which we have access to an approximation of the
eigen-structure of an unknown graph, via an operator that commutes with its weighted adjacency matrix W. We are able to recover the support of W from an estimate of K = f (W) with f
an unknown function, under the sole assumption that the location of some zeros of W are known.
We tackle two situations where this condition may arise: Markov processes observed at random
times and stationary signals on graphs. We focus on the particular case of a weighted adjacency
matrix W with zero diagonal, indicating that the underlying graph has no self-loop.

7. Discussion

Figure 8: Edges that appear 30%, 50%, and 70% of the time using the GGMselect package with
family CO1 and maximal degree dmax = 5.

Figure 7: Edges that appear 30%, 50%, and 70% of the time when running the bagging backward
algorithm 100 times. The spatial dependency becomes apparent around the 50% mark.

Yohann De Castro, Thibault Espinasse and Paul Rochet

To the best of our knowledge, this exact framework has not been tackled in the literature.
For this reason, it is difficult to compare the performances of our algorithm to other existing
methods. For instance, while being a reference in Graphical Models, the package GGMselect
(see Giraud et al. (2012)) fails to uncover the dependence structure in this case, as we see in
Figure 8. The reason is simple: the package GGMselect aims to estimate the precision matrix,
which is a polynomial of W. Thus, while GGM inference may be more stable, faster (0.3s for
GGMselect and 400s for our algorithm) and easily interpretable, it is only adapted to recover
the dependence structure if p = 1, in which case K−1 is an affine function of W.

We model the resulting process as a spatial AutoRegressive process of order p > 1 on a
4 × 4 grid, as described in Section 3.6. In this setting, K−1 writes as a degree p polynomial of a
matrix W supported on the 4 × 4 grid. Using only the information that W has zero diagonal, we
b of the covariance, using that K
aim to recover this dependency from the empirical estimator K
and W commute. Remark that, because the target graph is bipartite, the model is not diagonally
identifiable—for instance W3 also has zero diagonal. However, we still manage to recover the
support from the fact that W is the sparsest matrix that commute with K. We run our algorithm
100 times and we show in Figure 7 the most frequent edges appearing in the output graph.

The data are refined as follows. We first eliminate the days without any lighting, leaving 950
vectors Xi of length 16 that contain the number of impacts at day i in each of the 16 regions.
This numbers are highly non Gaussian, contain many zeros, and show a clear south-east/northwest tendency, with much more lightning in the south east. As a pre-processing, we apply the
transformation x 7→ log(1 + x) to the data and subtract the spatial tendency estimated by linear
regression. The process is then normalized in such manner that the conditional variance at
each vertex conditionally to all the others is 1. This way, the precision matrix K−1 , with K the
covariance matrix, has diagonal 1.

We now implement the bagging backward algorithm on real life data provided by Météorage
and Météo France. The data contain the daily number of lightnings during a 3 year period in 16
regions of France localized on a 4 × 4 grid. We expect to recover the spatial structure of the
graph from the dependence of the lightning occurrences between the regions.

6. Real life application

Figure 6: Separability of the spectrum of K = f (W) for f : t 7→ exp(t) (left) and f : t 7→ (1−t)−2
(right). The eigenvalues of K are more separated in the second case, making it easier
b
to approximate its eigenspaces from the estimator K.
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vertex i. Since for all subset Vk of size k, GS (Vk ) is not invertible, this implies that Mk (A) has
zero diagonal. On the other hand, the non-zero entries of Mk (A) are degree k polynomials in
the variables Aij , (i, j) ∈ Supp(A). Therefore, the equality Mk (A) = λA for some λ ∈ R occurs
for at most a countable number of A ∈ E(S). Since Mk (A) commutes with A, we deduce that S
is not diagonally identifiable.

For the sufficient condition, we will need the following lemma.

We would like to warmly thank Météo France and Météorage for providing us the data used in
Section 6. We also thank Dieter Mitsche for fruitful discussions, as well as the Universidad de
la Habana (Cuba) and the Centro de Modelamiento Matematico (Chile) for their hospitality.

Appendix A. Asserting the Diagonal Identifiability

Lemma 17 If there exists a subset V 0 ⊂ [1, N ] of size N − 1 such that GS (V 0 ) is both DI and
invertible, then GS is DI.

ψj (A) z j,

z ∈ R.


M0
0

20


0
.
0
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From Claim (ii) in Theorem 16 and considering the nested sequence VN −1 ⊃ ... ⊃ V3 obtained
by removing the last vertex on the tail of the kite at each step, we deduce a simple and tractable
sufficient condition for a graph GS to be diagonally identifiable, namely that GS contains the
kite graph as a vertex covering (possibly not induced) subgraph.

A.2 Proof of Proposition 4

Remark 18 The proof of Theorem 16 combines the results of Lemma 2.1 in Barsotti et al.
(2014) and Eq. (14) in Espinasse and Rochet (2016). The first one is of topological flavor proving
that the set of identifiable matrices is either dense or empty in the set of matrices with prescribed
support. The second ingredient is Eq. (14) in Espinasse and Rochet (2016) which contains a key
combinatorial computation on the adjugate matrix of weighted graphs. Admittedly, its purpose
was to provide the first step to prove the necessary condition for identifiability in the present
article (precisely, that Mk (A) has zero diagonal). The proof of the sufficient condition does not,
however, involve this result.

We now go back to prove the sufficient condition in Theorem 16. Assume that GS is not
diagonally identifiable, then by Lemma 17, neither is GS (VN −1 ). By iterating the argument,
we conclude that GS (V3 ) is not diagonally identifiable. However, the only invertible graph on
three vertices is the triangle graph, which is diagonally identifiable, leading to a contradiction.

Since M0 is invertible by assumption, a = 0 and the only matrix A with zero diagonal that
commutes with M is the null matrix. Thus, M is diagonally identifiable.

M0 A0 = A0 M0
M0 a = 0

for some a ∈ RN −1 , with diag(A0 ) = 0. The condition MA = AM can be stated equivalently as


A=

Let A be a matrix with zero diagonal that commutes with M and write
 0

A a
a> 0

M=

To prove that GS is DI, it suffices to find a symmetric matrix M with support S that is diagonally
identifiable. Consider M defined by

M0 A0 = A0 M0 =⇒ diag(A0 ) 6= 0.

Proof We may assume that V 0 = [1, N −1] without loss of generality. Let M0 denote a symmetric
(N −1)×(N −1) matrix indexed on V 0 that is both invertible and diagonally identifiable, i.e., for
all non-zero matrix A0 6= λM0 ,

A.1 Necessary and sufficient conditions
In this section, we focus on the F -identifiability in the special case where the set of forbidden
entries is the diagonal Fdiag := {(i, i) : i ∈ [1, N ]}. Recall that a support S is Fdiag -identifiable,
or simply diagonally identifiable (DI), if for almost every matrix A ∈ E(S),
BA = AB , diag(B) = 0 , B = B> =⇒ B = λA
for some λ ∈ R. In other words, a support S is diagonally identifiable if almost every symmetric
matrix A with support in S is uniquely determined, up to scaling, by its eigenspaces among
symmetric matrices with zero diagonal. In this section, we provide both sufficient and necessary
conditions on a support S to ensure the Fdiag -identifiability. For this, we consider a simple
undirected graph GS = ([1, N ], S) on N vertices with edge set S.
Definition 14 (Induced subgraph) For V ⊆ [1, N ], the induced subgraph GS (V ) = (V, S(V ))
is the graph on V with edge set S(V ) = S ∩ V 2 .
Proposition 15 For all support S ⊆ [1, N ]2 , the set of invertible matrices in E(S) is either
empty or a dense open subset of E(S).
The proof is straightforward when writing the determinant of A ∈ E(S) as a polynomial in its
entries. Observe that by this property, finding one invertible matrix A in E(S) guarantees that
almost every matrix in E(S) is invertible. In this case, we say that the graph GS is invertible.
Similarly, we say that GS is diagonally identifiable if S is diagonally identifiable.
Theorem 16 (Conditions for Fdiag -identifiability) Let S ⊆ F diag and GS = ([1, N ], S).

1. Necessary condition: If S is diagonally identifiable then there exists a sequence of
subsets V3 , ..., VN −1 ⊂ [1, N ] such that |Vk | = k and GS (Vk ) is invertible for all k =
3, ..., N − 1.

2. Sufficient condition: If there exists a nested sequence V3 ⊂ ... ⊂ VN −1 ⊂ [1, N ] with
|Vk | = k such that GS (Vk ) is invertible for all k = 3, ..., N − 1, then S is diagonally
identifiable.
The gap between the sufficient and necessary conditions lies in the fact that the sequence
V3 , ..., VN −1 need to be nested for the sufficient condition.

j=0

N
X

Proof We proceed by contradiction. For the necessary condition, let k ≥ 3 be such that GS (Vk )
is not invertible, for all Vk ⊂ [1, N ] of size k. For A ∈ E(S), denote by ψ0 (A), ψ1 (A), . . . , ψN (A)
the coefficients of the characteristic polynomial
det(z I −A) =
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Pk
Consider the matrix Mk (A) := j=0 ψj (A) Aj . By Eq. (14) in Espinasse and Rochet (2016), we
see that the (i, i)-entry of Mk (A) equals the sum of all minors of size k that do not contain the
19

(1)

G(2)
n ∼ G(n, p2 ) .

21
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Define S1 := {S ∈ S : |S| ≤ |S ? |, S 6= S ? } and S2 := {S ∈ S : |S| > |S ? |}, clearly it holds
S = {S ? } ∪ S1 ∪ S2 . We want to control the terms P{Sb ∈ S1 } and P{Sb ∈ S2 } separately and
conclude in view of
P{Sb 6= S ? } = P{Sb ∈ S1 } + P{Sb ∈ S2 } .

B.1 Proof of Theorem 7

Appendix B. Support reconstruction

Combining Proposition 19 and Theorem 16, we deduce the first point. From the necessary
condition in Theorem 16, we see that it is sufficient to find two isolated vertices to prove nonidentifiability. Indeed, in this case, the kernel of the adjacency matrix has co-dimension at least
2 showing that all sub-graphs of size N − 1 are not invertible. Furthermore, one knows (see
Theorem 3.1 in Bollobás (1998) for instance) that the event “there is at least two isolated points”
has sharp threshold function log n/n. This proves the second point.

A.4 Proof of Theorem 5

where B(n, p2 ) denotes the binomial law. Using Poisson approximation one gets that this
probability tends to 1 as n goes to infinity. We deduce that the probability that the graph
(1)
(2)
G = Gn + Gn has at least a kite tends to 1. Observe that G is an Erdős-Rényi graph of size n
and parameter p = p1 + p2 − p1 p2 ≤ pn which concludes the proof.

P{{k, k + 2} is an edge of G(2) for some k} = P{B(n, p2 ) > 0} ,

As shown in Corollary 8.12 in Bollobás (1998) for instance, P{Gn is hamiltonian} tends to 1
as n goes to infinity. Given a hamiltonian cycle Cn of length n in G(1) one can construct a kite
of length n using edges of G(2) to connect a pair of vertices at distance 2 on the cycle Cn . Invoke
the independence of G(1) and G(2) to get that this latter probability is

G(1)
n ∼ G(n, p1 )

Let G(1) and G(2) be two independent Erdős-Rényi graphs such that

p2 := ω(n)/(2n) .

p1 := (1/n)(log n + log log n + ω(n)/2),

Proof We now present the proof of this fact. Let ω(n) → ∞ and set

The proof makes use of the existence of a hamiltonian cycle which is a standard result in Random
Graph Theory, see Corollary 8.12 in Bollobás (1998) for instance. This results shows that in the
regime (log N + log log N )/N an Erdős-Rényi graph is diagonally identifiable.

Proposition 19 The existence of kite graphs in the Erdős-Rényi model occurs as follows. For
any ω(N ) → ∞ and for GN ∼ G(N, pN ), if pN ≥ (1/N )(log N + log log N + ω(N )) then
P{GN has a kite of length N } tends to 1 as N goes to infinity.

The condition on containing the kite graph ∇N as a subgraph is mild in the sense that it is
satisfied in the dense regime log n/n by random graphs, as depicted in the following proposition.

A.3 Existence of kites

Reconstructing Graphs from Eigenspaces

|=

min

kAK − KAk
b − Kk = c0 (S ? ) − 2kK
b − Kk.
− 2kK
kAk

b − KAk
b
kAK
kAK − KAk
b − Kk .
+ λn |S| ≥
min
− 2kK
kAk
kAk
A∈E(S)\{0}

S∈S1 A∈E(S)\{0}

min Q(S) ≥ min

S∈S1

min

A∈E(S)\{0}

min

A∈E(S ? )\{0}

b − KWk
b
b − KAk
b
kWK
kAK
b − Kk + λn |S ? |, (13)
+ λn |S ? | ≤
+ λn |S ? | ≤ 2kK
kAk
kWk

(12)

(11)

S∈S2

n
o

P Sb ∈ S2 ≤ P min Q(S) ≤ Q(S ? )
S∈S2
n
o
b − Kk + λn |S ? |
≤ P λn (|S ? | + 1) ≤ 2kK
n
o
b − Kk ≥ λn .
= P kK
2

S∈S2

22

n→∞
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b S )† converges in probability towards
The result follows from Slutsky’s lemma, using that (∆(K)Φ
(∆(K)ΦS )† and
 d

√
n ∆(W)b
k − ∆(W)k −−−−→ N 0, ∆(W)Σ∆(W)> .



b S † ∆(K)w
b = − ∆(K)Φ
b S † ∆(W)b
βbS = ∆(K)Φ
k.


b S † ∆(K)a
b 0 is the unique solution to Eq.
Since ∆(K)ΦS is of full rank, the value βbS = ∆(K)Φ
(5) with probability tending to one asymptotically. Since the value of βbS does not depend on
a0 ∈ AS , one can take a0 = w in view of S ? ⊆ S. We obtain

B.2 Proof of Theorem 10

The proof of Theorem 7 follows directly by (H2 ). The corollary is a direct consequence using
Borel-Cantelli’s Lemma.

(13), it follows

To control the term P(Sb ∈ S2 ), we use that min Q(S) ≥ λn min |S| ≥ λn (|S ? | + 1). By Eq.

o
n
n
?
? o
b − Kk ≥ c0 (S ) − λn |S | .
P{Sb ∈ S1 } ≤ P min Q(S) ≤ Q(S ? ) ≤ P kK
S∈S1
4

where we used both Eq. (11) and the fact that WK − KW = 0. Combining (12) and (13), we get

Q(S ? ) =

The constant c0 (S ? ) is positive by F -identifiability of W. Moreover, observe that

It follows

Q(S) =

To bound the term P{Sb ∈ S1 }, we use (11) to remark that for all S ∈ S1 ,

b − Kk ≤ kAK
b − KAk
b
b − Kk.
kAK − KAk − 2kAkkK
≤ kAK − KAk + 2kAkkK

b − KAk
b
Thus, the quantity kAK
for A ∈ E(F ) can be bounded from below and above by

b − K) − (K
b − K)Ak ≤ kA(K
b − K)k2 + k(K
b − K)Ak ≤ 2kAkkK
b − Kk .
kA(K

Since the Frobenius norm is sub-multiplicative, it holds, for all A ∈ E(F ),
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1. This is slightly different than the model of Agarwal et al. (2010), where the learner only chooses wt0 , wt00
and the loss is 12 (ft (wt0 ) + ft (wt00 )). However, our results and analysis can be easily translated to their
setting, and the model we discuss translates more directly to the zero-order stochastic optimization
considered later.

In this paper, we focus on obtaining bounds on the expected average regret (with respect
to the learner’s randomness).
A closely-related and easier setting is zero-order stochastic convex optimization. In
this setting, our goal is to approximately solve F (w) = minw∈W Eξ [f (w; ξ)], given limited
access to {f (·; ξt )}Tt=1 where ξt are i.i.d. instantiations. Specifically, we assume that each

t=1

T
T
1X
1X
ft (wt ) − min
ft (w).
w∈W T
T

We consider the problem of bandit convex optimization with two-point feedback Agarwal
et al. (2010). This problem can be defined as a repeated game between a learner and an
adversary as follows: At each round t, the adversary picks a convex function ft on Rd , which
is not revealed to the learner. The learner then chooses a point wt from some known and
closed convex set W ⊆ Rd , and suffers a loss ft (wt ). As feedback, the learner may choose
two points wt0 , wt00 ∈ W and receive1 ft (wt0 ), ft (wt00 ). The learner’s goal is to minimize
average regret, defined as

1. Introduction

We consider the closely related problems of bandit convex optimization with two-point
feedback, and zero-order stochastic convex optimization with two function evaluations per
round. We provide a simple algorithm and analysis which is optimal for convex Lipschitz
functions. This improves on Duchi et al. (2015), which only provides an optimal result for
smooth functions; Moreover, the algorithm and analysis are simpler, and readily extend
to non-Euclidean problems. The algorithm is based on a small but surprisingly powerful
modification of the gradient estimator.
Keywords: zero-order optimization, bandit optimization, stochastic optimization, gradient estimator
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Like previous algorithms, our algorithm is based on a random gradient estimator, which
given a function f and point w, queries f at two random locations close to w, and computes
a random vector whose expectation is a gradient of a smoothed version of f . The papers
Nesterov (2011); Duchi et al. (2015); Ghadimi and Lan (2013) essentially use the estimator

• The algorithm and analysis are simpler than those proposed in Duchi et al. (2015).
They apply equally to the bandit and zero-order optimization setting, and can be
readily extended using standard techniques, e.g. improved bounds for strongly-convex
functions; regret/error bounds holding with high-probability rather than just in expectation; and improved bounds if allowed k > 2 observations per round instead of
just two (Hazan et al., 2007; Shalev-Shwartz, 2007; Agarwal et al., 2010).

• The algorithm and analysis are readily applicable to non-Euclidean problems. We
give an example for the 1-norm, with the resulting bound optimal up to logarithmic
factors.

• For Euclidean problems, it is optimal up to constants for both smooth and nonsmooth functions. This closes the gap between the smooth and non-smooth Euclidean
problems in this setting.

Thus, an algorithm for bandit optimization can be converted to an algorithm for zero-order
stochastic optimization with similar guarantees.
The bandit optimization setting with two-point feedback was proposed and studied in
Agarwal et al. (2010). Independently, Nesterov (2011) and considered two-point methods
for stochastic optimization. Both papers are based on randomized gradient estimates which
are then fed into standard first-order algorithms (e.g. gradient descent, or more generally
mirror descent). However, the regret/error guarantees in both papers were suboptimal in
terms of the dependence on the dimension. Recently, Duchi et al. (2015) considered a similar
approach for the stochastic optimization setting, attaining an optimal error guarantee when
f (·; ξ) is a smooth function (differentiable and with Lipschitz-continuous gradients). Related
results in the smooth case were also obtained by Ghadimi and Lan (2013). However, to
tackle the general case, where f (·; ξ) may be non-smooth, Duchi et al. (2015) resorted to
a non-trivial smoothing scheme and a significantly more involved analysis. The resulting
bounds have additional factors (logarithmic in the dimension) compared to the guarantees
in the smooth case. Moreover, an analysis is only provided for Euclidean problems (where
the domain W and Lipschitz parameter of ft scale with the L2 norm).
In this note, we present and analyze a simple algorithm with the following properties:

w∈W

E[F (w̄T )] − min F (w) ≤ RT .

f (·, ξt ) is not directly observed, but rather can be queried at two points. This models
situations where computing gradients directly is complicated or infeasible. It is well-known
(Cesa-Bianchi et al., 2004) that given an algorithm with expected average regret RT in the
bandit optimization setting
above, if we feed it with the functions ft (w) = f (w; ξt ), then
P
the average w̄T = T1 Tt=1 wt of the points generated satisfies the following bound on the
expected optimization error:

Shamir
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(3)

which queries at w and w + δu (where u is a random unit vector and δ > 0 is a small
parameter), and returns
d
(f (w + δu) − f (w)) u.
(1)
δ
The intuition is readily seen in the one-dimensional (d = 1) case, where the expectation of
this expression equals
1
(f (w + δ) − f (w − δ)) ,
(2)
2δ
which indeed approximates the derivative of f (assuming f is differentiable) at w, if δ is
small enough.
In contrast, our algorithm uses a slightly different estimator (also used in Agarwal et al.,
2010), which queries at w − δu, w + δu, and returns
d
(f (w + δu) − f (w − δu)) u.
2δ

d
(f (δu) − f (0)) u
δ

2

2



= E d2 kuk24 = d2 .

Again, the intuition is readily seen in the case d = 1, where the expectation of this expression
also equals Eq. (2).
When δ is sufficiently small and f is differentiable at w, both estimators compute a
good approximation of the true gradient ∇f (w). However, when f is not differentiable, the
variance of the estimator in Eq. (1) can be quadratic in the dimension d, as pointed out by
Duchi et al. (2015): For example, for f (w) = kwk2 and w = 0, the second moment equals
"
#
E

Since the performance of the algorithm crucially depends on the second moment of the
gradient estimate, this leads to a highly sub-optimal guarantee. In Duchi et al. (2015),
this was handled by adding an additional random perturbation and using a more involved
analysis. Surprisingly, it turns out that the slightly different estimator in Eq. (3) does not
suffer from this problem, and its second moment is essentially linear in the dimension d.
We note that in this work, we assume that u is a random unit vector, similar to previous
works. However, our results can be readily extended to other distributions, such as uniform
in the Euclidean unit ball, or a Gaussian distribution.

2. Algorithm and Main Results
We consider the algorithm described in Figure 1, which performs standard mirror descent
using a randomized gradient estimator g̃t of a (smoothed) version of ft at point wt . Following Duchi et al. (2015), we assume that one can indeed query ft at any point wt + δt ut
as specified in the algorithm2 .
The analysis of the algorithm is presented in the following theorem:

JMLR 18(52):1-11, 2017

2. This may require us to query at a distance δt outside W. If we must query within W, then a standard
technique (see Agarwal et al., 2010) is to simply run the algorithm on a slightly smaller set (1 − )W,
where  > 0 is sufficiently large so that wt + δt ut must be in W. Since the formal guarantee in Thm. 1
holds for arbitrarily small δt , and each ft is Lipschitz, we can generally take δt (and hence ) sufficiently
small so that the additional regret/error incurred is arbitrarily small.

3
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Algorithm 1 Two-Point Bandit Convex Optimization Algorithm
Input: Step size η, function r : W 7→ R, exploration parameters δt > 0
Initialize θ 1 = 0.
for t = 1, . . . , T − 1 do
Predict wt = arg maxw∈W hθ t , wi − r(w)
Sample ut uniformly from the Euclidean unit sphere {w : kwk2 = 1}
Query ft (wt + δt ut ) and ft (wt − δt ut )
Set g̃t = 2δdt (ft (wt + δt ut ) − ft (wt − δt ut )) ut
Update θ t+1 = θ t − η g̃t
end for

Theorem 1 Assume the following conditions hold:

1. r is 1-strongly convex with respect to a norm k · k, and supw∈W r(w) ≤ R2 for some
R < ∞.

t=1

t=1

2. ft is convex and G2 -Lipschitz with respect to the 2-norm k · k2 .
p
3. The dual norm k · k∗ of k · k is such that 4 Eut kut k∗4 ≤ p∗ for some p∗ < ∞.
q
If η = p GR√dT , and δt chosen such that δt ≤ p∗ R Td , then the sequence w1 , . . . , wT
∗ 2
generated by the algorithm satisfies the following for any T and w∗ ∈ W:
"
#
r
T
T
1X
1X
d
ft (wt ) −
ft (w∗ ) ≤ c p∗ G2 R
,
T
T
T
E

where c is some numerical constant.

We note that condition 1 is standard in the analysis of the mirror-descent method (see
the specific corollaries below), whereas conditions 2 and 3 are needed to ensure that the
variance of our gradient estimator is controlled.
As mentioned earlier, the bound on the average regret which appears in Thm. 1 immediately implies a similar
PTbound on the error in a stochastic optimization setting, for the
average point w̄T = T1 t=1
wt . We note that the result is robust to the choice of η, and
√
is the same up to constants as long as η = Θ(R/p∗ G2 dT ). Also, the constant c, while
always strictly positive, shrinks as δt → 0 (see the proof below for details).
As a first application of the theorem, let us consider the case where k · k is the Euclidean
norm k·k2 . In this case, we can take r(w) = 21 kwk22 , and the algorithm reduces to a standard
variant of online gradient descent, defined as θ t+1 = θ t − g̃t and wt = arg minw∈W kw−θ t k2 .
In this case, we get the following corollary:

t=1

t=1
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Corollary 2 Suppose ft for all t is G2 -Lipschitz with respect to the Euclidean norm, and
W ⊆ {w : kwk2 ≤ R}. Then using k · k = k · k2 and r(w) = 12 kwk22 , it holds for some
constant c and any w∗ ∈ W that
#
"
r
T
T
1X
d
1X
ft (wt ) −
ft (w∗ ) ≤ c G2 R
,
T
T
T
E

4

t=1

p
d > 1, then 4 E[kuk4∞ ] ≤

5
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Remark 6 (Non-Euclidean Geometries) When considering norms other than the Euclidean norm, it is tempting to conjecture that our algorithm and analysis can be improved,
by sampling ut from a distribution adapted to the geometry of that norm (not necessarily the
Euclidean ball), and assuming ft is Lipschitz w.r.t. the dual norm. However, adapting the
proof (and in particular getting appropriate versions of Lemma 8 and Lemma 9) does not
appear straightforward, and the potential performance improvement is currently unclear.

Remark 5 (Querying at k > 2 points) If the algorithm is allowed to query ft at k > 2,
then it can be modified to attain an improved regret bound, by computing bk/2c independent
estimates of g̃t at every round (using a freshly sampled ut each time), and using their
average. This leads to a new gradient estimator g̃tk , which satisfies E[kg̃tk k2 ] ≤ k1 E[kg̃t k2 ] +
kE[g̃t ]k2 . Based on the proof of Thm. 1, it is easily verified that this leads to an average
p
√2 R 1 + p∗ d/k for some numerical constant c.
expected regret bound of cG
T

Finally, we make two additional remarks on possible extensions and improvements to
Thm. 1.

Plugging these observations into Thm. 1 leads to the desired result.

Lemma
4 If u is uniformly distributed on the unit sphere in
q
c log(d)
where
c is a positive numerical constant independent of d.
d

Rd ,

This bound matches (this time up to a factor polylogarithmic in d) the lower bound in
Duchi et al. (2015) for this setting.
Proof The function r is 1-strongly convex with respect to the 1-norm (see for instance
Shalev-Shwartz, 2012, Example 2.5), and has value at most log(d)
on the simplex. Also, if ft
√
is G1 -Lipschitz with respect to the 1-norm, then it must be dG1 -Lipschitz withprespect to
the Euclidean norm. Finally, to satisfy condition 3 in Thm. 1, we upper bound 4 E[kut k4∞ ]
using the following lemma, whose proof is given in the appendix:

t=1

Corollary 3 Suppose ft for
P all t is G1 -Lipschitz with respect to the L1 norm. Then using
k · k = k · k1 and r(w) = di=1 wi log(dwi ), it holds for some constant c and any w∗ ∈ W
that
s
"
#
T
T
1X
d log2 (d)
1X
∗
E
ft (wt ) −
ft (w ) ≤ c G1
.
T
T
T

The proof is immediately obtained from Thm. 1, noting that p∗ = 1 in our case. This bound
matches (up to constants) the lower bound in Duchi et al. (2015), hence closing the gap
between upper and lower bounds in this setting.
As a second application, let us consider the case where k · k is the 1-norm, k · k1 , the
domain W is the simplex in Rd , d > 1 (although our result easily extends to any subset of
the 1-norm unit ball), and we use a standard entropic regularizer:

Bandit and Zero-Order Convex Optimization with Two-Point Feedback

t=1

fˆt (w) = Eut [ft (w + δt ut )] ,

6
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Proof A standard result on the concentration of Lipschitz functions on the Euclidean unit
sphere implies that

Pr(|g(u) − E[g(u)]| > t) ≤ 2 exp −c0 dt2 /L2

for some numerical constant c.

Lemma 9 For any function g which is L-Lipschitz with respect to the 2-norm, it holds that
if u is uniformly distributed on the Euclidean unit sphere, then
r h
i
L2
E (g(u) − E[g(u)])4 ≤ c .
d

Proof The fact that the function is convex and Lipschitz is immediate from its definition
and the assumptions in the theorem. The inequality follows from ut being a unit vector
and that ft is assumed to be G2 -Lipschitz with respect to the 2-norm. The differentiability
property follows from Lemma 2.1 in Flaxman et al. (2005).

and is differentiable with the following gradient:


d
∇fˆt (w) = Eut
ft (w + δt ut )ut .
δt

w∈W

sup |fˆt (w) − ft (w)| ≤ δt G2 ,

over W, where ut is a vector picked uniformly at random from the Euclidean unit sphere.
Then the function is convex, Lipschitz with constant G2 , satisfies

Lemma 8 Define the function

This lemma is the canonical result on the convergence of online mirror descent, and the
proof is standard (see e.g. Shalev-Shwartz, 2012).

t=1

T
T
X
X
1
hg̃t , wt − w∗ i ≤ R2 + η
kg̃t k2∗ .
η

Lemma 7 For any w∗ ∈ W, it holds that

As discussed in the introduction, the key to getting improved results compared to previous
papers is the use of a slightly different random gradient estimator, which turns out to have
significantly less variance. The formal proof relies on a few simple lemmas listed below.
The key lemma is Lemma 10, which establishes the improved variance behavior.

3. Proof of Theorem 1

Shamir
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∞

t=0

sZ

t=0

s
√ 

∞
0
c
d
t
L4
2 exp − 2
dt = 2 0 2 ,
L
(c d)



Pr (g(u) − E[g(u)])4 > t dt

for some numerical constant c0 > 0 (see the proof of Proposition 2.10 and Corollary 2.6 in
Ledoux, 2005). Therefore,

t=0

√
x)dx = 2. The expression above

x=0 exp(−

R∞

s
sZ
Z


∞
√
4
Pr |g(u) − E[g(u)]| > t dt ≤

r h
i
E (g(u) − E[g(u)])4 =
=
where in the last step we used the fact that
equals cL2 /d for some numerical constant c.

Lemma 10 It holds that E[g̃t |wt ] = ∇fˆt (wt ) (where fˆt (·) is as defined in Lemma 8), and
E[kg̃t k2 |wt ] ≤ cdp∗2 G22 for some numerical constant c.
Proof For simplicity of notation, we drop the t subscript. Since u has a symmetric
distribution around the origin,

= Eu

2
∗

#



d
E[g̃|w] = Eu
(f (w + δu) − f (w − δu)) u
2δ




d
d
= Eu
(f (w + δu)) u + Eu
f (w − δu)(−u)
2δ
2δ




d
d
= Eu
(f (w + δu)) u + Eu
f (w + δu)(u)
2δ
2δ


d
f (w + δu)u
δ

"

d
(f (w + δu) − f (w − δu)) u
2δ

which equals ∇fˆ(w) by Lemma 8.
As to the second part of the lemma, we have the following, where α is an arbitrary
parameter and where we use the elementary inequality (a − b)2 ≤ 2(a2 + b2 ).
E[kg̃k∗2 |w] = Eu

JMLR 18(52):1-11, 2017

h
i
d2
= 2 Eu kuk∗2 (f (w + δu) − f (w − δu))2
4δ
h
i
d2
= 2 Eu kuk∗2 ((f (w + δu) − α) − (f (w − δu) − α))2
4δ

i
h
d2
≤ 2 Eu kuk∗2 (f (w + δu) − α)2 + (f (w − δu) − α)2
2δ
h
i
i
d2  h
Eu kuk∗2 (f (w + δu) − α)2 + Eu kuk∗2 (f (w − δu) − α)2 .
2δ 2
=

7
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Again using the symmetric distribution of u, this equals

i
h
i
d2  h
E kuk∗2 (f (w + δu) − α)2 + Eu kuk∗2 (f (w + δu) − α)2
u
2δ 2
h
i
d2
= 2 Eu kuk∗2 (f (w + δu) − α)2 .
δ
p
Applying Cauchy-Schwartz and using the condition 4 Eu kuk∗4 ≤ p∗ stated in the theorem,
we get the upper bound
r h
r h
i
i
2 d2
d2 p
p
Eu [kuk∗4 ] Eu (f (w + δu) − α)4 = ∗ 2
Eu (f (w + δu) − α)4 .
δ2
δ

In particular, taking α = Eu [f (w + δu)] and using Lemma 9 (noting that f (w + δu) is
2 2
2
G2 δ-Lipschitz w.r.t. u in terms of the 2-norm), this is at most p∗δ2d c (G2dδ) = cdp∗2 G22 as
required.

t=1

hg̃t , wt − w∗ i

≤

t=1

t=1

X 
X  


1 2
1
R +η
E kg̃t k∗2 = R2 + η
E E kg̃t k∗2 |wt .
η
η

We are now ready to prove the theorem. Taking expectations on both sides of the
inequality in Lemma 7, we have
" T
#
T
T
X
(4)
E

1 2
R + ηcdp∗2 G22 T
η

Using Lemma 10, the right hand side is at most

t=1

t=1

t=1

(ft (wt ) − ft (w∗ )) − 2G2

#

t=1

T
X

δt .

t=1

The left hand side of Eq. (4), by Lemma 10 and convexity of fˆt , equals
" T
#
" T
#
" T
#

X
X
X
hE[g̃t |wt ], wt − w∗ i = E
h∇fˆt (wt ), wt − w∗ i ≥ E
fˆt (wt ) − fˆt (w∗ ) .
E

E

By Lemma 8, this is at least
" T
X
T
X

t=1

(ft (wt ) − ft (w∗ )) ≤ 2G2

t=1

T
X

1
δt + R2 + cdp∗2 G22 ηT.
η

Combining these inequalities and plugging back into Eq. (4), we get
"
#
E

t=1
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p
√
Choosing η = R/(p∗ G2 dT ), and any δt ≤ p∗ R d/T , we get
"
#
T
X
√
(ft (wt ) − ft (w∗ )) ≤ (c + 3)p∗ G2 R dT .
E

8

4

)
r !



√ 
d
d
, Pr knk2 ≥ 2d
.
≤ exp −
2
16



knk4∞
knk42



knk2 >

r



d

2

(5)
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Thus, it remains to upper bound E knk4∞ where n is a standard Gaussian random variable. Letting n = (n1 , . . . , nd ), and noting that n1 , . . . , nd are independent and identically

r ! "
r #
d
d
knk4∞
= Pr knk2 ≤
knk2 ≤
E
2
2
knk42
r #
r ! "
4
knk∞
d
d
E
knk2 >
+ Pr knk2 >
2
2
knk42

!
r


d
d
 knk4
≤ exp −
∗ 1 + Pr knk2 >
E  p ∞4
16
2
d/2

  2 h
i
d
2
= exp −
+
E knk4∞ 1knk >√d/2
2
16
d



d
4 
≤ exp −
+ 2 E knk4∞ .
16
d

E[kuk4∞ ] = E

∞
Finally, for any value of n, we always have knk
knk2 ≤ 1, since the Euclidean norm is always
larger than the infinity norm. Combining these observations, and using 1A for the indicator
function of the event A, we have

max Pr knk2 ≤

(

∞
We note that the distribution of kuk4∞ is identical to that of knk
, where n ∼ N (0, Id ) is
knk42
a standard Gaussian random vector. Moreover, by a standard concentration bound on the
norm of Gaussian random vectors (e.g. Corollary 2.3 in Barvinok, 2005, with  = 1/2):

Appendix A. Proof of Lemma 4
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2

First, what is the value of knowing the sequence of model parameters θt ; in other
words, what is the expected revenue loss (regret) compared to the clairvoyant
policy that knows the parameters of the valuation model in advance? Second,
what is a good pricing policy?
The answer to the first question intrinsically depends on the temporal variability in
the sequence θt . If this variation is very large, then there is not much that can be learnt

Model parameters θt may change over time and as a result, valuation of a product depends
on both the product feature vector and the time index.
We study a dynamic pricing problem, where at each time period t, the firm has a product
to sell and after observing the product feature vector xt , posts a price pt . If the buyer’s
valuation is above the posted price, vt (xt ) ≥ pt , a sale occurs and the firm collects a revenue
of pt . If the posted price exceeds the buyer’s valuation, pt > vt (xt ), no sale occurs. Note
that at each step, the firm has access to the previous feedbacks (sale/no sale) from the
buyer and can use this information in setting the current price.
In this paper, we will analyze the varying-coefficient model (2) and answer two fundamental questions:

vt (xt ) = hxt , θt i + zt .

where xt ∈
denotes the product feature vector, θ represents the buyer’s preferences and
zt , t ≥ 1 are idiosyncratic shocks, referred to as noise, which are drawn independently and
identically from a zero mean distribution. For two vectors a, b, we write ha, bi to refer to
their inner product. Feature vectors xt are observable, while model parameter θ is a-priori
unknown to the firm (seller). Therefore, the buyer’s valuation v(xt ) is also hidden from the
firm.
Parameters of the above model represents how different features are weighted by the
buyer in assessing the product. Considering such model, a firm can use historical sales data
to estimate parameters of the valuation model, while concurrently collecting revenue from
new sales. In practice, though, the buyer’s valuation of a product will change over time and
this raises the concern of perishability of sales data.
In order to capture this point, we consider a richer model with varying coefficients:

Rd

sold by the web publisher to advertisers. Due to the ever-growing amount of data that is
available on the Internet, for each impression there is large number of associated features,
including demographic information, browsing history of the user, and context of the webpage. Many other online markets, such as Airbnb, eBay and Etsy also have a similar setting
in which products to be sold are highly differentiated. For example, in the case of Aribnb,
the products are “stays” and each is characterized by a large number of features including
space properties, location, amenities, house rules, as well as arrival dates, events in the area,
availability of near-by hotels, etc (Airbnb Documentation, 2015).
Here, we consider a feature-based model that postulates a linear relation between the
market value of each product and its feature values. Further, from the firm’s perspective, we
treat distinct buyers independently, and hereafter focus on a single buyer. Put it formally,
we start with the following model for the buyer’s valuation:

Adel Javanmard

Motivated by the prevalence of online marketplaces, we consider the problem of a firm
selling a large number of products, that are significantly differentiated from each other, to
customers that arrive over time. The firm needs to price the products in a dynamic manner,
with the objective of maximizing the expected revenue.
The majority of work in dynamic pricing assume that a retailer sells identical items to its
customers (Besbes and Zeevi, 2009; Farias and Van Roy, 2010; Broder and Rusmevichientong, 2012; den Boer and Zwart, 2013; Wang et al., 2014). Recently, feature-based models
have been used to model the products differentiation by assuming that each product is
described by vectors of high-dimensional features. These models are suitable for business
settings where there are an enormous number of distinct products. One important example
is online ad markets. In this context, products are the impressions (user view) that are

1. Introduction

Keywords: Dynamic Pricing, Revenue Management, Varying-Coefficient Models, Regret,
Stochastic Gradient Descent, Hypothesis Testing

We consider a firm that sells a large number of products to its customers in an online
fashion. Each product is described by a high dimensional feature vector, and the market
value of a product is assumed to be linear in the values of its features. Parameters of the
valuation model are unknown and can change over time. The firm sequentially observes a
product’s features and can use the historical sales data (binary sale/no sale feedbacks) to
set the price of current product, with the objective of maximizing the collected revenue.
We measure the performance of a dynamic pricing policy via regret, which is the expected
revenue loss compared to a clairvoyant that knows the sequence of model parameters in
advance.
We propose a pricing policy based on projected stochastic gradient descent (PSGD) and
characterize its regret in terms of time T , features dimension d, and the temporal variability
in the model parameters, δt . We consider two settings. In the first one, feature vectors are
chosen antagonistically
√
PT √ by nature and we prove that the regret of PSGD pricing policy is of
order O( T + t=1 tδt ). In the second setting (referred to as stochastic features model),
the feature vectors are drawn independently from an unknown distribution.
PT We show that
in this case, the regret of PSGD pricing policy is of order O(d2 log T + t=1 tδt /d).
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from previous feedback on the buyer’s behavior and the problem turns into a random price
experimentation. On the other hand, if all of the parameters θt are the same, then this
feedback information can be used to learn the model parameters, which in turn helps in
setting the future prices. In this case, an algorithm that performs a good balance between
price exploration and best-guess pricing (exploitation) can lead to a small regret. In this
work, we study this trade-off through a projected stochastic gradient descent algorithm and
investigate the effect of variations of the sequence of θt on the regret bounds.
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Online optimization. This field offers a variety of tools for sequential prediction, where
an agent measures its predictive performance according to a series of convex functions.
Specifically, there is a sequence of a priori unknown reward functions f1 , f2 , f3 , . . . and an
agent must make a sequence of decisions: at each time period t, he selects a point zt and
a loss ft (zt ) is incurred. Note that the function ft is not known to agent at step t, but he
has access to all previous functions f1 , . . . , ft−1 . First order methods, like online gradient
descent (OGD) or online mirror descent (OMD) only use the gradient of previous function
at the selected points, i.e., ∂ft (zt ). The notion of regret here is defined by comparing the
agent with the best fixed comparator (Shalev-Shwartz, 2011).
(Hall and Willett, 2015) proposed dynamic mirror descent that is capable of adapting
adapts to a possibly non-stationary environment. In contrast to OMD (Beck and Teboulle,
2003; Shalev-Shwartz, 2011), the notion of regret is defined more generally with respect to
the best comparator “sequence”.
It is worth noting that the general framework of online learning does not directly apply to
our problem. To see this, we define the the loss ft to be the negative of the revenue obtained

Feature-based dynamic pricing. Recent papers on dynamic pricing consider models
with features/covariates, motivated in part by new advances in big data technology that
allow firms to collect large amount of fine-grained information. In the introduction, we
discussed the work (Amin et al., 2014; Javanmard and Nazerzadeh, 2016; Cohen et al., 2016)
which are closely related to our setting. Another recent work on feature-based dynamic
pricing is (Qiang and Bayati, 2016). In this work, authors consider a model where the seller
observes the demand entirely, rather than a binary feedback as in our setting. A greedy
iterative least squares (GILS) algorithm is proposed that at each time period estimates the
demand as a linear function of price by applying least squares to the set of prior prices and
realized demands. The work underscores the role of feature-based approaches and show
that they create enough price dispersion to achieve a regret of O(log(T )). This is closely
related to the work of (den Boer and Zwart, 2013) and (Keskin and Zeevi, 2014) in dynamic
pricing (without demand covariates) that demonstrate the GILS is suboptimal and propose
methods to integrate forced price-dispersion with GILS to achieve optimal regret.

Our works is at the intersection of dynamic pricing, online optimization and high-dimensional
statistics. In the following, we briefly discuss the work most related to ours from these contexts.

1.2 Related literature

setting where the product feature vectors xt are chosen√antagonistically
by nature and
PT √
show that the regret of PSGD algorithm is of order O( T + t=1
tδt ). Interestingly,
this bound is independent of the dimension d, which is a desirable property of our policy
for high-dimensional applications. We next, in Section 4, consider a stochastic features
model, where the feature vectors xt are drawn independently from an unknown distribution
(cf. Assumption
PT 6). Under this setting, we show that the regret of PSGD is of order
tδt /d). Note that setting δt = 0 corresponds to model (1) and our PSGD
O(d2 log T + t=1
pricing obtains a logarithmic regret in T . Section 7 is devoted to the proof of main theorems
and the main lemmas are proved in Section 8. Finally, proof of several technical steps are
deferred to Appendices.

Feature-based models have recently attracted interest in dynamic pricing. (Amin et al.,
2014) studied a similar model to (1) (without the noise terms z ), where the features xt
t
are drawn from an unknown i.i.d distribution. A pricing strategy was proposed
based on
√
stochastic gradient descent, which results in a regret of the form O(T 2/3 log T ). This
work also studied the problem of dynamic incentive compatibility in repeated posted-price
auctions. Subsequently, (Cohen et al., 2016) studied model (1), wherein the feature vectors
xt are chosen antagonistically by nature and not sampled i.i.d. This work proposes a pricing
policy based on the ellipsoid method from convex optimization (Boyd and Vandenberghe,
2004) with a regret bound of O(d2 log(T /d)), under a low-noise setting. More accurately, the
regret scales as O(d2 log(min{T /d, 1/δ}) + dδT ), where δ measures the noise magnitude: in
case of bounded noise, δ represents the uniform
bound on noise and in case of gaussian noise
p
with variance σ 2 , it is defined as δ = 2σ log(T ). In (Lobel et al., 2016), the regret bound
of this policy was improved to O(d log T ), under the noiseless setting. In (Javanmard and
Nazerzadeh, 2016), authors study and highlight the role of the structure of demand curve
in dynamic pricing. They introduce model (1), and assume that the feature vectors xt are
drawn i.i.d. from an unknown distribution. Further, motivated by real-world applications, it
is assumed that the parameter vector θ is sparse in the sense that only a few of its entries are
nonzero. A regularized log-likelihood approach is taken to get an improved regret bound of
order s0 (log(d) + log(T )). We add to this body of work by considering feature-based models
for valuation of products whose parameters vary over time.
Time-varying demand environments have also been studied recently by (Keskin and
Zeevi, 2016). Explicitly, they consider a firm that sells one type of product to customers
that arrive over a time horizon. After setting price pt , the firm observes demand Dt given
by Dt = αt + βt pt + t , where αt , βt ∈ R are the unknown parameters of the demand model
and t are the unobserved demand shocks (noise). By contrast, in this work we consider
different products, each characterized by a high-dimensional feature vector. Further, the
seller only receives a binary feedback (sale/no sale) of the customer’s behavior at each step,
rather than observing the customer’s valuation.
1.1 Organization of paper and our main contributions

JMLR 18(53):1-31, 2017

The remainder of this paper is structured as follows. In Section 2, we formally define the
model and formulate the problem. Technical assumptions and the notion of regret will be
discussed in this section. We next propose a pricing policy based on projected stochastic
gradient descent (PSGD) applied to the log-likelihood function. At each time period t, it
returns an estimate θbt . The price pt is then set to the optimal price as if θbt was the actual
parameter θt . We next analyze the regret of our PSGD algorithm. Let δt = kθt+1 − θt k
be the variation in model parameters at time period t. In Section 3.1, we consider the
3

(3)

5
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Here, θt and xt are d-dimensional and {zt }t≥1 are idiosyncratic shocks, referred to as noise,
which are drawn independently and identically from a zero-mean distribution over R. We
denote its cumulative distribution function by F , and the corresponding density by f (x) =
F 0 (x). Note that the noise can account for the features that are not measured. We refer
to (Keskin and Zeevi, 2014; den Boer and Zwart, 2014; Qiang and Bayati, 2016) for a similar
notion of demand shocks.
The sequence of parameters θ = (θ1 , θ2 , . . . ) is unknown to the firm and it may vary
across time. This paper focuses on arbitrary sequences θ and propose an efficient algorithm
whose regret scale gracefully in time and the temporal variability in the sequences of θt .

vt (xt ) = hθt , xt i + zt .

We consider a pricing problem faced by a firm that sells products in a sequential manner.
At each time period t = 1, 2, · · · , T the firm has a product to sell and the product is
represented by an observable vector of features (covariates) xt ∈ X ⊆ Rd . The length of the
time horizon, denoted by T , is unknown the to the firm and the set X is bounded.
The product at time t has a market value vt = vt (xt ), depending on both t and xt , which
is unobservable. At each period t, the firm (seller) posts a price pt . If pt ≤ vt , a sale occurs,
and the firm collects revenue pt . If the price is set higher than the market value, pt > vt , no
sale occurs and no revenue is generated. The goal of the firm is to design a pricing policy
that maximizes the collected revenue.
We assume that the market value of a product is a linear function of its covariates,
namely

2. Model

The regret is measured with respect to the clairvoyant policy that knows the sequence θ in
advance. We will formally define the regret in Section 2.2.
Let yt be the response variable that indicates whether a sale has occurred at period t:
(
+1 if vt ≥ pt ,
yt =
(4)
−1 if vt < pt .

in time period t, i.e., ft = −pt I(pt ≥ vt ). Then (i) the loss functions are not convex; (ii) the
(first order information) of previous loss functions depend on the corresponding valuations
v1 , . . . , vt−1 which are never revealed to the seller. That said, we borrow some of the
techniques from online optimization in proving our results. (See proof of Lemma 3.)
High-dimensional statistics. Among the work in this area, perhaps the most related one
to our setting is the problem of 1-bit compressed sensing (Plan and Vershynin, 2013a,b; Ai
et al., 2014; Bhaskar and Javanmard, 2015). In this problem, a set of linear measurements
are taken from an unknown vector and the goal is to recover this vector having access to
the sign of these measurements (1-bit information). This is related to the dynamic pricing
problem on model (1), as the seller observes 1-bit feedback (sale/no sale from previous time
periods). However, there are a few important differences between these two problem that
are worth noting: 1) In dynamic pricing, the crux of the matter is the decisions (prices)
made by the firm. Of course this task entails learning the model parameters and therefore
the firm gets into the realm of exploration (learning) and exploitation (earning revenue).
By contrast, 1-bit compressed sensing is only a learning task; 2) In dynamic pricing, the
prices are set based on the previous (sale/no sale) feedbacks. Therefore, the feedbacks
are inherently correlated and this makes the learning task challenging. However, in 1-bit
compressed sensing it is assumed that the measurements (and therefore the observed signs
) are independent; 3) The majority of work on 1-bit compressed sensing consider an offline
setting, while in the dynamic pricing, decision are made in an online manner.

p∗ (xt , θt ) =

6

1 − F (p∗ (xt , θt ) − hθt , xt i)
.
f (p∗ (xt , θt ) − hθt , xt i)
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(6)

For a pricing policy, we measures its performance via the notion of regret, which is the
expected revenue loss compared to an oracle that knows the sequence of model parameters
in advance (but not the realizations of {zt }t≥1 ).We first characterize this benchmark policy.
Using Eq. (3), the expected revenue from a posted price p is equal to p × P(vt ≥ p) =
p(1 − F (p − θt · xt )). First order condition for the optimal price p∗ (xt , θt ) reads

2.2 Benchmark policy and regret minimization

Log-concavity is a widely-used assumption in the economics literature (Bagnoli and
Bergstrom, 2005). Note that if the density f is symmetric and the distribution F is logconcave, then 1 − F is also log-concave. Assumption 1 is satisfied by several common probability distributions including normal, uniform, Laplace, exponential, and logistic. Note that
the cumulative distribution function of all log-concave densities is also log-concave (Boyd
and Vandenberghe, 2004).
We use the standard big-O notation. In particular f (n) = O(g(n)) if there exists a
constant C > 0 such that |f (n)| ≤ Cg(n) for all n large enough. We also use R≥0 to refer
to the set of non-negative real-valued numbers.

Assumption 1 The function F (v) is strictly increasing. Further, F (v) and 1 − F (v) are
log-concave in v.

P
For a vector v, we write kvkp for the standard `p norm of a vector v, i.e., kvkp = ( i |vi |p )1/p .
Whenever the subscript p is not mentioned it is deemed as the `2 norm. For a matrix A,
kAk denotes its `2 operator norm. For two vectors a, b, we use the notation ha, bi to refer
to their inner product.
To simplify the presentation, we assume that kxt k ≤ 1, for all xt ∈ X , and kθt k ≤ W
for a known constant W . We denote by Θ the d-dimensional `2 ball of radius W (In fact,
we can take Θ to be any convex set that contains parameters θt . The size of Θ effects our
regret bounds up to a constant factor.)
We also make the following assumption on the distribution of noise F .

2.1 Technical assumptions and notations

Note that the above model for yt can be represented as the following probabilistic model:
(
+1 with probability 1 − F (pt − hθt , xt i)
yt =
(5)
−1 with probability F (pt − hθt , xt i)
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(7)

To lighten the notation, we drop the arguments xt , θt and denote by pt∗ the optimal price
at time t.
We next recall the virtual valuation function, commonly used in mechanism design (Myerson, 1981):
1 − F (v)
ϕ(v) ≡ v −
.
f (v)
Writing Eq. (6) in terms of function ϕ, we get
hθt , xt i + ϕ (pt∗ − hθt , xt i) = 0 .
In order to solve for pt∗ , we define the pricing function g as follows:
g(v) ≡ v + ϕ−1 (−v) .

(8)

By Assumption 1, ϕ is injective and hence g is well-defined. Further, it is easy to verify
that g is non-negative. Using the definition of g and rearranging the terms we obtain
pt∗ = g(hθt , xt i) .

,

(10)

(9)

The performance metric we use in this paper is the worst-case regret with respect to a
clairvoyant policy that knows the sequence θ in advance. Formally, for a policy π to be the
seller’s policy that sets price pt at period t, the worst-case regret is defined over T periods
is defined as:

t=1

#
T 
X
.
pt∗ I(vt ≥ pt∗ ) − pt I(vt ≥ pt )

 π
: θt ∈ Θ, xt ∈ X
Regretπ (T ) ≡ sup ∆θ,x

"

where for T ≥ 1, θ = (θ1 , . . . , θT ) and x = (x1 , x2 , . . . , xT ),
π
∆θ,x
(T ) = Eθ,x

Here the expectation Eθ,x is with respect to the distributions of idiosyncratic noise, zt . Note
that vt , pt , and pt∗ depend on θ and x.

3. Pricing policy

JMLR 18(53):1-31, 2017

Our dynamic pricing policy consists of a projected gradient descent algorithm to predict
parameters θbt . With each new product, it computes the negative gradient of the loss and
shirts its prediction in that direction. The result is projected onto set Θ to produce the
next prediction. The policy then sets the prices as pt = g(hxt , θbt i). Note that by Eq. (7),
pt is the optimal price if θbt was the true parameter θt . Also, by log-concavity assumption
on F and 1 − F , the function `t (θ) is convex.
In projected gradient descent, the sequence of step sizes {ηt }t≥1 is an arbitrary sequence
of non-increasing values. In Sections 3.1 and 4, we analyze the regret of our pricing policy
and provide guidelines for choosing step sizes.
7
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PSGD (Projected stochastic gradient descent) pricing policy

θbt+1 = ΠΘ (θbt − ηt ∇`t (θbt ))

(11)
with

inf

|x|≤M

min

−

(16)

(15)

(14)

(13)

(12)
Set price pt+1 as

pt+1 ← g(hxt+1 , θbt+1 i)

`t (θ) = −I(yt = 1) log(1 − F (pt − hxt , θi)) − I(yt = −1) log(F (pt − hxt , θi))

Input: (at time 0) function g, set Θ,
Input: (arrives over time) covariate vectors {xt }t∈N
Output: prices {pt }t∈N
b1 ∈ Θ
1: p1 ← 0 and initialize θ
for t = 1, 2, 3, . . . do
Set θbt+1 according to the following rule:
3:

2:

4:

3.1 Regret analysis

M

≡

≡ W + ϕ−1 (0) ,

n
o
d
d
≡ sup max −
log F (x), −
log(1 − F (x))
,
dx
dx
|x|≤M

n
o
2
d2
d
log F (x), − 2 log(1 − F (x))
,
dx2
dx

We first define a few useful quantities that appear in our regret bounds. Define

uM
`M

where the derivatives are with respect to x. We note that M is an upper-bound on the
maximum price offered and also, by the log-concavity property of F and 1 − F , we have

n
o
d
d
uM = max −
log F (−M ), −
log(1 − F (M )) .
dx
dx
Further, by log-concavity property of F and 1 − F , we have `M > 0.
We also let B = maxv f (v) and B 0 = maxv f 0 (v), respectively denote the maximum
value of the density function f and the its derivative f 0 .
The following theorem bounds the regret of our PSGD policy.

2(2B + M B 0 )
max
`M

t=1

JMLR 18(53):1-31, 2017

t=1



T
T
X
u2 X
δt
M
16
2W 2
ηt + 2W
+
log T,
+ M
, (17)
`M
ηT +1
2
ηt
T

Theorem 2 Consider model (3) for the product market values and let Assumption 1 hold.
Set M = 2W + ϕ−1 (0), with ϕ being the virtual valuation function w.r.t distribution F .
Then, the regret of PSGD pricing policy using a non-increasing sequence of step sizes {ηt }t≥1
is bounded as follows:
Regret(T ) ≤

where δt ≡ kθt+1 − θt k.

8

T+
t=1

T
X
√


tδt .
(18)

t=1



2W 2
.
ηT +1

t=1

(19)



1
1
−
2ηt+1 2ηt



kθt+1 − θbt+1 k2 ≤
t=1

T

2W 2 X
+
η1

t=1



t=1

≤

(20)

9
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Remark 4 The regret bound (17) does not depend on the dimension d, which makes our
pricing policy desirable for high-dimensional applications.
Also, note that the temporal
√
variation δt appears in our bound with coefficient t. Therefore, variations at later times
are more impactful on the regret of PSGD pricing policy. This is expected because at later
times, the pricing policy is more relied on the accumulated information about the valuation
model and an abrupt change in the model parameters can make this information worthless.
On the other side, temporal changes at the beginning steps are not that effective since the
policy is still experimenting different prices to learn the customer’s behavior.

The regret bound (17) is derived by relating regret at each time period to the prediction
error at that time. We refer to Section 7 for the proof of Theorem 2.

t=1



T
T
T
X
X
u2 X
4
16
2W 2
δt
hxt , θt − θbt i2 ≤
max
log T,
+ M
ηt + 2W
,
`M
`M
ηT +1
2
ηt

Therefore, bound (19) simplifies to:

t=1

2W 2 X
+
η1

T

Lemma 3 is presented in a form that can also be used in proving our next results under
the stochastic features model. For proving Theorem 2, we simplify bound (19) as follows.
Given that θt+1 , θbt+1 ∈ Θ, we have kθt+1 − θbt+1 k ≤ 2W . Using the non-increasing property
of sequence ηt , we write
2W 2 2W 2
−
ηt+1
ηt

t=1


T
T
T
X
u2 X
2W 2 X  1
1 
δt
+
−
kθt+1 − θbt+1 k2 + M
ηt + 2W
,
η1
2ηt+1 2ηt
2
ηt

where uM , `M are given by Equations (15), (16), respectively.

t=1


T
X
4
16
max
log T,
hxt , θt − θbt i2 ≤
`M
`M

Lemma 3 Consider model (3) for the product market values and let Assumption 1 hold.
Set M = 2W + ϕ−1 (0), with ϕ being the virtual valuation function w.r.t distribution F .
Let {θbt }t≥1 be generated by PSGC pricing policy, using a non-increasing positive series
ηt+1 ≤ ηt . Then, with probability at least 1 − T12 the following holds true:

At the core of our regret analysis (proof of Theorem 2) is the following Lemma that
provides a prediction error bound for the customer’s valuations.

√

10

`=1
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where the expectation is with respect to the distributions of idiosyncratic noise, zt , and Px ,
the distribution of feature vectors. Note the subtle difference with definition (9), in that
the worst case is computed over Q rather than X .
We propose a similar PSGD pricing policy for this setting, with a specific choice of the
step sizes. Ideally, we want to set ηt = 6/(`M Ct), where C is an arbitrary fixed constant such
that 0 < C < σmin , with σmin being the minimum eigenvalue of population covariance
Σ. Of
P
course, Σ is unknown and therefore we proceed as follows. We let Qt = (1/t) t`=1 x` xT
` be
the empirical covariance based on the first t features. Denote by σt the minimum eigenvalue
of Qt . We then use the sequence σt , and set the step size ηt as
(
)
t

X
1
`M 1 
ηt =
,
λt =
1+
σ`
.
λt · t
6
t

t=1

where Q denotes the set of probability distribution supported on `2 unit ball satisfying
Assumption 6 (bounded eigenvalues). Further, for T ≥ 1, θ = (θ1 , . . . , θT ) and probability
measure Px , we define
" T 
#
X
p∗t I(vt ≥ p∗t ) − pt I(vt ≥ pt )
.
(22)
∆πθ,Px (T ) = Eθ,Px

Without loss of generality and to simplify the presentation, we assume that Px is supported on the unit `2 ball in Rd . The rationale behind the above assumption on the scaling
of eigenvalues is that Trace(Σ) = E(kxt k2 ) ≤ 1. Therefore, the assumption above on the
eigenvalues of Σ states that all the eigenvalues are of the same order.
Under the stochastic features model, we define the notion of worst-case regret as follows.
For a policy π be the seller’s policy that sets price pt at period t, the T -period regret is
defined as:

(21)
Regretπ (T ) ≡ sup ∆πθ,Px : θt ∈ Θ, Px ∈ Q ,

Assumption 6 ( Stochastic features model). Feature vectors xt are generated independently according to a probability distribution Px , with a bounded support in Rd . We denote
by Σ the covariance matrix of distribution Px and assume that Σ has bounded eigenvalues.
Specifically, there exist constants Cmin and Cmax such that for every eigenvalue σ of Σ, we
have 0 < d1 Cmin ≤ σ < d1 Cmax .

√
In
2, we showed that our PSGD pricing policy achieves regret of order O( T +
√
PTTheorem
t=1 tδt ). Let us point out that in Theorem 2 the arrivals (feature vectors xt ) are modeled
as adversarial. In this section, we assume that features xt are independent and identically
distributed according to a probability distribution on Rd . Under such stochastic
P model, we
show that the regret of PSGD pricing scales at most of order O(d2 log T + Tt=1 tδt /d).
We proceed by formally defining the stochastic features model.

4. Stochastic features model

Remark 5 While the regret bound is dimension-free, the computational complexity of PSGD
pricing policy scales with dimension d. Specifically, the complexity of each step is O(d). To
see this, we note that the gradient ∇`t (θ) can be computed in O(d) by Equations (70)
and (71). Projection onto set Θ (`2 projection) is also O(d).

In particular, if ηt ∝ √1t , then there exists a constant C = C(B, M, W, `M , uM ) > 0,
independent of T , such that

Regret(T ) ≤ C

Adel Javanmard
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=

λt =

−

t

`=1

X
`M
(1 +
σ` ) .
6t

1
ηt =
λt · t

hxt , θi))

−

I(yt
=

θbt+1 = ΠΘ (θbt − ηt ∇`t (θbt ))

= 1) log(1 −
F (pt

−1) log(F (pt

−

hxt , θi))
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PSGD pricing policy for stochastic features model

with
`t (θ)
t
1
T
Qt+1 ← ( t+1
)Qt + ( t+1
)xt+1 xt+1
Set price pt+1 as

−I(yt

Set θbt+1 according to the following rule:

Set

Input: (at time 0) function g, set Θ,
Input: (arrives over time) covariate vectors {xt }t∈N
Output: prices {pt }t∈N
b1 ∈ Θ
1: p1 ← 0 and initialize θ
2: Q1 ← x1 x1T
3: for t = 1, 2, 3, . . . do
Define σt as the minimum eigenvalue of Qt .
Set
4:

5:

6:

7:

8:
9:

pt+1 ← g(hxt+1 , θbt+1 i)
Description of the PSGD pricing policy is given in Table above.

The following theorem bounds the regret of our dynamics pricing policy.

4.1 Logarithmic regret bound

T

Xt
δt ,
d
t=1

(23)

(24)

(25)

(26)

(27)
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(28)

Theorem 7 Consider model (3) for the product market values and suppose Assumption 1
holds. Let M = 2W + ϕ−1 (0), with ϕ being the virtual valuation function w.r.t distribution
F . Under the stochastic features model (Assumption 6), the regret of PSGD pricing policy
is bounded as follows:
Regret(T ) ≤ C1 d2 log T + C2
11
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where δt ≡ kθt+1 −θt k and C1 , C2 are constants that depend on Cmax , Cmin , uM , `M , M, B, W
but are independent of dimension d.

Proof of Theorem 7 relies on the following lemma that is analogous to Lemma 3 and establishes a prediction error bound for the customer’s valuations.

Lemma 8 Consider model (3) for the product market values and the stochastic features
model (Assumption 6). Suppose that Assumption 1 holds and set M = 2W + ϕ−1 (0), with
ϕ being the virtual valuation function w.r.t distribution F . Let {θbt }t≥1 be generated by
PSGD pricing policy. Then,

1
12
1
+ 2 +
T
c2 d
`M

+ 4W

t=1



T
2 
X
24u
128
4
Cmin
E(kθt − θbt k2 ) ≤ 2 + 2 M c̃ +
· d3 log T
Cmin d
`M
`M
t=1


T
X
tδt .

+ 8W 2 d

Here σmin denotes the minimum eigenvalue of covariance Σ. (See Assumption 6.)
4.2 A lower bound on regret

Vθ (T ) ≡

t=1

T
X

tkθt+1 − θt k .

(30)

(29)

In this section, we provide a theoretical lower bound on the minimum achievable regret of
any pricing policy under the stochastic features model. Prior to that, we need to adopt a
few notations.
For a given time horizon T and a sequence of valuations parameters θ = (θ1 , . . . , θT ),
let

We also define, for ν ∈ [1/2, 2],

V(T, B, ν) ≡ {θ : θt ∈ Θ, Vθ (T ) ≤ BdT ν } .

JMLR 18(53):1-31, 2017

By assuming θ ∈ V(T, B, ν) for all T , we are assuming that nature has a finite temporal
variation budget to use in changing the valuation parameters throughout the time horizon.
PT
Of course, different variation metrics can be considered such as total variation
t=1 δt
or the maximum temporal variation sup1≤t≤T δt and the performance of a pricing policy
can be studied under different variation budget constraints. The specific choice of (29) is
putting higher weights at later variations in the sequence θ and is reasonable for applications
where one expects the buyer’s preferences (valuation parameters) become stable over time.
Note that designing favorable pricing policy for applications with gradual changes in buyer’s
preferences is more challenging than that for environments with bursty changes. This might
look counterintuitive at first glance because at any time, the accumulated information about
valuations can become useless by an abrupt change in the valuation model. However, as
noticed and analyzed in (Keskin and Zeevi, 2016), this is not that case because, intuitively,
gradual changes can be undetectable and lead to significant revenue loss, while for bursty

12

t=1

T
X



Eθ,Px p∗t I(vt ≥ p∗t ) − pt I(vt ≥ pt ) .
(32)

13

θt+1 = θt + rt ,
JMLR 18(53):1-31, 2017

We numerically study the performance of our PSGD pricing policy on synthetic data. In our
experiments, we set W = 5 and set θ1 = (W/2)(Z/kZk), with Z ∼ N(0, Id ) a multivariate
normal variable. We then generate a sequence of parameters θt as follows:

5. Numerical experiments

The high-level intuition behind this result is that the nature can change the valuation
parameters in a gradual manner such that the seller should pay a revenue loss in order
to detect the changes and learn the new valuation parameter after a change. To be more
specific, we divide the time horizon into cycles of length N periods, where N is of order
(T 4−2ν /d)1/3 and consider a setting where the value of θt can change to one of two options
1
0
θ0 , θ1 , only
p in the first period of a cycle. We choose the parameter change δ = kθ − θ k
of order d/N to ensure that (i) no policy can identify the change without incurring a
revenue loss of order N δ 2 /d (ii) The variation metric Vθ (T ) remains below the allowable
limit of BdT ν . Therefore, the total regret over T periods works out at T δ 2 /d. In particular,
for proving point (i) we quantify the likelihood of valuations under the probability measures
corresponding to θ0 and θ1 , using Kullback-Leibler divergence. We use Pinsker inequality
form probability theory and hypothesis testing results from information theory to show that
there is a significant probability of not detecting the (potential) change, which consequently
yields a revenue loss of order N δ 2 /d, over each cycle.
We refer to Section 7.3 for the proof of Theorem 9.

for any pricing policy π and time horizon T .

Theorem 9 Consider linear model (3) where the market values vt (xt ), 1 ≤ t ≤ T , are
fully observed. We further assume that market value noises are generated as zt ∼ N(0, σ 2 ).
There exists a constant c, depending on σ, Cmax , such that


1/3
Regretπ (T, B, ν) ≥ c min B 2 dT 2ν−1
, T /d ,

Note that this is the same regret notion defined in (21), where we just make the variation
budget constraint explicit in the notation.
Rephrasing the statement of Theorem 7, for PSGD pricing policy we have Regretπ (T, B, ν) ≤
C1 d2 log T + C2 BT ν . We next provide a lower bound on the regret of any pricing policy.
Indeed this lower bound applies to a powerful clairvoyant who fully observes the market
values after the price is either accepted or rejected.

∆πθ,Px (T ) ≡

where we recall that

changes, the policy can be designed in a way to detect the changes and reset its estimate
of the valuation model after each change to avoid large estimation error and revenue loss.
For a pricing policy π, consider the T -period regret, defined as
o
n
(31)
Regretπ (T, B, ν) ≡ max ∆πθ,Px (T ) : θ ∈ V(T, B, ν), Px ∈ Q

Perishability of Data: Dynamic Pricing under Varying-Coefficient Models
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14

vt (xt ) = ψ(hxt , θt i + zt ) .
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(33)

Throughout the paper, we exclusively focused on linear models for buyer’s valuation with
varying coefficients. In order to generalize our results to nonlinear models, we consider a
setting where the market value of a product with feature vector xt is given by

6. Extension to nonlinear model

Results. Figure 1 compares the cumulative regret (averaged over 80 trials) of the PSGD
policy, for b = 0.5, 1, 2, on the aforementioned synthetic data for T = 50, 000 steps. The
shaded region around each curve correspond to the 95% confidence interval across the 80
trials. As expected, increase in b results in larger temporal variations and larger regret.
To better understand the behavior of regret for different values of b, we plotted the regret
bounds in various scales in Figure 2. For b = 0.5, we have Regret(T ) ∼ T 2/3 , and for b = 1, 2,
we have Regret ∼ log(T ). Comparing with Theorem 7, we see that the empirical regret
in case of b = 0.5, 1, is smaller than the upper bound given by Equation (28), order-wise.
However, it is worth noting that bound given in Theorem 7 applies to any adversarial choice
of temporal variations rt , while in our experiments we generated these terms independently
at random.

where rt = t−b (Z̃/kZ̃k), with Z̃ ∼ N(0, Id ). Note that δt = kθt+1 − θt k = krt k = t−b .
Next, at each time t, product covariates xt are independently sampled from a Gaussian
distribution N(0, Id ) and normalized so that kxt k = 1. Further, the market shocks are
generated as zt ∼ N(0, σ 2 ), with σ = 1. We run the PSGD pricing policy for stochastic
features model.

Figure 1: Cumulative regret of PSGD pricing policy for the synthetic data in Section 5.
Temporal variations are δt = t−b and the curves are obtained by averaging across 80 trials.
Shaded region around each curve is the 95% confidence interval.
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Figure 2: Cumulative regrets of PSGD for different values of b. For b = 0.5, Regret(T ) ∼
T 2/3 ; for b = 1, 2, Regret(T ) ∼ log(T ).

log(Regret)
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pf ψ −1 (pt∗ ) − hxt , θt i
.
1 − F (ψ −1 (pt∗ ) − hxt , θt i)

(34)

This model is often referred to as generalized linear model and captures nonlinear dependencies on features to some extent. We assume that the link function ψ : R 7→ R is a general
log-concave function and is strictly increasing.
We next compute the pricing function. Since ψ is strictly
increasing, the expected

revenue at a price p amounts to p 1 − F ψ −1 (p) − hxt , θt i . First order condition for the
optimal price pt∗ (xt ) reads as
ψ 0 (ψ −1 (pt∗ )) =

hxt , θt i = p̃t∗ − λ−1





ψ 0 (p̃t∗ )
ψ(p̃t∗ )

ψ 0 (v)
ψ(v)

.

(36)

Define λ(v) = f (v)/(1 − F (v)) the hazard rate function for distribution F , and let p̃ =
ψ −1 (p). Writing (34) in terms of λ function, we get


.
(35)
For real-valued v, define

gψ−1 (v) ≡ v − λ−1

(37)

Note that by log-concavity of 1 − F , the hazard function λ is increasing. Also, by logd
concavity of ψ, the term dv
log ψ(v) = ψ 0 (v)/ψ(v) is decreasing. Putting these together,
we obtain that −λ−1 (ψ 0 (v)/ψ(v)) is increasing. Therefore, the right-hand side of (36) is
strictly increasing and the function gψ is well-defined. Invoking Equation (35), we derive
the optimal price as

pt∗ = ψ (gψ (hxt , θt i)) .

As noted before, since ψ is increasing, at each period t, a sale happens if zt ≥ ψ −1 (pt ) −
hxt , θt i. Hence, the log-likelihood function reads as


− I(yt = −1) log F ψ −1 (pt ) − hxt , θi .
(38)

`t (θ) = −I(yt = 1) log 1 − F ψ −1 (pt ) − hxt , θi

In PSGD pricing policy, we run gradient step with this log-likelihood function and then set
price pt+1 at next step as pt+1 = ψ (gψ (hxt+1 , θt+1 i)).
The results on the regret of PSGD pricing policy carries over to the generalized linear
model as well. The analysis goes along the same lines and is omitted.

7. Proof of main theorems
7.1 Proof of Theorem 2

JMLR 18(53):1-31, 2017

Lemma 10 Set M = 2W + ϕ−1 (0), and for θ ∈ Θ define ut (θ) = pt − hxt , θi, where
pt = g(hxt , θbt i) is the posted price at time t. Then |ut (θ)| ≤ M for all t ≥ 1.

Define function h(; u) from R≥0 to R≥0 as

h(p; u) = p(1 − F (p − u))

16

≥

p∗t )

− pt I(vt ≥ pt )
(39)

≥

p∗t )

− pt P(vt ≥ pt ) =

h(p∗t ; hxt , θt i)

− h(pt ; hxt , θbt i) .

(40)

1
= h00 (p; hxt , θt i)(pt − p∗t )2 .
2
(41)

(42)

4
max
`M


PT

t=1

t=1

θbt i2


T
T
X
u2 X
16
2W 2
δt
log T,
+ M
ηt + 2W
.
`M
ηT +1
2
ηt

(43)

t=1

E[Rt ] ≤

The proof is complete.

Regret(T ) ≤

T
X

Consequently,

2B +
2

M B0

t=1

17
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T
hX
i
2B + M B 0
M
E
hxt , θt − θbt i2 · I(G) + M T P(G c ) ≤
A(T ) +
.
2
T

We further let G be the probabilistic event that t=1 hxt , θt −
≤ A(T ). Employing
Lemma 3 and using the fact that kθt+1 − θbt+1 k2 ≤ 4W 2 , we obtain that P(G) ≥ 1 − T12 .
We continue by bounding E(Rt ) as follows:
h

i
E[Rt ] = E[E[Rt |Ft−1 ]] = E E[Rt |Ft−1 ] · I(G) + I(G c )
i
2B + M B 0 h
E hxt , θt − θbt i2 · I(G) + M P(G c ) .
=
2

A(T ) ≡

To ease the presentation, define the shorthand

2B + M B 0
(pt − p∗t )2
E[Rt |Ft−1 ] = h(p∗t ; hxt , θt i) − h(pt ; hxt , θbt i) ≤
2


2
2B + M B 0
2B + M B 0
=
g(hxt , θbt i) − g(hxt , θt i) ≤
hxt , θt − θbt i2
2
2

Putting Equations (39), (41), (42) and using the 1-Lipschitz property of price function g,
we conclude:

|h00 (p; hxt , θt i)| = 2f (p − hxt , θt i) + pf 0 (p − hxt , θt i) ≤ 2B + M B 0 .

We next show that |h00 (p; hxt , θt i)| ≤ C with C = 2B + M B 0 . Recall that B = maxv f (v)
and B 0 = maxv f 0 (v). To see this, we write

h(pt ; hxt , θt i) −

h(p∗t ; hxt , θt i)

The optimal price p∗t is the maximizer of h(p; hxt , θt i) and thus h0 (p∗t ; hxt , θt i) = 0. By
Taylor expansion of function h, there exists a value p between pt and p∗t , such that,

E(Rt |Ft−1 ) =

p∗t P(vt

be the regret incurred at time t, and define Ft as the history up to time t (Formally, Ft is
the σ-algebra generated by market noise {z` }t`=1 .) Then,

Rt ≡

p∗t I(vt

This is the expected revenue at price p when the noiseless valuation is u, i.e., hxt , θt i = u.
We let

Perishability of Data: Dynamic Pricing under Varying-Coefficient Models

2B + M B 0
hxt , θt − θbt i2 .
2

(44)

E[Rt ] ≤

T

t=1

X

dT /N e

T2
δ ≤ BdT ν
N

(45)

k=1

(kN )δ ≤

(46)

18
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We consider a clairvoyant who fully observes the market values vt (xt ). Focus on a single
cycle and let Pπ0 (resp. Pπ1 ) denote the probability distribution of valuations (v1 , v2 , . . . , vN )

Vθ (T ) ≤

The proof methodology is similar to the proof of (Keskin and Zeevi, 2016, Theorem 1).
We first propose a setting for constructing the sequence of valuation parameters θ =
(θ1 , . . . , θT ). Divide the time horizon into cycles of length N = dm0 T (4−2ν)/3 e, where m0 =
σ2
( Cmax
)1/3 . Consider a setting wherein the noise markets are generated as zt ∼ N(0, σ 2 )
B2d
and the value of θt can change only in the first period of a cycle, taking one of the two
values {θ0 ,p
θ1 }. Here, θ0 , θ1 ∈ Rd are two arbitrary vectors such that kθ0 − θ1 k = δ, with
√
δ = min(σ d/(Cmax N ), c2 ). Note that for this sequence of θ, we have

7.3 Proof of Theorem 9

The result follows by taking





Cmax
1
12
1
128 24u2
4
C1 = B̄
8W 2
+ 2 +
+ 2 + 2 M c̃ +
,
Cmin
T
c2 d
Cmin d
`M
`M
`M
Cmax
C2 = 4W B̄
.
Cmin

T
X

1
B̄Cmax kθt − θbt k2
d

X
1
B̄Cmax
E(kθt − θbt k2 )
d
t=1
t=1



Cmax 128 24u2M
4
· d2 log T
≤ B̄
+
c̃
+
Cmin `2M
Cmin d
`2M


T
Cmax 1
12
Cmax  4W  X
1
+ 8W 2 B̄
+ 2 +
+ B̄
tδt .
Cmin T
c2 d
Cmin d
`M

Regret(T ) ≤

Applying Lemma 8, we get

E(Rt |F̃t−1 ) = E(E(Rt |Ft−1 )|F̃t−1 ) ≤ B̄hθt − θbt , Σ(θt − θbt )i ≤

For brevity in notation, let B̄ = (2B + M B 0 )/2. Since, Ft ⊇ F̃t , by iterated law of iteration,

E[Rt |Ft−1 ] ≤

Proof of Theorem 7 follows along the same lines as proof of Theorem 2. Let F̃t be the
σ-algebra generated by market noises {z` }t`=1 and feature vectors {x` }t`=1 . Further, let Ft
be the σ-algebra generated by F̃t ∪ {xt+1 }. For term Rt defined by (39) and following the
chain of inequalities as in (43),

7.2 Proof of Theorem 7
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(47)

when all the parameters θt are equal to θ0 (resp. θ1 ), for 1 ≤ t ≤ N . The KL divergence
between P0π and P1π amounts to



QN
vt − hxt , θ0 i
 t=1 φ

σ
.


DKL (P0π , P1π ) ≡ E0π log 

Q
v
t − hxt , θ1 i
N
t=1 φ
σ

√
2
where E0π denotes expectation w.r.t P0π and φ(s) = 1/( 2π)e−s /2 is the standard Gaussian
density. After simple algebraic manipulation, we obtain

t=1

 N

1 π X
E
(2zt − hxt , θ1 − θ0 i)hxt , θ1 − θ0 i
2σ 2 0

1
δ2N
Cmax
.
2σ 2
d

t=1

t=1

N
N
1 X
1 X π
E0 (hxt , θ1 − θ0 i2 ) ≤ 2
Cmax kθ1 − θ0 k2
2σ 2
2σ d

DKL (P0π , P1π ) = −
=
=

We next relate the expected regret to the KL divergence between P0π and P1π .

E(Rt ) ≥


o
c1 n
E min kθbt − θt k22 , c2
.
d

(48)

Lemma 11 Let Rt be the regret incurred at time t, defined as Rt ≡ pt∗ I(vt ≥ pt∗ ) − pt I(vt ≥
pt ). Then, there exist constants c1 , c2 depending on σ, W , and Cmin , such that



N
X
t=1

Eθ (Rt ) ≥

t=1

N

o
c1 X n
E min kθbt − θt k22 , c2
.
d

1
θ = (θ1 , . . . , θN ) : θi ∈ Rd , da (θ) < N δ 2
4

.

(49)

t=1 min(kθt −

(50)
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PN

Proof of Lemma 11 goes along the proof of (Javanmard and Nazerzadeh, 2016, Equation
(55)) and is omitted.
By applying Lemma 11, we have
π
∆θ,P
(N ) =
x

Ja =

For brevity in notations, for the sequence θ = (θ1 , . . . , θN ), we define da (θ) = c1
θa k22 , c2 ), for a = 1, 2. Define two sets Ja , for a = 1, 2 as follows:

Then,
19
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N 2
δ
8d

1−

1
δ
2σ

Cmax

N
d

≥

N δ2
.
16d



 1
π
π
max ∆0,P
(N
),
∆
max E0π (d0 (θ)), E1π (d1 (θ))
1,Px (N ) ≥
x
d


N
≥
δ 2 max P0π (θ ∈
/ J0 ), P1π (θ ∈
/ J1 )
4d


(a) N
≥
δ 2 max P0π (θ ∈
/ J0 ), P1π (θ ∈ J0 )
4d

N 
δ 2 P0π (θ ∈
/ J0 ) + P1π (θ ∈ J0 )
≥
8d

N 2
≥
δ 1 − P0π (θ ∈ J0 ) + P1π (θ ∈ J0 )
8d
r

N 
1
(By Pinsker inequality)
δ2 1 −
DKL (P0π , P1π )
8d
2
!
r
≥

≥

(52)

(51)

Here (a) holds because θ ∈ J0 implies θ ∈
/ J1 . Otherwise, d0 (θ) < N δ 2 /4 and d1 (θ) <
N δ 2 /4. Using the inequality min(a + b, c) ≤ min(a, c) + min(b, c) for a, b, c ≥ 0, and
applying triangle inequality, we get

N min(kθ0 − θ1 k2 , c2 ) ≤ 2d0 (θ) + 2d1 (θ) < N δ 2 ,

which is a contradiction because δ 2 = kθ0 − θ1 k2 ≤ c2 . Therefore, we conclude that

=

jT k

Regretπ (T, B, ν) ≥
max ∆π (N ), ∆π x (N )
0,P
1,P
x
N
 σ2
T δ2
T
c2 
≥
=
min
,
16d
16
C N d
 2  max

2/3
σ
1
c
2T
min
.
(B 2 dT 2ν−1 )1/3 ,
16
Cmax
d
The result follows.

8. Proof of main lemmas
8.1 Proof of Lemma 3

We prove Lemma
P
PT 3 by developing an upper bound and a lower bound for the quantity
T
b
t=1 `t (θt ) −
t=1 `t (θt ). The result follows by combining these two bounds.
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Lemma 12 (Upper bound ) Suppose {θt }t≥1 is an arbitrary sequence in Θ, and kθk ≤ W
for all θ ∈ Θ. Set M = 2W + ϕ−1 (0), with ϕ being the virtual valuation function w.r.t
distribution F . Further, let {θbt }t≥1 be generated by PSGD policy using a non-increasing

20

`t (θbt ) −

t=1

T
X

`t (θt ) ≤

+

u2M
2

t=1
t=1

T
X

δt
`M
−
ηt
2

hxt , θt − θbt i2 ,
(53)

`t (θbt ) −

t=1

T
X

`t (θt ) ≥ −2
t=1

T
nX
o1/2
p
log T
.
hxt , θt − θbt i2

(54)

p
log T

t=1

hxt , θt − θbt i2

o1/2

≤

+

t=1

t=1

u2M
2
t=1

T
X

t=1

δt
`M
−
ηt
2

t=1

t=1

hxt , θt − θbt i2

T
X

1
1 
−
kθt+1 − θbt+1 k2
2ηt+1 2ηt

ηt + 2W

t=1
T
X

2W 2
+
η1

21

4 p
2B
A−
A log T ≤
.
`M
`M

(57)

(56)

(55)
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Define A ≡ t=1 hxt , θt − θbt i2 and denote by B the right-hand side of Equation (56).
Writing in terms of A and B, we have

t=1

T
T
T
X
u2 X
2W 2 X  1
1 
δt
+
−
ηt + 2W
kθt+1 − θbt+1 k2 + M
η1
2ηt+1 2ηt
2
ηt

t=1

T
X

PT

`M
2

≤

T 
X

T
nX
o1/2
p
hxt , θt − θbt i2 − 2 log T
hxt , θt − θbt i2

Rearranging the terms, we get

−2

T
nX

b and an application of
Proof of Lemma 13 is given in Appendix C. It uses convexity of `t (θ)
a concentration bound on martingale difference sequences.
Combining Equations (53) and (54) we obtain that with probability at least 1 − T12 the
following holds true

t=1

T
X

Lemma 13 (Lower bound ) Consider model (3) for the product market values and suppose Assumption 1 holds. Let {θbt }t≥1 be an arbitrary sequence in Θ. Then with probability
at least 1 − T12 the following holds true

The proof of Lemma 12 uses similar ideas to the regret bounds established in (Hall and
Willett, 2015), but uses the log-concavity of F and 1 − F and also definition of uM and
`M as per Equations (15) and (16) to get a more refined bound including quadratic terms
hxt , θbt − θt i2 . We refer to Appendix B for the proof of LemmaP
12.
P
Our next Lemma provides a probabilistic lower bound on Tt=1 `t (θbt ) − Tt=1 `t (θt ).

t=1

T
X

1 
1
kθt+1 − θbt+1 k2
−
2ηt+1 2ηt

ηt + 2W

t=1
T
X

2W 2
+
η1

T 
X

where δt ≡ kθt+1 − θt k and we recall uM from Equation (15).

t=1

T
X

positive series ηt+1 ≤ ηt . Then
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p
`M
A log T ≤
A.
8

p
`M
A log T >
A.
8

t=1

t=1

E

"

t=1

t=1

22

(59)
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t=1

#
#
" T
T
T
h
i
X
X
X
hxt , θbt − θt i2 =
E kΣ1/2 (θbt − θt )k2 ≥ σmin E
kθbt − θt k2

(58)

Let Ft be the σ algebra generated by market shocks {z` }t`=1 and features {x` }t`=1 . We
further define Dt = hxt , θbt − θt i2 − kΣ1/2 (θbt − θt )k2 . Note that θbt is Ft−1 measurable and xt
is independent of Ft−1 , whichPimplies E(Dt |Ft−1 ) = 0. Hence, E(Dt ) = 0 by iterated law
of expectation and therefore Tt=1 E(Dt ) = 0. Equivalently,

Further, σt ≤ 1, for all t ≥ 1.

1

3
∀t ≥ c1 d : P σmin ≤ σt ≤ σmin ≥ 1 − 2e−c2 t/d .
2
2

P
theorem 8.1 Let σt denote the minimum eigenvalue of Qt ≡ (1/t) t`=1 x` xT
` . Further,
let σmin be the minimum eigenvalue of Σ, where Σ is the population covariance of feature
vectors as in Assumption 6. Then, there exist constants c1 , c2 > 0, such that

8.2 Proof of Lemma 8

The proof is complete.

t=1


T
T
T
X
u2 X
2W 2 X  1
1 
δt
+
−
kθt+1 − θbt+1 k2 + M
ηt + 2W
η1
2ηt+1 2ηt
2
ηt


T
X
16
4
max
log T,
hxt , θt − θbt i2 ≤
`M
`M
t=1

 16

4
max
log T, B .
`M
`M

Substituting for A and B, we have

A≤

Then, A < (64/`2M ) log T .
Combining the above two cases, we obtain

Case 2: Assume that

Using this in Equation (57), we get A ≤ 4B/`M .

Case 1: Assume that

We next upper bound A as follows. Consider two cases:
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t=1

t=1

t=1

t=1

t=1

"
#
T
X
4W 2
hxt , θbt − θt i2 · IG +
.
T

"
#
T
X
hxt , θbt − θt i2 · IG + 4W 2 T P(G c )

"
#
"
#
T
T
X
X
hxt , θbt − θt i2 = E
hxt , θbt − θt i2 · (IG + IG c )

Define GT the event that bound (19) holds true. Then,
E
≤E

≤E
Further, using inequality max(a, b) ≤ |a| + |b|, we get

t=1

(60)

"
#



T
T

X
16
12W 2 1 X 
4
log T +
+
E (t + 1)λt+1 − tλt · kθt+1 − θbt+1 k2
E
hxt , θbt − θt i2 · IG ≤
`M `M
`M
2
t=1
t=1
 

T
T
2
X
X
uM
1
E
+ 2W
E[tλt ]δt .
(61)
2
tλt
+

We next bound the terms on the right-hand side individually.

T

T

t=1





T
T

X
X
`
M
E σt+1 · kθt+1 − θbt+1 k2
E (t + 1)λt+1 − tλt · kθt+1 − θbt+1 k2 ≤
6
t=1

t=1

t=1

 X
X 
`M
σmin
E kθt+1 − θbt+1 k2 +
2`M W 2 e−c2 t/d
4

t=1
T


X 
`M
2`
M
σmin
E kθt+1 − θbt+1 k2 +
W2 ,
4
c2 d

t=1

(62)





T
T
`M X
`M X
≤
E σt+1 kθt+1 − θbt+1 k2 I(σt+1 < 3σmin /2) +
E σt+1 kθt+1 − θbt+1 k2 I(σt+1 > 3σmin /2)
6
6

≤
≤
t=1

(63)

where in the last inequality, we used P(σt+1 > 3σmin /2) ≤ 2e−c2 dt , σt ≤ 1 and kθbt − θt k ≤
2W , according to Proposition 8.1.
The next term on the right-hand side of (61) is bounded in the following proposition.



 
6
4d
1
≤
c̃d2 log T +
log T ,
tλt
`M
Cmin

theorem 8.2 Using rule (23) for λt , we have
E

where c̃ = max(c1 , 1/c2 ) and constants c1 and c2 are defined in Proposition 8.1 .
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Finally, for the last term, we note that Qt is rank deficient for t ≤ d and hence σt = 0, for
1 ≤ t ≤ d. Further, the minimum eigenvalue of a matrix is a concave function over PSD
23

≤

E(λt ) =

Adel Javanmard

`=d+1

`=d+1

t



X
`
t
−
d
`
`M 
M
M
.
1+
σmin ≤
1+
=
6t
6t
d
6d

`=1

t
t


X
X
`M
`
M
(1 +
1+
E(σ` )) =
E(σ` )
6t
6t

matrices. By Jensen inequality, we have

t=1

+

T
X

E[tλt ]δt ≤

t=1

T
`M X
tδt ,
6d

(64)

(65)

T
T
48W 2 4W 2 2W X
σmin X
+
+
tδt +
E(kθt − θbt k2 ) . (66)
2
c2 d
d
2
`M
t=1
t=1

# 
" T

2 
X
12u
4
64
hxt , θbt − θt i2 · IG ≤ 2 + 2 M c̃ +
· d2 log T
Cmin d
`M
`M

Using Equations (62), (63), (65) to bound the right-hand side of (61), we get

t=1

In the last inequality, we used the fact that Trace(Σ) = E(kxt k2 ) = 1, and thus σmin ≤ 1/d.
Hence,

E

t=1

1
12
1
+ 2 +
T
c2 d
`M

+

t=1

T
2W X
tδt .
d




T
X
12u2
64
4
E(kθt − θbt k2 ) ≤ 2 + 2 M c̃ +
· d2 log T
C
`M
`
min d
M



Combining bounds (59),(60) and (65), we obtain
σmin
2

+ 4W 2

The result follows by recalling that σmin ≥ Cmin /d as stated by Assumption 6.
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|ut (θ)| ≤ |pt | + |hxt , θi| ≤ ϕ−1 (0) + 2W .
(67)

(69)

(68)

with,

∇2 `t (θ) = ηt (θ)xt xT
t ,

25

(71)

(70)
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f (ut (θ))
f (ut (θ))
I(yt = −1) +
I(yt = +1)
F (ut (θ))
1 − F (ut (θ))
d
d
= −
log F (ut (θ))I(yt = −1) −
log(1 − F (ut (θ)))I(yt = +1)
dx
dx

µt (θ) = −

∇`t (θ) = µt (θ)xt ,

for some θ̃ on the line segment between θet and θbt . Recalling (12), the gradient and the
hessian of `t read as

1
e t − θbt )i ,
`t (θbt ) − `(θt ) = h∇`t (θbt ), θbt − θt i − hθt − θbt , ∇2 `t (θ)(θ
2

Expanding `t (θ) around θbt , we have

hθt − θbt+1 , ηt ∇`t (θbt ) + θbt+1 − θbt i ≥ 0 .

By convexity of Ct and optimality of θbt+1 , we have hθ − θbt+1 , ∇Ct (θbt+1 )i ≥ 0 for all θ ∈ Θ.
Setting θ = θt ,

1
Ct (θ) = ηt h∇`t (θbt ), θi + kθ − θbt k2 .
2

We note that the update rule (11) can be recast as θbt+1 = arg minθ∈Θ Ct (θ), where

Appendix B. Proof of Lemma 12

Therefore,

pt = g(hxt , θt i) ≤ g(0) + |hxt , θt i| ≤ ϕ−1 (0) + W .

We refer to (Javanmard and Nazerzadeh, 2016) (Lemmas 1 and 2 in Appendix A therein)
for a proof of Proposition A.1.
For θ ∈ Θ we have kθk ≤ W and hence |hxt , θi| ≤ kxt kkθk ≤ W for all t. Applying
Proposition A.1 (1-Lipschitz property of g),

theorem A.1 If 1 − F is log-concave, then the virtual valuation function ϕ is strictly
monotone increasing and the price function g satisfies 0 < g 0 (v) < 1, for all values of
v ∈ R.

We first state some properties of the the virtual valuation function ϕ and the price function
g, given by Equation (7).

Appendix A. Proof of Lemma 10
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∀θ ∈ Θ .

(73)

ηt
k∇`t (θbt )k2
2
ηt b 2
1 b
ηt
|µ(θt )| kxt k2 ≤
kθt+1 − θbt k2 + u2M , (76)
2
2ηt
2

(75)

26
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where we used the inequality 2ab ≤ a2 + b2 and the characterization of gradient (70). Note
b ≤ M and by definition (15), |µt (θbt )| ≤ uM . Plugging in bounds
that by (73), |ut (θ)|
from (75) and (76) in Equation (74), we arrive at
o 2
1 n
ηt
`M
`t (θbt ) − `(θt ) ≤
kθt − θbt k2 − kθt+1 − θbt+1 k2 + W δt + u2M −
hxt , θt − θbt i2
2ηt
ηt
2
2
(77)

1 b
kθt+1 − θbt k2 +
2ηt
1 b
≤
kθt+1 − θbt k2 +
2ηt

h∇`t (θbt ), θbt − θbt+1 i ≤

because θt+1 , θbt+1 ∈ Θ and hence kθt+1 − θbt+1 k ≤ 2W by triangle inequality.
Further,

We next note that the second term above can be bounded as
o
1
1 n
2
kθt+1 − θbt+1 k2 − kθt − θbt+1 k2 = hθt+1 − θbt+1 , θt+1 − θt i ≤ W δt ,
2ηt
ηt
ηt

`t (θbt ) − `(θt ) ≤ h∇`t (θbt ), θbt − θt i −

`M
hxt , θt − θbt i2
2
`M
= h∇`t (θbt ), θbt+1 − θt i + h∇`t (θbt ), θbt − θbt+1 i −
hxt , θt − θbt i2
2
1
`M
≤ hθt − θbt+1 , θbt+1 − θbt i + h∇`t (θbt ), θbt − θbt+1 i −
hxt , θt − θbt i2
ηt
2
o
1 n
=
kθt − θbt k2 − kθt − θbt+1 k2 − kθbt+1 − θbt k2
2ηt
`M
+ h∇`t (θbt ), θbt − θbt+1 i −
hxt , θt − θbt i2
2
o
o
1 n
1 n
=
kθt − θbt k2 − kθt+1 − θbt+1 k2 +
kθt+1 − θbt+1 k2 − kθt − θbt+1 k2
2ηt
2ηt
1 b
`M
−
kθt+1 − θbt k2 + h∇`t (θbt ), θbt − θbt+1 i −
hxt , θt − θbt i2
(74)
2ηt
2

Hence, invoking the definition of `M , as per Equation (16), we get that ηt (θ) ≥ `M and
hence ∇2 `t (θ̃)  `M xt xT
t .
Continuing from Equation (69), we get

|ut (θ)| ≤ ϕ−1 (0) + 2W = M ,

2

d
d
log F (x) and dx
Here, ut (θ) = pt − hxt , θi, and dx
2 log F (x) represent first and second
derivative w.r.t x, respectively. In addition, using Equation (73)




f (ut (θ))2
f (ut (θ))2
f 0 (ut (θ))
f 0 (ut (θ))
I(y
=
−1)
+
I(yt = +1)
−
+
t
F (ut (θ))2
F (ut (θ))
(1 − F (ut (θ)))2 1 − F (ut (θ))
2
2
d
d
= − 2 log F (ut (θ))I(yt = −1) − 2 log(1 − F (ut (θ)))I(yt = +1) .
(72)
dx
dx

ηt (θ) =
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t=1

t=1

=

D1

η1

−

t=1

t=1

DT +1

ηT +1

≤

D1

η1

≤

t=1

2W 2

η1

.

T
T
T
2
X
X
X
uM
`
δ
t
M
−
ηt + 2W
hxt , θt − θbt i2 .
2
ηt
2

t=1

+

Dt+1 

ηt+1

(78)

We use the shorthand Dt = 21 kθt − θbt k2 . The result follows by summing the above bound
over time:
T
T
T 
T

 1
X
X
X
X
D
1
D
t+1
t
`t (θbt ) −
`t (θt ) =
−
+
Dt+1
−
ηt
ηt+1
ηt+1 ηt
t=1

−

The proof is concluded because D1 ≤ 2W 2 as θb1 , θ1 ∈ Θ; therefore
ηt

T 
X
Dt

t=1

Appendix C. Proof of Lemma 13
By convexity of `t (θ), we have
`t (θt ) − `t (θbt ) ≤ h∇`t (θt ), θbt − θt i = µt (θt )hxt , θt − θbt i .

T . Since
We denote Dt = µt (θt )hxt , θt − θbt i and let Ft be the σ-algebra generated by {zt }t=1
θbt is Ft−1 measurable, we have

E(Dt |Ft−1 ) = E(µt (θt )|Ft−1 )hxt , θt − θbt i = 0 ,
(79)
PT
Dt
where E(µt (θt )|Ft−1 ) = 0 follows readily from Equation (71). Therefore, D(T ) ≡ t=1
is a martingale adapted to the filtration Ft .
We next bound E[eλDt |Ft−1 ] for any λ ∈ R. Conditional on Ft−1 , we have |Dt | ≤ βt ,
with βt ≡ uM |hxt , θt − θbt i|. Since eλz is convex,


βt − Dt −λβt βt + Dt λβt
E[eλDt |Ft−1 ] ≤ E
e
+
e
Ft−1
2βt
2βt

 −λβt

 −λβt
e
+ eλβt
e
+ eλβt
2 2
+ E[Dt |Ft−1 ]
= cosh(λβt ) ≤ eλ βt /2 .
=E
2
2βt
(80)

We are now ready to apply the following Bernstein-type concentration bound for martingale
difference sequences, whose proof is given in Appendix D for the reader’s convenience.

`t (θbt ) −

P(D(T ) ≥ ξ) ≤ e−ξ

T
X

`t (θt ) ≤ −2

2 /(2

t=1

PT

σt2 )

.

T
nX
o1/2
p
log T
hxt , θt − θbt i2
t=1



1
.
T2

(81)

(82)
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≤

theorem C.1 Consider a martingale difference sequence Dt adapted
PT to a filtration Ft , such
2 2
that for any λ ≥ 0, E[eλDt |Ft−1 ] ≤ eλ σt /2 . Then, for D(T ) = t=1
Dt , the following holds
true:

X
T

t=1

Combining Equation (78) and the result of Proposition C.1 we obtain
P

t=1

The result follows.
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2

Dt

PT

2

2(

] ≤ e−λξ eλ

t=1

PT

σt2 )/2

.

(84)

We follow the standard approach of controlling the moment generating function of D(T ).Conditioning
on Ft−1 and applying iterated expectation yields

 P

 P
T −1
T −1
2 2
(83)
E[eλD(T ) ] = E eλ t=1 Dt · E[eλDT |FT −1 ] ≤ E eλ t=1 Dt eλ σT /2 .

PT

t=1

PT

Iterating this procedure gives the bound E[eλ t=1 Dt ] ≤ eλ t=1 σt /2 , for all λ ≥ 0.
Now by applying the exponential Markov inequality we get

P(D(T ) ≥ ξ) = P(eλD(T ) ≥ eλξ ) ≤ e−λξ E[eλ

PT
Choosing λ = ξ/( t=1
σt2 ) gives the desired result.

Appendix E. Proof of Proposition 8.1

We prove the result in a more general case, namely when the features are independent
random vectors with bounded subgaussian norms.

(86)

(85)

Definition 14 For a random variable z, its subgaussian norm, denoted by kzkψ2 is defined
as

p≥1

kzkψ2 = sup p−1/2 (E|z|p )1/p .

Further, for a random vector z its subgaussian norm is defined as

kuk≥1

kzkψ2 = sup khz, uikψ2 .

We next recall the following result from (Vershynin, 2012) about random matrices with
independent rows.

where δ = C

r

d
s
+√ .
t
t

(87)

theorem E.1 Suppose x` ∈ Rd are independent random vectors generated from a distribution withPcovariance Σ and their subgaussian norms are bounded by K. Further, let
t
Qt = (1/t) `=1
x` x`T . Then for every s ≥ 0, the following inequality holds with probability
at least 1 − 2 exp(−cs2 ):
Qt − Σ ≤ max(δ, δ 2 )

Here C and c > 0 are constants that depend solely on K.

We next show that the feature vectors in our problem have bounded subgaussian norm.
Given that kx` k ≤ 1, for kuk ≤ 1, we have
p≥1

p≥1
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khx` , uikψ2 = sup p−1/2 (E|hx` , ui|p )1/p ≤ sup p−1/2 (E[kx` kkuk]p )1/p ≤ 1 .
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1
1
Cmin ≤ σmin ,
2d
2

(88)

t

t

`=1

t=t0

T
X

E



"

!

#

2e−c2 t/d ≥ 1 −

2d −c2 t0 /d
e
c2

T
X
1
6T
I(ET ) +
P(ETc )
tλ
`
M
t=t0
" T
!
#
X
6
1
6T
=
E
· I(ET ) +
P(ETc )
`M
1
+
σ
+
.
.
.
+
σ
`
1
t
M
t=t0
!
T
6 X
1
2d 1−c2 c̃d
≤
+
T
`M
c2
1 + 2t σmin
t=1


12
1
d 1−d
24d
≤
log T + T
≤
log T .
`M σmin
c2
`M Cmin

1
≤E
tλ



t=t0

T
X

The proof is complete.

t=1
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(91)

(90)

(89)
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For t ≥ 1, we use the bound 1/(tλt ) ≤ 6/`M . Hence,
 




T
X
1
6
4d
6
4d
≤
t0 +
log T ≤
c̃d2 log T +
log T
E
tλ
`M
Cmin
`M
Cmin

Therefore,

P(ET ) ≥ 1 −

By applying Proposition 8.1 and union bounding over t, we get

ET = {σt ≥ σmin /2, for t0 ≤ t ≤ T } .

Clearly, for t ≥ 1, 1/(tλt ) ≤ 6/`M . Let t0 = c̃d2 log T , with c̃ = max(c1 , 1/c2 ). For
T ≥ t0 , define the event ET as follows

The way we set λt (see Equation (23)), we have


6
1
1
=
tλt
`M 1 + σ1 + σ2 + . . . + σt

`=1

1X
1X
kx` xT
kx` k2 = 1 .
`k=
t
t

Appendix F. Proof of Lemma 8.2

The proof is complete.

σt ≤ kQt k ≤

with probability at least 1 − 2e−c2 t/d . Weyl’s inequality then implies that |σt − σmin | ≤
σmin /2.
Also note that for t ≥ 1,

kQt − Σk ≤

Applying Proposition (E.1) with K = 1, there exist constants c1 , c2 (depending on Cmin ),
such that for t ≥ c1 d2 , we have

Perishability of Data: Dynamic Pricing under Varying-Coefficient Models

30

Adel Javanmard and Hamid Nazerzadeh.
arXiv:1609.07574, 2016.

JMLR 18(53):1-31, 2017

Dynamic pricing in high-dimensions.

Eric C. Hall and Rebecca M. Willett. Online convex optimization in dynamic environments.
IEEE Journal of Selected Topics in Signal Processing, 9(4):647–662, June 2015.

Vivek F Farias and Benjamin Van Roy. Dynamic pricing with a prior on market response.
Operations Research, 58(1):16–29, 2010.

Arnoud V. den Boer and Bert Zwart. Mean square convergence rates for maximum quasilikelihood estimators. Stochastic Systems, 4(2):375–403, 2014.

Arnoud V. den Boer and Bert Zwart. Simultaneously learning and optimizing using controlled variance pricing. Management Science, 60(3):770–783, 2013.

Maxime C Cohen, Ilan Lobel, and Renato Paes Leme. Feature-based dynamic pricing. ACM
Conference on Economics and Computation, 2016.

Josef Broder and Paat Rusmevichientong. Dynamic pricing under a general parametric
choice model. Operations Research, 60(4):965–980, 2012.

Stephen Boyd and Lieven Vandenberghe. Convex optimization. Cambridge university press,
2004.

Sonia A Bhaskar and Adel Javanmard. 1-bit matrix completion under exact low-rank
constraint. In Information Sciences and Systems (CISS), 2015 49th Annual Conference
on, pages 1–6. IEEE, 2015.

Omar Besbes and Assaf Zeevi. Dynamic pricing without knowing the demand function:
risk bounds and near-optimal algorithms. Operations Research, 57:1407–1420, 2009.

Amir Beck and Marc Teboulle. Mirror descent and nonlinear projected subgradient methods
for convex optimization. Operations Research Letters, 31(3):167–175, 2003.

Mark Bagnoli and Ted Bergstrom. Log-concave probability and its applications. Economic
theory, 26(2):445–469, 2005.

Kareem Amin, Afshin Rostamizadeh, and Umar Syed. Repeated contextual auctions with
strategic buyers. In Advances in Neural Information Processing Systems, pages 622–630,
2014.

Airbnb Documentation. Smart pricing: Set prices based on demand. https://www.airbnb.
com/help/article/1168/smart-pricing--set-prices-based-on-demand, 2015.

Albert Ai, Alex Lapanowski, Yaniv Plan, and Roman Vershynin. One-bit compressed sensing with non-gaussian measurements. Linear Algebra and its Applications, 441:222–239,
2014.

References

Adel Javanmard

Perishability of Data: Dynamic Pricing under Varying-Coefficient Models

Bora Keskin and Assaf Zeevi. Dynamic pricing with an unknown demand model: Asymptotically optimal semi-myopic policies. Operations Research, 62(5):1142–1167, 2014.
Bora Keskin and Assaf Zeevi. Chasing demand: Learning and earning in a changing environment. To appear in Mathematics of Operations Research, 2016. doi:
10.1287/moor.2016.0807.
Ilan Lobel, Renato Paes Leme, and Adrian Vladu. Multidimensional binary search for
contextual decision-making. arXiv preprint arXiv:1611.00829, 2016.
Roger B. Myerson. Optimal auction design. Mathematics of Operations Research, 6(1):
58–73, 1981.
Yaniv Plan and Roman Vershynin. One-bit compressed sensing by linear programming.
Communications on Pure and Applied Mathematics, 66(8):1275–1297, 2013a.
Yaniv Plan and Roman Vershynin. Robust 1-bit compressed sensing and sparse logistic
regression: A convex programming approach. IEEE Transactions on Information Theory,
59(1):482–494, 2013b.
Sheng Qiang and Mohsen Bayati. Dynamic pricing with demand covariates. Working Paper,
2016.
Shai Shalev-Shwartz. Online learning and online convex optimization. Foundations and
Trends in Machine Learning, 4(2):107–194, 2011.
Roman Vershynin. Introduction to the non-asymptotic analysis of random matrices. In
Compressed sensing, pages 210–268. Cambridge Univ. Press, 2012.

JMLR 18(53):1-31, 2017

Zizhuo Wang, Shiming Deng, and Yinyu Ye. Close the gaps: A learning-while-doing algorithm for single-product revenue management problems. Operations Research, 62(2):
318–331, 2014.

31

Submitted 10/14; Revised 2/17; Published 7/17

niharika15c@gmail.com

mehmet.erenahsen@mssm.edu

Abstract

JMLR 18(54):1-24, 2017

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v18/14-453.html.

c 2017 Mehmet Eren Ahsen, Niharika Challapalli and Mathukumalli Vidyasagar.

Keywords: Sparse regression, compressed sensing, LASSO, Sparse Group LASSO, Elastic
Net

The CLOT formulation is a special case of another one called SGL (Sparse Group
LASSO) which was introduced into the literature previously, but without any analysis of
either the grouping effect or robust sparse recovery. It is shown here that SGL achieves
robust sparse recovery, and also achieves a version of the grouping effect in that coefficients
of highly correlated columns belonging to the same group of the measurement (or design)
matrix are assigned roughly comparable values.

In this paper we introduce a new optimization formulation for sparse regression and
compressed sensing, called CLOT (Combined L-One and Two), wherein the regularizer is a
convex combination of the `1 - and `2 -norms. This formulation differs from the Elastic Net
(EN) formulation, in which the regularizer is a convex combination of the `1 - and `2 -norm
squared. It is shown that, in the context of compressed sensing, the EN formulation does
not achieve robust recovery of sparse vectors, whereas the new CLOT formulation achieves
robust recovery. Also, like EN but unlike LASSO, the CLOT formulation achieves the
grouping effect, wherein coefficients of highly correlated columns of the measurement (or
design) matrix are assigned roughly comparable values. It is already known LASSO does
not have the grouping effect. Therefore the CLOT formulation combines the best features
of both LASSO (robust sparse recovery) and EN (grouping effect).
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z

x̂ = argmin ky − Azk22 + λR(z),

(2)

(1)

µ=

(4)

2
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α2
∈ [0, 1]
α1 + α2
is an adjustable parameter, and the constant α1 + α2 can be absorbed into the Lagrange
multiplier λ in (2). Note that the EN regularizer function interpolates ridge regression and
LASSO, in the sense that EN reduces to LASSO if µ = 0 and to ridge regression if µ = 1. A
very general approach to regression using a convex regularizer is given in (Negabhan et al.,
2012).
The LASSO approach can be shown to return a solution x̂ with no more than m nonzero
components, under mild regularity conditions; see (Osborne et al., 2000). There is no such
bound on the number of components of x̂ when EN is used. However, when the columns
of the matrix A are highly correlated, then LASSO chooses just one of these columns
and ignores the rest. Measurement matrices with highly correlated columns occur in many

where

REN (z) = (1 − µ)kzk1 + µkzk22 ,

where α1 , α2 are adjustable parameters. For later use, we redefine the EN regularizer as

where R :
→ R is known as a “regularizer,” and γ, λ are adjustable parameters. Different
choices of the regularizer lead to different approaches. With the choice Rridge (z) = kzk22 , the
approach is known as ridge regression (Hoerl and Kennard, 1970), which builds on earlier
work (Tikhonov, 1943). The LASSO approach (Tibshirani, 1996) results from choosing
RLASSO (z) = kzk1 , while the Elastic Net (EN) approach (Zou and Hastie, 2005) results
from choosing
REN (z) = α1 kzk1 + α2 kzk22 ,
(3)

Rn

or in Lagrangian form,

z

x̂ = argmin ky − Azk22 s.t. R(z) ≤ γ,

In sparse regression, one is given a measurement matrix (also called a design matrix in
statistics) A ∈ Rm×n where m  n, together with a measurement or measured vector
y ∈ Rm . The objective is to choose a vector x ∈ Rn such that x is rather sparse, and Ax is
either exactly or approximately equal to y. The problem of finding the most sparse x that
satisfies Ax = y is known to be NP-hard (Natarajan, 1995); therefore it is necessary to find
alternate approaches.
For the sparse regression problem, the general approach is to determine the estimate x̂
by solving the minimization problem

1.1 Sparse Regression

The LASSO and the Elastic Net (EN) formulations are among the most popular approaches
for sparse regression and compressed sensing. In this section, we briefly review these two
problems and their current status, so as to provide the background for the remainder of the
paper.

1. Introduction
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practical situations, for example, in microarray measurements of messenger RNA, otherwise
known as gene expression data. The EN approach was proposed at least in part to overcome
this undesirable behavior of the LASSO formulation. It is shown in (Zou and Hastie, 2005,
Theorem 1) that if two columns (say i and j) of the matrix A are highly correlated, then
the corresponding components x̂i and x̂j of the EN solution are nearly equal. This is known
as the “grouping effect”, and the point is that EN demonstrates the grouping effect whereas
LASSO does not.
1.2 Compressed Sensing

Ahsen, Challapalli and Vidyasagar

(7)

2012) has an extensive bibliography on the topic, as does the recent book (Foucart and
Rauhut, 2013). In this approach, the estimate x̂ is defined as

z

x̂ := argmin kzk1 s.t. kAz − yk2 ≤ .

Note that the above definition does indeed define a decoder map ∆ : Rm → Rn . In order
for the above pair (A, ∆) to achieve robust sparse recovery, the matrix A is chosen so as to
satisfy a condition defined next.

(8)

Definition 2 A matrix A ∈ Rm×n is said to satisfy the Restricted Isometry Property
(RIP) of order k with constant δk if

(1 − δk )kuk22 ≤ kAuk22 ≤ (1 + δk )kuk22 , ∀u ∈ Σk .

Starting with (Candès and Tao, 2005), several papers have derived sufficient conditions
that the RIP constant of the matrix A must satisfy in order for `1 -norm minimization to
achieve robust sparse recovery. Recently, the “best possible” bound has been proved in (Cai
and Zhang, 2014). These results are stated here for the convenience of the reader.

In compressed sensing, the objective is to choose the measurement matrix A (which is part
of the data in sparse regression), such that whenever the vector x is nearly sparse, it is
possible to nearly recover x from noise-corrupted measurements of the form y = Ax + η.
Let us make the problem formulation precise. For this purpose we begin by introducing
some notation.
Throughout, the symbol [n] denotes the index set {1, . . . , n}. The support of a vector
x ∈ Rn is denoted by supp(x) and is defined as
supp(x) := {i ∈ [n] : xi 6= 0}.

Theorem 3 (See (Cai and Zhang, 2014, Theorem 2.1)) Suppose A satisfies
the RIP of
p
order tk for some number t ≥ 4/3 such that tk is an integer, with δtk < (t − 1)/t. Then
the recovery procedure in (7) achieves robust sparse recovery of order k.

A vector x ∈ Rn is said to be k-sparse if |supp(x)| ≤ k. The set of all k-sparse vectors is
denoted by Σk . The k-sparsity index of a vector x with respect to a given norm k · k is
defined as
(5)
z∈Σk

(6)

4
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This last formulation of sparse regression is known as “square-root LASSO” (Belloni et al.,
2014). Therefore the community refers to the approach to compressed sensing given in (7)
as the LASSO, though this may not be strictly accurate.

z

x̂ = argmin kAz − yk2 s.t. kzk1 ≤ γ.

which is essentially the same as the Lagrangian formulation of

z

x̂ := argmin[kzk1 + βkAz − yk2 ],

whereas the Lagrangian formulation of (7) is

z

x̂ := argmin[kAz − yk22 + λkzk1 ],

Observe that the Lagrangian formulation of the LASSO approach is

Theorem 4 (See (Cai and Zhang, 2014, Theorem 2.2)) Let t ≥ 4/3. For all γ > 0
and all
p k ≥ 5/γ, there exists a matrix A satisfying the RIP of order tk with constant
δtk ≤ (t − 1)/t + γ such that the recovery procedure in (7) fails for some k-sparse vector.

σk (x, k · k) := min kx − zk.

It is obvious that x ∈ ΣK if and only if σk (x, k · k) = 0 for every norm.
The general formulation of the compressed sensing problem given below is essentially
taken from (Cohen et al., 2009). Suppose that A ∈ Rm×n is the “measurement matrix”, and
∆ : Rm → Rn is the “decoder map”, where m  n. Suppose x ∈ Rn is an unknown vector
that is to be recovered. The input to the decoder consists of y = Ax + η where η denotes
the measurement noise, and a prior upper bound in the form kηk2 ≤  is available; in other
words,  is a known number. In this set-up, the vector x̂ = ∆(y) is the approximation to
the original vector x. With these conventions, we can now state the following.

1
[Cσk (x, k·k1 ) + D].
k 1−1/p

Definition 1 Suppose p ∈ [1, 2]. The pair (A, ∆) is said to achieve robust sparse recovery of order k with respect to k · kp if there exist constants C and D that might depend on
A and ∆ but not on x or η, such that
kx̂ − xkp ≤

JMLR 18(54):1-24, 2017

The restriction that p ∈ [1, 2] is tied up with the fact that the bound on the noise is for
the Euclidean norm kηk2 . The usual choices for p in (6) are p = 1 and p = 2.
Among the most popular approaches to compressed sensing is `1 -norm minimization,
which was popularized in a series of papers, of which we cite only (Candès and Tao, 2005;
Candès et al., 2006; Candès, 2008; Donoho, 2006). The survey paper (Davenport et al.,
3

i=1

g
X

kzGi k2 ,
(9)

z

z

(12)

5
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Now we come to the motivation and contributions of the present paper. The LASSO
formulation is well-suited for compressed sensing (see Theorem 3), but not so well-suited
for sparse regression, because it lacks the grouping effect. The EN formulation is well-suited
for sparse regression as it exhibits the grouping effect, but it is not known whether it can
achieve compressed sensing.
The first result presented in the paper is that if the EN regularizer of (4) is used instead
of the `1 -norm in (7), then the resulting approach does not achieve robust sparse recovery
unless m ≥ n/4, that is, the number of measurements grows linearly with respect to the size

1.4 Motivation and Contributions of the Paper

in Sparse Group LASSO.
The main idea behind GL is that one is less concerned about the number of nonzero
components of x̂, and more concerned about the number of distinct groups containing these
nonzero components. Therefore GL attempts to choose an estimate x̂ that has nonzero
entries in as few distinct sets as possible. In principle, SGL tries to choose an estimate x̂
that not only has nonzero components within as few groups as possible, but within those
groups, has as few nonzero components as possible. Note that if µ = 0, then SGL reduces to
LASSO (because of the summability of the `1 -norm), whereas if µ = 1, then SGL reduces to
GL. Note too that if g = n and every set Gi is a singleton {i}, then GL reduces to LASSO.

x̂ = argmin kzkSGL,µ s.t. kAz − yk2 ≤ 

in Group LASSO, and via

where as before µ ∈ [0, 1]. If x ∈ Rn is an unknown vector, then recovery of x is attempted
via
x̂ = argmin kzkGL s.t. kAz − yk2 ≤ 
(11)

i=1

where zGi denotes the projection of the vector z onto the components in Gi . The notation is
intended to remind us that the norm depends on the specific partitioning G. Some authors
divide the term kzGi k2 by |Gi |, but we do not do that. A further refinement of GL is the
sparse group LASSO (SGL), in which the group structure is as before, but the norm is now
defined as
g
X
kzkSGL,µ :=
(1 − µ)kzGi k1 + µkzGi k2 ,
(10)

kzkGL :=

Over the years some variants of LASSO have been proposed for compressed sensing, such
as the Group LASSO (GL) (Yuan and Lin, 2006) and the Sparse Group LASSO (SGL)
(Simon et al., 2013). In the GL formulation, the index set {1, . . . , n} is partitioned into g
disjoint sets G1 , . . . , Gg , and the associated norm is defined as

1.3 Compressed Sensing with Group Sparsity

Two New Approaches to Compressed Sensing

(13)

6
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• To show that both the CLOT and SGL formulations achieve both robust sparse recovery as well as the grouping effect.

• To show that the EN does not achieve robust sparse recovery.

Clearly the CLOT norm is a special case of the SGL norm with the entire index set [n]
being taken as a single group (though the adjective “sparse” is no longer appropriate). This
led us to explore whether the SGL norm achieves either grouping effect or robust sparse
recovery. We are able to show that SGL does indeed achieve both.
Now we place these contributions in perspective. There is empirical evidence to support
the belief that both the GL and the SGL formulations work well for compressed sensing.
However, until the publication of a companion paper by a subset of the present authors (Ahsen and Vidyasagar, 2016), there were no proofs that either of these formulations achieved
robust sparse recovery. In (Ahsen and Vidyasagar, 2016), it is shown that both the GL and
SGL formulations achieve robust sparse recovery provided the group sizes are sufficiently
small. This restriction on group sizes is removed in the present paper. Moreover, so far as
the authors are aware, until now there are no results on the grouping effect for either of
these formulations. In the present paper, it is shown that if two columns of the measurement
matrix A that belong to the same group are highly correlated, then the corresponding components of the estimate x̂ have nearly equal values. However, if two columns that belong to
different groups are highly correlated, then their coefficients need not be nearly equal. From
the standpoint of applications, this is a highly desirable property. To illustrate, suppose
the groups represent biological pathways. Then one would wish to assign roughly similar
weights to genes in the same pathway, but not necessarily to those in disjoint pathways.
Thus the contributions of the present paper are:

• Moreover, if µ in CLOT is set to zero so that CLOT becomes LASSO, the bound on
the RIP constant reduces to the “best possible” bound in Theorem 3.

• When the `1 -norm is replaced by the CLOT norm in (7), the resulting solution achieves
robust sparse recovery if the matrix A satisfies the RIP.

• When the CLOT norm is used as the regularizer in sparse regression, the resulting
solution exhibits the grouping effect.

Note that, while the EN regularizer in (4) is a convex function, it is not a norm. In contrast,
k · kC,µ is not just convex but is also a norm. Also, the EN regularizer in its original form
in (3) is intended to have two adjustable parameters. Our intent is that, in compressed
sensing applications, the constant µ in (13) is a fixed constant, and not intended to be
varied. Therefore, if the `1 -norm in (7) is replaced by k · kC,µ , then there is only one
adjustable parameter, namely the Lagrange multiplier associated with the constraint. The
same remark applies also to GL and SGL, that is, (11) and (12) respectively. We refer to
k · kC,µ as the CLOT norm, with CLOT standing for Combined L-One and Two. It is shown
that the CLOT norm combines the best features of both LASSO and EN, in that

kzkC,µ = (1 − µ)kzk1 + µkzk2 .

of the vector. This would not be considered “compressed” sensing. This led us to formulate
another regularizer, namely

Ahsen, Challapalli and Vidyasagar
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• To derive a condition under which CLOT achieves robust sparse recovery, which reduces to the “best possible” condition in Theorem 3 when µ is set to zero, so that
CLOT becomes LASSO.
Taken together, these results might indicate that CLOT and SGL are attractive alternatives
to the LASSO and EN formulations.

2. Main Theoretical Results
This section contains the main contributions of the paper. We begin by showing in Section
2.1 that the solution paths of EN and CLOT are identical if both λ1 and λ2 are treated
as adjustable parameters. Therefore further research would be needed to establish whether
CLOT offers any advantages over EN in numerical performance in sparse regression.
Then we present several theoretical advantages of CLOT over both EN and LASSO. First
it is shown in Section 2.2 that the EN approach does not achieve robust sparse recovery, and
is therefore not suitable for compressed sensing applications. Next, it is shown in Section
2.3 that the SGL formulation assigns nearly equal weights to highly correlated features
within the same group, though not necessarily to highly correlated features from different
groups. It follows as a corollary that CLOT assigns nearly equal weights to highly correlated
features. Then it is shown in Section 2.4 that the SGL formulation achieves robust sparse
recovery. The contents of a companion paper by a subset of the present authors Ahsen and
Vidyasagar (2016) establish that SGL achieves robust sparse recovery of order k provided
that each group size is smaller than k. There is no such restriction here. It follows as a
corollary that CLOT also achieves robust sparse recovery.
2.1 Relationship Between Solution Paths of EN and CLOT
In this subsection, it is shown that if both µ and λ are tuned via cross-validation in (3),
then the solution paths of CLOT are identical to those of EN when both λ1 and λ2 are
tuned. However, it is shown via an example that if µ is kept fixed and only λ is tuned in
(3), then CLOT and EN have different solution paths.
Towards this end, we rewrite the CLOT formulation with both µ and λ being tuned in
the form
(14)
z

x̂CLOT := argmin[ky − Axk22 + λ1 kzk1 + λ2 kzk2 ].

It is easy to see that the transformation
λ2
µ=
, λ = λ1 + λ2
λ1 + λ2
maps (14) into (3). In the other direction, we would define
λ1 = (1 − µ)λ, λ2 = µλ.

JMLR 18(54):1-24, 2017

We are grateful to one of the reviewers for pointing out the result as described in Theorem
5, and providing a proof.
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Theorem 5 Given y ∈ Rm and A ∈ Rm×n , define two vectors:
z

x̂CLOT (λ1 , λ̃2 ) = argmin[ky − Azk22 + λ1 kzk1 + λ̃2 kzk2 ],
z

x̂EN (λ1 , λ̂2 ) = argmin[ky − Azk22 + λ1 kzk1 + λ̂2 kzk22 ].

x̂CLOT (λ1 , λ̃2 ) = x̂EN (λ1 , λ̂2 ),

Then for each fixed λ1 > 0 and each λ̃2 > 0, there exists a λ̂2 > 0 such that

and vice versa.

Proof We begin with the following rather obvious observation. Suppose f (·) and g(·) are
convex functions, and consider two problems:

z

(P1) x̂1 (λ) = argmin[f (z) + λg(z)],

z

(P2) x̂2 (c) = argmin f (z) s.t. g(z) ≤ c.

(15)

Then for each λ there exists a c such that x̂1 (λ) = x̂2 (c), and vice versa. To establish this,
write down the optimality conditions for the two problems, with ∂f (·), ∂g(·) denoting the
subgradient sets of f (·), g(·) respectively. Then a necessary and sufficient condition for
x̂1 (λ) to be the solution of (P1) is:

0 ∈ ∂f (x̂1 (λ)) + λ∂g(x̂1 (λ)),

(16)

where 0 denotes the zero vector. Similarly, for (P2) the necessary and sufficient conditions
are the existence of a constant λ∗ such that

0 ∈ ∂f (x̂1 (λ∗ )) + λ∂g(x̂1 (λ∗ )), and λ∗ (g(x̂1 (λ∗ )) − c) = 0.



Suppose (15) holds; then (16) holds with c = g(x̂1 (λ)). Conversely, suppose (16) holds;
then (15) holds with λ = λ∗ .
Now apply this reasoning with f (z) = ky − Azk22 + λ1 kzk1 , g1 (z) = kzk2 , g2 (z) = kzk22 .
Then each x̂CLOT (λ1 , λ̃2 ) equals the minimizer of f (z) subject to kzk2 ≤ c for some c, while
each x̂EN (λ1 , λ̂2 ) equals the minimizer of f (z) subject to kzk22 ≤ c0 for some c0 . However, it
is obvious that
[kzk2 ≤ c] ⇐⇒ [kzk22 ≤ c2 ].
Therefore the theorem is proved.

2.2 Lack of Robust Sparse Recovery of the Elastic Net Formulation
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The first result of this section shows that EN formulation does not achieve robust sparse
recovery, and therefore is not suitable for compressed sensing applications.

8

m ≥ n/4.

kx̂EN − xk2 ≤ Cσk (x, k · k1 ) + D.
(18)

(17)

A(βhΛ ) = A(−βhΛc ), ∀β > 0.

Equivalently

Next

Therefore

9

khk2 ≤ 2σk (h, k · k2 ), ∀h ∈ N (A).

khk2 ≤ khΛ k2 + khΛc k2 ≤ 2khΛc k2 , ∀h ∈ N (A).

(19)
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khΛ k22 ≤ khΛc k22 , or khΛ k2 ≤ khΛc k2 , ∀h ∈ N (A).

1−µ
→ 0 as β → ∞.
βµ

Now divide both sides by β 2 µ, and observe that, for each fixed µ > 0,

(1 − µ)βkhΛ k1 + β 2 µkhΛ k22 ≤ (1 − µ)βkhΛc k1 + β 2 µkhΛc k22 .

Apply (19) with x = βhΛ ∈ Σk and z = −AβhΛc ∈ A−1 ({Ax}). This leads to

and more generally,

AhΛ = −AhΛc ,

Now observe that, because h ∈ N (A), we have that

(1 − µ)kxk1 + µkxk22 ≤ (1 − µ)kzk1 + µkzk22 , ∀z ∈ A−1 ({Ax}), ∀x ∈ Σk .

or equivalently,

z∈Rn

x = argmin[(1 − µ)kzk1 + µkzk22 ] s.t. Az = Ax,

Next, (17) implies that, if η = 0, then x̂EN = x for all x ∈ Σk . In other words,

khΛc k2 = σk (h, k · k2 ).

Proof: Let N (A) denote the null space of the matrix A, that is, the set of all h ∈ Rn
such that Ah = 0. Let h ∈ N (A) be arbitrary, and let Λ ⊆ {1, . . . , n} denote the index set
of the k largest components of h by magnitude. Therefore

Then

z∈Rn

(20)

d(i, j) ≤
where x̂s is shorthand for x̂Gs .

Then

10

p
2(1 − ρ(i, j))kx̂s k2
,
µ
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(21)

where λ > 0 is a Lagrange multiplier. Suppose that, for two indices i, j belonging to the
same group Gs , we have that x̂i x̂j 6= 0, where x̂i , x̂j denote the components of the vector
x̂. By changing the sign of one of the columns of A if necessary, it can be assumed that
x̂i x̂j > 0. Define
|x̂i − x̂j |
d(i, j) :=
, ρ(i, j) = ati aj .
2λkyk2

z

x̂ := argmin λky − Azk22 + kzkSGL,µ ,

Theorem 7 Let y ∈ Rm , A ∈ Rm×n be some vector and matrix respectively. Without loss
of generality, suppose that y is centered, i.e. y t em = 0, where em denotes a column vector
consisting of m ones, and that A is standardized, i.e. kaj k2 = 1 where aj denotes the j-th
column of A. Suppose µ > 0, and let G denote a partition of {1, . . . , n} into g disjoint
subsets. Define

One advantage of the EN over LASSO is that the former assigns roughly equal weights to
highly correlated features, as shown in (Zou and Hastie, 2005, Theorem 1) and referred to
as the grouping effect. In contrast, if LASSO chooses one feature among a set of highly
correlated features, then generically it assigns a zero weight to all the rest. To illustrate,
if two columns of A are identical, then in principle LASSO could assign nonzero weights
to both columns; however, the slightest perturbation in the data would cause one or the
other weight to become zero. The drawback of this is that the finally selected feature set
is very sensitive to noise in the measurements. In this section we prove an analog of (Zou
and Hastie, 2005, Theorem 1) for SGL formulation. Our result states that if two highly
correlated features within the same group are chosen by SGL, then they will have roughly
similar weights. Since CLOT is a special case of SGL with the entire feature set treated
as one group, it follows that CLOT assigns roughly similar weights to highly correlated
features in the entire set of features. As a result, the final feature sets obtained using SGL
or CLOT are less sensitive to noise in measurements than the ones obtained using LASSO.

2.3 Grouping Property of the SGL and CLOT Formulations

This is Equation (5.2) of Cohen-Dahmen-Devore (2009) with C0 = 2. As shown in Theorem
5.1 of that paper, this implies that m ≥ n/C02 = n/4, which is the desired conclusion. 
Note that the proof of Theorem 6 remains valid even if we were to allow the constant µ
to be “tuned”, provided that it is bounded away from zero. In other words, the proof does
not make use of the fact that µ is a fixed constant. Therefore even in the “naive” version of
EN, in which the regularizer is defined as in (3), and both constants α1 and α2 are adjusted,
robust sparse recovery requires that m ≥ n/4 provided only that the ratio α1 /α2 remains
bounded away from zero as both parameters are tuned.

Theorem 6 Suppose a matrix A ∈ Rm×n has the following property: There exist constants
C and D such that, whenever y = Ax + η for some x ∈ Rn and η ∈ Rm with kηk2 ≤ , the
solution
x̂EN := argmin[(1 − µ)kzk1 + µkzk22 ] s.t. ky − Azk2 ≤ 

satisfies
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Proof: Define

g
X
s=1

kz s k2 ,
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λky − Azk22 + (1 − µ)kzk1 + µ

L(z, µ) := λky − Azk22 + kzkSGL,µ
=

z=x̂

=

∂L
∂zj
z=x̂

= 0.

where, as above, z s denotes ZGs . Then L is differentiable with respect to zi whenever zi 6= 0.
In particular, since both x̂i and x̂j are nonzero by assumption, it follows that
∂L
∂zi

x̂i
= 0,
kx̂s k2

Expanding the partial derivatives leads to
−2λait (y − Ax̂) + (1 − µ)sign(x̂i ) + µ
x̂j
= 0.
kx̂s k2

x̂i − x̂j
= 0.
kx̂s k2

−2λajt (y − Ax̂) + (1 − µ)sign(x̂j ) + µ

=

2λ t
|(aj − ait )(y − Ax̂)|
µ
2λ
kaj − ai k2 ky − Ax̂k2
µ
2λ p
2(1 − ρ(i, j))kyk2 .
µ

2λ(ajt − ait )(y − Ax̂) + µ

Subtracting one equation from the other gives

Hence
|x̂i − x̂j |
kx̂s k2
≤
≤

p

2(1 − ρ(i, j))kx̂s k2
,
µ

ky − Ax̂k2 ≤ ky − A0k2 = kyk2 .

In the last step, we use the fact that

Rearranging gives
1 |x̂i − x̂j |
≤
2λ kyk2

p
2(1 − ρ(i, j))kx̂k2
,
µ
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(22)

which is the desired conclusion.

Let us illustrate the above result using the CLOT formulation. In the case of CLOT
formulation we have g = 1, G = {G1 }, G1 = {1, · · · , n}, and the inequality in (21) becomes
d(i, j) ≤

11
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|x̂i − x̂j |
.
2λkyk2

where x̂ is the solution of the CLOT formulation, and

d(i, j) =

(23)

Now suppose that two indices i and j are highly correlated such that ρ(i, j) ≈ 1, so that the
right hand side of the inequality in (22) is almost equal to zero. Combining this with (23)
we can conclude x̂i ≈ x̂j , so CLOT assigns similar weights to highly correlated variables. 
Though the focus of the present paper is not on the GL formulation, we digress briefly
to discuss the implications of Theorem 7 for GL. This theorem also implies that the GL
formulation exhibits the grouping effect, because GL is a special case of SGL with µ = 1.
Indeed, it can be observed from (21) that the bound on the right side is minimized by setting
µ = 1, that is, using GL instead of SGL. This is not surprising, because SGL not only tries
to minimize the number of distinct groups containing the support of x̂, but within each
group, tries to choose as few elements as possible. Thus, within each group, SGL inherits
the weaknesses of LASSO. Thus one would expect that, within each group, the feature set
chosen would become more sensitive as we decrease µ.

2.4 Robust Sparse Recovery of the SGL and CLOT Formulations

In this subsection, we present some sufficient conditions for the SGL and CLOT formulations
to achieve robust sparse recovery. When CLOT is specialized to LASSO by setting µ = 0,
the sufficient condition reduces to the “tight” bound given in Theorem 3.
Recall the definitions. The CLOT norm with parameter µ is given by

i=1

g
X

[(1 − µ)kzGi k1 + µkzGi k2 ]

kzkC,µ := (1 − µ)kzk1 + µkzk2 ,
while the SGL norm is given by
kzkSGL,µ :=

z

x̂ = argmin kzkC,µ s.t. kAz − yk2 ≤ 

z

x̂ = argmin kzkSGL,µ s.t. kAz − yk2 ≤ 

(25)

(24)

Recall also the problem set-up. The measurement vector y equals Ax + η where kηk2 ≤ ,
a known upper bound. The recovered vector x̂ is defined as

if SGL is used, and as

if CLOT is used.
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Definition 8 A matrix A ∈ Rm×n is said to satisfy the `2 robust null space property
(RNSP) if there exist constants ρ ∈ (0, 1) and τ ∈ R+ such that, for all sets S ⊆ [n] with
|S| ≤ k, we have
(26)

ρ
τ
khS k2 ≤ √ khS c k1 + √ kAhk2 .
k
k

12

.

(31)

(30)

With these assumptions,

Define

√
µ g
.
1−µ

13

kx̂ − xk1 ≤ Cσk (x, k · k1 ) + D,

γ=

1−ρ
µ< √
.
g(1 + ρ)

JMLR 18(54):1-24, 2017

(34)

(33)

(32)

n
m×n satisfies the RIP of order tk with
Theorem 10 Suppose
p x ∈ R and that A ∈ R
constant δ = δtk < (t − 1)/t, and define constants ρ, τ as in (31). Suppose that

In p
Theorem 10 below, it is assumed that the matrix A satisfies the RIP of order tk with
δtk < (t − 1)/t, in accordance with Theorem 3. With this assumption, we prove bounds
on the residual error kx̂ − xk1 with SGL; the bounds for CLOT can be obtained simply by
setting g = 1 in the SGL bounds. Note that, once bounds for kx̂ − xk1 are proved, it is
possible to extend the bounds to kx̂ − xkp for all p ∈ [1, 2]; see (Foucart and Rauhut, 2013,
Theorem 4.22).

Then A satisfies the `2 -robust null space property with
√
c
b k
ρ = < 1, τ = 2 .
a
a

δν 2
c :=
2(t − 1)

1/2

(29)

√
b := ν(1 − ν) 1 + δ,



(28)

a := [ν(1 − ν) − δ(0.5 − ν + ν 2 )]1/2 ,

Theorem 9 ((Ranjan and Vidyasagar, 2016, Theorem 5)) Suppose that,
p for some number
t > 1, the matrix A satisfies the RIP of order tk with constant δtk < (t − 1)/t. Let δ be
an abbreviation for δtk , and define the constants
p
ν := t(t − 1) − (t − 1) ∈ (0, 0.5),
(27)

The following result is established in Ranjan and Vidyasagar (2016) in the context of
group sparsity, but is new even for conventional sparsity. The reader is directed to that
source for the proof.

khS k1 ≤ ρkhS c k1 + τ kAhk2 .

This property was apparently first introduced in (Foucart and Rauhut, 2013, Definition
√
4.21). Note that the definition in Foucart and Rauhut (2013) has just τ in place of τ / k.
It is easy to show that, if (26) holds, then

Two New Approaches to Compressed Sensing

C=

2(1 + ρ)
4τ
,D =
.
(1 − γ) − (1 + γ)ρ
(1 − γ) − (1 + γ)ρ

1
[(1 + ρ)Cσk (x, k · k1 ) + ((1 + ρ)D + 2τ )], ∀p ∈ (1, 2],
k 1−1/p

(36)

(35)

1−γ
.
1+γ

ν2
.
2(t − 1)

(38)

θ1
,
θ3 + ρ̄2 θ2

(39)

14
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where the i are i.i.d. N (0, 1/16). The objective was to express y as a linear combination
of x1 through x6 . In other words, we wished to express y = Xβ, where X is the matrix
with the xi as columns, and β is a 6 × 1 vector. Ideally the outcome should be to assign

x1 = Z1 + 1 , x2 = −Z1 + 2 , x3 = Z1 + 3 , x4 = Z2 + 4 , x5 = −Z2 + 5 , x6 = Z2 + 6 ,

To illustrate that CLOT demonstrates the grouping effect as does EN (see Theorem 7), we
ran the same example as at the end of (Zou and Hastie, 2005, Section 5). Specifically, we
chose Z1 and Z2 to be two independent U (0, 20) random variables, and the observation y
as N (Z1 + 0.1Z2 , 1). The six observations were

3.1 Grouping Effect of CLOT

In this section we present two simulation studies, to demonstrate the the grouping effect of
CLOT and the lack of robust sparse recovery of EN, respectively.

3. Numerical Examples

δ < ρ̄2

If the matrix A satisfies the RIP of order tk with a constant δ = δtk , then SGL achieves
robust sparse recovery of order k provided

ρ̄ :=

Given µ > 0, define γ as in (33), and define

θ3 :=

The proof of the above theorem is presented in an appendix, due to its length.
In the above theorem, we started with the restricted isometry constant δ and computed
an upper bound on µ in order for
p SGL and CLOT to achieve robust sparse recovery. As
δtk gets closer to the limit δtk < (t − 1)/t (which is known to be the best possible in view
of Theorem 4), the limit on µ would approach zero. It is also possible to start with µ and
find an upper bound on δ, by rearranging the inequalities. As this involves just routine
algebra, we simply present the final bound. Given the number t ≥ 4/3, define ν as in (27),
and define
θ1 := ν(1 − ν) ∈ (0, 0.25), θ2 := 0.5 − θ1 ∈ (0.25, 0.5),
(37)

where

kx̂ − xkp ≤
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Figure 1: Solution Paths for CLOT

15

In this subsection we illustrate Theorem 6. In this set-up, n = 4, 000 and k = 3. The first
three components of the vector x are assigned values at random using the Matlab rand
function, which resulted in [ 0.8147 0.9058 0.1270 ]. The remaining components of x
were set equal to zero. We could have chosen not just the values but also the location of the
nonzero components at random; but this would have been just a permuation of the above
example.

3.2 Lack of Robust Sparse Recovery by EN

and that β4 through β6 are much smaller than β1 through β3 .
The three algorithms LASSO, EN, and CLOT were implemented via the Lagrangian
formulation in (2), with λ being increased. Clearly, when λ is sufficiently large, the optimal
value of β is the zero vector. The “sufficiently large” value of λ varies from one algorithm
to the next. Figures 1 through 3 show the solution trajectories of the three algorithms
as functions of λ, with µ set equal to 0.5. From Figures 1 and 2, it is clear that both
CLOT and EN very quickly reach the correct proportionalities between the large coefficient
values, which eventually become smaller and go to zero as λ becomes larger. In contrast,
the LASSO solutions are quite inaccurate.

β1 ≈ −β2 ≈ β3 ,

high weights to the correlated group x1 , x2 , x3 and low weights to x4 , x5 , x6 . Therefore, if
β denotes the six-dimensional coefficient vector, we should have that

Standardized Coefficients

0

0

1

1

3

Solution Path - EN

4

Lambda

5

Solution Path - Lasso

4

Lambda

5

6

6

Ahsen, Challapalli and Vidyasagar

2

3

Figure 2: Solution Path for EN
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Figure 3: Solution Path for LASSO
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x̂CLOT
0.8147
0.9058
0.1270
8.1472
9.0579
1.2699
81.4724
90.5792
12.6987
814.7236
905.7918
126.9868
8.1472 × 103
9.0579 × 103
1.2699 × 103

x̂EN
0.8147
0.9058
0.1270
8.1472
9.0579
1.2699
24.1502
31.8304
4.7944
111.2433
132.8940
15.3818
NaN
NaN
NaN
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In this paper we have introduced a new optimization formulation called CLOT (Combined
L-One and Two), wherein the regularizer is a convex combination of the `1 - and `2 -norms.
This formulation differs from the Elastic Net (EN) formulation, in which the regularizer is
a convex combination of the `1 - and `2 -norm squared. This seemingly simple modification
has fairly significant consequences. In particular, it is shown in this paper that the EN
formulation does not achieve robust recovery of sparse vectors in the context of compressed
sensing, whereas the new CLOT formulation does so. Also, like EN but unlike LASSO, the
CLOT formulation achieves the grouping effect, wherein coefficients of highly correlated
columns of the measurement (or design) matrix are assigned roughly comparable values. It

4. Discussion and Concluding Remarks

is noteworthy that LASSO does not have the grouping effect and EN (as shown here) does
not achieve robust sparse recovery. Therefore the CLOT formulation combines the best
features of both LASSO (robust sparse recovery) and EN (grouping effect).
The CLOT formulation is a special case of another one called SGL (Sparse Group
LASSO) which was introduced into the literature previously, but without any analysis of
either the grouping effect or robust sparse recovery (Simon et al., 2013). It is shown here
that SGL achieves robust sparse recovery, and also achieves a version of the grouping effect
in that coefficients of highly correlated columns of the measurement (or design) matrix are
assigned roughly comparable values, if the columns belong to the same group.
There are several papers in the literature that discuss LASSO-like formulations for
group sparsity; some of these are discussed here. First, there is a companion paper by a
subset of the present authors (Ahsen and Vidyasagar, 2016), which studies the problem of
robust sparse recovery with SGL-like formulations, but with restrictions on the group size.
In contrast, in the present paper, there is no such restriction, which is why the results
derived here for the SGL formulation can be directly applied to the CLOT formulation.
Second, for the case where several columns of the matrix A are highly correlated, (Bühlmann
et al., 2013) suggests a two-stage process whereby first correlated columns are clustered,
and second, a variant of LASSO is applied. In a discussion of this paper, namely (Bien
and Wegkamp, 2013), all the LASSO variants together with EN are run on various test
data. For the purposes of the present discussion, the salient observation is that the EN
formulation performed roughly as well – no better and no worse – compared almost all the

Table 1: Comparison of solutions of the CLOT and EN algorithms as the unknown vector
is scaled by successive powers of 10. The CLOT output simply scales by the same
factor, whereas the EN output begins to be incorrect already when the scale factor
is 100. For a scale factor of 104 , the algorithm fails.

4

3

2

1

c
0
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with the same value of µ = 0.2 in both cases. Then we replaced x by 10c x for c = 1, 2, 3, 4
and recomputed the estimates. Because m < n/4, according to Theorem 7, EN should fail
as the norm of the vector x is increased.
The above constrained optimization problems were solved using the cvx package in
Matlab, on an HP Pavilion laptop. The actual results are shown in Table 1. For compactness
only the first three components of x̂ are shown. As can be seen, when c = 0 or c = 1, both
CLOT and EN give the correct answer. However, for larger values of c, the CLOT estimate
simply got multiplied by the same scale factor, whereas the EN estimate started diverging
from the true value with c = 2; the algorithm failed to converge with c = 4.

z

x̂EN = argmin(1 − µ)kzk1 + µkzk22 s.t. Az = y,

z

and led to a binary matrix of dimensions p2 × pr+1 . The smallest prime number greater
than 20 is p = 23, and m = p2 = 529. Note that m < n/4. The main advantages of the
construction in (DeVore, 2007) are that (i) the construction is deterministic, (ii) the matrix
A is binary, and (iii) only a fraction 1/p of the elements of A are equal to 1, and the rest
are equal to zero. This makes computation very fast.
Once the matrix A was chosen, we defined the measured vector as y = Ax; that is, we
did not introduce any measurement noise. Then we computed estimates of x using both
CLOT and EN. With δ = 0.4, the constant ρ defined in (31) becomes 0.6551, and the bound
in (32), after substituting g = 1, becomes µ < 0.2084. Therefore we chose µ = 0.2, and
defined
x̂CLOT = argmin kzkC,µ s.t. Az = y,

Next, in order to achieve robust sparse recovery of order k, following Theorem 3 we
needed to choose a t ≥ 4/3 and
p then choose a matrix A such that A satisfied the RIP of
orderp
dtke with constant δ < (t − 1)/t. We chose t = 1.5, which resulted in dtke = 5, and
δ5 < 1/3 ≈ 0.5774. We chose δ5 = 0.4. Therefore we had to choose an integer m and a
matrix A ∈ Rm×n such that A satisfied the RIP of order 5 with constant δ5 ≤ 0.4. Such
a matrix was constructed using the deterministic procedure suggested in (DeVore, 2007).
This required the choice of an integer r ≥ 2 and a prime number p such that


(dtke − 1)r 1/(r+1)
= max{20, 15.87} = 20.
p ≥ max
,n
δ
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LASSO variants. Finally, in (van de Geer, 2014), a general theory is presented whereby the
fully decomposable `1 -norm is replaced by a weakly decomposable norm, and oracle bounds
are derived for kx̂ − xk provided that the index set [n] is divided into an “allowed set”
and its complement. There is also some discussion of overlapping group decompositions.
Specifically, when an element of the index set [n] appears in two groups, the corresponding
column of A is simply replicated to remove the overlap. However, if two columns of A are
identical (and normalized), then the RIP constant δ2 would equal zero, as would δk for
k ≥ 2. Therefore, if the case of overlapping groups is handled in this manner, then any
analysis based on RIP would be infructuous. The above discussion is quite cursory, and the
reader may consult these references for fuller details.
It would be worthwhile to study the behavior of SGL with overlapping groups. There are
variants of SGL with overlapping groups, provided they satisfy some additional constraints;
see (Jenetton et al., 2011; Obozinski et al., 2011) for example. However, in a companion
paper (Ahsen and Vidyasagar, 2016), it is shown that the assumptions of (Jenetton et al.,
2011; Obozinski et al., 2011) still enforce a nonoverlap constraint, but in a nonobvious
fashion. As pointed out in the previous paragraph, the approach of introducing duplicate
columns into A to eliminate overlap would render any analysis based on RIP impossible.
Thus a suitable approach remains to be discovered.

Acknowledgments
The authors thank two anonymous reviewers and the Handling Editor for their careful
reading of earlier versions of this paper and many helpful comments. Theorem 5 and its proof
were supplied by one of the reviewers. This research was supported by the National Science
Foundation under Award #ECCS-1306630 and by the Cancer Prevention and Research
Institute of Texas (CPRIT) under Award No. RP140517, and by the Department of Science
and Technology, Government of India.

Appendix A: Proof of Theorem 10

kxj

≥ (1 − µ)kx +

+µ

g
X
j=1

kxj + hj

k2 .

Proof Hereafter we write z i instead of zGi in the interests of brevity.
Define h = x̂ − x ∈ Rn . From the definition of the estimate, we have that

g
X

k2

(40)
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g
X
(kxj k2 − k(xj + hj k2 ) ≥ 0.
j=1

hk1

kxkSGL,µ ≥ kx̂kSGL,µ = kx + hkSGL,µ

+µ

j=1

From the definition of the SGL norm, this expands to
(1 −

µ)kxk1

This can be rearranged as
(1 − µ)(kxk1 − kx + hk1 ) + µ

19
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√

g
X

√

√

g(khS k1 + khS c k1 ),

[kxj k2 − kxj + hj k2 ]

gkhk1 ≤

j=1

gkhk2 ≤

(41)

We will work separately on each of the two terms separately. First, by the triangle inequality,
we have that

khj k2 ≥

kxj + hj k2 ≥ kxj k2 − khj k2 , or khj k2 ≥ kxj k2 − kxj + hj k2 .
As a consequence,

g
X
j=1

khj k2 ≤

From Schwarz’ inequality, we get
g
X
j=1

for any S ⊆ [n]. Combining everything gives

g
X
√
[kxj k2 − kxj + hj k2 ] ≤ g(khS k1 + khS c k1 ),
j=1

= kxS + hS k1 + kxS c + hS c k1

(42)

for any subset S ⊆ [n]. Second, for any subset S ⊆ [n], the decomposability of k · k1 implies
that
kxk1 = kxS k + kxS c k1 ,
kx +

≥ kxS k1 − khS k1 + khS c k1 − kxS c k1 .

kxk1 − kx + hk1 ≤ khS k1 − khS c k1 + 2kxS c k1 .

hk1

while the triangle inequality implies that

Therefore

(43)

If we now choose S to be the set corresponding to the k largest elements of x by magnitude,
then
kxS c k1 = σk (x, k · k1 ) =: σk .
With this choice of S, (42) becomes

kxk1 − kx + hk1 ≤ khS k1 − khS c k1 + 2σk .

Substituting the bounds (41) and (42) into (40) gives
√
0 ≤ µ g(khS k1 + khS c k1 ) + (1 − µ)(khS k1 − khS c k1 + 2σk ).

0 ≤ γ(khS k1 + khS c k1 ) + (khS k1 − khS c k1 + 2σk ).

(1 − γ)khS c k1 − (1 + γ)khS k1 ≤ 2σk .

JMLR 18(54):1-24, 2017

(44)

Now recall the definition of the constant γ from (33). Using this definition, the above
inequality can be rearranged as

and equivalently as

20

−ρkhS c k1 + khS k1 ≤ 2τ .

−(1 + γ)
1



(46)

(45)

1−γ
.
1+γ


1
1
khS c k1

≤
khS k1
det(M )
ρ

  
(1 + γ)  
 2 σk + 0  .
0
2τ
(1 − γ)
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which gives

(47)
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Clearing out the matrix multiplication gives


 

 
1
khS c k1
2
2τ (1 + γ)
≤
σk +
 .
khS k1
2ρ
2τ (1 − γ)
det(M )





which is precisely (32). Thus we can multiply both sides of (46) by

M −1 ,

Recall the definition of γ from (33). Now routine algebra shows that
√
1−µ g
1−ρ
1−γ
ρ<
⇐⇒ ρ <
,
√ ⇐⇒ µ < √
1+γ
1+µ g
g(1 + ρ)

det(M ) = 1 − γ − ρ(1 + γ) > 0 ⇐⇒ ρ <

The matrix M has positive diagonal elements (recall that γ < 1), and negative off-diagonal
elements. Therefore, if det(M ) > 0, then every element of M −1 is positive, in which we can
multiply both sides of (46) by M −1 . Now

where the coefficient matrix M is given by

(1 − γ)
M=
−ρ

The two inequalities (44) and (45) can be written compactly as
  
  

0
2
khS c k1
 ,
σk +
≤
M
2τ
khS k1
0

or equivalently

khS k1 ≤ ρkhS c k1 + 2τ ,

Substituting this bound for kAhk2 gives us the second equation we need, namely

kAhk2 = kAx̂ + η − (Ax + η)k2 ≤ 2.

However, because both x and x̂ are feasible for the optimization problem in (24), we get

This is the first of two equations that we need.
Now we derive the second equation. From Theorem 9, we know that the matrix A satisfies the l2 -robust null space property, namely (26). An application of Schwarz’ inequality
shows that
khS k1 ≤ ρkhS c k1 + τ kAhk2 .

Two New Approaches to Compressed Sensing

khk1 ≤



 khS c k1
khS k1

1
[2(1 + ρ)σk + 4τ ].
det(M )

1

k 1/p−1/2
√
[ρkhΛc0 k1 + τ kAhk2 ]
k
1
[ρ(Cσk + D) + 2τ ]
k 1−1/p
1
[ρCσk + (ρD + 2τ )].
k 1−1/p

(49)

22

JMLR 18(54):1-24, 2017

Jacob Bien and Marten Wegkamp. Discussion of correlated variables in regression: Clustering and sparse estimation”. Journal of Statistical Planning and Inference, 143(11):
1859–1862, November 2013.

Alexandre Belloni, Victor Chernozhukov, and Lie Wang. Pivotal estimation via square-root
Lasso in nonparametric regression. The Annals of Statistics, 42(2):757–788, 2014.

Mehmet Eren Ahsen and Mathukumalli Vidyasagar. Error bounds for compressed sensing algorithms with group sparsity: A unified approach. Applied and Computational
Harmonic Analysis, page to appear, 2016.

References

Adding (48) and (49) gives (35).

=

≤

≤

khΛ0 kp ≤ k 1/p−1/2 khΛ0 k2

We will bound each term separately. First, by (Foucart and Rauhut, 2013, Theorem 2.5)
and (34), we get
1
1
khΛc0 kp ≤ 1−1/p khk1 ≤ 1−1/p (Cσk + D).
(48)
k
k
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Notation. Through the paper, we will use k to denote the number of classes (i.e.,
labels) in the learning problem. We will denote by S the subset of Rk−1 for which the

Despite its widespread applicability, there exists a relative paucity in the understanding
of the theoretical properties behind ordinal regression methods, at least compared to that of
binary and multiclass classification. One such example is the notion of Fisher consistency,
which relates the minimization of a given loss to the minimization of a surrogate with better
computational properties. The importance of this property stems from the fact that many
supervised learning methods, such as support vector machines, boosting and logistic regression for binary classification, can be seen as methods that minimize a convex surrogate on
the 0-1 loss. Such results have emerged in recent years for classification (Bartlett et al.,
2003; Zhang, 2004a; Tewari and Bartlett, 2007), ranking (Duchi et al., 2010; Calauzenes
et al., 2012), structured prediction (Ciliberto et al., 2016; Osokin et al., 2017) and multiclass classification with an arbitrary loss function (Ramaswamy and Agarwal, 2012, 2016),
a setting that subsumes ordinal regression. Despite these recent progress, the Fisher consistency of most surrogates used within the context of ordinal regression remains elusive.
The aim of this paper is to bridge the gap by providing an analysis of Fisher consistency
for a wide family of ordinal regression methods that parallels the ones that already exist
for other multiclass classification and ranking.

The ordinal regression approach also shares properties with the learning-to-rank problem (Liu, 2011), in which the goal is to predict the relative order of a sequence of instances.
Hence, this approach focuses on predicting a relative order while ordinal regression focuses
on predicting a label for each instance. In this sense, it is possible for a ranking model (but
not for an ordinal regression one) that predicts the wrong labels to incur no loss at all, as
long as the relative order of those labels are correct, e.g. if the prediction is given by the true
label plus an additive bias. Although ordinal regression and ranking are different problems,
the distinction between both has not always been clear, generating some confusion. For
example, in the past some methods presented with the word “ranking” in the title would
be considered today ordinal regression methods (Crammer and Singer, 2001; Shashua and
Levin, 2003; Crammer and Singer, 2005) and likewise some of the first pairwise ranking
methods (Herbrich et al., 1999) featured the word ordinal regression in the title.

Ordinal regression shares properties–and yet is fundamentally different–from both multiclass classification and regression. As in the multiclass classification setting, the target
variables consist of discrete values, and as in the regression setting (but unlike the multiclass
setting) there is a meaningful order between the classes. If we think of the symptoms of a
physical disease, it is clear that if the true label is “severe” it is preferable to predict “mild”
than “absent”. Ordinal regression models formalize this notion of order by ensuring that
predictions farther from the true label incur a greater penalty than those closer to the true
label.

≺ “severe”) for the symptoms of a physical disease (Armstrong and Sloan, 1989) and the
NRS-11 numeric rating scale for clinical pain measurement (Hartrick et al., 2003). Ordinal
regression models have been successfully applied to fields as diverse as econometrics (Greene,
1997), epidemiology (Ananth and Kleinbaum, 1997), fMRI-based brain decoding (Doyle
et al., 2013) and collaborative filtering (Rennie and Srebro, 2005).
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In ordinal regression the goal is to learn a rule to predict labels from an ordinal scale, i.e.,
labels from a discrete but ordered set. This arises often when the target variable consists of
human generated ratings, such as (“do-not-bother” ≺ “only-if-you-must” ≺ “good” ≺ “verygood” ≺ “run-to-see”) in movie ratings (Crammer and Singer, 2001), (“absent” ≺ “mild”

1. Introduction

Keywords: Fisher consistency, ordinal regression, calibration, surrogate loss, excess risk
bound.

Many of the ordinal regression models that have been proposed in the literature can be
seen as methods that minimize a convex surrogate of the zero-one, absolute, or squared
loss functions. A key property that allows to study the statistical implications of such
approximations is that of Fisher consistency. Fisher consistency is a desirable property for
surrogate loss functions and implies that in the population setting, i.e., if the probability
distribution that generates the data were available, then optimization of the surrogate would
yield the best possible model. In this paper we will characterize the Fisher consistency of
a rich family of surrogate loss functions used in the context of ordinal regression, including
support vector ordinal regression, ORBoosting and least absolute deviation. We will see
that, for a family of surrogate loss functions that subsumes support vector ordinal regression
and ORBoosting, consistency can be fully characterized by the derivative of a real-valued
function at zero, as happens for convex margin-based surrogates in binary classification. We
also derive excess risk bounds for a surrogate of the absolute error that generalize existing
risk bounds for binary classification. Finally, our analysis suggests a novel surrogate of
the squared error loss. We compare this novel surrogate with competing approaches on 9
different datasets. Our method shows to be highly competitive in practice, outperforming
the least squares loss on 7 out of 9 datasets.
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components are non-decreasing, that is,
n
o
S := α : α ∈ Rk−1 and αi ≤ αi+1 for 1 ≤ i ≤ k − 2

i=1

∆p denotes the p-dimensional simplex, defined as


p


X
x ∈ Rp : xi ≥ 0 and
xi = 1



∆p :=

Following Knuth (1992) we use the Iverson bracket J·K as
(
1 if q is true
0 otherwise .
JqK :=

We will also make reference to loss functions commonly used in binary classification. These
are the hinge loss (ϕ(t) = max(1 − t, 0)), the squared hinge loss (ϕ(t) = max(1 − t, 0)2 ),
the logistic loss (ϕ(t) = log(1 + e−t )), exponential loss (ϕ(t) = e−t ) and the squared loss
(ϕ(t) = (1 − t)2 ).
1.1 Problem setting

(1)

Here we present the formalism that we will be using throughout the paper. Let (X , A) be
a measurable space. Let (X, Y ) be two random variables with joint probability distribution
P , where X takes its values in X and Y is a random label taking values in a finite set of
k ordered categories that we will denote Y = {1, . . . , k}. In the ordinal regression problem,
we are given a set of n observations {(X1 , Y1 ), . . . , (Xn , Yn )} drawn i.i.d. from X × Y and
the goal is to learn from the observations a measurable mapping called a decision function
f : X → S ⊆ Rk−1 so that the risk given below is as small as possible:
L(f ) := E(`(Y, f (X))) ,

i=1

k−1
X
Jαi < 0K .

(2)

where ` : Y ×S is a loss function that measures the disagreement between the true label and
the prediction. For ease of optimization, the decision function has its image in a subset of
Rk−1 , and the function that converts an element of S into a class label is called a prediction
function. The prediction function that we will consider through the paper is given for α ∈ S
by the number of coordinates below zero plus one, that is,
pred(α) := 1 +

.
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(3)

Note that for the case of two classes Y = {1, 2}, the decision function is real-valued and
the prediction defaults the common binary classification rule in which prediction depends
on the sign of this decision function.
Different loss functions can be used within the context of ordinal regression. The most
commonly used one is the absolute error, which measures the absolute difference between
the predicted and true labels. For α ∈ S, this is defined as
`(y, α) := y − pred(α)
3
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(4)

The absolute error loss is so ubiquitous in ordinal regression that some authors refer to it
simply as the ordinal regression loss (Agarwal, 2008; Ramaswamy and Agarwal, 2012). For
this reason we give special emphasis on this loss. However, we will also describe methods
that minimize the 0-1 loss (i.e., the classification error) and in Section 3.4 we will see how
some results can be generalized beyond these and to general loss functions that verify a
certain admissibility criterion.
In order to find the decision function with minimal risk it might seem appropriate to
minimize Eq. (1). However, this is not feasible in practice for two reasons. First, the
probability distribution P is unknown and the risk must be minimized approximately based
on the observations. Second, ` is typically discontinuous in its second argument, hence
the empirical approximation to the risk is difficult to optimize and can lead to an NPhard problem (Feldman et al., 2012; Ben-David et al., 2003)1 . It is therefore common to
approximate ` by a function ψ : Y × S → R, called a surrogate loss function, which has
better computational properties. The goal becomes then to find the decision function that
instead minimizes the surrogate risk, defined as

A(f ) := E(ψ(Y, f (X))) .

and

f

A∗ := inf A(f )

,

We are interested by the statistical implications of such approximation. Assuming that
we have full knowledge of the probability distribution that generates the data P , what are
the consequences of optimizing a convex surrogate of the risk instead of the true risk?
The main property that we will study in order to answer this question is that of Fisher
consistency. Fisher consistency is a desirable property for surrogate loss functions (Lin,
2004) and implies that in the population setting, i.e., if the probability distribution P were
available, then optimization of the surrogate would yield a function with minimal risk.
From a computational point of view, this implies that the minimization of the surrogate
risk, which is usually a convex optimization problem and hence easier to solve than the
minimization of the risk, does not penalize the quality (always in the population setting) of
the obtained solution.
We will use the following notation for the optimal risk and optimal surrogate risk:
f

L∗ := inf L(f )

where the minimization is done over all measurable functions X → S. L∗ is sometimes
referred to as the Bayes risk, and a decision function (not necessarily unique) that minimizes
the risk is called a Bayes decision function.

We will now give a precise definition of Fisher consistency. This notion originates from a
classical parameter estimation setting. Suppose that an estimator T of some parameter θ is
defined as a functional of the empirical distribution Pn . We denote it T (Pn ). The estimator
is said to be Fisher consistent if its population analog, T (P ), coincides with the parameter
θ. Adapting this notion to the context of risk minimization (in which the optimal risk is
the parameter to estimate) yields the following definition, adapted from Lin (2004) to an
arbitrary loss function `:

JMLR 18(55):1-35, 2017

1. Note that binary classification can be seen as a particular case of ordinal regression.

4

,

i=1

pi `(i, α)

and

A(α, p) :=
i=1

k
X

pi ψ(i, α) .

(5)

α∈S

5
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This equation implies that the minimal risk can be achieved by minimizing pointwise the
conditional risk L(·), which–in general–will be easier that direct minimization of the full risk.

α

When the risk infimum over functions that can be defined independently at every x ∈ X ,
it is possible to relate the minimization of the risk with that of the conditional risk since



inf L(f ) = inf EX×Y `(Y, f (X)) = EX inf EY |X (`(Y, f (X)))
f
f
f


(6)
= EX inf L(α, η(X))
.

α∈S

where η : X → ∆k is the vector of conditional probabilities given by ηi (x) = P (y = i|X = x).
As for the full risk, we will denote by L∗ , A∗ the infimum of its value for a given p ∈ ∆k ,
i.e.,
L∗ (p) = inf L(α, p) and A∗ (p) = inf A(α, p) .

A(f ) = EX×Y (ψ(Y, f (X))) = EX EY |X (ψ(Y, f (X))) = EX (A(f (X), η(X))) ,

L(f ) = EX×Y (`(Y, f (X))) = EX EY |X (`(Y, f (X))) = EX (L(f (X), η(X)))

The full and conditional risk are then related by the equations

L(α, p) :=

k
X

The above definition of Fisher consistency is often replaced by a point-wise version that is
easier to verify in practice. Two key ingredients of this characterization are the notions of
conditional risk and surrogate conditional risk that we will now define. These are denoted
by L and A respectively, and defined for any α ∈ S, p ∈ ∆k by

1.2 Full and conditional risk

for some real-valued function γ with γ(0) = 0. These inequalities not only imply Fisher
consistency, but also allow to bound the excess risk by the excess in surrogate risk. These
inequalities play an important role in different areas of learning theory, as they can be
used for example to obtain rates of convergence (Bartlett et al., 2003) and oracle inequalities (Boucheron et al., 2005).

γ(L(f ) − L∗ ) ≤ A(f ) − A∗

For some surrogates we will be able to derive not only Fisher consistency, but also excess
risk bounds. These are bounds of the form

.

.

.

6
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L(f ) − L∗ = EX (L(f (X), η(X)) − L∗ (η(X))) = EX (L(α̃, p̃) − L∗ (p̃)) > 0

and so A(f ) = A∗ . Likewise, the excess risk verifies

A(f ) − A∗ = EX (A(f (X), η(X)) − A∗ (η(X))) = EX (A(α̃, p̃) − A∗ (p̃)) = 0 ,

We now construct a probability distribution (X, Y ) such that the Fisher consistency characterization is not verified in order to arrive to a contradiction. For this, consider the
probability distribution P such that η(x) = p̃ for all x ∈ X . Consider also f : X → S, the
mapping that is constantly α̃. Then it is verified that

and so ψ is Fisher consistent with respect to `.
( =⇒ ) We prove that Fisher consistency implies Eq. (7). We do so by contradiction:
first suppose that there exists a surrogate that is Fisher consistent but Eq. (7) is not verified
and arrive to a contradiction. If Eq. (7) is not verified then there exists α̃ ∈ S and p̃ ∈ ∆k
such that
A(α̃, p̃) = A∗ (p̃) and L(α̃, p̃) > L∗ (p̃) .

L(f ) − L∗ = EX (L(f (X), η(X)) − L∗ (η(X))) = E(0) = 0

The value inside the expectation is non-negative by definition of A∗ . Since this is verified for
all probability distributions over X × Y , then it must be true that A(f (x), η(x)) = A∗ (η(x))
for all x ∈ X . By assumption L(f (X), η(X)) = L∗ (η(X)). Hence the excess risk verifies

A(f ) − A∗ = EX (A(f (X), η(X)) − A∗ (η(X))) = 0

Proof Let L and A denote the expected value of ` and ψ, as defined in Equations (1)
and (4) respectively.
( ⇐= ) We prove that Eq. (7) implies Fisher consistency. Let f be such that A(f ) = A∗ .
Then it is verified that

Lemma 2 (Pointwise characterization of Fisher consistency) Let A and L be defined as in Eq (5). Then ψ is Fisher consistent with respect to ` if and only if for all p ∈ ∆k
it is verified that
A(α, p) = A∗ (p) =⇒ L(α, p) = L∗ (p) .
(7)

The condition for this, i.e., that the functions be estimated independently at every sample
point, is verified by the set of measurable functions from the sample space into a subset of
Rk (in this case S), which is the typical setting in studies of Fisher consistency. However,
this is no longer true when inter-observation constraints are enforced (e.g. smoothness). As
is common in studies of Fisher consistency, we will suppose that the function class verifies
the property of Eq. (6) and we will discuss in Section 4 an important family of functions in
which this requisite is not met.
We will now present a characterization of Fisher consistency based on the pointwise risk
which we will use throughout the paper. Equivalent forms of this characterization have appeared under a variety of names in the literature, such as classification calibration (Bartlett
et al., 2003; Ramaswamy and Agarwal, 2012), infinite sample consistency (Zhang, 2004b)
and proper surrogates (Buja et al., 2005; Gneiting and Raftery, 2007).

Definition 1 (Fisher consistency) Given a surrogate loss function ψ : Y × S → R, we
will say that the surrogate loss function ψ is consistent with respect to the loss ` : Y ×S → R
if for every probability distribution over X × Y it is verified that every minimizer f of the
surrogate risk reaches Bayes optimal risk, that is,

A(f ) = A∗ =⇒ L(f ) = L∗
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and so ψ cannot be Fisher consistent with respect to `. This is a contradiction, and concludes
the proof.

1.3 Summary of main results
The main contribution of this paper is to characterize the Fisher consistency of a wide family
of surrogate loss functions used for the task of ordinal regression. Contrary to known results
for multiclass classification and ranking, where One-vs-All and RankSVM have been proven
to be inconsistent, in the ordinal regression setting common surrogates such as ORSVM
and proportional odds will be proven to be Fisher consistent. One of the most surprising
results of this paper is that for a particular class of surrogates that verify a decomposability
property, it is possible to provide a characterization of Fisher consistency and excess risk
bounds that generalize those known for convex margin-based surrogates (loss functions of
the form ϕ(Y f (X))) in binary classification.
We will introduce the surrogate loss functions that we consider in Section 2. These
will be divided between surrogates of the absolute error and surrogate of the 0-1 loss. We
organize their study as follows:
• In Sections 3.1 and 3.2 we characterize the Fisher consistency for surrogates of
the absolute and squared error. The surrogates that we consider in this section
are the all threshold (AT), the cumulative link (CL), the least absolute deviation
(LAD) and the least squares (LS). Besides Fisher consistency, a decomposability of
the AT loss will allow us to provide excess risk bounds for this surrogate.
• In Section 3.3 we characterize the Fisher consistency of the surrogates of the
0-1 loss. For this loss, denoted immediate threshold (IT), its Fisher consistency will
depend on the derivative at zero of a real-valued convex function.
• In Section 3.4 we construct a surrogate for an arbitrary loss function that
verifies an admissibility condition. We name this surrogate generalized all threshold
(GAT). This loss function generalizes the AT and IT loss functions introduced earlier.
We will characterize the Fisher consistency of this surrogate.
• Turning back to one of the topics mentioned in the introduction, we discuss in Section 4 the implications of inter-observational constraints in Fisher consistency. Following Shi et al. (2015), we define a restricted notion of consistency
known as F-consistency of parametric consistency and give sufficient conditions for
the F-consistency of two surrogates.

JMLR 18(55):1-35, 2017

• In Section 5 we examine the empirical performance of a novel surrogate.
This novel surrogate is a particular instance of the GAT loss function introduced in
Section 3.4 when considering the squared error as evaluation metric. We compare this
novel surrogate against a least squares model on 9 different datasets, where the novel
surrogate outperforms the least squares estimate on 7 out of the 9 datasets.
7

1.4 Related work

Pedregosa, Bach and Gramfort

Fisher consistency of binary and multiclass classification for the zero-one loss has been
studied for a variety of surrogate loss functions, see e.g. (Bartlett et al., 2003; Zhang,
2004a; Tewari and Bartlett, 2007; Reid and Williamson, 2010). Some of the results in this
paper generalize known results for binary classification to the ordinal regression setting. In
particular, Bartlett et al. (2003) provide a characterization of the Fisher consistency for
convex margin-based surrogates that we extend to the all threshold (AT) and immediate
threshold (IT) family of surrogate loss functions. The excess error bound that we provide
for the AT surrogate also generalizes the excess error bound given in (Bartlett et al., 2003,
Section 2.3).

Fisher consistency of arbitrary loss functions (a setting that subsumes ordinal regression)
has been studied for some surrogates. Lee et al. (2004) proposed a surrogate that can take
into account generic loss functions and for which Fisher consistency was proven by Zhang
(2004b). In a more general setting, Ramaswamy and Agarwal (2012, 2016) provide necessary
and sufficient conditions for a surrogate to be Fisher consistent with respect to an arbitrary
loss function. Among other results, they prove consistency of least absolute deviation (LAD)
and an ε-insensitive loss with respect to the absolute error for the case of three classes
(k = 3). In this paper, we extend the proof of consistency for LAD to an arbitrary number
of classes. Unlike previous work, we consider the so-called threshold-based surrogates (AT,
IT and CL), which rank among the most popular ordinal regression loss functions and for
which its Fisher consistency has not been studied previously.

Fisher consistency has also been studied in the pairwise ranking setting, where it
has been proven (Duchi et al., 2010; Calauzenes et al., 2012) that some models (such as
RankSVM) are not consistent. Despite similarities between ranking and ordinal regression,
we will see in this paper that most popular ordinal regression models are Fisher consistent
under mild conditions.

There are few studies on the theoretical properties of ordinal regression methods. A notable example comes from Agarwal (2008), where the authors study generalization bounds
for some ordinal regression algorithms. Some of the surrogate loss functions used by these
models (such as the support vector ordinal regression of Chu and Keerthi (2005)) are analyzed in this paper. In that work, the authors outline the study of consistency properties
of ordinal regression models as an important question to be addressed in the future.

A related, yet different, notion of consistency is asymptotic consistency. A surrogate
loss is said to be asymptotically consistent if the minimization of the ψ-risk converges to
the optimal risk as the number of samples tends to infinity. It has also been studied in the
setting of supervised learning (Stone, 1977; Steinwart, 2002). This paper focuses solely on
Fisher consistency, to whom we will refer simply as consistency from now on.

2. Ordinal regression models

JMLR 18(55):1-35, 2017

We introduce the different ordinal regression models that we will consider within this paper.
Considering first the absolute error, we will write this loss as a sum of binary 0-1 loss

8

i=y

i=1

i=y

y−1
k−1
X
X
Jαi ≥ 0K −
Jαi < 0K

i=1

.

y−1
k−1
X
X
Jαi < 0K −
Jαi < 0K

Jαi < 0K
(8)

i=1

y−1
X

Jαi ≥ 0K +

i=y

k−1
X

Jαi < 0K .

(9)

i=1

y−1
X

ϕ(−αi ) +
i=y

k−1
X

ϕ(αi )

.

(10)

9
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2. The 0-1 loss, defined as the function that is 1 for negative values and 0 otherwise can be defined in
bracket notation as `0−1 (t) = Jαi ≤ 0K.

This function has appeared under different names in the literature. When ϕ is the hinge
loss, this model is known as support vector ordinal regression with implicit constraints (Chu
and Keerthi, 2005) and support vector with sum-of-margins strategy (Shashua and Levin,
2003). When ϕ is the exponential loss, this model has been described in (Lin and Li, 2006)
as ordinal regression boosting with all margins. Finally, Rennie and Srebro (2005) provided
a unifying formulation for this approach considering for the hinge, logistic and exponential
loss under the name of All-Threshold loss, a name that we will adopt in this paper.
The name thresholds comes from the fact that in the aforementioned work, the decision
function is of the form αi = θi − f (·), where (θ1 , . . . , θk−1 ) is a vector estimated from the
data known as the vector of thresholds. We will discuss in Section 4 the implications of
such decision function. For the prediction rule to give meaningful results it is important
to ensure that the thresholds are ordered, i.e., θ1 ≤ θ2 , ≤ · · · , ≤ θk−1 (Chu and Keerthi,
2005). In our setting, we enforce this through the constraint α ∈ S, hence the importance
of restricting the problem to this subset of Rk−1 .
Another family of surrogate loss functions takes a probabilistic approach and models instead the posterior probability. This is the case of the cumulative link models of McCullagh

ψAT (y, α) :=

This expression suggests that a natural surrogate can be constructed by replacing the
binary 0-1 loss in the above expression function by a convex surrogate such as the logistic
or hinge loss. Denoting by ϕ : R → R such surrogate, we obtain the following loss function
that we denote all threshold (AT):

`(y, α) =

If αy ≥ 0 then the second summand of the last equation equals zero. Otherwise, if
αy < 0, then the first summand equals zero. In either case, we have

=

= y−1−

i=1

k−1
X

10
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The aforementioned approaches can be seen as methods that adapt known binary classification methods to the ordinal regression setting. A different approach consists in treating
the labels as real values and use regression algorithms to learn a real-valued mapping between the samples and the labels. This ignores the discrete nature of the labels, thus it is

As with the AT surrogate, this loss has appeared under a variety of names in the literature. When ϕ is the hinge loss, this model is known as support vector ordinal regression
with explicit constraints (Chu and Keerthi, 2005) and support vector with fixed-margins
strategy (Shashua and Levin, 2003). When ϕ is the exponential loss, this model has been
described by Lin and Li (2006) as ordinal regression boosting with left-right margins. We
note that the construction of the AT and IT surrogates are similar, and in fact, we will see
in Section 3.4 that both can be seen as a particular instance of a more general family of
loss functions.

Given this expression, a natural surrogate is given by replacing the binary 0-1 loss by a
convex surrogate as the hinge or logistic function. Following Rennie and Srebro (2005), we
will refer to this loss function as immediate threshold (IT):



if y = 1
ϕ(α1 )
ψIT (y, α) := ϕ(−αy−1 ) + ϕ(αy ) if 1 < y < k
(12)


ϕ(−αk−1 )
if y = k .

We will now consider the multiclass 0-1 loss. In this case, the loss will be 1 if the
prediction is below or above y (i.e., if αy−1 ≥ 0 or αy < 0) and 0 otherwise. Hence, it is
also possible to write the multiclass 0-1 loss as a sum of binary 0-1 loss functions:



if y = 1
Jα1 < 0K
`(y, α) = Jαy−1 ≥ 0K + Jαy < 0K if 1 < y < k


Jαk−1 ≥ 0K
if y = k .

(1980). In such models the decision function f is selected to approximate σ(fi (x)) = P (Y ≤
i|X = x), where σ : R → [0, 1] is a function referred to as link function. Several functions
can be used as link function, although the most common ones are the sigmoid function and
the Gaussian cumulative distribution. The sigmoid function, i.e., σ(t) = 1/(1 + exp(−t)),
leads to a model sometimes referred as proportional odds (McCullagh, 1980) and cumulative logit (Agresti, 2010), although for naming consistency we will refer to it as logistic
cumulative link. Another
link function is given by the Gaussian cumulative disR t important
2
tribution, σ(t) = √12π −∞ e−x /2 , used in the Gaussian process ordinal regression model
of Chu and Ghahramani (2004). The cumulative link (CL) loss function is given by its
negative likelihood, that is,



if y = 1
− log(σ(α1 ))
ψCL (y, α) := − log(σ(αy ) − σ(αy−1 )) if 1 < y < k
(11)


− log(1 − σ(αk−1 ))
if y = k .

functions2 . This is a key reformulation of the absolute error that we will use throughout
the paper. For any y ∈ Y and α ∈ S we have the following sequence of equivalences

`(y, α) = y − pred(α) = y − 1 −
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,

necessary to introduce a prediction function that converts this real value into a label in Y.
This prediction function is given by rounding to the closest label (see, e.g., (Kramer et al.,
2001) for a discussion of this method using regression trees). This approach is commonly
referred to as the regression-based approach to ordinal regression. If we are seeking to minimize the absolute error, a popular loss function is to minimize the least absolute deviation
(LAD). For any β ∈ R, this is defined as
ψLAD (y, β) := |y − β|

5
α2 = − β,
2
...,

1
αi = i + − β
2
.

(13)

and prediction is then given by rounding β to the closest label. This setting departs from
the approaches introduced earlier by using a different prediction function. However, via
a simple transformation it is possible to convert this prediction function (rounding to the
closest label) to the prediction function that counts the number of non-zero components
defined in Eq. (2). For a given β ∈ R, this transformation is given by
3
α1 = − β,
2
It is immediate to see that this vector α belongs to S and

(rounding to the lower label in case of ties) ,

if β ≤ 1 + 21
if i − 21 ≤ β < i + 21 , 1 < i < k
if β ≥ k − 21

i=1

k−1
X
1
pred(α) = 1 +
Ji + < βK
2


1


= i


k

1≤i≤k

= arg min|β − i|

3
2

(14)

hence predicting in the transformed vector α is equivalent to the closest label to β. We will
adopt this transformation when considering LAD for convenience, in order to analyze it
within the same framework as the rest. With the aforementioned transformation, the least
absolute deviation surrogate is given by
ψLAD (y, α) = y + α1 −

Although the surrogate loss function LAD and the absolute loss of Eq. (3) look very similar,
they differ in that the LAD surrogate is convex on α, while the absolute error is not, due
to the presence of the discontinuous function pred(·).
In this section we have introduced some of the most common ordinal regression methods
based on the optimization of a convex loss function. These are summarized in Table 1.

3. Consistency results
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In this section we present consistency results for different surrogate loss functions. We have
organized this section by the different loss functions against which we test for consistency.
11

Model

Pedregosa, Bach and Gramfort

i=1

i=y

Loss Function
Pk−1

ϕ(−αi ) +

ϕ(αi )

Also known as

Implicit constraints (Chu
and Keerthi, 2005), all margins (Lin and Li, 2006).

− log(σ(αy ) − σ(αy−1 ))

Proportional odds (McCullagh, 1980), cumulative
logit (Agresti, 2010).

of

ϕ(−αy−1 ) + ϕ(αy )

2

Squared error, sum
squares, `2 regression.

Explicit constraints (Chu
and Keerthi, 2005), Fixedmargins (Shashua and Levin,
2003)

3
2

|y + α1 − 23 |



y + α1 −

Least absolute error, least
absolute residual, Sum of absolute deviations, `1 regression.

Py−1

Table 1: Surrogate loss functions considered in this paper.

All thresholds (AT)

threshold

Cumulative link (CL)

Immediate
(IT)

Least absolute deviation (LAD)

Least squares (LS)

The first subsection presents results for the absolute error, which is the most popular loss for
ordinal regression. In the second subsection we provide consistency results for a surrogate of
the squared loss. Finally, in the third subsection we show results for the 0-1 loss as, perhaps
surprisingly, several commonly used surrogates turn out to be consistent with respect to
this loss.
3.1 Absolute error surrogates

i=1

j=1

j=i

j=1
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k
k
X
X
Jαj ≥ 0K(1 − ui (p)) +
Jαj < 0Kui (p) ,

i=1



k
i−1
k−1
X
X
X
pi  Jαj ≥ 0K +
Jαj < 0K

In this section we will assume that the loss function is the absolute error, i.e., `(y, α) =
y − pred(α) and we will focus on surrogates of this loss. For an arbitrary α ∈ S, the
conditional risk for the absolute error can be reformulated using the development of the
absolute error from Eq. (8):

L(α, p) =

=

12

i=1

r−1
X

ui (p) +

i=r

k−1
X

(1 − ui (p)) .

(15)

.

.

i=r

X

ui (p) +

i=r

X

r∗ −1

(1 − ui (p)) = −
i=r

X

r∗ −1

2ui (p) − 1 .

i=r

2ui (p) − 1

i=r∗

r−1
X

ui (p) −

i=r∗

r−1
X

(1 − ui (p)) =
i=r∗

r−1
X

.

2ui (p) − 1
.

i=r∗

r−1
X
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.

2ui (p) − 1

L(α, p) − L(α(p), p) = 0

• r = r∗ . In this case, Eq. (15) yields

L(α, p) − L(α(p), p) =
.
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Since by definition of prediction function 2ui (p) − 1 ≥ 0 for i ≥ r∗ , it is verified that

L(α, p) − L(α(p), p) =

• r > r∗ . Similarly, in this case Eq. (15) implies that

L(α, p) − L(α(p), p) =

∗ −1
rX

Now, by the definition of prediction function, 2ui (p) − 1 < 0 for i < r∗ , so we have

L(α, p) − L(α(p), p) = −

r∗ −1

• r < r∗ . In this case, Eq. (15) implies that

Proof We will prove that for any α ∈ S and any p ∈ ∆k , L(α, p) ≥ L(α(p), p). We consider
p and α fixed and we denote r∗ = pred(α(p)) and r = pred(α). We distinguish three cases,
r < r∗ , r > r∗ and r = r∗ .

α(p) ∈ arg min L(α, p)

Then, L(·, p) achieves its minimum at α(p), that is,

α(p) = (2u1 (p) − 1, . . . , 2uk−1 (p) − 1)

Lemma 3 For any p ∈ ∆k , let α(p) be defined as

Using this expression, we will now derive an explicit minimizer of the conditional risk. Note
that because of the prediction function counts the number of nonzero coefficients, only the
sign of this vector is of true interest.

L(α, p) =

P
where u(p) is the vector of cumulative probabilities, i.e., ui (p) := ij=1 pj . Let r = pred(α).
Then αr−1 < 0 and αr ≥ 0, from where the above can be simplified to
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i∈I

i=j

(17)

(1 − ui (p))ϕ(−αi ) + ui (p)ϕ(αi ) ,

i=1

i=1

k−1
X

C(αi , ui (p)) .

14
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Our aim is to compute A∗ in terms of the infimum of C, denoted C ∗ (q) := inf β C(q, β).
Since C is the conditional risk of a binary classification problem, this would yield a link
between the optimal risk for the AT surrogate and the optimal risk for a binary classification
surrogate. However, this is in general not possible because of the monotonicity constraints
in S: the infimum over S need not equal the infimum over the superset Rk−1 . We will
now present a result that states sufficient conditions under which the infimum over S and
over Rk−1 do coincide. This implies that A∗ can be estimated as the sum of k − 1 different
surrogate conditional risks, each one corresponding to a binary classification surrogate. A
similar result was proven in the empirical approximation setting by Chu and Keerthi (2005,
Lemma 1). In this work, the authors consider the hinge loss and show that any minimizer
of this loss automatically verifies the monotonicity constraints in S.

A(α, p) =

where C can be seen as the conditional risk associated with the binary classification loss
function ϕ. Using this notation, the conditional risk A can be expressed in terms of C as:

C(β, q) = qϕ(β) + (1 − q)ϕ(−β) ,

P
where as in the previous section ui (p) = ij=1 pi , α ∈ S and p ∈ ∆k . This surrogate verifies
a decomposable property that will be key to further analysis. The property that we are
referring to is that the above conditional risk it can be expressed as the sum of k − 1 binary
classification conditional risks. For β ∈ R, q ∈ [0, 1], we define C as follows

=

j=1

j=1

k−1
X

i=1

All threshold (AT). We will now consider the AT surrogate. We will prove that some
properties known for binary classification are inherited by this loss function. More precisely,
we will provide a characterization of consistency for convex ϕ in Theorem 5 and excess risk
bounds in Theorem 6 that parallel those of Bartlett et al. (2003) for binary classification.
Through this section A will represent the conditional risk of the AT surrogate, which
can be expressed as:


j−1
k
k
k−1
X
X
X
X
A(α, p) =
pj ψAT (j, α) =
pj 
ϕ(−αi ) +
ϕ(αi )

which is always non-negative and hence L∗ (p) = L(α(p), p).

Let I denote the set of indices for which α disagrees in sign with α, that is, I =
{i : αi (2ui (p) − 1) < 0}. Then, combining the three cases we have the following formula for
the excess in conditional risk
X
L(α, p) − L(α(p), p) =
2ui (p) − 1 ,
(16)
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ui (p)
1−ui (p)

− 2ui (p))2 .

Pk−1 p
i=1 2 ui (p)(1 − ui (p)).
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.



i=1 (2

Pk−1

A∗ (p) =
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C ∗ (ui (p))

log

ui (p)
1−ui (p)

1
2

,

In the following lemma we give sufficient conditions on ϕ under which the monotonicity
constraints can be ignored when computing A∗ . This is an important step towards obtaining
an explicit expression for A∗ :

i=1

k−1
X

Lemma 4 Let ϕ : R → R be a function such that ϕ(β)−ϕ(−β) is a non-increasing function
of β ∈ R. Then for all p ∈ ∆k , it is verified that
A∗ (p) =

• Logistic AT : αi∗ (p) = log
E(t) = t log(t).

• Exponential AT : αi∗ (p) =

A∗ (p) =

16



1+θ
2



.

(18)
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3. Bartlett et al. (2003) define this as the ψ-transform. However, since we already use ψ to denote the
surrogate loss functions we will use letter γ in this case.

• ϕ is differentiable at 0 and ϕ0 (0) < 0.

• ϕ is convex.

Theorem 6 (Excess risk bounds) Let ϕ : R → R be a function that verifies the following
conditions:

We will now state the excess risk bound of the AT surrogate in terms of the γ-transform:

γ(θ) = ϕ(0) − C ∗

We will now derive excess risk bounds for AT. These are inequalities that relate the
excess conditional risk L(α) − L∗ , to the excess in surrogate conditional risk A(α) − A∗ . For
this, we will make use of the γ-transform3 of a binary loss function (Bartlett et al., 2003).
For a convex function ϕ this is defined as

Proof We postpone the proof until Section 3.4, where this will follow as a particular case
of Theorem 13.

Theorem 5 Let ϕ : R → R be convex. Then the AT surrogate is consistent if and only if
ϕ is differentiable at 0 and ϕ0 (0) < 0.

It is immediate to check that the models mentioned above are consistent since the
decision functions coincides in sign with the minimizer of the risk defined in Lemma 3.
Note that the sign of αi∗ (p) at ui (p) = 12 is irrelevant, since by Eq. (15) both signs have
equal risk. We now provide a result that characterizes consistency for a convex ϕ:

• Squared AT, αi∗ (p) = 2ui (p) − 1,



∗ )
and the squared loss. With this result, if αi∗ is a minimizer of C(ui (p)), then (α1∗ , . . . , αk−1
will be a minimizer of A(p). Hence, the optimal decision function for the aforementioned
values of ϕ is simply the concatenation of known results for binary classification, which have
been derived in Bartlett et al. (2003) for the hinge, squared hinge and Exponential loss and
in (Zhang, 2004a) for the logistic loss. Using the results from binary classification we list
the values of α∗ and A∗ in the case of AT for different values of ϕ:
Pk−1
• Hinge AT, : αi∗ (p) = sign(2ui (p) − 1), A∗ (p) = i=1
{1 − 2ui (p) − 1 }.
Pk−1
• Squared hinge AT, : αi∗ (p) = (2ui (p) − 1), A∗ (p) = i=1
4ui (p)(1 − ui (p)).


Pk−1
, A∗ (p) = i=1
{−E(ui (p)) − E(1 − ui (p))}, where

α∈S

C ∗ (ui (p)) = A(α∗ , p) = inf A(α, p) = A∗ (p) .

Proof Let p ∈ ∆k be fixed and let α∗ ∈ arg minα∈Rk−1 A(α, p). If α∗ ∈ S, then the result
is immediate since
k−1
X
i=1

Suppose now α∗ ∈
/ S. We will prove that in this case it is possible to find another vector
α̃ ∈ S sith the same surrogate risk. By assumption there exists a i in the range 1 ≤ i ≤ k −2
for which the monotonicity conditions in S are not verified. In this case it is verified that
αi+1 < αi . Since (u1 (p), . . . , uk−1 (p)) is a non-decreasing sequence, for a fixed p it is possible
to write ui+1 (p) = ui (p) + ε, with ε ≥ 0. Then it is true that
C(αi∗ , ui+1 (p)) = (1 − ui (p) − ε)ϕ(−αi∗ ) + (ui (p) + ε)ϕ(αi∗ )
= C(αi∗ , ui (p)) + ε(ϕ(αi∗ ) − ϕ(−αi∗ )) .

.

C ∗ (ui (p)) ,

α∗ ≤ αi∗
i−1
∗
if αi−1
> αi∗

∗
By assumption ε(ϕ(αi∗ ) − ϕ(−αi∗ )) is a non-increasing function of αi∗ and so αi+1
<
αi∗ =⇒
∗ , it must be C(α∗ , u
C(αi , ui+1 (p)) ≤ C(αi+1 , ui+1 (p)). By the optimality of αi+1
i+1 (p)) =
i
∗ ,u
∗
∗
C(αi+1
i+1 (p)). This implies that the vector in which αi+1 is replaced by αi has the
same conditional risk and hence suggest a procedure to construct a vector that satisfies the
constraints in S and achieves the minimal risk in Rk−1 . More formally, we define α̃ ∈ S as:

i=1

α̃i =


α1∗ if

αi∗ if

 ∗

αi−1

i=1

Then by the above C(αi∗ , ui (p)) = C(α̃i , ui (p)) for all i and so A(α∗ , p) = A(α̃, p). Now,
since α̃ is a non-decreasing vector by construction, α̃ ∈ S and we have the sequence of
equalities
k−1
X
A(α∗ , p) = A(α̃, p) =

which completes the proof.
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It is easy to verify that the condition on ϕ of this theorem is satisfied by all the binary
losses that we consider: hinge loss, the squared hinge loss, the logistic loss, exponential loss
15

(19)

i=1

(by Lemma 4).

∗


C(αi , ui (p)) − C (ui (p))

= A(α, p) − A∗ (p)

≤

k−1
X

i∈I

 X

ϕ(0) − C ∗ (ui (p)) ≤
C(αi , ui (p)) − C ∗ (ui (p))

,

.

17
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Note that we have given the excess risk bounds in terms of the conditional risk. These
can also be expressed in terms of the full risk, as done for example by Bartlett et al. (2003);

where the last inequality follows from the fact that ϕ0 (0) < 0 and β(2q − 1) ≤ 0. This
concludes the proof.

ϕ(β(2q − 1)) ≥ ϕ(0) + β(2q − 1)ϕ0 (0) ≥ ϕ(0)

Now, by convexity of ϕ we have

C(β, q) = qϕ(β) + (1 − q)ϕ(−β) ≥ ϕ(qβ − (1 − q)β) = ϕ(β(2q − 1))

Combining this inequality with Eq. (20), we obtain the theorem. Therefore we only need to
prove that β(2q − 1) ≤ 0 implies ϕ(0) ≤ C(β, q). Suppose β(2q − 1) ≤ 0. Then by Jensen’s
inequality

i∈I

X

Let q ∈ [0, 1], β ∈ R. If we can further show that β(2q − 1) ≤ 0 implies ϕ(0) ≤ C(β, q), then

i∈I

Proof Let I denote the set of indices in which the sign of α does not coincide with α, that
is, I = {i : αi (2ui (p) − 1) < 0}. From Bartlett et al. (2003, Lemma 7), we know that if ϕ is
convex and consistent (in the context of binary classification), then γ is convex and we can
write
!
P


L(α, p) − L∗ (p)
i∈I |2ui (p) − 1|
γ
=γ
(by Eq. (16))
k−1
k−1
P
γ(|2ui (p) − 1|)
≤ i∈I
(by Jensen’s inequality)
k−1
(20)
X γ(2ui (p) − 1)
(by symmetry of γ)
=
k−1
i∈I

X ϕ(0) − C ∗ ui (p)
(by definition of γ).
=
k−1

Then for any α ∈ S, p ∈ ∆k , the following excess risk bound is verified:


A(α, p) − A∗ (p)
L(α, p) − L∗ (p)
≤
γ
.
k−1
k−1

• ϕ(β) − ϕ(−β) is a non-increasing function of β.
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θ2
2

=⇒



L(α,p)−L∗ (p)
√
2(k−1)

2

≤ A(α, p) − A∗ .



L(α,p)−L∗ (p)
k−1

2

≤ A(α, p) − A∗ .

18
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For k = 2, these results generalize the known excess risk bounds for binary surrogates.
1
For k > 2, the normalizing factor k−1
is not surprising, since the absolute error is bounded
by k − 1 while the 0-1 loss is bounded by 1. While similar excess risk bounds are known
for multiclass classification (Zhang, 2004b; Ávila Pires et al., 2013), to the best of our
knowledge this is the first time that such bounds have been developed for the AT surrogate
(k > 2).
Cumulative link (CL). We now focus on the CL loss function defined in Eq. (21),
which we restate here for convenience:


− log(σ(α1 ))
if y = 1

ψCL (y, α) := − log(σ(αy ) − σ(αy−1 )) if 1 < y < k
(21)


− log(1 − σ(αk−1 ))
if y = k .

• Squared AT : γ(θ) = θ2 =⇒

√
• Exponential q
AT : γ(θ) = 1 − 1 − θ2 =⇒
∗ (p))2
(k − 1)(1 − 1 − (L(α,p)−L
) ≤ A(α, p) − A∗ .
k−1

• Logistic AT : γ(θ) =

• Hinge AT, : γ(θ) = |θ| =⇒ L(α, p) − L∗ (p) ≤ A(α, p) − A∗ .


∗ (p) 2
• Squared hinge AT, : γ(θ) = θ2 =⇒ L(α,p)−L
≤ A(α, p) − A∗ .
k−1

Examples of excess risk bounds. We will now derive excess bounds for different
instances of the AT loss function. The values of γ only depend on ϕ, so we refer the reader
to Bartlett et al. (2003) on the estimation of γ for the hinge, squared hinge and Exponential
loss and to (Zhang, 2004a) for the logistic loss. Here, we will merely apply the known form
of γ to the aforementioned surrogates.

This, together with Eq. (19) yields the following bound in terms of the full risk
" 

#

L(f (X), η(X)) − L∗ (η(X))
L(f ) − L
≤ EX γ
γ
k−1
k−1


A(f (X), η(X)) − A∗ (η(X))
≤ EX
k−1
A(f ) − A∗
=
k−1

Zhang (2004a). Within the conditions of the theorem, γ is convex and because of Jensen
inequality, it is verified that





γ EX L(f (X), η(X)) − L∗ (η(X)) ≤ EX γ(L(f (X), η(X))
.
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(22)

The terms of this surrogate can be seen as the negative log-likelihood of a probabilistic
model in which σ(α) model the cumulative probabilities:
σ(αi ) = P (Y ≤ i|X = x) = ui (p) ,
and so the likelihood is maximized for σ(αi∗ ) = ui (p). Assuming that the inverse of the link
function σ exists, this implies that the minimizer of the surrogate loss function (given by the
negative log-likelihood) is given by αi∗ (p) = σ −1 (ui (p)). Plugging into the formula for the
Pk
surrogate risk yields A∗ (p) = i=1
pi log(pi ). This immediately leads to a characterization
of consistency based on the link function σ:

.

(23)

Theorem 7 Suppose σ is an invertible function. Then the CL surrogate is consistent if
and only if the inverse link function verifies


1
σ −1 (t) (2t − 1) > 0 for t 6=
2

Proof ( =⇒ ) Suppose CL is consistent but σ −1 does not verify Eq. (23), i.e., there exists
a ξ 6= 1/2 such that σ −1 (ξ)(2ξ − 1) ≤ 0. We consider a probability distribution P such
that u1 (p) = ξ for all p ∈ ∆k . In that case, by Eq. (22) α1∗ (p) = σ −1 (ξ) and so this
has a sign opposite to the Bayes decision function 2ξ − 1. By Eq. (16) this implies that
L(α∗ ) − L∗ ≥ 2ξ − 1 > 0. The last inequality implies that α∗ does not reach the minimal
risk, contradiction since CL is consistent by assumption.
( ⇐= ) Let 0 < i < k. For ui (p) 6= 1/2, αi∗ (p) = σ −1 (ui (p)) by Eq. (22) agrees in sign
with 2ui (p)−1 and so by Lemma 3 has minimal risk. If ui (p) = 1/2, then in light of Eq. (15)
the risk is the same no matter the value of αi∗ (p). We have proven that α∗ (p) has the same
risk as a Bayes decision function, hence the CL model is consistent. This completes the
proof.





,

The previous theorem captures the notion that the inverse of the link function should agree
in sign with 2t−1. When the link function is the sigmoid function, i.e., σ(t) = 1/(1+e−t ) this
surrogate is convex and its inverse link function is given by the logit function, which verifies
the assumptions of the theorem and hence is consistent. Its optimal decision function is given
by
αi∗ (p) = log

ui (p)
1 − ui (p)
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α = (−0.1, −0.05) .

which coincides with the logistic AT surrogate. Despite the similarities between both surrogates, we have not been able to derive excess risk bounds for this surrogate since the
separability properties of the AT are not met in this case. Furthermore, it is possible to
construct a counter example that the γ-transform for the Logistic AT (γ(θ) = θ2 /2) loss
does not yield a valid risk bound in this case. To see this, let k = 3 and p, α be as follows:
p = (1 − 2ε, 1.5ε, 0.5ε),
19

Pedregosa, Bach and Gramfort

i=1

3
X

i=1

pi ψCL (i, α) −

i=1

3
X

−

A(α, p) − A∗
k−1

pi log(pi )

2
X
(2ui (p) − 1) = 2 − 6ε

For these values we can compute the excess risk and excess surrogate risk as
L(α, p) − L∗ =
A(α, p) − A∗ =

L(α, p) − L∗
k−1

If the risk bound is satisfied, then the residuals, defined as


residuals = γ

excess risk bound

must be always negative. However, as it can be seen in Figure 1, the residuals are increasing
as ε goes to 0. Also, in the region ε < 0.02 the residuals become positive and hence the
inequality does not hold.
We finish our treatment of the CL surrogate
by stating the convexity of the logistic CL loss,
which despite being a fundamental property of
the loss, has not been proven before to the best
of our knowledge.
violation of

Lemma 8 The logistic CL surrogate, α 7→
ψCL (y, α), is convex on S for every value of y.

Proof ψCL (1, α) and ψCL (k, α) are convex because they are log-sum-exp functions. It is thus
sufficient to prove that ψCL (i, ·) is convex for 1 < Figure 1: counterexample for the CL exi < k. For convenience we will write this func

cess risk bound.
1
1
tion as f (a, b) = − log 1+exp
(a) − 1+exp (b) ,
where a > b is the domain of definition.
By factorizing the fraction inside f to a common denominator, f can equivalently be
written as − log(exp(a) − exp(b)) + log(1 + exp(a)) + log(1 + exp(b)). The last two terms
are convex because they can be written as a log-sum-exp. The convexity of the first term,
or equivalently the log-concavity of the function f (a, b) = exp(a) − exp(b) can be settled
by proving the positive-definiteness of the matrix Q = ∇f (a, b)∇f (a, b)T − f (a, b)∇2 f (a, b)
for all (a, b) in the domain {b > a} (Boyd and Vandenberghe, 2004). In our case,





 exp(a + b) − exp(a + b)
 1 −1
Q=
 = exp(a + b) 
 ,
− exp(a + b) exp(a + b)
−1 1

which is a positive semidefinite matrix with eigenvalues 2 exp(a + b) and 0. This proves that
Q is positive semidefinite and thus ψCL (i, ·) is a convex function.
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Least absolute deviation. We will now prove consistency of the least absolute deviation (LAD) surrogate. Consistency of this surrogate was already proven for the case k = 3

20

i=1

k
X

pi ψLAD (y, α) = EY ∼p



.

Y + α1 −

3
2

3
2


,

.

21
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• αi∗ (p) > 0. Using the same reasoning as before, it is verified that






3
3
1
P
− Y ≤ α1∗ (p) = P
− Y ≤ αi∗ − i + 1 = P
+ i − αi∗ ≤ Y
2
2
2


1
≥P
+ i ≤ Y = 1 − ui (p) .
2

By assumption, αi∗ (p)(2u
 i (p) − 1) < 0, which implies ui (p) > 1/2. Hence, by the
above we have that P 32 − Y ≥ α1∗ (p) > 1/2. At the same time, by the definition of


median, P 32 − Y ≥ α1∗ (p) ≤ 1/2, contradiction.

• αi∗ (p) < 0. By Eq. (13), αi∗ and α1∗ are related by αi∗ = i − 1 + α1∗ . Then it is verified
that






3
3
1
P
− Y ≥ α1∗ (p) = P
− Y ≥ αi∗ − i + 1 = P
+ i − αi∗ ≥ Y
2
2
2


1
+ i ≥ Y = ui (p) .
≥P
2

We will now prove that LAD is consistent by showing that L(α∗ (p), p) = L(α(p), p), where
α is the Bayes decision function described in Lemma 3. Let r∗ = pred(α(p)) and I denote
the set I = {i : αi∗ (p)(2ui (p) − 1) < 0}. Suppose this set is non-empty and let i ∈ I. We
distinguish the cases αi∗ (p) > 0 and αi∗ (p) < 0:

where Med is the median, that is, α1∗ (p) is any value that verifies




3
1
3
1
P
− Y ≤ α1∗ (p) ≥ and P
− Y ≥ α1∗ (p) ≥
2
2
2
2

where Y ∼ p means that Y is distributed according to a multinomial distribution with
parameter p ∈ ∆k . By the optimality conditions of the median, a value that minimizes this
conditional risk is given by


3
α1∗ (p) ∈ MedianY ∼p
−Y
,
2

A(α, p) =

The pointwise surrogate risk is then given by

ψLAD (y, α) = y + α1 −

Proof Recall that for y ∈ Y, α ∈ S, the LAD surrogate is given by

Theorem 9 The least absolute deviation surrogate is consistent.

by Ramaswamy and Agarwal (2012). For completeness, we provide here an alternative
proof for an arbitrary number of classes.
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y + α1 −

3
2

2

,

.

.

i=1

i=1
k
X

k
X

ipi

(using

i=1

k
X

pi = 1)

(developing the square)

(24)

22
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We will now distinguish three cases: r > s, r < s and r = s. For each of these cases we will
show that L(α) − L(α) ≥ 0, which implies that α has a smaller risk than any other α, and
hence is a Bayes predictor.

i=1

k
X

pi (−2ir + r2 + 2is − s2 )

pi ((i − r)2 − (i − s))2 )

= r2 − s2 − 2(r − s)

=

L(α) − L(α) =

Proof Following our proof for the absolute error, we will show that L(α) − L(α) is always
non-negative, which implies that α reaches the Bayes optimal error.
Let r and s be defined as r = pred(α), s = pred(α). Then we have the following sequence
of equalities:

Then, α is a Bayes predictor, that is, α ∈ arg minα L(α, p).

j=1

Lemma 10 Let α ∈ Rk−1 , be defined component-wise as


k
X
1
α(p)i = i − 
jpj  +
2

As for the case of the least absolute deviation, the only difference between the loss and its
surrogate is the presence of the prediction function in the first.
We will now prove that the least squares surrogate is consistent with the squared error:
we will first derive a value of α, denoted α that reaches the Bayes optimal error and then
show that the solution to the least squares surrogate agrees in sign with α and so also
reaches the Bayes optimal error.

ψLS (y, β) =

and its surrogate, the least squares loss,

`(y, α) = (y − pred(α))2

We now consider the squared error, defined as

3.2 Squared error

Supposing I not empty has lead to contradictions in both cases, hence I = ∅. By
Eq. (16), L(α∗ (p), p) = L(α(p), p), which concludes the proof.



By assumption ui (p) < 1/2 =⇒ P 23 − Y ≤ α1∗ (p) > 1/2. At the same time, by


the definition of median, P 32 − Y ≥ α1∗ (p) ≤ 1/2, contradiction.
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k
X
i=1

k
X
i=1

ipi

ipi ≥ s − (1/2))

positive

i=1

k
X

ipi = r2 − s2 + (−2)(r − s)
{z
}
|

≤0

(since

• s > r. This implies that s is greater than 1 since s > r ≥ 1. We can conclude from
the definition of prediction function in Eq. (2) that the (s − 1)-th
Pk coordinate of α is
strictly negative. By the definition of α we have that s − 1 − i=1
ipi + (1/2) < 0
Pk
ipi > s − (1/2). Using this in Eq. (24) we have the following
or equivalently i=1
sequence of inequalities:
L(α) − L(α) = r2 − s2 − 2(r − s)

<0

1
≥ r2 − s2 + (−2)(r − s)(s − )
2
(r−s)2

= r2 + s2 − 2rs +r − s = (r − s) (r − s + 1)
{z
}
|
| {z } | {z }
≥0

k
X
i=1

<0

≤0

k
X

i=1

k
X
i=1

ipi )

ipi ≥ −s − (1/2))

ipi = r2 − s2 + 2(r − s)(−
| {z }
(since −

positive

• s < r. We follow a similar argument but reversing the inequalities. The assumption
in this case implies that s is smaller than k since s < r ≤ k. We can conclude
from the definition of prediction function in Eq. P
(2) that the s-th coordinate of α is
k
positive. By the definition of α we have that s − i=1
ipi + (1/2) ≥ 0 or equivalently
Pk
− i=1
ipi ≥ −s − (1/2). Using this in Eq. (24) we have the following sequence of
inequalities:
L(α) − L(α) = r2 − s2 − 2(r − s)
1
≥ r2 − s2 + 2(r − s)(−s − )
2
(s−r)2

= r2 + s2 − 2rs +s − r = (s − r) (s − r + 1)
|
{z
}
| {z } | {z }

≥0

• s = r. Since the excess risk only depends on r, s and not on the particular values of
α, α (see Eq. (24)), the excess risk is the same in this case, i.e., L(α) − L(α) = 0.

Theorem 11 The least squares surrogate ψLS is consistent with respect to the squared error.

k
X
i=1



3 2
pi ψLS (y, α) = EY ∼p Y + α1 −
2
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,

Proof The proof follows closely that of the least absolute deviation (Theorem 9) replacing
the median by the expected value. In this case, the pointwise error can be written as
A(α, p) =

23
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i=1

k
X

ipi +

1
2

.

3
∗
and by
Pthe optimality conditions of the expected value, we have that α1 = E( 2 − Y |X =
x) = i=1 pi ( 32 − i). Hence, the value for a general αi∗ is given by i + α1∗ (Eq. 13), which
can be written as

αi∗ = i −

This corresponds to the Bayes predictor of Lemma 10 and hence is consistent.

We will encounter another consistent loss function in the Experiments section, when we
derive a variant of the AT loss function that is consistent with respect to the square error.
3.3 Surrogates of the 0-1 loss

k
X
i=1

pj ψIT (j, α) =

i=1

k−1
X

pi ϕ(−αi ) + pi+1 ϕ(αi )

Perhaps surprisingly, some popular models for ordinal regression turn out to be surrogates,
not of the absolute error, but of the 0-1 loss. In this section we focus on the 0-1 loss and
we provide a characterization of consistency for the immediate threshold loss function.
Immediate thresholds (IT). In this case, the conditional risk can be expressed as
A(α, p) =

As pointed out by Chu and Keerthi (2005), and contrary to what happened for AT
surrogate, the constraints can not be ignored in general when computing A∗ . Results that
rely on this property such as the excess error bound of Theorem 6 will not translate directly
for the IT loss. However, we will still be able to characterize the functions ϕ that lead to a
consistent surrogate, in a result analogous to Theorem 5 for the AT surrogate.

Theorem 12 Let ϕ be convex. Then the IT surrogate is Fisher consistent with respect to
the 0-1 loss if and only if ϕ is differentiable at 0 and ϕ0 (0) < 0.

Proof As for the AT surrogate, this can be seen as a particular case of Theorem 13 with
` the 0-1 loss. We will postpone the proof until Section 3.4.

3.4 Extension to other admissible loss functions

JMLR 18(55):1-35, 2017

In this section we will show that the AT and IT surrogates can be seen as particular
instances of a family of loss functions for which we will be able to provide a characterization
of consistency.
The admissibility criterion
that we require on the loss function is that this is of the form

`(i, α) = g i − pred(α) , where g is a non-decreasing function. Intuitively, this condition
implies that labels further away from the true label are penalized more than those closer
by. This criterion is general enough to contain all losses considered before such as the
absolute error, the squared error and (albeit in a degenerate sense) 0-1 loss. A very similar
condition is the V-shape property of (Li and Lin, 2007). This property captures the notion
that the loss should not decrease as the predicted value moves away from the true value

24

i=y

i=1

i=y

i=1

y−1
X

ϕ(−αi )cy−i +
i=y

k−1
X

ϕ(αi )ci−y+1

.

j=1

i
X

i=1

pj ci−j+1

j=1

vi (p) =
j=i+1

k
X

pj cj−i

j=i

.

=

i=1

k−1
X

i=1

25

vi (p)ϕ(−αi ) + ui (p)ϕ(αi ) ,
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Note that we have overloaded the function u defined in Section 3.1. This is not a coincidence,
as when ` is the absolute error both definitions coincide. Using this notation, the surrogate
risk can be conveniently written as


k
k
i−1
k−1
X
X
X
X
A(α, p) =
pi ψGAT (i, α) =
pi 
ϕ(−αj )ci−j +
ϕ(αj )cj−i+1 

ui (p) =

Before presenting the proof of this theorem, we will need some auxiliary results. Unlike
for the absolute error, in this case we will not be able to derive a closed form of the optimal
decision function. However, we will be able to derive a formula for the excess risk in terms
of the functions u, v : ∆k → Rk−1 , defined as

Theorem 13 Let ϕ be convex. Then the GAT surrogate is consistent if and only if ϕ is
differentiable at 0 and ϕ0 (0) < 0.

In the special case of the absolute error, ci is identically equal to 1 and we recover AT
loss of Eq. (10). Likewise, for the zero-one loss, ci will be one for i ∈ {y − 1, y} and zero
otherwise, recovering the IT loss of Eq. (12). We will now present the main result of this
section, which has Theorems 5 and 12 as particular cases.

ψGAT (y, α) :=

In light of this, it seems natural to define a surrogate for this general loss function by
replacing the 0-1 loss with a surrogate as the hinge or logistic that we will denote by ϕ.
This defines a new surrogate that we will denote generalized all threshold (GAT):

i=1

by imposing that ` verifies `(y, α) ≤ `(y, α0 ) for y − pred(α) ≤ y − pred(α0 ) . The only
difference between the two conditions is that our admissibility criterion adds a symmetric
condition, i.e., ` verifies that the loss of predicting a when the true label is b is the same as
the loss of predicting b when the true label is a, which is not necessarily true for V-shaped
loss functions. We conjecture that the results in this section are valid for general V-shaped
loss functions, although for simplicity we have only proven results for symmetric V-shaped
loss functions. For the rest of this section, we will consider that ` is a loss function that
verifies the admissibility criterion.
We define ci by c0 = g(0) and ci = g(i) − g(i − 1) for 0 < i ≥ k. With this notation it
is
to verify by induction that g can be written as a sum of ci with the formula g(i) =
Peasy
i
j=1 cj and that ci ≥ 0 by the admissibility property. Following the same development as
in Eq. (8), any admissible loss function can be written as a sum of ci as


y−1
y−1
k−1
k−1
X
X
X
X

`(y, α) = g
Jαi ≥ 0K +
Jαi < 0K =
cy−i Jαi ≥ 0K +
ci−y+1 Jαi < 0K . (25)
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∗

i=1

r−1
X

ui +

i=r

k−1
X

i=r



vi − 

i=1

∗ −1
rX

i=1

cj

ui +

ui +

j=1

i−r
X

∗ −1
rX



vi − 

,

i=r+1

pi

i=1

k
X

i=r∗

k−1
X

i=r∗

k−1
X

vi  =



vi  =



i=r+1

i=r∗

r−1
X

i=r

,

(vi − ui ) ,

(ui − vi )

∗ −1
rX

(26)

26

ϕ(β) ≥ g2 β + ϕ(0) .

ϕ(β) ≥ g1 β + ϕ(0)
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Proof [Proof of Theorem 13] This proof loosely follows the steps by Bartlett et al. (2003,
Theorem 6), with the difference that we must ensure that the optimal value of the surrogate
risk lies within S and adapted to consider multiple classes. We denote by α∗ the value in
S that minimizes A(·), by r the prediction at α∗ and by r∗ the prediction of any Bayes
decision function, where the dependence on p is implicit.
( =⇒ ) We first prove that consistency implies ϕ is differentiable at 0 and ϕ0 (0) < 0.
We do so by proving that the subdifferential at zero is reduced to a single vector. Since ϕ
is convex, we can find subgradients g1 ≥ g2 of ϕ at zero such that, for all β ∈ R

0 ≤ L(α) − L =

∗

and similarly for r > r∗

i=1

ui +

k−1
X

i=r

vi

cj +

k−1
X

j=1

r−i
X

ui +

pi

r−1
X

i=1

r−1
X

i=1

0 ≤ L(α) − L =

hence for r < r∗ ,

=

=

r−1
X

i=1

Proof The risk can be expressed in terms of ui and vi (where the dependence of p is
implicit) as
k
r−1
k
X
X
X
L(α) =
pi g(|r − i|) =
pi g(r − i) +
pi g(i − r)

i=r

Lemma 14 Let p ∈ ∆k , α ∈ S, r = pred(α) and r∗ be the label predicted by any Bayes
decision function at p. Then, it is verified that

r∗

X




(vi (p) − ui (p)) if r < r∗


i=r
∗
L(α, p) − L (p) =
r−1

X



(ui (p) − vi (p)) if r > r∗ .


 ∗

and we have the following formulas for the excess risk:
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Then we have for all i
vi ϕ(−β) + ui ϕ(β) ≥ vi (g1 β + ϕ(0)) + ui (−g2 β + ϕ(0))

(27)

= (vi g1 − ui g2 )β + (vi + ui )ϕ(0)


1
1
(vi + ui )(g1 − g2 ) + (vi − ui )(g1 + g2 ) + (vi + ui )ϕ(0) .
2
2

=β

if i = k − 1
otherwise

For 0 < ε < 1/2, we will consider the following vector of conditional probabilities


1
1
p = 0, · · · , 0, − ε, + ε
,
2
2
from where ui and vi take the following simple form
(
(
pk−1 c1 if i = k − 1
pk c1
, vi =
0
otherwise
pk−1 ck−i−1 + pk ck−i
ui =

∗
hence by Eq. (26) consistency implies r = k and so we must have αk−1
< 0.
Let now α̃ ∈ S be a vector that equals α∗ in all except the last component, which is
zero (i.e., α̃k−1 = 0). We will now prove that if g1 > g2 then A(α̃, p) < A(α∗ , p) leading to a
contradiction. For the particular choice of uk−1 , vk−1 above, equation (27) can be simplified
to


1
(g1 − g2 ) + ε(g1 + g2 ) + (vk−1 + uk−1 )ϕ(0) .
2

vk−1 ϕ(−β) + uk−1 ϕ(β) ≥ β

.

Since by assumption g1 > g2 , it is always possible to choose ε small enough such that the
∗
quantity inside the square brackets is strictly positive. Special casing at β = αk−1
and using
< 0 yields the following inequality:

∗
αk−1

∗
∗
) + uk−1 ϕ(αk−1
) ≥ (vk−1 + uk−1 )ϕ(0)
vk−1 ϕ(−αk−1

k−1
X

i=1

,

k−2
X

vi (p)ϕ(−αi∗ ) + ui ϕ(αi∗ ) + vk−1 ϕ(0) + uk−1 ϕ(0)

(by last inequality)

i=1

k−2
X

∗
vi (p)ϕ(−αi∗ ) + ui ϕ(αi∗ ) + (vk−1 − uk−1 )αk−1
+ (vk−1 + uk−1 )ϕ(0)

vi (p)ϕ(−αi∗ ) + ui ϕ(αi∗ )

We then have the following sequence of inequalities:
A(α∗ , p) =
≥

>
i=1

= A(α̃, p)
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which results in A(α∗ , p) > A(α̃, p), contradiction since α∗ is the value with lowest surrogate
risk. This implies that if the GAT loss is consistent, then ϕ is differentiable at 0. To see
that we must also have ϕ0 (0) < 0, notice that from Eq. (27) we have
Ai (β) ≥ (vi − ui )ϕ0 (0)β + Ai (0) .
27
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But for any vi > ui and β < 0, if ϕ0 (0) ≥ 0, then this expression is greater than Ai (0).
Hence, if GAT is consistent then ϕ0 (0) < 0, which concludes one of the implications of the
proof.

i=1

k−1
X

λi (αi − αi+1 ) .

( ⇐= ) We now prove that if ϕ is differentiable at 0 and ϕ0 (0) < 0, then GAT is
consistent.
The first order optimality conditions states that there exists λi ≥ 0 such that the optimal
value of A(α, p) subject to α ∈ S is the minimizer of the following unconstrained function:

G(α) = A(α, p) +

αi =0

= (ui − vi )ϕ0 (0) − λi−1 + λi

,

We show that assuming GAT is not consistent (i.e., L(α∗ ) > L∗ ) leads to a contradiction
and hence GAT must be consistent.
We start by computing the partial derivative of G at zero:
∂G
∂αi

αi =0

=

i=r

r
X

∗

ui − vi  ϕ0 (0) + λr∗

,

∗
< 0 ≤ αr∗ verifies by definition of predicwere for convenience λ0 = 0. Note that αr−1
tion function. Hence, the inequality constraints are verified with strict inequality and by
complementary slackness λr−1 = 0. Suppose first r < r∗ . Then, the addition of all partial
derivatives between r and r∗ yields


r∗

X ∂G
∂αi

i=r

αi =0

=

i=r∗

r
X

ui − vi  ϕ0 (0) − λr∗ −1

,

which by Lemma 14 is strictly positive. Consider the convex real-valued function of αi →
∗ , . . . , α , . . .), that is, the function G(α∗ ) restricted to α , i ≥ r. Since α∗ ≥ 0
G(α1∗ , . . . , αr−1
i
i
i
for all i ≥ r by the definition of prediction function, and knowing the subdifferential of a
convex function is a monotonous, this implies that ∂G/∂αi≥r ≤ 0 at αi = 0, contradiction.
Now we suppose r > r∗ . Then, the addition of all partial derivatives between r∗ and r
yields


r
X
∂G
∂αi

i=r∗

which by Lemma 14 is strictly negative. As before, we consider the function the func∗
tion G(α∗ ) restricted to αi , i ≥ r. By the definition of prediction function, αi<r
< 0 and
so the fact that the subdifferential of a real-valued function is monotonous, we have that
∂G/∂αi≥r ≥ 0 at αi = 0, contradiction.

4. Threshold-based decision functions and parametric consistency
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In this section we revisit the assumption that the optimal decision function can be estimated
independently at each point x ∈ X . This is implicitly assumed on most consistency studies,

28

f ∈F

.

ui (η(x))
1 − ui (η(x))
,

29
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for some real number ai , then the logistic all threshold and the logistic CL are F-consistent.

Theorem 16 If the quotient of successive Ri is independent of x for all 0 < i < k − 1, that
is, if
Ri (x)
= ai ∀x ∈ X ,
Ri+1 (x)

where η(x) is the vector of conditional probabilities defined in Section 1.2 and ui is the
vector of conditional probabilities.

Ri (x) =

We will show that by imposing additional constraints on the probability distribution P
we will be able to derive F-consistency for particular surrogates. In the following theorem
we give one sufficient condition for F-consistency of the logistic all threshold and the logistic
CL. This condition involves the odds-ratio, defined as

f ∈F

f ∗ ∈ arg min A(f ) =⇒ L(f ∗ ) = inf L(f )

Definition 15 (F-Consistency) Given a surrogate loss function ψ : Y × S → R, we will
say that the surrogate loss function ψ is F-consistent with respect to the loss ` : Y × S → Y
if for every probability distribution over X × Y it is verified that every minimizer of the
ψ-risk reaches the optimal risk in F, that is,

i=1

y−1
X

ϕ(−αi )(2(y − i) − 1) +

i=y

k−1
X

ϕ(αi )(2(i − y) + 1)

.

i=1

j=1

w∈Rp

arg min

i=1

n
X

30

(yi − hw, xi i)2

j=yi
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In each case, the optimal values of w, θ were found by minimizing the empirical surrogate
risk. For the training sample {(x1 , y1 ), . . . , (xn , yn )}, xi ∈ Rp , it yielding the following
optimization problems for GAT and least squares, respectively:


n yX
k−1
i −1

X
X
arg min
ϕ(hw, xi i − θj )(2(y − j) − 1) +
ϕ(θj − hw, xi i)(2(j − y) + 1)


θ∈S,w∈Rp

In principle, any binary loss function can be used for ϕ, although in the experiments we set
it to the hinge loss function. To the best of our knowledge, this is a novel surrogate. We
compare the cross-validation error of this surrogate on different datasets against the least
squares surrogate (for which we proved consistency in §3.2) where β ∈ R and prediction is
given by rounding to the closest integer. In both cases, we consider linear decision functions,
i.e.
α = (θ1 − hw, xi, . . . , θk−1 − hw, xi) and β = hw, xi .

ψ(y, α) =

While the focus of this work is a theoretical investigation of consistency, we have also
conducted experiments to study a novel surrogate suggested by the results of the last section.
There, we constructed a surrogate that is consistent with any loss function that verifies
an admissible criterion. In particular, Theorem 13 applied to the squared loss yields the
following consistent surrogate:

5. Experiments: A novel surrogate for the squared error

This sufficient condition is admittedly a very stringent one on the probability distribution
P . Unfortunately, a deeper understanding of F-consistency, while an interesting future
direction, is outside the scope of the current paper.

It is clear that α is a threshold-based decision function of the form Eq. (28) if and only if
αi − αi+1 does not depend on x ∈ X . Given the above, we can guarantee that the optimal
α belongs to F if the last term is independent of x. One can then easily recognize the
∗ (η(x))
quotient of odds-ratio of the theorem’s conditions and conclude that αi∗ (η(x)) − αi+1
is independent of x. This concludes the proof.

Proof It will be sufficient to prove that under the constraints on P , the optimal decision
function for the unconstrained problem belongs to F. In Section 3.1 we derived the optimal
decision function for the logistic all threshold and the logistic CL. Hence, we can write






ui (η(x))
ui+1 (η(x))
Ri (x)
∗
αi∗ (η(x)) − αi+1
(η(x)) = log
− log
= log
.
1 − ui (η(x))
1 − ui+1 (η(x))
Ri+1 (x)

however in practice models often enforce inter-observational constraints (e.g. smoothness).
In the case of ordinal regression it is often the case that the decision functions are of the
form
f (x) = (θ1 − g(x), θ2 − g(x), . . . , θk−1 − g(x)) ,
(28)

where (θ1 , . . . , θk−1 ) is a non-decreasing vector (i.e., its components form a non-decreasing
sequence) known as the vector of thresholds (hence the appearance of the name thresholds
in many models) and g is a measurable function. We will call decision functions of this
form threshold-based decision functions. All the examined models are of this form with the
exception of the least absolute deviation are commonly constrained to this family of decision
functions (Chu and Keerthi, 2005; Rennie and Srebro, 2005; Lin and Li, 2006; Shashua and
Levin, 2003).
The main issue with such decision functions is that since the vector of thresholds is
estimated from the data, it is no longer true that the optimal decision function can be
estimated independently at each point. This implies that the pointwise characterization of
Fisher consistency described in Lemma 2 does no longer hold when restricted to this family
and hence the consistency proofs in previous sections no longer hold.
Let F be the set of functions of the form of Eq. (28). We will now apply the notion of
F-consistency or parametric consistency of (Shi et al., 2015) to the threshold-based setting.
This is merely the notion of Fisher consistency where the decision functions are restricted
to a family of interest:
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*

*

The different datasets that we will consider are described in (Chu and Keerthi, 2005) and
can be download from the authors website4 . We display results for the 9 datasets of SET I
using the version of the datasets with 5 bins, although similar results were observed when
using the datasets with 10 bins. Given the small dimensionality of the datasets (between
6 and 60) and the comparatively high number of samples (between 185 and 4000), we did
not consider the use of regularization.
Performance is computed as the squared error on left out data, averaged over 20 folds.
We report this performance in Figure 2, where it can be seen that the GAT surrogate
outperforms LS on 7 out of 9 datasets, although admittedly the difference is small and only
statistically significant on 3 datasets. However, this shows that previous theoretical results
can be used to generate consistent surrogates that are competitive in a practical scenario.

*

6. Conclusions

Pedregosa, Bach and Gramfort

In this paper we have characterized the consistency for a rich family of surrogate loss
functions used for ordinal regression. Our aim is to bridge the gap between the consistency
properties known for classification and ranking and those known for ordinal regression.

We have first described a wide family of ordinal regression methods under the same
framework. The surrogates of the absolute error that we have considered are the all threshold (AT), cumulative link (CL), and least absolute deviation (LAD), while the surrogate
for the 0-1 loss is the immediate threshold (IT).

For all the surrogates considered, we have characterized its consistency. For AT and
IT, consistency was characterized by the derivative of a real-valued convex function at
zero (Theorems 5 and 12 respectively). For CL, consistency was characterized by a simple condition on its link function (Theorem 7) and for LAD we have extended the proof
of Ramaswamy and Agarwal (2012) to an arbitrary number of classes (Theorem 5). Furthermore, we have proven that AT verifies a decomposability property and using this property
we have provided excess risk bounds that generalize those of Bartlett et al. (2003) for binary
classification(Theorem 6).

The derivation we have given when introducing IT and AT are identical except for the
underlying loss function. This suggest that both can be seen as special cases of a more
general family of surrogates. In Section 3.4 we have constructed such surrogate and characterized its consistency with respect to a general loss function that verifies an admissibility
condition. Again, the characterization only relies on the derivative at zero of a convex
real-valued function. We named this surrogate generalized all threshold (GAT).

In Section 4 we have turned back to examine one of the assumptions described in the
introduction and that is common to the vast majority of consistency studies, i.e., that the
optimal decision function can be estimated independently at every sample. However, in
the setting of ordinal regression it is common for decision functions to have a particular
structure known as threshold-based decision functions and which violates this assumption.
Following (Shi et al., 2015), we are able to prove a restricted notion of consistency known as
F-consistency or parametric consistency on two surrogates by enforcing constraints on the
probability distribution P . We believe this restricted notion of consistency to be important
in practice and we look forward to see consistency studies extended to consider different
types of decision functions, such as smooth functions, polynomial functions, etc.

Finally, in Section 5 we provide an empirical comparison for the GAT surrogate. The
underlying loss function that we consider in this case is the squared error, in which case GAT
yields a novel surrogate. We compare this surrogate against the least squares surrogate in
terms of cross-validation error. Our results show that GAT outperforms least squares on 7
out of 9 datasets, showing the pertinence of such surrogate on real-world datasets.
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Figure 2: Scores of the generalized all threshold (GAT) and least squares (LS) surrogate on 6
different datasets. The scores are computed as the squared error between the prediction and the true labels on left out data, averaged over 20 cross-validation folds.
On 7 out of 9 datasets all the GAT surrogate outperforms the least squares estimator, showing that this surrogate yields a highly competitive model. Datasets
for which a Wilcoxon signed-rank test rejected the null hypothesis that the means
are equal with p-value < 0.01 are highlighted by a ∗ symbol over the bars.
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A direction for future work would be to study the related notion of asymptotic consistency for ordinal regression loss functions, similar to the results that already exist for binary
classification (Devroye et al., 1994; Steinwart, 2002).
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4. http://www.gatsby.ucl.ac.uk/~chuwei/ordinalregression.html.
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1. A short version of this article was published as a conference paper (Takenouchi and Kanamori, 2015).
In this paper, we show the possibility of generalization of the basic framework shown in (Takenouchi
and Kanamori, 2015) and add some new theoretical results, including estimator for the normalization
constant. Also we add experiments with various kinds of models and settings to assess the validity of
the proposed method.

usually done by using the maximum likelihood estimation (MLE). An explicit expression of
the MLE cannot generally be obtained, so the gradient-based optimization is usually used.
A difficulty of the gradient-based optimization for such models comes from the calculation
of the normalization constant. The calculation of the gradient requires calculation of the
normalization constant in each step of the optimization and its computational cost sometimes increases exponentially. To tackle the problem of computational cost, various kinds
of approximation methods have been proposed. One approach tries to approximate the
probabilistic model (or expectation with the model) by using a tractable model or sampling
techniques. The mean-field approximation is a popular method to approximate the model
by assuming independence among variables (Opper and Saad, 2001). The contrastive divergence (Hinton, 2002) avoids the exponential order calculation using the Markov Chain
Monte Carlo (MCMC) sampling: the method approximates the expectation using samples
obtained by the MCMC that runs few steps from the empirical distribution with a transition matrix defined with a current model. Another approach is estimation based on an
unnormalized model, which does not include the normalization constant and so is not necessarily a probability. In the literature of parameters estimation of probabilistic models
for continuous variables, Hyvärinen (2005) used a score function which is a gradient of
log-density with respect to the data vector rather than parameters. This approach makes
it possible to estimate parameters without calculating the normalization term by focusing
on the shape of the density function. Hyvärinen (2007) extended the method to discrete
variables. This method uses information of a “neighbor” by contrasting its probability with
that of a flipped variable. Gutmann and Hirayama (2012) extended the above framework
and developed an approximated estimator on the basis of the Bregman divergence. Dawid
et al. (2012) proposed a generalized local scoring rules on discrete sample spaces and theoretically discussed a class of scoring rules for appropriate estimation. Takenouchi (2015)
focused on a specific class of models on discrete space and constructed an asymptotically
consistent estimator using the Itakura-Saito distance.
In this paper, we propose a novel method of parameter estimation for probabilistic
models on discrete space. The proposed estimator can be constructed without calculation of
the normalization constant by utilizing the unnormalized model and has suitable statistical
properties such as consistency and efficiency.1 The proposed estimator is derived from
minimization of a risk function defined by a combination of two ideas: the homogeneous
divergence and an empirical localization. The conventional divergence measure that has a
coincidence axiom ensures that the divergence is zero if and only if two positive measures
are equal. On the other hand, the homogeneous divergence follows a weak coincidence
axiom and is zero if and only if two positive measures have a proportional relationship. By
virtue of the property, the homogeneous divergence that has the weak coincidence axiom can
ignore the normalization constant, and the proposed estimator does not need to calculate
the normalization constant. The empirical localization is a method of transformation of
the unnormalized model and is an extension of the geometric mean of the model and the
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In the fields of machine learning and pattern recognition, probabilistic models on discrete
space are useful for classification tasks or modeling discrete phenomena, so estimating parameters of probabilistic models on discrete space is a widely studied and important challenge. For example, the Boltzmann machine (with hidden variables) (Hinton and Sejnowski,
1986; Ackley et al., 1985; Amari et al., 1992) is a widely used probabilistic model to represent
binary variables, and the restricted Boltzmann machine (RBM) is especially attracting increasing attention in the context of deep learning (Hinton, 2010; Hinton and Salakhutdinov,
2012). Training of probabilistic models on discrete space, i.e., estimation of parameters, is

1. Introduction

In this paper, we focus on parameters estimation of probabilistic models in discrete space. A
naive calculation of the normalization constant of the probabilistic model on discrete space
is often infeasible and statistical inference based on such probabilistic models has difficulty.
In this paper, we propose a novel estimator for probabilistic models on discrete space, which
is derived from an empirically localized homogeneous divergence. The idea of the empirical
localization makes it possible to ignore an unobserved domain on sample space, and the
homogeneous divergence is a discrepancy measure between two positive measures and has
a weak coincidence axiom. The proposed estimator can be constructed without calculating
the normalization constant and is asymptotically consistent and Fisher efficient. We investigate statistical properties of the proposed estimator and reveal a relationship between
the empirically localized homogeneous divergence and a mixture of the α-divergence. The
α-divergence is a non-homogeneous discrepancy measure that is frequently discussed in the
context of information geometry. Using the relationship, we also propose an asymptotically
consistent estimator of the normalization constant. Experiments showed that the proposed
estimator comparably performs to the maximum likelihood estimator but with drastically
lower computational cost.
Keywords: unnormalized model, homogeneous divergence, empirical localization, discrete
model
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empirical distribution of a given dataset. By using the empirical localization, we can restrict
the domain of the estimation problem to that of observed examples and omit calculations
associated with the domain of unobserved examples. This restriction of the domain can
drastically reduce computational cost. The derived risk function is convex for various kinds
of models including the higher order Boltzmann machine and so is easy to optimize. Also,
we investigate statistical properties of the proposed estimator and reveal that the proposed
estimator has the same asymptotic efficiency as the MLE. The proposed risk function is
closely related with the α-divergence (Amari and Nagaoka, 2000), which induces a Fisher
efficient estimator for discrete probabilistic models. The α-divergence is not homogeneous
divergence, and by utilizing the relationship, we also developed a feasible estimator of the
normalization constant.
Basic settings are described in Section 2, and we introduce the homogeneous divergence
and the idea of empirical localization of the unnormalized model in Section 3. We describe
a novel estimator for probabilistic models on discrete spaces and investigate its statistical
properties of the proposed estimator in Section 4. In Section 5, we discuss a characterization
of the risk function of the proposed estimator with the α-divergence and construct a feasible
estimator of the normalization constant. We numerically verify performance of the proposed
estimator by using synthetic datasets in Section 6.

2. Settings
Let X be a discrete space such as {+1, −1}d or the set of natural numbers. TheP
bracket hf i
for a real-valued function f on X denotes the sum of f (x) over X i.e., hf i = x∈X f (x).
We define M and P as the set of all non-negative functions and that of all probability
functions on X ,
M = {f : X → R≥0 |hf i < ∞ } , P = {f ∈ M |hf i = 1 }

qθ (x)
Zθ

(1)

where R≥0 is the set of all non-negative real numbers.
In this paper, we focus on parameter estimation of a probabilistic model q̄θ (x) on X
that is written as
q̄θ (x) =

(2)

where θ is an m-dimensional vector of parameters, qθ (x) is an unnormalized
model in M
P
and Zθ = hqθ i is the normalization constant. The equality hqθ i = x∈X qθ (x) = 1 does
not necessarily hold for unnormalized models, and the normalization constant Zθ typically
requires a high computational cost. We thus need a device to circumvent the computation
of Zθ in statistical inferences. Throughout the paper, we assume without loss of generality
that the unnormalized model qθ (x) can be written as
qθ (x) = exp(ψθ (x)),
where ψθ (x) is a function on X with the parameter θ.
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Remark 1 By setting ψθ (x) as ψθ (x) − log Zθ , the normalized model (1) can be written
as (2).
3
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Example 1 The Bernoulli distribution on X = {+1, −1} is the simplest example of the
probabilistic model (1) using the function ψθ (x) = θx for x ∈ X and θ ∈ R.

Example 2 For the parameter θ ∈ R, the function ψθ (x) = xθ − log x! leads to an unnormalized model for the Poisson distribution on X = {0, 1, 2, . . .} with mean eθ .

Example 3 Using a function ψθ,k (x) = (x1 , . . . , xd , x1 x2 , . . . , xd−1 xd , x1 x2 x3 , . . .)θ in which
monomials of degree up to k appear, we can define a k-th order Boltzmann machine (Hinton
and Sejnowski, 1986; Sejnowski, 1986).

xh

P

X

xh

exp(ψθ,2 (x))

denotes the summation with respect to the hidden variable xh .

ψh,θ (xo ) = log

(3)

Example 4 Let xo ∈ {+1, −1}d1 and xh ∈ {+1, −1}d2 be an observed vector and hidden vector, respectively, and x = xoT , xhT ∈ {+1, −1}d1 +d2 where T indicates the transpose, be a concatenated vector. The Boltzmann machine with hidden variables is defined as
qh,θ (xo ) = exp(ψh,θ (xo )) where the function ψh,θ (xo ) is

and

xh

X

k=1



d2 n
o
Y
e(θh +θh,o xo )k + e−(θh +θh,o xo )k ,

exp θ oT xo + θ hT xh + xhT θ h,o xo

(4)

Example 5 Let xo ∈ {+1, −1}d1 and xh ∈ {+1, −1}d2 be the observed vector and hidden
vector, respectively. The restricted Boltzmann machine is written as
qθ (xo ) =

= exp{θ oT xo }

where θ o ∈ Rd1 , θ h ∈ Rd2 are vectors of parameters, and θ h,o ∈ Rd2 ×d1 is a matrix of
parameters. The index k in the above equation denotes the k-th element of the vector. Note
that some parameters in the Boltzmann machine with hidden variables (3) are restricted
to 0.

0

nx
n

x ∈ Z,
otherwise,

n
Suppose that a dataset D = {xi }i=1
generated from an underlying distribution p(x) is
observed. Let Z be a set of all patterns in the dataset D. An empirical distribution p̃(x)
associated with the dataset D is defined as
(

p̃(x) =
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where nx is the number of patterns x in the dataset D. To estimate the parameter θ of the
probabilistic model q̄θ , the MLE defined by

θ

θ̂ mle = argmax L(θ)

4

L(θ) =

i=1

n
X

log q̄θ (xi )

1
1+γ

g 1+γ

γ
1+γ

≥ hf g γ i
(γ > 0)

1
1+γ

g 1+γ

γ
1+γ

≤ hf g γ i
(γ < 0, γ 6= −1)

5
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holds. The above inequalities become an equality if and only if f and g are linearly dependent. From the standard and reverse Hölder inequalities, the PS-divergence Dγ (f, g) for
f, g ∈ M is defined as


1
γ
Dγ (f, g) = sgn(γ)
log f 1+γ +
log g 1+γ − log hf g γ i
(γ 6= 0, −1), (5)
1+γ
1+γ

f 1+γ

holds. Also for a negative constant γ(6= −1), the reverse Hölder inequality

f 1+γ

A divergence is an extension of the squared distance and is often used in statistical inference.
The formal definition of the divergence D(f, g) is a non-negative valued function on M×M
or P × P such that D(f, f ) = 0 holds for arbitrary f . Many popular divergences such as
the Kullback-Leilber (KL) divergence defined on P × P enjoy the coincidence axiom, i.e.,
D(f, g) = 0 leads to f = g. The parameter in the statistical model q̄θ is estimated by
minimizing the divergence D(p̃, q̄θ ) with respect to θ.
In statistical inference using unnormalized models, the coincidence axiom of the divergence is not suitable since the probability and the unnormalized model generally do not
exactly match. Our purpose is to estimate the underlying distribution up to a constant
factor using unnormalized models. Hence, a divergence that has the property of the weak
coincidence axiom, i.e., D(f, g) = 0 if and only if g = cf for some c > 0, is a good candidate.
For a class of divergences having the weak coincidence axiom, we focus on homogeneous
divergences that satisfy the equality D(f, g) = D(f, cg) for any f, g ∈ M and any c > 0.
A representative of homogeneous divergences is the pseudo-spherical (PS) divergence (Good,
1971), or in other words, γ–divergence (Fujisawa and Eguchi, 2008), that is defined from
the (reverse) Hölder inequality. For a positive constant γ and all non-negative functions
f, g in M, the Hölder inequality

3. Homogeneous Divergences for Statistical Inference

is the log-likelihood of the parameter θ using the normalized model q̄θ . The MLE is asymptotically consistent and efficient. However, the optimization of the log-likelihood function
can be computationally demanding for normalized models on huge discrete sample spaces.
θ
Indeed, the gradient of L(θ) includes hp̃ψθ0 i − hq̄θ ψθ0 i, where ψθ0 = ∂ψ
∂θ . While the first
term hp̃ψθ0 i is the empirical mean that is easily calculated, the second term hq̄θ ψθ0 i requires
2d times summation for X = {+1, −1}d . Therefore, the gradient-based optimization is
computationally infeasible when d is large. To resolve this problem, we propose a novel
estimator using ideas of a homogeneous divergence and an empirical localization in the
following section.

is frequently used, where

Statistical Inference with Homogeneous Divergence

x∈Z

6
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Note that r̃α,θ is a normalized version of the empirical localization (7). If p or q takes zero,
the parameter α is properly restricted.

In addition, for convenience of notations, we define an e-mixture model rα,θ (r̃α,θ ) of
the unnormalized model (2) and p (p̃) with ratio α ∈ R, as follows (Amari and Nagaoka,
2000).
p̃(x)α qθ (x)1−α
p(x)α qθ (x)1−α
, r̃α,θ (x) =
.
rα,θ (x) =
1−α
α
p qθ
p̃α qθ1−α

Remark 2 The summation in (8) is defined on Z and is then computable even when α < 0.
Also the summation includes only Z(≤ n) terms, and its computational cost is O(n).

The above quantity is easy to compute unless the sample size is extremely large. If the
sample size is large, a sub-sampling technique for obtaining an approximate of the empirical
mean can be used. Note that the empirical localization (7) is not defined when the value of
α is negative and the empirical distribution p̃(x) is zero at some points. However, we can
formally employ the trick of empirical localization (8) in such cases by ignoring a domain
of unobserved points. Thus, in the following, we assume that α is a non-zero real number.

x∈Z

where α is a non-negative real number. The empirical localization forces the transformed
function to be zero on a domain X \ Z of unobserved points, satisfying p̃(x) = 0. By
using the localization trick, the total sum hqθγ+1 i is replaced with a quantity similar to the
empirical mean,
X  n x α
p̃α qθ1−α =
qθ (x)1−α .
(8)
n

and computation of the second term is infeasible in our setup. To avoid such expensive computation, some approximation techniques have been proposed such as the MCMC. Here,
we employ a new trick called “empirical localization.” The empirical localization is a way
to transform the model qθ , and its idea is to localize the domain X of qθ to Z by considering an extension of the geometric mean with the empirical distribution p̃. The empirical
localization of qθ with p̃ is defined by
(

nx α
qθ (x)1−α x ∈ Z
n
p̃(x)α qθ (x)1−α =
(7)
0
otherwise,

x∈X

where the sign function sgn(γ) takes 1 for γ > 0 and −1 for γ < 0. The PS divergence
is homogeneous, and the Hölder inequalities ensure the non-negativity and the weak coincidence axiom of the PS-divergence. A scaled PS-divergence converges to the extended
KL-divergence defined on M × M, as γ → 0. Fujisawa and Eguchi (2008) used the PSdivergence with γ > 0 to obtain a robust estimator in parametric statistical inference.
The PS-divergence Dγ (f, g) from the empirical distribution f = p̃ to the unnormalized
model g = qθ is written as
X
X nx
γ
Dγ (p̃, qθ ) = Const + sgn(γ)
log
qθ (x)1+γ − sgn(γ) log
qθ (x)γ
(6)
1+γ
n

Takenouchi and Kanamori
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(10)

Statistical Inference with Homogeneous Divergence

(9)

1 − α0
α−1
0
0
log pα q 1−α +
loghpα q 1−α i.
α − α0
α − α0

The proof is found in Appendix B.
The localized PS-divergence with ᾱ = 1 characterized by Theorem 4 is denoted as
Sα,α0 (p, q) where

0

,

θ

x∈Z

*

L
Y

`=1

L
X

`=1

+

≤

L
Y

`=1

hf` iδ`

δ` log pα` q 1−α` − log pᾱ q 1−ᾱ

8

(11)

(12)

(13)
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Proposition 6 For the unnormalized model (2), the estimator (13) is Fisher consistent.

Though the localized PS-divergence plugged-in the empirical distribution is not well-defined
when α0 < 0 and p̃(x) = 0, we can formally define the estimator by restricting the domain
X to the observed set of examples Z, even for such the case, as shown in Remark 2.

− log

n 1
X  n α
X  n x  α0
γ
0
x
= argmin
log
qθ (x)1−α +
log
qθ (x)1−α
1+γ
n
1+γ
n
θ
x∈Z
x∈Z
o
X  nx ᾱ
qθ (x)1−ᾱ .
n

θ̂ = argmin Sα,α0 ,γ (p̃, qθ )

Given the empirical distribution p̃ and the unnormalized model qθ , we define a novel estimator θ̂ with the localized PS-divergence Sα,α0 ,γ or Sα,α0 :

4. Estimation with Localized Pseudo-Spherical Divergences

P
with ᾱ = ` α` δ` . Theorem 4 can be extended for Sα,δ (p, q). We omit the proof since it is
straightforward.

Sα,δ (p, q) =

P
holds, where δ1 , . . . , δL satisfy 0 < δ` and ` δ` = 1. The inequality becomes an equality if
and only if all f1 , . . . , fL are proportional to a non-negative function g ∈ M. For the sake
of completeness, the proof of the generalized Hölder’s inequality is shown in Appendix C.
Substituting pα` q 1−α` into f` of the generalized Hölder’s inequality, we obtain an extension of the localized PS-divergence defined as

f`δ`

for α > 1 > α0 6= 0. The parameter α0 can be negative if the probability function p does
not take zero on X . Clearly, Sα,α0 (p, q) satisfies the homogeneity and the weak coincidence
axiom as well as Sα,α0 ,γ (p, q).
The generalized Hölder’s inequality admits an extension of the localized PS-divergence.
For f1 , . . . , fL ∈ M, the generalized Hölder’s inequality

Sα,α0 (p, q) =

Remark 3 We observe that r0,θ (x) = r̃0,θ (x) = q̄θ (x), r1,θ (x) = p(x), r̃1,θ (x) = p̃(x).
Also, if p(x) = q̄θ0 (x), rα,θ0 (x) = q̄θ0 (x) holds for an arbitrary α.

0



To use the trick of empirical localization, we define the localized PS-divergence Sα,α0 ,γ (p, q)
for the probability distribution p ∈ P and the unnormalized model q ∈ M by considering
1
1
0
0
the homogeneous divergence between f = (pα q 1−α ) 1+γ and g = (pα q 1−α ) 1+γ where α, α0
are two distinct real numbers:

1
γ
0
0
log pα q 1−α +
loghpα q 1−α i − log pᾱ q 1−ᾱ
1+γ
1+γ

Sα,α0 ,γ (p, q) = Dγ ((pα q 1−α )1/(1+γ) , (pα q 1−α )1/(1+γ) )

= sgn(γ)

where ᾱ = (α + γα0 )/(1 + γ). Note that the localized PS-divergence vanishes if and only
0
0
if pα q 1−α ∝ pα q 1−α , i.e., q ∝ p. Substituting the empirical distribution p̃ into p, the total
sum over X is replaced with a variant of the empirical mean (8) on Z.
Since Sα,α0 ,γ (p, q) = Sα0 ,α,1/γ (p, q) holds, we can assume α > α0 . Also we observe that
for γ < −1
γ
S α+γα0
Sα,α0 ,γ (p, q) =
(p, q),
1 + γ α, 1+γ ,−1−γ
and for −1 < γ < 0
1
S α+γα0 (p, q),
Sα,α0 ,γ (p, q) =
1 + γ α0 , 1+γ ,−γ
respectively. Hence, we can assume γ > 0 without loss of generality. In summary, the
conditions of the real parameters α, α0 , γ in
are given by
Sα,α0 ,γ

0 < γ, α > α0 , α 6= 0, α0 6= 0, α + γα0 6= 0,
where the last condition implies ᾱ 6= 0.
Let us consider another aspect of the computational issue of the localized PS-divergence
(9). For the probability distribution p and the unnormalized exponential model qθ , we show
that the localized PS-divergence Sα,α0 ,γ (p, qθ ) is convex in θ when the parameters α, α0 and
γ are properly chosen.
Theorem 4 Let p ∈ P be any probability
distribution and qθ be the unnormalized expo
nential model qθ (x) = exp θ T φ(x) , where φ(x) is a vector-valued function corresponding
to the sufficient statistic in the (normalized) exponential model q̄θ . When α, α0 and γ satisfy ᾱ = (α + γα0 )/(1 + γ) = 1, the localized PS-divergence Sα,α0 ,γ (p, qθ ) is convex in θ.
Otherwise, there exist p and φ(x) such that Sα,α0 ,γ (p, qθ ) is not convex in θ.
The proof of Theorem 4 is found in Appendix A.
When the value of α is negative and the probability p vanishes at some points, the total
sum pα q 1−α is not formally defined. We can avoid such a situation by setting both α
and α0 to positive values and observe the following proposition indicating that the result in
Theorem 4 holds even if both α and α0 are assumed to be positive.
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Proposition 5 Even though α and α0 in Theorem 4 are both restricted to positive numbers,
we need ᾱ = 1 to guarantee the convexity of the localized PS-divergence Sα,α0 ,γ (p, qθ ) in θ
for any p and any φ(x).
7

θ=θ 0

=



α + γα0
ᾱ −
1+γ


q̄θ0 ψθ0 0
=0

9

10
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(15)
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∝ p̃ψθ0 mle − hq̄θmle ψθmle i = r̃1,θmle ψθ0 mle − r̃0,θmle ψθ0 mle = 0,

(16)
Note that the summation in (16) includes only Z(≤ n) terms. Let q̄θ0 (x) be the underlying
distribution and qθ (x) be the unnormalized model (2). Then the above estimator is not
Fisher consistent, i.e.,
D 0
E 

0
∂Dα,α0 (q̄θ0 , qθ )
0 0
∝ q̄θα0 qθ1−α
ψθ0 − q̄θα0 qθ1−α
ψθ0 0 = hqθ0 i−α − hqθ0 i−α qθ0 ψθ0 0 6= 0.
0
0
∂θ
θ=θ 0

x∈Z

θ̂ = argmin Dα,α0 (p̃, qθ )
θ

X 1  1  n x α 0
1  n x α
1−α
1−α0
= argmin
q
(x)
−
q
(x)
.
θ
θ
α 1 − α0 n
1−α n
θ

Note that Dα,α0 (f, g) ≥ 0 is divergence when αα0 < 0 holds, i.e., Dα,α0 (f, g) ≥ 0 and
Dα,α0 (f, g) = 0 if and only if f = g. Without loss of generality, we assume that α0 < 0 <
α 6= 1 holds for the parameter of Dα,α0 .
Firstly, let us consider the estimator obtained by the minimizer of Dα,α0 (p̃, qθ ),

Here, we assume that α, α0 6= 0, 1 and consider a trick to cancel out the term hgi by
mixing two α-divergences as follows.


−α0
Dα,α0 (f, g) =Dα (f, g) +
Dα0 (f, g)
α



0
1
α
1
1
0
0
=
−
f−
f α g 1−α +
f α g 1−α .
0
0
1 − α α(1 − α )
α(1 − α)
α(1 − α )

which requires the computation of the normalizing constant. The same holds when unnormalized models are used. Hence, naive application of the α-divergences does not resolve the
computational issue.


∂Dα (p̃, q̄θ )
∝ p̃α qθ1−α ψθ0 − q̄θ ψθ0
= 0,
∂θ

Remark 10 The estimator defined by minimizing α-divergence Dα (p̃, q̄θ ) between the empirical distribution pe and normalized model q̄ satisfies

Hence, the estimator associated with Dα,α0 (p̃, qθ ) does not have suitable properties such
as (asymptotic) unbiasedness and consistency, while computational cost is drastically reduced. Intuitively, this is because the divergence Dα,α0 satisfies the coincidence axiom, i.e.,
Dα,α0 (f, g) = 0 leads to f = g.

θ=θ mle

1
αf + (1 − α)g − f α g 1−α .
α(1 − α)

Note that Dα (f, g) ≥ 0 and 0 if and only if f = g, and the α-divergence reduces to KL(f, g)
and KL(g, f ) in the limit of α → 1 and 0, respectively. See Amari and Nagaoka (2000) for
details of the α-divergences.

Dα (f, g) =

The α-divergence between two positive measures f, g ∈ M is defined as

5.2 Relationship with α-Divergence

Takenouchi and Kanamori

which is a moment matching with respect to the empirical distribution p̃ = r̃1,θmle and
the normalized model q̄θ = r̃0,θmle . While the localized PS-divergence Sα,α0 is not defined
for (α, α0 ) = (0, 1), comparison of (14) with (15) implies that behavior the estimator θ̂ is
expected to be similar to that of the MLE in the limit of α → 1 and α0 → 0.

∂L(θ)
∂θ

which is a moment matching with respect to two distributions r̃α,θ and r̃α0 ,θ (α, α0 6= 0, 1).
On the other hand, the estimating equation of the MLE is written as

We investigate influence of selection of α, α0 for the localized PS-divergence Sα,α0 with a
view of the estimating equation. The estimator θ̂ derived from Sα,α0 satisfies
D
E D
E
∂Sα,α0 (p̃, qθ )
∝ r̃α0 ,θ̂ ψθ̂0 − r̃α,θ̂ ψθ̂0 = 0.
(14)
∂θ
θ=θ̂

5.1 Influence of Selection of α, α0

Let us consider theoretical properties of the localized PS-divergence. In the following subsections, we discuss an influence of selection of α, α0 and a characterization of Sα,α0 defined
by (10).

5. Characterization of Sα,α0

Remark 9 As shown in Remark 1, the normalized model (1) is a special case of the unnormalized model (2) and then Theorem 7 holds for the normalized model.

Remark 8 The asymptotic distribution of (13) is equal to that of the MLE, and its variance
does not depend on α, α0 , γ.

The proof is shown in Appendix D. The estimator defined from the general localized PSdivergence Sα,δ (p̃, qθ ) defined by (12) has the same asymptotic property.

where I(θ 0 ) is the Fisher information matrix of the normalized model q̄θ0 (x).

Theorem 7 Let qθ (x) be the unnormalized model (2), and θ 0 be the true parameter of the
underlying distribution p(x) = q̄θ0 (x). Then, the asymptotic distribution of the estimator
(13) is the normal distribution given as
√
n(θ̂ − θ 0 ) ∼ N (0, I(θ 0 )−1 ),

Example 6 For the Bernoulli distribution on X = {+1, −1}, the estimator (13) is equiv+1
alent to the MLE, i.e., 12 log nn−1
.

implying the Fisher consistency of θ̂.

Proof We observe
∂
Sα,α0 ,γ (q̄θ0 , qθ )
∂θ

Statistical Inference with Homogeneous Divergence

(17)

V =

Proof is shown in Appendix E.

6. Experiments

pθ (x) =

θ

exθ−e
,
x!

qθ (x) =

exθ
.
x!

θ∈R

+ 1)(x + 1)1+κ
,
+ 1)κ

12
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was compared to the MLE and proposed method. Note that the above estimator with κ = 0
is nothing but the MLE. The estimator with κ = 1 was used.
Numerical results are presented in Figure 1. The horizontal axis is the number of
sample size n and the vertical axis is the averaged mean square errors of the estimated
parameter from the true parameter θ0 multiplied by n, i.e., n · E[(θ̂ − θ0 )2 ]. Numerically, the

x≥0 p̃(x)(x

P

x≥0 p̃(x

Theorem 4 ensures that the localized PS-divergence with ᾱ = 1 from the empirical distribution p̃ to the above unnormalized model, i.e., Sα,α0 (p̃, qθ ), is convex in θ. In numerical
experiments, the parameters of Sα,α0 was set to α = 1.1, α0 = 0.1. In addition, the estimator
using a pair scoring rule (Dawid et al., 2012),
P
θ̂κ =

for x = 0, 1, 2, . . ., where θ is the natural parameter. The usual parameter λ of the Poisson
distribution is written as λ = eθ that is equal to the expectation of x. Given the i.i.d.
data
Pnx1 , . . . , xn , the MLE the parameter θ is given as log x̄ using the empirical mean x̄ =
i=1 xi .
We used the unnormalized model defined as
1
n

We investigate the Fisher efficiency of the estimator using the localized PS-divergence.
In numerical experiments, training samples were generated from the Poisson distribution
having the probability function

6.1 Fisher Efficiency

We especially focus on a setting of ᾱ = 1, i.e., convexity of the risk function with the
unnormalized model exp(θ T φ(x)) holds (Theorem 4), and examined the performance of
the proposed estimator.

!

Takenouchi and Kanamori

1
α−α0

where V is written as

Statistical Inference with Homogeneous Divergence

E

.

The statistical consistency is recovered by employing a homogeneous divergence derived
from Dα,α0 . Let us consider the estimator defined by

0

(18)

I −1 (log Zθ0 )0
I −1
θ
θ
0
0
0
0
(log Zθ0 )0
(log Zθ0 ) T Iθ−1
(log Zθ0 ) T Iθ−1
0
0

Theorem 12 The asymptotic distribution of the estimator (17) is given as a degenerated
multivariate normal distribution,
√
n (θ̂ − θ 0 , log ẑ − log Zθ0 ) ∼ N (0, V ),

θ, z>0

(θ̂, ẑ) = argmin Dα,α0 (p̃, qθ /z),
where ẑ is an estimator of the normalization term Zθ = hqθ i.

z>0

0



.

Proposition 11 Let qθ (x) be the unnormalized model (2). Then, the minimum solution
of
θ

min min Dα,α0 (p̃, qθ /z)
with respect to θ is equal to that of
sgn(α − 1)Sα,α0 (p̃, qθ ),

D
p̃α qθ1−α

p̃α qθ1−α

where Sα,α0 is formally defined for (α, α0 ) such that α0 < 0 < α 6= 1.
Proof For a given θ, we observe that

z>0

ẑ = argmin Dα,α0 (p̃, qθ /z) = 

=

Note that computation of (18) requires only sample order O(n) calculation. Then, we have


E α−1
1−α0 D
0 α−α0
α − α0
0
p̃α qθ1−α α−α0 p̃α qθ1−α
−1
min Dα,α0 (p̃, qθ /z) =
z>0
α(1 − α0 )(α − 1)


α − α0
(19)
eSα,α0 (p̃,qθ ) − 1 .
α(1 − α0 )(α − 1)

for α0 < 0 < α 6= 1.
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If α0 < 0 and 1 < α hold, the estimator using a homogeneous variant of Dα,α0 is
equivalent to the estimator associated with the localized PS-divergence Sα,α0 . For α and
α0 such that α0 < 0 < α < 1, one can verify that sgn(α − 1)Sα,α0 (p̃, qθ ) is not convex in
the parameter θ of the unnormalized exponential model qθ (x) = exp{θ T φ(x)}, though
sgn(α − 1)Sα,α0 is still a homogeneous divergence. In any case, the mixture of α-divergences
is expressed by Sα,α0 .
From a viewpoint of the information geometry (Amari and Nagaoka, 2000), α-divergences
induce the Fisher metric that is an information geometrical structure on statistical manifolds. In other word, the Hessian matrix of the α-divergences is nothing but the Fisher information matrix. This implies that the estimation based on the (mixture of) α-divergences is
Fisher efficient and is an intuitive explanation of Theorem 7. The localized PS divergences,
Sα,α0 ,γ and Sα,α0 , and its extension Sα,δ in (12) can be interpreted as an extension of the
α-divergences while keeping the Fisher efficiency.
We can estimate the normalization constant Zθ̂ by the optimal solution ẑ of (18).
11
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13

We investigated performance of methods under an another situation, in which the true
parameter distributes as θ ∗ ∼ N (0, I). Figure 4 (a) shows median of the root mean square
errors (RMSEs) between θ ∗ and θ̂ of each method over 50 trials, against the number n of
examples. We observe that the proposed estimator works well, but the MLE outperforms
the proposed method contrary to the prediction of Theorem 7. This is because observed

trastive divergence using the fully visible Boltzmann machine, and its result showed that
all methods have almost equal performance. In addition, some theoretical properties of
the pseudo-likelihood (and its extension, the composite likelihood) have been investigated
in (Mardia et al., 2009; Kanamori, 2016), showing that the pseudo-likelihood is not Fisher
efficient in general.
All methods were optimized with the optim function in R language (R Core Team, 2015).
The dimension d of input was set to 10 and the synthetic dataset was randomly generated
from the second order Boltzmann machine (Example 3) with a parameter θ ∗ ∼ N (0, I/d).
We repeated comparison 50 times and observed averaged performance. Figure 3 (a) shows
median of the root mean square errors (RMSEs) between θ ∗ and θ̂ of each method over
50 trials, against the number n of examples. We observe that the proposed estimator is
comparable with the MLE as predicted by the Theorem 7, and the ratio matching is also
comparable to the MLE under the setting. Figure 3 (b) shows a number of observed patterns
in a dataset consists of n examples. Figure 3 (c) shows median of computational time of each
method against n. The computational time of the MLE does not vary against n because the
computational cost is dominated by the calculation of the normalization constant. Both the
proposed estimator and the ratio matching method are significantly faster than the MLE.

Figure 2: Averaged relative errors of the estimator (18) for the normalization constant are
shown. Horizontal axis is the sample size. Left panel: θ0 = log(2). Right panel:
θ0 = log(10).

relative error of normalization const. estimate
0.00
0.10
0.20
0.30

In this subsection, we compared the proposed estimator with parameter settings (α, α0 ) =
(1.01, 0.01), (1.01, −0.01), (2, −1), with the MLE and the ratio matching method (Hyvärinen,
2007). Note that the ratio matching method also does not require calculation of the normalization constant. In this experiment, we do not compare the proposed estimator with
the pseudo-likelihood method and the contrastive divergence which also do not require the
calculation of the normalization constant, because in (Hyvärinen, 2007), the ratio matching
method has been numerically compared with the pseudo-likelihood method and the con-

6.2 Fully Visible Boltzmann Machine

averaged mean square errors over 1000 repetitions were computed. The horizontal solid line
denotes the Cramér-Rao bound. All the estimators are consistent, since the averaged mean
square errors seems to be of the order O(1/n). Numerically, we showed that the localized
PS-divergence produces a Fisher efficient estimator, while the pair scoring rule does not
achieve the Cramér-Rao bound.
When the variance of the data, i.e., eθ0 , was large, the MSE of the proposed estimator
for the small sample size became large. This result indicates that the regularization will be
needed when a large-scale unnormalized model is used.
θ
In addition to the parameter estimation, the normalization constant, Zθ = ee , was also
estimated using the equation (18). The results are presented in Fig. 2, which shows the averaged relative error of the estimator of the normalization constant, |ẑ − Zθ0 |/Zθ0 , over 1000
repetitions. Numerically, the convergence speed of the estimator (18) was approximately of
√
the order O(1/ n).

Figure 1: Mean square errors of the estimator using localized PS-divergence, MLE, and
pair scoring rule are shown. Horizontal axis is the sample size and vertical axis is
mean square errors multiplied by the sample size. Left panel: θ0 = log(2). Right
panel: θ0 = log(10).
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Figure 4: Results for datasets generated with a parameter θ ∗ ∼ N (0, I). (a) Median of
RMSEs of each method against n, in log scale. (b) Box-whisker plot of number
|Z| of unique patterns in the dataset D against n. (c) Median of computational
time of each method against n, in log scale.
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Also we investigated performance of the estimator (18) for the normalization constant Zθ
and results for above two situations are shown in Figure 6. In the Figure 6, the averaged relative errors |ẑ − Zθ0 | /Zθ0 of the proposed estimator ((α, α0 ) = (1.01, 0.01), (1.01, −0.01), (2, −1))
are shown. We observe that the proposed estimator appropriately works.

compared with that of estimator without regularization. This is because the cost function
(20) becomes similar to a quadratic function and the condition number associated with the
cost function is improved by the regularization, which influences required number of steps
of the quasi-Newton method.

Figure 5: (a) Median of RMSE of the MLE, the ratio matching and the regularized estimator with α = 1.01, α0 = 0.01, and λ = 0, 10−2 , 10−4 against n, in log scale. (b)
Median of computational time of each method against n, in log scale.

Figure 3: Results for datasets generated with a parameter θ ∗ ∼ N (0, I/d). (a) Median of
RMSEs of each method against n, in log scale. (b) Box-whisker plot of number
|Z| of unique patterns in the dataset D against n. (c) Median of computational
time of each method against n, in log scale.
patterns were only a small portion of all possible patterns, as shown in Figure 4 (b). Even
in such a case, the MLE can take all possible patterns (210 = 1024) into account through
the normalization term Zθ because the Taylor expansion of log Zθ around θ = 0 which is
approximated as
1
log Zθ ' d log 2 + ||θ||2
2
term behaves like a regularizer. On the other hand, the proposed method genuinely uses
only the observed examples, and focuses on the restricted domain Z rather than the original
domain X , in which the asymptotic analysis would not be relevant in this case. Figure 4
(c) shows median of computational time of each method against n. Both the proposed
estimator and the ratio matching method are significantly faster than the MLE. While the
ratio matching method is faster than the proposed estimator, the RMSE of the proposed
estimator is less than that of the ratio matching.
To overcome the degrade of performance of the proposed estimator caused by lack of
example patterns, we consider a regularized version of the proposed estimator as,


λ
argmin Sα,α0 (p̃, qθ ) +
||θ||2 .
(20)
2n
θ

JMLR 18(56):1-26, 2017

Note that we can employ the l1 regularizer to obtain a sparse estimator, rather than the
l2 regularizer. Ravikumar et al. (2010) theoretically investigated conditions for correctly
selecting edges of the Boltzmann machine using the l1 -regularized logistic regression.
We investigated performance of the regularized estimator with the same dataset (θ ∗ ∼
N (0, I)). Figure 5 shows median of RMSEs and computational time of the MLE, the ratio
matching, and the regularized estimator (α = 1.01, α0 = 0.01, λ = 0, 10−2 , 10−4 ). The
Figure shows that performance of the proposed estimator is improved by the regularization
term ||θ||2 , which can be interpreted as an approximation of the normalization constant
log Zθ . Note that the computational time of the regularized estimator is drastically reduced
15
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In this subsection, we applied the proposed estimator for the Boltzmann machine with
hidden variables whose associated function is written as (3). The proposed estimator with
parameter settings (α, α0 ) = (1.01, 0.01), (1.01, −0.01), (2, −1) was compared with the MLE.
The dimension d1 of observed variables was fixed to 10 and d2 of hidden variables was set to
2, and the parameter θ ∗ was generated as θ ∗ ∼ N (0, I) including parameters corresponding to hidden variables. Note that the Boltzmann machine with hidden variables is not
identifiable and different values of the parameter do not necessarily generate different probability distributions, implying that estimators are influenced by local minimums. Then we

6.4 Boltzmann Machine with Hidden Variables

where  and δ are arbitrary positive constants. For each dimension d = 2, 3, . . . , 21, we
generated a dataset containing n = 50 × 2k (k = 1, . . . , 9) examples from the fully visible
Boltzmann machine and calculated the KL divergences KL(q̄θ0 , q̄θ̂ ). For two kinds of parameter settings, i.e., θ 0 ∼ N (0, I/d) and θ 0 ∼ N (0, I), we repeated these procedures 50
times and observed 50 values of KL divergence. Each panel in Figure 7 shows median of
values of the KL divergence (δ = 0.5) for each setting of the parameter, respectively. Both
panels show that the proposed estimator requires approximately 2 ∼ 3 times as many examples examples against an increase of the dimensionality d at the same level  of estimation
error KL(q̄θ0 , q̄θ̂ ).

Pr(KL(q̄θ0 , q̄θ̂ ) ≥ ) < δ

We numerically investigated the sample complexity of the proposed estimator (α1 = 1.01, α0 =
0.01, without the regularization term), i.e., a number N (, δ, d) of examples to attain

6.3 Sample Complexity

Figure 6: Median of relative errors of normalization constant estimates for two experiment
scenarios: (a) θ ∗ ∼ N (0, I/d). (b) θ ∗ ∼ N (0, I).
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In addition, we investigated performance of the regularized version (20) ( α = 1.01, α0 = 0.01
and λ = 0, 10−2 , 10−4 ) and compared with the MLE. Figures 9 (a) and (b) show medians
of averaged log-likelihoods of the MLE and the regularized estimator over 50 trials, for
the training dataset and the test dataset, respectively. Figures imply that an appropriate
regularization can improve performance of the estimator and also as the experiment in
previous subsection, computational time of the regularized estimator is drastically reduced,
in comparison with that of the estimator without regularization.

P
measured performance of each estimator by the averaged log-likelihood n1 ni=1 log q̄θ̂ (xi )
rather than the RMSE of parameters. An initial value of the parameter was set by N (0, I)
and commonly used by all methods. We repeated the comparison 50 times and observed
the averaged performance. Figure 8 (a) shows median of averaged log-likelihoods of each
method for the training dataset over 50 trials, against the number n of example. We observe
that the proposed estimator is comparable with the MLE when the number n of examples
becomes large. Note that the averaged log-likelihood of MLE once decreases when n is
small, and this is due to overfitting of the model. Figure 8 (b) shows median of averaged
log-likelihoods of each method for test dataset consists of 10000 examples, over 50 trials.
Figure 8 (c) shows median of computational time of each method against n, and we observe
that the proposed estimator is significantly faster than the MLE.

Figure 7: Median of KL divergences KL(q̄θ0 , q̄θ̂ ). Horizontal axis is dimension d, and vertical axis is median of KL divergences, in log-scale. Number k (k = 1, . . . , 9) on
a line corresponds to number n = 50 × 2k of examples. (a) θ 0 ∼ N (0, I/d). (b)
θ 0 ∼ N (0, I),
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Figure 8: (a) Median of averaged log-likelihoods of each method against n. (b) Median of
averaged log-likelihoods of each method calculated for test dataset against n. (c)
Median of computational time of each method against n, in log scale.

Figure 9: (a) Median of averaged log-likelihoods of the MLE and regularized estimator
with λ = 0, 10−2 , 10−4 against n. (b) Median of averaged log-likelihoods of each
method calculated for test dataset against n. (c) Median of computational time
of each method against n, in log scale.

7. Conclusions
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We proposed a novel estimator for probabilistic models on discrete space, for which the
normalization constant is infeasible to calculate. The proposed estimator is based on unnormalized models and an empirically localized PS-divergence having the homogeneous
property and can be constructed without calculation of the normalization constant. We
showed that homogeneous divergences with empirical localization allow the computation of
the normalization constant to be avoided because of a weak coincidence axiom. The idea of
empirical localization permits ignoring an unobserved domain on sample space, which can
drastically reduce computational cost. We investigated statistical properties of the proposed
estimator and revealed that the proposed estimator is asymptotically efficient and that its
asymptotic distribution is equal to that of the maximum likelihood estimator (MLE). In
addition, we showed a relationship between the empirically localized PS-divergence and a
mixture of α-divergences. The Hessian matrix of the α-divergence is known to be equal
19
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to the Fisher information matrix, which implies the Fisher efficiency of the proposed estimator. A difference between two divergences is that the mixture of α-divergence does not
have homogeneous property. By utilizing this difference, we proposed an estimator for the
normalization constant that requires only sample order O(n) calculation and is asymptotically consistent. We investigated the performance of the proposed estimator with various
kinds of models on discrete sample space and showed that the proposed estimator performs
comparably to the MLE, while required computational cost is drastically reduced.
A possible future direction for this work is application of the proposed framework for
models on continuous space. While employment of the framework for continuous space is
an interesting challenge, the empirical localization technique is difficult to apply to models
on continuous space because of the power of the empirical distribution described by the
delta function. Another direction is making the proposed estimator more robust. The PSdivergence used in this paper is well known to be robust against outlier noise (Kanamori
and Fujisawa, 2015). The robustness of the PS-divergence can be controlled by the tuning
parameter γ, which was fixed to a value ensuring convexity of the risk function in this paper.
The robustification of the proposed estimator and its theoretical justification are important
issues for data analysis application.
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Appendix A. Proof of Theorem 4
Some calculation yields

∂θ∂θ T

∂ 2 log pα qθ1−α

where Vrα,θ [φ] is the covariance matrix of φ(x) under the probability rα,θ (x). Thus, the
Hessian matrix of Sα,α0 ,γ (p, qθ ) is written as

(1 − α)2
γ(1 − α0 )2
∂2
Sα,α0 ,γ (p, qθ ) =
Vrα,θ [φ] +
Vrα0 ,θ [φ] − (1 − ᾱ)2 Vrᾱ,θ [φ].
1+γ
1+γ
∂θ∂θ T

JMLR 18(56):1-26, 2017

1
1
, . . . , (1−α)θ
d + e−(1−α)θd )2
(e(1−α)θ1 + e−(1−α)θ1 )2
(e

The Hessian matrix is positive semidefinite if ᾱ = 1.
To prove the second part, we prove that there exists a distribution p, a model qθ and
parameters α, α0 , γ such that the Hessian is not positive semidefinite, for a given ᾱ 6= 1.
Suppose that X = {+1, −1}d and the function φ(x) = (φ1 (x), . . . , φd (x)) ∈ Rd is defined
by φk (x) = xk , k = 1, . . . , d for x = (x1 , . . . , xd ) ∈ X . Let p be the uniform distribution on
X . The covariance matrix of φ is the diagonal matrix given by


.
Vrα,θ [φ] = 4 · diag

20

(1 − z)2
,
+ e−(1−z)θ )2

(e(1−z)θ

z, θ ∈ R.

  δ1
δ2
δ2 1−δ3
δ1
E 
1−δ
1−δ
1−δ
1−δ
f1δ1 f2δ2 f3δ3 = (f1 3 f2 3 )1−δ3 f3δ3 ≤ f1 3 f2 3
hf3 iδ3 ≤ hf1 iδ1 hf2 iδ2 hf3 iδ3 ,
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where δ1 + δ2 + δ3 = 1 and δi > 0 for i = 1, 2, 3 are assumed. The third inequality becomes
equality if and only if f1 and f2 are linearly dependent, and the second inequality becomes

D

This section includes the proof and the equality condition of the generalized Hölder’s inequality. The inequality (11) of L = 2 is nothing but the standard Hölder’s inequality. The
inequality (11) of L = 3 is proved by using the standard one as follows:

Appendix C. Generalized Hölder’s inequality

Hence, the continuity of f ensures that there exist a sufficiently large θ and a small positive
α0 such that 0 < α0 < ᾱ and f (α0 ; θ) < f (ᾱ; θ) hold. The property (c) in the Appendix
A ensures that there exists a sufficiently large α > 1 satisfying f (α; θ) < f (ᾱ; θ). Again,
∆ < 0 holds for δ such that ᾱ = δα + (1 − δ)α0 .

Suppose that ᾱ > 1. Due to (a), (c) in Appendix A and the continuity of f (z, θ) at z = 1,
there exists α and α0 satisfying 1 < α0 < ᾱ < α such that both f (α0 ; θ) and f (α; θ) are less
than f (ᾱ; θ), where θ is a non-zero constant. Then, ∆ < 0 holds for δ ∈ (0, 1) such that
ᾱ = δα + (1 − δ)α0 . We prove the case of 0 < ᾱ < 1. For a sufficiently large θ, we have
 −2ᾱθ 
f (0; θ)
e
=O
→ 0 (θ → ∞).
f (ᾱ; θ)
(1 − ᾱ)2

Appendix B. Proof of Proposition 5

Let θ be a fixed non-zero real number. Since ᾱ 6= 1, f (ᾱ; θ) > 0 holds. Due to the properties
(b) and (c), any sufficiently large ε > 0 satisfies f (1 − ε; θ) = f (1 + ε; θ) < f (ᾱ; θ). Define
α = 1 + ε and α0 = 1 − ε. By choosing δ ∈ (0, 1) such that ᾱ = δα + (1 − δ)α0 , we have
∆ < 0.

(c) limz→±∞ f (z; θ) = 0 holds for θ 6= 0.

(b) f (1 + ε; θ) = f (1 − ε; θ) = f (1 + ε; −θ) for ε ≥ 0, θ ∈ R.

(a) f (z; θ) ≥ 0 and f (z; θ) = 0 ⇔ z = 1.

up to a positive constant. Our task is to find the parameter α, α0 , δ such that ᾱ = δα + (1 −
δ)α0 and ∆ < 0 hold. The function f satisfies the following properties.

∆ = δ · f (α; θi ) + (1 − δ) · f (α0 ; θi ) − f (δα + (1 − δ)α0 ; θi )

Then, the i-th diagonal element of the Hessian matrix is expressed by

f (z; θ) =

Let δ be δ = 1/(1 + γ), then δ ∈ (0, 1) holds for γ > 0. We define

Statistical Inference with Homogeneous Divergence

δ2
1−δ

∂
Sα,α0 ,γ (p̃, qθ )
∂θ
θ=θ̂

= α ψθ0 0 s + O(2 ).
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( r̃α,θ0 ψθ0 0 − rα,θ0 ψθ0 0 )
D
ED
E D
ED
E
q̄θα−1
qθ1−α
ψθ0 0 s q̄θα0 qθ1−α
− q̄θα0 qθ1−α
ψθ0 0 q̄θα−1
qθ1−α
s
0
0
0
0
0
0
+ O(2 )
= α
D
E2
q̄θα0 qθ1−α
0

= α ψθ0 0 s − q̄θ0 ψθ0 0 hsi + O(2 )

where ψθ0 0 and ψθ000 are the gradient vector and the Hessian matrix of ψθ0 (x) with respect
to the parameter θ. By the delta method (Van der Vaart, 1998), we observe that

∂2
∂
+
Sα,α0 ,γ (p̃, qθ )
(θ̂ − θ 0 ) + O(||θ̂ − θ 0 ||2 )
Sα,α0 ,γ (p̃, qθ )
∂θ
∂θ∂θ T
θ=θ 0
θ=θ 0


1−α
γ(1 − α0 )
=
r̃α,θ0 ψθ0 0 +
r̃α0 ,θ0 ψθ0 0 − (1 − ᾱ) r̃ᾱ,θ0 ψθ0 0
1+γ
1+γ

(1 − α)2
γ(1 − α0 )2
0
Vr̃α,θ0 [ψθ0 ] +
Vr̃α0 ,θ [ψθ0 0 ] − (1 − ᾱ)2 Vr̃ᾱ,θ0 [ψθ0 0 ]
+
0
1+γ
1+γ

1−α
γ(1 − α0 )
00
00
+
r̃α,θ0 ψθ0 +
r̃α0 ,θ0 ψθ0 − (1 − ᾱ) r̃ᾱ,θ0 ψθ000 (θ̂ − θ 0 ) + O(||θ̂ − θ 0 ||2 ),
1+γ
1+γ
=

0=

where  is a small positive number and s(x) satisfies hsi = 0. Note that rα,θ0 (x) = q̄θ0 (x).
By expanding an equilibrium condition of the estimator (13) around θ = θ 0 , we obtain

p̃(x) = q̄θ0 (x) + ·s(x),

Let us assume that the empirical distribution is written as

We show the asymptotic distribution of the estimator defined from the localized PS-divergence
Sα,α0 ,γ . Along the same line, one can prove the asymptotic property of the estimator defined
from the general localized PS-divergence Sα,δ .

Appendix D. Proof of Theorem 7

equality if and only if f1 3 f2 3 and f3 are linearly dependent. As a result, (11) of L = 3
becomes an equality if and only if there exists a function g ∈ M such that all f1 , f2 , f3 are
proportional to g. In the same way, we can prove the generalized Hölder’s inequality of any
natural number L.

δ1
1−δ

Takenouchi and Kanamori

Then we have

Statistical Inference with Homogeneous Divergence

∂
∂
−
Sα,α0 ,γ (p̃, qθ )
Sα,α0 ,γ (p, qθ )
∂θ
∂θ
θ=θ 0
θ=θ 0
 γ(1 − α0 )

1−α
=
r̃α,θ0 ψθ0 0 − rα,θ0 ψθ0 0 +
r̃α0 ,θ0 ψθ0 0 − rα0 ,θ0 ψθ0 0
1+γ
1+γ

− (1 − ᾱ) r̃ᾱ,θ0 ψθ0 0 − rᾱ,θ0 ψθ0 0


1−α
γ(1 − α0 )
=
r̃α,θ0 ψθ0 0 +
r̃α0 ,θ0 ψθ0 0 − (1 − ᾱ) r̃ᾱ,θ0 ψθ0 0
1+γ
1+γ


α + γα0
− 1−
− (1 − ᾱ) q̄θ0 ψθ0 0
1+γ


1−α
γ(1 − α0 )
= α
+ α0
− (1 − ᾱ)ᾱ ψθ0 0 s + O(2 )
1+γ
1+γ
γ
(α − α0 )2 ψθ0 0 (p̃ − q̄θ0 ) + O(2 ).
(1 + γ)2
=−

From the central limit theorem,

i=1

n

√
1 X 0
n ψθ0 0 (p̃ − q̄θ0 ) = √
ψθ0 (xi ) − q̄θ0 ψθ0 0
n

asymptotically follows the normal distribution with mean 0 and variance Vq̄θ0 [ψθ0 0 ] = Iθ0 .
Also from the law of large numbers, we have
(1 − α)2
γ(1 − α0 )2
γ
Vr̃α [ψθ0 0 ] +
Vr̃α0 [ψθ0 0 ] − (1 − ᾱ)2 Vr̃ᾱ [ψθ0 0 ] →
(α − α0 )2 Iθ0 ,
1+γ
1+γ
(1 + γ)2
1−α
γ(1 − α0 )
r̃α,θ0 ψθ000 +
r̃α0 ,θ0 ψθ000 − (1 − ᾱ) r̃ᾱ,θ0 ψθ000
1+γ
1+γ


α + γα0
1−
− (1 − ᾱ) q̄θ0 ψθ000 = 0
1+γ
→

i=1

n

1 X 0
√
ψθ0 (xi ) − q̄θ0 ψθ0 0
n

+ op (1)

in the limit of n → ∞. Taking the probabilistic error in the law of large numbers into
account, we obtain the equality
(
)

√ 
n θ̂ − θ 0 = Iθ−1
0

Consequently, the asymptotic distribution of the estimator is given as

√ 
n θ̂ − θ 0 ∼ N (0, Iθ−1
).
0

Appendix E. Proof of Theorem 12

D
E
D
E
0
1
1
0
log p̃α q 1−α −
log p̃α q 1−α .
θ̂
θ̂
α − α0
α − α0
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Let us consider the asymptotic property of ẑ. The logarithm of the estimator zb is expressed
as
log zb =

23

θ

Takenouchi and Kanamori

√
0
n(log Zθ0 ) T (θ̂ − θ 0 ) + op (1).

In the same way as the calculation in Appendix D, we have
D
E
log pα q 1−α
= (1 − α) log Zθ0 + (1 − α)(log Zθ0 )0 (θ̂ − θ 0 ) + op (kθ̂ − θ 0 k).
b
n(log ẑ − log Zθ0 ) =

From the above equation, we have

√

0

Therefore, the asymptotic variance of of log(ẑ) is given by

n · V [log(ẑ)] −→ (log Zθ0 ) T Iθ−1
(log Zθ0 )0 .
0

We show the correlation between θ̂ and log ẑ. The asymptotic expansion above yields

√
√
0
n · (log zb − (log Zθ0 ))(θ̂ − θ 0 ) = ( n(θ̂ − θ 0 ))( n(θ̂ − θ 0 ))T (log Zθ0 ) + op (1)
and we have

n · E[(log ẑ − log Zθ0 )(θ̂ − θ 0 )] −→ Iθ−1
(log Zθ0 )0 .
0

√
Therefore, the asymptotic distribution of n(θ̂ − θ 0 , log ẑ − log Zθ0 ) is given as the multivariate normal distribution with mean zero and the following asymptotic variance
!

I −1
I −1 (log Zθ0 )0
θ
θ
0
0
n · V [(θ̂, log ẑ)] −→
0
0
(log Zθ0 ) T Iθ−1
(log Zθ0 ) T Iθ−1
(log Zθ0 )0
0
0



E
I −1 E (log Zθ0 )0 ,
0
(log Zθ0 ) T θ0

=

where E is the identity matrix. Note that the distribution of the estimator (θ̂, ẑ) is asymptotically degenerated.
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In this paper, we consider an infinite dimensional exponential family P of probability densities, which are parametrized by functions in a reproducing kernel Hilbert space H, and
show it to be quite rich in the sense that a broad class of densities on Rd can be approximated arbitrarily well in Kullback-Leibler (KL) divergence by elements in P. Motivated by
this approximation property, the paper addresses the question of estimating an unknown
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their inability to efficiently handle the log-partition function. We propose an estimator p̂n
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solving a simple finite-dimensional linear system. When p0 ∈ P, we show that the pro2 2β+1
posed estimator is consistent, and provide a convergence rate of n− min{ 3 , 2β+2 } in Fisher
β
divergence under the smoothness assumption that log p0 ∈ R(C ) for some β ≥ 0, where
C is a certain Hilbert-Schmidt operator on H and R(C β ) denotes the image of C β . We
also investigate the misspecified case of p0 ∈
/ P and show that J(p0 kp̂n ) → inf p∈P J(p0 kp)
as n → ∞, and provide a rate for this convergence under a similar smoothness condition
as above. Through numerical simulations we demonstrate that the proposed estimator
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being the cumulant generating function, and (H, h·, ·iH ) a reproducing kernel Hilbert space
(RKHS) (Aronszajn, 1950) with k as its reproducing kernel. While various generalizations
are possible for different choices of F (e.g., an Orlicz space as in Pistone and Sempi, 1995),
the connection of P to the natural exponential family in (1) is particularly enlightening when
H is an RKHS. This is due to the reproducing property of the kernel, f (x) = hf, k(x, ·)iH ,
through which k(x, ·) takes the role of the sufficient statistic. In fact, it can be shown
(see Section 3 and Example 1 for more details) that every Pfin is generated by P induced
by a finite dimensional RKHS H, and therefore the family P with H being an infinite
dimensional RKHS is a natural infinite dimensional generalization of Pfin . Furthermore,
this generalization is particularly interesting as in contrast to Pfin , it can be shown that
P is a rich class of densities (depending on the choice of k and therefore H) that can
approximate a broad class of probability densities arbitrarily well (see Propositions 1, 13 and
Corollary 2). This generalization is not only of theoretical interest, but also has implications
for statistical and machine learning applications. For example, in Bayesian non-parametric
density estimation, the densities in P are chosen as prior distributions on a collection of
probability densities (e.g., see van der Vaart and van Zanten, 2008). P has also found
applications in nonparametric hypothesis testing (Gretton et al., 2012; Fukumizu et al.,
2008) and dimensionality reduction (Fukumizu et al., 2004, 2009) through the mean and

Ω

where the function space F is defined as
Z
n
o
F = f ∈ H : eA(f ) < ∞ , with A(f ) := log
ef (x) q0 (x) dx

In this paper, we consider an infinite dimensional generalization (Canu and Smola, 2005;
Fukumizu, 2009) of (1),
n
o
P = pf (x) = ef (x)−A(f ) q0 (x), x ∈ Ω : f ∈ F ,

R
T
where A(θ) := log Ω eθ T (x) q0 (x) dx is the cumulant generating function (also called the
log-partition function), Θ ⊂ {θ ∈ Rm : A(θ) < ∞} is the natural parameter space and θ is a
finite-dimensional vector called the natural parameter. Exponential families have a number
of properties that make them extremely useful for statistical analysis (see Brown, 1986 for
more details).

Exponential families are among the most important classes of parametric models studied in
statistics, and include many common distributions such as the normal, exponential, gamma,
and Poisson. In its “natural form”, the family generated by a probability density q0 (defined
over Ω ⊆ Rd ) and sufficient statistic, T : Ω → Rm is defined as
n
o
T
Pfin := pθ (x) = q0 (x)eθ T (x)−A(θ) , x ∈ Ω : θ ∈ Θ ⊂ Rm
(1)

1. Introduction

Keywords: density estimation, exponential family, Fisher divergence, kernel density
estimator, maximum likelihood, interpolation space, inverse problem, reproducing kernel
Hilbert space, Tikhonov regularization, score matching
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covariance operators, which are obtained as the first and second Fréchet derivatives of A(f )
(see Fukumizu, 2009, Section 1.2.3). Recently, the infinite dimensional exponential family, P
has been used to develop a gradient-free adaptive MCMC algorithm based on Hamiltonian
Monte Carlo (Strathmann et al., 2015) and also has been used in the context of learning
the structure of graphical models (Sun et al., 2015).
Motivated by the richness of the infinite dimensional generalization and its statistical
applications, it is of interest to model densities by P, and therefore the goal of this paper is
to estimate unknown densities by elements in P when H is an infinite dimensional RKHS.
n
Formally, given i.i.d. random samples (Xa )a=1
drawn from an unknown density p0 , the goal
is to estimate p0 through P. Throughout the paper, we refer to case of p0 ∈ P as wellspecified, in contrast to the misspecified case where p0 ∈
/ P. The setting is useful because
P is a rich class of densities that can approximate a broad class of probability densities
arbitrarily well, hence it may be widely used in place of non-parametric density estimation
methods (e.g., kernel density estimation (KDE)). In fact, through numerical simulations,
we show in Section 6 that estimating p0 through P performs better than KDE, and that
the advantage of the proposed estimator grows with increasing dimensionality.

(2)

In the finite-dimensional case where θ ∈ Θ ⊂ Rm , estimating pθ through maximum
likelihood (ML) leads to solving elegant likelihood equations (Brown, 1986, Chapter 5).
However, in the infinite dimensional case (assuming p0 ∈ P), as in many non-parametric
estimation methods, a straightforward extension of maximum likelihood estimation (MLE)
suffers from the problem of ill-posedness (Fukumizu, 2009, Section 1.3.1). To address this
problem, Fukumizu (2009) proposed a method of sieves involving pseudo-MLE by restricting
the infinite dimensional manifold P to a series of finite-dimensional submanifolds, which
enlarge as the sample size increases, i.e., pfˆ(l) is the density estimator with
n

1X
fˆ(l) = arg max
f (Xa ) − A(f ),
f ∈F (l) n
a=1

∞ is a sequence of finite-dimensional
where F (l) = {f ∈ H(l) : eA(f ) < ∞} and (H(l) )l=1
subspaces of H such that H(l) ⊂ H(l+1) for all l ∈ N. While the consistency of pfˆ(l) is proved
in Kullback-Leibler (KL) divergence (Fukumizu, 2009, Theorem 6), the method suffers from
many drawbacks that are both theoretical and computational in nature. On the theoretical
front, the consistency in Fukumizu (2009, Theorem 6) is established by assuming a decay
rate on the eigenvalues of the covariance operator (see (A-2) and the discussion in Section 1.4
of Fukumizu (2009) for details), which is usually difficult to check in practice. Moreover, it is
not clear which classes of RKHS should be used to obtain a consistent estimator (Fukumizu,
2009, (A-1)) and the paper does not provide any discussion about the convergence rates.
On the practical side, the estimator is not attractive as it can be quite difficult to construct
∞ that satisfies the assumptions in Fukumizu (2009, Theorem 6). In
the sequence (H(l) )l=1
fact, the impracticality of the estimator, fˆ(l) is accentuated by the difficulty in efficiently
handling A(f ) (though it can be approximated by numerical integration).

JMLR 18(57):1-59, 2017

A related work was carried out by Barron and Sheu (1991)—also see references therein—
where the goal is to estimate a density, p0 by approximating its logarithm as an expansion
in terms of basis functions, such as polynomials, splines or trigonometric series. Similar to
3
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Fukumizu (2009), Barron and Sheu proposed the ML estimator pfˆm , where

n

a=1

1X
fˆm = arg max
f (Xa ) − A(f )
f ∈Fm n

and Fm is the linear space of dimension m spanned by the chosen basis functions. Under
the assumption that log p0 has square-integrable derivatives up to order r, they showed that
KL(p0 kpfˆm ) = Op0 (n−2r/(2r+1) ) with m = n1/(2r+1) for each of the approximating families,
R
where KL(pkq) = p(x) log(p(x)/q(x)) dx is the KL divergence between p and q. Similar
work was carried out by Gu and Qiu (1993), who assumed that log p0 lies in an RKHS,
and proposed an estimator based on penalized MLE, with consistency and rates established
in Jensen-Shannon divergence. Though these results are theoretically interesting, these
estimators are obtained via a procedure similar to that in Fukumizu (2009), and therefore
suffers from the practical drawbacks discussed above.

The discussion so far shows that the MLE approach to learning p0 ∈ P results in
estimators that are of limited practical interest. To alleviate this, one can treat the problem
of estimating p0 ∈ P in a completely non-parametric fashion by using KDE, which is
well-studied (Tsybakov, 2009, Chapter 1) and easy to implement. This approach ignores
the structure of P, however, and is known to perform poorly for moderate to large d
(Wasserman, 2006, Section 6.5) (see also Section 6 of this paper).

1.1 Score Matching and Fisher Divergence

1
2

Ω

Z

p(x) k∇ log p(x) − ∇ log q(x)k22 dx,

(3)

To counter the disadvantages of KDE and pseudo/penalized-MLE, in this paper, we propose
to use the score matching method introduced by Hyvärinen (2005, 2007). While MLE is
based on minimizing the KL divergence, the score matching method involves minimizing
the Fisher divergence (also called the Fisher information distance; see Definition 1.13 in
Johnson (2004)) between two continuously differentiable densities, p and q on an open set
Ω ⊆ Rd , given as
J(pkq) =

∂
where ∇ log p(x) = (∂ log p(x), . . . , ∂ log p(x)) with ∂i log p(x) := ∂x
log p(x). Fisher di1
d
i
vergence is closely related to the KL divergence through
R ∞ de Bruijn’s identity (Johnson, 2004,
Appendix C) and it can be shown that KL(pkq) = 0 J(pt kqt ) dt, where pt = p ∗ N (0, tId ),
qt = q ∗ N (0, tId ), ∗ denotes the convolution, and N (0, tId ) denotes a normal distribution
on Rd with mean zero and diagonal covariance with t > 0 (see Proposition B.1 for a precise
statement; also see Theorem 1 in Lyu, 2009). Moreover, convergence in Fisher divergence
is a stronger form of convergence than that in KL, total variation and Hellinger distances
(see Lemmas E.2 & E.3 in Johnson, 2004 and Corollary 5.1 in Ley and Swan, 2013).
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To understand the advantages associated with the score matching method, let us consider the problem of density estimation where the data generating distribution (say p0 )
n
belongs to Pfin in (1). In other words, given random samples (Xa )a=1
drawn i.i.d. from
p0 := pθ0 , the goal is to estimate θ0 as θ̂n , and use pθ̂n as an estimator of p0 . While the

4

d Z
X

n

d


Z
1
1
(∂i log pθ (Xa ))2 + ∂i2 log pθ (Xa ) +
p0 (x) k∇ log p0 (x)k22 dx.
2
2 Ω

5
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(i) We present an estimate of p0 ∈ P in the well-specified case through the minimization
of Fisher divergence, in Section 4. First, we show that estimating p0 := pf0 using the score
matching method reduces to estimating f0 by solving a simple finite-dimensional linear
system (Theorems 4 and 5). Hyvärinen (2007) obtained a similar result for Pfin where
the estimator is obtained by solving a linear system, which in the case of Gaussian family

1.2 Contributions

Since Jn (θ) is also independent of A(θ), θ̂n = arg minθ∈Θ Jn (θ) may be easily computable,
unlike the MLE. We would like to highlight that while the score matching approach may have
computational advantages over MLE, it only estimates pθ up to the scaling factor A(θ), and
therefore requires the approximation or computation of A(θ) through numerical integration
to estimate pθ . Note that this issue (of computing A(θ) through numerical integration) exists
even with MLE, but not with KDE. In score matching, however, numerical integration is
needed only once, while MLE would typically require a functional form of the log-partition
function which is approximated through numerical integration at every step of an iterative
optimization algorithm (for example, see (2)), thus leading to major computational savings.
An important application that does not require the computation of A(θ) is in finding modes
of the distribution, which has recently become very popular in image processing (Comaniciu
and Meer, 2002), and has already been investigated in the score matching framework (Sasaki
et al., 2014). Similarly, in sampling methods such as sequential Monte Carlo (Doucet et al.,
2001), it is often the case that the evaluation of unnormalized densities is sufficient to
calculate required importance weights.

a=1 i=1



p0 (x)

1 XX
Jn (θ) :=
n

J(θ) =


Z
1
1
p0 (x) k∇ log p0 (x)k22 dx,
(∂i log pθ (x))2 + ∂i2 log pθ (x) dx +
2
2 Ω
i=1 Ω
(4)
through integration by parts (see Hyvärinen, 2005, Theorem 1), under appropriate regularity
∂2
conditions on p0 and pθ for all θ ∈ Θ. Here ∂i2 log pθ (x) := ∂x
2 log pθ (x). The main advantage
i
of the objective in (3) (and also (4)) is that when it is applied to the situation discussed
θ (x)
, J(θ) is independent of A(θ), and an estimate of θ0 can be
above where pθ (x) = rA(θ)
obtained by simply minimizing the empirical counterpart of J(θ), given by



matches the MLE (Hyvärinen, 2005). The estimator obtained in the infinite dimensional
case is not a simple extension of its finite-dimensional counterpart, however, as the former
requires an appropriate regularizer (we use k · k2H ) to make the problem well-posed. We
would like to highlight that to the best of our knowledge, the proposed estimator is the first
practically computable estimator of p0 with consistency guarantees (see below).

MLE approach is well-studied and enjoys nice statistical properties in asymptopia (i.e.,
asymptotically unbiased, efficient, and normally distributed), the computation of θ̂n can
be intractable in many situations as discussed above.
In particular, this is the case for
R
θ (x)
pθ (x) = rA(θ)
where rθ ≥ 0 for all θ ∈ Θ, A(θ) = Ω rθ (x) dx, and the functional form of r
is known (as a function of θ and x); yet we do not know how to easily compute A, which
is often analytically intractable. In this setting (which
is exactly the setting of this paper),
R
assuming pθ to be differentiable (w.r.t. x), and Ω p0 (x)k∇ log pθ (x)k22 dx < ∞, ∀ θ ∈ Θ,
J(p0 kpθ ) =: J(θ) in (3) reduces to

6
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(iii) In Section 5, we study the problem of density estimation in the misspecified setting,
i.e., p0 ∈
/ P, which is not addressed in Hyvärinen (2007) and Fukumizu (2009). Using a
more sophisticated analysis than in the well-specified case, we show in Theorem 12 that
J(p0 kpfˆn ) → inf p∈P J(p0 kp) as n → ∞. Under an appropriate smoothness assumption

Note that the convergence rates are obtained under a non-classical smoothness assumption
on f0 , namely that it lies in the image of certain fractional power of C, which reduces
to a more classical assumption if we choose k to be a Matérn kernel (see Section 2 for its
definition), as it induces a Sobolev space. In Section 4.2, we discuss in detail the smoothness
assumption on f0 for the Gaussian (Example 2) and Matérn (Example 3) kernels. Another
interesting point to observe is that unlike in the classical function estimation methods
(e.g., kernel density estimation and regression), the rates presented above for the proposed
estimator tend to saturate for β > 1 (β > 21 w.r.t. J), with the best rate attained at β = 1
(β = 21 w.r.t. J), which means the smoothness of f0 is not fully captured by the estimator.
Such a saturation behavior is well-studied in the inverse problem literature (Engl et al.,
1996) where it has been attributed to the choice of regularizer. In Section 4.3, we discuss
alternative regularization strategies using ideas from Bauer et al. (2007), which covers nonparametric least squares regression: we show that for appropriately chosen regularizers, the
above mentioned rates hold for any β > 0, and do not saturate for the aforementioned
ranges of β (see Theorem 9).

kf0 − fˆn kH = Op0 (n−1/2 ), KL(p0 kpfˆn ) = Op0 (n−1 ) and J(p0 kpfˆn ) = Op0 (n−1 ).

if f0 ∈ R(C β ) for some β > 0, P
whereR R(A) denotes the range or image of an operator
β
A, α = min{ 14 , 2β+2
}, and C := di=1 Ω ∂i k(x, ·) ⊗ ∂i k(x, ·) p0 (x) dx is a Hilbert-Schmidt
operator on H (see Theorem 4) with k being the reproducing kernel and ⊗ denoting the
tensor product. When H is a finite-dimensional RKHS, we show that the estimator enjoys
parametric rates of convergence, i.e.,


n
o
2β+1
− min 32 , 2β+2
kf0 − fˆn kH = Op0 (n−α ), KL(p0 kpfˆn ) = Op0 (n−2α ) and J(p0 kpfˆn ) = Op0 n

(ii) In contrast to Hyvärinen (2007) where no guarantees on consistency or convergence rates
are provided for the density estimator in Pfin , we establish in Theorem 6 the consistency
and rates of convergence for the proposed estimator of f0 , and use these to prove consistency
and rates of convergence for the corresponding plug-in estimator of p0 (Theorems 7 and B.2),
even when H is infinite dimensional. Furthermore, while the estimator of f0 (and therefore
p0 ) is obtained by minimizing the Fisher divergence, the resultant density estimator is also
shown to be consistent in KL divergence (and therefore in Hellinger and total-variation
distances) and we provide convergence rates in all these distances.
Formally, we show that the proposed estimator fˆn is converges as
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on log pq00 (see the statement of Theorem 12 for details), we show that J(p0 kpfˆn ) → 0 as
n → ∞ along with a rate for this convergence, even though p0 ∈
/ P. However, unlike in
the well-specified case, where the consistency is obtained not only in J but also in other
distances, we obtain convergence only in J for the misspecified case. Note that while Barron
and Sheu (1991) considered the estimation of p0 in the misspecified setting, the results are
restricted to the approximating families consisting of polynomials, splines, or trigonometric
series. Our results are more general, as they hold for abstract RKHSs.
(iv) In Section 6, we present preliminary numerical results comparing the proposed estimator
with KDE in estimating a Gaussian and mixture of Gaussians, with the goal of empirically
evaluating performance as d gets large for a fixed sample size. In these two estimation
problems, we show that the proposed estimator outperforms KDE, and the advantage grows
as d increases. Inspired by this preliminary empirical investigation, our proposed estimator
(or computationally efficient approximations) has been used by Strathmann et al. (2015)
in a gradient-free adaptive MCMC sampler, and by Sun et al. (2015) for graphical model
structure learning. These applications demonstrate the practicality and performance of the
proposed estimator.
Finally, we would like to make clear that our principal goal is not to construct density
estimators that improve uniformly upon KDE, but to provide a novel flexible modeling
technique for approximating an unknown density by a rich parametric family of densities,
with the parameter being infinite dimensional, in contrast to the classical approach of finite
dimensional approximation.
Various notations and definitions that are used throughout the paper are collected in
Section 2. The proofs of the results are provided in Section 8, along with some supplementary results in an appendix.

2. Definitions & Notation

Rd
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We introduce the notation used throughout the paper. Define [d] := {1, . . . , d}. For a :=
q
Pd
Pd
2
(a1 , . . . , ad ) ∈ Rd and b := (b1 , . . . , bd ) ∈ Rd , kak2 :=
i=1 ai bi . For
i=1 ai and ha, bi :=
a, b > 0, we write a . b if a ≤ γb for some positive universal constant γ. For a topological
space X , C(X ) (resp. Cb (X )) denotes the space of all continuous (resp. bounded continuous)
functions on X . For a locally compact Hausdorff space X , f ∈ C(X ) is said to vanish at
infinity if for every  > 0 the set {x : |f (x)| ≥ } is compact. The class of all continuous f
on X which vanish at infinity is denoted as C0 (X ). For open X ⊂ Rd , C 1 (X ) denotes the
space of continuously differentiable functions on X . For f ∈ Cb (X ), kf k∞ := supx∈X |f (x)|
denotes the supremum norm of f . Mb (X ) denotes the set of all finite Borel measures on
X . For µ ∈ Mb (X ), Lr (X , µ) denotes the Banach space of r-power (r ≥ 1) µ-integrable
functions. For X ⊂ Rd , we will use Lr (X ) for Lr (X , µ) if µ is a Lebesgue measure on X .
1/r
R
For f ∈ Lp (X , µ), kf kLr (X ,µ) := X |f |r dµ
denotes the Lr -norm of f for 1 ≤ r < ∞
and we denote it as k · kLr (X ) if X ⊂ Rd and µ is the Lebesgue measure. The convolution
f ∗ g of two measurable functions f and g on Rd is defined as
Z
f (y)g(x − y) dy,
(f ∗ g)(x) :=

7
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Rd

provided the integral exists for all x ∈ Rd . The Fourier transform of f ∈ L1 (Rd ) is defined
as
Z
f (x) e−ihy,xi dx

f ∧ (y) = (2π)−d/2
√
−1.

where i denotes the imaginary unit

In the following, for the sake of completeness and simplicity, we present definitions
restricted to Hilbert spaces. Let H1 and H2 be abstract Hilbert spaces. A map S : H1 → H2
is called a linear operator if it satisfies S(αx) = αSx and S(x + x0 ) = Sx + Sx0 for all α ∈ R
and x, x0 ∈ H1 , where Sx := S(x). A linear operator S is said to be bounded, i.e., the image
SBH1 of BH1 under S is bounded if and only if there exists a constant c ∈ [0, ∞) such that
for all x ∈ H1 we have kSxkH2 ≤ ckxkH1 , where BH1 := {x ∈ H1 : kxkH1 ≤ 1}. In this case,
the operator norm of S is defined as kSk := sup{kSxkH2 : x ∈ BH1 }. Define L(H1 , H2 ) be
the space of bounded linear operators from H1 to H2 . S ∈ L(H1 , H2 ) is said to be compact
if SBH1 is a compact subset in H2 . The adjoint operator S ∗ : H2 → H1 of S ∈ L(H1 , H2 )
is defined by hx, S ∗ yiH1 = hSx, yiH2 , x ∈ H1 , y ∈ H2 . S ∈ L(H) := L(H, H) is called
self-adjoint if S ∗ = S and is called positive if hSx, xiH ≥ 0 for all x ∈ H. α ∈ R is called an
eigenvalue of S ∈ L(H) if there exists an x 6= 0 such that Sx = αx and such an x is called the
eigenvector of S and α. For compact, positive, self-adjoint S ∈ L(H), S r : H →√H, r ≥ 0 is
called a fractional power of S and S 1/2 is the square root of S, P
which we write as S := S 1/2 .
2 )1/2 < ∞ where
An operator S ∈ L(H , H ) is Hilbert-Schmidt if kSkHS := ( j∈J kSej kH
1
2
2
(ej )j∈J is an arbitrary orthonormal
basis of separable Hilbert space H1 . S ∈ L(H1 , H2 ) is
P
said to be of trace class if j∈J h(S ∗ S)1/2 ej , ej iH1 < ∞. For x ∈ H1 and y ∈ H2 , x ⊗ y is
an element of the tensor product space H1 ⊗ H2 which can also be seen as an operator from
H2 to H1 as (x ⊗ y)z = xhy, ziH2 for any z ∈ H2 . R(S) denotes the range space (or image)
of S.

A real-valued symmetric function k : X × X → R is called a positive
Pn definite (pd) kernel
if, for all n ∈ N, α1 , . . . , αn ∈ R and all x1 , . . . , xn ∈ X , we have i,j=1
αi αj k(xi , xj ) ≥ 0.
A function k : X × X → R, (x, y) 7→ k(x, y) is a reproducing kernel of the Hilbert space
(Hk , h·, ·iHk ) of functions if and only if (i) ∀ y ∈ X , k(y, ·) ∈ Hk and (ii) ∀ y ∈ X , ∀ f ∈
Hk , hf, k(y, ·)iHk = f (y) hold. If such a k exists, then Hk is called a reproducing kernel
Hilbert space. Since hk(x, ·), k(y, ·)iHk = k(x, y), ∀ x, y ∈ X , it is easy to show that every
reproducing kernel (r.k.) k is symmetric and positive definite. Some examples of kernels
that appear throughout the paper are: Gaussian kernel, k(x, y) = exp(−σkx − yk22 ), x, y ∈
Rd , σ > 0 that induces the following Gaussian RKHS,
Z
n
o
2
Hk = Hσ := f ∈ L2 (Rd ) ∩ C(Rd ) :
|f ∧ (ω)|2 ekωk2 /4σ dω < ∞ ,
the Matérn kernel, k(x, y) =

21−β
Γ(β) kx

− yk2

β−d/2

Kd/2−β (kx − yk2 ), x, y ∈ Rd , β > d/2 that

2 −β , x, y ∈ Rd , β > 0, c ∈ (0, ∞) and
the inverse multiquadric kernel, k(x, y) = (1 + k x−y
c k2 )

induces the Sobolev space, H2β ,
Z
n
o
Hk = H2β := f ∈ L2 (Rd ) ∩ C(Rd ) : (1 + kωk22 )β |f ∧ (ω)|2 dω < ∞ ,
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where Γ is the Gamma function, and Kv is the modified Bessel function of the third kind
of order v (v controls the smoothness of k).

8

d

d

Nd0

∂ α,α

1
xy .

9

Poisson: Ω = N ∪ {0}, k(x, y) = xy, q0 (x) = (x! e)−1 .

Inverse Gaussian: Ω = R++ , k(x, y) = xy +

Gamma: Ω = R++ , k(x, y) = log x log y + xy.

Beta: Ω = (0, 1), k(x, y) = log x log y + log(1 − x) log(1 − y).

Normal: Ω = R, k(x, y) = xy + x2 y 2 .

Exponential: Ω = R++ := R+ \{0}, k(x, y) = xy.
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Example 1 The following are some popular examples of probability distributions that belong to Pfin . Here we show the corresponding RKHSs (H, k) that generate these distributions. In some of these examples, we choose q0 (x) = 1 and ignore the fact that q0 is a
probability distribution as assumed in the definition of P.

Let us consider a r-parameter exponential family, Pfin with sufficient statistic T (x) :=
(T1 (x), . . . , Tr (x)) and construct a Hilbert space, H = span{T1 (x), . . . , Tr (x)}. It is easy to
verify that
the same as Pfin since any f ∈ H can be written as
P P induced by H is exactly
some (θi )ri=1 ⊂ R. In fact,
f (x) P
= ri=1 θi Ti (x) for P
P by defining the inner product between
it follows that H is an RKHS
f = ri=1 θi Ti and g = ri=1 γi Ti as hf, giH := ri=1 θi γi ,P
with the r.k. k(x, y) = hT (x), T (y)iRr since hf, k(x, ·)iH = ri=1 θi Ti (x) = f (x). Based on
this equivalence between Pfin and P induced by a finite dimensional RKHS, it is therefore
clear that P induced by a infinite dimensional RKHS is a strict generalization to Pfin with
k(·, x) playing the role of a sufficient statistic.

In this section, we first show that every finite dimensional exponential family, Pfin is generated by the family P induced by a finite dimensional RKHS, which naturally leads to the
infinite dimensional generalization of Pfin when H is an infinite dimensional RKHS. Next,
we investigate the approximation properties of P in Proposition 1 and Corollary 2 when H
is an infinite dimensional RKHS.

3. Approximation of Densities by P

Given two probability densities, p and q on Ω ⊂ Rd , the
R Kullback-Leibler divergence
(KL) and Hellinger distance (h) are defined as KL(pkq) = p(x) log p(x)
q(x) dx and h(p, q) =
√
√
k p − qkL2 (Ω) respectively. We refer to kp − qkL1 (Ω) as the total variation (TV) distance
between p and q.

∂ α f (x) = h∂ α k(x, ·), f iHk and ∂ α,α k(x, x0 ) = h∂ α k(x, ·), ∂ α k(x0 , ·)iHk .

1

∂ α,α k

: X × X → R exists and is continuous for all α ∈
with |α| ≤ m where
:=
αd
α1
. Corollary 4.36 in Steinwart and Christmann (2008) and Theorem 1
. . . ∂2d
∂1α1 . . . ∂dαd ∂1+d
in Zhou (2008) state that if ∂ α,α k exists and is continuous, then ∂ α k(x, ·) = ∂1α1 . . . ∂dαd k(x, ·)
|α|
= ∂xα1∂...∂xαd k((x1 , . . . , xd ), ·) ∈ Hk with x = (x1 , . . . , xd ) and for every f ∈ Hk , we have

1

d
For any real-valued function f defined on open
P X ⊂ R , f is said to be m-times continuously differentiable if for α ∈ Nd0 with |α| := di=1 αi ≤ m, ∂ α f (x) = ∂1α1 . . . ∂dαd f (x) =
∂ |α|
A kernel k is said to be m-times continuously differentiable if
α f (x) exists.
α
∂x 1 ...∂x d
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m
c

.

(5)



p ∈ C(Ω) :

Ω

Z

p(x) dx = 1, p(x) ≥ 0, ∀ x ∈ Ω and


p
− ` ∈ C0 (Ω) .
q0
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By choosing Ω to be compact and q0 to be a uniform distribution on Ω, Corollary 2 reduces
to an easily interpretable result that any continuous density p0 on Ω can be approximated
arbitrarily well by densities in P in KL, Hellinger and Lr (1 ≤ r ≤ ∞) distances.

Suppose k(x, ·) ∈ C0 (Ω), ∀ x ∈ Ω and (5) holds. Then P is dense in Pc w.r.t. KL divergence,
TV and Hellinger distances. Moreover, if q0 ∈ L1 (Ω) ∩ Lr (Ω) for some 1 < r ≤ ∞, then P
is also dense in Pc w.r.t. Lr norm.

Pc :=

Corollary 2 Let q0 ∈ C(Ω) be a probability density such that q0 (x) > 0 for all x ∈ Ω,
where Ω ⊆ Rd is locally compact Hausdorff. Suppose there exists a constant ` such that for
any  > 0, ∃ R > 0 that satisfies | qp(x)
− `| ≤  for any x with kxk2 > R. Define
0 (x)

A sufficient condition for Ω ⊆ Rd to be locally compact Hausdorff is that it is either open
or closed. Condition (5) is equivalent to k being c0 -universal (Sriperumbudur et al., 2011,
p. 2396). If k(x, y) = ψ(x − y), x, y ∈ Ω = Rd where ψ ∈ Cb (Rd ) ∩ L1 (Rd ), then (5)
can be shown to be equivalent to supp(ψ ∧ ) = Rd (Sriperumbudur et al., 2011, Proposition
5). Examples of kernels that satisfy the conditions in Proposition 1 include the Gaussian,
Matérn and inverse multiquadrics. In fact, any compactly supported non-zero ψ ∈ Cb (Rd )
satisfies the assumptions in Proposition 1 as supp(ψ ∧ ) = Rd (Sriperumbudur et al., 2010,
Corollary 10). Though P0 is still a parametric family of densities indexed by a Banach space
(here C0 (Ω)), the following corollary (proved in Section 8.2) to Proposition 1 shows that a
broad class of continuous densities are contained in P0 and therefore can be approximated
arbitrarily well in Lr norm (1 ≤ r ≤ ∞), Hellinger distance, and KL divergence by P.

Then P is dense in P0 w.r.t. Kullback-Leibler divergence, total variation (L1 norm) and
Hellinger distances. In addition, if q0 ∈ L1 (Ω) ∩ Lr (Ω) for some 1 < r ≤ ∞, then P is also
dense in P0 w.r.t. Lr norm.

where Ω ⊆ Rd is locally compact Hausdorff. Suppose k(x, ·) ∈ C0 (Ω), ∀ x ∈ Ω and
Z Z
k(x, y) dµ(x) dµ(y) > 0, ∀ µ ∈ Mb (Ω)\{0}.

n
o
P0 := πf (x) = ef (x)−A(f ) q0 (x), x ∈ Ω : f ∈ C0 (Ω)

Proposition 1 Define

While Example 1 shows that all popular probability distributions are contained in P for
an appropriate choice of finite-dimensional H, it is of interest to understand the richness of
P (i.e., what class of distributions can be approximated arbitrarily well by P?) when H is
an infinite dimensional RKHS. This is addressed by the following result, which is proved in
Section 8.1.

Binomial: Ω = {0, . . . , m}, k(x, y) = xy, q0 (x) = 2−m

Sriperumbudur et al.
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Similar to the results so far, an approximation result for P can also be obtained
w.r.t. Fisher divergence (see Proposition 13). Since this result is heavily based on the
notions and results developed in Section 5, we defer its presentation until that section.
Briefly, this result states that if H is sufficiently rich (i.e., dense in an appropriate class of
functions), then any p ∈ C 1 (Ω) with J(pkq0 ) < ∞ can be approximated arbitrarily well by
elements in P w.r.t. Fisher divergence, where q0 ∈ C 1 (Ω).

4. Density Estimation in P: Well-specified Case
In this section, we present our score matching estimator for an unknown density p0 := pf0 ∈
n
P (well-specified case) from i.i.d. random samples (Xa )a=1
drawn from it. This involves
choosing the minimizer of the (empirical) Fisher divergence between p0 and pf ∈ P as
the estimator, fˆ which we show in Theorem 5 to be obtained by solving a simple finitedimensional linear system. In contrast, we would like to remind the reader that the MLE is
infeasible in practice due to the difficulty in handling A(f ). The consistency and convergence
rates of fˆ ∈ F and the plug-in estimator pfˆ are provided in Section 4.1 (see Theorems 6
and 7). Before we proceed, we list the assumptions on p0 , q0 and H that we need in our
analysis.
(A) Ω is a non-empty open subset of Rd with a piecewise smooth boundary ∂Ω := Ω\Ω,
where Ω denotes the closure of Ω.

q
2 k(x, x) and
∂i2 ∂i+d

(B) p0 is continuously extendible to Ω. k is twice continuously differentiable on Ω × Ω
with continuous extension of ∂ α,α k to Ω × Ω for |α| ≤ 2.
p
∂i ∂i+d k(x, x)p0 (x) = o(kxk21−d ) as x ∈ Ω,

(C) ∂i ∂i+d k(x, x)p0 (x) = 0 for x ∈ ∂Ω and
kxk2 → ∞ for all i ∈ [d].

(D) (ε-Integrability) For some ε ≥ 1 and ∀ i ∈ [d], ∂i ∂i+d k(x, x),
p
∂i ∂i+d k(x, x)∂i log q0 (x) ∈ Lε (Ω, p0 ), where q0 ∈ C 1 (Ω).

Remark 3 (i) Ω being a subset of Rd along with k being continuous ensures that H is
separable (Steinwart and Christmann, 2008, Lemma 4.33). The twice differentiability of k
ensures that every f ∈ H is twice continuously differentiable (Steinwart and Christmann,
2008, Corollary 4.36). (C) ensures that J in (3) is equivalent to the one in (4) through
integration by parts on Ω (see Corollary 7.6.2 in Duistermaat and Kolk, 2004 for integration by parts on bounded subsets of Rd which can be extended to unbounded Ω through
for densities in P. In particular, (C) ensures that
Ra truncation and limiting
R argument)
2
Ω ∂i f (x)∂i p0 (x) dx = − Ω ∂i f (x)p0 (x) dx for all f ∈ H and i ∈ [d], which will be critical to
prove the representation in Theorem 4(ii), upon which rest of the results depend. The decay
p
condition in (C) can be weakened to ∂i ∂i+d k(x, x)p0 (x) = o(kxk21−d ) as x ∈ Ω, kxk2 → ∞
for all i ∈ [d] if Ω is a (possibly unbounded) box where d = #{i ∈ [d]|(ai , bi ) is unbounded}.
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(ii) When ε = 1, the first condition in (D) ensures that J(p0 kpf ) < ∞ for any pf ∈ P.
The other two conditions ensure the validity of the alternate representation for J(p0 kpf )
in (4) which will be useful in constructing estimators of p0 (see Theorem 4). Examples of
11
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kernels that satisfy (D) are the Gaussian, Matérn (with β > max{2, d/2}), and inverse
multiquadric kernels, for which it is easy to show that there exists q0 that satisfies (D).

(iii) (Identifiability) The above list of assumptions do not include the identifiability condition that ensures pf1 = pf2 if and only if f1 = f2 . It is clear that if constant functions are
included in H, i.e., 1 ∈ H, then pf = pf +c for any c ∈ R. On the other hand, it can be
shown that if 1 ∈
/ H and supp(q0 ) = Ω, then pf1 = pf2 ⇔ f1 = f2 . A sufficient condition
for 1 ∈
/ H is k ∈ C0 (Ω × Ω). We do not explicitly impose the identifiability condition as a
part of our blanket assumptions because the assumptions under which consistency and rates
are obtained in Theorem 7 automatically ensure identifiability.

Under these assumptions, the following result—proved in Section 8.3—shows that the problem of estimating p0 through the minimization of Fisher divergence reduces to the problem
of estimating f0 through a weighted least squares minimization in H (see parts (i) and (ii)).
This motivates the minimization of the regularized empirical weighted least squares (see
part (iv)) to obtain an estimator fλ,n of f0 , which is then used to construct the plug-in
estimate pfλ,n of p0 .

Z

Ω

∂i k(x, ·)∂i f (x) dx.

d
X
i=1

(6)

⊗ ∂i k(x, ·) dx is a trace-class positive

1
hf − f0 , C(f − f0 )iH ,
2

i=1

d
X

i=1 ∂i k(x, ·)

Pd

p0 (x)

Ω p0 (x)

J(f ) := J(p0 kpf ) =

p0 (x)


∂i k(x, ·)∂i log q0 (x) + ∂i2 k(x, ·) dx ∈ H

1
J(f ) = hf, Cf iH + hf, ξiH + J(p0 kq0 )
2

Cf =

R

Theorem 4 Suppose (A)–(D) hold with ε = 1. Then J(p0 kpf ) < ∞ for all f ∈ F. In
addition, the following hold.
(i) For all f ∈ F,

Z

Ω

where C : H → H, C :=
operator with

(ii) Alternatively,

where
ξ :=

and f0 satisfies Cf0 = −ξ.

2 over H exists and is
(iii) For any λ > 0, a unique minimizer fλ of Jλ (f ) := J(f ) + λ2 kf kH
given by
fλ = −(C + λI)−1 ξ = (C + λI)−1 Cf0 .
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n
(iv) (Estimator of f0 ) Given samples (Xa )a=1
drawn i.i.d. from p0 , for any λ > 0, the
ˆ ) + λ kf k2 over H exists and is given by
unique minimizer fλ,n of Jˆλ (f ) := J(f
H
2

ˆ
fλ,n = −(Ĉ + λI)−1 ξ,

12

n

d

a=1 i=1

ξˆ X X
+
β(a−1)d+i ∂i k(Xa , ·),
λ

13

(G + nλI) β =

1
h
λ

d

b=1 j=1

− min

n

1
, β
4 2(β+1)

o

,
as n → ∞.

n
o
1
− max 14 , 2(β+1)

JMLR 18(57):1-59, 2017
14

JMLR 18(57):1-59, 2017

Remark (i) While Theorem 6 (proved in Section 8.5) provides an asymptotic behavior for
kfλ,n − f0 kH under conditions that depend on p0 (and are therefore not easy to check in
practice), a non-asymptotic bound on kfλ,n − f0 kH that holds for all n ≥ 1 can be obtained
under stronger assumptions through an application of Bernstein’s inequality in separable
Hilbert spaces. For the sake of simplicity, we provided asymptotic results which are obtained
through an application of Chebyshev’s inequality.

(iii) If kC −1 k < ∞, then for λ = n− 2 , kfλ,n − f0 kH = Op0 (n−1/2 ) as n → ∞.

1

kfλ,n − f0 kH = Op0 n



(ii) If f0 ∈ R(C β ) for some β > 0, then for λ = n

Theorem 6 (Consistency and convergence rates for fλ,n ) Suppose (A)–(D) with ε =
2 hold.
√
p0
(i) If f0 ∈ R(C), then kfλ,n − f0 kH → 0 as λ → 0, λ n → ∞ and n → ∞.

In this section, we prove the consistency of fλ,n (see Theorem 6(i)) and pfλ,n (see Theorems 7
and B.2). Under the smoothness assumption that f0 ∈ R(C β ) for some β > 0, we present
convergence rates for fλ,n and pfλ,n in Theorems 6(ii), 7 and B.2. In reference to the
following results, for simplicity we suppress the dependence of λ on n by defining λ := λn
where (λn )n∈N ⊂ (0, ∞).

4.1 Consistency and Rate of Convergence

(8)

(7)

n

1 XX
2
∂i ∂j+d
k(Xa , Xb ) + ∂i ∂j+d k(Xa , Xb )∂j log q0 (Xb ).
n

We would like to highlight that though fλ,n requires solving a simple linear system in (8),
it can still be computationally intensive when d and n are large as G is a nd × nd matrix.
This is still a better scenario than that of MLE, however, since computationally efficient
methods exist to solve large linear systems such as (8), whereas MLE can be intractable
due to the difficulty in handling the log-partition function (though it can be approximated).
On the other hand, MLE is statistically well-understood, with consistency and convergence
rates established in general for the problem of density estimation (van de Geer, 2000) and
in particular for the problem at hand (Fukumizu, 2009). In order to ensure that fλ,n and
pfλ,n are statistically useful, in the following section, we investigate their consistency and
convergence rates under some smoothness conditions on f0 .

ˆ ∂i k(Xa , ·)iH =
(h)(a−1)d+i = hξ,

with (G)(a−1)d+i,(b−1)d+j = ∂i ∂j+d k(Xa , Xb ) and
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(ii) The proof of Theorem 6(i) involves decomposing kfλ,n − f0 kH into an estimation error
part, E(λ, n) := kfλ,n − fλ kH , and an approximation error part, A0 (λ) := kfλ − f0 kH , where
√
fλ = (C + λI)−1 Cf0 . While E(λ, n) → 0 as λ → 0, λ n → ∞ and n → ∞ without any
assumptions on f0 (see the proof in Section 8.5 for details), it is not reasonable to expect

where ξˆ is defined in Theorem 4(iv) and β = (β(a−1)d+i )a,i is obtained by solving

fλ,n = −

Theorem 5 (Computation of fλ,n ) Let fλ,n = arg inf f ∈H Jˆλ (f ), where Jˆλ (f ) is defined
in Theorem 4(iv) and λ > 0. Then

An important remark we would like to make about Theorem 4 is that though J(f ) in
(6) is valid only for f ∈ F, as it is obtained from J(p0 kpf ) where p0 , pf ∈ P, the expression
hf − f0 , C(f − f0 )iH is valid for any f ∈ H, as it is finite under the assumption that (D)
holds with ε = 1. Therefore, in Theorem 4(iii, iv), fλ and fλ,n are obtained by minimizing
Jλ and Jˆλ over H instead of over F, as the latter does not yield a nice expression (unlike
fλ and fλ,n , respectively). However, there is no guarantee that fλ,n ∈ F, and so the density
estimator pfλ,n may not be valid. While this is not an issue when studying the convergence
of kfλ,n − f0 kH (see Theorem 6), the convergence of pfλ,n to p0 (in various distances) needs
to be handled slightly differently depending on whether the kernel is bounded or not (see
Theorems 7 and B.2). Note that when the kernel is bounded, we obtain F = H, which
implies pfλ,n is valid.

An advantage of the alternate formulation of J(f ) in Theorem 4(ii) over (6) is that it
provides a simple way to obtain an empirical estimate of J(f )—by replacing C and ξ by
their empirical estimators, Ĉ and ξˆ respectively—from finite samples drawn i.i.d. from p0 ,
which is then used to obtain an estimator of f0 . Note that the empirical estimate of J(f ),
ˆ ) depends only on Ĉ and ξˆ which in turn depend on the known quantities, k and
i.e., J(f
q0 , and therefore fλ,n in Theorem 4(iv) should in principle be computable. In practice,
however, it is not easy to compute the expression for fλ,n = −(Ĉ + λI)−1 ξˆ as it involves
solving an infinite dimensional linear system. In Theorem 5 (proved in Section 8.4), we
provide an alternative expression for fλ,n as a solution of a simple finite-dimensional linear
system (see (7) and (8)), using the general representer theorem (see Theorem A.2). It is
interesting to note that while the solution to J(f ) in Theorem 4(ii) is obtained by solving
a non-linear system, Cf0 = −ξ (the system is non-linear as C depends on p0 which in turn
depends on f0 ), its estimator fλ,n proposed in Theorem 4, is obtained by solving a simple
linear system. In addition, we would like to highlight the fact that the proposed estimator,
fλ,n is precisely the Tikhonov regularized solution (which is well-studied in the theory of
ˆ We further discuss the
linear inverse problems) to the ill-posed linear system Ĉf = −ξ.
choice of regularizer in Section 4.3 using ideas from the inverse problem literature.

a=1 i=1

ˆ H + J(p0 kq0 ), Ĉ := 1 Pn Pd ∂i k(Xa , ·) ⊗ ∂i k(Xa , ·)
ˆ ) := 1 hf, Ĉf iH + hf, ξi
where J(f
i=1
a=1
2
n
and
n
d

1 XX
ξˆ :=
∂i k(Xa , ·)∂i log q0 (Xa ) + ∂i2 k(Xa , ·) .
n
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A0 (λ) → 0 as λ → 0 without assuming f0 ∈ R(C). This is because, if f0 lies in the null
space of C, then fλ is zero irrespective of λ and therefore cannot approximate f0 .
(iii) The condition f0 ∈ R(C) is difficult to check in practice as it depends on p0 (which
in turn depends on f0 ). However, since the null space of C is just constant functions if the
kernel is bounded and supp(q0 ) = Ω (see Lemma 14 in Section 8.6 for details), assuming
1∈
/ H yields that R(C) = H and therefore consistency can be attained under conditions
that are easy to impose in practice. As mentioned in Remark 3(iii), the condition 1 ∈
/ H
ensures identifiability and a sufficient condition for it to hold is k ∈ C0 (Ω × Ω), which is
satisfied by Gaussian, Matérn and inverse multiquadric kernels.
(iv) It is well known that convergence rates are possible only if the quantity of interest (here
f0 ) satisfies some additional conditions. In function estimation, this additional condition is
classically imposed by assuming f0 to be sufficiently smooth, e.g., f0 lies in a Sobolev space
of certain smoothness. By contrast, the smoothness condition in Theorem 6(ii) is imposed
in an indirect manner by assuming f0 ∈ R(C β ) for some β > 0—so that the results hold
for abstract RKHSs and not just Sobolev spaces—which then provides a rate, with the
best rate being n−1/4 that is attained when β ≥ 1. While such a condition has already
been used in various works (Caponnetto and Vito, 2007; Smale and Zhou, 2007; Fukumizu
et al., 2013) in the context of non-parametric least squares regression, we explore it in more
detail in Proposition 8, and Examples 2 and 3. Note that this condition is common in the
inverse problem theory (see Engl, Hanke, and Neubauer, 1996), and it naturally arises here
through the connection of fλ,n being a Tikhonov regularized solution to the ill-posed linear
ˆ An interesting observation about the rate is that it does not improve
system Ĉf = −ξ.
with increasing β (for β > 1), in contrast to the classical results in function estimation (e.g.,
kernel density estimation and kernel regression) where the rate improves with increasing
smoothness. This issue is discussed in detail in Section 4.3.
(v) Since kC −1 k < ∞ only if H is finite-dimensional, we recover the parametric rate of n−1/2
in a finite-dimensional situation with an automatic choice for λ as n−1/2 .While Theorem 6
provides statistical guarantees for parameter convergence, the question of primary interest
is the convergence of pfλ,n to p0 . This is guaranteed by the following result, which is proved
in Section 8.6.
Theorem 7 (Consistency and rates for pfλ,n ) Suppose (A)–(D) with ε = 2 hold and
kkk∞ := supx∈Ω k(x, x) < ∞. Assume supp(q0 ) = Ω. Then the following hold:

− max

n

1
, 1
4 2(β+1)

o

,

(i) For any 1 < r ≤ ∞ with q0 ∈ L1 (Ω) ∩ Lr (Ω),
√
kpfλ,n −p0 kLr (Ω) → 0, h(pfλ,n , p0 ) → 0, KL(p0 kpfλ,n ) → 0 as λ n → ∞, λ → 0 and n → ∞.

In addition, if f0 ∈ R(C β ) for some β > 0, then for λ = n

− min

n

1
, β
4 2(β+1)

o

.

kpfλ,n − p0 kLr (Ω) = Op0 (θn ), h(p0 , pfλ,n ) = Op0 (θn ), KL(p0 kpfλ,n ) = Op0 (θn2 )
as n → ∞ where θn := n
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(ii) J(p0 kpfλ,n ) → 0 as λn → ∞, λ → 0 and n → ∞. In addition, if f0 ∈ R(C β ) for some
15

− max

n

1

,

1
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o

3 2(β+1)
β ≥ 0, then for λ = n
,

o
n
2β+1
− min 32 , 2(β+1)
as n → ∞.
J(p0 kpfλ,n ) = Op0 n
1

1

(iii) If kC −1 k < ∞, then θn = n− 2 and J(p0 kpfλ,n ) = Op0 (n−1 ) with λ = n− 2 .

Remark (i) Comparing the results of Theorem 6(i) and Theorem 7(i) (for Lr , Hellinger
and KL divergence), we would like to highlight that while the conditions on λ and n match
in both the cases, the latter does not require f0 ∈ R(C) to ensure consistency. While
f0 ∈ R(C) can be imposed in Theorem 7 to attain consistency, we replaced this condition
with supp(q0 ) = Ω—a simple and easy condition to work with—which along with the
boundedness of the kernel ensures that for any f0 ∈ H, there exists f˜0 ∈ R(C) such that
pf˜0 = p0 (see Lemma 14).

(ii) In contrast to the results in Lr , Hellinger and KL divergence, consistency in J can be
obtained with λ converging to zero at a rate faster than in these results. In addition, one
can obtain rates in J with β = 0, i.e., no smoothness assumption on f0 , while no rates are
possible in other distances (the latter might also be an artifact of the proof technique, as
these results are obtained through an application of Theorem 6(ii) in Lemma A.1) which is
due to the fact that the convergence in these other distances is based on the convergence of
kfλ,n − f0 kH , which in turn involves convergence
√ of A0 (λ) := kfλ − f0 kH to zero while the
convergence in J is controlled by A 1 (λ) := k C(fλ − f0 )kH which can be shown to behave
2
√
as O( λ) as λ → 0, without requiring any assumptions on f0 (see Proposition A.3). Indeed,
as a further consequence, the rate of convergence in J is faster than in other distances.

(iii) An interesting aspect in Theorem 7 is that pfλ,n is consistent in various distances such
as Lr , Hellinger and KL, despite being obtained by minimizing a different loss function,
i.e., J. However, we will see in Section 5 that such nice results are difficult to obtain in the
misspecified case, where consistency and rates are provided only in J.

While Theorem 7 addresses the case of bounded kernels, the case of unbounded kernels
requires a technical modification. The reason for this modification, as alluded to in the
discussion following Theorem 4, is due to the fact that fλ,n may not be in F when k
is unbounded, and therefore the corresponding density estimator, pfλ,n may not be welldefined. In order to keep the main ideas intact, we discuss the unbounded case in detail in
Section B.2 in Appendix B.
4.2 Range Space Assumption
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While Theorems 6 and 7 are satisfactory from the point of view of consistency, we believe
the presented rates are possibly not minimax optimal since these rates are valid for any
RKHS that satisfies the conditions (A)–(D) and does not capture the smoothness of k
(and therefore the corresponding H). In other words, the rates presented in Theorems 6
and 7 should depend on the decay rate of the eigenvalues of C which in turn effectively
captures the smoothness of H. However, we are not able to obtain such a result—see the
remark following the proof of Theorem 6 for a discussion. While these rates do not reflect

16

i∈I

2s−1− d −

H2 (R )

x ∈ Rd with H2s (Rd )

18
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17

s− d2
21−s
Kd/2−s (kxk2 ),
Γ(s) kxk2

α̂i
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Example 3 (Matérn kernel) Let ψ(x) =

i∈I

as its corresponding RKHS (see Section 2 for its definition) where s > d2 . By Proposition 8,
we have that for q0 ∈ L1 (Rd ), if f0 ∈ R(C), then f0 ∈ H2α (Rd ) ⊂ H2s (Rd ) for 1 + d2 < s ≤

2

of Ĉ respectively. However, Ĉ being a rank n operator defined on H (which can be infinite
dimensional) is not invertible and therefore the regularized estimator is constructed as
fλ,n = −gλ (Ĉ)ξˆ where gλ (Ĉ) is defined through functional calculus (see Engl, Hanke, and

∞

Example 2 (Gaussian kernel) Let ψ(x) = e−σkxk with Hσ as its corresponding RKHS
(see Section 2 for its definition). By Proposition 8, it is easy to verify that f0 ∈ R(C)
implies f0 ∈ Hα ⊂ Hσ for σ2 < α ≤ σ. Since Hβ ⊂ Hγ for β < γ (i.e., Gaussian RKHSs
are nested), f0 ∈ R(C) ensures that f0 lies in H σ2 + for arbitrary small  > 0.

Then f0 ∈ R(C) implies f0 ∈ G ⊂ H.

Lr (Rd ).

In the following, we apply the above result in two examples involving Gaussian and Matérn
kernels to get insights into the range space assumption.

4.3 Choice of Regularizer

While Example 3 provides some understanding about the minimax optimality of fλ,n under
additional assumptions on f0 , the problem is not completely resolved. In the following
section, however, we show that the rate in Theorem 6 is not optimal for β > 1, and that
improved rates can be obtained by choosing the regularizer appropriately.

1+ d +

to be H2 2 (Rd ). This example also explains away the dimension independence of the
rate provided by Theorem 6 by showing that the dimension effect is captured in the relative
smoothness of f0 w.r.t. H.

2
f0 ∈
/ H2α (Rd ) for α ≥ 2s − 1 − d2 , which means f0 ∈ H2
(Rd ) for arbitrarily small
−1/4
 > 0. This implies that the rate of n
obtained in Theorem 6 is minimax optimal if H
is chosen to be H21+d+ (Rd ) (i.e., choose α = 2s − 1 − d2 −  and δ = s in (10) and solve
for s by equating the exponent in the r.h.s. of (10) to − 41 ). Similarly, it can be shown that
if q0 ∈ L2 (Rd ), then the rate of n−1/4 in Theorem 6 is minimax optimal if H is chosen

2s−1− d −

where the infimum is taken over all possible estimators. Here an  bn means that for any
two sequences an , bn > 0, an /bn is bounded away from zero and infinity as n → ∞. Suppose

fˆn f0 ∈H2α (Rd )

2
(Rd ) for arbitrarily small  > 0, i.e., f0 has at least 2s − 1 − d d2 e
means f0 lies in H2
weak-derivatives. By the minimax theory (Tsybakov, 2009, Chapter 2), it is well known that
for any α > δ ≥ 0,
− α−δ
(10)
inf sup kfˆn − f0 k δ d  n 2(α−δ)+d ,

α < 2s − 1 − d2 . Since H2δ (Rd ) ⊂ H2γ (Rd ) for γ < δ (i.e., Sobolev spaces are nested), this
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We understand from the characterization of R(C β ) in (9) that larger β values yield smoother
functions in H. However, the smoothness of f0 ∈ R(C β ) for β > 1 is not captured in the
rates in Theorem 6(ii), where the rate saturates at β = 1 providing the best possible
rate of n−1/4 (irrespective of the size of β). This is unsatisfactory on the part of the
estimator, as it does not effectively capture the smoothness of f0 , i.e., the estimator is not
adaptive to the smoothness of f0 . We remind the reader that the estimator fλ,n is obtained
by minimizing the regularized empirical Fisher divergence (see Theorem 4(iv)) yielding
ˆ which can be seen as a heuristic to solve the (non-linear) inverse
fλ,n = −(Ĉ + λI)−1 ξ,
problem Cf0 = −ξ (see Theorem 4(ii)) from finite samples, by replacing C and ξ with
their empirical counterparts. This heuristic, which ensures that the finite sample inverse
problem is well-posed, is popular in inverse problem literature under the name of Tikhonov
regularization (Engl et al., 1996, Chapter 5). Note that Tikhonov regularization helps to
make the ill-posed inverse problem a well-posed one by approximating α−1 by (α + λ)−1 ,
λ > 0, where α−1 appears as the inverse of the eigenvalues of C while computing C −1 . In
ˆ
other words, if Ĉ is invertible, then an estimate of f0 can be obtained as fˆn = −Ĉ −1 ξ,
P hξ̂,φ̂i iH
i.e., fˆn = −
φ̂i , where (α̂i )i∈I and (φ̂i )i∈I are the eigenvalues and eigenvectors

Proposition 8 (Necessary condition) Suppose ψ, φ ∈ Cb (Rd ) ∩ L1 (Rd ) are positive definite functions on Rd with Fourier transforms ψ ∧ and φ∧ respectively. Let H and G be the
RKHSs associated with k(x, y) = ψ(x − y) and l(x, y) = φ(x − y), x, y ∈ Rd respectively. For
1 ≤ r ≤ 2, suppose the following hold:
R
r
∧
k·k22 (ψ ∧ )2
(i) Rd kωk22 ψ ∧ (ω) dω < ∞; (ii) ψφ ∧
< ∞; (iii)
∈ L 2−r (Rd ); (iv) q0 ∈
φ∧

where (αi )i∈I are the positive eigenvalues of C, (φi )i∈I are the corresponding eigenvectors
that form an orthonormal basis for R(C), and I is an index set which is either finite (if
H is finite-dimensional) or I = N with limi→∞ αi = 0 (if H is infinite dimensional). From
(9) it is clear that larger the value of β, the faster is the decay of the Fourier coefficients
(ci )i∈I , which in turn implies that the functions in R(C β ) are smoother. Using (9), an
interpretation can be provided for R(C β ) (β > 0 and β ∈
/ N) as interpolation spaces (see
Section A.5 for the definition of interpolation spaces) between R(C dβe ) and R(C bβc ) where
R(C 0 ) := H (see Proposition B.3 for details). While it is not completely straightforward to
obtain a sufficient condition for f0 ∈ R(C β ), β ∈ N, the following result provides a necessary
condition for f0 ∈ R(C) (and therefore a necessary condition for f0 ∈ R(C β ), ∀ β > 1) for
translation invariant kernels on Ω = Rd , whose proof is presented in Section 8.7.

i∈I

the intrinsic smoothness of H, they are obtained under the smoothness assumption, i.e.,
range space condition that f0 ∈ R(C β ) for some β > 0. This condition is quite different
from the classical smoothness conditions that appear in non-parametric function estimation.
While the range space assumption has been made in various earlier works (e.g., Caponnetto
and Vito (2007); Smale and Zhou (2007); Fukumizu et al. (2013) in the context of nonparametric least square regression), in the following, we investigate the implicit smoothness
assumptions that it makes on f0 in our context. To this end, first it is easy to show (see
the proof of Proposition B.3 in Section B.3) that
(
)
X
X
R(C β ) =
ci φi :
c2i αi−2β < ∞ ,
(9)
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X
i∈I

gλ (α̂i )h·, φ̂i iH φ̂i
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Neubauer, 1996, Section 2.3) as
gλ (Ĉ) =
with gλ : R+ → R and gλ (α) := (α + λ)−1 . Since the Tikhonov regularization is wellknown to saturate (as explained above)—see Engl et al. (1996, Sections 4.2 and 5.1) for
details—, better approximations to α−1 have been used in the inverse problems literature
to improve the rates by using gλ other than (· + λ)−1 where gλ (α) → α−1 as λ → 0. In the
statistical context, Rosasco et al. (2005) and Bauer et al. (2007) have used the ideas from
Engl et al. (1996) in non-parametric regression for learning a square integrable function
from finite samples through regularization in RKHS. In the following, we use these ideas to
construct an alternate estimator for f0 (and therefore for p0 ) that appropriately captures
the smoothness of f0 by providing a better convergence rate when β > 1. To this end,
we need the following assumption—quoted from Engl et al. (1996, Theorems 4.1–4.3 and
Corollary 4.4) and Bauer et al. (2007, Definition 1)—that is standard in the theory of inverse
problems.

B

(E) There exists finite positive constants Ag , Bg , Cg , η0 and (γη )η∈(0,η0 ] (all independent
of λ > 0) such that gλ : [0, χ] → R satisfies:

(a) supα∈D |αgλ (α)| ≤ Ag , (b) supα∈D |gλ (α)| ≤ λg , (c) supα∈D |1 − αgλ (α)| ≤ Cg
and (d) supα∈D |1 − αgλ (α)|αη ≤ γη λη , ∀ η ∈ (0, η0 ] where D := [0, χ] and χ :=
d supx∈Ω,i∈[d] ∂i ∂i+d k(x, x) < ∞.

fg,λ,n

−gλ (Ĉ)ξ.

The constant η0 is called the qualification of gλ which is what determines the point of
saturation of gλ . We show in Theorem 9 that if gλ has a finite qualification, then the
resultant estimator cannot fully exploit the smoothness of f0 and therefore the rate of
convergence will suffer for β > η0 . Given gλ that satisfies (E), we construct our estimator
of f0 as
ˆ
=
Ĉ)f iH

Note that the above estimator can be obtained by using the data dependent regularizer,
ˆ ) defined in Theorem 4(iv), i.e.,
−
in the minimization of J(f
1
−1
2 hf, ((gλ (Ĉ))

ˆ ) + 1 hf, ((gλ (Ĉ))−1 − Ĉ)f iH .
fg,λ,n = arg inf J(f
f ∈H
2
However, unlike fλ,n for which a simple form is available in Theorem 5 by solving a linear
system, we are not able to obtain such a nice expression for fg,λ,n . The following result
(proved in Section 8.8) presents an analog of Theorems 6 and 7 for the new estimators,
fg,λ,n and pfg,λ,n .
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Theorem 9 (Consistency and convergence rates for fg,λ,n and pfg,λ,n ) Suppose (A)–
(E) hold with ε = 2.
(i) If f0 ∈ R(C β ) for some β > 0, then for any λ ≥ n−1/2 ,
kfg,λ,n − f0 kH = Op0 (θn ) ,
19

n
− min

β

,

η0

o

n

1

0

, 2(η 1+1)
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− max

2(β+1) 2(η0 +1)
2(β+1)
where θn := n
with λ = n
then for any 1 < r ≤ ∞ with q0 ∈ L1 (Ω) ∩ Lr (Ω),

o

. In addition, if kkk∞ < ∞,

kpfg,λ,n − p0 kLr (Ω) = Op0 (θn ), h(p0 , pfg,λ,n ) = Op0 (θn ) and KL(p0 kpfg,λ,n ) = Op0 (θn2 ).

.

(ii) If f0 ∈ R(C β ) for some β ≥ 0, then for any λ ≥ n−1/2 ,


min{2β+1,2η0 }
−
J(p0 kpfg,λ,n ) = Op0 n min{2β+2,2η0 +1}
0 +1}

1
− min{2β+2,2η

1
− min{2,2η

0}

.

kfg,λ,n − f0 kH = Op0 (θn ) and J(p0 kpfg,λ,n ) = Op0 (θn2 )

(iii) If kC −1 k < ∞, then for any λ ≥ n−1/2 ,

with λ = n

1

with θn = n− 2 and λ = n

Theorem 9 shows that if gλ has infinite qualification, then smoothness of f0 is fully captured
in the rates and as β → ∞, we attain Op0 (n−1/2 ) rate for kfg,λ,n − f0 kH in contrast to n−1/4
(similar improved rates are also obtained for pfg,λ,n in various distances) in Theorem 6. In
the following example, we present two choices of gλ that improve on Tikhonov regularization.
We refer the reader to Rosasco et al. (2005, Section 3.1) for more examples of gλ .

(
1
α,
0,

α≥λ
α<λ

Example 4 (Choices of gλ ) (i) Tikhonov regularization involves gλ (α) = (α + λ)−1 for
which it is easy to verify that η0 = 1 and therefore the rates saturate at β = 1, leading to
the results in Theorems 6 and 7.

1 − e−α/λ
and gλ (α) =
α

(ii) Showalter’s method and spectral cut-off use
gλ (α) =

respectively for which it is easy to verify that η0 = +∞ (see Engl, Hanke, and Neubauer,
1996, Examples 4.7 & 4.8 for details) and therefore improved rates are obtained for β > 1
in Theorem 9 compared to that of Tikhonov regularization.

5. Density Estimation in P: Misspecified Case
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In this section, we analyze the misspecified case where p0 ∈
/ P, which is a more reasonable
case than the well-specified one, as in practice it is not easy to check whether p0 ∈ P. To this
end, we consider the same estimator pfλ,n as considered in the well-specified case where fλ,n
is obtained from Theorem 5. The following result shows that J(p0 kpfλ,n ) → inf p∈P J(p0 kp)
as λ → 0, λn → ∞ and n → ∞ under the assumption that there exists f ∗ ∈ F such that
J(p0 kpf ∗ ) = inf p∈P J(p0 kp). We present the result for bounded kernels although it can be
easily extended to unbounded kernels as in Theorem B.2. Also, the presented result for
Tikhonov regularization extends easily to pfg,λ,n using the ideas in the proof of Theorem 9.
Note that unlike in the well-specified case where convergence in other distances can be
shown even though the estimator is constructed from J, it is difficult to show such a result
in the misspecified case.

20

− 21

.

1

p∈P

. If kC −1 k < ∞, then for λ = n− 2 ,
r
q
J(p0 kpfλ,n ) ≤ inf J(p0 kp) + Op0 (n−1/2 ).

p∈P

Ω

Z

1

p0
pf

2

2

α

dx =

1
2

2

Ω

Z
p0 (x)
i=1

d
X

(∂i f? − ∂i f )2 dx,

W2 (Ω, p0 ) := f ∈ C (Ω) : ∂ f ∈ L (Ω, p0 ), ∀ |α| = 1 .



p0 (x) ∇ log

and p0 ∈
/ P. Define

1
2

Ω i=1

Z X
d

∂i k(x, y)∂i h(x) p0 (x) dx,

[h]∼ ∈ W2∼ (Ω, p0 ), y ∈ Ω.

∼

[h]∼ ∈ W2∼ (Ω, p0 ).
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Theorem 12 Let p0 , q0 ∈ C 1 (Ω) be probability densities such that J(p0 kq0 ) < ∞. Assume
that (A)–(D) hold with ε = 2 and χ := d supx∈Ω,i∈[d] ∂i ∂i+d k(x, x) < ∞. Then the following

Note that for [h]∼ ∈ W2∼ (Ω, p0 ), the derivatives ∂i h do not depend on the choice of a representative element almost surely w.r.t. p0 , and thus the above integrals are well defined.
Having constructed W2 (Ω, p0 ), it is clear that J(p0 kpf ) = 21 k[f? ]∼ − Ik f k2W2 , which means
estimating p0 is equivalent to estimating f? ∈ W2 (Ω, p0 ) by f ∈ F. With all these preparations, we are now ready to present a result (proved in Section 8.11) on consistency and
convergence rate for pfλ,n without assuming the existence of f ∗ .

Ω i=1

and the restriction of Tk to W2∼ (Ω, p0 ) is given by
"Z d
#
X
Tk [h]∼ =
∂i k(x, ·)∂i h(x) p0 (x) dx ,

Ω i=1

In addition, Ik and Sk are Hilbert-Schmidt and therefore compact. Also, Ek := Sk Ik and
Tk := Ik Sk are compact, positive and self-adjoint operators on H and W2 (Ω, p0 ) respectively
where
Z X
d
Ek g(y) =
∂i k(x, y)∂i g(x)p0 (x) dx,
g ∈ H, y ∈ Ω

Sk [h]∼ (y) =

Proposition 11 Let supp(q0 ) = Ω where Ω ⊂ Rd is non-empty and open. Suppose k
satisfies (B) and ∂i ∂i+d k(x, x) ∈ L1 (Ω, p0 ) for all i ∈ [d]. Then Ik : H → W2 (Ω, p0 ),
f 7→ [f ]∼ defines a continuous mapping with the null space H ∩ R. The adjoint of Ik is
Sk : W2 (Ω, p0 ) → H whose restriction to W2∼ (Ω, p0 ) is given by

makes it a pre-Hilbert space. Let W2 (Ω, p0 ) be the Hilbert space obtained by completion
of W2∼ (Ω, p0 ). As shown in Proposition 11 below, under some assumptions, a continuous
mapping Ik : H → W2 (Ω, p0 ), f 7→ [f ]∼ can be defined, which is injective modulo constant
functions. Since addition of a constant does not contribute to pf , the space W2 (Ω, p0 ) can be
regarded as a parameter space extended from H. In addition to Ik , Proposition 11 (proved
in Section 8.10) describes the adjoint of Ik and relevant self-adjoint operators, which will
be useful in analyzing pfλ,n in Theorem 12.

|α|=1

W2 (Ω, p0 ) is a vector space of functions, from which a normed space can be constructed as
follows. Let us define f, f 0 ∈ W2 (Ω, p0 ) to be equivalent, i.e., f ∼ f 0 , if kf − f 0 kW2 = 0.

|α|=1

This is a reasonable class of functions to consider as under the condition J(p0 kq0 ) < ∞, it
is clear that f? ∈ W2 (Ω, p0 ). Endowed with a semi-norm,
X
kf k2W2 :=
k∂ α f k2L2 (Ω,p0 ) ,

where f? = log

p0
q0

J(p0 kpf ) =

To this end, let us return to the objective function under consideration,

While the above result is useful and interesting, the assumption about the existence of f ∗
is quite restrictive. This is because if p0 (which is not in P) belongs to a family Q where
P is dense in Q w.r.t. J, then there is no f ∈ H that attains the infimum, i.e., f ∗ does not
exist and therefore the proof technique employed in Theorem 10 will fail. In the following,
we present a result (Theorem 12) that does not require the existence of f ∗ but attains the
same result as in Theorem 10, but requiring a more complicated proof. Before we present
Theorem 12, we need to introduce some notation.

with λ = n

with λ = n

o
n
1
− max 13 , 2(β+1)

In addition, if f ∗ ∈ R(C β ) for some β ≥ 0, then

n
o
r
q
2β+1
− min 13 , 4(β+1)
J(p0 kpfλ,n ) ≤ inf J(p0 kp) + Op0 n

p∈P

J(p0 kpfλ,n ) → inf J(p0 kp) as λ → 0, λn → ∞ and n → ∞.

Then for an estimator pfλ,n constructed from random samples (Xa )na=1 drawn i.i.d. from
p0 , where fλ,n is defined in (7)—also see Theorem 4(iv)—with λ > 0, we have

p∈P

Ω

In other words, f ∼ f 0 if and only if f and f 0 differ by a constant p0 -almost everywhere.
Now define the quotient space W2∼ (Ω, p0 ) := {[f ]∼ : f ∈ W2 (Ω, p0 )} where [f ]∼ := {f 0 ∈
W2 (Ω, p0 ) : f ∼ f 0 } denotes the equivalence class of f . Defining k[f ]∼ kW2∼ := kf kW2 , it is
easy to verify that k · kW2∼ defines a norm on W2∼ (p0 ). In addition, endowing the following
bilinear form on W2∼ (Ω, p0 )
Z
X
(∂ α f )(x)(∂ α g)(x) dx
p0 (x)
h[f ]∼ , [g]∼ iW2∼ :=

Theorem 10 Let p0 , q0 ∈ C 1 (Ω) be probability densities such that J(p0 kq0 ) < ∞ where
Ω satisfies (A). Assume that (B), (C) and (D) with ε = 2 hold. Suppose kkk∞ < ∞,
supp(q0 ) = Ω and there exists f ∗ ∈ F such that

J(p0 kpf ∗ ) = inf J(p0 kp).
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hold.

1
, 1
3 2β+1

o
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(i) As λ → 0, λn → ∞ and n → ∞, J(p0 kpfλ,n ) → inf p∈P J(p0 kp).
(ii) Define f? := log pq00 . If [f? ]∼ ∈ R(Tk ), then

n

J(p0 kpfλ,n ) → 0 as λ → 0, λn → ∞ and n → ∞.
− max

In addition, if [f? ]∼ ∈ R(Tkβ ) for some β > 0, then for λ = n
n
o

2β
− min 32 , 2β+1
J(p0 kpfλ,n ) = Op0 n

1
. (iii) If kEk−1 k < ∞ and kTk−1 k < ∞, then J(p0 kpfλ,n ) = Op0 n−1 with λ = n− 2 .

Remark (i) The result in Theorem 12(ii) is particularly interesting as it shows that [f? ]∼ ∈
W2 (Ω, p0 )\Ik (H) can be consistently estimated by fλ,n ∈ H, which in turn implies that
certain p0 ∈
/ P can be consistently estimated by pfλ,n ∈ P. In particular, if Sk is injective,
then Ik (H) is dense in W2 (Ω, p0 ) w.r.t. k · kW2 , which implies inf p∈P J(p0 ||p) = 0 though
there does not exist f ∗ ∈ H for which J(p0 ||pf ∗ ) = 0. While Theorem 10 cannot handle
this situation, (i) and (ii) in Theorem 12 coincide showing that p0 ∈
/ P can be consistently
estimated by pfλ,n ∈ P. While the question of when Ik (H) is dense in W2 (Ω, p0 ) is open,
we refer the reader to Section B.4 for a related discussion.
(ii) Replicating the proof of Theorem 4.6 in Steinwart and Scovel (2012), it is easy to show
γ/2
that for all 0 < γ < 1, R(Tk ) = [W2 (Ω, p0 ), Ik (H)]γ,2 , where the r.h.s. is an interpolation
space obtained through the real interpolation of W2 (Ω, p0 ) and Ik (H) (see Section A.5
for the notation and definition). Here Ik (H) is endowed with the Hilbert space structure
∼ H/H ∩ R. This interpolation space interpretation means that, for β ≥ 1 ,
by Ik (H) =
2
R(Tkβ ) ⊂ H modulo constant functions. It is nice to note that the rates in Theorem 12(ii)
for β ≥ 12 match with the rates in Theorem 7 (i.e., the well-specified case) w.r.t. J for
0 ≤ β ≤ 12 . We highlight the fact that β = 0 corresponds to H in Theorem 7 whereas β = 21
corresponds to H in Theorem 12(ii) and therefore the range of comparison is for β ≥ 21 in
Theorem 12(ii) versus 0 ≤ β ≤ 21 in Theorem 7. In contrast, Theorem 10 is very limited as
it only provides a rate for the convergence of J(p0 ||pfλ,n ) to inf p∈P J(p0 ||p) assuming that
f ∗ is sufficiently smooth.
Based on the observation (i) in the above remark that inf p∈P J(p0 kp) = 0 if Ik (H) is dense
in W2 (Ω, p0 ) w.r.t. k · kW2 , it is possible to obtain an approximation result for P (similar
to those discussed in Section 3) w.r.t. Fisher divergence as shown below, whose proof is
provided in Section 8.12.

Ω

Proposition 13 Suppose Ω ⊂ Rd is non-empty and open. Let q0 ∈ C 1 (Ω) be a probability
density and
Z
n
o
PFD := p ∈ C 1 (Ω) :
p(x) dx = 1, p(x) ≥ 0, ∀ x ∈ Ω and J(pkq0 ) < ∞ .
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For any p ∈ PFD , if Ik (H) is dense in W2 (Ω, p) w.r.t. k · kW2 , then for every  > 0, there
exists p̃ ∈ P such that J(pkp̃) ≤ .
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6. Numerical Simulations
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We have proposed an estimator of p0 that is obtained by minimizing the regularized empirical Fisher divergence and presented its consistency along with convergence rates. As
discussed in Section 1, however one can simply ignore the structure of P and estimate p0 in
a completely non-parametric fashion, for example using the kernel density estimator (KDE).
In fact, consistency and convergence rates of KDE are also well-studied (Tsybakov, 2009,
Chapter 1) and the kernel density estimator is very simple to compute—requiring only O(n)
computations—compared to the proposed estimator, which is obtained by solving a linear
system of size nd × nd. This raises questions about the applicability of the proposed estimator in practice, though it is very well known that KDE performs poorly for moderate to
large d (Wasserman, 2006, Section 6.5). In this section, we numerically demonstrate that
the proposed score matching estimator performs significantly better than the KDE, and
in particular, that the advantage with the proposed estimator grows as d gets large. Note
further that the maximum likelihood approach of Barron and Sheu (1991) and Fukumizu
(2009) does not yield estimators that are practically feasible, and therefore to the best of
our knowledge, the proposed estimator is the only viable estimator for estimating densities
through P.

In the following, we consider two simple scenarios of estimating a multivariate normal and mixture of normals using the proposed estimator and demonstrate the superior
performance of the proposed estimator over KDE. Inspired by this preliminary empirical
investigation, recently, the proposed estimator has been explored in two concrete applications of gradient-free adaptive MCMC sampler (Strathmann et al., 2015) and graphical
model structure learning (Sun et al., 2015) where the superiority of working with the infinite
dimensional family is demonstrated. We would like to again highlight that the goal of this
work is not to construct density estimators that improve upon KDE but to provide a novel
modeling technique of approximating an unknown density by a rich parametric family of
densities with the parameter being infinite dimensional in contrast to the classical approach
of finite dimensional approximation.

We consider the problems of estimating a standard normal distribution on Rd , N (0, Id )
and mixture of Gaussians,

1
1
p0 (x) = φd (x; α1n , Id ) + φd (x; β1n , Id )
2
2
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through the score matching approach and KDE, and compare their estimation accuracies.
kx−yk2
Here φd (x; µ, Σ) is the p.d.f. of N (µ, ΣId ). By choosing the kernel, k(x, y) = exp(− 2σ2 2 )+
r(xT y+c)2 , which is a Gaussian plus polynomial of degree 2, it is easy to verify that Gaussian
distributions lie in P, and therefore the first problem considers the well-specified case while
the second problem deals with the misspecified case. In our simulations, we chose r = 0.1,
c = 0.5, α = 4 and β = −4. The base measure of the exponential family is N (0, 102 Id ).
The bandwidth parameter σ is chosen by cross-validation (CV) of the objective function
Jˆλ (see Theorem 4(iv)) within the parameter set {0.1, 0.2, 0.4, 0.6, 0.8, 1, 1.2, 1.4, 1.6} × σ∗ ,
where σ∗ is the median of pairwise distances of data, and the regularization parameter λ is set as λ = 0.1 × n−1/3 with sample size n. For KDE, the Gaussian kernel
is used for the smoothing kernel, and the bandwidth parameter is chosen by CV from
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We have considered an infinite dimensional generalization, P, of the finite-dimensional exponential family, where the densities are indexed by functions in a reproducing kernel Hilbert
space (RKHS), H. We showed that P is a rich object that can approximate a large class
of probability densities arbitrarily well in Kullback-Leibler divergence, and addressed the
main question of estimating an unknown density, p0 from finite samples drawn i.i.d. from
it, in well-specified (p0 ∈ P) and misspecified (p0 ∈
/ P) settings. We proposed a density

7. Summary & Discussion

(n) and dimensions (d). From the figures, we see that the proposed estimator outperforms
(i.e., lower function values) KDE in all the cases except the low dimensional cases ((n, d) =
(500, 2) for the Gaussian, and (n, d) = (300, 2), (300, 4) for the Gaussian mixture). In the
case of the correlation measure, the score matching method yields better results (i.e., higher
correlation) besides in the Gaussian mixture cases of d = 2, 4, 6 (Fig.2, lower-left) and some
cases of d = 7 (lower-right). The proposed method shows an increased advantage over
KDE as the dimensionality increases, thereby demonstrating the advantage of the proposed
estimator for high dimensional data.

Figure 2: Experimental comparisons with the correlation: proposed method and kernel
density estimator
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where R is a probability distribution. For R, we use the empirical distribution based on
10000 random samples drawn i.i.d. from p0 (x).
˜
Figures 1 and 2 show the score objective function (J(p))
and the correlation (Cor(p, p0 ))
(along with their standard deviation as error bars) of the proposed estimator and KDE for
the tasks of estimating a Gaussian and a mixture of Gaussians, for different sample sizes

ER [p(X)p0 (X)]
Cor(p, p0 ) := p
,
ER [p(X)2 ]ER [p0 (X)2 ]

and the other is correlation of the estimator with the true density function,

˜ =
J(p)

{0.02, 0.04, 0.06, 0.08, 0.1, 0.2, 0.4, 0.6, 0.8, 1.0} × σ∗ ; where for both the methods, 5-fold CV
is applied. Since it is difficult to accurately estimate the normalization constant in the
proposed method, we use two methods to evaluate the accuracy of estimation. One is the
objective function for the score matching method,
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Figure 1: Experimental comparisons with the score objective function: proposed method
and kernel density estimator
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estimator based on minimizing the regularized version of the empirical Fisher divergence,
which results in solving a simple finite-dimensional linear system. Our estimator provides a
computationally efficient alternative to maximum likelihood based estimators, which suffer
from the computational intractability of the log-partition function. The proposed estimator
is also shown to empirically outperform the classical kernel density estimator, with advantage increasing as the dimension of the space increases. In addition to these computational
and empirical results, we have established the consistency and convergence rates under certain smoothness assumptions (e.g., log p0 ∈ R(C β )) for both well-specified and misspecified
scenarios.
Three important questions still remain open in this work which we intend to address
in our future work. First, the assumption log p0 ∈ R(C β ) is not well understood. Though
we presented a necessary condition for this assumption (with β = 1) to hold for bounded
continuous translation invariant kernels on Rd , obtaining a sufficient condition can throw
light on the minimax optimality of the proposed estimator. Another alternative is to directly
study the minimax optimality of the rates for 0 < β ≤ 1 (for β > 1, we showed that the above
mentioned rates can be improved by an appropriate choice of the regularizer) by obtaining
minimax lower bounds under the source condition log p0 ∈ R(C β ) and the eigenvalue decay
rate of C, using the ideas in DeVore et al. (2004). Second, the proposed estimator depends
on the regularization parameter, which in turn depends on the smoothness scale β. Since β is
not known in practice, it is therefore of interest to construct estimators that are adaptive to
unknown β. Third, since the proposed estimator is computationally expensive as it involves
solving a linear system of size nd × nd, it is important to study either alternate estimators
or efficient implementations of the proposed estimator to improve the applicability of the
method.

8. Proofs
We provide proofs of the results presented in Sections 3–5.
8.1 Proof of Proposition 1

p+δq0
1+δ .

Note that pδ (x) > 0 for all x ∈ Ω and kp −

pδ kLr (Ω)

=

Sriperumbudur et al. (2011, Proposition 5) showed that H is dense in C0 (Ω) w.r.t. uniform
norm if and only if k satisfies (5). Therefore, the denseness in L1 , KL and Hellinger distances
follow trivially from Lemma A.1. For Lr norm (r > 1), the denseness follows by using the
bound kpf − pg kLr (Ω) ≤ 2e2kf −gk∞ e2kf k∞ kf − gk∞ kq0 kLr (Ω) obtained from Lemma A.1(i)
with f ∈ C0 (Ω) and g ∈ H.

8.2 Proof of Corollary 2

r

For any p ∈ Pc , define pδ :=

δkp−q0 k
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L (Ω)
, implying that limδ→0 kp − pδ kLr (Ω) = 0 for any 1 ≤ r ≤ ∞. This means, for
1+δ
any  > 0, ∃δ > 0 such that for any 0 < θ < δ , we have kp − pθ kLr (Ω) ≤ , where pθ (x) > 0
for all x ∈ Ω.
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x:


p(x)
− ` ≥ (` + θ) (eη − 1) .
q0 (x)

`+θ
Define f := log pθ − cθ where cθ := log 1+θ
. It is clear that f ∈ C(Ω) since p, q ∈ C(Ω).
q
0
Fix any η > 0 and define


A := {x : f (x) ≥ η} =

Since qp0 − ` ∈ C0 (Ω), it is clear that A is compact and so f ∈ C0 (Ω). Also, it is easy to
verify that pθ = ef −A(f ) q0 which implies pθ ∈ P0 , where P0 is defined in Proposition 1. This
means, for any  > 0, there exists pg ∈ P such that kpθ − pg kLr (Ω) ≤  under the assumption
that q0 ∈ L1 (Ω) ∩ Lr (Ω). Therefore kp − pg kLr (Ω) ≤ 2 for any 1 ≤ r ≤ ∞, which proves
q
the denseness of P in Pc w.r.t. Lr norm for any 1 ≤ r ≤ ∞. Since h(p, q) ≤ kp − qkL1 (Ω)
for any probability densities p, q, the denseness in Hellinger distance follows.

=δ

p>0

(p − q0 )

We now prove the denseness in KL divergence by noting that


Z
Z
p + pδ
p + pδ
p log
KL(pkpδ ) =
dx ≤
p
− 1 dx
p + q0 δ
p + q0 δ
{p>0}
{p>0}
Z
p
dx ≤ δkp − q0 kL1 (Ω) ≤ 2δ,
p + q0 δ

p log

p
pg

dx =

Z

Ω

p log

p

pθ

dx +

Z

Ω

p log

pθ

pg

dx ≤ 3

∞



which implies limδ→0 KL(pkpδ ) = 0. This implies, for any  > 0, ∃δ > 0 such that for any
0 < θ < δ , KL(pkpθ ) ≤ . Arguing as above, we have pθ ∈ P0 , i.e., there exists f ∈ C0 (Ω)
f
such that pθ = R ef q0 . Since H is dense in C0 (Ω), for any f ∈ C0 (Ω) and any  > 0,
e
q
0 dx
R
p log ppgθ dx ≤ log ppgθ
≤
Ω

Z

there exists g ∈ H such that kf − gk∞ ≤ . For pg ∈ P, since

2kf − gk∞ ≤ 2, we have

KL(pkpg ) =
and the result follows.

8.3 Proof of Theorem 4

1
2

Z

Ω

Z

Ω

Z

Ω

p0 (x)
p0 (x)

d
X
i=1

d
X
i=1

2
hf − f0 , ∂i k(x, ·)iH
dx

hf − f0 , (∂i k(x, ·) ⊗ ∂i k(x, ·)) (f − f0 )iH dx

p0 (x) hf − f0 , Cx (f − f0 )iH dx,

(11)

(i) By the reproducing property of H, since ∂i f (x) = hf, ∂i k(x, ·)iH for all i ∈ [d], it is easy
to verify that
J(f ) =

1
2
1
2

=
=

i=1

d
X

∂i k(x, ·) ⊗ ∂i k(x, ·).
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(12)

2 = ha, bi ha, bi = ha, (b ⊗ b)ai for a, b ∈ H with
where in the second line, we used ha, biH
H
H
H
H being a Hilbert space and

Cx :=

28

hel , Cx el iH p0 (x) dx =

l

Ω i=1

hel , ∂i k(x, ·)i2H p0 (x) dx

Ω i=1

Z X
d
X
(∗∗)
hel , ∂i k(x, ·)i2H p0 (x) dx =
k∂i k(x, ·)k2H p0 (x) dx < ∞,

Ω

Ω i∈[d],l

Z

l

d
XZ X

Ω

i=1

d
X

∂i2 f (x) dx −

Ω

Z

ξx

i=1

i=1

H

(c)

dx = hf, −ξiH , (13)

∂i f (x)∂i log q0 (x) dx

∂i f (x)∂i log q0 (x) dx

i=1
d
X

d
X

p0 (x)

p0 (x)

}|
{+
* zd
X
2
p0 (x) f,
∂i k(x, ·) + ∂i k(x, ·)∂i log q0 (x)

p0 (x)

Ω

Z

∂i f (x)∂i f0 (x) dx
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where (b) follows from integration by parts under (C) and the equality in (c) is valid as ξx
is Bochner p0R-integrable
P under (D) with ε = 1. Therefore Cf0 = −ξ. For the third term,
hf0 , Cf0 iH = Ω p0 (x) di=1 (∂i f0 (x))2 dx and the result follows.

=−

Z

Ω

Z

Ω i=1

i=1

d
X

∂i f (x)∂i p0 (x) dx −

p0 (x)

Z X
d

Ω

=−

(b)

=

hf, Cf0 iH =

Z

(ii) From (6), we have J(f ) = 12 hf, Cf iH − hf, Cf0 iH + 21 hf0 , Cf0 iH . Using ∂i f0 (x) =
∂i log p0 (x) − ∂i log q0 (x) for all i ∈ [d], we obtain that for any f ∈ H,

which means C is trace-class and therefore compact. Here, we used monotone convergence
theorem
in (∗) and Parseval’s identity in (∗∗). Note that C is positive since hf, Cf iH =
R
p
(x)
k∇f
k22 dx ≥ 0, ∀ f ∈ H.
0
Ω

=

(∗)

B=

XZ

We now show that C is trace-class. Let (el )l∈N be an orthonormal
P basis in H (a countable
ONB exists as H is separable—see Remark 3(i)). Define B := l hCel , el iH so that

P
Observe that for all x ∈ Ω, Cx is a Hilbert-Schmidt operator as kCx kHS ≤ di=1 k∂i k(x, ·)k2H
Pd
= i=1 ∂i ∂i+d k(x, x) < ∞ and (f − f0 ) ⊗ (f − f0 ) is also Hilbert-Schmidt as k(f − f0 ) ⊗
(f − f0 )kHS = kf − f0 k2H < ∞. Therefore, (11) is equivalent to
Z
1
J(f ) =
p0 (x) h(f − f0 ) ⊗ (f − f0 ), Cx iHS dx.
2 Ω
R
Since the first condition in (D) implies Ω kCx kHS p0 (x) dx < ∞, Cx is p0 -integrable in the
Bochner sense (see Diestel and Uhl, 1977, Definition 1 and Theorem 2), and therefore it
follows from Diestel and Uhl (1977, Theorem 6) that


Z
1
J(f ) =
(f − f0 ) ⊗ (f − f0 ), Cx p0 (x) dx
,
2
Ω
HS
R
where C := Ω Cx p0 (x) dx is the Bochner integral of Cx , thereby yielding (6).
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n

d

1
ˆ H + λ kf k2
hf, Ĉf iH + hf, ξi
H
2
2

λ
kf k2H ,
2

λ

a=1 i=1

n X
d
X

β(a−1)d+i φ(a−1)d+i

(14)

30

JMLR 18(57):1-59, 2017

Remark Instead of using the general representer theorem (Theorem A.2), it is possible to
see that the standard representer theorem (Kimeldorf and Wahba, 1971; Schölkopf et al.,
2001) gives a similar, but slightly different linear system, and the solutions are the same
if K
The general
 theorem yields that β and δ are solution to
 is
 non-singular.
 
 1 representer
G + λI n1 h
β
0
F
=
, where F = n T
. On the other hand, by using the standard
0
λ
δ
1
representer theorem,
  it is easy
 to show that fλ,n has the form in (14) with δ and β being
β
0
solution to KF
=K
. Clearly, both the solutions match if K is invertible while
δ
1
the latter has many solutions if K is not invertible.

 
  
β
β
=0
(15)
+ ∇V K
δ
δ


 
1 
G h
z
z
with K =
. Since ∇V
= n , (15) reduces to λδ + 1 = 0 and λβ +
T
2
ˆ
t
1
h kξkH
1
δ
1
1
1

n Gβ + n h = 0 yielding δ = − λ and ( n G + λI)β = nλ h.

where δ and β satisfy

fλ,n = δ ξˆ +

Pd
1 Pn
2
where V (θ1 , . . . , θnd , θnd+1 ) := 2n
a=1
i=1 θ(a−1)d+i + θnd+1 , φ(a−1)d+i := ∂i k(Xa , ·), a ∈
ˆ
[n], i ∈ [d] and φnd+1 := ξ. Therefore, it follows from Theorem A.2 that

f ∈H

a=1 i=1

= arg inf V (hf, φ1 iH , . . . , hf, φnd iH , hf, φnd+1 iH ) +

= arg inf

1 XX
ˆ H + λ kf k2
hf, ∂i k(Xa , ·)i2H + hf, ξi
H
f ∈H 2n
2

f ∈H

fλ,n = arg inf

We prove the result based on the general representer theorem (Theorem A.2). From Theorem 4(iv), we have

8.4 Proof of Theorem 5

Clearly, Jλ (f ) is minimized if and only if (C + λI)1/2 f = −(C + λI)−1/2 ξ and therefore
fλ = −(C + λI)−1 ξ is the unique minimizer of Jλ (f ).
ˆ we obtain
(iv) Since (iv) is similar to (iii) with C replaced by Ĉ and ξ replaced by ξ,
ˆ
fλ,n = (Ĉ + λI)−1 ξ.


1
1
Jλ (f ) = k(C + λI)1/2 f + (C + λI)−1/2 ξk2H − hξ, (C + λI)−1 ξiH + c0 .
2
2

(iii) Define c0 := J(p0 kq0 ). For any λ > 0, it is easy to verify that
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8.5 Proof of Theorem 6
Consider

 (∗)


fλ,n − fλ = −(Ĉ + λI)−1 ξˆ + (Ĉ + λI)fλ = −(Ĉ + λI)−1 ξˆ + Ĉfλ + C(f0 − fλ )
= (Ĉ + λI)−1 (C − Ĉ)(fλ − f0 ) − (Ĉ + λI)−1 (ξˆ + Ĉf0 )

= (Ĉ + λI)−1 (C − Ĉ)(fλ − f0 ) − (Ĉ + λI)−1 (ξˆ − ξ) + (Ĉ + λI)−1 (C − Ĉ)f0 ,

(16)

where we used λfλ = C(f0 − fλ ) in (∗). Define S1 := k(Ĉ + λI)−1 (C − Ĉ)(fλ − f0 )kH ,
S2 := k(Ĉ + λI)−1 (ξˆ − ξ)kH and S3 := k(Ĉ + λI)−1 (C − Ĉ)f0 kH so that
kfλ,n − f0 kH ≤ kfλ,n − fλ kH + kfλ − f0 kH ≤ S1 + S2 + S3 + A0 (λ),

2
kCx kHS
p0 (x) dx

≤

Z
Ω

d
X
i=1

2
k∂i k(x, ·)kH

≤ k(Ĉ + λI)−1 kk(C −

!2

Ĉ)(fλ

−

Ω

d Z
X
i=1

=

Op0



4
k∂i k(x, ·)kH
p0 (x) dx

,

kξ k2 p (x) dx

A0 (λ)
√
λ n





1
√
λ n

≤d

f0 )kH

p0 (x) dx

(18)

(17)

< ∞.

where A0 (λ)
R := kfλ − f0 kH . We now bound S1 , S2 and S3 using Proposition A.4. Note
that C = Ω Cx p0 (x) dx where Cx is defined in (12) is a positive, self-adjoint, trace-class
operator and (D) (with ε = 2) implies that
Z
Ω

S1

Therefore, by Proposition A.4(i,iii),

and
S2 ≤ k(Ĉ + λI)−1 kkξˆ − ξkH = Op0

kξ k2 p (x) dx−kξk2

where by using the technique in the proof of Proposition
A.4(i), we show
below that kξˆ −
R
R



1
√
λ n



.

(20)

(19)

x H 0
x H 0
2
H
Ω
Ω
ξkH = Op0 (n−1/2 ). Note that Ep0 kξˆ − ξkH
, where
=
n
n
R≤
2 p (x) dx < ∞.
ξx ∈ H is defined in (13) and (D) (with ε = 2) implies that Ω kξx kH
0
Therefore kξˆ − ξkH = Op0 (n−1/2 ) follows from an application of Chebyshev’s inequality.
Again using Proposition A.4(i,iii), we obtain that



+ A0 (λ).

S3 ≤ k(Ĉ + λI)−1 kk(C − Ĉ)f0 kH = Op0

1
A (λ)
√ + 0√
λ n
λ n

Using the bounds in S1 , S2 and S3 in (16), we obtain

kfλ,n − f0 kH = Op0
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(i) By Proposition A.3(i), we have that A0 (λ) → 0 as λ → 0 if f0 ∈ R(C). Therefore, it
√
follows from (20) that kfλ,n − f0 kH → 0 as λ → 0, λ n → ∞ and n → ∞.
(ii) If f0 ∈ R(C β ) for β > 0, it follows from Proposition A.3(ii) that

A0 (λ) ≤ max{1, kCkβ−1 }kC −β f0 kH λmin{1,β}
31

− max

n
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and therefore the result follows by choosing λ = n
(iii) Note that

1
, 1
4 2(β+1)

o

.

A0 (λ) = kfλ − f0 kH ≤ kC −1 kkC(fλ − f0 )kH .

S3 = k(Ĉ + λI)−1 (C − Ĉ)f0 kH ≤ kC(Ĉ + λI)−1 kkC −1 kk(C − Ĉ)f0 kH

S2 = k(Ĉ + λI)−1 (ξˆ − ξ)kH ≤ kC(Ĉ + λI)−1 kkC −1 kkξˆ − ξkH ,

S1 = k(Ĉ + λI)−1 (C − Ĉ)(fλ − f0 )kH ≤ kC(Ĉ + λI)−1 kkC −1 kk(C − Ĉ)(fλ − f0 )kH ,

and

1
√
n



It follows from Proposition A.4(v) that kC(Ĉ+λI)−1 k . 1 for n ≥ λc2 where c is a sufficiently
Pd R
2
large constant that depends on i=1
Ω (∂i ∂i+d k(x, x)) p0 (x) dx but not on n and λ. Using
the bounds on k(C − Ĉ)(fλ − f0 )kH , kξˆ − ξkH and k(C − Ĉ)f0 kH from part (i) and the
bound on kC(fλ − f0 )kH from Proposition A.3(ii), we therefore obtain


+λ
(21)

kfλ,n − f0 kH . Op0

as n → ∞ and the result follows.

Remark Under slightly strong assumptions on the kernel, the bound on S1 in (17) can be
improved to obtain S1 = Op0 (n−1/2 ) while the one on S3 in (19) can be refined to obtain


q
N(λ)
where N(λ) := Tr((C + λI)−1 C) is the intrinsic dimension of H. Using
λn

S3 = Op0

the fact that N(λ) ≤ λ1 , it is easy to verify that the latter is an improved bound than the
one in (19). In addition S3 dominates S1 . However, if S2 in (18) is not improved, then S2
dominates S3 , thereby resulting in a bound that does not capture the smoothness of k (or
the corresponding H). Unfortunately, even with a refined analysis (not reported here), we
are not able to improve the bound on S2 wherein the difficulty lies with handling ξ.
8.6 Proof of Theorem 7

Before we prove the result, we present a lemma.



f ∈H :

Z

Ω


k∇f k22 p0 (x) dx = 0

Lemma 14 Suppose supx∈Ω k(x, x) < ∞ and supp(q0 ) = Ω. Then F = H and for any
f0 ∈ H there exists f˜0 ∈ R(C) such that pf˜0 = p0 .
R
Proof Since supx∈Ω k(x, x) < ∞, it implies that, for every f ∈ H, Ω ef (x) q0 (x) dx < ∞
and hence F = H. Also, under the assumptions on k and q0 , it is easy to verify that
supp(p0 ) = Ω, which implies
N (C) =
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is either R or {0}, where N (C) denotes the null space of C. Let f˜0 be the orthogonal
projection of f0 onto R(C) = N (C)⊥ . Then f˜0 − f0 ∈ R and therefore pf˜0 = pf0 .

32
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Observation 1: By (Wendland, 2005, Theorem 10.12), we have


f∧
H = f ∈ L2 (Rd ) ∩ Cb (Rd ) : √ ∧ ∈ L2 (Rd ) ,
ψ

8.7 Proof of Proposition 8

JMLR 18(57):1-59, 2017

max{1, kCkβ− 2 }λmin{1,β+ 2 } kC −β f0 kH which when used in (22) provides the desired rate
√
1
− max{ 13 , 2(β+1)
}
with λ = √
n
. If kC −1 k < ∞, then the result follows by noting k C(fλ,n −
f0 )kH ≤ k Ckkfλ,n − f0 kH and invoking the bound in (21).


1

The consistency result therefore follows from Proposition A.3(i) by noting that A˜1 (λ) → 0
2
as λ → 0. If f0 ∈ R(C β ) for some β ≥ 0, then Proposition A.3(ii) yields A˜1 (λ) ≤

rem 4(i) and Lemma 14 that A?1 (λ) = J(p0 kpf˜0 ) = 0. Also it follows from Proposition A.4(v)
2
√
that k C(Ĉ + λI)−1 k . √1λ for n ≥ λc2 where c is a large enough constant that does not
P R
depend on n and λ and depends only on di=1 k∂i k(x, ·)k4H p0 (x) dx. Using the bounds
from the proof of Theorem 6(i) for the rest of the terms within parenthesis, we obtain


√
1
k C(fλ,n − f0 )kH ≤ Op0 √
+ A˜1 (λ).
(22)
2
λn

2

√
√
where A˜1 (λ) := k C(fλ − f˜0 )kH and A?1 (λ) := k C(f˜0 − f0 )kH . It follows from Theo-

2

+A˜1 (λ) + A?1 (λ),



√
ˆ H + k(C − Ĉ)f˜0 kH
≤ k C(Ĉ + λI)−1 k k(C − Ĉ)(fλ − f˜0 )kH + kξ − ξk

2

where Ã0 (λ) = kfλ − f˜0 kH . The bounds on these quantities follow those in the proof of
Theorem 6(i) verbatim and so the consistency result in Theorem 6(i) holds for kfλ,n − f˜0 kH .
By Lemma 14, since pf0 = pf˜0 , it is sufficient to consider the convergence of pfλ,n to pf˜0 .
Therefore, the convergence (along with rates) in Lr (for any
p 1 ≤ r ≤ ∞), Hellinger and
KL distances follow from using the bound kfλ,n − f˜0 k∞ ≤ kkk∞ kfλ,n − f˜0 kH (obtained
through the reproducing property of k) in Lemma A.1 and invoking Theorem 6.
√
In the following, we obtain a bound on J(p0 kpfλ,n ) = 12 k C(fλ,n − f0 )k2H . While one
√
√
can trivially use the bound k C(fλ,n − f0 )k2H ≤ k Ck2 kfλ,n − f0 k2H to obtain a rate on
J(p0 kpfλ,n ) through the result in Theorem 6(ii), a better rate can be obtained by carefully
√
bounding k C(fλ,n − f0 )k2H as shown below. Consider
√
√
k C(fλ,n − f0 )kH ≤ k C(fλ,n − fλ )kH + A˜1 (λ) + A?1 (λ)

Proof of Theorem 7. From Theorem 4(iii), fλ = (C + λI)−1 Cf0 = (C + λI)−1 C f˜0 where the
second equality follows from the proof of Lemma 14. Now, carrying out the decomposition
as in the proof of Theorem 6(i), we obtain fλ,n − fλ = (Ĉ + λI)−1 (C − Ĉ)(fλ − f˜0 ) − (Ĉ +
λI)−1 (ξˆ − ξ) + (Ĉ + λI)−1 (C − Ĉ)f˜0 and therefore,


ˆ H + k(C − Ĉ)f˜0 kH + Ã0 (λ),
kfλ,n − f˜0 kH ≤ k(Ĉ + λI)−1 k k(C − Ĉ)(fλ − f˜0 )kH + kξ − ξk

Density Estimation in Infinite Dimensional Exponential Families

Rd

∞

< ∞,

(ii)

(25)

Rd j=1

34
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We now use these observations to prove the result. Since f0 ∈ R(C), there exists g ∈ H
such that f0 = Cg, which means
Z X
d
f0 (y) =
∂j k(x, y) ∂j p0 (x) dx

which implies g ∈ H, i.e., G ⊂ H.

Observation 4: For any g ∈ G, we have
Z
Z
|g ∧ (ω)|2
|g ∧ (ω)|2 φ∧ (ω)
φ∧
dω
=
dω ≤ kgk2G
∧ (ω)
∧ (ω) ψ ∧ (ω)
∧
ψ
φ
ψ
d
d
R
R

which implies ωj g ∧ (ω) ∈ L1 (Rd ), ∀ j = 1, . . . , d. Therefore,
Z
1
T
∂j g(x) =
(iωj )g ∧ (ω)eix ω dω, x ∈ Rd , ∀ j ∈ [d].
(2π)d/2 Rd

Observation 3: For g ∈ H, we have for all j ∈ [d],
Z
 21 Z
1
Z
2
|g ∧ (ω)|2
2 ∧
|ωj ||g ∧ (ω)| dω ≤
dω
|ω
|
ψ
(ω)
dω
j
∧ (ω)
ψ
d
d
d
R
R
R
Z
 21 Z
1
2 (i)
|g ∧ (ω)|2
2 ∧
≤
dω
kωk
ψ
(ω)
dω
< ∞,
∧
Rd ψ (ω)
Rd

where we used Jensen’s inequality in (∗). This means ωj ψ ∧ (ω) ∈ L1 (Rd ), ∀ j ∈ [d] which
ensures the existence of its Fourier transform and so
Z
1
T
(iωj )ψ ∧ (ω)eix ω dω, x ∈ Rd , ∀ j ∈ [d].
(24)
∂j ψ(x) =
(2π)d/2 Rd

Rd

Observation 2: Since ψ ∧ ∈ L1 (Rd ) and ψ ∧ ≥ 0, we have for all j = 1, . . . , d,
Z
2 Z
2 Z
2
ψ ∧ (ω)
|ωj |ψ ∧ (ω) dω =
ψ ∧ (ω) dω
|ωj | R
dω
∧
Rd
Rd
Rd
Rd ψ (ω) dω
Z
 Z

(∗)
≤
ψ ∧ (ω) dω
|ωj |2 ψ ∧ (ω) dω
d
d
ZR
 ZR

(i)
∧
≤
ψ (ω) dω
kωk2 ψ ∧ (ω) dω < ∞,

where we used ψ ∧ ∈ L1 (Rd ) (see Wendland, 2005, Corollary 6.12), we have f ∧ ∈ L1 (Rd ).
Hence Plancherel’s theorem and continuity of f along with the inverse Fourier transform of
f ∧ allow to recover any f ∈ H pointwise from its Fourier transform as
Z
1
T
f (x) =
eix ω f ∧ (ω) dω, x ∈ Rd .
(23)
d/2
(2π)
Rd

where f ∧ is defined in L2 sense. Since
Z
1
 12 Z
Z
2
|f ∧ (ω)|2
|f ∧ (ω)| dω ≤
ψ ∧ (ω) dω
<∞
dω
∧
Rd
Rd ψ (ω)
Rd

Sriperumbudur et al.

Z
d

Rd j=1

X
1
(2π)d/2

Z
Rd

eix

ω
(iωj )ψ ∧ (ω) dω ∂j g(x) p0 (x) dx

Tω

dω


T
∂j g(x) p0 (x) dx (iωj )ψ ∧ (ω)e−iy ω dω

T

Tω

ei(x−y)
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(24)

=
Z
Rd

(i(·)j g ∧ ∗ p0∧ ) (ω)(iωj )ψ ∧ (ω)e−iy

1
(2π)d/2
d
X

Rd j=1

Z

d 
X

Z
Rd j=1

=

(†)

1
(2π)d/2

(25)

=



j=1

< ∞,

∧ (ω)k2
1

< ∞,

(‡)

iωj g ∧ (ω) ∗ p0∧ (ω)

∈ L 2 (Rd ), i.e.,

θ

r
2−r

i(·)j g ∧ ∗ p0∧ (−ω)|ωj | (ψ ∧ )2 (ω)(φ∧ (ω))−1 dω

2

k · k2 (ψ ∧ )2 (·)(φ∧ (·))−1

i(·)j g ∧ ∗ p0∧ (−ω)kωk2 (ψ ∧ )2 (ω)(φ∧ (ω))−1 dω

θ
2

∗

d
X
j=1

j=1 kiωj g

Pd

=

p0∧ (ω)|2 (·)
2

θ
2

≤ kp0 kr2

(∗∗)

iωj g ∧ (ω) ∗ p0∧ (ω) (·)
∧ (ω)k2 kp∧ k2
0 θ
1

2
θ

Pd
which from (23) means f0∧ (ω) = j=1
(i(·)j g ∧ ∗ p0∧ ) (−ω)(−iωj )ψ ∧ (ω) where we have invoked Fubini’s theorem in (†) and ∗ represents the convolution. Define k · kLr (Rd ) := k · kr
r
and θ := r−1
. Consider

Z

Rd

Z

d
X

2

d
X

Pd
∧
j=1 |iωj g (ω)

iωj g ∧ (ω) ∗ p0∧ (ω) (·)

Rd j=1

d
X
j=1

≤
j=1

j=1 kiωj g

Pd

(iii)

2
Z
Z
d
X
|f0∧ (ω)|2
dω =
(i(·)j g ∧ ∗ p0∧ ) (−ω)(iωj ) (ψ ∧ )2 (ω)(φ∧ (ω))−1 dω
kf0 kG2 =
∧
Rd φ (ω)
Rd j=1

2
d
X

≤

≤
≤

2

iωj g ∧ (ω) ∗ p0∧ (ω) (·)
θ
2

where in the following we show that
d
X
j=1

≤

(∗)
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the eigenvalues of A and B, respectively. Given a function r : [a, b] → R, if there exists a
finite constant L such that |r(σi )−r(τj )| ≤ L|σi −τj |, ∀ i ∈ I, j ∈ J, then kr(A)−r(B)kHS ≤
LkA − BkHS .

Proof of Theorem 9. (i) The proof follows the ideas in the proof of Theorem 10 in Bauer et al.
(2007), which is a more general result dealing with the smoothness condition, f0 ∈ R(Θ(C))
where Θ is operator monotone. Recall that Θ is operator monotone on [0, b] if for any pair
of self-adjoint operators U , V with spectra in [0, b] such that U ≤ V , we have Θ(U ) ≤ Θ(V ),
where “≤” is the partial ordering for self-adjoint operators on some Hilbert space H, which
means for any f ∈ H, hf, U f iH ≤ hf, V f iH . In our case, we adapt the proof for Θ(C) = C β .
Define rλ (α) := gλ (α)α − 1. Since f0 ∈ R(C β ), there exists h ∈ H such that f0 = C β h,
which yields

(B)

(C)

1
√
λ n

where we

fg,λ,n − f0 = −gλ (Ĉ)ξˆ − f0 = −gλ (Ĉ)(ξˆ + Ĉf0 ) + rλ (Ĉ)C β h
= −gλ (Ĉ)(ξˆ − ξ) + gλ (Ĉ)(C − Ĉ)f0 + rλ (Ĉ)Ĉ β h + rλ (Ĉ)(C β − Ĉ β )h. (26)
so that

(A)





kfg,λ,n − f0 kH ≤ kgλ (Ĉ)(ξˆ − ξ)kH + kgλ (Ĉ)(Ĉ − C)f0 kH + krλ (Ĉ)C β hkH
|
{z
} |
{z
} |
{z
}

(D)

+ krλ (Ĉ)(C β − Ĉ β )hkH .
|
{z
}

We now bound (A)–(D). Since (A) ≤ kgλ (Ĉ)kkξˆ−ξkH , we have (A) = Op0

used (b) in (E) and the bound on kξˆ− ξkH 
from 
the proof of Theorem 6(i). Similarly, (B) ≤
1
kgλ (Ĉ)kk(Ĉ − C)f0 kH implies (B) = Op0 λ√
where (b) in (E) and Proposition A.4(i)
n
are invoked. Also, (d) in (E) implies that

(C) ≤ krλ (Ĉ)Ĉ β kkhkH ≤ max{γβ , γη0 }λmin{β,η0 } kC −β f0 kH .
(D) can be bounded as

(D) ≤ krλ (Ĉ)kkC β − Ĉ β kkC −β f0 kH .
We now consider two cases:

2

HS

i=1

Z
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k∂i k(x, ·)k4 p0 (x) dx,

β ≤ 1: Since α 7→ αθ is operator monotone on [0, χ] for 0 ≤ θ ≤ 1, by Theorem 1 in Bauer
θ .
et al. (2007), there exists a constant cθ such that kĈ θ − C θ k ≤ cθ kĈ − Ckθ ≤ cθ kĈ − CkHS
We now obtain a bound on kĈ − CkHS . To this end, consider

∂i k(x, ·) ⊗ ∂i k(x, ·)

d

where we have invoked generalized Young’s inequality (Folland, 1999, Proposition 8.9) in
(∗), Hausdorff-Young inequality (Folland, 1999, p. 253) in (∗∗), and observation 3 combined
with (iv) in (‡). This shows that f0 ∈ R(C) ⇒ f0 ∈ G, i.e., R(C) ⊂ G.


i=1

dX
n

2
EkĈ − CkHS

1
n

2
2
= EkĈkHS
− kCkHS
Z X
d

≤

which by Chebyshev’s inequality implies that

36

kĈ − CkHS = Op0 (n−1/2 )

p0 (x) dx ≤

8.8 Proof of Theorem 9
To prove Theorem 9, we need the following lemma (De Vito et al., 2012, Lemma 5), which
is due to Andreas Maurer.

JMLR 18(57):1-59, 2017

Lemma 15 Suppose A and B are self-adjoint Hilbert-Schmidt operators on a separable
Hilbert space H with spectrum contained in the interval [a, b], and let (σi )i∈I and (τj )j∈J be
35

p

kC − Ĉk kfg,λ,n − f0 kH

 HS 

1
1
= Op0 √
+ Op0 λmin{β,η0 }+ 2 ,
λn

2

Ĉkkfg,λ,n − f0 kH ≤ c 1

q

(II 0 )

k

2

r
p
p
1
Ag Bg
Ĉgλ (Ĉ)k ≤
, k Ĉrλ (Ĉ)Ĉ β k ≤ (γβ+ 1 ∨ γη0 )λmin{β+ 2 ,η0 }
2
λ
p
1
k Ĉrλ (Ĉ)k ≤ (γ 1 ∨ γη0 )λmin{ 2 ,η0 }

=

=

inf J(p0 kpkp0 ) +

p∈P

r

q
J(pf ∗ kpfλ,n kp0 )

Ω i=1

Z X
d

k∂i k(x, ·)k2H p0 (x) dx < ∞,

37

38

|α|=1 Ω
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(∂i f )2 p0 (x) dx ≤ kf k2H
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Ω i=1

Z X
d


Therefore kfg,λ,n −f0 kH = Op0 (n−1/2 )+O λmin{1,η0 } where we used the fact that λ ≥ n−1/2
and the result follows.


kf k2W2 =

For f ∈ H, we have

8.10 Proof of Proposition 11

p∈P

r

1 q
inf J(p0 kp) + √
hfλ,n − f ∗ , C(fλ,n − f ∗ )iH
2
r
1 √
(28)
= inf J(p0 kp) + √ k C(fλ,n − f ∗ )kH
p∈P
2
r
1 √
1
= inf J(p0 kp) + √ k C(fλ,n − fλ )kH + √ A∗ (λ),
p∈P
2
2
√
where A∗ (λ) = k C(fλ − f ∗ )kH . The result simply
7,
 follows
 from the proof of Theorem
√
1
where we showed that k C(fλ,n − fλ )kH = Op0 √1λn and A∗ (λ) = O(λmin{1,β+ 2 } ) if
√
f ∗ ∈ R(C β )√for β ≥ 0 as λ → 0, n → ∞. When kC −1 k < ∞, we bound k C(fλ,n − f ∗ )kH
in (28) as k Ckkfλ,n − f ∗ kH where kfλ,n − f ∗ kH is in turn bounded as in (21).


p∈P

Based on (27), we have
q
r
q
q
inf J(p0 kp) ≤ J(p0 kpfλ,n kp0 ) ≤ J(p0 kpf ∗ kp0 ) + J(pf ∗ kpfλ,n kp0 )

Clearly, if µ = p, then J(pkqkµ) matches with J(pkq). Therefore, for probability densities
p, q, r ∈ C 1 ,
p
p
p
J(pkrkp) ≤ J(pkqkp) + J(qkrkp).
(27)

Before we analyze J(p0 kpfλ,n ), we need a small calculation for notational convenience. For
p
any probability densities p, q ∈ C 1 , it is clear that 2J(pkq) = kk∇ log p − ∇ log qk2 kL2 (p) .
We generalize this by defining
p
2J(pkqkµ) := kk∇ log p − ∇ log qk2 kL2 (µ) .

8.9 Proof of Theorem 10
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which means f ∈ W2 (Ω, p0 ) and therefore [f ]∼ ∈ W2 (Ω, p0 ). Since kIk f kW2 = k[f ]∼ kW2∼ =
kf kW2 ≤ ckf kH < ∞ where c is some constant, it is clear that Ik is a continuous map from
H to W2 (Ω, p0 ). The adjoint Sk : W2 (Ω, p0 ) → H of Ik : H → W2 (Ω, p0 ) is defined by the
relation hSk f, giH = hf, Ik giW2 , f ∈ W2 (Ω, p0 ), g ∈ H. If f := [h]∼ ∈ W2∼ (Ω, p0 ), then
X Z
h[h]∼ , Ik giW2 = h[h]∼ , [g]∼ iW2∼ =
(∂ α h)(x)(∂ α g)(x) p0 (x) dx.

ˆ H + kC −1 kkCrλ (Ĉ)f0 kH
kfg,λ,n − f0 kH ≤ kC −1 kkCgλ (Ĉ)(Ĉf0 + ξ)k


ˆ H kĈgλ (Ĉ)k + kĈ − Ckkgλ (Ĉ)k
≤ kC −1 kkĈf0 + ξk


+kC −1 kkf0 kH kĈrλ (Ĉ)k + kĈ − Ckkrλ (Ĉ)k .

(iii) The proof follows the ideas in the proof of Theorems 6 and 7. Consider fg,λ,n − f0 =
ˆ + rλ (Ĉ)f0 so that
−gλ (Ĉ)(Ĉf0 + ξ)

ˆ and kC β − Ĉ β k bounded as in part (i) above. Here (a ∨ b) := max{a, b}.
with kĈf0 + ξk
Combining k(I 0 )kH and k(II 0 )kH , we obtain the required result.

and

where

√
where we used the fact that α 7→ α is operator monotone along with λ ≥ n−1/2 . Using
0
(26), k(II )kH can be bounded as
p
p
k(II 0 )kH ≤ k Ĉgλ (Ĉ)kkξˆ + Ĉf0 kH + k Ĉrλ (Ĉ)Ĉ β kkC −β f0 kH
p
+k Ĉrλ (Ĉ)kkC β − Ĉ β kkC −β f0 kH

√
k(I 0 )kH ≤ k C −

We bound k(I 0 )kH as

(I 0 )

and the result follows. The proofs of the claims involving Lr , h and KL follow exactly the
same ideas as in the proof of Theorem 7 by using the above bound on kfg,λ,n − f0 kH in
Lemma A.1.
√
(ii) We now bound J(p0 kpfg,λ,n ) = k C(fg,λ,n − f0 )k2H as follows. Note that
p
p
√
√
C(fg,λ,n − f0 ) = ( C − Ĉ)(fg,λ,n − f0 ) + Ĉ(fg,λ,n − f0 ) .
{z
} |
{z
}
|

Collecting all the above bounds, we obtain




1
√
kfg,λ,n − f0 kH ≤ Op0
+ Op0 λmin{β,η0 }
λ n

β > 1: Since α 7→ αθ is Lipschitz on [0, χ] for θ ≥ 1, by Lemma 15, kC β − Ĉ β k ≤ kC β −
Ĉ β kHS ≤ βχβ−1 kC − ĈkHS and therefore (C) = Op0 (n−1/2 ).

and therefore (D) = Op0 (n−β/2 ). Since λ ≥ n−1/2 , we have (D) = Op0 (λβ ).
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Z X
d
Ω i=1

∂i k(x, y)∂i h(x)p0 (x) dx.
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For y ∈ Ω and g = k(·, y), this yields
Sk [h]∼ (y) = hSk [h]∼ , k(·, y)iH = h[h]∼ , Ik k(·, y)iW2 =

2
kIk el kW
=
2
Ω i=1

d
XZ X
l

(∂i el (x))2 p0 (x) dx =

Ω i=1

Z X
d

Ω i=1

2
p0 (x) dx
hel , ∂i k(x, ·)iH

2
p0 (x) dx < ∞,
k∂i k(x, ·)kH

l

Z X
d X

We now show that Ik is Hilbert-Schmidt. Since H is separable, let (el )l≥1 be an ONB of
H. Then we have
X
l

=
which proves that Ik is Hilbert-Schmidt (hence compact) and therefore Sk is also HilbertSchmidt and compact. The other assertions about Sk Ik and Ik Sk are straightforward. 
8.11 Proof of Theorem 12
By slight abuse of notation, f? is used to denote [f? ]∼ in the proof for simplicity. For f ∈ F,
we have
1
1
1
2
2
J(p0 kpf ) = kIk f − f? kW
= hEk f, f iH − hSk f? , f iH + kf? kW
.
2
2
2
2
2

(29)

Since k satisfies (C) it is easy to verify that hSk f? , f iH = hf, −ξiH , ∀ f ∈ H (see proof of
Theorem 4(ii)). This implies Sk f? = −ξ and
1
1
2
J(p0 kpf ) = hEk f, f iH + hf, ξiH + kf? kW
,
2
2
2

(30)

where ξ is defined in Theorem 4(ii), and Ek is precisely the operator C defined in Theorem 4(ii). Following the proof of Theorem 4(ii), for λ > 0, it is easy to show that the unique
minimizer of the regularized objective, J(p0 kpf ) +
exists and is given by
λ
2
2 kf kH

fλ = −(Ek + λI)−1 ξ = (Ek + λI)−1 Sk f? .

(31)

We would like to reiterate that (29) and (30) also match with their counterparts in Theoˆ
rem 4 and therefore as in Theorem 4(iv), an estimator of f? is given by fλ,n = −(Êk +λI)−1 ξ.
In other words, this is the same as in Theorem 4(iv) since Êk = Ĉ, and can be solved by
a simple linear system provided in Theorem 5. Here Êk is the empirical estimator of Ek .
Now consider
q
2 J(p0 kpfλ,n ) = kIk fλ,n − f? kW2
≤ kIk (fλ,n − fλ )kW2 + kIk fλ − f? kW2
p
Ek (fλ,n − fλ )kH + B(λ),

=k

JMLR 18(57):1-59, 2017

where B(λ) := kIk fλ − f? kW2 . The proof now proceeds using the following decomposition,
equivalent to the one used in the proof of Theorem 6(i), i.e.,
fλ,n − fλ = −(Êk + λI)−1 ξˆ − fλ
39
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= −(Êk + λI)−1 (ξˆ + Êk fλ + Sk f? − Ek fλ − Ŝk f? + Ŝk f? ),

= −(Êk + λI)−1 (ξˆ + Êk fλ + λfλ )

(†)

where we used (30) in (†). Ŝk f? is well-defined as it is the empirical version of the restriction
of Sk to W2∼ (p0 ). Since Sk f? − Ek fλ = Sk (f? − Ik fλ ) and Ŝk f? − Êk fλ = Ŝk (f? − Ik fλ ), we
have
fλ,n − fλ = −(Êk + λI)−1 (ξˆ + Ŝk f? ) + (Êk + λI)−1 (Ŝk − Sk )(f? − Ik fλ )

(33)

and so


p
p
k Ek (fλ,n −fλ )kH ≤ k Ek (Êk +λI)−1 k kξˆ + Ŝk f? kH + k(Ŝk − Sk )(f? − Ik fλ )kH . (32)

p
1
Ek (Êk + λI)−1 k . √
λ

It follows from Proposition A.4(v) that

k

n−1
1
2
kξ + Sk f? kH
+
n
n

Z

Ω

d
X

i=1

∂i k(x, ·)∂i f? + ξx

2

H

2
≤ 2kξx kH
+ 2χk∇f? k22 ,

H

2

p0 (x) dx

for n ≥ λc2 where c is a sufficiently large constant that does not depend on n and λ. Following
the proof of Proposition A.4(i), we have
2
Ekξˆ + Ŝk f? kH
=

∂i k(x, ·)∂i f? + ξx

wherein the first term is zero as Sk f? + ξ = 0 and since
d
X
i=1

kξˆ + Ŝk f? kH = Op0 (n−1/2 ).

2
− kSk gkH

≤

χ
2
kgkW
,
2
n

(34)

the integral in the second term is finite because of (D) and f ∗ ∈ W2 (Ω, p0 ). Therefore, an
application of Chebyshev’s inequality yields

Ωk

n

Pd
2
i=1 ∂i k(x, ·)∂i g(x)kH p0 (x) dx

We now show that k(Ŝk − Sk )(f? − Ik fλ )kH = Op0 (B(λ)n−1/2 ). To this end, define g :=
f? − Ik fλ and consider
R
2
Ep0 kŜk g − Sk gkH
=

which therefore yields the claim through an application of Chebyshev’s inequality. Using
this along with (33) and (34) in (32), and using the resulting bound in (31) yields


q
1
B(λ)
2 J(p0 kpfλ,n ) ≤ Op0 √
+√
+ B(λ).
(35)
λn
λn

(i) We bound B(λ) as follows. First note that
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B(λ) = kIk (Sk Ik + λI)−1 Sk f? − f? kW2 = k(Tk + λI)−1 Tk f? − f? kW2

40

(II)

(36)

j

(38)

(39)

p∈P

41
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consistency result follows. If f? ∈ R(Tkβ ) for some β > 0, then the rates follow from

(ii) Recall B(λ) from (i). From Proposition
 → 0 as λ → 0
qA.3(i) it follows that B(λ)
if f? ∈ R(Tk ). Therefore, (35) reduces to 2 J(p0 kpfλ,n ) ≤ Op0 √1λn + B(λ) and the

Since J(p0 kpfλ,n ) ≥ inf p∈P J(p0 kp), we have that J(p0 kpfλ,n ) → inf p∈P J(p0 kp) as λ → 0,
λn → ∞ and n → ∞.

h∈H

∼ H/H ∩ R is continuously
where the K-functional is defined in (A.6). Note that Ik (H) =
embedded in W (p0 ). From (A.6), it is clear that the K-functional as a function of t is an
infimum over a family of affine linear and increasing functions and therefore is concave,
continuous and increasing w.r.t. t. This means, in (39), as λ → 0,
r
√
K(f? , λ, W2 (p0 ), Ik (H)) → inf kf? − Ik hkW2 = 2 inf J(p0 kp).



q


√
1
2 J(p0 kpfλ,n ) ≤ inf kf? − Ik hkW2 + λkhkH + Op0 √
h∈H
λn


√
1
= K(f? , λ, W2 (p0 ), Ik (H)) + Op0 √
λn

Since the above inequality holds for any h ∈ H, we therefore have

where the inequality follows from
√ Proposition A.3(ii). Using (37) and (38) in (36), we obtain
B(λ) ≤ kf? − Ik hkW2 + khkH λ, using which in (35) yields


q
√
1
2 J(p0 kpfλ,n ) ≤ kf? − Ik hkW2 + Op0 √
+ khkH λ.
λn

(II) = kIk (Ek + λI)−1 Ek h − Ik hkW2
p
p
√
= k Ek (Ek + λI)−1 Ek h − Ek hkH ≤ khkH λ,

From (Tk + λI)−1 Tk = Ik (Ek + λI)−1 Sk and Sk Ik h = Ek h, we have

l

Since Tk is a self-adjoint
compact operator, there exists (αl )l∈N and ONB (φl )l∈N of R(Tk )
P
so that Tk = l αl hφl , ·iW2 φl . Let (ψj )j∈N be the orthonormal basis of N (Tk ). Then we
have
2
X  αl
X
(I)2 =
− 1 hf? − Ik h, φl i2W2 +
hf? − Ik h, ψj i2W2
αl + λ
j
l
X
X
≤
hf? − Ik h, φl i2W2 +
hf? − Ik h, ψj i2W2 = kf? − Ik hk2W2 .
(37)

(I)

≤ k((Tk + λI)−1 Tk − I)(f? − Ik h)kW2 + k(Tk + λI)−1 Tk Ik h − Ik hkW2 .
|
{z
} |
{z
}

B(λ) = k(Tk + λI)−1 Tk f? − f? kW2

and so for any h ∈ H, we have
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λ=n

− max

1
, 1
3 2β+1

.



(ii) kpf − pg kL1 (Ω) ≤ 2ekf −gk∞ kf − gk∞ ;
42
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(i) kpf − pg kLr (Ω) ≤ 2e2kf −gk∞ e2 min{kf k∞ ,kgk∞ } kf − gk∞ kq0 kLr (Ω) for any 1 ≤ r ≤ ∞;


Lemma A.1 Define P∞ := pf = ef −A(f ) q0 : f ∈ `∞ (Ω) , where q0 is a probability dend
∞
sity on Ω ⊆ R and ` (Ω) is the space of bounded measurable functions on Ω. Then for
any pf , pg ∈ P∞ , we have

In the following result, claims (iii) and (iv) are quoted from Lemma 3.1 of van der Vaart
and van Zanten (2008).

A.1 Bounds on Various Distances Between pf and pg

In this appendix, we present some technical results that are used in the proofs.

A. Appendix: Technical Results
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and the result follows.

For any p ∈ PFD , define f := log qp0 , which implies that [f ]∼ ∈ W2 (p). Since Ik (H) is dense
√
in W2 (p), we have for any  > 0, there exists g ∈ H such that k[f ]∼ − Ik gkW2 ≤ 2. For a
given g ∈ H, pick pg ∈ P. Therefore,
Z
1
1
p(x) k∇ log p − ∇ log pg k22 dx = k[f ]∼ − Ik gk2W2 ≤ 
J(pkpg ) =
2 Ω
2

8.12 Proof of Proposition 13

(iii) This simply follows from an analysis similar to the one used in the proof of Theorem 6(iii).


Propositionn A.3 by
noting that B(λ) ≤ max{1, kTk kβ−1 }λmin{1,β} kTk−β f? kW2 and choosing
o
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f

g

≤ ekf −gk∞ kf − gk∞ keg q0 kLr (Ω) .

kef q0 kLr (Ω) keg q0 kLr (Ω)
+
B(f )
B(g)

!

.

(A.2)

eg |ef −g − 1|q0 dx ≤ ekf −gk∞ kf − gk∞ B(g)

(A.1)

2 ekf −gk∞ (1 + kf − gk ) where c is a universal constant;
(iii) KL(pf kpg ) ≤ c kf − gk∞
∞

ef q0 dx. Consider

(iv) h(pf , pg ) ≤ ekf −gk∞ /2 kf − gk∞ .
R

Ω

Z

e q B(g) − e q0 B(f ) Lr (Ω)
0
e g q0
ef q0
=
−
=
B(f ) B(g) Lr (Ω)
B(f )B(g)

ef q0 (B(g) − B(f )) + ef − eg q0 B(f ) Lr (Ω)
=
B(f )B(g)

ef − eg q0 B(f ) Lr (Ω)
ef q0 (B(g) − B(f )) Lr (Ω)
+
≤
B(f )B(g)
B(f )B(g)
(ef − eg )q0 Lr (Ω)
|B(g) − B(f )| kef q0 kLr (Ω)
+
.
B(g)B(f )
B(g)

|ef − eg |q0 dx =

≤

Proof (i) Define B(f ) :=

Z

kpf − pg kLr (Ω)

Observe that
|B(f ) − B(g)| ≤
Ω

Lr (Ω)

since |eu−v − 1| ≤ |u − v|e|u−v| for any u, v ∈ R. Similarly,
(ef − eg )q0
Using these above, we obtain
kpf − pg kLr (Ω) ≤ ekf −gk∞ kf − gk∞

≤ 2ekf −gk∞ kf − gk∞ kq0 kLr (Ω) e2 max{kf k∞ ,kgk∞ }



≤ ekf −gk∞ kf − gk∞ kq0 kLr (Ω) e2kf k∞ + e2kgk∞ .

Since kef q0 kLr (Ω) ≤ ekf k∞ kq0 kLr (Ω) and B(f ) ≥ e−kf k∞ , from (A.2) we obtain
kpf −

pg kLr (Ω)

≤ 2e2kf −gk∞ kf − gk∞ kq0 kLr (Ω) e2 min{kf k∞ ,kgk∞ }
where we used max{a, b} ≤ min{a, b} + |a − b| for a, b ≥ 0 in the last line above.
(ii) This simply follows from (A.2) by using r = 1.

A.2 General Representer Theorem
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The following is the general representer theorem for abstract Hilbert spaces.
43
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λ
2
kf kH
,
2

i=1 αi φi

Pm

where α :=

Theorem A.2 (General representer theorem) Let H be a real Hilbert space and let
m ∈ H m . Suppose J : H → R be such that J(f ) = V (hf, φ i , . . . , hf, φ i ) , f ∈ H
(φi )i=1
1 H
m H
where V : Rn → R is a convex differentiable function. Define

f ∈H

fλ = arg inf J(f ) +

m
where λ > 0. Then there exists (αi )i=1
∈ Rm such that fλ =
(α1 , . . . , αm ) satisfies the following (possibly nonlinear) equation

λα + ∇V (Kα) = 0,

with K being a linear map on Rm and (K)i,j = hφi , φj iH , i ∈ [m], j ∈ [m].

⇔ (∃ α ∈ Rm )

⇔ (∃ α ∈ Rm )

1
fλ = A∗ α, α = − ∇V (Afλ )
λ
1
fλ = A∗ α, α = − ∇V (AA∗ α),
λ

λ
2
m . Then f = arg inf
Proof Define A : H → Rm , f 7→ (hf, φi iH )i=1
λ
f ∈H V (Af ) + 2 kf kH .
Therefore, Fermat’s rule yields


1
0 = A∗ ∇V (Afλ ) + λfλ ⇔ fλ = A∗ − ∇V (Afλ )
λ

where A∗ : Rm

m
X

i=1

αi hf, φi iH =

f,

i=1

αi φi

H

→ H is the adjoint of A which can be obtained as follows. Note that
* m
+
X
(∀ f ∈ H) (∀ α ∈ Rm )

hAf, αi =

Pm
P
Pm
m
m
∗
αi φi . Therefore
and thus A∗ α = i=1
Pm AA α = j=1 αj Aφj = ∗ j=1 αj (hφj , φi iH )i=1 , and
so for every i ∈ [m], (AA∗ α)i = j=1
hφj , φi iH αj and hence AA = K.

2

A.3 Bounds on Approximation Errors, A0 (λ) and A 1 (λ)

The following result is quite well-known in the linear inverse problem theory (Engl et al.,
1996).

Proposition A.3 Let C be a bounded, self-adjoint compact operator on a separable Hilbert
space H. For λ > 0 and f ∈ H, define fλ := (C + λI)−1 Cf and Aθ (λ) := kC θ (fλ − f )kH
for θ ≥ 0. Then the following hold.

(i) For any θ > 0, Aθ (λ) → 0 as λ → 0 and if f ∈ R(C), then A0 (λ) → 0 as λ → 0.

(ii) If f ∈ R(C β ) for β ≥ 0 and β + θ > 0, then
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Aθ (λ) ≤ max{1, kCkβ+θ−1 }λmin{1,β+θ} kC −β f kH .

44

i

λ
hf, φi iH φi
αi + λ

2
H

H

2

=

=

i

λ
αi + λ

2

A2θ (λ) = C θ (C + λI)−1 Cf − C θ f
H

2

.
⊥

αi + λ

i

H

2

hfR , φi iH φi −

X λαθ
i
hfR , φi iH φi
αi + λ

i

=

i
H

i

X  λαθ 2
i
hfR , φi i2H → 0
αi + λ

αiθ hfR , φi iH φi

2

= C θ (C + λI)−1 CfR − C θ fR

X

H

2

i

αi + λ

=



αi
αi + λ



αi
αi + λ



Using the above in (A.3) yields the result.

αiβ+θ λ
=
αi + λ

On the other hand, for β + θ ≥ 1, we have

αi + λ

αiβ+θ λ

H

2

i

1−θ−β

45

H

2

(A.3)
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λβ+θ ≤ λβ+θ .

αiβ+θ−1 λ ≤ kCkβ+θ−1 λ.

λ
αi + λ

H

β+θ 

hg, φi iH φi

Suppose 0 < β + θ < 1. Then

=

i

X λαθ+β

2

H

2

= C θ (C + λI)−1 C β+1 g − C θ+β g
!2
X λαθ+β
i
=
hg, φi i2H .
αi + λ

A2θ (λ) = C θ (C + λI)−1 Cf − C θ f

(ii) If f ∈ R(C β ), then there exists g ∈ H such that f = C β g. This yields

as λ → 0.

=

=

X

αi1+θ

A2θ (λ) = C θ (C + λI)−1 Cf − C θ f

Let f = fR +fN where fR ∈ R(C θ ), fN ∈ R(C θ ) if 0 < θ ≤ 1 and fR ∈ R(C), fN ∈ R(C)
if θ ≥ 1. Then

⊥

H

2

hf, φi i2H → 0 as λ → 0

i

X
αi
hf, φi iH φi −
hf, φi iH φi
αi + λ

X

i

X

by the dominated convergence theorem. For any θ > 0, we have

=

X

A20 (λ) = (C + λI)−1 Cf − f

Proof (i) Since C is bounded, compact, and self-adjoint, the Hilbert-Schmidt
theorem
P
(Reed and Simon, 1972, Theorems VI.16, VI.17) ensures that C = l αl φl hφl , ·iH , where
(αl )l∈N are the positive eigenvalues and (φl )l∈N are the corresponding unit eigenvectors that
form an ONB for R(C). Let θ = 0. Since f ∈ R(C),
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q



.

1
m λ2θ

A0 (λ)
√
m



.

EP kR̂f k2H = EP

a=1

m

1 X
r(Xa )f
m

H

2

=

a,b=1

m
1 X
EP hr(Xa )f, r(Xb )f iH .
m2

46
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Splitting the sum into twoRparts (one with a = b and the other with a 6= b), it is easy to
1
m−1
2
2
verify that EP kR̂f k2H = m
X kr(x)f kH dP(x) + m kRf kH , thereby yielding
Z

Z
1
1
EP k(R̂ − R)f k2H =
kr(x)f k2H dP(x) − kRf k2H ≤
kr(x)f k2H dP(x)
m
m X
X
Z
kf k2H
≤
kr(x)k2H dP(x).
m
X

where

EP k(R̂ − R)f k2H = EP kR̂f k2H − kRf k2H ,

EP k(R̂ − R)f k2H = EP kR̂f k2H + kRf k2H − 2EP hR̂f, Rf iH ,
1 Pn
1 Pn
Rwhere EP h2R̂f, Rf iH = n a=1 EP hr(Xa )f, Rf iH = n a=1 EP hr(Xa ), f ⊗ Rf iHS . Since
X kr(x)kHS dP(x) < ∞, r(x) is P-integrable in the Bochner sense (see Diestel and Uhl,
1977, Definition 1 and Theorem 2), and therefore
it follows from Diestel and Uhl (1977,
R
Theorem 6) that EP hr(Xa ), f ⊗ Rf iHS = h X r(x) dP(x), f ⊗ Rf iHS = kRf k2H . Therefore,

Proof (i) Note that for any f ∈ H,

−1
α−1 for m ≥ c where is c is a sufficiently large constant that
(v) kRα (R̂ + λI)
λ2
R k.λ
depends on kr(x)k2HS dP(x) but not on m and λ.

(iv) k(R + λI)−θ (R̂ − R)k = OP

(iii) kR̂α (R̂ + λI)−θ k ≤ λα−θ .

(ii) kRα (R + λI)−θ k ≤ λα−θ .

(i) k(R̂ − R)(gλ − g)kH = OP

+
Proposition A.4 Let X be a topological space, H be a separable Hilbert space and
R L2 (H) be
the space of positive, self-adjoint Hilbert-Schmidt operators on H. Define R := X r(x) dP(x)
P
i.i.d.
+
1
m
and R̂ := n1 m
a=1 r(Xa ) where P ∈R M+ (X ), (Xa )a=1 ∼ P and r is a L2 (H)-valued
2
measurable function on X satisfying X kr(x)kHS dP(x) < ∞. Define gλ := (R + λI)−1 Rg
for g ∈ H, λ > 0, and A0 (λ) := kgλ − gkH . Let α ≥ 0 and θ > 0. Then the following hold:

The following result is used in many places throughout the paper. We would like to highlight that special cases of this result are known, e.g., see the proof of Theorem 4 in Caponnetto and Vito (2007) where concentration inequalities are obtained for the quantities in
Proposition A.4 using Bernstein’s inequality. Here, we provide asymptotic statements using
Chebyshev’s inequality.

A.4 Bound on the Norm of Certain Operators and Functions
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Using f = gλ − g, an application of Chebyshev’s inequality yields the result.
h
i
α
γiα
γi
1
1
α−θ ,
≤ supi (γ +λ)
(ii, iii) kRα (R + λI)−θ k = supi (γ +λ)
θ = supi
θ−α ≤ λ
γi +λ
(γi +λ)θ−α
i
i
where (γi )i∈N are the eigenvalues of R. (iii) follows by replacing (γi )i∈N with the eigenvalues
of R̂.

2
EP k(R + λI)−θ (R̂ − R)kHS

1
≤
m

X

X

2
kr(x)kHS
dP(x).

(A.5)

2 ,
(iv) Since k(R+λI)−θ (R̂−R)k ≤ k(R+λI)−θ (R̂−R)kHS , consider EP k(R+λI)−θ (R̂−R)kHS
which using the technique in the proof of (i), can be shown to be bounded as
Z
2
dP(x).
(A.4)
k(R + λI)−θ r(x)kHS

Note that
2
= k(R + λI)−2θ kTr (r(x)r(x)) = k(R + λI)−2θ kkr(x)kHS

2
k(R + λI)−θ r(x)kHS
= h(R + λI)−θ r(x), (R + λI)−θ r(x)iHS
2
≤ λ−2θ kr(x)kHS
,

1
mλ2θ

where the last inequality follows from (iii). Using (A.5) in (A.4), we obtain
Z
2
EP k(R + λI)−θ (R̂ − R)kHS
≤

The result therefore follows by an application of Chebyshev’s inequality.
(v) We use the idea in Step 2.1 of the proof of Theorem 4 in Caponnetto and Vito (2007),
where Rα (R̂+λI)−1 is written equivalently as follows: Note that R̂+λI = (R̂−R)+(R+λI),
which implies

−1

−1
(R̂ + λI)−1 = (R̂ − R) + (R + λI)
= (R + λI)−1 I − (R − R̂)(R + λI)−1

Rα (R̂ + λI)−1 = Rα (R + λI)−1

∞ 
X

j=0

∞
X

j=0

k(R − R̂)(R +

j

j
λI)−1 kHS

(R − R̂)(R + λI)−1


−1
and so Rα (R̂+λI)−1 = Rα (R+λI)−1 I − (R − R̂)(R + λI)−1
. Using the Von Neumann
series representation, we have

so that

∞
X
j=0

j
k(R − R̂)(R + λI)−1 kHS
.

kRα (R̂ + λI)−1 k ≤ kRα (R + λI)−1 k
≤ λα−1
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From the proof of (iv), we have that for any δ > 0, with probability at least 1 − δ,
q
R
R
2
kr(x)k2 dP(x)
X kr(x)kHS dP(x)
k(R − R̂)(R + λI)−1 k
≤
. Suppose m ≥ X s2 λHS
where s < 1.
HS
2δ
mλ2 δ
P∞
P∞ j
j
1
Then j=0
k(R − R̂)(R + λI)−1 kHS
≤ j=0
s = 1−s
. This means for m ≥ λc2 where c is
sufficiently large, we obtain kRα (R̂ + λI)−1 k . λα−1 .
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A.5 Interpolation Space
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In this section, we briefly recall the definition of interpolation spaces of the real method.
To this end, let E0 and E1 be two arbitrary Banach spaces that are continuously embedded
in some topological (Hausdorff) vector space E. Then, for x ∈ E0 + E1 := {x0 + x1 : x0 ∈
E0 , x1 ∈ E1 } and t > 0, the K-functional of the real interpolation method (see Bennett
and Sharpley, 1988, Definition 1.1, p. 293) is defined by

K(x, t, E0 , E1 ) := inf{kx0 kE0 + tkx1 kE1 : x0 ∈ E0 , x1 ∈ E1 , x = x0 + x1 }.

(A.6)

Suppose E and F are two Banach spaces that satisfy F ,→ E (i.e., F ⊂ E and the inclusion
operator id : F → E is continuous), then the K-functional reduces to

y∈F

K(x, t, E, F ) = inf kx − ykE + tkykF .

( R
s
1/s
t−θ K(x, t) t−1 dt
, 1≤s<∞
s = ∞.
supt>0 t−θ K(x, t),

The K-functional can be used to define interpolation norms, for 0 < θ < 1, 1 ≤ s ≤ ∞ and
x ∈ E0 + E1 , as
kxkθ,s :=

Moreover, the corresponding interpolation spaces (Bennett and Sharpley, 1988, Definition
1.7, p. 299) are defined as

[E0 , E1 ]θ,s := {x ∈ E0 + E1 : kxkθ,s < ∞} .

B. Appendix: Miscellaneous Results

In this appendix, we present the proofs of some claims that we made in Sections 1, 4 and 5.

B.1 Relation between Fisher and Kullback-Leibler Divergences

The following result provides a relationship between Fisher and Kullback-Leibler divergences.

Proposition B.1 Let p and q be probability densities defined on Rd . Define pt := p ∗
N (0, tId ) and qt := q ∗ N (0, tId ) where N (0, tId ) denotes a normal distribution on Rd with
mean zero and diagonal covariance with t > 0. Suppose pt and qt satisfy

0
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(B.1)

∂i pt (x) log pt (x) = o (kxk2α ) , ∂i pt (x) log qt (x) = o (kxk2α ) and ∂i log qt (x)pt (x) = o (kxk2α )

KL(pkq) =

as kxk2 → ∞ for all i ∈ [d] where α = 1 − d. Then
Z ∞
J(pt kqt ) dt,
where J is defined in (3).
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(B.2)

(B.3)

b=1 j=1

β̆(b−1)d+j ∂j k(Xb , ·)

Θ∈Rnd+1

min

1 T
Θ HΘ + ΘT ∆ subject to ΘT KΘ ≤ M 2 ,
2
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√

k(·,·)

q0 ∈ Lr (Ω);
JMLR 18(57):1-59, 2017

(ii) for 1 < r ≤ ∞, kpf˘λ,n − p0 kLr (Ω) → 0 if ηq0 ∈ L1 (Ω) ∩ Lr (Ω) and eM

(i) kpf˘λ,n − p0 kL1 (Ω) → 0, KL(p0 kpf˘λ,n ) → 0 if η ∈ L1 (Ω, q0 );

Theorem B.2 (Consistency and rates for pf˘λ,n ) Let M ≥ kf0 kH be a fixed constant,
and f˘n,λ be a clipped estimator
given by (B.3). Suppose (A)–(D) with√ε = 2 hold. Let
√
p
R
supp(q0 ) = Ω and Ω eM k(x,x) q0 (x) dx < ∞. Define η(x) = k(x, x)eM k(x,x) . Then, as
√
λ n → ∞, λ → 0 and n → ∞,

ˆ 2 ), Θ := (β, δ) and K, H being defined in the proof of Theorem 5 and
with ∆ := (h, kξk
H
the remark following it. The following result investigates the consistency and convergence
rates for pf˘λ,n .

(β̆, δ̆) =: Θ̆ = arg

where δ̆ and β̆ are obtained by solving the following quadratically constrained quadratic
program (QCQP),

f˘λ,n = δ̆ ξˆ +

n X
d
X

where Jˆλ is defined in Theorem 4(iv). This modification yields a valid estimator pf˘λ,n as
√
R
long as k satisfies Ω eM k(x,x) q0 (x) dx < ∞, since this implies f˘λ,n ∈ F. The construction
of f˘λ,n requires the knowledge of M , however, which we assume is known a priori. Using
the representer theorem in RKHS, it can be shown (see Section B.2.1) that

f ∈H

f˘λ,n = arg inf Jˆλ (f ) subject to kf kH ≤ M,

To handle the case of unbounded k, in the following, we assume that there exists a positive
constant M such that kf0 kH ≤ M , so that an estimator of f0 can be constructed as

B.2 Estimation of p0 : Unbounded k

KL(pt kqt ) → 0 as t → ∞ and KL(pt kqt ) → KL(pkq) as t → 0.

t=0

See Theorem 1 in Lyu (2009) for a proof. The above identity is a simple generalization of
de Bruijn’s identity that relates the Fisher information to the derivative of the Shannon
entropy (see Cover and Thomas, 1991, Theorem 16.6.2). Integrating w.r.t. t on both sides
∞
R∞
of (B.2), we obtain KL(pt kqt )
= − 0 J(pt kqt ) dt which yields the equality in (B.1) as

d
KL(pt kqt ) = −J(pt kqt ).
dt

Proof Under the conditions mentioned on pt and qt , it can be shown that

Density Estimation in Infinite Dimensional Exponential Families

p
k(·, ·)η ∈ L1 (Ω, q0 );

− min

n

1
, β
4 2(β+1)

o

n
o
1
− max 14 , 2(β+1)

Ω

Lr (Ω)

Ω

˘

≤

˘

|B(f˘λ,n ) − B(f0 )| k(ef0 − efλ,n )q0 kL1 (Ω)
+
.
B(f˘λ,n )
B(f˘λ,n )

−M
Ωe

R

√

k(x,x)
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H

q0 (x) dx =: θ, where
˘
k(ef0 − efλ,n )q0 kLr (Ω) ≤ kηq0 kLr (Ω) kf˘λ,n − f0 kH
√
and kef0 q0 kLr (Ω) ≤ keM k(x,x) q0 kLr (Ω) . Therefore,
√
kηkL1 (Ω,q0 ) keM k(x,x) q0 kLr (Ω) f˘λ,n − f0
pf˘λ,n − p0 Lr (Ω) ≤
θ2

Also for any f ∈ H with kf kH ≤ M , we have B(f ) ≥
θ > 0. Again using (B.4), we have

Ω

H

|B(f˘λ,n ) − B(f0 )|kef0 q0 kLr (Ω) k(ef0 − efλ,n )q0 kLr (Ω)
+
.
B(f˘λ,n )B(f0 )
B(f˘λ,n )

L1 (Ω)

≤

Using (B.4), we bound |B(f˘λ,n ) − B(f0 )| as
Z
˘
|B(f˘λ,n ) − B(f0 )| ≤
efλ,n (x) − ef0 (x) q0 (x) dx ≤ kηkL1 (Ω,q0 ) f˘λ,n − f0

pf˘λ,n − p0

If r = 1, we obtain

pf˘λ,n − p0

(i) Recalling (A.1), we have

Similarly, it is easy to verify that B(f0 ) < ∞.

Ω

assuming the respective conditions in (i)-(iii) above hold.
p
p
Proof
For any x ∈ Ω, since |f0 (x)| ≤ kf0 kH k(x, x) ≤ M k(x, x) and |f˘λ,n (x)| ≤
p
M k(x, x), we have
√
˘
efλ,n (x) − ef0 (x) ≤ eM k(x,x) f˘λ,n (x) − f0 (x) ≤ η(x) f˘λ,n − f0 H ,
(B.4)
√
p
where we used the fact that |ex −ey | ≤ ea |x−y| for x, y ∈ [−a, a] and η(x) := k(x, x)eM k(x,x) .
In the following, we obtain bounds for pf˘λ,n − p0 Lr (Ω) for any 1 ≤ r ≤ ∞, h(pf˘λ,n , p0 )
R
and KL(p0 kpf˘λ,n ) in terms of kf˘λ,n − f0 H . Define B(f ) := Ω ef q0 dx. Since k satisfies
√
R M k(x,x)
q0 (x) dx < ∞, then it is clear that f˘λ,n ∈ F as B(f˘λ,n ) < ∞ since
Ωe
Z
Z
Z
√
√
˘
˘
efλ,n (x) q0 (x) dx ≤
ekfλ,n kH k(x,x) q0 (x) dx ≤
eM k(x,x) q0 (x) dx < ∞.

with λ = n

Op0 (θn ), KL(p0 kpf˘λ,n ) = Op0 (θn ) and J(p0 kpf˘λ,n ) = Op0 (θn2 ) where θn := n

In addition, if f0 ∈ R(C β ) for some β > 0, then kpf˘λ,n − p0 kLr (Ω) = Op0 (θn ), h(p0 , pf˘λ,n ) =

(iv) J(p0 kpf˘λ,n ) → 0.

(iii) h(pf˘λ,n , p0 ) → 0 if

Sriperumbudur et al.

Z

L1 (Ω)

p0
dx =
pf˘λ,n

pf˘λ,n − p0

p0 log
f0 − f˘λ,n + log

R

˘

≤
Z
Ω

+

!

.

p0 (x) dx

H

kηq0 kLr (Ω) kf˘λ,n − f0 kH
θ

B(f˘λ,n )
B(f0 )

p0 (x) dx

˘

2 kηkL1 (Ω,q0 ) f˘λ,n − f0
θ

!

log ef0 −fλ,n

B(f˘λ,n )
B(f0 )

efλ,n /2

ef0 /2

−

L2 (Ω,q0 )

−

ef0 /2
ef0 /2 L2 (Ω,q0 )

kfλ,n

q0 dx ˘

2kefλ,n /2 − ef0 /2 kL2 (Ω,q0 )

˘

kefλ,n /2 kL2 (Ω,q0 )

˘

f0 kH .

L2 (Ω,q0 )

2 kηq0 kL1 (Ω)
|B(f˘λ,n ) − B(f0 )|
+ kf˘λ,n − f0 kL1 (Ω,p0 ) ≤
kf˘λ,n − f0 kH .
B(f0 )
θ

Ω

Z

Ω
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and for r = 1,

(ii) Also
KL(p0 kpf˘λ,n ) =
=
≤
(iii) It is easy to verify that
h(p ˘ , p0 ) =
fλ,n

≤

≤

Ω k(x, x)e

M

√

θ

k(x,x)

and

˘

kfλ,n

−

2 ≤
C(f˘λ,n − f0 )kH

in terms of

√
p0

1
2k

where the above inequality is obtained by carrying out and simplifying the decomposition
as in (A.1). Using (B.4), we therefore have
s
h(pf˘λ,n , p0 )

2 .
Ck2 kf˘λ,n − f0 kH

(iv) As f0 , f˘λ,n ∈ F, by Theorem 4, we obtain J(p0 kpf˘λ,n ) =
√
1
2k

Note that we have bounded the various distances between

pf˘λ,n

f0 kH . Since f˘λ,n = fλ,n with probability converging to 1, the assertions on consistency are
proved by Theorem 6(i) in combination with Lemma 14—as we did not explicitly assume
f0 ∈ R(C)—and the rates follow from Theorem 6(iii).
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Remark The following observations can be made while comparing the scenarios of using
bounded vs. unbounded kernels in the problem of estimating p0 through Theorems 7 and
B.2. First, the consistency results in Lr , Hellinger and KL distances are the same but
for additional integrability conditions on k and q0 . The additional integrability conditions
are not too difficult to hold in practice as they involve k and q0 which can be chosen appropriately. However, the unbounded situation in Theorem B.2 requires the knowledge of
M which is usually not known. On the other hand, the consistency result in J in Theorem B.2 is slightly weaker than in Theorem 7. This may be an artifact of our analysis as
51
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we are not able to
√ adapt the bounding technique used in the proof of Theorem 7 to bound
2
J(p0 kpf˘λ,n ) = 21 k C(f˘λ,n − f0 )kH
as
it
critically
depends
on
the
boundedness
of
k. There√
√
2 ≤ 1 k Ck2 kf˘
2
fore, we used a trivial bound of J(p0 kpf˘λ,n ) = 21 k C(f˘λ,n − f0 )kH
λ,n − f0 kH ,
2
which yields the result through Theorem 6(i). Due to the same reason, we also obtain a
slower rate of convergence in J. Second, the rate of convergence in KL is slower than in
Theorem B.2, which again may be an artifact of our analysis. The convergence rate for
KL in Theorem 7 is based on the application of Theorem 6(ii) in Lemma A.1, where the
bound on KL in Lemma A.1 critically uses the boundedness to upper bound KL in terms
of squared Hellinger distance.
B.2.1 Derivation of f˘λ,n

k

⊥
) = arg
(f˘λ,n , f˘λ,n

inf

fk ∈Hk ,f⊥ ∈H⊥
2 +kf k2 ≤M 2
kfk kH
⊥ H

λ
λ
2
2
Jˆλ (fk ) + kfk kH
+ kf⊥ kH
2
2

(B.5)

Any f ∈ H can be decomposed as f = fk + f⊥ where
n
o
ˆ (∂j k(Xb , ·))b,j =: Hk ,
fk ∈ span ξ,

which is a closed subset of H and f⊥ ∈ Hk⊥ := g ∈ H : hg, hiH = 0, ∀ h ∈ Hk so that
H = Hk ⊕ Hk⊥ . Since the objective function in (B.3) matches with the one in Theorem 5,
using the above decomposition in (B.3), it is easy to verify that Jˆ depends only on fk ∈ Hk
so that (B.3) reduces to

k

(Θk , c⊥ ) = arg

inf

Θ∈Rnd+1 ,c≥0
ΘT KΘ+c≤M 2

1 T
λ
Θ HΘ + ΘT ∆ + c,
2
2

(B.6)

⊥
and f˘λ,n = f˘λ,n + f˘λ,n
.
Since
f
k is of the form in (14), using it in (B.5), it is easy to show
2 = 1 ΘT HΘ + ΘT ∆. Similarly, it can be shown that kf k2 = ΘT KΘ.
that Jˆλ (fk ) + λ2 kfk kH
k H
2
2 , (B.5) reduces to
Since f⊥ appears in (B.5) only through kf⊥ kH

k

⊥ is such that kf˘⊥ k2 = c . The
where f˘λ,n is constructed as in (14) using Θk and f˘λ,n
⊥
λ.n H
necessary and sufficient conditions for the optimality of (Θk , c⊥ ) is given by the following
Karush-Kuhn-Tucker conditions,

(Dual feasibility)

λ
(H + 2τ K)Θk + ∆ = 0,
+η−τ =0
(Stationarity)
2
ΘkT KΘk + c⊥ ≤ M 2 , c⊥ ≥ 0
(Primal feasibility)

(Complementary slackness)

η ≥ 0, τ ≥ 0

τ c⊥ = 0, η(ΘkT KΘk + c⊥ − M 2 ) = 0
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Combining the dual feasibility and stationary conditions, we have η = τ − λ2 ≥ 0, i.e., τ ≥ λ2 .
Using this in the complementary slackness involving τ and c⊥ , it follows that c⊥ = 0. Since
⊥ k2 = c , we have f˘⊥ = 0, i.e., f˘
˘k
˘k
kf˘λ,n
⊥
λ,n is completely determined by fλ,n . Therefore fλ,n
λ,n
is of the form in (14) and (B.6) reduces to a quadratically constrained quadratic program.
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β−bβc,2

β−bβc,2


have equivalent

i∈I

R(C β )

:= k(ci )k`2 (I,α−2β ) .

i∈I

X

hf, φi iH φi +

i∈J

i∈I∪J

X
X
hf, ψi iH ψi =:
ai θi

g=

i∈I

X

53

αiβ hh, φi iH φi =:
i∈I

X

bi αiβ φi
JMLR 18(57):1-59, 2017

where θi := φi if i ∈ I and θi := ψi if i ∈ J with ai := hf, θi iH . Let β > 0. By definition,
g ∈ R(C β ) is equivalent to ∃h ∈ H such that g = C β h, i.e.,

f=

where (αi )i∈I are the positive eigenvalues of C, (φi )i∈I are the corresponding unit eigenvectors that form an ONB for R(C) and I is an index set which is either finite (if H is
finite-dimensional) or I = N with limi→∞ αi = 0 (if H is infinite dimensional). Let (ψi )i∈J
be an ONB for N (C) where J is some index set so that any f ∈ H can be written as

i∈I

Proof of Proposition B.3. The proof is based on the ideas used in the proof of Theorem
4.6 in Steinwart and Scovel (2012). Recall that by the Hilbert-Schmidt theorem, C has the
following representation,
X
C=
αi φi hφi , ·iH

i∈I∪J

X

ai θi −

i∈I

X

ci φi
H

2

=

i∈I∪J

X

(ai − ci )θi

inf

H

2

= k(ai − ci )k2`2 (I∪J)

k(ai − ci )k`2 (I∪J) + tk(ci )k`2 (I,α−2 )
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where 0 < β < 1. Applying the second part of Lemma B.4 to the counting measure on I ∪ J
yields
[`2 (I ∪ J), `2 (I, α−2 )]β,2 = `2 (I, α−2β ).

f ∈ [H, R(C)]β,2 ⇐⇒ (ai ) ∈ [`2 (I ∪ J), `2 (I, α−2 )]β,2

From this we immediately obtain the equivalence

= K(a, t, `2 (I ∪ J), `2 (I, α−2 )).

(ci )∈`2 (I,α−2 )

kf − gkH + tkgkR(C)
=

inf

g∈R(C)

K(f, t, H, R(C)) =

where we define ci := 0 for i ∈ J. For t > 0, we find

kf − gk2H =

(a) 0 < β < 1: For any f ∈ H and g ∈ R(C), we have

= kCkβ1 −β2 kgkR(C β1 ) < ∞

and so R(C β1 ) ,→ R(C β2 ). Similarly, we can show that R(C) ,→ H. In the following, we
first prove the result for 0 < β < 1 and then for β > 1.

ci φi

R(C β )

and the norms on these two spaces are equivalent. Moreover, this result still holds for
weights w0 : Θ → (0, ∞) and w1 : Θ → [0, ∞], if one uses the convention 0 · ∞ := 0 in the
definition of the weighted spaces.

i∈I

X

i∈I

Lemma B.4 Let ν be a measure on a measurable space Θ and w0 : Θ → [0, ∞) and
w1 : Θ → [0, ∞) be measurable functions. For 0 < β < 1, define wβ := w01−β w1β . Then we
have
[L2 (w0 dν), L2 (w1 dν)]β,2 = L2 (wβ dν)

so that it induces the norm

i∈I

where α := (αi )i∈I . Let us equip this space with the bilinear form
*
+
X
X
:= h(ci ), (di )i`2 (I,α−2β )
ci φi ,
di φi

i∈I

P
P
2
2
2
where bi := hh, φi iH . Clearly
i∈I bi =
i∈I hh, φi iH ≤ khkH < ∞, i.e., (bi ) ∈ `2 (I).
Therefore
(
) (
)
X
X
R(C β ) =
bi αiβ φi : (bi ) ∈ `2 (I) =
ci φi : (ci ) ∈ `2 (I, α−2β )

Sriperumbudur et al.

It is easy to verify that (αiβ φi )i∈I is an ONB of R(C β ). Also since R(C β1 ) ⊂ R(C β2 ) for
0 < β2 < β1 < ∞ and id : R(C β1 ) → R(C β2 ) is continuous, i.e., for any g ∈ R(C β1 ),
v
uX 2
u
ci
≤ sup |αi |β1 −β2 k(ci )k`2 (I,α−2β1 )
kgkR(C β2 ) = k(ci )k`2 (I,α−2β2 ) = t
2β2
i∈I
i∈I αi

To prove Proposition B.3, we need the following result which we quote from Steinwart and
Scovel (2012, Lemma 6.3) (also see Tartar, 2007, Lemma 23.1) that interpolates L2 -spaces
whose underlying measures are absolutely continuous with respect to a measure ν.

where R(C 0 ) := H, and the spaces R(C β ) and R(C bβc ), R(C dβe )
norms.



h
i
R(C β ) = R(C bβc ), R(C dβe )

Proposition B.3 Suppose (B) and (D) hold with ε = 1. Then for all β > 0 and β ∈
/N

Proposition B.3 presents an interpretation for R(C β ) (β > 0 and β ∈
/ N) as interpolation
spaces between R(C dβe ) and R(C bβc ) where R(C 0 ) := H. An inspection of its proof shows
that Proposition B.3 holds for any self-adjoint, bounded, compact operator defined on a
separable Hilbert space.

B.3 R(C β ) and Interpolation Spaces

Density Estimation in Infinite Dimensional Exponential Families

= `2 (I, α−2β ),

(∗)

∂j ψ(x − ·)∂j f (x) p(x) dx

d Z
X

56

d
X

j=1

(iωj )(p∂j f )∧ (ω).

Learning sets with separating kernels.
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where A, B, C, D ∈ D. We refer to any collection of answers to such comparisons, some of
them possibly being incorrect, as ordinal distance information or ordinal data.

d(A, B) < d(C, D),

?

In a typical machine learning setting we are given a data set D of objects together with a
dissimilarity function d (or a similarity function s) quantifying how “close” objects are to
each other. The machine learning rationale is that objects that are close to each other tend
to have the same class label, belong to the same clusters, and so on. However, in recent years
a whole new branch of the machine learning literature has emerged that relaxes this scenario
(e.g., Agarwal et al., 2007, Jamieson and Nowak, 2011, van der Maaten and Weinberger,
2012, Heikinheimo and Ukkonen, 2013, Kleindessner and von Luxburg, 2014, Terada and
von Luxburg, 2014, Jain et al., 2016; see Section 5.1 for a discussion of related work).
Instead of being able to evaluate the dissimilarity function d itself, we only get to see binary
answers to some comparisons of dissimilarity values such as

1. Introduction

In recent years it has become popular to study machine learning problems in a setting
of ordinal distance information rather than numerical distance measurements. By ordinal
distance information we refer to binary answers to distance comparisons such as d(A, B) <
d(C, D). For many problems in machine learning and statistics it is unclear how to solve
them in such a scenario. Up to now, the main approach is to explicitly construct an ordinal
embedding of the data points in the Euclidean space, an approach that has a number of
drawbacks. In this paper, we propose algorithms for the problems of medoid estimation,
outlier identification, classification, and clustering when given only ordinal data. They are
based on estimating the lens depth function and the k-relative neighborhood graph on a
data set. Our algorithms are simple, are much faster than an ordinal embedding approach
and avoid some of its drawbacks, and can easily be parallelized.
Keywords: ordinal data, ordinal distance information, comparison-based algorithms,
lens depth function, k-relative neighborhood graph, ordinal embedding, non-metric multidimensional scaling

Editor: Gal Elidan

Department of Computer Science
University of Tübingen
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There exist several different approaches in which ordinal relationships can be evaluated
(see Section 5.1.1 for more discussion and references). While comparisons of the form

A big part of the literature on ordinal data deals with the problem of ordinal embedding.
Given a data set D together with ordinal relationships, the goal is to map the objects in D
to points in a Euclidean space Rm such that the ordinal relationships are preserved, with respect to the Euclidean interpoint distances, as well as possible. Clearly, ordinal embedding
is a way of transforming ordinal data back to a standard setting: once D is represented by
points in Rm , we can apply any machine learning algorithm for vector-valued data. However,
such a two-step approach comes with a number of problems, among them the high running
time of ordinal embedding algorithms and the necessity to choose a dimension m for the
space of the embedding (to name just two—see Section 5.1.2 for a complete discussion).
Our aim is to solve machine learning problems in a setting of ordinal distance information
directly, without constructing an ordinal embedding as an intermediate step.

• There are several applications where actual dissimilarity values between objects can be
collected, but it is clear to the practitioner that these values only reflect a rough picture
and should be considered informative only on an ordinal scale level. In this case, feeding
the numerical scores to a machine learning algorithm can offer the problem that the
algorithm interprets them stronger than they are meant to be. For example, discarding
the actual values of signal strength measurements but only keeping their order can help
to reduce the influence of measurement errors and thus bring some benefit in sensor
localization (Liu et al., 2004; Xiao et al., 2006).

• There are situations where ordinal distance information is readily available, but the underlying dissimilarity function is completely in the dark. Schultz and Joachims (2003)
provide the example of search-engine query logs: if a user clicks on two search results, say
A and B, but not on a third result C, then A and B can be assumed to be semantically
more similar than A and C, or B and C, are.

• Human-based computation / crowdsourcing: In complex tasks, such as estimating the
value of a car shown in an image or clustering biographies of celebrities, it can be hard
to come up with a meaningful dissimilarity function that can be evaluated automatically,
while humans often have a good sense of which objects should be considered (dis-)similar.
It is then natural to incorporate the human expertise into the machine learning process.
As it is a general phenomenon that humans are significantly better at comparing stimuli
than at identifying a single one (Stewart et al., 2005), it is widely believed and accepted
that humans are also better and more reliable in assessing dissimilarity on a relative scale
(“Movie A is more similar to movie B than movie C is to movie D”) than on an absolute
one (“The dissimilarity between A and B is 0.3 and the dissimilarity between C and D
is 0.8”). For this reason, ordinal questions are often used whenever humans are involved
in gathering distance information. In addition to obtaining more robust results, this also
has the advantage that one does not need to align people’s different assessment scales.

Besides theoretical interest, there are several real-life motivations for studying machine
learning tasks in a setting of ordinal distance information:

Kleindessner and von Luxburg
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?

?

d(A, B) < d(C, D) as in (1) are the most general form, there are other forms that, depending
on the application, are of higher relevance. In particular in scenarios of human-based
computation and crowdsourcing it is popular to show three objects A, B, and C at a time

()

and to ask for information on d(A, B) < d(A, C), that is, compared to (1), object D equals
object A (“Which of the bottom two images is more similar to the top one?”). Recently,
Heikinheimo and Ukkonen (2013) proposed an algorithm for estimating a medoid of a data
set D based on statements of the form
Object A is the outlier within the triple of objects (A, B, C),
where A, B, C are pairwise distinct objects in D and such a statement formally means that


d(A, B) > d(B, C) ∧ d(A, C) > d(B, C) .

(?)

Statements of the kind () can easily be collected via crowdsourcing too (“Which among
the following three images is the odd one out?”). In this paper, we suggest and study a
similar but subtly different kind of question. Given three objects, we ask which of the
objects is “the most central” object in the sense that it is the best representative for the
three objects. The answers then have the form


d(A, C) < d(B, C) .

Object A is the most central object within the triple of objects (A, B, C)
with the formal interpretation that

d(A, B) < d(B, C) ∧

An illustration of the meaning of a statement of the kind (?) is provided in Figure 1 (left)
by an example of a triple of cars consisting of a sports car, a fire truck, and an off-road
vehicle: the sports car and the fire truck are rather different, but the off-road vehicle is not
so different from either of them and can most likely be taken for a representative of the
three cars—the off-road vehicle is the most central object within the triple.

JMLR 18(58):1-52, 2017

Considering machine learning problems when given only ordinal data, in many cases it is
pretty unclear how to solve them other than by constructing an ordinal embedding. For
example, how can we construct a classifier based solely on a collection of answers to distance comparisons of the form (1)? The most important insight of this paper is
that ordinal distance information in the form (?) (but not in other forms—in
particular, not in the form ()) can immediately be related to two very helpful
tools: depth functions and relative neighborhood graphs. In a nutshell, depth
functions (see, e.g., Mosler, 2013) come from multivariate statistics and are a means to
generalize the concept of a univariate median to multivariate distributions and to quantify “centrality” of points with respect to such a distribution. The relative neigborhood
graph (RNG; Toussaint, 1980) and its generalization, the k-RNG, are examples of proximity graphs, which play a prominent role in computer vision. In a proximity graph two
vertices are connected by an edge if and only if the two vertices are in some sense close to
each other. It is known from the literature that both depth functions and relative neigborhood graphs can be used to solve various machine learning problems. Our contribution is
3

A
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C

Figure 1: Illustration of the meaning of statement of the kind (?). Left: Within the three
cars shown at the top, the off-road vehicle shown at the bottom a second time
is the most central/best representative one. Right: A more formal approach: we
have d(A, B) < d(A, C) < d(B, C), and hence A is the most central data point
within (A, B, C).

to establish that one particular depth function, the lens depth function (Liu and Modarres,
2011), as well as the k-RNG can be computed given the correct statements of the kind (?)
for every triple of objects of D, but nothing else. More importantly, the lens depth function
and the k-RNG can be estimated when given not all but only some of possibly incorrect
statements of the kind (?). This leads to algorithms solely based on ordinal data for four
common machine learning problems, namely the problems of medoid estimation, outlier
identification, classification, and clustering. Our algorithms are simple and can easily and
highly efficiently be parallelized. We ran several experiments to compare our algorithms to
competitors, in particular to the approach of first solving the ordinal embedding problem
and then applying vector-based algorithms. We find that in situations with small sample
size and small dimensions, the embedding approach tends to be superior to our algorithms
in terms of error rates, while our algorithms are highly superior in terms of computing time
(even without parallelization). The strength of our algorithms lies in the regime where the
ordinal embedding algorithms break down due to computational complexity, but our algorithms still yield useful results. In any situation, our methods avoid some of the drawbacks
inherent in an embedding approach.

JMLR 18(58):1-52, 2017

The paper is organized as follows: We start with the setup including assumptions on the
dissimilarity function d in Section 2. In Section 3 we formally define the lens depth function
and the k-RNG and establish their relationships to ordinal data of the form (?). Furthermore, we motivate how we can make use of these relationships in order to solve the machine
learning problems of medoid estimation, outlier identification, classification, and clustering
when the only available information about a data set D is an arbitrary collection of statements of the kind (?). We formally state our proposed algorithms and discuss their running
times, space requirements, and some implementation aspects in Section 4. Related work
and further background are presented in Section 5. In Section 6 we present experiments on
both artificial and real data. The paper concludes with a discussion and several directions
to future work in Section 7.

4

(?)

xj

(3)
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The lens depth function (Liu and Modarres, 2011) is an instance of a statistical depth
function. These functions are a widely known tool in multivariate statistics. They have been
designed to measure centrality with respect to point clouds or probability distributions.
We will provide more information about statistical depth functions in general, including
references, in Section 5.2. What makes the lens depth function special for us is that it does
not rely on Euclidean structures or numeric distance values. This is in contrast to all other

3.1 Lens Depth Function

In particular, if we had knowledge of all ordinal relationships of type (?) for a data set
D ⊆ X , we could check for any data point xk and any two data points xi , xj whether xk is
contained in Lens(xi , xj ) or not.

x is the most central point within (x, xi , xj ).

d(x, xi ) < d(xi , xj ) and d(x, xj ) < d(xi , xj ) ⇔

x ∈ Lens(xi , xj ) ⇔

An illustration of Lens(xi , xj ) in case of the Euclidean plane can be seen on the left side of
Figure 2. The key insight for us are the following equivalences:

Lens(xi , xj ) = {x ∈ X : d(x, xi ) < d(xi , xj )} ∩ {x ∈ X : d(x, xj ) < d(xi , xj )}

= x ∈ X : max{d(x, xi ), d(x, xj )} < d(xi , xj ) .

The most important geometric object in the following is the lens spanned by two points
xi , xj ∈ X . Consider a ball of radius d(xi , xj ) centered at xi , and similarly a ball of the
same radius centered at xj . The lens spanned by xi and xj consists of all those points of X
that are located in the intersection of these two balls. Formally,

3. Lens Depth Function and k-Relative Neighborhood Graph and
Motivation for our Algorithms

Figure 2: Left: Illustration of Lens(xi , xj ) in case of the Euclidean plane. The lens is shown
in grey. Middle: The pink point at the center is contained in almost every lens
spanned by any of two data points, while the orange one located at the bottom
right edge of the point set is not contained in a single lens. Right: Heat map of
the lens depth function for a data set of 18 points (in red) in the unit square of
the Euclidean plane.

xi
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Statements might be repeatedly present in S. More importantly, we allow S to be noisy
due to errors in the measurement process and even inconsistent. Noisy means that S might
comprise incorrect statements claiming that, for example, object A is the most central
object within (A, B, C) although in fact object B is the most central one. Inconsistent
means that we might have contradicting statements: one statement claims that object A is
the most central object within (A, B, C), but another one claims that object B is. Noisy and
inconsistent ordinal data is likely to be encountered in any real-world problem—think of a
crowdsourcing setting, where different users will have different opinions from time to time.

and thus A is the medoid of {A, B, C} (see Section 3.1 if you want to recall the definition
of a medoid).

Hence, the most central data point within a triple of data points is the data point opposite
to the longest side in the triangle spanned by the three data points. An illustration of this
can be seen in Figure 1 (right). Note that if we assume that there are no ties in the total
order of all dissimilarities between objects, there is a unique most central object within
every triple of objects. Also note that (2) is equivalent to




d(A, B) + d(A, C) < d(B, A) + d(B, C) ∧ d(A, B) + d(A, C) < d(C, A) + d(C, B) ,

where (A, B, C) could be any triple of pairwise distinct objects in D. At this point we do
not make any assumptions on how S is related to the set of all statements, that is the set
of statements of the kind (?) for all triples of objects (e.g., sampled uniformly at random).
However, we need to make some assumptions if we want to provide a theoretical justification
for our proposed algorithms (compare with Section 3.1 and Section 3.2.1). Statement (?)
is equivalent to


d(A, B) < d(B, C) ∧ d(A, C) < d(B, C) .
(2)

Object A is the most central object within the triple of objects (A, B, C),

We do not have access to d for evaluating dissimilarities between objects directly. Instead,
we are only given an arbitrary collection S of statements

With these properties, (X , d) is a semimetric space. Note that we do not require d to satisfy
the triangle inequality, and hence (X , d) is not necessarily a metric space. In the following,
we consider a finite subset D ⊆ X and refer to D as a data set and to the elements of D as
objects or data points.

• d(x, y) = d(y, x), that is d is symmetric.

• d(x, y) = 0 if and only if x = y

• d(x, y) ≥ 0

Let X be an arbitrary set and d : X × X → R be a dissimilarity function on X : a higher
value of d means that two elements of X are more dissimilar to each other. The terms
dissimilarity and distance are used synonymously. We assume d to satisfy the following
properties for all x, y ∈ X :

2. Setup

Lens Depth Function and k-RNG: Versatile Tools for Ordinal Data Analysis

O ∈ D.

(6)
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d(O, Oi ),
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X

• Medoid estimation (cf. Algorithm 1 in Section 4): A medoid OMED of a data
set D is a most central object in the sense that it has minimal total distance to all other
objects, that is it minimizes

x ∈ X.

Oi ∈D

3.2 k-Relative Neighborhood Graph

x ∈ X,

(7)

and then apply an out-of-the-box classification algorithm to the K-dimensional representation of the data set.

x 7→ (LD(x; Class1 ), LD(x; Class2 ), . . . , LD(x; ClassK )) ∈ RK ,

To overcome these limitations, we use a feature-based approach. When dealing with a
K-class classification problem, we consider the data-dependent feature map

• Classification (cf. Algorithm 3 in Section 4): The simplest approach to classification based on the lens depth function is to assign a test point to that class in which
it is a more central point: For each of the classes we could compute a separate lens
depth function and evaluate a test point’s corresponding depth value. The test point is
then classified as belonging to the class that gives rise to the highest lens depth value.
However, it has been found that such a max-depth approach has some severe limitations
(compare with Section 5.2).

• Outlier identification (cf. Algorithm 2 in Section 4): An outlier in a data set D
is “an observation . . . which appears to be inconsistent with the remainder of that set
of data” (Barnett and Lewis, 1978, Chapter 1). Points with a low lens depth value are
non-central points according to the lens depth function and thus are natural candidates
for outliers. We will see in the experiments in Section 6.1.2 that this approach works well
for data sets with a uni-modal structure, but can fail in multi-modal cases.

Since the lens depth function provides a measure of centrality too, even though in a
different sense, a maximizer of the lens depth function (restricted to D) is a natural
candidate for an estimate of a medoid.

D(O) =

depth functions from the literature. Given a data set D = {x1 , . . . , xn } ⊆ X , the lens depth
function LD( · ; D) : X → N0 is defined as
LD(x; D) = {(xi , xj ) : xi , xj ∈ D, i < j, x ∈ Lens(xi , xj )} ,
To understand its meaning, consider a set of data points in the Euclidean plane. A point
located at the “heart of the set” will lie in the lenses of many pairs of data points. Thus the
lens depth function will attain a high value at this point, indicating its high centrality. In
contrast, points at the boundary of the point cloud will lie in only a few lenses and will have
a low lens depth value, indicating their low centrality. See the middle sketch of Figure 2 for
an illustration. The right side of Figure 2 shows a heat map of the lens depth function for
a data set consisting of 18 points in the Euclidean plane as an example.

(4)

Exploiting (3) we can see immediately how easily the lens depth function can be evaluated
based on statements of the kind (?). Given all statements of the kind (?) for a data set
D = {x1 , . . . , xn }, that is one statement for every unordered triple (xi , xj , xk ) of pairwise
distinct objects in D, we can immediately evaluate LD(xt ; D) for any t ∈ {1, . . . , n}. It
simply holds that
LD(xt ; D) = number of statements comprising xt as most central data point.

number of statements in S that comprise xt as most central data point
.
number of statements in S that comprise xt

We note that LD(xt ; D) as given in (4) can be considered, up to a normalizing constant
of 1/ n−1
2 , as probability of the fixed data point xt being the most central data point in a
triple comprising xt and two data points drawn uniformly at random without replacement
from D \ {xt }. This insight gives us a handle for the realistic situation that we are not given
all statements of the kind (?), but only an arbitrary collection S of statements, some of
them possibly being incorrect. Namely, we can still estimate LD(xt ; D) by estimating the
probability of the described event by its relative frequency:
·

LD(xt ; D) ≈

(5)
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(8)

We now use the lenses spanned by two data points in order to define the k-relative neighborhood graph (k-RNG). In our language, for a data set D = {x1 , . . . , xn } ⊆ X and a
parameter k ∈ N the k-RNG on D is the graph with vertex set D in which two distinct
vertices xi and xj are connected by an undirected edge if and only if the lens spanned by
these points contains fewer than k data points from D:

8

xi ∼ xj ⇔ |Lens(xi , xj ) ∩ D| < k.

This estimate will be reasonable whenever statements in S comprising xt appear to be sampled approximately uniformly at random from the set of all statements that comprise xt ,
the number of statements in S comprising xt is large enough, and the proportion of incorrect statements is sufficiently small. Note that if we assume S to be sampled uniformly at
random from the set of all statements, this will imply that for every xt ∈ D statements in S
comprising xt are a uniform sample from the set of all statements that comprise xt .

The rationale behind this definition is that two data points may be considered close to
each other whenever the lens spanned by them contains only a few data points. The krelative neighborhood graph is best known when k = 1. In this form it is simply called
relative neighborhood graph (RNG) and has already been introduced in Toussaint (1980).
The general k-RNG has been defined by Chang et al. (1992). Examples for a data set in
JMLR 18(58):1-52, 2017

We now explain how we can use our insights to devise algorithms for the machine learning
problems of medoid estimation, outlier identification, and classification when only given a
collection of statements of the kind (?) for a data set (the algorithms are formally stated
in Section 4). The basic principle is that we replace the true lens depth function with
its estimate according to (5) in the following existing approaches to these problems (see
Section 5.2 for further information and references):
7
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• Clustering (cf. Algorithm 5 in Section 4): As we can do with the symmetric k-NN
graph, it is straightforward to apply spectral clustering to the k-RNG on a data set D (see
von Luxburg, 2007, for a comprehensive introduction to spectral clustering—that work
suggests the symmetric k-NN graph as one of a few graphs that can be used). We propose

• Classification (cf. Algorithm 4 in Section 4): Given a set of labeled points and
an additional test point that we would like to classify, we can construct the k-RNG on
the union of the set of labeled points and the singleton of the test point and take a
majority vote of the test point’s neighbors in the graph. There is no need to construct
the whole graph. We just have to find the test point’s neighbors in the graph. Note that
the basic principle is the same as for the well-known k-NN classifier (e.g., Shalev-Shwartz
and Ben-David, 2014, Chapter 19), replacing the directed k-NN graph by the k-RNG.

Given all statements of the kind (?) for a data set D, it is straightforward to build the
true k-RNG on D similarly to the exact evaluation of the lens depth function (4). Below,
we will discuss how to build an estimate of the k-RNG on D when given only an arbitrary
collection of statements, some of them possibly being incorrect, and a problem involved in
Section 3.2.1. Before, let us explain how k-relative neighborhood graphs can be used for
classification and clustering.

the Euclidean plane can be seen in Figure 3. For comparison, we also also show symmetric k-nearest neighbor graphs on the data set. The symmetric k-nearest neighbor graph
or k-NN graph for short, also with parameter k ∈ N, is more popular in machine learning. In that graph two vertices are connected by an undirected edge whenever one of them
is among the k closest data points to the other one (with respect to the distance function d).

Figure 3: k-relative neighborhood graphs (1st row) and symmetric k-nearest neighbor
graphs (2nd row) on 80 points from a mixture of two Gaussians. Note that
as opposed to the k-NN graphs, the k-relative neighborhood graphs tend to have
more connections between points from the different mixture components. In fact,
a k-RNG is always connected (see Section 5.3). This might be desirable in some
situations, but undesirable in others.
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Lens Depth Function and k-RNG: Versatile Tools for Ordinal Data Analysis

another data point as most central data point,

D(xi , xj ) = number of statements in S comprising both xi and xj .

N (xi , xj ) = number of statements in S comprising both xi and xj and

N (xi , xj )
,
D(xi , xj )

(11)

(10)

k
.
|D| − 2

(12)

10
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However, incorrect statements in S create a problem for our strategy. Usually, we are
interested in a k-RNG for a small value of the parameter k, aiming at connecting only
data points that are close to each other. Consequently, according to (12), in order that
the data points xi and xj are connected in our estimate of the k-RNG, the estimated
probability V (xi , xj ) has to be small. However, in case of erroneous ordinal data comprising
sufficiently many incorrect statements, there will always be statements wrongly indicating
that there are some data points in Lens(xi , xj ) that in fact are not, and thus V (xi , xj ) will
always be somewhat large. Hence, many of the edges of the true k-RNG on D will not be
present in our estimate.
To make this formal, consider the following simple noise model: Statements of the kind (?)
are incorrect, independently of each other, with some fixed probability errorprob. In an

If all statements in S are correct and, for every xi and xj with i 6= j, there are sufficiently
many statements in S that comprise both xi and xj and these statements appear to be
sampled approximately uniformly at random from the set of all statements that comprise
xi and xj , we can expect our estimate of the k-RNG to be reasonable.

V (xi , xj ) <

Thus our strategy to estimate the k-RNG on D is the following: we connect two data points
xi and xj with i 6= j by an undirected edge if and only if

where

V (xi , xj ) =

The key insight for estimating the k-RNG on a data set D from ordinal distance information
of type (?) is similar to the one for estimating the lens depth function: the characterization (8) is equivalent to two distinct, fixed data points xi and xj being connected in the
k-RNG if and only if the probability of a data point drawn uniformly at random from
D \ {xi , xj } lying in Lens(xi , xj ) is smaller than k/(|D| − 2). Given a collection S of
statements of the kind (?), this probability can be estimated by

3.2.1 The Problem of Estimating the k-RNG from Noisy Ordinal Data

for a scaling parameter σ > 0.

two versions: one is to simply work with an estimate of the ordinary unweighted k-RNG,
the other one is to use an estimate of a k-RNG in which an edge between connected
vertices xi and xj is weighted by


1 |Lens(xi , xj ) ∩ D|2
(9)
exp − 2 ·
σ
(|D| − 2)2

Kleindessner and von Luxburg
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p̃ −
1−

1
2
3
2

· errorprob
.
· errorprob

1
p̃ = p · (1 − errorprob) + (1 − p) · errorprob · ,
2

(14)

(13)

incorrect statement the two data points that are not most central appear to be most central
with probability 1/2 each. In our experiments in Section 6.1, this noise model is referred
to as Noise model I. Assume S to be sampled uniformly at random from all statements.
Denote by p = p(xi , xj ) the probability that a data point drawn uniformly at random
from D \ {xi , xj } lies in Lens(xi , xj ), that is p = |Lens(xi , xj ) ∩ D|/(|D| − 2). Denote by
p̃ = p̃(xi , xj ) the probability that the following experiment yields a positive result: A
data point is drawn uniformly at random from D \ {xi , xj }. Independently, a Bernoulli
trial with a probability of success equaling errorprob is performed. If the Bernoulli trial
fails, the experiment yields a positive result if and only if the drawn data point falls into
Lens(xi , xj ). If the Bernoulli trial succeeds, the experiment yields a positive result if and
only if the data point does not fall into Lens(xi , xj ) and another Bernoulli trial, with a
probability of success of one half and performed independently, succeeds. It is clear that
under the considered model, V (xi , xj ) as given in (10) and (11) is an estimate of p̃ rather
than of p. Assuming that errorprob is less than 2/3, we can relate p̃ and p via

or equivalently
p=

(15)

The probability p̃ is obtained from p by applying an affine transformation and vice versa.
It follows from (13) that our strategy yields an estimate of the k 0 -RNG with
k − 1 · errorprob · (|D| − 2)
2
k0 =
1 − 23 · errorprob

JMLR 18(58):1-52, 2017

rather than of the intended k-RNG. In particular, we have k 0 < k for k < 31 (|D| − 2)
and k 0 ≤ 0 for k ≤ 21 · errorprob · (|D| − 2). This means that whenever k < 31 (|D| − 2),
our strategy produces an estimate containing fewer edges than we would like to have, and
whenever k ≤ 21 · errorprob · (|D| − 2), it even produces an estimate of an empty graph, that
is a graph without any edges at all.
These findings might seem worse than they actually are: using our estimated graph for
classification or clustering, we do not care whether we work with the estimate of a k 0 -RNG
instead of a k-RNG, but only whether our classification or clustering result is useful. However, we have to bear them in mind when choosing the parameter k in our algorithms:
Using cross-validation for choosing k for Algorithm 4 (classification by means of a majority
vote of neighbors in the graph), we may only use Leave-one-out cross-validation variants
since we have to ensure roughly the same size of the training set during cross-validation
and the training set in the ultimate classification task. Otherwise, a value of k that is
optimal during cross-validation will not be optimal in the ultimate classification problem
since k 0 depends on |D| as stated in (15). Applying Algorithm 5 (spectral clustering on the
estimated k-RNG), we have to choose k so large that the constructed graph is connected.
This is not only required by some versions of spectral clustering, but also indicates that the
graph is indeed an estimate of a true k 0 -RNG with k 0 ≥ 1 rather than of an empty graph.
11
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(16)

If we know the value of errorprob, or have at least an estimate of it, we can correct for the
bias of our strategy. In order to estimate the k-RNG on a data set D for the intended value
of k, according to (14), two data points xi and xj with i 6= j should be connected if and
only if

V (xi , xj ) − 21 · errorprob
k
<
,
|D| − 2
1 − 23 · errorprob

which equals (12) if errorprob = 0. Note that although the left-hand side of equation (16)
is an unbiased estimator of p(xi , xj ) for every xi and xj with i 6= j (assuming S to be
sampled uniformly at random from all statements), due to the thresholding step in (16) our
estimation strategy is still not an unbiased estimator of the intended k-RNG.

4. Algorithms for Medoid Estimation, Outlier Identification,
Classification, and Clustering

In this section we formally state our algorithms for the problems of medoid estimation, outlier identification, classification, and clustering when the only available information about a
data set D is a collection S of statements of the kind (?). Furthermore, we discuss running
times, space requirements, and some implementation aspects.
4.1 Medoid Estimation

The following Algorithm 1 returns as output an estimate of a medoid of D as motivated in
Section 3.1. The estimate is given by an object that maximizes the estimated lens depth
function on D. By setting the estimated lens depth value LD(O) to zero for objects O that
do not appear in any statement in S, which means that we do not have any information
about O, we ensure that such an object is never returned as output (unless there is no
available information about D at all, i.e. S = ∅).
Algorithm 1 Estimating a medoid

Input: a collection S of statements of the kind (?) for some data set D

number of statements comprising O as most central object
number of statements comprising O

 if the denominator equals zero, set LD(O) = 0
return an object O for which LD(O) is maximal

LD(O) :=

for every object O in D compute

Output: an estimate of a medoid of D

1:

2:

JMLR 18(58):1-52, 2017

If we assume that every object in D can be identified by a unique index from {1, . . . , |D|}
and, given a statement in S, the indices of the three objects involved can be accessed in
constant time, then Algorithm 1 can be implemented with O(|D| + |S|) time and O(|D|)
space in addition to storing S. This can be done by going through S only once and updating
counters for the three objects found in a statement. If the objects in D are not indexed by

12

LD(O) :=

number of statements comprising O as most central object
number of statements comprising O

for every object O in D compute

13
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Our first proposed algorithm, Algorithm 3, is based on the lens depth function and has
been motivated in Section 3.1. It consists of computing a feature embedding of D into

We propose two different algorithms for dealing with K-class classification in a data set D
consisting of a subset L of labeled objects and a subset U of unlabeled objects when given no
more information than the class labels for the objects in L and a collection S of statements
of the kind (?) for D. Our goal is to predict a class label for every object in U.

4.3 Classification

The only difference between Algorithm 2 and Algorithm 1 is that instead of returning the
object with the highest value of LD(O) as estimate of a medoid we return objects with
exceptionally small values as outlier candidates. The running time of Algorithm 2 depends
on the identification strategy in Step 2, but if one simply identifies c objects with smallest
values (1 ≤ c ≤ |D|), then Algorithm 2 can be implemented with O(|D| + |S|) time and
O(|D|) space in addition to storing S analogously to Algorithm 1. Here we make use of
the fact that the selection of the c-th smallest value in an array of length |D| can be done
in O(|D|) time and space (Blum et al., 1973). Just as for Algorithm 1, the first step of
Algorithm 2 can easily be parallelized.

 if the denominator equals zero, set LD(O) = 0
2: identify objects with exceptionally small values of LD(O)
3: return the set of identified objects

1:

Output: a subset of D containing objects that are outlier candidates

Input: a collection S of statements of the kind (?) for some data set D

Algorithm 2 Identifying outlier candididates

By means of the following Algorithm 2 we can identify outliers in D given as input only
a collection S of statements of the kind (?). Outlier candidates are data points with low
estimated lens depth values LD(O). By setting LD(O) to zero for objects O that do not
appear in any statement we guarantee that such objects are identified as outliers.

4.2 Outlier Identification

[0, 1]K ⊆ RK , in which each feature corresponds to the estimated lens depth value with
respect to one class, and subsequently applying a classification algorithm that is suitable
for K-class classification on RK to this embedding.

1, . . . , |D|, we can use minimal perfect hashing in order to first create such an indexing. This
requires about O(|D|) time and space (Hagerup and Tholey, 2001; Botelho et al., 2007), so
the overall requirements remain unaffected by this additional step. An important feature
of Algorithm 1 is that it can easily be parallelized by partitioning S into several subsets
that may be processed independently. Since one usually may expect that |S|  |D|, such a
parallelization has almost ideal speedup, that is doubling the number of processing elements
leads to almost only half of the running time.

where the label of (LDC1 (Ol ), LDC2 (Ol ), . . . , LDCK (Ol )) equals the label of Ol
return as inferred class label of every unlabeled object Ou ∈ U the label predicted by
the classifier applied to (LDC1 (Ou ), LDC2 (Ou ), . . . , LDCK (Ou )) ∈ RK

{(LDC1 (Ol ), LDC2 (Ol ), . . . , LDCK (Ol )) : Ol ∈ L} ⊆ RK

 if DCi (O) equals zero, set LDCi (O) = 0
train an arbitrary classifier (suitable for K-class classification on RK ) with training data

DCi (O) := number of statements comprising O and two labeled objects from Classi
NCi (O)
LDCi (O) :=
DCi (O)

with O as most central object

NCi (O) := number of statements comprising O and two labeled objects from Classi

for every object O in D and i ∈ {1, . . . , K} compute

14
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Our second proposed algorithm, Algorithm 4, is based on the k-RNG and has been motivated in Section 3.2. It is an instance-based learning method like the well-known k-NN
classifier: There is no explicit training phase involved. An unlabeled object is readily classified by assigning the label that is most frequently encountered among the neighbors of the
unlabeled object in the estimated k-RNG.
Assuming that the number of classes K is bounded by a constant, Algorithm 4 can be implemented with O(|D|+|U|·|L|+|S|) = O(|U|·|L|+|S|) time and O(|D|+|U|·|L|) = O(|U|·|L|)
space in addition to storing S. Here we have to assign to each labeled object a unique identifier in {1, . . . , |L|} and to each unlabeled object a unique identifier in {1, . . . , |U|} that
can be looked up in constant time. This allows us to increment a value of N (Ou , Ol ) or
D(Ou , Ol ) for (Ou , Ol ) ∈ U ×L stored in an array of size |U|×|L| within constant time. Once

Assuming that the number of classes K is bounded by a constant, the first step of Algorithm 3 requires O(|D| + |S|) operations and O(|D|) space in addition to storing S. This
is the same as for Algorithm 1 and Algorithm 2. As before, this step can easily and highly
efficiently be parallelized (assuming that |S|  |D|). The time and space complexities of
the remaining steps depend on the generic classifier that is used.

3:

2:

1:

Output: an inferred class label for every unlabeled object in U

Input: a collection S of statements of the kind (?) for some data set D comprising a set L
of labeled objects and a set U of unlabeled objects; a class label for every labeled object
in L according to its membership in one of K classes (referred to as Class1 , . . . , ClassK )
 note that we have D = L ∪˙ U and L = Class1 ∪˙ Class2 ∪˙ . . . ∪˙ ClassK

Algorithm 3 K-class classification I

Kleindessner and von Luxburg
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Algorithm 5 Clustering

Lens Depth Function and k-RNG: Versatile Tools for Ordinal Data Analysis

Algorithm 4 K-class classification II

Input: a collection S of statements of the kind (?) for some data set D = {O1 , . . . , On };
an integer parameter k; number l of clusters to construct; a parameter σ > 0 in case of
weighted version
Output: a hard clustering C1 , . . . , Cl ⊆ D with C1 ∪˙ C2 ∪˙ . . . ∪˙ Cl = D

for every pair (Oi , Oj ) of objects in D compute

and another object as most central object

N (Oi , Oj ) := number of statements comprising both Oi and Oj

D(Oi , Oj ) := number of statements comprising both Oi and Oj
N (Oi , Oj )
D(Oi , Oj )
V (Oi , Oj ) :=

(
1
0

if V (Oi , Oj ) < k/(|D| − 2)
else

if V (Oi , Oj ) < k/(|D| − 2)
else

2
j)
 − V (Oi ,O
σ2
e
0

Wij =

 weighted version

 unweighted version

 if D(Oi , Oj ) = 0, set V (Oi , Oj ) = ∞ (in particular, V (Oi , Oi ) = ∞ for i = 1, . . . , n)
let W = (wij )i,j=1,...,n be a (n, n)-matrix and either set

or
Wij =

apply spectral clustering to W with l as input parameter for the number of clusters
return clusters C1 , . . . , Cl according to the clusters produced in Step 3

16
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In this section we present related work and further background on ordinal data analysis,
statistical depth functions, and the k-relative neighborhood graph. In a first reading, the
reader may skip this part and go to the experimental Section 6 immediately.

5. Related Work and Further Background

commonly stated to be in general in O(n3 ) = O(|D|3 ) regarding time and O(n2 ) = O(|D|2 )
regarding space for an arbitrary number of clusters l, unless approximations are applied
(Yan et al., 2009; Li et al., 2011). In many cases the estimate of the k-RNG constructed
by Algorithm 5 might be sparse (compare with Section 5.3), and then the eigenvector
computations can be done much more efficiently (Bai et al., 2000). However, in the worst
case the overall running time of Algorithm 5 can be up to O(|D|3 + |S|). The overall space
requirements are O(|D|2 ) in addition to storing S.

4:

3:

2:

1:

Input: a collection S of statements of the kind (?) for some data set D comprising a set L of
labeled objects and a set U of unlabeled objects; a class label for every labeled object in
L according to its membership in one of K classes (referred to as Class1 , . . . , ClassK );
an integer parameter k
 note that we have D = L ∪˙ U and L = Class1 ∪˙ Class2 ∪˙ . . . ∪˙ ClassK
for every unlabeled object Ou ∈ U and every labeled object Ol ∈ L compute

Output: an inferred class label for every unlabeled object in U

1:

labeled object as most central object

N (Ou , Ol ) := number of statements comprising both Ou and Ol and another

labeled object
N (Ou , Ol )
D(Ou , Ol )

D(Ou , Ol ) := number of statements comprising both Ou and Ol and another

V (Ou , Ol ) :=

 if D(Ou , Ol ) equals zero, set V (Ou , Ol ) = ∞
2: return as inferred class label of every unlabeled object Ou ∈ U the majority vote (ties
broken randomly) of the labels of those objects Ol ∈ L that satisfy
k
V (Ou , Ol ) <
|L| − 1

the objects are indexed by 1, . . . , |D| (compare with Section 4.1), we can easily assign such
identifiers in O(|D|) time and space. Again, it is straightforward to parallelize Algorithm 4
by partitioning S.
4.4 Clustering

JMLR 18(58):1-52, 2017

Our proposed Algorithm 5 for clustering a data set D when only given a collection S of
statements of the kind (?) as input consists of estimating the k-RNG on D and applying
spectral clustering to the estimate. Note that some versions of spectral clustering require the
underlying similarity graph not to contain isolated vertices. A true k-RNG never contains
isolated vertices since a k-RNG is always connected (compare with Section 5.3), but if k
is chosen too small, an estimated k-RNG might contain isolated vertices (compare with
Section 3.2.1).
The first step of Algorithm 5 can be implemented with O(|D|2 + |S|) time and O(|D|2 )
space in addition to storing S. It can be parallelized in the same way as the corresponding
parts of the previous algorithms. However, here we achieve almost ideal speedup only in case
|S|  |D|2 . The second step can be implemented with O(|D|2 ) time and O(|D|2 ) space. The
complexity of Step 3 is the one of spectral clustering after the construction of a similarity
graph. Its costs are dominated by the complexity of eigenvector computations and are
15
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Object A is the outlier within the triple of objects (A, B, C).

This type of ordinal data has been studied by Heikinheimo and Ukkonen (2013) and also
by Ukkonen et al. (2015). Heikinheimo and Ukkonen (2013) proposed an algorithm for
estimating a medoid of a data set based on statements of the kind (). Their approach
is closely related to ours (compare with Algorithm 1): For every fixed data point, they
estimate the probability that the data point is the outlier within a triple of three data points
containing the fixed data point and two data points chosen uniformly at random from the
remaining ones. Then they take the data point with minimal estimated probability as an

5.1.2 Ordinal Embedding

Dealing with ordinal distance information comes with a critical drawback compared to a
standard setting of cardinal distance information. While for a data set comprising n objects
there are in total “only” Θ(n2 ) distances between objects, there are Θ(n4 ) different distance
comparisons of the form (17). If one only allows for comparisons of the form (18), that is
one considers similarity triplets, there are still Θ(n3 ) different comparisons. This is also the
order of magnitude for the number of all statements of the kind (?) or (). Unless n is
rather small, in practice it is prohibitive to collect all statements or answers to all different
distance comparisons. The hope is that much fewer statements or answers already contain
the bulk of usable information due to high redundancy in the ordinal data. This gives rise
to distinguishing between a batch setting and an active setting in the study of algorithms
for ordinal distance information: while in a batch setting we are given the ordinal data a
priori, in an active setting we are allowed to query ordinal relationships, trying to do it in
such a way as to exploit redundancy (Jamieson and Nowak, 2011; Tamuz et al., 2011). Our
Algorithms 1 to 5 are designed for the general batch setting. We leave it for future work to
devise algorithms for the considered problems in an active setting (see Section 7).

is not a valid statistical depth function. It does not satisfy one of the most crucial properties
of statistical depth functions, namely maximality at the center for symmetric distributions
(see Section 5.2). As a consequence, their approach always fails to return a true medoid for
certain data sets, even though given access to the correct statements of the kind () for
all triples of data points. As we will see in the experiments in Section 6.1.1, Algorithm 1
consistently achieves better results in recovering a true medoid of a data set compared to
the method by Heikinheimo and Ukkonen when both methods are given the same number
of statements, either of the kind (?) or of the kind (), as input.
As Heikinheimo and Ukkonen remark, one can adapt their method to the problem of outlier identification by considering data points with high estimated probabilities as outlier
candidates—in the same way as Algorithm 2 is related to Algorithm 1. In the experiments
in Section 6.1.2 we will compare Algorithm 2 to such an approach.

F (x; P ) = 1 − P robability(x is the outlier within the triple of points (x, X, Y )),

estimate of a medoid. However, the conceptual problem with their approach is that the
function that it is based on,
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One important and general approach to machine learning in a setting of ordinal distance
information is to construct an ordinal embedding of the data set, that is to map data points
to points in a Euclidean space Rm such that the embedding (with respect to the Euclidean
interpoint distances) preserves the given ordinal data as well as possible. After doing so,
one can simply apply any algorithm designed for vector-valued data to the embedding for
solving the task at hand. This approach is justified by theoretical results showing that for a
sufficiently large number of given ordinal relationships and data sets that can be perfectly
embedded (this means that all available ordinal relationships are preserved) the embedding
is uniquely determined up to similarity transformations as the size of the data set goes to

Ordinal distance information in the form (?), which we consider in this work, is similar to
statements of the form (compare with Section 1)

for objects V , N , and O such that N is adjacent to V in the graph, but O is not.

d(V, N ) < d(V, O)

Compared to (17), A equals D and serves as an anchor point.
Another well-known type of ordinal data is the directed, but unweighted k-nearest neighbor
graph on a data set (Shaw and Jebara, 2009; von Luxburg and Alamgir, 2013; Terada and
von Luxburg, 2014; Hashimoto et al., 2015; Kleindessner and von Luxburg, 2015). This
graph provides the ordinal dissimilarity relationships

d(A, B) < d(A, C).

?

where A, B, C, D could be any objects of some data set. In the machine learning literature,
this very general type of ordinal data has been studied in Agarwal et al. (2007), Kleindessner
and von Luxburg (2014), Terada and von Luxburg (2014), and Arias-Castro (2015).
The type most often studied in the literature is the one of similarity triplets (Jamieson and
Nowak, 2011; Tamuz et al., 2011; van der Maaten and Weinberger, 2012; Wilber et al., 2014;
Amid and Ukkonen, 2015; Heim et al., 2015; Amid et al., 2016; Jain et al., 2016; Haghiri
et al., 2017). Similarity triplets are answers to dissimilarity comparisons of the restricted
form

d(A, B) < d(C, D),

?

The most general form of ordinal distance information consists of binary answers to some
dissimilarity comparisons

5.1.1 Different Types of Ordinal Data

We have mentioned in Section 1 that ordinal data can be distinguished with respect to the
kind of ordinal relationships that it consists of and that ordinal embedding is a general
approach to machine learning in a setting of ordinal distance information. Here we discuss
these two topics in more detail.

5.1 Machine Learning in a Setting of Ordinal Distance Information
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infinity (Kleindessner and von Luxburg, 2014; Arias-Castro, 2015).
The problem of ordinal embedding dates back to the development of ordinal multidimensional scaling in the 1960s (also known as non-metric multidimensional scaling; Shepard,
1962a,b, and Kruskal, 1964a,b, also see the monograph Borg and Groenen, 2005). More
recently, it has been studied in the machine learning community resulting in a number of algorithms (Agarwal et al., 2007; Shaw and Jebara, 2009; Tamuz et al., 2011; van der Maaten
and Weinberger, 2012; Terada and von Luxburg, 2014; Amid and Ukkonen, 2015; Heim
et al., 2015; Amid et al., 2016; Jain et al., 2016). For none of these algorithms theoretical
bounds for their complexity are available in the literature, but it is widely known that they
are utterly slow and not appropriate when dealing with large data sets and/or many ordinal
relationships (this is confirmed by our experiments in Section 6.1.1). Furthermore, these
algorithms either solve a non-convex optimization problem or a relaxed version of such one,
in both cases involving the risk of finding only a suboptimal solution. Often, their outcome
depends on a random initialization of the ordinal embedding. Moreover, the choice of the
dimension of the space of the embedding can be crucial and highly influences the running
time of the algorithms, as does the amount of noise in the available ordinal data. All these
are strong arguments for aiming to solve machine learning problems in a setting of ordinal distance information directly, that is without constructing an ordinal embedding as an
intermediate step, and thus for our proposed Algorithms 1 to 5.
5.2 Statistical Depth Functions and Lens Depth Function

inf

u∈S m−1

P ({y ∈ Rm : uT (y − x) ≥ 0}),

Statistical depth functions (see, e.g., Serfling, 2006, Cascos, 2009, Mosler, 2013, or the
introduction of the dissertation of Van Bever, 2013, for basic reviews) have been developed
to generalize the concept of the univariate median to multivariate distributions. To this
end, a depth function is supposed to measure the centrality of all points x ∈ Rm with respect
to a probability distribution, in the sense that the depth value at x is high if x resides in
the “middle” of the distribution and that it is lower the more distant from the mass of the
distribution x is located.
The first statistical depth function has been proposed by Tukey (1974). Given a probability
distribution P on Rm , the seminal halfspace depth function HD maps every point x ∈ Rm
to the smallest probability of a closed halfspace containing x, that is
HD(x; P ) =
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where S m−1 = {u ∈ Rm : uT u = 1} denotes the unit sphere in Rm . The intuition behind
this definition is simplest to understand in case of an absolutely continuous distribution P :
in this case HD(x; P ) ≤ 1/2, x ∈ Rm , and in order for a point x to be considered central
with respect to P it should hold that any hyperplane passing through x splits Rm into two
halfspaces of almost equal probability 1/2. Hence, points x are considered more central the
higher their halfspace depth value HD(x; P ) is, and any point maximizing HD( · ; P ) is
called a Tukey median. Figure 4 shows examples of the halfspace depth function for two
absolutely continuous distributions on R2 . Note that a depth function can resemble the
density function of the underlying distribution only in case of a unimodal distribution—as
19
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Figure 4: Illustration of the halfspace depth function. Mesh plot of the density and the
halfspace depth function of a product of two Beta(2, 4)-distributions (1st & 2nd
plot) and a mixture of two Gaussians (3rd & 4th plot), respectively.

a measure of global centrality depth functions are intended to be unimodal. We will take
this up again in Section 6.1.2 and Section 7.
For a univariate and continuous distribution any ordinary median is also a Tukey median.
In addition, the halfspace depth function HD satisfies a number of desirable properties:

1. Affine invariance: HD considered as a function in both x and P is invariant under
affine transformations.

2. Maximality at the center: for a (halfspace) symmetric distribution the center of symmetry is a Tukey median.

3. Monotonicity with respect to the deepest point: if there is a unique Tukey median µ,
HD(x; P ) decreases as x moves away along a ray from µ.

4. Vanishing at infinity: HD(x; P ) → 0 as kxk → ∞.

Even though there is not a unique definition of a statistical depth function, these or closely
related properties are typically requested for a function to qualify as depth function. Beside
Tukey’s halfspace depth, prominent examples of depth functions are simplicial depth (Liu,
1988, 1990), majority depth, projection depth, or Mahalanobis depth (Liu, 1992; Zuo and
Serfling, 2000). To the best of our knowledge, the lens depth function (Liu and Modarres, 2011) is the only statistical depth function from the literature that can be evaluated
given only ordinal distance information about a data set in an arbitrary semimetric space.
Note that the function F defined in (19), which the approach by Heikinheimo and Ukkonen (2013) is based on, is provably not a statistical depth function. It does not satisfy
the property of maximality at the center for symmetric distributions. Indeed, as Heikinheimo and Ukkonen observe, in case of a symmetric bimodal distribution in one dimension
with the two modes sufficiently far apart, the center of symmetry is in fact a minimizer of F .

JMLR 18(58):1-52, 2017

We provide some references related to our Algorithms 2 and 3: The idea of considering data
points with a small depth value as outliers has been thoroughly studied in the setting of
a contamination model in Chen et al. (2009) and Dang and Serfling (2010). In particular,
they deal with the question of determining what a small depth value is.
The simple max-depth approach to binary classification outlined in Section 3.1 has already
been proposed by Liu (1990), using simplicial depth instead of the lens depth function.

20
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The 1-RNG, which is simply known as RNG, has been used in a wide range of applications (see Toussaint, 2014, for a review and detailed references). Most interesting for us are
its use in classification and clustering as related to our Algorithms 4 and 5, respectively:

The k-RNG belongs to the class of proximity graphs: two vertices are connected if they are
in some sense close to each other (see Jaromczyk and Toussaint, 1992, for a basic survey
or Bose et al., 2012, for a more recent paper). Beside the k-RNG, Gabriel graphs (Gabriel
and Sokal, 1969) and k-NN graphs are prominent examples of proximity graphs.

5.3 k-Relative Neighborhood Graph

We conclude this section with some comments about the lens depth function. An early
version of the lens depth function has already been mentioned, but not seriously studied,
by Lawrence (1996, Section 2.3) and by Bartoszynski et al. (1997). The main reference
for the lens depth function is Liu and Modarres (2011), where the lens depth function has
been defined and systematically investigated. However, after reading the proofs in detail,
we found that there is still an important gap. Liu and Modarres (2011) claim that the lens
depth function satisfies the property of maximality at the center for centrally symmetric
distributions on Rm (Theorem 6 in their paper). However, there is an error in their proof.
It is not true that, conditioning on X1 , the probability of X2 falling into a region such that
t ∈ Lens(X1 , X2 ) holds decreases as t ∈ Rm moves away from the center for all values of X1 ,
and hence the monotonicity of the integral is not guaranteed. The same mistake appears in
Elmore et al. (2006) and in Section 2.5 of Yang (2014) when showing the property for the
spherical depth function and the β-skeleton depth function, respectively. So it has not yet
been established that the lens depth function satisfies this essential property of statistical
depth functions. We were not able to fix the proof, but we still believe that the statement
is correct. At least, unlike for the function F defined in (19), we have not been able to
construct any example of a symmetric distribution for which the lens depth function does
not attain its maximum at the center.

as feature map and subsequently performing classification on RK .

x 7→ (DF (x; Class1 ), DF (x; Class2 ), . . . , DF (x; ClassK )) ∈ RK

Instance-based classification based on the RNG neighborhood, that is inferring a point’s
label by taking a majority vote of the point’s neighbors in the RNG, has been empirically
shown to be competitive with the k-NN classifier in Sánchez et al. (1997a) and Toussaint
and Berzan (2012). Instance-based classification based on the RNG neighborhood has also
been used for prototype selection for the 1-NN classifier (Toussaint et al., 1984; Sánchez
et al., 1997b). The RNG has been used for spectral clustering in Correa and Lindstrom
(2012) with a strategy of assigning locally adapted edge weights. Our experiments in Section 6.1.4 show that such a strategy is dispensable and that using the k-RNG weighted as
in (9), or also unweighted, yields reasonable results as well.

It has been theoretically studied in Ghosh and Chaudhuri (2005). Ghosh and Chaudhuri
were able to prove that the max-depth approach is consistent, that is it asymptotically
achieves Bayes risk, for equally probable and elliptically symmetric classes that only differ
in location when using one of several depth functions and dealing with general K-class
problems. Working not too well when these assumptions are not satisfied, the max-depth
approach has been refined by Li et al. (2012) by allowing for more general classifiers on
the DD-plot, thus overcoming some of its original limitations. The DD-plot (depth vs.
depth plot; introduced by Liu et al., 1999) is the image of the data under the feature map
x 7→ (DF (x; Class1 ), DF (x; Class2 )) ∈ R2 , where DF denotes the depth function under
consideration. Interestingly, Li et al. again only consider the 2-class case and propose a
one-vs-one approach for the general case, which is different from our strategy of simply
considering
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We performed several experiments for examining the performance of our proposed Algorithms 1 to 5 and compared them to ordinal embedding approaches. In case of Algorithm 1
and Algorithm 2 we also made a comparison with the methods proposed by Heikinheimo
and Ukkonen (2013) explained in Section 5.1.1. Recall that an ordinal embedding approach
consists of first constructing an ordinal embedding of a data set D based on the given ordinal distance information and then solving the problem on the embedding by applying a
standard algorithm. For example, in the case of medoid estimation a medoid of an ordinal embedding is computed and the corresponding object is returned as an estimate of a
medoid of D. For constructing an ordinal embedding we tried several algorithms: the GNMDS (generalized non-metric multidimensional scaling) algorithm by Agarwal et al. (2007),
the SOE (soft ordinal embedding) algorithm by Terada and von Luxburg (2014), and the
STE (stochastic triplet embedding) and t-STE (t-distributed stochastic triplet embedding)
algorithms by van der Maaten and Weinberger (2012). The GNMDS algorithm and the
SOE algorithm can take answers to arbitrary dissimilarity comparisons of the form (17) as
input, while the STE and t-STE algorithms are designed only for similarity triplets, that is
answers to comparisons (18). The ordinal data that we gave to the embedding algorithms
were all the similarity triplets obtained via (2) from a collection of statements of the kind (?)
that we provided as input to one of our algorithms. We used the Matlab implementations
of GNMDS, STE, and t-STE provided by van der Maaten and Weinberger (2012) and the

6. Experiments

We have mentioned in Section 3.2 and Section 4.4 that a true k-RNG (not an estimated
one) is always connected. This follows from the fact that the RNG on a data set D contains
the minimal spanning tree on D as a subgraph. By minimal spanning tree we mean the
minimal spanning tree of the complete graph on D in which an edge is weighted with the
distance between two points. A proof of this property for data points in the Euclidean
plane, which readily generalizes to data sets in arbitrary semimetric spaces, can be found in
Toussaint (1980). The RNG is guaranteed to be sparse for data sets in the 2-dimensional or
3-dimensional Euclidean space, but it can be dense in higher-dimensional spaces or if d is
induced by the 1-norm or the maximum norm (Jaromczyk and Toussaint, 1992). There is a
large literature on the question how to efficiently compute a k-RNG on a data set, mainly
for data sets in R2 or R3 (see the references in Toussaint, 2014), and how to approximate
the RNG by a graph that is easier to compute (Andrade and de Figueiredo, 2001). We are
not aware of any work that deals with estimating the k-RNG as we do in this paper.
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tion, that comprise at least one data point from the corresponding group. We thenPsample
10
j2,
with replacement by selecting one of the ten sets according to probabilities i2 / j=1
i = 1, . . . , 10, and choosing a statement from the selected set uniformly at random.
When comparing Algorithm 1 or Algorithm 2 to the corresponding methods by Heikinheimo
and Ukkonen (2013) in Sections 6.1.1 and 6.1.2, their methods are given a collection of
statements of the kind () as input that contains as many statements as the input to our
algorithm and is created in a completely analogous way.

Kleindessner and von Luxburg

D(estimated medoid) − D(true medoid)
.
D(true medoid)
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Figure 5 shows in the first two rows the relative error of Algorithm 1, the method by Heikinheimo and Ukkonen (2013), and the embedding approach, using the various embedding
algorithms, as a function of the number of provided input statements and as a function of
errorprob (Noise model I) for 100 points from a 2-dimensional Gaussian N2 (0, I2 ) and d
being the Euclidean metric. Obviously, the embedding approach outperforms Algorithm 1
and the method by Heikinheimo and Ukkonen when dealing only with correct statements,
that is errorprob = 0, and embedding into the true dimension (1st row, 1st plot). However,
it is not superior over Algorithm 1 anymore when errorprob = 0.3 and the dimension of the
embedding is chosen as five (2nd row, 1st plot). Algorithm 1 consistently outperforms the
method by Heikinheimo and Ukkonen. All methods show a similar behavior with respect to
errorprob (2nd row, 2nd & 3rd plot). Interestingly, the strongest incline in the error does
not occur until the transition from errorprob = 0.6 to errorprob = 0.7. The bottom row of
Figure 5 also shows the relative error of the various methods as a function of the number of
provided input statements, but here input statements were sampled according to the strategy Sampling II. Compared to the strategy of sampling statements uniformly at random
without replacement from the set of all statements, Algorithm 1 performs slightly worse,
but we consider the difference to be negligible. The last plot of the bottom row shows the
difference in the two sampling strategies: while in the uniform case, for all data points there
is almost the same number of input statements comprising the data point, when sampling
according to Sampling II there are data points for which this number is twice as large as
for others (the plot is based on a total of 4500 input statements corresponding to the third
measurement in the first and second plot of the bottom row).
The biggest advantage of Algorithm 1 (in fact of all our proposed algorithms) compared
to an ordinal embedding approach becomes obvious from the plots in the third and fourth
row of Figure 5, which show the running times of the experiments shown in the plots in
the two top rows: For a fixed size |D| of the data set, like the running times of our proposed algorithms and the method by Heikinheimo and Ukkonen, the running time of the
embedding approach with any of the considered embedding algorithms also grows linearly
with the number |S| of input statements (indicated by the orange curves). However, in
practice Algorithm 1 and the method by Heikinheimo and Ukkonen are vastly superior in

relative error =

We measure performance of a method for medoid estimation by the relative error in the
objective D (given in (6)), which is given by

6.1.1 Medoid Estimation

R implementation of SOE provided by Terada and von Luxburg (2014). We set all parameters except the dimension m of the space of the embedding to the provided default
parameters (for all algorithms the default dimension is two). Note that all algorithms try
to iteratively minimize an objective function that measures the amount of violated ordinal
relationships, and in doing so their results depend on a random initialization of the ordinal
embedding.
We start with presenting experiments on artificial data in Section 6.1. In Section 6.2 we
deal with real data consisting of 60 images of cars and ordinal distance information of the
kind (?) that we have collected via crowdsourcing in an online survey.
6.1 Artificial Data
In the following, except the plots in Figures 8 and 9, where outliers have to be identified
by visual inspection, and one plot in Figure 5, which provides a visualization of available
statements per data point, all plots of this section show results averaged over running the
experiments for 100 times.
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We primarily study the performance of the considered methods with respect to the number of provided input statements, but also with respect to the amount of noise in the
provided ordinal data. We consider two different noise models: Noise model I (with parameter 0 ≤ errorprob ≤ 1) equals the one described in Section 3.2.1, that is a statement of
the kind (?) is incorrect, independently of other statements, with some fixed error probability errorprob. In an incorrect statement the two data points that are not most central
appear to be most central with probability 1/2 each. In Noise model II (with parameter noiseparam ≥ 0) we distort the dissimilarity values d(A, B), which then induces a
distortion of statements. Concretely, we add Gaussian noise with mean zero and standard
deviation noiseparam · SD, where SD denotes the standard deviation of all true dissimilarity values d(A, B), A 6= B ∈ D, independently to each dissimilarity value d(A, B). For
choosing input statements we essentially consider two sampling strategies: The first one,
referred to as uniform sampling, is to choose input statements uniformly at random without
replacement from the set of all statements, that is the set of statements for all triples of
data points, which were generated according to the noise model under consideration. When
applying this sampling strategy and studying performance as a function of the number of
input statements, the rightmost measurement in a plot corresponds to the case that all
statements are provided as input. In the experiment presented in Figure 7 the provided
statements are chosen uniformly at random with replacement from the set of all statements,
but there the set of all statements is so large that in fact this does not make any difference.
In these plots the rightmost measurement corresponds to a number of input statements of
less than one permil of the number of all statements. In order to illustrate our claim that
our algorithms require statements to be sampled only approximately uniformly with respect
to a fixed data point (Algorithms 1 to 3), or a fixed pair of data points (Algorithms 4 and 5),
we also consider a second sampling strategy, referred to as Sampling II. When sampling according to this strategy, we partition the data set into ten groups. For each group we form
a set consisting of all statements, generated according to the noise model under considera23
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Figure 5: Medoid estimation — 100 points from a 2-dim Gaussian N2 (0, I2 ) with Euclidean
metric. Relative error (20) and running time as a function of the number of
provided statements of the kind (?) or of the kind () and as a function of
errorprob for Algorithm 1, for the method by Heikinheimo and Ukkonen, and for
the embedding approach using the various embedding methods.
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Figure 6 shows almost the same experiments as Figure 5, but this time dealing with 100
points from a 20-dimensional Gaussian N20 (0, I20 ). The distance function d again equals the
Euclidean metric. In this high-dimensional case the embedding approach cannot be considered superior anymore. In fact, when errorprob = 0.3 and the number of input statements
is small, Algorithm 1 performs best (2nd plot). We omit to show plots of the relative error
as a function of errorprob since they look very similar to the ones in Figure 5. Time measurements show that the differences in running times between the embedding approach and
Algorithm 1 or the method by Heikinheimo and Ukkonen are even more severe compared
to Figure 5, as to be expected because of the high embedding dimensions (plots omitted).

terms of running time compared to the embedding approach, even without making use of
their potential of simple and highly efficient parallelization. For example, when all statements are provided as input, errorprob = 0, and the embedding dimension is chosen as
two, the running time of the embedding approach is between 10 seconds (when using the
SOE algorithm) and 141 seconds (when using the t-STE algorithm), while Algorithm 1 or
the method by Heikinheimo and Ukkonen only run for 0.01 seconds (3rd row, 1st plot).
Note that the running times of Algorithm 1 and the method by Heikinheimo and Ukkonen
are independent of errorprob and, of course, of the choice of a dimension of the space of
the embedding. The running times of the embedding algorithms tend to increase with the
embedding dimension (e.g., differences between the first and the third plot in the third row).
The running time of the SOE algorithm also increases with errorprob (4th row, 2nd & 3rd
plot). For the GNMDS algorithm this holds for errorprob ≥ 0.1. The running times of the
STE and t-STE algorithms vary non-monotonically with errorprob. All experiments shown
in Figure 5 were performed in Matlab R2015a on a MacBook Pro with 2.6 GHz Intel
Core i7 and 8 GB 1600 MHz DDR3. Within Matlab we invoked R 3.2.2 for computing
the SOE embedding. In order to make a fair comparison we did not use MEX files in the
implementation of Algorithm 1 or the method by Heikinheimo and Ukkonen.

Figure 6: Medoid estimation — 100 points from a 20-dim Gaussian N20 (0, I20 ) with Euclidean metric. Relative error (20) as a function of the number of provided statements of the kind (?) or of the kind () for Algorithm 1, for the method by
Heikinheimo and Ukkonen, and for the embedding approach using the various
embedding methods.
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Finally, we applied Algorithm 1 and the method by Heikinheimo and Ukkonen to a large
network with the dissimilarity function d equaling the shortest-path-distance. In this context, a medoid is usually referred to as a “most central point with respect to the closeness
centrality measure” (Freeman, 1978). Our data set consists of 8638 vertices, which form the
largest connected component of a collaboration network with 9877 vertices that represent
authors of papers submitted to arXiv in the High Energy Physics - Theory category and
with two vertices being connected if the authors co-authored at least one paper (Leskovec
et al., 2007). Comparing against the embedding methods as in the previous experiments on
this large data set would have taken months (considering various numbers of input statements and averaging over 100 runs), so we only compared against GNMDS (embedding
dimension chosen to equal two) for a small number of input statements. The first and the
second plot of Figure 7 show the relative error of Algorithm 1 and the method by Heikinheimo and Ukkonen as a function of the number of provided statements of the kind (?) or
7 . The
of the kind (). The number of provided statements varies between 104 and
 8 · 10
latter is less than one permil of the number of all statements, which is 8638
≈ 1011 . This
3
number is so large that the set of all statements does by no means fit into the main memory
of a single machine. The plots also show the relative error of the embedding approach using
the GNMDS algorithm for 10000, 27144, and 73680 input statements. As in the previous
experiments, the shown error is the average over 100 runs of the experiment, but here the
data set is fixed and the only sort of randomness comes from the input statements (and
the random initialization of the ordinal embedding in case of GNMDS). In addition to the
average error the plots show the minimum and maximum error of the 100 runs for illustrating the variance in the methods. In both the cases of errorprob = 0 (1st plot) and
errorprob = 0.3 (2nd plot), when the number of input statements is small, Algorithm 1
outperforms the method by Heikinheimo and Ukkonen. Both methods outperform the embedding approach, which might have difficulties due to the data set being non-Euclidean
or might struggle with a too small embedding dimension. For comparison, a strategy of

Figure 7: Medoid estimation — 8638 vertices in a collaboration network with shortestpath-distance. 1st & 2nd plot: Relative error (20) as a function of the number
of provided statements of the kind (?) or of the kind () for Algorithm 1, for
the method by Heikinheimo and Ukkonen, and for the embedding approach using
GNMDS (for the first three measurements). Average over 100 runs together with
the minimum and the maximum of the 100 runs. 3rd plot: The corresponding
running times with fitted linear functions.

Unif. sampling WR
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choosing a data point uniformly at random as medoid estimate incurs a relative error of
0.47 in expectation. Even when given only 10000 input statements, when errorprob = 0,
the error of Algorithm 1 is only about one half of this. The variance seems to be similar
for both Algorithm 1 and the method by Heikinheimo and Ukkonen and seems to be significantly larger for the embedding approach. As expected, it decreases as the number of
input statements increases. In case of errorprob = 0, we also applied GNMDS to the data
set providing 10857670 statements as input (corresponding to the eighth measurement in
the plots): averaging over 10 runs we obtained an average relative error of 0.28 (which is
more than six times larger than the error of Algorithm 1 or the method by Heikinheimo
and Ukkonen), where computation took 2.84 hours on average. The third plot of Figure 7
shows the running times of Algorithm 1 and the method by Heikinheimo and Ukkonen as
a function of the number of input statements. Both methods have the same running time,
which is linear in the number of input statements. The plot does not show the running
times of GNMDS at the first three measurements. These were 110, 860, and 879 seconds in
case of errorprob = 0 and 92, 848, and 898 seconds in case of errorprob = 0.3.
6.1.2 Outlier Identification

We started with testing Algorithm 2 and the corresponding method by Heikinheimo and
Ukkonen (2013) by applying them to two visualizable data sets containing some obvious
outliers. Both of the Figures 8 and 9 show a scatterplot of the points of a data set D in the
Euclidean plane with the “regular” points in black and the outliers in color. For assessing
the performance of the two considered methods we plotted the sorted values of LD(O),
O ∈ D, as needed for Algorithm 2 as well as the sorted values of estimated probabilities of
being an outlier within a triple of objects as needed for the method by Heikinheimo and
Ukkonen (compare with Section 5.1.1). Both methods were provided with the same number
of statements as input, either of the kind (?) or of the kind (). Both Figure 8 and Figure 9
provide several such plots, varying with this number of input statements as well as with
the error probability errorprob (we generated statements according to Noise model I). In
all the plots, values belonging to outliers have the same color as the corresponding outlier
in the scatterplot. The methods are successful if these colored values appear at the very
end of the sorted values, either at the lower end for Algorithm 2 or at the upper end for the
method by Heikinheimo and Ukkonen, and there is a (preferably large) gap between the
colored values and the remaining ones since then it is easy to correctly identify the outliers.
There are inlay plots showing the bottom or top ten values for more precise inspection.
Note that there is no averaging involved in creating these plots and they may change with
every run of the experiment since they depend on the random data set, the random choice
of statements that are provided as input, and the random occurrence of incorrect statements.
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In Figure 8 the data set consists of 100 points that were drawn from a 2-dimensional Gaussian N2 (0, I2 ) and three outliers added by hand. The dissimilarity function d equals the
Euclidean metric. We can see that for both methods the values corresponding to the outliers
appear at the right place when given all correct statements as input (top row). However,
when given only 25 percent of all statements and errorprob = 0.3, for Algorithm 2 the estimated lens depth value of the pink outlier ranks only sixth smallest, and thus this outlier
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In Figure 9 the data set consists of 200 points from a Two-moons data set and four outliers
added by hand. Again, d equals the Euclidean metric. Both methods correctly identify
the three outliers located quite far apart from the bulk of the data points, and the gap
between their values and values belonging to the “regular” data points is large enough to
be easily spotted. However, both methods fail to identify the outlier located in-between the
two moons (yellow point). The estimated lens depth values or probabilities indicate that
this outlier might be the unique medoid—which is indeed the case. For Algorithm 2 this
has to be expected and stresses the inherent property of the lens depth function, and statistical depth functions in general, of globally measuring centrality. In doing so, it ignores
multimodal aspects of the data (compare with Section 5.2 and Section 7) and cannot be
used for identifying outliers that are globally seen at the heart of a data set. At least for
the data set of Figure 9 this also holds for the function F defined in (19), which the method
by Heikinheimo and Ukkonen is based on. However, for the function F this behavior is
not systematic as the example of a symmetric bimodal distribution in one dimension as
mentioned in Section 5.2 shows.
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To sum up the insights from the experiments shown in Figures 8 to 10, we may conclude that
both methods are capable of identifying outliers located lonely and far apart from the bulk
of a data set, but should be used with some care in general. The method by Heikinheimo
and Ukkonen seems to be superior—which is not very surprising since statements of the

In the last experiment of this section we study Algorithm 2 and the method by Heikinheimo
and Ukkonen by using them for outlier identification in a data set consisting of USPS digits.
The data set consists of 500 digits chosen uniformly at random from digits 6 and ten outlier
digits chosen uniformly at random from the remaining digits. The dissimilarity function d
equals the Euclidean metric. We assess the performance of Algorithm 2 and the method
by Heikinheimo and Ukkonen by counting how many of the ten outliers are among the ten
digits ranked lowest or highest according to the values of LD(O) and estimated probabilities, respectively. Figure 10 shows these numbers as a function of the number of provided
input statements in case of uniform sampling and statements generated according to Noise
model I (1st row) and in case of Sampling II and statements generated according to Noise
model II (2nd row), for errorprob = 0 / noiseparam = 1 (1st plot), errorprob = 0.1 /
noiseparam = 1.5 (2nd plot), and errorprob = 0.3 / noiseparam = 2 (3rd plot). We can
see that the method by Heikinheimo and Ukkonen performs slightly better in the setting
of the first row and that the performance of both methods is essentially the same in the
setting of the second row. Most often, the methods can identify three to five outliers, which
we consider to be not bad, but not good either. Choosing another digit than 6 for defining
the bulk of “regular” points leads to similar results (plots omitted).
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might not be identified (bottom left). Furthermore, even in the previous situation it might
not be possible to correctly infer the number of outliers based on the plot corresponding to
Algorithm 2 due to the lack of a clear gap, whereas in both situations this can easily be done
for the method by Heikinheimo and Ukkonen. We made similar observations for smaller
numbers of provided input statements and other values of errorprob too (plots omitted).

Uniform sampling

0.5

Uniform sampling

Figure 9: Outlier identification — 200 points from a Two-moons data set and four outliers
added by hand with Euclidean metric. Data set and sorted values of LD(O) as
needed for Algorithm 2 (left; in blue) and of estimated probabilities as needed for
the method by Heikinheimo and Ukkonen (right; in red).

Noise model I

0.6

Noise model I

Figure 8: Outlier identification — 100 points from a 2-dim Gaussian N2 (0, I2 ) and three outliers added by hand with Euclidean metric. Data set and sorted values of LD(O)
as needed for Algorithm 2 (left; in blue) and of estimated probabilities as needed
for the method by Heikinheimo and Ukkonen (right; in red).
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constructed by Algorithm 3 always resides in [0, 1]K for a K-class classification problem and
no rescaling was done here. Algorithm 4 requires to set the parameter k describing which
k-RNG it is based on, but this is more subtle: As we have seen in Section 3.2.1, when input
statements are incorrect with some error probability errorprob > 0 (Noise model I), then
our estimation strategy does not estimate the k-RNG anymore, but rather a k 0 -RNG with
k 0 = k 0 (k, errorprob, |D|) depending on the size of the data set as given in (15). We thus
have to choose the range of possible values for the parameter k in Algorithm 4 depending
on |D|. Furthermore, we cannot use 10-fold cross-validation for choosing the best value
within this range since, roughly speaking, this would lead to choosing the best parameter
for a data set of size of only 90 percent of |D|. Instead, we used a non-exhaustive variant
of leave-one-out cross-validation: we randomly selected a single training point as validation
set and repeated this procedure for 20 times, and finally chose the parameter that showed
the best performance on average.

Figure 11: Classification — 100 labeled and 40 unlabeled points from a mixture of two
equally probable 2-dim Gaussians N2 (0, I2 ) and N2 ((3, 0)T , I2 ) with Euclidean
metric. SVM algorithm with linear kernel on top of Algorithm 3 as well as on
the embedding approach. 0-1 loss (21) as a function of the number of provided
statements of the kind (?) and as a function of errorprob / noiseparam for
Algorithm 3, for Algorithm 4, and for the embedding approach using the various
embedding methods.
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kind () readily inform about outliers within triples of data points. It produces larger and
thus easier to spot gaps than Algorithm 2, but is less understood theoretically.
6.1.3 Classification
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Noise model II

Figure 10: Outlier identification — 500 points from the subset of USPS digits 6 and ten
outlier digits with Euclidean metric. Number of correctly ranked outliers as a
function of the number of provided statements of the kind (?) or of the kind ()
for Algorithm 2 and for the method by Heikinheimo and Ukkonen.

Uniform sampling
We compared Algorithms 3 and 4 to an ordinal embedding approach that consists of embedding a data set D comprising a set L of labeled data points and a set U of unlabeled
data points into Rm using the given ordinal distance information and applying a classification algorithm to the embedding. Note that this approach is semi-supervised since it
makes use of answers to dissimilarity comparisons involving data points of U for constructing the embedding of D. Algorithm 3, in contrast, only uses ordinal distance information
involving data points of L for approximately evaluating the feature map (7) on L and hence
is a supervised technique as long as the classifier on top is. Algorithm 4 is a supervised
instance-based learning method. Algorithm 3 as well as the embedding approach require an
ordinary classifier on top, that is a classifier appropriate for real-valued feature vectors. For
simplicity, in the experiments presented here we either used the k-NN classifier or the SVM
(support vector machine) algorithm with the standard linear kernel (e.g., Cristianini and
Shawe-Taylor, 2000). Both these classification algorithms require to set parameters, which
we did by means of 10-fold cross-validation: the parameter k for the k-NN classifier was
chosen from the range 1, 3, 5, 7, 11, 15, 23 and the regularization parameter for the SVM algorithm was chosen from 0.01, 0.05, 0.1, 0.5, 1, 5, 10, 50, 100, 500, 1000. The ordinal embedding
algorithms produce embeddings on an arbitrary scale. Before applying the classification
algorithms, we rescaled an ordinal embedding to have diameter 2. The feature embedding
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Figure 11 shows the results for a data set consisting of 100 labeled and 40 unlabeled
points from a mixture of two equally probable 2-dimensional Gaussians N2 (0, I2 ) and
N2 ((3, 0)T , I2 ) and d being the Euclidean metric. True class labels of the points correspond
to which Gaussian they come from. On top of Algorithm 3 as well as on the embedding
methods we used the SVM algorithm with the linear kernel. The parameter k for Algorithm 4 was chosen from the range 1, 2, 3, 5, 7, 15, 25, 45, 70. The dimension of the space of
the ordinal embedding was chosen to equal the true dimension two, but we observed similar
results when we chose it as five instead (plots omitted). The embedding approach outperforms both Algorithm 3 and Algorithm 4, but their results appear to be acceptable too.
Interestingly, other than for Algorithm 4 and the embedding approach, the 0-1 loss incurred
by Algorithm 3 studied as a function of errorprob (1st & 3rd row, 3rd plot) increases only
up to errorprob = 0.7 and then drops again, finally yielding almost the same result for
errorprob = 1 as for errorprob = 0. In hindsight, this is not surprising: If errorprob = 1,
and thus every statement is incorrect, and the two possibilities of an incorrect statement
are equally likely, as it is the case under Noise model I, then Algorithm 3 approximately
evaluates the feature map


1 1
1 1
1 1
x 7→
− LD(x; Class1 ), − LD(x; Class2 ), . . . , − LD(x; ClassK ) ∈ RK .
2 2
2 2
2 2

O∈U

We measure performance of Algorithms 3 and 4 and the embedding approach by considering
their incurred 0-1 loss given by
1 X
0-1 loss =
·
1{predicted label(O) 6= true label(O)}.
(21)
|U|

Figure 12: Classification — 300 labeled and 500 unlabeled USPS digits with Euclidean
metric. k-NN classifier on top of Algorithm 3. 0-1 loss (21) as a function of
the number of provided statements of the kind (?) for Algorithm 3 and for
Algorithm 4.
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Figure 13 shows the purity of the clusterings produced by Algorithm 5 and the embedding
approach when applied to a data set consisting of 100 points from a uniform distribution on
two equally sized moons in R2 . The two moons correspond to a ground truth partitioning
into two classes. The dissimilarity function d equals the Euclidean metric. The curves shown
here are the results obtained by a particular choice of input parameters k and σ: within
a reasonably large range of parameter configurations this choice of parameters yielded the
best performance on average with respect to the number of input statements. We study
the sensitivity of Algorithm 5 with respect to the parameters in another experiment (shown

We always have K/|D| ≤ purity(C) ≤ 1, and a high value indicates a good clustering. In the
experiments presented in this section, we always provided Algorithm 5 and the embedding
approach with the correct number L of clusters as input.

purity(C) = purity(C; D) =

We compared Algorithm 5, both in its weighted and in its unweighted version, to an embedding approach in which we applied spectral clustering to a symmetric k-NN graph on an
ordinal embedding of a data set D. We put Gaussian weights exp(−kui − uj k2 /σ 2 ), where
ui and uj are connected points of the embedding and σ > 0 is a scaling parameter, on the
edges of this k-NN graph. Again, we rescaled an ordinal embedding to have diameter 2.
Both in Algorithm 5 and in the ordinal embedding approach we used the normalized version of spectral clustering as stated in von Luxburg (2007) and invented by Shi and Malik
(2000). For assessing the quality of a clustering we measure its purity with respect to a
ground truth partitioning of the data set D (e.g., Manning et al., 2008, Chapter 16): if D
consists of L different classes C1 , . . . , CL that we would like to recover and the clustering C
comprises K different clusters U1 , . . . , UK , then the purity of C is given by

6.1.4 Clustering

In Figure 12 we study the performance of Algorithms 3 and 4 when used for classifying USPS
digits. We deal with 800 digits chosen uniformly at random from the set of all USPS digits
and randomly split into 300 labeled and 500 unlabeled data points. The dissimilarity function d equals the Euclidean metric. We chose input statements uniformly at random without
replacement from the set of all statements, which we generated according to Noise model I
(1st row) or Noise model II (2nd row). On top of Algorithm 3 we used the k-NN classifier.
The parameter k for Algorithm 4 was chosen from 1, 2, 3, 5, 7, 15, 25, 45, 70, 100, 150, 230, 350.
For small values of errorprob or noiseparam we consider the results of our proposed algorithms to be satisfactory and useful. Note that in this 10-class classification problem
a strategy of random guessing would yield a 0-1 loss of about 0.9. Not surprisingly, we
obtained slightly better results when the ratio between labeled and unlabeled data points
was chosen as 400/400 instead of 300/500 and slightly worse results when it was chosen as
200/600 (plots omitted).

This feature map coincides with the original one given in (7) up to a similarity transformation and hence gives rise to the same classification results.
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0.68

0.685

0.675
0.67
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0.695
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0.685
0.68
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# input statements
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k=30, <=0.005 --- errorprob=0

10 7

# input statements

10 6

k=150, <=0.5 --- errorprob=0.3

10 7

# input statements

10 6

10 8

10 8
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We set up an online survey for collecting ordinal distance information of the kind (?) for 60
images of cars, shown in Figure 15. All images were found on Wikimedia Commons (https:
//commons.wikimedia.org) and have been explicitly released into the public domain by
their authors. We refer to the set of these images as the car data set. We instructed
participants of the survey to determine the most central object within a triple of three
shown images according to how they perceive dissimilarity between cars. We explicitly
stated that they should not judge differences between the pictures, like perspective, lighting
conditions, or background. Every participant was shown triples of cars in random order
(more precisely, triples shown to a participant were drawn uniformly at random without
replacement from the set of all possible triples). Also the order of cars within a triple, that is
whether a car’s image appeared to the left, in the middle, or to the right, was random. One
complete round of the survey consisted of 50 shown triples, but we encouraged participants
to contribute more than one round, possibly at a later time. There was no possibility of
skipping triples, that is even if a participant had no idea which car might be the most
central one in a triple, he/she had to make a choice—or quit the current round of the
survey. Within the first ten triples every participant was shown a test case triple (shown

6.2 Real Data

it finally yields the same purity values as when errorprob = 0 (2nd row, 3rd plot). In fact,
this is true already for k = 100 and a wide range of values of σ (plots omitted). Again,
both in the case of errorprob = 0 and in the case of errorprob = 0.3, there is almost no
difference in the performance of the weighted and the unweighted version of Algorithm 5.

Figure 14: Clustering — 600 USPS digits with Euclidean metric. Purity (22) as a function
of the number of provided statements of the kind (?) for Algorithm 5 in its
weighted and unweighted version. The light blue curve and the bronze curve
show the purity of the clusterings obtained by applying spectral clustering to
the true weighted and unweighted k-RNG on the data set.

0.665

10 6

Purity

Purity

0.95

10 4

# input statements

Purity

Purity

0.9
0.85
0.8
0.75
10 3

in Figure 14). The embedding approach clearly outperforms Algorithm 5 if errorprob = 0
(1st plot), where three of the considered embedding algorithms achieve significantly higher
purity values over the whole range of the number of input statements. However, given
the numerous advantages common to all our proposed algorithms compared to an ordinal
embedding approach, we consider the performance of Algorithm 5 to be acceptable. For
comparison, a random clustering in which data points are randomly assigned to one of two
clusters independently of each other with probability one half has an average purity of 0.54.
If errorprob = 0.3, the embedding approach is superior to Algorithm 5 only if the number
of input statements is large. Interestingly, there is almost no difference in the performance
of the weighted and the unweighted version of Algorithm 5.
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The experiment shown in Figure 14 deals with a data set D consisting of 600 digits chosen
uniformly at random from the set of all USPS digits and d being the Euclidean metric. We
assume a ground truth partitioning of D into ten classes according to the digits’ values. For
various parameter configurations the plots show the purity of the clusterings produced by
the weighted (in blue) and unweighted (in red) version of Algorithm 5 as a function of the
number of input statements. The plots also show the purity of the clusterings obtained when
applying spectral clustering to the true weighted (in light blue) and unweighted (in bronze)
k-RNG on D. Note that these two curves only vary with the number of input statements
because of random effects in the K-means step of spectral clustering. Although it might look
odd at a first glance that the purity achieved by Algorithm 5 is not monotonic with respect
to the number of input statements, we can see that the purity is always between 0.67 and 0.7
for a wide range of values of k and σ when errorprob = 0 (1st row; 2nd row, 1st plot).
For comparison, a random clustering in which data points are randomly assigned to one of
ten clusters independently of each other with probability one-tenth has an average purity
of 0.19. A clustering obtained by applying spectral clustering to a symmetric k-NN graph
with Gaussian edge weights exp(−d(xi , xj )2 /σ 2 ) on D (the true data set—not an ordinal
embedding) has an average purity of not higher than 0.75, even for a good choice of k and σ.
When errorprob = 0.3, Algorithm 5 completely fails for small values of k (2nd row, 2nd
plot) as has to be expected because of our findings in Section 3.2.1. For k sufficiently large
35
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Noise model I

Figure 13: Clustering — 100 points from a uniform distribution on two equally sized moons
in R2 with Euclidean metric. Purity (22) as a function of the number of provided
statements of the kind (?) for Algorithm 5 in its weighted and unweighted version
and for the embedding approach using the various embedding methods.
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6.2.1 Medoid Estimation
We applied Algorithm 1 to the car data set as well as to the three classes of ordinary cars,
sports cars, and off-road/sport utility vehicles in order to estimate a medoid within these
subclasses with the statements in All, All reduced, T All, or T All reduced. The
estimated medoids obtained when working with All or T All coincide and are shown
in Figure 16. The estimated medoids obtained when working with All reduced or
T All reduced differ from these only for the whole car data set and the subclass of
off-road/sport utility vehicles. Note that for estimating a medoid of a subset of a data set
we consider only statements dealing with three objects of the subset. For example, when
estimating a medoid of the subclass of sports cars based on the statements in All, we
effectively work with 89 out of the 7097 statements in All.
It is interesting to study an ordinal embedding of the car data set. Figure 18 shows an
ordinal embedding in the two-dimensional plane that we computed with the SOE algorithm
based on the statements in T All. We cannot only see a grouping of the cars according
to the subclasses (compare with Section 6.2.4) and the outer positioning of the outliers
(compare with in Section 6.2.2), but also that our medoid estimates are located quite at the
center of the corresponding subclasses (with the exception of the subclass of off-road/sport
utility vehicles). This confirms the plausibility of our estimates. Note that we observe
slightly different embeddings depending on the random initialization in the SOE algorithm.

We applied Algorithms 1 to 5 to the car data set and the statements in All, All reduced,
T All, or T All reduced. In doing so, we assumed a partitioning of the car data set
into four subclasses: ordinary cars, sports cars, off-road/sport utility vehicles, and outliers.
We considered the fire truck, the motortruck, the tractor, and the antique car as outliers.
Looking at Figure 15, there should be no doubts about the other classes.

Table 1: Characteristic values of All, All reduced, T All, and T All reduced. Note
that All and T All contain repeatedly present and contradicting statements.

Median response time per shown
triple (in seconds)

Average number of statements in
which a car appears
Minimum number of statements in
which a car appears
Maximum number of statements in
which a car appears

Number of statements
Number of statementsin percent of
number of triples [ 60
3 = 34220]
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within a frame in Figure 15), consisting of an off-road vehicle, a sports car, and a fire truck.
We believe the off-road vehicle to be the obvious most central car in this triple and used
this test case for checking whether a participant might have got the task of choosing a most
central object correctly.
The survey was online for about two months and the link to
the survey was distributed among colleagues and friends. We took no account of rounds
of the survey that were quitted before 30 triples (of the fifty per round) were shown. In
doing so, we ended up with 146 rounds (some of them not fully completed) and a total of
7097 statements. It is hard to guess how many
different people contributed to these 146
1
rounds, but assuming an average of three to four rounds per person, which seems to be
reasonable according to personal feedback, their number should be around 40. In only 7
out of the 146 rounds the off-road vehicle was not chosen as most central car in the test case
triple. We refer to the collection of the total of 7097 statements as the collection All and
to its subcollection comprising 6757 statements gathered in the 139 rounds in which the offroad vehicle was chosen as most central car in the test case triple as the collection T All.
From All and T All we derived two more collections of statements of the kind (?) for the
car data set as follows: All reduced is obtained from All by replacing all statements
dealing with the same triple of cars by just one statement about this triple, with the most
central car being that car that is most often the most central car in the statements to be
replaced. T All reduced is derived from T All analogously. The characteristic values
of the collections All, All reduced, T All, and T All reduced are summarized in
Table 1. All survey data and these four collections can be downloaded along with the car
data set from http://www.tml.cs.uni-tuebingen.de/team/luxburg/code_and_data.

Figure 15: Car data set. We collected ordinal distance information of the kind (?) for this
data set via an online survey. The framed triple in the first row was used as
a test case: T All and T All reduced comprise only statements provided
by participants that chose the off-road vehicle as the most central car in this
triple. The pictures were found on Wikimedia Commons and have been explicitly
released into the public domain by their authors.
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Figure 16: The estimated medoids for the car data set and the subclasses of ordinary cars,
sports cars, and off-road/sport utility vehicles when working with the statements
in All or T All.
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Figure 17: The sorted values LD(O) (O in car data set) as well as the eight cars with smallest values (increasingly ordered) when working with the statements in T All.

Also, it is not useful to compare the medoid estimates of Algorithm 1 with estimates based
on an ordinal embedding since the latter change with every run of the embedding algorithm.
6.2.2 Outlier Identification

JMLR 18(58):1-52, 2017

We applied Algorithm 2 to the car data set and the statements in All, All reduced,
T All, and T All reduced, respectively. For all of the four collections of statements we
obtained very similar results. Figure 17 shows a plot of the sorted values LD(O) (for O
being an element of the car data set) as well as the eight cars with smallest values when
working with T All. Looking at the plot it might be reasonable to assume that there are
at least four outliers. Indeed, the Formula One car, the fire truck, the motortruck, and the
tractor, which appear rather odd in the car data set, are ranked lowest. Also the other cars
shown in Figure 17 are quite out of character for the car data set. In the ordinal embedding
shown in Figure 18 all these cars are located far outside. These findings support our claim
that Algorithm 2 can be used for outlier identification when given only ordinal distance
information of the kind (?).
39
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Figure 18: An ordinal embedding of the car data set based on the statements in T All.
A larger version is available on http://www.tml.cs.uni-tuebingen.de/team/
luxburg/code_and_data.
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All

5624
20.29

5121
18.47

All reduced
5349
19.30

T All
4886
17.63

T All reduced

0.09 (± 0.07)
0.12 (± 0.09)
0.09 (± 0.08)

t-STE with k-NN
t-STE with SVM linear
t-STE with SVM Gauss

0.10 (± 0.07)
0.15 (± 0.11)
0.08 (± 0.08)

0.03 (± 0.04)
0.06 (± 0.06)
0.03 (± 0.05)

0.07 (± 0.05)
0.12 (± 0.09)
0.07 (± 0.08)

0.05 (± 0.05)
0.06 (± 0.06)
0.04 (± 0.05)

0.18 (± 0.10)

0.23 (± 0.12)
0.16 (± 0.09)
0.18 (± 0.10)

All reduced

T All

0.06 (± 0.06)
0.11 (± 0.09)
0.07 (± 0.06)

0.05 (± 0.04)
0.08 (± 0.07)
0.04 (± 0.05)

0.06 (± 0.06)
0.11 (± 0.08)
0.05 (± 0.05)

0.04 (± 0.04)
0.07 (± 0.07)
0.04 (± 0.05)

0.13 (± 0.09)

0.16 (± 0.10)
0.13 (± 0.07)
0.14 (± 0.10)

0.08 (± 0.07)
0.13 (± 0.09)
0.08 (± 0.08)

0.04 (± 0.04)
0.06 (± 0.06)
0.04 (± 0.05)

0.07 (±0.06)
0.10 (± 0.09)
0.07 (± 0.06)

0.04 (±0.04)
0.04 (± 0.05)
0.04 (± 0.05)

0.13 (±0.09)

0.17 (±0.10)
0.16 (± 0.08)
0.16 (± 0.09)

T All reduced
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Like in the previous Section 6.2.3 we removed the four outliers from the car data set. We
then used Algorithm 5 and an ordinal embedding approach for clustering the remaining
56 cars into three clusters, aiming to recover the cars’ grouping into classes of ordinary
cars, sports cars, and off-road/sport utility vehicles. In the embedding approach we applied
spectral clustering to a symmetric k-NN graph with Gaussian edge weights on an ordinal
embedding of the data set as we did in Section 6.1.4. Table 4 shows the average purity
(see equation (22) for its definition) of the clusterings produced by the considered methods
with respect to our assumed ground truth partitioning. The average is over 100 runs of
the experiment. Note that clusterings produced by Algorithm 5 and obtained in different
runs only differ due to random effects in the K-means step of spectral clustering, while the
clusterings produced by the ordinal embedding approach also differ because of the random
initialization in the embedding methods. For this reason, standard deviations of the purity
values achieved by the embedding approach are much larger than those of the purity values
achieved by Algorithm 5 (which are on the order machine epsilon) and are shown in Table 4
too. All methods perform nearly equally well, with the unweighted version of Algorithm 5
slightly inferior compared to the other methods when their parameters are chosen optimally.
At least for Algorithm 5 working with the statements in T All or T All reduced yields

6.2.4 Clustering

Table 3: Average 0-1 loss (± standard deviation) when predicting labels for a randomly
chosen subset of 16 cars (average over 100 choices).

0.05 (± 0.04)
0.07 (± 0.08)
0.05 (± 0.05)

STE with k-NN
STE with SVM linear
STE with SVM Gauss

0.06 (± 0.05)
0.10 (± 0.08)
0.05 (± 0.07)

SOE with k-NN
SOE with SVM linear
SOE with SVM Gauss

0.15(± 0.09)
0.05 (± 0.05)
0.07 (± 0.07)
0.05 (± 0.06)

Algorithm 4
GNMDS with k-NN
GNMDS with SVM linear
GNMDS with SVM Gauss

0.19 (± 0.11)
0.17 (± 0.09)
0.17 (± 0.10)

Alg. 3 with k-NN
Alg. 3 with SVM linear
Alg. 3 with SVM Gauss
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We randomly selected 16 cars that we used as test points, that is we ignored their labels
and predicted them by applying Algorithms 3 and 4 and an embedding approach based on
the label information of the remaining 40 labeled cars and the ordinal distance information
in All, All reduced, T All, or T All reduced. In Table 3 we report the average
0-1 loss (see equation (21) for its definition) and its standard deviation, where the average
is over hundred random selections of test points, for the considered methods and various
classification algorithms on top of Algorithm 3 or the embedding approach. We chose
the dimension of the space of the embedding as two. As classifiers on top we used both
the k-NN classifier and the SVM algorithm, the latter with the linear as well as with the
Gaussian kernel. Since we are dealing with a 3-class classification problem, we combined
the SVM algorithm with a one-vs-all strategy. We chose the parameter k for the k-NN
classifier and the regularization parameter for the SVM algorithm by means of 10-fold crossvalidation from 1, 3, 5, 7, 11, 15 and 0.01, 0.05, 0.1, 0.5, 1, 5, 10, 50, 100, 500, 1000, respectively.
When using the SVM algorithm with the Gaussian kernel, we chose the kernel bandwidth
σ by means of 10-fold cross-validation from 0.01, 0.05, 0.1, 0.5, 1, 5. The parameter k for
Algorithm 4 was chosen from 1, 2, 3, 5, 7, 10, 15 by means of a non-exhaustive variant of
leave-one-out cross-validation as explained in Section 6.1.3. Clearly, the ordinal embedding
approach outperforms Algorithms 3 and 4. However, one should judge the performance of
our algorithms with regards to their great simplicity compared to the embedding approach.
In doing so, we consider the 0-1 loss incurred by Algorithms 3 or 4 to be acceptable.
As one might expect, working with T All or T All reduced leads to a slightly lower
misclassification rate than working with All or All reduced.

For setting up a classification problem on the car data set we removed the four outliers
(the fire truck, the motortruck, the tractor, and the antique car) and assigned a label to
the remaining cars according to which of the three classes of ordinary cars, sports cars,
or off-road/sport utility vehicles they belong to. By removing from the collections All,
All reduced, T All, and T All reduced all statements that comprise one or more
outliers, we obtained collections of statements of the kind (?) for these 56 labeled cars. A
bit sloppy, from now on till the end of Section 6.2, by All, All reduced, T All, and
T All reduced we mean these newly created, reduced collections. Their sizes are given
in Table 2.

6.2.3 Classification

Table 2: Number of statements after removing the fire truck, the motortruck, the tractor,
and the antique car from the car data set. Note that All and T All contain
repeatedly present and contradicting statements.

Number of statements
Number of statementsin percent of
number of triples [ 56
3 = 27720]
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All reduced

T All

T All reduced

0.15)
0.15)
0.13)
0.03)

All

(±
(±
(±
(±

0.88
0.86
0.93
0.89

= 5, σ = 0.5
= 5, σ = 3
= 10, σ = 0.5
= 10, σ = 3

0.80
0.83
0.89
0.95
0.10)
0.10)
0.03)
0.08)

0.86
0.86
0.95
0.86

k
k
k
k

0.15)
0.14)
0.04)
0.06)
(±
(±
(±
(±

0.82
0.82
0.84
0.91

w.,
w.,
w.,
w.,

(±
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(±
(±
0.79
0.73
0.90
0.89
0.11)
0.11)
0.01)
0.01)

0.82
0.84
0.91
0.84

5
5
5
5

0.78
0.76
0.93
0.92
0.08)
0.10)
0.04)
0.05)
(±
(±
(±
(±

Alg.
Alg.
Alg.
Alg.

0.12)
0.11)
0.03)
0.09)
(±
(±
(±
(±
0.73
0.76
0.88
0.88

0.88
0.89

(±
(±
(±
(±
0.82
0.75
0.91
0.91
0.10)
0.10)
0.03)
0.14)

0.84
0.86

0.83
0.84
0.92
0.88
0.04)
0.11)
0.03)
0.03)
(±
(±
(±
(±

0.82
0.84

0.12)
0.12)
0.11)
0.12)
(±
(±
(±
(±
0.74
0.74
0.90
0.77

0.05)
0.12)
0.04)
0.06)

0.84
0.84
(±
(±
(±
(±
0.87
0.83
0.90
0.93
0.11)
0.11)
0.01)
0.01)

(±
(±
(±
(±

Alg. 5 unw., k = 5
Alg. 5 unw., k = 10
0.79
0.78
0.83
0.78
0.01)
0.09)
0.04)
0.03)
(±
(±
(±
(±

0.88
0.79
0.91
0.91

= 5, σ = 0.5
= 5, σ = 3
= 10, σ = 0.5
= 10, σ = 3
(±
(±
(±
(±
0.73
0.76
0.87
0.87
0.04)
0.12)
0.04)
0.04)

k
k
k
k
0.87
0.82
0.90
0.93
0.11)
0.12)
0.04)
0.04)
(±
(±
(±
(±

GNMDS,
GNMDS,
GNMDS,
GNMDS,
= 5, σ = 0.5
= 5, σ = 3
= 10, σ = 0.5
= 10, σ = 3
(±
(±
(±
(±
0.86
0.76
0.92
0.92

k
k
k
k
0.75
0.75
0.90
0.90
0.02)
0.03)
0.03)
0.02)

SOE,
SOE,
SOE,
SOE,
= 5, σ = 0.5
= 5, σ = 3
= 10, σ = 0.5
= 10, σ = 3
(±
(±
(±
(±

k
k
k
k
0.87
0.89
0.92
0.94

STE,
STE,
STE,
STE,
0.02)
0.08)
0.03)
0.03)

= 5, σ = 0.5
= 5, σ = 3
= 10, σ = 0.5
= 10, σ = 3

(±
(±
(±
(±

k
k
k
k

0.87
0.85
0.92
0.94

t-STE,
t-STE,
t-STE,
t-STE,

Table 4: Average purity (± standard deviation) of clusterings produced by the various
methods when clustering the 56 cars from the classes of ordinary cars, sports cars,
and off-road/sport utility vehicles into three clusters (average over 100 runs).

better results than working with the statements in All or All reduced, but this does
not seem to be the case for the ordinal embedding approach.

7. Discussion, Future Work, and Open Problems
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In this paper, we have proposed algorithms for the problems of medoid estimation, outlier
identification, classification, and clustering when given only ordinal distance information.
We argue that information of the form (?) is particularly useful as it can be related to
the lens depth function, which is an instance of a statistical depth function, and k-relative
neighborhood graphs. Our algorithms solve the problems by direct approaches instead of
constructing an ordinal embedding of a data set as an intermediate step. Thus they avoid
43
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some of the problems inherent in such an embedding approach (discussed in Section 5.1.2).
In particular, the running time of our algorithms is lower by several orders of magnitude. In
a number of experiments on small data sets we have demonstrated that our algorithms are
competitive with or at least not much worse than an embedding approach in terms of the
quality of the produced solution. We also performed some experiments on medium-sized
data sets, for which there was already no hope to compute an ordinal embedding in somewhat reasonable time, but still our algorithms yielded useful results. Our algorithms are
appealingly simple and can easily and highly efficiently be parallelized. Hence, we believe
that they are a useful alternative to the generic ordinal embedding approach and applicable
in situations in which embedding algorithms are not.

Our work inspires several follow-up questions, we focus on two of them:

• A more local point of view: The problems studied in this paper are global problems in
the sense that they look at a data set as a whole. In contrast, local problems like density
estimation or nearest neighbor search look at single data points and their neighborhoods
with respect to the dissimilarity function d, thus spotting only fragments of the data
set. The tools used in this paper, the lens depth function and the k-RNG, are global
in their nature too. Indeed, as we have seen in Section 6.1.2, the lens depth function
cannot detect outliers sitting in-between several modes of a data set since such outliers
are globally seen at the heart of the data.

(23)

It is interesting to consider local problems in a setting of ordinal distance information.
A concept that becomes attractive then is that of local depth functions: Agostinelli and
Romanazzi (2008, 2011) introduced a notion of localized simplicial depth, which can easily
be transferred to the lens depth function and is then given by

LDlocal (x; τ, P ) = P robability(x ∈ Lens(X, Y ) ∧ d(X, Y ) ≤ τ ),
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P robability(x ∈ Lens(X, Y ) | y ∈ Lens(X, Y )) ≈ f (d(x, y))

where X and Y are independent random variables distributed according to a probability distribution P and τ > 0 is a parameter. Agostinelli and Romanazzi have shown
(theoretically for one-dimensional and empirically for multidimensional Euclidean data)
that for τ tending to zero their local version of simplicial depth is closely related to the
density function of the underlying distribution and that maximizing the local simplicial
depth function provides reasonable estimates of the distribution’s modes. We believe
that such a connection also holds for the local lens depth function (23)—note that in one
dimension the lens depth function coincides with the simplicial depth function. Unfortunately, unlike for the ordinary lens depth function, the local lens depth function cannot
be evaluated with respect to an empirical distribution of a data set D given only ordinal
distance information of the kind (?) about D. Even if we replace the event “d(X, Y ) ≤ τ ”
by the event “d(X, Y ) is among the smallest τ distances between data points in D”, it
is not clear at all how to evaluate or estimate (23). One solution would be to allow for
additional ordinal distance information of the general kind (17), that is answers to come Ye ), like Ukkonen et al. (2015) do in their paper, but this seems
parisons d(X, Y ) < d(X,
to be a rather unattractive way out. We have tried several heuristics for approximately
evaluating the general comparison (17) given only statements of the kind (?), like
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i=1,...,n

45

max kSn (yin ) − xi k → 0
as n → 0.
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Conjecture: Let B1 and B2 be two closed and bounded balls in Rm , m ≥ 2, with
arbitrary centers and radii. Let (xn )n∈N be a sequence of points xn ∈ B1 such that {xn :
n ∈ N} is dense in B1 . For n ∈ N, let Xn = {x1 , . . . , xn } and let Yn = {y1n , . . . , ynn } ⊆ B2
be an ordinal embedding of Xn that preserves all statements of the kind (?) (but not
necessarily any other ordinal relationships). Then there exists a sequence (Sn )n∈N of
similarity transformations Sn : Rm → Rm such that

This raises the question whether density estimation or solving any other local problem
is possible at all given only ordinal distance information of the kind (?), and indeed
the answer is negative for intrinsically one-dimensional data sets: Consider data points
x1 , . . . , xn on the real line and assume d to be the Euclidean metric. Then the ordinal
distance information given by all statements of the kind (?) only depends on the order
of the data points: given any three data points, the center is always given by the data
point sitting in the middle, and any order-preserving transformation of the data points
will give rise to exactly the same ordinal distance information. For this reason it is impossible to estimate any local property of an underlying distribution, and ordinal distance
information of the kind (?) comes along with a substantial loss in effective information
compared to similarity triplets, that is answers to (18): while, under some assumptions
on the data points, all similarity triplets asymptotically uniquely determine the actual
positions of the points on the real line up to a similarity transformation (Proposition 10
in Kleindessner and von Luxburg, 2014), all statements of the kind (?) only determine the
ranking of the data points up to inversion. However, such a loss in information does not
seem to occur when dealing with data sets of higher intrinsic dimensionality: If we start
with data points from Rm for m ≥ 2 (again equipped with the Euclidean metric) that are
reasonably scattered, collect all statements of the kind (?), and provide them as input to
an ordinal embedding algorithm, then the algorithm is able to almost perfectly recover
the configuration of the data points up to a similarity transformation. An example of
this happening can be seen in Figure 19 for a set of 100 points in R2 : the blue points are
the data points that we start with and the red ones are the recovered data points after a
Procrustes analysis, that is aligning the points of the ordinal embedding with the original
ones via a similarity transformation. We have observed this phenomenon for a broad
variety of point configurations in Euclidean spaces Rm of arbitrary dimensions m ≥ 2 and
want to state it as a conjecture. We formulate the conjecture similarly to the theorems in
Kleindessner and von Luxburg (2014) and Arias-Castro (2015), which state the asymptotic uniqueness property for ordinal data consisting of answers to general dissimilarity
comparisons (17) and for similarity triplets, that is answers to comparisons (18).

for a monotonically decreasing function f : R+
0 → [0, 1], which would be useful since
we can easily estimate the probability on the left side. However, none of them was
promising. They all suffer from the same problem, namely that the number of data
points in Lens(X, Y ) can be small for two completely different reasons: either d(X, Y )
is small, or d(X, Y ) is large, but Lens(X, Y ) is located in an area of low probability.
Unfortunately, there is no obvious way for distinguishing between these two reasons.
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Two further follow-up questions are: I. If one is free to choose the particular type of ordinal
data that one is working with, for example in a crowdsourcing scenario, then which type is

• Active learning: Algorithms 1 to 5 can deal with arbitrary collections of statements of
the kind (?) that are gathered before the application of the algorithm and are provided as
input all at once. However, in many scenarios one might have the chance to actively query
statements for intentionally chosen triples of objects. In such a scenario an algorithm for
a machine learning task should interact with the process of querying statements and
adaptively choose triples of objects for which statements are to be queried in such a
way that the task at hand is solved as fast, accurately, cheaply, ... as possible. For the
problems of medoid estimation or outlier identification it is easy to adapt Algorithm 1
and Algorithm 2 in order to derive adaptive versions: starting with rough estimates of
values LD(O) for every object O in the data set, one could immediately rule out some
objects with very small (or high) estimated values and continue improving only estimates
of the values of the remaining objects by querying further statements only for them.
This strategy has been suggested by Heikinheimo and Ukkonen (2013) for their method
for medoid estimation. Studying the questions whether such a strategy comes with any
guarantees, whether there might be better alternatives (of course, this depends on what
one wants to achieve), or whether similar approaches apply to Algorithms 3 to 5 is left
for future work.

Hence, there is hope: if our conjecture holds, when dealing with a Euclidean data set of
known intrinsic dimension, which is greater than one, then all statements of the kind (?)
asymptotically contain all cardinal distance information up to rescaling. At least for
such a data set we may hope that, in principle, we are able to solve any local problem
that we can solve in a standard machine learning setting of cardinal distance information
also in a setting of ordinal distance information of the type (?). However, it remains an
open problem how to solve a local problem in practice except for an embedding approach.

Figure 19: An example illustrating the conjecture of this section. Given all statements
of the kind (?) for the set of blue points, an algorithm for ordinal embedding
is able to almost perfectly recover the point configuration up to a similarity
transformation (red points—after a Procrustes analysis).
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most appropriate for which problems (in terms that it is both informative for the problem
at hand and can easily be provided by the crowd)? II. How can we fix the error in the proof
of Theorem 6 in Liu and Modarres (2011) (see Section 5.2)?
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The most common classification setting assumes the presence of independent and identically
distributed training examples, and attempts prediction on independent test instances drawn
from the same distribution. However, the case of dependent examples has drawn much
interest as well. This is particularly the case for networks where the nodes comprise the
training/testing instances, and the edges between them imply dependence.
Consider the problem of inferring the labels of nodes in a network. For example, given a
network of sports-related blogs connected by hyperlinks, we may want to know which blogs
discuss baseball, or football, or hockey. The training data consists of known labels for a
subset of blogs. The goal is to infer the labels of the remaining blogs. While the content
of the blogs can be useful, the hyperlinks between blogs are clearly informative: we expect
blogs to link primarily to other blogs discussing the same sport. This is a network label

1. Introduction

We consider the problem of inferring node labels in a partially labeled graph where each
node in the graph has multiple label types and each label type has a large number of
possible labels. Our primary example, and the focus of this paper, is the joint inference
of label types such as hometown, current city, and employers for people connected by a
social network; by predicting these user profile fields, the network can provide a better
experience to its users. Existing approaches such as Label Propagation (Zhu et al., 2003)
fail to consider interactions between the label types. Our proposed method, called EdgeExplain, explicitly models these interactions, while still allowing scalable inference under
a distributed message-passing architecture. On a large subset of the Facebook social network, collected in a previous study (Chakrabarti et al., 2014), EdgeExplain outperforms
label propagation for several label types, with lifts of up to 120% for recall@1 and 60% for
recall@3.
Keywords: label inference, graphs, social networks, variational methods, label propagation
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inference problem with only one label type (sport) and only a few labels (baseball, football,
and hockey). The question we ask is: how can we infer missing labels of multiple types,
where each label type can be high-dimensional and the different types can be correlated?
The concrete problem considered in this paper is that of inferring multiple fields such
as the hometowns, current cities, and employers of users of a social network, where users
often only partially fill in their profile, if at all. Here, each user is associated with one label
of each type (such as hometown, employer, etc.), and the set of possible labels for each type
is very high-dimensional. Inference of such label types is important for many ranking and
relevance applications. By predicting the profile fields, the social network can make better
friend recommendations or show more relevant content. Consequently, accurate predictions
can greatly improve the user experience. We show that this inference problem cannot be
split up into separate problems, one for each label type, without loss of accuracy. Knowledge
of one label type influences inferences regarding the other types. Thus, this joint inference
problem presents interesting opportunities for modeling and optimization.
A standard method of label inference is label propagation (Zhu and Ghahramani, 2002;
Zhu et al., 2003), which tries to set the label probabilities of nodes so that friends have
similar probabilities. This is based on the idea of homophily, that is, the more two nodes
have in common, the more likely they are to connect (McPherson et al., 2001). However,
label propagation assumes only a single category of relationships. It therefore fails to address
the complexity of edge formation in networks, where nodes have different reasons to link to
each other. As an example, consider the snapshot of a social network in Figure 1, where we
want to predict the hometown and current city of node u, given what we know about u and
u’s neighbors. Here, the labels of node u are completely unknown, but her friends’ labels
are completely known. Label propagation would treat each label independently and infer
the hometown of u to be the most common hometown among her friends, the current city
to be the most common current city among friends, and so on. Hence, if the bulk of friends

Figure 1: An example graph of u and her friends: The hometown friends of u coincidentally
contain a subset with current city C 0 . This swamps the group from u’s actual
current city C, causing label propagation to infer C 0 for u. However, our proposed
model (called EdgeExplain) correctly explains all friendships by setting the
hometown to be H and current city to be C.

hometown=H

hometown=H
current city=C’

Chakrabarti et al.

of u are from her hometown H, then inferences for current city will be dominated by the
most common current city among her hometown friends (say, C 0 ) and not friends from her
actual current city C; indeed, the same will happen for all other label types as well.
Our proposed method, named EdgeExplain, approaches the problem from a different
viewpoint, using the following intuition: Two people form an edge in a social network
because they share the same label for one or more label types (e.g., both went to the
same college). Using this intuition, we can go beyond standard label propagation in the
following way: instead of taking the graph as given, and modeling labels as items that
propagate over this graph, we consider the labels as factors that can explain the observed
graph structure. For example, the inferences for u made by label propagation leave u’s
edges from C completely unexplained. Our proposed method rectifies this, by trying to
infer node labels such that for each edge u ∼ v, we can explain the existence of the edge
in terms of a shared label — u and v are friends from the same hometown, or college, or
the like. While we are primarily interested in inferring labels, we note that the inferred
reason for each edge can be useful by itself. For example, if a new node u joins a network
and forms and edge with v, and we can infer that the reason is a shared college, we can
recommend other college friends of v as possible new edges for u.
We note that a seemingly simple alternative solution—cluster the graph and then propagate the most common labels within a cluster—is in fact quite problematic. The clustering
must also be complex enough to allow many overlapping clusters. This is an active area
of research (Xie et al., 2013), but it still entails a significant computational burden. In
addition, any clustering based solely on the graph structure ignores labels already available
from user profiles, which clearly carry crucial information. A clustering method that tries
to use these labels must deal with incomplete and missing labels, significantly increasing
its complexity. Instead, our method will be able to operate only on dyads, without having
to infer the higher-level clusters themselves. Social network cluster sizes must display wide
variation (e.g., the cluster for users living in New York city versus those in small rural areas),
and it is unclear if current network community detection algorithms offer good performance
across the entire range of community sizes (Leskovec et al., 2010). Hence, we believe that
clustering does not readily lend itself to a solution for our problem.
This paper tackles the following five questions.
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The problem of inferring labels of nodes in a network has been studied extensively in the
literature on graph-based semi-supervised learning, statistical relational learning, and latent
models for networks. In this section, we highlight the prior work in these fields, and then
review recent works that specifically focus on the problem of attribute inference in social
networks.

2. Related Work

mation, i.e., when the labels of most neighbors of a node are known with relatively high
certainty. This leads to our final hybrid method that combines the two approaches.
How do the model parameters affect accuracy vis-a-vis label propagation? We present an
analysis of EdgeExplain that specifies the conditions under which label propagation will
be particularly inaccurate. The quality of predictions of label propagation for a user u is
shown to depend on three factors: (a) the degree to which any one label type is the preferred
“reason” for forming friendships as compared to the other label types, (b) the degree to
which any one label dominates among all labels of a particular type, and (c) the number of
friends of a user u.
How well does it work in practice? Our iterative methods for inferring labels can be easily implemented in large-scale message-passing architectures. We empirically demonstrate
their scalability on a large subset of the Facebook social network (Chakrabarti et al., 2014)
and a 5 million node sample of the Google+ network (Gong et al., 2012), using publicly
available user profiles and friendships. On Facebook, EdgeExplain significantly outperforms label propagation for several label types, with lifts of up to 120% for recall@1 and
60% for recall@3. On the Google+ sample, which exhibits extreme sparsity of labels, all
algorithms are roughly equal. We also present empirical results on a movie network, where
EdgeExplain outperforms label propagation as well as other competing methods (Zheleva
and Getoor, 2009; Yin et al., 2010; Gong et al., 2014). The accuracy and scalability of
EdgeExplain clearly demonstrate its usefulness for label inference on large networks.
How do variational methods compare with relaxation labeling? A subtheme of our paper
is the comparison, via simulations as well as empirical evaluation on real-world data, of
variational and relaxation labeling techniques. When both are designed to use only pernode parameters (which are well-suited for message-passing architectures), we find that
relaxation labeling works better for our problem. This is in spite of the fact that our
variational updates are exact, and only the standard approximation of the joint distribution
with a product of per-node marginals is made.
The paper is organized as follows. We survey related work in Section 2, and then present
our proposed EdgeExplain model in Section 3. For parameter inference, we present two
methods: a gradient ascent approach on a relaxed version of the problem (Section 4) and
a variational approach for optimizing the original problem objective (Section 5). We then
present a detailed analysis of our model in Section 6, focusing on the conditions under which
label propagation would fail. Simulations on synthetic data sets (Section 7) confirm our
analysis, and also help us identify the conditions under which the two inference mechanisms
work best. Empirical evidence demonstrating the effectiveness of EdgeExplain is presented in Section 8. Generalizations of the model are discussed in Section 9. We conclude
in Section 10.

How can “explaining links” be codified in a model? We propose a probabilistic model,
called EdgeExplain, for the social network given the labels of all nodes in the network.
The model has two key properties. First, the presence or absence of a link is conditionally
independent of all other nodes and edges given the labels of the two endpoints of the
link. This enables distributed computation for inference, which is useful for large networks.
Second, labels corresponding to all the label types are jointly considered in the model.

JMLR 18(59):1-39, 2017

How can inference be performed efficiently on large networks? The model likelihood function
is non-convex, and only local optima can be found. However, we present several approaches
for this problem. The first uses alternating maximization on a relaxation of the objective,
such that each iteration solves a convex problem. The second is a variational approach
that operates directly on the model objective. We show via simulations the presence of two
regimes: while the alternating minimization works best when there is significant missing
data, the variational approach works better in the presence of copious and correct infor3
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Statistical relational learning. Our work is also related to the field of statistical
relational learning. Here, the goal is to classify an entity such as a web page or a patent into
a fixed number of labels (classes). Each entity is typically associated with attributes such
as text, and we observe the links between entities. Chakrabarti et al. (1998) noted that
it is ineffective to build a classifier based on the attributes of the node and its neighbors
directly. Instead, they proposed a naive Bayes classifier that considers only the neighbors’
labels (in addition to the local attributes). In order to propagate information through the
network, they use an approximation of belief propagation. Lu and Getoor (2003) extended
this work with a structured logistic regression model built separately on the local content
and the links, using maximum a posteriori probability (MAP) for inference. Macskassy
and Provost (2007) show that these approaches can be placed in a single framework, with

different choices of (a) a local classifier that uses a node’s attributes alone, (b) a relational
classifier that uses the labels at adjacent nodes, and (c) a collective inference procedure that
propagates the information through the network. They provide an extensive empirical evaluation of the various combinations of these choices and observe that the best combination,
weighted-vote relational neighbor classifier (Macskassy and Provost, 2003) with relaxation
labeling (Rosenfeld et al., 1976; Hummel and Zucker, 1983), tends to perform as well as
label propagation, which we outperform. We note that these algorithms typically focus
on a single label type, whereas we explicitly model the interactions among multiple types.
Although there has been some work on understanding how to combine and weigh different
edge types for best prediction performance (Macskassy, 2007), the edge types (analogous
to our reason for an edge) were given up front; we recover them automatically.
There is also extensive work on probabilistic relational models. Relational Bayesian
Networks (RBNs; Koller and Pfeffer, 1998; Friedman et al., 1999) provide representation
of organizational structure while maintaining a coherent probabilistic representation of uncertainty. Unfortunately, due to their directed nature, RBNs cannot efficiently represent
homophily. Relational Markov Networks (Taskar et al., 2002) and Relational Dependency
Networks (Neville and Jensen, 2007) do not impose acyclicity, and could be conceptually
applied to the problem considered in this paper. Yet, we cannot use these general formalisms directly, because learning the models with high-cardinality labels would require
large amounts of labeled data. Instead, it is our explicit modeling assumptions regarding
multiple label types that yield gains in accuracy.

Semi-supervised learning. Our work falls under the paradigm of graph-based semisupervised learning (Zhu, 2008), where the goal is to estimate a function over the nodes of the
graph that satisfies two properties: (1) the function is close (or equal) to the observed labels,
and (2) the function is smooth (similar) at adjacent nodes. In their seminal paper, Zhu and
Ghahramani (2002) proposed an algorithm called Label Propagation, where the values at
the nodes are relaxed to be real-valued, and inference is performed by averaging the values at
neighboring nodes. Their follow-up paper (Zhu et al., 2003) formulated Label Propagation
as inference in Gaussian random fields, stating additional interpretations as random walks
on the graph and electric networks. The Gaussian random field formulation can be viewed
as a special case of the regularization framework proposed by Zhou et al. (2003) that allows a
tradeoff between edge smoothness and label fitting. This framework was analyzed by Belkin
et al. (2004), proving generalization bounds and stability properties. Belkin et al. (2006)
placed the problem in the context of reproducing kernel Hilbert spaces to provide further
theoretical basis for the algorithms and obtain an out-of-sample extension. Consequently,
they can handle both the inductive and transductive settings. Finally, Baluja et al. (2008)
and Talukdar and Crammer (2009) introduced abandonment probability into the random
walk, which can be viewed as having a special “dummy” label. This formulation addresses
a challenge present in some graphs, where the random walk becomes uninformative once it
visits a high-degree node. None of these approaches consider interactions between multiple
label types, and hence fail to capture the edge formation process in graphs considered here.
Although we do assume that observed labels are fixed, our approach could be generalized
to handle soft constraints on node labels. Finally, while we do not address the inductive
setting, the graphs we consider tend to change slowly, hence we can leverage the standard
approach of initializing the iteration with the results of the previous run.
Often, the algorithms for graph-based semi-supervised learning can be expressed as an
update rule that scales linearly with the number of nodes and edges of the graph. However,
the update and space complexity are also linear in the number of distinct label values; this
number can be very large in some applications (e.g., Deng et al., 2009; Shi et al., 2009).
To address this challenge, Talukdar and Cohen (2014) use count-min sketch, a randomized
data structure that allows them to reduce the time and space complexity to be logarithmic
in the number of distinct labels. We face a similar challenge in our work, because the
number of distinct values in each field is very large. However, instead of using count-min
sketches, we have found it effective to compute a sparse projection of the distribution onto
the probability simplex in each update (Kyrillidis et al., 2013).

6
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Latent models. Graph structure has been modeled using latent classes (Nowicki and
Snijders, 2001; Kemp et al., 2006; Xu et al., 2006; Airoldi et al., 2008) and latent variables
(Hoff et al., 2002; Miller et al., 2009; Palla et al., 2012), with an emphasis on link prediction.
Nowicki and Snijders (2001) describe a stochastic blockmodel (SBM), where each node
belongs to one of a fixed number of clusters, and edge generation is governed entirely by the
clusters of the adjacent nodes. Kemp et al. (2006) and Xu et al. (2006) extend this work to
an unknown number of clusters using the Chinese restaurant process (Pitman, 2006), while
Airoldi et al. (2008) propose a mixed membership stochastic blockmodel (MMSB), where
the node class membership varies from one dyad to another. The use of latent variables
was initially explored in (Hoff et al., 2002), who consider generative process of edges based
on the embedding of the adjacent nodes. The Latent Feature Infinite Relational Model
(Miller et al., 2009) uses an infinite number of binary features controlled by an Infinite
buffet process (Griffiths and Ghahramani, 2005); the Infinite Latent Attribute Model (Palla
et al., 2012) then allows each feature to be partitioned into disjoint subgroups. Similarly to
these approaches, in our work, each node is associated with (a finite number of) attributes.
However, unlike the literature on latent models, where the latent features can be arbitrary
combinations of user attributes and are unlikely to represent the concrete label types we
wish to predict, our goal is to make predictions about the label types directly, using the
observations made at a subset of the nodes. Several of these models may also not easily
scale to large networks.
There is also a growing body of work on simultaneously explaining the connections
between documents as well as their word distributions (Nallapati et al., 2008; Chang and
Blei, 2010; Ho et al., 2012). Nallapati et al. (2008) propose two models that combine Latent
Dirichlet allocation (LDA; Blei et al., 2003) and Mixed membership stochastic blockmodel
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(MMSB; Airoldi et al., 2008), where topic proportions generate both word topics and the
cluster assignments for linking. Chang and Blei (2010) also combine LDA and linking, but
use the entire vector of word topic assignments for linking, thus allowing their model to
better infer words from links and vice versa. Finally, Ho et al. (2012) use a hierarchy of
topics specified as a nested Chinese restaurant process (Blei et al., 2010), where the link
between two nodes is given by the deepest level they share. Although we do not consider the
problem of modeling text data, our model permits us to incorporate node attributes, and
we show empirical results for an instance where group memberships are used as additional
node features. The number of distinct label values in our application is very large (on
the order of millions), and we suspect that the latent variables would have to have a large
dimension to explain the edges in our graph well.
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Attribute inference in social networks. Several of the aforementioned techniques
have recently been applied specifically to the problem of inferring node attributes in social
networks. Zheleva and Getoor (2009) study the privacy implications of methods that can
predict a user’s private profile from the public profiles of others in the social network. They
compare several algorithms for profile inference, and find that two methods work well when
no extra side-information is available. One is collective classification based on the labels
of neighboring nodes, where their specific implementation is essentially identical to Label
Propagation. The second method (called LINK) predicts a node’s labels based on a feature
vector consisting of the node-IDs of its neighboring nodes. Thus, a graph with N nodes has
N features, which is clearly difficult to scale.
Dong et al. (2014) consider inference of gender (2 categories) and age (4 categories) using
a social network. They consider three sets of factors: (a) connections between the attribute
values of a node and the node’s network characteristics (such as its degree), (b) connections
between attributes of node pairs connected by a link, and (c) factors for attributes of social
triads. This is a comprehensive model, and is one of the few that considers triadic factors.
However, the model requires several parameters for each possible value of the (gender,
age-category) attribute vector. This is feasible only when the set of attribute values is
extremely restricted (only 8 possibilities in their setting). Our primary problem setting has
five attributes, with millions of possible values for each attribute; scaling the method to
this setting appears to be extremely difficult.
Yin et al. (2010) propose attribute inference on a combined “Social Attribute Network
(SAN),” where both people and attribute values are represented by nodes, and links connect people to their friends as well as to their attribute values (whenever these are known).
For nodes with no attribute links, they predict the most likely attributes using a random
walk on the SAN. Gong et al. (2014) extend this idea by adapting a variety of traditional link-prediction algorithms to the SAN. They find that two methods work well for
attribute prediction on the Google+ SAN. The first performs random walks with restarts
(RWR-SAN). The second method uses the number of “common neighbors” (CN-SAN) as a
predictor. Specifically, the affinity of user u towards attribute a is measured by the number
of neighbors of u who are connected to a in the SAN, and each unlabeled user picks the
attribute for which she has the highest affinity. This process is iterated until convergence.
Note that this method can be interpreted as a variant of Label Propagation where each
unlabeled node is assigned the most common attributes among her friends (in contrast to
vanilla Label Propagation where nodes have distributions over attributes).
7
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Thus, recent works confirm the findings of earlier comparative studies (Macskassy and
Provost, 2007) that Label Propagation (LP) achieves the best prediction accuracy. We
shall show that our method (EdgeExplain) is as accurate as LP on the Google+ data
set; LP is equivalent to CN-SAN, which was one of the two best methods for this data
set (Gong et al., 2014). However, the Google+ data set suffers from extreme sparsity. On
the Facebook data set, EdgeExplain achieves significantly higher accuracy as compared
to LP. We also compare EdgeExplain against LP and all the feasible methods mentioned
above (LINK, CN-SAN, and RWR-SAN) on a SAN derived from IMDB movie data, and
show that EdgeExplain outperforms all of them.

3. Proposed Model

In this section we first build intuition about our model using a running example. Suppose
we want to infer the labels (e.g., “Palo Alto High School” and “Stanford University”) corresponding to several label types (e.g., high school and college) for a large collection of users.
The available data consist of labels publicly declared by some users, and the (public) social
network among users, as defined by their friendship network. While the desired set of label
types may depend on the application, here we focus on five label types: hometown, high
school, college, current city, and employer.
Our solution exploits three properties of these label types:

(P1) They represent the primary situations where two people can meet and become friends,
for example, because they went to the same high school or college.

(P2) These situations are (mostly) mutually exclusive. While there may be occasional
friendships sharing, say, hometown and high-school, we make the simplifying assumption that most edges can be explained by only one label type.

(P3) Sharing the same label is a necessary but not sufficient condition. For example,
“We are friends from Chicago” typically implies that the indicated individuals were,
at some point in time, co-located in a small area within Chicago (say, lived in the
same building, met in the same cafe), but hardly implies that two randomly chosen
individuals from Chicago are likely to be friends.
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(P1) is a direct result of our application; our desired label types were targeted at friendship
formation. Combined with (P2), our five label types can be considered a set of mutually
exclusive and exhaustive “reasons” for friendship; while this is not strictly true for high
school and hometown, empirical evidence suggests that it is a good approximation (shown
later in Section 8) and we defer a discussion on this point to Section 9. However, as
(P3) shows, we cannot simply cast the labels as features whose mere presence or absence
significantly affects the probability of friendship; instead, a more careful analysis is needed.
Formally, we are given a graph, G = (V, E) and a set of label types T = {t1 , . . . , t|T | }.
For each label type t, let L(t) denote the (high-dimensional) set of labels for that label
type. Each node in the graph is associated with binary variables Sut` , where Sut` = 1 if
node u ∈ V has label ` for label type t. Let S V and S H represent the sets of visible and
hidden variables, respectively. We want to infer the correct values of S H , given S V and G.

8

`

X
1X
wuv
(fu` − fv` )2 .
2 u∼v
(1)

1 X
wuv fv` ,
du u∼v

9
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4. Inference via relaxation labeling
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(4)

We present two methods for inference under EdgeExplain. The first considers a relaxation
of the model that yields an objective which can be optimized via projected gradient descent,
and this is discussed in the current section. The second method is optimizes a variational
lower bound on the likelihood of EdgeExplain, and this is discussed later in Section 5. A

t∈T

To summarize, Eq. 3 encapsulates property (P1) by trying to have matching labels
between friends; Eq. 4 models property (P2) by enabling any one label type to explain
each friendship; and the form of the probability distribution (Eq. 2) uses only existing
edges u ∼ v and not all node pairs, and thus is not affected when, say, two nodes with
Chicago as their current city are not friends, which reflects the idea that matching label
types are necessary but not sufficient (P3).

Further intuition can be gained by considering a node u whose labels are completely
unknown, but whose friends’ labels are completely known (see Figure 1). As we discussed
earlier in Section 1, label propagation would infer the hometown of u to be the most common
hometown among her friends (i.e., H), the current city to be the most common current city
among friends (i.e., C 0 ), and so on. However, such an inference leaves u’s friendships from
C completely unexplained. Our proposed method rectifies this; Eq. 2 will be maximized
by correctly inferring H and C as u’s hometown and current city respectively, since H is
enough to explain all friendships with the hometown friends, and the marginal extra benefit
obtained from explaining these same friendships a little better by using C 0 as u’s current
city is outweighed by the significant benefits obtained from explaining all the friendships
from C by setting u’s current city to be C.

where Z is a normalization constant. Here, r(u, v, t) indicates whether a shared label type
t is the reason underlying the edge u ∼ v (Eq. 3). The softmax(r1 , . . . , r|T | ) function should
have three properties: (a) it should be monotonically non-decreasing in each argument,
(b) it should achieve a value close to its maximum as long as any one of its parameters is
“high”, and also (c) it should be differentiable, for ease of analysis. In Eq. 4, we use the
sigmoid function to implement this: σ(x) = 1/(1 + e−x ). This monotonically increases from

t∈T

 X

r(u, v, t) + c ,
softmax(r(u, v, t)) = σ α

`∈L(t)

P
where du = u∼v wuv . This procedure encourages fu` of nodes connected to clamped nodes
to be close to the clamped value and propagates the labels outwards to the rest of the graph.
Multiple label types can be handled similarly by minimizing Eq. 1 independently for each
type.
While this formulation makes full use of (P1) and has the advantage of simplicity,
it completely ignores (P2). Intuitively, label propagation assumes that friends tend to
be similar in all respects (i.e., all label types), whereas what (P2) suggests is that each
friendship tends to have a single reason: an edge u ∼ v exists because u and v share the
same high school or college or current city, etc. This highly non-linear function is not easily
expressed as a quadratic or similar variant.
Instead, we propose a different probabilistic model, which we call EdgeExplain. As
described above, let G denote the graph, and S V and S H represent the sets of visible and
hidden variables respectively; the variable Sut` is known (visible) if user u has publicly
declared the label ` for type t, and unknown (hidden) otherwise. We define EdgeExplain
as follows:
1 Y
P (S V , S H | G) =
softmax(r(u, v, t))
(2)
Z u∼v t∈T
X
r(u, v, t) =
Sut` Svt`
(3)

fu` =

Here, u ∼ v means that u and v are linked by an edge, and wuv is a non-negative weight on
the edge u ∼ v. The minimum of Eq. 1 is found by solving the fixed point equations

E(f ) =

0 to 1, and achieves values greater than 1− once x is greater than an -dependent threshold.
In addition, the sigmoid enables fine control of the degree of “explanation” required for each
edge (discussed below) and allows for easy extensions to more complex label types and extra
features (Section 9), all of which make it our preferred choice for the softmax.

A popular method for label inference is label propagation (Zhu and Ghahramani, 2002;
Zhu et al., 2003). For a single label type, this approach represents the labeling by a set of
indicator variables Su` , where Su` = 1 if node u is labeled as ` and 0 otherwise. Zhu et al.
(2003) relax the labeling to real-valued variables fu` over all nodes u and labels ` that are
clamped to one (or zero) for nodes known to possess that label (or not). They then define
a quadratic energy function that assigns lower energy states to configurations where f at
adjacent nodes are similar:

In a nutshell, our modeling assumption can be stated as follows: It is better to explain
as many friendships as possible, rather than to explain a few friendships really well. Eq. 2
is maximized if the softmax function achieves a high
P value for each edge u ∼ v, i.e., if each
edge is “explained.” This is achieved if the sum t∈T r(u, v, t) is relatively high, which in
turn is satisfied if the product Sut` Svt` is 1 for even one label ` — in other words, when
there exists any label ` that both u and v share. The parameter α controls the degree of
explanation needed for each edge; a small α forces the learning algorithm to be very sure
that u and v share one or more label types, while with a large α, a single matching label
type is enough. Empirical results shown later in Section 8 prove that large α values perform
better (we use α = 10 in our evaluation), suggesting that even a single matching label type
is enough to explain the edge. The parameter c in Eq. 4 can be thought of as the probability
of matching on an unknown label type, distinct from the five we consider. Higher values of
c can be used to model uncertainty that the available label types form an exhaustive set of
reasons for friendships. For our running example in the social network setting, we set c = 0
to reflect our belief that the five label types we consider represent the primary reasons for
friendship formation (property (P1)).
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q 0 ∈∆

(0)

Lkf u − f u∗ k2
L|T |
≤
,
2k
k

t∈T `∈L(t)

 X X

1 Y
σ α
Sut` Svt` + c
Z u∼v

1 Y
1
P
P
.
Z u∼v 1 + exp(−α t∈T `∈L(t) Sut` Svt` − c)

X

SH

Q(SH ) =

Q(SH ) ln

12

Q(SH )
.
P (SH , SV | G)

u t∈T `∈L(t)

YY Y

Sut`
µut`
,

We shall choose a fully factorized distribution for Q(SH ):

ln P (SV | G) ≥ −
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(9)

Given a fixed assignment to the visible variables SV and any distribution Q(SH ) over
the hidden variables, we have the inequality:

=

P (SV , SH | G) =

The relaxation labeling approach discussed above is intuitive, but its objective function is
neither a bound nor a formal approximation of the likelihood of EdgeExplain. We now
present a variational inference procedure where the inferred label probabilities do maximize
a lower bound of the likelihood.
From Eqs. 2-4, we have:

5. Variational inference

where f u∗ represents the optimal set of probability distributions, and g ∗ is the optimal
function value. An important consequence of the algorithm is that computation of f u only
requires information from f v for the neighbors v of u. Thus, it is a “local” algorithm that can
be easily implemented in distributed message-passing architectures, such as Giraph (Giraph;
Ching, 2013).

g ∗ − g (k) ≤

P
This can be easily achieved in expected linear time over the size of the label set t L(t) (Duchi
et al., 2008). If only sparse distributions can be stored for each label type (say, only the
top k labels for each type), the optimal k-sparse projections can be obtained simply by
setting to 0 all but the top k labels for each label type, and then projecting on to the
simplex (Kyrillidis et al., 2013).
This algorithm converges to a fixed point, and the function values converge to the
optimal at a 1/k rate (Beck and Teboulle, 2009):

(k)
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t∈T

t∈T

f u(k) = arg minkq u(k) − q 0 k2 .
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X
(6)

(5)

where ck is a step-size parameter that we could set to a constant ck = 1/L. The point q u
is now projected to the closest point in ∆:

u∼v


X 
log softmax(r(u, v, t))

priori, there is little reason to choose one or the other, and we discuss their relative merits
via simulations and evaluation on real data (Sections 7 and 8).
The probabilistic description of EdgeExplain in Eqs. 2-4 can be restated as an optimization problem in the variables Sut` ∈ {0, 1}. In the spirit of (Zhu et al., 2003), we
propose a relaxation in terms of a real-valued function f , with fut` ∈ [0, 1] representing the
probability that Sut` = 1, i.e., the probability that user u has label ` for label type t. This
yields the following optimization:
Maximize
f

fut` fvt`
(7)

`∈L(t)

fut` = 1 ∀t ∈ T

(8)



log softmax(r(u, v, t)) ,

fut` ≥ 0

where r(u, v, t) =
X

`∈L(t)

v∈Γ(u)

X

where softmax(·) is defined as in Eq. 4, and the equation for r(·) is analogous to Eq. 3 but
measures the total probability that u and v have the same label for a given label type t.
The problem is not convex in f , but is convex in f u = {fut` |t ∈ T , ` ∈ L(t)} if the
distributions f v are held fixed for all nodes v 6= u. Hence, we propose an iterative algorithm
to infer f . Given f v for all v 6= u, finding the optimal f u corresponds to solving the following
problem:
fu

Maximize g(f u ) =

t∈T `∈L(t)

(k)

 (k−1)
= fut` |t ∈ T , ` ∈ L(t) be the estimated probability distributions for each of

v∈Γ(u)



X
X X
∂g(f u )
=
αfvt` · σ −α
fut` fvt` − c .
∂fut`

where the summation is only over the set Γ(u) of the friends of u, and we again restrict f u
to be a set of |T | probability distributions, one for each label type. We note that g(·) is
convex and Lipschitz continuous with constant L = α · |Γ(u)|, where |Γ(u)| is the number
of friends of u.
This is a constrained maximization problem with no closed form solution for f u . To solve
it, we use projected gradient ascent. This is an iterative method where in each iteration,
we take a stepnin the direction of the gradient, and then
o project it back to the probability
P
simplex ∆ = fut` | fut` ≥ 0, `∈L(t) fut` = 1 ∀t ∈ T . Specifically, let ∇g represent the
gradient of g, with components given by:

(k−1)

Let f u
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the T label types at the end of iteration k − 1, and let qut` represent the (possibly improper)
ending point of the k-th gradient step:
q u(k) = f u(k−1) + ck ∇g,
11

u∼v

X

ut`

X
t`

Q(SH )

(10)

0

t0 6=t

13
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Thus, the highest-probability label of type t for u is the most the common label among
friends of u, unless the edge u ∼ v is already explained by some other label type t0 , i.e.,
if ηuvt0 ≈ 1. Hence, the probabilities µ∗ut` attempt to explain as many friendship edges as
possible, which is precisely the expected behavior for large α. Our variational inference
method iteratively updates the parameter vector µ by repeatedly applying Thm. 1.

t 6=t

Both proofs are deferred to Appendix A.
It follows that the probability of node u having label ` for type t under the variational
approximation is given by a (normalized, exponentiated) weighted linear combination of
the
consider the case of large α. Then, the sum
P neighboring node labels. For intuition,(−t)
= 0, the all-zero vector:
w φuvt (w) is dominated by the case of w

Y
X
1 + e−c
φuvt (w) ≈ ln
(1 − ηuvt0 ).
1 + e−α−c 0
w

1−wt0
t
κ(wt0 , ηuvt0 ) = ηuvt
.
0 (1 − ηuvt0 )
P
Proposition 1
w φuvt (w) ≥ 0.

w

Theorem 1 Consider one node u and one label type t. Given the parameters µ \ {µut· },
the distribution µ∗ut` that maximizes the lower bound of Eq. 10 is given by:


 X

X
∗
φuvt (w)
µut` ∝ exp
µvt`


w
{v|u∼v}


Y
κ(wt0 , ηuvt0 )
φuvt (w) = ln 1 + e−(α|w|+c) (−1)wt

where h·iQ represents expectation with respect to Q(·), and ` is summed over L(t). We
want to set the variational parameters µ = {µut` ∀u, t, ` ∈ L(t)} to maximize this lower
bound.
P
Define ηuvt = `∈L(t) µut` µvt` . Let w ∈ {0, 1}|T | represent a binary vector of length |T |,
with wt being the tth component and |w| the number of “ones”.


!+
X
ln 1 + exp −α
Sut` Svt` − c

*

µut` ln µut`

− ln Z,

−

ln P (SV | G) ≥ −

where µut· represents a multinomial distribution over all labels ` ∈ L(t) for label type t for
user u; for notational convenience, we set µut` to 0 or 1 if the user’s labels are known. Such
factored distributions are common in variational inference. They also have the same number
of parameters as the relaxation labeling approach, allowing a fair comparison between the
two. With this choice of distribution Q(·), the variational lower bound (Eq. 9) can be
written as

Joint Label Inference in Networks
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Relation to set-cover. At first sight, this appears to be a variant of the well-known
set-cover problem where, for each node, we must pick sets of friends sharing some attribute
such that the union of these sets covers all the friendships. However, note that we can
pick only one set for each label type, sinceQthe ego can have only one label for each type
Thus, the computational complexity is O
t∈T |Lt | , and since we consider only a limited

Given the network Gu and the labels Yi of all friends vi , predict the labels Yu of the ego.

Simplified model. We will make several simplifications to EdgeExplain to focus on its
main aspects. First, we will consider the “hard-threshold” variant of the problem, where
even one shared attribute between two friends is enough to explain their friendship; this
corresponds to setting α → ∞ in Eq. 4. Such a choice is also justified empirically, as
will be shown in Section 8. Second, we will consider the case of one node (the “ego”)
whose attributes are all unknown, surrounded by N friends whose attributes are all known.
This can be thought of as the fundamental inference problem template, with the actual
problem using a softer version of this template that associates probabilities with the labels of
friends. Finally, Eqs. 2–4 only specify a discriminative model, but we will need a generative
model for our analysis. Hence, we devise a simple probabilistic model for generating node
labels (represented by the binary variables S) that is consistent with properties (P1)-(P3)
outlined in Section 3.
Specifically, consider an “ego network” Gu consisting of a central node u surrounded by
N friends v1 , . . . , vN . Let Yu = {Yu (t1 ), . . . , Yu (t|T | )} denote the labels of u for each of the
|T | label types; these are precisely the labels that are turned “on” in the binary indicator
variables S restricted to u. Similarly, let Yi represent the vector of labels for node vi .
Let π(Yu , Yv1 , . . . , YvN ) denote the probability of observing these labels. Since Gu is a tree
rooted at u, the labels of the friends
Q are conditionally independent given the labels of the
ego: π(Yu , Yv1 , . . . , YvN ) = π(Yu ) · π(Yi | Yu ). Thus, we can generate node labels in the
following manner. First, the ego u selects her labels first according to the prior π(Yu ). Then,
conditioned on Yu , the labels Yi for friends vi are drawn independently of each other. In
order to satisfy (P1), this second step must itself be split into two stages. In the first stage,
each friend vi selects a “reason” for her friendship with u by selecting the label type Zi that
vi shares with u. This shared label type is drawn according to a multinomial distribution
q: q(Zi = t) = qt . Thus, Yi (Zi ) = Yu (Zi ) with probability 1. Then, in the second stage, the
remaining labels of vi are set via the distribution π(Yi | Yi (Zi )). Under this setting of Yu
and Yi , there is a shared label for each edge, and the model π is the most general one that
satisfies (P1) and the independence assumptions encoded in Gu , and is symmetric across
all friends.
This leads to the following simplified problem statement:

We now present a theoretical analysis of EdgeExplain, and its relationship with Label Propagation (LP). Even if node labels for different label types are dependent (as in
EdgeExplain) rather than independent (as in LP), the labels inferred by LP could still be
correct. We will find the conditions under which LP-based inference yields incorrect results,
and hence inference tailored to EdgeExplain can outperform LP.

6. Analysis
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number of label types (|T | = 5), the complexity is polynomial. The set-cover problem, on
the other hand, can consider any number of sets, and is an NP-hard problem.
Failure conditions for Label Propagation. The correct labels Yu for the ego offer (one
of) the best solutions for EdgeExplain, since each friendship is explained by at least one
shared label. LP fails if the ego has a label ` of type t (i.e., Yu (t) = `), but a different label
`0 6= ` of the same type t is shared by more friends; we will call this the event “LP fails via
(t, `, `0 ).” Thus, P (LP fails) ≥ maxt,`,`0 P (LP fails via (t, `, `0 )), and we will develop lower
bounds for the latter quantity.
Let us denote by pt,t0 (`) the probability of friend vi having the correct label ` for label
type t given that it shares some other label type t0 with the ego u; as discussed earlier, this
probability is assumed to be the same for all friends:
pt,t0 (`) , π(Yi (t) = ` | Yu and {Zi = t0 6= t}).

X
t0 6=t


qt0 pt,t0 (`0 ) − pt,t0 (`) − qt .

X

{Yu |Yu (t)=`}


π(Yu ) · 1 − exp{−0.5N (∆t,`,`0 − )2 } .

> 0, then for any small  such that 0 <  < ∆t,`,`0 , we have:

∆t,`,`0 ,

(11)

Analogously, let pt,t0 (`0 ) denote the probability of friend vi having an incorrect label `0 .
Furthermore, let ∆t,`,`0 denote the expected difference of pt,t0 (`0 ) and pt,t0 (`) w.r.t. q:

Theorem 2 If

∆t,`,`0

P (LP fails via (t, `, `0 )) ≥

The proof is deferred to Appendix A.
Thus, LP is likely to fail when ∆t,`,`0 is large. This happens when the following two
conditions hold: (a) label ` is somewhat less likely than `0 in the entire population (so that
pt,t0 (`0 ) − pt,t0 (`) > 0), and (b) friendships based on a shared label for label type t are rare
(i.e., qt is small and consequently qt0 can be large). Intuitively, under these conditions, the
ego can have label ` for a rarely shared label type t (say, employer), but enough friends can
have a different label `0 simply due to its prevalence in the population. It becomes likely
that the number of friends with label `0 is more than those with `, leading to an erroneous
inference by LP. This is precisely the situation illustrated in Figure 1 earlier.
Optimum conditions for EdgeExplain. We shall now derive the conditions which
imply the greatest possibility of error by LP. Consider a system with only two label types
t and t0 (call this TwoLabels). Thus, qt0 = 1 − qt . Since LP’s probability of failure is
monotonically increasing in pt,t0 (`0 ) (via Eqs. 11 and Thm. 2), the worst case for LP is when
all the mass is concentrated in a single alternate label `0 . Then without any loss of generality,
we can let label type t take only two values ` and `0 , with pt,t0 (`0 ) = 1 − pt,t0 (`). We will
assume that the labels for the ego and her friends follow the same marginal distribution, so
for k ∈ {`, `0 }.
JMLR 18(59):1-39, 2017

π(Yu (t) = k | Yu (t0 )) = π(Yi (t) = k | Yu (t0 ) and {Zi = t0 }) , pt,t0 (k)
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log N
N

,
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pt,t0 (`) =

1 − 2qt − 
−O
2(1 − qt )

log N
N

,

qt < 0.5.

Theorem 3 The lower bound in Theorem 2 under TwoLabels is maximized for
!
!
r
r
∆t,`,`0 = O

Corollary 4 For a given N , the optimum conditions for EdgeExplain vis-a-vis LP under
TwoLabels are obtained for pt,t0 (`) + qt − pt,t0 (`) · qt ≈ const.

Both proofs are deferred to Appendix A.
Theorem 3 demonstrates the link between the probability pt,t0 (`) of a person having
label ` and the probability qt of forming a friendship based on a shared label of type t. If
pt,t0 (`) is too large, then it becomes very unlikely that another label `0 can be shared by
more friends than `. Conversely, if pt,t0 (`) is too small, the ego will rarely have label `, so
there will be fewer situations where LP fails. Setting pt,t0 (`) ≈ (1 − 2qt )/(2(1 − qt )) achieves
the optimal balance between these two. Alternatively, for small pt,t0 (`) and qt , the optimum
linearly trades off pt,t0 (`) and qt (Corollary 4).
A second point of interest is the effect of the number of friends N : the optimal pt,t0 (`)
increases with increasing N . This can be explained by noting that as N increases, any
difference in the expected popularities of `0 and ` becomes more likely to be reflected in
their observed frequencies, and hence even a small expected difference ∆t,`,`0 is sufficient
to create a situation where LP fails. However, when N is small, the effect of randomness
is greater, and hence a smaller pt,t0 (`) is needed to ensure that `0 is observed more often
among the friends than `.

7. Simulations

We seek answers to three questions from our simulation runs: (a) how can we simulate
networks according to EdgeExplain, (b) how well do the various inference algorithms (relaxation labeling and variational) perform on such networks, and (c) how does the accuracy
of label propagation vary with model parameters?
7.1 Simulating EdgeExplain

This closely follows the TwoLabels setting described in Section 6, i.e., we use two label
types t and t0 . Generating the simulation graph consists of three stages: (a) label generation,
(b) edge generation, and (c) hiding labels.

JMLR 18(59):1-39, 2017

Label generation: We generate small neighborhoods consisting of one node (the “ego”) and
her friends (the “alters”, whose number N is a parameter of the simulation), as follows.
First, the ego u selects her labels Yu from a predefined joint distribution π(Yu ) over all
labels of all label types. Next, the ego selects, for each friend v1 , . . . , vN , the label type Zi
that explains their friendship; Zi is picked from a distribution q over the set of label types.
Clearly, this sets the corresponding label Yi (Zi ) = Yu (Zi ). Conditioned on this, the labels
of vi for the other label type are given by pt,t0 (`) , π(Yi (t) | Yu and Zi = t0 6= t) = π(Yi (t) |
Yi (t0 ) = Yu (t0 ), Zi = t0 6= t). We set pt,t0 (`) = π(Yi (t) = `).
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• The parameter settings for which REL outperforms LP the most lie almost on a line
in the pq-plane. This corresponds to p + q ≈ const., which agrees with Corollary 4.

• The results are unaffected by the probability of hiding labels and the probability of
having links between friends. Hence, the difference between EdgeExplain inference

• Indeed, for large ph , VAR performs worse than even LP for large p and small q
(Figure 4).

• With ph fixed, the greatest magnitude of difference occurs for larger values of p.

• The greatest difference is in the same region of the pq-plane where REL outperformed
LP the most.

• Although both are algorithms for inference under EdgeExplain, they perform better
under different parameter regimes. When the labels of all friends are known perfectly
(ph = 0), VAR performs better than REL. However, as ph increases, information in
the neighborhood of the ego becomes more uncertain, and REL performs better for
high ph . The transition point is around ph ≈ 0.1, i.e., when 90% of friend labels are
known.

Comparison of REL and VAR. Figure 3 compares REL against VAR. We observe the
following:

and label propagation is primarily a function of the relative probabilities of the various
labels (the p) and the chances of various label types being used for forming friendships
(the q); again, this is what we saw in Section 6.

Figure 2: REL outperforms LP: The REL inference method under EdgeExplain outperforms LP irrespective of the fraction of friends whose labels are hidden. The
greatest difference is when p + q ≈ const., agreeing with Corollary 4.
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The underlying reason is the form of the variational update (Thm. 1), in particular, in
the exponentiation which serves to magnify even minor differences in its argument. When
ph is high, there are more errors in labels assigned to friends with missing information. This
leads to incorrect estimation of the chances that two nodes share a label (the parameter
ηuvt in Theorem 1). This error gets compounded by the exponentiation, causing a quick
convergence to erroneous locally-optimum labels in VAR.

• REL is always at least as accurate as LP, and often much more accurate. Thus,
under EdgeExplain, REL dominates LP.

Comparison against LP. Figure 2 shows the difference in accuracy between REL and
LP as the parameters p, q, and ph change, with pif = 0.3 (the plots are almost identical
with pif = 0 and pif = 0.5). We can make the following observations:

We will compare the accuracies of the three inference methods seen so far: relaxation
labeling (REL), variational inference (VAR), and label propagation (LP).

7.2 Comparison of inference algorithms

Parameter choices: In order to create the simplest instance where parameter tradeoffs can
be investigated, the labels and their probabilities are set as follows. We allow two possible
labels for t, with marginal probabilities p and 1 − p respectively. We allow three possible
labels for t0 , with marginal probabilities fixed at 0.3, 0.3, and 0.4. Since there are only two
label types, the distribution q(Zi ) over label types can be represented via just one number
q, with qt = q and qt0 = 1 − q. Thus, each train/test instance can be indexed by the 4-tuple
(p, q, pif , ph ).
We set N = 1, 000 and run 50 repetitions for each simulation setting. For each simulation, we check if the right label for label type t was inferred, since this is the label type
whose label probabilities are varied via the parameter p. The average fraction of correct
inferences over all simulations gives the accuracy of the inference technique. The parameter
range is restricted to q < 0.5 in accordance with Thm. 3; for q > 0.5, label type t is shared
most often with friends, so none of the inference algorithms face any difficulty. We also
keep p < 0.5, since the case of p > 0.5 is symmetric (we do not differentiate between the
two labels for type t).
We note two points. First, the only test instance is the ego node u; friends with hidden
labels are not considered in the test set since they might have other friends not present
in the ego network of u. Second, while we could extend the graph generation process by
adding friends of friends of u, the primary driver of inference accuracy is the information
available among friends of u. Thus, the ego network with hidden node labels is the basic
structure on which the accuracy of inference can be tested.

Hiding labels: Next, we hide some labels to create the actual train/test instances. All labels
of the ego u are hidden. In addition, for each of the N friends, with probability ph , all
labels are hidden. This creates an ego network where some nodes have full information and
others have no information. The goal is to infer the hidden labels of u from the network
structure and the known labels of some friends.

Edge generation: To make the model more realistic, we introduce inter-friend links in addition to the links between the ego u and all her friends. For each pair of friends sharing at
least one label type, a link is added between them with an inter-friend link probability pif .
REL-LP
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Figure 5 compares the accuracy of HYBRID to REL and VAR. Plot (a) shows, for
(θ1 = 0.7, θ2 = 0.95), the lift in accuracy of HYBRID against the others; a lift of 0
corresponds to accuracy equivalent to the worst of the two, while a lift of 1 corresponds to
the best of the two. We see that HYBRID is in fact as good as the best of them for all ph
(recall that VAR was better for small ph , and REL elsewhere). The results are very similar
when the probability pif of inter-friend edges is varied. Plot (b) shows a contour plot of
the worst-case lift (i.e., the minimum lift among all ph ) over the (θ1 , θ2 ) range. While the
best setting is (θ1 = 0.7, θ2 = 0.95), we note that performance is quite robust even without
picking the precise maximum.

number of labels in the neighborhood) and applies the variational update (VAR) if this
fraction is more than θ2 , otherwise the relaxation labeling update (REL) is used.

Algorithm 1 HYBRID
function HYBRID(initial label-probs, θ1 , θ2 )
repeat
for all nodes u do
S
Lu = number of distinct labels in u∼v label-probst (v)
nearly-certain-friends = |{v|u ∼ v, max(label-probst (v)) > 2θ1 /|Lu | ∀t ∈ T }|
all-friends = |{v|u ∼ v}|
if nearly-certain-friends > θ2 ∗ all-friends then
Update label-probst (u) via VAR
else
Update label-probst (u) via REL
end if
end for
until convergence or maximum iterations
return label-probs(u)
end function

Figure 4: VAR versus LP for one parameter setting: With ph = 0.3 and pif = 0.3, VAR is
better than LP for low p , and worse for high p.
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Thus, HYBRID counts the fraction of friends of u whose labels are “nearly certain”
(for each label type, at least one label has probability greater than θ1 , normalized by the

The previous discussion suggests the following hybrid inference procedure: in any iteration,
for any node u, update its label probabilities via VAR if we are quite confident about the
labels of most of the friends of u, otherwise use REL for the update. In effect, this tries to
use VAR and REL precisely where they worked best in the previous simulations.

7.3 A hybrid inference algorithm

However, the positive side of exponentiation is that when friend labels are not noisy (as
when ph = 0), VAR converges quickly to the correct labels, while REL may get stuck in
local minima during its gradient ascent. This explains why VAR is better for low ph .

The problem is even more acute when p is high and q is low: the low q means that label
type t is rarely shared among friends, while high p means that both possible labels of type
t are common (recall that p < 0.5, so a high p corresponds to p ≈ 0.5). This implies greater
chances of mistakes in calculating ηuvt in the initial iterations, which is exacerbated by the
exponentiation.

Figure 3: REL versus VAR: REL is better when more friends hide their labels (ph ≥ 0.1).
However, when labels of all friends are known (ph = 0), VAR is better.
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Evaluation Methodology. The set of users is randomly split into five parts and the
accuracy is measured via 5-fold cross-validation, with the known profile information from
four folds being used to predict labels for all types for users in the fifth fold. Results over the

1. We worked on a snapshot of data, and there was no interaction with users or their experience on the
site.

Implementation Details. We implemented EdgeExplain in Giraph (Ching, 2013)
which is an iterative graph processing system based on the Bulk Synchronous Processing model (Malewicz et al., 2010; Valiant, 1990). The entire set of nodes is split among 200
machines, and in each iteration, every node u sends the probability distributions (fut` for
REL, µut` for VAR) to all friends of u. To limit the communication overhead, we implemented two features: (a) for each user u and label type t, the label distribution for each
(user, type) pair was clipped to retain only the top 8 entries optimally (Kyrillidis et al.,
2013), and (b) the friendship graph is sparsified so as to retain, for each user u, the top K
friends whose ages are closest to that of u. This choice of friends is guided by the intuition
that friends of similar age are most likely to share certain label types such as high school
and college. We find that clipping the distributions makes little difference to accuracy while
significantly improving running time. However, the value of K matters significantly, and
we detail these effects next.

various folds are identical to three decimal places. All differences are therefore significant
and we do not show variances as they are too small to be noticeable.
For each evaluation, we run inference on the training set and compute a ranking of
labels for each label type for each user. This ranking is provided by the label probabilities
computed by each label inference method. We then measure recall at the top-1 and top3 positions, i.e., we measure the fraction of (user, label type) pairs in the test set where
the predicted top-ranked label (or any of the top-3 labels) match the actual user-provided
label. For reasons of confidentiality, we only present the lift in recall values with respect to
a clearly specified baseline.

Figure 6: Recall of EdgeExplain for graphs built with different number of friends K: The
plot shows lift in recall with respect to a fixed baseline of EdgeExplain with
K = 20. Increasing K increases recall up to a point, but then the extra friends
introduce noise which hurts accuracy.

Lift of Edge−Explain over K=20

Accuracy of EdgeExplain. We first show how recall varies as a function of the number
of friends K. In the following, EdgeExplain with REL inference is used unless noted
otherwise; comparisons with VAR are shown later. Figure 6 shows recall versus K, with
recall at K = 20 being the baseline. We observe that recall increases up to a certain K
and then decreases. The optimal value is K = 100 for recall at 1, and K = 200 for recall
at 3. This demonstrates both the importance and the limits of scalability: increasing the

We performed a study on a previously collected subgraph of the Facebook social network (Chakrabarti et al., 2014). 1 This data set consists of a large number of users and their
friendship edges, as well as the hometown, current city, high school, college, and employer
for each user, whenever these fields are available and have their visibility set to public. The
dimensionality of our five label types range from almost 900K to over 6.3M . We describe
below in Implementation Details our process for generating the edges. This forms our
base data set.

8.1 Evaluation on the Facebook network

Previously, we provided intuition and examples supporting the claim that EdgeExplain
is better suited to inference of our desired label types than label propagation. In this
section, we demonstrate this via empirical evidence on two large social network data sets
from Facebook and Google+, and a movie network.

8. Empirical evaluation

Figure 5: HYBRID performs as well as the best of REL and VAR: (a) The lift of HYBRID (with θ1 = 0.7 and θ2 = 0.95) over the minimum of REL and VAR is
plotted against ph (restricted to parameter settings where REL and VAR differ
in accuracy by at least 0.01); a lift of 0 corresponds to no improvement over the
worst of the two, while 1 corresponds to the performance of the better of the
two. HYBRID is seen to provide better performance than REL or VAR over
the entire range of ph . (b) The minimum lift over all ph is plotted for various
(θ1 , θ2 ) settings, with θ1 = 0.7, θ2 = 0.95 performing the best.
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Figure 7: Lift of EdgeExplain over label propagation: Increasing the number of friends
K benefits EdgeExplain much more than label propagation for high school,
college, and especially employer.

number of friends enables better inference but beyond a point, more friends increase noise.
Thus, K ≈ 100 friends appear to be enough for inference under EdgeExplain.
Figure 6 also shows an increasing trend from hometown to employer in the degree of
improvement obtained over the K = 20 baseline. This is because (a) the baseline itself
is best for hometown and worst for employer, but also because (b) Facebook users appear
to have many more friends from label types other than from their current employer. The
effect of this latter observation is that if we only have a small K, it is very likely that the
few friends from the same current employer are not included in that limited set of friends
(which we empirically verified). As K increases and such same-employer edges become
available, EdgeExplain can easily learn the reason for these edges (hence the dramatic
increase in recall), but label propagation will likely be confused by the overall distribution
of different employers among all friends and therefore does not benefit equally from adding
more friends, as we show next.
Comparison with Label Propagation. Figure 7 shows the lift in recall achieved by
EdgeExplain over label propagation as we increase K for both. We observe similar performance of both methods for hometown and current city, but increasing improvements for
high school, college, and employer. This again points to the first two label types being easier
to infer, while the latter three are more difficult. With fewer employer-based friendships,
the prototypical example of Figure 1 would also occur frequently, with label propagation
likely picking common employers of (say) hometown friends instead of the less common
friendships based on the actual employer. By attempting to explain each friendship, EdgeExplain is able to infer the employer even under such difficult circumstances. This ability
to perform well even for under-represented label types makes EdgeExplain particularly
attractive.
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Figure 8: Effect of α: Lift in recall at 1 is plotted for different values of α, with respect to
α = 0.1. The best results are for α ∈ [10, 40].
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Variational inference versus Relaxation Labeling. Our two main methods for
inference under EdgeExplain are REL and VAR. Recall that while both use per-node
parameters, they attempt to optimize Eqs. 2–4 in different ways. REL relaxes the problem
by replacing the hidden variables Sut` by their “probabilities” fut` , but the relaxed objective
is not formally related to the probabilistic model. On the other hand, VAR formally
optimizes a lower-bound on the model log-likelihood, but the lower bound may not be very
tight (we note, however, that this is the standard variational assumption when per-node
parameters are needed).
Figure 9 compares the two inference methods. The lift in recall of each method over
LP is shown, with K = 100. While both outperform LP, REL is more accurate than
VAR. This agrees with our simulation results, where VAR outperformed REL only in a
narrow parameter regime, where the labels of most friends of a given node are known with

while with small α, multiple matching labels may be needed. Thus, the outperformance of
large α provides empirical validation of property (P2) (on our network).

Figure 9: Comparison of VAR and REL: The lift of each inference method over label
propagation propagation is plotted for K = 100. REL is seen to outperform
VAR, and both are better than LP.

Lift over Label Propagation

Lift of Edge−Explain over
Label Propagation

Effect of α. Figure 8 shows that the lift in recall at 1 for various values of the parameter
α, with respect to α = 0.1. Performance generally improves with increasing α. Results for
recall at 3 are qualitatively similar, though the effect is more muted. We find that α ∈
[10, 40] offer the best results, and EdgeExplain is robust to the specific choice of α within
this range. Recall that with large α, a single matching label is enough to explain an edge,
23
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The limits of resolution. Our model theoretically should be able to handle any number
of label types, but empirically this may not hold true for our network. How many friends

Inclusion of extra features. EdgeExplain easily generalizes to broader settings with
multiple user features, such as group memberships, topics of interest, keywords, or pages
liked by the user. As an example, consider group memberships of users. Intuitively, if most
members of a group come from the same college, then it is likely a college-friends group,
and this can aid inference for group members whose college is unknown. This can be easily
handled by creating a special node for each group, and creating “friendship” edges between
the group node and its members. EdgeExplain will infer labels for the group node as
well, and will explain its “friendships” via the college label. This, in turn, will influence
college inference for group members with unknown college labels. Group memberships are
extensive and provide information that is orthogonal to friendships; hence, a priori, one
would expect the addition of group membership features to have significant impact on label
inference.
Table 1 shows the lift in recall for EdgeExplain when group memberships are used in
addition to K = 100 friends. While the addition of group memberships increases the size
of the graph by ≈ 25%, the observed benefits for recall are minor: a maximum lift of only
1.2% for employer inference, and indeed reduced recall at 1 for several label types. Note
that the lift in recall would have appeared very significant had we compared it to label
propagation with K = 100; however, this gain largely disappears when the friendships are
considered in the framework of EdgeExplain. Thus, it is not merely the scalability of
EdgeExplain, but also the careful modeling of properties (P1)-(P3) that makes group
membership redundant.
Given the a priori expectations of the impact of group memberships, this surprising result suggests that information regarding our label types are already encoded in the structure
of the social network and hence the orthogonal information from the group memberships
actually turns out to be redundant.

high confidence. Such instances are unlikely in social networks, contributing to the relative
weakness of VAR.
Given the better performance of REL on this data set, the following results in this
section use REL.

Label Type
Hometown
Current city
High school
College
Employer

Table 1: Lift in recall from using group memberships: Inclusion of group membership barely
improves recall@3, even though it is an orthogonal feature with wide coverage.
Thus, information about label types is already encoded in the network structure,
and careful modeling via EdgeExplain is sufficient to extract it.
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sharing a certain label type (say, the same college) does a user need to have in order to
correctly infer the value of that label type? To answer this, we select, for each user, the set
of friends whose label for the given label type t is known, and we compute the fraction that
actually shared the user’s label for t. Figure 10 shows the probability that EdgeExplain
correctly infers the user’s label as a function of this fraction (i.e., the correct label is among
the top 3 predictions). All label types are similar, though high school is somewhat easier
and employer harder; having 10 − 15% of friends sharing a user’s label is sufficient to infer
the label in our graph. Note that certain label types are more likely to be publicly declared
than others, and this explains differences in recall observed earlier.

Figure 11: Running time increases linearly with K.

500

1000

1500

Figure 10: Probability of correctly inferring (in the top-3) the value of a given label type t
for a user, given the fraction of friends with known label for t who actually share
the user’s label for t: All label types are broadly similar, with a fraction of 0.1
usually being sufficient for inference. For fraction > 0.2, the plot flattens out.
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Figure 12: Descriptive statistics for Google+.

(a) Label usage frequency distribution

Frequency × 100,000
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Figure 13 shows the accuracy of each inference algorithm on all four label types. We see
that there is practically no difference between the algorithms. This is due to the sparsity of
the data; with so little information, there is hardly enough information among friends for
EdgeExplain to differentiate itself from unrestricted homophily, and the most common
label among friends is often the only reasonable choice for REL, VAR, or HYBRID (and
of course for LP).

We first note the extreme sparsity of the data set. There are only 10 friends per person
on average, and only 1 label per person. In fact, only 909, 669 people have any labels
associated with them at all (i.e., only 19% of the total). The number of people who declared
all four of their label types is only 123, 023, or 2.6% of all people. Figure 12 shows some
descriptive statistics regarding the labels. The distribution of labels among users (plot (a))
demonstrates a power-law: a few labels are extremely common, while the vast majority
occur only once. Plot (b) shows the number of labels, and the usage, for each label type.
While the most commonly used labels refer to “places lived,” the “employer” label type
has the most distinct labels. In other words, information about employers is particularly
sparse, as in the Facebook data set.

We also conducted empirical evaluation on data collected from the Google+ social network (Gong et al., 2012). The data set consists of several snapshots of the network, of
which we picked the oldest snapshot for our evaluation. This snapshot contains 4, 693, 129
users connected by 47, 130, 325 links. In addition, the data lists four attributes of each user
(if the user has provided this information publicly): their employer, school, major, and the
places where they have lived. There are 991, 545 labels, and 4, 443, 631 (user, label) pairs in
the data set. Gong et al. (2012) compared several methods for attribute inference on this
data set, and found that a close variant of Label Propagation (which they called CN-SAN)
has the highest precision. Hence, we only compare against Label Propagation.

8.2 Evaluation on the Google+ network

Running time. Figure 11 shows the wall-clock time as a function of K. The running time
should depend linearly on the graph size, which grows almost linearly with K; as expected,
the plot is linear, with deviations due to garbage collection stoppages in Java.

Number of labels
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2. The data is available at ftp://ftp.fu-berlin.de/pub/misc/movies/database/.
3. We have also experimented with other label types such as director and composer. All results are qualitatively similar and exhibit the same trends.

• LINK (Zheleva and Getoor, 2009), where each node is represented by a feature vector
encoding the IDs of its neighboring nodes, and a standard classifier is used to predict
labels from the feature vector. Given the size of the feature vector (23, 921 binary

We have so far compared EdgeExplain to Label Propagation (LP), which has been shown
to be among the best predictors of node attributes in previous work (see Section 2). We
have shown that EdgeExplain works as well as LP on the sparse Google+ data set, and
significantly outperforms it on the Facebook data set. Now, we will perform a broader
comparison of EdgeExplain against LP as well as other competing methods on a movie
network.
We construct the network as follows. Each node is an English-language movie, and has
three label types: the writer, the cinematographer, and the production designer.2 These
three figures represent critical behind-the-scenes roles that support the movie’s director.3
We only keep movies with a single label for each label type (i.e., no “joint writers” etc.), so
as to simplify testing of prediction accuracy. There are 23, 921 such movies. Two movies
are connected by an edge if they have the same writer, or cinematographer, or production
designer (they could share several of these label types); note that connecting nodes to
their “nearest-neighbors” is a standard technique for converting feature-based data sets
into networks, and has been used for LP as well (Zhou et al., 2003). There are 100, 098 such
movie pairs that share cinematographers, 20, 560 pairs sharing writers, and 84, 328 pairs
sharing production designers. There are 189, 828 edges overall. Thus, by construction, the
network structure reflects shared labels, satisfying the basic assumption upon which all label
inference methods rest.
We shall compare all inference methods for EdgeExplain (i.e., REL, VAR, and HYBRID) against LP. In addition, we test three algorithms that have been recommended by
prior work:

8.3 Evaluation on a Movie Network

Figure 13: Recall on the Google+ data set: All algorithms perform similarly, primarily
because the data set is too sparsely labeled.
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Nodes with multiple labels. Our original formulation of EdgeExplain (Eqs. 2–4)
assumes that each node has a single label for each label type, i.e., for any user u and label
type t, only one of the indicator variables Sut` is 1. The accuracy of EdgeExplain on
real-world data sets shows that this is at least a reasonable approximation. However, if
handling multiple labels is critical, two generalizations of EdgeExplain are possible.
First, we can allow Sut` to be 1 for multiple labels ` of label type t. This leads to a
modified relaxation labeling formulation, where the inferred label scores fut` need not sum

Incorporating edge features. There are several situations where edge-specific features
could be useful. First, we may want to give more importance to certain kinds of edges,
such as the group-membership edges mentioned above. Second, some features could be
important for one label type but not another: e.g., the age difference between friends could
be useful for inferring high school but not employer. All these situations can be easily
handled by modifying Eq. 3 to include an edge-specific and label type-specific weight. The
corresponding modifications to the inference method are trivial.

JMLR 18(59):1-39, 2017

Related label types. Property (P2) assumes that the reasons for friendship formation
are mutually exclusive, but this need not be strictly true. For example, some high school
friends could be a subset of hometown friends.4 Let us again consider Figure 1, but with
current city replaced by high school. Suppose that the solid-black nodes represent actual
high school friends, and we are trying to infer u’s high school. If the small cluster on the
right did not exist, then Eq. 2 would be maximized by picking the most common high
school among u’s friends (i.e., the solid-black nodes), even if they are already explained
by a shared hometown; thus, EdgeExplain would pick the correct high school. On the
other hand, if some friendships would remain unexplained without a shared high school
(e.g., the small cluster in Figure 1), then it is not obvious whether we should prefer a
high school that explains these edges or a high school that represents a large segment of
hometown friends. The parameter α modulates this trade-off, with a higher value of α
emphasizing the explanation of all edges as against the explanation of several edges a little
better. The choice of α must depend on the characteristics of the social network; for the
Facebook network, the best empirical results are achieved for large α (shown in Section 8.1),
suggesting that many of our label types are indeed mutually exclusive.

We now discuss some aspects and generalizations of EdgeExplain that demonstrate its
wide applicability.

9. Generalizations

JMLR 18(59):1-39, 2017

Production.Designer

LINK performed poorly and is omitted from the plots. We believe this is because both the
number of nodes and the number of labels are too large. LINK might be a better option
for predicting label types with fewer possible labels such as gender and political affiliation,
as in (Zheleva and Getoor, 2009).

Chakrabarti et al.

4. The relationship between high school and hometown is in fact more complicated. The high school could
be within driving distance of the hometown, but not in it; and sometimes even this does not hold.

• RWR-SAN (Yin et al., 2010; Gong et al., 2014), which picks labels for each label type
based on random walks with restarts on a combined graph that includes movie-movie
and movie-label edges. We use a restart probability of 0.15.

• CN-SAN (Gong et al., 2014), which assigns to each unlabeled node the most popular
label of each label type among the node’s neighbors, and iterates this process until
convergence.

features) and the size of the output labels (39, 317 labels in total), we choose Naive
Bayes as the classifier.

Figure 14: Precision@1 for various label inference methods on the movie network.
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Figure 14 shows the precision@1 for different fractions of the network being labeled. All
methods achieve higher accuracy for cinematographer and production designer, but lower
accuracy for writer. This is because less than 11% of the edges have a shared-writer as the
reason for that edge.
All EdgeExplain inference procedures (REL, VAR, and HYBRID) are better than
the competing methods for all label types. All EdgeExplain methods are similar for predicting cinematographers and production designers. However, for writer prediction, VAR
is better than REL by about 7% on average. This is because edges are formed primarily
due to shared cinematographers and production-designers, and these are reasonably easy
to infer (for instance, even LP works well for these). Thus, the fraction of “near-certain
friends” (i.e., friendships for which the underlying reason is accurately estimated; see Algorithm 1) is high enough that VAR becomes more accurate than REL at predicting writers,
as shown earlier in our simulation studies (Figure 5(b)). Note that for the Facebook data
set, REL was much better than VAR. This shows the usefulness of HYBRID in tracking
the best-performing variant of EdgeExplain.
The differences between the EdgeExplain variants are much less than that between
EdgeExplain and the second-best method, which is LP. The greatest difference is again
for writer prediction, where HYBRID is always 20 − 25% better than LP. This mirrors our
observations on the Facebook network where the greatest difference between EdgeExplain
and LP was in predicting a person’s employer; again, friendships formed due to a shared
employer are relatively rare.
We again note the fact that LP is the best among the baseline methods. This agrees
with previous work by Macskassy and Provost (2007) which showed the high prediction
accuracy of LP. Observe that CN-SAN performs about as well as LP; this is expected, since
CN-SAN is just LP with a hard label assignment in each iteration. Finally, we note that
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to 1. Specifically, we choose the label scores as follows:
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where r(u, v, t) =
fut` ≥ 0
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`0 Svt`0
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+

(12)

fut` ≤ 1
P
Thus, the inferred label scores fut` need to sum to 1, but a hinge loss penalty ( ` fut` − 1)+
is applied whenever it is greater than 1 (x+ denotes max(x, 0)). Increasing the penalty
parameter γ enforces the constraint more strictly, and as γ → ∞, we regain our original
relaxation labeling formulation (Eqs. 5-8).
The second approach is to modify EdgeExplain, by again allowing Sut` to be 1 for
multiple labels `, but using a normalization when computing theP
degree to which a label
type “explains” an edge. More precisely, we replace r(u, v, t) = ` Sut` Svt` (Eq. 3) by a
probabilistic version:
P (r(u, v, t) > 0 | Sut. , Svt. ) =

t∈T


Sut`
ESut. |fut. P

Sut`0



Svt`0


Svt`
· ESvt. |fvt. P


X 
log softmax (P (r(u, v, t) > 0))

u∼v

X

`0

`0



In addition, we shall let the indicator random variables Sut` be drawn independently from
Bernoulli distributions: P (Sut` = 1 | S − ) = fut` , where S − represents all indicators except
Sut` . Then, by marginalizing our Sut. and Svt. in Eq. 12, we can express the marginal
probability P (r(u, v, t) > 0) in terms of the parameters f . In effect, we solve the following
optimization problem:
f

Maximize
where P (r(u, v, t) > 0) =
`∈L(t)

fut` ≥ 0

fut` ≤ 1
The first approach has the advantage of being a simple extension to our existing relaxation labeling approach, which already works well. However, it might require careful
tuning for the extra parameter γ. The second approach directly incorporates the desired
quantities f as model parameters, so it does not require an extra relaxation step. However,
it must make a strong independence assumption. We leave a detailed comparison of these
approaches for future work.

10. Conclusions
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We proposed the problem of jointly inferring multiple correlated label types in a large
network and described the problems with existing single-label models. We noted that one
31
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particular failure mode of existing methods in our problem setting is that edges are often
created for a reason associated with a particular label type (e.g., in a social network, two
users may link because they went to the same high school, but they did not go to the same
college). We identified three network properties that model this phenomenon: edges are
created for a reason (P1), they are generally created only for one reason (P2), and sharing
the same value for a label type is necessary but not sufficient for having an edge between
two nodes (P3).
We introduced EdgeExplain, which carefully models these properties. We presented
two inference methods for EdgeExplain: a relaxation-labeling method and a variational
approach, both of which lead to fast iterative inference that is equivalent in running time to
basic label propagation. Our empirical evaluation on a large subset of the Facebook graph
amply demonstrates the benefits of EdgeExplain, with significant improvements across
a set of different label types. Our further analysis validates many of the properties and
intuitions we had about modeling networks, primarily that one can achieve significant improvements if one considers and models the reason an edge exists. Whether one is interested
in inferring one or multiple label types, modeling these explanations will have significant
impact on the accuracy of the final predictions.

Appendix A. Proofs

k=0

t`

P
Proof [Theorem 1] Note that t` Sut` Svt` is the number of matching label types between
u and v, and hence is an integer between 0 and |T |. Thus,
* (
)+
|T |
E


D 
P
X
X
I
Sut` Svt` = k
.
ln 1 + e−(α t` Sut` Svt` +c)
=
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=
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Sut` Svt` =

Sut` Svt` = k

=

X

Mtwt (1 − Mt )1−wt ,

P
Now, t` Sut` Svt` equals k iff exactly k label types out of |T | are shared, i.e., there exists a
binary vector w ∈ {0, 1}|T | of length |T | such that exactly k bits are “one” (|w| = k), and
(
X
1 if wt = 1
0 otherwise.
Thus,
I

t`

Sut` Svt` = k

Q

{w : |w|=k} t

P
where Mt = I { ` Sut` Svt` = 1} indicates a shared label type t (the subscripts u and v are
dropped for clarity). Thus,
* (
)+
X
X Y
Mtwt (1 − Mt )1−wt Q ,
I

Q

JMLR 18(59):1-39, 2017

wt
(1 − ηuvt )1−wt .
= ηuvt

using the linearity of expectation and the independence of label types in the factorized
distribution Q. Now,
P the expectation hMt iQ is just the probability of sharing a label of
type t, so hMt iQ = ` µut` µvt` = ηuvt . Then,

κ(wt , ηuvt ) , Mtwt (1 − Mt )1−wt
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Proof [Theorem 2] Let U represent the event that the ego has already selected her labels
Yu , and has chosen label ` for label type t. Define the random variable Xi as +1 if the
friend vi has label `0 for
Ptype t, −1 if it is `, and 0 otherwise: Xi = IYi (t)=`0 − IYi (t)=` . Then,
LP fails via (t, `, `0 ) if i Xi > 0. We bound the probability of the latter quantity by noting
that it is the sum of independent random variables Xi , so a Hoeffding bound applies:
X
hX i

P
Xi ≥ E
Xi − N x U ≥ 1 − exp{−0.5N x2 } (for x ≥ 0).
(13)

where the first equality follows by grouping the two w terms with the same w(−t) and
summing the contributions for wt = 0 and 1. The inequality holds because the numerator
inside the logarithm is greater than the denominator, and χ ≥ 0.

w

X

|T |−1 represent the binary vector w restricted to
Proof [Proposition 1] Let w(−t) ∈ {0,
Q1}
all but the tth component. Denoting t0 6=t κ(wt0 , ηuvt0 ) by χ(w(−t) ),

Normalizing this expression over all `0 ∈ L(t) gives the exact value of µut` . In practice, only
the top few labels for label type t need to be considered.

t0 6=t

where λut are the Lagrange multipliers. Setting the derivatives with respect to µu to zero
and holding µv fixed for v 6= u, we find:


 X

X
µ∗ut` ∝ exp
µvt`
φ(w)


w
{v|u∼v}


Y
κ(wt0 , ηuvt0 ).
φ(w) = ln 1 + e−(α|w|+c) (−1)wt

µ

We want to findPthe optimal µ that maximizes the lower bound of Eq. 10, under the
constraint that
` µut` = 1 for all label types t and users u. Combining all the above
equations, we want to
X
maximize −
µut` ln µut`

Joint Label Inference in Networks

{Yu |Yu (t)=`}
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{Yu |Yu (t)=`}

X

X

X

Xi > 0 U



Xi > 0 Yu where Yu (t) = `


π(Yu ) · 1 − exp{−0.5N (∆t,`,`0 − )2 } .

π(Yu ) · P

π(Yu ) · P


Xi > 0

{Yu |Yu (t)=`}

X

X



(14)


π(Yu (t0 )) · π(Yu (t) = ` | Yu (t0 )) · 1 − exp{−0.5N (∆t,`,`0 − )2 }
X

=
π(Yu (t0 )) · pt,t0 (`) · 1 − exp{−0.5N (∆t,`,`0 − )2 } .

c2

c3

(15)
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2

= 1 − exp{−0.5N · (1 − 2qt − ) − 2(1 − qt )pt,t0 (`) } · 1 + c1 N pt,t0 (`) − c2 N pt,t0 (`)2 .
|
{z
}

c1



1 + 2(1 − qt )(1 − 2qt − ) N pt,t0 (`) − 4(1 − qt )2 N pt,t0 (`)2 
{z
}
| {z }
|

= 1 − exp{−0.5N (∆t,`,`0 − )2 }×



= 1 − exp{−0.5N (∆t,`,`0 − )2 } · 1 + 2N pt,t0 (`)(1 − qt ) (1 − qt )(1 − 2pt,t0 (`)) − qt − 

− 2N pt,t0 (`) · exp{−0.5N (∆t,`,`0 − )2 } · (∆t,`,`0 − ) · (1 − qt )

To optimize the lower bound, we set the derivative of the RHS with respect to pt,t0 (`)
to 0. Noting that under TwoLabels, pt,t0 (`0 ) = 1 − pt,t0 (`), qt0 = 1 − qt , and ∆t,`,`0 =
qt0 (1 − 2pt,t0 (`)) − qt = (1 − qt )(1 − 2pt,t0 (`)) − qt , we find:

0 = 1 − exp{−0.5N (∆t,`,`0 − )2 }

=

{Yu |Yu (t)=`}

Proof [Theorem 3] Restating Eq. 14, we find:
X

P (LP fails via (t, `, `0 )) ≥
π(Yu ) · 1 − exp{−0.5N (∆t,`,`0 − )2 }

X

≥

=

=

P (LP fails via (t, `, `0 )) ≥ P

Hence,

t 6=t

Thus, ∆t,`,`0 is the expected difference in the rates of occurrences of `0 and `; note that it
0 are, and the ego’s preferences for choosing
depends on both how frequent the labels ` and `P
friends sharing each label type. Setting x = E [ Xi | U] /N −  = ∆t,`,`0 −  for some small
 > 0 in Eq. 13, we find:
X

P
Xi > 0 U ≥ 1 − exp{−0.5N (∆t,`,`0 − )2 }.

Then, E[Xi | U] is easily seen to be:
P
X

E [ Xi | U]
= E[Xi | U] =
qt0 pt,t0 (`0 ) − pt,t0 (`) − qt = ∆t,`,`0 .
N
0
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= 1 + c1 N (κ − p0 ) − c2 N (κ − p0 )2

For large N , this can be satisfied only if c3 ≈ 0. Hence, let us express pt,t0 (`) as pt,t0 (`) =
(1 − 2qt − )/(2(1 − qt )) − p0 , κ − p0 for some small p0 , where p0 > 0 to ensure that
∆t,`,`0 −  > 0. Using this in Eq. 15, we find:
exp{2N (1 −

qt )2 p02 }

!
.

≤ 1 + N κ(c1 − c2 κ) + N |(2c2 κ − c1 )|
!
r

.
r
log N
N

Deepayan Chakrabarti, Stanislav Funiak, Jonathan Chang, and Sofus A. Macskassy. Joint
inference of multiple label types in large networks. In Proceedings of the 31st International
Conference on Machine Learning, pages 874–882, 2014.

⇒ p0 = O

log N
N

Hence, ∆t,`,`0 = (1 − 2qt ) − 2(1 − qt )pt,t0 (`) = (1 − 2qt ) − 2(1 − qt )(κ − p0 ) = O
The requirement that qt < 0.5 is necessitated by pt,t0 (`) > 0.

∆t,`,`0 ≈ const.

⇒ (1 − qt )(1 − 2pt,t0 (`)) − qt ≈ const.

⇒ 1 − 2 pt,t0 (`) + qt − pt,t0 (`) · qt ≈ const.

Proof [Corollary 4] When N is fixed, Theorem 3 suggests requiring

which proves the claim.
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2

3. Strong consistency. Abbe et al. (2014); Mossel et al. (2014) established the necessary
and sufficient condition for ensuring zero misclassification proportion (usually referred
to as “strong consistency”) with high probability when k = 2 and community sizes
are equal. The result was later generalized to general SBMs with possibly unequal
community sizes by Abbe and Sandon (2015a) using the notion of Chernoff-Hellinger
(CH) divergence.
4. Minimax optimal rates. The foregoing three categories of results mainly focused on
sharp conditions of achieving detection, weak consistency and strong consistency, respectively. Arguably, what is of more interest
√ to statisticians is the optimal rates
√
of misclassification proportion. When ( a − b)2 /(k log k) → ∞, it was derived by
Zhang and Zhou (2015) that the optimal rate of misclassification proportion takes the

2. Weak consistency. In the current context, weak consistency means recovering all but
a vanishing proportion of the community labels. As was shown in Mossel et al.√
(2014),
√
the necessary and sufficient condition for achieving weak consistency is ( a − b)2 →
∞ in the equal-sized two community setting. Conditions of weak consistency in general
SBMs were obtained and discussed in Zhang and Zhou (2015); Yun and Proutiere
(2014a); Abbe and Sandon (2015a).

1. Detection. In ground breaking works by Mossel et al. (2012, 2013b) and Massoulié
(2014), the authors established sharp threshold for the regimes in which it is possible
and impossible to achieve a misclassification proportion strictly less than 21 (so that it
is better than random guess) when k = 2 and both communities are of the same size.
This solved the conjecture in Decelle et al. (2011) that was only justified in physics
rigor. The necessary and sufficient condition for doing better than random guess is
(a − b)2 > 2(a + b).

Literature review The field of community detection in SBMs has been growing fast.
Results on fundamental limits and various algorithms for achieving them have been obtained
in the literature. We first review the most relevant results prior to our work.

To describe network data with community structure, we focus on the stochastic block
model (SBM) proposed by Holland et al. (1983). Let A ∈ {0, 1}n×n be the symmetric
adjacency matrix of an undirected random graph generated according to an SBM with k
communities. The diagonal entries of A are all zeros and each Auv = Avu for u > v is
an independent Bernoulli random variable with mean Puv = Bσ(u)σ(v) for some symmetric
connectivity matrix B ∈ [0, 1]k×k and some label function σ : [n] → [k]. Here and after, for
any positive integer m, [m] = {1, . . . , m}. In other word, if the uth node and the v th node
belong to the ith and the j th community respectively, then σ(u) = i, σ(v) = j and there is
an edge connecting u and v with probability Bij . We define a and b through mini Bii = a/n
and maxi6=j Bij = b/n. Community detection then refers to the problem of estimating the
label function σ subject to a permutation of the community labels {1, . . . , k}. A natural
loss function for such an estimation problem is the proportion of wrong labels (subject to
a permutation of the label set [k]), which we refer to as misclassification proportion from
here on.
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Network data analysis (Wasserman, 1994; Goldenberg et al., 2010) has become an important
topic in statistics. In fields such as physics, computer science, social science and biology,
one observes a network among a large number of subjects of interest such as particles,
computers, people, etc. The observed network can be modeled as an instance of a random
graph and the goal is to infer structures of the underlying generating process. A structure
of particular interest is community: there is a partition of the graph nodes in some suitable
sense so that each node belongs to a community. Starting with the proposal of a series
of methodologies (Girvan and Newman, 2002; Newman and Leicht, 2007; Handcock et al.,
2007; Karrer and Newman, 2011), we have seen a large literature devoted to algorithmic
solutions to uncovering community structure. Great advances have also been made in recent
years on the theoretical understanding of the problem in terms of statistical consistency and
thresholds for detection and exact recoveries. See, for instance, Bickel and Chen (2009);
Decelle et al. (2011); Zhao et al. (2012); Mossel et al. (2012, 2013b); Massoulié (2014); Abbe
et al. (2014); Mossel et al. (2014); Hajek et al. (2014), among others. The major goal of the
present paper is to propose a computationally feasible algorithm for community detection
in stochastic block models with adaptive minimax optimal performance.

1. Introduction

Community detection is a fundamental statistical problem in network data analysis. In this
paper, we present a polynomial time two-stage method that provably achieves optimal statistical performance in misclassification proportion for stochastic block model under weak
regularity conditions. Our two-stage procedure consists of a refinement stage motivated
by penalized local maximum likelihood estimation. This stage can take a wide range of
weakly consistent community detection procedures as its initializer, to which it applies and
outputs a community assignment that achieves optimal misclassification proportion with
high probability. The theoretical property is confirmed by simulated examples.
Keywords: Clustering, Community detection, Minimax rates, Network analysis, Spectral
clustering.
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Optimal Community Detection



nI ∗
exp −(1 + o(1))
,
k

(1)

for a k-community SBM with equal community
sizes, where I ∗ is the Rényi divergence

of order 21 between Bern na and Bern nb (Rényi, 1961). See Theorem 1 below for
a more general and precise statement of the result. A special case of this result for
symmetric SBMs with k = 2 was obtained in Yun and Proutiere (2014a).
5. Algorithms. Various algorithms have been proposed in the literature to achieve detection, weak consistency and strong consistency. A popular approach is spectral
clustering. Its application on network data dates back to Hagen and Kahng (1992);
McSherry (2001). Its performance on SBMs has been investigated by Coja-Oghlan
(2010); Rohe et al. (2011); Sussman et al. (2012); Fishkind et al. (2013); Qin and Rohe
(2013); Joseph and Yu (2013); Lei and Rinaldo (2014); Vu (2014); Chin et al. (2015);
Jin (2015); Le et al. (2015), among others. Various ways for refining spectral clustering
have been proposed, such as those in Amini et al. (2013); Abbe et al. (2014); Mossel
et al. (2014); Lei and Zhu (2014); Yun and Proutiere (2014a); Chin et al. (2015), which
lead to strong consistency or convergence rates that are exponential in signal-to-noise
ratio, while Mossel et al. (2013a) studied the problem of minimizing a non-vanishing
misclassification proportion. However, in the regime of weak consistency, with the
exception of Yun and Proutiere (2014a) for equal-sized two community case, these
refinement methods cannot attain the optimal misclassification proportion.
Another important line of research is devoted to the investigation of likelihood-based
methods, which was initiated by Bickel and Chen (2009) and later extended to more
general settings by Zhao et al. (2012); Choi et al. (2012). To tackle the intractability
of optimizing the likelihood function, an EM algorithm using pseudo-likelihood was
proposed by Amini et al. (2013). Another way to overcome the intractability of the
maximum likelihood estimator (MLE) is by convex relaxation. Various semi-definite
relaxations were studied by Cai and Li (2014); Chen and Xu (2014); Amini and Levina
(2014), and the sharp threshold for strong consistency can indeed be achieved by semidefinite programming (Hajek et al., 2014, 2015).

JMLR 18(60):1-45, 2017

Main contribution The current paper proposes a computationally feasible algorithm
that provably achieves the optimal misclassification proportion established in Zhang and
Zhou (2015) adaptively under weak regularity conditions. It covers the cases of both finite
and diverging number of communities and both equal and unequal community sizes, and
it achieves both weak and strong consistency in the respective regimes. In addition, the
algorithm is guaranteed to compute in polynomial time even when the number of communities diverges with the number of nodes. Since the error bound of the algorithm matches
the optimal misclassification proportion (1) in Zhang and Zhou (2015) under weak conditions, it achieves various existing detection boundaries in the literature. For instance, for
any fixed number of communities, the procedure is weakly consistent under the necessary
and sufficient condition of Mossel et al. (2012, 2013b), and strongly consistent under the
necessary and sufficient condition of Abbe et al. (2014); Mossel et al. (2014). Moreover,
it could match the optimal misclassification proportion in Zhang and Zhou (2015) even
3
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when k diverges. It is remarkable that the same algorithm can lead to optimal performance
in both strong and weak consistency regiems, while most papers in the literature require
different algorithms in the two regimes.
The core of the algorithm is a refinement scheme for community detection motivated by
penalized MLE, an idea that was previously explored in Amini et al. (2013); Abbe et al.
(2014); Mossel et al. (2014); Lei and Zhu (2014); Yun and Proutiere (2014a); Chin et al.
(2015). As long as there exists an initial estimator that satisfies a certain weak consistency
condition, the refinement scheme is able to obtain an improved estimator that achieves the
optimal misclassification proportion with high probability. The key to achieve this goal
is to optimize the local penalized likelihood function for each node separately. This local
optimization step is completely data-driven and has a closed form solution, and hence can
be computed very efficiently. The additional penalty term is indispensable as it plays a key
role in ensuring the optimal performance when the community sizes are unequal and when
the within community and/or between community edge probabilities are unequal.
To obtain a qualified initial estimator, we show that both spectral clustering and its
normalized variant could satisfy the desired condition needed for subsequent refinement,
though the refinement scheme works for any other method satisfying a certain weak consistency condition. Note that spectral clustering can be considered as a global method, and
hence our two-stage algorithm runs in a “from global to local ” fashion. In essence, with
high probability, the global stage pinpoints a local neighborhood in which we shall search
for solution to each local penalized maximum likelihood problem, and the subsequent local
stage finds the desired solution.

Notable results after initial posting of this manuscript After the initial posting of
this manuscript on arXiv (arXiv:1505.03772), there have appeared a number of papers with
notable and related results. Below, we highlight them with brief discussions:

1. Detection. The algorithm proposed in this paper achieves optimal misclassification
proportion in the weak and the strong consistency regimes. In the detection regime,
optimal misclassification proportion and its statistical-computational gap have been
studied in Deshpande et al. (2015); Mossel and Xu (2015); Abbe and Sandon (2015b).

2. Strong and weak consistency. Two algorithms were proposed in Abbe and Sandon
(2015c) for community detection in general SBMs. One for the strong consistency
regime, and the other for weak consistency and detection. The one for strong consistency was shown to achieve the goal all the way to the CH divergence threshold,
which is tighter than the strong consistency result in the present paper for asymmetric
SBMs. However, the convergence rate for the other algorithm is sub-optimal in the
weak consistency regime even for symmetric SBMs. See also the discussion below for
the further improvement in Yun and Proutiere (2015).
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3. Weighted/labeled SBMs. Jog and Loh (2015) extends the results in Zhang and Zhou
(2015) to networks with weighted/labeled edges using Rényi divergence of order 21 . A
more recent paper Yun and Proutiere (2015) studied optimal misclassification proportion for weighted/labeled SBMs. The proposed algorithm in Yun and Proutiere (2015)
is able to achieve the CH limit (Abbe and Sandon, 2015a) in the strong consistency
regime. It also attains optimal misclassification proportion in the weak consistency
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i6=j

(3)
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u∈[n]
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(4)

In this section, we give a precise formulation of the community detection problem and
present a new method for it. The method consists of two stages: initialization and refinement. We shall first introduce the second stage, which is the main algorithm of the paper.
It clusters the network data by performing a node-wise penalized neighbor voting based
on some initial community assignment. Then, we will discuss several candidates for the
initialization step including a new greedy algorithm for clustering the leading eigenvectors
of the adjacency matrix or of the graph Laplacian that is tailored specifically for stochastic
block models. Theoretical guarantees for the algorithms introduced in the current section
will be presented in Section 3.

Θ0 (n, k, a, b, β) ⊂ Θ(n, k, a, b, λ, β; α).

Throughout the paper, we treat β ≥ 1 and α ≥ 1 as absolute constants, while k, a, b
and λ should be viewed as functions of the number of nodes n which can vary as n grows.
Moreover, we assume 0 < nb < na ≤ 1− throughout the paper for some numeric constant  ∈
(0, 1). Thus, the parameter space Θ(n, k, a, b, λ, β; α) requires that the within community
connection probabilities are bounded from below by na and the connection probabilities
between any two communities are bounded from above by nb . In addition, it requires that the
sizes of different communities are comparable. In order to guarantee that Θ(n, k, a, b, λ, β; α)
is a larger parameter space than Θ0 (n, k, a, b, β), we always require λ to be positive and
sufficiently small such that


λk (P ) ≥ λ with P = (Puv ) = (Bσ(u),σ(v) ) .

a
αa
= min Bii ≤ max Bii ≤
,
i
i
n
n

where β ≥ 1 is an absolute constant. This parameter space Θ0 (n, k, a, b, β) contains all
SBMs in which the within community connection probabilities are all equal to na and the
between community connection probabilities are all equal to nb . In the special case of β = 1,
all communities are of nearly equal sizes.
Assuming equal within and equal between connection probabilities can be restrictive.
Thus, we also introduce the following larger parameter space



βn
n
− 1,
+ 1 , ∀i ∈ [k],
Θ(n, k, a, b, λ, β; α) = (B, σ) : σ : [n] → [k], | {u ∈ [n] : σ(u) = i} | ∈
βk
k
X
1
b
T
k×k b
B = B = (Bij ) ∈ [0, 1] ,
≤
Bij ≤ max Bij = ,
i6=j
αn
k(k − 1)
n

Recall that a stochastic block model is completely characterized by a symmetric connectivity
matrix B ∈ [0, 1]k×k and a label vector σ ∈ [k]n . One widely studied parameter space of
SBM is



n
βn
Θ0 (n, k, a, b, β) = (B, σ) : σ : [n] → [k], | {u ∈ [n] : σ(u) = i} | ∈
− 1,
+ 1 , ∀i ∈ [k],
βk
k

a
b
k×k
B = (Bij ) ∈ [0, 1] , Bii = for all i and Bij = for all i 6= j (2)
n
n

2.1 Community detection in stochastic block model
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According to Proposition 24 in the appendix, a sufficient condition for (4) is λ ≤ a−b
2βk . We
assume (4) throughout the rest of the paper.
The labels on the n nodes induce a community structure [n] = ∪ki=1 Ci , where Ci =
{u ∈ [n] : σ(u) = i} is the ith community with size ni = |Ci |. Our goal is to reconstruct this
partition, or equivalently, to estimate the label of each node modulo any permutation of
label symbols. Therefore, a natural error measure is the misclassification proportion defined
as
1 X
`(b
σ , σ) = min
1{bσ(u)6=π(σ(u))} ,
(5)
π∈Sk n

2. Problem formulation and methodology

where λl (M ) is its lth singular value. We use Mi∗ to denote its ith row. The norm k·k
is the usual Euclidean norm for vectors. For a set S, |S| denotes its cardinality. The
notation P and E are generic probability and expectation operators whose distribution is
determined from the context. For two positive sequences {xn } and {yn }, xn  yn means
xn /C ≤ yn ≤ Cxn for some constant C ≥ 1 independent of n, while xn = o(yn ) means
xn /yn → 0 as n → ∞. Throughout the paper, unless otherwise noticed, we use C, c and
their variants to denote absolute constants, whose values may change from line to line.

Organization and notation The rest of the paper is organized as follows. Section 2
formally sets up the community detection problem and presents the two-stage algorithm.
The theoretical guarantees for the proposed method are given in Section 3, followed by
numerical results demonstrating its competitive performance on simulated datasets in Section 4. A discussion on the results in the current paper and possible directions for future
investigation is included in Section 5. Section 6 presents the proofs of main results with
some technical details deferred to the appendix.
We close this section by introducing
qP some notation. For a matrix M = (Mij ), we denote
2
its Frobenius norm by kM kF =
ij Mij and its operator norm by kM kop = maxl λl (M ),

In summary, progress has been made along several different directions after initial posting of the present manuscript. However, none of the aforementioned results dominates those
we are to present in the rest of the paper.

4. Degree-corrected block models. The paper Gao et al. (2016) studied degree-corrected
block models by deriving the minimax rates for misclassification proportion and
proposing an adaptive algorithm.

regime with respect to a potentially smaller class than the ones used in our paper.
However, their stronger results also require a relatively stronger set of conditions.
For example, they require k = O(1). Moreover, for equal-sized two community binary
SBMs, with a and b defined at the beginning of this section, Yun and Proutiere (2015)
requires a  b and a − b  b. In comparison, we do not require the latter for any
result in this manuscript. We can even drop the former if we are willing to accept
any 1 −  relaxation of the tight constant of the exponent in our error rates. See, for
instance, Theorem 12.
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where Sk stands for the symmetric group on [k] consisting of all permutations of [k].
2.2 Main algorithm

Auv 1{σ(u)=σ(v)} ,

(6)

We now present the main method of the paper – a refinement algorithm for community
detection in stochastic block model motivated by penalized local maximum likelihood estimation.
To motivate our proposal, for any SBM in the parameter space Θ0 (n, k, a, b, 1) with
equal community size, the MLE for σ (Cai and Li, 2014; Chen and Xu, 2014; Zhang and
Zhou, 2015) is
X

σ:[n]→[k] u<v

σ
b = argmax

A1v .

(7)

which is a combinatorial optimization problem and hence is computationally intractable.
However, node-wise optimization of (6) has a simple closed form solution. Suppose the
n
values of {σ(u)}u=2
are known and we want to estimate σ(1). Then, (6) reduces to
X

i∈[k]

σ
b(1) = argmax

{v6=1:σ(v)=i}
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P
For each i ∈ [k], the quantity {v6=1:σ(v)=i} A1v is the number of neighbors that the first
node has in the ith community. Therefore, the most likely label for the first node is the one
it has the most connections with when all communities are of equal sizes. In practice, we
do not know any label in advance. However, we may estimate the labels of all but the first
node by first applying a community detection algorithm σ 0 on the subnetwork excluding the
first node and its associated edges, the adjacency matrix of which is denoted by A−1 since
it is the (n − 1) × (n − 1) submatrix of A with its first row and first column removed. Once
n
we estimate the remaining labels, we can apply (7) to estimate σ(1) but with {σ(v)}v=2
replaced with the estimated labels.
For any u ∈ [n], let A−u denote the (n − 1) × (n − 1) submatrix of A with its uth row
and uth column removed. Given any community detection algorithm σ 0 which is able to
cluster any graph on n − 1 nodes into k categories, we present the precise description of our
refinement scheme in Algorithm 1.
The algorithm works in two consecutive steps. The first step carries out the foregoing
heuristics on a node by node basis. For each fixed node u, we first leave the node out and
apply the available community detection algorithm σ 0 on the remaining n − 1 nodes and
the edges among them (as summarized in the matrix A−u ∈ {0, 1}(n−1)×(n−1) ) to obtain
an initial community assignment vector σu0 . For convenience, we make σu0 an n-vector by
fixing σu0 (u) = 0, though applying σ 0 on A−u does not give any community assignment
for u. We then assign the label of the uth node according to (10), which is essentially (7)
with σ replaced with σu0 except for the additional penalty term. The additional penalty
term is added to ensure the optimal performance even when both the diagonal and the
off-diagonal entries of the connectivity matrix B are allowed to take different values and
the community sizes are not necessarily equal. To determine the penalty parameter ρu in
an adaptive way as spelled out in (11) – (12), we first estimate the connectivity matrix B
based on A−u in (8) – (9). After we obtain the community assignment for u, we organize
the assignment for all n vertices into an n-vector σ
bu . We call this step “penalized neighbor
7

biiu =
B
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,

|Eeiju |

,

∀i 6= j ∈ [k],

i6=j∈[k]

|Ceiu ||Ceju |

u
bij
B
=

− 1)

|Eeiu |
1 eu
eu
2 |Ci |(|Ci |

bu .
and bbu = n max B
ij

i∈[k]

biiu
b
au = n min B

l∈[k]

σ
bu (u) = argmax

X

0 (v)=l
σu

Auv − ρu

X

v∈[n]

!

,

1{σu0 (v)=l}

b
a
b
au
−t
u
u
+
1
−
n e
n
b
b
bu tu
bu
ne +1− n

b
au (1 − bbu /n)
1
log
,
bbu (1 − b
2
au /n)

1
log
2tu

tu =

ρu = −

end
Consensus:
Define σ
b(1) = σ
b1 (1). For u = 2, . . . , n, define

we define

where for

Define σ
bu : [n] → [k] by setting σ
bu (v) = σu0 (v) for all v 6= u and

and let

(13)

(12)

(11)

(10)

(9)

(8)

Penalized neighbor voting:
for u = 1 to n do
Apply σ 0 on A−u to obtain σu0 (v) for all v 6= u and let σu0 (u) = 0;

Define Ceiu = v : σu0 (v) = i for all i ∈ [k]; let Eeiu be the set of edges within Ceiu ,
and Eeiju the set of edges between Ceiu and Ceju when i 6= j;
Define

Input: Adjacency matrix A ∈ {0, 1}n×n ,
number of communities k,
initial community detection method σ 0 .
Output: Community assignment σ
b.

Algorithm 1: A refinement scheme for community detection

1

3

2

4

5

6

l∈[k]

σ
b(u) = argmax |{v : σ
b1 (v) = l} ∩ {v : σ
bu (v) = σ
bu (u)}| .
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voting” since the first term on the RHS of (10) counts the number of neighbors of u in each
(estimated) community while the second term is a penalty term proportional to the size of
each (estimated) community.

8

−1/2 −1/2

v∈Cbi

P

bu∗ − U
bv∗ .
U
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1
|Cbi |
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9

If S 6= ∅, then for any u ∈ S, set σ
b(u) = argmini∈[k]

Before stating the theoretical properties of the proposed method, we first review the minimax rate in Zhang and Zhou (2015), which serves as the optimality benchmark. The

end

3. Theoretical properties

10

Last but not least, we would like to emphasize that one needs not limit the initialization
algorithm to the spectral methods introduced in this section. As Theorem 4 below shows,
Algorithm 1 works for any initialization method that satisfies a weak consistency condition.

7

6

5

4

n
o
bv∗ − U
bu∗ < r ;
Let ti = arg maxu∈S v ∈ S : U
n
o
bv∗ − U
bt ∗ < r ;
Set Cbi = v ∈ S : U
i
Label σ
b(u) = i for all u ∈ Cbi ;
Update S ← S\Cbi .

for i = 1 to k do

2
3

Set S = [n];

1

critical radius r = µ nk with some constant µ > 0.
Output: Community assignment σ
b.

Algorithm 2: A greedy method for clustering
b ∈ Rn×k , either the leading eigenvectors of Tτ (A) or that of
Input: Data matrix U
L(Aτ ),
number of communities
q k,

The performances of USC and NSC depend critically on the bounds kA − P kop and
kL(A) − L(P )kop , respectively. However, as pointed out by Chin et al. (2015); Le et al.
(2015), the matrices A and L(A) are not good estimators of P and L(P ) under the operator
norm when the graph is sparse in the sense that maxu,v∈[n] Puv = o(log n/n). Thus, it
is necessary to regularize A and L(A) in order to achieve better performances for USC
and NSC. The adjacency matrix A can be regularized by trimming those nodes with high
degrees. Define the trimming operator Tτ : A 7→ Tτ (A) by replacing the uth row and the
uth column of A with 0 whenever du ≥ τ , and so Tτ (A) and A are of the same dimensions.
It is argued in Chin et al. (2015) that by removing those high-degree nodes, Tτ (A) has
better convergence properties. Regularization method for graph Laplacian goes back to
Amini et al. (2013) and its theoretical properties have been studied by Joseph and Yu
(2013); Le et al. (2015). In particular, Amini et al. (2013) proposed to use L(Aτ ) for NSC
where Aτ = A + nτ 11T and 1 = (1, 1, ..., 1)T ∈ Rn . From now on, we use USC(τ ) and
NSC(τ ) to denote unnormalized spectral clustering and normalized spectral clustering with

L : A 7→ L(A) is defined by L(A) = ([L(A)]uv ) where [L(A)]uv = du dv Auv . Although
there have been debates and studies on which one works better (see, for example, von
Luxburg et al. (2008); Sarkar and Bickel (2013)), for our purpose, both of them can lead to
sufficiently decent initial estimators.

In this section, we present algorithms that can be used as initializers in Algorithm 1. Note
that for any model in (3), the matrix P has rank at most k and EAuv = Puv for all
u 6= v. We may first reduce the dimension of the data and then apply some clustering
algorithm. Such an approach is usually referred to as spectral clustering (von Luxburg,
2007). The application of spectral clustering on network data goes back to Hagen and
Kahng (1992); McSherry (2001), and its performance under the stochastic block model has
been investigated by Coja-Oghlan (2010); Rohe et al. (2011); Sussman et al. (2012); Fishkind
et al. (2013); Qin and Rohe (2013); Joseph and Yu (2013); Lei and Rinaldo (2014); Vu (2014);
Chin et al. (2015); Jin (2015); Le et al. (2015), among others. Technically speaking, spectral
clustering refers to the general method of clustering eigenvectors of some data matrix. For
random graphs, two commonly used methods are unnormalized spectral clustering (USC)
and normalized spectral clustering (NSC). The former refers to clustering the eigenvectors
of the adjacency matrix A itself and the latter refers to clustering the eigenvectors of the
associated graph
PLaplacian L(A). To formally define the graph Laplacian, we introduce the
notation du = v∈[n] Auv for the degree of the uth node. The graph Laplacian operator

2.3 Initialization via spectral methods

regularization parameter τ , respectively. Note that the unregularized USC is USC(∞) and
the unregularized NSC is NSC(0).

Once we complete the above procedure for each of the n nodes, we obtain n vectors
σ
bu ∈ [k]n , u = 1, . . . , n, and turn to the second step of the algorithm. The basic idea behind
the second step is to obtain a unified community assignment by assembling {b
σu (u) : u ∈ [n]}
and the immediate hurdle is that each σ
bu is only determined up to a permutation of the
community labels. Thus, the second step aims to align these different permutations by (13)
before we assemble the σ
bu (u)’s. We call this step “consensus” since we are essentially looking
for a consensus on the community labels for n possibly different community assignments,
under the assumption that all of them are close to the ground truth up to some permutation.

Another important issue in spectral clustering lies in the subsequent clustering method
used to cluster the eigenvectors. A popular choice is k-means clustering. However, finding
the global solution to the k-means problem is NP-hard (Aloise et al., 2009; Mahajan et al.,
2009). Kumar et al. (2004) proposed a polynomial time algorithm for achieving (1 + )
approximation to the k-means problem for any fixed k, which was utilized in Lei and Rinaldo
(2014) to establish consistency for spectral clustering under stochastic block models with
a fixed number of communities. However, a closer look at the complexity bound suggests
that the smallest possible  is proportional to k. Thus, applying the algorithm and the
associated bound in Kumar et al. (2004) directly in our settings can lead to inferior error
bounds when k → ∞ as n → ∞. To address this issue for stochastic block models, we
propose a greedy clustering method in Algorithm 2. The method is inspired by the fact
that the clustering centers in stochastic block models are well separated from each other on
the population level. It is straightforward to check that the complexity of Algorithm 2 is
polynomial in n.
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r r
b
+
n

r
a
1−
n

r
b
1−
n

minimax risk is governed by the following critical quantity,
I ∗ = −2 log

a
n

!
,

(a−b)2
na .

(14)

Moreover, when



which is the Rényi divergence of order 12 between Bern na and Bern nb , i.e., Bernoulli
distributions with success probabilities na and nb respectively. Recall that 0 < nb < na ≤ 1 − 



, Bern

b
n



,


r !
√
r
2
√
( a − b)2
a
b
+
= (1 + o(1)) 
−
n
n
n
a
n

!2 
r
r
a
b 
1− − 1−
n
n

is assumed throughout the paper. It can be shown that I ∗ 
= o(1),

a
n

I ∗ = (1 + o(1))
= (2 + o(1))H 2 Bern

(a−b)2
ak log k

k = 2;

→ ∞, we have


k ≥ 3,
a−b
2βk

and any

R √
√
where H 2 (P, Q) = 12 ( dP − dQ)2 is the squared Hellinger distance between two distributions P and Q. The minimax rate for the parameter spaces (2) and (3) under the loss
function (5) is given in the following theorem.

(

Theorem 1 (Zhang and Zhou (2015)) When
sup EB,σ `(b
σ , σ) =

σ
b (B,σ)∈Θ

inf

∗
exp −(1 + η) nI2 ,

∗
exp −(1 + η) nI
βk ,

for both Θ = Θ0 (n, k, a, b, β) and Θ = Θ(n, k, a, b, λ, β; α) with any λ ≤
p
5/3), where η = ηn → 0 is some sequence tending to 0 as n → ∞.
β ∈ [1,

p
Remark 2 The assumption β ∈ [1, 5/3) is needed in Zhang and Zhou (2015) for some
technical reason. Here, the parameter β enters the minimax rates when k ≥ 3 since the
n
worst case is essentially when one has two communities of size βk
, while for k = 2, the
worst case is essentially two communities of size n2 . For all other results in this paper, we
allow β to be an arbitrary constant no less than 1.
Remark 3 The rate in Theorem 1 is optimal in a minimax sense. It is optimal for the
worse-case instances in Θ0 (n, k, a, b, 1). More general instance-optimal fundamental limits
are referred to Abbe and Sandon (2015a). Details discussion will be given in Section 5.
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To this end, let us show that the two-stage algorithm proposed in Section 2 achieves
the optimal misclassification proportion. The essence of the two-stage algorithm lies in the
refinement scheme described in Algorithm 1. As long as any initialization step satisfies
a certain weak consistency criterion, the refinement step directly leads to a solution with
optimal misclassification proportion. To be specific, the initialization step needs to satisfy
the following condition.
11

Gao, Ma, Zhang and Zhou


min PB,σ `(σ, σu0 ) ≤ γ ≥ 1 − C0 n−(1+δ) ,

(15)

Condition 1 There exist constants C0 , δ > 0 and a positive sequence γ = γn such that
inf

(B,σ)∈Θ u∈[n]

for some parameter space Θ.

(a−b)2
ak log k



if k ≥ 3,

if k = 2,

→ ∞, a  b and Condition 1 is satisfied for



1
k log k



(18)

(17)

(16)

Under Condition 1, we have the following upper bounds regarding the performance of
the proposed refinement scheme.
Theorem 4 Suppose as n → ∞,

γ=o

and Θ = Θ0 (n, k, a, b, β). Then there is a sequence η → 0 such that




nI ∗
sup PB,σ `(σ, σ
b) ≥ exp −(1 − η)
→ 0,
2
(B,σ)∈Θ



nI ∗
sup PB,σ `(σ, σ
b) ≥ exp −(1 − η)
→ 0,
βk

(B,σ)∈Θ



a−b
ak

where I ∗ is defined as in (14).
If in addition Condition 1 is satisfied for γ satisfying both (16) and

γ=o

and Θ = Θ(n, k, a, b, λ, β; α), then the conclusion in (17) continues to hold for Θ = Θ(n, k, a, b, λ, β; α).

Theorem 4 assumes a  b. The case when a  b may not hold is considered in Section
5. Compared with Theorem 1, the upper bounds (17) achieved by Algorithm 1 is minimax
optimal. The condition (16) for the parameter space Θ0 (n, k, a, b, β) is very mild. When
k = O(1), it reduces to γ = o(1) and simply means that the initialization should be
weakly consistent. For k → ∞, it implies that the misclassification proportion within each
community converges to zero. Note that if the initialization step gives wrong labels to all
nodes in one particular community, then the misclassification proportion is at least 1/k.
The condition (16) rules out this situation. For the parameter space Θ(n, k, a, b, λ, β; α),
an extra condition (18) is required. This is because estimating the connectivity matrix
B in Θ(n, k, a, b, λ, β; α) is harder than in Θ0 (n, k, a, b, β). If we do not pursue adaptive
estimation, (18) is not needed.
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Remark 5 Theorem 4 is an adaptive result without assuming the knowledge of a and b.
When these two parameters are known, we can directly use a and b in (11) of Algorithm 1.
By scrutinizing the proof of Theorem 4, the conditions (16) and (18) can be weakened to
γ = o(k −1 ) in this case.

12

0

a
,
λ2k

Then, Theorem

> C for some sufficiently large C > 0 in the case k → ∞.

→ ∞ in the case k = O(1), and when

a−b
βk .

0

a log a
,
λ2k
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where the parameter space is Θ = Θ0 (n, k, a, b, β).

In this section we present the performance of the proposed algorithm on simulated datasets.
The experiments cover three different scenarios: (1) dense network with communities of
equal sizes; (2) dense network with communities of unequal sizes; and (3) sparse network.
Recall the definition of d¯ in (19). For each setting, we report results of Algorithm 1 initialized
¯ NSC(0) and NSC(d),
¯ the description of
with four different approaches: USC(∞), USC(2d),
which can all be found in Section 2.3. For all these spectral clustering methods, Algorithm 2
was used to cluster the leading eigenvectors. The constant µ in the critical radius definition
was set to be 0.5 in all the results reported here. For each setting, the results are based on
100 independent draws from the underlying stochastic block model.
To achieve faster running time, we also ran a simplified version of Algorithm 1. Instead
of obtaining n different initializers {σu }u∈[n] to refine each node separately, the simplified

4. Numerical results

Note that Theorem 6 and Theorem 10 are stated in terms of the quantity λk . We may
specialize the results into the parameter spaces defined in (2) and (3). By Proposition
24, λk ≥ a−b
2βk for Θ0 (n, k, a, b, β) and λk ≥ λ for Θ(n, k, a, b, λ, β; α). The implications of
Theorem 6 and Theorem 10 and their use as initialization in for Algorithm 1 are discussed
in full details in Section 5.

Remark 11 A slightly different regularization of normalized spectral clustering is studied
by Qin and Rohe (2013) only for the dense regime, while Theorem 10 holds under both dense
and sparse regimes. Moreover, our result also improves that of Le et al. (2015) due to our
tighter bound on kL(Aτ )−L(Pτ )kop in Lemma 22 below. We conjecture that the log a factor
in both the assumption and the bound of Theorem 10 can be removed.

with probability at least 1 − n−C . If k is fixed, the same conclusion holds without assuming
a ≤ C1 b.

`(b
σ , σ) ≤ C

for some sufficiently small c ∈ (0, 1). Consider NSC(τ ) with a sufficiently small constant
µ > 0 in Algorithm 2 and τ = C2 d¯ for some sufficiently large constant C2 > 0. Then, for
any constant C 0 > 0, there exists some C > 0 only depending on C 0 , C1 , C2 and µ such that

(21)

¯ where C is
Corollary 9 Consider Algorithm 1 initialized by σ 0 with USC(τ ) for τ = C d,
2
→
∞
and
a  b. Then,
a sufficiently large constant. Suppose as n → ∞, k = O(1), (a−b)
a
there exists a sequence η → 0 such that



nI ∗
sup PB,σ `(σ, σ
b) ≥ exp −(1 − η)
→ 0,
if k = 2,
2
(B,σ)∈Θ



nI ∗
sup PB,σ `(σ, σ
b) ≥ exp −(1 − η)
→ 0,
if k ≥ 3,
βk
(B,σ)∈Θ

When k = O(1), Theorem 4 and Theorem 6 jointly imply the following result.

(a−b)2
ak3

6 implies that consistency is achieved when

(a−b)2
a

Remark 8 For the parameter space Θ0 (n, k, a, b, β), we have λk ≥

Remark 7 Theorem 6 improves the error bound for spectral clustering in Lei and Rinaldo
(2014). While Lei and Rinaldo (2014) requires the assumption a > C log n, our result
also holds for a = o(log n). A result close to ours is that by Chin et al. (2015), but their
clustering step is different from Algorithm 2. Moreover, the conclusion of Theorem 6 holds
0
with probability 1 − n−C for an arbitrary large C 0 , which is critical because the initialization
step needs to satisfy Condition 1 for the subsequent refinement step to work. On the other
hand, the bound in Chin et al. (2015) is stated with probability 1 − o(1).

with probability at least 1 − n−C . If k is fixed, the same conclusion holds without assuming
a ≤ C1 b.

`(b
σ , σ) ≤ C

for some sufficiently small c ∈ (0, 1). Consider USC(τ ) with a sufficiently small constant
µ > 0 in Algorithm 2 and τ = C2 d¯ for some sufficiently large constant C2 > 0. For any
constant C 0 > 0, there exists some C > 0 only depending on C 0 , C1 , C2 and µ such that

ka
≤ c,
λ2k

ka log a
≤ c,
λ2k

Theorem 10 Assume e ≤ a ≤ C1 b for some constant C1 > 0 and

Theorem 6 Assume e ≤ a ≤ C1 b for some constant C1 > 0 and
(20)

Compared with Theorem 1, the proposed procedure achieves the minimax rate under the
2
2
condition (a−b)
→ ∞ and a  b. When k = O(1), the condition (a−b)
→ ∞ is necessary
a
a
and sufficient for weak consistency in view of Theorem 1. More general results including
the case of k → ∞ are stated and discussed in Section 5.
The following theorem characterizes the misclassification rate of normalized spectral
clustering.

Given the results of Theorem 4, it remains to check the initialization step via spectral
clustering satisfies Condition 1. For matrix P = (Puv ) = (Bσ(u)σ(v) ) with (B, σ) belonging
to either Θ0 (n, k, a, b, β) or Θ(n, k, a, b, λ, β; α), we use λk to denote λk (P ). Define the
average degree by
1 X
d¯ =
du .
(19)
n

u∈[n]
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algorithm refines all the nodes with a single initialization on the whole network. Thus, the
running time can be reduced roughly by a factor of n. Simulation results below suggest
that the simplified version achieves similar performances to that of Algorithm 1 in all the
settings we have considered. For the precise description of the simplified algorithm, we refer
readers to Algorithm 3 in the appendix.

NSC(0)

●

●

NSC(d)

●

with USC(2d)

Refine (Simple)

●

with NSC(0)

Refine (Simple)
with NSC(d)

Refine (Simple)
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Refine with

USC(2d)

Refine with

NSC(0)

Refine with

NSC(d)

Refine with

Refinement

with USC(∞)

Refine (Simple)

●

Balanced case In this setting, we generate networks with 2500 nodes and 10 communities,
each of which consists of 250 nodes, and we set Bii = 0.48 for all i and Bij = 0.32 for
all i 6= j. Figure 1 shows the boxplots of the number of misclassified nodes. The first
four boxplots correspond to the four different spectral clustering methods, in the order
¯ NSC(0) and NSC(d).
¯ The middle four correspond to the results
of USC(∞), USC(2d),
achieved by applying the simplified refinement scheme with these four initialization methods,
and the last four show the results of Algorithm 1 with these four initialization methods.
Regardless of the initialization method, Algorithm 1 or its simplified version reduces the
number of misclassified nodes from around 30 to around 5.
40
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In Section 3, we established upper bounds on misclassification proportion under the assumption of a  b. The following theorem shows that slightly weaker upper bounds can
be obtained even when a  b does not hold. To state the result, recall that we assume
throughout the paper na ≤ 1 −  for some numeric constant  ∈ (0, 1).

5.1 Error bounds when a  b may not hold

In this section, we discuss a few important issues related to the methodology and the theory
we have presented in the previous sections.

5. Discussion

Summary In all three simulation settings, for all four initialization approaches considered, the refinement scheme in Algorithm 1 (and its simplified version) was able to significantly reduce the number of misclassified nodes, which is in agreement with the theoretical
properties presented in Section 3.

Figure 3: Boxplots of number of misclassified nodes: Sparse case. Simple indicates that the
simplified version of Algorithm 1 is used instead.

NSC(0)

i 6= j. The average degree of each node in the network is around 30. Figure 3 shows the
boxplots of the number of misclassified nodes obtained by different initialization methods
and their refinements, and the boxplots are presented in the same order as those in Figure
1. Compared with either USC or NSC initialization, refinement reduces the number of
misclassified nodes by 50%.

Figure 2: Boxplots of number of misclassified nodes: imbalanced case. Simple indicates
that the simplified version of Algorithm 1 is used instead.

No. of nodes mis−clustered
No. of nodes mis−clustered

30

20
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0
USC(∞)

0.29
0.45
0.25
0.30

15

Sparse case In this setting we consider a much sparser stochastic block model than
the previous two cases. In particular, each simulated network has 4000 nodes, divided
into 10 communities all of size 400. We set all Bii = 0.032 and all Bij = 0.005 when

Hence, the within-community edge probability is no smaller than 0.45 while the betweencommunity edge probability is no greater than 0.35, and the underlying SBM is inhomogeneous. Figure 2 shows the boxplots of the number of misclassified nodes obtained by
different initialization methods and their refinements, and the boxplots are presented in the
same order as those in Figure 1. Similarly, we can see refinement significantly reduces the
error.


0.50
0.29
B=

0.35
0.25

Imbalanced case In this setting, we generate networks with 2000 nodes and 4 communities, the sizes of which are 200, 400, 600 and 800, respectively. The connectivity matrix
is

Figure 1: Boxplots of number of misclassified nodes: Balanced case. Simple indicates that
the simplified version of Algorithm 1 is used instead.
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2

2−
log 2

(23)

1
and c = min( 10C
,  ).
 2−

if k ≥ 3,

if k = 2,

(24)

(25)
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then (17) holds for Θ = Θ(n, k, a, b, λ, β; α). If for either parameter space, a  b may not
hold but k is fixed and (24) or (25) holds respectively, then (23) holds as long as tu is
replaced by (22) in Algorithm 1.

λ2
→ ∞,
ak(log k + a/(a − b))

then there is a sequence η → 0 such that (17) holds with Θ = Θ0 (n, k, a, b, β). If as n → ∞,
a  b and

(a − b)2
→ ∞,
ak 3 log k

Theorem 13 Consider Algorithm 1 initialized by σ 0 with USC(τ ) with τ = C d¯ for some
sufficiently large constant C > 0. If as n → ∞, a  b and

We now discuss some implications of the results in Theorems 4 – 12.
When using USC as initialization for Algorithm 1, we obtain the following results by
combining Theorem 4, Theorem 6 and Theorem 12. Recall that d¯ is the average degree of
nodes in A defined in (19).

5.2 Implications of the results

Compared with the conclusion (17) in Theorem 4, the vanish sequence η in the exponent of the upper bound is replaced by C 0 , which is guaranteed to be smaller than
2
min(0.1, log(2/)
) and can be driven to be arbitrarily small by decreasing 0 . To achieve this,
the tu ’s used in defining the penalty parameters in the penalized neighbor voting step need
to be truncated at the value log 01/2 .

If in addition Condition 1 is satisfied for γ satisfying both (16) and (18) and Θ =
Θ(n, k, a, b, λ, β; α), then the same conclusion holds for Θ = Θ(n, k, a, b, λ, β; α).

where I ∗ is defined as in (14). In particular, we can set C =



nI ∗
b) ≥ exp −(1 − C 0 )
→ 0,
sup PB,σ `(σ, σ
2
(B,σ)∈Θ



nI ∗
b) ≥ exp −(1 − C 0 )
sup PB,σ `(σ, σ
→ 0,
βk
(B,σ)∈Θ

then we have
nI ∗
> 1, when k = 2;
2 log n

n→∞

lim inf

nI ∗
> 1, when k ≥ 3,
βk log n

(26)

(28)

18

λ2
→ ∞,
ak log a(log k + a/(a − b))
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(29)

then there is a sequence η → 0 such that (17) holds with Θ = Θ0 (n, k, a, b, β). If as n → ∞,
a  b and

(a − b)2
→ ∞,
ak 3 log k log a

sufficiently large constant C > 0. If as n → ∞, a  b and

lim sup

nI ∗
nI ∗
< 1, when k = 2; lim sup
< 1, when k ≥ 3.
(27)
n→∞ 2 log n
n→∞ βk log n
√
√
When na = o(1), nI ∗ = (1 + o(1))( a − b)2 and so one can replace nI ∗ in (26) – (27)
√ 2
√
with ( a − b) . In the literature, Abbe et al. (2014) and Mossel et al. (2014) obtained
comparable strong consistency results via efficient algorithms for the special case of two
communities of equal sizes, i.e., k = 2 and β = 1. Abbe and Sandon (2015a) investigated
the case of fixed k and β ≥ 1. Their results give necessary and sufficient conditions for each
instance of model parameters. In comparison, our result characterizes minimax optimality
through worst case analysis and is less general than those of Abbe and Sandon (2015a).
On the other hand, compared with Abbe and Sandon (2015a), we allow any fixed k and
any β ≥ 1 without assuming a  b  log n. In the weak consistency regime, in terms of
misclassification proportion, for the special case of k = 2 and β = 1, Yun and Proutiere
(2014a) achieved the optimal rate for Θ0 (n, 2, a, b, 1) when a  b  a − b, while the error
bounds in other papers are typically off by a constant multiplier on the exponent. In
comparison, Theorem 13 provides optimal results (17) and near optimal results (23) for
a much broader class of models under much weaker conditions. Last but not least, our
algorithm can provably achieve strong consistency and minimax optimal performance even
for growing k, which to our limited knowledge, is the first in the literature.
The performance of Algorithm 1 initialized by NSC can be summarized as the following
theorem by combining Theorem 4, Theorem 10 and Theorem 12. In this case, the sufficient
condition for achieving minimax optimal performance is slightly stronger than when USC
is used for initialization.
Theorem 14 Consider Algorithm 1 initialized by σ 0 with NSC(τ ) with τ = C d¯ for some

regardless of the behavior of ab . On the other hand, Theorem 1 shows that it is impossible
to achieve strong consistency if

n→∞

lim inf

Compared with Theorem 1, the minimax optimal performance is achieved under mild
conditions. Take Θ = Θ0 (n, k, a, b, β) for example. For any fixed k, the minimax optimal
misclassification proportion is achieved with high probability only under the additional
2
condition of a  b. In addition, weak consistency is achieved for fixed k as long as (a−b)
→
a
a
∞, regardless of the behavior of b . This condition is indeed necessary and sufficient for weak
consistency. See, for instance, Mossel et al. (2012, 2013b); Yun and Proutiere (2014b); Zhang
and Zhou (2015). To achieve strong consistency for fixed k, it suffices to ensure `(σ, σ
b) < n1
and Theorem 13 implies that it is sufficient to have

(a−b)
Theorem 12 Suppose as n → ∞, ak
log k → ∞ and Condition 1 is satisfied for γ satisfying
(16) and Θ = Θ0 (n, k, a, b, β). Then for some positive constants c and C that depend only
on , for any sufficiently small constant 0 ∈ (0, c ), if we replace the definition of tu ’s in
(11) with
!
1
b
au (1 − bbu /n)
1
tu =
log
∧ log
,
(22)
bbu (1 − b
2
0 /2
au /n)

2
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2

≥ 1 − Cn−(1+δ) .

(31)

(32)

u=1

1X
1{σ1 (u)6=σ2 (u)} .
n

Fix any (B, σ) ∈ Θ and u ∈ [n]. Define event

Eu = `0 (πu (σ), σu0 ) ≤ γ .

where γ1 , γ2 ≥ 0 and γ1 + γ2 ≤ γ.

To simplify notation, assume that πu = Id is the identity permutation.
Fix any i ∈ [k]. On Eu ,

"

|Ei0 |
1 0
0
2 |Ci |(|Ci |

P



|Ei0 |
1 0
0
2 |Ci |(|Ci |

− 1)

#

≤ max

t∈[0,βγk]

− Bii ≤ Cβγk

20

|Ei0 | − E|Ei0 | > t ≤ 2 exp −



a−b
n

αa
b
(1 − t)2 Bii + t2
+ 2t
n
n

αa
= η0
n

.

(34)

(35)



.

(36)
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t2
2
2( 21 (ni + γn)2 αa
n + 3 t)

for some η 0 → 0 that depends only on a, k, α, β and γ, where the last inequality is due to
(18).
On the other hand, by Bernstein’s inequality, for any t > 0,
(
)

− 1)

Note that the LHS is (1 − (2 + o(1))βγk)Bii . On the other hand, under condition (18), the
RHS is attained at t = 0 and equals Bii exactly. Thus, we conclude that
"
#


(37)
E

a
(1 − βγk)2 Bii + (βγk)2 ≤ E
n

different subsets with this property where C1 > 0 is an absolute constant. Let Ei0 be the
edges within C 0 . Then |E 0 | consists of independent Bernoulli random variables, where at least
i
i
(1 − βγk)2 proportion of them follow the Bern(Bii ) distribution, at most (βγk)2 proportion
a
that are stochastically smaller than Bern( αa
n ) and stochastically larger than Bern( n ), and
at most 2βγk proportion are stochastically smaller than Bern( nb ). Therefore, we obtain
that



  


γn   γn 
X
ni X n − ni
eni γn en γn
e
≤ (γn + 1)2
≤ exp 2 log(γn + 1) + 2γn log
l
m
γn
γn
γ
m=0
l=0


1
≤ exp C1 γn log
γ

Let Ci0 be any deterministic subset of [n] such that (35) holds with Ceiu replaced by Ci0 . By
definition, there are at most

ni ≥ |Ceiu ∩ Ci | ≥ ni − γ1 n, |Ceiu ∩ Cic | ≤ γ2 n,

(33)
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a−b
n

n

Proof 1◦ Let Θ = Θ(n, k, a, b, λ, β; α). For any community assignments σ1 and σ2 , define

λ2
→ ∞,
ak

u
bij
min max |B
− Bπ(i)π(j) | ≤ η

π∈Sk i,j∈[k]

`0 (σ1 , σ2 ) =

then (17) holds for Θ = Θ(n, k, a, b, λ, β; α). If for either parameter space, a  b may not
hold but k is fixed and (28) or (29) holds respectively, then (23) holds as long as tu is
replaced by (22) in Algorithm 1.

(30)

Last but not least, we would like to point out that when the key parameters a and b
are known, we can obtain the desired performance guarantee under weaker conditions as
summarized in the following theorem.

(a − b)2
→ ∞,
ak 3

Theorem 15 (The case of known a, b) Suppose a, b are known. Consider Algorithm 1
initialized by σ 0 with USC(τ ) with τ = Ca for some sufficiently large constant C > 0 and
b
au = a, bbu = b in (9) for all u ∈ [n]. If as n → ∞, a  b and

→ ∞, respectively.

then there is a sequence η → 0 such that (17) holds with Θ = Θ0 (n, k, a, b, β). If as n → ∞,
a  b and

λ2
ak log a

then (17) holds with Θ = Θ(n, k, a, b, λ, β; α). If for either parameter space without assuming
a  b, (30) or (31) holds respectively, then (23) holds if in addition tu is replaced by (22).
If instead NSC(τ ) is used for initialization with τ = Ca for some sufficiently large
(a−b)2
constant C > 0, then the above conclusions hold if we replace (30) with ak
3 log a → ∞ and
(31) with

6. Proofs of main results
The main result of the paper, Theorem 4, is proved in Section 6.1. Theorem 6 and Theorem
10 are proved in Section 6.2 and Section 6.3 respectively. The proofs of the remaining results,
together with some auxiliary lemmas, are given in the appendix.
6.1 Proof of Theorem 4

P

We first state a lemma that guarantees the accuracy of parameter estimation in Algorithm
1.

inf

Lemma 16 Let Θ = Θ(n, k, a, b, λ, β; α). Suppose as n → ∞, (a−b)
→ ∞ and Condition
ak
1 holds with γ satisfying (16) and (18). Then there is a sequence η → 0 as n → ∞ and a
constant C > 0 such that



min

u∈[n] (B,σ)∈Θ
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For Θ = Θ0 (n, k, a, b, β), the conclusion (32) continues to hold even when the assumption
(18) is dropped.
19

αa
t2 = (ni + γn)2 (C1 γn log γ −1 + (3 + δ) log n) ∨ (2C1 γn log γ −1 + 2(3 + δ) log n)2
n
2
np
aγ log γ −1 + γn log γ −1 ,
.
k

− 1)

|Ei0 |
0
0
2 |Ci |(|Ci |

−E1

− 1)

≤ Cα,β,δ

√

(a−b)2
ak

(a − b)2
. a − b.
a

→ ∞ and kγ log γ −1 = O(1), and

k 2 γ log γ −1 = kγ log γ −1 · k . k 

ak  a − b since

21
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2◦ If Θ = Θ0 (n, k, a, b, β), then condition (18) on γ is no longer needed. This is because
(36) can be replaced by


a
b
b
min
(1 − t)2 + 2t(1 − t) + t2
n
n
n
t∈[0,βγk]
"
#


|Ei0 |
a
a
b
≤E 1 0
≤ max
(1 − t)2 + t2 + 2t(1 − t)
,
0
n
n
n
t∈[0,βγk]
2 |Ci |(|Ci | − 1)

The proof for Bij estimation is analogous and hence is omitted. A final union bound on
i, j ∈ [k] leads to the desired claim since all the constants and vanishing sequences in the
above analysis depend only on a, b, k, α, β, γ and δ, but not on u, B or σ.

2

We combine (37) and (39) and apply the union bound to obtain that for a sequence η → 0
that depends only on a, k, α, β, γ and δ, with probability at least 1 − n−(3+δ)


a−b
|Eeiu |
− Bii ≤ η
.
(40)
1 eu
n
|Ci |(|Ceiu | − 1)

where

(39)

 p



k
k 2 γ log γ −1
a−b
aγ log γ −1 +
= η0
,
n
n
n

where η 0 → 0 depends only on a, k, α, β, γ and δ. Here, the last inequality holds since
p
√ p
k aγ log γ −1 = ak kγ log γ −1 ,

|Ei0 |
1 0
0
2 |Ci |(|Ci |

where we the second inequality holds since logx x is monotone decreasing as x increases and
so γ log γ −1 ≥ n1 log n for any γ ≥ n1 , which is the case of most interest since γ < n1 leads to
γ = 0 and so the initialization is already perfect. Even when γ = 0, we can still continue
to the following arguments by replacing every γ with n1 and all the steps continue to hold.
Thus, we obtain that for positive constant Cα,β,δ that depends only on α, β and δ,
o
n
np

aγ log γ −1 + γn log γ −1
≤ exp −C1 γn log γ −1 n−(3+δ) .
P |Ei0 | − E|Ei0 | > Cα,β,δ
k
(38)

Thus, with probability at least 1 − exp −C1 γn log γ −1 n−(3+δ) ,

Let
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nI ∗
max P {b
σu (u) 6= πu (σ(u))} ≤ (k − 1) exp −(1 − η 0 )
+ Cn−(1+δ) .
βk
(B,σ)∈Θ0 u∈[n]

σu (v)=l

σu (v)=1

l6=1

(42)

22
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We are going to give bounds for the terms in (44) and (45) respectively. Before doing that,
we need some preparatory inequalities. Define t∗ through the equation
s
p(1 − q)
t∗
e =
.
q(1 − p)

Now we bound each pl . By the independence structure and Chernoff bound, we have
n
0
0
pl ≤ E exp (−tu ρu (ml − m1 )) (qetu + 1 − q)ml (petu + 1 − p)ml −ml
o
0
0
(pe−tu + 1 − p)m1 (qe−tu + 1 − q)m1 −m1 1{Eu }
(43)

tu
ml
−tu
m1
≤ E exp (−tu ρu (ml − m1 )) (qe + 1 − q) (pe
+ 1 − p) 1{Eu }
(44)
)
(
ml −m0l  −tu
m1 −m01
t
u
qe
+1−q
pe + 1 − p
1{Eu } .
(45)
×E
qetu + 1 − q
pe−tu + 1 − p

l6=1

Proof In what follows, let Eu denote the event in (41). For the sake of brevity, we let p =
a/n, q = b/n, pbu = b
au /n and qbu = bbu /n. Moreover, let σu = πu (σ), ni = |{v : σu (v) = i}|,
mi = |{v : σu0 (v) = i}| and m0i = |{v : σu0 (v) = σu (v) = i}|. Without loss of generality, let
σu (u) = 1.
Then we have


 X
X 
X
X
P {b
σu (u) 6= 1 and Eu } ≤
P Eu and
Auv −
Auv ≥ ρu (ml − m1 ) =
pl .



sup

and for k ≥ 3,

(41)
Then for σ
bu (u) defined as in (10) with ρ = ρu in (12), there is a sequence η 0 = o(1) such
that for k = 2,


nI ∗
sup max P {b
σu (u) 6= πu (σ(u))} ≤ (k − 1) exp −(1 − η 0 )
+ Cn−(1+δ) ,
2
(B,σ)∈Θ0 u∈[n]

(B,σ)∈Θ0 u∈[n]

2

Lemma 17 Let Θ0 be defined as in (2) and k ≥ 2. Suppose as n → ∞, (a−b)
→ ∞ and
ak
a  b. If there exists two sequences γ = o(1/k) and η = o(1), constants C, δ > 0 and
permutations {πu }nu=1 ⊂ Sk such that
n
o
inf min P `0 (πu (σ), σu0 ) ≤ γ, |b
au − a| ≤ η(a − b), |bbu − b| ≤ η(a − b) ≥ 1 − Cn−(1+δ) .

The next two lemmas establish the desired error bound for the node-wise refinement.

a
a−b
a
where the LHS equals na − (1 − βγk(1 + o(1))) a−b
n = n + o( n ) and the RHS equals n .
Thus, no additional condition is needed to guarantee (37) in the foregoing arguments. This
completes the proof.
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Then, on the event Eu ,
∗ −t
u

p−q
a−b
= C2
,
p
a

≤ exp(C1 η),
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∗

etu −t + et

for some constant C1 > 0. Moreover,
|etu − 1| ∨ |e−tu − 1| ≤ C2
for some constant C2 > 0. Therefore, for the term in (44), on the event Eu ,
exp (−t ρ (m − m )) (qetu + 1 − q)ml (pe−tu + 1 − p)m1
u
u
1
l
(m −m )/2

(m
−m
)/2
pe−tu + 1 − p 1 l
= exp (−tu ρu (ml − m1 )) qetu + 1 − q l 1
(m1 +ml )/2
(m +m )/2
pe−tu + 1 − p 1 l .

× qetu + 1 − q

By (46), the term in (49) is upper bounded by

 m1 +ml
√ p
∗
∗
2
pq + (1 − p)(1 − q) + pq (1 − p)(1 − q)(etu −t + et −tu )




n1 + nl ∗
m1 + ml ∗
≤ exp −(1 + o(1))
I
≤ exp −(1 + o(1))
I .
2
2
By (47), the term in (48) is upper bounded by

(46)

(47)

(48)
(49)



o
n1 + nl ∗
≤ exp −(1 + o(1))
I .
2
(50)

(m −m )/2

(m
−m
)/2
exp (−tu ρu (ml − m1 )) qetu + 1 − q l 1
pe−tu + 1 − p 1 l



m1 − ml
pe−tu + 1 − p
pbu e−tu + 1 − pbu
= exp
log
− log
2
qetu + 1 − q
qbu etu + 1 − qbu



|m1 − ml |
≤ exp
|e−tu − 1||b
pu − p| + |etu − 1||b
qu − q|
2

 
n (p − q)2
≤ exp o
k
p


n1 + nl ∗
= exp o(1)
I .
2
Therefore, we can upper bound (44) as
n
E e−tu ρu (ml −m1 ) (qetu + 1 − q)ml (pe−tu + 1 − p)m1 1

{Eu }

(p − q)2
p



(p − q)2
p
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(p − q)2
≤ exp O
.
p

Now we provide an upper bound for (45). By (47), on Eu ,

 


(p − q)2
≤ exp O
,
p
(p − q)(etu − 1)
petu + 1 − p
=1+
≤1+O
qetu + 1 − q
qetu + 1 − q

and
qe−tu + 1 − q
(p − q)(1 − e−tu )
=1+
≤1+O
pe−tu + 1 − p
pe−tu + 1 − p
23

petu + 1 − p
qetu + 1 − q

Therefore,
(
E

ml −ml0 

m1 −m10

1{Eu }



=

n
2,

and when k ≥ 3, minl6=1

n1 +nl
2



≥

n
βk .

Thus, the proof

(52)

)


n1 + nl ∗
≤ exp o(1)
I . (51)
2
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qe−tu + 1 − q
pe−tu + 1 − p

By combining (50) and (51), we have


n1 + nl ∗
pl ≤ exp −(1 + o(1))
I .
2

Using (42), this implies

 

n1 + nl
I∗ ,
P {b
σu (u) 6= 1 and Eu } ≤ (k − 1) exp −(1 + o(1)) min
l6=1
2
and so

n1 +nl
2



 
n1 + nl
P {b
σu (u) 6= 1} ≤ (k − 1) exp −(1 + o(1)) min
I ∗ + Cn−(1+δ) .
l6=1
2
When k = 2, minl6=1
is complete.

2

Lemma 18 Let Θ be defined as in (3) and k ≥ 2. Suppose as n → ∞, (a−b)
→ ∞ and
ak

a  b. If there exists two sequences γ = o a−b
and η = o(1), constants C, δ > 0 and
ak
n
permutations {πu }u=1
⊂ Sk such that (41) holds. Then for σ
bu (u) defined as in (10) with
ρ = ρu in (12), the conclusions of Lemma 17 continue to hold.

Proof The proof is similar to that of Lemma 17 and we use the same notation as there.
First, we give a bound for pl defined in (42). Let Xj ∼ Bern(q), Yj ∼ Bern(p) and Zj ∼
Bern(αp), j ≥ 1, be mutually independent. Then, a stochastic order argument gives

  0
ml −m0
m
m0
l
l
1

X
X
X
Xj +
Zj −
Yj ≥ ρ(ml − m1 ) and Eu A−u 
pl ≤ E P


j=1
j=1
j=1

≤ E exp (−tu ρu (ml − m1 )) (qetu + 1 − q)ml (pe−tu + 1 − p)m1 1{Eu }
(53)
(
ml −m0 
m1 −m10
l
1
1
×E
(54)
qetu + 1 − q
pe−tu + 1 − p
o
0
(αpetu + 1 − αp)ml −ml 1{Eu } .

Note that the term in (53) is the same as that in (44), and thus it can be upper bounded
by (50) as before. To bound for (54), observe that by (47),
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1
≤ exp q|etu − 1| ≤ exp (O(p − q)) ,
qetu + 1 − q

24

tu

and

1
.
Ck

π∈Sk

and `0 (σ, ξ(σ 0 )) ≤ min `0 (σ, π(σ 0 )) <

(55)

1
n

u:σ(u)=l0

X

1{σ(u)6=ξ(σ0 (u))} =

| {u : σ(u) = l0 } |
1
≥
.
n
Ck

25

σ
b(u) = ξu (b
σu (u)).
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(57)

Without loss of generality, we assume π1 = Id is the identity map. Now for any fixed
u ∈ {2, . . . , n}, define map ξu : [k] → [k] as in (55) with σ and σ 0 replaced by σ
b1 and σ
bu .
Then by definition

Proof [Proof of Theorem 4] Let Θ = Θ(n, k, a, b, λ, β; α), and fix any (B, σ) ∈ Θ. For any
u ∈ [n], by Condition 1 and the fact that σu0 and σ
bu differ only at the community assignment
of u, for γ 0 = γ + 1/n, there exists some πu ∈ Sk such that

P `0 (σ, πu−1 (b
σu )) ≤ γn0 ≥ 1 − C0 n−(1+δ) .
(56)

This is in contradiction to the second last display, and hence ξ ∈ Sk . This completes the
proof.

`0 (σ, ξ(σ 0 )) ≥

Thus, what remains to be shown is that ξ ∈ Sk , i.e., ξ(l1 ) 6= ξ(l2 ) for any l1 6= l2 . To this
end, note that if for some l1 6= l2 , ξ(l1 ) = ξ(l2 ), then there would exist some l0 ∈ [k] such
that for any l ∈ [k], ξ(l) 6= l0 , and so

ξ 0 :[k]→[k]

ξ = argmin `0 (σ, ξ 0 (σ 0 )),

Proof By the definition in (55), we obtain

Then ξ ∈ Sk and `0 (σ, ξ(σ 0 )) = minπ∈Sk `0 (σ, π(σ 0 )).

l

∀i ∈ [k].

1
.
Ck

min `0 (σ, π(σ 0 )) <

π∈Sk

ξ(i) = argmax {u : σ(u) = l} ∩ {u : σ 0 (u) = i} ,

Define map ξ : [k] → [k] as


n
min | {u : σ(u) = l} |, min | u : σ 0 (u) = l | ≥
,
Ck
l∈[k]
l∈[k]

Lemma 19 For any community assignments σ and σ 0 : [n] → [k], such that for some
constant C ≥ 1

Finally, we need a lemma to justify the consensus step in Algorithm 1.

tu


αpe + 1 − αp ≤ exp αp|e − 1| ≤ exp (O(p − q)) .



n1 +nl ∗
Thus, under the assumption γ = o p−q
kp , the term (54) is bounded by exp o(1) 2 I .
The remaining proof is the same as that of Lemma 17.

and


1
≤ exp Cp|e−tu − 1| ≤ exp (O(p − q))
pe−tu + 1 − p

Optimal Community Detection

and `0 (σ, πu−1 (b
σu )) ≤ γ 0 .

∗

η = η0 + β

r

2

k
= o(1)
nI ∗

βk

(59)
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n
X
nI ∗
P `0 (σ, σ
b) > (k − 1) exp −(1 − η)
= P {`0 (σ, σ
b) > 0} ≤
P {b
σ (u) 6= σ(u)}
βk
u=1


nI ∗
≤ n(k − 1) exp −(1 − η)
+ Cn−δ ≤ Cn−δ/2 = o(1).
βk



( r
)

nI ∗
nI ∗
P `0 (σ, σ
b) > (k − 1) exp −(1 − η)
≤ exp −
+ Cn−δ/2 = o(1).
βk
k
n
o
∗
If (k − 1) exp −(1 − η) nI
< n−(1+δ/2) , then
βk

n
o
∗
≥ n−(1+δ/2) , then
If (k − 1) exp −(1 − η) nI
βk

where the last inequality holds since nIk  (a−b)
→ ∞. Thus, Markov’s inequality leads
ak
to



nI ∗
P `0 (σ, σ
b) > (k − 1) exp −(1 − η)
βk
n
1
1X
n
o
≤
P {b
σ (u) 6= σ(u)}
∗
n
(k − 1) exp −(1 − η) nI
u=1
βk


nI ∗
Cn−(1+δ)
n
o
≤ exp −(η − η 0 )
+
∗
βk
(k − 1) exp −(1 − η) nI
βk
( r
)
nI ∗
Cn−(1+δ)
n
o.
+
≤ exp −
∗
k
(k − 1) exp −(1 − η) nI

Set

P {b
σ (u) 6= σ(u)} = P {ξu (b
σu (u)) 6= σ(u)}


≤ P ξu (b
σu (u)) 6= σ(u), ξu = πu−1 + P ξu 6= πu−1

≤ P {b
σu (u) 6= πu (σ(u))} + P ξu 6= πu−1


nI ∗
≤ Cn−(1+δ) + (k − 1) exp −(1 − η 0 )
.
βk

When k ≥ 3, Lemma 16, (16) and (18) imply that the condition of Lemma 18 is satisfied,
which in turn implies that for a sequence η 0 = o(1),

So the triangle inequality implies `0 (b
σ1 , πu−1 (b
σu )) ≤ 2γ 0 and hence the condition of Lemma
19 is satisfied. Thus, Lemma 19 implies

P ξu = πu−1 ≥ 1 − Cn−(1+δ) .
(58)

`0 (σ, σ
b1 ) ≤ γ 0

In addition, (56) implies with probability at least 1 − Cn−(1+δ) , we have
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Here, the second last inequality holds since η > η 0 and so (k − 1) exp {−(1 − η 0 )nI ∗ /(βk)} <
(k−1) exp {−(1 − η)nI ∗ /(βk)} < n−(1+δ/2)
. We complete
the
n
o
n proof for the∗ case
o of Θ(n, k, a, b, λ, β; α)
∗
and k ≥ 3 by noting that (k − 1) exp −(1 − η) nI
= exp −(1 − η 00 ) nI
for another seβk
βk

2

(a−b)
quence η 00 = o(1) under the assumption ak
log k → ∞ and no constant or sequence in the
foregoing arguments involves B, σ or u. When Θ = Θ(n, k, a, b, λ, β; α) and k = 2, the
foregoing arguments continue to hold with β and k replaced with 1 and 2 respectively.
When Θ = Θ0 (n, k, a, b, β), we can run the foregoing arguments with Lemma 18 replaced
by Lemma 17 to reach the conclusion in (17), which does not require condition (18). This
completes the proof.

6.2 Proof of Theorem 6
The following lemma is critical to establish the result of Theorem 6. Its proof is given in
the appendix. Let us introduce the notation O(k1 , k2 ) = {V ∈ Rk1 ×k2 : V T V = Ik2 } for
k1 ≥ k2 .

p
npmax + 1,

Lemma 20 Consider a symmetric adjacency matrix A ∈ {0, 1}n×n and a symmetric matrix
P ∈ [0, 1]n×n satisfying Auu = 0 for all u ∈ [n] and Auv ∼ Bernoulli(Puv ) independently for
all u > v. For any C 0 > 0, there exists some C > 0 such that

0

kTτ (A) − P kop ≤ C

with probability at least 1 − n−C uniformly over τ ∈ [C1 (npmax + 1), C2 (npmax + 1)] for some
sufficiently large constants C1 , C2 , where pmax = maxu≥v Puv .
Lemma 21 For P = (Puv ) = (Bσ(u)σ(v) ), we have SVD P = U ΛU T , where
U = Z∆−1 W,

P = ZBZ T = Z∆−1 ∆B∆(Z∆−1 )T ,

√
√
with ∆ = diag( n1 , ..., nk ), Z ∈ {0, 1}n×k is a matrix with exactly one nonzero entry in
each row at (i, σ(i)) taking value 1 and W ∈ O(k, k).
Proof Note that
and observe that Z∆−1 ∈ O(n, k). Apply SVD to the matrix ∆B∆T = W ΛW T for some
W ∈ O(k, k), and then we have P = U ΛU T with U = Z∆−1 W ∈ O(k, k).
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Proof [Proof of Theorem 6] Under the current assumption, Eτ ∈ [C10 a, C20 a] for some large
C10 and C20 . Using Bernstein’s inequality, we have τ ∈ [C1 a, C2 a] for some large C1 and C2
0
with probability at least 1 − e−C n . When (20) holds, by Lemma 20, we deduce that the k th
0
eigenvalue of Tτ (A) is lower bounded by c1 λk with probability at least 1 − n−C for some
small constant c1 ∈ (0, 1). By Davis–Kahan’s sin-theta theorem (Davis and Kahan, 1970),
27

√
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√
k
kTτ (A) − P kop ,
λk

(60)

b − U W1 kF ≤ C k kTτ (A) − P kop for some W1 ∈ O(k, k) and some constant
we have kU
λk
C > 0. Applying Lemma 21, we have

b − V kF ≤ C
kU

0

b − V kF ≤
kU

√ √
C k a
,
λk

4C 2 na
.
µ2 λk2

2

≤

(62)

(61)

where V = Z∆−1 W2 ∈ O(n, k) for some W2 ∈ O(k, k). Combining (60), Lemma 20 and the
conclusion τ ∈ [C1 a, C2 a], we have

with probability at least 1 − n−C

. The definition of V implies that
r

1
1
+ 1
.
nu nv {σ(u)6=σ(v)}

≤

C 2 ka
,
λk2

(64)

(63)

= Q
for each u ∈ [n].
q σ(u)∗
2k
βn . Recall the definition

i ∈ [k].

Vu∗

= kVu∗ − Vv∗ k ≥

∈ Rk×k and we have

kVu∗ − Vv∗ k =
In other words, define Q = ∆−1

W2

Hence, for σ(u) 6= σ(v), Qσ(u)∗ − Qσ(v)∗
q
k
n in Algorithm 2. Define the sets
r=µ

n
o
bu∗ − Qi∗ < r ,
Ti = u ∈ σ −1 (i) : U
2

u∈[n]

X
c r 2
bu∗ − Vu∗
≤
U
4

By definition, Ti ∩ Tj = ∅ when i 6= j, and we also have
n
o
bu∗ − Vu∗ < r .
∪i∈[k] Ti = u ∈ [n] : U
2
Therefore,

∪i∈[k] Ti

c

where the last inequality is by (61). After rearrangement, we have

∪i∈[k] Ti

∪i∈[k] Ti

c

≥

4C 2 na
n
n
− 2 2 >
,
βk
2βk
µ λk

(65)

In other words, most nodes are close to the centers and are in the set (63). Note that the sets
c
{Ti }i∈[k] are disjoint. Suppose there is some i ∈ [k] such that |Ti | < |σ −1 (i)| − ∪i∈[k] Ti ,
c
P
we have ∪i∈[k] Ti = i∈[k] |Ti | < n − ∪i∈[k] Ti
= ∪i∈[k] Ti , which is impossible. Thus,
the cardinality of Ti for each i ∈ [k] is lower bounded as
|Ti | ≥ |σ −1 (i)| −

JMLR 18(60):1-45, 2017

where the last inequality above is by the assumption (20). Intuitively speaking, except
bu∗ }u∈[n] are very close to the population
for a negligible proportion, most data points in {U

28

2k
βn

away from each other. The balls {Cbi }i∈[k] intersect with large

q

2k
βn

(66)

i∈[k]

29

i∈[k]

(69)

(68)
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By definition, Cbi ∩ Cbj = ∅ for i 6= j, we deduce from (66) that
c

X
X
c
∪i∈[k] Cbi
=n−
|Cbi | ≤ n −
|Ti | = ∪i∈[k] Ti .

i∈[k]

Since Ti ∩ Tj = ∅ for i 6= j, we deduce from (67) that

c
X
.
Tπ(i) ∩ Cbic ≤ ∪i∈[k] Cbi

In what follows, we first establish the result of Theorem 6 by assuming (66). The proof of
(66) will be given in the end. Note that for any i 6= j, Tπ(i) ∩ Cbj = ∅, which is deduced from
the fact that Cbj ∩ Tπ(j) 6= ∅ and the definition of Cbj . Therefore, Tπ(i) ⊂ Cbjc for all j 6= i.
Combining with the fact that Tπ(i) ∩ Cbic ⊂ Cbic , we get Tπ(i) ∩ Cbic ⊂ (∪i∈[k] Cbi )c . Therefore,

 
c
(67)
∪i∈[k] Tπ(i) ∩ Cbic ⊂ ∪i∈[k] Cbi .

Cbi ∩ Tπ(i) 6= ∅ and |Cbi | ≥ |Tπ(i) | for each i ∈ [k].

away from each other and {Ti }i∈[k] and
q
b
bi should
{Ci }i∈[k] are both defined through the critical radius r = µ nk for a small µ, each C
intersect with only one Ti (see Figure 4). We claim that there exists some permutation π
bi defined in Algorithm 2,
of the set [k], such that for C

centers {Qi∗ }i∈[k] . Since the centers are at least

proportions of {Ti }i∈[k] , and their subscripts do not need to match due to some permutation.

and the centers are at least

Figure 4: The schematic plot for the q
proof of Theorem 6. The balls {Ti }i∈[k] are centered at {Qi }i∈[k] ,

Optimal Community Detection

4C 2 na
Tπ(i) ∩ Cbic ≤ 2 2 .
µ λk

(70)

c

i∈[k]

≥ |Cb1 | ≥ max |Ti | ≥

n
,
2βk



4C 2 na
,
µ2 λ2k

(71)

30

i=1

 

b
∪l−1
i=1 Ci ∩ ∪i∈[k]\∪l−1 {π(i)} Ti = ∅.
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for i = 1.
Now suppose (66) and (71) are true for i = 1, ..., l − 1. Because of the sizes of {Cbi }i∈[l−1]
and the fact that {Ti }i∈[k] are mutually exclusive, we have

|Cbic ∩ Tπ(i) | ≤

where the last inequality is because Tπ(1) is the only set in {Ti }i∈[k] that intersects Cb1 by
the definitions. By (64), we get

c
= |Cb1 ∩ Tπ(1)
|
c
∪i∈[k] Ti ,
≤

|Cb1c ∩ Tπ(1) | = |Tπ(1) | − |Tπ(1) ∩ Cb1 |
≤ |Cb1 | − |Tπ(1) ∩ Cb1 |

where the last inequality is by (65). This contradicts (64) under the assumption (20).
Therefore, there must be a π(1) such that Cb1 ∩ Tπ(1) 6= ∅ and |Cb1 | ≥ |Tπ(1) |. Moreover,

∪i∈[k] Ti

where the last inequality is from (70) and (64). This proves the desired conclusion.
Finally, we are going to establish the claim (66) to close the proof. We use mathematical
induction. For i = 1, it is clear that |Cb1 | ≥ maxi∈[k] |Ti | holds by the definition of Cb1 . Suppose
Cb1 ∩ Ti = ∅ for all i ∈ [k], and then we must have

≤

8C 2 a
,
µ2 λ2k

i∈[k]

Since for any u ∈ ∪i∈[k] (Cbi ∩Tπ(i) ), we have σ
b(u) = i when σ(u) = π(i), the mis-classification
rate is bounded as
c
1 
`0 (b
σ , π −1 (σ)) ≤
∪i∈[k] (Cbi ∩ Tπ(i) )
n
c
c 

1
≤
∪
(Cbi ∩ Tπ(i) ) ∩ ∪i∈[k] Ti + ∪i∈[k] Ti
n  i∈[k]

c
1 X
c
Tπ(i) ∩ Cbi + ∪i∈[k] Ti 
≤
n

i∈[k]

X

Combining (68), (69) and (64), we have
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n
2βk .

Therefore, for the set S in the current step, ∪i∈[k]\∪l−1 {π(i)} Ti ⊂ S. By the definition of Cbl ,
i=1
Suppose Cbl ∩ Tπ(i) 6= ∅ for some i = 1, ..., l − 1.

i=1

we have |Cbl | ≥ maxi∈[k]\∪l−1 {π(i)} |Ti | ≥

∪i∈[k] Ti

.

Then, this Tπ(i) is the only set in {Ti }i∈[k] that intersects Cbl by their definitions. This implies
that
c

|Cbl | ≤ |Cbl ∩ Tπ(i) | +

8C 2 na
,
µ2 λk2

Since Cbl ∩ Cbπ(i) = ∅, |Cbl ∩ Tπ(i) | ≤ |Cbic ∩ Tπ(i) | is bounded by (71). Together with (64), we
have
|Cbl | ≤

c

≥ |Cbl | ≥

n
,
2βk

n
which contradicts |Cbl | ≥ 2βk
under the assumption (20). Therefore, we must have Cbl ∩Tπ(i) =
∅ for all i = 1, ..., l − 1. Now suppose Cbl ∩ Tπ(i) = ∅ for all i ∈ [k], we must have

∪i∈[k] Ti

bl ∩ Tπ(l) 6= ∅ for some π(l) ∈ [k]\ ∪l−1 {π(i)}, and (66) is
which contradicts (64). Hence, C
i=1
established for i = l. Moreover, (71) can also be established for i = l by the same argument
that is used to prove (71) for i = 1. The proof is complete.

6.3 Proof of Theorem 10
Define Pτ = P + nτ 11T . The proof of the following lemma is given in the appendix.

log(e(npmax + 1))
,
npmax + 1

Lemma 22 Consider a symmetric adjacency matrix A ∈ {0, 1}n×n and a symmetric matrix
P ∈ [0, 1]n×n satisfying Auu = 0 for all u ∈ [n] and Auv ∼ Bernoulli(Puv ) independently for
all u > v. For any C 0 > 0, there exists some C > 0 such that
s
kL(Aτ ) − L(Pτ )kop ≤ C

0

with probability at least 1 − n−C uniformly over τ ∈ [C1 (npmax + 1), C2 (npmax + 1)] for some
sufficiently large constants C1 , C2 , where pmax = maxu≥v Puv .
Lemma 23 Consider P = (Puv ) = (Bσ(u)σ(v) ). Let the SVD of the matrix L(Pτ ) be
L(Pτ ) = U ΣU T , with U ∈ O(n, k) and Σ = diag(σ1 , ..., σk ). For V = U W with any
q
1
1
nu + nv when σ(u) 6= σ(v) and Vu∗ = Vv∗ when

W ∈ O(r, r), we have kVu∗ − Vv∗ k =

−1/2

−1/2

σ(u) = σ(v). Moreover, σk ≥ λ2τk as long as τ ≥ npmax .
P
Proof The first part is Lemma 1 in Joseph and Yu (2013). Define d¯v = u∈[n] Puv and

λk
.
maxu∈[n] d¯u + τ
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D̄τ = diag(d¯1 + τ, ..., d¯n + τ ). Then, we have L(Pτ ) = D̄τ Pτ D̄τ . Note that Pτ has an
SBM structure so that it has rank at most k, and the k th eigenvalue of Pτ is lower bounded
by λk . Thus, we have
σk ≥

31
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Observe that maxu∈[n] d¯u ≤ npmax ≤ τ , and the proof is complete.

√ √
C k a log a
,
λk

(72)

Proof [Proof of Theorem 10] As is shown in the proof of Theorem 6, τ ∈ [C1 a, C2 a] for some
0
large C1 , C2 with probability at least 1−e−C n . By Davis–Kahan’s sin-theta theorem (Davis
√
b − U W kF ≤ C1 k kL(Aτ ) − L(Pτ )kop for some W ∈ O(r, r)
and Kahan, 1970), we have kU
σk
and some constant C1 > 0. Let V = U W and apply Lemma 22 and Lemma 23, we have

b − V kF ≤
kU

0

with probability at least 1 − n−C . Note that by Lemma 23, V satisfies (62). Replace (61)
by (72), and follow the remaining proof of Theorem 6, the proof is complete.

Appendix A. A simplified version of Algorithm 1

We give in Algorithm 3 the precise description of the simplified version of Algorithm 1 that
we have used in Section 4.
A.1 Additional simulation results

We report some additional simulation results comparing the performances of Algorithm 1
and Algorithm 3. In particular, we consider networks with 400 nodes and 2 communities
with four different sets of community sizes, within and between community connection
probabilities and initialization methods, and the simulation results are reported in Figure
5 on page 34. From Figure 5 on page 34 we can see the performances of both algorithms
remain similar across all these different settings.

Appendix B. Proofs of Theorem 12

0
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Proof [Proof of Theorem 12] Let us consider Θ = Θ0 (n, k, a, b, β) and the case of Θ(n, k, a, b, λ, β; α)
is similar except that the condition (18) is needed to establish the counterpart of Lemma
18. The proof essentially follows the same steps as those in the proof of Theorem 4. First,
we note that Lemma 16 continues to hold since it does not need the assumption of a/b being
bounded. Thus, the first job is to establish the counterpart of Lemma 17 with η 0 replaced
with C 230 . As before, let p = a/n and q = b/n.
To this end, we first proceed in the same way to obtain (42) – (52). Without loss of
generality, let us consider the case where t∗ > log 20 and tu = log 20 since otherwise we can
essentially repeat the proof of Theorem 4. Note that this implies ab > ( 20 )2 . In this case,
with the new tu in (22), we have on the event Eu ,

(qetu + 1 − q)(pe−tu + 1 − p) = e−I

32

l∈[k]

σ 0 (v)=l

X

1
log
2t

σ
b(u) = argmax

ρ=−

Auv − ρ
v∈[n]

X

b
a −t
+ 1 − nba
ne
b
b
b t
b
ne + 1 − n

,

1{σ0 (v)=l} .

!

(73)

33
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y−x
y−x
− log(1 − x) = − log(1 − y) − log 1 +
≥ − log(1 − y) − 2
≥ − 1 − Cy0 c0 log(1 − y),
1−y
1−y

To see this, we first note that for any x, y ∈ (0, 1) and sufficient small constant c0 > 0, if
y ≥ x ≥ (1 − c0 )y and y−x
1−y ≤ 1, then




p
∗
∗
I 0 = − log (1 − p) (1 − q) + pq + etu −t + et −tu
(1 − p) (1 − q) pq


30
I ∗.
≥ 1 − C
5

For each u ∈ [n], set

define

i6=j∈[k]

bij .
and bb = n max B

1
b
a(1 − bb/n)
t = log
,
bb(1 − b
2
a/n)

i∈[k]

bii
b
a = n min B

2

Penalized neighbor voting:
For

and let

Initialization:
Apply σ 0 on A to obtain σ 0 (u) for all u ∈ [n];

Define Cei = v : σ 0 (v) = i for all i ∈ [k]; let Eei be the set of edges within Cei , and Eeij
the set of edges between Cei and Cej when i 6= j;
Define
e
|Eei |
bii =
bij = |Eij | , ∀i 6= j ∈ [k],
B
, B
1 e
|Cei ||Cej |
|Ci |(|Cei | − 1)

where

5

4

3

2

1

Input: Adjacency matrix A ∈ {0, 1}n×n ,
number of communities k,
initial community detection method σ 0 .
Output: Community assignment σ
b.

Algorithm 3: A simplified refinement scheme for community detection
Number of nodes mis−clustered
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Algorithm 3

●

Algorithm 3

a/n=0.46, b/n=0.34
n_i=(300,100)
Initializer: NSC

∗

2y
−(1−y) log(1−y) .

∗ −t
u

When

p
2
(1 − p) (1 − q) pq ≥ p − 2pq − qetu − pe−tu ≥ p(1 − 0 − 0 ),
2

> ( 20 )2 and tu = log 20 , we have I 0 = − log(1 − x) for

34

On the other hand, since |e−tu − 1| ≤ 1, |etu − 1| is bounded and
continues to be bounded by


n1 + nl ∗
exp −o(1)
I .
2
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 1, the term in (48)

≤ 1, and we apply the

p−q
p

y−x
1−y

p
0
(1 − p) (1 − q) pq ≤ p + q ≤ p(1 + ( )2 ).
2

)

a
b

Thus, for any 0 ∈ (0, c ), 1 − 2 ≥ y ≥ x ≥ (1 − 20 )y and
inequality in the third last display to obtain (73).
Thus, the term in (49) is upper bounded by


30  n1 + nl ∗
I .
exp − 1 − C
5
2

y = p + q − 2pq − 2

while I ∗ = − log(1 − y) for

x = p + q − 2pq − (etu −t + et

where Cy0 =

Figure 5: Comparison of Algorithm 1 and its simplified version (Algorithm 3) under various
parameters for two-community networks. The parameters are displayed inside
each boxplot. Here ni gives the community sizes and B matrix satisfies Bii =
a/n, ∀i = 1, 2 and Bij = b/n, ∀i 6= j. Each pair of boxplots are based on 100 runs.

Number of nodes mis−clustered
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Number of nodes mis−clustered
Number of nodes mis−clustered
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→ ∞ and Markov’s inequality leads to

< n−(1+δ/2) , then

(77)

(76)

(75)

(74)

Moreover, by the same argument as in Lemma 17, (51) continues to hold. Thus, we can
replace (52) as


20  n1 + nl ∗
pl ≤ exp − 1 − C
I ,
3
2

and so when k ≥ 3,
 


20 nI ∗
P {b
σu (u) 6= πu (σ(u))} ≤ (k − 1) exp − 1 − C
+ Cn−(1+δ)
3
βk
and when k = 2, we can replace β by 1 in the last display.
When k ≥ 3, given the last display and (58), we have

(a−b)2
ak log k

P {b
σ (u) 6= σ(u)} = P {ξu (b
σu (u)) 6= σ(u)}


≤ P ξu (b
σu (u)) 6= σ(u), ξu = πu−1 + P ξu 6= πu−1

≤ P {b
σu (u) 6= πu (σ(u))} + P ξu 6= πu−1
 


20 nI ∗
≤ Cn−(1+δ) + (k − 1) exp − 1 − C
.
3
βk
Thus, the assumption that




nI ∗
P `0 (σ, σ
b) > exp −(1 − C 0 )
βk



50 nI ∗
≤ P `0 (σ, σ
b) > (k − 1) exp −(1 − C
)
6 βk
n
1
1X
n
o
≤
P {b
σ (u) 6= σ(u)}
∗
n
(k − 1) exp −(1 − C 560 ) nI
u=1
βk


C  nI ∗
Cn−(1+δ)

0
o.
n
≤ exp −
+
∗
6 βk
(k − 1) exp −(1 − C 560 ) nI
βk

n
o
∗
≥ n−(1+δ/2) , then
If (k − 1) exp −(1 − C 560 ) nI
βk

o






nI ∗
C 0 nI ∗
P `0 (σ, σ
b) > exp −(1 − C 0 )
≤ exp −
+ Cn−δ/2 = o(1).
βk
6 βk

n
If (k − 1) exp −(1 −

∗
C 560 ) nI
βk
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n
X
nI ∗
P `0 (σ, σ
b) > exp −(1 − C 0 )
≤ P {`0 (σ, σ
b) > 0} ≤
P {b
σ (u) 6= σ(u)}
βk
u=1


20 nI ∗
≤ n(k − 1) exp −(1 − C
)
+ Cn−δ ≤ Cn−δ/2 = o(1). (78)
3 βk
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n
o
n
o
∗
∗
Here, the second last inequality holds since (k−1) exp −(1 − C 230 ) nI
< exp −(1 − C 560 ) nI
<
βk
βk

n−(1+δ/2) . We complete the proof for the case of k ≥ 3 by noting that no constant or sequence in the foregoing arguments involves B, σ or u. When k = 2, we run the foregoing
arguments with β replaced by 1 to obtain the desired claim.

Appendix C. Proofs of Theorems 13, 14 and 15

Proposition 24 For SBM in the space Θ0 (n, k, a, b, β) satisfying n ≥ 2βk, we have λk ≥
a−b
βk .

i=1

a−bX T
b
1n 1nT =
vi vi ,
n
n

k

Proof Since the eigenvalues of P are invariant with respect to permutation of the
n
o commuPi−1
Pi
nity labels, we consider the case where σ(u) = i for u ∈
without
j=1 nj − 1,
j=1 nj
P0
nj = 0. Let us use the notation 1d ∈ Rd and 0d ∈ Rd to
loss of generality, where j=1
denote the vectors with all entries being 1 and 0 respectively. Then, it is easy to check that
P−

i=1

k
X

vi viT

i∈[k]

≥ min ni ≥

n
n
−1≥
.
βk
2βk

where v1 = (1nT1 , 0nT2 , ..., 0nTk )T , v1 = (0nT1 , 1nT2 , 0nT3 , ..., 0nTk )T ,..., vk = (0nT1 , ..., 0nTk−1 , 1nTk )T .
k
Note that {vi }i=1
are orthogonal to each other, and therefore
!
λk

a−b
λk
n

i=1

k
X

vi viT

+ λn

b
1n 1nT
n

≥

a−b
.
2βk

By Weyl’s inequality (Theorem 4.3.1 of Horn and Johnson (2012)),
!


λk (P ) ≥

This completes the proof.

3

3

Proof [Proof of Theorem 13] Let us first consider Θ0 (n, k, a, b, β). By Theorem 6 and
k2 a
Proposition 24, the misclassification proportion is bounded by C (a−b)
2 under the condition

k a
k a
≤ c for some small c. Thus, Condition 1 holds when (a−b)
2 = o(1), which leads
(a−b)2
to the desired conclusion in view of Theorem 4 and Theorem 12. The proof of the space
Θ(n, k, a, b, λ, β; α) follows the same argument.

Proof [Proof of Theorem 14] The proof is the same as that of Theorem 13.

JMLR 18(60):1-45, 2017

Proof [Proof of Theorem 15] When the parameters a and b are known, we can use τ = Ca
for some sufficiently large C > 0 for both USC(τ ) and NSC(τ ). Then, the results of Theorem 6 and Theorem 10 hold without assuming a ≤ C1 b or fixed k. Moreover, b
au and bbu in

36

u∈[n]

1
n

P
u∈[n] pu ,

e(S,T )
γ
|S||T | n

e(S,T )
γ
|S||T | n



≤ C|T | log |Tn | ,

X

l>ξn |S|=l

X X

l>ξn

(P (e(S) ≥ C1 lτ ) + P (e(S, S c ) ≥ C1 lτ ))

37
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kAJJ − PJJ kop =

X

(u,v)∈J×J

38

x,y∈S n−1

sup
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xu (Auv − Puv )yv .

Proof The idea of the proof follows the argument in Friedman et al. (1989); Feige and
Ofek (2005). By definition,

Proof Let us consider any fixed subset of nodes S ⊂ [n] such that it has degree at least
τ and |S| = l for some l ∈ [n]. Let e(S) be the number of edges in the subgraph S and
e(S, S c ) be the number of edges connecting S and S c . By the requirement on S, either
e(S) ≥ C1 lτ or e(S, S c ) ≥ C1 lτ for some universal constant C1 > 0. We are going to show
that both P (e(S) ≥ C1 lτ ) and P (e(S, S c ) ≥ C1 lτ ) are small. Note that Ee(S) ≤ C2 l2 pmax

0

Lemma 28 Given τ > 0, define the subset J = {u ∈ [n] : du ≤ τ }. Then for any C 0 > 0,
there is some C > 0 such that


√
npmax
√
kAJJ − PJJ kop ≤ C
npmax + τ + √
,
√
τ + npmax

where the last inequality is by choosing ξ = τ −1 . Therefore, with probability at least
0
1 − e−C n , the number of nodes with degree at least τ is bounded by τ −1 n.

≤ exp(−C 0 n),

l>ξn






en 
1
C1 τ
exp l log
exp − C1 lτ log 1 +
l
4
2C2 lpmax
l>ξn



C1 τ
1
+ exp − C1 lτ log 1 +
4
2C2 npmax



X
en 1
C1 τ
≤
2 exp l log
− C1 lτ log 1 +
l
4
2C2 npmax
≤

≤



P |{u ∈ [n] : du ≥ τ }| > ξn

X 
≤
P |{u ∈ [n] : du ≥ τ }| = l

with probability at least 1 − n−C .

0

n
τ




1
C1 τ
.
P (e(S, S c ) ≥ C1 lτ ) ≤ exp − C1 lτ log 1 +
4
2C2 npmax

Applying union bound, the probability that the number of nodes with degree at least τ is
greater than ξn is

and

with probability at least 1 − e−C n for some constant C 0 > 0.

|{u ∈ [n] : du ≥ τ }| ≤

Lemma 27 For any τ > C(1 + npmax ) with some sufficiently large C > 0, we have

The following lemma is critical for proving both theorems.

P
√
where e(S, T ) is the number of edges connecting S and T . Then, (u,v)∈H xu Auv yv ≤ C 0 γ
√
0
uniformly over all unit vectors x, y, where H = {(u, v) : |xu yv | ≥ γ/n} and C > 0 is
some constant.



≤ C,

2. e(S, T ) log

1.

Lemma P
26 Consider any adjacency matrix A ∈ {0, 1}n×n for an undirected graph. Suppose
maxu∈[n] v∈[n] Auv ≤ γ and for any S, T ⊂ [n], one of the following statements holds with
some constant C > 0:

The following result is Lemma 3.5 in Chin et al. (2015).

for any t ≥ 0.

Lemma 25 For independent Bernoulli random variables Xu ∼ Bern(pu ) and p =
we have





X
t
(Xu − pu ) ≥ t ≤ exp t − (pn + t) log 1 +
,
P
pn

The following lemma is Corollary A.1.10 in Alon and Spencer (2004).

Appendix D. Proofs of Lemma 20 and Lemma 22

and Ee(S, S c ) ≤ C2 lnpmax for some universal C2 > 0. Then, when τ > C(npmax + 1) for
some sufficiently large C > 0, Lemma 25 implies

(11) and (22) can be replaced by a and b. Then, the conditions (16) and (18) in Theorem
4 and Theorem 12 can be weakened as γ = o(k −1 ) because the we do not need to establish
Lemma 16 anymore. Combining Theorem 4, Theorem 6, Theorem 10 and Theorem 12, we
obtain the desired results.



1
C1 τ
P (e(S) ≥ C1 lτ ) ≤ exp − C1 lτ log 1 +
,
4
2C2 lpmax
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X

max max

X

X
xu (Auv −Puv )yv .

xu (EAuv − Puv )yv ,

xu (Auv − EAuv )yv

(u,v)∈L∩S×S

(u,v)∈L∩S×S

x,y∈N S⊂[n]

+ max max

x,y∈N S⊂[n]

X

x,y∈S n−1 (u,v)∈H∩J×J

xu (Auv −Puv )yv + sup

√
√
√
Define L = {(u, v) : |xu yv | ≤ ( τ + pmax n)/n} and H = {(u, v) : |xu yv | ≥ ( τ +
√
pmax n)/n}, then we have
kAJJ −PJJ kop ≤
x,y∈S n−1 (u,v)∈L∩J×J

X
xu (Auv − Puv )yv .

A discretization argument in Chin et al. (2015) implies that
sup
x,y∈S n−1 (u,v)∈L∩J×J

X
xu Puv yv =

X

x,y∈S n−1 (u,v)∈H∩J×J

sup

xu2 yv2
npmax
Puv ≤ √
.
√
|xu yv |
τ + pmax n

where N ⊂ S n−1 and |N | ≤ 5n . Then, Bernstein’s inequality and union bound imply that
P
√
√
maxx,y∈N maxS⊂[n] (u,v)∈L∩S×S xu (Auv − EAuv )yv ≤ C( τ + npmax ) with probability
P
0
at least 1 − e−C n . We also have maxx,y∈N maxS⊂[n] (u,v)∈L∩S×S xu (EAuv − Puv )yv ≤
kEA − P kop ≤ 1. This completes the first part.
P
To bound the second
P part supx,y∈S n−1 (u,v)∈H∩J×J xu (A
Puv − Puv )yv , we are going
to bound supx,y∈S n−1 (u,v)∈H∩J×J xu Auv yv and supx,y∈S n−1 (u,v)∈H∩J×J xu Puv yv separately. By the definition of H,
sup
x,y∈S n−1 (u,v)∈H∩J×J

P
To bound supx,y∈S n−1 (u,v)∈H∩J×J xu Auv yv , it is sufficient to check the conditions of
Lemma 26 for the graph AJJ . By definition, its degree is bounded by τ . Following
the argument of Lei and Rinaldo (2014), the two conditions of
P Lemma 26 hold with
0
γ = τ +npmax with probability at least 1−n−C . Thus, supx,y∈S n−1 (u,v)∈H∩J×J xu Auv yv ≤
√
√
0
C( τ + npmax ) with probability at least 1 − n−C . Hence, the proof is complete.
Proof [Proof of Lemma 20] By triangle inequality,
kTτ (A) − P kop ≤ kTτ (A) − Tτ (P )kop + kTτ (P ) − P kop ,
where Tτ (P ) is the matrix obtained by zeroing out the uth row and column of P with
du ≥ τ . Let J = {u ∈ [n] : du ≤ τ }, and then kTτ (A) − Tτ (P )kop = kAJJ − PJJ kop , whose
bound has been established in Lemma 28. By Lemma 27, |J c | ≤ n/τ with high proba√
p
2
√ max . Taking
≤ 2np
bility. This implies kTτ (P ) − P kop ≤ kTτ (P ) − P kF ≤ 2n|J c |pmax
τ
τ ∈ [C1 (1 + npmax ), C2 (1 + npmax )], the proof is complete.
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Now let us prove Lemma 22. The following lemma, which controls the degree, is Lemma
7.1 in Le et al. (2015).

39

|dv − Edv | ≤ C
u∈[n] Auv .

P
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p
(npmax + 1) log(e(npmax + 1)),

for all v ∈ J,

Lemma 29 For any C 0 > 0, there exists some C > 0 such that with probability at least
0
n
1 − n−C , there exists a subset J ⊂ [n] satisfying n − |J| ≤ 2e(npmax
+1) and

where dv =

Using this lemma, together with Lemma 27 and Lemma 28, we are able to prove the
following result, which improves the bound in Theorem 7.2 of Le et al. (2015).

√ !
√
d log d(d + τ )
d
+
,
τ2
τ

Lemma 30 For any C 0 > 0, there exists some C > 0 such that with probability at least
0
1 − n−C , there exists a subset J ⊂ [n] satisfying n − |J| ≤ n/d and

k(L(Aτ ) − L(Pτ ))J×J kop ≤ C
where d = e(npmax + 1).

n − |J1 | ≤

n
,
2d

0

(80)

(79)

P
Proof Let us use the notation dv =
u∈[n] Auv in the proof. Define the set J1 =
{v ∈ [n] : dv ≤ C1 d} for some sufficiently large constant C1 > 0. Using Lemma 27 and
0
Lemma 28, with probability at least 1 − n−C , we have

and

√
k(A − P )J1 J1 kop ≤ C d.

p
d log d,

n − |J2 | ≤
|dv − Edv | ≤ C

n
,
2d

for all v ∈ J2 .

p

d log d.

n
,
d

(85)

(84)

(83)

(82)

(81)

Let J2 be the subset in Lemma 29, and then with probability at least 1 − n−C , J2 satisfies

and

v∈J

max |dv − Edv | ≤ C

v∈J

JMLR 18(60):1-45, 2017

p
d log d.

√
k(A − P )JJ kop ≤ k(A − P )J1 J1 kop ≤ C d.

n − |J| = |(J1 ∩ J2 )c | ≤ |J1c | + |J2c | = n − |J1 | + n − |J2 | ≤

Define J = J1 ∩ J2 . By (79) and (81), we have

and
Moreover, (82) implies

P
Define d¯v = u∈[n] Puv . Then,

v∈J

max |dv − d¯v | ≤ max |dv − Edv | + 1 ≤ C

40

−1/2

v∈[n]

R̄ = (Pτ )JJ ,

d log d
,
τ 3/2

1
√ +
d

r
log d
τ

!

,

log d
τ

!
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The analysis of network data is widespread across the scientific disciplines. Technological and
infrastructure, social, biological, and information networks are a few of the major network classes
in which such analyses have been employed. However, despite the already substantial body of
work in network analysis generally (e.g., see Jackson, 2010; Kolaczyk, 2009; Newman, 2010),
with contributions from a variety of different fields of study, much work still remains to more fully
develop the theory and methods of statistical analysis of network data, particularly for certain classes

1. Introduction

Keywords: Limit distribution, network analysis, Skellam distribution, Stein’s method.

Our work in this paper is inspired by a statistical observation that is both elementary and broadly
relevant to network analysis in practice—that the uncertainty in approximating some true graph
G = (V, E) by some estimated graph Ĝ = (V, Ê) manifests as errors in our knowledge of the
presence/absence of edges between vertex pairs, which must necessarily propagate to any estimates
of network summaries η(G) we seek. Motivated by the common practice of using plug-in estimates
η(Ĝ) as proxies for η(G), our focus is on the problem of characterizing the distribution of the
discrepancy D = η(Ĝ) − η(G), in the case where η(·) is a subgraph count. Specifically, we
study the fundamental case where the statistic of interest is |E|, the number of edges in G. Our
primary contribution in this paper is to show that in the empirically relevant setting of large graphs
with low-rate measurement errors, the distribution of DE = |Ê| − |E| is well-characterized by a
Skellam distribution, when the errors are independent or weakly dependent. Under an assumption
of independent errors, we are able to further show conditions under which this characterization
is strictly better than that of an appropriate normal distribution. These results derive from our
formulation of a general result, quantifying the accuracy with which the difference of two sums of
dependent Bernoulli random variables may be approximated by the difference of two independent
Poisson random variables, i.e., by a Skellam distribution. This general result is developed through
the use of Stein’s method, and may be of some general interest. We finish with a discussion of
possible extension of our work to subgraph counts η(G) of higher order.
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H 0 ⊆Knv ,H 0 ∼
=H

X

1{H 0 ⊆ G} ,

(1)
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where nv = |V (G)| is the number of vertices in G, Knv is the complete graph on nv vertices, H
is a graph of interest (i.e., copies of which we desire to count), and H ⊆ G indicates that H is a
subgraph of G (i.e., V (H) ⊆ V (G) and E(H) ⊆ E(G)). The value |Iso(H)| is a normalization

ηH (G) =

of problems of a fairly fundamental nature. Here in this paper we pose and address a version of one
such fundamental problem, that regarding the propagation of error through the process of network
construction and summary.
In applied network analysis, a common modus operandi is to (i) gather basic measurements
relevant to the interactions among elements in a system of interest, (ii) construct a graph-based representation of that system, with nodes serving as elements and links indicating interactions between
pairs of elements, and (iii) summarize the structure of the resulting graph using a variety of numerical and visual tools. See Kolaczyk (2009, Chs 3 & 4) for background and several case studies
illustrating this process. Key here is the point that the process of network analysis usually rests upon
some collection of measurements of a more basic nature. For example, online social networks (e.g.,
Facebook) are based on the extraction and merging of lists of ‘friends’ from millions of individual
accounts (Hansen et al., 2010, Ch 11.8). Similarly, biological networks (e.g., of gene regulatory
relationships) are often based on notions of association (e.g., correlation, partial correlation, etc.)
among experimental measurements of gene activity levels (Fogelberg and Palade, 2009). Finally,
maps of the logical Internet traditionally have been synthesized from the results of surveys in which
paths along which information flows are learned through a large set of packet probes (e.g., Cheswick
et al., 2000).
Importantly, while it is widely recognized that there is measurement error associated with these
and other common types of network constructions, most applied network analyses in practice effectively proceed as if there were in fact no error. There are at least two possible reasons for this current
state of affairs: (1) there is comparatively little in the way of formal probabilistic analyses characterizing the propagation of such error and of statistical methods accounting for such propagation,
and (2) in many settings (arguably due at least in part to (1)), much attention is given at the stages
of measurement and network construction to trying to keep the rate of error ‘low’ in declaring the
presence and absence of links between nodes.
Here we offer a formal treatment of the problem of propagation of error. We provide a general
framework within which it is possible to characterize the manner in which errors made in assigning
links between nodes accumulate in the reporting of certain functions of the network as a whole.
Our treatment is probabilistic, wherein our goal is to understand the nature of the distribution induced on the graph functions by that of the errors in the graph construction. We anticipate that
this contribution will provide part of a critical foundation upon which, in turn, it should be possible to develop a statistical treatment, e.g., the construction of appropriate confidence intervals for
graph-based quantities of interest.
More formally, we consider a setting wherein an underlying (undirected) network-graph G possesses a network characteristic η (G) of interest. While there are many types of functions η(·) used
in practice to characterize networks (e.g., centralities, path-based metrics, output from methods of
community detection, etc.) we restrict our attention here to the canonical problem of subgraph
counting. That is, we are interested in the class of functions η of the form
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factor for the number of isomorphisms of H. We will concentrate primarily on the fundamental
case where η(G) = |E|, i.e., the number of edges in G.
If Ĝ is a network-graph resulting from an attempt to construct G from some collection of basic
measurements, then the
common practice of reporting the analogous characteristics of Ĝ is equiv 
alent to the use of η Ĝ , i.e., effectively a plug in estimator. Let the discrepancy between these
 
two quantities be defined as D = η Ĝ − η (G), which in the case of counting edges reduces to
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for {i, j} ∈ V (2) , where

H0 : {i, j} ∈
/ E versus H1 : {i, j} ∈ E ,

V (2) = {{i, j} : i, j ∈ V ; i < j} .
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By G = (V, E) we will mean an undirected graph, with vertex set V of cardinality |V | and edge
set E of cardinality |E|. Vertex pairs in the complement of E, i.e., in E c , will be referred to as
non-edges. Much of the results that follow will be stated as a function of the number of vertices
which, for notational convenience, we denote nv = |V |. Let µ = µ(G) = 2|E|/nv correspond to
the average degree of a vertex in G. We assume the vertex set V is known but that the edge set E is
unknown. However, we assume there is information by which to construct an approximation to E
or, more formally, by which to infer E, as a set Ê, yielding an inferred graph Ĝ = (V, Ê).
While there are many ways in practice by which
the set Ê is obtained, one principled way

of viewing the task is as one of performing n2v hypothesis tests, using the data underlying the
graph construction process as input, one for each of the vertex pairs {i, j} in the graph G. In some
contexts, Ĝ is literally obtained through hypothesis testing procedures; for instance, in constructing some gene regulatory networks from microarray expression data. See Kolaczyk (2009, Ch 7),
for example. Formally, in such cases we can think of Ĝ as resulting from a collection of testing
problems

2.1 Notation and Assumptions

In this section, we provide essential notation and background for our forthcoming general results.

2. Background

studied in some depth. See, for example, Kolaczyk (2009, Ch 5) or Ahmed et al. (2014) for surveys
of this area. However, in this setting, the uncertainty arises only from sampling—the subset of
vertices and edges obtained through sampling are typically assumed to be observed without error.
Finally, we note that there just recently have started to emerge in the statistics literature formal
treatments of the same type of graph observation error model that we propose here. There the
emphasis is on producing estimators of network model parameters and/or classifiers (e.g., Priebe
et al., 2015), for example, rather than on the type of basic network summary statistics that are the
focus here.
The organization of this paper is as follows. In Section 2 we provide necessary background. In
Section 3 we then provide a general set of results useful for our general problem. Specifically, we
establish a bound for the Kolmogorov-Smirnov distance between the distribution of the difference
of two arbitrary sums of binary random variables from a certain Skellam. This work is based on
the application of Stein’s method to the Skellam distribution, a first of its kind to the best of our
knowledge, and the results therefore are of some independent interest as well. In Section 4 we
then illustrate the way in which these general results may be used to understand the propagation
of error in networks for counting edges. In doing so, several other general results are established.
Some implications of these results on the problem of counting subgraphs of higher order are noted
in Section 5, along with other related discussion. Proofs of our key results may be found in the
appendices.
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DE = |Ê| − |E|. Our goal is to make precise probabilistic statements about the behavior of D
under certain conditions.
Importantly, in the case where η is defined as a subgraph count, as in (1), D may be expressed as
the difference of (i) the number of times the subgraph H arises somewhere in Ĝ but does not in fact
exist in the same manner in G, and (ii) vice versa. Hence, D may be understood in this context to
be the difference in total number of Type I and Type II errors, respectively. Intuitively, in the cases
where a sufficiently low rate of error occurs on a large graph G, each of these two sums should have
a Poisson-like behavior. This observation suggests that the propagation of low-rate measurement
error to subgraph counts should behave, under appropriate conditions, like the difference of two
Poisson random variables, i.e., a so-called Skellam distribution (Skellam, 1946).
Our contribution in this paper is to provide an initial set of results on the accuracy with which the
Skellam distribution may be used in approximating the distribution of D, under the setting where
the graph G is large and the rate of error is low. We consider the cases of both sparse and dense
networks. The primary technical device used here is Stein’s method (e.g, Barbour and Chen, 2005).
Specifically, we present a Stein operator for the Skellam probability distribution and, in a manner
consistent with the Stein methodology, we derive several bounds on the discrepancy between the
distribution of the difference of two arbitrary sums of binary random variables to an appropriately
parameterized Skellam distribution. The latter in turn is then used to establish in particular the rate
of weak convergence of DE to an appropriate Skellam random variable, under either independent
or weakly dependent measurement errors.
As remarked above, there appears to be little in the way of a formal and general treatment of the
error propagation problem we consider here. However, there are, of course, several areas in which
the probabilistic or statistical treatment of uncertainty enters prominently in network analysis. The
closest area to what we present here is the extensive literature on distributions of subgraph counts
in random graphs. See Janson et al. (2011), for example, for comprehensive coverage. Importantly,
there the graph G is assumed to emerge according to a (classical) random graph and uncertainty
typically is large enough that normal limit theorems are the norm (although Poisson limit theorems
also have been established). In contrast, in our setting we assume that G is a fixed, true underlying
graph, and then study the implications of observing a ‘noisy’ version Ĝ of that graph, under various
assumptions on the nature of the noise, which involves two specific types of error (i.e., Type I
and II errors), the contributions of which are informed in part by the topology of G itself. An
area related to this work in random graphs is the work in statistical models for networks, such
as exponential random graph models (ERGMs). See Lusher et al. (2012) for a recent treatment.
Here, while these models are inherently statistical in nature, the randomness due to generation of
the graph G and due to observation of G—resulting in what we call Ĝ—usually are combined into
a single realization from the underlying distribution. And while subgraph counts do play a key
role in traditional ERGMs, they typically enter as covariates in these (auto)regressive models. In
a somewhat different direction, uncertainty in network construction due to sampling has also been
3



nv
2


binary random variables Yij : {i, j} ∈ V (2) , where

1 if H0 is rejected
0 if H0 is not rejected.



r

λ1
λ2

!k


 p
Ik 2 λ1 λ2 for k ∈ Z,

(4)
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2.2 Counting Edges

x∈R

dsKS (X1 , X2 ) ≡ sup |P (X1 ≤ x) − P (X2 ≤ x)| .


√
where
√ Ik 2 λ1 λ2 is the modified Bessel function of the first kind with index k and argument
2 λ1 λ2 . The Skellam distribution may be constructed by defining W through the difference of two
independent Poisson random variables, with means λ1 and λ2 , respectively. The mean and variance
of this distribution are given by E[W ] = λ1 − λ2 and Var(W ) = λ1 + λ2 . The distribution of W is
in general asymmetric, with symmetry holding if and only if λ1 = λ2 .
The main results we provide in this paper are in the form of bounds on the extent to which
the distribution of random variables like the discrepancy D in (3) may be well-approximated by an
appropriate Skellam distribution. For this purpose, we adopt the Kolmogorov-Smirnov distance to
quantify the distance between distributions of two random variables, say, X1 and X2 , i.e.,

P (W = k) = e

−(λ1 +λ2 )

Generic subgraph counts, and the corresponding noise in obtaining them, can be quite varied in real
applications. Accordingly, most of our specific results pertain to the fundamental case of counting

Low Error Rate: λ = Θ (µ).

Large Graphs: nv → ∞.
P
P
Edge Unbiasedness: {i,j}∈E c αij = {i,j}∈E βij (≡ λ).

Homogeneity: αij ≡ α and βij ≡ β, for α, β ∈ (0, 1).

In other words, we assume that the probability of making a Type I or II error (as the case may be)
does not depend upon the specific (non)edge in question.
Lastly, for completeness, we recall the definition of the Skellam distribution. A random variable
W defined on the integers is said to have a Skellam distribution, with parameters λ1 , λ2 > 0, i.e.,
W ∼ Skellam (λ1 , λ2 ), if

(A4)

Our use of assumption (A2) reflects the understanding that a ‘good’ approximation Ĝ to the
graph G should at the very least have roughly the right number of edges. The difference of the
two sums defined in (A2) is in fact the expectation of the statistic D in (3) for the case where the
subgraph being counted is just a single edge, i.e., it is the expected discrepancy between the number
of observed edges |Ê| and the actual number of edges |E|. So (A2) states that this particular choice
of D has expectation zero. Alternatively, (A2) may be interpreted as saying that the total numbers
of Type I and Type II errors should be equal to a common value λ.
Finally, we capture the notion of a ‘low’ rate of error in Ĝ through assumption (A3). Specifically,
we assume that the number of Type I or Type II errors in edge status that we expect throughout the
network is roughly on par with the average number of edges incident to any given vertex in the
network. This condition can be re-expressed in a useful manner with respect to nv if, as is common
in the literature, we distinguish between sparse and dense graphs. By the
 term sparse we will mean
a graph for which |E| = Θ (nv log nv ), and by dense, |E| = Θ n2v . Hence, assumption (A3)
reduces to λ = Θ (log nv ) in the case of sparse graphs, and to λ = Θ(nv ), in the case of dense
graphs.
In addition, for convenience, we add to the core assumptions (A1)-(A3) a fourth assumption,
upon which we will call periodically throughout the paper when desiring to simplify some of our
expressions.
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Assumption (A1) reflects both the fact that the study of large graphs is a hallmark of modern applied work in complex networks and, accordingly, our desire to make statements that are asymptotic
in nv .

(A3)

(A2)

(A1)

for a given choice of subgraph H. Naturally, this distribution will depend in no small part on
context. Here we focus on a general formulation of the problem in which we make the following
three assumptions.

H ⊆Knv ,H =H

where E c = V (2) \ E. Again pursuing the example of network construction based on hypothesis
testing, αij can be interpreted as the probability of Type-I error for the test on vertex pair {i, j} ∈
E c , while βij is interpreted as the probability of Type-II error for the test on vertex pair {i, j} ∈ E.
For example, αij might be the probability of incorrectly inferring a regulatory relationship between
two genes i and j, based on thresholding the empirical correlation between their expression values,
as quantified through deep sequencing measurements over a series of experiments. Similarly, βij
might be the probability of missing a logical link in the Internet topology between two routers i and
j, due to artifacts in measurement technologies (e.g., traceroute).
Our interest in this paper is in characterizing the manner in which the uncertainty in the Yij
propagates to subgraph counts on Ĝ. More specifically, we seek to characterize the distribution of
the difference
h
i
X
1
D=
1{H 0 ⊆ Ĝ} − 1{H 0 ⊆ G} ,
(3)
|Iso(H)| 0
0∼


It is useful to think of the collection of random variables Yij : {i, j} ∈ V (2) as being associated
with two types of errors. That is, we express the marginal distributions of the Yij in the form
(
Bernoulli (αij ) , if {i, j} ∈ E c ,
Yij ∼
(2)
Bernoulli (1 − βij ) , if {i, j} ∈ E,

Note that the random variables Yij need not be independent and, in fact, in many contexts will most
likely be dependent. Gene regulatory networks inferred by correlating gene expression values at
each vertex i with that of all other vertices j ∈ V \ {i} and maps of the logical Internet obtained
through merging paths learned by sending traffic probes between many sources and destinations are
just two examples where dependency can be expected.
Whether obtained informally or formally, we can define the inferred edge set Ê as
n
o
Ê = {i, j} ∈ V (2) : Yij = 1 .

Yij =

These tests amount to a collection of
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Yij −

= |Ê| − |E|
X
{i,j}∈E c

X

{i,j}∈E

(1 − Yij )

edges. That is, where the choice of subgraph H is simply a single edge, and therefore the function
η(G) in (1) is just the total number of edges in G, i.e., η(G) = |E|. We will consider two scenarios
for this case, wherein the random variables Yij are independent or weakly dependent.
In the case where the edge noise is independent, the discrepancy
DE
=
has expectation E[DE ] = α|E c |−β|E| = λ−λ = 0 and variance σ 2 = α(1−α)|E c |+β(1−β)|E|,
and its behavior can be established using existing methods from the literature (i.e., essentially, ChenStein methods). However, we include it as an important base case, comparing results obtainable by
our methods to those obtainable by more traditional techniques, in Section 4.1.
Alternatively, suppose that the variables Yij are dependent. The random variable DE again has
expectation zero, although its variance—and hence its asymptotic behavior—will differ from the
independent case, in a manner dictated by the nature of the underlying dependency in the noise.
It often can be expected in practice that the error associated with construction of the empirical
graph Ĝ will involve dependency across (non)edges. For example, relations in gene regulatory
networks are often declared based on sufficiently strong levels of association between gene-specific
measurements (e.g., measures of gene expression). The comparison of the measurements for each
gene with those of all of the others necessarily induces potential dependencies among the random
variables Yij . However, a precise characterization of such dependency is typically problem-specific
and, more often than not, nontrivial in nature. In Section 4.2 we will assume general dependency
conditions in the spirit of traditional monotone coupling arguments, which will allow for further
analysis and interpretation.

3. General Results on Approximation by Skellam
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Recall the general form of our statistic of interest D in (3), as the difference of two sums of binary
random variables. Under appropriate conditions it seems reasonable to expect that the distribution
of D be well-approximated by a Skellam distribution. And for the simplest case, in which we
are counting edges under independent noise, it is possible to show that this is in fact the case,
through manipulation of existing results for approximating sums by Poisson distributions. Without
independence, however, it is necessary to approach the problem directly, by explicitly using the
Skellam distribution. In this section, we therefore provide the results of such an approach. This
is a completely general treatment—devoid of the motivating context of counting subgraphs—and
therefore also likely of some independent interest. In Section 4 we return to the problem of counting
subgraphs under low-rate error and illustrate the use of the results presented here in this section
through application to the case of counting edges.
Our approach in this section is through Stein’s method. This choice is reminiscent, naturally,
of the Chen-Stein treatment for Poisson approximations. However, the task is technically more
involved at several points, as it requires handling a Stein function that is defined through a secondorder difference, rather than the first-order difference encountered in the Poisson problem. Moreover, the kernel of the Skellam distribution includes a modified Bessel function of the first kind,
which emerges in ways necessitating a somewhat delicate treatment.
7
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m
X

Mk ,
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n
X

k=1

Lk −

3.1 A Stein Bound for the Skellam Distribution
Let U be a random variable defined as
U=

(5)

(6)

m
n
} is a collection of two sets of indicator random variables with E[Lk ] =
, {Mk }k=1
where {{Lk }k=1
pk for k = 1, . . . , n and E[Mk ] = qk for k = 1, . . . , m. In the case of our subgraph counting
problem, U = D, where D is defined in (3), although for the remainder of this current section U is
defined generally.
Recall the definition of a Skellam random variable W in (4). We desire a bound on

x∈R

dKS (U, W ) := sup |P (U ≤ x) − P (W ≤ x)| ,

if and only if

W ∼ Skellam (λ1 , λ2 )

quantifying how close the distribution of U is to that of W . In pursuing the standard paradigm for
Stein’s method, we first determine an operator A [f (k)] such that
EA [f (W )] = 0

for any bounded function f : Z 7→ R. This operator need not be unique, but the theory only requires
one. This is accomplished through the following result, the proof of which uses several properties
of the modified Bessel function of the first kind, as detailed in the appendix, in Section A.1.

A [f (k)] = g (k)

With this operator in hand, and again following the usual paradigm under Stein’s method, we

A [f (k)] = λ1 f (k + 1) − kf (k) − λ2 f (k − 1) .

Theorem 1 A Stein operator A for the Skellam (λ1 , λ2 ) distribution is

set

(7)

for a class of test functions g (k), and allow that to implicitly define the function f . The choice of
the test functions g is guided by the choice of the metric used to measure the distance between U and
W . Since the metric we choose to measure the distance between U and W is given by dKS (U, W )
in (6), we choose the test function g := gx given by

gx (k) = 1 {k ≤ x} − P (W ≤ x)

for any x ∈ R.
At this point it is common to exhibit a solution f defined by our choice of g. Instead, we forestall
that step until later in this section, choosing rather to state a general result that will allow us to more
quickly gain insight into the nature of the bounds we are able to obtain. Our result employs a minor
variant of the notion of coupling that is common to the literature on Chen-Stein approximations.
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Theorem 2 Let U be as in (5) and let L(U ) denote the law of U . Let


(L)
L Uk + 1 = L (U |Lk = 1) for k = 1, . . . , n
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(M )
L Uk − 1 = L (U |Mk = 1) , for k = 1 . . . , m

k=1

x∈R j∈Z

||∆f || = sup sup |fx (j + 1) − fx (j)|

k=1

9
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The proof of this theorem is similar to that of solving a second order linear differential equation.
An integrating factor is found, integration is performed with a boundary condition at −∞, and then
a second integration is performed with the initial condition. Details are provided in the appendix in
Section A.3.
Leveraging our insight into fx to control ||∆f || means producing a bound on the absolute differences |∆fx (j)| = |fx (j + 1) − fx (j)| independent of x ∈ R and j ∈ Z. Consider first the special
case where λ1 and λ2 are equal, for which we are able to offer the following result.

for any
√ initial condition (c, fx (c)) with c ∈ Z and fx (c) ∈ R. Here Im is used as short-hand for
Im (2 λ1 λ2 ).

1 2

for k ∈ Z, then fx is given by

q m
h
q c
m
λ2
λ1
1

Im (−1)c

λ1
λ2
Ic f (c)
 (−1)

i

n+1
P
λ
+λ

(−1)
 + e√ 1 2 m−1
P (W ≤ min {n, x}) P (W > max {n, x}) if m > c
n=c
I
I
n
n+1
λ1 λq
2
m
h
q c
fx (m) =
m
λ2
λ1
1


Im (−1)c
 (−1)
λ1
λ2
Ic f (c)

i

n+1
P

 − e√λ1 +λ2 c−1 (−1) P (W ≤ min {n, x}) P (W > max {n, x}) if m < c.
n=m In In+1
λ λ

Theorem 3 Let gk be defined as in equation (7). If fx is a bounded solution to the difference
equation
λ1 fx (k + 1) − kfx (k) − λ2 fx (k − 1) = gx (k)

Controlling ||∆f || in (8) first requires understanding the solution fx (k). We provide a family of
closed-form expressions for this solution in the following.

and fx is a solution to A [fx (k)] = gx (k) for k ∈ Z.

where

(8)

C
,
λ1 + λ2

for both sparse and dense graphs G.
10

dKS ( DE , Skellam(λ, λ) ) ≤ O n−1
v



,
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(9)

Theorem 6 Under assumptions (A1)-(A4) and independence among errors in declaring (non)edge
status (i.e., among the Yij ),

Recall the problem wherein the function of interest (1) counts the number of edges in G, i.e., η(G) =
|E|, and the variables Yij in (2) are independent. In light of Theorems 2 and 4, we have the following
result characterizing the behavior of the discrepancy D in (3), which here is simply DE = |Ê|−|E|.

4.1 Edge Counts Under Independent Edge Noise

We now illustrate the use of our general results for the problem of characterizing the propagation
of low-rate measurement error to subgraph counts in large graphs, for the specific case of counting
edges.

4. Application of General Results to Counting Edges

for some constant C > 0 independent of λ1 , λ2 .

||∆f || ≤

Conjecture 5 In general, for λ1 and λ2 sufficiently close and large,

160
.
2λ

3.2 Controlling the Constant Term

||∆f || ≤

The proof of this result relies on elementary considerations of the equation A[fx (k)] = gx (k)
and may be found in the appendix in Section A.2. The extent to which it allows one to obtain error
estimates of practical interest in a particular setting will depend on the extent to which both the
main expression within brackets in (8) and the preceding constant ||∆f || can be further controlled.
While control of the former is problem dependent, control of the latter is not, and may be dealt
with separately, as we do next. Afterwards, in Section 4, we illustrate the control of the bracketed
expression in (8), in the context of the problem of counting edges introduced in Section 2.2.

k=1 pk

Pn

Theorem 4 Suppose that λ1 = λ2 ≡ λ, so that E[U ] = 0 and W is a Skellam(λ, λ) distribution,
symmetric about zero. Assume λ ≥ 1. Then
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The proof of this theorem is highly technical in nature, and relies on a concentration inequality for
the Skellam(λ, λ) distribution (Balachandran et al., 2013b) with several other technical arguments.
A sketch of the proof may be found in the appendix in Section A.4, while a detailed presentation is
available in the online appendix.
Note that the bound in Theorem 4 is essentially the analogue of the classical result for Poisson
approximation, in which, for sufficiently large λ, the term 1/λ is the standard factor. In both cases,
therefore, the corresponding term ||∆f || is bounded by the inverse of the expected total number of
counts, where here that is E[T1 + T2 ] = 2λ.
The above result is of immediate relevance to the problem of counting edges, given assumption
(A2), whether under the assumption that the edge noise is independent or dependent. We will make
use of this result in the next section. For applications involving higher-order subgraphs, we can
expect to need an extension of Theorem 4 to the general case of λ1 6= λ2 . For arbitrary λ1 , λ2 > 0,
we are unable to produce a satisfactory bound. However, supported by preliminary numerical work,
we have the following conjecture.

be a collection
P of random variables all defined on a common probability space. If λ1 =
and λ2 = m
k=1 qk , and W ∼ Skellam(λ1 , λ2 ), then
( n
)
m
X
X
(L)
(M )
dKS (U, W ) ≤ ||∆f ||
p k E U − Uk +
qk E U − U k
,

and
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and similarly for qk E U − Uk
. Unfortunately, it is straightforward to show that for the dependent error version of the problem considered in the previous subsection (i.e., involving independent and homogeneous low-rate errors on large-spare networks) the bound we obtain for
dKS ( DE , Skellam(λ, λ) ) will be no better than O(λ)—regardless of the nature of the dependency
among the Yij .
One possible approach to a more subtle handling of these terms is motivated by considerations
of hypothesis testing. Suppose that the Lk correspond to indicators of Type I error for n tests
under their corresponding null hypotheses, and the Mk , to indicators of Type II error for m tests
under their corresponding alternative hypotheses. Furthermore, suppose that the corresponding test
statistics are all defined on the same scale and compared to the same threshold. Moreover, for
simplicity, we assume these statistics all have non-negative values and that their distribution under
the null sits to the left of that under the alternative, so that more extreme positive values tend to
support the alternative. In this setting, if we know, for example, that L1 = 1, we know that at
least one rejection of a null hypothesis has occurred, indicating that the threshold sits to the left of
the right-most extreme of the empirical null distribution. Accordingly, we are inclined to expect
that there may be other such rejections of the null, i.e., other Type I errors. At the same time, we
would expect fewer Type II errors, i.e., fewer M that equal 1. Conversely, if we see a Type II error,
say M1 = 1, it can be argued that we would be inclined to expect more Type II errors and, at

pk E U − Uk

Of the two terms in (8), the first term ||∆f || is again known to behave as O(λ−1 ), by Theorem 4.
On the other hand, control of the second term, in brackets, requires some care. For example, naive
inter-change of absolute values and summations with expectation yields that

Figure 1: (Log)Kolmogorov-Smirnov distance between Skellam and standard normal approximations to the distribution of discrepancy DE in edge counts under independent errors. Left:
Sparse case. Right: Dense case.

log10(KSDistance)
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Proof of this result may be found in the appendix, in Section A.5. The theorem establishes a rate
at which—in large networks, whether sparse or dense, with independent and homogeneous low-rate
errors—the distribution of the discrepancy DE tends to that of an appropriate Skellam distribution,
i.e., symmetric and centered on zero, with variance 2λ. The same rate may be established using more
standard arguments from Chen-Stein theory, the proof of which we also include in the appendix, for
completeness. These latter arguments, of course, only hold in the case of independence assumed
here, and do not extend generally to the case of dependence in the edge noise.
To put the rate established in the above theorem in better context, it is interesting to compare
to the case where a normal distribution is used instead to approximate that of the discrepancy DE .
The following theorem, proof of which also may be found in Section A.5, provides both upper and
lower bounds.

(11)

Theorem 7 Let σ 2 = Var(DE ). Under the same conditions as Theorem 6 , in the case of sparse
graphs



(10)
Ω log−1 nv ≤ dKS ( DE /σ , N (0, 1) )) ≤ O log−1/2 nv ,
while in the case of dense graphs,



Ω nv−1 ≤ dKS ( DE /σ , N (0, 1) )) ≤ O nv−1/2 ,
where N (0, 1) refers to a standard normal random variable.

These two theorems together indicate that in this context a Skellam approximation is clearly
superior to a normal for sparse graphs, and they suggest that it can be better as well for dense graphs.
These statements are supported by the results of a small simulation study, shown in Figure 1. There
we compared the two approximations as nv ranges from 100 to 1000 to 10, 000, for error rates
λ defined to be constant, logarithmic, square root, or linear functions of nv . For the sparse and
dense cases, we let |E| equal nv log nv and nv (nv − 1)/4, respectively. Looking at the sparse
case, for when λ = log nv , the Skellam approximation clearly dominates the normal. However,
1/2
interestingly, this dominance continues even when the error rate is set equal to nv . Only once the
error rate is nv do we see the normal approximation begin to overtake the Skellam approximation.
Note that by this stage, β = O(1), and so essentially there is no ‘signal’ standing out from the
‘noise’. Similarly, looking at the dense case, we see that the Skellam approximation is better than
the normal approximation at all error rates, including, in particular, when the error rate equals nv ,
the case addressed by the above two theorems.
In summary, in the independent case, the Skellam distribution dominates the normal as an approximation when there can be expected to be a clear graph ‘signal’ standing out against the ‘noise’
induced by underlying low-rate measurement errors.
4.2 Edge Counts Under Dependent Edge Noise
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Again, as just above, consider the context wherein counting edges is of interest, so that η(G) = |E|
and our goal is to characterize the accuracy with which DE = |Ê| − |E| is approximated by a
Skellam(λ, λ) random variable. Now, however, we assume that the error associated with construction of the empirical graph Ĝ will involve dependency across (non)edges. That is, the random variables Yij are now dependent. A precise characterization of such dependency is typically problemspecific and, more often than not, nontrivial in nature. Here, for the purposes of illustration, we
instead provide certain results of a general nature, working from the bound (8) of Theorem 2.
11

log10(KSDistance)

and

dKS (U, W ) ≤ ||∆f || {Var(U ) − (λ1 + λ2 )} ,
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The propagation of uncertainty in network analysis is a topic that currently lags the field in development. Despite almost 15 years of work in the modern ‘network science’ era, on a vast array of
topics, from researchers in many different disciplines, there remains a sizable gap in our understanding of how ‘low level’ errors (i.e., at the level of declaration of edge / non-edge status between
vertex pairs) propagate to ‘high level’ summaries (e.g., subgraph counts, centralities, etc.). As a
result, in most practical work, network summary statistics are cited without any indication of likely
error.

5. Discussion

This result can be compared to that of Theorem 6 , where the edge noise was independent and the
error in approximating by a Skellam decayed like n−1
v . By way of contrast, Corollary 9 tells us
that in order to achieve a decay in approximation error like O(f (nv )), we must have Var(DE ) =
2λ (1 + O(f (nv ))).
More generally, the quality of the approximation of DE by a Skellam will be influenced by the
nature of the dependency in the errors, as the latter manifests itself through the overall variance
Var(DE ). The nature of that dependency is highly problem-specific, and a detailed investigation of
possible cases is well beyond the scope of the present paper, although we provide some initial insight
later as it arises in the context of counting higher-order subgraphs, through Theorem 10 in Section 5.

Corollary 9 Suppose that the collections of edge indicator random variables {Yij }{i,j}∈E c and
{Yij }{i,j}∈E satisfy conditions (i) and (ii) of Theorem 8 , playing the roles of the L0 s and M 0 s,
respectively. Then under assumptions (A1)-(A2),


Var(DE ) − 2λ
dKS ( DE , Skellam(λ, λ) ) = O
.
2λ

The proof of this theorem is given in the appendix, in Section A.6. We note that for a collection of
binary random variables to satisfy conditions (i) and (ii) in the above theorem, it is sufficient, for example, to generate a vector of positively associated random variables (L1 , . . . , Ln , 1 − M1 , . . . , 1 −
Mm ). The L’s and the M ’s will then be positively associated within, but negatively associated
between, which in turn implies the conditions (i.e., analogous to positive and negative relatedness,
respectively). See Barbour and Chen (2005, p. 78), for example, for a brief summary of these latter
notions and their relationships.
With this theorem, the following then holds for large networks with dependent and homogeneous errors, when the dependency is of the nature just defined.

where W ∼ Skellam(λ1 , λ2 ), with λ1 , λ2 defined as in Theorem 2.

Then

k
ii. L̃M
≤ Lj and M̃`Mk ≥ M` , j = 1 . . . , n and ` 6= k.
j

(12)

be distributed as Lj and M` , conditional on

Lk
k
i. L̃L
j ≥ Lj and M̃` ≤ M` , for j 6= k and ` = 1, . . . , m, while

ditional on Lk = 1. Similarly, let
Mk = 1. Suppose that

M̃`Mk

(13)

for ν a real number, where U and V are binomial, with parameters (n, p) and (m, q), respectively.
This distribution is a rescaling of that of the sum of two independent binomials, in a spirit analogous
to the Conway-Maxwell binomial (COMB) distribution introduced recently by Kadane (2014). The
COMB distribution is a simple extension of the binomial distribution that introduces dependency
among the corresponding Bernoulli random variables. Our proposed distribution for S in (13) involves two binomial random variables, for which the corresponding Bernoulli random variables are
dependent both within and between the two. Accordingly, we call this a COMB2 distribution.
Now impose assumption (A2) on this model. Since the assumption implies that E [D] = 0, it
follows that necessarily we must have E [S] = m. Furthermore, the limiting Skellam distribution
in Corollary 9 will be symmetric under this assumption. Symmetry can be imposed here on
 the
distribution of S, and hence D, by taking n = m and q = 1 − p. Therefore, we let |E| = n2v /2 =
nv (nv − 1)/4 and α = 1 − β. Note that this choice of |E| means that our numerical work pertains
to the case of dense graphs. (We are unable to exhibit a sparse variant of the COMB2 model with
the necessary characteristics above.)
Note that when ν = 1, the binary random variables (L1 , . . . , Ln , 1 − M1 , . . . , 1 − Mm ) are
independent. On the other hand, proceeding along lines of reasoning similar to those in Kadane
(2014), it can be argued that the COMB2 distribution, with the parameter constraints just described,
renders the (L1 , . . . , Ln , 1 − M1 , . . . , 1 − Mm ) positively associated when ν < 1, with the mass
being transferred increasingly to the endpoints of the support of the distribution of D as ν → −∞.
As a result, per the discussion immediately following Theorem 8, the particular COMB2 distribution
we have defined can be used to simulate network edge data in a way that satisfies the conditions of
Corollary 9.
In Figure 2 are shown the results of numerical work calculating the Kolmogorov-Smirnov distance between the Skellam and standard normal approximations to the distribution of the discrepancy DE in edge counts under the COMB2 distribution, for ν = 0, 0.5, and 1.0. The noise levels
used here are the same as used earlier in producing Figure 1. We see that the accuracy of the Skellam distribution decays slightly with increasing dependency in the errors, and with increasing noise
levels.

k
L̃M
j


n + m ν−1
P (U + V = k) ,
k

Lk
k
be random variables distributed as Lj and M` respectively, conTheorem 8 Let L̃L
j and M̃`



However, nontrivial insight also can be gained into the influence of the level of dependency on
accuracy through numerical work under the following simple model.
For a vector
P of binary
Prandom variables (L1 , . . . , Ln , 1 − M1 , . . . , 1 − Mm ), let S = D + m,
where D = ni=1 Li − m
i=1 Mi . We equip S with a distribution of the form

the same time, fewer Type I errors. These arguments are heuristic, of course, although intuitively
appealing. From a practical perspective, their validity would need to be examined within specific
applied contexts. However, that work lies beyond the scope of the present manuscript.
Together these high-level arguments suggest that a reasonable generic model for these errors
is one in which there is positive correlation within the L’s and M ’s, respectively, but negative
correlation between. The conditions of the following theorem capture this notion, which in turn
allow us to produce a sensible bound, improving on that of Theorem 8.
P (S = k) ∝
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Figure 2: (Log)Kolmogorov-Smirnov distances to the distribution of the discrepancy DE in edge
counts under the COMB2 distribution, with ν = 0 (top left), ν = 0.5 (top right), and
ν = 1.0 (bottom left), for the Skellam and standard normal approximations. Also shown
is a comparison of Skellam approximations as a function of ν (bottom right).
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Our contributions in this paper are aimed at helping to begin laying a foundation for work in this
area, with a focus on establishing an initial understanding of the distributional behavior of certain
simple network summary statistics. Our choice to work with subgraph counts is both natural and
motivated by convenience, whereas our emphasis on the specific case of large networks with lowrate measurement error is intended to capture a sizable fraction of what arguably is encountered in
practice.
Ultimately, however, this initial work leaves us still well short of natural practical endpoints
in applied statistics and machine learning for network science—for example, even to be able to
do hypothesis testing or construct confidence intervals for graph-based parameters of interest (i.e.,
for η(G)). To close this gap is well beyond the scope of this paper. Indeed, we anticipate that it
15
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will require the contributions of many papers in this emerging topic area, from researchers across
a combination of probability, statistics and machine learning, and domain areas. Accordingly, we
devote the remainder of this paper to a brief discussion of what we view as key challenges in terms
of applied probability, statistical and machine learning methodology, and practical applications.
5.1 Challenges in Applied Probability

From the perspective of applied probability—including random graph theory—our problem formulation appears to be new. Our formulation is reminiscent of the type of ‘signal plus noise’ model
commonly used in nonparametric function estimation and digital signal processing. Notably, in our
formulation the true underlying graph G is fixed. This necessitates a different treatment than, say,
traditional analysis of subgraph counts in classical Erdős-Rényi random graphs (e.g., Janson et al.,
2011, Chs 3 & 6). In the special case where an Erdős-Rényi model is assumed, as well as assuming independence among the measurement errors, and the analysis is done without conditioning on
G, then the problem could be viewed as involving a classical random graph wherein the (marginal)
probability of an edge is a function not only of an initial edge frequency but also the Type I and Type
II error rates. In general, however, either when G is fixed, as assumed in this paper, or from some
other class of random graph models (e.g., various models with heterogeneous degree distributions),
or when the measurement errors are dependent, the problem is more involved. By conditioning on
G, our formulation allows us to focus our analysis firstly on a high-level notion of Type I and II
errors among (non)edges, and then secondly on the manner in which the structure of the underlying
graph G may interact with those errors.
We view our work in part as laying a key initial piece of the foundation on an important new
class of problems in applied probability. However, we have provided a detailed analysis only for
the most fundamental of subgraph count statistics, i.e., the number of edges in a network. Our
initial work on extension to counts for subgraphs of higher order suggests that the problem becomes
increasingly nontrivial. Specifically, the interaction of noise level, graph topology, and choice of
subgraph would appear to need to be studied with care.
The following general theorem should be useful in exploring further in this direction.

H 0 ∈C
/ H

LH 0 −

H 0 ∈CH

Theorem 10 Let H be a given subgraph of interest. Re-express the difference D in subgraph counts
defined in equation (3) as
X
X
MH 0 ,

DH =

∼ H, H 0 ⊆ G}, where LH 0 and MH 0 are indicator variables of Type I
for CH = {H 0 ⊆ Knv : H 0 =
and Type II error, respectively, for a subgraph H 0 . Under the assumption of independent edge noise,

dKS (DH , W ) ≤ ||∆f || {Var(DH ) − (λ1 + λ2 )} ,
(14)
P
P
H 0 ∈C
/ H pH 0 and λ2 =
H 0 ∈CH qH 0 , for pH 0 = E [LH 0 ]
where W ∼ Skellam(λ1 , λ2 ), with λ1 =
and qH 0 = E [MH 0 ].
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This result follows directly from application of Theorem 8 and the comment immediately following
that theorem. In particular, each of the indicator random variables LH 0 and 1 − MH 0 may be
expressed as a product of nv(H) choose two binary random variables, where nv(H) is the order of
the subgraph H. Since these products are non-decreasing functions of their arguments, and their

16

 h
i
2r
1 − (1 − β)2 .
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λ 2 = nv

17

and

Here the two terms defining λ1 derive from counting the number of vertex triples in G that possess
only one edge or no edges among them, respectively. Under assumptions (A1) - (A4), and supposing that G is sparse, λ1 and λ2 , are both O(log2 nv ), so that neither of the sums in DH dominates
the other. However, λ1 is in general not equal to λ2 , and so Conjecture 5 is pertinent here. At
the same time, calculation of the variance in (14) is decidedly more involved, as it requires evaluation of the covariances Cov (LH 0 , LH 00 ), Cov (MH 0 , MH 00 ), and Cov (LH 0 , MH 00 ) over all pairs
of vertex-triples, corresponding to putative subgraphs H 0 and H 00 . Under independent edge noise,
the calculations simplify to some extent, in that these covariances are non-zero only in the case
where the relevant pair of vertex triples is defined in terms of a total of only either three or four
unique vertices. (When five or six unique vertices define the two triples, the indicators L and/or
M are functions of two independent sets of edge indicators Yij .) Nevertheless, there still remain
several subcases to enumerate for each of the three forms of covariance above in order to complete
the calculation, rendering the exercise
arguably feasible but tedious. Ultimately, however, since the

denominator in (14) is O log2 nv under Conjecture 5, we see that under this particular noise level,
with this particular graph topology, the convergence to Skellam is unlikely to be fast. Numerical
experiments confirm this expectation.
This small illustration is sufficient to illustrate the point we assert above, i.e., that the interaction
of noise level, graph topology, and choice of subgraph are likely to be nontrivial in the class of problems introduced here in this paper, and will likely require substantial and careful study in applied
probability. Of course, looking even more broadly, by restricting our attention to subgraph counts
we have only considered a portion of the full universe of network summary statistics. Clearly there
are other classes of summaries of interest to be explored, and which can be expected to potentially
display different behavior. Summaries relying on shortest path behavior (e.g., the diameter of a
graph, between centrality of nodes, etc.) are a natural example.

5.2 Challenges in Statistics and Machine Learning Methodology

BALACHANDRAN , KOLACZYK , AND V ILES

From the perspective of statistics and machine learning, the work in this paper is largely a necessary
means to an end. In the context of network-based propagation of error, a central goal of interest in
these fields would be, for example, to develop methods of hypothesis testing or confidence interval
construction for graph-based parameters of interest (i.e., for η(G)) based on an observed graph
Ĝ. Alternatively, one might wish to use such network summaries (or perhaps even the networks
themselves) as input into a regression or classifier. Here, again, much work remains to be done.
For parameter estimation and testing in the spirit of classical statistics (e.g., Statistics 101), it is
typical to first understand the probability distribution underlying a quantity of interest. That is the
goal of this manuscript and, for an important subclass of problems in this space, our results offer
some initial insight. But knowledge of this distribution does not necessarily yield a tool for statistical
inference. For example, to apply the Skellam results here in practice would require knowledge of
the Type I and II error rates. If that knowledge is lacking (as generally is the case), then they must
be estimated. How best to perform such estimation will presumably depend on context. To the best
of our knowledge, this question has not been explored broadly in the literature. See Section 5.3 for
additional comments in this direction.
In our work here, we have purposely taken an agnostic stance on the nature of G. However, it
can be expected that additional leverage on the propagation of error problem—and, in particular,
related problems of statistical inference—can be gained by incorporating additional model structure
into the problem. For example, within the statistics and machine learning literatures, arguably the
canonical methodology for producing an estimate Ĝ of a graph G from data is the neighborhood
selection approach of Meinshausen and Bühlmann (2006) and the many derivatives thereof. In this
approach, we assume we have available n independent and identically distributed observations of a
nv -dimensional random vector X that follows a multivariate normal distribution, with mean 0 and
covariance matrix Σ. The graph G in this setting is taken to be the so-called concentration graph,
defined so as to have an edge between a given vertex pair i and j if and only if the i, j-th entry of
the concentration matrix Σ−1 is non-zero. Since it is typical to have n  nv in practice, methods of
inference for this problem generally make use of complexity-penalized optimization. The original
proposal in Meinshausen and Bühlmann (2006) makes use of `1 -penalized regression. In what appears to be a first, the combination of Gaussian graphical models and hypothesis testing for network
structure has been explored by Neykov et al. (2016) in recent work. There they characterize the
complexity of what they call combinatorial inference problems through the use of minimax lower
bounds. Algorithms are provided for tests that achieve those lower bounds.
Examples of other related work in this space include methodology for predicting network topology or attributes with models that explicitly include a component for network noise (e.g., Jiang
et al., 2011; Jiang and Kolaczyk, 2012), the ‘denoising’ of noisy networks (e.g., Chatterjee, 2015),
and the adaptation of methods for vertex classification using networks observed with errors Priebe
et al. (2015). Also related is recent work by Cai et al. (2017) on the detection of ring lattice structure in the presence of random connections (i.e., small worlds). While there are undoubtedly other
examples in this space that we have not cited here, it is nevertheless the case that we are currently
still only at the start of methodological development of this type.
Finally, we note that network summary statistics have also long been used in practice as input
to regressions and classifiers. A canonical example in the field of marketing is Hill et al. (2006),
where the focus is on the identification of early adopters through the use of consumer networks,

arguments are independent, it follows that the collection of random variables defined by the union
of the LH 0 and the 1 − MH 0 are positively associated (e.g., Esary et al., 1967).
Application of this theorem to specific choices of subgraphs H requires calculation or bounding
of the two key elements within brackets in (14), i.e., Var(DH ) and λ1 + λ2 , as well as control of
the constant ||∆f ||. For the case of independent edge noise (which, nevertheless, yields dependent
indicator variables LH 0 and MH 0 ), there is some hope that the former two quantities may be bounded
through straightforward calculations, at least for low-order subgraphs. As for the latter quantity,
under Conjecture 5 this term is controlled by a term of order (λ1 + λ2 )−1 , but this conjecture, while
supported by numerical work, remains to be proven.
By way of illustration, consider the problem of counting two-stars on the one-dimensional
toroidal lattice of degree 2r, r ≥ 1. That is, the graph G is composed of a ring, with each vertex connected to its r nearest neighbors in each direction. The subgraph H is simply a chain of
length two, i.e., a subgraph on three vertices
 {i, j, k} with edges {i, j} and {i, k}. In this case, the
total number of two-stars is η(G) = nv 2r
2 . Under homogeneous Type I and Type II error rates α
and β, the parameters λ1 and λ2 in Theorem 10 take the values


nv − 2r − 1 2
λ1 = 2rnv (nv − 2r − 1) α (1 − β) + nv
α
2
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with neighborhood summaries (e.g., proportion of neighbors adopting a product) being used as predictors. Similar use has been made in the social sciences. For example, Hahm et al. (2012) use
vertex centrality measures from a friendship network as input in an effort to predict adolescents at
risk of binge drinking. In these and other cases, it is certainly conceivable that the network summary
measures are observed with error. In that case, incorporation of ideas like errors-in-variables regression might be appropriate (Fuller, 2009). Characterization of distributional properties for network
summary measures, as in this paper, can be an important step towards understanding an appropriate
error model for the predictors.
5.3 Challenges for Practical Applications
When all is said and done, probabilistic and statistical / machine learning development in the area of
network-based propagation of error will only have significant practical impact when paired with an
appropriate degree of context-specific understanding of the nature and magnitude of errors that arise
in network construction. Certainly in most applied settings it is widely recognized by practitioners
that there is measurement error associated with common types of network constructions. And in
many settings the general issue has received nontrivial attention, such as, for example, in the context
of protein-protein interaction networks (e.g., Hart et al., 2006) or social networks (e.g, Almquist,
2012).
In order to interface in a productive manner with theoretical and methodological development,
such as offered in this paper, it will be important to be able to quantify the noise levels in applications. The difficulty of this task, of course, can vary greatly by context, as well as can the magnitude
of the noise. In the case of protein-protein interaction networks, for example, it is understood that
Type I and Type II error rates associated with traditional affinity binding experiments can be alarmingly high. Hart et al. (2006) summarized the fairly substantial literature on quantifying these rates,
finding that values of α ≈ 0.35 and β ≈ 0.40 were not atypical. In this case, such rates derive
largely from experimental evidence. Alternatively, Balachandran et al. (2013a) employ empirical
null principles (Efron, 2012) for correlation-based inference of a small gene regulatory network in
yeast to estimate error rates α ≈ 0.004 and β ≈ 0.009. But these later should be taken with a grain
of salt. Cosgrove et al. (2010) show that such nominal estimates of error rates can be decidedly off
from actual error rates when the underlying model assumptions are violated in ways that can often
be expected in practice (e.g., due to experimental batch effects).
Finally, it is important to note that in some areas of network science the notion of ‘ground
truth’—in the sense of what constitutes a true (non)edge—can be a slippery concept. For example, there continues to be much discussion and debate in computational neuroscience as to what
functional (or, alternatively, effective) connectivity represents, as inferred from data (e.g., from
neuroimaging measurements), in contrast to anatomical (or, alternatively, physical or structural)
connectivity. See, for instance, the review by Friston (2011). Such concerns further complicate the
task of defining and quantifying appropriately the notions of Types I and II errors used in this paper.
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Appendix A.
A.1 Proof of Theorem 1
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Proof We begin with the operator,

A [f (k)] = λ1 f (k + 1) − kf (k) − λ2 f (k − 1)

r

λ1
λ2

!k

Ik

with the intent of showing that the random variable W ∼ Skellam (λ1 , λ2 ) if and only if
EA [f (W )] = 0 for any bounded function f : Z 7→ R.
We begin with the necessity direction and the computation of

∞
X

k=−∞

[λ1 f (k + 1) − kf (k) − λ2 f (k − 1)]

EA [f (W )] = E [λ1 f (W + 1) − W f (W ) − λ2 f (W − 1)]
∝

Ik−1 − Ik+1 = √

k
Ik
λ1 λ2

p
p
I
I
k−1
k+1
λ1 λ2
− λ1 λ2
= k.
Ik
Ik

n
X

k=−∞

+



!n+1

λ1
λ2

r

In+1 f (n) .
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!n

In+1 f (n) = 0


λ1
λ2


!
!
r
k
k−1
λ1
Ik+1 f (k) −
Ik f (k − 1)
λ2
!n

r

λ1
λ2

In f (n + 1) +

In f (n + 1) +

λ1
λ2

k=−∞

r

!n+1

(15)

√
where ∝ is to be read as “proportional to,” and as shorthand, we write Ik for Ik (2 λ1 λ2 ). By
standard properties of Ik (e.g., Abramowitz and Stegun, 1972) we have that

or, in other words,

λ1
λ2

=

This means that
"r
n
X
λ
I
1
k−1
EA [f (W ) 1 {W ≤ n}] ∝
f (k + 1) −
f (k) +
λ2
Ik
k=−∞
# r !k
r
Ik+1
λ2
λ1
f (k) −
f (k − 1)
Ik
Ik
λ1
λ2


!
!
r
r
k+1
k
n
X
λ
λ1
1

Ik f (k + 1) −
Ik−1 f (k)
=
λ2
λ2
 r

Now, since f is bounded,

 r
lim

n→∞ 

20

r
λ1
λ2

!n



In+1 f (n)


q

λ1
λ2

k

q k


√
√
λ1
Ik 2 λ1 λ2 and T (k) =
Kk 2 λ1 λ2
λ2

√

λ1 λ2

p (k) = e−(λ1 +λ2 )

21

r

λ1
λ2

λ2
λ1

 p

Ik 2 λ 1 λ 2


√
Ik 2 λ 1 λ 2



!k

q

λ1
λ2

λ1
+
λ2

1

q

k=−∞

P∞

1
q k

e
= e−(λ1 +λ2 )

=

C1 =

so that W ∼ Skellam (λ1 , λ2 ).

so that

which means that

k=−∞
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for some constants C1 , C2 ∈ R.
P∞
Now, to determine the constants
P∞C1 and C2 we appeal to the fact that k=−∞ p (k) = 1. Since
Ik , Kk > 0 for all k ∈ Z and k=−∞ Kk = ∞ it must be that C2 = 0. Now, consider the
generating function
∞
X
z
e 2 (t+1/t) =
tk Ik (z)

p (k) = C1 S (k) + C2 T (k)

shows that S and T form two linearly independent solutions to this second order linear difference
equation, where Ik (x) and Kk (x) are the modified Bessel functions of the first and second kinds.
Thus, we know that the general solution is given by,

S (k) =

where p (k) = P (W = k). An ansatz of

λ1 p (k − 1) − kp (k) − λ2 p (k + 1) = 0

which proves the claim.
To prove sufficiency, we begin with EA [f (W )] = 0 and suppose that fk (j) = 1 {j = k} for
some j ∈ Z in which case

=0

E [A [f (W )]] = lim EA [f (W ) 1 {W ≤ n}]
n→∞

!
 r λ n+1
1
= lim
In f (n + 1) +
n→∞ 
λ2

so that by monotone convergence,

O N THE P ROPAGATION OF L OW-R ATE M EASUREMENT E RROR

(16)

k=1

n
X

k=1

m
X

k=1

n
X

pk E U − Uk

(L)

k=1

#

.

lim

k→−∞

r

λ1
λ2

22

!k

Ik f (k) = 0.

for some bounded function g : Z 7→ R, with the boundary condition

λ1 f (k + 1) − kf (k) − λ2 f (k − 1) = g (k) ,

Proof First, consider the solution to

A.3 Proof of Theorem 3

(M )

(M )
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(18)

(17)

 h 

i
(M )
qk E fx Uk − 1 − fx (U − 1)

qk (E [fx (U )|Mk = 1] − E [fx (U − 1)])

U − Uk

k=1

qk E U − U k

qk ||∆f ||E
k=1
m
X
+

+

m
X

Combining this with (16) yields the result.

"

(L)
Uk

 h

i
(L)
pk E fx (U + 1) − fx Uk + 1
+

k=1
m
X

m
X

E [Mk fx (U ) − qk fx (U − 1)]

pk (E [fx (U + 1)] − E [fx (U )|Lk = 1]) +

E [pk fx (U + 1) − Lk fx (U )] +

pk ||∆f ||E U −

k=1

k=1
n
X

k=1
n
X

n
X

= ||∆f ||

≤

=

=

=

|E [λ1 fx (U + 1) − U fx (U ) − λ2 fx (U − 1)]|

P
P
Pn
Pm
Next, recall from (5) that U = nk=1 Lk − m
k=1 Mk . Since λ1 =
k=1 pk and λ2 =
k=1 qk ,
we have after conditioning on Lk and Mk ,

|P [U ≤ x] − P [W ≤ x]| = |E [λ1 fx (U + 1) − U fx (U ) − λ2 fx (U − 1)]| .

Substituting k = U and taking expected values, we obtain,

λ1 fx (k + 1) − kfx (k) − λ2 fx (k − 1) = 1(k ≤ x) − P [W ≤ x] .

Proof Given that fx is a solution to A[fx (k)] = gx (k), we have

A.2 Proof of Theorem 2
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!k

r

Ik g(k).

λ1
λ2

Ik f (k − 1)

!k

k
p
λ1 /λ2 Ik , we
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r

Ik f (k + 1) −

Ik g(k)

!k
λ1
λ2

Ik+1 f (k) −

r

!k+1
λ1
λ2

1
λ1 λ2

λ1
λ2
r

λ1
λ2

We use (15) to substitute for k in (17). Then, multiplying both sides of (17) by
obtain,

=

r
+

=√

r !k
λ1
Ik−1 f (k)
λ2
!k−1

r !k
r !k−1
λ1
λ1
λ1
Ik f (k + 1) − λ1
Ik−1 f (k)
λ2
λ2
r !k+1
r !k
λ1
λ1
+ λ2
Ik+1 f (k) − λ2
Ik f (k − 1)
λ2
λ2
!k

which is the same as,

!n+1

In f (n + 1) +

r
λ1
λ2

!n

In+1 f (n) = √

n
X
1
λ1 λ2 k=−∞

r

λ1
λ2

Ik g (k) .

Notice that we have grouped terms together so that summing over k yields a telescoping sum.
So, summing over k ∈ {−∞, . . . , n} and using the boundary condition (18),
r
λ1
λ2

Now, multiplying both sides by (−1)n+1 /(In In+1 ) and summing over n ∈ {c, c + 1, . . . , m} for
m > c and over n ∈ {m, m + 1, . . . , c − 1}, for some initial condition c ∈ Z and f (c) ∈ R, we
obtain

r

λ1
λ2

!k

Ik g (k) =
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eλ1 +λ2 P (W ≤ n) P (W > x) if n ≤ x
eλ1 +λ2 P (W ≤ x) P (W > n) if n ≥ x

g (k) = gx (k) = 1 {k ≤ x} − P (W ≤ x)

1 2


q m
h
q c
λ2
λ1
1
 (−1)m
Im (−1)c
f (c)

λ
λ
I

c
1
2



q
k

P

m−1 (−1)n+1 Pn
λ1

Ik g (k)
if m > c
 + √λ11 λ2 n=c In In+1
k=−∞
λ2
q 
h
q 
f (m) =
m
c
λ2
λ1
1

 (−1)m
Im (−1)c

λ1
λ2
Ic f (c)



q k

P

c−1 (−1)n+1 Pn
λ1


− √λ1 λ
Ik g (k) if m < c.
n=m In In+1
k=−∞
λ2

n
X

Note that if
then

k=−∞

23

r

λ1
λ2

!k

k=−∞

n
X

k=−∞

n
X

P (W = k) [1 {k ≤ x} − P (W ≤ x)]

P (W = k) g (k)
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Ik g (k) = eλ1 +λ2

since, for example if n ≤ x
n
X

k=−∞

= eλ1 +λ2

= eλ1 +λ2 [P (W ≤ min {n, x}) − P (W ≤ x) P (W ≤ n)]

= eλ1 +λ2 P (W ≤ n) P (W > x) .

= eλ1 +λ2 P (W ≤ n) [1 − P (W ≤ x)]

The case that n ≥ x is similar. This means that

1 2


h
q c
q m
m
λ2
λ1
1

Im (−1)c
 (−1)
λ1
λ2
Ic f (c)


i

n+1

 + e√λ1 +λ2 Pm−1 (−1) P (W ≤ min {n, x}) P (W > max {n, x}) if m > c
n=c In In+1
λ1 λq
2

h
q 
fx (m) =
m
c
λ2
λ1
1

 (−1)m
Im (−1)c

λ1
λ2
Ic f (c)

i


 − e√λ1 +λ2 Pc−1 (−1)n+1 P (W ≤ min {n, x}) P (W > max {n, x}) if m < c.
n=m In In+1
λ λ
A.4 Proof of Theorem 4

"

1
f (0)
I0



Our proof of Theorem 4 is highly involved, from an analysis perspective, but the overall program
can be stated in a relatively succinct manner. Accordingly, we sketch here the overall program
behind our proof and refer the interested reader to the online appendix for a detailed account.
Proof Recall that we are trying to obtain a bound on |∆fx (j)| = |fx (j + 1) − fx (j)| independent
of x ∈ R and j ∈ Z. From Theorem 3, we have the solution to the Stein equation, however to use it
to bound |∆fx (j)|, we need to simplify it further. For ease of notation, we simply refer to f instead
of fx and g instead of gx .
First, note that we have the freedom to choose the initial condition (c, f (c)). Making the choice
that c = λ2 − λ1 , and hence that c = 0 under the assumption that λ1 = λ2 , we are able to simplify
our expression for f in Theorem 3 to read, in the case that m > 0, as
f (m + 1) = (−1)m+1 Im+1

n=0
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e2λ 1
−
P (W ≤ min {0, x}) P (W > max {0, x})
λ I0 I1
#
m−1
e2λ X (−1)n+1
P (W ≤ min {n + 1, x}) P (W > max {n + 1, x})
λ
In+1 In+2
−

24

1
f (0)
I0

e2λ 1
[P (W ≤ min {0, x}) P (W > max {0, x})
2λ I0 + I1
+P (W ≤ min {−1, x}) P (W > max {−1, x})] .

|f (m + 1) − f (m)| ≤

if m is even, and

|f (m + 1) − f (m)| ≤

H (n)

n=1,3,...

m−1
X

Im+1
Im
−
In+2
In−1



n=1,3,...

H (n)

Im+1
Im
−
In+2
In−1

Im+1 In
Im
Im+1
Im
−
−
+
In+1 In+2 In+1
In+1
In−1

n=1,3,...

m−1
X

25

,

(20)

(19)
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+ |H (m + 1) − H (m)|}

1
1
+ Im f (0) + Im+1
f (0)
I0
I0

e2λ 1
−
P (W ≤ min {0, x}) P (W > max {0, x})
λ I0 I1

+

m−1
X


P (W ≤ x) 

λ

n=1,3,...

Im
Im+1
Im
Im+1 In
−
−
+
In+1 In+2 In+1
In+1
In−1 

1
1
f (0)
+ Im f (0) + Im+1
I0
I0

2λ
e
1
−
P (W ≤ min {0, x}) P (W > max {0, x})
,
λ I0 I1

+

m−1
X


P (W ≤ x) 

λ

Next, through manipulation of the arguments in the sums defining the above expressions for f ,
exploiting properties of the modified Bessel functions Ik , and applying the triangle inequality, we
are able to produce bounds on the differences |f (m + 1) − f (m)| of the form

f (0) =

Finally, for the case m = 0, we have

−

e2λ 1
P (W ≤ min {−1, x}) P (W > max {−1, x})
λ I0 I1
#
−1
e2λ X (−1)n+1
+
P (W ≤ min {n − 1, x}) P (W > max {n − 1, x}) .
λ n=m In−1 In

f (m − 1) = (−1)m−1 Im−1

and, in the case that if m < 0, as
"
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n=1,3,...

m−1
X



H (n)

≤

=

=

=

H (m) − H (m + 1)
P (W > m) P (W > m + 1)
−
P (W = m) P (W = m + 1)
1
[P (W > m) − P (W > m + 1)]
P (W = m)
P (W = m + 1)
P (W = m)
1

1
e2λ 1
f (0) −
P (W ≤ min {0, x}) P (W > max {0, x})
I0
λ I0 I1



80
λ

26
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for m > 0. Or, equivalently, we may express the right-hand side above as 160/2λ.
The argument for the case of m < 0 involves similar reasoning, as described in the online
appendix.


|f (m + 1) − f (m)| ≤

and, at the same time H (m) − H (m + 1) ≥ 0 so, we have that we may bound the magnitude of
this final term by 1.
As a result of all of the above, we may conclude that

Finally, it is clear that

≤

1
f (0) + Im+1
I0
P (W ≤ x)
.
λ
Im

Im+1
Im
−
≤5 .
In+2
In−1

Im+1 In
Im
Im+1
Im
−
−
+
≤ 73 ,
In+1 In+2 In+1
In+1
In−1

for λ ≥ 1. And furthermore, we show that

Next we show that

m−1
X

m∈N+ n=1,3,...

sup

if m is odd. Here H(n) = P (W > n) /P (W = n) is the inverse of the hazard function of the
Skellam distribution (and is not to be confused with our use of H in the main body of the paper as
a subgraph of the graph G).
Note that (19) is defined by three key terms, while (20) has the same three, augmented by the
addition of a fourth, i.e., |H (m + 1) − H (m)|. Through a series of arguments (the result for each
of which is presented as a separate proposition in the online appendix), we are able to control each
of these terms as follows. First, we show that
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pk2

k=1

qk2

in (8) measure the dependence of U on the events
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(M )

and E U − Uk

A.5 Proof of Theorems 6 and 7
A.5.1 P ROOF OF T HEOREM 6
(L)

Proof The terms E U − Uk

≤ ||∆f ||

k=1

Lk = 1 and Mk = 1, respectively. In the context of the empirical graph Ĝ, the random variables
L are equal to Yij , for {i, j} ∈ E c , while the random variables M are equal to Yij , for {i, j} ∈ E.
(L)
(M )
With the Yij assumed independent, Uk and Uk are independent of their respective events, and
so we obtain
"
#
n
m
X
X
+
.
(21)
dKS (U, W )

Accordingly, and drawing on definitions and the result of Theorem 4,


X
X
|E c |α2 + |E|β 2
1
α2 +
β2 =
dKS (DE , Skellam(λ, λ)) ≤ 
λ
|E c |α
(i,j)∈E c
(i,j)∈E
 c 2
|
|E c |α2 + |E| |E
α2
|E|
=
|E c |α
|E c |
=α+
α
|E|

nv
2 − |E|
α
|E|
=α+


nv

= 2 α .
|E|

Noting that α = λ/|E c |, and recalling that |E c | = Θ nv2 under both sparse and dense graphs G,
the last quantity above is seen to behave like λ/|E| which,
under assumption (A3) and our definition

of sparse and dense in Section 2 , reduces to O nv−1 . So the bound in (9) is established.
Note that the right-hand side of (21) is analogous to the classical form of the bound for individual
sums of independent indicator random variables (e.g., Barbour and Chen, 2005). As remarked in the
main text, for this particular case of independent Yij , those more classical techniques could also be
used to produce the result of Theorem 6. Specifically, Let T1 , T2 , T̃1 , and T̃2 be independent random
variables supported on the integers. Denote by dT V (X1 , X2 ) the total-variation distance between
two random variables X1 and X2 . Then




dKS T1 − T2 , T̃1 − T̃2
≤ dT V T1 − T2 , T̃1 − T̃2


≤ dT V (T1 , T2 ), (T̃1 , T̃2 )




≤ dT V T1 , T̃1 + dT V T2 , T̃2 ,
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where the first inequality exploits the fact that total-variation distance provides an upper bound on
Kolmogorov-Smirnov distance, and the second and third inequalities follow from Lemmas 3.6.3
27

Yij

and

T2 =

{i,j}∈E

X

(1 − Yij ) ,
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{i,j}∈E c

and 3.6.2 of Durrett (2010), respectively. Now define
X
T1 =

(i,j)∈E



X
|E c |α2 + |E|β 2
1 X
β2 =
α2 +
,
λ
|E c |α

(i,j)∈E c



and let T̃1 and T̃2 be independent Poisson random
variables with
mean λ. Setting λ =


 common

|E c |α = |E|β, and applying to each of dT V T1 , T̃1 and dT V T2 , T̃2 the standard Stein bounds
for Poisson approximation to sums of independent indicators (e.g., Barbour and Chen, 2005, Eqn
2.6), we again obtain that
dKS (DE , Skellam(λ, λ)) ≤
and the rest follows.
A.5.2 P ROOF OF T HEOREM 7

To establish the bounds in (10) and (11), we use the following result from Stein’s method for the
normal distribution (e.g., Barbour and Chen, 2005).

2

Theorem 11 Let ξ , . . . , ξ be independent random variables which have zero means and finite
1
n


P
n
σi2 = 1. If Fn (x) is the cumulative distribution
variances EPξi2 = σi2 , 1 ≤ i ≤ n, and satisfy i=1
n
function of i=1
ξi , then, for every  > 0,
i=1

i=1

i=1


n
n
n
h
i
X
 X
1 − e− 4 X  2
E ξi I{|ξi |>} −
σi4 ≤ sup |Fn (x) − Φ(x)| ≤ 7
E |ξi |3 .
40
x∈R

n
X

i=1

h
i
E |ξi |3 =

σ3

Pn
i=1 E

|Xi |3

,

h
i




E |Xi |3 = α(1 − α) (1 − α)2 + α2 or β(1 − β) (1 − β)2 + β 2 ,

3

Proof of Theorem 7 We apply Theorem 11, with ξi = Xi /σ where Xi is a term in one of the sums
of DE , to establish each of our upper and lower bounds in turn.
Upper Bounds in (10) and (11): First, note that since
h
i
and

h
i α(1 − α) (1 − α)2 + α2  |E c | + β(1 − β) (1 − β)2 + β 2  |E|
E |ξi |3 =
3

with n understood to be either |E c | or |E|, it follows that
n
X

i=1

(α(1 − α)|E c | + β(1 − β)|E|) 2
α(1 − α)|E c | + β(1 − β)|E|
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(α(1 − α)|E c | + β(1 − β)|E|) 2

(α(1 − α)|E c | + β(1 − β)|E|) 2
max{(1 − α)2 + α2 , (1 − β)2 + β 2 }
1
p
·p
,
2 − (α + β)
α|E c |

1

max{(1 − α)2 + α2 , (1 − β)2 + β 2 }

≤ max{(1 − α)2 + α2 , (1 − β)2 + β 2 }
=
=

28

2 − (α + β)

1

|E c |
|E| α)

·p
.
α|E c |

1

(α(1 − α))2 |E c | + (β(1 − β))2 |E|
(α(1 − α)|E c | + β(1 − β)|E|)2
 c
2
|
(α(1 − α))2 |E c | + |E
|E|
|E| α(1 − β)

,
(2 − (α + β))2 (α|E c |)2


1
1
|E c |
2
2
= c ·
· (1 − α) +
(1 − β)
|E | (2 − (α + β))2
|E|


2
2
1
(1 − α)
(1 − β)
=
+
(2 − (α + β))2
|E c |
|E|

=

σi4 =

1−α α
,
σ
σ

,

and

, and







β 1−β
,
σ
σ

1−β β
,
σ
σ



.
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if α, β ≥ 1/2. In either case, these are the endpoints of the interval formed by the values of
|ξi | = |Xi |/σ.







α 1−α
,
σ
σ

if α, β < 1/2 and of the intervals



where in the second equality, we have used β = (|E c |/|E|)α.
Next, choose  = 1/(2σ). Note that this is the midpoint of the intervals

i=1

n
X

Lower bound in (10) and (11): First, note that since ξi = Xi /σ, σi2 = α(1 − α)/σ 2 or σi2 =
β(1 − β)/σ 2 . Thus,

Using α = λ/|E c |, and invoking the assumption of low-rate measurement error in (A3) and the
definitions of sparse and dense graphs in Section 2, the upper bounds in (10) and (11) follow.

sup |Fn (x) − Φ(x)| ≤ q
x∈R
2 − (α +

7

(|E c |/|E|)α,

·p
.
α|E c |

1

since 0 ≤ α, β ≤ 1, so that

h
i
E |ξi |3 ≤ p

+

β2,

This immediately implies, after another application of β =

i=1

n
X

and the same holds for (1 −

β)2
i=1

2

i=1

i=1



1
1
−
640λ |E c |



+



1
1
−
640λ |E|



.

30
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Again, by the assumption of low-rate measurement error in (A3) and the definitions of sparse
and dense graphs given in Section 2, appropriate substitution of the values for λ, |E|, and |E c | yield
the lower bounds in (10) and (11). This completes the proof of Theorem 7.


1
4

But for sufficiently large nv , the exponential term in (22) behaves like exp [−1/(16λ)] ≈ 1 −
(1/16λ). Substituting accordingly and simplifying to ignore the various terms tending to a constant
in large nv , the expression in (22) can be seen to behave asymptotically like



1
1
(1 − α)2 + (1 − β)2
1
(1 − α)2 (1 − β)2
≥ e
·
·
−
+
640 α|E c |
(2 − (α + β))2
(2 − (α + β))2
|E c |
|E|





1
1
1
·
exp
−
·
c
16 α|E | 2−(α+β)
1
1
1 
(1 − α)2 
=
·
−
(2 − (α + β))2
640
α|E c | |E c |




1
1
1
· α|E
exp − 16
c | · 2−(α+β)
1
1 
2
+(1 − β)
·
−
. (22)
640
α|E c | |E|
2

− 4

2


n
n
 X
1 − e− 4 X  2
E ξi I{|ξi |>} −
σi4
40

Combining the two sets of expressions above, the lower bound becomes

2

= e− 4
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·
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E ξi I{|ξi |>}
40

2

Due to the symmetry in these intervals about 12 we may, without loss of generality, assume
α, β < 1/2. In doing so, and using β = (|E c |/|E|)α,

where in the last equality we have used the fact that β = (|E c |/|E|) α follows from (A2). Finally,
note that

(1 − α)2 + α2 = 1 − 2α + 2α2 = 1 − 2α(1 − α) ≤ 1
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A.6 Proof of Theorem 8
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terms. Under condition (i) of the theorem,
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Similarly, under condition (ii) of the theorem, U − Uk
= U − Uk .
In the absence of having to deal directly with the absolute values, we find that
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As a result, the bracketed term in (8) takes the form

=
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= Var(U ) − (λ1 + λ2 )
= Var(U ) − Var(W ) .
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computational cost than drawing a single additional collapsed Gibbs sample. Our approach
can be understood as adapting the soft clustering methodology of Collapsed Variational
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estimators can straightforwardly be applied to the output of any existing implementation of
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classification. Our results show a consistent advantage of our approach over traditional CGS
under all experimental conditions, and over CVB0 inference in the majority of conditions.
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Latent Dirichlet Allocation (LDA) (Blei et al., 2003) is a probabilistic model which organizes
and summarizes large corpora of text documents by automatically discovering the semantic
themes, or topics, hidden within the data. Since the model was introduced by Blei et al.
(2003), LDA and its extensions have been successfully applied to many other data types
and application domains, including bioinformatics (Zheng et al., 2006), computer vision
(Cao and Fei-Fei, 2007), and social network analysis (Zhang et al., 2007), in addition to
text mining and analytics (AlSumait et al., 2008). It has also been the subject of numerous
adaptations and improvements, for example to deal with supervised learning tasks (Blei and
McAuliffe, 2007; Ramage et al., 2009; Zhu et al., 2009), time and memory efficiency issues
(Newman et al., 2007; Porteous et al., 2008; Yao et al., 2009) and large or streaming data
settings (Gohr et al., 2009; Hoffman et al., 2010b; Rubin et al., 2012; Foulds et al., 2013).
When training an LDA model on a collection of documents, two sets of parameters are
primarily estimated: the distributions over word types φ for topics, and the distributions over
topics θ for documents. After more than a decade of research on LDA training algorithms,
the Collapsed Gibbs Sampler (CGS) (Griffiths and Steyvers, 2004) remains a popular choice
for topic model estimation, and is arguably the de facto industry standard technique for
commercial and industrial applications. Its success is due in part to its simplicity, along with
the availability of efficient implementations (McCallum, 2002a; Smola and Narayanamurthy,
2010) leveraging sparsity (Yao et al., 2009; Li et al., 2014) and parallel architectures (Newman
et al., 2007). It exhibits much faster convergence than the naive uncollapsed Gibbs sampler
of Pritchard et al. (2000), as well as the partially collapsed Gibbs sampling scheme (Asuncion,
2011). The CGS algorithm marginalizes out parameters φ and θ, necessitating a procedure
to recover them from samples of the model’s latent variables z. Griffiths and Steyvers (2004)
proposed such a procedure, which, while very successful, has not been revisited in the last
decade to our knowledge. Our goal is to improve upon this procedure.
In this paper, we propose a new method for estimating topic model parameters φ
and θ from collapsed Gibbs samples. Our approach approximates the posterior mean of
the parameters, which leads to increased stability and statistical efficiency relative to the
standard estimator. Crucially, our approach leverages the distributional information given
by the form of the Gibbs update equation to implicitly average over multiple Markov chain
Monte Carlo (MCMC) samples, with little more computational cost than that which is
required to compute a single sample. As such, our work is focused on the realistic practical
scenario where we can afford a moderate burn-in period, but cannot afford to compute and
average over enough post burn-in MCMC samples to accurately estimate the parameters’
posterior mean. In our experiments, this requires several orders of magnitude further
sampling iterations beyond burn-in.
Our use of the full conditional distribution of each topic assignment is reminiscent of
the CVB0 algorithm for collapsed variational inference (Asuncion et al., 2009). The update
equations of CVB0 bear resemblance to those of CGS, except that they involve deterministic
updates of dense probability distributions, while CGS draws sparse samples from similar
distributions, with corresponding trade-offs in execution time and convergence behavior,
as we study in Section 5.5. Our approach can be understood as adapting this dense soft
clustering methodology of the CVB0 algorithm to CGS parameter estimation, leveraging

1. Introduction

Papanikolaou, Foulds, Rubin and Tsoumakas

CVB0
CGS
CGSp

training
phase
dense
sparse
dense

parameter
recovery
deterministic
random
random

update
rule
variational Bayes
MCMC
MCMC

inference
algorithm
O(K)
O(1)
O(1)

memory
per token
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dense
sparse
sparse

Table 1: Properties of CVB0, CGS, and our proposed CGSp method.
the corresponding uncertainty information, as in CVB0, but within a Markov chain Monte
Carlo framework, in order to draw on the benefits of both techniques. Our approach does
not incur the memory overhead of CVB0, relative to CGS. The properties of CVB0, CGS,
and our proposed estimators are summarized in Table 1.
It is important to note that we do not modify the CGS algorithm, and thus do not affect its
runtime or memory requirements. Rather, we modify the procedure for recovering parameter
estimates from collapsed Gibbs samples. After running the standard CGS algorithm (or a
modern accelerated approximate implementation) for a sufficient number of iterations, we
obtain the standard document-topic and topic-word count matrices. At this point, instead
of using the standard CGS parameter estimation equations to calculate θ and φ, we employ
our proposed estimators. As a result, our estimators can be plugged in to the output of any
CGS-based inference method, including modern variants of the algorithm such as Sparse
LDA (Yao et al., 2009), Metropolis-Hastings-Walker (Li et al., 2014), LightLDA (Yuan
et al., 2015), or WarpLDA (Chen et al., 2016), allowing for easy and wide adoption of our
approach by the research community and in industry applications. Our algorithm is very
simple to implement, requiring only slight modifications to existing CGS code. Popular
LDA software packages such as MALLET (McCallum, 2002a) and Yahoo LDA (Smola and
Narayanamurthy, 2010) could straightforwardly be extended to incorporate our methods,
leading to improved parameter estimation in numerous practical topic modeling applications.
In Section 5.7, we provide an application of our estimators to both MALLET’s Sparse
LDA implementation, and to WarpLDA. When paired with a sparse CGS implementation,
our approach gives the best of two worlds: making use of the full uncertainty information
encoded in the dense Gibbs sampling transition probabilities in the final parameter recovery
step, while still leveraging sparsity to accelerate the CGS training process.
In extensive experiments, we show that our approach leads to improved performance
over standard CGS parameter estimators in both unsupervised and supervised LDA models.
Our approach also outperforms the CVB0 algorithm under the majority of experimental
conditions. The computational cost of our method is comparable that of a single (dense)
CGS iteration, and we show that even when a state-of-the-art sparse implementation of
the CGS training algorithm is used, this is a price well worth paying. Our results further
illustrate the benefits of averaging over multiple samples for LDA parameter estimation.
The contributions of our work can be summarized as follows:
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• We propose a novel, theoretically motivated method for improved estimation of the
topic-level and document-level parameters of an LDA model based on collapsed Gibbs
samples.
3
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• We present an extensive empirical comparison of our proposed estimators against those
of standard CGS as well as the CVB0 algorithm (Asuncion et al., 2009) —a variant of
the Collapsed Variational Bayesian inference (CVB) method—in both unsupervised
and supervised learning settings, demonstrating the benefits of our approach.

• We provide an additional experimental comparison of the CGS and CVB0 algorithms
regarding their convergence behavior, to further contextualize our empirical results.

Our theoretical and experimental results lead to three primary conclusions of interest to
topic modeling practitioners:

• Averaging over multiple CGS samples to construct a point estimate for LDA parameters
is beneficial to performance, in both the unsupervised and supervised settings, in cases
where identifiability issues can be safely resolved.

• Using CVB0-style soft clustering to construct these point estimates is both valid and
useful in an MCMC setting, and corresponds to implicitly averaging over many samples,
thereby improving performance with little extra computational cost. This ports some
of the benefits of CVB0’s use of dense uncertainty information to CGS, while retaining
the sparsity advantages of that algorithm during training.

• Increasing the number of topics increases the benefit of our soft clustering/averaging
approach over traditional CGS. While CVB0 outperforms CGS with few topics and
a moderate number of iterations, CGS-based methods otherwise outperform CVB0,
especially when using our improved estimators.

JMLR 18(62):1-58, 2017

As this paper deals with LDA in both the unsupervised and the supervised setting, we
will treat the following terms as equivalent when describing the procedure of learning an
LDA model from training data: ‘estimation’, ‘fitting’, and ‘training’. Since we are in a
Bayesian setting the word ‘inference’ will refer to the recovery of parameters, which are
understood to be random variables, and/or the latent variables, and to the computation of
the posterior distributions of parameters and latent variables. The term ‘prediction’ will
be applied to the case of predicting on test data (i.e., data that was unobserved during
training). Additionally, since Prior-LDA is essentially a special case of unsupervised LDA,
we will focus our algorithm descriptions on the case of standard unsupervised LDA and
specify the exceptions as they apply to Prior-LDA. Furthermore, we note here that we will
be using the CGS algorithm described by Griffiths and Steyvers (2004), which approximates
the LDA parameters of interest through iterative sampling in a Markov chain Monte Carlo
(MCMC) procedure, unless otherwise specified.
The rest of this paper is organized as follows: Section 2 describes backround information
on the LDA model, Bayesian inference, and the CGS and the CVB0 inference methods, as
well as the Prior-LDA model, providing an overview of the related literature. Sections 3
and 4 introduce our estimators for the relevant LDA parameters. Sections 5 and 6 describe
our experiments comparing the estimators of our method to those of CGS and CVB0 in
unsupervised and supervised learning settings, respectively. Finally, Section 7 summarizes
the main contributions and conclusions of our work.

4
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1. A discrete distribution a multinomial distribution for which a single value is drawn, i.e., where N = 1.

The goal of inference is to estimate the aforementioned θ and φ parameters—the discrete
distributions for documents over topics, and topics over word types, respectively. In doing
so, we learn a lower-dimensional representation of the structure of all documents in the
corpus in terms of the topics. In the unsupervised learning context, this lower-dimensional

∗ Sample a topic zi = k from discrete(θd ).
∗ Sample a word type wi = v from discrete(φzi ).

– For each word token wi in document d, i ∈ {1...Nd }:

– Sample a document length Nd from a Poisson(ξ), with ξ ∈ R>0

– Sample a discrete distribution θd over topics from a Dirichlet(α).

• For each document d,

• For each topic k ∈ {1 . . . K}, sample a discrete distribution φk over the word types of
the corpus from a Dirichlet(β).

LDA is a hierarchical Bayesian model that describes how a corpus of documents is generated
via a set of unobserved topics. Each topic is parameterized by a discrete probability
distribution over word types, which captures some coherent semantic theme within the
corpus1 . Here, we assume that this set of word types is the same for all topics (i.e., we
have a single, shared vocabulary). Furthermore, LDA assumes that each document can
be described as a discrete distribution over these topics. The process for generating each
document then involves first sampling a topic from the document’s distribution over topics,
and then sampling a word token from the corresponding topic’s distribution over word types.
Formally, let us denote as V the size of the vocabulary (the set of unique word types)
and as DT rain = |DT rain | and DT est = |DT est | the number of training and testing documents
respectively. We will use K to denote the number of topics. Similarly, v denotes a word type,
wi a word token, k a topic (or in the case of Prior-LDA, a label), and zi a topic assignment.
The parameter φkv , k ∈ {1...K}, v ∈ {1...V } represents the probability of word type v under
topic (or label) k, and θdk represents the probability of topic (or label) k for document d.
Additionally αk will denote the parameter of the Dirichlet prior on θ for topic k and βv the
parameter of the Dirichlet prior on φ for word type v. Unless otherwise noted we assume for
simplicity that the two priors are symmetric, so all the elements of the parameter vector α
will have the same value (the same holds for the parameter vector β). The term Nd denotes
the number of word tokens in a given document d. Lastly, in the multi-label setting, Kd
stands for the set of labels that are associated with d. This notation is summarized in Table
2.
LDA assumes that a given corpus of documents has been generated as follows:

2.1 Latent Dirichlet Allocation

In this section we provide the background necessary to describe our methods, and also
establish the relevant notation.

2. Background and Related Work

Improved Gibbs Sampling Parameter Estimators for LDA

Table 2: Notation used throughout the article.

the size of the vocabulary
the number of topics (or labels)
the number of training documents (similarly DT est )
the set of training documents (similarly DT est )
a document
a word type
a single word token, i.e., an instance of a word type
the vector of word assignments in document d
a topic (label)
the topic assignment to a word token wi
the vector of topic assignments to all word tokens of a document
binary indicator variable, equals 1 IFF the jth word in document d
is assigned to topic k
number of word tokens in d
set of topics (or labels) in d
number of times that word type v has been assigned to topic k across
the corpus
number of word tokens in d that have been assigned to topic k
word type distribution for topic k
topic distribution for document d
topic-word type probability
document-topic probability
Dirichlet prior hyperparameter on θ for topic k
Dirichlet prior hyperparameter on φ for word type v
CVB0 variational probability of word token wi in document d being
assigned to topic k

p(φ, θ, z|DT rain , α, β) =

6

JMLR 18(62):1-58, 2017

p(DT rain |φ, θ, z)p(φ, θ, z|α, β)
.
p(DT rain |α, β)

LDA models are typically trained using Bayesian inference techniques. Given the observed
training documents DT rain , the goal of Bayesian inference is to “invert” the assumed generative process of the model, going “backwards” from the data to recover the parameters, by
inferring the posterior distribution over them. In the case of LDA, the posterior distribution
over parameters and latent variables is given by Bayes’ rule as

2.2 Bayesian Inference, Prediction, and Parameter Estimation

representation of documents is useful for both summarizing documents and for generating
predictions about future, unobserved documents. In the supervised, multi-label learning
context, extensions of the basic LDA model—such as Prior-LDA —put topics into one-to-one
correspondence with labels, and the model is used for assigning labels to test documents.

ndk
φk
θd
φkv
θdk
αk
βv
γdik

Nd
Kd
nkv

DT rain
DT rain
d
v
wi
wd
k
zi
zd
zdjk

V
K
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p

Normalize θ̂d,: such that

k=1

PK

θ̂dk = 1

p

pdjk = 1, ./ denotes elementwise division.

.

k=1

PK
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Normalize such that

Being able to make use of the uncertainty encoded in the posterior distribution is a key
benefit of the Bayesian approach. In the ideal procedure, having computed the posterior it
can be used to make predictions on held-out data via the posterior predictive distribution,
which computes the probability of new data by averaging over the parameters, weighted by
their posterior probabilities. For a test document w(new) , under the LDA model we have
Z Z
p(w(new) |φ, θ(new) )p(θ(new) |α)dθ(new) p(φ|DT rain , α, β)dφ .
p(w(new) |DT rain , α, β) =

(nkv0 ¬dj +βv0 )

v 0 =1

end for
p := p ./ sum(pdj,: )
dj,:
dj,:
p
p
|
θ̂d,:
:= θ̂d,:
+ pdv,:
end for
p
p
p
)
:= θ̂d,:
./ sum(θ̂d,:
θ̂d,:
end for
return θ̂p
end function

(nkv0 ¬dj +βv0 )

v 0 =1

end for
pdj,: := pdj,: ./ sum(pdj,: )
p
p
φ̂:,v
:= φ̂:,v
+ pdj,:
end for
end for
for k = 1 to K do
p
p
φ̂kp := φ̂k,:
./ sum(φ̂k,:
)
end for
return φ̂p
end function
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.

Normalize such that

p

k=1

PK

φ̂kv = 1

p

pdjk = 1.

v=1

PV
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Normalize φ̂k,: such that

.

function φp
Input: Burned-in CGS sample z with associated count matrices, documents DT rain
for k = 1 to K do
p
φ̂k,:
:= β |
end for
for d = 1 to D do
for j = 1 to Nd do
v := wdj
for k = 1 to K do
nkv¬dj +βv
pdjk = P
· (ndk¬dj + αk )
V

.

Algorithm 1 Pseudocode for our proposed estimators. For simplicity, we consider only the
case where a single CGS sample z is used.
function θp
Input: Burned-in CGS sample z with associated count matrices, documents D
for d = 1 to D do
p
θ̂d,:
:= α|
for j = 1 to Nd do
v := wdj
. Retrieve the word token from the word position j in d.
for k = 1 to K do
nkv¬dj +βv
· (ndk¬dj + αk ) . During testing, the first term is replaced by φkv
pdjk := P
V
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Similarly, for supervised variants of LDA (discussed below), the ideal procedure is to
average over all possible parameter values when predicting labels of new documents. In
practice, however, it is intractable to compute or marginalize over the posterior, necessitating
approximate inference techniques such as MCMC methods, which sample from the posterior
using an appropriate Markov chain, and hence approximate it with the resulting set of
samples. In particular, Nguyen et al. (2014) advocate using multiple samples to approximate
the posterior, and averaging over the corresponding approximation to the posterior predictive
distribution in order to make predictions for new data.
However, in the LDA literature it is much more common practice to simply approximate
the posterior (and hence posterior predictive) distribution based on a single estimated value
of the parameters (a point estimate). Although not ideal from a Bayesian perspective, a
point estimate φ̂, θ̂ of the parameters is convenient to work with as it is much easier for a
human analyst to interpret, and is computationally much cheaper to use at test time when
making predictions than using a collection of samples. In this paper, while strongly agreeing
with the posterior predictive-based approach of Nguyen et al. (2014) in principle, we take
the perspective that a point estimate is in many cases useful and desirable to have.
Following Nguyen et al. (2014), we do, however, have substantial reservations regarding
the ubiquitous standard practice of using a single MCMC sample to obtain a point estimate.
By interpreting MCMC as a “stochastic mode-finding algorithm” we can view this procedure
as a poor-man’s approximation to the mode of the posterior. For many models, with a
sufficiently large amount of data the posterior will approach a multivariate Gaussian under
the Bernstein-von Mises theorem, and eventually become concentrated at a single point
under certain general regularity conditions, cf. (Kass et al., 1990; Kleijn and van der Vaart,
2012). In this regime, a point estimate based on a single sample will in fact suffice. More
generally, however, due to posterior uncertainty this procedure is unstable and consequently
statistically inefficient: a parameter estimate from a posterior sample has an asymptotic
relative efficiency (ARE) of 2, meaning, roughly speaking, that the variance of the estimator
requires twice as many observations to match the variance of the ideal estimator, in the
asymptotic Gaussian regime, under general regularity conditions, cf. (Wang et al., 2015).
As a compromise between the expensive full Bayesian posterior estimation procedure
and noisy “stochastic mode-finding” with one sample, in this paper we propose to use the
posterior mean, approximated via multiple MCMC samples, as an estimator of choice in
many cases. The posterior mean, if it can be precisely computed, is asymptotically efficient
(i.e., it has an ARE of 1), under the conditions necessary for the Bernstein-von Mises theorem
to hold, cf. (Kleijn and van der Vaart, 2012). Although we cannot compute the posterior
mean exactly, and the conditions necessary for the Bernstein-von Mises theorem have not
been rigorously verified for LDA, these results provide a useful intuition for why we should
7

k0 =1

ndk + αk
.
K
P
Nd +
αk0

(3)

2.4 Labeled LDA

k0 =1

ndk¬i + αk
.
K
P
Nd +
αk0

(4)
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Inference on test documents is performed similarly to standard LDA; estimates of the
label–word types distributions, φ, are learned on the training data and are fixed, and then
the test documents’ θ distributions are estimated using Equation 3. Unlike in unsupervised
LDA, where topics can change from iteration to iteration (the label switching problem), in
LLDA topics remain steady (anchored to a label) and therefore it is possible to average
point estimates of φ and θ over multiple Markov chains, thereby improving performance.
Ramage et al. (2011) have introduced PLDA to relax the constraints of LLDA and exploit
the unsupervised and supervised forms of LDA simultaneously. Their algorithm attempts to
model hidden topics within each label, as well as unlabeled, corpus-wide latent topics.

An extension to unsupervised LDA for supervised multi-label document classification was
proposed by Ramage et al. (2009). Their algorithm, Labeled LDA (LLDA), employs a
one-to-one correspondence between topics and labels. During estimation of the model, the
possible assignments for a word token to a topic are constrained to the training document’s
observed labels. Therefore, during training, the sampling update of Equation 1, becomes:

nkv¬i +βv
+αk

· ndk¬iP
, if k ∈ Kd
 P
V
K
p(zi = k| wi = v, d, α, β, ·) ∝ v0 =1(nkv0 ¬i +βv0 ) Nd +k0 =1 αk0
(5)


0,
otherwise.

p(zi = k| wi = v, d, α, φ̂, ·) ∝ φ̂kv ·

During prediction (i.e., when applying CGS on documents that were unobserved during
training), a common practice is to fix the φ distributions and set them to the ones learned
during estimation. The sampling update equation presented in Equation 1 thus becomes:

θ̂dk =

2. Averaging over dependent samples does not introduce any bias. Using a sampling lag (a.k.a. “thinning”)
is merely convenient for reducing memory requirements and computation at test time.

k0 =1

(1)

(2)

Similarly, a point estimate for the probability of the topic k given document d is given by:

.

In the above equation, one excludes from all count matrices the current topic assignment of
wi , as indicated by the ¬i notation. A common practice is to run the Gibbs sampler for a
number of iterations before retrieving estimates for the parameters, as the Markov chain is
typically in a low probability state initially and so early estimates are expected to be of poor
quality. After this burn-in period, we can retrieve estimates for both the topic assignments

v 0 =1

ndk¬i + αk
.
p(zi = k| wi = v, d, α, β, ·) ∝ V
·
K
P
P
(nkv0 ¬i + βv0 ) Nd +
αk0

nkv¬i + βv

During sampling, CGS updates the hard assignment zi of a word token wi to one of
the topics k ∈ {1...K}. This update is performed sequentially for all word tokens in the
corpus, for a fixed number of iterations. The update equation giving the probability of
setting zi to topic k, conditional on wi , d, the hyperparameters α and β, and the current
topic assignments of all other word tokens (represented by ·) is:

The Collapsed Gibbs Sampling (CGS) algorithm for LDA, introduced by Griffiths and
Steyvers (2004), marginalizes out the parameters φ and θ, and operates only on the latent
variable assignments z. This leads to a simple but effective MCMC algorithm which mixes
much more quickly than the naive Gibbs sampling algorithm. To compute the CGS updates
efficiently, the algorithm maintains and makes use of several count matrices during sampling.
We will employ the following notation for these count matrices: nkv represents the number
of times that word type v is assigned to topic k across the corpus, and ndk represents the
number of word tokens in document d that have been assigned to topic k. The notation for
these count matrices is included in Table 2.

2.3 Collapsed Gibbs Sampling for LDA

It should be noted that averaging over MCMC samples for LDA, without care, can be
invalidated due to a lack of identifiability. Multiple samples can each potentially encode
different permutations of the topics, thereby destroying any correspondences between them,
and Griffiths and Steyvers (2004) strongly warn against this. However, in this work, we
will identify certain cases for which it is safe, and indeed highly beneficial, to average over
samples in order to construct a point estimate, such as when estimating θ at test time with
the topics held fixed.

(nkv0 + βv0 )

nkv + βv
v 0 =1

V
P

zi as well as for the θ and φ parameters. Samples are taken at a regular interval, often called
sampling lag.2
To compute point estimates for θ and φ, Rao-Blackwell estimators were employed in
(Griffiths and Steyvers, 2004). Specifically, a point estimate of the probability of word type
v given topic k is computed as:

prefer this approach over an estimator based on a single sample. We expect a sample-based
approximation to the posterior mean to be much more stable than an estimator based on
a single sample, and our empirical results below will show that this is indeed the case in
practice. In our proposed algorithm, we will show how to effectively average over multiple
samples almost “for free”, based on samples and their Gibbs sampling transition probabilities.
This is valuable in the very common setting where we are able to afford a moderate number
of burn-in MCMC iterations, but we are not able to afford the much larger number of
iterations to compute enough samples required to accurately estimate the posterior mean of
the parameters.
φ̂kv =
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the Stochastic Variational Bayes (SVB) algorithm of Hoffman et al. (2010a). Both SCVB0
and SVB focus on efficient and fast inference of the LDA parameters in massive-scale data
scenarios. SCVB0 also improves the memory requirements of CVB0. Since CVB0 maintains
full, dense probability distributions for each word token, it is unable to leverage sparsity to
accelerate the algorithm, unlike CGS (Yao et al., 2009; Li et al., 2014; Yuan et al., 2015;
Chen et al., 2016). Inspired by CVB0, in our work we aim to leverage the full distributional
uncertainty information per word token, in the context of the parameter estimation step of
the CGS algorithm, while maintaining the valuable sparsity properties of that algorithm
during the training process.

Papanikolaou, Foulds, Rubin and Tsoumakas

γdik ∝
βv 0 )

0
nkw
¬i + βwi
i
V
P
+

0
(nkv
0 ¬i

j=1 γdjk .

PNd

v 0 =1
0 =
γdjk , ndk

0
+ αk )
(ndk¬i

(6)

θ̂dk

=

=
=

Z

Z

(7)

(9)

(8)

p(z (new) = k|θd )p(θd |zd , α) dθd

(10)

(11)
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(12)

=

Nd +

(13)

=

12

= EDirichlet(θ |α+nd ) [θdk ]
d
ndk + αk
,
PK
k0 =1 αk0

Ep(θd |zd ,α) [θdk ]

θdk p(θd |zd , α)

dθd

, p(z (new) = k|zd , α)
Z
p(z (new) = k, θd |zd , α) dθd

The standard estimator for document d’s parameters θd from a collapsed Gibbs sample zd
(Equation 3), due to Griffiths and Steyvers (2004), corresponds to the posterior predictive
distribution over topic assignments, i.e.,

3.1 Standard CGS θd Estimator

In this section we present our new estimator for the document-topic (θd ) parameters of
LDA that make use of the full distributions of word tokens over topics. For simplicity, we
first describe the case of θd estimation during prediction and then extend our theory to θd
estimation during training. We present our estimator for the topic-word parameters (φk ) in
the following section.

3. CGSp for Document-Topic Parameter Estimation

Rubin et al. (2012) presented two extensions of the LLDA model. The first one, PriorLDA, takes into account the label frequencies in the corpus via an informative Dirichlet
prior over parameter θ (we describe this process in detail in Section 6.3). The second
extension, Dependency LDA, takes into account label dependencies by following a two
stage approach: first, an unsupervised LDA model is trained on the observed labels. The
estimated θ0 parameters incorporate information about the label dependencies. Second,
the LLDA model is trained as described in the previous paragraph. During prediction, the
previously estimated θ0 parameters of the unsupervised LDA model are used to calculate an
asymmetrical hyperparameter αdk , which is in turn used to compute the θ parameters of
the LLDA model.
2.5 Collapsed Variational Bayes with Zero Order Information – CVB0

j:wdj =v

D P
P

d=1

Collapsed Variational Bayesian (CVB) inference (Teh et al., 2006) is a deterministic inference
technique for LDA. The key idea is to improve on Variational Bayes (VB) by marginalizing out
θ and φ as in a collapsed Gibbs sampler. The key parameters in CVB are the γdi variational
distributions over the topics, with γdik representing the probability of the assignment of
topic k to the word token wi in document d, under the variational distribution. As the
exact implementation of CVB is computationally expensive, the authors propose a secondorder Taylor expansion as an approximation to compute the parameters of interest, which
nevertheless improves over VB inference with respect to prediction performance.
Asuncion et al. (2009) presented a further approximation for CVB, by using a zero order
Taylor expansion approximation.3 The update equation for CVB0 is given by:

0 =
with nkv

Point estimates for θ and φ are retrieved from the same equations as in CGS (Equations
2 and 3). Even though the above update equation looks very similar to the one for CGS,
0 and n0 for CVB0
the two algorithms have a couple of key differences. First, the counts nkv
dk
differ from the respective ones for CGS; the former are summations over the variational
probabilities while the latter sum over the topic assignments zi of topics to words. Second,
CVB0 differs from CGS in that in every pass, instead of probabilistically sampling a hard
topic-assignment for every token based on the sampling distribution in Equation 1, it keeps
(and updates) that probability distribution for every word token. A consequence of this
procedure is that CVB0 is a deterministic algorithm, whereas CGS is a stochastic algorithm
(Asuncion, 2010). The deterministic nature of CVB0 allows it to converge faster than other
inference techniques.
On the other hand, the CVB0 algorithm has significantly larger memory requirements as
it needs to store the variational distribution γ for every token in the corpus. More recently,
a stochastic extension of CVB0, SCVB0, was presented by Foulds et al. (2013), inspired by

JMLR 18(62):1-58, 2017

3. The first-order terms are zero, so this is actually equivalent to a first-order Taylor approximation.
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Due to its treatment of uncertainty in zd , we advocate for θ̄d as a gold standard principle for
constructing a point estimate of θd . We will introduce computationally efficient Monte Carlo
algorithms for approximating it below. Note that while previous works have considered
averaging strategies which correspond to Monte Carlo approximations of this principle,
including Griffiths and Steyvers (2004), Asuncion et al. (2009), Nguyen et al. (2014), and
references therein, discussion on the estimation principle of Equation 14 that these methods
approximate appears to be missing in the literature. Griffiths and Steyvers (2004) mention
that such averaging strategies are possible but caution against them due to concerns regarding
identifiability, however this identifiability issue does not arise at test time with topics φ held
fixed, as in the scenario we consider here. Nguyen et al. (2014) empirically explore averaging

zd

The topic assignment vector zd for test document d is a latent variable which typically has
quite substantial posterior uncertainty associated with it, and yet the most common practice
is to ignore this uncertainty and construct a point estimate of θd from a single zd sample,
which can be detrimental to performance (Nguyen et al., 2014). Following Griffiths and
Steyvers (2004), we assume that the predictive probability of a new word’s topic assignment
z (new) is a principled estimate of θd . Differently to previous work, though, we take the
perspective that the latent zd is a nuisance variable which should be marginalized out. This
leads to a marginalized version of Griffiths and Steyvers’ estimator,
X
θ̄dk , p(z (new) = k|wd , φ, α) =
p(z (new) = k, zd |wd , φ, α) .
(14)

3.2 A Marginalized Estimation Principle

We can interpret the posterior predictive distribution above as the probability of the next
ball in the urn, i.e., the next word in the document, if we were to add one more word, by
reaching into the urn once more.

– Place the ball back in the urn, along with a new ball of the same color.

– Observe its color, k. Count it, i.e., add one to xk

– Reach into the urn and draw a ball uniformly at random

• For each i, 1 ≤ i ≤ N

– add αk balls of color k to the urn

• For each k, 1 ≤ k ≤ K

• Begin with an empty urn

procedures for making predictions by approximating the posterior predictive distribution.
They do not aim to compute a point estimate from multiple samples, however their Single
Average prediction strategy can be seen to be equivalent to using a naive Monte Carlo
estimate (given in Equation 26) of Equation 14 in the context of predicting held-out words.

where the last two lines follow from Dirichlet/multinomial conjugacy, and from the mean
of a Dirichlet distribution, respectively. Here, z (new) corresponds to a hypothetical “new”
word in the document. The posterior predictive distribution can be understood via the urn
process interpretation of collapsed Dirichlet-multinomial models. After marginalizing out
the parameters θ of a multinomial distribution x ∼ Multinomial(θ, N ) with a Dirichlet prior
θ ∼ Dirichlet(α), we arrive at an urn process called the Dirichlet-multinomial distribution,
a.k.a. the multivariate Polya urn, cf. (Minka, 2000). The urn process is as follows:

(21)

(20)

(19)

zd

zd

k0 =1 αk0

ndk + αk
PK

Nd +

p(zd |wd , φ, α) .

(23)

and with the next ball (i.e., topic)
each color (i.e., topic) in the urn.

z (new)
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selected according to the total number of balls of

zd

We can view this as a mixture of urn models. It can be simulated by picking an urn with
colored balls in it corresponding to the count vector nd + α, with probability according to the
posterior p(zd |wd , φ, α), then selecting a colored ball, corresponding to a topic assignment,
from this urn uniformly at random. Alternatively, we can model this equation with a single
urn, with (fractional) colored balls placed in it according to the count vector,
X
X
θ̄dk ∝
(ndk + αk )p(zd |wd , φ, α) =
p(zd |wd , φ, α)ndk + αk ,
(24)

=

X

zd

Urn model interpretation: To interpret the estimator from an urn model perspective,
we can plug in Equation 13:
X
θ̄dk = p(z (new) = k|wd , φ, α) =
p(z (new) = k|zd , α)p(zd |wd , φ, α)
(22)

where the last line follows by the law of total expectation.

= Ep(θd |wd ,φ,α) [θdk ] ,

θ̄dk = p(z (new) = k|wd , φ, α) = Ep(zd |wd ,φ,α) [θ̂dk ]
h
i
= Ep(zd |wd ,φ,α) Ep(θd |zd ,α) [θdk ]

Posterior mean of θd : Griffiths and Steyvers’ estimator can be viewed as the posterior
mean of θd , given zd (Equation 11). Along these lines, we can interpret θ̄d as the marginal
posterior mean:

(18)

(16)
(17)

p(z (new) = k|zd , α)p(zd |wd , φ, α)

= Ep(zd |wd ,φ,α) [θ̂dk ] .

zd

zd

X

= Ep(zd |wd ,φ,α) [p(z (new) = k|zd , α)]

=

Expected Griffiths and Steyvers estimator: The estimator θ̄d can readily be seen to
be the posterior mean of the Griffiths and Steyvers estimator θ̂d :
X
θ̄dk = p(z (new) = k|wd , φ, α) =
p(z (new) = k, zd |wd , φ, α)
(15)

We can interpret the estimator from Equation 14 in several other ways.

3.2.1 Interpretations
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3.2.2 Monte Carlo algorithms for computing the estimator

≈
i=1

h

(i)

k0 =1 αk0

ndk + αk
PK

S
(i)
ndk + αk
1X
,
P
S
Nd + kK0 =1 αk0

Nd +

i
(26)

(25)

Due to the intractable sum over zd , we cannot compute θ̄d exactly. A straightforward Monte
Carlo estimate of θ̄d is given by

(i)

θ̄dk = Ep(zd |wd ,φ,α) [p(z (new) = k|zd , α)] = Ep(zd |wd ,φ,α)

h

i
=

Nd +

αk

.

h PNd zdjk + αk i
j=1
Ep(zd |wd ,φ,α)
P
Nd + kK0 =1 αk0
P
N
d
j=1 Ep(z |w ,φ,α) [zdjk ] + αk
d
d
.
PK
k0 =1 αk0

(29)

(28)

(27)

where each of the count variables nd corresponds to a sample zd ∼ p(zd |wd , φ, α). Algorithmically, this corresponds to drawing multiple MCMC samples of zd and averaging the
Griffiths and Steyvers estimator θ̂d over them. Alternatively, by linearity of expectation we
can shift the expectation inwards to rewrite the above as
Ep(zd |wd ,φ,α)

ndk + αk
PK
k0 =1 αk0

Nd +
=

This leads to another Monte Carlo estimate,
θ̄dk ≈

PNd 1 PS
(i)
i=1 zdjk +
j=1 S
PK
k0 =1 αk0

Nd +

In this case we would once again draw multiple MCMC samples of zd , but average over
the samples to compute the proportion of times that each word is assigned to each topic,
applying Griffiths and Steyvers’ estimator to the resulting expected total counts. It can
straightforwardly be shown that this estimator is mathematically equivalent to the estimator
of Equation 26, so this algorithm will perform identically to that method. We mention this
formulation for expository purposes, as it will be used as a launching point for deriving our
proposed CGSp algorithm.
3.3 CGSp for θd
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We aim to design a statistically and computationally efficient Monte Carlo algorithm which
improves on the above algorithms. To do this, we first consider a hypothetical Monte Carlo
algorithm which is more expensive but easily understood, using Equation 29 as a starting
point. We then propose our algorithm, CGSp , as a more computationally efficient version
(i)
of this hypothetical method. Let zd ∼ p(zd |wd , φ, α), i ∈ {1, . . . , S} be S samples from
(i,l)→j
the posterior for the topic assignments, and let zd
, l ∈ {1, . . . , L} be L Gibbs samples
(i)
starting from zd , where a Gibbs update to the jth topic assignment is performed. The
Bayesian posterior distribution is a stationary distribution of the Gibbs sampler, so these
(i,l)→j
Gibbs updated samples are still samples from the posterior, i.e., zd
∼ p(zd |wd , φ, α).
15
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PNd 1
j=1 SL

Nd +

PS PL (i,l)→j
i=1
l=1 zdjk
PK
k0 =1 αk0

+ αk

.

(30)

We can therefore estimate posterior expectations of any quantity of interest using these
(i)
samples instead of the zd ’s, and in particular:

θ̄dk ≈

(i)

= 1|zd , φ) ∝ φkwd,j

Nd¬j +

k0 =1 αk0

+ αk
PK

(i)
ndk¬j

.

(31)

This method increases the sample size, and also the effective sample size, relative to the
method of Equation 29, but also greatly increases the computational effort to obtain
the Monte Carlo estimator, making it relatively impractical. Fortunately, a variant of
this procedure exists which is both computationally faster and has lower variance. Let
(i)→j (i)
T (zd
|zd , φ) be the transition operator for a Gibbs update on the jth topic assignment.
(i)
Holding the other assignments zd¬j fixed, we have the partially collapsed Gibbs update

(i)→j

T (zdjk

By the strong law of large numbers,
L

l=1

(32)

1 X (i,l)→j
(i)→j
(i)→j (i)
zdjk
→ ET (z(i)→j |z(i) ,φ) [zdjk ] = T (zdjk |zd , φ) as L → ∞ with probability 1.
L
d
d

PNd 1
j=1 S

Nd +

PS
(i)→j (i)
i=1 T (zdjk |zd , φ)
PK
k0 =1 αk0

+ αk

.

(33)

So for the cost of a single Gibbs sweep through the document, we can obtain an effective
number of inner loop samples L = ∞ by plugging in the Gibbs sampling probabilities as the
expected topic counts in Equation 30. This leads to our proposed estimator for θdk :

p
θ̂dk
,

This method is equivalent to averaging over an infinite number of Gibbs samples adjacent to
our initial samples i = 1, . . . , S in order to estimate each word’s topic assignment probabilities,
and thereby estimate the expected topic counts for the document, which correspond to our
estimate of θd . By the Rao-Blackwell theorem, it has lower variance than the method in
Equation 30 with finite L. We refer to this Monte Carlo procedure as CGSp , for collapsed
Gibbs sampling with probabilities maintained.
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The above argument makes it clear that θ̂dp is an unbiased Monte Carlo estimator of the
posterior predictive distribution, but for added rigor we can also show this directly:
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i=1

(i)→j

T (zdjk

(i)

|zd , φ) + αk

j=1

Nd
X

j=1

Nd
X

j=1

Nd
X

j=1

d ,φ,α)

→j
[zdjk
] + αk

d ,φ)

Ep(zd |wd ,φ,α) [zdjk ] + αk

d

Ep(z→j |w

d

h
Ep(zd |wd ,φ,α) ET (z→j |z

i=1

(by Equation 25)

(39)

(38)

(37)

.

(40)
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+ αk
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(i)→j (i)
j=1 T (zdjk |z , φ)
P
Nd + K
k0 =1 αk0

PNd

(3) Averaging over either hard or soft count matrices will converge to the same solution in
the long run: the marginalized version of the Griffiths and Steyvers estimator, given
by Equation 14. However, we expect the use of soft counts to be much more efficient
in the number of samples S, as it implicitly averages over larger numbers of samples.

p
θ̂dk
=

During the training phase, we can apply the same procedure to estimate θd for training
documents based on a given collapsed Gibbs sample z(i) :

3.3.1 CGSp for estimating θd for training documents

This last point is crucial in many common practical applications of topic modeling where
we have a limited computational budget per document at prediction time, and can afford
only a modest burn-in period, and few samples after burn-in. This situation frequently
arises when evaluating topic models, for which a novel approach is typically compared to
multiple baseline methods on a test set containing up to tens of thousands of documents,
with the entire experiment being repeated across multiple corpora and/or training folds.
The computational challenge is greatly exacerbated when evaluating topic model training
algorithms, for which the above must be repeated at many stages of the training process
(Foulds and Smyth, 2014). For instance, Asuncion et al. (2009) state that “in our experiments
we don’t perform averaging over samples for CGS . . . [in part] for computational reasons.”
Computational efficiency at test time is also essential when using topic modeling for multilabel document classification (Ramage et al., 2009, 2011; Rubin et al., 2012), for which a
deployed system may need to perform inference on a never-ending stream of incoming test
documents.
Pseudocode illustrating the proposed method is provided in Algorithm 1. It should be
noted than any existing CGS implementation can very straightforwardly be modified to
apply our proposed technique, including MALLET (McCallum, 2002a), Yahoo LDA (Smola
and Narayanamurthy, 2010), and WarpLDA (Chen et al., 2016). Our method is compatible
with modern sparse and parallel implementations of CGS, as the final estimation procedure
does not need to alter the training process. This can lead to a “best of both worlds” situation,
where sparsity is leveraged during the expensive CGS inference process, but the full dense
distributions are used during the relatively inexpensive parameter recovery step, which in
many topic modeling applications is performed only once. In this setting, the improved
performance is typically worth the computational overhead (which is similar to that of a
single dense CGS update), as we demonstrate in Section 5.8. A practical implementation of
our estimators can further leverage the fact that the count matrices are not modified during
the procedure, by computing the sampling distribution only once for each distinct word type
in each document, and by performing the computations in parallel. In the following we will
sometimes abuse notation and denote the procedure of using θ̂dp to estimate the θd ’s as θp
(and similarly for the procedure to estimate φ, denoted φp , introduced below).
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The collapsed Gibbs sampler does not explicitly maintain an estimate of φ to plug into the
above. However, the Griffiths and Steyvers estimator for φ (Equation 2) can be obtained
from the same count matrices that CGS computes, as it corresponds almost exactly to the
first term on the right hand side of Equation 1. Alternatively, below we propose a novel
estimator for φ which can also be used here with a little bit more computational effort.
Similarly to the Griffiths and Steyvers estimator, it should be noted that averaging
this estimator over multiple samples from different training iterations raises issues with the

(2) Averaging these (hard or soft) count matrices over multiple samples can be performed
to improve the stability of the estimators, as long as identifiability is resolved, e.g., at
test time with the topics held fixed.

(1) We have shown that it is valid and potentially beneficial to use “soft” probabilistic
counts instead of hard assignment counts when computing parameter estimates from
collapsed Gibbs samples. This ports the soft clustering methodology of CVB0 to
the CGS setting at estimation time. While our approach computes soft counts via
Gibbs sampling transition probabilities and CVB0 uses variational distributions, the
corresponding equations to compute them are very similar, cf. Equations 1, 4, and 6.

We advocate the use of this procedure even when we can only afford a single burned-in sample,
i.e., S = 1, as a cheap approximation to p(z (new) = k|wd , φ, α) which can be used as a plug-in
replacement to Griffiths and Steyvers (2004)’s single sample estimator p(z (new) = k|zd , α).
Indeed, the increased stability of our estimator, due to implicit averaging, is expected to be
especially valuable when S = 1. We emphasize three primary observations arising from the
above analysis.

= p(z (new) = k|wd , φ, α) .

= Ep(zd |wd ,φ,α) [ndk + αk ]
ndk + αk
]
∝ Ep(zd |wd ,φ,α) [
P
Nd + K
k0 =1 αk0

j=1

(by the law of total expectation)

(36)

(35)

(34)

(by stationarity of the Gibbs sampler)

i
→j
[zdjk
] + αk

Nd
S
X
1X
(i)→j
ET (z(i)→j |z(i) ,φ) [zdjk ] + αk
S
d
d

j=1

1
S

S
X

Nd
X
= Ep(zd |wd ,φ,α) [
zdjk ] + αk

=

=

≈

=

p
θ̂dk
∝

Nd
X
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p(w(new) = v, z|w, β, z (new) = k, z ∈ Ż) .
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(Z

(z(i) ))

h PNd
i
j=1 zdjk + αk
PK
k0 =1 αk0

Nd +

=

P
N
d
j=1 Ep(zd |wd ,φ,α) [zdjk ]
P
Nd + kK0 =1 αk0

+ αk

.

PDT rain P
h
i
j:wd,j =v zdjk + βv
d=1
= Ep(z|w,β,z∈ZGibbs (z(i) )) PD
.
PNd
PV
T rain
v 0 =1 βv 0
j=1 zdjk +
d=1
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(45)
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topic counts nk are within ±1 of nk and for a typical corpus we have that nk >> 1, so the

(i)

The
is that the adjacent Gibbs samples modify the overall counts per topic nk ,
PDTissue
Phere
Nd
(i)
rain
j=1 zdjk . However, between adjacent Gibbs samples z and z , the corresponding
d=1

φ̄kvGibbs

We cannot use this argument directly for φ̂p because in this case the denominator of the
Griffiths and Stevyers estimator, which is averaged over, also includes z terms which are
involved in the expectation:

Ep(zd |wd ,φ,α)

While the previous stationarity argument for (2) still applies, there is a further complication
for (1). For θ̂p , linearity of expectation was sufficient to show in Equation 28 that

(2) the transition probabilities in Equation 41 can be used to implement this estimator
with an effectively infinite number of adjacent Gibbs samples, as in Section 3.3.

(1) we can use a Monte Carlo estimator in which the zd,j ’s can be sampled individually,
as in Equation 29, and

(44)
Regarding our proposed technique, the Monte Carlo estimator in Equation 41 implicitly
averages over the set of possible Gibbs samples ZGibbs (z(i) ) that are adjacent to sample
z(i) , i.e., the candidate z assignments that differ from z(i) in a single entry. A difference
of a single word is extremely unlikely to cause label switching for a realistic corpus, so
the topics will almost certainly be aligned for each of the adjacent Gibbs samples that
the estimator implicitly averages over. The empirical results of Nguyen et al. (2014) also
support this, as they found that averaging over multiple samples from the same MCMC
chain was beneficial to performance, which suggests that identifiability was not a problem
(Z
(z(i) ))
even for MCMC samples that are many iterations apart. Hence, we take φ̄kvGibbs
as
our idealized estimator, under the supposition that ZGibbs (z(i) ) is identified, and we aim to
derive Equation 41 as a Monte Carlo algorithm that efficiently approximates it.
To accomplish this, following the derivation for θ̂p , we would like to show that

z∈Ż

X

Improved Gibbs Sampling Parameter Estimators for LDA

(41)

(43)

(Ż)

for all values of z considered. Suppose, by some oracle, we know that z belongs to some
identified subset of assignments Ż, for which topic indices are aligned between all elements
z0 ∈ Ż. We are then able to properly define our idealized estimator with respect to Ż,

,

p(w(new) = v, z|w, β, z (new) = k)

φ̄kv , p(w(new) = v|w, β, z (new) = k, z ∈ Ż) =

identifiability of the topics, which can potentially be problematic (Griffiths and Steyvers,
2004). We do not consider this procedure further here. It is however safe to apply Equation
33 to multiple MCMC samples for zd that are generated while holding φ fixed, i.e., treating
document d as a test document for the purposes of estimating
given the φ̂ from z(i) .
θd

4. CGSp for Topic - Word Types Parameter Estimation

d=1

PDT rain

d=1

p
φ̂kv
= PD
PNd
T rain

P
(i)→j (i)
j:wd,j =v T (zdjk |z ) + βv
PV
(i)→j (i)
v 0 =1 βv 0
j=1 T (zdjk |z ) +

By applying the same approach as for θp , plugging in Gibbs transition probabilities instead
of indicator variables into Equation 2, we arrive at an analogous technique for estimating φ:

(i)→j

,

(42)

where T (zd,j |z(i) ) corresponds to the collapsed Gibbs update in Equation 1. While the
intuition of the above method is clear, there are several technical complications to an
analogous derivation for it. Nevertheless, we show that the same reasoning essentially holds
for φ, with minor approximations. In the following, we outline a justification for the φp
estimator, with emphasis on the places where the argument from θp does not apply, along
with well-principled approximation steps to resolve these differences.
First, consider the estimation principle underlying the technique. For topics φ, the
standard Rao-Blackwellized estimator of Griffiths and Steyvers (2004), given by Equation 2,
once again corresponds to the posterior predictive distribution,
φ̂kv
Z

p(w(new) = v|φk , z (new) = k)p(φk |wz=k , β)dφk

, p(w(new) = v|z, w, β, z (new) = k)
Z
p(w(new) = v, φk |z, w, β, z (new) = k)dφk
=

=

(nv0 k + βv0 )

nkv + βv

= EDirichlet(nk +β) [φkv ]
=
V
P

v 0 =1

X
z

where wz=k is the collection of word tokens assigned to topic k. This estimator again
conditions on the latent variable assignments z, which are uncertain quantities. We desire a
marginalized estimator, summing out the latent variables z. However, without conditioning
on z, the topic index k loses its meaning because the topics are not identifiable. The naive
marginalized estimator
φ̄kv , p(w(new) = v|w, β, z (new) = k) =
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sums over all permutations of the (collapsed representation of the) topics, and so conditioning
on z (new) = k has no effect. The estimator in Equation 43 is therefore unfortunately not well
defined. On the other hand, a sum over z’s is meaningful as long as the topics are aligned
19
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Nd
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(46)
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= 1 and limn(i) →∞
(i)
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nk +

(i) P
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k

for nk > 0. Since limn(i) →∞

(i)
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5. Unsupervised Learning Experiments—LDA

In Algorithm 1, along with θp ’s procedure, we also present the pseudocode for the φp
estimator.

= p(w(new) = v|w, β, z (new) = k, z ∈ ZGibbs (z(i) )) .

(if nk >> 1)

(53)

(52)

(by stationarity of the Gibbs sampler)
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X

and right hand sides of Equation 47 will converge in the limit as the
go to infinity, e.g.,
when increasing the counts via a stream of incoming documents. In Appendix C, we provide
a further empirical illustration of this approximation, by taking subsets of the documents in
the corpus to vary nk , and observing that as nk increases the difference between the left
and right sides of Equation 47 approaches zero.

(48)

d=1

DX
T rain

More formally, the full argument is given mathematically as

φ̂pkv ∝

Finally, using the same stationarity and law of large numbers arguments as before, we
obtain the φ̂p estimator by plugging in the transition operator, and then renormalizing,
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This section describes the experiments that we performed to study the behavior of our
proposed estimators in the context of unsupervised LDA models. We describe the data sets,
the evaluation procedure and the experiments performed in the unsupervised LDA setting.
Apart from the experiments reported here, we have performed two additional ones reported
in the Appendix, (a) comparing the document-topic counts of the Collapsed Gibbs Sampling
(CGS) algorithm against the soft document-topic counts, in order to study their differences
as the algorithm converges and (b) providing an empirical validation of the approximation
that we use in Equation 47 regarding our φp estimator’s derivation. The relevant code of
the following experiments (along with the code of the multi-label experiments of Section 6)
can be found in https://github.com/ypapanik/cgs_p.
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A related argument was also made by Asuncion et al. (2009), who note that several topic
modeling inference algorithms differ only by offsets of 1 or 0.5 to the counts, and state that
“since nk is usually large, we do not expect [a small offset] to play a large role in learning.”
To formalize this intuition, as we show in Appendix B, the approximation can be bounded
(i)
from below and from above as a function of nk as:

φ̄kvGibbs

(Z

In this case, we see from Equation 46 that for a corpus in which nk >> 1, for all practical
purposes the denominator in Equation 45 is essentially constant over all adjacent Gibbs
samples, and so (1) still holds approximately, and we have

d=1
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Nd
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for z ∈ ZGibbs (z(i) ) ,
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impact of a single word is negigible, i.e.,
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Data Set
20,000
14,668
11,475
30,121

DT rain
10,000
7,000
4,021
7,529

DT est
113.55
581.13
49.68
107.62

Nd
135,186
19,259
41,014
21,970

V
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BioASQ
New York Times
Reuters-21578
TASA
Table 3: Statistics for the data sets used in the unsupervised learning experiments. Average
document length and number of word types refer to the training sets.
5.1 Data Sets
Four data sets were used in the unsupervised setting: a) BioASQ, b) New York Times, c)
Reuters-21578 and d) TASA. The number of documents in the training and test sets, the
average length of the training documents and the size of the vocabulary of word types found
in the training set are presented in Table 3.
The first data set originates from the BioASQ challenge (Balikas et al., 2014) that deals
with large-scale online multi-label classification of biomedical journal articles. This learning
task is particularly challenging as the taxonomy of labels includes around 27, 000 terms,
with highly imbalanced frequencies. For the unsupervised experiments of this section, we
used the 30, 000 last documents of the BioASQ corpus of the year 2014, using the first
20, 000 as training documents and the rest as test documents. To construct the data set we
concatenated the abstract and title of each article and removed common stopwords. The
remaining unigrams were used as word types.
The second data set contains articles published by the New York Times, manually
annotated via their indexing service. We used the same data set as used by Rubin et al.
(2012), with the same training set (14,668 documents) and keeping the first 7,000 documents
for testing (out of the 15,989 of the original paper).
The third data set4 contains documents from the Reuters news-wire and has been widely
used among researchers for almost two decades. The split that we used has 11,475 documents
for training and 4,021 documents for testing. We preprocessed the corpus by removing
common stopwords.
The TASA data set contains 37, 650 documents of diverse educational materials (e.g.,
health, sciences, etc) collected by Touchstone Applied Science Associates (Landauer et al.,
1998). We used the first 30,121 documents as a training set and the remaining as a test set.
The corpus already had stopwords and infrequent words removed, so we did not perform
any further preprocessing.
5.2 Evaluation
Evaluation of LDA models typically focuses on the probability of a set of held-out documents
given an already trained model (Wallach et al., 2009). In this context, one must compute
the model’s posterior predictive likelihood of all words in the test set, given estimates of the
topic parameters φ and the document-level mixture parameters θ.
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4. http://disi.unitn.it/moschitti/corpora/Reuters21578-Apte-115Cat.tar.gz
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(55)

The log likelihood of a set of test documents DT est , given an already estimated model
M , is given by Heinrich (2004) as:
Log Likelihood =

with wi = v. The perplexity will be:

Perplexity = exp(−

d=1

where lower values of perplexity signify a better model.
Since θd is unknown for test documents, and is intractable to marginalize over, a common
practice in the literature in order to compute the above likelihood is to run the CGS algorithm
for a few iterations on the first half of each document, and then to compute the perplexity of
the held-out data (the second half of each document), based on the trained model’s posterior
predictive distribution over words (Asuncion et al., 2009). This is the approach we follow.

5.3 Comparison between CGS and CGSp
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In this first experiment, the motivation is to validate the previously presented theory behind
the φp and θp methods. Specifically, we are interested in verifying the following hypothesis:
given a single burned-in sample, φˆp or θˆp will more effectively estimate the respective LDA
parameters compared to the standard estimators, since the CGSp estimators make use of
the full dense probabilities, through the infinite l-steps of Eq. 33. This advantage would
correspond to lower perplexity values for a single burned-in sample for the CGSp estimators
compared to the standard CGS estimator. Furthermore, when averaging over multiple
samples to estimate the θ parameters during prediction, we expect that the θp and standard
θ estimators will eventually converge to the same solution given enough samples or Markov
chains, since θp aims to compute the posterior mean. However, we expect that θp will
converge to the posterior mean more rapidly in the number of samples that are averaged
over than the standard estimator θ, with correspondingly faster improvement in perplexity.
For this experiment we used all four data sets and considered four different topic number
configurations (20, 50, 100, 500). For brevity, we report only the results for K = 100 and
include the rest of the plots in Appendix D. During training, we ran one Markov chain
for 200 iterations and took a single sample to calculate φ and φp from the same chain.
During prediction, since φ is fixed and topics are not exchanged through the Gibbs sampler’s
iterations, we took multiple samples from multiple Markov chains, and averaged over these
samples using the θ (standard CGS) and θp estimators. The burn-in period for the Gibbs
sampler was set to 50 iterations and a sampling lag of 5 iterations was used. The α and
β hyperparameters were symmetrical across all topics and words respectively and set such
that αk = 0.1 and βv = 0.01. Finally, to ensure fairness between the θ and θp estimators, we
used the same samples from the same chains to compute the respective estimates.
In Figures 1 and 2 we show the perplexity scores against the number of samples that
are averaged over, after burn-in, for one and five Markov chains respectively. All four
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p(w2 |z)p(z|w1 ) =

5. A uniform prior p(z) follows if z is understood to be the first word in a document under the collapsed
LDA urn model, with symmetric hyperparameters α. With asymmetric hyperparameters, p(z = k) ∝ αk .

z

X
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Next, we consider the first five associate words of the norm w1 and obtain the rank for
each of them according to the probabilities p(w2 |w1 ), for each of φp and φ. In Figure 3, we

p(w2 |w1 ) =

cue word and w2 denotes each of the rest of the vocabulary word types. Supposing that w1
and w2 belong to the same topic z, and assuming a uniform prior on z, we have5

Figure 1: Perplexity against the number of samples averaged over, for the CGSp estimators
and standard CGS. Results are taken by averaging over 5 different runs. Samples are taken
after a burn-in period of 50 iterations.

(b) New York Times

(a) BioASQ
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We largely follow the same setup as that described by Griffiths et al. (2007), pages
220-224. Specifically, we use the TASA data set, removing only stopwords and word types
with fewer than five and more than ten thousand occurrences in the corpus, resulting in
a vocabulary of 26,186 word types. There are 4,506 norms that belong to the obtained
vocabulary. Subsequently, we train an LDA model on the corpus for K = 50, 100, 500, 1000
and for 250 iterations, obtaining a single point estimate for φp and φ for each value of K at
the end of the procedure. Our goal is to see how each of the two estimators rank the five
most commonly associated responses to each of the norm words, as given by human subjects.
Similarly to Griffiths et al. (2007) (refer to p.220 and Appendix B, p.244), in order to assess
semantic association we use the conditional probability p(w2 |w1 ) where w1 stands for a given

In this experiment, we compare φp with φ on a word association task. In word association,
a given word, called the norm or cue word, is associated with a number of semantically
related words, called targets or associates. We consider the data set provided by Nelson et al.
(2004), which contains a set of 5,019 norm words and for each of them a set of associate
words provided by human annotators. We aim to see how, given a specific cue word, the
two LDA estimators rank the corresponding associates, in order to assess which of the two
performs better at predicting the targets, in terms of the median difference in ranks. The
word association task provides a useful benchmark for evaluating the extent to which the
topic representations are a good model of human semantic representation (Griffiths et al.,
2007).

5.4 Word Association: φp vs φ

We also see that the φp methods (φp + θ and φp + θp ) have a short but steady advantage
over the respective φ estimators. This advantage is not diminished for more samples or
Markov chains, suggesting that φp is actually a more accurate estimator than φ. We also
remind here that in unsupervised scenarios we cannot average over samples to compute a
φ estimate during training, since topics may be interchanged between iterations. A third
remark, also aligned with our theoretical results, is that θ and θp converge to the same
solution after a sufficient number of samples are averaged over, although θp converges much
more rapidly. Overall, these findings confirm that indeed both θp and φp constitute improved
estimators compared to the respective standard ones: θp provides more rapid convergence
than using the standard estimator θ when averaging over samples for prediction on test
documents, and φp improves perplexity due to implicit averaging. The rest of the plots in
Appendix D are in accordance with the above observations.

combinations of the estimators are depicted. By observing the results we notice some key
points across all plots. First, if we consider the case where only one burned-in sample is
used, corresponding to the left-most points in the plots, we can notice that both θp methods
(φ + θp and φp + θp ) decisively outperform the other two methods. This observation is
particularly important for scenarios where we can’t afford to average over many samples due
to computational or time limitations, as frequently occurs during the comparative evaluation
of topic modeling methods, and in multi-label document classification.
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(b) K = 100
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(a) K = 50

(d) K = 1000
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(a) Reuters-21578

(c) K = 500

(e) Norms per category.
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These results are consistent with our analysis in Section 4 which showed that φp performs
implicit averaging in order to improve the stability of the topics. The nuanced uncertainty

Figure 3: Median difference in ranks produced by φp and φ estimators for the first five
associate words, for a set of 4,506 norms (Nelson et al., 2004). The estimators were computed
after training LDA on the TASA corpus. A positive value indicates an advantage for φp .

(b) TASA

Figure 2: Perplexity against the number of samples averaged over, for the CGSp methods
and standard CGS. Results are taken by averaging over 5 different runs. Samples are taken
after a burn-in period of 50 iterations.

report the median difference in ranks, rankφ − rankφp against word frequency, a positive
value indicating an advantage for φp . To enhance readability, we have grouped the norms
according to their frequencies within the corpus, into 10 categories.
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We observe two steady trends. First, φp clearly outperforms φ for rare norms (the first
category), which is also the most populous (3,814 norms). For more frequent norms, φp
and φ behave almost on par. This trend reveals the distinctive benefit of our proposed
estimator compared to its counterpart, especially if we take into account that word type
frequencies typically follow a power law like distribution in document collections. A second
trend, consistent with our other experiments, relates to the number of topics K: as K
increases and the complexity of the LDA model correspondingly increases, the advantage
of φp becomes wider compared to φ. We similarly observe that φp provides a benefit for
increasingly frequent words as K increases.
27
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6. When referring to CGSp , we mean that the φp + θp estimators were used.
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In this experiment we compared the CGS, CGSp and CVB0 algorithms in terms of perplexity,
across different numbers of topics. The motivation here was to examine how the CGSp
method would perform compared to the rest of the algorithms, in a variety of configurations
and data sets.
In Appendix E we report also the results of this experiment, comparing the three
aforementioned algorithms with Variational Bayes (VB). Since the results for VB were
steadily worse, we excluded them from Figure 4, to allow for easier comparison among CVB0,
CGS and CGSp . Asuncion et al. (2009) note that the disadvantage of VB versus the other
algorithms can potentially be mitigated via hyperparameter learning.
For this experiment we followed a similar approach to the one described by Asuncion
et al. (2009). During training we ran each chain for 200 iterations to obtain a single point
estimate of the φ and φp distributions. During prediction, using the previously estimated φ,
we ran 200 iterations from one chain for the first half of each document to obtain an estimate
of θ. We followed the same approach to compute θp , using φp in that case.6 We then
computed perplexity on the second half of each document. The αk and βv hyperparameters
were fixed across all data sets to uniform values, 0.1 and 0.01 respectively. CVB0 was run
with the same parameterization.
Figure 4 shows the perplexity results for all data sets across different settings (20, 50,
100, 200, 300, 500 and 1000 topics) for all methods. Each topics configuration was run for
five times, obtaining the average perplexity value. There is a strong interaction between
the perplexity scores, the data sets, and the number of topics, probably due to the diverse
statistics of the data sets, such as the average document length and the average number of
features (i.e., word types) per document (see Table 3 in Section 5.1), that characterize the
data sets. All algorithms achieve their lowest perplexity values at around 200 topics.
Despite the peculiarities of individual data sets, we can identify a broad general trend in
these results. CVB0 outperforms (marginally in three out of four cases) the other methods
in all data sets for lower topic number values: for the BioASQ and TASA data sets this
happens up to 50 topics, for the New New York Times data set up to 100 topics, while for
Reuters-21578 up to 200 topics. As the number of topics increases though, this behavior
is reversed and CGS and CGSp have the upper hand after the aforementioned numbers of
topics.

5.5 Comparison between CGS, CGSp and CVB0

information, and corresponding stability, provided by φp is most important for less frequent
words, and for larger K, for which the posterior uncertainty in the (smaller) count values nkv
per (word,topic) pair is most consequential. For larger (word, topic) counts nkv , the expected
counts estimated by φp (Equation 47) approach the observed counts computed by φ due to
the law of large numbers. Consequently, we typically observe little difference in the top-words
lists generated by φp and φ, which are often used to assess the interpretability of the topics.
Instead, the results of this experiment suggest that φp conveys the most benefit for tasks
that depend on the word/topic probabilities for the less frequent to moderately frequent
words, as in word association, and any other task which requires semantic representations of
the words.
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(d) TASA

(c) Reuters-21578
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A possible explanation for this observation is related to the deterministic nature of
CVB0; compared to its stochastic counterpart CGS, CVB0 is more prone to getting stuck in
local maxima. As the number of topics increases, we expect the hypothesis space to grow
bigger, making it more difficult for CVB0 to find a global optimum. CGS on the other hand,
can exploit its stochastic nature to escape local maxima and converge to a better global
representation of the data. Therefore, CVB0 seems to be better suited for configurations
with a small number of topics (in which case the fact that CVB0 converges a lot faster than
CGS as shown by Asuncion et al. (2009) is an additional advantage), while CGS fits better
in the opposite case. Similar to the previous section, when comparing CGS and CGSp we
can observe a slight but steady advantage of our method over the standard estimator, across
all experimental settings.

Figure 4: Perplexity against number of topics for the CGSp method, standard CGS and
CVB0. Results are taken by averaging over 5 different runs.

(b) New York Times

(a) BioASQ
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Figure 5: CGS, CGSp and CVB0 convergence in terms of log likelihood during 400 training
iterations in the TASA subset for different numbers of topics. αk and βv were fixed to 0.1
and 0.01 respectively.

5.6 Convergence During Estimation for CGS, CGSp and CVB0
The perplexity results of the previous section motivated us to further investigate the
convergence behavior of CGS, CGSp and CVB0 algorithms. In particular, we wanted to
know the conditions under which CGS (and our modification of it) outperformed CVB0
and vice versa. Furthermore, we wanted to see how these differences evolved as the two
algorithms converged upon their respective solutions.
Figure 5 presents a comparison of CVB0, CGS and CGSp (during the estimation phase)
on the TASA data set in terms of their log likelihoods over iterations, under different numbers
of topics. To calculate the log likelihood for CGSp we used the φp and θp estimators. For
each algorithm and each topics configuration, we performed five runs and obtained the mean
log-likelihood values.

JMLR 18(62):1-58, 2017

The results seem to validate our previous observations with CVB0 converging faster
and to a higher log likelihood than CGS and CGSp when |K| ≤ 100. As the number of
topics grows and the number of training iterations increases, though, the performance of
CGS and CGSp catches up, and after 100 topics, they outperform CVB0. This is consistent
with our hypothesis that CVB0 performance is worse than that of CGS and CGSp as the
hypothesis space grows, due to it being a deterministic algorithm and getting stuck in local
maxima. These results seem to be consistent with the observations made by Teh et al. (2006,
Section 4) and could eventually emerge from either (or both) of the following factors:
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Reuters-21578

-2.572
-2.567
-2.562
-2.560

TASA

Data sets

-0.590
-0.585
-0.584
-0.580

-2.730
-2.724
-2.718
-2.716

Method

-6.770
-6.763
-6.762
-6.751
WarpLDA

-1.014
-0.997
-0.992
-0.990

New York Times
-1.921
-1.912
-1.911
-1.903

-7.092
-7.081
-7.079
-7.074

BioASQ
φ+θ
φp + θ
φ + θp
φp + θ p

-3.22
-3.207
-3.208
-3.203

MALLET

φ+θ
φp + θ
φ + θp
φp + θ p

Table 4: CGSp vs standard CGS estimator on MALLET and WarpLDA in terms of the Log
Likelihood. All values are ×107 and represent mean values across five runs.

• Variational inference methods (VB, CVB and CVB0) approximate the true posterior
with a more tractable variational distribution (Blei et al., 2003; Teh et al., 2006;
Asuncion et al., 2009). Furthermore, in the case of CVB0, as illustrated by (Foulds,
2014, Section 4.4.1), the algorithm is a result of three consecutive approximations of
the initial problem. On the other hand, CGS performs exact collapsed Gibbs updates
and will eventually sample from the true posterior.

• CVB0 seems to be unable to avoid local maxima due to its deterministic nature,
especially as the hypothesis space grows bigger, while CGS takes advantage of its
stochastic nature in order to avoid them.
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A secondary observation is that CGSp increases its advantage over CGS as the number of
topics grows. A final noteworthy observation from Figure 5 is that CVB0 exhibits very
slow convergence behavior in the first 5 – 10 iterations, before reaching a regime of rapid
convergence. While this phenomenon was not immediately visible in the results reported by
Asuncion et al. (2009) (Figure 2), this apparent discrepancy is readily explained: in those
results a linear scale was used on the X-axis, with data points plotted only every 20 iterations.
This slow convergence behavior is in alignment with the well-known convergence speed issues
for the closely related EM algorithm, which can also be understood as a variational method.
For EM, Salakhutdinov et al. (2003) showed that convergence is very slow when the missing
data distributions are highly uncertain. This is likely to be the case in the initial stages of
CVB0 and CGS, where the count histograms are relatively flat. We hypothesize that the hard
assignments of CGS allow the algorithm to escape the slow-converging high-entropy regime
more rapidly than CVB0, leading to better convergence behavior in the early iterations,
before the determinism of CVB0 once again gives it the upper hand (at least, with a small
number of topics).
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(d) K = 1000

(c) K = 500
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6. Multi-Label Learning Experiments—Prior-LDA
Another important context for comparing different approaches to LDA prediction is in a
multi-label, supervised setting. Here, we considered a multi-label learning extension of
LDA—Prior-LDA—and used it as a basis for comparisons of model predictions. Following the
same organization as the previous section, we present the data sets, the evaluation measures,
the experimental setup, and lastly the results with a discussion of their implications.

In this experiment, reported in Figure 6, we run WarpLDA on the TASA data set for
K = 50, 100, 500, 1000 and plot the training data log likelihood of CGS and CGSp against
time duration. In Appendix F we report the relevant results for the rest of the data sets. The
time duration for each point in the plot corresponds to the running time of WarpLDA for
different numbers of iterations (50, 100, 200, 500, 1000, 2000, 5000), plus the overhead needed
to compute each of the estimators at that timestep. We observe that in the early iterations,
while LDA is still converging, the standard estimators attain a higher log likelihood value
faster than the CGSp ones for K = 500, 1000 (the two estimators are almost identical during
burn-in for K = 50, 100). This tendency is reversed after convergence of the procedure, with
CGSp attaining a higher log likelihood value faster than CGS for all topic configurations.
In most cases we are interested in obtaining an estimate of the LDA parameters well after
convergence, so we consider that the CGSp estimators are to be preferred over the standard
CGS ones, even under limited time resources. We also see that convergence takes longer
with more topics, and the time before CGSp overtakes CGS is correspondingly longer, but
the improvement in log-likelihood for CGSp over CGS becomes greater.

In most applications of topic models, especially when dealing with large-scale data, LDA
inference is run on a given corpus for a number of iterations and a single point estimate
of the φ and θ parameters is calculated at the end of the procedure, so we focus on that
scenario for our experiment. When considering performance versus running time, based on
our previous experiments we expect CGSp to attain higher log likelihood values, but with
the extra overhead of the estimators calculation, while the standard CGS estimators will
need more iterations to converge to those same log likelihood values, without the overhead.
Therefore, we are interested to see if, and at which point during the process of training an
LDA model, employing the CGSp estimators will be more beneficial time-wise than using
the standard estimators.

In the previous experiments, we have observed that our proposed estimators steadily outperformed the standard CGS estimators. Nevertheless, our methods entail a computational
time overhead since they require computing the full CGS probability distributions, which is
roughly equivalent to a single dense standard CGS update. This overhead is most noticeable
when modern sparse CGS implementations are used with a large number of topics K, since
these methods can be executed in time sublinear in K, unlike the dense CGS update. In
this section, we study the trade-off between the improved performance and the extra cost of
our methods, as compared with the standard estimators. In particular, we are interested
in examining the performance of our methods when paired with the fastest known CGS
implementation, WarpLDA.

5.8 Run-time Overhead: CGSp vs CGS
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In order to exhibit how straightforward it is to plug our methods into already existing CGS
LDA implementations and, most importantly, in modern CGS variants, we have employed
CGSp on top of the MALLET software package (McCallum, 2002b) and the WarpLDA
(Chen et al., 2016) implementation. In all cases, we have used K = 100, α = 0.1, β = 0.01.
After running the respective implementations on the four datasets for 200 iterations, we have
obtained a single sample for the z-assignments. Subsequently, and after calculating the nkw
and ndk counters, we have computed the standard estimator and our proposed estimators.
Table 4 depicts the results in terms of the training data log-likelihood, showing a steady
advantage of our methods compared to the standard estimator.

5.7 CGSp with MALLET and WarpLDA

Figure 6: Log Likelihood vs duration for CGSp against the standard CGS estimators on
TASA, with WarpLDA. The time duration for each point in the plot corresponds to the
running time of WarpLDA for different numbers of iterations (50, 100, 200, 500, 1000, 2000,
5000), plus the overhead needed to compute each of the estimators at that timestep.

(b) K = 100

(a) K = 50
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DT rain
3,181
10,000
2,515
17,570

DT est
16.72
113.55
54.06
124.26

Nd
983
1,032
159
208

K
19.06
9.05
2.38
2.03

|Kd |
250.34
174.97
73.05
682.90

Avg. Freq.
500
135,186
1,806
2,136

V

Labels
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Data set
12,910
20,000
4,880
70,285

Documents

Delicious
BioASQ
Bibtex
Bookmarks
Table 5: Statistics for the data sets used in the supervised learning experiments. Column
“Avg. Freq.” refers to the average label frequency. All figures concerning labels and word
types are given for the respective training sets.

6.1 Data Sets
In this series of experiments we kept the BioASQ data set and used three additional labeled
ones: Delicious, Bibtex and Bookmarks. Table 5 presents their main statistics. These data
sets were chosen as representative of the diversity of real-world data, where there are often
many labels, and sometimes not many word tokens per training instance.
Delicious, Bibtex and Bookmarks7 , are three widely used multi-label data sets (Katakis
et al., 2008; Tsoumakas et al., 2008). We did not perform any further preprocessing of these
data sets. A notable aspect of Delicious is that it contains very few word tokens per instance
both in the training and test sets, making accurate classification difficult. Concerning the
BioASQ data set, we used the same corpus as for the unsupervised learning experiments
and the same preprocessing procedure. We did not use the entire labelset of the original
data set, filtering out labels appearing in less than 40 instances.
6.2 Evaluation Metrics
We considered three widely-used performance measures: the micro-averaged F1 measure
(Micro-F for brevity) and the macro-averaged F1 measure (Macro-F for brevity) and the
example-based F1 measure (Tsoumakas et al., 2010). These measures are a weighted function
of precision and recall, and emphasize the need for a model to perform well in terms of both
of these underlying measures. The Macro-F score is the average of the F1-scores that are
achieved across all labels, while the example-based F1 score is the respective average of the
F1 score across all test documents. The Micro-F score is the average F1 score weighted by
each label’s frequency. Macro-F tends to emphasize performance on infrequent labels, while
Micro-F tends to emphasize performance on frequent labels.
6.3 Setup of Prior-LDA (CGS and CVB0)
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The Prior-LDA model takes into account the relative label frequencies in the corpus. Test
documents are biased to assign words to more frequent labels by using a non-symmetric
7. http://mulan.sourceforge.net/datasets-mlc.html
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50
K

(59)

(58)

vector αk on the θ distributions. During training we kept the αk parameter symmetrical
and set it to:

αk =

while during prediction we incorporated the label frequencies by setting it to:

fk
30
αk = 50 · P +
K
fk

with fk standing for the frequency of label k. The βv parameter was set to 0.1 across all
data sets. For all data sets, we calculated performance under two different configurations:

• First, we wanted to emulate a scenario where only one sample can be afforded both
for training and testing. In this case, during training we ran only one Markov chain
and took a single estimate from the same chain for both φ and φp . Similarly, during
testing, we ran one chain with the estimated φ and one with the estimated φp to
obtain a single estimate for θ and θp from each chain. In this manner, we obtained the
predictions for all combinations of φ and θ estimators.

• In the second configuration, we used 5 Markov chains and 30 samples from each
chain, both during training and testing, following the same approach as above to
obtain predictions from all four combinations of the φ and θ estimators. In this case,
the motivation was to examine performance with full convergence of the relevant
estimators.

In both training and prediction, we used a burn-in period of 50 iterations and a lag of 5
iterations between each sample. All samples from all chains were averaged to obtain the
respective parameter estimates for each method.
For CVB0 we used the same setup as the one described above. However, as CVB0 is a
deterministic algorithm that does not benefit greatly from averaging samples, in the second
configuration each chain was initialized with a different random order of the documents and
a different random initialization of the γ parameters.
Finally, in order to obtain a hard assignment of labels to documents from the θ distributions, we used the Meta-Labeler approach (Tang et al., 2009). In particular, we used a
linear regression model to predict the number of labels per instance. To train this model,
the same feature space as for the LLDA models was employed and the LibLinear package
(Fan et al., 2008) was used for the implementation.
6.4 Results and Discussion
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Tables 6 – 8 show the Micro-F, the Macro-F and the example-based F1 results respectively
for all algorithms on the four data sets. We additionally show the average rank of each
model, in terms of how it performs among the models on average across the four data
sets. All results represent averages over five runs of the respective Gibbs sampler (or CVB0
algorithm). Also, to test statistical significance of the differences, we performed a one sample
z-test for proportions at a significance level of 0.05.
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0.2126±0.00344
0.2472±0.00384
0.2127±0.00274
0.2531±0.00324
0.2761±0.0015

0.2699±0.00174
0.3184±0.0015
0.2699±0.00194
0.3189±0.0012
0.2773±0.00084

CGS
φ + θp
φp + θ
CGSp
CVB0

CGS
φ + θp
φp + θ
CGSp
CVB0

Bibtex

0.2388±0.00244
0.2985±0.0029
0.2337±0.00264
0.2900±0.0021
0.2907±0.0014

0.4509±0.00214
0.4628±0.0019
0.4509±0.00244
0.4633±0.0009
0.4125±0.00064

0.2873±0.00114
0.3704±0.0013
0.2842±0.00154
0.36277±0.0005
0.2910±0.00024

5 MC × 30 samples

0.3075±0.00414
0.3616±0.00374
0.3081±0.00384
0.3623±0.00414
0.4122±0.0032

1 MC × 1 sample

BioASQ

0.1819±0.00114
0.2035±0.0018
0.1820±0.00234
0.2039±0.0024
0.1811±0.00044

0.1546±0.00424
0.1696±0.00364
0.1542±0.00464
0.1712±0.00274
0.1810±0.0032

Bookmarks

4.25
1.75
3.75
1.25
4

4.5
2.5
4.5
2.25
1.25

Avg Rank
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8. Note that the stochastic variant SCVB0 (Foulds et al., 2013) is much more scalable than CGS in the
amount of data, but less scalable in the number of topics due to dense updates.

First, let us consider the results for when only a single sample was used. A first remark
is that CGSp and φ + θp are significantly better than CGS and φp + θ over all data sets
and evaluation measures, confirming θp ’s superiority over θ. Secondly, CVB0 has a clear
advantage over the rest of the methods, in the majority of the data sets and evaluation
measures. Only CGSp and φ + θp manage to outperform it in three out of twelve cases (four
data sets and three evaluation measures).
At first glance, these results suggest that, when only one sample from one Markov chain
can be afforded, CVB0 should be perhaps considered first, followed by CGSp and φ + θp
as alternatives. In order to more carefully evaluate the two algorithms for scenarios where
computational time is a critical parameter, in Appendix G we performed a short investigation
in order to study if and when CGSp performance surpasses that of CVB0. Specifically, we
plotted performance (Micro-F, Macro-F, example-based F1) against the number of samples
taken, for all four data sets. The results show that CGSp manages to outperform CVB0 in
seven out of twelve cases, by taking only two samples from one Markov chain, while, after
taking ten samples from one chain, CGSp outperforms CVB0 in eleven out of twelve cases.
Considering that there exist a number of approaches for CGS that exploit sparsity to speed
up LDA estimation and prediction (Porteous et al., 2008; Yao et al., 2009; Li et al., 2014),
while this is not the case for CVB0, we could claim that in many cases CGSp is equally fit
or even superior to CVB0, in terms of total computational time.8
Let us now focus on the scenario where we have averaged over multiple samples and
multiple Markov chains to calculate predictions. In this case, model performance shifts in
favor of the CGS-based predictions. Whereas the CGS algorithm benefits from averaging
samples—due to the fact that each sample is ideally a draw from the posterior distribution—

Table 6: Results for the Micro-F1 measure comparing the Prior-LDA models. A 4 symbol
represents statistically significant difference compared to the best performing model, at a
level of 0.05.

Delicious

Method
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0.0373±0.00064
0.0874±0.0004
0.0362±0.00114
0.0855±0.0012
0.0481±0.00034

0.0337±0.0012)4
0.0597±0.0020
0.0332±0.00154
0.0585±0.0018
0.0466±0.00104

Delicious

Bibtex

0.1582±0.00334
0.2019±0.00304
0.1548±0.00314
0.1946±0.00364
0.2232±0.0021

0.3011±0.00144
0.3138±0.0016
0.3016±0.00154
0.3146±0.0016
0.3075±0.0005

0.2144±0.00134
0.2693±0.0011
0.2086±0.00174
0.2579±0.0021
0.2237±0.00084

5 MC × 30 samples

0.1767±0.00394
0.2160±0.00314
0.1769±0.00404
0.2168±0.00364
0.3039±0.0014

1 MC × 1 sample

BioASQ

0.1167±0.00094
0.1294±0.0008
0.1168±0.00134
0.1299±0.0011
0.1173± 0.00064

0.0928±0.00174
0.1009±0.00234
0.0930±0.00194
0.1015±0.00164
0.1169±0.0008

Bookmarks

4.5
1.5
4.5
1.5
3

4.5
2.25
4.5
2.25
1.5

Avg
Rank
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In this work we proposed a novel method for accurately estimating the document-wise and
topic-wise LDA parameters from collapsed Gibbs samples by implicitly averaging over many
samples, leading to improved estimation with little extra computational cost. Our algorithm
can be interpreted as using soft clustering information, as in the CVB0 collapsed variational
inference algorithm, but in a Markov chain Monte Carlo setting. This allows us to use all of

7. Conclusions

CVB0 is deterministic, and achieves very small improvements (if any), presumably since
it tends to converge to the same specific maximum. When five chains are used, CGSp and
φ + θp are significantly better than CVB0 in all data sets and for all evaluation measures.
CGS and φp + θ on the other hand, seem to achieve equivalent performance to CVB0 overall.
Among the CGS-based methods, we observe that, even if θ and θp should theoretically
converge to the same solution (at least in an unsupervised learning context) even after a
total of 150 samples (30 samples from five chains) their difference is significantly large for all
evaluation measures and all data sets (the BioASQ data set represents partly an exception
with smaller differences between the four methods). Another important note concerns the
comparison between models predicting with φp and those predicting with φ. Results are
mixed in this case, with models predicting with φp having a slight, but not statistically
significant advantage.
Overall, the supervised experiments show a consistent advantage of the CGSp and
φ + θp estimators over the respective standard CGS estimator. Also, CGSp and φ + θp are
competitive with CVB0 in scenarios where only one sample can be afforded. Finally, when
averaging over many samples and Markov chains, CGSp and φ + θp distinctly outperform
CVB0.

Table 7: Results for the Macro-F measure. A 4 symbol represents statistically significant
difference compared to the best performing model, at a level of 0.05.

CGS
φ + θp
φp + θ
CGSp
CVB0

CGS
φ + θp
φp + θ
CGSp
CVB0

Method
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Method

CGS
φ + θp
φp + θ
CGSp
CVB0

CGS
φ + θp
φp + θ
CGSp
CVB0

BioASQ

Bibtex

0.2546±0.00314
0.3127±0.0036
0.2472±0.00284
0.3048±0.0033
0.2995±0.00174

1 MC × 1 sample
0.2930±0.00374
0.3400±0.0042
0.2942±0.00344
0.3402±0.0037
0.3504±0.0018

0.2958±0.00234
0.3807±0.0011
0.2922±0.00164
0.3733±0.0021
0.2997±0.00054

5 MC × 30 samples
0.4180±0.0029
0.4269±0.0020
0.4181±0.0023
0.4276±0.0025
0.3568±0.00214

0.2226±0.00054
0.2424±0.0016
0.2229±0.00074
0.2431±0.0009
0.2227±0.00034

0.2007±0.00314
0.2152±0.00324
0.1999±0.00294
0.2166±0.00314
0.2225±0.0021

Bookmarks

4.25
1.5
4
1.5
3.75

4.25
2.5
4.75
2
1.5

Avg Rank
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Delicious

0.2047±0.00194
0.2389±0.00234
0.2035±0.00144
0.2444±0.00194
0.2672±0.0015

0.2625±0.00074
0.3118±0.0011
0.2610±0.00124
0.3086±0.0007
0.2690±0.00044

Table 8: Results for the example-based F-measure. A 4 symbol represents statistically
significant difference compared to the best performing model, at a level of 0.05.

the uncertainty information encoded in the dense Gibbs sampling transition probabilities to
recover the parameters from a CGS sample, while still leveraging the sparsity inherent in the
CGS algorithm during the training process. We extensively investigated the performance
of the proposed estimators for both unsupervised and supervised topic models, and with
comparison to CVB0. Our results demonstrate that our θp and φp estimators are more
effective than the standard estimator in terms of perplexity, and that θp also improves
multi-label classification performance for the supervised Prior-LDA model.
Our experiments showed an advantage of our CGS-based estimators over CVB0 in the
majority of cases, and also revealed the consequences of the deterministic nature of that
algorithm. In the unsupervised scenario, CVB0 has a clear advantage for LDA models with
few topics, while this phenomenon is reversed as the posterior landscape becomes more
complicated with a greater number of topics. In the multi-label learning case, CVB0 has
the upper hand when only one sample can be afforded, while it is decisively outperformed
by CGSp when averaging over multiple samples. The success of our methods illustrates the
value of averaging over multiple MCMC samples for LDA, even when only a point estimate
is required. In future work, we anticipate that our ideas can be adapted to other models
with collapsed representations, including latent variable blockmodels for social networks
and other network data (Kemp et al., 2006), and hidden Markov models (Goldwater and
Griffiths, 2007).
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Figure 7: Hard and soft document-topic counts absolute difference against the number of
iterations. The counts are normalized to 1 before taking their difference, hence the difference
taking values between 0 and 1.
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Appendix A. Hard Counts vs Soft Counts
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Algorithmically (refer to Algorithm 1), the difference between the θ and θp P
estimators lies in
Nd
the difference between the hard counts ndk and the soft counts given by j=1
p(d, j, k), p
being the sampling update equation of CGS given in equation 1. In this experiment, we
examine how similar are the two counts. For this reason, we have run CGS on the four data
sets setting K = 100, α = 0.1, β = 0.01 for 50 iterations and calculated the sum of the
absolute differences between the two counts, or, in other words:
PNd
j=1 p(d, j, k)|
(60)

−

D

PD PK
d=1
k=1 |ndk
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(d) iteration = 1000

(c) iteration = 500
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Figure 7 shows the absolute sum of differences across the number of iterations. We can
observe a steady difference among the two counts, that diminishes but does not go away
with the number of iterations. Furthermore, in Figure 8 we depict for the TASA data set
and the first document of the collection, the absolute difference between the hard and the
soft counts across the K different topics, for iteration 50, 100 and 1000. Similarly to our
previous observations, we see that the two counts are similar, but present a small but steady
difference across topics, for all iterations.

Figure 8: Absolute difference between the hard and the soft counts across the K different
topics, for iteration 50, 100 and 1000, for the first document of the TASA collection.

(b) iteration = 100

(a) iteration = 50
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Assume that all nk > 0. Then, starting from the left hand side of the above, we have:

(i)

We wish to bound the error of the approximation step used in the derivation for the φp
technique, given in Equation 47:
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Appendix C. Empirical validation of the approximation for φp

(63)

When deriving our φp estimator, in order to prove that φp represents the expected value of
the standard CGS φ estimator, we take the following approximation: we consider that the
denominator of Equation 45 is not changing, between two adjacent Gibbs samples. Since zdjk
(i)
is within ±1 of zdjk when taking adjacent Gibbs samples and in a typical corpus nk >> 1,
we can assume that nk ' nk ± 1. Using this approximation, we are able to consider that the
denominator in the left hand of Equation 47 is a constant when taking an adjacent sample.
Hence, the expected value of the fraction will be the expected value of the numerator, divided
by the denominator.
In order to empirically validate this argument, we considered the following experiment:
We have run CGS on the New York Times data set for 100 iterations and for K = 100. Next
we computed explicitly, the left and the right sides of Equation 47 for all topics and word
types. Subsequently, we have measured the accuracy of the approximation of Equation 47
for a varying size of documents (and therefore nk ), by plotting the absolute difference |left
hand side - right hand side| for each topic, as a function of the size of D, or |a−b|
K where
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Figure 9 plots the results from the above experiment. As expected, by increasing the
considered subset of documents and therefore nk , the error of the approximation for each
topic approaches zero.

Appendix D.
Figures 10 – 13 present additional results for the experiment of Section 5.3, using different
topic configurations (K = 20, 50, 500) for each of the four data sets (BioASQ, New York
Times, Reuters-21578, TASA) respectively. These results are aligned with the conclusions
made in Section 5.3 and are reported here as further empirical validation of the theory
behind CGSp .

Appendix E.
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In this section we report in Figure 14, additionally to the results of Section 5.5, the perplexity
across different topic configurations for VB against CVB0, CGS and CGSp . We employed
the lda-c package, publicly available at https://github.com/blei-lab/lda-c, keeping all
parameters to default for the Variational EM procedure.
Apart from the New York Times data set, where VB manages to outperform CVB0 for
K > 200 and the CGS algorithms for K = 200, the algorithm performs worse than other
methods in all other cases. These results seem to be aligned with previous results in the
literature (Teh et al., 2006; Asuncion et al., 2009).
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Figure 9: Absolute difference, per topic, between the left and right hand of Equation 47.
As the number of documents increases, the difference approaches 0. Here, a, b are given in
Equation 63 and the sum is divided by K in order to obtain the per-topic differences.

Appendix F.

We report in Figures 15 - 17 additional results for the rest of the data sets, for our experiment
of section 5.8, regarding the run-time overhead of the CGSp estimators. The results validate
the conclusions drawn in section 5.8.

Appendix G.

We report the results of an additional experiment that we performed in order to investigate
how many samples CGSp , φ + θp and φp + θ would require to outperform CVB0 (Figures 18
– 21). The same parameter setup was used as in the rest of the multi-label experiments of
Section 6.
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(c) K = 500

Figure 11: Perplexity against the number of samples for the CGSp methods and standard
CGS for the New York Times data set. Results are taken by averaging over 5 different runs.
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(b) K = 50

(c) K = 500

Figure 10: Perplexity against the number of samples for the CGSp method and standard
CGS for the BioASQ data set. Results are taken by averaging over 5 different runs.
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(c) K = 500
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Figure 13: Perplexity against the number of samples for the CGSp methods and standard
CGS for the TASA data set. Results are taken by averaging over 5 different runs.
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Figure 12: Perplexity against the number of samples for the CGSp methods and standard
CGS for the Reuters-21578 data set. Results are taken by averaging over 5 different runs.
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(d) K = 1000
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(c) K = 500

(b) K = 100

Figure 15: Log Likelihood vs duration for CGSp against the standard CGS estimators on
BioASQ, with WarpLDA. The time duration for each point in the plot corresponds to the
running time of WarpLDA for different numbers of iterations (50, 100, 200, 500, 1000, 2000,
5000), plus the overhead needed to compute each of the estimators at that timestep.

(d) TASA

(c) Reuters-21578

(a) K = 50
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Figure 14: Perplexity against number of topics for the CGSp method, standard CGS, CVB0
and VB. Results are taken by averaging over 5 different runs.
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(a) K = 50

(d) K = 1000
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Figure 17: Log Likelihood vs duration for CGSp against the standard CGS estimators on
New York Times, with WarpLDA. The time duration for each point in the plot corresponds
to the running time of WarpLDA for different numbers of iterations (50, 100, 200, 500, 1000,
2000, 5000), plus the overhead needed to compute each of the estimators at that timestep.

(c) K = 500
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Figure 16: Log Likelihood vs duration for CGSp against the standard CGS estimators on
Reuters-21578, with WarpLDA. The time duration for each point in the plot corresponds to
the running time of WarpLDA for different numbers of iterations (50, 100, 200, 500, 1000,
2000, 5000), plus the overhead needed to compute each of the estimators at that timestep.
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Figure 18: Delicious.
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Figure 19: BioASQ.
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The fast progress in data science and technology has given rise to the extensive applications of
multi-way datasets, which allow us to take advantage of the inherent correlations across different
attributes. The classical matrix analysis limits its efficiency in exploiting the correlations across
different features from a multi-way perspective. In contrast, analysis of multi-way data (tensor),
which was originally proposed in the field of psychometrics and recently found applications in
machine learning and signal processing, is capable of taking full advantage of these correlations
(De Lathauwer, 2009; Kolda and Bader, 2009; Abraham et al., 2012; Grasedyck et al., 2013; Muti
and Bourennane, 2007; Signoretto et al., 2011). The problem of low-rank tensor completion, i.e.,
reconstructing a tensor from a subset of its entries given the rank, which is generally NP hard
(Hillar and Lim, 2013), arises in compressed sensing (Lim and Comon, 2010; Sidiropoulos and

1. Introduction

We consider the problem of low canonical polyadic (CP) rank tensor completion. A completion
is a tensor whose entries agree with the observed entries and its rank matches the given CP rank.
We analyze the manifold structure corresponding to the tensors with the given rank and define a
set of polynomials based on the sampling pattern and CP decomposition. Then, we show that finite completability of the sampled tensor is equivalent to having a certain number of algebraically
independent polynomials among the defined polynomials. Our proposed approach results in characterizing the maximum number of algebraically independent polynomials in terms of a simple
geometric structure of the sampling pattern, and therefore we obtain the deterministic necessary
and sufficient condition on the sampling pattern for finite completability of the sampled tensor.
Moreover, assuming that the entries of the tensor are sampled independently with probability p and
using the mentioned deterministic analysis, we propose a combinatorial method to derive a lower
bound on the sampling probability p, or equivalently, the number of sampled entries that guarantees finite completability with high probability. We also show that the existing result for the matrix
completion problem can be used to obtain a loose lower bound on the sampling probability p. In
addition, we obtain deterministic and probabilistic conditions for unique completability. It is seen
that the number of samples required for finite or unique completability obtained by the proposed
analysis on the CP manifold is orders-of-magnitude lower than that is obtained by the existing
analysis on the Grassmannian manifold.
Keywords: Low-rank tensor completion, canonical polyadic (CP) decomposition, finite completability, unique completability, algebraic geometry, Bernstein’s theorem.
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Kyrillidis, 2012; Gandy et al., 2011), visual data reconstruction (Liu et al., 2013, 2016), seismic
data processing (Kreimer et al., 2013; Ely et al., 2013), etc. Existing approaches to low-rank data
completion mainly focus on convex relaxation of matrix rank (Candès and Recht, 2009; Candès and
Tao, 2010; Cai et al., 2010; Ashraphijuo et al., 2016b; Candès et al., 2013; Ashraphijuo et al., 2015)
or different convex relaxations of tensor ranks (Gandy et al., 2011; Tomioka et al., 2010; Signoretto
et al., 2014; Romera-Paredes and Pontil, 2013). In addition, there are some other works which
provide a completion of the given rank using alternating minimization, e.g., for low-CP-rank tensor
(Jain and Oh, 2014) and low-TT-rank tensor (Wang et al., 2016).
Tensors consisting of real-world datasets usually have a low rank structure. The manifold of
low-rank tensors has recently been investigated in several works (Grasedyck et al., 2013; Ashraphijuo et al., 2016a; Ashraphijuo and Wang, 2017). In this paper, we focus on the canonical polyadic
(CP) decomposition (Harshman, 1970; ten Berge and Sidiropoulos, 2002; Carroll and Chang, 1970;
Stegeman and Sidiropoulos, 2007) and the corresponding CP rank, but in general there are other
well-known tensor decompositions including Tucker decomposition (Kolda, 2001; Grasedyck, 2010;
Kressner et al., 2014), tensor-train (TT) decomposition (Oseledets, 2011; Holtz et al., 2012), tubal
rank decomposition (Kilmer et al., 2013) and several other methods (De Lathauwer et al., 2000;
Papalexakis et al., 2012). Note that most existing literature on tensor completion based on various
optimization formulations use CP rank (Gandy et al., 2011; Krishnamurthy and Singh, 2013).
Deterministic conditions on the locations of the sampled entries (sampling pattern) are obtained
through algebraic geometry analyses on Grassmannian manifold that lead to finite/unique solutions
to the matrix completion problem (Pimentel-Alarcón et al., 2016d). Also, deterministic conditions
on the sampling patterns have been studied for subspace clustering in (Pimentel-Alarcón et al.,
2016c, 2015, 2016a,b). In this paper, we study the fundamental conditions on the sampling pattern to ensure finite or unique number of completions, where these fundamental conditions are
independent of the correlations of the entries of the tensor, in contrast to the common assumption
adopted in literature such as incoherence. Given the rank of a matrix, Pimentel-Alarcón et. al. in
(Pimentel-Alarcón et al., 2016d) obtains such fundamental conditions on the sampling pattern for
finite completability of the matrix. Previously, we treated the same problem for multi-view matrix
(Ashraphijuo et al., 2017c,b), tensor given its Tucker rank (Ashraphijuo et al., 2016a, 2017a), and
tensor given its TT rank(Ashraphijuo and Wang, 2017). In this paper, the structure of the CP decomposition and the geometry of the corresponding manifold are investigated to obtain the fundamental
conditions for finite completability given its CP rank. These recently developed algebraic geometry
analyses can also be used to approximate the rank of partially sampled data (Ashraphijuo et al.,
2017d).
To emphasize the contribution of this work, we highlight the differences and challenges in comparison with the Tucker and TT tensor models. In CP decomposition, the notion of tensor multiplication is different from those for Tucker and TT, and therefore the geometry of the manifold and
the algebraic variety are completely different. Moreover, in CP decomposition we are dealing with
the sum of several tensor products, which is not the case in Tucker and TT decompositions, and
therefore the equivalence classes or geometric patterns that are needed to study the algebraic variety
are different. Moreover, CP rank is a scalar and the ranks of matricizations and unfoldings are not
given in contrast with the Tucker and TT models.
Let U denote the sampled tensor and Ω denote the binary sampling pattern tensor that is of
the same dimension and size as U. The entries of Ω that correspond to the observed entries of U
are equal to 1 and the rest of the entries are set as 0. Assume that the entries of U are sampled
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independently with probability p. This paper is mainly concerned with treating the following three
problems.
Problem (i): Given the CP rank, characterize the necessary and sufficient conditions on the
sampling pattern Ω, under which there exist only finitely many completions of U.
We consider the CP decomposition of the sampled tensor, where all rank-1 tensors in this decomposition are unknown and we only have some entries of U. Then, each sampled entry results
in a polynomial such that the variables of the polynomial are the entries of the rank-1 tensors in the
CP decomposition. We propose a novel analysis on the CP manifold to obtain the maximum number of algebraically independent polynomials, among all polynomials corresponding to the sampled
entries, in terms of the geometric structure of the sampling pattern Ω. We show that if the maximum number of algebraically independent polynomials is a given number, then the sampled tensor
U is finitely completable. Due to the fundamental differences between the CP decomposition and
the Tucker or TT decomposition, this analysis is completely different from our previous works
(Ashraphijuo et al., 2016a; Ashraphijuo and Wang, 2017). Moreover, note that our proposed algebraic geometry analysis on the CP manifold is not a simple generalization of the existing analysis on
the Grassmannian manifold (Pimentel-Alarcón et al., 2016d) even though the CP decomposition is
a generalization of rank factorization of a matrix, as almost every step needs to be developed anew.
Problem (ii): Characterize conditions on the sampling pattern to ensure that there is exactly
one completion for the given CP rank.
Similar to Problem (i), our approach is to study the algebraic independence of the polynomials
corresponding to the samples. We exploit the properties of a set of minimally algebraically dependent polynomials to add additional constraints on the sampling pattern such that each of the rank-1
tensors in the CP decomposition can be determined uniquely.
As we will observe later, the deterministic conditions for finite or unique completability are
combinatorial in nature, which are hard to verify if they hold true in practice. Therefore, we also
provide a probabilistic analysis to verify the validity of such conditions based on the number of
samples or the sampling probability. However, we cannot guarantee the validity of the constraints
with probability one anymore (i.e., not deterministically anymore) and instead we show that the
combinatorial conditions hold true with high probability if the sampling probability is above certain
threshold.
Problem (iii): Provide a lower bound on the total number of sampled entries or the sampling
probability p such that the proposed conditions on the sampling pattern Ω for finite and unique
completability are satisfied with high probability.
We develop several combinatorial tools together with our previous graph theory results in (Ashraphijuo et al., 2016a) to obtain lower bounds on the total number of sampled entries, i.e., lower bounds
on the sampling probability p, such that the deterministic conditions for Problems (i) and (ii) are met
d−1
with high probability. Particularly, it is shown in (Krishnamurthy and Singh, 2013), O(nr 2 d2 log(r))
d
z
}|
{
samples are required to recover the tensor U ∈ Rn × . . . × n of rank r. Recall that in this paper, we
obtain the number samples to ensure finite/unique completability that is independent of the completion algorithm. As we show later, using the existing analysis on the Grassmannian manifold results
d+1
in O(n 2 max {d log(n) + log(r), r}) samples to ensure finite/unique completability. However,
our proposed analysis on the CP manifold results in O(n2 max {log(nrd), r}) samples to guarantee
the finiteness of the number of completions, which is significantly lower than that given in (Krish3
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namurthy and Singh, 2013). Hence, the fundamental conditions for tensor completion motivate new
optimization formulation to close the gap in the number of required samples.
Tucker decomposition consists of a core tensor multiplied by a matrix along each dimension. TT
decomposition of a d-way tensor consists of the train-wise multiplication of a matrix and d−2 threeway tensors and finally another matrix. Tucker and TT ranks are defined as the vectors consisting
of rank of matricizations and rank of unfoldings, respectively. The structure of the manifold of
the tensors with a fixed Tucker (or TT) rank vector is fundamentally different with that of the CP
manifold.
Note that the general framework of using rank factorization to study the algebraic independence
of the polynomials through counting the number of involved variables in the polynomials is indeed
similar to that in (Pimentel-Alarcón et al., 2016d; Ashraphijuo et al., 2016a; Ashraphijuo and Wang,
2017) to some extent. However, since the manifold considered in this paper (CP manifold) is fundamentally different from the Grassmannian or Tucker or TT manifold, all results in this paper are
original. In particular, we mention some of the main differences: (i) geometry of the manifold, (ii)
the equivalence class for the basis and consequently (iii) the canonical basis, (iv) the structure of the
polynomials, etc., are fundamentally different from those in the literature. Hence, the deterministic analyses are fundamentally different (excluding Lemma 7). As a consequence, the probabilistic
analysis is also basically different as the combinatorial condition (6) is obtained based on the defined
geometry and equivalence class for CP decomposition. However, some lemmas including the generalization of Hall’s theorem for bipartite graphs (Lemma 18) or Lemma 17 that applies pigeonhole
principle are taken from our previous papers (Ashraphijuo et al., 2016a; Ashraphijuo and Wang,
2017) in probabilistic analysis.
The remainder of this paper is organized as follows. In Section 2, the preliminaries and problem
statement are presented. In Section 3, we develop necessary and sufficient deterministic conditions
for finite completability. In Section 4, we develop probabilistic conditions for finite completability.
In Section 5, we consider unique completability and obtain both deterministic and probabilistic
conditions. Some numerical results are provided in Section 6. Finally, Section 7 concludes the
paper.

2. Background
2.1 Preliminaries and Notations

U=

l=1

r
X

l=1

r
X

a1l (x1 )a2l (x2 ) . . . adl (xd ),

a1l ⊗ a2l ⊗ . . . ⊗ adl ,
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(2)

(1)

In this paper, it is assumed that a d-way tensor U ∈ Rn1 ×···×nd is sampled. Throughout this paper,
we use CP rank as the rank of a tensor, which is defined as the minimum number r such that there
exist ail ∈ Rni for 1 ≤ i ≤ d and 1 ≤ l ≤ r and

or equivalently,
U(x1 , x2 , . . . , xd ) =

4

5

U(2, 2, 2) = x0 y 0 z 0 .

U(1, 1, 2) = xyz ,

(3)
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U(1, 2, 2) = xy 0 z 0 ,

0

U(1, 2, 1) = xy 0 z,

U(2, 1, 2) = x0 yz 0 ,

U(2, 2, 1) = x0 y 0 z,

U(2, 1, 1) = x yz,

0

U(1, 1, 1) = xyz,

Define a11 = [x x0 ]> ∈ R2 , a12 = [y y 0 ]> ∈ R2 and a13 = [z z 0 ]> ∈ R2 . Then, according to (1),
we have the following

Consider a three-way tensor U ∈ R2×2×2 with CP rank of 1. Assume that the entries (1, 1, 1),
(2, 1, 1), (1, 2, 1) and (1, 1, 2) are observed. As a result of Lemma 11 in this paper, all unfoldings of
this tensor are rank-1 matrices. It is shown in Section II of (Ashraphijuo et al., 2016a) that having
any 4 entries of a rank-1 2 × 4 matrix, there are infinitely many completions for it. As a result,
any unfolding of U is infinitely many completable given only the corresponding rank constraint.
Next, using the CP decomposition (1), we show that there are only finitely many completions of the
sampled tensor of CP rank 1.

To motivate our proposed analysis in this paper on the CP manifold, we compare the following
two approaches using a simple example to emphasize the exigency of our proposed analysis: (i)
analyzing each of the unfoldings individually, (ii) analyzing based on the CP decomposition.

We are interested in finding necessary and sufficient deterministic conditions on the sampling pattern tensor Ω under which there are infinite, finite, or unique completions of the sampled tensor U
that satisfy the given CP rank constraint. Furthermore, we are interested in finding probabilistic conditions on the number of samples or the sampling probability that ensure the obtained deterministic
conditions for finite and unique completability hold with high probability.

2.2 Problem Statement and A Motivating Example

For a nonempty I ⊂ {1, . . . , d}, define NI , Πi∈I ni and also denote I¯ , {1, . . . , d}\I. Let
e (I) ∈ RNI ×NI¯ be the unfolding of the tensor U corresponding to the set I such that U(~x) =
U
e (I) (M
f¯(xi
fI (xi , . . . , xi ), M
U
, . . . , xid )), where I = {i1 , . . . , i|I| }, I¯ = {i|I|+1 , . . . , id },
1
I
|I|
|I|+1
f¯ : (xi
f
, . . . , xid ) → {1, 2, . . . , N̄I¯} are two
MI : (xi1 , . . . , xi|I| ) → {1, 2, . . . , NI } and M
I
|I|+1
bijective mappings. For i ∈ {1, . . . , d} and I = {i}, we denote the unfolding corresponding to I
by U(i) and we call it the i-th matricization of tensor U.

(4)

6
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• Fact 2: It can be concluded from Bernstein’s theorem (Sturmfels, 2002) that in a system
of n polynomials in n variables with coefficients chosen generically, the polynomials are

• Fact 1: As it can be seen from (2), any observed entry U(~x) results in an equation that
involves one entry of ali , i = 1, . . . , d and l = 1, . . . , r. Considering the entries of A as
variables (right-hand side of (2)), each observed entry results in a polynomial in terms of these
variables. Moreover, for any observed entry U(~x), the value of xi specifies the location of the
entry of ali that is involved in the corresponding polynomial, i = 1, . . . , d and l = 1, . . . , r.

Suppose that the sampled tensor U is chosen generically from the manifold of the tensors in Rn1 ×···×nd
of rank r. Assume that ali vectors are unknown for 1 ≤ i ≤ d and 1 ≤ l ≤ r. For notational simplicity, define the tuples Al = (al1 , al2 , . . . , ald ) for l = 1, . . . , r and A = (A1 , . . . , Ar ). Moreover,
define Ai = [a1i |a2i |. . . |ari ] ∈ Rni ×r . Note that each of the sampled entries results in a polynomials
in terms of the entries of A as in (2).
Here, we briefly mention the following two facts to highlight the fundamentals of our proposed
analysis.

3.1 Geometry

In this section, we characterize the necessary and sufficient condition on the sampling pattern for
finite completability of the sampled tensor given its CP rank. In Section 3.1, we define a polynomial based on each observed entry and through studying the geometry of the manifold of the
corresponding CP rank, we transform the problem of finite completability of U to the problem of
including enough number of algebraically independent polynomials among the defined polynomials
for the observed entries. In Section 3.2, a binary tensor is constructed based on the sampling pattern Ω, which allows us to study the algebraic independence of a subset of polynomials among all
defined polynomials based on the samples. In Section 3.3, we characterize the connection between
the maximum number of algebraically independent polynomials among all the defined polynomials
and finite completability of the sampled tensor.

3. Deterministic Conditions for Finite Completability

Therefore, based on the CP decomposition, the sampled tensor U is finitely (uniquely) many
completable. Hence, this example illustrates that collapsing a tensor into a matrix results in loss of
information and thus motivate the investigation of the tensor CP manifold.

U(2, 2, 1) = x0 y 0 z =

U(2, 1, 1)U(1, 2, 1)
,
U(1, 1, 1)
U(2, 1, 1)U(1, 1, 2)
U(2, 1, 2) = x0 yz 0 =
,
U(1, 1, 1)
U(1, 2, 1)U(1, 1, 2)
U(1, 2, 2) = xy 0 z 0 =
,
U(1, 1, 1)
U(2, 1, 1)U(1, 2, 1)U(1, 1, 2)
U(2, 2, 2) = x0 y 0 z 0 =
.
U(1, 1, 1)U(1, 1, 1)

Recall that (1, 1, 1), (2, 1, 1), (1, 2, 1), and (1, 1, 2) are the observed entries. Hence, the unknown entries can be determined uniquely in terms of the 4 observed entries as

where ⊗ denotes the tensor product (outer product) and U(x1 , x2 , . . . , xd ) denotes the entry of the
sampled tensor with coordinates ~x = (x1 , x2 , . . . , xd ) and ali (xi ) denotes the xi -th entry of vector
ali . Note that al1 ⊗ al2 ⊗ . . . ⊗ ald ∈ Rn1 ×···×nd is a rank-1 tensor, l = 1, 2, . . . , r.

Denote Ω as the binary sampling pattern tensor that is of the same size as U and Ω(~x) = 1 if
U(~x) is observed and Ω(~x) = 0 otherwise. Also define x+ , max{0, x}.
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algebraically independent with probability one, and therefore there exist only finitely many
solutions.
The following assumption will be used frequently in this paper.
Assumption 1: Each row of the d-th matricization of the sampled tensor, i.e., U(d) includes at
least r observed entries.
Observe that each row of the d-th matricization of the sampled tensor includes n1 × n2 × . . . ×
nd−1 entries. In order to show that Assumption 1 is a very mild assumption, as an example assume
that n1 = n2 = · · · = nd−1 = n. Then, each row of U(d) has nd−1 entries and Assumption 1
requires r sampled entries among them. As we consider the low-rank scenario, we show in Section
4 how realistic this assumption is in terms of the sampling probability.
Lemma 1 Given Ai ’s for i = 1, . . . , d − 1 and Assumption 1, Ad can be determined uniquely.
Proof Each row of Ad has r entries and also as it can be seen from (2), each observed entry in
the i-th row of U(d) results in a degree-1 polynomial in terms of the r entries of the i-th row of
Ad . Since Assumption 1 holds, for each row of Ad that has r variables, we have at least r degree-1
polynomials. Genericity of the coefficients of these polynomials results that each row of Ad can be
determined uniquely.
As a result of Lemma 1, we can obtain Ad in terms of the entries of Ai ’s for i = 1, . . . , d−1. As
mentioned earlier, each observed entry is equivalent to a polynomial in the format of (2). Consider
all such polynomials excluding those that have been used to obtain Ad (r samples at each row of
U(d) ) and denote this set of polynomials in terms of the entries of Ai ’s for i = 1, . . . , d − 1 by
P(Ω).
We are interested in defining an equivalence class such that each class includes exactly one
of the decompositions among all rank-r decompositions of a particular tensor and the pattern in
Lemma 3 characterizes such an equivalence class. Lemma 2 below is a re-statement of Lemma 1
in (Ashraphijuo and Wang, 2017), which characterizes such an equivalence class or equivalently
geometric pattern for a matrix instead of tensor. This lemma will be used to show Lemma 3 later.
Lemma 2 Let X denote a generically chosen matrix from the manifold of n1 × n2 matrices of
rank r and also Q ∈ Rr×r be a given full rank matrix. Then, there exists a unique decomposition
X = YZ such that Y ∈ Rn1 ×r , Z ∈ Rr×n2 and P = Q, where P ∈ Rr×r represents a submatrix1
of Y.

−1
2
3
2

0
4
2
3

−1
6
5
5

=

1
0
y1
y3

0
1
y2
y4

×

x1
x5

x2
x6

x4
x8

,
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x3
x7

In Lemma 3, we generalize Lemma 2 and characterize the similar pattern for a multi-way tensor.
Assuming that P represents the submatrix of Y consists of the first r columns and the first r rows of
Y and also Q is equal to the r × r identity matrix, this pattern is called the canonical decomposition
of X. The canonical decomposition is shown for a rank-2 matrix as the following
1
2
−1
1

1. Specified by a subset of rows and a subset of columns (not necessarily consecutive).

7

y2
y4

=

1
2
3
4

and

x1
x5

x2
x6

x3
x7

x4
x8

=

1
2
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−2
− 21

where xi ’s and yi ’s can be determined uniquely as
y1
y3

−1
2
3
2

0
4
2
3

−1
6
5
5

=

1
0
y1
y3

×

x1

.

x2

x3

x4

+

0
1
y2
y4

−1
2

×

Also, the above canonical decomposition can be written as the following
1
2
−1
1

1
0
.
..
0
, . . . , a1r =
a11 (r + 1)
.
..
a11 (n1 )

1
ar (2)
i
.
..
air (ni )

.

0
0
.
..
1
a1r (r + 1)
.
..
a1r (n1 )

,

x5

0
4

x7

−1
6

x6

Generalization of the canonical decomposition for multi-way tensor is as the following

a11 =

and for i ∈ {2, . . . , d − 1}
ai1 =

1
a1 (2)
i
, . . . , air =
.
..
ai1 (ni )

.

x8

Lemma 3 Let j ∈ {1, . . . , d − 1} be a fixed number and define J = {1, . . . , d − 1}\{j}. Assume
that the full rank matrix Qj ∈ Rr×r and matrices Qi ∈ R1×r with nonzero entries for i ∈ J are
given. Also, let Pi denote an arbitrary submatrix of Ai , i = 1, 2, . . . , d − 1, where Pj ∈ Rr×r and
Pi ∈ R1×r for i ∈ J. Then, with probability one, there exists exactly one rank-r decomposition of
U such that Pi = Qi , i = 1, . . . , d − 1.

JMLR 18(63):1-29, 2017

Proof First we claim that there exists at most one rank-r decomposition of U such that Pi = Qi ,
i = 1, . . . , d − 1. We assume that Pi = Qi , i = 1, . . . , d − 1 and also U is given. Then, it suffices
to show that the rest of the entries of A can be determined in at most a unique way (no more than
one solution) in terms of the given parameters such that (1) holds. Note that if a variable can be
determined uniquely through two different ways (two sets of samples or equations), in general either
it can be determined uniquely if both ways result in the same value or it does not have any solution
otherwise. Let yi denote the row number of submatrix Pi ∈ R1×r for i ∈ J and Yj = {yj1 , . . . , yjr }
denote the row numbers of submatrix Pj ∈ Rr×r .
As the first step of proving our claim, we show that Ad can be determined uniquely. Consider the
j−1
d−j−1
z }| {
z }| {
subtensor U 0 = U(y1 , . . . , yj−1 , Yj , yj+1 , . . . , yd−1 , :) ∈ R1 × . . . × 1 ×r×1 × . . . × 1 ×nd which

8
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In this section, we provide a procedure to construct a binary tensor Ω̆ based on Ω such that P(Ω̆) =
P(Ω) and each polynomial can be represented by one d-way subtensor of Ω̆ which belongs to
Rn1 ×n2 ×···×nd−1 ×1 . Using Ω̆, we are able to recognize the observed entries that have been used to
obtain the Ad in terms of the entries of A1 , . . . , Ad−1 , and we can study the algebraic independence
of the polynomials in P(Ω) which is directly related to finite completability through Lemma 4.
For each subtensor Y of the sampled tensor U, let NΩ (Y) denote the number of sampled entries
in Y. Specifically, consider any subtensor Y ∈ Rn1 ×n2 ×···×nd−1 ×1 of the tensor U. Then, since r
of the polynomials have been used to obtain Ad , Y contributes NΩ (Y) − r polynomial equations in
terms of the entries of A1 , . . . , Ad−1 among all NΩ (U) − rnd polynomials in P(Ω).

3.2 Constraint Tensor

Proof The proof is omitted due to the similarity to the proof
Lemma 2 in (Ashraphijuo et al.,
Pof
d−1
2
2016a) with

  the only difference
 P that here
 the dimension is r( i=1 ni ) − r − r(d − 2) instead of
d
2 which is the dimension of the core in Tucker decomposiΠji=1 ni Πdi=j+1 ri −
r
i=j+1 i
tion.

Lemma 4 For almost every U, the sampled tensor is finitely completableP
if and only if the maximum
2
number of algebraically independent polynomials in P(Ω) is equal to r( d−1
i=1 ni ) − r − r(d − 2).

Assume that S denotes the set of all possible Ai ’s for i = 1, . . . , d − 1 given Ad without any
polynomial constraint. Lemma 3 results in a pattern that characterizes exactly one rank-r decomposition among all rank-r decompositions, and therefore the dimension of S is equal to the number of
unknowns, i.e., number of entries of Ai ’s
Pfor i = 1, . .2. , d − 1 excluding those that are involved in
the pattern Pi ’s in Lemma 3 which is r( d−1
i=1 ni ) − r − r(d − 2).

The sampled tensor U includes nd subtensors that belong to Rn1 ×n2 ×···×nd−1 ×1 and let Yi for
1 ≤ i ≤ nd denote these nd subtensors. Define a binary valued tensor Y̆i ∈ Rn1 ×n2 ×···×nd−1 ×ki ,
where ki = NΩ (Yi ) − r and its entries are described as the following. We can look at Y̆i as ki
tensors each belongs to Rn1 ×n2 ×···×nd−1 ×1 . For each of the mentioned ki tensors in Y̆i we set the
entries corresponding to the r observed entries that are used to obtain Ad equal to 1. For each of
the other ki observed entries that have not been used to obtain Ad , we pick one of the ki tensors of
Y̆i and set its corresponding entry (the same location as that specific observed entry) equal to 1 and
set the rest of the entries equal to 0. In the case that ki = 0 we simply ignore Y̆i , i.e., Y̆i = ∅
By putting together all nd tensors
P d in dimension d, we construct a binary valued tensor Ω̆ ∈
Rn1 ×n2 ×···×nd−1 ×K , where K = ni=1
ki = NΩ (U) − rnd and call it the constraint tensor. Observe that each subtensor of Ω̆ which belongs to Rn1 ×n2 ×···×nd−1 ×1 includes exactly r + 1 nonzero
entries. In the following we show this procedure for an example.

includes rnd entries. Having CP decomposition (2), each entry of U 0 results in one degree-1 polynomial in terms of the entries of Ad with coefficients in terms of the entries of Qi ’s. Let the matrix
U0 ∈ Rr×nd represent the rnd entries of U 0 . Moreover, define C = [c1 |. . . |cr ] ∈ Rr×r where
cl = (Πi∈J Pi (1, l)) qlj ∈ Rr×1 for l = 1, . . . , r and qlj ∈ Rr×1 is the l-th column of Qj .
Observe that CP decomposition (2) for the entries of U 0 can be written as U0 = CA>
d . Recall
that Qj is full rank, and therefore qlj ’s are linearly independent, l = 1, . . . , r. Also, a system of
equations with at least m linearly independent degree-1 polynomials in m variables does not have
more than one solution. Hence, cl ’s are also linearly independent for l = 1, . . . , r, and therefore C
is full rank. As a result, Ad can be determined uniquely. In the second step, similar to the first step,
we can show that the rest of Ai ’s have at most one solution having one entry of Ad which has been
already obtained.
Finally, we also claim that there exists at least one rank-r decomposition of U such that Pi =
Qi , i = 1, . . . , d − 1. We show this by induction on d. For d = 2, this is a result of Lemma 2.
Induction hypothesis states that the claim holds for d = k − 1 and we need to show that it also holds
for d = k. Since by merging dimension k − 1 and k for each of the rank-1 tensors of the corresponding CP decomposition and using induction hypothesis this step reduces to showing a rank-1
matrix can be decomposed to two vectors such that one component of one of them is given which is
again a special case of Lemma 2 for rank-1 scenario.

10
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In this section, we obtain the maximum number of algebraically independent polynomials in P(Ω̆)
in terms of the simple geometrical structure of nonzero entries of Ω, i.e., the locations of the sampled
entries. On the other hand, Lemma 4 provides the required number of algebraically independent
polynomials in P(Ω) for finite completability. Hence, at the end of this section, we obtain the
necessary and sufficient deterministic conditions on the sampling pattern for finite completability.

3.3 Algebraic Independence

Note that each subtensor of Ω̆ that belongs to Rn1 ×...×nd−1 ×1 represents one of the polynomials
in P(Ω) besides showing the polynomials that have been used to obtain Ad . More specifically,
consider a subtensor of Ω̆ that belongs to Rn1 ×...×nd−1 ×1 with r + 1 nonzero entries. Observe that
exactly r of them correspond to the observed entries that have been used to obtain Ad . Hence,
this subtensor represents a polynomial after replacing entries of Ad by the expressions in terms of
entries of A1 , . . . , Ad−1 , i.e., a polynomial in P(Ω).

S̆ = {(1, 1, 1), (1, 2, 2), (2, 3, 1), (2, 3, 2), (3, 3, 1), (3, 3, 2), (1, 1, 3), (2, 1, 3), (3, 2, 3)}.

represents the set of observed entries. Hence, observed entries (1, 1, 1), (1, 2, 1), (2, 3, 1), (3, 3, 1)
belong to Y1 , observed entries (1, 1, 2), (2, 1, 2), (3, 2, 2) belong to Y2 , and observed entries (1, 3, 3),
(3, 2, 3) belong to Y3 . As a result, k1 = 4 − 2 = 2, k2 = 3 − 2 = 1, and k3 = 2 − 2 = 0. Hence,
Y̆1 ∈ R3×3×2 , Y̆2 ∈ R3×3×1 , and Y̆3 = ∅, and therefore the constraint tensor Ω̆ belongs to R3×3×3 .
Also, assume that the entries that we use to obtain A3 in terms of the entries of A1 and A2 are
(2, 3, 1), (3, 3, 1), (1, 1, 2), (2, 1, 2), (1, 3, 3) and (3, 2, 3). Note that Y̆1 (2, 3, 1) = Y̆1 (2, 3, 2) =
Y̆1 (3, 3, 1) = Y̆1 (3, 3, 2) = 1 (correspond to entries of Y1 that have been used to obtain A3 ),
and also for the two other observed entries we have Y̆1 (1, 1, 1) = 1 (correspond to U(1, 1, 1))
and Y̆1 (1, 2, 2) = 1 (correspond to U(1, 2, 1)) and the rest of the entries of Y̆1 are equal to zero.
Similarly, Y̆2 (1, 1, 1) = Y̆2 (2, 1, 1) = Y̆2 (3, 2, 1) = 1 and the rest of the entries of Y̆2 are equal to
zero.
Then, Ω̆(x, y, z) = 1 if (x, y, z) ∈ S 0 and Ω̆(x, y, z) = 0 otherwise, where

S = {(1, 1, 1), (1, 2, 1), (2, 3, 1), (3, 3, 1), (1, 1, 2), (2, 1, 2), (3, 2, 2), (1, 3, 3), (3, 2, 3)},

Example 1 Consider an example in which d = 3 and r = 2 and U ∈ R3×3×3 . Assume that
Ω(x, y, z) = 1 if (x, y, z) ∈ S and Ω(x, y, z) = 0 otherwise, where
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According to Lemma 3, as we consider one particular equivalence class some of the entries
of Ai ’s are known, i.e., P1 , . . . , Pd−1 in the statement of the lemma. Therefore, in order to find
the number of variables (unknown entries of Ai ’s) in a set of polynomials, we should subtract the
number of known entries in the corresponding pattern from the total number of involved entries.
Also, recall that the sampled tensor is chosen generically from the corresponding manifold, and
therefore according to Fact 2, the independency of the polynomials can be studied through studying
the number of variables involved in each subset of them.

correspond to nonzero entries of Ω̆0 .

Definition 5 Let Ω̆0 ∈ Rn1 ×n2 ×···×nd−1 ×t be a subtensor of the constraint tensor Ω̆. Let mi (Ω̆0 )
0 . Also, let P(Ω̆0 ) denote the set of polynomials that
denote the number of nonzero rows of Ω̆(i)
The following lemma gives an upper bound on the maximum number of algebraically independent polynomials in the set P(Ω̆0 ) for an arbitrary subtensor Ω̆0 ∈ Rn1 ×n2 ×···×nd−1 ×t of the
constraint tensor. Note that P(Ω̆0 ) includes exactly t polynomials as each subtensor belonging to
Rn1 ×n2 ×···×nd−1 ×1 represents one polynomial.

i=1

d−1
X

mi (Ω̆0 )

!
!
n
n
o o
− min max m1 (Ω̆0 ), . . . , md−1 (Ω̆0 ) , r − (d − 2) .

(5)

Lemma 6 Suppose that Assumption 1 holds. Consider an arbitrary subtensor Ω̆0 ∈ Rn1 ×n2 ×···×nd−1 ×t
of the constraint tensor Ω̆. The maximum number of algebraically independent polynomials in
P(Ω̆0 ) is at most
r

Proof As a consequence of Fact 2, the maximum number of algebraically independent polynomials
in a subset of polynomials of P(Ω̆0 ) is at most equal to the total number of variables that are involved
in the corresponding polynomials. Note that by observing the structure of (2) and Fact 1, the number
of entries of Ai that are involved in the polynomials P(Ω̆0 ) is equal to rmi (Ω̆0 ), i = 1, . . . , d −
1. Therefore, the total number of entries
of A1 , . . . , Ad−1 that are involved in the polynomials


Pd−1
0
P(Ω̆0 ) is equal to r
i=1 mi (Ω̆ ) . However, some of the entries of A1 , . . . , Ad−1 are known
and depending on the equivalence class we should subtract them from the total number of involved
entries.
For a fixed number j in Lemma 3, it is easily verified that the total number of variables (unknown
+
P 
entries) of A1 , . . . , Ad−1 that are involved in the polynomials P(Ω̆0 ) is equal to r
mi (Ω̆0 ) − 1
i∈J

+

+
+r mj (Ω̆0 ) − r , with J = {1, . . . , d − 1}\{j}. Note that mi (Ω̆0 ) − 1
= mi (Ω̆0 ) − 1,

+
n
o
= mj (Ω̆0 ) − min mj (Ω̆0 ), r . However, j is not a fixed number in general.
mj (Ω̆0 ) − r
Therefore, the maximum number of known entries of A1 , . . . , Ad−1 that are involved in the poly0 ) is equal to
nomials

nP(Ω̆ n
o o

r min max m1 (Ω̆0 ), . . . , md−1 (Ω̆0 ) , r − (d − 2) , which results that the number of variables of A1 , . . . , Ad−1 that are involved in the polynomials P(Ω̆0 ) is equal to (5).
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The set of polynomials corresponding to Ω̆0 , i.e., P(Ω̆0 ) is called minimally algebraically dependent if the polynomials in P(Ω̆0 ) are algebraically dependent but polynomials in every of its
11
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proper subsets are algebraically independent. The following lemma provides an important property
about a set of minimally algebraically dependent P(Ω̆0 ). This lemma will be used later to derive the
maximum number of algebraically independent polynomials in P(Ω̆0 ).

Lemma 7 Suppose that Assumption 1 holds. Consider an arbitrary subtensor Ω̆0 ∈ Rn1 ×n2 ×···×nd−1 ×t
of the constraint tensor Ω̆. Assume that polynomials in P(Ω̆0 ) are minimally algebraically dependent. Then, the number of variables (unknown entries) of A1 , . . . , Ad−1 that are involved in P(Ω̆0 )
is equal to t − 1.

Proof Let the set of polynomials {p1 , , p2 . . . , pt } represent P(Ω̆0 ). Then, P(Ω̆0 )\pi (all polynomials in P(Ω̆0 ) excluding pi ) is a set of algebraically independent polynomials, i = 1, . . . , t. The
number of involved variables in P(Ω̆0 )\pi is at least equal to the number of polynomials, i.e., t − 1.
Therefore, the number of involved variables in P(Ω̆0 ) is at least t − 1.
By contradiction, assume that the number of variables that are involved in the set of polynomials P(Ω̆0 ) is at least t. Then, we claim that for any subset of the polynomials of P(Ω̆0 ) the number
of involved variables is at least equal to the number of polynomials in that subset. If the subset is
equal to P(Ω̆0 ), the claim is just the assumption of contradiction. If the subset is a proper subset of
P(Ω̆0 ), according to the assumption in the statement of Lemma, the polynomials are algebraically
independent, and therefore, the claim holds. Hence, the polynomials in P(Ω̆0 ) are algebraically
independent which contradicts the assumption.

Given an arbitrary subtensor Ω̆0 ∈ Rn1 ×n2 ×···×nd−1 ×t of the constraint tensor Ω̆, we are interested in obtaining the maximum number of algebraically independent polynomials in P(Ω̆0 ) based
on the structure of nonzero entries of Ω̆0 . The next lemma can be used to characterize this number
in terms of a simple geometric structure of nonzero entries of Ω̆0 .

i=1

d−1
X

mi (Ω̆00 )

!
!
n
n
o o
− min max m1 (Ω̆00 ), . . . , md−1 (Ω̆00 ) , r − (d − 2) ≥ t0 .

(6)

Lemma 8 Suppose that Assumption 1 holds. Consider an arbitrary subtensor Ω̆0 ∈ Rn1 ×n2 ×···×nd−1 ×t
of the constraint tensor Ω̆. The polynomials in P(Ω̆0 ) are algebraically independent if and only if
0
for any t0 ∈ {1, . . . , t} and any subtensor Ω̆00 ∈ Rn1 ×n2 ×···×nd−1 ×t of Ω̆0 we have
r
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Proof First, assume that all polynomials in P(Ω̆0 ) are algebraically independent. Also, by contra0
diction assume that there exists a subtensor Ω̆00 ∈ Rn1 ×n2 ×···×nd−1 ×t of Ω̆0 that (6) does not hold
for. Note that P(Ω̆00 ) includes t0 polynomials. On the other hand, according to Lemma 6, the maximum number of algebraically independent polynomials in P(Ω̆00 ) is no greater than the LHS of (6),
and therefore the polynomials in P(Ω̆00 ) are not algebraically independent. Hence, the polynomials
in P(Ω̆0 ) are not algebraically independent as well.
In order to prove the other side of the statement, assume that the polynomials in P(Ω̆0 ) are algebraically dependent. Hence, there exists a subset of the polynomials that are minimally algebraically
0
dependent and let us denote it by P(Ω̆00 ), where Ω̆00 ∈ Rn1 ×n2 ×···×nd−1 ×t is a subtensor of Ω̆0 . As
stated in Lemma 7, the number of involved variables in polynomials in P(Ω̆00 ) is equal to t0 − 1. On
the other hand, in the proof of Lemma 6, we showed that the number involved variables is at least

12

i=1

d−1
X

mi (Ω̆00 )

n
n
o o
− min max m1 (Ω̆00 ), . . . , md−1 (Ω̆00 ) , r − (d − 2)

!

< t0 .
(7)

13
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In this section, we are interested in applying the existing analysis based on the Grassmannian manifold to obtain probabilistic conditions on the sampling pattern for finite completability with high
probability. The following theorem restates Theorem 3 in (Pimentel-Alarcón et al., 2016d).

4.1 Unfolding Approach

Assume that the entries of the tensor are sampled independently with probability p. In this section,
we are interested in obtaining a condition in terms of the number of samples, i.e., the sampling
probability, to ensure the finite completability of the sampled tensor with high probability. In Section
4.1, we apply the existing results on the Grassmannian manifold in (Pimentel-Alarcón et al., 2016d)
on any of the unfoldings of the sampled tensor to derive the mentioned probabilistic condition. In
Section 4.2, we obtain the conditions on the number of samples to ensure that conditions (i) and
(ii) in the statement of Theorem 9 hold with high probability or in other words, to ensure the finite
completability with high probability. For the notational simplicity in this section, we assume that
n1 = n2 = · · · = nd , i.e., U ∈ Rn×n×...×n .

4. Probabilistic Conditions for Finite Completability

Note that the condition given in (6) is combinatorial in nature and hard to verify in practice. In
the next section, we provide a lower bound on the number of samples so that both Assumption 1
and the combinatorial condition given in (6) hold true with high probability (not deterministically,
i.e., with probability one anymore).

Proof Lemma 4 states that for almost every U,
many completions of the samP there exist finitely
2
pled tensor if and only if P(Ω̆) includes r( d−1
i=1 ni ) − r − r(d − 2) algebraically independent polynomials. Moreover, according to Lemma 8, polynomials corresponding to a subtensor
Ω̆0 ∈ Rn1 ×n2 ×···×nd−1 ×t of the constraint tensor are algebraically independent if and only if condition (ii) of the statement of the Theorem holds. Therefore, for almost every U, conditions (i) and
(ii) hold if and only if the sampled tensor U is finitely completable.

Theorem 9 Suppose that Assumption 1 holds. For almost every U, the sampled tensor U is finitely
completable
if and only if Ω̆ contains a subtensor Ω̆0 ∈ Rn1 ×n2 ×···×nd−1 ×t such that (i) t =
P
2 −r(d−2) and (ii) for any t0 ∈ {1, . . . , t} and any subtensor Ω̆00 ∈ Rn1 ×n2 ×···×nd−1 ×t0
r( d−1
n
)−r
i
i=1
0
of Ω̆ , (6) holds.

Finally, the following theorem characterizes the necessary and sufficient condition on Ω̆ for
finite completability of the sampled tensor U.

r

!

equal the LHS of (6). Therefore, the LHS of (6) is less than or equal to t0 − 1 or equivalently
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l=1

r
X

al1 ⊗ al2 .

(9)

l=1

r
X

bl1 ⊗ bl2 ⊗ . . . ⊗ bld .

|I|+1

d

I

(10)

|I|

I

14

JMLR 18(63):1-29, 2017

Then, with probability at least 1 − , the sampled tensor will be finitely completable.

Lemma 13 Let I = {i1 , . . . , i|I| } be an arbitrary nonempty and proper subset of {1, . . . , d}. Assume that |I|< d2 and r ≤ n6 , where r is the CP rank of the sampled tensor U. Moreover, assume
e (I) is observed in at least l entries, distributed uniformly at random and
that each column of U
independently across entries, where




NI r
l > max 12 log
+ 12, 2r .
(11)




Remark 12 Assume thatk ≤ k 0 ≤ n6 , l > max 12 log n + 12, 2k 0 and k 0 (n − k 0 ) ≤ N .
Then, we have l > max 12 log n + 12, 2k since k ≤ k 0 . Moreover, we have k(n − k) ≤ N
since k + k 0 < n which results k(n − k) < k 0 (n − k 0 ).

e (I) . Hence, there exist al ∈ Rmi for 1 ≤ i ≤ 2, 1 ≤ l ≤ r such that (9) holds.
the unfolding U
i

1

Define Al1 = bli1 ⊗ . . . ⊗ bli|I| and Al2 = bli|I|+1 ⊗ . . . ⊗ blid for 1 ≤ l ≤ l, where I = {i1 , . . . , i|I| },
I¯ = {i|I|+1 , . . . , id }. Let al1 and al2 denote the vectorizations of Al1 and Al2 with the same bijective
fI : (xi , . . . , xi ) → {1, 2, . . . , NI } and M
f¯ : (xi
mappings M
, . . . , xi ) → {1, 2, . . . , N̄ ¯} of

U=

In order to do so, recall that since the CP rank of U is r, there exist bli ∈ Rni for 1 ≤ i ≤ d and
1 ≤ l ≤ r such that

e (I) =
U

with r components, i.e., we show that there exist ali ∈ Rmi for 1 ≤ i ≤ 2, 1 ≤ l ≤ r, m1 , NI and
m2 , NI¯ such that



e (I) ≤ r, we show the existence of a CP decomposition of U
e (I)
Proof In order to show rank U

Lemma 11 Consider
an

 arbitrary nonempty I ⊂ {1, . . . , d} and recall that r denotes the CP rank
e (I) ≤ r.
of U. Then, rank U

Observe that in the case of 1 < k < n − 1, the assumption k(n − k) ≤ N results that n < N
which is very important to check when we apply this theorem. In order to use Theorem 10, we need
the following lemma to obtain an upper bound on the rank of unfoldings of U.

Theorem 10 Consider an n × N matrix with the given rank k and let 0 <  < 1 be given. Suppose
k ≤ n6 and that each column of the sampled matrix is observed in at least l entries, distributed
uniformly at random and independently across entries, where
n
n
o
l > max 12 log
+ 12, 2k .
(8)

Also, assume that k(n − k) ≤ N . Then, with probability at least 1 − , the sampled matrix will be
finitely completable.
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(12)



d+1
N
e (I) ≤ r. Note that NI ≤ n d−1
2
Proof According to Lemma 11, rI , rank U
= n n2 ≤ nI¯
which results that r(NI − r) ≤ NI¯. Furthermore, according to Remark 12, we have rI (NI − rI ) ≤
also
NI¯ and





NI r
l > max 12 log
+ 12, 2rI .


d
2

n|I| r


!
+ 12, 2r

)

(13)

e (I) to
in Lemma 13, we can simply consider the transpose of U

e (I) is finitely completable for an arbitrary value of rI that
Therefore, according to Theorem 10, U
belongs to {1, . . . , r} with probability at least 1 − r . Hence, with probability at least 1 − , for
e (I) is finitely completable, i.e., U
e (I) is finitely completable. In order
all possible values of rI , U
to complete to proof, it suffices to observe that finite completability of any of the unfoldings of U
results the finite completability of U.
Remark 14 In the case of |I|>
have the similar results.
(

nd−|I| max 12 log

Remark 15 Lemma 13 requires

nd

d+1
e
2

max 12 log



+ 12, 2r .

(14)

samples in total to ensure the finite completability of U with probability at least 1 − . Hence, the
best bound on the total number of samples to ensure the finite completability with probability at
least 1 −  will be obtained when |I|= b d−1 c, which is
2
(
!
)
d−1
nb 2 c r
4.2 CP Approach
In this section, we present an approach based on the tensor CP decomposition instead of unfolding.
Conditions (i) and (ii) in Theorem 9 ensure finite completability with probability one. Here, using
combinatorial methods, we derive a lower bound on the number of sampled entries, i.e., the sampling probability, which ensures conditions (i) and (ii) in Theorem 9 hold with high probability. We
first provide a few lemmas from our previous works. Lemma 16 below is Lemma 5 in (Ashraphijuo
et al., 2017c), which will be used later.
Lemma 16 Assume that r0 ≤ n6 and also each column of Ω(1) (first matricization of Ω) includes at
least l nonzero entries, where

 


n
k
+ 3 log
+ 6, 2r0 .
l > max 9 log
(15)



(16)

0
Let Ω(1)
be
an
arbitrary
set
of n − r0 columns of Ω(1) . Then, with probability at least 1 − k , every
00 of columns of Ω0 satisfies
subset Ω(1)
(1)

m1 (Ω00 ) − r0 ≥ t,
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00 and m (Ω00 ) is the number of nonzero rows of Ω00 .
where t is the number of columns of Ω(1)
1
(1)

15
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The proof of the above lemma is based on a simple combinatorial idea to upper bound the
number of possible patterns that do not satisfy the mentioned property.

(17)

Lemma 17 Let j ∈ {1, 2, . . . , d − 1} be a fixed number and I = {1, 2, . . . , j}. Consider an
e 0 of n − r0 columns of Ω
e (I) , where r0 ≤ r ≤ n . Assume that n > 200, and also
arbitrary set Ω
6
(I)

e (I) includes at least l nonzero entries, where
each column of Ω


 

n
2k
+ 18, 6r0 ,
l > max 27 log
+ 9 log




e0
where k ≤ r. Then, with probability at least 1 − 2k
,
each
column
of
Ω
(I) includes more than



0
observed
entries
of
Ω
with
different
values of the i-th
l0 , max 9 log n + 3 log 2k
 + 6, 2r
e 0 includes more than
coordinate, i.e., the i-th matricization of the tensor Ω0 that corresponds to Ω
(I)
l0 nonzero rows, 1 ≤ i ≤ j.

Proof The proof is omitted due to the similarity to the proof for Lemma 9 in (Ashraphijuo and
Wang, 2017).

The following lemma is Lemma 8 in (Ashraphijuo et al., 2016a), which states that if the property
in Lemma 16 holds for the sampling pattern Ω, it will be satisfied for Ω̆ as well.

Lemma 18 Let r0 be a given nonnegative integer and 1 ≤ i ≤ j ≤ d − 1 and I = {1, 2, . . . , j}.
e 0 composed of n − r0 columns of Ω
e (I) such that
Assume that there exists an nj × (n − r0 ) matrix Ω
(I)

e 0 includes at least r0 + 1 nonzero entries and satisfies the following property:
each column of Ω
(I)

(18)

e 0 by Ω
e 00 .
• Denote an nj × t matrix (for any 1 ≤ t ≤ n − r0 ) composed of any t columns of Ω
(I)
(I)
Then

mi (Ω00 ) − r0 ≥ t,

e 00 is the unfolding of Ω00 corresponding to the set I.
where Ω
(I)

ĕ 0
Then, there exists an nj × (n − r0 ) matrix Ω(I) such that: each column has exactly r0 + 1 entries
ĕ 0
ĕ 0
e 0 (x, y) = 1. Moreover, Ω
equal to one, and if Ω(I) (x, y) = 1 then we have Ω
(I) satisfies the
(I)
above-mentioned property.

The proof of the above lemma is based a novel generalization of Hall’s theorem for bipartite
graph. This generalization is shown by strong induction on the number of nodes.

Lemma 19 Assume that n > 200, 1 ≤ i ≤ j ≤ d − 1 and I = {1, 2, . . . , j}. Consider r disjoint
e 0 denote the
e 0 , each with n − r0 columns of Ω
e (I) for 1 ≤ l ≤ r, where r0 ≤ r ≤ n . Let Ω
sets Ω
i
i
l(I)
6
(I)
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(19)

e 0 ’s. Assume that each column of Ω
e (I) includes at least l nonzero
union of all r sets of columns Ω
l(I)
entries, where





 
2rk
n
+ 9 log
l > max 27 log
+ 18, 6ri0 .



16


kr ,

(21)

e 00 of columns of Ω
e0
every subset Ω
l(I)
l(I)

l=1

r
X





tl ≤ rtr ≤ r mi (Ω̆00r ) − ri0 ≤ r mi (Ω̆00 ) − ri0 .

(22)

17
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Theorem 20 Assume that d > 2, n > max{200, r(d − 2)}, r ≤ n6 and I = {1, 2, . . . , d − 2}.
e (I) includes at least l nonzero entries, where
Assume that each column of Ω




n
2r(d − 2)
l > max 27 log
+ 9 log
+ 18, 6r .
(23)



t=

all Ω̆0l ’s satisfy Property I with probability at least 1 − k , simultaneously. Consider an arbitrary
ĕ 00
ĕ 0
ĕ 00
ĕ 00
ĕ 0
subset Ω(I) of columns of Ω(I) . Let Ωl(I) denote those columns of Ω(I) that belong to Ωl(I) and
ĕ 00
define tl as the number of columns of Ωl(I) , 1 ≤ l ≤ r, and define t as the number of columns of
ĕ 00
Ω(I) . Without loss of generality, assume that t1 ≤ t2 ≤ . . . ≤ tr . Also, assume that all Ω̆0l ’s satisfy
Property I. Hence, we have

e 00 .
e 00 and Ω00 is the tensor corresponding to unfolding Ω
where t is the number of columns of Ω
l
l(I)
l(I)
For simplicity we denote the above-mentioned property by Property I. According to Lemma 17,

00
with probability at least 1 − 2kr , the i-th matricization of the tensor Ωl includes more than



max 9 log n + 3 log 2kr
+ 6, 2ri0 nonzero rows, 1 ≤ i ≤ j, and we denote this property by

Property II. On the other hand, given that Property II holds for Ω00l and according to Lemma 16, with


probability at least 1 − 2kr
, Property I holds for Ω00l as well. Hence, with probability at least 1 − kr
,
Property I holds for Ω00l , which completes the proof our earlier claim.

Consequently, according to Lemma 18, with probability at least 1 − kr
, there exists an nj ×
ĕ 0
0
0
(n − ri ) matrix Ωl(I) such that: each column has exactly ri + 1 entries equal to one, and if
ĕ 0
e 0 (x, y) = 1 and also Ω̆0 satisfies Property I. Finally define
Ωl(I) (x, y) = 1 then we have Ω
l
 0
 l(I)
0
0
0
ĕ
ĕ
ĕ
ĕ

Ω(I) , Ω1(I) |Ω2(I) |. . . |Ωr(I) . Since each Ω̆0l satisfies Property I with probability at least 1 − kr
,

mi (Ω00l ) − ri0 ≥ t,

Proof We first claim that with probability at least 1 −
satisfies

ĕ 00
ĕ 00
where t is the number of columns of Ω(I) and Ω̆00 is the tensor corresponding to unfolding Ω(I) .

ĕ 0
Then, there exists an nj × r(n − ri0 ) matrix Ω(I) such that: each column has exactly ri0 + 1 entries
0
ĕ
e 0 (x, y) = 1 and also it satisfies the following
equal to one, and if Ω(I) (x, y) = 1 then we have Ω
(I)
ĕ 00
ĕ 0

property: with probability at least 1− k , every subset Ω(I) of columns of Ω(I) satisfies the following
inequality


r mi (Ω̆00 ) − ri0 ≥ t,
(20)
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}|

d−2

{

2

i(I)

d−2
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}|
{
z
P
2
Ω̆0 ∈ Rn × . . . × n×t is a subtensor of the constraint tensor such that t = r( d−2
i=1 n) − r − r(d − 3)
00
0
ĕ
ĕ
and also and with probability at least 1 − , every subset Ωi(I) of columns of Ωi(I) satisfies (20) for
0
0
r10 = 1, . . . , rd−3
= 1, rd−2
= r, simultaneously for i = 1, . . . , d − 2.
ĕ 0
ĕ 00
ĕ 00
ĕ 00
Consider an arbitrary subset Ω(I) of columns of Ω(I) . Let Ωi(I) denote those columns of Ω(I)
ĕ 0
ĕ 00
that belong to Ωi(I) and define ti as the number of columns of Ωi(I) , 1 ≤ i ≤ d − 2, and define t

e (I) that the value of such r − 1 entries (in different rows of the (d − 2)it with the column of Ω
ĕ 0
th matricization of Ω̆0i ) is 1 instead of 0 , i = 1, . . . , d − 3. Therefore, each column of Ωi(I)
ĕ 0
includes exactly r + 1 nonzero entries for 1 ≤ i ≤ d − 3 such that if Ωi(I) (x, y) = 1 then we have
e 0 (x, y) = 1.
Ω
i(I)
 0

ĕ 0
ĕ
ĕ 0
Let Ω(I) = Ω1(I) |. . . |Ωd−2(I) , which includes r(n−r)+(d−3)r(n−1) columns. Therefore,

i(I)

for s ∈ {1, . . . , r − 1} in different rows of the (d − 2)-th matricization of Ω̆0i from the two nonzero
ĕ 0
e 0 (xs , ys ) = 1, i = 1, . . . , d − 3. Hence, for each column of Ω
entries such that Ω
, we substitute

ĕ 0
e (I) corresponding to an column of Ω
that we have ri0 + 1 = 2, the column of Ω
i(I) has r − 1 more
nonzero entries.



+ 6, 2r ≥ 2r ≥ (r − 1) + 2. According to
Observe that max 9 log n + 3 log 2kr

ĕ 0
Lemma 17 and given (23), for each column of Ωi(I) there exists another r − 1 zero entries (xs , ys )

includes more than r(n − r) + (d − 3)r(n − 1) columns. According to Lemma 19, there exist Ω̆0i for
ĕ 0
1 ≤ i ≤ d − 2 such that: (i) each column of Ωi(I) includes ri0 + 1 nonzero entries for 1 ≤ i ≤ d − 2,
ĕ 0
ĕ 0
e 0 (x, y) = 1, (ii) Ω
and if Ωi(I) (x, y) = 1 then we have Ω
i(I) includes r(n − 1) and r(n − r)
i(I)

, every
columns for 1 ≤ i ≤ d − 3 and i = d − 2, respectively, (iii) with probability at least 1 − d−2
00
0
ĕ
ĕ
0
0
0
subset Ωi(I) of columns of Ωi(I) satisfies (20) for r1 = 1, . . . , rd−3 = 1, rd−2 = r.
e (I) includes r + 1 nonzero entries, and therefore for 1 ≤ i ≤ d − 3
Recall that each column of Ω

Proof Define the (d − 1)-way tensor U 0 ∈ Rn × . . . × n×n which is obtained through merging
the (d − 1)-th and d-th dimensions of the tensor U. Observe that the finiteness of the number of
completions of the tensor U 0 of rank r ensures the finiteness of the number of completions of the
tensor U of rank r. For notational simplicity, let Ω and Ω̆ denote the (d − 1)-way sampling pattern
and constraint tensors corresponding to U 0 , respectively. In order to complete the proof it suffices
to show with probability at least 1 − , conditions (i) and (ii) in Theorem 9 hold for this modified
(d − 1)-way tensor.
0
0
Now, we apply Lemma 19 for each of the numbers r10 = 1, . . . , rd−3
= 1, rd−2
= r. Also,
2
e (I)
note that since n > r(d − 2) we conclude n > r(n − r) + (d − 3)r(n − 1), and therefore Ω

z

d
}|
{
z
Then, with probability at least 1 − , for almost every U ∈ Rn × . . . × n , there exist only finitely
many completions of the sampled tensor U with CP rank r.
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ĕ 00
0
as the number of columns of Ω(I) . Also, assume that all Ω̆l0 ’s satisfy (20) for r10 = 1, . . . , rd−3
=
1, r0 = r. Then, we have the following two scenarios:
d−2
Pd−3
(i) td−2 = 0: Hence, we have t = i=1
ti . Moreover, we have



+

+
= r mi (Ω̆00 ) − 1 ,
(24)
≤ r mi (Ω̆00 ) − 1
ti ≤ r mi (Ω̆i00 ) − 1

i=1

=r

d−2
X

i=1

mi (Ω̆00 )

!

− r2 − r(d − 3)

!
n
n
o o
− min max m1 (Ω̆00 ), . . . , md−2 (Ω̆00 ) , r − (d − 3) .

(26)

(25)

ĕ 0
for 1 ≤ i ≤ d − 3. Recall that each column of Ωi(I) includes at least r nonzero entries in different
ĕ 00
rows of the (d − 2)-th matricization of Ω̆i0 for 1 ≤ i ≤ d − 3. On the other hand, since Ω(I) includes
 0

ĕ
ĕ 0
at least one column of Ω1(I) |. . . |Ωd−3(I) (recall that td−2 = 0), we have

!

d−3 
d−3 
 X



X
r mi (Ω̆00 ) − 1 ≤
r mi (Ω̆00 ) − 1 + r md−2 (Ω̆00 ) − r
i=1

mi (Ω̆00 )

ti ≤

i=1

d−2
X

d−3
X

r ≤ md−2 (Ω̆00 ),
n
n
o o
which also results that min max m1 (Ω̆00 ), . . . , md−2 (Ω̆00 ) , r = r.
Therefore, having (24) and (25), we conclude
t=
i=1

ti ≤

=r

i=1

i=1

i=1

d−2
X

mi (Ω̆00 )

i=1

!
!
n
n
o o
− min max m1 (Ω̆00 ), . . . , md−2 (Ω̆00 ) , r − (d − 3) .

(ii) t
> 0: Hence, we have
d−2




00
) − r ≤ r md−2 (Ω̆00 ) − r ,
(27)
td−2 ≤ r md−2 (Ω̆d−2
n
n
o o
which also results that min max m1 (Ω̆00 ), . . . , md−2 (Ω̆00 ) , r = r. Moreover, similar to scenario (i), (24) holds. Therefore, having (24) and (27), we conclude
!
d−2
d−3 
d−2



X
X
X
r mi (Ω̆00 ) − 1 + r md−2 (Ω̆00 ) − r = r
mi (Ω̆00 ) − r2 − r(d − 3) (28)
t=

=r
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Remark 21 Observe that each row of the d-matricization of U consists of exactly n columns of
e (I) , where I = {1, 2, . . . , d − 2}. Hence, given (23), Assumption 1 holds with probability one
Ω
since Assumption 1 only requires r sampled entries at each row of the d-matricization of U. Moreover, note that in the above theorem we showed that given (23), constraint (6) holds with high
probability and this ensures finite completability with high probability (since Assumption 1 holds
with probability one).
19
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(29)

Note that for the general values of n1 , . . . , nd the same proof will still work, but instead of the
assumption n > max{200, r(d − 2)}, we need another assumption in terms of n1 , . . . , nd to ensure
that the corresponding unfolding has enough number of columns.

Remark 22 A tensor U that satisfies the properties in the statement of Theorem 20 requires




 
n
2r(d
− 2)
+ 18, 6r
n2 max 27 log
+ 9 log



samples to be finitely completable with probability at least 1 − , which is lower than the number of
samples required by the unfolding approach given in (14) by orders of magnitude.

The following lemma is taken from (Ashraphijuo et al., 2016a) and is used in Lemma 24 to
derive a lower bound on the sampling probability that results (23) with high probability.

Lemma 23 Consider a vector with n entries where each entry is observed with probability p
1
independently from the other entries. If p > p0 = nk + √
, then with probability at least
4
n

√ 
1 − exp(− 2n ) , more than k entries are observed.

The proof of the above lemma is simply based on Azuma’s inequality.

Lemma 24 Assume that d > 2, n > max{200, r(d − 2)} and r ≤ n6 . Moreover, assume that the
sampling probability satisfies




 
1
2r(d
−
2)
1
n
p > d−2 max 27 log
+ 9 log
+ 18, 6r + √
.
(30)
4


n
nd−2

n2
√
d−2
Then, with probability at least (1 − ) 1 − exp(− n2 ) , U is finitely completable.

e (I) includes at least l nonzero enProof According to Lemma 23, (30) results that each column of Ω


√
d−2
tries, where I = {1, 2, . . . , d − 2} and l satisfies (23) with probability at least 1 − exp(− n2 ) .

n2
√
d−2
e
Therefore, with probability at least 1 − exp(− n2 ) , all n2 columns of Ω
(I) satisfy (23).
n2

√
d−2
Hence, according to Theorem 20, with probability at least (1 − ) 1 − exp(− n2 ) , U is
finitely completable.

5. Deterministic and Probabilistic Conditions for Unique Completability

JMLR 18(63):1-29, 2017

In this section, we are interested in characterizing the deterministic and probabilistic conditions
on the sampling pattern for unique completability. In previous sections we characterized the corresponding conditions for finite completability in Theorem 9 and Theorem 20. However, for matrix and tensor completion problems, finite completability does not necessarily imply unique completability (Ashraphijuo et al., 2016a). In this section, we add some additional mild restrictions on

20

and

i

mi−d+1 (Ω̆00 ) − r ≥ t0i ,

mi (Ω̆ ) − 1 ≥ t0i ,

00i

21

(32)

(31)
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for i ∈ {d, . . . , 2d − 2}.

for i ∈ {1, . . . , d − 1},

Theorem 26 Suppose that Assumption 1 holds. Also, assume that there exist disjoint subtensors
i
Ω̆0 ∈ Rn1 ×n2 ×···×nd−1 ×t and Ω̆0 ∈ Rn1 ×n2 ×···×nd−1 ×ti (for 1 ≤ i ≤ 2d − 2) of the constraint
tensor such that
the
following
conditions
hold:
P
2
0
00
(i) t = r( d−1
i=1 ni ) − r − r(d − 2) and for any t ∈ {1, . . . , t} and any subtensor Ω̆ ∈
0
Rn1 ×n2 ×···×nd−1 ×t of Ω̆0 , (6) holds.
(ii) for i ∈ {1, . . . , d − 1} we have ti = ni − 1 and for i ∈ {d, . . . , 2d − 2} we have ti =
i
0
ni−d+1 − r. Also, for any t0i ∈ {1, . . . , ti } and any subtensor Ω̆00 ∈ Rn1 ×n2 ×···×nd−1 ×ti of the
i
0
tensor Ω̆ , the following inequalities hold

Pd−1
Condition (i) in Theorem 26 results in r( i=1
ni ) − r2 − r(d − 2) algebraically independent
polynomials in terms of the entries of A1 , . . . , Ad−1 , i.e., results in finite P
completability. Hence,
2
adding a single polynomial corresponding to any observed entry to these r( d−1
i=1 ni ) − r − r(d −
2) algebraically independent polynomials results in a set of algebraically dependent polynomials.
Then, according to Lemma 25 a subset of the entries of A1 , . . . , Ad−1 can be determined uniquely
and these additional polynomials are captured in the structure of condition (ii) such that all entries
of CP decomposition can be determined uniquely.

Proof According to Lemma 7, the number of involved variables in polynomials in P(Ω̆0 ) =
{p1 , p2 , . . . , pt } is t − 1 and are denoted by {x1 , . . . , xt−1 }. Moreover, as mentioned in the proof of
Lemma 7, P(Ω̆0 )\pi is a set of algebraically independent polynomials and the number of involved
variables is t − 1, i = 1, . . . , t. Consider an arbitrary variable x1 that is involved in polynomials in
P(Ω̆0 ) and without loss of generality, assume that x1 is involved in p1 .
On the other hand, as mentioned all variables {x1 , . . . , xt−1 } are involved in algebraically independent polynomials in P(Ω̆0 )\p1 . Hence, tuple (x1 , . . . , xt−1 ) can be determined finitely. Given
that one of these finitely many tuples (x1 , . . . , xt−1 ) satisfy polynomial equation p1 , with probability one there does not exist another tuple (x1 , . . . , xt−1 ) among them that satisfies polynomial
equation p1 . This is because with probability zero a tuple satisfy a polynomial equation in which
the coefficients are chosen generically, and also the fact that the number of such tuples is finite.

Lemma 25 Suppose that Assumption 1 holds. Let Ω̆0 ∈ Rn1 ×n2 ×...×nd−1 ×t be an arbitrary subtensor of the constraint tensor Ω̆. Assume that polynomials in P(Ω̆0 ) are minimally algebraically
dependent. Then, all variables (unknown entries) of A1 , . . . , Ad−1 that are involved in P(Ω̆0 ) can
be determined uniquely.

Then, for almost every U, there exists only a unique tensor that fits in the sampled tensor U, and has
CP rank r.

Ω in the statement of Theorem 9 to ensure unique completability (deterministic) and also increase
the number of samples given in the statement of Theorem 20 mildly to ensure unique completability
with high probability (probabilistic). As the first step of this procedure, we use the following lemma
for minimally algebraically dependent polynomials to obtain the variables involved in these polynomials uniquely. Hence, by obtaining all entries of the CP decomposition of the sampled tensor U
we can show the uniqueness of U.

i+d−1

) − r2 ≥ rt0i+d−1 .

(33)

(34)
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In Theorem 26, we obtained the deterministic condition on the sampling pattern for unique
completability. Note that Condition (i) in Theorem 26 is the same condition for finite completability.
In the remainder of this section, we are interested in characterizing the probabilistic conditions
on the number of samples to ensure unique completability with high probability. For the sake

and therefore similar to the previous scenario, Ai can be determined uniquely.

rmi (Ω̆00 ) − r ≥ rt0i ,

i

Note that rt0i+d−1 is the number of polynomials from the above mentioned procedure corresponding
i+d−1
i+d−1
to Ω̆00
and rmi (Ω̆00
) denotes the number of involved entries of Ai in these polynomials,
i+d−1
00
and therefore rmi (Ω̆
)−r2 is the number of involved variables of Ai in these polynomials. As
i+d−1
a result, according to Fact 2, given P(Ω̆0
) and {p1 , . . . , pt }, the mentioned procedure results
in rni − r2 algebraically independent degree-1 polynomials in terms of the unknown entries of Ai .
Therefore, Ai can be determined uniquely.
i
(ii) Qi ∈ R1×r : Similar to scenario (i), condition (ii) for Ω̆00 and for any t0i ∈ {1, . . . , ni } and
i
0
i
00
n
×n
×···×n
×t
0
1
2
d−1
i of the tensor Ω̆ results
any subtensor Ω̆ ∈ R

rmi (Ω̆00

P
2
Proof As we showed in the proof of Theorem 9, P(Ω̆0 ) includes t = r( d−1
i=1 ni ) − r − r(d − 2)
algebraically independent polynomials which results the finite completability of the sampled tensor
U. Let {p1 , . . . , pt } denote these t algebraically independent polynomials in P(Ω̆0 ). Now, having
i
{p1 , . . . , pt } and P(Ω̆0 ) for 1 ≤ i ≤ 2d−2, and using Lemma 25 several times, we show the unique
completability. Recall that t is the number of total variables among the polynomials, and therefore
union of any polynomial p0 and {p1 , . . . , pt } is a set of algebraically dependent polynomials. Hence,
there exists a set of polynomials P(Ω̆00 ) such that P(Ω̆00 ) ⊂ {p1 , . . . , pt } and also polynomials in
P(Ω̆00 )∪p0 are minimally algebraically dependent polynomials. Therefore, according to Lemma 25,
all variables involved in the polynomials P(Ω̆00 ) ∪ p0 can be determined uniquely, and consequently,
all variables involved in p0 can be determined uniquely.
i
We can repeat the above procedure for any polynomial p0 ∈ P(Ω̆0 ) to determine the involved
variables uniquely with the help of {p1 , . . . , pt }, i = 1, . . . , 2d − 2. Hence, for any polynomial
i
i+d−1
p0 ∈ P(Ω̆0 ) or p0 ∈ P(Ω̆0
), we obtain r degree-1 polynomials in terms of the entries of Ai
but some of the entries of CP decomposition are elements of the Qi matrices (in the statement of
Lemma 3), i = 1, . . . , d − 1. In order to complete the proof, we need to show that condition (ii) with
the above procedure using {p1 , . . . , pt } results in obtaining all variables uniquely. In particular, we
i
i+d−1
show that repeating the described procedure for any of the polynomials in P(Ω̆0 ) and P(Ω̆0
)
result in obtaining all variables of the i-th element of CP decomposition uniquely.
According to Lemma 3, we have the following two scenarios for any i ∈ {1, . . . , d − 1}:
i+d−1
(i) Qi ∈ Rr×r : In this case, condition (ii) for Ω̆00
and for any t0i+d−1 ∈ {1, . . . , ni − r} and
i+d−1
i+d−1
n1 ×n2 ×···×nd−1 ×t0i+d−1
00
any subtensor Ω̆
∈R
of the tensor Ω̆0
results
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{

2

p>

Lemma 29 Assume that d > 2, n > max{200, (r + 2)(d − 2)} and r ≤ n6 . Moreover, assume that
the sampling probability satisfies

 



2n
8r(d − 2)
1
1
max 27 log
+ 9 log
+ 18, 6r + √
(37)
4


nd−2
nd−2

}|

d−2
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This paper is concerned with the low CP rank tensor completion problem and aims to derive fundamental conditions on the sampling pattern for finite and unique completability of a sampled tensor
given its CP rank. In order to do so, a novel algebraic geometry analysis on the CP manifold is
proposed. In particular, each sampled entry can be treated as a polynomials in terms of the entries
of the components of the CP decomposition. We have defined a geometric pattern which classifies
all CP decompositions such that each class includes only one decomposition of any tensor. We have

7. Conclusions

In order to show the advantage of our proposed CP approach over the unfolding approach, we
compare the lower bound on the total number of samples that is required for finite completability
using an example. Since the bound on the number of samples for finiteness and uniqueness are
the same for the unfolding approach and they are almost the same for the CP approach, we only
consider finiteness bounds for this example. In particular, we consider a 7-way tensor U (d = 7)
such that each dimension size is n = 103 . We also consider the CP rank r which varies from 1 to
150. Figure 1 plots the bounds given in (14) (unfolding approach) and in (29) (CP approach) for the
corresponding rank value, where  = 0.001. It is seen that the number of samples required by the
proposed CP approach is substantially lower than that is required by the unfolding approach.
Observe that the unfolding approach does not take advantage of the structural property of the
underlying CP model properly, and therefore our proposed multi-way analysis on CP manifold
significantly outperforms the simple two-way analysis.

6. Numerical Comparisons

Remark 30 Theorem 27 ensures that there exist enough number of algebraically independent polynomials and according to Theorem 26, these algebraically independent polynomials can be distinguished among all the polynomials, which has a unique solution that leads to the unique completion
of the sampled tensor. Hence, Theorem 27 characterizes an information-theoretic sampling rate for
completing the sampled data. However, one direction for future research is to propose an algorithm
that solves this particular system of polynomials obtained from Theorem 26 in order to achieve the
bound in Theorem 27 and close the gap. Note that there are some fast methods to approximate
the zero of the system polynomials including generalizations of Newton-Raphson method, which is
independent from this work as in this work we find the information-theoretic rate of sampling to
ensure the proposed combinatorial deterministic conditions hold.

Proof The proof is similar to the proof of Lemma 24.


n2
√
d−2
Then, with probability at least (1 − ) 1 − exp(− n2 ) , U is finitely completable.

d
}|
{
z
of simplicity, as in Section 4 we consider the sampled tensor U ∈ Rn × . . . × n . Recall that
for the general values of n1 , . . . , nd the same proof will still work, but instead of assumption
n > max{200, (r + 2)(d − 2)}, we need another assumption in terms of n1 , . . . , nd .

(35)

Theorem 27 Assume that d > 2, n > max{200, (r + 2)(d − 2)}, r ≤ n6 and I = {1, 2, . . . , d − 2}.
e (I) includes at least l nonzero entries, where
Assume that each column of Ω

 



2n
8r(d − 2)
l > max 27 log
+ 9 log
+ 18, 6r .



z

d
z
}|
{
Then, with probability at least 1 − , for almost every U ∈ Rn × . . . × n , there exist only one
completion of the sampled tensor U with CP rank r.

i+d−2

Proof Similar to the proof of Theorem 20, define the (d − 1)-way tensor U 0 ∈ Rn × . . . × n×n
which is obtained through merging the (d − 1)-th and d-th dimensions of the tensor U and recall
that the finiteness of the number of completions of the tensor U 0 of rank r ensures the finiteness of
the number of completions of the tensor U with rank r. Similarly, for simplicity, assume that Ω and
Ω̆ denote the (d − 1)-way sampling pattern and constraint tensors corresponding to U 0 , respectively.
Note that since n > (r + 2)(d − 2), we conclude n2 > r(n − r) + (d − 3)r(n − 1) + 2(d − 2), and
e
therefore Ω
(I) includes more than r(n − r) + (d − 3)r(n − 1) + 2n(d − 2) columns. According to
e (I) results
the proof of Theorem 20, considering r(n − r) + (d − 3)r(n − 1) arbitrary columns of Ω
in existence of Ω̆0 such that condition (i) holds with probability at least 1 − 2 . Also, there exist at
least 2n(d − 2) columns other than these r(n − r) + (d − 3)r(n − 1) columns.
e (I) . By setting r = 1 in the statement of Lemma 19, these
Consider n − 1 arbitrary columns of Ω
i

n − 1 columns result in Ω̆00 with n − 1 columns such that with probability at least 1 − 4r(d−2)
, (31)

(36)

e (I) . Then, there exists Ω̆00
holds. Similarly, consider n−r arbitrary columns of Ω
such that with

probability at least 1 − 4r(d−2)
, (32) holds. Hence, condition (ii) holds (for all i ∈ {1, . . . , 2d − 4})

with probability
 at least 1 − 2r . Therefore, conditions (i) and (ii) hold with probability at least

1 − 2r
+ 2 ≥ 1 − .

Remark 28 A tensor U that satisfies the properties in the statement of Theorem 27 requires

 



2n
8r(d − 2)
n2 max 27 log
+ 9 log
+ 18, 6r
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samples to be uniquely completable with probability at least 1 − , which is orders-of-magnitude
lower than the number of samples required by the unfolding approach given in (14). Note that the
number of samples given in Theorem 3 of (Pimentel-Alarcón et al., 2016d) results in both finite
and unique completability, and therefore the number of samples required by the unfolding approach
given in Remark 15 is for both finite and unique completability.
23
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completability with high probability. Using these developed tools, we have treated three problems in
this paper: (i) Characterizing the deterministic necessary and sufficient conditions on the sampling
pattern, under which there are only finitely many completions given the CP rank, (ii) Characterizing
deterministic sufficient conditions on the sampling pattern, under which there exists exactly one
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with high probability. In addition, it is seen that our proposed CP analysis leads to an orders-ofmagnitude lower number of samples than the unfolding approach that is based on analysis on the
Grassmannian manifold.
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For example, in the classic Tweety demonstration of logical proof, the first assertion
is that ‘Birds fly’. This is generally true, and so the follow-up statement that ‘Tweety is
a bird’ has the implication that ‘Tweety can fly’. However, there are several species of
bird that cannot fly, such as penguins. This type of example can be covered by a set of
extra statements: ‘Penguins are birds. Penguins do not fly. Tweety is a penguin.’ Nonmonotonic reasoning is able to retract the earlier inference that ‘Tweety can fly’ given the
extra information that ‘Tweety is a penguin.’

In machine learning we seek general rules that describe data. However, it is not uncommon
for there to be exceptions to general rules, i.e., particular situations where those rules do
not apply. In this situation, non-monotonic reasoning can be used, and a default rule that
covers most of the cases is retracted if further evidence is provided that overrides the general
case. Non-monotonic reason will be discussed more in Section 4.1.

1. Introduction

Keywords: description logic learning, parallel, symmetric, exception

In machine learning, one often encounters data sets where a general pattern is violated by
a relatively small number of exceptions (for example, a rule that says that all birds can fly
is violated by examples such as penguins). This complicates the concept learning process
and may lead to the rejection of some simple and expressive rules that cover many cases. In
this paper we present an approach to this problem in description logic learning by computing partial descriptions (which are not necessarily entirely complete) of both positive and
negative examples and combining them. Our Symmetric Parallel Class Expression Learning approach enables the generation of general rules with exception patterns included. We
demonstrate that this algorithm provides significantly better results (in terms of metrics
such as accuracy, search space covered, and learning time) than standard approaches on
some typical data sets. Further, the approach has the added benefit that it can be parallelised relatively simply, leading to much faster exploration of the search tree on modern
computers.
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1. Coverage of a concept is the set of its instances, see Definition 1
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An alternative approach to this is to make the general rules correct by listing the exceptions: ‘Birds fly except penguins’. Providing that the complete rule is still ‘simpler’
(e.g., shorter) than other rules that describe the same situation (i.e., enumerations, or disjunctions of types of birds that can fly), this can provide a net gain in learning. Thus, a
short general rule can be augmented by a set of exception rules that make the general rule
correct. In the Tweety case this could be a list of counter-examples, possibly by species and
genus, such as ‘All birds can fly except ratites and penguins’.
In this paper, we enable such use of exception for description logics by explicitly considering negative examples and building rules for them. As we will show, this leads to a
parallel algorithm that treats positive and negative examples in exactly the same way (thus
meaning that the learning would be invariant to a switch between positive and negative in
the data). Experiments on a variety of standard learning problems demonstrate that this
algorithm is statistically significantly faster and more accurate than standard approaches
from the literature.
Most existing description logic (DL) learning algorithms, e.g. AL − QuIn (Lisi and
Malerba, 2003), DL-FOIL (Fanizzi et al., 2008), CELOE (Lehmann and Hitzler, 2010) and
ParCEL (Tran et al., 2012), only take the definitions of negative examples into account
implicitly, by incorporating them into the definitions of positive examples. Learning starts
from a very general concept, usually ‘top’ in DL, and subclasses and sub-properties, conjunction (intersection) and the combination of conjunction and negation (subtraction) are
used to remove the negative examples from the candidate concepts.
While this approach is suitable for many concept learning problems and has been used
successfully by Hellmann (2008); Lehmann and Hitzler (2010); Tran et al. (2012), it does not
use descriptions in the search space efficiently. Consider a top-down approach for learning
such as CELOE, which constructs the search tree using a downward refinement operator
until it finds a node (expression) that correctly and completely defines the positive examples.
Given a concept learning problem with a set of positive (+) and negative (–) examples, the
concepts D1 , D2 , N1 , N2 and their coverage1 as described in Figure 1(a), CELOE will find
the single concept C = (D1 u ¬N1 ) t (D2 u ¬N2 ) (shown in Figure 1(b)).
Algorithms that combine both top-down and bottom-up approaches (such as ParCEL
and DL-FOIL) find two simpler concepts: P1 = D1 u ¬N1 and P2 = D2 u ¬N2 . These
concepts are visualised in Figure 1(c). If all of the concepts D1 , D2 , N1 and N2 have the
same length of 3, then the length of the longest concepts generated by these two approaches
are 16 (4 concepts of length 3 plus 4 operators) and 8 (2 concepts of length 3 plus 2
operators) respectively. If a concept is of length 16 then it must occur at a depth of at
least 16 in the search tree, and so CELOE will only be able to identify this concept after
searching the previous 15 levels of the search tree. As the expansion of the search tree in
these approaches is directed by a heuristic that is based upon accuracy, not all branches of
the search tree are fully expanded; this prevents ‘dummy’ breadth-first expansion.
The difference between these two methods is the way that the search tree is constructed:
CELOE refines a general concept, while ParCEL searches for partial solutions that provide
a correct (true) description of a subset of the data, and combines them to generate a
complete solution. This idea of partial solutions can be extended to define exceptions as

Tran, Dietrich, Guesgen, and Marsland
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(c) ParCEL learnt concepts:
constructed from more complex
descriptions P1 = D1 u¬N1 and
P2 = D2 u ¬N2 describe the
data set concisely

SYMMETRIC PARALLEL CLASS EXPRESSION LEARNING

(b) CELOE learnt concept: a
single complex description C =
(D1 u ¬N1 ) t (D2 u ¬N2 ) is required

Figure 1: Exception patterns in learning. Pluses (+) denote positive examples, minuses
(–) denote negative examples. The ellipses represent coverage of the corresponding class
expressions.
(a) The target concept can
be constituted from simple descriptions D1 , D2 , N1 and N2 :
(D1 u ¬N1 ) t (D2 u ¬N2 ). The
description would be given by
the SPaCEL learning algorithm
described in this paper.
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(An uncle is a person who married someone with a sibling who has children and
who is not female)

2. married SOME hasSibling SOME hasChild SOME Thing AND (NOT female)

(An uncle is a person who has a sibling with children, and who is not female)

1. hasSibling SOME hasChild SOME Thing AND (NOT female)

• SPaCEL: generates two partial solutions that are created by combining two concepts
“hasSibling SOME hasChild SOME Thing” of length 5 and “married SOME hasSibling SOME hasChild SOME Thing” of length 7 with a partial solution “female” of
negative examples:

(An uncle is a man who married someone with at least one sibling, and that
sibling has a child)

2. male AND married SOME hasSibling SOME hasChild SOME Thing

(An uncle is a man who has at least sibling and a sibling has children)

1. male AND hasSibling SOME hasChild SOME Thing

• ParCEL: generates two partial solutions of length 7 and 9:

(An uncle is a male who has married someone with a sibling; or a man who married
someone’s sibling and the sibling has some children)

male AND ((married SOME hasSibling SOME Person) OR
(married SOME hasSibling SOME hasChild SOME Thing))

• CELOE: generates a single complex solution of length 15:

Further, since some ‘useful’ definitions (such as Bat in this example) are based on negative
examples, they may be ignored by the first two approaches.
Another, more complex example that demonstrates differences between the three approaches is in the uncle relationship for the Forte Uncle data set. The knowledge base of
this data set contains concepts and relations that are related to family relationships, such as
Person, Male, Female, married, has parent, has sibling, etc. It also includes some instances
of people and their properties. For example, Alfred is a male and is the father of David and
Elisa. Alice is a female, she is married to Art and is the mother of F14, M13, M15. Art
is a male and he is the father of F14, M13 and M15. He also has two siblings, Umo and
Wendy. Wendy is a female and is married to Walt. She has two children, F12 and M11.
Her siblings are Art and Umo. In this set, Art is a positive example of an uncle, and Alfred,
Alice and Wendy are negative examples (Alfred does not have siblings, Alice and Wendy
are female). There are a total of 186 instances in the data set. A detailed description of
this data set is provided in Section 3.1.
Written in Manchester syntax (Horridge and Patel-Schneider, 2009) and also in English,
definitions of the uncle relationship learnt by the three different approaches are :

partial descriptions of negative examples, and this is what we consider in this paper. It
enables a learning algorithm to find the solution suggested in Figure 1(a), which is at
depth three in the search tree that combines descriptions of positive and negative examples
separately. This is the main idea of the algorithm that we propose in this paper, which
we call SPaCEL for reasons that will be made clear later, and which treats positive and
negative examples equally and can search for their definition in parallel. Definitions of
negative examples can then be combined with other concepts in the search tree to construct
new partial solutions. In the case of the example in Figure 1, definitions N1 and N2 of
negative examples, which are ignored by CELOE and ParCEL, are employed by SPaCEL
and are combined with concepts D1 and D2 to to constitute partial solutions D1 u ¬N1
(equivalent to P1 in CELOE) and D2 u ¬N2 (equivalent to P2 in CELOE). In some cases,
definitions of negative examples can be very simple and thus they can be found very early
in the search process. In addition, each negative example can be combined with a variety
of concepts to constitute several partial solutions. This will result in smaller search trees
and faster learning time. Our evaluation shows that this approach works well not only in
cases where exceptions exist, but also in normal cases.
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Figure 2, which extends the Tweety example using the knowledge base shown in Figure
2(a), provides another simple example of the benefits of exceptions. For the instances given
in Figure 2(b) (where bi are instances of Bird, pi instances of Penguin, ck instances of
Mammal and tm instances of Bat), the pi can be considered as exceptions to a rule that
says that birds fly, and likewise tm for a rule that says that mammals do not. Figure
2(c) represents the search tree for the three learning strategies described above. Finding a
complete definition (triple-line node, e.g., CELOE) requires a deeper search tree than finding
several shorter partial definitions (double-line nodes, e.g. ParCEL, DL-FOIL). However,
using definitions of exceptions (dotted-line nodes) can produce even shallower search trees.
3

bi
(bird)
ck
(mammal)
tm (Bat)

pi(Pen.)

(b) Visualisation of the knowledge base.
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(c) The search tree for learning the extended Tweety example using three different approaches. Tripleline nodes represent complete definitions (e.g., CELOE). Double-line nodes represent partial definitions (e.g.,
ParCEL). Dashed-line nodes represent definitions of some negative examples. The ellipses represent the combinations of an (incorrect and incomplete) expression with a definition of negative examples that constitutes
a partial definition. Solid arrows represent the paths to the definitions for positive or negative examples.

(a) The knowledge base of the learning
problem.

Figure 2: Different approaches to learning the definition for the extended Tweety concept
learning problem.

SYMMETRIC PARALLEL CLASS EXPRESSION LEARNING
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3. Aggregate the best candidates to form the complete definition using disjunction.

2. Consolidate the partial definitions to remove redundancies (i.e., the partial definitions
whose coverage is a subset of the union of other partial definitions) and select the best
candidates for constructing a complete definition.

1. Find partial definitions for positive and negative examples separately such that the
set of definitions, together, cover all positive and negative examples.

Our learning approach constructs definitions of both positive and negative examples and
gives them equal weight in order to find the final definition. This is performed in three
main steps:

2. Symmetric Parallel Class Expression Learning

The partial solution of negative examples can be found in an early stage of the learning
progress. However, it is ignored by CELOE and ParCEL, whereas SPaCEL employs it for
later combinations with concepts in the search tree to generate partial solutions if possible.
All three solutions are valid, but the SPaCEL one can be found more quickly.
Using exceptions could increase the risk of selective over-fitting, since sub-cases are given
high weight, but the emphasis on short descriptions for the general rules, and the fact that
the exception cases are also based on short descriptions, ensures that this is unlikely to
happen. We present experimental evidence that this method often gives higher predictive
accuracy on test data. It is true that logical formulae based on exceptions can quickly
become torturous, as a short general description gets progressively more complex caveats
added to it, and possibly even exceptions to the exceptions. However, the constraints on
search that are implicit in logic programming (such as search tree size, definition length,
and learning time) means that these complex cases are very unlikely to ever be found.
One key part of our approach is that positive and negative examples are treated in the
same way; this ‘symmetry’ gives us the name of our algorithm: Symmetric Parallel Class
Expression Learning (SPaCEL). A secondary point (referred to in the ‘parallel’ part of the
name) is that the algorithm is inherently parallelisable in the first phase of learning, where
separate definitions of positive and negative examples are sought. These definitions are
combined in the second phase to construct a sufficiently accurate definition. By using rules
about negative examples to remove them from the concepts in the search tree it is possible
to combine (potentially very short) concepts and so define relatively complex concepts based
on much smaller depth traversals. Consequently, concepts in the search tree are used more
effectively and thus the learning time can be reduced.
We present a formal definition of our learning algorithm in Section 2, together with a
discussion of various strategies for combining partial definitions of positive and negative
examples. In addition, we demonstrate the parallelisation strategy that is one part of what
makes our algorithm so effective computationally. We then present the data sets that we use
for evaluation in Section 3.1, followed by a comparison of the three strategies for combining
definitions that we have considered. Following this, in Section 3.3 we report search tree
size, predictive accuracy, learning time, and definition length for 15 data sets of varying
complexity for CELOE, ParCEL and SPaCEL. In Section 4.1, we summarise some related
work before concluding with a summary and discussion of future work in Section 5.

Tran, Dietrich, Guesgen, and Marsland

In the first step, partial definitions can be produced directly by specialisation using a
downward refinement operator, as in algorithms such as DL-FOIL and ParCEL. Definitions
for negative examples are constructed side-by-side with definitions for positive examples
and are used in combination with existing expressions in the search tree to create further
partial definitions.
In the next section we introduce the concepts necessary for our algorithms. The algorithms themselves will be presented in Section 2.2. We follow the definitions used by
Lehmann and Hitzler (2010) closely, although some of the concepts have to be extended in
order to include negative examples.

SYMMETRIC PARALLEL CLASS EXPRESSION LEARNING
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2.1 Symmetric class expression learning

C∈Q cover(K, C, X )

8

JMLR 18(64):1-34, 2017

1. if C ∈ NC (C is an atomic concept):
ρu (C) = {C 0 | C 0 @ C and @C 00 ∈ NC : C 0 @ C 00 @ C} ∪ {C u C 0 | C 0 ∈ ρu (>)}
(if C is an atomic concept, it is specialised by using its proper sub-concepts or creating
a conjunction with the refinements of the TOP concept ρu (>)).

Definition 5 (SPaCEL refinement operator ρu ) Given an expression C, a set of concept names NC and a set of property (role) names NR , then ρu is defined as follows:

The main objective of the combination step is to check for the combinability of descriptions in the search tree. Combining definitions can be performed at several stages of the
learning algorithm; this is discussed further in Section 2.3.
In this paper, we employ the refinement operator used by Lehmann and Hitzler (2010).
However, the combination step helps us avoid the usage of negation in the refinement
without any loss of generality, and the use of partial models and disjunction in the reduction
steps means there is no need for disjunction in the refinement. Therefore, we use only 5
of the 7 basic rules in the original refinement operator described by Lehmann and Hitzler
(2010). The two rules which refine the negation and disjunction are not used, thus our
refinement operator is defined as:

which means that C can be “corrected” by Q.

cover(K, C, E − ) ⊆ cover(K, Q, E − ),

Definition 4 (Combinability) Given a concept learning problem LP = hK, (E + , E − )i, a
set of counter-partial definitions Q, and an expression C such that cover(K, C, E + ) 6= ∅ and
cover(K, C, E − ) 6= ∅, C is said to be combinable with Q iff:

Definitions 2 and 3 are ‘ideal’ in that they insist on the cover of the opposite set being
the empty set. In practice, it is possible to allow a few negative examples to be covered by
a partial definition, and a few positive examples by a counter-partial definition; this could
potentially help with noisy data.
The first (top-down) step of our algorithm consists of finding partial and counter-partial
definitions separately using a refinement operator and a combination strategy to compute
further partial definitions from the counter-partial definitions and existing expressions in the
search tree. As these searches are performed separately and simultaneously, our approach
avoids being over-specific for concept learning problems that contain exceptions.
These sets are then combined, which enables the algorithm to cope with exceptions to
general rules through the opposing definitions (so rules made of partial definitions can have
counter-partial definitions added, and vice versa). This is simply the use of conjunction
and negation, The combination acts as an extra step to deal with the exceptions with the
support of counter-partial definitions. In our approach, only one downward refinement
operator is used in the specialisation step to generate both partial and counter-partial
definitions. The combination strategy essentially consists of checking for the possibility of
creating new partial definitions from an expression and counter-partial definitions, using
conjunction and negation: a combination of an expression C with a set of counter-partial
definitions X has the form C u ¬(tD∈X D).

A concept learning problem in description logics can be described as a structure hK, (E + , E − )i
where K is a knowledge base (ontology), E + is a set of positive examples and E − is a set
of negative examples such that E + ∩ E − = ∅. A learnt concept is also called a hypothesis
or definition. K |= C(a) denotes that a is an instance of class C with respect to the
knowledge base K. If K |= C(a) is satisfied, C is said to cover a with respect to K.
The aim of description logic learning is to find a concept C such that K |= C(e) for all
e ∈ E + (completeness) and K 2 C(e) for all e ∈ E − (correctness). A learnt concept is
called complete if it covers all positive examples, correct if it does not cover any negative
examples, accurate if it is both complete and correct, overly general if it is complete but
incorrect, and overly specific if it is correct but incomplete.
In order to define negative examples, we extend the concept cover for a set of instances
in the form of a function, as follows:
Definition 1 (Cover) Let K be a logic knowledge base, X be a set of instances and C be
a concept. Then, cover(K, C, X ) is a function that computes a set of examples in X covered
by C with respect to K:
cover(K, C, X ) = {e ∈ X | K |= C(e)(that is:e is covered by C with respect to K)}

S

This can be generalised to a set of definitions as:
cover(K, Q, X ) =

where K be a knowledge base, X be a set of instances and Q be a set of definitions.
Definition 1 enables us to give definitions of positive examples (which are called partial
definitions) and negative examples (which are called counter-partial definitions):
Definition 2 (Partial definition) For a concept learning problem hK, (E + , E − )i, a concept C is called a partial definition if cover(K, C, E + ) 6= ∅ and cover(K, C, E − ) = ∅.

JMLR 18(64):1-34, 2017

Definition 3 (Counter-partial definition) For a concept learning problem hK, (E + , E − )i,
a concept C is called a counter-partial definition if cover(K, C, E + ) = ∅ and cover(K, C, E − ) 6=
∅.
7
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+

+

−

such that ∀C ∈ X | C is combinable with Q, or

(α ≥ 0, β ≥ 0, γ ≥ 0)
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+ α × gain(C, LP ) + β × completeness(C, LP ) − γ × length(C, LP )

score(C) = correctness(C, LP )

Definition 7 (SPaCEL score) Let LP = hK, (E + , E − )i be a concept learning problem, C
be a class expression and C 0 the parent expression of C. The score of C is computed as:

Figure 3 demonstrates the top-down step in our approach that uses the refinement
operator ρu to produce both partial and counter-partial definitions. In this example, the
combination of the counter-partial definition C2 and the expression C12 creates a partial
definition C12 u ¬C2 .
As in the ParCEL algorithm, the selection of expressions in the search tree for refinement
is controlled by node scores that are computed by a learning heuristic. The particular
learning heuristic that we use is adapted from Lehmann and Hitzler (2010). However, the
factors involving in the scoring function and their weights are redefined accordingly to our
learning strategy:

cover(K, Q, E ) = E .

−

cover(K, P, E ) ∪ cover(K, X , E ) = E ,

+

Definition 6 (SPaCEL top-down learning) Given a concept learning problem LP =
hK, (E + , E − )i, the top-down learning step in this approach aims to find a set of partial
definitions P, a set of counter-partial definitions Q and a set of expressions X such that:

Note that in the expression for ρu in the second rule, negation and disjunction are not
used, since they can be generated by combination and aggregation (steps 2 and 3 of our
algorithm) respectively.
The top-down step finishes when either the partial definitions cover all positive examples
or the counter-partial definitions cover all negative examples (up to allowable noise), which
produces this formal definition (where the first line of this describes as the union of correct
descriptions of the positive data and correctable descriptions of the same data):

5. if C = ∃r.D, r ∈ NR : ρu (C) =
|
∈ ρu (D)}
(this rule is for the ‘there exists’ property restriction, and is similar to the 4th rule.)

{∃r.D0

4. if C = ∀r.D, r ∈ NR : ρu (C) = {∀r.D0 | D0 ∈ ρu (D)}
∪ {∀r.⊥ | D = A ∈ NC and @A0 ∈ NC s.t. A0 @ A}
(if C is a ‘for all’ property restriction, it is specialised by refinements of its range)

3. if C = C1 u ... u Cn (C is a conjunctive of descriptions):
ρu (C) = {C1 u ... u C 0 u ... u Cn | C 0 ∈ ρu (Ci ), 1 ≤ i ≤ n}
(if C is a conjunction, it is specialised by refinements of its conjuncts)

2. if C = > (C is the TOP concept):
ρu (C) = {C 0 | C 0 ∈ NC , @C 00 ∈ NC : C 0 @ C 00 @ C}
∪ {∃r.> | r ∈ NR } ∪ {∀r.> | r ∈ NR }
(if C is the TOP concept, specialise it by using its proper sub-concepts or property
restrictions)
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C11

cover

C1

cover

C12
C12 ⊓ ¬C2

C2

ρ ⊓(TOP)

TOP

C3

C41

ρ ⊓(C4)

C4

cover

.
.
.
positive examples

p6

p5

p4

p3

p2

p1

|E − \cover(|K, C, E − )|
,
|E − |
+
|cover(K, C, E )|
,
|E + |
|cover(K, C, E + )| + |E − \cover(K, C, E − )|
.
|E + ∪ E − |
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The learning heuristic is mainly based on the correctness of the class expression (in
contrast to that of Lehmann and Hitzler (2010), which is based on accuracy). A penalty is
applied for long definitions to avoid infinitely deep search (necessary because the refinement
operator used in our learning algorithm is infinite). A bonus for accuracy gained by an

|∃r.D| = |∀r.D| = 2 + |D|

|D ∪ E| = |D ∩ E| = 1 + |D| + |E|

|¬D| = |D| + 1

|A| = |>| = |⊥| = 1

Definition 8 (Length of an ALC expression) The length of an expression D or E (denoted by |D|) is defined inductively as follow (where A denotes an atomic concept):

The length of an expression is taken to be the sum of the number of concept names,
role names, quantifiers, and connective symbols occurring in the expression, which for expressions in the ALC language can be defined as:

accuracy(C, LP ) =

completeness(C, LP ) =

correctness(C, LP ) =

In this definition, correctness, completeness and accuracy have their standard meanings,
i.e., (Lehmann and Hitzler, 2010):

where gain(C, LP ) = accuracy(C, LP ) − accuracy(C 0 , LP ).

.
.
.
negative examples

n6

n5

n4

n3

n2

n1

Figure 3: The top-down learning step aims to find both partial definitions and counterpartial definitions. Double-line nodes are partial definitions, dashed-line nodes are counterpartial definitions. ρu is the refinement operator defined in Definition 5. Connections from
nodes to examples represent the coverage of the expressions.
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expression is also applied, as accurate expressions are more likely to be close to the solution.
A bonus is also given for the relatively complete expressions.
Default values for the weightings of the above factors were chosen based on experimental
investigations and the work by Lehmann and Hitzler (2010). We chose α = 0.2, β =
0.01, γ = 0.05. These values can be adjusted based on the characteristics of the learning
problem, such as decreasing the penalty for learning problems that need long definitions,
thus biasing the search to look for deeper solutions.
The last step of our algorithm, the aggregation of the best candidates, can be performed
using disjunction.
One optimisation step that can be applied to our learning is to notice irrelevant concepts
and remove them from the search tree. Irrelevant concepts are those from which no partial
or counter-partial definition can be produced, hence they cannot be expanded. An irrelevant
concept in SPaCEL is defined as follows:
Definition 9 (Irrelevant concept) Given a concept learning problem LP = hK, (E + ,
E − )i, a concept C is irrelevant if cover(K, C, E + ) = ∅ and cover(K, C, E − ) = ∅, i.e., it
covers no positive and no negative examples.
2.2 The algorithms

JMLR 18(64):1-34, 2017

The SPaCEL learning algorithm is essentially top-down learning combined with a reduction
task. The top-down step is used to solve the sub-problems of the given concept learning
problem and the reduction is used to reduce and combine the sub-solutions into an overall
solution. The former is performed by the downward refinement operator and a combination
strategy, while the latter uses a set coverage algorithm to choose the best partial definitions
and disjunction to form the overall solution.
Algorithm 1 describes the main loop of our learning algorithm, the reducer. It chooses
the best concepts (i.e., those with highest score, based on the search heuristic described
in Definition 7) from the search tree and uses the Specialise algorithm (see Algorithm 2)
for refinement and evaluation until the completeness of the partial definitions is sufficient.
Concepts are scored using an expansion heuristic that is mainly based on the correctness of
the concepts. Our reducer is the analogue of the cover removal step in ILP in that it tries
to remove redundancies.
The specialisation, which performs the refinement and evaluation of the concepts assigned by the learning algorithm, is described in Algorithm 2. It refines the given concept
(ρu (C)) and evaluates the result (cover(K, C, E + ) and cover(K, C, E − )). Irrelevant concepts
are removed, as no partial definition or counter-partial definition can be computed from
them. Then, the specialisation finds new partial definitions, counter-partial definitions and
descriptions from the refinements. In practice, new descriptions are checked for redundancy before being evaluated and added to the search tree, as the same description can be
generated from different branches of the search tree.
The sets of new descriptions, partial definitions and counter-partial definitions produced
by the Specialise algorithm are used to update the corresponding data structures and the
set of covered positive and negative examples in the learning algorithm, and the new descriptions are combined with the counter-partial definitions to create new partial definitions
11

Tran, Dietrich, Guesgen, and Marsland

return Reduce(cum pdefs)
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/* for description, see text */

/* explore more partial definitions to satisfy completeness */
if |cum cp| < (|E + | × (1 − ε)) then
foreach D ∈ ST do
candidates = Combine(D,
cum cpdefs, E − )
F
new pdef = D u ¬( A∈candidates (A))
cum pdefs = cum pdefs ∪ new pdef

else
ST = ST ∪ {D}

/* online combination, see Sec.2.3 */
foreach D ∈ descriptions do
/* if D can be ‘‘corrected’’ by existing cpdefs */
if (cover(K, D, E − ) \ cum cn) = ∅ then
/* combine D with cpdefs if possible */
/* cf.Alg.3 */
candidates = Combine(D,
cum cpdefs, E − )
F
new pdef = D u ¬( A∈candidates (A))
/* new partial def. */
cum pdefs = cum pdefs ∪ new pdef
cum cp = cum cp ∪ cover(K, new pdef, E + )

cum cp = cum cp ∪ {e | e ∈ cover(K, P, E + ), P ∈ pdefs}
cum cn = cum cn ∪ {e | e ∈ cover(K, P, E − ), P ∈ cpdefs}

cum pdefs = cum pdefs ∪ pdefs
cum cpdefs = cum cpdefs ∪ cpdefs

Algorithm 1: Symmetric Class Expression Learning Algorithm–
SPaCEL(K, E + , E − , ε)
Input: background knowledge K, a set of positive E + and negative E − examples,
and a noise value ε ∈ [0, 1] (0 means no noise)
Output: a definition C such that |cover(K, C, E + )| ≥ (|E + | × (1 − ε)) and cover(K,
C, E − ) = ∅ (empty set)
1 begin
2
initialise the search tree ST = {>}
/* >: TOP concept in DL */
3
cum pdefs = ∅
/* set of cumulative partial definitions */
4
cum cpdefs = ∅ /* set of cumulative counter-partial definitions */
5
cum cp = ∅
/* set of cumulative covered positive examples */
6
cum cn = ∅
/* set of cumulative covered negative examples */
/* cf. Def. 6 for the meaning of the OR operator */
7
while |cum cp| < (|E + | × (1 − ε)) or |cum cn| < |E − | do
get and remove the ‘best’ concept B from ST
/* see text */
(pdefs, cpdefs, descriptions) = Specialise(B, E + , E − )
/* cf.Alg.2 */
8

9

11

10

12
13

14
15
16
17
18
19
20
21

22
23
24
25
26
27

12

if cn c 6= ∅ then
return ∅
else
return candidates

/* return the empty set */
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Algorithm 3 describes the combination algorithm that is used to combine the descriptions
and counter-partial definitions to construct new partial definitions. This is basically a set
coverage algorithm. One of the smallest sets of counter-partial definitions that together
cover all negative examples covered by the given expression will be returned. This set of
counter-partial definitions is then used to correct the given expression.

2.3 Counter-partial definitions combination strategies

The refinement operator used in our algorithm is based on the refinement operator described
by Lehmann (2010). In that paper a proof of completeness over the ALC language is given,
i.e., any concepts in the ALC language can be produced by this operator after a finite
number of refinement steps.
Due to our learning strategy, our refinement operator does not generate negation and
disjunction. As a result, our refinement operator itself is not complete. However, negation
and disjunction can be created by the reduction and combination steps of the algorithm.
The combination step uses negation and conjunction to correct an expression with counterpartial definitions (see Algorithm 3 and Definition 4) whereas the reduction step can generate disjunctions. Clearly, the completeness of our algorithm depends upon the combination
strategy that produces the negations. Three combination strategies are proposed in Section
2.3, and our learning algorithm is complete when the on-the-fly and delayed combination
strategies are used; completeness is not guaranteed for the late combination strategy.

Completeness of the algorithm

13

12

11

10

9

8

7

6

5

4

3

2

1

Output: a set candidates ⊆Scpdefs such that
cover(K, C, E − ) ⊆ P ∈candidates (cover(K, P, E − ))
begin
candidates = ∅
/* candidate counter-partial definitions */
cn c = cover(K, C, E − )
/* negative examples covered by C */
sort cpdefs by descending coverage of negative examples
while cpdefs 6= ∅ and cn c 6= ∅ do
get and remove the top counter-partial definition D from cpdefs
if (cover(K, D, E − ) ∩ cn c) 6= ∅ then
candidates = candidates ∪ D
cn c = cn c \ cover(K, D, E − ))

examples E −

Algorithm 3: Combination algorithm – Combine(C, cpdefs, E − )
Input: a description C, a set of counter-partial definitions cpdefs and a set of negative

Tran, Dietrich, Guesgen, and Marsland

Counter-partial definitions are combined with expressions in the search tree to create new
partial definitions where possible, producing expressions of the form C u ¬(tD∈X D) (for
expression C and a set of counter-partial definitions X ). The combinability of an expression
with respect to a set of counter-partial definitions is given in Definition 4. The combination
step can be performed at several stages of the learning algorithm, and different choices
have different effects on the learning result. We describe three combination strategies. An
evaluation of these strategies is given in Section 3.2.

Algorithm 2: Specialisation algorithm – Specialise(C, K, E + , E − )
Input: a description C and a concept learning problem LP = hK, (E + , E − )i.
Output: a triple consisting of a set of partial definitions pdefs ⊆ ρu (C); a set of
counter-partial definitions cpdefs ⊆ ρu (C); and a set of new descriptions
descriptions ⊆ ρu (C) such that
∀D ∈ descriptions : D is not irrelevant and D ∈
/ (pdefs ∪ cpdefs), in which
ρu is the refinement operator defined in Definition 5.
1 begin
2
pdefs = {D ∈ ρu (C) | cover(K, D, E + ) 6= ∅ ∧ cover(K, D, E − ) = ∅}
3
cpdefs = {D ∈ ρu (C) | cover(K, D, E + ) = ∅ ∧ cover(K, D, E − ) 6= ∅}
4
descriptions = {D ∈ ρu (C) | cover(K, D, E + ) 6= ∅ ∧ cover(K, D, E − ) 6= ∅}
5
return (pdefs, cpdefs, descriptions)

When the learning algorithm reaches a sufficient degree of completeness, it stops and
reduces the partial definitions to remove the redundancies using the Reduce function,
which is essentially a set coverage algorithm: given a set of partialSdefinitions X and a set
of positive examples E + , it finds a subset X 0 ⊆ X such that E + ⊆ D∈X 0 (cover(K, D, E + )).
The solution returned by the algorithm is a disjunction of the reduced partial definitions.
As an alternative, a set of partial definitions could be returned instead. This may be
useful in some contexts, such as making the result more readable. The reduction algorithm
may be tailored to meet particular requirements, such as the shortest definition or the
smallest number of partial definitions. The combination of descriptions and counter-partial
definitions that is given in Algorithm 1 is one of the combination strategies implemented in
our evaluation. This strategy is called the on-the-fly combination strategy; it gave the best
performance in our evaluation (see Section 3.2). A description of the various combination
strategies we tried is given in Section 2.3.

The refinement operator given in Definition 5 is infinite (i.e., it can continue to expand
the tree without limit), but in practice each refinement step is monotonic and bounded, as
it is only allowed to generate descriptions of at most a pre-defined length (see Definition 8).
For example, a concept of length N will first be refined to concepts of length (N + 1), and
later, when it is revisited, to concepts of length (N +2), etc. For the sake of simplicity, we use
ρu in the algorithms to refer to one refinement step rather than the entire refinement. This
technique is used in DL-Learner and discussed in detail by Lehmann and Hitzler (2010).

where possible, a form of theory learning. Concepts that have been refined can be scheduled
for further refinements.
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2.3.1 Late combination
In this strategy, the algorithm maintains sets of partial definitions and counter-partial definitions separately. When all positive or negative examples are covered (or another termination
condition is reached, such as maximum time allowed, or a sufficient percentage of examples
covered), it will combine descriptions from the search tree and the set of counter-partial
definitions.
Since the combination is performed after the learning stops, this strategy may provide
a better combination, i.e., it may have better choices of counter-partial definitions to use
for the combination. However, for concept learning problems in which both positive and
negative examples use negation, the algorithm may not be able to find the definition because
the refinement operator designed for this algorithm does not use negation. If this is the case
and a maximum time timeout is set, then the combination will be made when the timeout
is reached in order to find the definition. Otherwise, the algorithm will not terminate.
For example, the concept learning problem shown in Figure 2 may cause this strategy to
run out of memory without finding an accurate concept if there is no timeout or no noise is
allowed. To cover all positive examples, we need a class expression with negation as follows:
n1
n2
n3
n4
n5
n6
.
.
.
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C1
ρ⊓(C1)

C2

ρ⊓(TOP)

C12

TOP

C4

C41

ρ⊓(C4)

worker 1

C3

worker 2

worker 2

p1

p2

p3

p4

p5

p6

.
.
.
positive examples

Figure 4: Top-down learning in SPaCEL with multiple workers.

C11

worker 1

worker 1

negative examples
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One benefit of the symmetric approach is that it is inherently parallel: several expressions
(branches) in the search tree can be processed (refined and evaluated) in parallel using
multiple workers to find the partial definitions. A central reducer, which is part of the
learner, controls the management of partial and counter-partial definitions produced by the
workers until the termination condition described in Definition 6 is met. Then it performs
the reduction and aggregation steps to create a final definition. The parallel exploration of
the search tree by multiple workers is illustrated in Figure 4.
Our organisation of learning tasks described above follows the idea of the map-reduce
architecture (Dean and Ghemawat, 2008), which enables the parallel divide and conquer
strategy. Here, we organise our algorithm architecture into two parts as shown in Figure
5. The computationally heavy parts, including refinement and evaluation of concepts, are

2.4 Parallelisation of the learning algorithm

This strategy lies inbetween the previous two, and checks the possibility of combinations
when a new description is generated. However, even if the combination is possible, only the
set of cumulative covered positive examples is updated (by removing the elements that are
covered by the new description), while the new description is put into a potential partial
definitions set. The combination is executed when the termination condition is reached, i.e.,
either all positive examples or all negative examples are covered, or the algorithms times
out.
This strategy may help to prevent the problem of the late combination strategy, and
it may return better combinations in comparison with the on-the-fly strategy because it
inherits the advantage of the late combination strategy. However, as the combinable descriptions in this strategy are not combined until the learning terminates, the search tree is
likely to be larger than that of the on-the-fly strategy.

2.3.3 Delayed combination

partial-definitions are stored to be reused to “correct” the new descriptions in the search
tree, while the original refinement may regenerate the same negated description.

...

Bat t (Bird u ¬Penguin)
and to completely cover all negative examples, the following class expression is needed:
Penguin t (Mammal u ¬Bat)
To produce the definition for positive examples, the counter-partial definition Penguin
needs to be combined with the expression Bird, which cannot be performed directly due
to the removal of negation from the refinement operator. However, in this strategy, the
combination is only called when all positive examples or negative examples are covered, and
in the example this condition is never met, as the expression ¬Bat cannot be produced.
2.3.2 On-the-fly combination

JMLR 18(64):1-34, 2017

This strategy is used in Algorithm 1. When a new description is generated from the refinement or an existing description is revisited, it is combined with the existing counter-partial
definitions if possible. This strategy can avoid the termination problem discussed in the late
combination strategy because negation is used in the combination. The evaluation suggests
that this strategy, overall, gives the best performance and the smallest search tree. However,
the final results can be optimised since a counter-partial definition may be combined with
many expressions and thus the final definition is unnecessarily long. For example, in the
concept learning problem described in Figure 2, when the description Bird is generated,
there is no counter-partial definition to combine it with. However, when it is revisited for
refinement, it will be combined with the new counter-partial definition Penguin to produce
a partial definition Bird u ¬Penguin.
This strategy seems to produce similar results to the original refinement by Lehmann
and Hitzler (2010), which can generate negation. However, they are essentially different. In
our approach, the negation is only used for counter-partial definitions to remove negative
examples from the description in the search tree, while negation may be applied for any
description in the original refinement operator. In addition, in our approach, the counter15
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Before performing the comparison, we used the same evaluation method to compare the
three evaluation strategies described in Section 2.3, meaning that only one of them (the
on-the-fly strategy) was used in the comparison experiments.

In order to evaluate the Symmetric Class Expression Learning approach of SPaCEL, we
compared it to CELOE and ParCEL using 10-fold cross validation with 15 data sets. These
are summarised in Section 3.1, using the search tree size, predictive accuracy and learning
time, and the length of the definitions learnt as the metrics for comparison. CELOE is one of
the description logic learning algorithms in the DL-Learner framework. It is well-evaluated
and has been compared with many other learning algorithms. Therefore, using it for comparison enables an implicit comparison with other learning algorithms; the evaluations by
Hellmann (2008); Lehmann (2010) suggest that, overall, CELOE produced better results
than the comparators. The implementation of CELOE that we used is publicly available
at https://github.com/tcanvn/SParCEL/.

3. Evaluation

done by the multiple workers. The combining of descriptions and counter-partial definitions
is also performed on the worker side.

no
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Figure 5: Implementation architecture. Note that the combination step may be performed
by the workers or the reducer, depending upon the combination strategy (see Section 2.3).
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3. http://archive.ics.uci.edu/ml/datasets/Poker+Hand
4. https://github.com/AKSW/DL-Learner
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CarcinoGenesis This data set is used to learn the structure of chemical compounds and
bioassays that may cause cancer based on data from the US National Toxicology
Program. It was transformed into logic programming and used for evaluation of ILP
algorithms by many authors such as Bahler (1993); Srinivasan et al. (1997) and was

Family A set of data sets containing observations about family relations such as aunt,
brother, cousin, daughter, father, grandson and uncle (Richards and Mooney, 1995).
This data set can be found in many repositories. In our evaluation, we use the data
set distributed with the DL-Learner package (which can be found in the DL-Learner
repository4 ). Each family relation can be treated as a separate learning problem, and
we use several of them. We also use the Forte Uncle problem used by Lehmann
(2007) and available in the DL-Leaner repository.

Poker A description of 10 classes of poker hands (5 cards drawn from a standard deck)
based on 10 predictive attributes (suit and rank of each card). This data set can be
customised into binary-class learning and is available at the UCI repository3 .

Moral This data set was first introduced by Wogulis (1994) and is available at the University of California Irvine (UCI) machine learning repository2 (Frank and Asuncion,
2010). It is intended to be used to learn definitions of harm-doing activities and contains concepts and observations related to the classification of activities as ‘guilty’ and
‘not guilty’ through a set of sub-categories such as ‘blameworthy’ and ‘justified’.

To ensure the evaluation covers as much as possible of the space of cases, which helps to
archive a thorough assessment of the learning algorithms, we chose data sets that vary in:
i) size of knowledge base and examples, ii) the length of definitions, and iii) the amount of
noise. In some cases, (i) was achieved by using subsets of a particular data set.
The data sets are divided into three groups. The first group includes 7 learning problems
that have low to medium complexity and on which all algorithms in the experiment can
find solutions on the training set without timing out in the 10 minutes we allowed. The
second group contains high to very high complexity learning problems; all algorithms in
the experiment can also find accurate solutions on the training set without timing out.
The third contains leaning problems for which one of the learning algorithms could not
find accurate solution on the training set (i.e. timeout occurred). The complexity of the
learning problems is approximately estimated based on the definition length produced by
CELOE: i) low: (0, 8]; ii) medium: (8, 15]; iii) high: (15, 20]; and very high: longer than
20. The reason for treating problems learnt with and without timeout separately is that
some metrics cannot be compared if the learning algorithm cannot find the solution (e.g.
learning time, search space size).
The list of data sets used and their properties are summarised in Table 1, and an
overview of them is given next. We use Manchester OWL Syntax (Horridge and PatelSchneider, 2009) to describe the learning problems’ expected definitions.

3.1 Experimental data sets

Tran, Dietrich, Guesgen, and Marsland
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transformed into the OWL ontology format and used to evaluate the description logic
learning algorithms in the DL-Learner framework (Lehmann, 2010)5 . It is particularly
noisy, which makes it a challenging problem in machine learning for both symbolic
and sub-symbolic learning approaches.
MUSE Dataset We employ use case 1 of a set of context-aware smart home simulations
by Lyons et al. (2010) for normal and abnormal living behaviours. The data set is
available in the SPaCEL repository6 .
ILPD Dataset A data set based on the liver function test records of patients collected from
the North East of Andhra Pradesh, India (Indian Liver Patient Dataset). Each record
comprises patient information such as age and gender and results of liver function tests
including total Bilirubin, Albumin, and total protein, and the target is an expertassigned label of cancerous or non-cancerous. This data set is also available in the
UCI repository7 .
MUBus Dataset A data set developed to demonstrate the SPaCEL algorithm, it is based
on a bus timetable that varies according to conditions such as weekday/weekend, university holidays, and school holidays. Data was generated by sampling at 5 minute
intervals. Sub-datasets can be created by restricting the sampling times, such as
“MUBus12 [07:00 - 09:20]” (shortened as MUBus-1), “MUBus12 [07:00 - 12:00]”
(shortened as MUBus-2) and “MUBus12 [07:00 - 21:30]” (shortened as MUBus-3).
This data set is available in the SPaCEL repository; for more information about it,
see (Tran, 2013).
The timetable makes surprising complicated rules, such as the following description
for a weekend bus:
(NOT Holiday1) AND ((hasMinute VALUE 0 and hasHour VALUE 9) OR
(hasMinute VALUE 20 AND
(hasHour VALUE 10 OR hasHour VALUE 14 OR hasHour VALUE 16)) OR
(hasMinute VALUE 40 AND
(hasHour VALUE 11 OR hasHour VALUE 13 OR hasHour VALUE 15)))

3.2 Comparison of Combination Strategies
As was described in Section 2.3, three combination strategies were implemented: late, delayed and on-the-fly. We chose to compare these strategies in order to choose one as the
most useful for SPaCEL. Table 2 shows the experimental results. It can be seen that the
accuracies achieved are similar across all three, but the learning times and search space sizes
differ. For example, the late combination strategy did not terminate in some cases: for the
MUBus-2 data set the learner was interrupted by timeout after 10 minutes. However, by
applying the algorithm after the learner was interrupted, a definition with 100% accuracy
on the training data set was produced. This means the solution existed implicitly, but the

JMLR 18(64):1-34, 2017

5. http://svn.code.sf.net/p/dl-learner/code/trunk/examples/carcinogenesis/
6. https://github.com/tcanvn/SParCEL/
7. http://archive.ics.uci.edu/ml/datasets/ILPD+(Indian+Liver+Patient+Dataset)
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Classes

0
3
6
4

OPs

10
11

0
0
0
15

DPs

606

976
300

Class
4646
86
374
22,372

-

728

0
200

32110
75766
205534

-

0

1952
200

Assertions
OP
DP
0
0
251
0
1080
0
40,666
11,185

383/2292
670/5643
1250/15877

41/41
43/30
71/71
52/52
60/60
30/30
38/38

-

323/165
73/77

102/100
23/163
4/151
182/155

Table 1: Properties of the evaluation data sets. OPs and DPs are short for Object Properties
and Data Properties respectively. Number of examples is given in the form positive/negative
examples.

43
3
4
142

0
4

0

-

0
0
0

5.
6.

7.
8.
9.
10.
11.
12.
13.
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Examples

4
30

4

-

2675
6314
17128

Dataset

4

-

12
12
12

No

-

0
0
0

1.
2.
3.
4.

25
25
25

Moral
Forte uncle
Poker
CarcinoGenesis
ILPD
UCA1
(MUSE)
Family
data
set
Aunt
Brother
Cousin
Daughter
Father
Grandson
Uncle
MUBus12 Dataset
[07:00-09:10]
[07:00-12:00]
[07:00-21:30]
14.
15.
16.

20

± 0.17
±0
± 1.90
± 859.74
± 0.00
± 0.47

495.94 ± 267.67
99.72
± 0.40
3,728.00 ± 1,598.00
23,477.00 ± 13,897
18.10
± 1.85
205.90
± 85.49

48.46
± 16.56
99.78
± 0.23
1,179.50 ± 209.80
8,575.10 ± 4,184.27
12.00
± 2.79
101.29
± 45.37

7.52
± 2.37
99.74
± 0.36
393.30
± 73.51
2,130.10 ± 1,179.48
6.30
± 1.25
63.40
± 10.54

0.72
100.00
66.60
6,998.70
4.00
16.65

On-the-fly

8. Partial definitions
9. Average
10. Interrupted
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1. activityHasDuration SOME hasDurationValue ≤ 15.5 AND
(NOT (Activity AND activityHasDuration SOME hasDurationValue ≤ 4.5))

In addition, as the late combination strategy performed the combination at the end, only
after all positive or negative examples are covered, its learning times were always longer
than other strategies. In theory this might produce more concise solutions than the on-thefly strategy, as can be seen in the following partial definitions produced by the on-the-fly
strategy with the UCA1 data set:

Learning time (s)
Accuracy (%)
Definition length
No of descriptions
No of pdef.
Avg. pdef. length

Learning time (s)
Accuracy (%)
Definition length
No of descriptions
No of pdef.
Avg. pdef. length

Learning time (s)
Accuracy (%)
Definition length
No of descriptions
No of pdef.
Avg. pdef. length

Learning time (s)
Accuracy (%)
Definition length
No of descriptions
No of pdef.8
Avg.9 pdef. length

Delayed
UCA1
1.01
± 0.33
0.54
± 0.23
100.00
±0
100.00
±0
20.20
± 0.63
58.60
± 21.31
11,137.30 ± 2,711.99
5,065.30 ± 1,867.64
1.00
± 0.00
3.40
± 1.27
20.20
± 0.63
17.65
± 2.02
MUBus1
47.59
± 17.66
23.02
± 28.33
100.00
±0
99.81
± 0.36
297.30
± 22.67
383.00
± 170.47
39,096.80 ± 12,210.86 14,463.90 ± 20,232.28
1.00
± 0.00
4.20
± 1.69
297.30
± 22.67
145.32
± 155.66
MUBus2
int.10 @600s
90.97
± 73.43
99.89
± 0.15
99.84
± 0.20
1,419.20
± 328.20
1,372.30
± 539.13
187,279.60 ± 2,584.59 23,843.40 ± 21,430.22
8.00
±0
8.60
± 0.10
177.40
± 41.03
161.52
± 67.40
MUBus3
int. @900s
566.89
± 224.52
99.83
± 0.10
97.96
± 1.90
4,120.10 ± 1,045.59
3,740.50 ± 1,228.56
141,243.00
± 2,185 49,980.00
± 21,778
18.20
± 0.79
15.70
± 2.83
225.38
± 51.33
249.16
± 100.58

Late
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We measured search tree size (Table 3), predictive accuracy (Table 4), learning time (also
Table 4), and definition length (Table 6) for all 15 data sets using CELOE, PaRCEL and
SPaCEL. This section reports and discusses the results of this experiment.
The search tree size reported in this experiment is the total number of all descriptions
that are inserted into the search tree, including the irrelevant descriptions (the partial and
counter-partial definitions which are removed later by the algorithm). If an algorithm can
find the solution, the result reported is the search tree size after the learning algorithm has
terminated. Otherwise, it is the search tree size at the time when the timeout has occurred.
In this case, the comparison should be treated with caution as it depends upon the timeout
assigned for the learning algorithm. Only learning problems on which at least one of the
algorithms found an accurate definition on the training set were considered. Therefore, the
results for the CarcinoGenesis and ILDP learning problems are not reported, since all three
algorithms timed out.
In the first group of learning problems, SPaCEL produced smaller search trees than
both CELOE and ParCEL for 4 out of 7 learning problems. However, the definitions of
these learning problems were short and therefore the search tree sizes were usually small.
Consequently, they were sensitive to the parallelisation: as the search tree in our algorithm
is expanded by multiple workers, the solution may be found by one of the workers while
the other workers are still processing the search tree. The search tree may be therefore

3.3 Comparison Experiment

The difference is between a large number of short expressions and a smaller number of
long ones; usually the delayed strategy produced shorter descriptions overall. However, the
on-the-fly strategy dominated in most aspects, particularly the learning time and search
space covered. Our hope that the delayed strategy would combine the advantages of both
of the others was not bourne out, and we therefore chose to use the on-the-fly strategy for
the experimental comparison of SPaCEL with other algorithms.

activityHasDuration SOME (hasDurationValue ≥ 4.5 AND
hasDurationValue ≤ 19.5) AND
(NOT (activityHasStarttime SOME Winter AND
activityHasDuration SOME hasDurationValue ≥ 15.5))

In contrast, the delayed strategy found:

4. activityHasDuration SOME hasDurationValue ≥ 4.5 AND
activityHasStarttime SOME Spring AND
(NOT (Activity AND activityHasDuration SOME hasDurationValue ≥ 19.5))

3. activityHasStarttime SOME Summer AND
(NOT (Activity AND activityHasDuration SOME hasDurationValue ≤ 4.5)) AND
(NOT (Activity AND activityHasDuration SOME hasDurationValue ≥ 19.5))

Table 2: Combination strategies experimental result (means ± standard deviations of 10
folds).

Metric

2. activityHasStarttime SOME Autumn AND
(NOT (Activity AND activityHasDuration SOME hasDurationValue ≤ 4.5)) AND
(NOT (Activity AND activityHasDuration SOME hasDurationValue ≥ 19.5))

Tran, Dietrich, Guesgen, and Marsland

learner was not able to compute it. To make sure that the learner was not terminated too
early, the experiment was rerun for 3 hours, but the learner was still not able to find the
solution on the training data set. This demonstrates the disadvantage of this strategy.

SYMMETRIC PARALLEL CLASS EXPRESSION LEARNING

SYMMETRIC PARALLEL CLASS EXPRESSION LEARNING

Table 3: Search tree size (means ± standard deviations of 10 folds). The underlined values
are the search tree size after the timeout has occurred. The statistical significance was tested
using t-tests: bold values are statistically significantly higher (at the 95% confidence level)
than other values; unformatted values are statistically significantly lower than other values;
bold italic values are statistically significantly lower than the bold values, and statistically
significantly higher than the unformatted values.
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Problem
CELOE
ParCEL
SPaCEL
Low to medium complexity learning problems without timeout
Moral
540.5
± 16.9
33.3
± 11.0
223.4
± 364.2
Forte
64,707.9
± 33,641.9
859.5
± 251.2
174.1
± 108.2
PokerStraight
1,090.8
± 12.5 14,204.8
± 2,847 2,105.0 ± 1,217.7
Brother
37.0
±0
104.4
± 92.6
18.4
± 9.1
Daughter
21.0
±0
111.3
± 110.2
18.1
± 5.9
Father
29.0
±0
82.9
± 63.8
23.0
± 7.0
Grandson
80.5
± 3.0 1,867.5
± 1,519.3
125.3
± 25.3
High to very high complexity learning problems without timeout
Aunt
85,883.8
± 67,328.8 7,023.4 ± 2,912.1 2,127.8
± 1,160.9
Cousin
20,331.6
± 233.6 35,484.4 ± 39,055.4 6,761.1
± 722.9
Uncle
541,081.8
± 0 6,332.5 ± 3,247.9 2,400.0
± 551.2
Learning problems with at least 1 timeout
1,465,263.2 ± 11,515.5 28,676.0 ± 14,935.2 6,998.70
± 859.7
161,832.2
± 3,054.5 643,401.5 ± 139,303 2,130.1
± 1,179.5
79.959.2
± 118.5 879,866.1 ± 34,000.4 8,575.1
± 4,184.3
55,130.4
± 73.7 453,605.1 ± 7,565.3 23,477.0
± 13,897

UCA1
MUBus-1
MUBus-2
MUBus-3

23

Tran, Dietrich, Guesgen, and Marsland

expanded redundantly and thus the reported search tree sizes might be unnecessarily larger
than the minimal search tree size required to learn the problem.
In the second and the third groups, SPaCEL always produced the smallest search trees
for all learning problems. The search tree sizes generated by the three algorithms for the
same learning problem in this group were extremely different. For example, SPaCEL only
needed to explore about 2,400 expressions to find the solution for the Uncle learning problem
while CELOE had to explore more than 541,081 expressions. Similarly, SPaCEL found a
solution after exploring about 2,130 expressions, while ParCEL needed to explore 643,401
expressions on the MUBus-1 learning problem. CELOE could not find an accurate solution
for this learning problem and timed out after 10 minutes. The average search tree size at
the time of timeout was about 161,832 expressions.
A t-test rejected the null hypothesis for similarity of search tree size of the algorithms on
all learning problems at the 99% confidence level, meaning that the search trees generated
by SPaCEL were statistically significantly smaller than CELOE in 12 out of 14 learning
problems and than ParCEL for 13 out of 14 learning problems.
With regard to predictive accuracy and learning time, which are reported in Table 4, in
general, SPaCEL achieved better predictive accuracy in most learning problems. In the first
two groups (10 learning problems) all three learning algorithms achieved very high accuracy,
including 100% accuracy in 5 of them. In the remaining 5 learning problems, SPaCEL was
statistically significantly more accurate than CELOE for 3 out of 5 and ParCEL for 1 out of
5 problems. There were no learning problems in this group where SPaCEL was statistically
significantly less accurate than either of the other algorithms.

Table 4: Learning time and predictive accuracy experimental results summary (means ±
standard deviations of 10 folds). Result of the statistical significance t-test (at the 95%
confidence level) is also included: the bold and highlighted values are statistically significantly better than other values; the unformatted values are statistically significantly worse
than other values; the bold and italic and highlighted values are statistically significantly
worse than the bold and highlighted values, and statistically significantly better than the
unformatted values; the underlined values represent the values that are not statistically
significantly different from the other values.
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Problem
Predictive accuracy (%)
Learning time (s)
CELOE ParCEL SPaCEL
CELOE ParCEL SPaCEL
Low to medium complexity learning problems without timeout.
Moral
100.00
100.00
100.00
0.15
0.02
0.03
±0.00
±0.00
±0.00
±0.03
±0.01
±0.02
Forte
98.86
100.00
100.00
2.60
0.23
0.05
±2.27
±0.00
±0.00
±1.64
±0.17
±0.02
Poker-Straight
100.00
96.43
98.21
0.36
0.59
0.32
±0.00
±4.12
±3.57
±0.71
±0.08
±0.18
Brother
100.00
100.00
100.00
0.19
0.03
0.02
±0.00
±0.00
±0.00
±0.16
±0.02
±0.01
Daughter
100.00
100.00
100.00
0.2
0.03
0.02
±0.00
±0.00
±0.00
±0.02
±0.03
±0.01
Continued on next page
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In the last group of problems SPaCEL outperformed CELOE on 5 out of 6 and ParCEL
on 3 out of 6 learning problems. The data set MU-Bus is a complex learning problem in
which the target definition is very long, as the bus operation time depends upon many
conditions. For this data set, SPaCEL outperformed both ParCEL and CELOE. It always
found the complete definition on the training set and the accuracy on the test set was always
over 99.7%, while CELOE could not find accurate definitions on the training set and the
accuracy on the test set was very low, from 11.34% to 53.61%. ParCEL performed better
than CELOE and the accuracy was also very high but it was still statistically significantly
less accurate than SPaCEL.
For the ILPD data set it appears that CELOE had higher predictive accuracy that
SPaCEL, although the difference was not statistically significant. However, as the ILPD
and MuBus data sets are unbalanced, it is more appropriate to use balanced accuracy 11 for
these learning problems. Table 5 shows the balanced predictive accuracy for ILPD and some
other unbalanced learning problems. The balanced accuracy of SPaCEL and ParCEL on the
ILDP learning problem were statistically significantly higher than CELOE. The outcome
of the statistical significance test on the balanced accuracy of other learning problems did
not change.

Balanced predictive accuracy (%)
CELOE
ParCEL
SPaCEL
71.12
± 0.65 99.68
± 0.60 99.74
± 0.62
52.09
± 0.06 91.86
± 3.02
99.78
± 0.59
52.18
± 0.03 73.07
± 1.91
99.02
± 2.67
64.62
± 4.83 70.94
± 10.87 71.73
± 12.29
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(Partial) definition length
No of partial definitions
CELOE
ParCEL
SPaCEL
ParCEL
SPaCEL
Low to medium complexity learning problems without timeout
Moral
3.00
1.52
1.50
2.10
2.00
±0.00
±0.05
±0.00
±0.32
±0.00
Forte
13.50
7.75
8.50
2.00
2.00
±1.00
±0.50
±0.00
±0.00
±0.00
PokerStraight
11.70
10.90
19.75
1.70
1.00
±0.68
±1.31
±2.50
±0.68
±0.00
Brother
6.00
6.00
6.40
1.00
1.00
±0.00
±1.83
±0.84
±0.00
±0.00
Daughter
5.00
5.25
6.20
1.10
1.00
±0.00
±1.09
±0.63
±0.32
±0.00
Father
5.00
5.50
5.90
1.00
1.00
±0.00
±0.53
±0.98
±0.00
±1.00
Grandson
7.25
7.25
8.00
1.00
1.00
±0.50
±0.50
±0.00
±0.00
±0.00
High to very high complexity learning problems without timeout
Aunt
19.00
8.80
10.10
2.00
2.00
±0.00
±0.48
±0.97
±0.00
±0.00
Cousin
23.40
8.50
8.50
2.00
2.00
±2.59
±0.00
±0.00
±0.00
±0.00
Continued on next page

Problem

Table 6: Definition length of the learning problems (means ± standard deviations of 10
folds). The bold values are the definition lengths after the timeout occurred.

Our symmetric approach to class expression learning not only increased the predictive
accuracy, but also decreased the learning time, although this effect can only be observed for
the medium and high complexity data sets. The t-test result on learning time shows that
SPaCEL was statistically significantly faster than CELOE in 13 out of 14 problems and
than ParCEL for 10 out of 14 learning problems. It was statistically significantly slower
than ParCEL for 2 out of 14 problems, both in the first and second groups. The definition
lengths in this group were short and the learning times were very small.
The last metric that we evaluated was the length of the definitions learnt; the results
can be seen in Table 6. The definition lengths of ParCEL and SPaCEL are reported by
the number of partial definitions and the average length of the partial definitions, the total
average length of their definitions is the product of those numbers.

MUBus-1
MUBus-2
MUBus-3
ILDP

Problem

Table 5: Balanced predictive accuracy of unbalanced data sets in Table 4. Conventions of
the results’ representation are similar to that of in Table 4.

Table 4 – continued
Predictive accuracy (%)
Learning time (s)
CELOE ParCEL SPaCEL
CELOE ParCEL SPaCEL
Father
100.00
100.00
100.00
0.02
0.03
0.02
±0.00
±0.00
±0.00
±0.10
±0.03
±0.01
Grandson
100.00
100.00
100.00
0.08
0.19
0.05
±0.00
±0.00
±0.00
±0.07
±0.79
±0.02
High to very high complexity learning problems without timeout.
Aunt
96.5
100.00
100.00
30.01
0.26
0.22
±0.00
±0.00
±0.00
±0.02
±0.15
±0.15
Cousin
99.29
99.29
100.00
3.79
0.54
0.80
±0.00
±2.26
±0.00
±0.54
±0.20
±0.28
Uncle
95.83
98.75
95.42
34.13
0.29
0.16
±6.80
±3.95
±10.84
±14.94
±0.18
±0.11
Learning problems with timeout.
CarcinoGenesis
53.73
56.05
60.52
int.∗
int.∗
int.∗
±4.79
±4.30
±6.06
@2000s
@2000s
@2000s
UCA1
91.42
100.00
100.00
int.∗
29.75
0.72
±7.01
±0.00
±0.00
@2000s
±5.77
±0.17
MUBus-1
53.61
99.63
99.74
int.∗
395.33
7.52
±2.45
±0.31
± 0.36
@600s
±11.83
±2.37
MUBus-2
14.35
97.91
99.78
int.∗
int.∗
48.46
±1.10
±0.50
±0.23
@600s
@600s
±16.56
MUBus-3
11.34
95.85
99.72
int.∗
int.∗
495.94
±0.06
±0.31
±0.40
@900s
@900s
±267.67
∗
∗
ILPD
76.02
71.12
72.67
int.
int.
int.∗
±2.61
±5.36
±8.12
@120s
@120s
@120s
Note: ∗ : Interrupted by timeout

Problem
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Table 6 – continued
(Partial) definition length
No of partial definitions
CELOE
ParCEL
SPaCEL
ParCEL
SPaCEL
19.00
8.40
10.15
2.00
2.00
±14.94
±0.38
±1.67
±0.00
±0.00
Learning problems with timeout
4.80
55.87
138.00
72.70
17.00
±0.42
±9.52
±51.46
±3.43
±5.74
9.00
12.75
16.65
4.00
4.00
±0.00
±0.00
±0.47
±0.00
±0.00
12.70
16.99
63.40
15.00
6.30
±0.48
±0.42
±10.54
±1.56
±1.25
2.00
16.07
101.29
24.80
12.00
±0.00
±0.19
±45.37
±3.52
±2.79
2.00
14.64
205.90
25.40
18.10
±0.00
±0.13
±85.49
±1.58
±1.85
5.80
8.34
13.30
42.80
37.00
±1.69
±0.12
±1.40
±1.69
±2.06
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Problem
Uncle

CarcinoGenesis
UCA1
MUBus-1
MUBus-2
MUBus-3
ILPD

The experimental results show that ParCEL and SPaCEL produced longer definitions
than CELOE for most learning problems. By manually inspecting the results we identified
that this was because partial definitions tend to overlap, and that the creation of subsolutions leads to more specific definitions. It may also be that since CELOE timed out
more often, it had not yet managed to produce completely accurate (and necessarily longer)
solutions before the learning was terminated.
For the learning problems in the first two groups, where all three algorithms can find the
definition for the training sets without timeout, the differences in definition length between
the three algorithms were small, and any difference was caused by the overlap between
partial definitions. In some cases, this can be shortened using an optimisation strategy. For
example, the definitions produced by CELOE and SPaCEL for the Forte Uncle data set
are:
• CELOE:
male AND ((married SOME sibling SOME Person) OR
(married SOME hasSibling SOME hasChild SOME Thing))
• SPaCEL (two partial definitions):
1. hasSibling SOME hasChild SOME Thing AND (NOT female)
2. married SOME hasSibling SOME hasChild SOME Thing AND (NOT female)

JMLR 18(64):1-34, 2017

The length of the definition produced by CELOE is 15 and SPaCEL is 19 (length of
two partial definitions plus 1 for disjunction). However, at least 3 axioms in the SPaCEL
final definition can be reduced by removing the common part among partial definitions,
i.e. AND NOT female. That means that if the same normal form (Lloyd, 1984; Gabbay
27
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et al., 1998) is applied for both CELOE and SPaCEL, the difference between their lengths
can be reduced. Moreover, NOT female can be replaced by Male if male and female
are declared as disjoint and jointly exhaustive properties. This is the idea of optimisation
and simplification in description logic (Horrocks and Patel-Schneider, 1999; Baader et al.,
2010). Currently, this idea has not yet been implemented in our algorithm. However, rather
than applying optimisation and simplication to the definition constructed by combining
multiple partial definitions using conjunction, breaking down a long definition into several
smaller partial definitions (as in SPaCEL) may help to make the definition more readable,
particularly when the definition is long.
For the learning problems on which at least one of the learning algorithms cannot
find an accurate definition on the training set, i.e. timeout occurred in the experiments,
definitions produced by SPaCEL are significant longer than those of CELOE. An interesting
comparison is seen in the definitions produced for the UCA1 data set, which is complex,
but noiseless:
• CELOE:

activityHasDuration SOME (hasDurationValue ≥ 4.5 AND
hasDurationValue ≤ 21.5)
• ParCEL:

1. activityHasDuration SOME
(hasDurationValue ≥ 4.5 AND hasDurationValue ≤ 15.5)

2. activityHasDuration SOME
(hasDurationValue ≥ 15.5 AND hasDurationValue ≤ 19.5) AND
activityHasStarttime SOME Spring

3. activityHasDuration SOME
(hasDurationValue ≥ 15.5 AND hasDurationValue ≤ 19.5) AND
activityHasStarttime SOME Summer

4. activityHasStarttime SOME Autumn AND activityHasDuration SOME
(hasDurationValue >= 4.5 AND hasDurationValue <= 19.5)
• SPaCEL (late combination):

activityHasDuration SOME (hasDurationValue ≥ 4.5 AND
hasDurationValue ≤ 19.5) AND (NOT (activityHasDuration SOME
hasDurationValue ≥ 15.5 AND activityHasStarttime SOME Winter))

JMLR 18(64):1-34, 2017

Obviously, the short definition (length 9) produced by CELOE does not fully define
the positive examples (both training accuracy and predictive accuracy were below 100%).
Meanwhile, ParCEL produced a far longer definition (length 51) that describes the positive
examples accurately (both training and predictive accuracy were 100%). The definition
produced by SPaCEL for this data set better demonstrates the idea of using the symmetric
learning approach and exceptions in learning, since it is a combination of an expression:
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4.2 Parallelisation in description logic learning
Parallel computing has a history of development since the late 1950s, from multi-processor
computer systems to multi-core processors. Parallelisation helps to use computer resources
more effectively in order to create fast, efficient scalable algorithms. Currently, parallelisa-

interesting algorithms in this framework are Class Expression Learner for Ontology Engineering (CELOE) and OWL Class Expression Learner (OCEL). These algorithms perform
very well when compared with other learning approaches (Hellmann, 2008). However, they
are sequential algorithms and thus they cannot take advantages of parallel systems such
as multi-core processors or cloud computing platforms. In addition, these algorithms focus
on generating short descriptions and thus they have another disadvantage: they cannot
handle complex learning problems (see Hellmann (2008) and Tran et al. (2012)). Recently,
an extension of CELOE has been developed and integrated into the DLLearner framework.
This algorithm is the parallelisation of CELOE in which the search tree is expanded by
multiple threads. Basically, the learning approach is the same as CELOE, i.e., it looks for
a complete definition. Therefore, its performance (learning speed) is improved, but not the
capability for learning problems requiring complex (long) concepts.
DL-FOIL (Fanizzi et al., 2008) combines both top-down and bottom-up learning. The
top-down step finds a set of correct concepts such that each of them correctly defines a
subset of the positive examples. Then, the bottom-up step computes a complete concept
that defines all positive examples. This approach handles complex concepts better than the
top-down or bottom-up approach alone. However, it produces longer concepts in comparison
with the approaches proposed by Lehmann (2010). The unnecessarily long learnt concepts
are caused by the lack of optimisation in the aggregation step. In addition, like other
existing description logic learning algorithms, this approach is serial by nature and thus it
cannot take advantage of concurrency.
During the early 90s, a related idea to the overly general descriptions that we use
is this paper was proposed by Bain and Muggleton (1990) for first-order theories. Called
non-monotonic learning, this approach adopted a specialisation schema based on an existing
non-monotonic logic formalism for incremental specialising of over-general beliefs. Although
this learning method also employs the negative examples to correct the learned beliefs, the
use of negative examples in this approach is different from our approach. In Bain and
Muggleton’s approach, each negative example is intentionally and incrementally used to
specialise the learned beliefs. On the other hand, negative examples in our algorithm are
mainly used to verify the correctness of the learned beliefs. Their definitions, which are
occasionally found in the process of finding the definition for positive examples, are used to
correct (specialise) the over-general concepts.
Recent research in description logic learning has focused on the induction instance retrieval cast as a classification problem (Rizzo et al., 2015). They extend the decision tree to
describe logic representations (terminological decision trees) by using the nodes to represent
conjunctive description logics and left and right branches of the binary tree corresponding
to the result of checking some instance against the parent node. In essence, this is a topdown learning approach in which the child nodes are generated by a downward refinement
operator.
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Learning in description logic is basically a search problem in which the search tree is often
dynamically generated by a refinement operator. In contrast to other algorithms, SPaCEL
uses a top-down approach to learning both positive and negative patterns. Only YinYang
(Iannone et al., 2007) has particularly considered negative patterns previously, and they
took a bottom-up approach to them, despite learning top-down for the positive patterns.
The bottom-up approach creates concepts by joining most specific concepts created for
positive examples using disjunction, which can create large concept definitions that are not
truly intentional.
Top-down learning has been used by several algorithms reported in the literature, such as
Badea and Nienhuys-Cheng (2000), which uses a refinement operator designed for the ALER
description logic. However, as discussed by Lehmann and Hitzler (2010), this refinement
operator cannot be extended to handle more expressive description logic language such as
SRIOQ(D), which is the language on which OWL2 is based.
Lisi and Malerba (2003) proposed an alternative based on the hybrid AL-log language,
which combines the ALC description logic language and Datalog. In Nienhuys-Cheng and
De Wolf (1997) an ideal downward refinement operator for the AL-log language was proposed that is based on the notation of B-subsumption. This is a generalisation of the
generalised subsumption in the AL-log language and is suitable for the hybrid knowledge
representation systems that are constituted by the relational and structural subsystems. It
was implemented in the AL-QuIn (AL-log Query Induction) system.
In Esposito et al. (2004); Iannone et al. (2007), a top-down refinement operator for
the ALC language is used in combination with a bottom-up most specific concept (MSC)
operator. The essential idea of these studies lies in the concept of counterfactuals, that is
errors within candidate hypotheses. Therefore, for each candidate hypothesis, the learning
algorithm uses an MSC operator to find the concept(s) representing errors and remove them
from the candidate hypothesis. However, this approach has two disadvantages: i) finding
of concept(s) for counterfactuals may be repeated for the same set of errors, and ii) as a
result, it tends to generate unnecessarily long concepts.
Some description logic learning algorithms also have been proposed by Lehmann (2010),
where two top-down refinement operators have been proposed. One is for the EL language
and the other is for ALC (although it can be extended to more expressive languages).
The latter is the most expressive refinement operator proposed so far. In addition, several
learning approaches based on the proposed refinement operators were also developed. Two

4.1 Description logic learning

4. Related Work

This definition is shorter than the definition produced by ParCEL and it still describes
the positive examples accurately.

activityHasDuration SOME
(hasDurationValue ≥ 15.5 AND activityHasStarttime SOME Winter)

and a counter-partial definition:

activityHasDuration SOME
(hasDurationValue ≥ 4.5 AND hasDurationValue ≤ 19.5)
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tion can be found in every area of computing, with many parallel frameworks developed,
such as Parallel Virtual Machine (PVM) (Sunderam, 2006) and Apache Hadoop (Bhandarkar, 2010).
In logics, parallelisation has been used to develop parallel logic programming languages
such as PARLOG (Gregory, 1987) and PEPSys (Ratcliffe and Syre, 1987), allowing parallelised logic deduction. A parallel inductive logic programming approach was proposed
by Dehaspe and De Raedt (1995), based on partitioning positive examples into several sets
depending on the parallel level of the system and combining the concepts for the partitioned
sets at the end. In Matsui et al. (1998), several parallelisation strategies were implemented in
FOIL, an inductive logic learning algorithm (Quinlan, 1990). These strategies differ mainly
in the dividing strategies, either dividing space among processors (i.e. multiple refinements
work in parallel) or partitioning the data and learning the partitions independently, similarly to Dehaspe and De Raedt (1995), although using background knowledge to perform
the partition. Our parallel learning approach is similar to the first strategy: we explore the
search space in parallel. However, we use a different learning strategy, employing concepts
for a subset of positive examples and use a reduction strategy to construct the final concept.

Acknowledgments

Tran, Dietrich, Guesgen, and Marsland

Part of this article was written while the first author worked as a researcher at the Vietnam
Institute for Advanced Study in Mathematics (VIASM). We gratefully acknowledge the
financial support of VIASM for the first author during that time. We also appreciate the
constructive comments and suggestions for improving this article made by the anonymous
reviewers.

References

Franz Baader, Diego Calvanese, Deborah L. McGuinness, Daniele Nardi, and Peter F. PatelSchneider. The description logic handbook: Theory, implementation and applications.
Cambridge University Press, 2010.

Liviu Badea and Shan-Hwei Nienhuys-Cheng. A refinement operator for description logics.
Inductive Logic Programming, pages 40–59, 2000.

Dennis Bahler. The induction of rules for predicting chemical carcinogenesis in rodents. In
Intelligent Systems for Molecular Biology, pages 29–37. AAAI/MIT Press, 1993.

Michael Bain and Stephen Muggleton. Non-monotonic learning. Turing Institute, 1990.

Milind Bhandarkar. MapReduce programming with apache Hadoop. In Parallel & Distributed Processing (IPDPS) Symposium, pages 1–1. IEEE, 2010.

Parallelisation is also used in description logics, but mainly not for reasoning, with only
the Deslog reasoner (Wu and Haarslev, 2012), and parallel inferencing algorithms for OWL
(Liebig and Müller, 2007; Soma and Prasanna, 2008) being reported to date.

5. Conclusion and Future Work

Luc Dehaspe and Luc De Raedt. Parallel inductive logic programming. In Proceedings
of the MLnet Familiarization Workshop on Statistics, Machine Learning and Knowledge
Discovery in Databases, page 5, 1995.

32

JMLR 18(64):1-34, 2017

Steve Gregory. Parallel logic programming in PARLOG: The language and its implementation. 1987.

Dov M. Gabbay, Christopher John Hogger, John Alan Robinson, J. Siekmann, Donald Nute,
and Anthony Galton. Handbook of Logic in Artificial Intelligence and Logic Programming.
Clarendon Press, 1998.

Andrew Frank and Arthur Asuncion. UCI machine learning repository, 2010. URL http:
//archive.ics.uci.edu/ml.

N. Fanizzi, C. d’Amato, and F. Esposito. DL-FOIL concept learning in description logics.
Inductive Logic Programming, pages 107–121, 2008.

Floriana Esposito, Nicola Fanizzi, Luigi Iannone, Ignazio Palmisano, and Giovanni Semeraro. Knowledge-intensive induction of terminologies from metadata. The Semantic
Web–ISWC 2004, pages 441–455, 2004.

Jeffrey Dean and Sanjay Ghemawat. Mapreduce: Simplified data processing on large clusters. Communications of the ACM, 51(1):107–113, 2008.

A symmetric approach to class expression learning has been proposed, where we learn
from both positive and negative examples simultaneously. This is motivated by learning
scenarios where negative examples can be classified using simple patterns. This is common
in practice and our empirical experiments suggest that our approach deals well with this
kind of scenario. This approach to class expression learning can deal with other kinds of
concept learning problems, as shown in Table 4. For example, the Forte learning problem
can be solved by a top-down approach (e.g., CELOE and ParCEL) without using negation.
However, this learning problem is solved faster by SPaCEL, which uses the definitions of
negative examples, without decreasing the predictive accuracy.
Some current learning algorithms, e.g. CELOE and ParCEL, which were used in our
evaluations, can also solve this category of problem by specialising the concepts or using
negation and conjunction to remove negative examples from candidate concepts. However,
for some data sets with regular exception patterns such as MUBus and UCA1, these algorithms had difficulties in finding the right concept: their learning times were very long in
comparison with SPaCEL, which sometimes caused the system to run out of memory before
the definition could be found. The most impressive improvements were in the search tree
size and learning time. Although SPaCEL often generated longer definitions than other
algorithms, there was no over-fitting for the data sets used.

JMLR 18(64):1-34, 2017

However, the definitions generated by SPaCEL are not optimised. Normalisation and
simplification can be used to produce better definitions, i.e. shorter and more readable.
This, together with investigations on more data sets, will require further research.
31

Ramakrishna Soma and Viktor K. Prasanna. Parallel inferencing for OWL knowledge bases.
In 37th International Conference on Parallel Processing (ICPP’08), pages 75–82. IEEE,
2008.

Matthew Horridge and Peter F. Patel-Schneider. OWL 2 web ontology language Manchester
syntax. W3C Working Group Note, 2009.

33

JMLR 18(64):1-34, 2017

Bradley L. Richards and Raymond J. Mooney. Automated refinement of first-order hornclause domain theories. Machine Learning, 19(2):95–131, 1995.

Michael Ratcliffe and Jean-Claude Syre. A parallel logic programming language for PEPSys. In Proceedings of the 10th International Joint Conference on Artificial Intelligence,
volume 1, pages 48–55. Morgan Kaufmann Publishers Inc., 1987.

J. Ross Quinlan. Learning logical definitions from relations. Machine learning, 5(3):239–266,
1990.

Shan-Hwei Nienhuys-Cheng and Ronald De Wolf. Foundations of Inductive logic programming. Springer, 1997.

Tohgoroh Matsui, Nobuhiro Inuzuka, Hirohisa Seki, and Hidenori Itoh. Comparison of
three parallel implementations of an induction algorithm. In 8th Int. Parallel Computing
Workshop, pages 181–188, 1998.

Paul Lyons, An C. Tran, H. Joe Steinhauer, Stephen Marsland, Jens Dietrich, and Hans W.
Guesgen. Exploring the responsibilities of single-inhabitant smart homes with use cases.
Journal of Ambient Intelligence and Smart Environments, 2(3):211–232, 2010.

John Wylie Lloyd. Foundations of logic programming. Springer-verlag Berlin, 1984.

F. Lisi and D. Malerba. Ideal refinement of descriptions in AL-Log. Inductive Logic Programming, pages 215–232, 2003.

Thorsten Liebig and Felix Müller. Parallelizing tableaux-based description logic reasoning.
In On the Move to Meaningful Internet Systems 2007: OTM 2007 Workshops, pages
1135–1144. Springer, 2007.

Jens Lehmann. Hybrid learning of ontology classes. Machine Learning and Data Mining in
Pattern Recognition, pages 883–898, 2007.

J. Lehmann and P. Hitzler. Concept learning in description logics using refinement operators. Machine Learning, 78(1):203–250, 2010.

J. Lehmann. Learning OWL Class Expressions. AKA Akademische Verlagesellschaft, 2010.

L. Iannone, I. Palmisano, and N. Fanizzi. An algorithm based on counterfactuals for concept
learning in the semantic web. Applied Intelligence, 26(2):139–159, 2007.

34

JMLR 18(64):1-34, 2017

Kejia Wu and Volker Haarslev. A parallel reasoner for the Description Logic ALC. In
Proceedings of the 2012 International Workshop on Description Logics (DL 2012), 2012.

James Lee Wogulis. An approach to repairing and evaluating first-order theories containing
multiple concepts and negation. PhD thesis, University of California at Irvine, Irvine,
CA, USA, 1994. UMI Order No. GAX94-12189.

An C. Tran. Symmetric Parallel Class Expression Learning. PhD thesis, Massey University,
2013.

A.C. Tran, J. Dietrich, H. Guesgen, and S. Marsland. An approach to parallel class expression learning. Rules on the Web: Research and Applications, pages 302–316, 2012.

Vaidy S. Sunderam. PVM: A framework for parallel distributed computing. Concurrency:
practice and experience, 2(4):315–339, 2006.

Ashwin Srinivasan, Ross D. King, Stephen Muggleton, and Michael JE. Sternberg. Carcinogenesis predictions using ILP. Inductive Logic Programming, pages 273–287, 1997.

Giuseppe Rizzo, Claudia dAmato, Nicola Fanizzi, and Floriana Esposito. Terminological
tree-based models for inductive classification in description logics. Semantic Web, 2015.

S. Hellmann. Comparison of concept learning algorithms. Master’s Thesis, Leipzig University, 2008.

Ian Horrocks and Peter F. Patel-Schneider. Optimizing description logic subsumption.
Journal of Logic and Computation, 9(3):267–293, 1999.

Tran, Dietrich, Guesgen, and Marsland

SYMMETRIC PARALLEL CLASS EXPRESSION LEARNING

JERVIS . PINTO @ GMAIL . COM
School of EECS, Oregon State University, Corvallis OR 97331 USA

Jervis Pinto

Abstract

JMLR 18(65):1-35, 2017

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided at
http://jmlr.org/papers/v18/15-251.html.

c 2017 Jervis Pinto, and Alan Fern.

Online sequential decision-making involves selecting actions in order to optimize a long-term performance objective while meeting practical decision-time constraints. In many environments, including Chess, Go, computer networks, automobiles and aircraft, it is possible to obtain simulators
or learn an accurate model of the environment, whereas in others, no such simulator or model is
available. A common approach in both cases is to use learning techniques such as reinforcement
learning (RL) (Sutton and Barto, 1998) or imitation learning (Pomerleau, 1989; Sammut et al.,
1992) in order to learn reactive policies, which can be used to quickly map any state to an action.
While reactive policies support fast decision making, for many complex problems, it can be difficult
to represent and learn high-quality reactive policies. For example, in games such as Chess, Go, and
other complex problems, the best learned reactive policies are significantly outperformed by the best
approaches based on look-ahead search (Gelly and Silver, 2007; Veness et al., 2009; Silver et al.,
2016). As another example, recent work has shown that effective reactive policies can be learned

1. Introduction

Keywords: online sequential decision-making, partial policy, partial policy learning, imitation
learning, Monte-Carlo tree search, reductions

A popular approach for online decision-making in large MDPs is time-bounded tree search. The
effectiveness of tree search, however, is largely influenced by the action branching factor, which
limits the search depth given a time bound. An obvious way to reduce action branching is to
consider only a subset of potentially good actions at each state as specified by a provided partial
policy. In this work, we consider offline learning of such partial policies with the goal of speeding
up search without significantly reducing decision-making quality. Our first contribution consists
of reducing the learning problem to set learning. We give a reduction-style analysis of three such
algorithms, each making different assumptions, which relates the set learning objectives to the
sub-optimality of search using the learned partial policies. Our second contribution is to describe
concrete implementations of the algorithms within the popular framework of Monte-Carlo tree
search. Finally, the third contribution is to evaluate the learning algorithms on two challenging
MDPs with large action branching factors. The results show that the learned partial policies can
significantly improve the anytime performance of Monte-Carlo tree search.
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for playing a variety of Atari video games using both RL (Mnih et al., 2013) and imitation learning
(Guo et al., 2014). However, the performance of these reactive policies are easily outperformed or
equaled by a vanilla lookahead planning agent (Guo et al., 2014).
Faced with the choice of a planning agent versus a (model-free) learning agent, a practitioner
must consider two key factors. The first is the non-trivial expense of obtaining a simulator or learning a model. The second is that the planning agent requires significantly more time per decision.
That is, even when a simulator is available, the computational expense may not be practical for
certain applications, including real-time Atari game play.
This paper attempts to make progress in the region between fast reactive decision making and
slow lookahead search, when a simulator or model of the world is available. In particular, we study
algorithms for learning to improve the anytime performance of lookahead search, allowing for more
effective deliberative decisions to be made within practical time bounds. Lookahead tree search
constructs a finite-horizon lookahead tree using a (possibly stochastic) model or simulator in order
to estimate action values at the current state. A variety of algorithms are available for building
such trees, including instances of Monte-Carlo Tree Search (MCTS) such as UCT (Kocsis and
Szepesvári, 2006), Sparse Sampling (Kearns et al., 2002), and FSSS (Walsh et al., 2010), along with
model-based search approaches such as RTDP (Barto et al., 1995) and AO* (Blai and Hector, 2012).
However, under practical time constraints (e.g., one second per root decision), the performance of
these approaches strongly depends on the action branching factor. In non-trivial MDPs, the number
of possible actions at each state is often considerable, which greatly limits the feasible search depth.
An obvious way to address this problem is to provide prior knowledge for explicitly pruning bad
actions from consideration. In this paper, we consider the offline learning of such prior knowledge
in the form of partial policies 1 .
A partial policy is a function that quickly returns an action subset for each state and can be
integrated into search by pruning away actions not included in the subsets. Thus, a partial policy
can significantly speedup search if it returns small action subsets, provided that the overhead for
applying the partial policy is small enough. If those subsets typically include high-quality actions,
then we might expect little decrease in decision-making quality. Although learning partial policies
to guide tree search is a natural idea, it has received surprisingly little attention, both in theory
and practice. In this paper we formalize this learning problem from the perspective of “speedup
learning”. We are provided with a distribution over search problems in the form of a root state
distribution and a search depth bound. The goal is to learn partial policies that significantly speedup
depth D search, while bounding the expected regret of selecting actions using the pruned search
versus the original search method that does not prune.
In order to solve this learning problem, there are at least two key choices that must be made:
1) Selecting a training distribution over states arising in lookahead trees, and 2) Selecting a loss
function that the partial policy is trained to minimize with respect to the chosen distribution. The
key contribution of our work is to consider a family of reduction-style algorithms that answer these
questions in different ways. In particular, we consider three algorithms that reduce partial policy learning to set learning problems, characterized by choices for (1) and (2). The set learning
problems are further reduced to cost-sensitive binary classification. Our main results bound the
sub-optimality of tree search using the learned partial policies in terms of the expected loss of the
supervised learning problems. Interestingly, these results for learning partial policies mirror similar
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reduction-style results for learning (complete) policies via imitation (Ross and Bagnell, 2010; Syed
and Schapire, 2010; Ross et al., 2011).
We empirically evaluate our algorithms in the context of learning partial policies to speedup
MCTS in two challenging domains with large action branching factors: 1) a real-time strategy
game, Galcon and 2) a classic dice game, Yahtzee. The results show that using the learned partial
policies to guide MCTS leads to significantly improved anytime performance in both domains.
Furthermore, we show that several other existing approaches for injecting knowledge into MCTS
are not as effective as using partial policies for action pruning and can often hurt search performance
rather than help.

2. Problem Setup
We consider sequential decision-making in the framework of Markov Decision Processes (MDPs).
An MDP is a tuple (S, A, P, R), where S is a finite set of states, A is a finite set of actions, P (s0 |s, a)
is the transition probability of arriving at state s0 after executing action a in state s, and R(s, a) ∈
[0, 1] is the reward function giving the reward of taking action a in state s. In environments where
the reward is non-deterministic (but still stationary), R(s, a) is taken to be the expected value.
The typical goal in MDP planning and learning is to compute a policy for selecting an action in
any state, such that following the policy (approximately) maximizes some measure of long-term
expected reward. For example, two popular choices are maximizing the expected finite-horizon
total reward or expected infinite-horizon discounted reward.
In practice, regardless of the long-term reward measure, for large MDPs, the offline computation of high-quality policies over all environment states is impractical. In such cases, a popular
action-selection approach is online tree search, where at each encountered environment state, a timebounded search is carried out in order to estimate action values. Note that this approach requires
the availability of either an MDP model or a simulator in order to construct search trees. In this
paper, we assume that a model or simulator is available and that online tree search has been chosen
as the action selection mechanism. Next, we formally describe the paradigm of online tree search,
introduce the notion of partial policies for pruning tree search, and then formulate the problem of
offline learning of such partial policies.
2.1 Online Tree Search

JMLR 18(65):1-35, 2017

Throughout this paper, we will focus on search that has a depth bound D. Doing so bounds the
length of future action sequences to be considered. Given a state s, we denote by T (s) the depth
D expectimax tree rooted at s. T (s) alternates between layers of state nodes and action nodes2 ,
labeled by states and actions respectively. The children of each state node are action nodes for each
action in A. The children of an action node a with parent labeled by s are all states s0 such that
P (s0 |s, a) > 0. Figure 1(a) shows an example of a depth two expectimax tree. The depth of a state
node is the number of action nodes traversed from the root to reach it. Note that leaves of T (s) will
always be action nodes.
The optimal value of a state node s at depth d, denoted by Vd∗ (s), is equal to the maximum value
of its child action nodes, which we denote by Qd∗ (s, a) for child a. Vd∗ (s) and Qd∗ (s, a) are formally
defined next.
2. Also known as “chance” nodes in the context of expectimax trees.

3

(b) Pruning T with partial policy ψ gives Tψ
where a third of the actions have been pruned.
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(a) Unpruned expectimax tree T (s) with D = 2

=

max Qd∗ (s, a)
a

= R(s, a)

 ∗
= R(s, a) + Es0 ∼P (· | s,a) Vd+1
(s0 )

if

otherwise

d=D−1

(2)

(1)

Figure 1: Unpruned and pruned expectimax trees with depth D = 2 for an MDP with |A| = 3
and two possible next states. The distributions over the transitions to the next state are
uniform. The numeric values are the optimal action values Q∗ . Nodes for which no
value is shown have Q∗ (s, a) = 0. Nodes marked with an asterisk indicate that the node
corresponds to the optimal action choice. In (b), pruning can change the value at the root
if nodes on the optimal paths are incorrectly pruned.

Vd∗ (s)
Qd∗ (s, a)

Equation 1 corresponds to leaf action nodes. In Equation 2, s0 ∼ P (·|s, a) ranges over the
children of a. Given these value functions, the optimal action policy for state s at depth d is

a

πd∗ (s) = arg max Qd∗ (s, a)

Given an environment state s, online search algorithms such as UCT or RTDP attempt to completely or partially search the tree T (s) in order to approximate the root action values Q0∗ (s, a) well
enough to identify the optimal action π0∗ (s). It is important to note that optimality in our context is
with respect to the specified search depth D, which may be significantly smaller than the number
of actions that will be taken in the actual environment (e.g., the length of a full game). This is a
practical necessity that is often referred to as receding-horizon control. Here we simply assume that
an appropriate search depth D has been specified and our goal is to speedup planning within that
depth.
2.2 Search with a Partial Policy
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One way to speedup depth D search is to prune actions from T (s). In particular, if a fixed fraction
σ of actions are removed from each state node, then the size of the tree would decrease by a factor
of (1 − σ)D , potentially resulting in significant computational savings. In this paper, we will utilize
partial policies for pruning actions. A depth D (non-stationary) partial policy ψ is a sequence
(ψ0 , . . . , ψD−1 ) where each ψd maps a state to an action subset. In this work, we focus exclusively
on non-stationary partial policies, rather than also considering stationary partial policies where ψi =
ψj for all i and j. One reason for this is that optimal solutions to depth-bounded search trees are

4

i

ψ
(s0 )
Es0 ∼P (· | s,a) Vd+1

h
otherwise

if d = D − 1

5
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This is the root action that a depth D search procedure would attempt to return in the context of
ψ. We say that a partial policy ψ subsumes a partial policy ψ 0 if for each s and d, ψd0 (s) ⊆ ψd (s).
0
In this case, it is straightforward to show that for any s and d, Vdψ (s) ≤ Vdψ (s). This is simply
because planning under ψ allows for strictly more action choices than planning under ψ 0 . Note that
a special case of partial policies is when |ψd (s)| = 1 for all s and d, which means that ψ defines a
traditional (complete) deterministic MDP policy. In this case, Vdψ and Qψ
d represent the traditional
depth d state value and action value functions for policies. The second special case occurs at the
other extreme where ψd = A for all d. This corresponds to full-width search and we have V ∗ = V ψ
and Q∗ = Qψ .
Clearly, a partial policy can reduce the complexity of search by eliminating some actions. However, we are also concerned with the quality of decision-making using Tψ (s) versus T (s), which
we will quantify in terms of expected regret. The regret of selecting action a at state s relative to
T (s) is equal to V0∗ (s) − Q∗0 (s, a). Note that the regret of the optimal action π0∗ (s) is zero. We
prefer partial policies that result in root decisions with small regret over the root state distribution
that we expect to encounter, while also supporting significant pruning. For this purpose, if µ0 is a
distribution over root states, we define the expected regret of ψ with respect to µ0 as
h
i
REG(µ0 , ψ) = E V0∗ (s0 ) − Q∗0 (s0 , π ψ (s0 ))
where s0 ∼ µ0
(3)

a∈ψ0 (s)

π ψ (s) = arg max Qψ
0 (s, a)

We will denote the highest-valued, or greedy, root action of Tψ (s) as

= R(s, a) +

Qψ
d (s, a) = R(s, a)

a∈ψd (s)

Vdψ (s) = max Qψ
d (s, a)

non-stationary in general. In addition, considering non-stationary policies allows for defining and
analyzing relatively simple training algorithms as described in section 3. In some applications,
however, where the planning depth is not known in advance, it may be desirable to learn stationary
partial policies. Extending our work to the stationary scenario is a point of future work, which we
expect can draw on ideas for learning stationary policies in imitation learning (Ross and Bagnell,
2010; Ross et al., 2011).
Given a partial policy ψ and root state s, we can define a pruned tree Tψ (s) that is identical
to T (s), except that each state s at depth d only has subtrees for actions in ψd (s), pruning away
subtrees for any child a ∈
/ ψd (s). The phrase “root state” is not to be confused with the starting
state of a sequential problem (e.g., the initial board in Chess). Rather, “root state” refers to any
state in which the search agent is required to act and must therefore place the state at the root of the
search tree. Figure 1(b) shows a pruned tree Tψ (s), where ψ prunes away one action at each state. It
is straightforward to incorporate ψ into a search algorithm by only expanding actions at state nodes
that are consistent with ψ.
We define the state and action values relative to Tψ (s) the same as before and let Vdψ (s) and
ψ
Qd (s, a) denote the depth d state and action value functions, as follows.
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Given µ0 and D, we now develop reduction-style algorithms for learning partial policies. The
algorithms reduce partial policy learning to a sequence of D i.i.d. supervised set learning problems,
each producing one partial policy component ψd . Informally, a supervised set learning problem
is similar to a traditional classification problem, except that the learned functions (partial policies,
in this case) return sets of labels rather than a single label. In our work, labels will correspond
to actions and the designer will specify the size of the label/action sets that the learned function

3. Learning Partial Policies

We consider an offline learning setting where we are provided with a model or simulator of the MDP
in order to train a partial policy that will be used later for online decision-making. As an illustrative
example, consider the domain of Chess, where we wish to learn a partial policy for pruning the
search tree. Our approach is to use expensive search offline to play many full games of Chess and to
record the sequence of states encountered during those games. Each state encountered during actual
play is called a root state of a search tree. The collected root states and associated trees are then
used to learn a partial policy that can be used to speedup future online search.
More formally, the learning problem provides us with a distribution µ0 over root states (or a
representative sample from µ0 ) and a depth bound D. In our Chess example, µ0 would be a distribution over the states encountered along games played using the expensive search. The intention is
for µ0 to be representative of the states that will be encountered during online use. In this work, we
are agnostic about how µ0 is defined for an application. A typical choice of µ0 is the distribution
of states encountered along trajectories of a receding-horizon controller that makes decisions based
on unpruned depth D search. We use this definition of µ0 in our experiments. This setup is closely
related to imitation learning (Syed and Schapire, 2010; Ross and Bagnell, 2010; Ross et al., 2011)
since we are essentially treating unpruned, expensive search as the expert to be imitated by a pruned
search. Other choices of the initial state distribution µ0 are the state distributions that arise from
more complex imitation learning algorithms such as DAGGER (Ross et al., 2011).
Given µ0 and D, our “speedup learning” goal is to learn a partial policy ψ with small expected
regret REG(µ0 , ψ), while providing significant pruning. That is, we want to imitate the decisions
of depth D unpruned search via a much less expensive depth D pruned search. In general, there
will be a tradeoff between the potential speedup and expected regret. At one extreme, it is always
possible to achieve zero expected regret by selecting a partial policy that does not prune. At the other
extreme, we can remove the need for any search by learning a partial policy that always returns a
single action, which corresponds to a complete policy. However, for many complex MDPs, it can
be difficult to learn computationally efficient, or reactive, policies that achieve small regret. Rather,
it may be much easier to learn partial policies that prune away many, but not all actions, yet still
retain high-quality actions. While such partial policies lead to more search than a reactive policy,
the regret may be much less.
In practice, we seek a good tradeoff between the two extremes. The tradeoff between a reactive
policy versus a full depth D search-based policy is application-specific. Instead of specifying a particular trade-off point as our learning objective, we develop learning algorithms in the next section
that provide some ability to explore different points. In particular, the algorithms are associated
with regret bounds in terms of supervised learning objectives that measurably vary with different
amounts of pruning.

2.3 Learning Problem
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should return. The quality of a learned set function will be evaluated in terms of a cost function that
provides a measure of whether a set returned by the function contains “good” labels/actions.
More formally, the set learning problem for partial policy component ψd will be characterized
by a pair (µd , Cd ), where µd is a distribution over states, and Cd is a cost function that, for any state
s and action subset A0 ⊆ A assigns a prediction cost Cd (s, A0 ). The cost function is intended to
measure the quality of A0 with respect to including actions that are high quality for s. Typically, the
cost function will be a monotone decreasing set function of A0 with zero pruning having zero cost,
Cd (s, A) = 0. Note that a trivial solution to the learning problem, which achieves zero cost, would
be to learn a function that always returns the complete action set A. However, such solutions will be
avoided by having the designer specify the amount of pruning that they desire, or equivalently the
size of the action sets returned. Note that constraining the set to contain exactly one action would
correspond to learning complete policies.
We begin by assuming the availability of a set learning algorithm called S ET L EARN that takes
three inputs, namely, a set of states drawn from µd , cost function Cd , and a pruning percentage
0 < σd < 1. The output of S ET L EARN is a partial policy component ψd that returns action sets that
contain at most a fraction 1 − σd of the available actions while attempting to minimize the expected
cost of ψd on µd . That is, the goal is to return a ψd that minimizes E [Cd (s, ψd (s))] for s ∼ µd . The
designer’s choice of pruning percentage σd (e.g., prune 75% of the actions in each state) is related to
the time constraints of the decision problem, with smaller time constraints requiring more pruning.
Given access to S ET L EARN we first present our generic reduction algorithm for learning partial policies in Algorithm 1. This algorithm template simply calls S ET L EARN on a sequence of
Algorithm 1 A template for learning a partial policy ψ = (ψ0 , . . . , ψD−1 ). The template is instantiated by specifying the pairs of distributions and cost functions (µd , Cd ) for d ∈ {0, . . . , D − 1}.
S ET L EARN is a set learning algorithm that aims to minimize the expected cost of each ψd relative
to Cd and µd . σd is a pruning fraction such that S ET L EARN returns at most 1 − σd actions. Each
partial policy ψd is a set function that maps states to action sets of size (1 − σd )|A|.
1: procedure PARTIAL P OLICY L EARNER({(µd , Cd )}, σd )
2:
for d = 0, 1, . . . , D − 1 do
3:
Sample a training set of states Sd from µd
4:
ψd ← S ET L EARN(Sd , Cd , σd )
5:
end for
return ψ = (ψ0 , ψ1 , . . . , ψD−1 )
end procedure
7:

6:
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set learning problems and returns a list of the learned partial policies. In order to instantiate this
template, it is necessary to specify S ET L EARN and the individual set learning problems (µd , Cd ).
We defer details of our implementation of S ET L EARN until section 4. Rather, we proceed with the
definition of our learning reductions. Each reduction is specified by a particular choice of (µd , Cd ),
such that we can bound the expected regret of ψ (when used for search) by the expected (i.i.d.) costs
of the ψd returned by S ET L EARN.
We begin with the state distributions µd . These are specified in terms of distributions induced
by (complete) policies. In particular, given a policy π, we let µd (π) denote the state distribution
produced by the following procedure: Draw an initial state from µ0 , execute π for d steps and return
the final state. Since we have assumed an MDP model or simulator, it is straightforward to sample
7
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from µd (π) for any provided π. Before proceeding, we state two simple lemmas that will be used
to prove our regret bounds.

Lemma 1 If a complete policy π is subsumed by partial policy ψ, then for any initial state distribution µ0 , REG(µ0 , ψ) ≤ E [V0∗ (s0 )] − E [V0π (s0 )], for s0 ∼ µ0 .

Proof Since π is subsumed by ψ, we know that Q0ψ (s, π ψ (s)) = V0ψ (s) ≥ V0π (s). Since for any
a, Q0∗ (s, a) ≥ Q0ψ (s, a), we have for any state s, Q0∗ (s, π ψ (s)) ≥ V0π (s). The result follows by
negating each side of the inequality, followed by adding V0∗ (s), and taking expectations.

Thus, we can bound the regret of a learned ψ if we can guarantee that it subsumes a policy whose expected value has bounded sub-optimality. Our three reduction algorithms, presented below, provide
different approaches for making such a guarantee.
The second lemma will be used to bound the sub-optimality of complete polices that are subsumed by our learned partial policies, which then allows the application of Lemma 1. Versions of
this “performance difference lemma” have been used in prior work (Kakade and Langford, 2002;
Bagnell et al., 2003; Ross and Bagnell, 2014).

d=0

h 0
i D−1
i
X h 0
0
E V0π (s0 ) − V0π (s0 ) =
E Vdπ (sd ) − Qdπ (sd , π(sd )) , where sd ∼ µd (π0:d−1 )

Lemma 2 For any two complete policies π and π 0 and any initial state distribution µ0 ,

.

d=0

d=0
D−1
X

D−1
X

h 0
i
0
E Vdπ (sd ) − Qdπ (sd , π(sd )) , where sd ∼ µd (π0:d−1 )



π
E V0πd (s0 ) − V0 d+1 (s0 )

d=0

Proof Following a prior proof (Ross and Bagnell, 2014), define πd to be a policy that follows π
for d steps and then at step d + 1 switches to following π 0 until the maximum depth D. Using the
observations that π0 = π 0 and πD = π, we can derive the following.
#
"
D−1
h 0
i
X π
π
E V0π (s0 ) − V0π (s0 ) = E
V0 d (s0 ) − V0 d+1 (s0 )
=

=

The first equality is simply a telescoping sum. The third equality follows due the fact that πd and
πd+1 both follow π for the first d steps, which yields the same distribution over sd .

We will use this lemma when the reference policy π 0 is optimal, that is, π 0 = π ∗ . Thus, the suboptimality of π can be bounded by accumulating the expected sub-optimality of its action choices
along trajectories generated by π. Next, we present our three reduction algorithms, which are summarized in Table 1.
3.1 OPI : Optimal Partial Imitation
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Perhaps the most straightforward idea for learning a partial policy is to attempt to find a partial
policy that is usually consistent with trajectories of the optimal policy π ∗ . That is, each ψd should

8

µd = µd (ψ ∗ )
Cd (s, ψd (s)) = Q(s, πd∗ (s)) − Q(s, ψd∗ (s))

+
µd = µd (ψ0:d−1
)
Cd (s, ψd (s)) = 0 if πd∗ (s) ∈ ψd (s), otherwise 1

µd = µd (π ∗ )
Cd (s, ψd (s)) = 0 if πd∗ (s) ∈ ψd (s), otherwise 1

Pr

s∼µd (π ∗ )

/ ψd (s))
(πd∗ (s) ∈
(4)

9
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A naive implementation of OPI is straightforward. We can generate length D trajectories by
drawing an initial state from µ0 and then selecting actions (approximately) according to πd∗ using
standard unpruned search. Defined like this, OPI has the nice property that it only requires the
ability to reliably compute actions of πd∗ , rather than requiring that we also estimate action values
accurately. This allows us to exploit the fact that search algorithms such as UCT often quickly identify optimal actions, or sets of near-optimal actions, well before the action values have converged.
This is an important point since we will approximate π ∗ using long, computationally expensive runs
of UCT, described in section 4.
Intuitively, if the expected cost e∗d is small for all d, then the regret of ψ should be bounded,
since the pruned search trees will generally contain optimal actions for state nodes. The following
proof clarifies this dependence. For the proof, given a partial policy ψ, it is useful to define a corresponding complete policy ψ + such that ψd+ (s) = πd∗ (s) whenever πd∗ (s) ∈ ψd (s) and otherwise
ψd+ (s) is the lexicographically least action in ψd (s). Note that ψ + is subsumed by ψ.

e∗d (ψ) =

be learned so as to maximize the probability of containing actions selected by πd∗ with respect to the
optimal state distribution µd (π ∗ ). This approach is followed by our first algorithm called Optimal
Partial Imitation (OPI). In particular, Algorithm 1 is instantiated with µd = µd (π ∗ ) (noting that
µ0 (π ∗ ) is equal to µ0 as specified by the learning problem) and Cd equal to zero-one cost. Here
Cd (s, A0 ) = 0 if πd∗ (s) ∈ A0 and Cd (s, A0 ) = 1 otherwise. Note that the expected cost of ψd in this
case is equal to the probability that ψd does not contain the optimal action. We refer to this as the
pruning error and denote it by

Table 1: Instantiations for OPI, FT-OPI and FT-QCM in terms of the template in Algorithm 1. Note
that ψd is a partial policy while πd∗ , ψd+ and ψd∗ are complete policies.

FT-QCM

FT-OPI

OPI
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3. The main result of (Syed and Schapire, 2010) holds for stochastic policies and requires a more complicated analysis
that results in a looser bound. Lemma 3 is strong enough for deterministic policies.

0:d−1

+
action with respect to the state distribution of ψ0:d−1
.
+
Note that as for OPI, we only require the ability to compute π ∗ in order to sample from µd (ψ0:d−1
).
In particular, note that when learning ψd , we have ψ0:d−1 available. Hence, we can sample a state
+
from µd by executing a trajectory of ψ0:d−1
. Actions for ψd+ can be selected by first computing πd∗
and selecting it if it is in ψd and otherwise selecting the lexicographically least action.
As shown for the forward training algorithm for imitation learning (Ross et al., 2011), we give
below an improved regret bound for FT-OPI under an assumption on the maximum sub-optimality

OPI has a potential weakness, similar in nature to issues identified in prior work on imitation learning (Ross and Bagnell, 2010; Ross et al., 2011). In short, OPI does not train ψ to recover from its
own pruning mistakes. Consider a node n in the optimal subtree of a tree T (s0 ). Now suppose
that the learned ψ erroneously prunes the optimal child action of n. This means that the optimal
subtree under n will be pruned from Tψ (s), increasing the potential regret. Ideally, we would like
the pruned search in Tψ (s) to recover from the error gracefully and return an answer based on the
best remaining subtree under n. Unfortunately, the distribution used to train ψ by OPI was not necessarily representative of this alternate subtree under n, since it was not an optimal subtree of T (s).
Thus, no guarantees about the pruning accuracy of ψ can be made under node n.
In imitation learning, this type of problem has been dealt with via “forward training” of nonstationary policies (Ross et al., 2011). We employ a similar idea in the Forward Training OPI
(FT-OPI) algorithm. FT-OPI differs from OPI only in the state distributions used for training. The
key idea is to learn the partial policy components ψd in sequential order from d = 0 to d = D − 1.
Each ψd is trained on a distribution induced by ψ0:d−1 = (ψ0 , . . . , ψd−1 ), which will account for
pruning errors made by ψ0:d−1 . Specifically, recall that for a partial policy ψ, we defined ψ + to
be a complete policy that selects the optimal action if it is consistent with ψ and otherwise the
lexicographically least action. The state distributions used to instantiate FT-OPI in Algorithm 1 are
+
µd = µd (ψ0:d−1
) and the cost function remains zero-one cost as for OPI. Thus, the expected cost of
ψd is e+
(ψ)
= Prs∼µd (ψ+ ) (πd∗ (s) ∈
/ ψd (s)), which gives the probability of pruning the optimal
d

3.2 FT-OPI : Forward Training OPI

This result mirrors work on reducing imitation learning to supervised classification (Ross and
Bagnell, 2010; Syed and Schapire, 2010), showing the same dependence on the planning horizon.
Borrowing again from imitation learning, it is straightforward to construct an example problem
where the above regret bound is shown to be tight. This result motivates a learning approach where
each ψd returned by S ET L EARN attempts to maximize pruning (returns small action sets) while
maintaining a small expected cost.

Proof Given the assumption that e∗d (ψ) ≤  and that ψ + selects the optimal action whenever ψ contains it, we know that e∗d (ψ + ) ≤  for each d ∈ {0, . . . , D −1}. Given this constraint on ψ + , we can
+
apply Lemma 3 from (Syed and Schapire, 2010)3 , which implies E[V0ψ (s0 )] ≥ E[V0∗ (s0 )] − D2 ,
where s0 ∼ µ0 . The result follows by combining this with Lemma 1.

Theorem 3 For any initial state distribution µ0 and partial policy ψ, if for each d ∈ {0, . . . , D−1},
e∗d (ψ) ≤ , then REG(µ0 , ψ) ≤ D2 .
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of any action. The intuition is that if it is possible to discover high-quality subtrees, even under
sub-optimal action choices, then FT-OPI can learn on those trees and recover from errors.
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Theorem 4 Assume that for any state s, depth d, and action a, we have Vd∗ (s) − Qd∗ (s, a) ≤ ∆. For
any initial state distribution µ0 and partial policy ψ, if for each d ∈ {0, . . . , D − 1}, ed+ (ψ) ≤ ,
then REG(µ0 , ψ) ≤ ∆D.

(5)

Proof We first bound the sub-optimality of ψ + . By applying Lemma 2 with π 0 = π ∗ and π = ψ 0
we can infer

d=0

h
i D−1
X 

+
+
E V0∗ (s0 ) − V0ψ (s0 ) =
E Vd∗ (sd ) − Qd∗ (sd , ψ + (sd )) , where sd ∼ µd (ψ0:d−1
).

12
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UCT (Kocsis and Szepesvári, 2006) is an online planning algorithm. Given the current state s, UCT
selects an action by building a sparse lookahead tree over the state space reachable from s. Thus,
s is at the root of the tree. Edges from s correspond to actions and their outcomes so that the tree

4.1 UCT

This section first describes the UCT algorithm, which is the base planner used in all the experiments.
We then describe the partial policy representation and the learning algorithm. Finally, we specify
how we generate the training data.

4. Implementation Details

FT-QCM tries to minimize this regret bound by minimizing ∆d (ψ) via supervised learning at each
depth. As we will show in our experiments, it is possible to maintain small expected Q-cost with
significant pruning, while the same amount of pruning would result in a much larger zero-one cost.
When this is true, the benefits of FT-QCM over OPI and FT-OPI can be significant, which is shown
in our experiments.

Since ψ ∗ is subsumed by ψ we can apply Lemma 1 to get the result.

By our assumption that ∆d (ψ) ≤ ∆ for all d, we can combine this with the above to obtain
i
h
∗
E V0∗ (s0 ) − V0ψ (s0 ) ≤ ∆D.

d=0

i D−1
h
X
∗
∗
E [Vd∗ (sd ) − Qd∗ (sd , ψ ∗ (sd ))] , where sd ∼ µd (ψ0:d−1
).
E V0∗ (s0 ) − V0ψ (s0 ) =

Proof Applying Lemma 2 with π 0 = π ∗ and π = ψ ∗ we get that

Theorem 5 For any initial state distribution µ0 and partial policy ψ, if for each d ∈ {0, . . . , D−1},
∆d (ψ) ≤ ∆, then REG(µ0 , ψ) ≤ ∆D.

that ψ ∗ always selects the best unpruned action. We define the state distributions for FT-QCM as
∗
∗
the state distribution induced by
Q-cost of
 ψ , i.e. µd = µd (ψ0:d−1 ). We will
 denote the expected
∗
ψ at depth d to be ∆d (ψ) = E Vd∗ (sd ) − maxa∈ψd (sd ) Qd∗ (sd , a) , where sd ∼ µd (ψ0:d−1
).
Unlike OPI and FT-OPI, this algorithm requires the ability to estimate action values of suboptimal actions in order to sample from µd . That is, sampling from µd requires generating trajectories of ψd∗ , which means we must be able to accurately detect the action in ψd (s) that has maximum
value, even if it is a sub-optimal action. The additional overhead for doing this during training depends on the search algorithm being used. For many algorithms, near-optimal actions will tend to
receive more attention than clearly sub-optimal actions. In those cases, as long as ψd (s) includes
reasonably good actions, there may be little additional regret. We use long runs of UCT to approximate ψd∗ and use UCT’s Q estimates in the cost function. The full implementation is described in
section 4.
There is a significant theoretical benefit to using expected Q-cost for learning compared to zeroone cost. The following bound, which motivates the FT-QCM algorithm, shows that the dependence
on D decreases from worst-case quadratic (for OPI and FT-OPI) to linear.

Since we have assumed that ed+ (ψ) ≤ , we know that for each d the probability that ψ + does not
+
select an optimal action for states sd ∼ µd (ψ0:d−1
) is no more than . In addition, by assumption,
the worst case regret of such erroneous action choices is bounded by ∆. Thus, each expectation
term of the right-hand-side of Equation 5 can be bounded by ∆. Summing these D terms then
implies that
h
i
+
E V0∗ (s0 ) − V0ψ (s0 ) ≤ ∆D.

Since ψ + is subsumed by ψ, we can apply Lemma 1 to yield the result.
This result implies that if ∆ is significantly smaller than D, then FT-OPI has the potential to outperform OPI given the same bound on zero-one cost. In the worst case ∆ = D and the bound will
equal to that of OPI.
3.3 FT-QCM: Forward Training Q-Cost Minimization
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While FT-OPI addressed one potential problem with OPI, they are both based on zero-one cost,
which raises other potential issues. The primary weakness of zero-one cost is its inability to distinguish between large pruning errors and small pruning errors. It was for this reason that FT-OPI
required the assumption that all action values had sub-optimality bounded by ∆. However, in many
problems, including those in our experiments, that assumption is unrealistic, since there can be many
highly sub-optimal actions. For example, in Chess, some actions might lead to unavoidable defeat.
This motivates using a cost function that is sensitive to the sub-optimality of pruning decisions.
In addition, it can often be difficult to learn a ψ that has small zero-one cost while also providing
significant pruning. For example, in many domains, in some states there will often be many nearoptimal actions that are difficult to distinguish from the slightly better optimal action. In such cases,
achieving low zero-one cost may require producing large action sets. However, learning a ψ that
provides significant pruning while reliably retaining at least one near-optimal action may be easily
accomplished. This again motivates using a cost function that is sensitive to the sub-optimality
of pruning decisions, which is accomplished via our third algorithm, Forward Training Q-Cost
Minimization (FT-QCM)
The cost function of FT-QCM is the minimum sub-optimality, or Q-cost, over unpruned actions.
In particular, we use Cd (s, A0 ) = Vd∗ (s) − maxa∈A0 Qd∗ (s, a). Our state distribution will be defined
similarly to that of FT-OPI, only we will use a different reference policy. Given a partial policy ψ,
∗
) where ψd∗ (s) = arg maxa∈ψd (s) Qd∗ (s, a), so
define a new complete policy ψ ∗ = (ψ0∗ , . . . , ψD−1
11

log n(s)
n(s, a)
(6)
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where c is a positive constant that controls the exploration bonus. In practice, c is often tuned
separately on a per-domain basis. The selected action is then executed and the resulting state is
added to the tree if it is not already present. This action selection rule is based on the UCB rule (Auer
et al., 2002) for multi-armed bandits, which seeks to balance exploration and exploitation. The first
term Q(s, a) is large for actions with high Q value estimates (exploitation), while the second term
is large for actions that have been visited less often (exploration), relative to the number of visits to
the parent state. The exploration bonus decreases as the action is visited more often.

QU CB (s, a) = Q(s, a) + c

s

(9)

(8)
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We begin by reducing partial policy learning to set learning. As mentioned before, the designer
chooses a fixed fraction of actions to prune in each state. The pruning fraction σd can vary from 0
to 1, where σd = 1 indicates maximum pruning. The choice of σd allows the designer to tradeoff
the time constraints of the decision problem with the expected cost achievable by the S ET L EARN
algorithm. In this work, we perform a post-hoc analysis of the expected cost of ψd for a range of
pruning values and select values of σd that yield reasonably small costs. In section 6, we give details
of the selections used in our experiments.
Once σd is fixed, we have induced a set learning problem. Next, we convert the set learning
problem to a ranking problem. That is, for states at depth d, we seek to learn a scoring function over
actions that will allow us to prune away the bottom σd fraction of actions. In this work, we use linear
ranking functions for their computational efficiency and simplicity, although non-linear approaches
(e.g., deep neural networks) may also be used. Formally, we have a n-dimensional weight vector
wd and a user-provided feature vector φ(s, a) over state-action pairs. The linear ranking function
fd (s, a) = wdT φ(s, a) allows us to define a total order over actions, breaking ties lexicographically.
Thus, wd along with the pruning fraction σd fully parameterizes the partial policy component ψd ,
which is defined as the set of d(1 − σd ) × |A|e highest ranked actions.
Next, we specify how we implement the S ET L EARN procedure. Each training set will consist
of pairs {(si , ci )}, where si is a state and ci is a vector that assigns a cost to each action. We first
describe the reduction to cost-sensitive binary classification and then specify the method by which
the training data is generated from long runs of UCT. For OPI and FT-OPI, the cost vector assigns 0
to the optimal action and 1 to all other actions. For FT-QCM, the ci give the Q-costs of each action,
obtained from the Q estimates during offline UCT. We learn the partial policy by first learning the

4.2 Partial Policy Representation and Learning

The equation computes the average reward of rollout trajectories that pass through the node
(s, a). As previously mentioned, the algorithm is run for some fixed number of simulations before
selecting the best action at the root, typically, the action with the largest Q value, although selecting
the action with the most visits is also popular. This particular algorithm has two parameters, the
exploration constant c, and the number of rollout trajectories.
The above version is the most basic form of UCT, which has received a very large amount of
attention in the game-playing and planning community. See Browne et al. (2012) for a comprehensive survey of the MCTS family of algorithms. We defer the discussion of the MCTS family and
relevant UCT variants to section 5. Next, we describe the partial policy representation and learning
framework used in our experiments.

1
Q(s, a) ← Q(s, a) +
(R − Q(s, a))
n(s, a)

n(s, a) ← n(s, a) + 1

(7)

Having described a procedure to generate trajectories, we now describe the method used to
update the tree. After the trajectory reaches a terminal state and receives a reward R, the action
values and counts of each state along the trajectory are updated. In particular, for any state action
pair (s, a), the update rules are,

consists of alternating layers of state and action nodes. Finally, leaf nodes correspond to terminal
states. Each state node in the tree stores Q estimates for each of the available actions. During
search, the Q values are used to select the next action to be executed. The algorithm is anytime,
which means that a decision can be obtained by querying the root at any time. A common practice
is to run the algorithm for a fixed number of trajectories and then select the root action which has
the largest Q value.
UCT became famous for advancing the state-of-the-art in Computer Go (Gelly et al., 2006;
Gelly and Silver, 2007). Since then, however, many additional successful applications have been
reported, including but not limited to the IPCC planning competitions (Keller and Helmert, 2013),
general game playing (Méhat and Cazenave, 2010; Finnsson, 2012), Klondike Solitaire (Bjarnason
et al., 2009), tactical battles in real-time strategy games (Balla and Fern, 2009) and feature selection
(Gaudel and Sebag, 2010). See Browne et al. (2012) for a comprehensive survey.
The algorithm is unique in the way that it constructs the tree and estimates action values. Unlike
standard minimax search or sparse sampling (Kearns et al., 2002), which build depth-bounded trees
and apply evaluation functions at the leaves, UCT neither imposes a depth bound nor does it require
an evaluation function. Rather, UCT incrementally constructs a tree and updates action values by
carrying out a sequence of Monte-Carlo rollouts of entire trajectories from the root to the terminal
state. The key idea in UCT is to bias the rollout trajectories towards promising ones, indicated
by prior trajectories, while continuing to explore. The outcome is that the most promising parts
of the tree are grown first while still guaranteeing that an optimal decision will be made given
sufficient time and memory. Tree construction is incremental since each rollout introduces only a
small number of additional nodes to the tree, typically one state node and its immediate children
(action nodes).
There are two key algorithmic choices in UCT. The first is the policy used to conduct each rollout. We employ the popular method of random action selection which is simple, fast, and requires
no domain knowledge. The second choice is the method for updating the value estimates in the tree
in response to the outcome produced by the rollout. A commonly used technique requires that each
node store: a) the number of times the state (or action) node has been visited in previous rollouts
n(s) (or n(s, a)), b) the current estimate of each action value Q(s, a). Given this information at
each state node, UCT performs a rollout starting at the root state of the tree. If there exist actions
that have yet to be tried, then a random choice is made over these untried actions. Otherwise, when
all actions have been tried at least once, the algorithm selects the action that maximizes an upper
confidence bound given by
n(s) ← n(s) + 1
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{(φ(s, a∗ ) − φ(s, aj ) , c(a∗ ) − c(aj )) | aj 6= a∗ }
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−→

ranking function in a way that attempts to rank the optimal action as highly as possible and then
select an appropriate pruning fraction based on the learned ranker.
For rank learning, we follow a common approach of converting the problem to cost-sensitive
binary classification. In particular, for a given example (s, c) with optimal action a∗ , we create a
cost-sensitive classification example for each action aj 6= a∗ of the form,
(s, c)
Learning a linear classifier for such an example will attempt to rank a∗ above aj according to
the cost difference. This produces m − 1 training examples for a state with m actions. We apply
an existing cost-sensitive learner (VW, (Langford, 2011)) to learn a weight vector based on the
pairwise data. The learning algorithm is standard binary classification with squared loss and L2
regularization, set to 0.01. We also randomly flip the ranking constraints with uniform probability
in order to balance the binary class labels. In VW format, each training example consists of a
cost, binary label, and feature difference vector. Finally, we experimented with other methods
of generating ranking constraints for the reduction from set learning to ranking (e.g., all pairs,
unpruned vs pruned). The simple technique described above performed best in this experimental
setup. Note that this implies that the training of fd is independent of σd .
4.3 Generating Training States
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Each of our algorithms requires sampling training states from trajectories of particular policies.
OPI and FT-OPI require approximately computing πd∗ . FT-QCM has the additional requirement
of approximating the action values for sub-optimal actions. Our implementation of this is to first
generate a set of trees using substantial search, which provides us with the required policy or action
values. We then sample trajectories from those trees.
More specifically, our learning algorithm is provided with a set of root states by using expensive
runs of UCT to select actions along complete trajectories, starting from a state drawn from the initial
state distribution of a domain. We let S0 denote the set of states encountered along these trajectories,
noting that we can view S0 as being drawn from the target distribution µ0 . For each s0 ∈ S0 , we
store the tree produced by UCT, noting that the resulting trees will typically have a large number
of nodes on the tree fringe that have been infrequently visited. Since such states are not useful for
learning, we select a depth bound D such that nodes at depth d < D have been sufficiently explored
and have meaningful action values. The trees are then pruned to depth D.
Given this set of depth D trees, we can now generate execution trajectories using the action
selection rule for each algorithm (Table 1) and the MDP simulator to sample subsequent states.
For example, OPI simply requires running trajectories through the trees based on selecting actions
according to the optimal action estimates at each tree node. The state at depth d along each trajectory
is added to the data set for training ψd . FT-QCM samples states for training ψd by generating length
∗
d trajectories of ψ0:d−1
.
Each such action selection requires referring to the estimated action values and returning the
highest-valued action that is not pruned. The final state on the trajectory is then added to the training
set for ψd . Note that since our approach assumes i.i.d. training sets for each ψd , we only sample
a single trajectory from each tree. However, our experiments indicate that multiple trajectories
can be sampled from the tree without significant performance loss (although the guarantee is lost).
Doing so allows many additional examples to be generated per tree, avoiding the need for additional
expensive tree construction.
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Figure 2: Training data generation and ranking reduction for each algorithm. Start by sampling
s0 from the same initial state distribution µ0 . OPI uses the optimal policy at each depth
whereas FT-OPI and FT-QCM use the most recently learned complete policy (at depth
d − 1). OPI and FT-OPI use 0-1 costs. Only FT-QCM uses the Q cost function, which
turns out to be critical for good performance.

5. Related Work

While there is a large body of work on integrating learning and planning, we do not know of any
work on learning partial policies for speeding up online MDP planning.

There are a number of efforts that study model-based reinforcement learning (RL) for large
MDPs that utilize tree search methods for planning with the learned model. Examples include RL
using FSSS (Walsh et al., 2010), Monte-Carlo AIXI (Veness et al., 2011), and TEXPLORE (Hester
and Stone, 2013). However, these methods focus on model/simulator learning and do not attempt to
learn to speedup tree search, which is the focus of our work.

Work on learning search control knowledge in deterministic planning and games is more related.
One research direction has been on learning knowledge for STRIPS-style deterministic planners.
Examples of this approach are learning heuristics and policies for guiding best-first search (Yoon
et al., 2008) or state ranking functions (Xu et al., 2009). The problem of learning leaf evaluation
heuristics has also been studied in the context of deterministic real-time heuristic search (Bulitko
and Lee, 2006). As another example, evaluation functions for game tree search have been learned
from the “principle variations” of deep searches (Veness et al., 2009). A related body of work
involves iterative deepening heuristic search and its variants (Korf, 1985; Reinefeld and Marsland,
1994). Control knowledge is typically leveraged using heuristic scoring functions, transposition
tables and principal variations. These methods often improve search by using memory-intensive
control knowledge (e.g., hash tables) and incrementally expanding the search, but do not provide
theoretical guarantees. Nevertheless, the idea of progressive widening and iterative deepening is
extremely appealing and one that we intend to explore more in future work.
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The idea of using deep UCT search to generate high-quality state-action training pairs has been
proposed recently (Guo et al., 2014). This work is intuitively similar to the work in this paper. The
high-quality training data is used to train a stationary reactive policy using a deep neural network
(DNN) policy. This is standard imitation learning, where the goal is to learn a reactive policy.
The resulting DNN policy performs very well on a number of ATARI games. However, even this
sophisticated reactive policy cannot outperform deep (but slower) UCT search. This work provides
examples of domains in which an advanced reactive controller is outperformed by sufficiently deep
lookahead tree search. Our work attempts to provide a rigorous middle ground between reactive
decision-making and expensive unpruned search.
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1. The search performance of UCT using a partial policy learned by the FT-QCM algorithm, denoted as UCT(FT-QCM), is significantly better than that of FT-OPI and OPI in both domains.

We perform a large-scale empirical evaluation of the partial policy learning algorithms on two challenging MDP problems. The first, Galcon, is a variant of a popular real-time strategy game, while
the second is Yahtzee, a classic dice game. Both problems pose a serious challenge to MCTS algorithms, for different reasons. However, in both domains, UCT, enhanced with learned partial
policies, is able to significantly improve real-time search performance over every baseline. The key
experimental findings are listed next.

6. Experiments

There have been a number of efforts for utilizing domain-specific knowledge in order to improve/speedup MCTS, many of which are covered in recent surveys (Browne et al., 2012; Gelly
et al., 2012). The two main methods involve progressive bias and progressive widening. The core
idea of progressive bias involves adding a quantity f (s, a) for guiding action selection during search.
f (s, a) may be hand-provided (Chaslot et al., 2007), or learned (Gelly and Silver, 2007; Sorg et al.,
2011). Generally, there are a number of parameters that dictate how strongly f (s, a) influences
search and how that influence decays as search progresses. In Sorg et al. (2011), control knowledge
is learned via policy-gradient techniques in the form of a reward function and used to guide MCTS
with the intention of better performance given a time budget. So far, however, the approach has
not been analyzed formally and has not been demonstrated on large MDPs. Experiments in small
MDPs have also not demonstrated improvement in terms of wall clock time over vanilla MCTS. The
second method, progressive widening, is more popular in problems with large or continuous action
spaces. The main idea here is to start the search with small action sets and introduce new actions as
search progresses (Couëtoux et al., 2011a,b). For example, one may add a new action (sometimes
called “unpruning”) when the number of visits to a state exceeds a heuristically chosen threshold.
Although progressive widening is intuitively appealing and clearly required for anytime search in
large action spaces, we were unable to find any existing method that leverages control knowledge
or works in a principled manner.
Finally, MCTS methods often utilize hand-coded or learned rollout policies (sometimes called
“default policies”) to improve anytime performance. A very well-known example is MoGo (Gelly
et al., 2006). While this approach has shown promise in specific domains such as Go, where the
policies can be highly engineered for efficiency, we have found that the large computational overhead of a learned rollout policy makes its usage hard to justify. The key issue is that the use of
any learned rollout policy requires the evaluation of a feature vector at each state (or state-action
pair) encountered during the rollout. Rollouts are typically far longer than the depth of the search
tree, especially during the initial part of the sequential problem. This results in a massive number of
additional feature evaluations, far greater than the number of evaluations performed by the heuristic
bias methods discussed above which only require a feature evaluation once for every new action
node added to the tree. Thus, the use of learned rollout policies may cause orders of magnitude
fewer trajectories to be executed, compared to vanilla MCTS. In our experience, this can easily lead
to degraded performance per unit time. Furthermore, there is little formal understanding about how
to learn such rollout policies in principled ways, with straightforward approaches often yielding
decreased performance (Silver and Tesauro, 2009).
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Galcon: The first domain is a variant of a popular two-player real-time strategy game, illustrated in
Figure 3. The agent seeks to maximize its population by launching variable-sized population fleets
from one of the planets currently under its control. The intention may be to either reinforce planets
already controlled, attack an
 enemy planet, or capture an unclaimed planet. This produces a large
action space (O |planets|2 ), where an action is defined as the triple (source planet, destination
planet, fleet size). In our experiments, we use maps with 20 planets and three discrete levels of
fleet size (small, medium, large). This often leads to game states where the action space contains
hundreds of actions. The exact set of actions varies during the game as control over planets changes.
State transitions are typically deterministic, unless a battle occurs. During each battle, a unit is
randomly chosen from the two armies for termination. The battle ends when only one army remains.
The maximum length of a game is restricted to 90 moves.
The search complexity caused by the large action branching factor is exacerbated by the relatively slow simulator and the length of the game. In this setting, UCT can only perform a small
number of rollouts even when the search budget is as large as eight seconds per move. In fact,
even at the largest search budgets, UCT only sparsely expands the tree beyond depths two or three.
Note, however, that the rollout component of UCT is run to the end of the game and hence provides
information well beyond these shallow depths. Finally, the second player or adversary is fixed to
be a UCT agent with a budget of one second per move. All evaluations are performed against this
fixed adversary. Note that at one second per decision, the fixed adversary effectively acts randomly,
especially during the initial part of the game. However, further increase in the adversary’s search
budget is impractical because of the significant computational cost of evaluating search agents in
this domain.
The agent’s performance can be measured in terms of the final population difference. This value
is zero when the game is tied, a large positive value when the agent wins convincingly and a negative
value when the agent is much weaker than the adversary. The rollout policy used is random unless
mentioned otherwise, while the exploration bias c is set to 0.75 in Galcon, after a brief grid search
showed that search performance was relatively invariant to the exploration bonus as long as the
parameter was set sufficiently high. The exploration bias was not optimized in favor of any of the
three algorithms presented in this paper and is kept constant.

6.1 Experimental Domains

5. It is critical to incorporate the computational cost of using control knowledge into the search
budget during evaluation. Ignoring the computational cost of knowledge can significantly
change the perceived relative performance of different algorithms.

4. The quality of the training data deteriorates quickly as depth d increases. Regret increases as
d increases.

3. The average regret of the pruning policies on a supervised dataset of states is strongly correlated with the search performance, which is in line with our formal results. FT-QCM has
significantly lower regret than FT-OPI and OPI.

2. UCT(FT-QCM) performs significantly better than vanilla UCT and other “informed” UCT
variants when the search budget is small. Given a larger search budget, UCT(FT-QCM) wins
in Galcon and achieves parity in Yahtzee.
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Figure 3: A visualization of a Galcon game in progress. The agent must direct variable-sized fleets
to either reinforce planets under its control, take over enemy planets, or unoccupied ones.
The decision space is large, often involving hundreds of actions.

4. We are also in the process of open-sourcing the entire code base.

JMLR 18(65):1-35, 2017

Yahtzee: The second domain is a classic dice game which consists of thirteen stages. In each
stage, the agent may roll any subset of the five dice at most twice, after which the player must
select one of the empty categories. A category, once selected, may not be reselected in later stages.
This produces a total of 39 decisions that must be made per game, where the last action trivially
assigns the only remaining category. The categories are divided into upper and lower categories
with each one scored differently. The lower categories roughly correspond to poker-style conditions
(“full house”, “three of a kind”, “straight”, etc.), while the upper categories seek to maximize the
individual dice faces (ones, twos, ..., sixes). A bonus of 35 points is awarded when the sum of the
upper category scores exceeds 63. This ensures that the player must very carefully assign categories
since the loss of the bonus has a large impact on the final score. The maximum score at the end of
any game is 375, which is very hard to achieve. The above implementation is the simplest version of
the game, restricted to a single “Yahtzee” (all five dice faces are identical). Our implementation for
the simulator will be made available upon request4 . Figure 4 shows a summary of the rules of the
game. The UCT algorithm, including all parameter values, is identical to the one used in Galcon.
The trees generated by UCT differ significantly in the two domains. Compared to Galcon,
Yahtzee has a relatively small action branching factor, smaller time horizon and a fast simulator.
Furthermore, the available actions and the branching factor in Yahtzee decrease as categories are
filled, whereas in Galcon, the agent occupying more planets has a larger action set. Thus, we can
play many more games of Yahtzee per unit time compared to Galcon. However, Yahtzee poses a difficult challenge for MCTS algorithms due to the dice rolls which increase the state branching factor
and add variance to the Q value estimates. Consequently, even deep search with the UCT algorithm
is error-prone and struggles to improve performance with larger search budgets. As in Galcon, the
search quality of UCT degrades significantly at depths beyond two or three. Note, however, that
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Figure 4: A typical scoring sheet for Yahtzee, consisting of five dice and 13 categories. In each
game, all 13 categories must be scored, one per stage. Each stage consists of at most
three dice rolls (original roll + two more controlled by the player). The objective is to
maximize the total score. The dice rolls increase the tree size and adds variance during
rollouts. Our simulator implements the variant where at most one “Yahtzee” (all five dice
faces are identical) can be recorded.
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The clear superiority of FT-QCM merits further investigation. Recall that FT-QCM differs from
FT-OPI only in terms of the cost function. Given the near-identical performance of FT-OPI and
OPI, it seems that forward training is less relevant to performance. Therefore, we conclude that
the performance improvement comes from incorporating the Q-cost instead of zero-one cost. Next,
we analyze the learned partial policies to gain additional insight into the impact of Q-cost learning,
compared to zero-one cost and forward training.

Second, we observe that all search algorithms perform better as the search budget is increased.
However, the pruning thresholds significantly impact the performance gain across the anytime curve.
In Galcon, this impact is highlighted by the steep curves for σd = 0.5, compared to the relatively
flat curves for larger pruning thresholds. In Yahtzee, although performance appears to increase very
slowly, this small increase corresponds to a significant improvement in playing strength.

The first observation is that FT-QCM is clearly better than FT-OPI and OPI in both domains.
FT-OPI and OPI are only competitive with FT-QCM in Galcon if small pruning is applied (bottom
left). In Yahtzee, FT-QCM is significantly better even when the pruning is reduced to 50%.

We learn ranking functions using each of the three learning algorithms, as described in section 4.2.
We obtain a set of partial policies by varying the pruning thresholds σd . Recall from section 4.2 that
our implementation of rank function learning does not depend on σd . The learned partial policies are
used to prune actions during search. Figure 5 shows the impact on search performance using UCT
as the fixed base search algorithm. The first row shows the results for a large amount of pruning
(σd = 0.90) while the second and third rows have progressively smaller pruning thresholds.

6.3 Comparing OPI, FT-OPI, and FT-QCM

Galcon features: The features are defined over the next state (or “afterstate”) produced by
simulating the action in the current state. The salient attributes of the next state for launch actions
include attributes of the source and destination planet like the planet size, its current population, the
growth rate, and the incoming enemy threat. All real-valued features are discretized into 100 bins,
using a one-hot encoding. For destination planets, the feature vector consists of the concatenation
of three one-hot sub-vectors, corresponding to whether the destination planet is occupied by the
current player, by the adversary, or unoccupied by either player. Note that exactly one of the three
sub-vectors is non-zero for a particular destination planet. For “do nothing” actions, we have a
single indicator feature. Finally, we also have a constant (bias) feature. This leads to a total feature
space of size 1602, but only a small number (typically nine) are active for a given state-action pair.
However, the computation of φ(s, a) is still slow due to the simulator call to obtain the next state.

As previously mentioned, we learn partial policies by learning linear scoring functions. This
requires us to compute state-action features φ(s, a) that capture salient attributes. We now describe
the features used in each domain.

We now describe the procedure used to generate training data for the three learning algorithms, OPI,
FT-OPI, and FT-QCM. Each algorithm is provided with root states generated by playing approximately 200 full games. In Galcon, UCT is allowed to search for 600 seconds per move, whereas
in Yahtzee, UCT is given 120 seconds per move. Each game results in a trajectory of states visited
during the game. All of those states across all games constitute the set of root states used for training as described in section 4. Despite the enormous search budget, depths beyond two or three are
sparsely expanded, due to the large state and action branching factors. We therefore set the search
depth bound (D) to 3 for learning, since the value estimates produced by UCT for deeper nodes are
often inaccurate. Thus, the learned partial policy has the form ψ = (ψ0 , ψ1 , ψ2 ). When UCT generates tree nodes at depths greater than D, we prune using ψ2 . As previously mentioned, we do not
limit the rollouts of UCT to depth D. Rather, the rollouts proceed until terminal states, which provide a longer-term heuristic evaluation for tree nodes. However, we have confirmed experimentally
that such nodes are not visited frequently enough for pruning to have a significant impact.

6.2 Partial Policy Learning Setup

The final score is always non-negative for Yahtzee, but may be negative for Galcon if the agent loses
the game. In order to achieve a consistent comparison between the supervised metrics and search
performance, we perform a linear rescaling of the score so that the performance measure now lies in
the interval [0, 1]. In our experiments, we provide this measure as reward to the agent at the end of
each trajectory. That is, rewards are zero everywhere except in terminal state-action pairs. Note that
a reward above 0.5 indicates a win in Galcon. In Yahtzee, a reward value of 1.0 is the theoretical
upper limit achievable in the best possible outcome, which rarely occurs in practice. Furthermore,
even a small increase in the reward (e.g., 0.1) is a significant improvement in Yahtzee.

Evaluation metrics: We report the search budget in real-time (e.g., 4 seconds per move) instead
of the number of simulations. Each point on the anytime curve is the average of 1000 final game
scores, with 95% confidence intervals. This large-scale evaluation has massive computational cost
and requires access to a cluster. The use of time-based search budgets in a cluster environment
adds variance, requiring additional evaluations and averaging. However, an important result of the
following experiments is that the use of time to measure budgets is essential for a fair comparison
of “knowledge-injected” search algorithms.

Yahtzee features: The features for the current state-action pair are defined over the next state,
which is sampled by calling the simulator on the current state-action pair. The state-action feature
vector is specified using a sparse one-hot encoding, where each of the 13 categories has 100 features
assigned to it with one additional bias feature. The feature value for each unfilled category is a
measure of how “close” the dice are to achieving the maximum score for that category, discretized
into 100 bins. A perfect score returns a feature value of 1, whereas a category selection that does not
add to the game score returns a feature value of 0. However, “select” actions for the upper categories
that achieve binary outcomes (e.g., either a “full house” is achieved or not), are encoded using
binary indicator features. All “roll” actions use discretized features, encoding how close the roll
action brings the dice to a desired configuration. Note that there is large variance in the state-action
features due to the dice rolls. This variance may be reduced by sampling more states and averaging.
However, doing so would significantly increase the computational overhead of computing φ(s, a).

the performance degradation in Yahtzee is primarily caused by the transition stochasticity from the
dice rolls, although the action branching factor remains significant. As in Galcon, UCT rolls out
trajectories to the end of the game. Doing so provides information from states much deeper than the
depth of the tree.

Normalizing rewards
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Figure 5: The search performance of UCT using partial policies learned by FT-QCM, FT-OPI, and
OPI as a function of the search budget. The results for Galcon are in the first column,
the results for Yahtzee in the second. Each row corresponds to a different set of pruning
thresholds. The top row shows the results of pruning 90% of the actions whereas the
bottom row prunes 50%. FT-QCM easily outperforms FT-OPI and OPI in five instances
and is tied in the sixth. As mentioned in section 6.1, the reward (bounded by [0, 1]) is a
linear function of the raw score, measured at the end of the game.

(e) Galcon, σd = 0.50

Average Episodic Reward
Average Episodic Reward
Average Episodic Reward

Average Episodic Reward
Average Episodic Reward
Average Episodic Reward

6.4 Relating search and regret
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In order to better understand how search performance is related to the quality of the pruning policies,
we analyze the learned partial policies on a held-out dataset of trajectories. In particular, for each
linear partial policy, we compute its average pruning error and average regret as the level of pruning
is increased from none (σd = 0) to maximum (σd = 1.0). Recall the definition of pruning error from
Equation 4, which is the probability of ψ pruning away the optimal action (w.r.t. the expert policy).
The definition for regret is given in Equation 3. These supervised metrics are computed by averaging
over a held-out dataset of root states taken from at least one thousand trajectories. Figure 6 shows
these supervised metrics on Galcon for each of the three depths. The left column shows the average
regret while the right column is the average pruning error rate. The result of pruning randomly
is also shown since it corresponds to pruning with random action subsets. Figure 7 shows the
corresponding results for Yahtzee.
We start at the root, which is the first row in both figures. As expected, both regret and error
increase as more actions are pruned. The key result here is that FT-QCM has significantly lower
regret than FT-OPI and OPI for both domains. The lower regret is unsurprising given that FT-QCM
uses the regret-based cost function while FT-OPI and OPI use zero-one costs. However, FT-QCM
also demonstrates the least pruning error in both problems. Given that the same state distribution is
used at the root, this observation merits additional analysis.
There are two main reasons why FT-OPI and OPI do not learn good policies. First, the linear
policy space has very limited representational capacity. Second, the expert trajectories are noisy.
The poor quality of the policy space is highlighted by the spike in the regret at maximum pruning,
indicating that all three learners have difficulty imitating the expert. We also observe this at the end
of training, where the final 0-1 error rate remains high. The expert’s shortcomings lie in the difficulty
of the problems themselves. For instance, in Galcon, very few action nodes at depths d > 0 receive
sufficient visits. In Yahtzee, the stochasticity in dice rolls makes it very difficult to estimate action
values accurately. Furthermore, in states where many actions are qualitatively similar (e.g., roll
actions with nearly identical Q values), the expert’s choice of action is effectively random. This
adds noise to the training examples, which makes the imitation learning problem harder. However,
FT-QCM’s use of regret-based costs allows it to work well in Yahtzee at all depths, but only at the
root in Galcon. In Galcon, the expert deteriorates rapidly away from the root policy and the training
dataset becomes very noisy. Given the dominating performance of FT-QCM over OPI and FT-OPI,
we focus on FT-QCM for the remainder of the experiments.
6.5 Selecting σd
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We will now describe a simple technique for selecting σd . Recall that a good pruning threshold must
“pay for itself”. That is, in order to justify the time spent evaluating knowledge, a sufficient number
of sub-optimal actions must be pruned so that the improvement produced is larger than what would
have been achieved by simply searching more. At one extreme, too much pruning incurs large
regret and little performance improvement with increasing search budgets. At the other extreme, if
insufficient actions are pruned, search performance may be worse than that of uninformed (vanilla)
search due to the additional overhead of computing state-action features.
The key to selecting good values lies in the supervised metrics discussed above, where the regret
and search graphs are correlated. Thus, one simple technique for selecting σd is to use the largest
value that has sufficiently small regret. For instance, in Galcon, regret is near-zero for σ0 < 0.75 and
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(f) Galcon: Pruning error rate at d=2
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Figure 7: Average regret and pruning error for the learned partial policies ψd as a function of the
pruning ratio in Yahtzee. The metrics are evaluated with respect to a held-out test set of
states obtained from at least 1000 trajectories with root states sampled from µ0 . At depths
d > 0, FT-QCM continues to perform better than FT-OPI and OPI due to the relatively
higher quality of training data at deeper states.
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Figure 6: Average regret and pruning error for the learned partial policies ψd as a function of the
pruning ratio in Galcon. The metrics are evaluated with respect to a held-out test set of
states obtained from at least 1000 trajectories with root states sampled from µ0 . FT-QCM
has the least error and regret at the root. At depths d > 0, performance degrades towards
random due to noisy training data.
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increases sharply thereafter. The regret is practically zero for Yahtzee until the pruning threshold
exceeds 0.5 and only seems to increase significantly around 0.75. For simplicity, we choose a
constant pruning threshold and set σd to 0.75 for every value of d. As we will see next, using
FT-QCM partial policies with σd = 0.75 results in large performance gains across the anytime
curve. A more computationally expensive method of selecting σd would require the evaluation of
the planning performance of a number of different pruning thresholds.
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Figure 8(a) and Figure 8(b) show the results for Galcon and Yahtzee, respectively. They constitute
the main experimental result of this paper. We discuss the results for each domain separately below.
Galcon: The key observation in Figure 8(a) is that FT-QCM injected into UCT significantly
outperforms all other baselines at small search budgets and moderately large search budgets. The
search budget is measured in real time. As the search budget increases, the FT-QCM injection
continues to show slow improvement, whereas uninformed UCT fails to match performance even
at eight seconds per move. We were unable to get HB and IR to perform well, which is surprising
given prior reports of successful applications of these methods. IR performs particularly poorly
and is worse than even the reactive policies (Greedy, SARSA). The main reason for IR’s poor
performance is the massive computational overhead of its “informed” rollouts. In Galcon, games
(and therefore rollouts) are long which means that computing features for every legal state-action
pair incurs significant computational cost. Random rollout policies are much faster in comparison
and provide non-trivial value estimates. However, we observe that IR appears to be improving
rapidly and may eventually outperform UCT, but only at unreasonably large search budgets (e.g.,
ten minutes per move).
In contrast, heuristic bias (HB) is relatively inexpensive since it must only be computed once
for each state added to the tree. That is, HB has the same overhead as partial policy injection, which
allows HB to perform better than IR. However, HB is unable to improve over uninformed UCT.
This is surprising since prior work has described search agents that successfully leverage HB. In
our experiments, we observe that HB is sensitive to the particular choice of bias decay. Getting
HB to work well across the anytime curve is challenging and time-consuming. Next, we consider

Results

However, “informed” rollout policies have significantly larger computational costs compared to random action selection, since each rollout requires knowledge to be evaluated a very large number of
times. That is, the number of knowledge evaluations performed during policy rollouts is massive,
compared to the number of knowledge evaluations performed for tree nodes. We experimented with
other informed rollout policies, such as softmax as well as a complete policy that prunes all but one
action. However, none of these approaches were able to perform significantly better.
UCT with Random pruning (URP): A simple yet interesting baseline is the UCT algorithm
that prunes randomly. We use σd = 0.75 for consistency. URP avoids the cost of feature computation while simultaneously reducing the number of actions under consideration. URP is motivated by
the insight obtained in the previous section, where performance at small search budgets improved
with additional pruning. An important observation is that searching with random action subsets
corresponds to evaluating the search performance of a random partial policy which we analyzed in
Figure 6 and Figure 7.
Reactive policies: Finally, we consider policies that do not search. The first, “Greedy”, is simply arg maxa hG (s, a), acting greedily w.r.t. ψG . The second is a linear policy learned using the
SARSA(λ) RL algorithm (Barto et al., 1995) over the same features used to learn ψG . We experimented with different values of λ, exploration and learning rates, and report the best settings for
each domain. For Galcon, we observe that learning is negligible after 8000 games with exploration
rate  = 0.25, decay λ = 0.75, with a constant learning rate of 0.01. For Yahtzee, which has a much
faster simulator, we play 105 games using  = 0.2, λ = 0.1, and the same constant learning rate of
0.01. In both cases, RL is run until improvement becomes negligible.

na > 0

if na = 0

We will now compare FT-QCM with other search-based and reactive agents. Most of the baselines
require control knowledge in the form of either a policy or a heuristic evaluation function. Since the
partial policy learned by FT-QCM at the root has the least regret, we will use it in every technique
5 . We denote this partial policy as ψ and its linear scoring function as h (s, a) = w T φ(s, a).
G
G
G
Heuristic Bias (HB): Our first baseline is a popular technique for injecting a heuristic into the
MCTS framework. HB first adds a bias to an action node’s score and then slowly reduces it as
the node is visited more often. This has the effect of favoring high-scoring actions early on and
slowly switching to unbiased search for large budgets. This technique can be viewed as a form of
progressive widening (Chaslot et al., 2007) with biased action selection and encompasses a large
body of search variants. For example, one method uses the visit counts to explicitly control the
branching factor at each node (Couëtoux et al., 2011a). However, none of these methods come with
formal regret bounds and are agnostic to the choice of heuristic, if one is used. In our experiments,
we observed that search performance is extremely sensitive to the interaction between the reward
estimate, non-stationary exploration bonus, and the non-stationary bias term. In our domains, the
following heuristic worked better than the other variations considered.

= QU CB (s, a) + (1 − kn )KhG (s, a)

q(s, a) = KhG (s, a)

where K is a domain-specific constant and kn = n(s, a)/(n(s, a) + 1) is zero for an unvisited
action and increases towards one as the action is visited more. Thus, the exploration scaling term
(1 − kn ) is maximum (one) initially and decreases towards zero with each subsequent visit. Next,
QU CB (s, a) is the UCB score of an action node from Equation 6, combining the Q estimate with an
exploration bonus for infrequently visited action nodes. The best values of K and the exploration
constant c were obtained through a computationally expensive grid search.
Informed Rollout (IR): Another popular technique for using knowledge in UCT involves using an “informed” rollout policy. The underlying idea is that a biased rollout policy can produce
more accurate state evaluations than uniform random action selection. Typically, this policy is handengineered using expert knowledge (e.g., MoGo (Gelly et al., 2006)), but it can also be learned offline using domain knowledge (Silver and Tesauro, 2009) or online in a domain-independent manner
(Finnsson and Björnsson, 2010). Here, we use a MoGo-like strategy of selecting randomly from the
partial policy ψG using a pruning ratio of 0.75. That is, at each state during a rollout from a leaf
node, an action is randomly sampled from the top 25% of the action set with respect to the scoring
function hG . From the experiments in section 6.4, we expect this policy to have very small regret.
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5. We also tried regression and RL techniques to learn an evaluation function but none of the approaches worked as well
as FT-QCM.
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uninformed UCT which has zero overhead. As suspected, UCT is near-random at small time scales,
getting outperformed by the variant that prunes randomly (URP). The difficulty of planning in large
action spaces is highlighted by the strong performance of URP, which is second only to FT-QCM
across the anytime curve. Finally, the reactive policies (Greedy, SARSA) perform reasonably well,
but are incapable of utilizing larger time budgets. Greedy, in particular, appears to perform as well
as UCT with a search budget of one second per move. This is much better than the policy learned

Figure 8: The key empirical result of this paper shows that the search performance of UCT injected
with FT-QCM significantly outperforms all other baselines at small budgets. At larger
budgets, it either continues to win or achieves parity.
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The key issue seems to be the high computational cost of knowledge compared to conducting
additional search. In order to evaluate the true cost of knowledge in IR and HB, we switch to
measuring performance in terms of the number of simulated trajectories rather than wall-clock time.
This evaluation approach ignores the time-cost of applying either the evaluation heuristic or the
biased rollout policy. This reporting method has the advantage of being invariant to the architecture
and implementation and is widely used in the MCTS literature. Note that we cannot re-compute
these results by simply translating the time-based evaluations, since each rollout can take a variable
amount of time to finish. For example, rollouts from states at the start of a game take more time
compared to rollouts from near-terminal states. We therefore re-evaluate the agents, where each
search is now allowed to perform a fixed number of simulations from the root. The impact of
measuring search budgets using simulations instead of time is shown in Figure 9.

Given that many successful applications of biased initialization methods like HB and biased rollout
methods like IR have exhibited improved search performance in the literature, we were surprised
when HB and IR failed to improve over vanilla MCTS in our domains. Much tuning was required
for HB to balance the effect of different score components. In contrast, it is relatively simple to
bias rollouts and the results indicate that state-of-the-art performance is achievable with IR if one is
prepared to search for very long periods of time.

6.7 The cost of knowledge

Finally, URP performs very poorly in Yahtzee, in contrast to its good performance in Galcon.
The underlying reason is the relatively small percentage of good actions in a typical Yahtzee state.
In Yahtzee, URP’s random pruning will often result in the elimination of all reasonable actions,
which decreases performance. In Galcon, this is less likely to occur since there are a much larger
fraction of good actions.

HB and IR are uncompetitive in this domain. IR performs very poorly at first, for reasons
discussed previously. However, IR eventually overtakes all methods and the graph indicates that
performance may improve further, given additional time. However, HB is worse than UCT and
only manages to achieve parity at large time scales. The challenges of planning in Yahtzee are
clearly visible in the relatively flat anytime curves for each search variant and the high residual
variance, despite averaging over a thousand games. Given the relatively small action branching
factor compared to Galcon, it is notable that in Yahtzee, FT-QCM is able to perform significantly
better than all competing knowledge injections and reactive policies.

Yahtzee: FT-QCM easily outperforms all baselines in this domain. However, compared to
Galcon, the baselines are far more competitive at larger time scales and a number of methods achieve
parity with FT-QCM. Vanilla UCT is particularly good and quickly matches FT-QCM as the search
budget is increased. However, it is important to note that despite pruning 75% of the actions,
FT-QCM is able to significantly outperform vanilla UCT (and other baselines) for small decision
times and does not lose to vanilla UCT at larger search budgets. This result also confirms that
small supervised regret (Figure 6) translates into good performance as demonstrated by the strong
performance of Greedy. However, as in Galcon, both reactive policies are outperformed by searchbased techniques given sufficient time.

by the RL algorithm. Finally, at the smallest search budget, Greedy outperforms all other baselines
and is second only to FT-QCM.
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7. Summary and Future Work
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We have shown algorithms for offline learning of partial policies, which can be used to reduce the
action branching factor in time-bounded tree search. The algorithms leverage a reduction to i.i.d. supervised learning and the expected regret is shown to be bounded. Experiments in two challenging
domains show significantly improved anytime performance in Monte-Carlo Tree Search.
There are a number of promising directions to explore next. The first improvement is to the base
learner for the set learning problems. Recent work has studied more principled approaches for such
set learning problems via a list learning approach (Dey et al., 2013; Ross et al., 2013). While the
simplicity of the ranking approach used in our work is appealing, more sophisticated approaches
may yield significant performance gains in certain cases. Importantly, a major benefit of studying
algorithms within a reduction framework is that we can easily incorporate any such improvements
to base learners without needing to change the overall algorithm.
Another important implementation detail that requires additional exploration is the use of nonstationary partial policies. As mentioned previously, imitation learning algorithms, such as DAG31
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Finally, we are interested in exploring principled learning algorithms for other types of control
knowledge that can be shown to have guarantees similar to those in this paper. It can be argued
that a huge part of the success of MCTS methods is their flexibility to incorporate different forms
of knowledge, which are typically engineered for each application. Automating these processes in
a principled way seems to be an extremely promising direction for improving planning systems.

We would like to use the learned control knowledge to improve the expert policy, which was
responsible for generating the deep trees used for training. The learned partial policy is only as good
as the expert, so improvements to the expert may produce large improvements in search quality,
particularly at small time scales. For instance, in Yahtzee, we observe that the expert makes serious,
irreversible mistakes (for example, in category assignment at the end of the rolls). Avoiding expert
mistakes seems crucial to further improvement. An iterative method, alternating between learning
control knowledge and using the learned information to improve the expert, is likely to produce good
results. However, FT-QCM can only obtain good value estimates for unpruned actions. Thus, it is
important to analyze the regret bounds and performance from training only on a subset of actions.

Next, we seek a method than can replace the fixed-width forward pruning with a theoretically
justified progressive widening method. Doing so would allow the search to smoothly transition from
reactive decision-making to full-width search at larger time scales. It would also eliminate the need
to specify σd upfront. Ideally, the pruning level should depend on the remaining search budget.
Such a time-aware search procedure has the potential to produce state-of-the-art anytime search
performance. We are unaware of any method that leverages control knowledge for performing
time-aware search on a per-decision basis in a principled manner.
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GER (Ross et al., 2011), provide the same regret bounds as forward training using a stationary
policy, with data from different distributions combined into a single dataset. It is certainly appealing to have a single policy that shares data and parameters across depth instead of the depth-indexed
non-stationary partial policies considered here. However, one practical difficulty that arises in our
setting is that the training data extracted from long runs of UCT gets noisier with increasing depth.
Our initial attempts to mix data across depths led to poor performance. One way to control noise in
the supervised datasets, irrespective of depth, might be to run a separate, long UCT from any state
that is to be included in the dataset. It may be feasible to do so given sufficient computational resources. The performance of stationary partial policies compared to non-stationary partial policies
is worth future consideration.

7.5

UCT(FT-QCM) continues to win easily at search budgets that are relatively small. However, as
the search budget increases, HB and IR now demonstrate better performance. At the largest search
budgets, HB outperforms UCT in Galcon and achieves parity in Yahtzee. IR eventually outperforms
all other variants in Yahtzee. This improvement is noteworthy, given that IR performed very poorly
in the time-based evaluation. These experiments show that using biased rollouts can improve search
performance but only at exorbitant and unpredictable runtimes, varying with the particular state at
the root of the tree. A broader observation is that it seems very important to correctly incorporate
the cost of knowledge when comparing different injections, which has not always been the case in
prior work on MCTS.
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Figure 9: The results of measuring search performance using the number of simulations, instead of
time. Doing so eliminates the computational cost of using control knowledge. IR (UCT
with biased rollouts) now appears to perform much better. However, UCT with FT-QCM
continues to perform the best across significant portions of the anytime curve.
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i=1

n
X

V (f (xi ), yi ) + λkf k2Hk ,

(1)

2

f (x) = k(x, X)[K(X, X) + λI]−1 y,

(2)

where V is a loss function and λ > 0 is a regularization. When V is the squared loss V (t, y) =
(t − y)2 , the Representer Theorem (Schölkopf et al., 2001) implies that the minimizer is

L(f ) =

Given training data {(xi , yi )}i=1,...,n , a typical kernel method finds a function f ∈ Hk that
minimizes the following risk functional
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JMLR 18(66):1-42, 2017

j

which is nothing but the well-known kernel ridge regression. Similarly, when V is the hinge
loss, the minimizer leads to support vector machines.

i

equipped with the inner product
*
+
X
X
X
αi k(zi , ·),
βj k(wj , ·) =
αi βj k(zi , wj ).

Let X be a set and let k(·, ·) : X × X → R be a symmetric and strictly positive-definite
function. Denote by X = {xi ∈ X }i=1,....n a set of points. We write K(X, X), or sometimes
K for short when the context is clear, to denote the kernel matrix of elements k(xi , xj ).
Because of the confusing terminology on functions and their counterparts on matrices, here,
we follow the convention that a strictly positive-definite function k corresponds to a positivedefinite matrix K, whereas a positive-definite function corresponds to a positive semi-definite
matrix. For notational convenience, we write k(x, X) to denote the row vector of elements
k(x, xj ) and similarly k(X, x) to denote the column vector. In the context of regression/classification, the set X is often the d-dimensional Euclidean space Rd or a domain
S ⊂ Rd . Some of the methods discussed in this paper naturally generalize to a more abstract space. Associated to each point xi is a target value yi ∈ R. We write y for the vector
of all target values.
The Reproducing Kernel Hilbert Space Hk associated to a kernel k is the completion of
the function space
(m
)
X
αi k(zi , ·) | zi ∈ X , αi ∈ R, m ∈ Z+

1.1 Preliminary

tured. For n training examples, storing the matrix costs O(n2 ) memory and performing
matrix factorizations requires O(n3 ) arithmetic operations. One remedy is to resort to
compactly supported kernels (e.g., splines (Monaghan and Lattanzio, 1985) and Wendland
functions (Wendland, 2004)) that potentially lead to a sparse matrix. In practice, however,
the support of the kernel may not be sufficiently narrow for sparse linear algebra computations to be competitive. Moreover, prior work (Anitescu et al., 2012) revealed a subtle
drawback of compactly supported kernels in the context of parameter estimation, where the
likelihood surface is bumpy and the optimum is difficult to locate. For this reason, we focus
on the dense setting in this paper and the goal is to exploit structures that can reduce the
prohibitive cost of dense linear algebra computations.

Chen et al.

Kernel methods (Schölkopf and Smola, 2001; Hastie et al., 2009) constitute a principled
framework that extends linear statistical techniques to nonparametric modeling and inference. Applications of kernel methods span the entire spectrum of statistical learning, including classification, regression, clustering, time-series analysis, sequence modeling (Song
et al., 2013), dynamical systems (Boots et al., 2013), hypothesis testing (Harchaoui et al.,
2013), and causal modeling (Zhang et al., 2011). Under a Bayesian treatment, kernel methods also admit a parallel view in Gaussian processes (GP) (Rasmussen and Williams, 2006;
Stein, 1999) that find broad applications in statistics and computational sciences, including
geostatistics (Chilès and Delfiner, 2012), design of experiments (Koehler and Owen, 1996),
and uncertainty quantification (Smith, 2013).
This power and generality of kernel methods, however, are limited to moderate sized
problems because of the high computational costs. The root cause of the bottleneck is the
fact that kernel matrices generated by kernel functions are typically dense and unstruc-

1. Introduction

We propose a novel class of kernels to alleviate the high computational cost of large-scale
nonparametric learning with kernel methods. The proposed kernel is defined based on
a hierarchical partitioning of the underlying data domain, where the Nyström method
(a globally low-rank approximation) is married with a locally lossless approximation in a
hierarchical fashion. The kernel maintains (strict) positive-definiteness. The corresponding
kernel matrix admits a recursively off-diagonal low-rank structure, which allows for fast
linear algebra computations. Suppressing the factor of data dimension, the memory and
arithmetic complexities for training a regression or a classifier are reduced from O(n2 )
and O(n3 ) to O(nr) and O(nr2 ), respectively, where n is the number of training examples
and r is the rank on each level of the hierarchy. Although other randomized approximate
kernels entail a similar complexity, empirical results show that the proposed kernel achieves
a matching performance with a smaller r. We demonstrate comprehensive experiments to
show the effective use of the proposed kernel on data sizes up to the order of millions.
Keywords: Hierarchical kernels, Nonparametric Learning
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i=1

2X
cos(ωiT x + bi ) cos(ωiT x0 + bi ),
r

r

(7)

Chen et al.

.

where

k(x, x0 |X) = k(x, x0 ) − k(x, X)K(X, X)−1 k(X, x0 )

kNyström (x, x0 ) = k(x, x0 ) − k(x, x0 |X),

where r is the rank, and bi and ωi are iid samples of Uniform(0, 2π) and of a distribution
with density k̂, respectively. Note that (6) applies to any kernel whereas (7) applies to only
stationary ones.
The Nyström approximation admits a conditional interpretation in the context of GP.
The covariance kernel (6) can be equivalently written as

kFourier (x, x0 ) =

Hierarchically Compositional Kernels

0,

K(X∗ , X∗ )

in (6) necessarily replaced by a pseudo inverse. Various approaches for choosing the landmark points were compared in Zhang and Kwok (2010). For random Fourier features, let
k̂(ω) be the Fourier transform of k(r) and let k̂ be normalized such that it integrates to
unity; that is, k̂ is the normalized spectral density of k. Then, the kernel is

∼N

K(X∗ , X)

In the GP view, the kernel k serves as a covariance function. Assuming a zero-mean
Gaussian prior with covariance k, for any separate set of points X∗ and the associated vector
of target values y∗ , the joint distribution of y and y∗ is thus
 
 

y
K(X, X) K(X, X∗ )
y∗

(4)

Because of the Gaussian assumption, the posterior is the conditional y∗ |X∗ , X, y ∼ N (µ, Σ)
where
µ = K(X∗ , X)K(X, X)−1 y,
(3)
and
Σ = K(X∗ , X∗ ) − K(X∗ , X)K(X, X)−1 K(X, X∗ ).
A white noise of variance λ may be injected to the observations y so that the mean prediction
µ in (3) is identical to (2). One may also impose a nonzero-mean model in the prior to
capture the trend in the observations (see, e.g., the classic paper O’Hagan and Kingman
(1978) and also Rasmussen and Williams (2006, Section 2.7)).
Equations (2)–(4) exemplify the demand for kernels that may simplify computations
for a large K(X, X). We discuss a few popular approaches in the following. To motivate
the discussion, we consider stationary kernels whose function value depends on only the
difference of the two input arguments; that is, we can write by abuse of notation k(x, x0 ) =
k(r), where r = x − x0 ; for example, the Gaussian kernel


kx − x0 k22
k(x, x0 ) = exp −
(5)
2σ 2

The first approach is low-rank kernels. Examples are Nyström approximation (Williams
and Seeger, 2000; Schölkopf and Smola, 2001; Drineas and Mahoney, 2005), random Fourier
features (Rahimi and Recht, 2007), and variants (Yang et al., 2014). The Nyström approximation is based on a set of landmark points, X, randomly sampled from the training data
X. Then, the kernel can be written as

1.2 Approximate Kernels

parameterized by σ. The Fourier transform of k(r), coined spectral density, in a sense characterizes the decay of eigenvalues of the finitely dimensional covariance matrix K (Stein,
1999; Chen, 2013). The decay is known to be the fastest among the Matérn class of kernels (Stein, 1999; Rasmussen and Williams, 2006; Chilès and Delfiner, 2012), where Gaussian
being a special case is the smoothest. Additionally, the range parameter σ also affects the
decay. When σ → ∞, K tends to a rank-1 matrix; whereas when σ → 0, K tends to the
identity. The numerical rank of the matrix varies when σ moves between the two extremes.
The decay of eigenvalues plays an important role on the effectiveness of the approximate
kernels discussed below.

is nothing but the covariance of x and x0 conditioned on X. In other words, the covariance
kernel of Nyström approximation comes from a deduction of the original covariance by a
conditional covariance. The conditional covariance for any x (or symmetrically, x0 ) within
X vanishes and hence the approximation is lossless. Intuitively speaking, the closer the sites
are to X, the smaller the loss is. This explains frequent observations that when the size of
the set X is small, using the centers of a k-means clustering as the landmark points often
improves the approximation (Zhang et al., 2008; Yang et al., 2012). A caveat is that the
time cost of performing k-means clustering is often much higher than that of the Nyström
calculation itself. Hence, the improvement gained from clustering may not be as significant
as that from increasing the size of the conditioned set X. When X is large, the improvement
brought about by clustering is less significant (see, e.g., Rasmussen and Williams (2006,
Section 8.3.7)).
A limitation of the low-rank kernels is that the size of the conditioned set, or equivalently
the rank, needs to correlate with the decay of the spectrum of K in order to yield a good
approximation. For a slow decay, it is not rare to see in practice that the rank r grows to
thousands (Yen et al., 2014) or even several hundred thousands (Huang et al., 2014; Avron
and Sindhwani, 2016) in order to yield comparable results with other methods, for a data
set of size on the order of millions. See also the experimental results in Section 5.
The second approach is a cross-domain independent kernel. Simply speaking, the kernel
matrix is approximated by keeping only the diagonal blocks of the matrix. In a GP language,
we partition the domain S into m sub-domains Sj , j = 1, . . . , m, and make an independence
assumption across sub-domains. Then, the covariance between x and x0 vanishes when the
two sites come from different sub-domains. That is,
(
k(x, x0 ), if x, x0 ∈ Sj for some j,
(8)
0,
otherwise.
(6)

kindependent (x, x0 ) =
kNyström (x, x0 ) = k(x, X)K(X, X)−1 k(X, x0 ).
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Whereas such a kernel appears ad hoc and associated theory is possibly limited, the scenarios
when it exhibits superiority over a low-rank kernel of comparable sizes are not rare (see the
JMLR 18(66):1-42, 2017

4

For the convenience of deriving approximation bounds, Drineas and Mahoney (2005) consider sampling with repetition, which makes X possibly a multiset and the matrix inverse
3
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5

6

is positive-definite, if k is strictly positive-definite, or if k is positive-definite and K(X, X)
is invertible.

kSchur (x, x0 ) = k(x, x0 ) − k(x, X)K(X, X)−1 k(X, x0 )

Lemma 2 The Schur-complement function

An alternative view of the kernel kcompositional is that it is an additive combination of
a globally low-rank approximation and local Schur complements within each sub-domain.
Hence, the kernel is (strictly) positive-definite. See Lemma 2 and Theorem 3 in the following.
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∈ Sj for some j, or if either of x, x0 belongs to X.

kcompositional (x, x0 ) = k(x, x0 ),

Proof For any set X, let Y = X ∪ X. It amounts to showing that the corresponding kernel
matrix KSchur (Y, Y ) is positive semi-definite; then, KSchur (X, X) as a principal submatrix
is also positive semi-definite.

if

x, x0

Proposition 1 We have

Clearly, kcompositional leverages both (6) and (8). When two points x and x0 are located
in the same domain, they maintain the full covariance (8); whereas when they are located
in separate domains, their covariance comes from the low-rank kernel kNyström (6). Such a
composition complements missing information across domains in kindependent and also complements the information loss in local domains caused by the Nyström approximation. The
following result is straightforward in light of the fact that if x ∈ X, then K(X, X)−1 k(X, x)
is a column of the identity matrix where the only nonzero element (i.e., 1) is located with
respect to the location of x inside X.

2.1 Composition of Low-Rank Kernel with Cross-Domain Independent Kernel
S
Let the domain S be partitioned into disjoint sub-domains Sj = S. Let X be a set of
landmark points in S. For generality, X needs not be a subset of the training data X.
Consider the function
(
k(x, x0 ),
if x, x0 ∈ Sj for some j,
kcompositional (x, x0 ) =
−1
0
k(x, X)K(X, X) k(X, x ), otherwise.

The low-rank kernel (in particular, the Nyström approximation kNyström ) and the crossdomain independent kernel kindependent are complementary to each other in the following
sense: the former acts on the global space, where the covariance at every pair of points
x and x0 are deducted by a conditional covariance based on the conditioned set X chosen
globally; whereas the latter preserves all the local information but completely ignores the
interrelationship outside the local domain. We argue that an organic composition of the
two will carry both advantages and alleviate the shortcomings. Further, a hierarchical
composition may reduce the information loss in nearby local domains.

2. Hierarchically Compositional Kernel

Chen et al.

In this paper, we propose a novel approach for constructing approximate kernels motivated
by low-rank kernels and cross-domain independent kernels. The construction aims at deriving a kernel that (a) maintains the (strict) positive-definiteness, (b) leverages the advantages
of low-rank and independent approaches, (c) facilitates the evaluation of the kernel matrix
K(X, X) and the out-of-sample extension k(X, x), and (d) admits fast algorithms for a
variety of matrix operations. The premise of the idea is a hierarchical partitioning of the
data domain and a recursive approximation across the hierarchy. Space partitioning is a
frequently encountered idea for kernel matrix approximations (Si et al., 2014; March et al.,
2014; Yu et al., 2017; Si et al., 2017), but maintaining positive definiteness is quite challenging. Moreover, when the approximation is performed in a hierarchical fashion and is
focused on only the matrix, it is not always easy to generalize to out of samples. A particularly intriguing property of the approach proposed in this article is that both positive
definiteness and out-of-sample extensions are guaranteed, because the construction acts on
the kernel function itself.

1.3 Proposed Kernel

The tapered kernel matrix is an elementwise product of two positive-definite matrices;
hence, it is positive-definite, too (Horn and Johnson, 1994, Theorem 5.2.1). The primary
motivation of this kernel is to introduce sparsity to the matrix. The supporting theory is
drawn on the confidence interval (cf. (4)) rather than on the prediction (3). It is cast in
the setting of fixed-domain asymptotics, which is similar to a usual practice in machine
learning—a prescaling of each attribute to within a finite interval. The theory hints that
if the spectral density of kcompact has a lighter tail (i.e., the spectrum of the corresponding
kernel matrix decays faster) than that of k, then the ratio between the prediction variance
by using the tapered kernel ktaper and that by using the original kernel k tends to a finite
limit, as the number of training data increases to infinity in the domain. The theory
holds a guarantee on the prediction confidence if we choose kcompact judiciously. Tapering
is generally applicable to heavy-tailed kernels (e.g., Matérn kernels with low smoothness)
rather than light-tailed kernels such as the Gaussian. Nevertheless, a drawback of this
approach is similar to the one we stated earlier for using a compactly supported kernel
alone: the range of the support must be sufficiently small for sparse linear algebra to be
efficient.

ktaper (x, x0 ) = k(x, x0 ) · kcompact (x, x0 ).

likelihood comparison in Stein (2014) and also the experimental results in Section 5). An
intuitive explanation exists in the context of classification. The cross-domain independent
kernel works well when geographically nearby points possess a majority of the signal for
classifying points within the domain. This happens more often when the kernel has a
reasonably centralized bandwidth (outside of which the kernel value becomes marginal). In
such a case, nearby points are the most influential.
The third approach is covariance tapering (Furrer et al., 2006; Kaufman et al., 2008).
It amounts to defining a new kernel by multiplying the original kernel k with a compactly
supported kernel kcompact :
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where k · k is the 2-norm or the Frobenius norm.



K(Y, Y ) − K(Y, X)K(X, X)−1 K(X, Y ) 0
.
0
0

λmin (A) ≤ λmin (Di ) ≤ λmax (Di ) ≤ λmax (A).

Then, taking the max/min eigenvalues of all blocks, we obtain

λmin (A) ≤ λmin (D) ≤ λmax (D) ≤ λmax (A).

(9)

(10)

(11)
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(12)

Because D consists of the diagonal blocks of A, the interlacing theorem of eigenvalues states
that for each diagonal block Di , we have

λmax (A − D) ≤ λmax (A) − λmin (D).

λmin (A − D) ≥ λmin (A) − λmax (D),

Because the zero rows and columns do not contribute to the 2-norm, and because the topleft block of A is positive-definite, it suffices to prove (9) for any positive-definite matrix
A.
Note the following two straightforward inequalities

A=

Because A = K(X, X) − K(X, X)K(X, X)−1 K(X, X) is positive semi-definite and
nonzero, its diagonal cannot be zero. Then, eliminating the block-diagonal part D reduces the Frobenius norm. Thus, (9) holds for the Frobenius norm. To see that (9) also
holds for the 2-norm, let Y = X\X and let the points in Y be ordered before those in X\Y .
Then,

kA − Dk < kAk.

where block-diag means keeping only the diagonal blocks of a matrix. Denote by A =
K − KNyström and D = block-diag(A). In what follows we show that

kK(X, X) − Kcompositional (X, X)k < kK(X, X) − KNyström (X, X)k,

Theorem 4 Given a set X of landmark points and for any set X 6= X,

Denote by X c = Y \X, which could possibly be empty, and let the points in X be
ordered before those in X c . Then,


0
0
.
0 K(X c , X c ) − K(X c , X)K(X, X)−1 K(X, X c )

Proof Based on the split kcompositional = k1 + k2 in the proof of Theorem 3, one easily sees
that
K − Kcompositional = (K − KNyström ) − block-diag(K − KNyström ),

KSchur (Y, Y ) =

By the law of inertia, the matrices




K(X, X) K(X, X c )
K(X, X)
0
and
K(X c , X) K(X c , X c )
0
K(X c , X c ) − K(X c , X)K(X, X)−1 K(X, X c )
have the same number of positive, zero, and negative eigenvalues, respectively. If k is
strictly positive-definite, then the eigenvalues of both matrices are all positive. If k is
positive-definite, then the eigenvalues of both matrices are all nonnegative. In both cases,
the Schur-complement matrix K(X c , X c )−K(X c , X)K(X, X)−1 K(X, X c ) is positive semidefinite and thus so is KSchur (Y, Y ).

Theorem 3 The function kcompositional is positive-definite if k is positive-definite and K(X, X)
is invertible. Moreover, kcompositional is strictly positive-definite if k is so.
Proof Write kcompositional = k1 + k2 , where k1 (x, x0 ) = k(x, X)K(X, X)−1 k(X, x0 ) and
(
k(x, x0 ) − k(x, X)K(X, X)−1 k(X, x0 ), x, x0 ∈ Sj for some j,
0,
otherwise.
k2 (x, x0 ) =

xi ,xl ∈X

Clearly, k1 is positive-definite; by Lemma 2, k2 is so, too. Thus, kcompositional is positivedefinite.
We next show the strict definiteness when k is strictly positive-definite. That is, for
any set
P of points {xi } and any set of coefficients {αi } that are not0 all zero, the bilinear
ααk
(x , x ) cannot be zero. Note that k2 (x, x ) = 0 whenever x or
form
i
i
l
compositional
l
il
x0 ∈ X. Moreover, we have seen in the proof of Lemma 2 that the Schur-complement
c
−1
matrix K(X c , X c ) − K(X c , X)K(X, X)
P K(X, X ) is positive-definite when k is strictly
positive-definite. Therefore, we have
il αi αl k2 (xi , xl ) = 0 only when αi = 0 for all i
satisfying xi ∈
/ X. In such a case,
X
X
αi αl k1 (xi , xk ) =
αi αl k(xi , X)K(X, X)−1 k(X, xl ).
il

8

and λmax (A − D) < λmax (A),

Substituting (12) into (10) and (11), together with λmin (A) > 0, we obtain

λmin (A − D) > −λmax (A)

Because of the strict positive-definiteness of k, the above summation cannot
be zero if any
P
of the involved αi (that is, those satisfying xi ∈ X) is nonzero. Then, il αi αl [k1 (xi , xl ) +
k2 (xi , xl )] = 0 only when all αi are zero.

which immediately implies that kA − Dk2 < kAk2 .
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Since the composition replaces the Nyström approximation in local domains by the full
covariance, it bares no surprise that kcompositional improves over kNyström in terms of matrix
approximation.
7

6

7
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4

9

S6 S2
S7

S1
S3

Figure 1: Partitioning tree T and the domain S.

3

S5
S8
S4
S9
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Each nonleaf node i is associated with a set X i of landmark points, located within the
domain Si . We now recursively define the kernel on domains across levels. Continuing
the example of Figure 1, node 4 has two children 8 and 9. Since these two children are
leaf nodes, the covariance within S8 (or S9 ) comes from the original kernel k, whereas the
covariance across S8 and S9 comes from the Nyström approximation by using landmark
points X 4 . That is, the kernel is equal to k(x, x0 ) if x and x0 are both in S8 (or in S9 ),
and equal to k(x, X 4 )K(X 4 , X 4 )−1 k(X 4 , x0 ) if they are in S8 and S9 separately. Such a
covariance bares less information loss caused by the conditioned set, compared with the use
of landmark points located within the whole domain S.

5

2

1

While kcompositional maintains the full information inside each domain Sj , the information
loss across domains caused by the low-rank approximation may still be dramatic. Consider
the scenario of a large number of disjoint domains Sj ; such a scenario is necessarily typical
for the purpose of reducing the computational cost. If each domain is adjacent to only a
few neighboring domains, it is possible to reduce the information loss in nearby domains.
The idea is to form a hierarchy. Let us first take a two-level
S hierarchy for example. A few
of the neighboring domains Sj form a super-domain SJ = j∈J Sj . These super-domains
are formed
such that they are disjoint and they collectively partition the whole domain;
S
i.e., SJ = S. Under such a hierarchical formation, instead of using landmark points X
in S to define the covariance across the bottom-level domains Sj , we may use landmark
points X J chosen from the super-domain SJ to define the covariance. The intuition is that
the conditional covariance k(x, x0 |X J ) for x, x0 ∈ SJ tends to be smaller than k(x, x0 |X),
because x and x0 are geographically closer to X J than to X. Then, the information loss is
reduced for points inside the same super-domain SJ .
To formalize this idea, we consider an arbitrary hierarchy, which is represented by a
rooted tree T . See Figure 1 for an example. The root node 1 is associated with the whole
domain S =: S1 . Each nonleaf node i possesses a set of children Ch(i); correspondingly,
the
S
associated domain Si is partitioned into disjoint sub-domains Sj satisfying j∈Ch(i) = Si .
The partitioning tree T is almost the most general rooted tree, except that no nodes in T
have exactly one child.

2.2 Hierarchical Composition

Hierarchically Compositional Kernels

(15)

ψ (r) (x,X r )

10
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whenever x ∈ X j ∩ X j1 · · · ∩ X js , x0 ∈ X l ∩ X l1 · · · ∩ X lt , and either of x, x0 belongs to X r .

Proposition 5 Based on the notation in the preceding paragraph, for x ∈ Sj and x0 ∈ Sl ,
we have
khierarchical (x, x0 ) = k(x, x0 ),

where r is the least common ancestor of j and l, and (j, j1 , j2 , . . . , js , r) and (l, l1 , l2 , . . . , lt , r)
are the paths connecting r and the two leaf nodes, respectively. Therefore, we have the
following result.

ψ (r) (X r ,x0 )

· K(X r , X lt )K(X lt , X lt )−1 · · · K(X l2 , X l1 )K(X l1 , X l1 )−1 k(X l1 , x0 ), (16)
|
{z
}

= k(x, X j1 )K(X j1 , X j1 )−1 K(X j1 , X j2 ) · · · K(X js , X js )−1 K(X js , X r ) K(X r , X r )−1
|
{z
}

khierarchical (x, x0 ) = k (r) (x, x0 )

Clearly, the kernel kcompositional in Section 2.1 is a special case of khierarchical when the
partitioning tree consists of only the root and the leaf nodes (which are children of the
root).
Expanding the recursive formulas (13) and (14), for two distinct leaf nodes j and l, we
see that the covariance between x ∈ Sj and x0 ∈ Sl is

khierarchical := k (root) .

The k (i) at the root level gives the hierarchically compositional kernel of this paper:

Formally, for a leaf node j and x, x0 ∈ Sj , define k (j) (x, x0 ) ≡ k(x, x0 ). For a nonleaf
node i and x, x0 ∈ Si , define
(
k (j) (x, x0 ),
if x, x0 ∈ Sj for some j ∈ Ch(i),
k (i) (x, x0 ) :=
(i)
−1
(i)
0
ψ (x, X i )K(X i , X i ) ψ (X i , x ), otherwise,
(13)
where if j is a child of i and if x ∈ Sj , then
(
k(x, X i ),
if j is a leaf node,
(i)
(14)
ψ (x, X i ) :=
ψ (j) (x, X j )K(X j , X j )−1 K(X j , X i ), otherwise.

Next, consider the covariance between child domains of S2 and those of S4 (say, S6 and
S9 , respectively). At a first glance, we could have used k(x, X 1 )K(X 1 , X 1 )−1 k(X 1 , x0 ) to
define the kernel, because X 1 consists of landmark points located in the domain that covers
both S6 and S9 . However, such a definition cannot guarantee the positive-definiteness of
the overall kernel. Instead, we approximate k(x, X 1 ) by using the Nyström approximation
k(x, X 2 )K(X 2 , X 2 )−1 K(X 2 , X 1 ) based on the landmark points X 2 . Then, the covariance
for x ∈ S6 and x0 ∈ S9 is defined as
h
i
h
i
k(x, X 2 )K(X 2 , X 2 )−1 K(X 2 , X 1 ) K(X 1 , X 1 )−1 K(X 2 , X 1 )K(X 2 , X 2 )−1 k(X 2 , x0 ) .

Chen et al.
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Proof On (16), recursively apply the fact that if x ∈ X, then K(X, X)−1 k(X, x) is a column of the identity matrix where the only nonzero element (i.e., 1) is located with respect
to the location of x inside X.
The following theorem guarantees the validity of the kernel. Its proof strategy is similar
to that of Theorem 3, but it is complex because of recursion. We defer the proof to
Appendix A.
Theorem 6 The function khierarchical is positive-definite if k is positive-definite and K(X i , X i )
is invertible for all sets of landmark points X i associated with the nonleaf nodes i. Moreover,
khierarchical is strictly positive-definite if k is so.

3. Matrix View

A65

A55

A76

A66

A56

A77

A67

A57

A89

A24

A88

A99

A23

A98

A34

A43

A33

The kernel matrix Khierarchical (X, X) for a set of training points X exhibits a hierarchical
block structure. Figure 2 pictorially shows such a structure for the example in Figure 1.
To avoid degenerate empty blocks, we assume that X ∩ Sj 6= ∅ for all leaf nodes j in the
partitioning tree T .

A75
A32

A42

Figure 2: The matrix Khierarchical corresponding to the partitioning tree T in Figure 1.
Formally, for any node i, let Xi = X ∩ Si ; that is, Xi consists of the training points that
fall within the domain Si . Then, define a matrix A ∈ Rn×n with the following structure:
1. For every node i, Aii is a diagonal block whose rows and columns correspond to Xi ; for
every pair of sibling nodes i and j, Aij is an off-diagonal block whose rows correspond
to Xi and columns to Xj .
2. For every leaf node i, Aii = K(Xi , Xi ).
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3. For every pair of sibling nodes i and j, Aij = Ui Σp UjT , where p is the parent of i and
j, with Σp and Ui defined next.
11
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4. For every nonleaf node p, Σp = K(X p , X p ).

5. For every leaf node i, Ui = K(Xi , X p )K(X p , X p )−1 , where p is the parent of i.

6. For every pair of child node i and parent node p not being the root, the block of Up
corresponding to node i is Ui Wp , where Wp = K(X p , X r )K(X r , X r )−1 and r is the
parent of p. That is, in the matrix form,
 
..
.

· Wp .
Up = Ui 

.
.. i∈Ch(p)

One sees that A is exactly equal to Khierarchical (X, X) by verifying against the definition of
khierarchical in (13)–(15).
Such a hierarchical block structure is a special case of the recursively low-rank compressed matrix studied in Chen (2014b). In this matrix, off-diagonal blocks are recursively
compressed into low rank through change of basis, while the main-diagonal blocks at the
leaf level remain intact. Its connections and distinctions with related matrices (e.g., FMM
matrices (Sun and Pitsianis, 2001) and hierarchical matrices (Hackbusch, 1999)) were discussed in detail in Chen (2014b). The signature of a recursively low-rank compressed matrix
is that many matrix operations can be performed with a cost, loosely speaking, linear in
n. The matrix structure in this paper, which results from the kernel khierarchical , specializes
a general recursively low-rank compressed matrix in the following aspects: (a) the matrix
is symmetric; (b) the middle factor Σp in each Aij is the same for all child pairs i, j of p;
and (c) the change-of-basis factor Wp is the same for all children i of p. Hence, storage
and time costs of matrix operations are reduced by a constant factor compared with those
of the algorithms in Chen (2014b). In what follows, we discuss the algorithmic aspects
of the matrix operations needed to carry out kernel method computations, but defer the
complexity analysis in Section 4. Discussions of additional matrix operations useful in a
general machine learning context are made toward the end of the paper.
3.1 Matrix-Vector Multiplication

X

WqTt · · · 

X

q2 ∈Ch(q3 )

WqT2 

X

q1 ∈Ch(q2 )

X

q∈Ch(q1 )

UqT bq  ,

(17)
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WqT1 

First, we consider computing the matrix-vector product y = Ab. Let the blocks of a vector
be labeled in the same manner as those of the matrix A. That is, for any node i, bi
denotes the part of b that corresponds to the point set Xi . Then, the vector y is clearly an
accumulation of the smaller matrix-vector products Aij bj in the appropriate blocks, for all
sibling pairs i, j and for all leaf nodes i = j (cf. Figure 2). When i = j is a leaf node, the
computation of Aij bj is straightforward. On the other hand, when i and j constitute a pair
of sibling nodes, we consider a descendant leaf node l of i. The block of Aij bj corresponding
to node l admits an expanded expression





Ul Wl1 Wl2 · · · Wls Wi Σp WjT 

qt ∈Ch(j)

12

+ ··· + 



l0 ∈Ch(root)\{lt }

X

l0 ∈Ch(l2 )\{l1 }

Ul Wl1 Wl2 · · · Wlt Σroot cl0  ,
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Next, we consider computing A−1 , for which we use the tilded notation Ã := A−1 . One
can show (Chen, 2014b) that Ã has exactly the same hierarchical block structure as does
A. In other words, the structure of Ã can be described by reusing the verbatim at the
beginning of Section 3, with the factors Aii , Aij , Ui , Σp , Wp replaced by the tilded version
Ãii , Ãij , Ũi , Σ̃p , W̃p , respectively. The proof is both inductive and constructive, providing
explicit formulas to compute Ãii , Ãij , Ũi , Σ̃p , W̃p level by level. The essential idea is that if
(Aii − Ui Σp UiT )−1 = Ãii − Ũi Σ̃p ŨiT have been computed for all children i of a node p, and
if r is the parent of p, then

  
..
..
.

 . 

T
T
T
T



App − Up Σr Up =  Aii − Ui Σp Ui  + Ui 
 Σp · · · Ui · · · − Up Σr Up .
..
..
.
.

3.2 Matrix Inversion

for all nonroot nodes j with parent i. Clearly, all dj ’s can also be computed within one
pass of a pre-order tree traversal. Upon the completion of this second traversal, we have
yl = All bl + Ul dl , which concludes the computation of the whole vector y.
As such, computing the matrix-vector product y = Ab consists of one post-order tree
traversal, followed by a pre-order one. We refer the reader to Chen (2014b) for a full account
of the computational steps. For completeness, we summarize the pesudocode in Algorithm 1
as a reference for computer implementation.

j 0 ∈Ch(i)\{j}

where (l, l1 , l2 , . . . , lt , root) is the path connecting l and the root. Therefore, we recursively
define another quantity
X
dj = Wi di +
Σi cj 0

l0 ∈Ch(l1 )\{l}

Clearly, all cj ’s can be computed within one pass of a post-order tree traversal. Upon the
completion of the traversal, we rewrite (17) as Ul Wl1 Wl2 · · · Wls Wi Σp cj . Then we note that
for any leaf node l, yl is a sum of these expressions with all p along the path connecting l
and the root, and additionally, of All bl . In other words, we have

 

X
X
yl = All bl + 
Ul Σl1 cl0  + 
Ul Wl1 Σl2 cl0 

j∈Ch(i)

where (l, l1 , l2 , . . . , ls , i, p) is the path connecting l and the parent p of i. This expression
assumes that all the leaf descendants of j are on the same level so that the expression is
not overly complex; but the subsequent reasoning applies to the general case. The terms
inside the nested parentheses of (17) motivate the following recursive definition:
 T
i is a leaf node,

Ui bi ,
X
ci = W T
c
,
otherwise.
j

 i
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function Downward(i)
if i is leaf then yi ← yi + Ui di and return end if
for all children j of i do
dj ← dj + Wi di , if i is not root
Downward(j)
end for
end function

function Upward(i)
if i is leaf then
ci ← UiT bi ; yi ← Aii bi
else
for all children j of i do
Upward(j)
ci ← ci + WiT cj , if i is not root
end for
end if
if i is not root then
for all siblings l of i do dl ← dl + Σp ci end for
end if
end function

. p is parent of i

14
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We refer the reader to Chen (2014b) for a full account of the computational steps. Similar
to the matrix-vector multiplication, the overall computation here consists of one post-order
tree traversal (corresponding to the induction), followed by a pre-order one (corresponding
to the down-cascading correction). For completeness, we summarize the pseudocode in
Algorithm 2 as a reference for computer implementation.

Hence, the inversion of App − Up Σr UpT can be done by applying the Sherman–Morrison–
Woodbury formula, which results in a form Ãpp − Ũp Σ̃r ŨpT , where W̃r is determined based
on the change of basis from Ũi to Ũp and the middle factor Σ̃r is also determined. In addition, the factors Σ̃j (computed previously) for all descendants j of r must be corrected
because the diagonal block of Ãpp corresponding to node j is a low-rank correction of the
corresponding diagonal block of Ãii with the same basis. Such a down-cascading correction
occurs whenever the induction proceeds from one child level to the parent level; but computationally, the correction on any node can be accumulated during the whole induction
process. The net result of the accumulation is that each Σ̃i needs be corrected only once,
which ensures an efficient computation.

23:

22:

21:

20:

19:

18:

17:

16:
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8:

7:

6:

5:

4:

Algorithm 1 Computing y = Ab
1: Initialize ci ← 0, di ← 0 for each nonroot node i of the tree
2: Upward(root)
3: Downward(root)
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function Downward(i)
if i is leaf then
Ãii ← Ãii + Ũi Σ̃p ŨiT if i is not root
else
Ẽi ← Ẽi + W̃i Ẽp W̃iT if i is not root
Σ̃i ← Σ̃i + Ẽi
for all children j of i do Downward(j) end for
end if
end function

function Upward(i)
if i is leaf then
Ãii ← (Aii − Ui Σp UiT )−1 ; Ũi ← Ãii Ui ; Θ̃i ← UiT Ũi
return
end if
for all children j of i do
Upward(j)
W̃j ← (I + Σ̃j Ξ̃j )Wj if j is not leaf
Θ̃j ← WjT Ξ̃j W̃j if j is not leaf
end for
P
Ξ̃i ← j∈Ch(i) Θ̃j
if i is not root then Λ̃i ← Σi − Wi Σp WiT else Λ̃i ← Σi end if
Σ̃i ← −(I + Λ̃i Ξ̃i )−1 Λ̃i
for all children j of i do
Ẽj ← W̃j Σ̃i W̃jT if j is not leaf
end for
Ẽi ← 0 if i is root
end function

Algorithm 2 Computing Ã = A−1
Upward(root)
Downward(root)
1:

2:

3:
5:

4:
6:
7:
9:

8:
10:
11:
12:
13:
14:
15:
16:
18:

17:
19:
20:
21:
22:
23:
24:
26:

25:
27:
28:
29:

3.3 (Implicit) Out-of-Sample Construction

. p is parent of i

. p is parent of i

. p is parent of i
. p is parent of i
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Now, we consider the vector khierarchical (X, x) for an existing training set X and a new point
x in the testing set. Generally, this vector is not used alone but it appears in the inner
product with some other vector w (see (2)). Whereas the construction of khierarchical (X, x)
can be done at O(n) cost (details omitted here), we shall consider instead the computation
of the inner product wT khierarchical (X, x), because the cost of computing this inner product
is proportional to only the height of the tree per x after an O(n) preprocessing. The
15
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preprocessing cost is amortized on each x and thus is generally negligible for a large number
of x’s.
The computation of wT khierarchical (X, x) was not described in Chen (2014b), but the idea
is similar to that of the matrix-vector multiplication in Section 3.1. To simplify notation,
let v ≡ khierarchical (X, x). Assume that x falls in the domain Sj for some leaf node j. Then,
vj = k(Xj , x) and for any leaf node l 6= j,

vl = Ul Wl1 Wl2 · · · Wls Σp WjTt · · · WjT2 WjT1 K(X j1 , X j1 )−1 k(X j1 , x),

···

dj2 = WjT2 dj1 ,

dj1 = WjT1 dj ,

cq = ΣpT el ,

(21)

(20)

(19)

dj = K(X j1 , X j1 )−1 k(X j1 , x),
(18)

where p is the least common ancestor of l and j, and (l, l1 , l2 , . . . , ls , p) and (j, j1 , j2 , . . . , jt , p)
are the paths connecting l and p, and j and p, respectively. Therefore, if we define
dju = WjTu dju−1 ,

l6=j, l is leaf

l is leaf,

WlT ei , otherwise,

and

where (j, j1 , j2 , . . . , ju , root) is the path connecting j and the root, then we have
X
wlT Ul Wl1 Wl2 · · · Wls Σp djt .

i∈Ch(l)





UlT wl ,

X

wT v = wjT k(Xj , x) +

If we further define
el =

jt ∈path(j,root)

where p is the parent of the sibling pair q and l, then (19) is simplified to
X
cjTt djt .

wT v = wjT k(Xj , x) +

Based on (18)–(21), we see that wT v ≡ wT khierarchical (X, x) can be computed in the
following two phases. In the first phase, we compute el and cl for all nonleaf nodes l
according to (20). Such a computation can be done by using a post-order tree traversal
and is independent of x. Thus, this computation is the preprocessing step. In the second
phase, we compute djt for all jt along the path (j, j1 , j2 , . . . , ju , root) according to (18).
Once they are computed, the summation (21) is straightforward and we thus conclude
the computation. Note that the second phase is always conducted along a certain path
connecting the root and the leaf j. As long as the determination of which leaf j the point
x falls in is restricted on this path, the cost of the second phase is always asymptotically
smaller than that of a tree traversal. We summarize the pseudocode in Algorithm 3.

4. Practical Considerations

JMLR 18(66):1-42, 2017

Sections 2 and 3 provide a general framework for the interpretation of and the computation
with the proposed kernel khierarchical ; they, however, have not covered a range of practical
issues. Some issues are dimension dependent (this paper concerns particularly dimensions
higher than three, which dominates the use of related matrices, e.g., FMM and hierarchical
matrices, in scientific computing); whereas others are numerically related. In this section,
we discuss the handling of several of these issues and ensure that the proposed kernel is
computationally efficient.

16

function Second-Upward(i)
if i is leaf then
di ← K(X p , X p )−1 k(X p , x)
z ← wiT k(Xi , x)
else
Find the child j (among all children of i) where x lies on
Second-Upward(j)
di ← WiT dj if i is not root
end if
z ← z + cTi di if i is not root
end function

function Common-Upward(i)
if i is leaf then
di ← UiT wi
else
for all children j of i do
Common-Upward(j)
di ← di + WiT dj , if i is not root
end for
end if
if i is not root then
for all siblings l of i do cl ← ΣTp di end for
end if
end function

18
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For computational efficiency, we recommend the random projection (Johnson and Lindenstrauss, 1984) approach. This approach uses a random vector as the normal direction of
the partitioning hyperplane and positions the hyperplane such that the numbers of points
on the two sides are balanced. Computationwise, it amounts to projecting the points along
the random direction and splitting them in two halves around the median. This approach is
motivated by the study of dimension reduction, where it was observed that the projection
quality on a random subspace is as good as that on the space spanned by the dominant
singular vectors, in the sense that Euclidean distances are approximately preserved (Dasgupta and Gupta, 2002). Moreover, the heuristic use of a one-dimensional subspace for
projection is robust and is computationally highly efficient. In such a case, the purpose is
not to preserve the Euclidean distance, but rather, to serve as an efficient procedure for
partitioning. In our experience, the eventual regression/classification performance of using
this approach is almost identical to that of the PCA approach (see Section 5.2).
Under random projection, one can quickly determine which partition a new point x lies
in, by comparing its projected coordinate with the median of those of the training points.

. p is parent of i

. p is parent of i

The PCA (Pearson, 1901) approach recursively partitions the data according to the principal axis (the direction along which the data varies the most). This approach is based on
a Gaussian assumption and often results in compact partitions if the data indeed conforms
to this assumption. However, it ignores the skewness and other higher order moments,
which are also crucial to the shape of data in high dimensions. In the standard case, the
hyperplane that partitions the data passes through the mean, which may result in highly
imbalanced partitions. An alternative is to move the hyperplane along the principal direction such that the two partitions are always balanced. Computationwise, this approach
requires computing the dominant singular vectors of the shifted data matrix (Chen et al.,
2009), which can be achieved by using a power iteration (Golub and Van Loan, 1996) or
the Lanczos algorithm (Saad, 2003). However, even if we compute the singular vectors only
approximately, we find that the cost is still too high (see e.g., Section 5.2).

Whereas the partitioning of a low-dimensional domain can be made regular, the partitioning
of a high-dimensional domain is inherently difficult because of the curse of dimensionality.
Several data-driven approaches appear to be natural choices but they have pros and cons.
The k-d tree (Bentley, 1975) approach is known to be efficient for nearest neighbor
search. Generally, the approach iteratively selects an axis of the bounding box that contains
the training points and partitions the axis such that the numbers of points on both sides are
balanced. A drawback of this approach, particularly in the context of classification, lies in

4.1 Partitioning of Domain
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the case that some attributes of the data are binary and the counts are highly imbalanced.
These attributes sometimes result from a conversion of categorical attributes to numeric
ones. Partitioning on these axes is unlikely to be balanced. An alternative is to partition
the axis into two segments of equal length. This approach often results in highly imbalanced
partitioning because data are generally not evenly distributed.

Algorithm 3 Computing z = wT khierarchical (X, x) for x ∈
/X
1: Prefactorize K(X p , X p ) for all parents p of leaf nodes
2: Initialize ci ← 0, di ← 0 for each nonroot node i of the tree
3: Common-Upward(root)
. The above three steps are independent of x and are treated as precomputation. In
computer implementation, the intermediate results ci are carried over to the next step
Second-Upward, whereas the contents of di are discarded and the allocated memory
is reused.
4: Second-Upward(root)

The k-means (MacQueen, 1967) approach partitions a point set through a k-means
clustering and hence the partitioning is a Voronoi diagram of the cluster centers. The
resulting tree is not necessarily binary if there exhibits more than two natural clusters in
the data on some level. An advantage of this approach is that the clustering often results
in a tight grouping of the points, such that the subsequent Nyström approximations bare
a good quality. A disadvantage is that the approach suffers from loss of clusters during
iterations and it is less robust if only one set of initial guesses is used. Our experience
indicates that a robust implementation of k-means sometimes costs much more than does
the rest of the training computation.
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4.2 Choice of Landmark Points
The set of landmark points X i associated to each domain Si simply consists of uniformly
random samples of the point set Xi .
Some alternatives exist. Using the k-means centers of Xi as the landmark points may
improve the Nyström approximations, but computing them for every nonleaf node i is
often much more expensive than the rest of the training computation. On the other hand,
using the uniformly random samples of the domain Si as the landmark points may sound
theoretically preferable, but they are difficult to compute because the domains are polyhedra
rather than regular shapes (e.g., boxes).
We mentioned in Section 2.2 that the compositional kernel kcompositional is a special case
of khierarchical , if in the partitioning tree every child of the root is a leaf node. Interestingly,
another interpretation exists. If we relax the requirement that the landmark points X i must
reside within the domain Si , then for any partitioning tree, using the same set of landmark
points X i for every i also results in the compositional kernel kcompositional . By following the
proof of Theorem 6, one sees that the relation X i ⊂ Si is in fact nonessential. Hence, the
requirement X i ⊂ Si reflects only the modeling desire of a better kernel approximation in
local domains; it is not a necessary condition for kernel validity.
4.3 Numerical Stability
A notorious numerical challenge for kernel matrices K is that they are exceedingly illconditioned as the size increases. Hence, the regularization λI serves as an important
rescue of matrix inversion. This challenge is less severe for the matrix of the proposed
kernel, Khierarchical (X, X), but since the components of this matrix are defined with the
term K(X i , X i )−1 for nonleaf nodes i, one must ensure that each K(X i , X i ) is not too
ill conditioned. Generally, when the set X i is not large, the conditioning of K(X i , X i )
is acceptable; however, for a robust safeguard, we use a small λ0 < λ for help. Instead
of treating k(x, x0 ) as the base kernel and λ as the amount of regularization, we treat
k 0 (x, x0 ) = k(x, x0 ) + λ0 δx,x0 as the base kernel and λ − λ0 the regularization, where δ is
0
the Kronecker delta. Then, we use k 0 to build the kernel khierarchical
and add to the matrix
0
a regularization (λ − λ0 )I.
Khierarchical
4.4 Sizes
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Two parameters exist for the proposed kernel. First, the recursive partitioning needs a
stopping criterion; we say that a set of points is not further partitioned when the cardinality
is less than or equal to n0 . Second, we need to specify the sizes of the conditioned sets X i .
Whereas one may argue that the conditioned set needs to grow with the size of the point set
for maintaining the approximation quality, a substantial increase in the size of X i across
levels will result in too high a computational cost, forfeiting the purpose of the kernel.
Therefore, we mandate that each conditioned set have the same size r.
It will be convenient if we can consolidate the two parameters so that different approximate kernels are comparable. It will also be beneficial to have a guided choice of them.
These requirements are indeed achievable. Under a balanced binary partitioning, n0 can
effectively take only these values: dn/2j e, for j = 0, 1, . . . blog2 nc. On the other hand, it
19

n0 = dn/2j e
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and r = bn/2j c

for some j.

(22)

is not sensible to have the rank r greater than n0 because the smallest off-diagonal blocks
have a size at most n0 × n0 . Then, we take

4.5 Cost Analysis

We are now ready to perform a full analysis of the computational costs based on the practical
choices made in the preceding subsections.

Memory Cost Let us first consider the memory cost of storing the matrix A. For simiplicity, assume that n is a power of 2 (and thus n0 = r). Then, the partitioning tree has
n/n0 leaf nodes and n/n0 − 1 nonleaf nodes. Hence, the memory costs for the factors Aii ,
Ui , Σp , and Wp are n02 n/n0 , nr, r2 (n/n0 − 1), and r2 (n/n0 − 1), respectively. Therefore,
the total memory cost is approximately 4nr.

Arithmetic Cost, Algorithm 1 The arithmetic cost of matrix-vector multiplication
(Algorithm 1) is O(nr), because the subroutines Upward and Downward for each node
performs O(r2 ) calculations, discounting the recursion calls. These recursions essentially
constitute a tree traversal, which visits all the 2n/n0 − 1 nodes. Therefore, the total cost is
O(nr). In fact, a more detailed analysis may reveal the constant inside the big-O notation.
Note that the matrix-vector multiplications WiT cj and Wi di occur for each node j, Σp ci
occurs for each node i, and UiT bi , Aii bi , and Ui di occur for each leaf node i. The matrix size
of all these multiplications is r × r. Therefore, if each multiplication requires 2r2 arithmetic
operations, then the total cost is approximately 2r2 × (2n/n0 + 2n/n0 + 2n/n0 + n/n0 +
n/n0 + n/n0 ) = 18nr, ignoring lower-order terms.

Arithmetic Cost, Algorithm 2 Based on a similar argument, the arithmetic cost of
matrix inversion (Algorithm 2) is O(nr2 ). A more precise estimate is 37nr2 , if factorizing a
general r × r matrix, factorizing a symmetric positive-definite matrix, performing a triangular solve, and multiplying two r × r matrices require 2r3 /3, r3 /3, r2 , and 2r3 operations,
respectively. As before, we ignore the lower-order terms.

Arithmetic Cost, Algorithm 3, Precomputation Phase Now consider the precomputation phase of the inner product wT khierarchical (X, x) (Algorithm 3). In computer implementation, we move the first line (prefactorizing K(X p , X p )) to the matrix construction
part (to be discussed in Section 4.5). Hence, the precomputation of Algorithm 3 is dominated by the third line Common-Upward(root). The arithmetic cost is O(nr), or 10nr
in a more precise account.
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Arithmetic Cost, Algorithm 3, x-Dependent Phase Assume that evaluating the
kernel function k(x, x0 ) requires O(nz(x) + nz(x0 )) arithmetic operations, where nz(·) denotes the number of nonzeros of a data point. Further assume that for two point sets Y and
Z of sizes nY and nZ respectively, evaluating the vector k(Y, x) requires O(nY nz(x)+nz(Y ))
operations, and evaluating the matrix K(Y, Z) requires O(nY nz(Z)+nZ nz(Y )) operations,
where the notation nz(·) is extended for point sets in a straightforward manner.
Now we consider the cost of the x-dependent phase of Algorithm 3. Line 20 costs
O(r nz(x) + nz(X p )) + O(r2 ), where the first term comes from evaluating k(X p , x) and the
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Type
regression
regression
binary classification
binary classification
binary classification
10 classes
3 classes
7 classes

d
8
90
22
54
18
780
50
54

n Train
16,512
463,518
35,000
464,809
4,000,000
60,000
78,823
464,809

n0 Test
4,128
51,630
91,701
116,203
1,000,000
10,000
19,705
116,203
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For each r, we repeat 30 times with different random seeds; but the seed always stays
the same every time when the range of σ is swept. The results (relative testing error versus
σ) are summarized in Figure 3, with mean (blue curve) and standard deviation (red band)
plotted. One sees that the red bands of random Fourier features are not smooth; this
is because each single error curve from a fixed seed is nonsmooth. Moreover, the error
curves for Nyström approximation have a nonnegligible variation when σ is small, whereas
those for the independent kernel vary significantly when σ is large. The error curves of the
proposed kernel are the most stable, with the narrowest standard deviation band. Generally

The data set for demonstration is cadata. We use the Gaussian kernel (5) as an example.
As hinted earlier, the choice of the range parameter σ affects the quality of various kernels.
Therefore, the experiment setup is to use a reasonable regularization λ = 0.01 and to vary
the choice of σ in a large interval (between 0.01 and 100) such that the optimal σ falls
within the interval. We set the rank r (and the leaf size n0 ) according to (22) with three
particular choices: r = 32, 129, and 516.

Throughout Section 5, we will compare various approximate kernels: Nyström approximation kNyström , random Fourier features kFourier , cross-domain independent kernel kindependent ,
and the proposed kernel khierarchical . The partitioning in the cross-domain independent kernel is the same as that in the proposed kernel, except that the hierarchy is flattened. Because
of the random nature of all these kernels (e.g., landmark points, sampling, and partitioning),
we first study how the performance is affected by randomization. Note that the quantity r
is comparable across kernels, even though its specific meaning is different.

5.1 Effect of Randomness

Table 1 summarizes the data sets used for experiments. They were all downloaded
from http://www.csie.ntu.edu.tw/~cjlin/libsvm/ and are widely used as benchmarks
of kernel methods. We selected these data sets primarily because of their varying sizes.
Some of the data sets come with a training and a testing part; for those not, we performed
a 4:1 split to create the two parts, respectively. In some of the data sets, the attributes
had already been normalized to within [0, 1] or [−1, 1]; for those not, we performed such a
normalization. We also preprocessed the data sets by removing duplicate and conflicting
records (whose labels are inconsistent) in the training sets. Such records are infrequent.

Name
cadata
YearPredictionMSD
ijcnn1
covtype.binary
SUSY
mnist
acoustic
covtype

Table 1: Data sets.
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In this section, we present comprehensive experiments to demonstrate the effectiveness of
the proposed kernel. The experiments were performed on one node of a computing cluster
with 512 GB memory and an IBM POWER8 12-core processor, unless otherwise stated. The
programs were implemented in C++. The linear algebra routines (BLAS and LAPACK)
were linked against the IBM ESSL library and some obviously parallelizable for-loops were
decorated by OpenMP pragmas, so that the experiments with large data sets can be completed in a reasonable time frame. However, the programs were neither fully optimized
nor fully parallelized, leaving room for improvement on both memory consumption and
execution time.

5. Experimental Results

The overall cost of testing per x has been given in (23).
We remark that the term log2 (n/r) in both (23) and (24) is dominated by r when n ≤
r2r . Moreover, when the data X is dense, the training cost (24) simplifies to O(nr2 + ndr)
and the testing cost per point (23) simplifies to O(r3 + dr). Suppressing the data dimension
d, these costs are further simplified to O(nr2 ) and O(r3 ), respectively.

i is not leaf

Arithmetic Cost Summary, Training and Testing Summarizing the above analysis,
we see that the overall cost of training (including partitioning, instantiating A, matrix
inversion, matrix-vector multiplication, and preprocessing of Algorithm 3) is
"
#!
X
2
nz(X i )
.
(24)
O (d + n + nz(X)) log2 (n/r) + nr + r nz(X) +

Arithmetic Cost, Matrix Construction We shall also consider the cost of hierarchical partitioning and the instantiation of the matrix A = Khierarchical . In the partitioning
of a set of n points X, generating a random projection direction costs O(d), computing
the projected coordinates costs O(nz(X)), finding the median costs O(n), and permuting the points costs O(nz(X)). Then, counting recursion, the total cost is O((d + n +
nz(X)) log2 (n/r)). On the other hand, in the instantiation of the matrix A, computing Aii
for
P all leaf nodes i costs O(r nz(X)), computing Ui for all leaf nodes
Pi costs O(r[n + nz(X) +
i is leaf nz(X p )]), computing Σp for all nonleaf nodes p costs O(r[ p is nonleaf nz(X p )]), factorizing P
these Σp ’s costs O(nr2 ), computing Wi for all nonleaf and nonroot nodes i costs
O(r[n + i is not leaf and not root nz(X i ) + nz(X p )]), and finding all landmark
P point sets costs
O(n). Therefore, the total cost of instantiating A is O(r[nr + nz(X) + i is not leaf nz(X i )]).

where x lies in the leaf node i and p is its parent.

second term a linear-solve. Note that the matrix K(X p , X p ) has already been evaluated
and prefactorized prior to this phase. In fact, such a computation is done when constructing
Khierarchical . Similarly, line 21 costs O(n0 nz(x) + nz(Xi )) + O(n0 ). Line 23 costs O(nz(x)),
because it amounts to projecting x on a direction. Then, the overall cost of the x-dependent
phase of Algorithm 3 is


O r nz(x) + nz(Xi ) + nz(X p ) + (r2 + nz(x)) log2 (n/r) ,
(23)
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speaking, as r increases, all approximate kernels yield a more and more stable error curve,
except the peculiar case of the independent kernel at large σ.
The unstable performance caused by randomness is unfavorable for parameter estimation, because the valley, where the optimal parameter stands, may move substantially. The
nonsmoothness exhibited in the Fourier approach also renders difficulty. Although the unfavorable behaviors are substantially alleviated when r increases to 516 in this particular
data set, to our experience, the relieving size for r correlates with the data size; that is, the
larger n, the higher r needs to increase to. In this regard, the proposed kernel is the most
favorable because its performance is relatively stable even for small r.
5.2 Partitioning Approaches
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We further compare the methods for partitioning needed by the proposed kernel. The
comparison focuses on three aspects: effect of randomness, testing error, and computational efficiency. Among the several possible choices discussed in Section 4.1, only the PCA
approach and the random projection approach (which is recommended) yield a balanced
partitioning; hence, we compare only these two.
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(b) PCA partitioning
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Figure 4 summarizes the error curves (mean and standard deviation) resulting from the
two approaches, based on the same setting as in the preceding subsection. The top row
corresponds to the recommended approach whereas the bottom row PCA. One sees that

Figure 4: Regression error curves of the proposed method. Data are recursively partitioned
by using random projections (top row) and by PCA (bottom row), respectively.
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(d) Hierarchically compositional kernel

Relative error

Figure 3: Regression error curves versus σ. Results are summarized from 30 repeated runs
and the red bands show three times standard deviation. Data set: cadata.
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r
56
113
226
453
907

r
58
117
234
468
937

mnist
partition.
3973.02%
3775.47%
4341.62%
3126.89%
2175.98%

train.
805.67%
508.89%
383.34%
151.64%
51.17%

train.
15.95%
0.51%
4.23%
1.37%
0.58%

25

26

interpreted on the other hand as a weakness of the Fourier method: It is applicable to only
a numeric data representation, whereas Nyström assumes no numeric form of data but a
kernel. Nyström has a similar time cost as does the independent kernel; the former requires
more kernel evaluations but the latter needs computing the sequence of subdomains each
point belongs to. The independent kernel and the proposed kernel need similar computations (small matrix multiplications and factorizations), but the number of such operations
is a constant times more for the proposed kernel; hence, not surprisingly it requires more
computational effort.
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train.
7.02%
6.29%
2.77%
1.60%
0.30%

train.
4.08%
3.21%
1.61%
0.40%
0.49%

ijcnn1
partition.
199.52%
8.80%
153.16%
58.42%
64.74%
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covtype
partition.
96.86%
155.34%
75.37%
105.68%
32.17%

SUSY
partition.
85.40%
99.44%
52.10%
27.41%
79.71%

r
34
68
136
273
546

Note that in the Fourier and the Nyström methods, large matrices are operated in a small
number of times. The implementation straightforwardly makes use of sophisticated linear
algebra libraries, where parallelism and cache reuse have been aggressively optimized (Anderson et al., 1999; Goto and Geijn, 2008). On the other hand, in the independent and the
proposed kernels, small matrices are operated in a large number of times. Moreover, there
exist fragmented computations such as tree traversals and data shuffles. Optimizing these
computations in terms of parallelism and cache reuse is possible and the executation times
have the potential to be substantially improved.

train.
53.07%
29.15%
21.66%
7.62%
2.28%

acoustic
partition.
664.45%
411.56%
435.01%
264.07%
164.62%

r
38
76
153
307
615

r
61
122
244
488
976

covtype.binary
partition. train.
86.40%
7.03%
74.75%
4.18%
56.26%
1.88%
28.75%
0.59%
93.58%
0.66%

YearPredictionMSD
r
partition. train.
56
687.69% 71.74%
113
616.68% 50.97%
226
630.07% 21.07%
452
226.84%
5.64%
905
216.37%
2.66%

r
56
113
226
453
907

train.
9.48%
7.59%
2.29%
0.94%
0.78%

cadata
partition.
91.16%
139.23%
51.33%
37.93%
52.86%

r
32
64
129
258
516

Table 2: PCA overhead with respect to partitioning and to overall training, under different
r.
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We now compare various approximate kernels on all the data sets listed in Table 1. For each
kernel and each r, we obtain the performance result through a grid search of the optimal
parameters σ and λ. Because of the high cost of parameter tuning, no repetitions are run
and hence the performances may be susceptible to randomization. Hence, conclusions are
drawn across data sets and we refrain from over-interpreting the results of an individual
data set. We run experiments with a few r’s and we are particularly interested in the
performance trend as r increases.
The results are summarized in Figures 5 and 6. In the panel of the plots, each row
corresponds to one data set. The three columns are performance versus r, training time,
and memory consumption, respectively. The performance is measured as the relative error
in the regression case and the accuracy in the classification case. The memory cost is
estimated and normalized. According to the analysis in Section 4.5, the memory cost of the
proposed kernel is approximately 4r per training point, whereas for the other approximate
kernels we use an estimation of r per point.
A few observations follow. First, the proposed kernel almost always yields the best
performance versus r, except for the data set YearPredictionMSD. Such an observation
confirms the effectiveness of the proposed method, which combines the advantages of the
Nyström method globally and the cross-domain independent kernel locally.
Second, the Fourier method generally runs the fastest, followed by Nyström and independent, whose speeds are comparably similar; and the proposed method falls behind.
Although all methods have the same asymptotic cost O(nr2 ), in a finer level of analysis,
Fourier wins over Nyström because the generation of random features in the former is often
less expensive than the kernel evaluation in the latter. Of course, such a fact could also be

5.3 Performance Results for Various Data Sets

the mean error curves are almost identical in both approaches. PCA is less influenced by
randomization. Such a result should not be surprising, because PCA bares no randomness
at all on partitioning; the only randomness comes from the landmark points. Although the
variation of the error curves of the random projection approach is higher, such a variation
is acceptable, particularly when it is compared with that of other approximate kernels in
the preceding subsection.
The essential reason why random projection is favored over PCA comes from the consideration of computational efficiency. To generate the normal direction of a partitioning
hyperplane, random projection amounts to only generating d random numbers, whereas
PCA requires computing the dominant singular vector of the shifted data matrix. Table 2
presents the time costs of the additional singular vector computation, against the partitioning cost and the overall training cost by using random projection. We call the singular
vector computation “overhead.” The overhead is much higher with respect to the partitioning step, because such a step has a negligible cost compared to the overall training.
The overhead is also generally higher when r is smaller because there requires more partitioning. The overhead with respect to partitioning easily exceeds 100% for quite a few of
the data sets, and sometimes it is even a few thousand percents. For the data set mnist,
which has the largest dimension d, the overhead with respect to overall training ranges from
approximately 50% to 800%.
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Figure 5: Performance versus r, time, and memory. Gaussian kernel.
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Figure 6: (Continued) Performance versus r, time, and memory. Gaussian kernel.
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The strict positive definiteness of this kernel is proved in Micchelli (1986); but its Fourier
transform is little known and hence we do not compare with the random Fourier method.
The results are shown in the appendix (see Figures 11 and 12). One sees again that they
are quite similar to those of the Gaussian and Laplace kernels.

popularized by Rahimi and Recht (2007). Clearly, this kernel is the tensor product of onedimensional exponential kernels exp(−|xi − x0i |/σ) for all attributes i. In the GP context,
the exponential kernel gives rise to the well-known Ornstein-Uhlenbeck process. Both the
exponential kernel and the Gaussian kernel are special cases of the Matérn family of kernels, but their characteristics are opposite: the latter yields an extremely smooth process
whereas the former highly rough (Stein, 1999). Hence, one might expect that their results
substantially differ.
However, the answer is to the contrary. To avoid cluttering, we leave the plots to the
appendix (see Figures 9 and 10); they are similar to those shown in Figures 5 and 6 of
the Gaussian kernel. Specifically, the general trends and the specific performance values are
quite close across the two base kernels. A possible reason is that the (optimal) regularization
λ generally lies on the order of 0.01 to 0.1, which is relatively large compared with the kernel
values, whose peak occurs at k(0) = 1. In the GP context, the noise level λ is so high that
it eclipses the effect of smoothness—the rough variation of data may as well be interpreted
as noise instead. Then, the smoothness of the kernel matters little and thus the results of
different base kernels look similar.
Based on this observation, we additionally perform experiments with the inverse multiquadric kernel
σ2
k(x, x0 ) = p
.
kx − x0 k22 + σ 2



kx − x0 k1
k(x, x0 ) = exp −
σ

We consider using a different base kernel and inspect whether the observations made in the
preceding subsection still hold. Here, we use the Laplace kernel

5.4 A Different Base Kernel

The third observation of Figures 5 and 6 focuses on the performance versus memory consumption. Since all the other methods are estimated to use the same amount of memory,
the plots are essentially moving only the curve of the proposed kernel to the right compared with the performance-versus-r plots. Then, with the same amount of memory, some
methods behave better than others in some data sets. There does not exist a consistent
winner. One sees that the proposed method is the best performing for the data sets ijcnn1
and SUSY.
The last observation is that for the data set covtype (both the binary and the multiclass
case), a significant performance gap occurs between the low-rank (Fourier and Nyström)
and the full-rank (independent and hierarchical) kernels. This is the exemplified case where
the eigenvalues in the kernel matrix decay too slowly, such that low-rank kernels with an
insufficiently large rank r are clearly underperforming.
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The question does not seem to bare a clear and simple answer after one investigates
the two plots in Figure 7. Commonly, the performance of the proposed kernel improves
in a consistent pace as r increases. For covtype.binary, the curves approach that of the
nonapproximate kernel; however, such is not the case for YearPredictionMSD. In this data
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Nonapproximate kernel
Hierarchical, r = 907
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Figure 7: Performance under different training sizes and r. Kernel: Gaussian.
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A folk wisdom in machine learning is that more data beats a more complex model (Domingos, 2012). The applicability of this knowledge lies in the regime where the hypothesis space
has not been saturated by data. For kernel methods, a natural question to ask is whether
subsampling is viable, considering that the computational effort is nontrivial with respect
to the data size n. A relevant question in the context of approximate kernels is whether
a trade-off exists between n and r, given a fixed budget nr. This budget comes from the
memory constraint, because the memory cost is O(nr) in various approximate kernels. Note
that if nr is fixed, the arithmetic cost O(nr2 ) will increase when n becomes smaller, but
the kernels tend to admit a better approximation quality.
Another scenario that resolves the interplay between n and r is the following: Suppose
the current computational resources have been fully leveraged for computation and one
is offered an upgrade such that the memory capacity is increased t times. To expect the
best performance improvement, should one seek t times more training samples (provided
feasible), or a smaller increase in training samples but meanwhile also an increase in r?
To answer this question, we use two data sets, YearPredictionMSD and covtype.binary,
and progressively downsize them by a factor of two. Recall that the former is a regression
problem whereas the latter classification. We plot in Figure 7 the performance curves
versus the training size, for a few r’s in the progression of approximately a factor of two.
For comparison, we also perform the full-fledged computation with the nonapproximate
kernel through solving (2) directly by using a preconditioned Krylov method on a cluster of
AWS EC2 machines (see Avron et al. (2016) for details). The performance curve is black
with circle markers.

5.5 Trade-Off between n and r

Relative error

Hierarchically Compositional Kernels

Accuracy %

Hierarchically Compositional Kernels

set, when the training size is small, increasing r may surpass the performance of the nonapproximate kernel. Furthermore, for covtype.binary, increasing the training size clearly
yields a much higher performance than does increasing r by the same factor; however,
for YearPredictionMSD, increasing r is to the contrary more beneficial. Hence, what the
trade-off between n and r favors appears to be data set dependent.
5.6 Kernel PCA
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Kernel principal component analysis (kernel PCA; see Schölkopf et al. (1998)) is another
popular application of kernel methods. The standard PCA defines the embedding of a point
x as the projected coordinates along the principal components of the training set X; whereas
kernel PCA defines the embedding as the projected coordinates of φ(x) along the principal
components of φ(X), where φ denotes the mapping from the input space to the feature
space. For low-rank kernels (e.g., Nyström and Fourier) that give the explicit feature map
φ, kernel PCA may be straightforwardly computed through singular value decomposition of
the feature points φ(X) after centering. For other kernels (e.g., cross-domain independent
kernel and the proposed kernel), one may leverage the relation k(x, x0 ) = hφ(x), φ(x0 )i and
compute the embedding through eigenvalue decomposition of the kernel matrix K(X, X)
after centering.
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We follow Zhang et al. (2008) and evaluate the embedding quality of different kernels
against that of the base kernel. Specifically, let U be the embedding matrix, where each
e be the embedding matrix
row corresponds to the embedding of one point x; similarly, let U
e with U ; that is,
resulting from an approximate kernel. We use a matrix M to align U
e M kF . Then, we show in Figure 8 the alignment difference kU −
M minimizes kU − U
e M kF /kU kF for different approximate kernels with various (rank) r. The embedding
U
dimension is fixed to 3 and the base kernel is Gaussian, with the choice of bandwidth σ

Figure 8: Kernel PCA: Embedding alignment difference (embedding dimension = 3). The
horizontal placement of each curve is slightly jittered to avoid cluttering.

differenc, log scale

Chen et al.

approximately equal to the optimum found in the preceding experiments. One sees that
generally the proposed kernel results in the smallest alignment difference.

6. Concluding Remarks
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Kernel methods enjoy a strong theoretical support for data interpretation and predictive
modeling; however, they come with a prohibitive computational price. Substantial efforts
exist in the search of approximate kernels. Low-rank kernels are one of the most popular
approaches because their costs have a linear dependency on the data size n and because of
their relatively simple linear algebra implementation. From the matrix angle, the effectiveness of a low-rank approximation, however, depends heavily on the decay of eigenvalues,
which is often found to be insufficiently fast for large data. We may interpret that low-rank
approximations tackle the problem globally, because its purpose is to approximate the whole
matrix. On the other hand, block diagonal approximations (e.g., the cross-domain independent kernel) focus on the preservation of local information only. They may approximate
very poorly the kernel matrix, but they often produce surprisingly good results for regression and classification (see the covtype example in Section 5). Hence, the hierarchically
compositional kernel proposed in this paper is motivated by the separate characteristics
of these approximations: it preserves the full information in local domains and gradually
applies low-rank approximations when the domains expand in a hierarchical fashion. The
net effect is that the kernel admits an O(nr) storage and an O(nr2 ) arithmetic cost similar
to that of others, but the factor r may be reduced for a matching performance when n is
large. This is favorable when computational resources are constrained; that is, as the data
size n increases, the additional factor r must remain small in order for computation to be
affordable.
The computational efficiency of the proposed kernel is supported by a delicate matrix
structure. The resulting kernel matrix Khierarchical is a special case of the recursively lowrank compressed matrices studied in Chen (2014b). Such a hierarchical structure allows
many otherwise O(n2 )–O(n3 ) dense matrix operations done with an O(nr)–O(nr2 ) cost.
Examples of these matrix operations are matrix-vector multiplication, matrix inversion,
log-determinant calculation (Chen, 2014b), and square-root decomposition (Chen, 2014a).
In addition to the focus of this paper—regression and classification, such matrix operations
are crucial in many machine learning and statistical settings, including Gaussian process
modeling, simulation of random processes, likelihood calculation, Markov Chain Monte
Carlo, and Bayesian inference. The proposed kernel hints a direction for performing scalable
computations facing an ever increasing n.
The recursively low-rank compressed structure is not a unique discovery in the prosperous literature of structured matrix computations. Many practically useful structures in
scientific computing (e.g., FMM matrices (Sun and Pitsianis, 2001) and hierarchical matrices (Hackbusch, 1999)) exploit the same low-rank property exhibited in the off-diagonal
blocks of the matrix, but they differ from ours in fine details, including the admissibility of
low-rank approximation, the method of approximation, the nesting of basis, the shape of
the hierarchy tree, and the supported matrix operations. Apart from these differences, the
most distinguishing feature of our work is that the matrix structure is amenable for high
dimensional data, an arena where other structured matrix methods are rarely applicable.
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through numerical optimization, where θ is the vector of unknown parameters and K(θ) is
the kernel matrix depending on θ. This approach, coined maximum likelihood estimation
(MLE), is also a central subject in estimation theory. Optimizing (25) nevertheless is
nontrivial because of the O(n3 ) cost for evaluating the objective function and its derivatives
when K is dense. Existing research (Anitescu et al., 2012; Stein et al., 2013) solves an
approximate problem and bounds the variance of the result against that of the original
problem (25). Fortunately, most of the approximate kernels discussed in this paper allow
an O(nr2 ) cost for evaluating L(θ). For example, the algorithm for computing the logdeterminant term for a recursively low-rank compressed matrix is described in Chen (2014b).
An avenue of future work is to adapt the log-determinant calculation discussed in Chen
(2014b) to the proposed kernel and to develop robust optimization for parameter estimation.

1
1
n
L(θ) = − y T K(θ)−1 y − log det K(θ) − log 2π
2
2
2

−1
−1 K ]K −1 ψ (i) (X , x0 ),
ψ (i) (x, X i )Ki,i
[Ki,i − Ki,p Kp,p
p,i
i
i,i


ψ (i) (x, X )K −1 ψ (i) (X , x0 ),
i
i
i,i

i is root.

=

xj ,xl ∈S∩all

nodes

X

xj ,xl ∈Sroot

qXq

αj αl eTj Kroot,root el 6= 0,
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contradicting P
(27). Here, ej means the jth column of the identity matrix. Therefore, the
bilinear form jl αj αl khierarchical (xj , xl ) cannot be zero if the coefficients are not all zero.

xj ,xl ∈Sroot

Once we prove this statement, we see that the only αj that can possibly be nonzero are
those satisfying xj ∈ S ∩all nodes q X q . However, if any of these αj is nonzero, then applying
the third case of (26) on the root yields
X
X
−1
ψ (root) (X root , xl )
αj αl ξ (root) (xj , xl ) =
αj αl ψ (root) (xj , X root )Kroot,root

where p is the parent of i and Des(i) means all the descendant nonleaf nodes of
i, including i itself.

q∈Des(i)

(Q) If i is not the root, it holds that αj = 0 for all j satisfying

-
\

xj ∈ Si
X q ∩ X p ,

If (27) holds, we shall prove the following statement:

xj ,xl ∈Si

(26)
Through telescoping, one sees that khierarchical (x, x0 ) = k (root) (x, x0 ) is a sum of ξ (i) (x, x0 )
for all nodes i where x, x0 ∈ Si . Because each ξ (i) is clearly positive-definite, so is khierarchical .
We now show the strict definiteness when k is strictly positive-definite.
For any set of
P
points {xi } and any set of coefficients {αi }, the bilinear form jl αj αl khierarchical (xj , xl ) is
zero if and only if
X
αj αl ξ (i) (xj , xl ) = 0, ∀ nodes i.
(27)

ξ (i) (x, x0 ) =

The proof technique is similar to that of Theorem 3: we decompose the kernel khierarchical
as a sum of positive-definite terms and show that if k is strictly positive-definite, then the
bilinear form cannot be zero if the coefficients are not all zero. To prevent cluttering, we
use the short-hand notation Ki,j to denote K(X i , X j ).
For any node i with parent p (if any), define a function ξ (i) for x, x0 ∈ Si :

−1 k(X , x0 ),

i is leaf,
k(x, x0 ) − k(x, X p )Kp,p
p


i is neither leaf nor root,

We would like to acknowledge support for this work by the XDATA program of the Defense
Advanced Research Projects Agency (DARPA), administered through Air Force Research
Laboratory contract FA8750-12-C-0323. We are indebted to the editor and the referees
whose comments have substantially improved the paper.

This peculiarity roots in the fact that the decay of singular values of the off-diagonal blocks
becomes much slower when the data dimension increases. These blocks generally have a
full, or nearly full, rank when the data dimension is larger than three or four. Hence, it is
challenging to develop computational methods from the angle of matrix approximations, if
evaluation of quality is based on the approximation error. Instead, we develop theory from
the perspective of kernels and ensure the preservation of positive-definiteness. Although
the new kernel arises from some approximation of the old one, we may bypass the approximation interpretation and consider them separate kernels. The choice of kernels will then
be justified via model selection. An additional benefit is that out-of-sample extension is
straightforward.
Although the setting of this paper casts the data domain X as an Euclidean space for
simplicity, it is possible to generalize the proposed method to a more abstract space (e.g.,
a metric space). In fact, the construction of the proposed kernel and the instantiation of
the kernel matrix requires as minimal as the fact that the base kernel k is strictly positivedefinite. The only exception is the partitioning of the data domain, where the partition
membership must be inferred for every data point (including out of samples). In a metric
space, one solution is the k-means clustering, because the clustering straightforwardly defines the partitions for the training data; moreover, the partition membership for a testing
point is determined by the minimal distance (metric) from the point to the cluster centers.
Through experimentation, we have demonstrated the complex performance curves with
respect to kernel parameters. The curves may vary significantly due to randomization, may
be multimodal, and may even be nonsmooth. These phenomena pose a challenge for selecting the optimal parameters through cross validation and grid search. To make things worse,
grid search is applicable only when the number of parameters is very small. An example
when one may want more parameters is to introduce anisotropy to the kernel through specifying one range parameter for each or a few attributes. Hence, a more principled approach,
which in theory can incorporate an arbitrary number of parameters, is to take the GP view
and to maximize the Gaussian log-likelihood

Appendix A. Proof of Theorem 6
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X
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αj αl ξ (p) (xj , xl ) =

\
Xq

∩
Xr

,



−1
αj αl ejT [Kp,p − Kp,r Kr,r
Kr,p ]el .

(28)

−1
−1
−1 (p)
αj αl ψ (p) (xj , X p )Kp,p
[Kp,p − Kp,r Kr,r
Kr,p ]Kp,p
ψ (X p , xl )

X



-

xj ,xl ∈Sp \∩q∈Des(p) X q

xj ,xl ∈Sp

X

We now prove statement (Q) by induction. The base case is when i is a leaf node.
Applying the same argument as that in the proof of Theorem 3 on the first case of (26), we
have that αj = 0 for all j satisfying xj ∈ Si \X p . In the induction step, if (Q) holds for all
children nodes i of p and if r is the parent of p, we apply the second case of (26) and obtain
0=
xj ,xl ∈Sp

=

∈
Sp

−1 K
For the matrix Kp,p − Kp,r Kr,r
r,p inside the square bracket, the block corresponding to
X p \X r has full rank, whereas the rest is zero. Then, in order for (28) to be zero, one must
have that αj = 0 for all j satisfying xj ∈ X p \X r . Making a disjunction of this relation
with that in the induction hypothesis: xj ∈ Sp \ ∩q∈Des(p) X q , we obtain

xj
q∈Des(p)

which concludes the induction and subsequently concludes the proof of Theorem 6.

Appendix B. Performance Results with the Laplace Kernel
See Figures 9 and 10. These plots are qualitatively similar to those of the Gaussian kernel
(Figures 5 and 6).

Appendix C. Performance Results with the Inverse Multiquadric Kernel
See Figures 11 and 12. These plots are qualitatively similar to those of the Gaussian kernel
(Figures 5 and 6).
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Figure 9: Performance versus r, time, and memory. Laplace kernel.
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Figure 10: (Continued) Performance versus r, time, and memory. Laplace kernel.
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Figure 11: Performance versus r, time, and memory. Inverse multiquadric kernel.

75
56

80

85

90

95

covtype.binary, Inverse Multiquadric

91
34

92

93

94

95

96

97

56

4.6

4.7

4.8

4.9

32

Nystrom
Independent
Hierarchical

cadata, Inverse Multiquadric

-3
YearPred,
Inverse Multiquadric
×10

0.25

0.26

0.27

0.28

0.29

Relative error
Relative error

Accuracy %
Accuracy %

Relative error
Relative error

Accuracy %

Accuracy %

94
92
90
88
86
58

78
76
74
72
70
38

95
90
85
80
75

234

Nystrom
Independent
Hierarchical

307

453

Nystrom
Independent
Hierarchical

907

94
92
90
88
86

Training time (second)

10 1

Nystrom
Independent
Hierarchical

mnist, Inverse Multiquadric

10 0

10 1

Nystrom
Independent
Hierarchical

Training time (second)

10 0

acoustic, Inverse Multiquadric

(a) mnist, multiclass classification

78
76
74
72
70

70

75

80

85

90

95

10 1

10 2

Nystrom
Independent
Hierarchical

covtype, Inverse Multiquadric

(b) acoustic, multiclass classification

615

937

70
56

75

80

85

90

95

70
38

72

74

76

78

58

86

88

90

92

94

Hierarchically Compositional Kernels

468

Nystrom
Independent
Hierarchical

mnist, Inverse Multiquadric

117

r

r

153

acoustic, Inverse Multiquadric

76

226

covtype, Inverse Multiquadric

113

232

464

928

1856 3712

Nystrom
Independent
Hierarchical

mnist, Inverse Multiquadric

116

Estimated memory (normalized)

152

304

608

1216 2432

Nystrom
Independent
Hierarchical

acoustic, Inverse Multiquadric

76

Estimated memory (normalized)

224

448

896

1792 3584

Nystrom
Independent
Hierarchical

covtype, Inverse Multiquadric

112

Estimated memory (normalized)

Chen et al.

Jie Chen. Computing square root factorization for recursively low-rank compressed matrices.
Technical Report RC25499, IBM Thomas J. Watson Research Center, 2014a.

Jie Chen. Data structure and algorithms for recursively low-rank compressed matrices.
Technical Report ANL/MCS-P5112-0314, Argonne National Laboratory, 2014b.

Jie Chen, Haw-Ren Fang, and Yousef Saad. Fast approximate kNN graph construction
for high dimensional data via recursive Lanczos bisection. Journal of Machine Learning
Research, 10(Sep):1989–2012, 2009.

Jean-Paul Chilès and Pierre Delfiner. Geostatistics: Modeling Spatial Uncertainty. Wiley,
2012.

Sanjoy Dasgupta and Anupam Gupta. An elementary proof of a theorem of Johnson and
Lindenstrauss. Random Structures & Algorithms, 22(1):60–65, 2002.

Pedro Domingos. A few useful things to know about machine learning. Communications of
the ACM, 55(10):78–87, 2012.

Petros Drineas and Michael W. Mahoney. On the Nyström method for approximating a
Gram matrix for improved kernel-based learning. Journal of Machine Learning Research,
6:2153–2175, 2005.

Reinhard Furrer, Marc G Genton, and Douglas Nychka. Covariance tapering for interpolation of large spatial datasets. Journal of Computational and Graphical Statistics, 15(3):
502–523, 2006.

Gene H. Golub and Charles F. Van Loan. Matrix Computations. Johns Hopkins University
Press, 3rd edition, 1996.

Kazushige Goto and Robert Van De Geijn. High-performance implementation of the level-3
BLAS. ACM Transactions on Mathematical Software, 35(1), 2008.
Training time (second)

(c) covtype, multiclass classification

r

W. Hackbusch. A sparse matrix arithmetic based on H-matrices. part I: Introduction to
H-matrices. Computing, 62(2):89–108, 1999.

Jon Louis Bentley. Multidimensional binary search trees used for associative searching.
Communications of the ACM, 8(9):509–517, 1975.
B. Boots, A. Gretton, and G. J. Gordon. Hilbert space embeddings of predictive state
representations. In Proc. 29th Intl. Conf. on Uncertainty in Artificial Intelligence (UAI),
2013.

JMLR 18(66):1-42, 2017

Jie Chen. On the use of discrete Laplace operator for preconditioning kernel matrices. SIAM
Journal on Scientific Computing, 35(2):A577–A602, 2013.
39

40

JMLR 18(66):1-42, 2017

P. Huang, H. Avron, T. N. Sainath, V. Sindhwani, and B. Ramabhadran. Kernel methods
match deep neural networks on TIMIT. In IEEE International Conference on Acoustics,
Speech and Signal Processing, 2014.

Roger A. Horn and Charles R. Johnson. Topics in Matrix Analysis. Cambridge University
Press, 1994.

Trevor Hastie, Robert Tibshirani, and Jerome Friedman. The Elements of Statistical Learning: Data Mining, Inference, and Prediction. Springer, second edition, 2009.

Z. Harchaoui, F. Bach, O. Cappe, and E. Moulines. Kernel-based methods for hypothesis
testing: A unified view. Signal Processing Magazine, IEEE, 30(4):87–97, July 2013.

Figure 12: (Continued) Performance versus r, time, and memory. Inverse multiquadric
kernel.

70
56

Accuracy %
Accuracy %
Accuracy %

Accuracy %
Accuracy %
Accuracy %

Accuracy %
Accuracy %
Accuracy %

41

JMLR 18(66):1-42, 2017

S. Si, C.-J. Hsieh, and I.S. Dhillon. Memory efficient kernel approximation. In Proceedings
of the 25th international conference on Machine learning, 2014.

Bernhard Schölkopf, Ralf Herbrich, and Alex J. Smola. A generalized representer theorem.
Lecture Notes in Computer Science, 2111:416426, 2001.

Bernhard Schölkopf, Alexander Smola, and Klaus-Robert Müller. Nonlinear component
analysis as a kernel eigenvalue problem. Neural Computation, 10(5):1299–1319, 1998.

Bernhard Schölkopf and Alexander J. Smola. Learning with Kernels: Support Vector Machines, Regularization, Optimization, and Beyond. The MIT Press, 2001.

Yousef Saad. Iterative Methods for Sparse Linear Systems. Society for Industrial and
Applied Mathematics, second edition, 2003.

Carl Edward Rasmussen and Christopher K. I. Williams. Gaussian Processes for Machine
Learning. The MIT Press, 2006.

Ali Rahimi and Ben Recht. Random features for large-scale kernel machines. In Neural
Infomration Processing Systems, 2007.

K Pearson. On lines and planes of closest fit to systems of points in space. Philosophical
Magazine, 2(11):559–572, 1901.

A. O’Hagan and J. F. C. Kingman. Curve fitting and optimal design for prediction. Journal
of the Royal Statistical Society. Series B (Methodological), 40(1):1–42, 1978.

J. J. Monaghan and J. C. Lattanzio. A refined particle method for astrophysical problems.
Astronomy and Astrophysics, 149(1):135–143, 1985.

Charles A. Micchelli. Interpolation of scattered data: Distance matrices and conditionally
positive definite functions. Constructive Approximation, 2(1):11–22, 1986.

42

JMLR 18(66):1-42, 2017

Kai Zhang, Ivor W. Tsang, and James T. Kwok. Improved Nyström low-rank approximation and error analysis. In Proceedings of the 25th international conference on Machine
learning, 2008.

Kai Zhang and James T. Kwok. Clustered Nyström method for large scale manifold learning
and dimension reduction. IEEE Transactions on Neural Networks, 21(10):1576–1587,
2010.

K. Zhang, J. Peters, D. Janzing, and B. Scholkopf. Kernel based conditional independence
test and application in causal discovery. In Proc. 27th Intl. Conf. on Uncertainty in
Artificial Intelligence, 2011.

Chenhan D. Yu, William B. March, and George Biros. An n log n parallel fast direct solver
for kernel matrices. Preprint arXiv:1701.02324, 2017.

I. Yen, T. Lin, S. Lin, P. Ravikumar, and I. Dhillon. Sparse random feature algorithm as
coordinate descent in Hilbert space. In Neural Information Processing Systems, pages
2456–2464, 2014.

Tianbao Yang, Yu feng Li, Mehrdad Mahdavi, Rong Jin, and Zhi-Hua Zhou. Nyström
method vs random Fourier features: A theoretical and empirical comparison. In Advances
in Neural Information Processing Systems 25, 2012.

J. Yang, V. Sindhwani, Q. Fan, H. Avron, and M. Mahoney. Random Laplace feature
maps for semigroup kernels on histograms. In IEEE Conference on Computer Vision and
Pattern Recognition, 2014.

Christopher K. I. Williams and Matthias Seeger. Using the Nyström method to speed up
kernel machines. In Advances in Neural Information Processing Systems 13, 2000.

Holger Wendland. Scattered Data Approximation. Cambridge University Press, 2004.

Xiaobai Sun and Nikos P. Pitsianis. A matrix version of the fast multipole method. SIAM
Review, 43(2):289–300, 2001.

Michael L. Stein, Jie Chen, and Mihai Anitescu. Stochastic approximation of score functions
for Gaussian processes. Annals of Applied Statistics, 7(2):1162–1191, 2013.

Michael L. Stein. Limitations on low rank approximations for covariance matrices of spatial
data. Spatial Statistics, 8:1–19, 2014.

J. MacQueen. Some methods for classification and analysis of multivariate observations. In
Proc. Fifth Berkeley Symp. on Math. Statist. and Prob., volume 1, pages 281–297, 1967.

William B. March, Bo Xiao, and George Biros. ASKIT: Approximate skeletonization kernelindependent treecode in high dimensions. Preprint arXiv:1410.0260, 2014.

Michael L. Stein. Interpolation of Spatial Data: Some Theory for Kriging. Springer, 1999.

J. R. Koehler and A. B. Owen. Handbook of statistics, volume 13, chapter 9 Computer
Experiments, pages 261–308. Elsevier B.V., 1996.

L Song, B. Boots, S. Siddiqi, G. Gordon, and A. Smola. Hilbert space embeddings of hidden
Markov models. In Proc. of the 30th International Conference on Machine Learning
(ICML), 2013.

Ralph C. Smith. Uncertainty Quantification: Theory, Implementation, and Applications.
Society for Industrial and Applied Mathematics, 2013.

Si Si, Cho-Jui Hsieh, and Inderjit S. Dhillon. Memory efficient kernel approximation. Journal of Machine Learning Research, 18(20):1–32, 2017.

William B. Johnson and Joram Lindenstrauss. Extensions of Lipschitz mappings into a
Hilbert space. In Conference on Modern Analysis and Probability, volume 26, pages
189–206. American Mathematical Society, 1984.

Cari Kaufman, Mark Schervish, and Douglas Nychka. Covariance tapering for likelihoodbased estimation in large spatial data sets. Journal of the American Statistical Association, 103:1545–1555, 2008.

Chen et al.

Hierarchically Compositional Kernels

Submitted 9/15; Revised 6/16; Published 8/17

Abstract

geer@stat.math.ethz.ch

stucky@stat.math.ethz.ch

(1.1)

JMLR 18(67):1-29, 2017

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v18/15-482.html.

c 2017 Benjamin Stucky and Sara van de Geer.

Here Y is the n−dimensional response variable, X is the n×p design matrix and  is the identical and independent distributed noise vector. The noise has E(i ) = 0, Var(i ) = σ 2 , ∀i ∈
{1, ..., n}. Assume that σ is unknown, and that β 0 is the ”true” underlying p−dimensional

Y = Xβ 0 + .

The recent development of new technologies makes data gathering not a big problem any
more. In some sense there is more data than we can handle, or than we need. The problem
has shifted towards finding useful and meaningful information in the big sea of data. An
example where such problems arise is the high-dimensional linear regression model

1. Introduction and Model

We study a set of regularization methods for high-dimensional linear regression models.
These penalized estimators have the square root of the residual sum of squared errors as
loss function, and any weakly decomposable norm as penalty function. This fit measure is
chosen because of its property that the estimator does not depend on the unknown standard
deviation of the noise. On the other hand, a generalized weakly decomposable norm penalty
is very useful in being able to deal with different underlying sparsity structures. We can
choose a different sparsity inducing norm depending on how we want to interpret the
unknown parameter vector β. Structured sparsity norms, as defined in Micchelli et al.
(2010), are special cases of weakly decomposable norms, therefore we also include the square
root LASSO (Belloni et al., 2011), the group square root LASSO (Bunea et al., 2014) and a
new method called the square root SLOPE (in a similar fashion to the SLOPE from Bogdan
et al. 2015). For this collection of estimators our results provide sharp oracle inequalities
with the Karush-Kuhn-Tucker conditions. We discuss some examples of estimators. Based
on a simulation we illustrate some advantages of the square root SLOPE.
Keywords: Square root LASSO, structured sparsity, Karush-Kuhn-Tucker, sharp oracale
inequality, weak decomposability
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2λ1 σ
kY −Xβkn .

0

Instead of minimizing with λ (β), a function of β, let us assume

2
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The Square Root LASSO was introduced by Belloni et al. (2011) in order to get a pivotal
method. An equivalent formulation as a joint convex optimization program can be found
in Owen (2007). This method has been studied under the name Scaled LASSO in Sun
and Zhang (2012). Pivotal means that the theoretical λ does not depend on the unknown
standard deviation σ or on any estimated version of it. The estimator does not require the
estimation of the unknown σ. Belloni et al. (2014) also showed
that under Gaussian noise
√
the theoretical λ can be chosen of order Φ−1 (1 − α/2p)/ n − 1, with Φ−1 denoting the
inverse of the standard Gaussian cumulative distribution function, and α being some small
probability. This is independent
p of σ and achieves a near oracle inequality for the prediction
norm of convergence rate σ (|S0 |/n) log p. In contrast to that, the theoretical penalty level
of the LASSO depends on knowing σ in order to achieve similar oracle inequalities for the
prediction norm.

β̂L (kY − X β̂srL kn ) = β̂srL .

So in some sense the λ for the Square Root LASSO is a scaled version, scaled by an adaptive
estimator of σ, of λ1 from the LASSO. By the optimality conditions it is true that

β∈Rp

β̂srL := arg min {kY − Xβkn + λkβk1 } .

that we keep λ (β) a fixed constant. Then we get the Square Root LASSO method

0

where λ (β) :=

0

Here λ1 is a constant called the regularization level, which regulates how sparse our solution
should be. Also note that the construction
the LASSO estimator depends on the unknown
Pof
p
p
noise level σ. We moreover let kak
1 :=
i=1 |ai | for any a ∈ R denote the `1 −norm and
P
n
2
n
2
for any a ∈ R we write kakn = j=1 aj /n, the `2 − norm squared and divided by n. The
LASSO uses the `1 −norm as a measure of sparsity. This measure as regulizer sets a number
of parameters to zero.
Let us rewrite the LASSO into the following form

 2λ σ 
0
1
β̂L = arg min
kY − Xβkn + λ (β)kβk1 · 0
,
λ (β)
β∈Rp

β∈Rp

While trying to explain Y through different other variables, in the high-dimensional linear
regression model, we need to set less important explanatory variables to zero. Otherwise
we would have overfitting. This is the process of finding a trade-off between a good fit and
a sparse solution. In other words we are trying to find a solution that explains our data
well, but at the same time only uses more important variables to do so.
The most famous and widely used estimator for the high-dimensional regression model is
the `1 −regularized version of least squares, called LASSO (Tibshirani, 1996)

β̂L (σ) := arg min kY − Xβk2n + 2λ1 σkβk1 .

parameter vector of the linear regression model with active set S0 := supp(β 0 ).
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The idea of the square root LASSO was further developed in Bunea et al. (2014) to the group
square root LASSO, in order to get a selection of groups of predictors. The group LASSO
norm is another way to describe an underlying sparsity, namely if groups of parameters
should be set to zero, instead of individual parameters. Another extension for the the
square root LASSO in the case of matrix completion was given by Klopp (2014).
Now in this paper we go further and generalize the idea of the square root LASSO to
any sparsity inducing norm. From now on we will look at the family of norm penalty
regularization methods, which are of the following square root type
β∈Rp

β̂ := arg min {kY − Xβkn + λΩ(β)} ,
where Ω is any norm on Rp . This set of regularization methods will be called square root
regularization methods. Furthermore, we introduce the following notations
the residuals,
the dual norm of the norm Ω, and

ˆ := Y − X β̂
Ω∗ (x) := max z T x, x ∈ Rp
∀S ⊂ {1, ..., p} and all vectors β ∈ Rp .

z,Ω(z)≤1

βS = {βj : j ∈ S}

Later we will see that describing the underlying sparsity with an appropriate sparsity norm
can make a difference in how good the errors will be. Therefore in this paper we extend the
idea of the square root LASSO with the `1 −penalty to more general weakly decomposable
norm penalties. The theoretical λ of such an estimator will not depend on σ either. We
introduce the Karush-Kuhn-Tucker conditions for these estimators and give sharp oracle
inequalities. In the last two sections we will give some examples of different norms and
simulations comparing the square root LASSO with the square root SLOPE.

2. Karush-Kuhn-Tucker Conditions
As we already have seen before, these estimators need to calculate a minimum over β. The
Karush-Kuhn-Tucker conditions characterize this minimum. In order to formulate these
optimality conditions we need some concepts of convex optimization. For the reader who
is not familiar with this topic, we will introduce the subdifferential, which generalizes the
differential, and give a short overview of some properties, as can be found for example in
Bach et al. (2012). For any convex function g : Rp → R and any vector w ∈ Rp we define
its subdifferential as
∂g(w) := {z ∈ Rp ; g(w0 ) ≥ g(w) + z T (w0 − w) ∀w0 ∈ Rp }.

JMLR 18(67):1-29, 2017

The elements of ∂g(w) are called the subgradients of g at w.
Let us remark that all convex functions have non empty subdifferentials at every point.
Moreover by the definition of the subdifferential any subgradient defines a tangent space
w0 7→ g(w)+z T ·(w0 −w), that goes through g(w) and is at any point lower than the function
g. If g is differentiable at w, then its subdifferential at w is the usual gradient. Now the
3
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next lemma, which dates back to Pierre Fermat (see Bauschke and Combettes 2011), shows
how to find a global minimum for a convex function g.

Lemma 1 (Fermat’s Rule) For all convex functions g : Rp → R it holds that

v ∈ Rp is a global minimum of g ⇔ 0 ∈ ∂g(v).

For any norm Ω on Rp with ω ∈ Rp it holds true that its subdifferential can be written as
(see Bach et al. 2012 Proposition 1.2)
(
{z ∈ Rp ; Ω∗ (z) ≤ 1}
if ω = 0
(2.1)
V
{z ∈ Rp ; Ω∗ (z) = 1 z T w = Ω(ω)} if ω 6= 0.
∂Ω(ω) =

We are able to apply these properties to our estimator β̂. Lemma 1 implies that

1
β̂ is optimal ⇔ − ∇kY − X β̂kn ∈ ∂Ω(β̂).
λ

nλkY − X β̂kn

X T (Y − X β̂)

∈ ∂Ω(β̂).

(2.3)

(2.2)

This means that, in the case kˆ
kn > 0, for the square root regularization estimator β̂ it
holds true that
β̂ is optimal ⇔

By combining equation (2.1) with (2.2) we can write the KKT conditions as
 

 ∗ ˆT X

if β̂ = 0
Ω nkˆkn  ≤ λ


ˆT X
β̂ is optimal ⇔ Ω∗ nkˆ
if β̂ 6= 0.
kn = λ



V ˆT X β̂ = λΩ(β̂)
nkˆ
kn



ˆT X
n



.

What we might first remark about equation (2.3) is that in the case of β̂ 6= 0 the second
part can be written as

ˆT X β̂/n = Ω(β̂) · Ω∗

This means that we in fact have equality in the generalized Cauchy-Schwartz Inequality for
these two p−dimensional vectors. Furthermore let us remark that the equality

ˆT X β̂/n = Ω(β̂)λkˆ
kn

trivially holds true for the case where β̂ = 0. It is important to remark here that, in contrast
to the KKT
kn term in the expression

 conditions for the LASSO, we have an additional kˆ
ˆT X
Ω∗ nkˆ
kn . This nice scaling leads to the property that the theoretical λ is independent of
σ.
With the KKT conditions we are able to formulate a generalized type of KKT conditions.
This next lemma is needed for the proofs in the next chapter.

JMLR 18(67):1-29, 2017

Lemma 2 For the square root type estimator β̂ we have for any β ∈ Rp and when kˆ
kn 6= 0

1 T
ˆ X(β − β̂)/n + λΩ(β̂) ≤ λΩ(β).
kˆ
kn

4

(2.6)

c

λ0 =

5

Ω∗ (T X)
.
nkkn

λm = max(λS , λS )

f=

λΩ(β 0 )
kkn
S c ∗ ((T X) c )
Ω
c
S
λS =
nkkn
Ω∗ ((T X)S )
λS =
nkkn
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Let us first introduce all the necessary definitions and concepts. Some normed versions of
values need to be introduced:

3.1 Concepts and Assumptions

We provide sharp oracle inequalities for the estimator β̂ with a norm Ω that satisfies a so
called weak decomposability condition. An oracle inequality is a bound on the estimation
and prediction errors. This shows how good these estimators are in estimating the parameter vector β 0 . This is an extension of the sharp oracle results given in van de Geer (2014) for
LASSO type of estimators, which in turn was an generalization of the sharp oracle inequalities for the LASSO and nuclear norm penalization in Koltchinskii (2011) and Koltchinskii
et al. (2011).

3. Sharp Oracle Inequalities for the square root regularization estimators

Now putting (2.5) and (2.6) together we get the result.

1 T
ˆ X β̂/n = λΩ(β̂).
kˆ
kn

The second equation from the KKT’s, which again holds in any case, is

ˆT
1 T
ˆ Xβ/n ≤ Ω(β) ·
max
Xβ/n
p
kˆ
kn
kn
β∈R ,Ω(β)≤1 kˆ
 T 
ˆ X
= Ω(β) · Ω∗
nkˆ
kn
≤ Ω(β)λ.
(2.5)

λ0
λ

term makes sure that we introduce enough sparsity (no overfitting).

6

∀β ∈ Rp Ω(β) ≥ Ω(βS ) + ΩS (βS c ).

c
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Definition 3 (Weak decomposability) A norm Ω in Rp is called weakly decomposable
c
c
for an index set S ⊂ {1, ..., p}, if there exists a norm ΩS on R|S | such that

This decomposability property is used to get oracle inequalities for the LASSO. But we can
relax this property, and introduce weakly decomposable norms.

kβk1 = kβS k1 + kβS c k1 , ∀ sets S ⊂ 1, ..., p and all β ∈ Rp .

But we will also need to lower bound this by another norm evaluated at βS c . This is
motivated by relaxing the following decomposability property of the `1 -norm:

Ω(βS c ) ≥ Ω(β) − Ω(βS ).

Assumption II is fulfilled for a set S ⊂ {1, ..., p} and a norm Ω on Rp if this norm is weakly
decomposable, and S is an allowed set for this norm. This was used by van de Geer (2014)
and goes back to Bach et al. (2012). It is an assumption on the structure of the sparsity
inducing norm. By the triangle inequality we have:

3.1.2 Assumption II (weak decomposability)

The


λ0
1 + 2f < 1.
λ

β,s.t.Xβ=Ye

If kˆ
kn = 0, then β̂ does the same thing as the Ordinary Least Squares (OLS) estimator
βOLS , namely it overfits. That is why we need a lower bound on kˆ
kn . In order to achieve
this lower bound we make the following assumptions:
!
P Y ∈ {Ye :
min Ω(β) ≤ kkn } = 0.

3.1.1 Assumption I (overfitting)

For example the quantity f gives the measure of the true underlying normalized sparsity.
c
ΩS denotes a norm on Rp−|S| which will shortly be defined in Assumption II. Furthermore
m
λ will take the role of the theoretical (unknown) λ. If we compare this to the case of
the LASSO we see that instead of the `∞ −norm we generalized it to the dual norm of
1
appears. This scaling is due to the square root
Ω. Also remark that in λm a term kk
n
regularization, which will be the reason that λ can be chosen independently of the unknown
standard deviation σ. Now we will give the two main assumptions that need to hold in
order to prove the oracle inequalities. Assumption I deals with avoiding overfitting, and
the main concern of Assumption II is that the norm has the desired property of promoting
a structured sparse solution β̂. We will later see, that the structured sparsity norms in
Micchelli et al. (2010) and Micchelli et al. (2013) are all of this form. Thus, Assumption II
is quite general.

Proof First we need to look at the inequality from the KKT’s, which holds in any case
 T 
ˆ X
Ω∗
≤ λ.
(2.4)
nkˆ
kn

And by the definition of the dual norm and the maximum, we have with (2.4)
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Therefore we get

And we are left with

kkn
+ Ω(β 0 ).
λ

s

s



1 + 2f +
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λ kˆ
kn
f .
λ0 kkn

λ0
λ0
kˆ
kn
+2 f +
f.
λ
λ
kkn

λ0
λ



λΩ(β 0 )
λ kˆ
kn λΩ(β 0 )
1+2
+ 0·
·
.
kkn
λ kkn
kkn

Ω(β̂) ≤

λ0
λ

kkn

= kkn

≤

s

)kn

kX(β̂ − β 0 )kn ≤ kkn

kX(β̂ − β 0

By the definition of f we get

Now we get

<1

λ0
λ0
kˆ
kn
+2 f +
f
λ
λ
kkn

kˆ
kn ≥ kkn − kX(β̂ − β 0 )kn
s

≥ kkn − kkn

kˆ
kn
kkn



kˆ
kn 2
1−
kkn

Let us rearrange equation (3.1) further in the case

λ0
kˆ
kn
λ0
+2 f +
f≥
λ
λ
kkn

kˆ
kn
kˆ
kn kˆ
kn2
λ0
f ≥1−2
+
− (1 + 2f )
kkn
kkn kkn2
λ

8

(3.1)

In the second line we used the definition of the dual norm, and the Cauchy-Schwartz inequality. Again by the definition of the estimator we have

≤ λ0 kkn Ω(β̂) + Ω(β 0 )(λ0 kkn + λkˆ
kn ).

≤ λ0 kkn (Ω(β̂) + Ω(β 0 )) + λkˆ
kn (Ω(β 0 ) − Ω(β̂))

≤ λ0 kkn Ω(β̂ − β 0 ) + λkˆ
kn (Ω(β 0 ) − Ω(β̂))

kX(β̂ − β 0 )kn2 ≤ T X(β̂ − β 0 )/n + λkˆ
kn (Ω(β 0 ) − Ω(β̂))

and then upper bound kX(β̂ − β 0 )kn . With Lemma 2 we get an upper bound for kX(β̂ −
β 0 )kn ,

kˆ
kn = k − X(β̂ − β 0 )kn ≥ kkn − kX(β̂ − β 0 )kn ,

kˆ
kn ≤ kkn + λΩ(β 0 ).

Furthermore we call a set S allowed if Ω is a weakly decomposable norm for this set.

Dividing by kkn and by the definition of f we get the desired upper bound. The main idea
for the lower bound is to use the triangle inequality

c

Remark 4 In order to get a good oracle bound, we will choose the norm ΩS as large as
possible. We will also choose the allowed sets S in such a way to reflect the active set S0 .
Otherwise we would of course be able to choose as a trivial example the empty set S = ∅.
Now that we have introduced the two main assumptions, we can introduce other definitions
and concepts also used in van de Geer (2014).

1
2 (L, S) .
δΩ

Definition 5 For S an allowed set of a weakly decomposable norm Ω, and L > 0 a constant,
the Ω−eigenvalue is defined as

c
δΩ (L, S) := min kXβS − XβS c kn : Ω(βS ) = 1, ΩS (βS c ) ≤ L .
Then the Ω−effective sparsity is defined as

2
ΓΩ
(L, S) :=

The Ω−eigenvalue is the distance between the two sets (van de Geer and Lederer, 2013)
c
{XβS : Ω(βS ) = 1} and {XβS c : ΩS (βS c ) ≤ L}, see Figure 2. The additional discussion
about these definitions will follow after the main theorem. The Ω−eigenvalue generalizes
the compatibility constant (van de Geer, 2007).
For the proof of the main theorem we need some small lemmas. For any vector β ∈ Rp
c
the (L, S)−cone condition for a norm Ω is satisfied if ΩS (βS c ) ≤ LΩ(βS ), with L > 0 a
constant and S an allowed set.
The proof of Lemma 6 can be found in van de Geer (2014). It shows the connection between
the (L, S)−cone condition and the Ω−eigenvalue. We bound Ω(βS ) by a multiple of kXβkn .

≤

ΓΩ (L, S)kXβkn .

Lemma 6 Let S be an allowed set of a weakly decomposable norm Ω and L > 0 a constant.
Then we have that the Ω−eigenvalue is of the following form:


kXβkn
δΩ (L, S) = min
, β satisfies the cone condition and βS 6= 0 .
Ω(βS )
We have

Ω(βS )

We will also need a lower and an upper bound for kˆ
kn , as already mentioned in Assumption
I. The next Lemma 7 gives such bounds.

0

Lemma 7 Suppose that Assumption I holds true. Then
1 − λλ (1 + 2f )
kˆ
kn
1+f ≥
≥
> 0.
kkn
f +2
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Proof The upper bound is obtained by the definition of the estimator
kY − X β̂kn + λΩ(β̂) ≤ kY − Xβ 0 kn + λΩ(β 0 ).
7

kˆ
kn
kkn

>

Assumption I

0.

> 1, we already get a lower bound which is bigger than

0

1− λλ (1+2f )
.
f +2

m

λ := λ

∗

1−

and

+ 2f )
f +2

λ0
λ (1

!

,

Ω(β̂S?

λ̃

c

:= λ(1 + f ).

S?c

+

9

(3.2)
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(1 + δ)2 kkn (λ̃ + λm )2
· ∗
· Γ2Ω (LS? , S? ).
2δ
λ − λm

1
kX(β? − β 0 )k2n
− β? ) + Ω (β̂S?c ) ≤
·
+ ...
2δkkn
λ∗ − λm

kX(β̂ − β 0 )k2n ≤ kX(β? − β 0 )k2n + kk2n (1 + δ)2 (λ̃ + λS? )2 · Γ2Ω (LS? , S? )

Furthermore we get the two oracle inequalities

with LS :=

λ̃+λm 1+δ
λ∗ −λm 1−δ

h
i
c
kX(β̂ − β 0 )k2n + 2δkkn (λ∗ + λm )Ω(β̂S − β) + (λ∗ − λm )ΩS (β̂S c )
h
i2
≤ kX(β − β 0 )k2n + kk2n (1 + δ)(λ̃ + λm ) Γ2Ω (LS , S),

Theorem 9 Assume that 0 ≤ δ < 1, and also that aλm < λ, with the constant a = 3(1+f ).
We invoke also Assumption I (overfitting) and Assumption II (weak decomposability) for S
and Ω. Here the allowed set S is chosen such that the active set Sβ := supp(β) is a subset
of S. Then it holds true that

1 − λλ (1 + 2f )
1 − λλ (1 + 2f )
λ∗
λm
=
≥
>
.
λ
f +2
f +2
λ

0

Remark 8 Let us first briefly remark that in the Theorem 9 we need to assure that λ∗ −
m
λm > 0. The assumption λλ < 1/a, with a chosen as in Theorem 9, together with the fact
that λ0 ≤ λm leads to the desired inequality

Finally we are able to present the main theorem. This theorem gives sharp oracle inequalities
on the prediction error expressed in the `2 -norm, and the estimation error expressed in the
c
Ω and ΩS norms.

3.2 Sharp Oracle Inequality

On the other hand if

1 − λλ (1 + 2f )
kˆ
kn
≥
kkn
f +2

0

kˆ
kn
λ0
kˆ
kn
f +2
≥ 1 − (1 + 2f )
kkn
kkn
λ

Sharp Oracle Inequalities for Square Root Regularization

β: supp(β)⊆S

(3.4)

10

(3.5)
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hX(β̂ − β 0 ), X(β̂ − β)in + kˆ
kn λΩ(β̂) ≤ h, X(β̂ − β)in + kˆ
kn λΩ(β).

This is equivalent to

h, X(β̂ − β)in
hX(β̂ − β 0 ), X(β̂ − β)in
+ λΩ(β̂) ≤
+ λΩ(β).
kˆ
kn
kˆ
kn

We can reformulate Lemma 2 with Y − X β̂ = X(β 0 − β̂) + , then we get:

Now we can turn to the more important case.
Case 2: Assume that
h
i
c
hX(β̂ − β 0 ), X(β̂ − β)in ≥ −δkkn (λ∗ + λm )Ω(β̂S − β) + (λ∗ − λm )ΩS (β̂S c ) .

≤0

≤ −kX(β − β̂)k2n

= 2hX(β̂ − β 0 ), X(β̂ − β)in − kX(β − β̂)k2n
h
i
c
+ 2δkkn (λ∗ + λm )Ω(β̂S − β) + (λ∗ − λm )ΩS (β̂S c )

kX(β̂ − β 0 )k2n − kX(β − β 0 )k2n + ...
h
i
c
+ 2δkkn (λ∗ + λm )Ω(β̂S − β) + (λ∗ − λm )ΩS (β̂S c )

Here hu, vin := v T u/n, for any two vectors u, v ∈ Rn . In this case we can simply use the
following calculations to verify the theorem.

Proof Let β ∈ Rp and let S be an allowed set containing the active set of β. We need to
distinguish 2 cases. The second case is the more substantial one.
Case 1: Assume that
h
i
c
hX(β̂ − β 0 ), X(β̂ − β)in ≤ −δkkn (λ∗ + λm )Ω(β̂S − β) + (λ∗ − λm )ΩS (β̂S c ) .

it attains the minimal right hand side of the oracle inequality (3.2). An improtant special
case of equation (3.2) is to choose β ≡ β 0 with S ⊇ S0 allowed. The term kX(β − β 0 )k2n
vanishes in this case and only the Ω−effective sparsity term remains for the upper bound.
But it is not obvious in which cases and whether β? leads to a substantially lower bound
than β 0 .

β? := β? (S? )

S allowed



h
i2
S? := arg min kX(β? (S) − β 0 )k2n + kk2n (1 + δ)(λ̃ + λm ) Γ2Ω (LS , S) , (3.3)

Then S? is defined as

For all fixed allowed sets S define


h
i2
β? (S) := arg min
kX(β − β 0 )k2n + kk2n (1 + δ)(λ̃ + λm ) Γ2Ω (LS , S) .

Stucky and van de Geer
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By the definition of the dual norm and the generalized Cauchy-Schwartz inequality we have


c
c
h, X(β̂ − β)in ≤ kkn λS Ω(β̂S − β) + λS ΩS (β̂S c )


c
≤ kkn λm Ω(β̂S − β) + λm ΩS (β̂S c )

(3.7)

Inserting this inequality into (3.5) we get


c
hX(β̂ − β 0 ), X(β̂ − β)in + kˆ
kn λΩ(β̂) ≤ kkn λm Ω(β̂S − β) + λm ΩS (β̂S c ) + kˆ
kn λΩ(β).
(3.6)
Then by the weak decomposability and the triangle inequality in (3.6)


c
hX(β̂ − β 0 ), X(β̂ − β)in + kˆ
kn λ Ω(β̂S ) + ΩS (β̂S c )




c
≤ kkn λm Ω(β̂S − β) + λm ΩS (β̂S c ) + kˆ
kn λ Ω(β̂S − β) + Ω(β̂S ) .

By inserting the assumption of case 2
h
i
c
hX(β̂ − β 0 ), X(β̂ − β)in ≥ −δkkn (λ∗ + λm )Ω(β̂S − β) + (λ∗ − λm )ΩS (β̂S c ) ,

into (3.7) we get

 c


λkˆ
kn −λm kkn −δkkn (λ∗ −λm ) ΩS (β̂S c ) ≤ λkˆ
kn + λm kkn + δkkn (λ̃ + λm ) Ω(β̂S −β).
By assumption aλm
λ̃ + λm
λ∗ − λm
·

1+δ
· Ω(β̂S − β).
1−δ

< λ we have that λ∗ > λm (see Remark 8) and therefore
!

c

ΩS (β̂S c ) ≤

c

ΩS (β̂S c ) ≤ LS Ω(β̂S − β).

(3.9)

(3.8)

We have applied Lemma 7 in the last step, in order to replace the estimate kˆ
kn with kkn .
By the definition of LS we have

Therefore with Lemma 6 we get
Ω(β̂S − β) ≤ ΓΩ (LS , S)kX(β̂ − β)kn .
Inserting (3.9) into (3.7), together with Lemma 7 and δ < 1, we get
c

hX(β̂ − β 0 ), X(β̂ − β)in + δkkn (λ∗ − λm )ΩS (β̂S c )
≤ (1 + δ − δ)kkn (λkˆ
kn /kkn + λm )Ω(β̂S − β)

≤ (1 + δ)kkn (λ̃ + λm )ΓΩ (LS , S)kX(β̂ − β)kn − δkkn (λ∗ + λm )Ω(β̂S − β)

JMLR 18(67):1-29, 2017

Because ∀u, v ∈ R, 0 ≤ (u − v)2 it holds true that uv ≤ 1/2(u2 + v 2 ).
11
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(λ∗ −

c
λm )Ω(β̂S c )S

+ (λ∗ + λm

)Ω(β̂S

− β)



2hX(β̂ − β 0 ), X(β̂ − β)in = kX(β̂ − β 0 )kn2 − kX(β − β 0 )kn2 + kX(β̂ − β)kn2 ,

+

2δkkn

(3.10)

hX(β̂ − β 0 ), X(β̂ − β)in + δkkn (λ∗ − λm )Ω(β̂S c )S + δkkn (λ∗ + λm )Ω(β̂S − β)
1
1
2
≤ (1 + δ)2 kkn2 (λ̃ + λm )2 ΓΩ
(LS , S) + kX(β̂ − β)kn2 .
2
2

c

Therefore with a = (1 + δ)kkn (λ̃ + λm )ΓΩ (LS , S) and b = kX(β̂ − β)kn we have

Since

we get
kX(β̂ −

β 0 )kn2

2
≤ (1 + δ)2 kkn2 (λ̃ + λm )2 ΓΩ
(LS , S) + kX(β − β 0 )kn2 .

This gives the sharp oracle inequality. The two oracle inequalities mentioned are just a split
up version of inequality (3.10), where for the second oracle inequality we need to see that
λ∗ − λm ≤ λ∗ + λm .

Remark that the sharpness in the oracle inequality of Theorem 9 is the constant one in front
of the term kX(β − β 0 )kn2 . Because we measure a vector on S? by Ω and on the inactive
c
c
set S?c by the norm ΩS , we take here Ω(β̂S? − β? ) and ΩS? (β̂S?c ) as estimation errors.
If we choose λ of the same order as λm (i.e. aλ = λm , with a > 0 a constant), then we
can simplify the oracle inequalities. This is comparable to the oracle inequalities for the
LASSO, see for example Bickel et al. (2009), Bunea et al. (2006), Bunea et al. (2007), van
de Geer (2007) and further references can be found in Bühlmann and van de Geer (2011).

(3.12)

(3.11)

Corollary 10 Take λ of the order of λm (i.e. λm = Cλ, with 0 < C < 3(f1+1) a constant).
Invoke the same assumptions as in Theorem 9. Here we also use the same notation of an
optimal β? with S? as in equation (3.3) and (3.4). Then we have

2
kX(β̂ − β 0 )kn2 ≤ kX(β? − β 0 )kn2 + C1 λ2 · ΓΩ
(LS? , S? )


kX(β? − β 0 )kn2
2
+ C1 λ · ΓΩ
(LS? , S? ) .
λ
c

Ω(β̂S? − β? ) + ΩS? (β̂S?c ) ≤ C2

Here C1 and C2 are the constants:

C1 := (1 + δ)2 · kkn2 (f + C + 1)2 ,
1
1
.
·p
2δkkn
1 − 2C(1 + 2f ) − C

C2 :=

JMLR 18(67):1-29, 2017

First let us explain some of the parts of Theorem 9 in more detail. We can also study what
happens to the bound if we additionally assume Gaussian errors, see Proposition 11.

12

Xβ S

0

S

λm .
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We need to choose the constant d in such a way, that we have a high probability for this
set. In other words we try to bound the random part by a non random constant with a

Until now, the bound still contains some random parts, for example in
In order to get
rid of that random part we need to introduce the following sets

 ∗ T


c
Ω (( X)W ) ΩW ∗ ((T X)W c )
T := max
,
≤ d , where d ∈ R, and any allowed set W.
nkkn
nkkn

3.4 On the randomness of the oracle bound

The second part containing Γ2Ω (LS , S) is due to estimation errors. There, minimizing over
β will affect the set S. We have already mentioned that. It is one over the squared distance
c
between the two sets {XβS : Ω(βS ) = 1} and {XβS c : ΩS (βS c ) ≤ L}. Figure 2 shows this
distance. This means that if the vectors in XS and XS c show a high correlation the distance
will shrink and the Ω−effective sparsity will blow up, which we try to avoid. This distance
c
depends also on the two chosen sparsity norms Ω and ΩS . It is crucial to choose norms
that reflect the true underlying sparsity in order to get a good bound. Also the constant
LS should be small.

Figure 1: approximation error

Xβ0

The oracle bound is a trade-off between two parts, which we will discuss now. Let us
first remember that if we set β ≡ β 0 in the sharp oracle bound, only the term with the
Ω−effective sparsity will not vanish on the right hand side of the bound. But due to the
minimization over β in the definition of β? we might even do better than that bound.
The first part consisting of minimizing kX(β − β 0 )k2n can be thought of the error made due
to approximation, hence we call it the approximation error. If we fix the support S, which
can be thought of being determined by the second part, then minimizing kX(β − β 0 )k2n
is just a projection onto the subspace spanned by S, see Figure 1. So if S has a similar
structure than the true unknown support S0 of β 0 , this will be small.

3.3 On the two parts of the oracle bound

Sharp Oracle Inequalities for Square Root Regularization

max(Z1 , Z2 )

Ω∗ ((T X)W )
nkkn
c
ΩW ∗ ((T X)W c )
nkkn

V2 :=
V :=

V1 :=

Z2 kkn /σ
max(V1 , V2 )

Z1 kkn /σ

P(T ) ≥ 1 − 2e

−

14

(d−E V )2 ∆2
2B2 /n

n

− 2e− 4 (1−∆

2 )2

.
JMLR 18(67):1-29, 2017

Proposition 11 Suppose that we have i.i.d. Gaussian errors  ∼ N (0, σ 2 I), and that the
following normalization (X T X/n)i,i = 1, ∀i ∈ {1, ..., p} holds true. Let B := {z ∈ Rp :
Ω(z) ≤ 1} be the unit Ω−ball, and B2 := supb∈B bT b an Ω−ball and `2 −ball comparison.
Then we have for all d > E V and ∆ > 1

Z2 :=
Z :=

Z1 :=

very high probability. In order to do this we need some assumptions on the errors. Here we
∗
T X) )
W
assume Gaussian errors. Let us also remark that Ω ((
is normalized by kkn . This
nkkn
normalization occurs due to the special form of the Karush-Kuhn-Tucker conditions. Thus
the square root of the residual sum of squared errors is responsible for this normalization.
In fact, this normalization is the main reason why λ does not contain the unknown variance.
So the square root part of the estimator makes the estimator pivotal. Now in the case of
Gaussian errors, we can use the concentration inequality from Theorem 5.8 in Boucheron
et al. (2013) and get the following proposition. Define first:

Figure 2: The Ω-eigenvalue

Stucky and van de Geer



(T X)W b
nσ

2

and calculate it

2
Xwi
Var

2
Xwi
/n

1
σ2

Sharp Oracle Inequalities for Square Root Regularization

b∈B

Proof Let us define Σ2 := sup E

n
X

i=1

w∈W i=1

2
bw

n
X

i=1

≤

B2 /n.

 

i
n


 T
( X)W b
Σ2 = sup Var
nσ
b∈B
!
n
X X
1
i
Xwi bw
n
σ2
!
b∈B

w∈W

X

= sup Var

b∈B

= sup

b∈B

·
bW /n

T
= sup bW
· bW /n

=

T
sup bW
b∈B

2
− 2Bc /n
2

.

(3.13)

(3.15)

(3.14)

These calculations hold true as well for W c instead of W . Furthermore in the subsequent
inequalities we can subsitute W with W c and use Z2 , V2 instead of Z1 , V1 to get an analogous
T
Wb
2 /n). This is an almost surely continuous centred
∼ N (0, bW
result. We have ( X)
σn
Gaussian process. Therefore we can apply Theorem 5.8 from Boucheron et al. (2013)
P(V1 − E V1 ≥ c) ≤ e

Now to get to a probability inequality for Z1 we use the following calculations

2



V1 σ
P (Z1 − E V1 ≥ d) ≤ P
− E V1 ≥ d ∧ kkn > σ∆ + P(kkn ≤ σ∆)
kkn
≤ P (V1 − E V1 ∆ > d∆) + P(kkn ≤ σ∆)
2

+ P(kkn ≤ σ∆).

≤ P (V1 − E V1 > d∆) + P(kkn ≤ σ∆)

2

d ∆
− 2B
/n

≤e

n

≤ e− 4 (1−∆

2 )2

.

JMLR 18(67):1-29, 2017

(3.16)

The calculations above use the union bound and that a bigger set containing another set
has a bigger probability. Furthermore we have applied equations (3.13) and (3.14). Now
we are left to give a bound on P(kkn /σ ≤ ∆). For this we use the corollarypto Lemma
R/n with
1 from
PnLaurent 2and 2Massart (2000) together with the fact that kkn /σ =
R = i=1
(i /σ) ∼ χ (n). We obtain



kkn
≤∆
σ

√ 
P R ≤ n − 2 nx ≤ exp(−x)
r

s
r
x
P
≤ exp(−x)
1−2
n


R
≤
n

P

15
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Combining equations (3.15) and (3.16) finishes the proof:

= P(Z1 ≤ d ∩ Z2 ≤ d)

P(T ) = P(max(Z1 , Z2 ) ≤ d)

≥ P(Z1 ≤ d) + P(Z2 ≤ d) − 1
−

(d−E V )2 ∆2
2B2 /n

− 2e− 4 (1−∆

n

≥ 1 − P(Z1 ≥ d) − P(Z2 ≥ d)

≥ 1 − 2e

P(T ) ≥ 1 − α.

2 )2

.

(3.17)

So the probability that the event T does not occur decays exponentially.
q 2This is what we
B
mean by having a very high probability. Therefore we can take d = t · n∆22 + E [V ] with
q

log α4 and 2e−n/2 < α to ensure ∆2 > 0. With this we get
∆2 = 1 − t √2n , where t =

T

kβk2 ≤ DΩ(β).

b∈B

B2 ≤ D2 sup Ω(bW )2 ≤ D2 .

r

 

4
α

.

First remark that the term σ is now of the right scaling, because i /σ ∼ N (0, 1). This is
the whole point of the square root regularization.
Here B2 can be thought of comparing the Ω−ball in direction W to the `2 −ball in direction
W , because if the norm Ω is the `2 −norm, then B2 = 1. Moreover, for every norm there
exists a constant D such that for all β it holds

Therefore the B2 of Ω satisfies

Thus we can take

s

log

2
+ E [V ]
n

2
, with t =
n

D
d=t·
∆
r
∆2 = 1 − t

JMLR 18(67):1-29, 2017

What is left to be determined is E [V ]. In many cases we can use a adjusted version of
the main theorem in Maurer and Pontil (2012) for Gaussian complexities to obtain this
expectation. All the examples below can be calculated in this way. So, in the case of
Gaussian errors, we have the following new version of Corollary 10.
q
Corollary 12 Take λ = t/∆·D n2 +E [V ], where t, δ, V and D are defined as above. Invoke
the same assumptions as in Theorem 9 and additionally assume Gaussian errors. Use the

16

17
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Here we can choose any constant C > 1 big enough and take the bound σ 2 · C for kk2n in
the oracle inequality. A similar bounds can be found in Laurent and Massart (2000) for
1/kk2n . This takes care of the random part in the sharp oracle bound with the Gaussian
errors.

Here x > 0 is a constant. Therefore we have that kk2n is of the order of σ 2 with exponentially
decaying probability in n. We could also write this in the following form
 n

√

P kk2n ≤ σ 2 · C ≥ 1 − exp −
C − 2C − 1 .
2

Now we still have a kk2n term in the constants (3.11), (3.12) of the oracle inequality. In
order to handle this we need Lemma 1 from Laurent and Massart (2000). Which translates
in our case to the probability inequality


P kk2n ≤ σ 2 1 + 2x + 2x2 ≥ 1 − exp −n · x2 .

Ω(β̂S?

kX(β̂ − β 0 )k2n ≤ kX(β? − β 0 )k2n + C1 λ2 · Γ2Ω (LS? , S? )


kX(β? − β 0 )k2n
c
− β? ) + ΩS? (β̂S?c ) ≤ C2
+ C1 λ · Γ2Ω (LS? , S? ) .
λ

notation from Corollary 10. Then with probability 1 − α the following oracle inequalities
hold true

Sharp Oracle Inequalities for Square Root Regularization

(d) wedge norm

(b) Group Lasso norm with groups
{x}, {y, z}

18
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Here we will give some examples of estimators where our sharp oracle inequalities hold.
Figure 3 shows the unit balls of some sparsity inducing norms that we will use as examples.
In order to give the theoretical λ for these examples we will again assume Gaussian errors.
Theorem 9 still holds for all the examples even for non Gaussian errors. Some of the
examples will introduce new estimators inspired by methods similar to the square root
LASSO.

4. Examples

Figure 3: Pictorial description of how the estimator β̂ works, with unit balls of different
sparsity inducing norms.

(c) sorted `1 -norm with a λ sequence 1 >
0.5 > 0.3

(a) `1 -norm

Stucky and van de Geer

Stucky and van de Geer

4.2 Group Square Root LASSO

Sharp Oracle Inequalities for Square Root Regularization

4.1 Square Root LASSO

we have

"

Ω∗ (T X)S?c
nσ

#

,E

1≤j≤g

"

Ω∗ (T X)S?
nσ

j=1

i=1

 #!

≤

r


p
2
t/∆ + 2 + log(g) .
n

Jλ (β) := λ1 |β|(1) + ... + λp |β|(p) .

20


p
2
2 + log(g) .
n
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Here we introduce a new method called the square root SLOPE estimator, which is also
part of the square root regularization family. Let us thus take a look at the sorted `1 norm
with some decreasing sequence λ1 ≥ λ2 ≥ ... ≥ λp > 0 ,

4.3 Square Root SLOPE

And we get a similar corollary for the group square root LASSO like the Corollary 13 for
the square root LASSO. In the case of the group LASSO, there are better results for the
theoretical penalty level available, see for example Theorem 8.1 in Bühlmann and van de
Geer (2011). This takes the minimal group size into account.

λ=

That is why λ can be taken of the following form
r

max E

p
Remark that the dual norm is Ω∗ (β) = max kβGj k2 / |Gj |. With Maurer and Pontil (2012)

j=1

with any J ⊂ {1, ..., g}. So here the sparsity structure of the group LASSO norm induces
the sets S to be of the same sparsity structure in order to fulfil Assumption II. Therefore
the Theorem 9 can also be applied in this case.
How do we need to choose the theoretical λ? For the group LASSO norm we have B2 ≤ 1.
√
√
√
One can see this due to the fact that a1 +...+ ag ≥ a1 + ... + ag for g positive constants.
And also |Gj | ≥ 1 for all groups. Therefore
v
u p
g
q
X
X
u
|Gj |kβGj k2 ≥ t
βi2 .

j∈J

Here g is the total number of groups, and Gj is the set of variables that are in the jth
group. Of course the `1 −norm is a special case of the group LASSO norm, when Gj = {j}
and g = p.
S
c
The group LASSO penalty is also weakly decomposable with ΩS = Ω, for any S =
Gj ,

β∈Rp



g
q


X
kY − Xβkn + λ
|Gj |kβGj k2 .



In order to set groups of variables simultaneously to zero, and not only individual variables,
we will look at a different sparsity inducing norm. Namely a `1 −type norm for grouped
variables, called the group LASSO norm. The group square root LASSO was introduced
by Bunea et al. (2014) as

β∈Rp

≤

β̂gsrL := arg min

First we examine the square root LASSO,


β̂srL := arg min kY − Xβkn + λkβk1 .

∞

c

Here we use the `1 −norm as a sparsity measure. We know that the `1 −norm has the nice
property to be able to set certain unimportant parameters individually to zero. As already
mentioned the `1 −norm has the following decomposability property for any set S

,E


p
2
2 + log(|p|) .
n

kβk1 = kβS k1 + kβS c k1 , ∀β ∈ Rp .

∞

(T X)S?
nσ

Therefore we also have weak decomposability for all subsets S ⊂ {1, ..., p} with ΩS being
the `1 −norm again. Thus Assumption II is fulfilled for all sets S and so we are able to
apply Theorem 9.
Furthermore for the square root LASSO we have that D = 1. This is because the `2 −norm
is bounded by the `1 −norm without any constant. So in order to get the value of λ we need
T
to calculate the expectation of the dual norm of σnX . The dual norm of `1 is the `∞ −norm.
By Maurer and Pontil (2012), we also have
"
# "
#! r
max E

(T X)S?c
nσ

r


p
2
t/∆ + 2 + log(|p|) .
n

Therefore the theoretical λ for the square root LASSO can be chosen as
λ=

Even though this theoretical λ is very close to being optimal, it is not optimal, see for
example van de Geer (2016). In the special case of the `1 −norm penalization, we can
simplify Corollary 12:
q 

p
Corollary 13 (Square Root LASSO) Take λ = n2 t/∆ + 2 + log(|p|) , where t >
0 and ∆ > 1 are chosen as in (3.17). Invoke the same assumptions as in Corollary 12.
Then for Ω(·) = k·k1 , we have with probability 1 − α that the following oracle inequalities
hold true:
2
kX(β̂srL − β 0 )kn2 ≤ kX(β? − β 0 )kn2 + C1 λ2 · ΓΩ
(LS? , S? )


kX(β? − β 0 )kn2
2
+ C1 λ · ΓΩ
(LS? , S? ) .
λ

kβ̂srL − β? k1 ≤ C2
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Remark that in Corollary 13 we have an oracle inequality for the estimation error kβ̂srL −
β? k1 in `1 . This is due to the decomposability of the `1 −norm. In other examples we will
have the sum of two norms.
19

=

=

i=1

p
X

i=1

i=1
p
X

p
X

i=1

i=1

i6=j
p
X

X

j−1
X

λi βi +

λi βi +

λi βi +

=

=

λi βπ(i) ≤

λi βπ(i) ≤

i=1

p−1
X

(λi−1 − λi )βi

i=j+1

(λi−1 − λi )βi − λj βj .

i=j+1
p
X

i=j+1

(λi−1 − λi )βj

i=j+1

(λi−1 − λi )(βi − βj ).

i=j+1
p
X

(λi−1 − λi )βi −

p
X

(λi−1 − λi )βi + (λj − λp )βj

i=j+1
p
X

p
X

λi βi +

λi βi +

i=j+1
p
X

λi−1 βi

λi βπ(i) + λp βj .

p
X

i=1

λi βi +

λi βπ(i) =

p−1
X

Lemma 15 Let

Ω(β) =

21

i=1

p
X

λi |β|(i) ,

(λi−1 − λi )(βi − βj ) ≤ 0.

i=j+1

p
X

u
t
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Since λi−1 ≥ λi for all 1 ≤ i ≤ p (defining λ0 = 0) and βi ≤ βj for all i > j we know that

i=1

p
X

Hence we have

By induction

i=1

p
X

Proof. The result is obvious when p = 2. Suppose now that it is true for sequences of
length p − 1. We then prove it for sequences of length p as follows. Let π be an arbitrary
permutation with j := π(p). Then
λi βπ(i)

l=1

c

c

≥ kβk2 .

i=1
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λp
Jλ (β)
λ1
=
|β| + ... + |β|(p)
λp
λp (1)
λp
p
X
≥
|βi | = kβk1
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The square root SLOPE replaces the squared `2 −norm with a `2 −norm. With Theorem 9
we have provided a sharp oracle inequality for this new estimator, the square root SLOPE.
For the SLOPE penalty we have B2 ≤ λ1p , if λp > 0. This is because

β∈R

β̂srSLOP E := arg minp {kY − Xβkn + λJλ (β)} .

Now we are able to look at the square root SLOPE, which is the estimator of the form:

β∈R


β̂SLOP E := arg minp kY − Xβk2n + λJλ (β) .

where {λp−r+l } is a decreasing positive sequence and where π S (1), . . . , π S (r) is a permutation of indices in S c .
This is then maximized by ordering the indices in S c in decreasing order. But then it follows
that the largest norm is obtained by taking λp−r+l = λp−r+l for all l = 1, . . . , r.
u
t
The SLOPE was introduced by Bogdan et al. (2015) in order to better control the false
discovery rate, and is defined as:

To show ΩS is the strongest norm it is clear we need only to search among candidates of
the form
r
X
c
ΩS (βS c ) =
λp−r+l βπSc (l)

c

c

i=1

p
X

Ω(βS ) + ΩS (βS c ) ≤ Ω(β).

for a suitable permutation π. It follows that

Ω(βS ) + ΩS (βS c ) =

c

Proof. Without loss of generality assume β1 ≥ · · · ≥ βp ≥ 0. We have

λp−r+l |β|(l,S c ) ,

where r = p − s and |β|(1,S c ) ≥ · · · ≥ |β|(r,S c ) is the ordered sequence in βS c . Then
c
c
c
Ω(β) ≥ Ω(βS ) + ΩS (βS c ). Moreover ΩS is the strongest norm among all ΩS for which
c
Ω(β) ≥ Ω(βS ) + ΩS (βS c )

l=1

r
X

Lemma 14 (Rearrangement Inequality)
Let β1 ≥ · · · ≥ βp be a decreasing sequence
P
of non-negative numbers. The sum pi=1 λi βπ(i) is maximized over all permutations π at
π = id.

c

ΩS (βS c ) =

and
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This was shown to be a norm by Zeng and Figueiredo (2014).
Let π be a permutation of {1, . . . , p}. The identity permutation is denoted by id. In order
to show weak decomposability for the norm Jλ we need the following lemmas.
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k
 X

k=1,...,p 

j=1

λj

−1
· kβ (k) k1




,

So the bound gets scaled by the smallest λ. The dual norm of the SLOPE is by Lemma 1
of Zeng and Figueiredo (2015)

,

Jλ∗ (β) = max

Jλ∗ (T X)S?
nσ

P

r
2
n

1
.
λi2

(T X)S?c
nσ

≤

2
n

!
√
2 2+1 p
√
+ log(|R2 |) .
2

!
√
t
2 2+1 p
+ √
+ log(|R2 |) .
λp ∆
2

Therefore we can choose λ as

Jλ ?

Here β (k) := (β(1) , ..., β(k) )T is the vector which contains the k largest elements of β.
Again by Maurer and Pontil (2012) we have
"
 # " Sc∗
 #! r
max E

Here we denote by R2 :=
i

λ=

kβIt k2

)
p
|Gt | ,

Let us remark that the asymptotic minimaxity of SLOPE can be found in Su and Candès
(2016).
4.4 Sparse Group Square Root LASSO

T
X

t=1

t=1

T
S

Gt = {1, ..., p} and

The sparse group square root LASSO can be defined similarly to the sparse group LASSO,
see Simon et al. (2013). This new method is defined as:
(
β∈Rp

β̂srSGLASSO := arg min kY − Xβkn + λ kβk1 + η

where we have a partition as follows, Gt ⊂ {1, ..., p} ∀t ∈ 1, ..., T ,

P
j∈S c

c

R(βS ) + RS (βS c ) ≤ R(β).

βj2 ≤

βj2 = kβk2 . Now in order to get the theoretical λ let us note that if we

j∈S

rP

Gi ∩ Gj = ∅ ∀i 6= j. This penalty is again a norm and it not only chooses sparse groups
by the group LASSO penalty,
of the groups with the `1 −norm.
PT but alsopsparsity inside
c
kβIt k2 |Gt | and RS (β) := λ kβk1 . Then we have weak
Define R(β) := λ kβk1 + η t=1
decomposability for any set S

βj2 +

This is due to the weak decomposability property of the `1 −norm and kβS k2 =

rP
j∈S


p
2
t/∆ + 2 + log(|p|) .
n
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sum two norms, it is again a norm. Then the dual of this added norm is, because of the
supremum taken over the unit ball, smaller than dual norm of each one of the two norms
individually. So we can invoke the same theoretical λ as with the square root LASSO
r
λ=

23
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p
2
t/∆ + 2 + log(g) .
n

And also the theoretical η like the group square root LASSO
r
η=

But of course we will not get the same Corollary, because the Ω−effective sparsity will be
different.
4.5 Structured Sparsity

p

j=1

1X
2

βj2
+ aj
aj

!

,

Here we will look at the very general concept of structured sparsity norms. Let A ⊂ [0, ∞)p
be a convex cone such that A ∩ (0, ∞)p 6= ∅. Then

a∈A

Ω(β) = Ω(β; A) := min

is a norm by Micchelli et al. (2010). Some special cases are for example the `1 −norm or the
wedge or box norm. Define
AS := {aS : a ∈ A}.

j=1


p

1X
kY − Xβkn + λ min

a∈A 2

!

βj2
+ aj
,

aj

Then van de Geer (2014) also showed that for any AS ⊂ A we have that the set S is allowed
c
and we have weak decomposability for the norm Ω(β) with ΩS (βS c ) := Ω(βS c , AS c ). Hence
the estimator

β∈Rp

β̂s = arg min

ΩS ∗ (ω; AS c ) =

c

a∈AS c (1)

j=1

j=1

v
u p
uX
max t
aj ωj2 , ω ∈ Rp .

a∈A(1)

has also the sharp oracle inequality. The dual norm is given by
v
u p
uX
Ω∗ (ω; A) = max t
aj ωj2 , ω ∈ Rp ,

"

Ω∗ (T X)S? ; AS?
nσ

#

,E

"

Ω∗ (T X)S?c ; AS?c
nσ

 #!

≤

r


p
2 e 
AS 2 + log(| E(A)|) .
n ?

Here AS c (1) := {a ∈ AS c : kak1 = 1} and A(1) := {a ∈ A : kak1 = 1}. Then once again by
Maurer and Pontil (2012) we have
max E



p
2
tD/∆ + AeS? 2 + log(| E(A)|)
.
n
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o
n
a
: a ∈ A . With the
Here E(A) are the extreme points of the closure of the set kak
1
qP
pP

n
n
definition AeS? := max
i=1 Ω(Xi,S? ; AS? ),
i=1 Ω(Xi,S?c ; AS?c ) . That is why λ can
be taken of the following form
r
λ=

24

end

β∈Rp

for i ← 0 to istop do
σi+1 ← kY − Xβi kn ;

βi+1 ← arg min kY − Xβk2n + σi+1 λJλ (β) ;

kβ 0 − β̂k`1
2.37
1.78

Cross-validated λ
Jλ (β 0 − β̂) kX(β 0 − β̂)k`2
0.26
3.88
0.19
5.05

kβ 0 − β̂k`1
7.87
7.81

Cross-validated λ
Jλ (β 0 − β̂) kX(β 0 − β̂)k`2
1.09
7.68
0.85
9.19

kβ 0 − β̂k`1
1.71
1.83

Cross-validated λ
Jλ (β 0 − β̂) kX(β 0 − β̂)k`2
0.18
3.65
0.19
4.25
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Cross-validated λ
Jλ (β 0 − β̂) kX(β 0 − β̂)k`2
0.66
5.78
0.67
6.67

JMLR 18(67):1-29, 2017
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kβ 0 − β̂k`1
5.80
6.14

The random cases usually lead to larger errors for both estimators. This is due to the
correlation structure of the design matrix. The square root SLOPE seems to outperform

srLASSO

srSLOPE

kβ 0 − β̂k`1
6.05
16.90

theoretical λ
Jλ (β 0 − β̂) kX(β 0 − β̂)k`2
0.66
12.84
1.77
66.68

Table 4: Grouped Random β

Grouped Random Case:
Again we take the same randomly chosen set S0 = {154, 129, 276, 29, 233, 240, 402} with
βS0 0 = (4, 4, 4, 3, 3, 2, 2)T .

srLASSO

srSLOPE

kβ 0 − β̂k`1
2.81
3.02

theoretical λ
Jλ (β 0 − β̂) kX(β 0 − β̂)k`2
0.29
6.43
0.31
8.37

Table 3: Grouped β

Grouped Case:
Now in order to see if the square root SLOPE can catch grouped variables better than
the square root LASSO we look at an active set S0 = {1, 2, 3, ..., 7} together with βS0 0 =
(4, 4, 4, 3, 3, 2, 2)T .

srLASSO

srSLOPE

kβ 0 − β̂k`1
4.50
8.48

theoretical λ
Jλ (β 0 − β̂) kX(β 0 − β̂)k`2
0.49
7.74
0.89
29.47

Table 2: Decreasing Random β

Decreasing Random Case:
The active set was randomly chosen to be S0 = {154, 129, 276, 29, 233, 240, 402} and again
βS0 0 = (4, 3.6, 3.3, 3, 2.6, 2.3, 2)T .

srLASSO

srSLOPE

kβ 0 − β̂k`1
2.06
1.85

theoretical λ
Jλ (β 0 − β̂) kX(β 0 − β̂)k`2
0.21
4.12
0.19
5.51

Table 1: Decreasing β

Decreasing Case:
Here the active set is chosen as S0 = {1, 2, 3, ..., 7}, and βS0 0 = (4, 3.6, 3.3, 3, 2.6, 2.3, 2)T
is a decreasing sequence.

Stucky and van de Geer

We choose i.i.d. Gaussian errors  with a variance of σ 2 = 1. For the underlying unknown
parameter vector β 0 we choose different settings. For each such setting we calculate the
square root LASSO and the square root SLOPE with the theoretical λ given in this paper
and the λ from a 8-fold Cross-validation on the mean squared prediction error. We use
r = 100 repetitions to calculate the `1 −estimation error, the sorted `1 −estimation error
and the `2 −prediction error. As for the definition of the sorted `1 −norm, we chose a
regular decreasing sequence from 1 to 0.1 with length 500. The results can be found in
Table 1,2,3 and 4.

Σi,j = 0.9|i−j| .

with n = 100 response variables and p = 500 unknown parameters. The design matrix X
is chosen with the rows being fixed i.i.d. realizations from N (0, Σ). Here the covariance
matrix Σ has a Toeplitz structure

Y = Xβ 0 + ,

Note that in Algorithm 1 Line 3 we need to solve the usual SLOPE. To solve the SLOPE
we have used the algorithm provided in Bogdan et al. (2015). For the square root LASSO
we have used the R-Package flare by Li et al. (2014).
We consider a high-dimensional linear regression model:

4

3

2

1

β∈Rp

Algorithm 1: srSLOPE
input : β 0 a starting parameter vector,
λ a desired penalty level with a decreasing sequence,
Y the response vector,
X the design matrix.
output: β̂srSLOP E = arg min (kY − Xβkn + λJλ (β))

The goal of this simulation is to see how the estimation and prediction errors for the square
root LASSO and the square root SLOPE behave under some Gaussian designs. We propose
Algorithm 1 to solve the square root SLOPE:

5. Simulation: Comparison between srLASSO and srSLOPE

Since we do not know S? we can either upper bound AeS? for a given norm, or use the fact
that Ω(β) ≥ kβk1 and Ω∗ (β) ≤ kβk∞ for all β ∈ Rp . Therefore use the same λ as for the
square root LASSO. And we get similar corollaries for the structured sparsity norms like
the Corollary 13 for the square root LASSO.
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the square root LASSO in the cases where β 0 is somewhat grouped (grouped in the sense
that amplitudes of same magnitude appear). This is due to the structure of the sorted
`1 −norm, which has some of the sparsity properties of `1 as well as some of the grouping
properties of `∞ , see Zeng and Figueiredo (2014). Therefore the square root SLOPE reflects
the underlying sparsity structure in the grouped cases. What is also remarkable is that the
square root SLOPE always has a better mean squared prediction error than the square root
LASSO. This is even in cases, where square root LASSO has better estimation errors. The
estimation errors seem to be better for the square root LASSO in the decreasing cases.

6. Discussion
Sparsity inducing norms different from `1 may be used to facilitate the interpretation of
the results. Depending on the sparsity structure we have provided sharp oracle inequalities for square root regularization. Due to the square root regularizing we do not need to
estimate the variance, the estimators are all pivotal. Moreover, because the penalty is a
norm the optimization problems are all convex, which is a practical advantage when implementing the estimation procedures. For these sharp oracle inequalities we only needed the
weak decomposability and not the decomposability property of the `1 −norm. The weak
decomposability generalizes the desired property of promoting an estimated parameter vecc
tor with a sparse structure. The structure of the Ω− and ΩS −norms influence the oracle
bound. Therefore it is useful to use norms that reflect the true underlying sparsity structure.
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Abstract
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In this paper, we show that the popular C-SVM, soft-margin support vector classifier is
equivalent to minimization of Buffered Probability of Exceedance (bPOE), a recently introduced characterization of uncertainty. To show this, we introduce a new SVM formulation,
called the EC-SVM, which is derived from a simple bPOE minimization problem that is
easy to interpret with a meaningful free parameter, optimal objective value, and probabilistic derivation. Over the range of its free parameter, the EC-SVM has both a convex and
non-convex case which we connect to existing SVM formulations. We first show that the
C-SVM, formulated with any regularization norm, is equivalent to the convex EC-SVM.
Similarly, we show that the Eν-SVM is equivalent to the EC-SVM over its entire parameter
range, which includes both the convex and non-convex case. These equivalences, coupled
with the interpretability of the EC-SVM, allow us to gain surprising new insights into the
C-SVM and fully connect soft margin support vector classification with superquantile and
bPOE concepts. We also show that the EC-SVM can easily be cast as a robust optimization
problem, where bPOE is minimized with data lying in a fixed uncertainty set. This reformulation allows us to clearly differentiate between the convex and non-convex case, with
convexity associated with pessimistic views of uncertainty and non-convexity associated
with optimistic views of uncertainty. Finally, we address some practical considerations.
First, we show that these new insights can assist in making parameter selection more efficient. Second, we discuss optimization approaches for solving the EC-SVM. Third, we
address the issue of generalization, providing generalization bounds for both bPOE and
misclassification rate.
Keywords: Support Vector Machines, Buffered Probability of Exceedance, Conditional
Value-at-Risk, Binary Classification, Robust Optimization
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Norton, Mafusalov, and Uryasev

In the machine learning community, the Soft Margin Support Vector Machine (C-SVM)
has proven to be an extremely popular tool for classification, spawning generalizations for
regression, robust optimization, and a host of other applications. With its connection to
statistical learning theory, intuitive geometric interpretation, and efficient extensions to
non-linear classification, the C-SVM has proven to be a flexible tool based on sound theory
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and intuition. Still, there are insights left to be gained with regard to soft margin support
vector classification.
One such insight was revealed by Takeda and Sugiyama (2008), where it was shown
that the Eν-SVM, an extension of the ν-SVM, is equivalent to superquantile minimization.
Superquantiles, popularized in the financial engineering literature under the name Conditional Value-at-Risk (CVaR), were developed by Rockafellar and Uryasev (2002) as means
for dealing with optimization of quantiles. Utilizing the popular calculation formula for
superquantiles, Takeda and Sugiyama (2008) showed that the Eν-SVM was equivalent to
superquantile minimization, with the free parameter of the Eν-SVM being equivalent to the
free choice of probability level in superquantile minimization.
In this paper, we provide insights in a similar direction by utilizing the inverse of the superquantile, so called Buffered Probability of Exceedance (bPOE). More specifically, bPOE
is a generalization of buffered Probability of Failure (bPOF) which was introduced by Rockafellar (2009) and further studied in Rockafellar and Royset (2010). This generalization,
recently studied by Mafusalov and Uryasev (2015); Norton and Uryasev (2014); Norton
et al. (2015); Davis and Uryasev (2014); Uryasev (2014), has shown a great deal of promise
as generating numerically tractable methods for probability minimization.
Utilizing the bPOE concept, we introduce a new SVM formulation called the Extended
Soft Margin Support Vector Machine (EC-SVM). Being derived as a bPOE minimization
problem, the EC-SVM is simple to interpret. First, we show that the EC-SVM has a
free parameter interpretable as a specific statistical quantity related to the optimal loss
distribution. Second, we show that the value of the optimal objective function (divided
by sample size) is equal to a probability level. Lastly, we show that the EC-SVM can be
interpreted as having a hard-margin criterion. Additionally, with the EC-SVM formulated
with any general norm, we show that the choice of norm implies a distance metric which
defines the hard-margin criterion.
After introducing the EC-SVM, we then connect it to existing SVM formulations. In
our main result, we show that the C-SVM and EC-SVM, when formulated with any general
norm and non-negative parameter values, produce the same set of optimal hyperplanes. This
result implies that the original soft-margin SVM formulation, derived in great part from
geometric intuition, is equivalent to minimization of bPOE, a probabilistic concept. This
result also implies that the interpretation of the EC-SVM’s parameter, optimal objective,
and hard-margin criterion can be applied to the C-SVM. This includes the surprising result
that the optimal objective value of the C-SVM, divided by sample size, equals a probability
level.
We also connect the EC-SVM and Eν-SVM, showing that these SVM formulations
produce the same set of optimal hyperplanes over their entire parameter range. With
bPOE being the inverse of the superquantile, this relationship follows immediately from the
derivation of the EC-SVM as a bPOE minimization problem and the results of Takeda and
Sugiyama (2008). This result also makes it clear that the EC-SVM is an extension of the
C-SVM in the same way that the Eν-SVM is an extension of the ν-SVM.
Additionally, we provide a novel interpretation of the EC-SVM as a robust optimization
(RO) problem, where bPOE is minimized with data points lying in a fixed uncertainty set.
With the EC-SVM having both a convex and non-convex case, depending on the value of
the free parameter, we find that the RO representation reveals a unique interpretation to
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help distinguish these cases. Specifically, the RO representation reveals that the convex
case corresponds to bPOE minimization with worst-case pessimistic data uncertainty, while
the non-convex case corresponds to bPOE minimization with best-case optimistic data uncertainty. The RO representation also provides other insights. For the convex case, the
RO representation is similar to existing equivalences for the C-SVM presented in Xu et al.
(2009), but with a much simpler proof, definition of uncertainty set, and correspondence
between equivalent parameter values. For the non-convex case, this new representation
suggests an efficient alternating minimization method for finding a local minimum. Furthermore, the RO representation reveals that this seemingly heuristic optimization method
is related to the DC Algorithm, a popular algorithm for finding the local minimum of DC
(difference of convex functions) optimization problems.
Finally, we consider some practical implications of these new theoretical insights. We
show that the new interpretation of the C tradeoff parameter suggests a range that should
be used to select the C parameter. This helps to improve grid selection for cross validation
so that one can partially avoid solving the EC-SVM for values of C that yield trivial or
redundant optimal solutions. Furthermore, using the RO representation of the EC-SVM, we
show that there may be situations where prior knowledge about data uncertainty suggests,
at-best, a fixed C or, at-worst, much tighter bounds for the range of interesting C values
for cross-validation.
We also address the practical issue of generalization. In classification, generalization
bounds are typically provided for misclassification rate because classification algorithms
are viewed as attempts to find classifiers which minimize this performance metric. In this
regard, we utilize results from Takeda and Sugiyama (2008); Schölkopf et al. (2000) to show
that generalization bounds for misclassification rate of EC-SVM classifiers can be posed in
terms of empirical estimates of bPOE, the quantile, and the superquantile. However, with
the new insight that the EC-SVM and C-SVM directly minimize bPOE, we also provide
generalization bounds for this metric. We apply the stability arguments of Bousquet and
Elisseeff (2002) to provide tight generalization bounds on the true bPOE of EC-SVM and
C-SVM classifiers and show that bPOE threshold plays an important role in these bounds.
This paper is organized as follows. Note that in order to make this paper as selfcontained as possible, we include a significant amount of review in the first three sections.
Section 2 reviews some existing SVM formulations relevant to our discussion, specifically
the C-SVM, ν-SVM, and Eν-SVM. Section 3 briefly reviews the concept of a superquantile
and the results of Takeda and Sugiyama (2008), which show that the Eν-SVM is equivalent
to superquantile minimization. Section 4 reviews the bPOE concept, which is critical to
our contribution. Additionally, we present a new formulation for minimizing bPOE in
the presence of Positive Homogenous (PH) random functions. The necessity of this new
formulation is discussed in more detail in Appendix A. Section 5 introduces the EC-SVM
as a bPOE minimization problem and discusses the properties of the EC-SVM and its
interpretation as a hard-margin optimization problem. Section 6 connects the C-SVM and
EC-SVM. Section 7 connects the EC-SVM and Eν-SVM and presents the results of this and
previous papers in a cohesive framework connecting soft margin support vector classification
and superquantile concepts. Section 8 presents dual formulations of the C-SVM and ECSVM formulated with any general norm, discusses application of the kernel trick, and shows
that the optimal objective of the C-SVM, divided by sample size, equals a probability level.
3
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Section 9 shows that the EC-SVM has a novel interpretation as a RO problem, with a
distinction between the convex and non-convex cases. Section 10.1 discusses the issue
of parameter selection. Section 10.2 discusses optimization of the EC-SVM. Section 10.3
provides generalization bounds for misclassification rate and bPOE.

2. C-SVM, ν-SVM, Eν-SVM

In this section, we review three existing SVM formulations; C-SVM, ν-SVM, and Eν-SVM.
We begin with a review of the C-SVM and ν-SVM, reviewing the fact that they share the
same optimal solution sets. We then review the interpretation of the ν-SVM parameter, its
limitations, and the Eν-SVM formulation which serves to resolve these limitations.
2.1 The C-SVM

Consider the task of binary classification where we have a set of N feature vectors Xi ∈ Rn
and associated class labels yi ∈ {−1, +1} and we need to choose a hyperplane w ∈ Rn
with intercept b ∈ R to properly classify feature vectors via the linear decision function
d(w, b, Xi ) = sign(wT Xi + b).

w,b,ξ

min

s.t.

Ckwk +

N
X

i=1

ξi

ξi ≥ −yi (wT Xi + b) + 1,
ξ ≥ 0.

∀i ∈ {1, ..., N },

(1)

One of the most successful algorithms for accomplishing this task is the soft-margin SVM
from Cortes and Vapnik (1995), also referred to as the C-SVM. The C-SVM is formulated
as (1), where C ≥ 0 ∈ R is chosen as a fixed tradeoff parameter and the norm is typically
the L2 , k · k2 , or L1 , k · k1 , norm.1 Below, we present it with the general norm, k · k.

2.2 The ν-SVM

After introduction of the C-SVM, the ν-SVM was introduced by Schölkopf et al. (2000) as
an equivalent formulation with more intuitive parameter choices. C-SVM and ν-SVM, with
the L2 norm, are equivalent in that they provide the same set of optimal solutions over the
space of all possible parameter choices, see Chang and Lin (2001). These algorithms are
different, though, in the meaning of the value of the free parameter. For the C-SVM, there
was no direct interpretation for the meaning of the C-parameter other than as a trade-off
between margin size and classification errors. The ν-SVM, on the other hand, provided a
more interpretable parameter.
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1. Often, the squared norm is utilized. We use non-squared for ease of presentation. Many of the ideas in this
paper are also valid for the squared case, however, the proofs are more involved and the correspondence
between formulations is less straight-forward.

4

i=1

ξi

ξ ≥ 0.

ξi ≥ −yi (wT Xi + b) + ρ,

1
kwk22 − νρ +
2
∀i ∈ {1, ..., N },

(2)

where

1−α=

1
{i : yi (wT Xi + b) < ρ} .
N

where

%SV 0 s =

1
{i : yi (wT Xi + b) ≤ ρ} .
N

5
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To solve this issue, extending the valid range of the ν-parameter to be the entire [0, 1]
interval, Pérez-Cruz et al. (2003) developed an extended ν-SVM formulation called EνSVM (3). The Eν-SVM is traditionally formulated as follows with the L2 norm. We

• Furthermore, this limitation in parameter range applies to the C-SVM as well. Specifically, there exists a correspondence in allowable range such that ν → νmin corresponds
to C → ∞ and ν → νmax corresponds to C → 0.

• There exists a minimum and maximum value such that ν ∈ (νmin , νmax ] yields feasible (2) with non-trivial solutions, ν ≤ νmin yields (2) with trivial optimal solution
w = b = 0, and ν > νmax yields infeasible (2).

Property 2

Given the natural interpretation for the meaning of the ν-parameter, it would seem normal
to assume that all the values of ν ∈ [0, 1] will yield non-trivial, feasible solutions satisfying
the bounds stated in Property 1. This, though, is not the case. In Chang and Lin (2001),
it was shown that the ν-parameter has a limited range. Specifically, a variant of Property 2
is proved in Chang and Lin (2001).

2.3 The Eν-SVM

%SV 0 s > ν,

• The choice of ν acts as a lower bound on the fraction of support vectors (SV’s), support
vectors being errors that lie in the margin or on the margin boundary:

1 − α < ν,

• The choice of ν acts as an upper bound on the fraction of errors in the margin:

Property 1 Assume that there exists a feasible solution (w, b, ρ, ξ) for (2) for parameter
choice ν ∈ [0, 1]. Then the following bounds apply:

As already mentioned, the ν-SVM advantageously gives us a free parameter, ν ∈ [0, 1],
with implied meaning. The meaning of ν is shown in Schölkopf et al. (2000) by proving a
variant of Property 1.

s.t.

w,b,ρ,ξ

min

N
X

The ν-SVM is traditionally formulated as (2) with the L2 norm, where ν ∈ [0, 1] instead
of C ∈ [0, +∞) is chosen as a fixed tradeoff parameter.

Soft Margin SVM as Buffered Probability Minimization

ξi

i=1
T

N
X

kwk = 1.

ξi ≥ −yi (w Xi + b) + ρ,

ξ ≥ 0,

− νρ +
∀i ∈ {1, ..., N },

(3)

γ+

E[Z − γ]+
,
1−α

(5)

6
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where [·]+ = max{·, 0}. For a discretely distributed random variable Z with equally probable realizations {Z1 , Z2 , ..., ZN } we can write this formula as the following Linear Program-

γ

q̄α (Z) = min

For general distributions, the superquantile can be defined by the following formula,

When working with optimization of tail probabilities, one frequently works with constraints
or objectives involving probability of exceedance (POE), pz (Z) = P (Z > z), or its associated
quantile qα (Z) = min{z|P (Z ≤ z) ≥ α}, where α ∈ [0, 1] is a probability level and z ∈ R is
a fixed threshold level. The quantile is a popular measure of tail probabilities in financial
engineering, called within this field Value-at-Risk by its interpretation as a measure of
tail risk. The quantile, though, when included in optimization problems via constraints
or objectives is quite difficult to treat with continuous (linear or non-linear) optimization
techniques.
A significant advancement was made by Rockafellar and Uryasev (2002) in the development of an approach to combat the difficulties raised by the use of the quantile function
in optimization. They explored a replacement for the quantile, called CVaR within the
financial literature and called the superquantile in a general context. The superquantile is
a measure of uncertainty similar to the quantile, but with superior mathematical properties. Formally, the superquantile (CVaR) for a continuously distributed real valued random
variable Z is defined as,
q̄α (Z) = E [Z|Z > qα (Z)] .
(4)

3.1 Superquantiles and Tail Probabilities

In this section, we first give a brief review of the superquantile concept as introduced
by Rockafellar and Uryasev (2002). We then review the results of Takeda and Sugiyama
(2008), showing that the Eν-SVM is equivalent to superquantile minimization.

3. Superquantiles and the Eν-SVM

One can view (3) as an extension of (2) in that Pérez-Cruz et al. (2003); Chang and
Lin (2001) showed that the optimal solution to (2), formulated with L2 norm and any
ν0 ∈ (νmin , vmax ], is also an optimal solution to (3), formulated with L2 norm, for some
ν1 ≤ ν0 . Problem (3), though, can achieve solutions that (2) cannot because of its extended
range of the ν-parameter.

s.t.

w,b,ρ,ξ

min

present it with the general norm as follows:
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N

i=1

X
1
ξi
N (1 − α)

ξ ≥ 0.

ξi ≥ Zi − γ, ∀i ∈ {1, ..., N },

γ+
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ming problem,
γ,ξ

q̄α (Z) = min
s.t.

(6)

Similar to qα (Z), the superquantile can be used to assess the tail of the distribution.
The superquantile, though, is far easier to handle in optimization contexts. It also has the
important property that it considers the magnitude of events within the tail. Therefore,
in situations where a distribution may have a heavy tail, the superquantile accounts for
magnitudes of low-probability large-loss tail events while the quantile does not account for
this information.
3.2 Eν-SVM as Superquantile Minimization
In Takeda and Sugiyama (2008), the meaning of the ν-parameter was solidified by showing
that the Eν-SVM, (3), is equivalent to superquantile minimization. Specifically, they proved
a variant of Property 3.

T

Xi

i=1

!

+ b) − γ,

N
1 X
(1 − α) γ +
ξi
N

≥

−yi (w

∀i ∈ {1, ..., N },

(8)

(7)

Property 3 Consider optimization problem (3). Let α = 1 − ν and γ = −ρ. Also, let
L(w, b, X, y) = −y(wT X +b) be a discretely distributed random variable with equally probable
realizations {−y1 (wT X1 + b), ..., −yN (wT XN + b)}. With this notation, (3) can be rewritten
as (7), which is equivalent to (8), minimization of the α-superquantile:
min

s.t.

w,b,γ,ξ

ξi

kwk = 1.


(1 − α)q̄α −y(wT X + b)

kwk = 1.

ξ ≥ 0,

min
s.t.

w,b

With this, one can see that the Eν-SVM is simply minimization of the value (5) multiplied by 1 − α with the real valued discretely distributed random loss L(w, b, X, y) =
−y(wT X + b) in place of the real valued random variable Z.

4. Buffered Probability of Exceedance (bPOE)
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In this section, we first review the concept of bPOE. We show how it is simply one minus the
inverse of the superquantile and review its surprising calculation formula. We then review
how minimization of bPOE integrates quite nicely into optimization frameworks. Finally, we
present a slightly altered formulation for minimization of bPOE in the presence of Positive
7
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Homogenous (PH) random functions. For the interested reader, we discuss the necessity of
this alteration and derive the formulation in Appendix A. We move this discussion to the
appendix, as it is slightly distracting from the discussion related to support vector machines.

4.1 bPOE: Inverse of the Superquantile

As mentioned in Section 3, when working with optimization of tail probabilities, one frequently works with constraints or objectives involving POE, pz (Z) = P (Z > z), or its
associated quantile qα (Z) = min{z|P (Z ≤ z) ≥ α}, where α ∈ [0, 1] is a probability level
and z ∈ R is a fixed threshold level. The superqunatile was developed to alleviate difficulties
associated with optimization problems involving quantiles. Working to extend this concept,
bPOE was developed as the inverse of the superquantile in the same way that POE is the
inverse of the quantile.
Specifically, there exist two slightly different variants of bPOE, namely Lower and Upper
bPOE. Mafusalov and Uryasev (2015) mainly work with so called Lower bPOE while Norton and Uryasev (2014) work with so called Upper bPOE. These definitions do not differ
dramatically and a discussion of these differences is beyond the scope of this paper. Thus,
for the remainder of this paper when we refer to bPOE, we are utilizing Upper bPOE. With
this in mind, bPOE is defined in the following way, where sup Z denotes the essential supremum of random variable Z. In this paper we assume all random variables to be L1 -finite,
Z ∈ L1 (Ω), i.e. E|Z| < ∞.

Definition 1 Upper bPOE for a random variable Z at a threshold z equals,
(
max{1 − α|q̄α (Z) ≥ z}, if z ≤ sup Z,
0,
otherwise.
p̄z (Z) =

In words, for any threshold z ∈ (E[Z], sup Z), bPOE can be interpreted as one minus the
probability level at which the superquantile equals z. Although bPOE seems troublesome to
calculate, Norton and Uryasev (2014) provide the following calculation formula for bPOE.

E[Z−γ]+
z−γ

= 0,

E[Z−γ]+
z−γ


E[Z−γ]+

= 1,

z−γ
 lim

γ→−∞ E[Z−γ]+


z−γ ,
E[Z − γ]+ min
γ<z
=
z−γ
= P (Z = sup Z),

if z ≤ E[Z],

if z ∈ (E[Z], sup Z),

if z = sup Z,

if sup Z < z.

(9)

Proposition 1 Given a real valued random variable Z and a fixed threshold z, bPOE for
random variable Z at z equals,

γ<z

p̄z (Z) = inf

γ<z


 lim−

γ→z



min
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It is also important to note that formula (9) has the following property, Property 4, proved
in Mafusalov and Uryasev (2015) and Norton and Uryasev (2014). This property will
become important in later sections when we begin to interpret the EC-SVM. Note that
for Property 4, we must distinguish between the lower quantile qα (Z) and upper quantile
qα+ (Z) = inf{z|P (Z ≤ z) > α}. However, the difference in these quantities will likely

8

q̄α∗ (Z) = z,

= 1 − α∗ , then:

γ ∗ ∈ [qα∗ (Z), qα+∗ (Z)],

E[Z−γ ∗ ]+
z−γ ∗

pz (f (w, X)).

(10)

p̄z (f (w, X)).

E[f (w, X) − γ]+
.
z−γ

(12)

(11)

E[f (w, X) + 1]+ .

(13)

9
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As we discuss in Appendix A, formulation (12) has shortcomings for nonzero thresholds. Specifically, it fails to achieve varying optimal solutions for varying threshold levels.
To address these issues, the next section provides an alternative formulation for bPOE
minimization with PH functions f (w, X) that allows effective variation of threshold levels.

w∈Rn

min

Paper Norton and Uryasev (2014), though, limit consideration to only a threshold of
z = 0, in which case formulation (12) reduces to,

w∈R ,γ<z

min
n

Given Proposition 1, (11) can be transformed into the following:

w∈Rn

min

Here we have a discontinuous and non-convex objective function (assuming a discretely
distributed X) that is numerically difficult to minimize. Consider alternatively minimization
of bPOE instead of POE at the same threshold z. This is posed as the optimization problem,

w∈Rn

min

Norton and Uryasev (2014) considered the following optimization setup to demonstrate the
ease with which bPOE can be minimized directly. Assume we have a real valued positive
homogenous (PH) random function f (w, X) determined by a vector of control variables
w ∈ Rn and a random vector X. By definition, a function f (w, X) is PH w.r.t. w if it
satisfies the following condition: af (w, X) = f (aw, X) for any a ≥ 0, a ∈ R.
Now, assume that we would like to find the vector of control variables, w ∈ Rn , that
minimizes the probability of f (w, X) exceeding a threshold z ∈ R. We would like to solve
the POE optimization problem,

4.2 Optimization of bPOE for Random PH Functions

Thus, using formula (9), bPOE can be efficiently calculated. Additionally, Property 4 shows
that we can recover quantile and superquantile information. As we demonstrate in the next
section, formula (9) also allows for convenient optimization of bPOE.

where [qα∗ (Z), qα+∗ (Z)] is the entire set of minimizers.

p̄z (Z) = 1 − α∗ ,

γ<z

Property 4 If z ∈ (E[Z], sup Z) and min E[Z−γ]
=
z−γ

+

be small or zero. For continuously distributed Z, we will have qα (Z) = qα+ (Z) or if Z
is discretely distributed with N equally probably events, and N is reasonably large, the
difference qα+ (Z) − qα (Z) will likely be small, possibly zero.
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E[f (w, X) − zkwk + 1]+ .

(15)

E [f (wnew , X) − kwnew kγ]+ .

=

(17)

E[f (wnew , X) − zkwnew k + 1]+ ,

(18)

10

E[f (w∗ , X) − zkw∗ k + 1]+ = 1 − α∗ ,
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Thus, we can turn to (15) as our formulation for bPOE minimization of a PH function
for varying threshold choices. Notice from the proof of Proposition 2 that ifw∗ is optimal

1
w∗
w∗
to (15) then (w = kw
∗ k , γ = z − kw ∗ k ) is optimal to (14). Also, let us call f
kw∗ k , X the
normalized loss distribution at w∗ . Given Property 4, if

new

∗ , then
where due to our change in variable, we see that if we have optimal solution wnew

∗
wnew
1
w = kw
,
γ
=
z
−
is
optimal
to
(14)
before
the
change
of
variable.
kw∗ k
new k

wnew ∈Rn

min

1
1
We can also rearrange kwnew k = z−γ
to get γ = z − kwnew
k and thus that kwnew kγ =


1
kwnew k z − kwnew k = zkwnew k − 1. Plugging this into our formulation, we arrive at

wnew ∈Rn ,γ<z

min

kwk = 1, we have that kwnew k =
variable to get

w
z−γ

(16)
w
z−γ . Since we have the explicit constraint
kwk
1
z−γ = z−γ . We can then make the change of

 
 
+
w
γ
E f
,X −
z−γ
z−γ
kwk = 1.

Now, make the change of variable wnew =

s.t.

w∈R ,γ<z

min
n

Proof For this, we show that (15) is formed only by making a change of variable in (14).
We start with (14). Since γ < z is an explicit constraint and thus z − γ > 0, we bring the
denominator into the expectation in the numerator to get

Proposition 2 Assume f (w, X) is PH with respect to w. If (w∗ , γ ∗ ) is optimal to (14) with
w∗
∗
optimal objective 1 − α∗ , then w = z−γ
∗ is optimal to (15) with optimal objective 1 − α .

w∈Rn

min

Furthermore, the following Proposition 2 shows that (14) can be simplified, yielding

With (12) failing to achieve varying optimal solutions as the threshold z varies, we find
that adding a constraint on the norm of w remedies this situation (because w can no longer
rescale as the threshold changes). Here k · k denotes any general norm. This gives us


E[f (w, X) − γ]+
f (w, X)
min
.
≡
min
p̄
z
w∈Rn ,γ<z
w∈Rn
z−γ
kwk
(14)
s.t.
kwk = 1

4.3 An Altered Formulation
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Soft Margin SVM as Buffered Probability Minimization

q̄α∗ (F ) = z,

z−

1
∈ [qα∗ (F ) , qα+∗ (F )],
kw∗ k

where F := f

we know the following about the normalized loss distribution at the optimal point w∗ :
 ∗

w
,X .
kw∗ k
p̄z (F ) = 1−α∗ ,

5. Extended C-SVM
In this section, we use formula (15) to introduce the EC-SVM. We approach the classification problem via a natural bPOE minimization problem. Utilizing the interpretability of
optimization problem (15), we show that the EC-SVM is also simple to interpret. Specifically, we show that application of Property 4 allows us to interpret the choice of parameter
and the value of the optimal objective in interesting, purely statistical ways.
We also point out that the traditional hinge loss function naturally occurs when minimizing bPOE, meaning that we do not need to explicitly specify it as a loss function. This
can be seen clearly by considering minimization of bPOE at threshold C = 0. Additionally,
it is interesting to notice that we do not explicitly attempt to regularize via use of norms,
as the use of norms naturally arises from (14).
5.1 bPOE Minimization with SVM Loss

N
X

i=1

ξi

ξi ≥ −yi (wT Xi + b) + Ckwk + 1,

∀i ∈ {1, . . . , N },

(19)

Consider the formula for bPOE minimization (15) with discretely distributed random loss
L(w, b, X, y) = −y(wT X+b) with equally probable realizations {−y1 (wT X1 +b), ..., −yN (wT XN +
b)} and threshold z ∈ R. If we let C = −z and multiply the objective function by N , this
gives us the following optimization problem, which we call the EC-SVM:
min

w,b,ξ

s.t.
ξ ≥ 0.

Notice that the norm k · k, just as in (15), is an arbitrary norm in Rn . Notice also that
the EC-SVM is a very natural formulation. It is simply a buffered way of minimizing the
probability that misclassification errors exceed our threshold −C.
 Put specifically, instead of

finding the classifier (w, b) that minimizes p−C −y(wT X +b) = P −y(wT X + b) > −C ,
we are minimizing its buffered variant, p̄−C −y(wT X + b) .
5.2 Occurrence of Hinge Loss

N
X

+
−yi (wT Xi + b) + 1 .
i=1
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(20)

When discussing SVM’s, it is traditional for people to say that the C-SVM minimizes a
hinge loss function plus a regularization term on the vector w. For the EC-SVM, though,
we see that this is not an accurate description, as we do not need to explicitly specify a
hinge loss function. We see that it naturally arises when minimizing bPOE. Specifically,
minimizing bPOE of the loss function L(w, b, X, y) = −y(wT X + b) at threshold C = 0
yields the following problem, which is exactly minimization of hinge losses:

w,b

min

11
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One can see this more generally by looking at (13), where we are minimizing bPOE of
a PH loss function f (w, X) at threshold zero.
5.3 Interpretability of EC-SVM

Since the EC-SVM is simply bPOE minimization, we can utilize Property 4 to interpret the
C-parameter and the value of the optimal objective in an exact way. Specifically, let us put
Property 4 in terms of the EC-SVM.

L(w∗ ,b∗ ,X,y)
kw∗ k

L(w∗ ,b∗ ,X,y)
kw∗ k





= −C,
≤ −C −

1
kw∗ k

≤ qα+∗



L(w∗ ,b∗ ,X,y)
kw∗ k



.

Property 5 Suppose (19), with any general norm, yields optimal hyperplane (w∗ , b∗ ) and
the optimal objective value equal to obj ∗ . Considering L(w∗ , b∗ , X, y) = −y(w∗T X + b∗ )
as a discretely distributed random loss, we know the following about the normalized loss
distribution.


∗
L(w∗ ,b∗ ,X,y)
= 1 − α∗ = obj
N ,
kw∗ k




• p̄−C

• q̄α∗
• qα∗

5.3.1 The C-parameter as Superquantile Threshold Choice

obj ∗
N

= 1 − p̄−C

L(w∗ ,b∗ ,X,y)
kw∗ k

q̄α∗



L(w∗ , b∗ , X, y)
kw∗ k

.

For the C-SVM, the non-negative C-parameter is typically discussed as being a tradeoff
between errors and margin size. In the broad scheme of Empirical Risk Minimization
(ERM), this parameter is discussed as the tradeoff between risk and regularization. For
the EC-SVM, we provide a much more concrete interpretation. With the EC-SVM being
exactly bPOE minimization, the C-parameter is a choice of threshold z = −C. Specifically,
looking at Property 5, we have that


= −C,
where α∗ = 1 −

5.3.2 The Optimal Objective Value as bPOE

The EC-SVM also has the surprising property that the optimal objective value, divided by
the number of samples, is a probability
level. More specifically, as shown in Property 5, we


∗
L(w∗ ,b∗ ,X,y)
have that obj
. In words, the optimal objective value divided by the
N = p̄−C
kw∗ k
number of samples equals bPOE of the optimal normalized loss distribution at threshold
−C.

5.4 Norm Choice and Margin Interpretation
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In this section, we show that the EC-SVM has a clear interpretation of ‘margin,’ which is
dependent on the choice of norm. This interpretation shows, in an exact way, how the C
parameter determines the margin of the separating hyperplane.

12

1
= C.
kwk

i=1

1
−C − γ



T

−yi (wT Xi + b) + 1
kwk


+1

+
(21)

βi

i=1

PN

N
∗
i=1 βi
βi∗ −Ĉkw∗ k

> 0.
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Here, we show exactly why it is appropriate to call formulation (19) the EC-SVM. Specifically, we show that the EC-SVM is equivalent to the Eν-SVM, producing the same set
of optimal solutions. This follows directly from the fact that bPOE is the inverse of the
superquantile. This fact helps solidify the idea that the EC-SVM is an extension of the
C-SVM in the same way that the Eν-SVM is an extension of the ν-SVM. First, as was
proved in Section 6, the optimal solution set produced by the C-SVM over C ∈ [0, ∞) is
contained in the optimal solution set produced by the EC-SVM over C ∈ (−∞, ∞). Second,
the EC-SVM extends the allowable range of the C parameter to negative C-values. Thus,

7. Presentation as Cohesive Structure

Theorem 2 Suppose optimization problem (19) is formulated with any general norm k · k
and some parameter C ≥ 0 and that it has optimal primal variables (w∗ , b∗ , ξ ∗ ) and optimal
dual
(α∗ , β ∗ ). Then (1), formulated with corresponding norm and parameter Ĉ =
P variables
∗ , will have optimal primal variables (w = µw ∗ , b = µb∗ , ξ = µξ ∗ ) and optimal
C N
β
i=1 i
1
dual variables (α = α∗ , β = β ∗ ), where µ = 1+Ckw
∗ k > 0.

µ=

variablesP(w = µw∗ , b = µb∗ , ξ = µξ ∗ ) and optimal dual variables (α = α∗ , β = β ∗ ), where

i=1

Theorem 1 Assume that the data set is not linearly separable and suppose optimization
problem (1) is formulated with any general norm k · k and some parameter Ĉ ≥ 0 and that
it has optimal primal variables (w∗ , b∗ , ξ ∗ ) and optimal dual variables (α∗ , β ∗ ). Then (19),
formulated with corresponding norm and parameter C = PNĈ ∗ , will have optimal primal

In this section, we prove the equivalence of the EC-SVM and C-SVM when formulated
with any general norm. Theorems 1 and 2 present the main result, providing a direct
correspondence between parameter choices and optimal solutions. We emphasize the critical
implication, which is that solving the C-SVM with any parameter Ĉ ≥ 0 is equivalent to
solving the EC-SVM (i.e. minimizing bPOE) for some parameter C ≥ 0.
Below be prove the equivalence of C-SVM and EC-SVM with two theorems. We leave
the lengthy proofs to Appendix B. Theorem 1 begins with the assumption that one has
solved the C-SVM and then provides the proper parameter value for which the EC-SVM
will yield the same optimal hyperplane, up to a specific scaling factor, which we also provide.
Theorem 2 is analogous to Theorem 1, but begins with the assumption that one has solved
the EC-SVM. It should be noted that the theorems reference dual variables, which are
discussed more explicitly (via KKT conditions) within the proofs of the theorems.

6. Connecting the EC-SVM and C-SVM

Xi +b)+1
. Thus, for the
Xi to the corresponding “separating” hyperplane equals to −yi (w kwk
1
EC-SVM formulated with general norm k · k, the constraint kwk = C is fixing the ‘margin’
equal to C in Rn under the implied distance metric defined by the dual norm, k · k∗ .
Note that the problem above is equivalent to the EC-SVM, (19), having the same optimal
objective and (up to some scaling factor) equivalent optimal hyperplane when parameter
C is the same for both problems. Therefore, the interpretation above is also valid for the
EC-SVM. In particular, if a certain norm k · k is used in the optimization problem setting,
then it is implied that distances between objects represent object similarities in a better
fashion when measured according to the dual norm. The correspondence between C-SVM
and EC-SVM, described further by Theorems 1 and 2, is not as direct as the correspondence

T

Xi +b)+1
the corresponding “separating” hyperplane equals to −yi (wkwk
. But what if we were to
2
n
use a different metric to measure distances within R ? For example, what if we were to say
that the ‘distance’ between two points X1 , X2 was kX1 − X2 k1 instead of kX1 − X2 k2 ? In
2
. This follows from the concept
this case, the distance between hyperplanes is given by kwk
∞
of the dual norm.
Denote by k · k∗ the norm dual to the norm k · k. In the general case, we know that if the
‘distance’ between two points X1 , X2 is kX1 − X2 k∗ , then the distance between hyperplanes
2
wT X + b = 1 and wT X + b = −1 is equal to kwk
and that the directional distance from

From this formulation, we can form an interpretation of the EC-SVM within the context
of selecting an optimal hyperplane under a ‘hard margin’ criterion. To make this interpretation clear, we can start by analyzing (21) formulated with the L2 norm, traditional to the
C-SVM and discussions of ‘maximal margin hyperplanes.’ In this context, we see that the
1
constraint kwk
= C is fixing the euclidean distance between hyperplanes wT X + b = 1 and
2
T
w X + b = −1, i.e. fixing the margin to be equal to C. Also, we see that the directional disT X +b)+1
i
. The
tance from Xi to the corresponding “separating” hyperplane is equal to −yi (wkwk
2
optimization problem above, therefore, fixes the margin between “separating” hyperplanes
and minimizes the buffered probability of margin violations. If the classes are linearly separable with a margin of at least C, then the optimal objective is 0, meaning that “separating”
hyperplanes are indeed separating. However, when classes are not separable with a margin
of at least C, optimization problem (21) finds the number of worst classified objects such
that the average of their directional distances to corresponding hyperplanes equals to 0.
This number of worst classified objects is then minimized subject to the fixed margin size.
This interpretation, though, extends to any general norm within formulation (21). Using
euclidean distance as our metric for measuring distances in Rn , geometry tells us that the
2
distance between hyperplanes is given by kwk
and that the directional distance from Xi to
2

s.t.

γ<−C,w,b

n 
X

between (21) and the EC-SVM. However, the presence of this correspondence should also
imply that the use of k · k in optimization problem is closely related to the choice of norm
k · k∗ for the considered space.
Thus, as opposed to the C-SVM formulation, the EC-SVM formulation has a clear
interpretation as hard margin separation problem for the case of non-separable classes.

Looking back to formula (14), using loss function f (w, X) = −y(wT X + b), and making
w
the change of variable w → C
, b → Cb we are able to formulate the following equivalent
problem (for the full derivation, see Appendix E ):

min
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w,b

−z
↑

min p̄z −y(wT X + b)

w,b

m

min q̄α −y(wT X + b)

max
β

s.t.

max
β

s.t.

N
X

i=1

βi
N
X

βi yi Xi

βi yi = 0,

i=1

N
X

i=1

0 ≤ βi ≤ 1,

N
X

i=1

βi yi Xi

βi
N
X

βi yi = 0,

i=1

N
X

i=1

N
X

i=1

2. Recall that the L2 norm is self-dual.

βi yi Xi

16

∗

i=1

∀i ∈ {1, . . . , N }.

∗

∀i ∈ {1, . . . , N }.

≤C

N
X

i=1

βi ,

(23)
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Here we briefly present various methods for utilizing the kernel trick with the EC-SVM.
First, the most obvious way is for the L2 norm case and the dual EC-SVM formulation.
To effectively apply the kernel trick2 , we need only to square the constraint in the dual
formulation
∗

8.1 Kernalization of EC-SVM

Given the dual formulations, it follows immediately from Theorems 1 and 2 that the
optimal dual objective solutions coincide when parameters are chosen so that the EC-SVM
and C-SVM produce the same optimal hyperplane. Additionally, this result applies to
the primal formulations via strong duality. Thus, since the EC-SVM objective, divided
by sample size, equals a probability level (as seen in Property 6), we can conclude that
the optimal objective value of the C-SVM primal formulation, divided by sample size, also
equals a probability level.

0 ≤ βi ≤ 1,

≤ C,

Assume the C-SVM, (1), is formulated with some norm k · k and C ≥ 0. Let k · k∗ be
the corresponding dual norm, then the dual formulation is as follows:

(22)
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1−α

βi ,
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C ∈ (−∞, +∞)
↑
EC-SVM
m
Eν-SVM
=

N
X

just as the Eν-SVM extends the parameter range and optimal solution set of the ν-SVM,
the EC-SVM does the same for the C-SVM.

⊂
⊂
↓
ν ∈ [0, 1]

≤C

these dual formulations to present kernalization of the EC-SVM when formulated with the
L2 norm.
Assume the EC-SVM, (19), is formulated with some norm k · k and C ≥ 0. Let k · k∗ be
the corresponding dual norm, then the dual formulation is as follows:

Proposition 3 The EC-SVM and Eν-SVM, formulated with the same general norm, produce the same set of optimal hyperplanes.
Proof First, recall that the EC-SVM is equivalent to bPOE minimization. Second, recall that the Eν-SVM is equivalent to superquantile minimization. Using these two facts,
the equivalence follows immediately from Mafusalov and Uryasev (2015), which shows that
(w, b) is a minimizer of bPOE at some threshold level if and only if (w, b) is a minimizer of
the superquantile at some probability level.

↓
ν̂ ∈ (νmin , νmax ]

m
ν-SVM

Ĉ ∈ [0, +∞)
↑
C-SVM

To help gather all of the results we have discussed, we can present them as a cohesive
structure in the following table:

Key:
• m
Formulations generate the same set of optimal solutions.
• ⊂
The right hand side formulation is an “extension” of the left hand formulation.
(i.e. in the way that Eν-SVM is an extension of ν-SVM)
• ≡
Formulations are objectively equivalent.
• ↑ or ↓
Arrow points to parameter values for the formulation.

8. Dual Formulations and Kernalization
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Typically, the C-SVM is presented first in its primal form, then in its dual form, as the
latter provides insights into selection of support vectors via dual variables while additionally
providing a quadratic optimization problem for solving the C-SVM (in the case of the L2
regularization norm). This quadratic optimization problem also allows one to use the ‘kernel
trick,’ utilizing the presence of dot products to introduce a non-linear mapping to a high
dimensional feature space.
In this section, we present the dual formulations of the C-SVM, (1), and EC-SVM, (19),
formulated with any general norm. We leave the derivation of these dual formulations to
Appendix C. We use these formulations to enlighten our perspective in two ways. First,
in conjunction with Theorems 1 and 2, we use the dual formulations to show that the
optimal objective value of the C-SVM and EC-SVM coincide when yielding the same optimal
hyperplane. This effectively yields the surprising result that the optimal value of the CSVM objective function, divided by sample size, equals a probability level. Second, we use
15

i=1

βi yi = 0,

∀i ∈ {1, . . . , N }.

βi βj yi yj φ(Xi )T φ(Xj ) − C

0 ≤ βi ≤ 1,

i=1

N
X

i=1 i=1

N X
N
X

βi

2
≤ 0,
(24)

i=1

j

i

j

1

2
X
XX
[−yi (
θj yj Kij + b) + C 
θi θj yi yj Kij  + 1]+ .

ξi

j

X

θj yj Kij + b) + Ct + 1,

i

j

ξ≥0
XX
t2 ≥
θi θj yi yj Kij .

ξi ≥ −yi (

i=1

N
X

∀i ∈ {1, . . . , N }.
(26)

(25)

17
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3. In other words, because the EC-SVM and C-SVM produce the same set of optimal solutions for C ≥ 0,
we can say that their optimal solutions can be represented in the same way.

So far, we have discussed the case of the L2 norm and C ≥ 0. Here, for the interest of the
reader, we briefly mention how to apply a standard technique which allows approximate
kernelization of the EC-SVM with any norm and C ∈ R. Here, we explicitly map the
data vectors into the high dimensional feature space by approximating the kernel map.
Let K ∈ RN ×N be the positive semi-definite (PSD) matrix such that Kij = φ(Xi )T φ(Xj )
and, with abuse of notation, let X = [X1 , ..., XN ] be the matrix of data vectors. Let

s.t.

θ,b,ξ,t

min

Furthermore, this can be reformulated as the following convex QCQP.

θ,b

min

N
X

The application of the kernel trick, though, is not limited to the dual formulation.
Mimicking the work of Chapelle (2007), we can apply the kernel in the primal formulated
with the L2 norm by using the representers theorem of Schölkopf et al. (2001). Since the
representers theorem applies to the C-SVM, it indeed can be applied to the equivalent convex
EC-SVM.3 Thus, we know that in the high dimensional
P feature space we can represent
the optimal solution of the convex EC-SVM as w = i θi yi φ(Xi ). Therefore, using this
representation, we can write the primal EC-SVM with C ≥ 0 and the L2 norm as the
following unconstrained non-smooth convex program, where Kij = φ(Xi )T φ(Xj ).

s.t.

β

N
X

1

1

18
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For the convex case of the EC-SVM, (19), when we have C ≥ 0, it is simple to show that
it is equivalent to (27) and (28). Notice that we are minimizing bPOE, as we did before,
but with threshold equal to zero and data subject to pessimistic disturbances δi . We call
this pessimism, because we are maximizing w.r.t. the disturbance and looking at the worst
case. This is the traditional viewpoint of robust optimization, leading to a special case of
the Wald’s minimax model.

min max p̄0 −y(wT (X + δ) + b)
w,b
δi
(27)
s.t. kδi k∗ ≤ C , i = 1, ..., N
X
min max
[−yi (wT (Xi + δi ) + b) + 1]+
w,b
δi
(28)
i
s.t. kδi k∗ ≤ C, i = 1, ..., N

9.1 Convex Case and Pessimism

In this section, we present an equivalent representation of the convex and non-convex case
of the EC-SVM as robust optimization (RO) problems. This equivalence is enlightening for
both the convex and non-convex case. In general, we find that the RO representation reveals
a unique interpretation, showing that the convex case corresponds to bPOE minimization
with worst-case pessimistic data uncertainty, while the non-convex case corresponds to
bPOE minimization with best-case optimistic data uncertainty. For the convex case, the RO
representation is similar to existing equivalences for the C-SVM in Xu et al. (2009), but with
a much simpler proof, definition of uncertainty set, and correspondence between equivalent
parameter values. For the non-convex case, this new representation reveals a connection
with the Total Support Vector Classifier (T-SVC) proposed in Bi and Zhang (2005) and
suggests an efficient heuristic for the optimization. Furthermore, the RO representation
reveals that this seemingly heuristic optimization method, which was shown to work well
in the T-SVC case, is related to DCA, a popular algorithm for locally minimizing DC
(difference of convex) functions.

9. Interpretation as Robust Optimization, Pessimistic vs. Optimistic
Uncertainty

Then, we can simply use X̂ as our data in the linear EC-SVM, (19), with any norm or
parameter value and solve using the standard methods that will be discussed in Section
10.2.

1

X̂ = diag{λ1 , ..., λd } 2 [V1 , ..., Vd ]T ≈ Λ 2 V T = φ(X) .

Thus, we can approximate φ(X) by taking the top d eigenvectors and eigenvalues to get

K = φ(X)T φ(X) = V ΛV T = (Λ 2 V T )T (Λ 2 V T ) .

1

V = [V1 , ..., VN ] and Λ = diag{λ1 , ..., λn } be the matrix of eigenvectors and associated
eigenvalues of K with λ1 ≥ λ2 ≥ ... ≥ λn . With K being symmetric PSD, we then have the
eigendecomposition,

forming the following convex quadratically constrained quadratic program (QCQP) (24),
where φ(Xi ) represents a non-linear kernel mapping of the ith data vector. Note that this
can be efficiently solved with most convex optimization software.

max
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To see the equivalence between (19) and (28), one only needs to observe that for any w ∈ Rn ,
if C ≥ 0, we have that
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kδk∗ ≤1

kδk∗ ≤C

kδk∗ ≤C

Ckwk = C max wT δ = max wT δ = max −ywT δ .

min

−ywT δ .
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In this section, we consider some practical implications of the theoretical insights connecting
soft margin SVM’s and bPOE minimization. We first discuss the most obvious use, which
is for the selection of the threshold parameter. We show that the new interpretation of the
C tradeoff parameter suggests a range that should be used to select the C parameter. This
helps to improve grid selection for cross validation so that one can partially avoid solving the
EC-SVM for values of C that yield trivial or redundant optimal solutions. Furthermore,
using the robust interpretation of the EC-SVM, we show that there may be situations
where prior knowledge about data uncertainty suggests, at-best, a fixed C or, at-worst,
much tighter bounds for the range of interesting C values for cross-validation.
Another practical consideration is the optimization of the EC-SVM for the convex and
non-convex case. For the convex case, we discuss alternative formulations that can be
efficiently solved by standard convex optimization tools. With some of these approaches not
well suited for large scale problems, we briefly mention recent work on subgradient methods
that can be efficiently applied to the EC-SVM. For the non-convex case, we suggest a simple
alternating minimization algorithm and show that this procedure has appealing connections
with DCA, the Difference of Convex Functions Algorithm; see Tao and An (1997) or Dinh
and Le Thi (2014).
Finally, with most learning applications, the true distribution of (X, y) is unknown and
thus we must deal with only a finite sample. For example, throughout this paper, we
assumed that we had N observations. Thus, in this case, we work with empirical estimates
of bPOE, the quantile, the superquantile, and misclassification rate of the true distribution.
A practical question, therefore, is regarding generalization. Given an optimal classifier by
solving the EC-SVM (or equivalently the C-SVM), what can we say about the true rate
of misclassification, P (−y(wT X + b) > 0), or the true value of bPOE, p̄z (−y(wT X + b))?
With regard to misclassification rate, we utilize results from Takeda and Sugiyama (2008);
Schölkopf et al. (2000) to show that generalization bounds can be posed in terms of empirical
estimates of bPOE, the quantile, and the superquantile, i.e. the information provided by
Property 5. With regard to bPOE, we apply the stability arguments of Bousquet and
Elisseeff (2002) to provide tight generalization bounds on the true bPOE at any non-positive
threshold and show that the SVM parameter, C, plays an important role in these bounds.

10. Practical Considerations

This formulation is enlightening for two reasons. First, as already mentioned, we see
that the non-convex EC-SVM can be viewed from the RO lens as minimizing bPOE with
an optimistic view of the data set. The optimistic perspective makes sense if one assumes,
for example, that your data observations have been contaminated by noise. This view is
supported by Bi and Zhang (2005), which proposes the Total Support Vector Classifier (TSVC). Specifically, as revealed by the RO formulation, we see that the T-SVC is equivalent
to the non-convex EC-SVM with L2 norm. In their paper, they show that by using an
alternating minimization strategy to solve this problem, a special case of the non-convex ECSVM performs better than the C-SVM if data have been contaminated by noise. Second, as
we will discuss in the next section, the RO formulation suggests that the simple alternating
minimization algorithm for finding the local minimum is equivalent to DCA in a certain
sense.

(29)

Furthermore, to see the equivalence between (28) and (27), a simple application of the
bPOE formula (9) and multiplication by N transforms (27) into (28).
This provides us with three things. First, we see that the bPOE threshold can be
interpreted as controlling the size of the uncertainty set. Following from the transformation
of (19) to (28) via the simple algebra, we see that this correspondence is exact, meaning
that a threshold of C in the EC-SVM implies an uncertainty set with “size” C in (28)
(i.e. optimal solutions are the same when parameters are the same). Second, we see that
regularization with norm k · k implies uncertainty w.r.t. the corresponding dual norm k · k∗ .
Third, we see that the convex case can be interpreted as pessimistic, or risk averse, following
the traditional RO framework.
9.2 Nonconvex Case and Optimism

p̄0 −y(wT (X + δ) + b)

[−yi (wT (Xi + δi ) + b) + 1]+

kδi k∗ ≤ −C , i = 1, ..., N
X

i

kδi k∗ ≤ −C , i = 1, ..., N

(30)

For the non-convex case, we find a similar robust reformulation, but instead of pessimistic
disturbances we have optimistic disturbances. Specifically, for the EC-SVM (19), when we
have C < 0, it is simple to show that it is equivalent to (29) and (30). Notice again that we
are minimizing bPOE, as we did before, but with threshold equal to zero and data subject
to optimistic disturbances δi . We call this optimistic, because we are minimizing w.r.t. the
disturbance and looking at the best case.

min

w,b,δi

s.t.

min

w,b,δi

s.t.

=

wT (−δ)
wT δ

kδk∗ ≤−C

To see the equivalence between (19) and (30), one only needs to observe that for any
w ∈ Rn , if C < 0, we have that
kδk∗ ≤1

Ckwk = C max wT δ
kδk∗ ≤1

= − max −CwT δ

min

kδk∗ ≤−C

kδk∗ ≤−C

min

kδk∗ ≤−C

= − max wT δ
=
=
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Furthermore, to see the equivalence between (30) and (29), a simple application of the
bPOE formula (9) and multiplication by N transforms (29) into (30).
19

i

1 X −yi (wT Xi )
wT Xi
≥ − max
= − max kXi k∗ .
i,w kwk
i
N
kwk

i

−yi (wT Xi )
wT Xi
≤ max
= max kXi k∗ .
i,w kwk
i
kwk

21

i

−C ≤ 2 max kXi k∗ .
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For the upper bound, the exact same logic applies but w.r.t. the worst classified point
for any hyperplane intersecting the norm ball containing all data points. Therefore, a
reasonable upper bound for −C is,

i

Therefore, when the EC-SVM is formulated with unbiased hyperplane wT X, we only need
to do a grid search for −C ∈ [− maxi kXi k∗ , maxi kXi k∗ ]. Now, consider the case of the
biased hyperplane. To find a lower bound of this range, first note, importantly, that by
having a biased hyperplane (i.e. by including
the bi term), we have that the lower bound
h
T
can be trivially unbounded with inf w,b E −y(wkwkX+b) = −∞. But this is unreasonable since
this hyperplane trivially classifies all points as belonging to the same class. We know that
any reasonable hyperplane should at least intersect the norm ball supporting the data set,
i.e. the norm ball with radius maxi kXi k∗ . Therefore, any non-trivial hyperplane should
have an expected margin error larger than the margin error of the best classified point.
Because the hyperplane at least intersects the norm ball at one point, the best classified
point will have margin error no smaller than −2 maxi kXi k∗ . Therefore, a reasonable lower
bound for −C is,
−C ≥ −2 max kXi k∗ .

w

−C ≤ min max

Next, we find an upper bound for this range.

w

−C ≥ min

For the case where b = 0, we can use simple algebraic arguments to find data dependent
upper and lower bounds for this range. First, we have the lower bound,

With the EC-SVM having a parameter interpretable as the bPOE threshold, we use this
to select bounds on the admissible range of the parameter C. From (9), we see that for a
random variable Z, the only interesting values of the parameter are −C = z ∈ [E[Z], sup Z].
Finding this range, or a range containing it, can assist in performing grid search for model
selection where we are trying to find the best choice of C without unnecessary iterations
over meaningless or redundant parameter values (e.g. different parameter values all yielding
bPOE equal to 1). First, we consider the EC-SVM with unbiased linear classifier, where
b = 0. Then, using this result and some geometric intuition, we are able to formulate a
similar bound for biased classifiers, where b is a free variable.
T
Since the EC-SVM is minimizing bPOE of −y(wkwkX+b) , we know from (9) that the threshold parameter C achieves varying solutions only for
"
(



)#
−y(wT X + b)
−y(wT X + b)
−C ∈ inf E
, inf sup
.
w,b
w,b
kwk
kwk
X,y

10.1.1 Bounds for the Threshold

10.1 Parameter Selection
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s.t.

w,b,ξ,t

min

ξi

t2 ≥ wT w.

ξ≥0

22

ξi ≥ −yi (wT Xi + b) + Ct + 1,

i=1

N
X

(31)
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∀i ∈ {1, . . . , N }.

The primal and dual EC-SVM formulated with any general norm and C ≥ 0 are convex
optimization problems and, thus, there are many options for efficient optimization. Essentially, since from the optimization viewpoint the difference between C-SVM and EC-SVM
is minor, the complexity of convex EC-SVM is exactly the same as that of C-SVM. For a
general norm, due to convexity, gradient methods may be successfully implemented. For
particular norms, we may reformulate the problem as a specific type of convex optimization
problem to target available solvers. Below, we detail some problem reformulations into
Quadratically Constrained Quadratic Programs (QCQP), Second-Order Cone Programs
(SOCP), and Linear Programs (LP). If we assume that the norm is the euclidean norm, the
EC-SVM with C ≥ 0 can be written as the convex QCQP,

10.2.1 Convex Case

10.2 Optimization of the EC-SVM

For specific situations, one can actually use the RO representation of the EC-SVM to select
the proper parameter value. Since the parameter does not change value, along with the
optimal (w, b), when moving from formulation (19) to (28) or (19) to (30), we can use the
RO interpretation, exactly, to select parameter values for (19).
A situation where this would be ideal is if each data point Xi is given by some measurement and we know the maximum amount by which this measurement can deviate from the
true value. Consider the following two dimensional example, where we use some equipment
to measure blood pressure X (1) and weight X (2) where X = [X (1) , X (2) ] ∈ R2 . Assume that
we know that the equipment to measure blood pressure is off by at most ±2 and that the
equipment to measure weight is off by at most ±2. In this case, for any specific measurement
Xi , we know that a representative uncertainty set would be kδi k∞ ≤ 2. This immediately
implies that C = 2 is desirable if one chooses to be pessimistic about the uncertainty or that
C = −2 is desirable if one chooses to be optimistic about the uncertainty. Furthermore,
this implies that one should use the EC-SVM formulated with the L1 norm kwk1 since its
dual norm is the L∞ norm.
Furthermore, in less idealistic situations when knowledge of the deviation of measurement is not so exact, the same intuition can be used to, at least, select a range of C values
for cross validation that is smaller than the interval [−2 maxi kXi k∗ , 2 maxi kXi k∗ ] provided
in the previous section.

10.1.2 Using the Robust Interpretation

Thus, when the EC-SVM is formulated with biased hyperplane wT X + b, we only need to
do a grid search for −C ∈ [−2 maxi kXi k∗ , 2 maxi kXi k∗ ].

Norton, Mafusalov, and Uryasev

Soft Margin SVM as Buffered Probability Minimization

N
X

i=1

ξi

ξi ≥ −yi (wT Xi + b) + Ct + 1,
ŵj

∀i ∈ {1, . . . , N }.
(32)

Note that if we simply write t ≥ kwk2 , it is a convex SOCP. If the norm is LP representable
(e.g. the L1 or L∞ norm), the problem can be reformulated as an LP. For example, with
the L1 norm, the EC-SVM with C ≥ 0 can be written as,
min

w,ŵ,b,ξ,t

s.t.

j=1

ξ≥0
n
X

t≥

ŵj ≥ wj
ŵj ≥ −wj .

N
X
i=1

[−yi (wT Xi + b) + Ckwk + 1]+

(33)

Note that the convex dual EC-SVM can also be written as a QCQP, SOCP, or LP in a
similar manner depending on the choice of norm.
For large-scale problems, though, these reformulations may suffer. For the C-SVM, this
issue has garnered much attention. Although we leave in-depth exploration to future work,
we note that many techniques used to solve large scale SVM’s are directly applicable to
the convex EC-SVM. Note that the primal EC-SVM with C ≥ 0 can be formulated as the
following convex, non-smooth optimization problem.
min
w,b

This formulation lends itself to subgradient methods, particularly stochastic variants which
have been shown to work well for large-scale SVMs. In fact, methods mirroring Pegasos
Shalev-Shwartz et al. (2011), a solver using a subgradient method which finds an -accurate
1
solution, with high probability, for the primal C-SVM in runtime O( C
), have been successfully applied to large-scale robust SVM’s taking a similar form to (33) in Wang et al.
(2016).4 Note, also, that the EC-SVM can be formulated as a decomposable consensus
problem which can be solved in a distributed way via the Alternating Direction Method of
Multipliers; see Chapter 7 and 8 of Boyd et al. (2011).
10.2.2 Non-Convex Case
For the EC-SVM with C < 0, solving for a global optimum is much more difficult. We
can, though, solve for a local minimum by using the optimistic RO formulation (30) and
implementing the simple, seemingly heuristic, approach of alternating minimization. While
this approach was shown to be effective for the T-SVC special case of the EC-SVM presented
in Bi and Zhang (2005), we show here that its effectiveness may be explained, on the
surface at least, by its connection with DCA. Specifically, we have the following alternating
algorithm, where at each step one solves an LP followed by a convex optimization problem:
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4. Ignoring some details for simplicity, the robust SVM of similar form is formulated as
P
1
minw,b i [−yi (wT Xi + b) + CkΣ 2 wk + 1]+ , where Σ is a particular covariance matrix.
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• Initialize: Minimize (30) w.r.t. (w, b), fixing δi = 0 for all i = 1, ..., N . Denote
optimal point as (w∗ , b∗ ).
kδi k∗ ≤−C

• Step 1: Let δ̂i = argmax w∗T δi for all i = 1, ..., N .

• Step 2: Minimize (30) w.r.t. (w, b), fixing δi = δˆi for all i = 1, ..., N . Denote the
optimal point as (w∗ , b∗ ).

• Step 3: If iteration limit reached or convergence criteria is satisfied, STOP. Else,
return to Step 1.

This algorithm, at worst, seems like a simple heuristic approach to a non-convex problem
with intuitive appeal. In Step 1, we start with the data X +δ, which is an optimistic version
of the original data X if δ 6= 0. We then find a classifier (w, b) that minimizes bPOE at
threshold zero on the optimistic version of the data set. Then, in Step 2, we look for a new,
optimistic view of the data that is optimistic w.r.t. the new classifier found in Step 1.
In addition to its intuitive appeal, however, this alternating minimization has theoretical justification. We can show that this alternating minimization algorithm is essentially
implementing DCA, a commonly used algorithm for solving DC optimization problems. In
short, a DC function h, is such that h(v) = h1 (v) − h2 (v) where h1 , h2 are both convex. To
find a local minimum for the problem minv h(v), DCA performs the following steps5 :
v

• Initialize: v̂ = argmin h1 (v).

• Step 1: Set δ equal to a subgradient of h2 at v̂: δ ∈ ∂h2 (v̂).
v

• Step 2: Set v̂ = argmin h1 (v) − v T δ.

• Step 3: If iteration limit reached or convergence criteria is satisfied, STOP. Else,
return to Step 1.

kδk∗ ≤−C

Thus, DCA can be seen as first linearizing the concave term at the current solution via a
subgradient and then solving a convex subproblem which replaces the concave term with
the linear approximation.
To see how the alternating minimization procedure is related to DCA, first notice that
when C < 0, the function −yi (wT Xi + b) + Ckwk + 1 is DC; the
P sum of the convex function
−yi (wT Xi +b)+1 and the concave function Ckwk. Therefore, i [−yi (wT Xi +b)+Ckwk+1]+
is also DC.6 Second, notice that −Ckwk can be viewed as the support function of the convex
set S = {δ|kδk∗ ≤ −C}, meaning that −Ckwk = maxδ∈S wT δ. By the properties of support
functions7 we then know that if δ ∈ argmax wT δ, then δ ∈ ∂(−Ckwk).

Therefore, we see that we initialize the alternating minimization algorithm by setting
the concave part to zero and minimizing the convex part. Then, in Step 1, because of the
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5. Note that for brevity, we present a very simplified view of DCA and ignore the underlying duality results
which produce this algorithm.
6. This follows from the property that the maximum of DC functions is DC and that the sum of DC
functions is DC.
7. See e.g. Chapter 13 of Rockafellar (2015).
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The risk can be viewed as a type of performance metric we would like to minimize, like bPOE
or misclassification rate. Given a training algorithm and a training set S, statistical learning
theory helps to determine the expected value of the difference |Rtrue (A, S) − Remp (A, S)|.
In the context of binary classification, we consider two different types of risk (or performance metrics) for the EC-SVM (or equivalently C-SVM) learning algorithm. We first
consider the true misclassification rate, which is the typical object of study for classification
algorithms in statistical learning theory. Drawing on results from Takeda and Sugiyama
(2008), we show that, given a solution to the EC-SVM, the true misclassification rate can
be upper bounded by a functionof the empirical
estimates of bPOE, the superquantile, and

T
the quantile of the random loss −y(wkwkX+b) . Furthermore, given Property 5, we find that
we can state these bounds in terms of the value of the EC-SVM objective function, C, and
1
kwk .
Next, instead of misclassification

 rate, we consider generalization bounds for the true
TX
bPOE of the random loss −yw
. Using the stability arguments of Bousquet and Elisseeff
kwk
(2002), given a solution to the EC-SVM or C-SVM, we provide tight upper bounds for the
true bPOE at any non-positive threshold. In general, for binary classification, we find that
using these stability arguments to bound bPOE is more intuitive than the use of the clipped
loss function from Bousquet and Elisseeff (2002). Note that we only consider the unbiased
case with b = 0, as it is unclear whether this bound holds for the biased case. Furthermore,
in Section 10.3.2 we consider only the L2 norm and in Section 10.3.3 we only consider norms
possessing a variant of strong convexity.

1 X
Remp (A, S) =
V (AS , (Xi , yi )) .
N

given only the empirical estimate,

Rtrue (A, S) = EX,y [V (AS , (X, y))] ,

In machine learning, particularly in the context of empirical risk minimization, statistical
learning theory is a popular tool for analyzing the predictive ability of a learning algorithm
A : S → F which maps a sample S onto a function AS ∈ F, with F being some class of
functions such that the score AS (X) ∈ R is used to predict y given X. For example, in
classification, we can consider the prediction of y given X to be sign{AS (X)}. Statistical
learning theory addresses the fact that the true distribution of (X, y) is usually unknown
and we are only given access to a finite sample S = {(X1 , y1 ), ..., (XN , yN )}. Thus, if we
have, for example, a real valued random loss V (AS , (X, y)) for the output AS of the learning
algorithm trained on S, we need to estimate the true risk
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Theorem 4 Make the same assumptions as in Theorem 3, but suppose that C < 0 and
1
−C − kwk
> 0. Then there exists a positive constant k such that the following bound holds
2
with probability at least 1 − ρ:


 

L(w, b, S)
L(w, b, S)
Ptrue ≥ p̄−C
− G qα
.
kwk2
kwk2

Furthermore, given Property 5, this can be written simply as:


1
Ptrue ≤ 1 − α + G −C −
.
kwk2

Theorem 3 Suppose that (w, b) is an optimal solution to the EC-SVM trained on sample
S, that the optimal objective value divided by sample size N equals 1 − α, and that either
1
C > 0 or C < 0 and −C − kwk
< 0. If the support X of X is contained in a ball of
2
radius R, then there exists a positive constant k such that the following bound holds with
probability at least 1 − ρ:


 

L(w, b, S)
L(w, b, S)
Ptrue ≤ p̄−C
+ G qα
.
kwk2
kwk2

1
terms of the value of the EC-SVM objective function, C, and kwk
. Note also that we are
2
able to provide bounds for the non-convex case where C < 0. 
For the following theorems, let Ptrue = P −y(wT X + b) > 0 , i.e. the true misclassification rate for the classifier (w, b), and let
s 

2
2 4k 2 (R2 + 1)2
G(τ ) =
log
(2N
)
−
1
+
ln
.
2
N
τ2
ρ

Takeda and Sugiyama (2008) provide bounds on the true misclassification rate of the EνSVM classifier. Given the equivalence between the Eν-SVM and EC-SVM provided in
Section 7, we can apply these results directly to the EC-SVM. Although these results are
pulled directly from Takeda and Sugiyama (2008), hence we do not provide the proofs, we
find that we can pose their bounds on the true misclassification rate strictly in terms of
the empirical

 estimates of bPOE, the superquantile, and the quantile of the random loss
−y(wT X+b)
. Furthermore, given Property 5, we find that we can state these bounds in
kwk2

10.3.1 Generalization of POE

are empirical estimates of the true bPOE, superquantile, and quantile






−y(wT X + b)
−y(wT X + b)
−y(wT X + b)
p̄−C
, q̄α
, qα
.
kwk
kwk
kwk

In the following sections, given a sample S = {(X1 , y1 ), ..., (XN , yN )}, we consider
L(w, b, S) to be a discretely distributed random loss with equally probable realizations
{−y1 (wT X1 + b), ..., −yN (wT XN + b)}. Therefore, we have that






L(w, b, S)
L(w, b, S)
L(w, b, S)
, q̄α
, and qα
p̄−C
kwk
kwk
kwk

properties of the support function, we are equivalently solving for δ̂i ∈ ∂(−Ckwk). Finally,
in Step 2, we linearize the concave part using this subgradient and solve the resulting convex
problem. Thus, not only is the alternating minimization algorithm simple, but it is also
theoretically appealing with its relation to DCA.

10.3 Generalization of POE and bPOE for SVM Classifiers
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Furthermore, given Property 5, this can be written simply as:


1
Ptrue ≥ 1 − α − G −C −
.
kwk2

L(w,S)
kwk

Given these theorems, we see that the EC-SVM is directly minimizing the the lower (or
upper) bound on Ptrue , while simultaneously trading off w.r.t. the choice in parameter C.
10.3.2 Generalization of Buffered Probability

−ywT X
kwk

denotes the true bPOE while p̄−C

Here, we use the stability arguments of Bousquet and Elisseeff (2002) to provide generalization bounds on bPOE for optimal solutions of the C-SVM and convex EC-SVM. We
provide tight bounds for bPOE of the normalized loss distribution of the classifier given
by an SVM trained on a finite sample. This shows that while the C-SVM and EC-SVM
directly minimize bPOE, this statistic does, in fact, generalize to unseen samples.
For brevity, we avoid a full introduction of uniform stability and the associated generalization theorems and refer readers to Bousquet and Elisseeff (2002). Thus, we confine
most details to the proof. Theorem 5 considers the C-SVM, but with squared norm,
and


TX
shows that we can provide tight bounds on the true bPOE of the loss −yw
at any
kwk
non-positive threshold. We present the C-SVM with squared norm in the main theorem,
as opposed to the EC-SVM, because the bound expression is much more straightforward.
Corollary 1 shows how this result applies to the case of the EC-SVM with L2 norm.
In general, both bound expressions provide the same intuitive result. The uncertainty
regarding the estimate of bPOE will grow as the bPOE threshold considered in the SVM
minimization shrinks. As the SVM parameter grows larger, the threshold for the equivalent
bPOE minimization problem decreases. Thus, we are considering a growing portion of
the tail of the loss distribution in our minimization. This means that the SVM objective
function will get larger, but the uncertainty will grow smaller since a larger portion of
the tail will be easier to estimate than a smaller portion (it contains more samples). The
opposite holds true as the SVM parameter shrinks, getting closer to zero. This implies that
we are considering a shrinking portion of the tail of the loss distribution in our minimization.
Thus, the SVM objective function will grow smaller, but the uncertainty will grow larger
since a smaller portion of the tail will be more difficult to empirically estimate (it contains
less samples).
We note that we assume that the classifier is unbiased with b = 0 and that the squared
norm is differentiable and m-strongly convex w.r.t. itself.8 For example, the squared L2
norm is strongly convex w.r.t. itself with m = 2. A bias term can be included by concatenating a feature equal to one onto the data, but this would then be included in the
regularization norm. It is unclear whether these bounds hold for the truly unbiased case.
Although we do not present it, we also point out that this can easily be generalized to consider functions in a Reproducing Kernel Hilbert Space such that the kernel function K(·, ·)
is bounded with supX∈X K(X, X) ≤ R,
 as is done
 in Bousquet and Elisseeff (2002). For the

following proposition, recall that p̄−C
denotes empirical bPOE.
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8. A differentiable function f is m-strongly convex w.r.t. the norm k · k if for any w1 , w2 we have that
m
kw1 − w2 k2 ≤ f (w1 ) − f (w2 ) − h∇f (w2 ), w1 − w2 i.
2
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w

wS ∈ argmin

i

1 X
[−yi wT Xi + 1]+ + λkwk2 ,
N

Theorem 5 Assume that the squared norm k · k2 is differentiable and m-strongly convex
w.r.t. itself and that supx∈X kxk∗ ≤ R, meaning that the support X of X is contained in a
k · k∗ -norm ball of radius R. Assume we solve the C-SVM with squared norm on training
set S = {(X1 , y1 ), ..., (XN , yN )}, yielding



−ywST X
kwS k



≤

1+

4R
√
m λ



U

1
2

√

N

+

In particular,

U1 (āS , λ, C)
,
N

2aR(R+C)
.
mλ

q
ln

1
ρ

+ CkawS k + 1]+ .

(āS , λ, C)

, U1 (a, λ, C) =

+

T
i [−yi awS Xi

P



1
N

L(wS , S)
kwS k





a(R+C)
√
2λ

≤ p̄−C

+


√1
2

q
U 1 (a, λ, C) ln 1
ρ
1 X
U
1 (a, λ, C)
√
+
[−yi awST Xi + CkawS k + 1]+ + 2
,
N
N
N
i

where λ > 0. Then for any a, C ≥ 0, with probability 1 − ρ,

p̄−C

2



−ywST X
kwS k

where U 1 (a, λ, C) =

p̄−C

a≥0

with probability 1 − ρ, when āS ∈ argmin

≤ E[V (wS , (X, y), a, C)] , ∀ a ≥ 0 .

a≥0

= min E[−yawST X + CkawS k + 1]+

a≥0

= min E[

Proof Let V (w, (X, y), a, C) = [−yawT X + Ckawk + 1]+ . First, note that, for any C ≥ 0,


−ywST X
−ywST X
+
p̄−C (
)
=
min
E[a
+
C
+
1]
a≥0
kwS k
kwS k

a
−ywST X + CkwS k + 1]+
kwS k

X,y

i

1 X
[−yi wT Xi + 1]+ + λkwk2
N

i6=j

1 X
[−yi wT Xi + 1]+ + λkwk2 .
N
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sup |V (wS , (X, y), a, C) − V (wS j , (X, y), a, C)| ≤ θ

Given any a ≥ 0, we can upper bound E[V (wS , (X, y), a, C)] by using stability arguments
of Bousquet and Elisseeff (2002).
We first prove that the C-SVM with squared norm is uniformly stable, as defined in
Bousquet and Elisseeff (2002), w.r.t. loss function V (w, (X, y), a, C), showing that there
exists θ such that for any sample S,

where
w

wS ∈ argmin

w

wS j ∈ argmin

28

T


− −y(aw2T X) + Ckaw2 k + 1 |

+ Ckaw1 k + 1

− [−y(aw2T X) + Ckaw2 k + 1]+ |

sup

kXk∗ ≤R,X∈Rn

a (w1 − w2 )T X + Cakw1 − w2 k

29

JMLR 18(68):1-43, 2017

= hS (wS j ) − hS (wS ) + hS j (wS ) − hS j (wS j )
1
=
(V (wS j , (Xj , yj ), 1, 0) − V (wS , (Xj , yj ), 1, 0))
N
RkwS j − wS k
≤
N

+ hS j (wS ) + λg(wS ) − hS j (wS j ) − λg(wS j )

(following from (46)) = hS (wS j ) + λg(wS j ) − hS (wS ) − λg(wS )

d¯λg (wS j , ∇λg(wS )) + d¯λg (wS , ∇λg(wS j )) ≤ d¯(hS +λg) (wS j , 0) + d¯(hSj +λg) (wS , 0)

Now, since 0 ∈ ∂(hS (wS ) + λg(wS )) and 0 ∈ ∂(hS j (wS j ) + λg(wS j )), we have

Sj

d¯λg (wS j , ∇λg(wS )) + d¯λg (wS , ∇λg(wS j )) ≤ d¯(hS +λg) (wS j , ∇(hS (wS ) + λg(wS )))
+ d¯(h +λg) (wS , ∇(hS j (wS j ) + λg(wS j ))) .

Since generalized divergence is linear and non-negative (see Appendix F and (45)), we have
for any ∇(hS (wS ) + λg(wS )) ∈ ∂(hS (wS ) + λg(wS )) and any ∇(hS j (wS j ) + λg(wS j )) ∈
∂(hS j (wS j ) + λg(wS j )), that

= dλg (wS j , wS ) + dλg (wS , wS j )
(following from (44)) = d¯λg (wS j , ∇λg(wS )) + d¯λg (wS , ∇λg(wS j ))

λmkwS − wS j k2 ≤ λ (dg (wS j , wS ) + dg (wS , wS j ))

R
¯
We show now that kwS − wS j k ≤ mN
λ . Let df , df denote the Bregman divergence and
the generalized Bregman divergence of a convex function f with subderivatives at any w
denoted as ∇f (w) ∈ ∂f (w). (See
of divergence).
P Appendix F for definition and properties
P
Let g(w) = kwk2 , hS (w) = N1 i [−yi wT Xi + 1]+ , and hS j (w) = N1 i6=j [−yi wT Xi + 1]+ .
First, since g(w) is assumed to be m-strongly convex w.r.t. itself, by definition we have
m
2
2 kwS − wS j k ≤ dg (wS , wS j ). Next, we have that

= a(R + C)kw1 − w2 k

= Rakw1 − w2 k + Cakw1 − w2 k

≤

X∈X

≤ sup a (w1 − w2 )T X + Cakw1 − w2 k

≤ a (w1 − w2 )T X + Cakw1 − w2 k

≤ −ya(w1 − w2 )T X + Cakw1 − w2 k

≤ −ya(w1 − w2 )T X + Ca |kw1 k − kw2 k|

= −ya(w1 − w2 ) X + Ca(kw1 k − kw2 k)

≤|−

y(aw1T X)

|V (w1 , (X, y), a, C) − V (w2 , (X, y), a, C)| = |[−y(aw1T X) + Ckaw1 k + 1]+

First, note that for any w1 , w2 ∈ Rn , X, y ∈ X × {−1, 1} we have that
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aR(R + C)
.
N λm

i

1 X
V (0, (Xi , yi ), 1, 0) = 1 .
N

i



1 X
L(wS , S)
[−yi āwST Xi + CkāwS k + 1]+ = p̄−C
.
N
kwS k

i

1 X
[−yi awST Xi + CkawS k + 1]+ ,
N

i

1 X
[−yi (wT Xi ) + 1 + Ĉkwk2 ]+ .
N

p̄−C



−ywST X
kwS k



i
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q
U 1 (a, λS , C) ln ρ1 U (a, λ , C)
1 X
1
S
√
≤
[−yi aµwST Xi +CkaµwS k+1]+ + 2
+
,
N
N
N

Then, for any a, C ≥ 0, with probability 1 − ρ,

w

wS ∈ argmin

Corollary 1 Make the same assumptions as in Theorem 5, but solve the EC-SVM with
k · k = k · k2 and Ĉ > 0, which yields,

then,

a≥0

ā ∈ argmin

Thus, applying Theorem 12 of Bousquet and Elisseeff (2002), for any a ≥ 0 yields the first
generalization bound. The second generalization bound follows from the fact that if

≤ a(R + C)kwS − 0k + 1
a(R + C)
√
+1.
≤
λ

V (wS , (X, y), a, C) ≤ |V (wS , (X, y), a, C) − V (0, (X, y), a, C)| + V (0, (X, y), a, C)

Second, combining this with the first result of the proof yields,

λkwS k2 ≤ hS (wS ) + λkwS k2 ≤ hS (0) + λk0k2 =

Thus, the learning algorithm is uniformly θ-stable w.r.t. loss function V with θ = aR(R+C)
N λm .
To apply Theorem 12 of Bousquet and Elisseeff (2002), which gives us the final generalization bound, we need to show that V (wS , (X, y), a, C) is bounded. To see this, first notice
that

|V (wS , (X, y), a, C) − V (wS j , (X, y), a, C)| ≤ a(R + C)kwS − wS j k ≤

R
This then implies that kwS − wS j k2 ≤ kwS − wS j k mN
λ which further implies that kwS −
wS j k ≤ N R
.
Together
with
the
previous
result,
we
have
that
λm
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+

probability 1 − ρ,

µ=

q
U 1 (āS , λS , C) ln ρ1
2
√

1
,
and
βi are the optimal dual variables
1+ĈkwS k2
1 P
T
+
i [−yi aµwS Xi + CkaµwS k + 1] , with
N
a≥0

≤ p̄−C

U1 (āS , λS , C)
+
.
N

of the EC-SVM.

P
Ĉ i βi
2kwS k2 ,


N

where λS =


L(wS , S)
kwS k

In particular, when āS ∈ argmin

p̄−C

−ywST X
kwS k

Proof From Theorem 2, we know that if w is optimal for the EC-SVM with
PĈ ≥ 0, then
solving the EC-SVM is equivalent to solving the C-SVM with parameter Ĉ i β and will
yield optimal solution µwS . Furthermore, it is easy to see by looking at the KKT system
(34) that if w is optimal for the C-SVM with parameter Ĉ ≥ 0, then solving the C-SVM is
Ĉ
equivalent to solving the C-SVM with squared norm with parameter 2kwk
and will yield op2
and

and µwS .

P
Ĉ i βi
2kwS k2

timal solution w. Therefore, if wS is optimal for the EC-SVM with Ĉ ≥ 0, then solving the
P
Ĉ i βi
2kwS k2

EC-SVM is equivalent to solving the C-SVM with squared norm with parameter

will yield optimal solution µw. Thus, we can apply Theorem 5 with λ =

11. Conclusion
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In this paper we have introduced a new SVM formulation called the EC-SVM to help provide
theoretical insights into the nature of the C-SVM, soft margin support vector classifier.
Much like the Eν-SVM, this new formulation acts as an extension of the C-SVM. The main
contribution of this paper, though, is not a new SVM formulation with computational or
generalization benefits.
The main contribution of this paper is proof that soft margin support vector classification is equivalent to simple bPOE minimization. Additionally, we show that the C-SVM,
EC-SVM, ν-SVM, and Eν-SVM fit nicely into the general framework of superquantile and
bPOE minimization problems. This allows us to gain interesting and surprising insights,
interpreting soft margin support vector optimization with newly developed statistical tools.
For example, we were able to show that the C-parameter of the C-SVM has a statistical interpretation and that the optimal objective value, divided by sample size, equals a
probability level.
Additionally, we were able to provide two useful interpretations of the EC-SVM. First,
we showed that it can be considered to be a hard-margin optimization problem, showing
that the choice of regularization norm implies a metric used to define the margin. Second,
we showed that the convex and non-convex case can be interpreted as Robust Optimization
problems, with convexity implying pessimistic views of data uncertainty and non-convexity
implying optimistic views of data uncertainty.
We also address some practical implications of these theoretical insights. We show that
the new interpretations imply that the interesting values of C lie in a limited range. We
also suggest methods for solving the convex and non-convex case of the EC-SVM, using
the robust interpretation in particular for solving the non-convex case in an efficient and
theoretically justifiable way. Finally, we also show that we can provide generalization bounds
31
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for both misclassification rate and bPOE. We provide tight bounds for bPOE of the loss
distribution of the classifier given by the C-SVM and EC-SVM trained on a finite sample.
This shows that while the C-SVM and EC-SVM minimize bPOE, this statistic does, in fact,
generalize to unseen samples.
In the broad scheme, we were able to show that the C-SVM formulation, derived traditionally from geometric intuition, can also be derived from purely statistical tools, with
little geometric intuition involved. Specifically, we show that these statistical tools are
superquantiles and the related bPOE.
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Appendix A. Ineffective Variation of Threshold Levels

In application, it may be desirable that bPOE is minimized for different thresholds z ∈ R
yielding a selection of optimal distributions f (wz∗ , X), where wz∗ = arg min p̄z (f (w, X)) for
some chosen value of threshold z. This way, one could do some type of model selection
or analysis based upon the behavior of the optimal distribution over different thresholds.
In doing so, one would expect to achieve different solutions for different threshold choices.
As shown in the following propositions, the naive construction of formulation (12) combined with the positive homogeneity of f (w, X) causes formulation (12) to achieve only two
possible optimal solutions.
Proposition 4 and Corollary 2 show that for any threshold z ≤ 0, formulation (12)
becomes equivalent to
min p̄0 (f (w, X)),
w∈Rn

effectively yielding the solution for threshold z = 0. Proposition 5 shows that for any
threshold z > 0, formulation (12) yields a trivial solution.

E[f (w, X) − γ]+
,
z−γ

Proposition 4 If f (w, X) is PH w.r.t. w and minimizing bPOE at z ≤ 0 yields

w,γ<z

1 − α∗ = min

E[f (w, X) − γ]+
,
z̄ − γ
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with optimal solution vector (w∗ , γ ∗ ), then for any a ≥ 1, z̄ = az we have

w,γ<z̄

1 − α∗ = min

with optimal solution vector (aw∗ , aγ ∗ ).

32

p̄z (f (w, X)) =

min

w∈Rn ,γ<z

E[f (w, X) − γ]+
E[f (w∗ , X) − γ ∗ ]+
=
.
z−γ
z − γ∗

min

w∈R

p̄0 (f (w, X)).

w∈R

w∈R

min

E[f (w, X) − γ]+
= 0.
z−γ

33
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Proof Objective is a non-negative function. If z > 0, then for γ ∈ (0, z) the objective is 0,
hence, optimal.

w∈Rn ,γ<z

Proposition 5 If z > 0, then

Intuitively, this corollary simply follows from application of Proposition 2 to any z < 0
arbitrarily close to zero.

w∈Rn

min p̄z0 (f (w, X)) = minn p̄z1 (f (w, X)) = ... = minn p̄0 (f (w, X)).

Proof Let (zn ) be a strictly decreasing sequence such that z0 < 0 and limn→∞ zn = 0.
Proposition 2 implies that

w∈Rn ,γ<z

E[f (w, X) − γ]+
= minn
w∈R
z−γ

Corollary 2 Given Proposition 4, we can say that if z ≤ 0, then

(aw∗ , aγ ∗ ).

w∈R

1 − α∗ at (w∗ , γ ∗ ), then for any z̄ = az, a ≥ 1 we have that minn p̄z̄ (f (w, X)) = 1 − α∗ at

Since p̄z (f (w, X)) is a monotonically decreasing function w.r.t. z, we also know that
p̄z (f (w∗ , X)) ≤ p̄z̄ (f (w∗ , X)) for every z̄ = az, a ≥ 1. Therefore, if minn p̄z (f (w, X)) =

= p̄z (f (w∗ , X)).

p̄z̄ (f (aw∗ , X)) =

E[f (aw∗ , X) − aγ ∗ ]+
z̄ − aγ ∗
a E[f (w∗ , X) − γ ∗ ]+
=
a
z − γ∗
= 1 − α∗

This means that p̄z (f (w∗ , X)) ≤ p̄z (f (w, X)) for every w ∈ Rn . Now, notice that for z̄ = az,
where a ≥ 1,

w∈R

1 − α∗ = minn

Proof Assume that for z ≤ 0,
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PN

i=1

= 0.

(34c)

(34i)

(34h)

(34g)

(34f)

(34e)

(34d)

, the variables (µw∗ , µb∗ , µξ ∗ , α∗ , β ∗ ) satisfy the

−



(34a)
(34b)

−yi βi = 0,

i=1

βi +

i=1

yi βi xi ,



w = µw∗ , b = µb∗ , ξ = µξ ∗ , α = α∗ , β = β ∗ , C =

34

i=1

PNĈ

βi∗



(35a)

satisfy

(35i)

(35h)

(35g)

(35f)

(35e)

(35d)

(35c)

(35b)
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all of these conditions and is thus a solution to the KKT system (35).

When now show that

N
X

αi ξi = 0 = (1 − βi )ξi ,


βi −yi (wT xi + b) + 1 + Ckwk − ξi = 0.

i=1

N
X

0 ∈ −C∂kwk

N
X

ξi ≥ −yi (wT xi + b) + 1 + Ckwk,

− α − β + 1 = 0,

α ≥ 0,

β ≥ 0,

ξ ≥ 0,

KKT system of (19). We then show that indeed µ > 0 when the data set is not linearly
separable. The KKT system of (19) formulated with parameter C ≥ 0 is as follows:

Now, we show that with µ =

βi∗
PN i=1
∗
∗
i=1 βi −Ĉkw k

ξi∗

yi βi∗ xi ,

−yi βi∗ = 0,
i=1
αi∗ ξi∗ = 0 = (1 − βi∗ )ξi∗ ,

βi∗ −yi (w∗T xi + b∗ ) + 1

N
X

0 ∈ −Ĉ∂kw∗ k +

N
X

ξi∗ ≥ −yi (w∗T xi + b∗ ) + 1,

− α∗ − β ∗ + 1 = 0,

α∗ ≥ 0,

β ∗ ≥ 0,

ξ ∗ ≥ 0,

Proof To prove Theorem 1, we compare the KKT systems of (1) and (19) formulated with
the same general norm, k · k. We assume that the C-SVM with parameter Ĉ ≥ 0 yields
optimal primal variables (w∗ , b∗ , ξ ∗ ) and optimal dual variables (α∗ , β ∗ ). Thus, this is the
same as assuming that (w∗ , b∗ , ξ ∗ , α∗ , β ∗ ) satisfies the following KKT system of (1):

B.1 Theorem 1

Appendix B. Proofs for Theorems 1 and 2
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1. ξ ≥ 0 : True, since ξ = µξ ∗ , ξ ∗ ≥ 0, µ ≥ 0.
2. β ≥ 0 : True, since β = β ∗ ≥ 0.
3. α ≥ 0 : True, since α = α∗ .
4. −α − β + 1 = 0 : True, since −α − β + 1 = −α∗ − β ∗ + 1 = 0.

β

PN
i=1

β

i=1

PN
∗
i=1 yi βi xi ,
and (34f).

kw∗ k + µ [ξi∗ − βi∗ ] where −µβi∗ yi (w∗T xi + b∗ ) =

= 0 : True, since β = β ∗ and (34g).

PN
i=1 yi βi xi

P
N
+ i=1
yi βi xi : True, following from
=
= Ĉ∂kµw∗ k = Ĉ∂kw∗ k,

PN
i=1 βi

∗
∗T
∗
∗
5. ξi ≥ −yi (wT xi + b) + 1 + Ckwk
 −→ µξi ≥
 −yi (w xi + b )µ + 1 + µCkw k
−→ ξ ∗ ≥ −y (w∗T x + b∗ ) + µ1 + Ckw∗ k = −yi (w∗T xi + b∗ )
i
i


Ĉ
Ĉ
kw∗ k +
kw∗ k = −yi (w∗T xi +b∗ )+1 : True, following from (34e).
+ 1−
∗
∗
PN
i=1

PN
i=1 −yi βi

PN
βi
C∂kwk i=1

6. 0 ∈ −C∂kwk
7.

∗

βi∗

8. αi ξi = 0 : True, since α = α∗ , ξ = µξ ∗ , µ > 0, and (34h).


9. βi −yi (wT xi + b) + 1 + Ckwk − ξi = 0 ⇐⇒ βi ξi = −βi yi (wT xi + b) + βi + βi Ckwk.
Notice then that (35h) =⇒ βi ξi = ξi . This gives us ξi = µξ ∗ = −µβi∗ yi (w∗T xi +
∗

b∗ ) + βi∗ + βi∗ Ckµw∗ k = βi∗ + βi∗ PNĈµ

i=1

βi

i=1

βi −Ĉkw k

i=1

βi −Ĉkw k

µ [ξi − βi ] is implied by (35i). Furthermore, notice that this last equality is true ⇐⇒


PN
∗k
βi∗
βi∗ 1 + PNĈµ ∗ kw∗ k − µ = 0 ⇐⇒ 1 + PN Ĉkw
− PN i=1
= 0. Clearly,
∗
∗
∗
∗

the last equality is true.

N
X
i=1

ξi +

N
X
i=1

N

 X
βi −yi (wT xi + b) + 1 − ξi −
αi ξi
i=1

Now we show that for non-linearly separable data sets, µ > 0. P
We use the KKT
N
βi∗ > Ĉkw∗ k,
system (34) to form the dual via the Lagrangian. We then show that i=1
which proves that µ > 0.
We first have that the Lagrangian of (1) is the following:
L(w, b, ξ, α, β) = Ĉkwk +

N
X

βi +

inf Ĉkwk +
w,b

yi βi = 0.

0 ≤ β ≤ 1.

i=1

!
(36)
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N
X


βi −yi (wT xi + b)
i=1

Using (34d,g), we can then simplify, also maximizing w.r.t. the dual variables and minimizing w.r.t. the primal variables, to form the following dual. Here, the constraints are implied
by (34d,g).
max
β

s.t.

N
X

i=1

35
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w,b

inf

Ĉkwk +

i=1

N
X



βi −yi (wT xi + b) ≤ 0.

Notice that since w = 0, b = 0 is a feasible solution, we know that

βi∗ +

w,b

inf

Ĉkwk +

∗

> 0. This implies that

i=1

!
N
N
X
X


βi∗ −yi (wT xi + b) = Ĉkw∗ k +
ξ∗.
i=1

i=1 ξ

PN

> 0.

∗
i=1 βi

PN

>

Finally, noting that with the optimal variables assumed to be (w∗ , b∗ , ξ ∗ , α∗ , β ∗ ), we see that

N
X
i=1

∗
i=1 βi
βi∗ −Ĉkw∗ k

PN

i=1

PN

But since the data set is not linearly separable
Ĉkw∗ k, which shows that µ =

B.2 Theorem 2

(37a)

Proof To prove Theorem 2, we compare the KKT systems of (1) and (19) formulated with
the same general norm, k · k. We assume that the EC-SVM with parameter C ≥ 0 yields
optimal primal variables (w∗ , b∗ , ξ ∗ ) and optimal dual variables (α∗ , β ∗ ). Thus, this is the
same as assuming that (w∗ , b∗ , ξ ∗ , α∗ , β ∗ ) satisfies the following KKT system of (19):
ξ ∗ ≥ 0,

(37b)

i=1

yi βi∗ xi ,

(37i)

(37h)

(37g)

(37f)

(37e)

(37c)

β ∗ ≥ 0,

α∗ ≥ 0,

(37d)

N
X

− α∗ − β ∗ + 1 = 0,

βi∗ +

ξi∗ ≥ −yi (w∗T xi + b∗ ) + 1 + Ckw∗ k,
N
X

i=1

−yi βi∗ = 0,

0 ∈ −C∂kw∗ k
N
X

i=1

αi∗ ξi∗ = 0 = (1 − βi∗ )ξi∗ ,


βi∗ −yi (w∗T xi + b∗ ) + 1 + Ckw∗ k − ξi∗ = 0.
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1
∗
∗
∗
∗
∗
Now, we show that with µ = 1+Ckw
∗ k > 0, the variables (µw , µb , µξ , α , β ) satisfy the
KKT system of (1). We then show that indeed µ > 0 when the data set is not linearly

36

T

−yi βi = 0,

i=1

yi βi xi ,

(38a)

(38i)

(38h)

(38g)

(38f)

(38e)

(38d)

(38c)

(38b)

i=1 −yi βi

α∗ ,

= 0 : True, since β =

and (37g).

µξ ∗ ,

β∗
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Now we point out that µ > 0. This follows immediately from the assumption that C ≥ 0
and the fact that kw∗ k ≥ 0.

8. αi ξi = 0 : True, since α =
ξ=
µ > 0, and (37h).




9. βi −yi (wT xi + b) + 1 − ξi = βi∗ −µyi (w∗T xi + b∗ ) + 1 − µξi∗ =
∗
∗T
∗
∗


β (−yi (w xi +b )−ξi )
= 0 ⇐⇒ βi∗ −yi (w∗T xi + b∗ ) + 1 + Ckw∗ k − ξi∗ = 0,
βi∗ + i
1+Ckw∗ k
which is True, following from (37i).

7.

PN

P
: True, following from
6. 0 ∈ −Ĉ∂kw∗ k + N
i=1 yi βi xiP
PN
P
N
∗
∗
Ĉ∂kw k = C∂kwk N
i=1 yi βi xi , and (37f).
i=1 yi βi xi =
i=1 βi ,

5. ξi ≥ −yi (wT xi + b) + 1 −→ µξi∗ ≥ −yi (w∗T xi + b∗ )µ + 1 ⇐⇒ ξ ∗ ≥ −yi (w∗T xi + b∗ ) +
(1 + Ckw∗ k) : True, following from (37e).

4. −α − β + 1 = 0 : True, since −α − β + 1 = −α∗ − β ∗ + 1 = 0.

3. α ≥ 0 : True, since α = α∗ .

2. β ≥ 0 : True, since β = β ∗ ≥ 0.

1. ξ ≥ 0 : True, since ξ = µξ ∗ , ξ ∗ ≥ 0, µ ≥ 0.

∗
∗
∗
∗
∗
PWhen∗ now show, one by one, that (w = µw , b = µb , ξ = µξ , α = α , β = β , Ĉ =
C N
β
)
satisfy
all
of
these
conditions
and
is
thus
a
solution
to
the
KKT
system
(38):
i=1 i

αi ξi = 0 = (1 − βi )ξi ,


βi −yi (wT xi + b) + 1 − ξi = 0.

i=1

N
X

0 ∈ −Ĉ∂kwk +

N
X

ξi ≥ −yi (w xi + b) + 1,

− α − β + 1 = 0,

α ≥ 0,

β ≥ 0,

ξ ≥ 0,

separable. The KKT system of (1) formulated with parameter Ĉ ≥ 0 is as follows:
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=

=

=

=

=

s.t.

β

= max

0≤β≤1
PN
i=1 βi yi =0

max

0≤β≤1
PN
i=1 βi yi =0

max

0≤β≤1
PN
i=1 βi yi =0

max

max

0≤β≤1
PN
i=1 βi yi =0

max

w,b

min

0≤β≤1
PN
i=1 βi yi =0

α≥0
β≥0

max

min

"

a≥0

"

a≥0

a≥0

∗

0 ≤ βi ≤ 1,

βi yi = 0,

βi yi xi

βi
≤C

w6=0

i=1

βi − a

βi ,

i=1

N
X

38

i=1

N
X

−βi yi xi

i

i=1

#

i

#

#
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i

Tx

Tx

∗#

k − wk

i=1 βi yi w

PN

kwk

i=1 −βi yi w

PN

Tx

#

i=1 −βi yi w

kwk

−βi yi wT xi
PN

βi + a min
w6=0

βi +

a

i=1

N
X

βi − a min

N
X

aC

i=1

N
X

i=1

N
X

i=1

βi +

N
X

i=1

∀i ∈ {1, . . . , N }.

βi + min

"

βi + min aC

aC

aC

Ckwk

w6=0,a≥0

"

w

N
X

N

 X
βi −yi (wT xi + b) + 1 − ξi + Ckwk −
α i ξi

βi + min

βi +

i=1
N
X

i=1

"

i=1

N
X

βi + min

ξi +

N
X

i=1

N
X

i=1

N
X

i=1

N
X

i=1

N
X

i=1

N
X

i=1

N
X

i=1

N
X

The dual of the EC-SVM is formulated as follows, via the Lagrangian:

Appendix C. Derivation of EC-SVM Dual Formulation
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min

N
X
i=1

N
X
i=1

N
X
i=1

N
X
i=1

N
X
i=1

N
X
i=1

N
X
i=1

w

ξi + Ckwk +
"

"

N
X

aC − a min

−βi yi wT xi

P

kwk

−βi yi xi

#

∗#

N
T
i=1 βi yi w xi
k − wk

#

PN
T
i=1 −βi yi w xi

#

#
PN
−βi yi wT xi
a i=1
kwk

i=1

N
N
X

 X
βi −yi (wT xi + b) + 1 − ξi −
αi ξi
i=1

Ckwk +

aC +

w6=0

aC + a min

w6=0,a≥0

min

βi + min

βi +
"

a≥0

βi + min
"
w6=0

a≥0

βi + min
"
N
X
i=1

aC − a

≤ C,

a≥0

∗

∀i ∈ {1, . . . , N }.

βi + min

βi yi xi

βi

N
X

i=1
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Appendix D. Derivation of C-SVM Dual Formulation

max
w,b

max

max

max

max

max

0≤β≤1
PN
i=1 βi yi =0

0≤β≤1
PN
i=1 βi yi =0

0≤β≤1
PN
i=1 βi yi =0

0≤β≤1
PN
i=1 βi yi =0

α≥0
β≥0

The dual of the C-SVM is formulated as follows, via the Lagrangian:

=

=

=

=

=
0≤β≤1
PN
i=1 βi yi =0
β

= max

s.t.

βi yi = 0,

i=1

N
X

i=1

0 ≤ βi ≤ 1,

Appendix E. Derivation of Formula (21)

kwk = 1.

i=1

+
n 
X
γ
−yi (wT Xi + b)
−
−C − γ
−C − γ

JMLR 18(68):1-43, 2017

(39)

To see how we derive (21), we begin with formula (14) with f (w, X) = −y(wT X + b) and
z = −C:
min

γ<−C,w,b

s.t.

39

w
C , bnew

=

b
C.

1
.
C

+1

Note then that
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We then make the change of variable wnew =

=

T X +b
−yi (wT Xi + b)
−yi (wnew
i
new )
=C
−C − γ
−C − γ
T X +b
−yi (wnew
i
new )
.
kwnew k(−C − γ)

i=1

kwnew k =



+
n 
T
X
−y
γ
i (wnew Xi + bnew )
−
kwnew k(−C − γ)
−C − γ

Plugging this and the new variables into (41), we get:
min

s.t.

γ<−C,wnew ,bnew

Finally, note that

=



T X +b
−yi (wnew
i
new ) + 1
kwnew k

1 + kwnew k(−C − γ)
1
+1=
kwnew k(−C − γ)
kwnew k(−C − γ)
1 + (−1 − Cγ )
=
(−1 − Cγ )


−γ
C
=
C −C − γ
−γ
.
−C − γ
n 
X

1
−C − γ

1
= C.
kwnew k

i=1

Plugging this into (40), we finally arrive at
min

γ<−C,wnew ,bnew

s.t.

Appendix F. Bregman Divergence

+

(40)

(41)

For a convex function f : Rn → R, let ∂f (w) denote the set of subderivatives ∇f (w) ∈ ∂f (w)
at a point w ∈ Rn . For a differentiable, convex f the Bregman Divergence at w1 , w2 ∈ Rn
is defined as
df (w1 , w2 ) = f (w1 ) − f (w2 ) − h∇f (w2 ), w1 − w2 i .
(42)
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(43)

Since f is differentiable, ∇f (w) is the unique subderivative, and thus the divergence is
well defined. If f is convex, but not differentiable, ∇f (w) may not be unique. In this case,
however, following Appendix C of Bousquet and Elisseeff (2002), we can define a generalized
Bregman Divergence. Letting the function f ∗ (a) = supw hw, ai − f (w) denote the conjugate
of f , we define the generalized Bregman Divergence at w1 , a ∈ Rn as,

d¯f (w1 , a) = f (w1 ) + f ∗ (a) − hw1 , ai .

40

(45)

41
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Finally, assume that wf is a minimizer of f , meaning that 0 ∈ ∂f (wf ). Then, we have
for any w1 ,
d¯f (w1 , 0) = f (w1 ) − f (wf ) .
(46)

= d¯g (w1 , ∇g(w2 )) + d¯h (w1 , ∇h(w2 ) .

+ (h(w1 ) + h∗ (∇h(w2 )) − hw1 , ∇h(w2 )i)

= (g(w1 ) + g ∗ (∇g(w2 )) − hw1 , ∇g(w2 )i)

= [(g + h)(w1 ) − hw1 , ∇(g + h)(w2 )i] + g ∗ (∇g(w2 )) + h∗ (∇h(w2 ))

+ (hw2 , ∇h(w2 )i − h(w2 ))

= [(g + h)(w1 ) − hw1 , ∇(g + h)(w2 )i] + (hw2 , ∇g(w2 )i − g(w2 ))

= [(g + h)(w1 ) − hw1 , ∇(g + h)(w2 )i] + hw2 , ∇(g + h)(w2 )i − (g + h)(w2 )

= (g + h)(w1 ) + (g + h)∗ (∇(g + h)(w2 )) − hw1 , ∇(g + h)(w2 )i

d¯f (w1 , ∇f (w2 )) = d¯(g+h) (w1 , ∇(g + h)(w2 ))

To see this, we simply need to expand the right hand side in the following manner, where
we use the fact that a ∈ ∂f (w) ⇐⇒ f ∗ (a) = ha, wi − f (w) in the third and fifth equality.

d¯f (w1 , ∇f (w2 )) = d¯g (w1 , ∇g(w2 )) + d¯h (w1 , ∇h(w2 ) .

As for its other properties, first note that the generalized divergence is non-negative. Second,
notice that we have linearity, such that if f = g +h, for convex functions g, h, and we choose
subderivatives of f, g, h satisfying ∇f (w2 ) = ∇g(w2 ) + ∇h(w2 ), then

a ∈ ∂f (w) ⇐⇒ f ∗ (a) = ha, wi − f (w) .

which follows from the property that

As it relates to the normal Bregman Divergence, it is easy to check that for convex differentiable f ,
df (w1 , w2 ) = d¯f (w1 , ∇f (w2 )) .
(44)
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Fernando Pérez-Cruz, Jason Weston, DJL Herrmann, and Bernhard Schölkopf. Extension
of the nu-svm range for classification. Nato science series sub series III computer and
system sciences, 190:179–196, 2003.

Matthew Norton, Alexander Mafusalov, and Stan Uryasev. Cardinality of upper average
and its application to network optimization. Research report 2015-1, ise dept., university
of florida, 2015.

Matthew Norton and Stan Uryasev. Maximization of auc and buffered auc in binary classification. Research report 2014-2, ise dept., university of florida, 2014.

Alexander Mafusalov and Stan Uryasev. Buffered probability of exceedance: Mathematical
properties and optimization algorithms. Research report 2014-1, ise dept., university of
florida, 2015.

Tao Pham Dinh and Hoai An Le Thi. Recent advances in dc programming and dca. In
Transactions on computational intelligence XIII, pages 1–37. Springer, 2014.

Justin Davis and Stan Uryasev. Analysis of hurricane damage using buffered probability of
exceedance. Research report 2014-4, ise dept., university of florida, 2014.

Corinna Cortes and Vladimir Vapnik. Support-vector networks. Machine learning, 20(3):
273–297, 1995.

Olivier Chapelle. Training a support vector machine in the primal. Neural computation, 19
(5):1155–1178, 2007.

Chih-Chung Chang and Chih-Jen Lin. Training v-support vector classifiers: theory and
algorithms. Neural computation, 13(9):2119–2147, 2001.

Stephen Boyd, Neal Parikh, Eric Chu, Borja Peleato, and Jonathan Eckstein. Distributed
optimization and statistical learning via the alternating direction method of multipliers.
Foundations and trends R in machine learning, 3(1):1–122, 2011.
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Probabilistic models defined over large collections of discrete random variables have arisen
in multiple fields. Examples include hidden Markov models for sequential data; Bayesian

1. Introduction

Approximate inference in high-dimensional, discrete probabilistic models is a central problem in computational statistics and machine learning. This paper describes discrete particle
variational inference (DPVI), a new approach that combines key strengths of Monte Carlo,
variational and search-based techniques. DPVI is based on a novel family of particle-based
variational approximations that can be fit using simple, fast, deterministic search techniques. Like Monte Carlo, DPVI can handle multiple modes, and yields exact results in
a well-defined limit. Like unstructured mean-field, DPVI is based on optimizing a lower
bound on the partition function; when this quantity is not of intrinsic interest, it facilitates
convergence assessment and debugging. Like both Monte Carlo and combinatorial search,
DPVI can take advantage of factorization, sequential structure, and custom search operators. This paper defines DPVI particle-based approximation family and partition function
lower bounds, along with the sequential DPVI and local DPVI algorithm templates for
optimizing them. DPVI is illustrated and evaluated via experiments on lattice Markov
Random Fields, nonparametric Bayesian mixtures and block-models, and parametric as
well as non-parametric hidden Markov models. Results include applications to real-world
spike-sorting and relational modeling problems, and show that DPVI can offer appealing
time/accuracy trade-offs as compared to multiple alternatives.
Keywords: Bayesian inference, variational methods, Dirichlet process mixture model,
Ising model, hidden Markov model, infinite relational model
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This paper introduces a new approximate inference method, called discrete particle
variational inference (DPVI), that aims to combine key strengths of both Monte Carlo and
variational inference. The key insight in DPVI is to use a weighted collection of samples—the
kind of “particle approximation” output by Monte Carlo methods—as the approximating
family for variational inference. Suppose we got to pick where to place the particles in
the hypothesis space; where would we put them? Intuitively, we would want to distribute
them in such a way that they cover high probability regions of the target distribution, but
without the particles all devolving onto the mode of the distribution. This problem can be
formulated precisely within the framework of variational inference. We derive a coordinate

Variational methods (Wainwright and Jordan, 2008) treat probabilistic inference as an
optimization problem over a set of distributions. This set is typically constrained (e.g., to
factorized conjugate exponential distributions), thereby attaining efficiency at the expense
of bias. In particular, variational methods tend to converge quickly and supply an easily
monitored objective function (unlike Monte Carlo methods). However, for complex discrete
models, the bias induced by variational approximations can sometimes lead to poor predictive performance. For example, consider a discrete probabilistic model where two binary
variables x1 and x2 are constrained to take the same value, i.e. P (x1 , x2 ) = 0 if x1 6= x2 .
All the probability mass is on the states x1 = x2 = 0 and x1 = x2 = 1. In “mean-field”
variational inference, this distribution might be approximated as Qθ1 (x1 )Qθ2 (x2 ), with θ1
and θ2 representing coin weights that used to model x1 and x2 as independent Bernoulli distributions. This family of variational approximations to P (x1 , x2 ) cannot capture the true
distribution, and in fact cannot qualitatively capture the simple constraint that x1 = x2 .
These limitations prompted the development of more sophisticated approximations (e.g.,
Bouchard-Côté and Jordan, 2009; Jaakkola and Jordan, 1998), but these incur additional
computational cost and can be difficult or impossible to apply to a given problem.

Most approximate inference algorithms fall into two classes: Monte Carlo methods and
variational methods. Monte Carlo methods generate samples from approximations to the
posterior distribution that grow more accurate as the technique is given more compute time.
The flexibility and simplicity of Monte Carlo methods have made them the workhorse of
statistical computation (Robert and Casella, 2004). There are two basic approaches to
Monte Carlo inference for discrete probabilistic models. The first, Markov chain Monte
Carlo methods, work by running a Markov chain with transition operator T whose equilibrium distribution asymptotically approaches P (x)—that is, T k P0 (x) ≈ P (x) for any initial
distribution on states P0 (x). The second, sequential Monte Carlo methods, build up a
sample from a distribution that approximates P (x) by sampling from a sequence of more
tractable distributions, typically defined over subspaces of X . However, their accuracy is
difficult to measure, and the amount of computation required for satisfactory accuracy can
be prohibitive in practice.

networks; mixture models for tabular and relational data; and discrete Markov random
field models, which have become popular in fields ranging from computer vision to information extraction. These models are typically specified in terms of a probability distribution
P (x) defined over a collection of variables x = {xn } occupying points in an underlying
discrete space X . One key approximate inference problem that arises in many applications
is identifying high-probability configurations of the discrete variables.
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ascent update for particle approximations that iteratively minimizes the Kullback-Leibler
(KL) divergence between the particle approximation and the target distribution.
In DPVI, the location of the particles become the parameters of the approximating
family. This simple choice has appealing consequences. Like Monte Carlo, DPVI can
handle problems where the posterior has multiple modes, and yields exact results in a
well-defined limit (as the number of particles goes to infinity). Like standard mean-field
variational methods, DPVI is based on optimizing a lower bound on the partition function;
when this quantity is not of intrinsic interest, it facilitates convergence assessment and
debugging. Like both Monte Carlo and combinatorial search, DPVI can take advantage of
factorization, sequential structure, and custom search operators.
The rest of the paper is organized as follows. After introducing our general framework,
we describe how it can be applied to filtering and smoothing problems. We then show
experimentally that variational particle approximations can overcome a number of problems
that are challenging for conventional Monte Carlo methods. In particular, our approach is
able to produce a diverse, high probability set of particles in situations where Monte Carlo
and mean-field variational methods sometimes degenerate.

2. Background

c

Consider the problem of approximating a probability distribution P (x) over discrete latent
variables x = {x1 , . . . , xN }, xn ∈ {1, . . . , Mn }, where the target distribution is known only
up to a normalizing constant Z: P (x) = f (x)/Z. We will refer to f (x) ≥ 0 as the score of x
and Z as the partition function. We further assume that P (x) is a Markov network defined
on a graph G, so that f (x) factorizes according to:
Y
fc (xc ),
(1)
f (x) =

where c ⊆ {1, . . . , N } indexes the maximal cliques of G.
2.1 Importance sampling and sequential Monte Carlo

K
X
k=1

wk δ[x, xk ],

(2)

A general way to approximate P (x) is with a weighted collection of K particles, {x1 , . . . , xK }:
P (x) ≈ Q(x) =

JMLR 18(69):1-29, 2017

k }, xk ∈ {1, . . . , M } and δ[·, ·] = 1 if its arguments are equal and
where xk = {x1k , . . . , xN
n
n
0 otherwise. Importance sampling is a Monte Carlo method that stochastically generates
particles from a proposal distribution, xk ∼ φ(·), and computes the weight according to
wk ∝ f (xk )/φ(xk ). Importance sampling has the property that the particle approximation
converges to the target distribution as K → ∞ (Robert and Casella, 2004).
Sequential Monte Carlo methods such as particle filtering (Doucet et al., 2001) apply importance sampling to stochastic dynamical systems (where n indexes time) by sequentially
sampling the latent variables at each time point using a proposal distribution φ(xn |xn−1 ).
This procedure can produce conditionally low probability particles; therefore, most algorithms include a resampling step which replicates high probability particles and kills off

3
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low probability particles. The downside of resampling is that it can produce degeneracy:
the particles become concentrated on a small number of hypotheses, and consequently the
effective number of particles is low.
2.2 Variational Inference

x

X

Q(x) log

f (x)
.
Q(x)

(3)

Variational methods (Wainwright and Jordan, 2008) define a parametrized family of probability distributions Q and then choose Q ∈ Q that maximizes the negative variational free
energy:
L[Q] =

X

x

Q(x) log

Q(x)
.
P (x)

log Z = KL[Q||P ] + L[Q],

(5)

(4)

The negative variational free energy is related to the partition function Z and the KL
divergence through the following identity:

where

KL[Q||P ] =

Since KL[Q||P ] ≥ 0, the negative variational free energy is a lower bound on the log partition
function, achieving equality when the KL divergence is minimized to 0. Maximizing L[Q]
with respect to Q is thus equivalent to minimizing the KL divergence between Q and P .
Unlike the Monte Carlo methods described in the previous section, variational methods
do not in general converge to the target distribution, since typically P is not in Q. The
advantage of variational methods is that they guarantee an improved bound after each
iteration, and convergence is easy to monitor (unlike most Monte Carlo methods). In
practice, variational methods are also often more computationally efficient.
We next consider particle approximations from the perspective of variational inference.
We then turn to the application of particle approximations to inference in stochastic dynamical systems.

3. Variational Particle Approximations

k=1

K
X

wk log

f (xk )
,
wk V k

(6)

Variational inference can be connected to Monte Carlo methods by viewing the particles as
a set of variational parameters parameterizing Q. For the particle approximation defined
in Eq. 2, the negative variational free energy takes the following form:
L[Q] =
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PK
where V k = j=1
δ[xj , xk ] is the number of times an identical replica of xk appears in the
particle set. We wish to find the set of KPparticles and their associated weights that maxiK
mize L[Q], subject to the constraint that k=1
wk = 1. This constraint can be implemented

4

k=1

wk − 1 .

!
(7)

ZQ = exp(λ − 1)−1 =
k=1

Vk

K
X
f (xk )

.

k=1

k=1

f (xk )V k
−1
f (xk )V k
ZQ

log ZQ

log

(10)

(9)

(8)

k=1

(11)

. All the particles in Q and Q0

.

Fn (x̃k )
,
Fn (xk )

(12)

6
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VQj 0

= f (xjQ0 ), where the left hand

JMLR 18(69):1-29, 2017

5

thus we only need to establish that f (xjQ0 ) + F ≥

VQj 0 f (xjQ0 )

side of the inequality is the change in negative variational free energy after the replication

The asymptotic complexity of DPVI in the sequential setting is O(SN K) where S is the
maximum support size of the latent variables. For the iterative update of the particles the
complexity is O(T CSK), where T is the maximum number of iterations until convergence
and C is the maximum clique size. In our experiments, we empirically observed that we
only need a small number of iterations and particles in order to outperform our baselines.

An important aspect of this framework is that it maintains one of the same asymptotic
guarantees as importance sampling: Q converges to P as K → ∞, since in this limit DPVI
is equivalent to exact inference. Thus, DPVI combines advantages of variational methods
(monotonically decreasing KL divergence between Q and P ) with the asymptotic correctness
of Monte Carlo methods. It is important to note that asymptotic correctness might be
useless in practice unless something is known about the convergence rate. This issue is
not unique to DPVI; it also applies to Monte Carlo and variational methods. For certain
Markov chain Monte Carlo (MCMC) samplers, it can be shown that the chain converges
to the posterior at a geometric rate (Mengersen et al., 1996; Meyn and Tweedie, 1993). A
small amount of work has investigated convergence properties of variational methods for
specific models (Hall et al., 2011; Wang et al., 2006), but in general the issue of convergence
rate for variational methods is an open question.

Q
where Fn (x) = c:n∈c fc (xc ). The variational bound for the modified particle can then be
computed using Eq. 10. Particles can be initialized arbitrarily. When repeatedly iterated,
DPVI will converge to a local maximum of the negative variational free energy.1 Note that
in principle more sophisticated methods can be used to find the top K modes (e.g., Flerova
et al., 2012; Yanover and Weiss, 2003); however, we have found that this coordinate ascent
algorithm is fast, easy to implement, and very effective in practice (as our experiments
below demonstrate).

f (x̃k ) = f (xk )

The variational bound can be optimized by coordinate ascent, as specified in Algorithm
1, which we refer to as discrete particle variational inference (DPVI). This algorithm takes
advantage of the fact that when optimizing the bound with respect to a single variable, only
potentials local to that variable need to be computed. In particular, let x̃k be a replica of xk
with a single-variable modification, x̃kn = m. We can compute the unnormalized probability
of this particle efficiently using the following equation:

of particles. Since the score f (x) can never be negative, the cumulative score F can also
never be negative (F ≥ 0) and the inequality holds for any choice of particles.
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1. Naturally, initialization affects performance, since the objective function has local optima. For example,
if the posterior is multimodal and none of the particles are initialized near the dominant mode, then the
particle approximation will likely miss a significant portion of the probability mass. Studying the effects
of initialization is an important practical challenge for the application of DPVI. In our experiments, we
report averages across multiple random initializations.

are identical except for the VQj 0 particles in Q that were displaced by replicas of xjQ0 in Q0 ;

VQk0

VQk0

f (xkQ0 )

k=1

K
X
f (xkQ0 )

k=1

PK

k
wQ
0 ZQ0 = log

Since L[Q] = log ZQ , we wish to show that ZQ ≥

L[Q0 ] ≤ log

K
X

Proof We first apply Jensen’s inequality to obtain an upper bound on L[Q0 ]:

times (displacing VQj 0 other particles with cumulative score F ). For any choice of particles,
L[Q] ≥ L[Q0 ].

Theorem 1 Let Q and Q0 denote two particle approximations, where Q consists of unique
particles (VQk = 1 for all k) and Q0 is identical to Q except that particle xjQ0 is replicated VQj 0

Thus, L[Q] is maximized by choosing the K values of x with the highest score. The following
theorem shows that allowing V k > 1 (i.e., having replica particles) can never improve the
bound.

Vk

K
X
f (xk )

Vk

K
X
f (xk )

= log ZQ .

−1
= ZQ

−1
L[Q] = ZQ

We can plug the above result back into the definition of L[Q]:

where

∂ L̃[Q]
= log f (xk ) − log wk − log V k + λ − 1 = 0
∂wk
−1
=⇒ wk = ZQ
f (xk )/V k ,

Taking the functional derivative of the Lagrangian with respect to wk and equating to zero,
we obtain:

L̃[Q] = L[Q] + λ

K
X

by defining a new functional with Lagrange multiplier λ:
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Algorithm 1 Discrete particle variational inference
1: /*N is the number of latent variables */
k } */
2: /*xk is the set of all latent variables for the kth particle: xk = {x1k , . . . , xN
3: /*Mn is the support of latent variable xn */
4: Input: initial particle approximation Q with K particles, tolerance 
5: while |L[Q] − L[Q0 ]| >  do
6:
for n = 1 to N do
7:
X =∅
8:
for k = 1 to K do
9:
Copy particle k: x̃k ← xk
10:
for m = 1 to Mn do
11:
Modify particle: x̃nk ← m
12:
Score x̃k using Eq. 12
13:
X ← X ∪ (x̃k , f (x̃k ))
14:
end for
15:
end for
16:
Select K unique particles from X with the largest
PKscores
wk δ[x, xk ]
17:
Construct new particle approximation Q0 (x) = k=1
18:
Compute variational bound L[Q0 ] using Eq. 10
19:
end for
20: end while
return particle approximation Q0
21:

4. Filtering and Smoothing in Hidden Markov Models

n

We now describe how variational particle approximations can be applied to filtering and
smoothing in hidden Markov models (HMMs). Consider a hidden Markov model with
observations y = {y1 , . . . , yN } generated by the following stochastic process:
Y
P (yn |xn , θ)P (xn |xn−1 , θ),
(13)
P (y, x, θ) = P (θ)

(14)

where θ is a set of transition and emission parameters. We are particularly
R interested in
marginalized HMMs where the parameters are integrated out: P (y, x) = θ P (y, x, θ)dθ.
This induces dependencies between observation n and all previous observations, making
inference challenging.
Filtering is the problem of computing the posterior over the latent variables at time n
given the history y1:n . To construct the variational particle approximation of the filtering
distribution, we need to compute the product of potentials for variable n:
Fn (x) = P (yn |x1:n , y1:n−1 )P (xn |x1:n−1 ).

Recall from the previous section that Fn (x) is the joint probability of the maximal cliques
to which xn belongs. We can then apply the coordinate ascent update described in the
previous section. This update is simplified in the filtering context due to the underlying
Markov structure. Specifically, Eq. 12 is given by:
(15)
JMLR 18(69):1-29, 2017

k
k
f (x̃k ) =f (xk )P (yn |xnk = m, x1:n−1
, y1:n−1 )P (xnk = m|x1:n−1
).
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(16)

At each time step, the algorithm selects the K continuations (new variable assignments of
the current particle set) that maximize the negative variational free energy.
Smoothing is the problem of computing the posterior over the latent variables at time n
given data from both the past and the future, y1:N . The product of potentials is given by:

Fn (x) = P (yn |x1:n , y−n )P (xn |x−n ),

where x−n refers to all the latent variables except xn (and likewise for y−n ). This potential
can be plugged into the updates described in the previous section.
To understand DPVI applied to filtering problems, it is helpful to contemplate three
possible fates for a particle at time n (illustrated in Figure 1):

• Selection: A single continuation of particle k has non-zero weight. This can be seen
as a deterministic version of particle filtering, where the sampling operation is replaced
with a max operation.

• Splitting: Multiple continuations of particle k have non-zero weight. In this case,
the particle is split into multiple particles at the next iteration.

• Deletion: No continuations of particle k have non-zero weight. In this case, the
particle is deleted from the particle set.

Similar to particle filtering with resampling, DPVI deletes and propagates particles based on
their probability. However, as we show later, DPVI is able to escape some of the problems
associated with resampling.

5. Related Work

DPVI is related to several other ideas in the statistics literature:

K
X

k=1

Q(k)

n=1

N
Y

Q(xn |k).

(17)

• DPVI is a special case of a mixture mean-field variational approximation (Jaakkola
and Jordan, 1998; Lawrence, 2000):
Q(x) =

In DPVI, Q(k) = wk and Q(xn |k) = δ[xn , xnk ]. From the simple restriction that the
component distributions must be delta functions, we derived a new algorithm that is
simpler and more efficient than mixture mean-field (which requires separate updates
for the mixture weights), while sacrificing some of its expressivity. Another distinct
advantage of DPVI is that the variational updates do not require the additional lower
bound used in general mixture mean-field, due to the intractability of the mean-field
updates.

JMLR 18(69):1-29, 2017

• When K = 1, DPVI is equivalent to iterated conditional modes (ICM; Besag, 1986),
which iteratively maximizes each latent variable conditional on the rest of the variables. This algorithm is simple to implement, efficient (relative to variational and
Monte Carlo algorithms), and has been successfully applied to computer vision tasks
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• Ionides (2008) described a truncated version of importance sampling in which weights
falling below some threshold are set to the threshold value. Ionides (2008) showed
that truncation reduced sensitivity to the proposal distribution and derived optimal

• Frank et al. (2009) used particle approximations within a variational message passing
algorithm. The resulting approximation is “local” in the sense that the particles are
used to approximate messages passed between nodes in a factor graph, in contrast
to the “global” approximation produced by DPVI, which attempts to capture the
distribution over the entire set of variables. It is an interesting question for future
research to understand what classes of probabilistic models are better approximated
using local vs. global approaches.

• DPVI is conceptually similar to nonparametric variational inference (Gershman et al.,
2012), which approximates the posterior over a continuous state space using a set of
particles convolved with a Gaussian kernel (see Miller et al., 2016, for more sophisticated extensions of this idea). This approach was shown to be effective for probabilistic models that lack the conjugate-exponential structure required for exact mean-field
inference. Because nonparametric variational inference approximates continuous densities, it is inapplicable to the discrete problems considered here.

such as reconstruction and segmentation of Markov random fields. However, the algorithm is susceptible to local optima without the aid of relaxation techniques like
simulated annealing (Greig et al., 1989).

Figure 1: Schematic of DPVI versus particle filtering for filtering problems. Illustration
of different filtering scenarios over 2 time steps in a binary state space with
K = 3 particles. The number in each circle indicates the binary value of the
corresponding variable. Arrows indicate the evolution of the particles. (A) DPVI:
The size of the putative particles represents the score of the particle. The K
continuations with highest score are selected for propagation to the next time
step. The size of the new particle set corresponds to the normalized score. Particle
P 1 is split, P 2 is deleted and one putative particle from P 3 is selected. (B)
Particle filtering: The size of the node represents the weight of the particle for
the resampling step.

new particle set

select the top
K=3

putative particles

modify &
score

old particle set
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In this section, we compare the performance of DPVI to several widely used approximate
inference algorithms, including particle filtering, Gibbs sampling and variational methods.
We first present a didactic example to illustrate how DPVI can sometimes succeed where
particle filtering fails. We then apply DPVI to four popular but intractable probabilistic
models: the Dirichlet process mixture model (DPMM; Antoniak, 1974; Escobar and West,
1995), the infinite HMM (iHMM; Beal et al., 2002; Teh et al., 2006), the infinite relational
model (IRM; Kemp et al., 2006) and the Ising model.

6. Experiments

Our experimental strategy is to compare DPVI with popular algorithms that have similar
computational complexity, which is why we focus on particle filtering, Gibbs sampling and
mean-field approximations. Although mixture mean-field will by definition lead to a better
approximation, its computational complexity is considerably greater, which may explain
why it is has never achieved the popularity of standard mean-field approaches. Some of the
approaches listed above are not applicable to the discrete setting (nonparametric variational
inference and fast Bayesian matching pursuit), and some are point estimators instead of true
probabilistic approximations (iterated conditional modes and shotgun stochastic search).

• Finally, DPVI is closely related to the problem of finding the K most probable latent
variable assignments (Flerova et al., 2012; Yanover and Weiss, 2003). We view this
problem through the lens of particle approximations, connecting it to both Monte
Carlo and variational methods. The techniques developed for finding the K-best
assignments could be fruitfully applied to optimizing the DPVI objective function.

• In Jones et al. (2005), a shotgun stochastic search algorithm is suggested, which proposes local changes to the latent variables with probability proportional to the unnormalized posterior. While this method of evaluating local changes is similar to our
coordinate algorithm for the DPVI objective, it is important to note that DPVI is not
a stochastic search algorithm (unless K = 1): It maintains a collection of particles in
order to approximate the posterior distribution, which is important for applications
that require a representation of uncertainty.

• Schniter et al. (2008) described an approximate inference algorithm, fast Bayesian
matching pursuit, which can be viewed as a special case of DPVI applied to Gaussian
mixture models.

truncations as a function of the number of samples. This is similar (though not
equivalent) to the DPVI setting where latent variables are sampled exhaustively and
without replacement.
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Figure 2: Comparison of approximate inference schemes. (A) Approximating families for
DPVI, Monte Carlo and mean-field. (B) Approximating the posterior probability
of a sequence (x0 = 1, x1 = 0, x2 = 1) for the above 3 schemes on a binary HMM.
Given the weights for different sequences in DPVI the posterior probability is
the weight corresponding to that sequence. For Monte Carlo approximation, the
posterior can be approximated from the normalized counts of sampled (x0 =
1, x1 = 0, x2 = 1) sequences. Finally, for the mean-field approximation, we have
P r(x0 = 1, x1 = 0, x2 = 1|y) = Q(x0 = 1)Q(x1 = 0)Q(x2 = 1).

6.1 Didactic Example: Binary HMM

(18)

As a didactic example, we use a simple HMM with binary hidden states (x) and observations
(y):
P (xn+1 = 0|xn = 0) = α0
P (xn+1 = 1|xn = 1) = α1
P (yn = 0|xn = 0) = β0
P (yn = 1|xn = 1) = β1 ,

JMLR 18(69):1-29, 2017

with α0 , α1 , β0 , and β1 all less than 0.5. Constraining the parameters to be less than
0.5 makes some sequences more likely; approximating the posterior using a particle filter
(with resampling) may result in capturing only these sequences. We will use this model
to illustrate how DPVI differs from particle filtering. Figure 2 compares several inference
schemes for this model.
11
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being placed on a small number of particles, and hence the approximation may be degenerate
(although in some cases this may mean that the target distribution is peaky). We evaluated
particle filtering with multinomial resampling on synthetic data generated from the HMM
described above. Approximation accuracy was measured by using the forward-backward
algorithm to compute the hidden state posterior marginals exactly and then comparing
these marginals to the particle approximation. Figure 3 shows performance as a function
of ESS threshold, demonstrating that there is a fairly narrow range of thresholds for which
performance is good. Thus in practice, successful applications of particle filtering may
require computationally expensive tuning of this threshold.
In contrast, DPVI achieves performance comparable to the optimal particle filter, but
without a tunable threshold. This occurs because DPVI uses an implicit threshold that

k=1 (w

For illustration, we use the following parameters: α0 = 0.2, α1 = 0.1, β0 = 0.3, and
β1 = 0.2. Suppose you observe a sequence generated from this model. For a sufficiently
long sequence, a particle filter with resampling will eventually delete most conditionally
unlikely particles, due to the fact that there is some probability on each step that any given
unlikely particle will be deleted. The particle filter will thus suffer from degeneracy for long
sequences. On the other hand, without resampling the approximation will degrade over
time because conditionally unlikely particles are never replaced by better particles. For
this reason, it is sometimes suggested that resampling only be performed when the effective
sample size (ESS) falls below some threshold.
The ESS is calculated as ESS = PK 1 k 2 . A low ESS means that most of the weight is

Figure 3: HMM with binary hidden states and observations. Total marginal error computed
for a sequence of length 200. For particle filtering the total error for every ESS
value is averaged over 5 sequences generated from the HMM; in addition, for
each sequence we reran the particle filter 5 times (thus 25 runs total). Note the
logarithmic scale of the x-axis. Error bars and the thin black lines correspond to
standard error of the mean.

Total marginal error

θn |G ∼ G,

yn |θn ∼ F (θn ),

2
mkd ∼ N (0, σkd
/τ ),

2
σkd
∼ IG(a, b),

(20)

13
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where d ∈ {1, 2} indexes observation dimensions and IG(a, b) denotes the Inverse Gamma
distribution with shape a and scale b. We used the following hyperparameter values: τ =
25, a = 1, b = 1, α = 0.5.
Clustering accuracy was measured quantitatively using V-measure (Rosenberg and Hirschberg,
2007). V-measure is an entropy-based measure which explicitly measures how successfully
the criteria of homogeneity and completeness have been satisfied. Figure 4 graphically
demonstrates the discovery of latent clusters for both DPVI as well as particle filtering. As

2
ynd |xn = k ∼ N (mkd , σkd
),

For the DPMM, we used a Normal likelihood with a Normal-Inverse-Gamma prior on the
component parameters:

We first demonstrate our approach on synthetic data sets drawn from various mixtures
of bivariate Gaussians (see Table 1). The model parameters for each simulated data set
were chosen to create a spectrum of increasingly overlapping clusters. In particular, we
constructed models out of the following building blocks:


µ1 = 0.0, 0.0 ,
µ2 = 0.5, 0.5
0.0 
0.5, 0.0 
Σ1 = 0.25,
Σ2 = 0.0,
0.0, 0.25 ,
0.5 .

6.2.1 Synthetic Data

where tc is the number of data points prior to n assigned to cluster c and C+ is the number
of clusters for which tc > 0.

where α ≥ 0 is a concentration parameter and G0 is a base distribution over the parameter
θn of the observation distribution F (yn |θn ). Since the Dirichlet process induces clustering
of the parameters θ into K distinct values, we can equivalently express this model in terms
of a distribution over cluster assignments, xn ∈ {1, . . . , C}. The distribution over x is given
by the Chinese restaurant process (Aldous, 1985):
(
tc if k ≤ C+
P (xn = c|x1:n−1 ) ∝
(19)
α if c = C+ + 1,

G ∼ DP(α, G0 ),

A DPMM generates data from the following process (Antoniak, 1974; Escobar and West,
1995):

6.2 Dirichlet Process Mixture Model

is automatically tuned to the problem. Instead of resampling particles, DPVI deletes or
propagates particles deterministically based on their relative contribution to the variational
bound. We can always incrementally add particles, unlike tuning the threshold. So although
K can be viewed as a tuning parameter, we can adapt it with relatively little expense,
monotonically increasing the approximation quality in a way that can be easily quantified.

Variational Particle Approximations

PF (K = 20)
0.97±0.03
0.89±0.05
0.58±0.12
0.50±0.06
0.05±0.05
0.15±0.08

MF
0.80±0.10
0.63±0.02
0.53±0.05
0.29±0.05
0.28±0.12
0.12±0.03

DPVI (K = 1)
0.93±0.05
0.86±0.07
0.51±0.03
0.46±0.05
0.014±0.02
0.11±0.06

DPVI (K = 20)
0.99±0.02
0.90±0.03
0.74±0.16
0.55±0.07
0.14±0.10
0.19±0.07

DPVI
15.20s
153.75s
567.84s

Particle Filtering
14.71s
184.17s
699.43s
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Spike sorting is an important problem in experimental neuroscience settings where researchers collect large amounts of electrophysiological data from multi-channel tetrodes.

6.2.2 Spike Sorting

shown in Table 1, we observe only marginal improvements when the means are farthest from
each other and variances are small, as these parameters leads to well-separated clusters in
the training set. However, the relative accuracy of DPVI increases considerably when the
clusters are overlapping, either due to the fact that the means are close to each other or the
variances are high. One factor contributing to greater performance of DPVI might be the
diversity term in the variational formulation.
An interesting special case is when K = 1. In this case, DPVI is equivalent to the greedy
algorithm proposed by Daume (2007) and later extended by Wang and Dunson (2011).
In fact, this algorithm was independently proposed in cognitive psychology by Anderson
(1991). As shown in Table 1, DPVI with 20 particles outperforms the greedy algorithm, as
well as particle filtering with 20 particles. We also demonstrate the run-time performance
of DPVI compared to particle filtering in Table 2. It can be seen in our experiments that
DPVI tends to be comparable to particle filtering or sometimes more efficient in terms of
run-time for the same task, although the theoretical complexity is the same.

Table 2: Run time comparison for DPMM with synthetic data using data set from Table
1. The run time of DPVI is slightly better than particle filtering for a single pass
through the data set.

Number of particles
K = 10
K = 50
K = 100

Table 1: Clustering accuracy (V-Measure) for DPMM. Each data set consisted of 200 points
drawn from a mixture of 3 Gaussians. For each data set, we repeated the experiment 150 times by iterating through random seeds, reporting mean and standard
error. The left column shows the ground truth mean for each cluster and the
covariance matrix (shared across clusters). PF denotes particle filtering and MF
denotes mean-field.

Data set
D1: [µ1 , 4µ2 , 8µ2 ], Σ1
D2: [µ1 , 4µ2 , 8µ2 ], Σ2
D3: [µ1 , 2µ2 , 4µ2 ], Σ1
D4: [µ1 , 2µ2 , 4µ2 ], Σ2
D5: [µ1 , µ2 , 2µ2 ], Σ1
D6: [µ1 , µ2 , 2µ2 ], Σ2
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(D1)

(D2)

(D3)

(D4)

(D5)

(D6)

Particle Filter

Variational Particle Approximations

Ground Truth

DPVI

Figure 4: DPMM clustering of synthetic data sets. We treat DPMM as a filtering problem,
analyzing one randomly chosen data point at a time. Colors indicate cluster
assignments. Each row corresponds to one synthetic data set; refer to Table 1 for
corresponding quantitative results. Column 1: Ground truth; Column 2: particle
filtering; Column 3: DPVI. The DPVI filter scales similarly to the particle filter
but does not underfit as severely. 15
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mk ∼ N (0, Λk /τ ),

Λk ∼ IW(Λ0 , ν),

(21)

The goal is to extract from noisy spike recordings attributes such as the number of neurons,
and cluster spikes belonging to the same neuron. This problem naturally motivates the use
of DPMM, since the number of neurons recorded by a single tetrode is unknown. Previously, Wood and Black (2008) applied the DPMM to spike sorting using particle filtering
and Gibbs sampling. Here we show that DPVI can outperform particle filtering, achieving
high accuracy even with a small number of particles.
We used data collected from a multiunit recording from a human epileptic patient
(Quiroga et al., 2004). The raw spike recordings were preprocessed following the procedure proposed by Quiroga et al. (2004), though we note that our inference algorithm is
agnostic to the choice of preprocessing. The original data consist of an input vector with
D = 10 dimensions and 9196 data points. Following Wood and Black (2008), we used a
Normal likelihood with a Normal-Inverse-Wishart prior on the component parameters:
yn |xn = k ∼ N (mk , Λk ),

where IW(Λ0 , ν) denotes the Inverse Wishart distribution with degrees of freedom ν and
scale matrix Λ0 . We used the following hyperparameter values: ν = D + 1, Λ0 = I, τ =
0.01, α = 0.1.
We compared our algorithm to the current best particle filtering baseline, which uses
stratified resampling (Wood and Black, 2008; Fearnhead, 2004). The same model parameters were used for all comparisons. Qualitative results, shown in Figure 5B, demonstrate
that DPVI is better able to separate the spike waveforms into distinct clusters, despite
running DPVI with 10 particles and particle filtering with 100 particles. We also provide
quantitative results by calculating the held-out log-likelihood on an independent test set
of spike waveforms. The quantitative results (summarized in Table 5C) demonstrate that
even with only 10 particles DPVI can outperform particle filtering with 1000 particles.
6.3 Infinite HMM

∼ DP(γ, H),

yn |xn ∼ F (θxn ).

∼ DP(α, G0 ),

θk ∼ H,

Gk |G0

An iHMM generates data from the following process (Teh et al., 2006):
G0

xn |xn−1 ∼ Gxn−1 ,

Like the DPMM, the iHMM induces a sequence of cluster assignments. The distribution
over cluster assignments is given by the Chinese restaurant franchise (Teh et al., 2006).
Letting tjc denote the number of times cluster j transitioned to cluster c, xn is assigned
to cluster c with probability proportional to txn−1 c , or to a cluster never visited from xn−1
(t
= 0) with probability proportional to α. If anPunvisited cluster is selected, xn is
x
c
n−1
assigned to cluster c with probability
proportional to j tjc , or to a new cluster (i.e., one
P
never visited from any state, j tjc = 0) with probability proportional to γ.
6.3.1 Synthetic Data
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We generated 50 sequences with length 500 from 50 different HMMs, each with 10 hidden
and 5 observed states. For the rows of the transition and initial probability matrices of the

16

(D)

Method
DPVI (K = 10)
DPVI (K = 50)
DPVI (K = 100)
PF (K = 10)
PF (K = 50)
PF (K = 100)

(C)
Run time
36.20s
144.6s
313.8s
124s
334.2s
454.2s

Predictive LL
-3.2474×105 (Ĉ = 3)
-1.3888×105 (Ĉ = 3)
-1.4771±0.21 × 106 (Ĉ = 37)
-5.6757±1.14 × 105 (Ĉ = 13)
-3.2965×105 (Ĉ = 5)
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Figure 5: Spike sorting using the DPMM. Each line is an individual spike waveform, colored
according to the inferred cluster. (A) Result using particle filtering with 100
particles and stratified resampling as reported in Wood and Black (2008). (B)
Result using DPVI. The same model parameters were used for both particle
filtering and DPVI. (C) Spike sorting predictive log-likelihood scores for 200 test
points. The best performance is achieved by DPVI with 100 particles. Shown in
parentheses is the maximum a posteriori number of clusters, Ĉ. (D) Run time
comparison for DPMM obtained by using the spike sorting data set. The run
time of DPVI is slightly better than particle filtering.

(B)

(A)

Method
DPVI (K = 10)
DPVI (K = 100)
PF (K = 10)
PF (K = 100)
PF (K = 1000)

Variational Particle Approximations

Normalized Hamming

K=1

(A)

K = 10
K = 100
Number of particles
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Particle filter (M)
Particle filter (S)
Lower bound
Upper bound

(B)

Method
DPVI (K = 1)
DPVI (K = 10)
DPVI (K = 100)
PF (K = 1)
PF (K = 10)
PF (K = 100)

Runtime (sec)
1.28
3.56
204.42
1.14
1.92
31.99
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Figure 6: Infinite HMM on the synthetic data set. (A) Results on 500 synthetic data
points generated from an HMM with 10 hidden states. Error is the Hamming
distance between the true hidden sequence and the sampled sequence, averaged
over 50 data sets. M: multinomial resampling; S: stratified resampling. Lower
bound is the expected Hamming distance between data-generating distribution
and ground truth. Upper bound is the expected Hamming distance between
uniform distribution and ground truth. (B) Run time comparison for the synthetic
iHMM data set. We denote particle filtering method by PF.
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Variational Particle Approximations

(B)

Method
DPVI (K = 1)
DPVI (K = 10)
DPVI (K = 100)
PF (K = 1)
PF (K = 10)
PF (K = 100)
Beam sampler

Runtime (sec)
4.73
41.62
1685
1.64
28.08
211.66
260

HMMs we used a symmetric Dirichlet prior with concentration parameter 0.1; for the emission probability matrix, we used a symmetric Dirichlet prior with concentration parameter
10.
Figure 6A illustrates the performance of DPVI and particle filtering (with multinomial
and stratified resampling) for varying numbers of particles (K = 1, 10, 100). Performance
error was quantified by computing the Hamming distance between the true hidden sequence
and the sampled sequence. The Munkres algorithm was used to maximize the overlap
between the two sequences. The results show that DPVI outperforms particle filtering in
all three cases.
When the data consist of long sequences, resampling at every step will produce degeneracy in particle filtering; this tends to result in a smaller number of clusters relative to
DPVI. The superior accuracy of DPVI suggests that a larger number of clusters is necessary
to capture the latent structure of the data. Not surprisingly, this leads to longer run times
(Figurets 6B), but it is important to note that particle filtering and DPVI have comparable
per-cluster time complexity.
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We next analyzed a real-world data set, text taken from the beginning of “Alice in Wonderland”, with 31 observation symbols (letters). We used the first 1000 characters for training,

6.3.2 Text Analysis

Figure 7: Infinite HMM for the text analysis task. (A) Predictive log-likelihood for the
Alice in Wonderland data set. (B) Results using the “Alice in Wonderland” data
set. The maximum number of inferred clusters is Ĉ = 147 for DPVI (K = 100)
and Ĉ = 21 for particle filter (K = 100). As expected, the per cluster runtime of
the two methods are comparable.

Predictive log-likelihood

Saeedi, Kulkarni, Mansingkha, and Gershman

and the subsequent 4000 characters for test. Performance was measured by calculating the
predictive log-likelihood. We fixed the hyperparameters α and γ to 1 for both DPVI and
the particle filtering.

We ran one pass of DPVI (filtering) and particle filtering over the training sequence.
We then sampled 50 data sets from the distribution over the sequences. We truncated the
number of states and used the learned transition and emission matrices to compute the
predictive log-likelihood of the test sequence. To handle the unobserved emissions in the
test sequence we used “add-δ” smoothing with δ = 1. Finally, we averaged over all the 50
data sets.

We also compared DPVI to the beam sampler (Van Gael et al., 2008), a combination
of dynamic programming and slice sampling, which was previously applied to this data
set. For the beam sampler, we followed the setting of Van Gael et al. (2008). We run
the sampler for 10000 iterations and collect a sample of hidden state sequence every 200
iterations. Figure 6B shows the predictive log-likelihood for varying numbers of particles.
Even with a small number of particles, DPVI can outperform both particle filtering and the
beam sampler.
6.3.3 User Behavior Analysis

We analyzed a data set of user behavior in a photo editing software application. The data
set contains sequences of edits applied by users to different photos. An iHMM can be
utilized for better understanding the high-level tasks of the users. That is, a sequence of
multiple edits may be required to perform a high-level task such as cropping or masking a
photo. Our data set contains 30000 edits from which we use 1000 data points as a held-out
set. There are 23 possible observations (edits) in the data set. We compare DPVI with 1,
5 and 10 particles with particle filtering, Gibbs sampling and mean field inference schemes.
For all the inference schemes, we set the hyperparameters α and γ to 1. In every iteration of
DPVI and particle filtering, we do a forward filtering-backward smoothing pass over all the
sequences of the data set. Our results, shown in Figure 8(B), demonstrate that DPVI with
5 and 10 particles can converge in fewer iterations compared to other reasonable baselines.
We illustrate the lower bound (Eq. 10) convergence in Figure 9. The results are computed
over 20 runs and for 1, 5 and 10 particles.

It is important to note here that we do not expect DPVI to outperform Gibbs sampling
in all scenarios; when computation time is not strongly limited, we expect DPVI and Gibbs
to perform similarly. This point applies here as well as to the experiments reported in the
sections below. We see DPVI as a useful alternative to Gibbs when the computational
budget is low and the required fidelity of the approximation can be satisfied by capturing
a few of the posterior modes.

6.4 Infinite Relational Model (IRM)
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The IRM (Kemp et al., 2006) is a nonparametric model of relational systems. The model
simultaneously discovers the clusters of entities and the relationships between the clusters.
A key assumption of the model is that each entity belongs to exactly one cluster.
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Figure 8: Infinite HMM results for the user behavior analysis task. (A) Predictive loglikelihood vs iteration for the user behavior data set. The error bars correspond
to the standard error and are computed over 20 runs. In every iteration of DPVI
and particle filtering, we do a forward filtering-backward smoothing pass over all
the sequences of the data set. (B) Predictive log-likelihood after 3000 iterations
of DPVI, Gibbs, particle filter and mean field for the user behavior data set (with
1000 data points as held-out). The best performance is achieved by DPVI with
5-10 particles and also the Gibbs sampler. Run time for each epoch is as follows:
0.726 sec for mean field, 0.593 sec for Gibbs, 4.52 sec for particle filter with 10
particles, and 4.74 sec for DPVI with 10 particles.
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2. The IRM model can be defined for multiple relations but for simplicity we only describe the single
relation case.

where dm denotes the label of the type (i.e., dm ∈ {1, · · · , J}) and im is the entity occupying
position m in the relation. Each entry of parameter matrix η is drawn from a Beta(β, β)
distribution. By using a conjugate Beta-Bernoulli model, we can analytically marginalize
the parameters η (see Kemp et al., 2006), allowing us to directly compute the likelihood of
the relational matrix given the cluster assignments, P (R|x1 , . . . , xJ ).
We compared the performance of DPVI with Gibbs sampling, using predictive loglikelihood on held-out data as a performance metric. The “animals” data set analyzed in

M
R(i1 , . . . , iM )|x1 , . . . , xJ ∼ Bernoulli(η(xdi11 , . . . , xdiM
)),

The cluster assignment vectors are drawn from a CRP(α) prior. Given the cluster assignment vectors, the relations are drawn from a Bernoulli distribution with a parameter η
that depends on the clusters involved in that relation. For instance, in a single two-place
relation, η(a, b) is the probability of having a link between any given pair (i, j) where i is
in cluster a and j is in cluster b.
More formally, let us define an M dimensional relation R : T d1 × . . . T dM 7→ {0, 1}, over
J different types. Each relational value is generated according to:

P (R, x1 , . . . , xJ ) = P (R|x1 , . . . , xJ )

Given a relation R involving J types of entities, the goal is to infer a vector of cluster
assignments xj for all the entities of each type j = 1, . . . , J.2 Assuming the cluster assignments for each type are independent, the joint density of the relation and the cluster
assignment vectors can be written as:

Figure 9: Infinite HMM results for the user behavior analysis task. Lower bound vs iteration
for the user behavior data set. The error bars correspond to the standard error
and are computed over 20 runs. In every iteration of DPVI, we do a forward
filtering-backward smoothing pass over all the sequences of the data set.

DPVI 1

−2.6
0

−2.4

−2.2

−2.0

4

Saeedi, Kulkarni, Mansingkha, and Gershman

L[Q]

Variational Particle Approximations

Sample animal clusters:
A1: Hippopotamus, Elephant, Rhinoceros
A2: Seal, Walrus, Dolphins, Blue Whale,
Killer Whale, Humpback Whale
A3: Beaver, Otter, Polar Bear
Sample feature clusters:
F1: Hooves, Long neck, Horns
F2: Inactive, Slow, Bulbous Body, Tough Skin
F3: Lives in Fields, Lives in Plains, Grazer
F4: Walks, Quadrupedal, Ground
F5: Fast, Agility, Active, Tail

Figure 10: Co-clustering of animals (rows) and features (columns) after 50 iterations of
DPVI with 10 particles in the infinite relational model.

Kemp et al. (2006), was used for this task. This data set (Osherson et al., 1991) is a two
type data set R : T1 × T2 → {0, 1} with animals and features as it types; it contains 50
animals and 85 features.
We removed 20% of the relations from the data set and computed the predictive loglikelihood for the held-out data. We ran DPVI with 1, 10 and 20 particles for 1000 iterations.
Given the weights of the particles, we computed the weighted log-likelihood. We also ran
20 independent runs of the Gibbs sampler and DPVI for 1000 iterations and computed
the average predictive log-likelihood. Every iteration scans all the data points in all the
types sequentially. We set the hyperparameters α and β to 1. Figure 10 illustrates the coclustering discovered by DPVI for the data set, demonstrating intuitively reasonable animal
and feature clusters.
The results after 1000 iterations are presented in Table 11B. The best performance is
achieved by DPVI with 20 particles. Figure 11A shows the predictive log-likelihood for
every iteration of DPVI and Gibbs sampling. DPVI with 10 and 20 particles converge in 11
and 18 iterations, respectively. In terms of computation time per iteration of DPVI versus
Gibbs, the only difference for DPVI with one particle and Gibbs is the sorting cost. Hence,
for the multiple particle versus multiple runs of Gibbs sampling, the only additional cost is
the sorting cost for multiple particles (e.g. 10 or 20). However, this insignificant additional
cost is compensated for by a faster convergence rate in our experiments.
6.5 Ising Model



1
xW x> + θx> ,
2
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So far, we have been studying inference in directed graphical models, but DPVI can also be
applied to undirected graphical models. We illustrate this using the Ising model for binary
vectors x ∈ {−1, +1}N :
f (x) = exp
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Predictive LL
−418.49 ± 4.24
−382.46 ± 7.34
−370.67 ± 6.23
−371.74 ± 5.07
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and likewise the change for setting x̃nk = 1 can be computing by simply flipping the sign of
ank . Ordering these changes, we then took the top K to determine the new particle set.
To quantify performance, we computed the DPVI variational lower bound on the partition function and compared this to the lower bound furnished by the mean-field approximation (see Wainwright and Jordan, 2008). Figure 12A shows the results of this analysis
for low coupling strength (β = 0.01) and high coupling strength (β = 100). DPVI consistently achieves a better lower bound than mean-field, even with a single particle, and
this advantage is especially conspicuous for high coupling strength. Adding more particles
improves the results, but more than 3 particles does not appear to confer any additional
improvement for high coupling strength. These results illustrate how DPVI is able to capture multimodal target distributions, where mean-field approximations break down (since
they cannot effectively handle multimodality).

ank =

where W ∈ RN ×N and θ ∈ RN are fixed parameters. In particular, we study a square
lattice ferromagnet, where Wij = β for neighboring nodes (0 otherwise) and θi = 0 for all
nodes. We refer to β as the coupling strength. This model has two global modes: when
all the nodes are set to 1, and when all the nodes are set to 0. As the coupling strength
increases, the probability mass becomes increasingly concentrated at the two modes.
We applied DPVI to this model, varying the number of particles and the coupling
strength. At each iteration, we evaluated the change in log probability that would result
from setting
= 1:

Figure 11: Infinite relational model results for the animals data set. (A) Predictive loglikelihood vs iteration for the animals data set. The error bars correspond to
the standard error and for both methods are computed over 20 runs. (B) Predictive log-likelihood after 1000 iterations of DPVI and Gibbs (with 50 burnin
iterations) for the animals data set (with 20 % held-out). DPVI with 20 particles
performs in par with the Gibbs sampler.
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This paper introduced a particle-based variational method that applies to a broad class of
inference problems in discrete models. We described a practical algorithm for optimizing
the particle approximation, and showed empirically that it can outperform widely-used
Monte Carlo and variational algorithms. The key to the success of this approach is an
intentional selection of particles: rather than generating them randomly (as in Monte Carlo
algorithms), we deterministically choose a set of unique particles that optimizes the KL
divergence between the approximation and the target distribution.
This approach leads to an interesting view on the problem of resampling in sequential
Monte Carlo. Resampling is necessary to remove conditionally unlikely particles, but the
resulting loss of particle diversity can lead to degeneracy. As we showed in our experiments,
tuning an ESS threshold for resampling can improve performance, but requires finding a
relatively narrow sweet spot for the threshold. DPVI achieves comparable performance to
the best particle filter by using a deterministic strategy for deleting and replacing particles
and does not require tuning thresholds. Each particle is guaranteed to be unique and have
high probability among all states discovered so far.
DPVI also suggests new hybrids of ideas from Monte Carlo and variational inference.
Consider models where all particle extensions cannot be enumerated. In this setting, one
could randomly choose particle extensions. To use these particles in a Monte Carlo scheme

7. Conclusions

To illustrate the performance of DPVI further, we compared several posterior approximations for the Ising model in Figure 13. In addition to the mean-field approximation, we
also compared DPVI with two other standard approximations: the Swendsen-Wang Monte
Carlo sampler (Swendsen and Wang, 1987) and loopy belief propagation (Murphy et al.,
1999). The sampler tended to produce noisy results, whereas mean-field and BP both failed
to capture the multimodal structure of the posterior. In contrast, DPVI with two particles
perfectly captured the two modes.

Figure 12: Ising model results. Difference between DPVI and mean-field lower bounds on
the partition function. Positive values indicates superior DPVI performance.
(A) Low coupling strength; (B) high coupling strength.
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we may need to know the output probability density of the particle extension mechanism.
However, if we use the results in DPVI, we just need to be able to score the results under
the joint probability distribution. No proposal distribution is needed. This could make it
possible to use proposal mechanisms that can be seen to work well empirically but that are
difficult to analyze a priori.
Although our empirical results are promising, much more empirical and theoretical
work is needed to understand the fundamental tradeoffs between variational and Monte
Carlo inference. However, the results for DPVI on several problems are promising, and the
approach to defining variational approximations may be more broadly applicable. We hope
this work encourages others to develop different hybrids of Monte Carlo and variational
inference that overcome the limitations of each approach when used in isolation.

Figure 13: Ising model simulations. Examples of posteriors for the ferromagnetic lattice
at low coupling strength. (Top) Two configurations from a Swendsen-Wang
sampler. (Middle) Two DPVI particles. (Bottom left) Mean-field expected
value. (Bottom right) Loopy belief propagation expected value.
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Our goal is to construct rule set models that serve this purpose: these models provide predictions
and also descriptions of a class, which are reasons for a prediction. Here is an example of a rule set
model for predicting whether a customer will accept a coupon for a nearby coffee house, where the
coupon is presented by their car’s mobile recommendation device:
if a customer (goes to coffee houses ≥ once per month AND destination = no urgent place AND
passenger 6= kids)

When applying machine learning models to domains such as medical diagnosis and customer behavior analysis, in addition to a reliable decision, one would also like to understand how this decision
is generated, and more importantly, what the decision says about the data itself. For classification
tasks specifically, a few summarizing and descriptive rules will provide intuition about the data that
can directly help domain experts understand the decision process.

1. Introduction

Keywords: disjunctive normal form, statistical learning, data mining, association rules, interpretable classifier, Bayesian modeling

We present a machine learning algorithm for building classifiers that are comprised of a small number of short rules. These are restricted disjunctive normal form models. An example of a classifier
of this form is as follows: If X satisfies (condition A AND condition B) OR (condition C) OR
· · · , then Y = 1. Models of this form have the advantage of being interpretable to human experts
since they produce a set of rules that concisely describe a specific class. We present two probabilistic models with prior parameters that the user can set to encourage the model to have a desired
size and shape, to conform with a domain-specific definition of interpretability. We provide a scalable MAP inference approach and develop theoretical bounds to reduce computation by iteratively
pruning the search space. We apply our method (Bayesian Rule Sets – BRS) to characterize and
predict user behavior with respect to in-vehicle context-aware personalized recommender systems.
Our method has a major advantage over classical associative classification methods and decision
trees in that it does not greedily grow the model.
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This model makes predictions and provides characteristics of the customers and their contexts that
lead to an acceptance of coupons.
Formally, a rule set model consists of a set of rules, where each rule is a conjunction of conditions. Rule set models predict that an observation is in the positive class when at least one of the
rules is satisfied. Otherwise, the observation is classified to be in the negative class. Rule set models
that have a small number of conditions are useful as non-black-box (interpretable) machine learning models. Observations come with predictions and also reasons (e.g., this observation is positive
because it satisfies a particular rule).
This form of model appears in various fields with various names. First, they are sparse disjunctive normal form (DNF) models. In operations research, there is a field called “logical analysis of
data" (Boros et al., 2000; Crama et al., 1988), which constructs rule sets based on combinatorics
and optimization. Similar models are called “consideration sets" in marketing (see, e.g., Hauser
et al., 2010), or “disjunctions of conjunctions." Consideration sets are a way for humans to handle
information overload. When confronted with a complicated decision (such as which television to
purchase), the theory of consideration sets says that humans tend to narrow down the possibilities
of what they are willing to consider into a small disjunction of conjunctions (“only consider TV’s
that are small AND inexpensive, OR large and with a high display resolution"). In PAC learning,
the goal is to learn rule set models when the data are non-noisy, meaning there exists a model within
the class that perfectly classifies the data. The field of “rule learning" aims to construct rule set
models. We prefer the terms “rule set" models or “sparse DNF" for this work as our goal is to create
interpretable models for non-experts, which are not necessarily consideration sets, not other forms
of logical data analysis, and pertain to data sets that are potentially noisy, unlike the PAC model.
For many decisions, the space of good predictive models is often large enough to include very
simple models (Holte, 1993). This means that there may exist very sparse but accurate rule set
models; the challenge is determining how to find them efficiently. Greedy methods used in previous
works (Malioutov and Varshney, 2013; Pollack et al., 1988; Friedman and Fisher, 1999; Gaines
and Compton, 1995), where rules are added to the model one by one, do not generally produce
high-quality sparse models.
We create a Bayesian framework for constructing rule sets, which provides priors for controlling the size and shape of a model. These methods strike a nice balance between accuracy and
interpretability through user-adjustable Bayesian prior parameters. To control interpretability, we
introduce two types of priors on rule set models, one that uses beta-binomials to model the rule
selecting process, called BRS-BetaBinomial, and one that uses Poisson distributions to model rule
generation, called BRS-Poisson. Both can be adjusted to suit a domain-specific notion of interpretability; it is well-known that interpretability comes in different forms for different domains
(Martens and Baesens, 2010; Martens et al., 2011; Huysmans et al., 2011; Allahyari and Lavesson,
2011; Rüping, 2006; Freitas, 2014).
We provide an approximate inference method that uses association rule mining and a randomized search algorithm (which is a form of stochastic coordinate descent or simulated annealing) to
find optimal BRS maximum a posteriori (MAP) models. This approach is motivated by a theoretical bound that allows us to iteratively reduce the size of the computationally hard problem of
finding a MAP solution. This bound states that we need only mine rules that are sufficiently fre-

OR (goes to coffee houses ≥ once per month AND the time until coupon expires = one day)
then
predict the customer will accept the coupon for a coffee house.

WANG ET AL .
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quent in the database and as the search continues, the bound becomes tighter and further reduces the
search space. This greatly reduces computational complexity and allows the problem to be solved
in practical settings. The theoretical result takes advantage of the strength of the Bayesian prior.
Our applied interest is to understand user responses to personalized advertisements that are
chosen based on user characteristics, the advertisement, and the context. Such systems are called
context-aware recommender systems (see surveys Adomavicius and Tuzhilin, 2005, 2008; Verbert
et al., 2012; Baldauf et al., 2007, and references therein). One major challenge in the design of
recommender systems, reviewed in Verbert et al. (2012), is the interaction challenge: users typically wish to know why certain recommendations were made. Our work addresses precisely this
challenge: our models provide rules in data that describe conditions for a recommendation to be
accepted.
The main contributions of our paper are as follows:
• We propose a Bayesian approach for learning rule set (DNF) classifiers. This approach incorporates two important aspects of performance, accuracy, and interpretability, and balance
between them via user-defined parameters. Because of the foundation in Bayesian methodology, the prior parameters are meaningful; they represent the desired size and shape of the rule
set.
• We derive bounds on the support of rules and number of rules in a MAP solution. These
bounds are useful in practice because they safely (and drastically) reduce the solution space,
improving computational efficiency. The bound on the size of a MAP model guarantees a
sparse solution if prior parameters are chosen to favor smaller sets of rules. More importantly,
the bounds become tighter as the search proceeds, reducing the search space until the search
finishes.
• The simulation studies demonstrate the efficiency and reliability of the search procedure.
Losses in accuracy usually result from a misspecified rule representation, not generally from
problems with optimization. Separately, using publicly available data sets, we compare rule
set models to interpretable and uninterpretable models from other popular classification methods. Our results suggest that BRS models can achieve competitive performance, and are
particularly useful when data are generated from a set of underlying rules.
• We study in-vehicle mobile recommender systems. Specifically, we used Amazon Mechanical Turk to collect data about users interacting with a mobile recommendation system. We
used rule set models to understand and analyze consumers’ behavior and predict their response to different coupons recommended in different contexts. We were able to generate
interpretable results that can help domain experts better understand their customers.

JMLR 18(70):1-37, 2017

The remainder of our paper is structured as follows. In Section 2, we discuss related work. In
Section 3, we present Bayesian Rule Set modeling. In Section 4, we introduce an approximate MAP
inference method using associative rule mining and randomized search. We also present theoretical
bounds on the support and the number of rules in an optimal MAP solution. In Section 5, we show
the simulation studies to justify the inference methods. We then report experimental results using
publicly available data, including the in-vehicle recommendation system data set we created, to
show that BRS models are on-par with black-box models while under strict size restrictions for the
purpose of being interpretable.
3

WANG ET AL .

A shorter version of this work appeared at the International Conference on Data Mining (Wang
et al., 2016).

2. Related Work

JMLR 18(70):1-37, 2017

The models we are studying have different names in different fields: “disjunctions of conjunctions"
in marketing, “classification rules" in data mining, “disjunctive normal forms" (DNF) in artificial
intelligence, and “logical analysis of data" in operations research. Learning logical models of this
form has an extensive history in various settings. The LAD techniques were first applied to binary
data in (Crama et al., 1988) and were later extended to non-binary cases (Boros et al., 2000). In parallel, Valiant (1984) showed that DNFs could be learned in polynomial time in the PAC (probably
approximately correct - non-noisy) setting, and recent work has improved those bounds via polynomial threshold functions (Klivans and Servedio, 2001) and Fourier analysis (Feldman, 2012). Other
work studies the hardness of learning DNF (Feldman, 2006). None of these theoretical approaches
considered the practical aspects of building a sparse model with realistic noisy data.
In the meantime, the data-mining literature has developed approaches to building logical conjunctive models. Associative classification and rule learning methods (e.g., Ma et al., 1998; Li
et al., 2001; Yin and Han, 2003; Chen et al., 2006; Cheng et al., 2007; McCormick et al., 2012;
Rudin et al., 2013; Dong et al., 1999; Michalski, 1969; Clark and Niblett, 1989; Frank and Witten, 1998) mine for frequent rules in the data and combine them in a heuristic way, where rules
are ranked by an interestingness criteria. Some of these methods, like CBA, CPAR and CMAR
(Li et al., 2001; Yin and Han, 2003; Chen et al., 2006; Cheng et al., 2007) still suffer from a huge
number of rules. Inductive logic programming (Muggleton and De Raedt, 1994) is similar, in that
it mines (potentially complicated) rules and takes the simple union of these rules as the rule set,
rather than optimizing the rule set directly. This is a major disadvantage over the type of approach
we take here. Another class of approaches aims to construct rule set models by greedily adding the
conjunction that explains the most of the remaining data (Malioutov and Varshney, 2013; Pollack
et al., 1988; Friedman and Fisher, 1999; Gaines and Compton, 1995; Cohen, 1995). Thus, again,
these methods do not directly aim to produce globally optimal conjunctive models.
There are few recent techniques that do aim to fully learn rule set models. Hauser et al. (2010);
Goh and Rudin (2014) applied integer programming approaches to solving the full problems but
would face a computational challenge for even moderately sized problems. There are several
branch-and-bound algorithms that optimize different objectives than ours (e.g., Webb, 1995). Rijnbeek and Kors (2010) proposed an efficient way to exhaustively search for short and accurate
decision rules. That work is different than ours in that it does not take a generative approach, and
their global objective does not consider model complexity, meaning they do not have the same advantage of reduction to a smaller problem that we have. Methods that aim to globally find decision
lists or rule lists can be used to find optimal DNF models, as long as it is possible to restrict all of
the labels in the rule list (except the default) to the same value. A rule list where all labels except
the default rule are the same value is exactly a DNF formula. We are working on extending the
CORELS algorithm (Angelino et al., 2017) to handle DNF.
Note that logical models are generally robust to outliers and naturally handle missing data, with
no imputation needed for missing attribute values. These methods can perform comparably with
traditional convex optimization-based methods such as support vector machines or lasso (though
linear models are not always considered to be interpretable in many domains).
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(3)

(2)

5

pl ∼ Beta(αl , βl ).

Select a rule from Al ∼ Bernoulli(pl )

In reality, it is not practical to enumerate all possible rules within Al when ` is even moderately
large. However, since we aim for intuitive models, we know that the optimal MAP model will
consist of a small number of rules, each of which has sufficiently large support in the data (this

(1)
Then, rules are drawn independently in each pool, and we assume in Al each rule has probability pl
to be drawn, which we place a beta prior on. For l ∈ {1, ..., L},

A = ∪L
l=1 Al .

Rules are drawn randomly from a set A. Assuming the interpretability of a rule is associated with
the length of a rule (the number of conditions in a rule), the rule space A is divided into L pools
indexed by the lengths, L being the maximum length the user allows.

3.1.1 B ETA -B INOMIAL PRIOR

We propose two priors. In the BRS-BetaBinomial model, the maximum length L of rules is predetermined by a user. Rules of the same length are placed into the same rule pool. The model uses
L beta priors to control the probabilities of selecting rules from different pools. In a BRS-Poisson
model, the “shape” of a rule set, which includes the number of rules and lengths of rules, is decided
by drawing from Poisson distributions parameterized with user-defined values. Then the generative
process fills it in with conditions by first randomly selecting attributes and then randomly selecting
values corresponding to each attribute. We present the two prior models in detail.

3.1 Prior

We propose two models for the prior, a Beta-Binomial prior and a Poisson prior, which characterize
the interpretability from different perspectives. The likelihood ensures that the model explains the
data well and ensures good classification performance. We detail the priors and likelihood below.

Figure 1: Illustration of Rule Sets. Area covered by any of rules is classified as positive. Area not
covered by any rules is classified as negative.

WANG ET AL .

x is classified as positive if it satisfies at least one rule in A.
Figure 1 shows an example of a rule set. Each rule is a yellow patch that covers a particular
area, and the rule applies to the area it covers. In Figure 1, the white oval in the middle indicates the
positive class. Our goal is to find a set of rules A that covers mostly the positive class, but little of
the negative class, while keeping A as a small set of short rules.
We present a probabilistic model for selecting rules. Taking a generative approach allows us to
flexibly incorporate users’ expectations on the “shape" of a rule set through the prior. The user can
guide the model toward more domain-interpretable solutions by specifying the desired balance between the size and lengths of rules without committing to any particular value for these parameters.

a(x) indicates if x satisfies rule a. Let A denote a rule set and let A(·) represent a classifier,
(
1 ∃a ∈ A, a(x) = 1
A(x) =
0 otherwise.

a(·) : X → {0, 1}.

We work with standard classification data. The data set S consists of {xn , yn }n=1,...N , where yn ∈
{0, 1} with N+ positive and N− negative, and xn ∈ X . xn has J features. Let a represent a rule
and a(·) with a corresponding Boolean function

3. Bayesian Rule Sets

One could extend any method for DNF learning of binary classification problems to multiclass classification. A conventional way to directly extend a binary classifier is to decompose the
multi-class problem into a set of two-class problems. Then for each binary classification problem,
one could build a separate BRS model, e.g., by the one-against-all method. One would generate
different rule sets for each class. For this approach, the issue of overlapping coverage of rule sets
for different classes is handled, for instance, by an error correcting output codes (Schapire, 1997).
The main application we consider is in-vehicle context-aware recommender systems. The most
similar works to ours include that of Baralis et al. (2011), who present a framework that discovers
relationships between user context and services using association rules. Lee et al. (2006) create interpretable context-aware recommendations by using a decision tree model that considers location
context, personal context, environmental context and user preferences. However, they did not study
some of the most important factors we include, namely contextual information such as the user’s
destination, relative locations of services along the route, the location of the services with respect
to the user’s destination, passenger(s) in the vehicle, etc. Our work is related to recommendation
systems for in-vehicle context-aware music recommendations (see Baltrunas et al., 2011; Wang
et al., 2012), but whether a user will accept a music recommendation does not depend on anything
analogous to the location of a business that the user would drive to. The setup of in-vehicle recommendation systems are also different than, for instance, mobile-tourism guides (Noguera et al.,
2012; Schwinger et al., 2005; Van Setten et al., 2004; Tung and Soo, 2004) where the user is searching to accept a recommendation, and interacts heavily with the system in order to find an acceptable
recommendation. The closest work to ours is probably that of Park et al. (2007) who also consider
Bayesian predictive models for context aware recommender systems to restaurants. They also consider demographic and context-based attributes. They did not study advertising, however, which
means they did not consider the locations to the coupon’s venue, expiration times, etc.
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L Z
Y

plMl (1 − pl )(|Al |−Ml ) dpl
(4)

is formalized later within proofs). Our approximate inference technique thus finds and uses high
support rules to use within Al . This effectively makes the beta-binomial model non-parametric.
Let Ml notate the number of rules drawn from Al , l ∈ {1, ..., L}. A BRS model A consists of
rules selected from each pool. Then
p(A; {αl , βl }l ) =
l=1
L

Y
B(M
l + αl , |Al | − Ml + βl )
=
,
B(αl , βl )
l=1

where B(·) represents a Beta function. Parameters {αl , βl }l govern the prior probability of selecting
l
is close to 0. In our
a rule set. To favor smaller models, we would choose αl , βl such that αlα+β
l
experiments, we set αl = 1 for all l.
3.1.2 P OISSON PRIOR

m=1

m

k=1

Lm
M
Y
1
1 Y
1
Poisson(M ; λ)
Poisson(Lm ; η) J 
.
ω(λ, η)
Kvm,k
L

(5)

We define the normalization constant ω(λ, η), so the probability of generating a rule set A is

We introduce a data independent prior for the BRS model. Let M denote the total number of rules
in A and Lm denote the lengths of rules for m ∈ {1, ...M }. For each rule, the length needs to be at
least 1 and at most the number of all attributes J. According to the model, we first draw M from
a Poisson distribution. We then draw Lm from truncated Poisson distributions (which only allow
numbers from 1 to J), to decide the “shape” of a rule set. Then, since we know the rule sizes, we can
now fill in the rules with conditions. To generate a condition, we first randomly select the attributes
then randomly select values corresponding to each attribute. Let vm,k represent the attribute index
for the k-th condition in the m-th rule, vm,k ∈ {1, ...J}. Kvm,k is the total number of values for
attribute vm,k . Note that a “value” here refers to a category for a categorical attribute, or an interval
for a discretized continuous variable. To summarize, a rule set is constructed as follows:
1: Draw the number of rules: M ∼ Poisson(λ)
2: for m ∈ {1, ...M } do
3:
Draw the number of conditions in m-th rule: Lm ∼ Truncated-Poisson(η), Lm ∈ {1, ...J}
4:
Randomly select Lm attributes from J attributes without replacement
5:
for k ∈ {1, ...Lm } do
6:
Uniformly at random select a value from Kvm,k values corresponding to attribute vm,k
7:
end for
end for
8:

p(A; λ, η) =
3.2 Likelihood
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Let A(xn ) denote the classification outcome for xn , and let yn denote the observed outcome. Recall
that A(xn ) = 1 if xn obeys any of the rules a ∈ A. We introduce likelihood parameter ρ+ to represent the prior probability that yn = 1 when A(xn ) = 1, and ρ− to represent the prior probability
7

that yn = 0 when A(xn ) = 0. Thus:
yn |xn , A ∼

WANG ET AL .

(
Bernoulli(ρ+ )
A(xn ) = 1
,
Bernoulli(1 − ρ− ) A(xn ) = 0

with ρ+ and ρ− drawn from beta priors:

ρ+ ∼ Beta(α+ , β+ ) and ρ− ∼ Beta(α− , β− ).

Z

TP
TN
ρ+
(1 − ρ+ )FP ρ−
(1 − ρ− )FN dρ+ dρ−

B(TP + α+ , FP + β+ ) B(TN + α− , FN + β− )
.
B(α+ , β+ )
B(α− , β− )

(6)

(7)

Based on the
P classification outcomes, the trainingPdata are divided into four cases: true positives (TP =
n A(xn )yn ), false positives (FP = Pn A(xn )(1 − yn )), true negatives (TN =
P
n (1 − A(xn )) (1 − yn )) and false negatives (FN =
n (1 − A(xn )) yn ). Then, it can be derived
that

p(S|A; α+ , β+ , α− , β− ) =
=

(9)

(8)

According to (6), α+ , β+ , α− , β− govern the probability that a prediction is correct on training
data, which determines the likelihood. To ensure the model achieves the maximum likelihood when
all data points are classified correctly, we need ρ ≥ 1 − ρ+ and ρ− ≥ 1 − ρ− . So we choose
+
−
+
α+ , β+ , α− , β− such that α+α+β
> 0.5 and α−α+β
> 0.5. Parameter tuning for the prior parame+
−
ters will be shown in experiments section. Let H denote a set of parameters for a data S,

H = α+ , β+ , α− , β− , θprior ,

where θprior depends on the prior model, our goal is to find an optimal rule set A∗ that

A

A∗ ∈ arg max p(A|S; H).

Solving for a MAP model is equivalent to maximizing

F (A, S; H) = log p(A; H) + log p(S|A; H),

where either of the two priors provided above can be used for the first term, and the likelihood is in
(7). We write the objective as F (A), the prior probability of selecting A as p(A), and the likelihood
as p(S|A), omitting dependence on parameters when appropriate.

4. Approximate MAP Inference
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In this section, we describe a procedure for approximately solving for the maximum a posteriori
(MAP) solution to a BRS model.
Inference in Rule Set modeling is challenging because it involves a search over exponentially
many possible sets of rules: since each rule is a conjunction of conditions, the number of rules
increases exponentially with the number of conditions, and the number of sets of rules increases
exponentially with the number of rules. This is the reason learning a rule set has always been a
difficult problem in theory.

8

1− Nt

1. Select a rule z according to xk

• ADD

9
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Then a choice is made between exploration, which means choosing a random rule (from the ones
that improve on the new point), and exploitation, which means choosing the best rule (the one
with the highest precision). We denote the probability of exploration as p in our search algorithm.
This randomness helps to avoid local minima and helps the Markov Chain to converge to a global
minimum. We detail the three actions below.

perature schedule function over time steps, T [t] = T0 iter , a simulated annealing (Hwang, 1988)
procedure is a discrete time, discrete state Markov Chain where at step t, given the current state A[t] ,
the next state A[t+1] is chosen by first randomly
selecting
a proposal
n

ofrom the neighbors, and the
[t+1]
(A[t] )
proposal is accepted with probability min 1, exp F (A T)−F
, in order to find an optimal
[t]
rule set A∗ . Our version of simulated annealing is similar also to the -greedy algorithm used in
multi-armed bandits (Sutton and Barto, 1998).
Similar to the Gibbs sampling steps used by Letham et al. (2015); Wang and Rudin (2015) for
rule-list models, here a “neighboring” solution is a rule set whose edit distance is 1 to the current
rule set (one of the rules is different). Our simulated annealing algorithm proposes a new solution
via two steps: choosing an action from ADD, CUT and REPLACE, and then choosing a rule to
perform the action on.
In the first step, the selection of which rules to ADD, CUT or REPLACE is not chosen uniformly. Instead, the simulated annealing proposes a neighboring solution that aims to do better than
the current model with respect to a randomly chosen misclassified point. At iteration t + 1, an
example k is drawn from data points misclassified by the current model A[t] . Let R1 (xk ) represent
a set of rules that xk satisfies, and let R0 (xk ) represent a set of rules that xk does not satisfy. If
example k is positive, it means the current rule set fails to cover it so we propose a new model that
covers example k, by either adding a new rule from R1 (xk ) to A[t] , or replacing a rule from A[t]
with a rule from R1 (xk ). The two actions are chosen with equal probabilities. Similarly, if example
k is negative, it means the current rule set covers wrong data, and we then find a neighboring rule
set that covers less, by removing or replacing a rule from A[t] ∩ R0 (xk ), each with probability 0.5.
In the second step, a rule is chosen to perform the action on. To choose the best rule, we evaluate
the precision of tentative models obtained by performing the selected action on each candidate rule.
This precision is:
P
A(xi )yi
Q(A) = Pi
.
i A(xi )

Given an objective function F (A) over discrete search space of different sets of rules and a tem-

4.1 Search Procedure

Inference becomes easier, however, for our BRS model, due to the computational benefits
brought by the Bayesian prior, which can effectively reduce the original problem to a much more
manageable size and significantly improve computational efficiency. Below, we detail how to exploit the Bayesian prior to derive useful bounds during any search process. Here we use a stochastic
coordinate descent search technique, but the bounds hold regardless of what search technique is
used.
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a∈A[t] ∩R0 (xk )

a∈R1 (xk )

←

A[t] \z.

n=1

N
X

1(a(xn ) = 1).

(10)

Υ=

10

β− (N+ + α+ + β+ − 1)
.
(N− + α− + β− )(N+ + α+ − 1)
Lemma 1 p(S|A) ≥ (Υ)supp(z) p(S|A\z ).

Then the following holds:

Define

A\z = {a|a ∈ A, a 6= z}.
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Removing a rule will yield a simpler model (and a smaller prior) but may lower the likelihood.
However, we can prove that the loss in likelihood is bounded as a function of the support. For a rule
set A and a rule z ∈ A, we use A\z to represent a set that contains all rules from A except z, i.e.,

supp(a) =

Another approach to reducing computation is to directly reduce the set of rules. This dramatically
reduces the search space, which is the power set of the set of rules. We take advantage of the
Bayesian prior and derive a deterministic bound on MAP BRS models that exclude rules that fail to
satisfy the bound.
Since the Bayesian prior is constructed to penalize large models, a BRS model tends to contain
a small number of rules. As a small number of rules must cover the positive class, each rule in the
MAP model must cover enough observations. We define the number of observations that satisfy a
rule as the support of the rule:

4.2 Iteratively reducing rule space

To summarize: the proposal strategy uses an -greedy strategy to determine when to explore and
when to exploit, and when it exploits, the algorithm uses a randomized coordinate descent approach
by choosing a rule to maximize improvement.

• REPLACE: first CUT, then ADD.

2. Then
A[t+1]

– With probability p, draw z randomly from A[t] ∩ R0 (xk ). (Explore)
– With probability 1 − p, z = arg max Q(A[t] \a). (Exploit)

1. Select a rule z according to xk

• CUT

2. Then A[t+1] ← A[t] ∪ z.

– With probability p, draw z randomly from R1 (xk ). (Explore)
– With probability 1 − p, z = arg max Q(A[t] ∪ a). (Exploit)
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log L∗ −log p(S|∅)

k





[t−1]
|Al |−ml
+βl

[t−1]
 log max
ml
−1+αl
l

C [t] = 
log Υ







,








 log L∗ + log p(∅) − v [t] 
[t]
ml = 
,
log

|Al |+βl −1
[t−1]
αl +ml
−1

and v [0] = F (∅). The size of A∗ is upper bounded by

[t]

ml .

(11)

(12)

[t]
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τ ≤t

v [t] = max F (A[τ ] ).

All proofs in this paper are in Appendix A. This lemma shows that if Υ ≤ 1, removing a rule with
high support lowers the likelihood.
We wish to derive lower bounds on the support of rules in a MAP model. This will allow
us to remove (low-support) rules from the search space without any loss in posterior. This will
simultaneously yield an upper bound on the maximum number of rules in a MAP model. The
bounds will be updated as the search proceeds.
Recall that A[τ ] denotes the rule set at time τ , and let v [t] denote the best solution found until
iteration t, i.e.,

j

|Al |+βl −1
αl +|Al |−1

L
X
l=1
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where

and

x=

n

C [t] =

e−η λ max

log Υ

+ 1),

log Mx[t]

η
2 Γ(J

Γ(J + 1)

η J
2

o

,





(λ+1)λ
∗
 log

log
L
+
log
p(∅)
− v [t] 
Γ(λ+1)
M [t] = 
+
.
log λ+1
log λ+1
x
x
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where L, α+ , β+ , α− , β− ∈ N+ , α+ > β+ , α− > β− . Define A∗ ∈ arg maxA F (A) and M ∗ =
|A∗ |. If Υ ≤ 1, we have: ∀a ∈ A∗ , supp(a) ≥ C [t] and


,
(14)

H = {L, α+ , β+ , α− , β− , λ, η} ,

Theorem 2 Take a BRS-Poisson model with parameters

which is the upper bound we obtain before we start learning for A∗ . This bound uses an empty set
as a comparison model, which is a reasonable benchmark since the Bayesian prior favors smaller
models. (It is possible, for instance, that the empty model is actually close to optimal, depending
[0]
on the prior.) As log p(S|∅) increases, ml becomes smaller, which means the model’s maximum
possible size is smaller. Intuitively, if an empty set already achieves high likelihood, adding rules
will often hurt the prior term and achieve little gain on the likelihood.
Using this upper bound, we get a minimum support which can be used to reduce the search
space before simulated annealing begins. As m[t] decreases, the minimum support increases since
the rules need to jointly cover positive examples. Also, if fewer rules are needed it means each rule
needs to cover more examples.
Similarly, for BRS-Poisson models, we have:

In the equation for ml , p(∅) is the prior of an empty set, which is also the maximum prior for a
rule set model, which occurs when we set αl = 1 for all l. Since L∗ and p(∅) upper bound the
likelihood and prior, respectively, log L∗ + log p(∅) upper bounds the optimal objective value. The
difference between this value and v [t] , the numerator, represents the room for improvement from
[t]
the current solution v [t] . The smaller the difference, the smaller the ml , and thus the larger the
minimum support bound. In the extreme case, when an empty set is the optimal solution, i.e., the
likelihood and the prior achieve the upper bound L∗ and p(∅) at the same time, and the optimal
[t]
solution is discovered at time t, then the numerator becomes zero and ml = 0 which precisely
refers to an empty set. Additionally, parameters αl and βl jointly govern the probability of selecting
rules of length l, according to formula (3). When αl is set to be small and βl is set to be large, pl
[t]
l
is small since E(pl ) = αlα+β
. Therefore the resulting ml is small, guaranteeing that the algorithm
l
will choose a smaller number of rules overall.
[t−1]
[t−1]
Specifically, at step 0 when there is no ml
, we set ml
= |Al |, yielding




 log L∗ − log p(S|∅) 
[0]
,
ml = 
(13)
l |+βl −1
log α|Al +|A
l |−1

B(N+ + α+ , β+ ) B(N− + α− , β− )
.
B(α+ , β+ )
B(α− , β− )

We first look at BRS-BetaBinomial models. In a BRS-BetaBinomial model, rules are selected
based on their lengths, so there are separate bounds for rules of different lengths, and we notate
[t]
[t]
the upper bounds of the number of rules at step t as {ml }l=1,...,L , where ml represents the upper
bound for the number of rules of length l.
We then introduce some notations that will be used in the theorems. Let L∗ denote the maximum
likelihood of data S, which is achieved when all data are classified correctly (this holds when α+ >
β+ and α− > β− ), i.e. TP = N+ , FP = 0, TN = N− , and FN = 0, giving:
A

L∗ := max p(S|A) =
For a BRS-BetaBinomial model, the following is true.

H = {L, α+ , β+ , α− , β− , {Al , αl , βl }l=1,..L } ,

Theorem 1 Take a BRS-BetaBinomial model with parameters

=

log

where L, α+ , β+ , α− , β− , {αl , βl }l=1,...L ∈ N+ , α+ > β+ , α− > β− and αl < βl . Define A∗ ∈
and M ∗ = |A∗ |. If Υ ≤ 1, we have: ∀a ∈ A∗ , supp(a) ≥ C [t] and
arg maxA F (A)

where

and

[0]
ml

M∗ ≤

11

M ∗ ≤ M [t] .

[t]

(15)
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We illustrate the effect of screening on one of our mobile advertisement data sets. We mined
all rules with minimum support 5% and maximum length 3. For each rule, we computed its true
positive rate and false positive rate on the training data and plotted it as a dot in Figure 2. The top
5000 rules with highest information gains are colored in red, and the rest are in blue. As shown in
the figure, information gain indeed selected good rules as they are closer to the upper left corner
in ROC space. For many applications, this screening technique is not needed, and we can simply
use the entire set of pre-mined rules that have support above the required threshold for the optimal
solution provided in the theorems above.

Figure 2: All rules and selected rules on a ROC plane

where H(S) is the entropy of the data and H(S|a) is the conditional entropy of data that split on
rule a. Given a data set S, entropy H(S) is constant; therefore our screening technique chooses the
M0 rules that have the smallest H(S|a).

InfoGain(S|a) = H(S) − H(S|a),

them, i.e., age<25, age<50 and age<75. We then mine for frequent rules within the set of positive
observations S + . To do this, we use the FP-growth algorithm (Borgelt, 2005), which can in practice
be replaced with any desired frequent rule-mining method.
Sometimes for large data sets with many features, even when we restrict the length of rules and
the minimum support, the number of generated rules could still be too large to handle, as it can
be exponential in the number of attributes. For example, for one of the advertisement data sets,
a million rules are generated when the minimum support is 5% and the maximum length is 3. In
that case, we use a second criterion to screen for the most potentially useful M0 rules, where M0 is
user-defined and depends on the user’s computational capacity. We first filter out rules on the lower
right plane of ROC space, i.e., their false positive rate is greater than true positive rate. Then we use
information gain to screen rules, similarly to other works (Chen et al., 2006; Cheng et al., 2007).
For a rule a, the information gain is

WANG ET AL .

We mine a set of candidate rules A before running the search algorithm and only search within A
to create an approximate but more computationally efficient inference algorithm. For categorical attributes, we consider both positive associations (e.g., xj =‘blue’) and negative associations (xj =‘not
green’) as conditions. (The importance of negative conditions is stressed, for instance, by Brin
et al., 1997; Wu et al., 2002; Teng et al., 2002). For numerical attributes, we create a set of binary
variables for each numerical attribute, by comparing it with a set of thresholds (usually quantiles),
and add their negations as separate attributes. For example, we discretize age with three thresholds,
creating six binary variables in total, i.e., age≥25, age≥50, age≥ 75 and the negations for each of

4.3 Rule Mining

(A )
α = min 1, exp F (A T)−F
(Probability of an annealing move)
[t]
(
[t+1]
A
, with probability α
A[t+1] ←
A[t] , with probability 1 − α
end for
return Amax
end procedure

[t+1]

A[t+1] ← action(A, A[t] , xk )
[t+1]
Amax ← arg
n max(F
 (Amax ), F (A o)) (Check for improved optimal solution)

procedure S IMULATED A NNEALING(Niter )
A ← FP-Growth(S)
A[0] ← a randomly generated rule set
Amax ← A[0]
for t = 0 → Niter do
A ← {a ∈ A, supp(a) ≥ C [t] } (C [t] is from (12) or (14), depending on the model choice)
S ← misclassified examples by A[t] (Find misclassified examples)
(xk , yk ) ← a random example drawn from S
if yk = 1 then(
ADD, with probability 0.5
action ←
REPLACE, with probability 0.5
else
(
CUT, with probability 0.5
action ←
REPLACE, with probability 0.5

Algorithm 1 Inference algorithm.

Similar to Theorem 1, log L∗ + log p(∅) upper bounds the optimal objective value and log L∗ +
log p(∅) − v [t] is an upper bound on the room for improvement from the current solution v [t] . The
smaller the bounds becomes, the larger is the minimum support, thus reducing the rule space iteratively whenever a new maximum solution is discovered.
The algorithm, which applies the bounds above, is given as Algorithm 1.

The size of A∗ is upper bounded by
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5. Simulation Studies
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We present simulation studies to show the interpretability and accuracy of our model and the efficiency of the simulated annealing procedure. We first demonstrate the efficiency of the simulated
annealing algorithm by searching within candidate rules for a “true rule set" that generates the data.
Simulations show that our algorithm can recover the true rule set with high probability within a
small number of iterations despite the large search space. We then designed the second set of simulations to study the trade-off between accuracy and simplicity. BRS models may lose accuracy
to gain model simplicity when the number of attributes is large. Combining the two simulations
studies, we were able to hypothesize that possible losses in accuracy are often due to the choice
of model representation as a rule set, rather than simulated annealing. In this section, we choose
the BRS-BetaBinomial model for the experiments. BRS-Poisson results would be similar; the only
difference is the choice of prior.
5.1 Simulation Study 1: Efficiency of Simulated Annealing

(
1 ∃a ∈ A∗ , a(xn ) = 1
0 otherwise.

(16)

In the first simulation study, we would like to test if simulated annealing is able to recover a true
rule set given that these rules are in a candidate rule set, and we would like to know how efficiently
simulated annealing finds them. Thus we omit the step of rule mining for this experiment and
directly work with generated candidate rules, which we know in this case contains a true rule set.
Let there be N observations, {xn }n=1,...,N and a collection of M candidate rules, {am }m=1,...M .
We can construct an N × M binary matrix where the entry in the n-th row and m-th column is the
Boolean function am (xn ) that represents whether the n-th observation satisfies the m-th rule. Let
the true rule set be a subset of the candidate rules, A∗ ⊂ {am }m=1,...M . The labels {yn }n=1,...N
satisfy
yn =

We ran experiments with varying N and M . Each time, we first generated an N × M binary
matrix by setting the entries to 1 with probability 0.035, and then selected 20 columns to form A∗ .
(Values 0.035 and 20 are chosen so that the positive class contains roughly 50% of the observations.
We also ensured that the 20 rules do not include each other.) Then {yn }n=1,...N were generated as
above. We randomly assigned lengths from 1 to 5 to {am }m=1,...M . Finally, we ran Algorithm 1 on
the data set. The prior parameters were set as below for all simulations:
αl = 1, βl = |Al | for l = 1, ..., 3,

α+ = α− = 1000, β+ = β− = 1.
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For each pair of N and M , we repeated the experiment 100 times and recorded intermediate
output models at different iterations. Since multiple different rule sets can cover the same points,
we compared labels generated from the true rule set and the recovered rule set: a label is 1 if the
instance satisfies the rule set and 0 otherwise. We recorded the training error for each intermediate
output model. The mean and standard deviation of training error rate are plot Figure 3, along with
run time to convergence in seconds on the right figure.
Comparing the three sets of experiments, we notice that different sizes of the binary matrix led
to differing convergence times due to different computation cost of handling the matrices, yet the
three error rate curves in Figure 3 almost completely overlap. Neither the size of the data set N nor
15
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Figure 3: Convergence of mean error rate with number of iterations for data with varying N and M
and running time (in seconds), obtained by the BRS-BetaBinomial.

the size of the rule space M affected the search. This is because the strategy based on curiosity and
bounds chose the best solution efficiently, regardless of the size of data or the rule space.

More importantly, this study shows that simulated annealing is able to recover a true rule set
A∗ , or an equivalent rule set with optimal performance, with high probability, with few iterations.

5.2 Simulation Study 2: Accuracy-Interpretability Trade-off

We observe from the first simulation study that simulated annealing does not tend to cause losses in
accuracy. In the second simulation study, we would like to identify whether the rule representation
causes losses in accuracy. In this study, we used the rule mining step and directly worked with data
{xn }n=1,...,N . Without loss of generality, we assume xn ∈ {0, 1}J .

In each experiment, we first constructed an N × J binary matrix {xn }n=1,...N by setting the
entries to 1 with probability 0.5, then randomly generated 20 rules from {xn }n=1,...,N to form A∗
and finally generated labels {yn }n=1,...,N following formula (16). We checked the balance of the
data before pursuing the experiment. The data set was used only if the positive class was within
[30%, 70%] of the total data, and otherwise regenerated.

To constrain computational complexity, we set the maximum length of rules to be 7 and then
selected the top 5000 rules with highest information gain. Then we performed Algorithm 1 on these
candidate rules to generate a BRS model Ã. Ideally, Ã should be simpler than A∗ , with a possible
loss in its accuracy as a trade-off.
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To study the influence of the dimensions of data on accuracy and simplicity, we varied N and
J and repeated each experiment 100 times. Figure 4 shows the accuracy and number of rules in Ã
in each experiment. The number of rules in Ã was almost always less than the number of rules in
A∗ (which was 20). On average, Ã contained 12 rules, which was 60% of the size of A∗ , slightly
compromising accuracy. BRS needed to compromise more when J was large since it became harder
to maintain the same level of simplicity.
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BRS1

BRS2

Lasso

C4.5

CART

RIPPER

Random
SVM
Forest
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2.6±1.7 2.6±1.8 5.4±2.8 4.3±2. 9 5.6±1.8 4.8±1.5 2.7±1.7 2.8±2.2
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Rank of accuracy

Table 1 displays the means and standard deviations of the test accuracy for all algorithms
(the lead author’s laptop ran out of memory when applying RIPPER to the connect-4 data set),

connect-4
.76±.01 .75±.01 .70±.00 .83±.00 .69±.01 ———- .86±.00 .82±.00
mushroom
1.00±.00 1.00±.00 .96±.00 1.00±.00 .99±.00 .99±.00 1.00±.00 .93±.00
Categorical
tic-tac-toe
1.00±.00 1.00±.00 .71±.02 .92±.03 .93±.02 .98±.01 .99±.00 .99±.00
chess
.89±.01 .89±.01 .83±.01 .97±.00 .92±.04 .91±.01 .91±.00 .99±.00
magic
.80±.02 .79±.01 .76±.01 .79±.00 .77±.00 .78±.00 .78±.01 .78±.01
Numerical .97±.01 .97±.01 1.00±.00 .90±.01 .90±.02 .91±.01 .91±.01 1.00±.00
banknote
indian-diabetes
.72±.03 .73±.03 .67±.01 .66±.03 .67±.01 .67±.02 .75±.03 .69±.01
adult
.83±.00 .84±.01 .82±.02 .83±.00 .82±.01 .83±.00 .84±.00 .84±.00
bank-marketing Mixed
.91±.00 .91±.00 .90±.00 .90±.00 .90±.00 .90±.00 .90±.00 .90±.00
heart
.85±.03 .84±.03 .85±.04 .76±.06 .77±.06 .78±.04 .81±.06 .86±.06

Data
Type

Table 1: Accuracy of each comparing algorithm (mean ± std) on ten UCI data sets.

We test BRS on ten data sets from the UCI machine learning repository (Bache and Lichman, 2013)
with different types of attributes; four of them contain categorical attributes, three of them contain
numerical attributes and three of them contain both. We performed 5-fold cross validation on each
data set. Since our goal was to produce models that are accurate and interpretable, we set the
maximum length of rules to be 3 for all experiments. We compared with interpretable algorithms:
Lasso (without interaction terms to preserve interpretability), decision trees (C4.5 and CART), and
inductive rule learner RIPPER (Cohen, 1995), which produces a rule list greedily and anneals locally
afterward. In addition to interpretable models, we also compare BRS with uninterpretable models
from random forests and SVM to set a benchmark for expected accuracy on each data set. We used
implementations of baseline methods from R packages, and tuned model parameters via 5-fold
nested cross validation.

6.1 UCI Data Sets

Our main application of interest is mobile advertising. We collected a large advertisement data set
using Amazon Mechanical Turk that we made publicly available (Wang et al., 2015), and we tested
BRS on other publicly available data sets. We show that our model can generate interpretable results
that are easy for humans to understand, without losing too much (if any) predictive accuracy. In
situations where the ground truth consists of deterministic rules (similarly to the simulation study),
our method tends to perform better than other popular machine learning techniques.

6. Experiments

high dimensional feature spaces. The loss increases with the number of features. This is the price
paid for using an interpretable model. There is little price paid for using our optimization method.

WANG ET AL .

Figure 4 and Figure 5 both indicate that increasing the number of observations did not affect
the performance of the model. BRS is more sensitive to the number of attributes. The larger J is,
the less informative a short rule becomes to describe and distinguish a class in the data set, and the
more BRS has to trade-off, in order to keep simple rules within the model.
To summarize: when we model using fewer rules, it benefits interpretability but can lose information. Rules with a constraint on the maximum length tend to be less accurate when dealing with

Figure 5: Convergence of mean error rate with varying N and J, obtained by BRS-BetaBinomial.

We show in Figure 5 the average training error at different iterations to illustrate the convergence
rate. Simulated annealing took less than 50 iterations to converge. Note that it took fewer iterations
than simulation study 1 since the error rate curve started from less than 0.5, due to rule pre-screening
using information gain.

Figure 4: Accuracy and complexity of output BRS models for data with varying N and J, obtained
from the BRS-BetaBinomial.

BAYESIAN RULE S ETS

Lasso
30.4±0.6
0.5±0.0
0.1±0.0
1.3±0.4
1.4±0.1
0.1±0.0
0.1±0.0
9.8±0.3
11.6±0.6
0.1±0.0

C4.5
20.5±0.4
0.6±0.0
0.1±0.0
0.3±0.1
2.3±0.2
0.1±0.0
0.1±0.0
10.7±0.4
7.6±0.3
0.0±0.0

CART
———1.2±0.1
0.3±0.0
50.6±18.0
8.8±1.7
0.2±0.0
0.2±0.0
66.0±8.8
23.9±4.6
0.2±0.1

RIPPER
746.6±14.9
15.6±0.8
1.3±.0.0
47.5±1.9
43.5±1.3
1.1±0.0
0.7±0.0
344.4±7.7
320.0±9.8
0.3±0.0

Random
Forest
1427.8±35.1
23.5±1.2
0.2±0.0
1193.3±79.6
139.7±3.2
0.1±0.0
0.2±0.0
174.6±4.7
395.1±28.1
0.0±0.0

SVM
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BRS2
0.9±0.0
0.1±0.0
0.0±0.0
0.1±0.0
0.1±0.0
0.0±0.0
0.0±0.0
0.4±0.0
0.4±0.0
0.0±0.0

BAYESIAN RULE S ETS

BRS1
279.1±20.9
8.18±1.3
1.0±0.0
41.6±8.2
29.3±4.4
0.9±0.1
0.6±0.1
47.1±6.2
50.8±2.7
0.5±0.1

Table 2: Runtime (in seconds) of each comparing algorithm (mean ± std) on ten UCI data sets.

288.1±22.2
8.8±1.3
1.0±0.0
44.8±8.2
31.3±4.4
1.0±0.1
0.6±0.1
50.2±6.2
55.2±2.7
0.5±0.1
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We ran Algorithm 1 on this data set. We kept a list of the best solutions v [t] found until time t
[t−1]
and the minimum support with the new v [t] according to Theorem 1. We show
and updated ml
in Figure 7 the minimum support at different iterations whenever a better v [t] is obtained. Within

α+ = N+ + 1, β+ = N+ , α− = N− + 1, β− = N− .

αl = 1, βl = |Al | for l = 1, ..., 9,

Let us illustrate the reduction in computation that comes from the bounds in the theorems in Section
4. For this demonstration, we chose the tic-tac-toe data set since the data can be classified exactly
by eight rules which are naturally an underlying true rule set, and our method recovered the rules
successfully, as shown in Table 1. We use BRS-BetaBinomial for this demonstration.
First, we used FP-Growth (Borgelt, 2005) to generate rules. At this step, we find all possible
rules with length between 1 to 9 (the data has 9 attributes) and has minimum support of 1 (the rule’s
itemset must appear at least once int the data set). FP-growth generates a total of 84429 rules. We
then set the hyper-parameters as:

6.1.2 D EMONSTRATION WITH T IC -TAC -T OE DATA

Figure 6: Parameter tuning experiments. Accuracy vs. ρ for all data sets. X axis represents ρ and Y
axis represents accuracy.

parameters and how to tune the parameters to get the best performing model. We choose one data
set from each category from Table 1.
We fixed the prior parameters αl = 1, βl = |Al | for l = 1, .., L, and only varied likelihood
parameters α+ , β+ , α− , β− to analyze how the performance changes as the magnitude and ratio
of the parameters change. To simplify the study, we took α+ = α− = α, and β+ = β− = β.
α
We let s = α + β and s was chosen from {100, 1000, 10000}. We let ρ = α+β
and ρ varied
within [0, 1]. Here, s and ρ uniquely define α and β. We constructed models for different s and ρ
and plotted the average out-of-sample accuracy as s and ρ changed in Figure 6 for three data sets
representative of categorical, numerical and mixed data types. The X axis represents ρ and Y axis
represents s. Accuracies increase as ρ increases, which is consistent with the intuition of ρ+ and
ρ− . The highest accuracy is always achieved at the right half of the curve. The performance is less
sensitive to the magnitude s and ratio ρ, especially when ρ > 0.5. For tic-tac-toe and diabetes, the
accuracy became flat once ρ becomes greater than a certain threshold, and the performance was not
sensitive to ρ either after that point; it is important as it makes tuning the algorithm easy in practice.
Generally, taking ρ close to 1 leads to a satisfactory output. Table 1 and 2 were generated by models
with ρ = 0.9 and s = 1000.

connect-4
mushroom
tic-tac-toe
chess
magic
banknote
indian-diabetes
adult
bank-marketing
heart

and the rank of their average performance. Table 2 displays the runtime. BRS1 represents BRSBetaBinomial and BRS2 represents BRS-Poisson. While BRS models were under strict restriction
for interpretability purposes (L = 3), BRS’s performance surpassed that of the other interpretable
methods and was on par with uninterpretable models. This is because, firstly, BRS has Bayesian
priors that favor rules with a large support (Theorem 1, 2) which naturally avoids overfitting of
the data; and secondly, BRS optimizes a global objective while decision trees and RIPPER rely on
local greedy splitting and pruning methods, and interpretable versions of Lasso are linear in the
base features. Decision trees and RIPPER are local optimization methods and tend not to have the
same level of performance as globally optimal algorithms, such as SVM, Random Forests, BRS,
etc. The class of rule set models and decision tree models are the same: both create regions within
input space consisting of a conjunction of conditions. The difference is the choice of optimization
method: global vs. local.
For the tic-tac-toe data set, the positive class can be classified using exactly eight rules. BRS has
the capability to exactly learn these conditions, whereas the greedy splitting and pruning methods
that are pervasive throughout the data mining literature (e.g., CART, C4.5) and convexified approximate methods (e.g., SVM) have difficulty with this. Both linear models and tree models exist that
achieve perfect accuracy, but the heuristic splitting/pruning and convexification of the methods we
compared with prevented these perfect solutions from being found.
BRS achieves accuracies competitive to uninterpretable models while requiring a much shorter
runtime, which grows slowly with the size of the data, unlike Random forest and SVM. This indicates that BRS can reliably produce a good model within a reasonable time for large data sets.
6.1.1 PARAMETER T UNING

JMLR 18(70):1-37, 2017

A MAP solution maximizes the sum of logs of prior and likelihood. The scale of the prior and
likelihood directly determines how the model trades off between fitting the data and achieving
the desired sparsity level. Again, we choose the BRS-BetaBinomial for this demonstration. The
L to govern the prior for selecting rules and parameters
Bayesian model uses parameters {αl , βl }l=1
α+ , β+ , α− , β− to govern the likelihood of data. We study how sensitive the results are to different
19
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Although rules are filtered out based on their support, we observe that longer rules are more
heavily reduced than shorter rules. This is because the support of a rule is negatively correlated with
its length, as the more conditions a rule contains, the fewer observations can satisfy it. Figure 8b
shows distributions of rules across different lengths when mined at different minimum support lev-

Figure 8: Demonstration with Tic-Tac-Toe data set

(a) Reduced rule space as the minimum support increases (b) Number of rules of different lengths mined at different
minimum support.

ten iterations, the minimum support increased from 1 to 9. If, however, we choose a stronger prior
for small models by increasing βl to 10 times |Al | for all l and keeping all the other parameters
unchanged, then the minimum support increases even faster and reached 13 very quickly. This is
consistent with the intuition that if the prior penalizes large models more heavily, the output tends
to have a smaller size. Therefore each rule will need to cover more data.
Placing a bound on the minimum support is critical for computation since the number of possible
rules decays exponentially with the support, as shown in Figure 8a. As the minimum support is
increased, more rules are removed from the original rule space. Figure 8a shows the percentage of
rules left in the solution space as the minimum threshold is increased from 1 to 9 and to 13. At a
minimum support of 9, the rule space is reduced to 9.0% of its original size; at a minimum support
of 13, the rule space is reduced to 4.7%. This provides intuition of the benefit of Theorem 1.

Figure 7: Updated minimum support at different iterations
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For this experiment, our goal was to understand customers’ response to recommendations made in
an in-vehicle recommender system that provides coupons for local businesses. The coupons would
be targeted to the user in his/her particular context. Our data were collected on Amazon Mechanical
Turk via a survey that we will describe shortly. We used Turkers with high ratings (95% or above).
Out of 752 surveys, 652 were accepted, which generated 12684 data cases (after removing rows
containing missing attributes).
The prediction problem is to predict if a customer is going to accept a coupon for a particular
venue, considering demographic and contextual attributes. Answers that the user will drive there
‘right away’ or ‘later before the coupon expires’ are labeled as ‘Y = 1’ and answers ‘no, I do not
want the coupon’ are labeled as ‘Y = 0’. We are interested in investigating five types of coupons:
bars, takeaway food restaurants, coffee houses, cheap restaurants (average expense below $20 per
person), expensive restaurants (average expense between $20 to $50 per person). In the first part of
the survey, we asked users to provide their demographic information and preferences. In the second
part, we described 20 different driving scenarios (see examples in Appendix B) to each user along
with additional context information and coupon information (see Appendix B for a full description
of attributes) and asked the user if s/he will use the coupon.
For this problem, we wanted to generate simple BRS models that are easy to understand. So we
restricted the lengths of rules and the number of rules to yield very sparse models. Before mining
rules, we converted each row of data into an item which is an attribute and value pair. For categorical
attributes, each attribute-value pair was directly coded into a condition. Using marital status as an
example, ‘marital status is single’ was converted into (MaritalStatus: Single), (MaritalStatus: Not
Married partner), and (MaritalStatus: Not Unmarried partner), (MaritalStatus: Not Widowed). For
discretized numerical attributes, the levels are ordered, such as: age is ‘20 to 25’, or ‘26 to 30’, etc.;
additionally, each attribute-value pair was converted into two conditions, each using one side of the
range. For example, age is ‘20 to 25’ was converted into (Age:>=20) and (Age:<=25). Then each
condition is a half-space defined by threshold values. For the rule mining step, we set the minimum
support to be 5% and set the maximum length of rules to be 4. We used information gain in Equation
(15) to select the best 5000 rules to use for BRS. We ran simulated annealing for 50000 iterations
to obtain a rule set.
We compared with interpretable classification algorithms that span the space of widely used
methods that are known for interpretability and accuracy, C4.5, CART, Lasso, RIPPER, and a naïve
baseline using top K rules, referred to as TopK. For C4.5, CART, Lasso, and RIPPER, we used the
RWeka package in R and tuned the hyper-parameters to generate different models on a ROC plane.
For the TopK method, we varied K from 1 to 10 to produce ten models using best K pre-mined
rules ranked by the information gain in Equation (15). For BRS, We varied the hyperparameters

6.2 Application to In-vehicle Recommendation System

els. Before any filtering (i.e., C = 1), more than half of the rules have lengths greater than 5. As C
is increased to 9 and 13, these long rules are almost completely removed from the rule space.
To summarize, the strength of the prior is important for computation, and changes the nature of
the problem: a stronger prior can dramatically reduce the size of the search space. Any increase
in minimum support, that the prior provides, leads to a smaller search by the rule mining method
and a smaller optimization problem for the BRS algorithm. These are multiple order-of-magnitude
decreases in the size of the problem.

WANG ET AL .
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α+ , β+ , α− , β− to obtain different sets of rules. For all methods, we picked models on their ROC
frontiers and reported their performance below.

0.773 (0.013)
0.776 (0.011)
0.757 (0.015)
0.772 (0.019)
0.795 (0.014)
0.762 (0.015)
0.562 (0.015)

Bar
0.682 (0.005)
0.667 (0.023)
0.602 (0.051)
0.615 (0.035)
0.673 (0.042)
0.623 (0.048)
0.523 (0.024)

Takeaway
Food
0.760 (0.010)
0.762 (0.007)
0.751 (0.018)
0.758 (0.013)
0.786 (0.011)
0.762(0.012)
0.502(0.012)

Coffee House
0.736 (0.022)
0.736 (0.019)
0.692 (0.033)
0.732 (0.018)
0.769 (0.024)
0.705(0.023)
0.582(0.023)

Cheap
Restaurant
0.705 (0.025)
0.707 (0.030)
0.639 (0.027)
0.657 (0.010)
0.706 (0.017)
0.689 (0.034)
0.508 (0.011)

Expensive
Restaurant

Performance in accuracy To compare their predictive performance, we measured out-of-sample
AUC (the Area Under The ROC Curve) from 5-fold testing for all methods, reported in Table 3.
The BRS classifiers, while restricted to produce sparse disjunctions of conjunctions, had better
performance than decision trees and RIPPER, which use greedy splitting and pruning methods,
and do not aim to globally optimize. TopK’s performance was substantially below that of other
methods. BRS models are also comparable to Lasso, but the form of the model is different. BRS
models do not require users to cognitively process coefficients.

BRS1
BRS2
C4.5
CART
Lasso
RIPPER
TopK

Table 3: AUC comparison for mobile advertisement data set, means and standard deviations over
folds are reported.
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Performance in complexity For the same experiment, we would also like to know the complexity
of all methods at different accuracy levels. Since the methods we compare have different structures,
there is not a straightforward way to directly compare complexity. However, decision trees can be
converted into equivalent rule set models. For a decision tree, an example is classified as positive if
it falls into any positive leaf. Therefore, we can generate equivalent models in rule set form for each
decision tree, by simply collecting branches with positive leaves. Therefore, the four algorithms
we compare, C4.5, CART, RIPPER, and BRS have the same form. To measure the complexity, we
count the total number of conditions in the model, which is the sum of lengths for all rules. This
loosely represents the cognitive load needed to understand a model. For each method, we take the
models that are used to compute the AUC in Table 3 and plot their accuracy and complexity in
Figure 9. BRS models achieved the highest accuracy at the same level of complexity. This is not
surprising given that BRS performs substantially more optimization than other methods.
To show that the benefits of BRS did not come from rule mining or screening using heuristics,
we compared the BRS models with TopK models that rely solely on rule mining and ranking with
heuristics. Figure 10 shows there is a substantial gain in the accuracy of BRS models compared to
TopK models.
From Table 3 we observe that Lasso achieved consistently good AUC. For the five coupons, the
average number of nonzero coefficients for lasso models in different folds are 93, 94.6, 90.2, 93.2
and 93.4, which is on the order of ∼20 times larger than the number of conditions used in BRS and
other rule based models; in this case, the lasso models are not interpretable.
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Figure 9: Test accuracy vs complexity for BRS and other models on mobile advertisement data sets
for different coupons

Figure 10: Test accuracy vs complexity for BRS and TopK on mobile advertisement data sets for
different coupons

JMLR 18(70):1-37, 2017

Examples of BRS models In practice, for this particular application, the benefits of interpretability far outweigh small improvements in accuracy. An interpretable model can be useful to a vender
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(b) Coupons for coffee houses

g3 (supp(z)) =

Γ(TP + α+ − supp(z))
Γ(TP + FP + α+ + β+ )
Γ(TP + α+ )
Γ(TP + FP + α+ + β+ − supp(z))
Γ(TN + FN + α− + β− )
Γ(FN + β− + supp(z))
.
Γ(FN + β− )
Γ(TN + FN + α− + β− + supp(z))

26

25

(20)
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Γ(TP + α+ − supp(z))
Γ(TP + FP + α+ + β+ )
Γ(TP + α+ )
Γ(TP + FP + α+ + β+ − supp(z))
(TP + FP + α+ + β+ − supp(z)) . . . (TP + FP + α+ + β+ − 1)
=
(TP + α+ − supp(z)) . . . (TP + α+ − 1)


TP + FP + α+ + β+ − 1 supp(z)
≥
TP + α+ − 1


N+ + α+ + β+ − 1 supp(z)
≥
.
N+ + α+ − 1
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(19)

(18)

(17)

Now we break down g3 (supp(z)) to find a lower bound for it. The first two terms in (18) become

where

p(S|A\z ) ≥

B(TP − supp(z) + α+ , FP + β+ ) B(TN + α− , FN + supp(z) + β− )
B(α+ , β+ )
B(α− , β− )
=p(S|A) · g3 (supp(z)),

Proof 1 (of Lemma 1) Let TP, FP, TN, and FN be the number of true positives, false positives, true
negatives and false negatives in S classified by A. We now compute the likelihood for model A\z .
The most extreme case is when rule z is an 100% accurate rule that applies only to real positive
data points and those data points satisfy only z. Therefore once removing it, the number of true
positives decreases by supp(z) and the number of false negatives increases by supp(z). That is,

We presented a method that produces rule set (disjunctive normal form) models, where the shape
of the model can be controlled by the user through Bayesian priors. In some applications, such as
those arising in customer behavior modeling, the form of these models may be more useful than
traditional linear models. Since finding sparse models is computationally hard, most approaches
take severe heuristic approximations (such as greedy splitting and pruning in the case of decision
trees, or convexification in the case of linear models). These approximations can severely hurt
performance, as is easily shown experimentally, using data sets whose ground truth formulas are not
difficult to find. We chose a different type of approximation, where we make an up-front statistical
assumption in building our models out of pre-mined rules, and aim to find the globally optimal

7. Conclusion

Figure 11: ROC for data set of coupons for bars and coffee houses.

(a) Coupons for bars

solution in the reduced space of rules. We then find theoretical conditions under which using premined rules provably does not change the set of MAP optimal solutions. These conditions relate
the size of the data set to the strength of the prior. If the prior is sufficiently strong and the data
set is not too large, the set of pre-mined rules is provably sufficient for finding an optimal rule set.
We showed the benefits of this approach on a consumer behavior modeling application of current
interest to “connected vehicle" projects. Our results, using data from an extensive survey taken by
several hundred individuals, show that simple rules based on a user’s context can be directly useful
in predicting the user’s response.

choosing whether to provide a coupon and what type of coupon to provide, it can be useful to users
of the recommender system, and it can be useful to the designers of the recommender system to
understand the population of users and correlations with successful use of the system. As discussed
in the introduction, rule set classifiers are particularly natural for representing consumer behavior,
particularly consideration sets, as modeled here.
We show several classifiers produced by BRS in Figure 11, where the curves were produced by
models from the experiments discussed above. Example rule sets are listed in each box along the
curve. For instance, the classifier near the middle of the curve in Figure 11 (a) has one rule, and reads
“If a person visits a bar at least once per month, is not traveling with kids, and their occupation is
not farming/fishing/forestry, then predict the person will use the coupon for a bar before it expires."
In these examples (and generally), we see that a user’s general interest in a coupon’s venue (bar,
coffee shop, etc.) is the most relevant attribute to the classification outcome; it appears in every rule
in the two figures.

Appendix A.
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Equality holds in (20) when TP = N+ , FP = 0. Similarly, the last two terms in (18) become



β−
N− + α− + β−

Γ(FN + β− + supp(z))
Γ(TN + FN + α− + β− )
Γ(FN + β− )
Γ(TN + FN + α− + β− + supp(z))
(FN + β− ) . . . (FN + β− + supp(z) − 1)
=
(TN + FN + α− + β− ) . . . (TN + FN + α− + β− + supp(z) − 1)

supp(z)
FN + β−
≥
FN + TN + α− + β−
supp(z)
.

≥

β−
N+ + α+ + β+ − 1
N+ + α+ − 1 N− + α− + β−

(21)

(23)

(22)

Equality in (21) holds when TN = N− , FN = 0. Combining (17), (18), (20) and (21), we obtain
supp(z)

· p(S|A)
P (S|A\z ) ≥

Since A∗ ∈ arg maxA F (A), F (A∗ ) ≥ v [t] , i.e.,

= Υsupp(z) p(S|A).

Proof 2 (of Theorem 1)
Step 1 We first prove the upper bound
[t]
ml .

log p(S|A∗ ) + log p(A∗ ) ≥ v [t] .

L

l

(25)

(24)

We then upper bound the two terms on the left-hand-side.
Let Ml∗ denote the number of rules of length l in A∗ . The prior probability of selecting A∗ from
A is
Y
B(M
l + αl , |Al | − Ml + βl )
.
p(A∗ ) = p(∅)
B(αl , |Al | + βl )

l=1

B(Ml + αl , |Al | − Ml + βl ) ≤ B(αl , |Al | + βl ),

We observe that when 0 ≤ Ml∗ ≤ |Al |,
giving

Ml∗0 + αl0 − 1
|Al0 | + βl0 − 1



(26)
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≥ v [t] ,

B(Ml0 + αl0 , |Al0 | − Ml0 + βl0 )
p(A∗ ) ≤ p(∅)
B(αl0 , |Al0 | + βl0 )
αl0 · (αl0 + 1) · · · (Ml∗0 + αl0 − 1)
= p(∅)
(|Al0 | − Ml∗0 + βl0 ) · · · (|Al0 | + βl0 − 1)

M ∗0
≤ p(∅)

for all l0 ∈ {1, ..., L}. The likelihood is upper bounded by



Ml∗0 + αl0 − 1
|Al0 | + βl0 − 1

p(S|A∗ ) ≤ L∗ .
Substituting (24) and (25) into (23) we get
log L∗ + log p(∅) + Ml∗0 log

27

which gives

≤

Ml∗0 ≤

[t−1]
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|Al0 |+βl0 −1
Ml∗0 +αl0 −1

log L∗ + log p(∅) − v [t]



log

ml0

[t−1]

+αl0 −1

|Al0 |+βl0 −1

log L∗ + log p(∅) − v [t]
 ,


log

L
X

l=1

|Al0 |+βl0 −1
[t−1]
ml0
+αl0 −1

Ml∗ ≤

l=1

L
X

ml .

[t]

= ml0 for all l0 ∈ {1, ..., L}.

[t]

(27)

(29)

(28)

where (27) follows because m 0
is an upper bound on M ∗0 . Since Ml∗0 has to be an integer, we get
l
l






∗


v [t] 
 log L + log p(∅) −
Ml∗0 ≤ 

log
Thus
M∗ =

(30)

Step 2: Now we prove the lower bound on the support. We would like to prove that a MAP model
does not contain rules of support less than a threshold. To show this, we prove that if any rule z has
support smaller than some constant C, then removing it yields a better objective, i.e.,

F (A) ≤ F (A\z ).

l6=l

+ α 0 , |A 0 | − M 0 + β 0 ) Y B(Ml + αl , |Al | − Ml + βl )
l
l
l
l
·
B(αl0 , βl0 )
B(αl , βl )
0

Our goal is to find conditions on C such that this inequality holds. Assume in rule set A, Ml comes
from pool Al of rules with length l, l ∈ {1, ...L}, and rule z has length l0 so it is drawn from Al0 .
A\z consists of the same rules as A except missing one rule from Al0 . We must have:
B(Ml0

obtained in step 1. Therefore

[t]

decreases monotonically as Ml0 increases, so it is lower bounded at the upper bound

=p(A) ·

B(Ml0 + αl0 , |Al0 | − Ml0 + βl0 )
=p(A) ·
B(Ml0 + 1 + αl0 , |Al0 | − Ml0 − 1 + βl0 )
|Al0 | − Ml0 + βl0
.
Ml 0 − 1 + α l 0

p(A\z ) =

|Al0 |−Ml0 +βl0
Ml0 −1+αl0
[t]
on Ml0 , ml0 ,
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|Al0 | − ml0 + βl0
|A 0 | − M 0 + β 0
l
l
l
≥
for l0 ∈ {1, ...L}.
[t]
Ml 0 − 1 + α l 0
ml0 − 1 + αl0

28

l

p(A\z ) ≥ max

[t]

ml − 1 + αl

[t]

|Al | − ml + βl

!
p(A).

[t]

[t]

ml − 1 + αl

|Al | − ml + βl

!
(Υ)supp(z) · P (S, A).

(31)

[t]



[t]

|Al |−ml +βl

log Υ

ml −1+αl

[t]

|Al |−ml +βl

log Υ


.




.

, then A 6∈ arg maxA0 F (A0 ),





!

If 1 ≤ l ≤ J,

( 
 J )
λ
λ
.
Γ(J + 1),
2
2

Γ(J − l + 1), λ, J ∈

N+ .

g 00 (l) = g(l)  ln



λ
+γ−
2

k=1

∞
X

29

1
1
−
k k + J − Lm

!2
+
k=1

∞
X

(32)
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1
 > 0,
(k + J − l)2



Proof 3 (Of Lemma 2) In order to bound g(l), we will show that g(l) is convex, which means its
maximum value occurs at the endpoints of the interval we are considering. The second derivative
of g(l) respect to l is

g(l) ≤ max

Lemma 2 Define a function g(l) =


λ l
2

Before proving Theorem 2, we first prove the following lemma that we will need later.

[t]
 log max
ml −1+αl
l
supp(z) ≥ 

log
Υ





l



l

log max

log max

Since the support of a rule has to be integer,

supp(z) ≥

This means if ∃z ∈ A such that supp(z) ≤
which is equivalent to saying, for any z ∈ A∗ ,

[t]
|Al |−m +βl
l
[t]
m −1+αl
l

In order to get P (S, A\z ) ≥ P (S, A), and with Υ ≤ 1 from the assumption in the theorem’s
statement, we must have


[t]
|Al |−ml +βl
log max
[t]
ml −1+αl
l
supp(z) ≤
.
log Υ

l

≥max

P (S, A\z ) =p(A\z )P (S|A\z )

Combining (31) and Lemma 1, the joint probability of S and A\z is bounded by

Thus
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(33)

∗

m

M
Y

Poisson(Lm ; η)

J
Lm

1



k

Lm
Y

1
Kvm,k

(34)

∗

xM
.
Γ(M ∗ + 1)

∗

(37)

∗
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where in the denominator we used Γ(M ∗ +1) = Γ(λ+1)(λ+1) · · · M ∗ ≥ Γ(λ+1)(λ+1)(M −λ) .
So we have
xλ
x
log L∗ + log p(∅) + log
+ (M − λ) log
≥ v [t] .
(38)
Γ(λ + 1)
λ+1

xM
xλ
x(M −λ)
,
≤
∗
M !
λ! (λ + 1)(M ∗ −λ)

∗

M∗

∗

xM
≥ v [t]
Γ(M ∗ + 1)

(36)

x
Now we want to upper bound Γ(M
∗ +1) .
If M ∗ ≤ λ, the statement of the theorem holds trivially. For the remainder of the proof we
∗
xM
consider, if M ∗ > λ, Γ(M
∗ +1) is upper bounded by

log L∗ + log p(∅) + log

Now we apply (23) combining with (36) and (25), we get

P (A∗ ; θ) ≤ p(∅)

Combining (34) and (35), and the definition of x, we have

(34) follows from Kvm,k ≥ 2 since all attributes have at least two values. Using Lemma 2 we
have that
 
 η Lm
 η J 
η
Γ(J + 1),
Γ(J − Lm + 1) ≤ max
.
(35)
2
2
2

= p(∅)

∗
Lm
M
Y
1
e−η η Lm Γ(J − Lm + 1) Y
λM
Γ(M ∗ + 1) m
Γ(J + 1)
Kvm,k
k
 −η
M ∗ Y
M∗  
e λ
η Lm
1
Γ(J − Lm + 1).
≤ p(∅)
Γ(M ∗ + 1) Γ(J + 1)
2
m

∗

P (A∗ ; θ) = ω(λ, η)Poisson(M ∗ ; λ)

Proof 4 (Of Theorem 2) We follow similar steps in the proof for Theorem 1.
Step 1 We first derive an upper bound M ∗ at time t, denoted as M [t] .
The probability of selecting a rule set A∗ depends on the number of rules M ∗ and the length of
each rule, which we denote as Lm , m ∈ {1, ..., M ∗ }, so the prior probability of selecting A∗ is

g(l) ≤ max {g(1), g(J)}
( 
 J )
λ
λ
Γ(J + 1),
.
= max
2
2

1
since at least one of the terms (k+J−l)
2 > 0. Thus g(l) is strictly convex. Therefore the maximum
of g(l) is achieved at the boundary of Lm , namely 1 or J. So we have

WANG ET AL .

BAYESIAN RULE S ETS

J

e−η ( η2 )
Γ(J)
x
We have λ+1
≤ 1. To see this, note Γ(J+1)
< 1, e−η η2 < 1 and Γ(J+1)
< 1 for every η and J.
x
Then solving for M ∗ in (38), using λ+1
< 1 to determine the direction of the inequality yields:




xλ
− v [t] 
log L∗ + log p(∅) + log Γ(λ+1)


M ∗ ≤ M [t] = λ +
(39)
log λ+1
x




(λ+1)λ
 log Γ(λ+1)

log L∗ + log p(∅) − v [t] 
+
=
.
(40)
log λ+1
log λ+1
x
x

A0 ∈ΛS

Step 2 Now we prove the lower bound on the support of rules in an optimal set A∗ . Similar to the
proof for Theorem 1, we will show that for a rule set A, if any rule az has support supp(z) < C on
data S, then A 6∈ arg minF (A0 ). Assume rule az has support less than C and A\z has the k-th rule

M ∗ Γ(J + 1)
λe−η η Lz Γ(J − Lz + 1)

k

QLz

1
Kvz,k

P (A)

(43)

(42)

(41)

removed from A. Assume A consists of M rules, and the z-th rule has length Lz .
We relate P (A\z ; θ) with P (A; θ). We multiply P (A\z ; θ) with 1 in disguise to relate it to
P (A; θ):

P (A\z ) =
M ∗ Γ(J + 1)
≥
P (A)
L
λe−η η2 z Γ(J − Lz + 1)
M ∗ Γ(J + 1)
= −η
P (A)
λe g(Lz ; η, J)
M ∗ P (A)
≥
x

M ∗ Υsupp(z)
P (S, A).
x

P (S, A\z ) = P (A\z )P (S|A\z )
≥

In order to get P (S, A\z ) ≥ P (S, A), we need

.

x
x
≥ [t] ,
M∗
M

M ∗ Υsupp(z)
≥ 1,
x
Υsupp(z) ≥

log Υ

log Mx[t]
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(44)

where (41) follows that Kvm,k ≥ 2 since all attributes have at least two values, (42) follows the
definition of g(l) in Lemma 2 and (43) uses the upper bound in Lemma 2 and. Then combining (22)
with (42), the joint probability of S and A\z is lower bounded by

i.e.,
We have Υ ≤ 1, thus

supp(z) ≤
31



log Υ

log Mx[t]
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Therefore, for any rule z in a MAP model A∗ ,

supp(z) ≥

Appendix B. Mobile Advertisement data sets
The attributes of this data set include:
1. User attributes



.

(45)

• Gender: male, female
• Age: below 21, 21 to 25, 26 to 30, etc.
• Marital Status: single, married partner, unmarried partner, or widowed
• Number of children: 0, 1, or more than 1
• Education: high school, bachelors degree, associates degree, or graduate degree
• Occupation: architecture & engineering, business & financial, etc.
• Annual income: less than $12500, $12500 - $24999, $25000 - $37499, etc.
• Number of times that he/she goes to a bar: 0, less than 1, 1 to 3, 4 to 8 or greater than 8
• Number of times that he/she buys takeaway food: 0, less than 1, 1 to 3, 4 to 8 or greater
than 8
• Number of times that he/she goes to a coffee house: 0, less than 1, 1 to 3, 4 to 8 or
greater than 8
• Number of times that he/she eats at a restaurant with average expense less than $20 per
person: 0, less than 1, 1 to 3, 4 to 8 or greater than 8
• Number of times that he/she goes to a bar: 0, less than 1, 1 to 3, 4 to 8 or greater than 8
2. Contextual attributes

• Driving destination: home, work, or no urgent destination
• Location of user, coupon and destination: we provide a map to show the geographical
location of the user, destination, and the venue, and we mark the distance between each
two places with time of driving. The user can see whether the venue is in the same
direction as the destination.
Weather: sunny, rainy, or snowy
Temperature: 30Fo , 55Fo , or 80Fo
Time: 10AM, 2PM, or 6PM
Passenger: alone, partner, kid(s), or friend(s)
•
•
•
•

• time before it expires: 2 hours or one day

3. Coupon attributes
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All coupons provide a 20% discount. The survey was divided into different parts, so that Turkers
without children would never see a scenario where their “kids" were in the vehicle. Figure 12 and
13 show two examples of scenarios in the survey.
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The performance of machine learning algorithms is dependent on the input features representing
each data sample. Often not all of these features are useful: some may be irrelevant and some may
be redundant. Feature selection is thus needed to help improve the performance of learning tasks.

1. Introduction

Keywords: dependence measure, feature selection, copula, equitability, mutual information

In many applications, not all the features used to represent data samples are important. Often
only a few features are relevant for the prediction task. The choice of dependence measures often affect the final result of many feature selection methods. To select features that have complex
nonlinear relationships with the response variable, the dependence measure should be equitable, a
concept proposed by Reshef et al. (2011); that is, the dependence measure treats linear and nonlinear relationships equally. Recently, Kinney and Atwal (2014) gave a mathematical definition of
self-equitability. In this paper, we introduce a new concept of robust-equitability and identify a
robust-equitable copula dependence measure, the robust copula dependence (RCD) measure. RCD
is based on the L1 -distance of the copula density from uniform and we show that it is equitable
under both equitability definitions. We also prove theoretically that RCD is much easier to estimate than mutual information. Because of these theoretical properties, the RCD measure has the
following advantages compared to existing dependence measures: it is robust to different relationship forms and robust to unequal sample sizes of different features. Experiments on both synthetic
and real-world data sets confirm the theoretical analysis, and illustrate the advantage of using the
dependence measure RCD for feature selection.
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Moreover, feature selection can decrease the computational cost of algorithms, and provide domain
experts with an increased understanding of which factors are important.
Feature selection algorithms can be categorized based on how the learning algorithms is incorporated into the selection algorithm: filter, wrapper, or embedded methods (Kohavi and John, 1997;
Guyon and Elisseeff, 2003; Yu and Liu, 2004). Filter methods (Kira and Rendell, 1992; Yu and Liu,
2004; Peng et al., 2005; He et al., 2005; Song et al., 2007) pre-select features, without running the
learning algorithm. Features are evaluated only through the intrinsic properties of the data. Wrapper
methods (Kohavi and John, 1997; Guyon et al., 2002; Dy and Brodley, 2004) “wraps” the search
around the learning algorithm and evaluate candidate feature subsets based on learning performance
in each candidate feature subset. Embedded methods (Tibshirani, 1996; Vapnik and Vapnik, 1998)
incorporate feature search and the learning algorithm into a single optimization problem formulation. Wrapper and embedded methods, contrary to filter methods, select features specific to the
learning algorithm; thus, they are most likely to be more accurate than filter methods on a particular
learning algorithm, but the features they choose may not be appropriate for other algorithms. Another limitation of wrapper methods is that they are computationally expensive because they need
to train and test the learning algorithm for each feature subset candidate, which can be prohibitive
when working with high-dimensional data.
Filter methods rely on measures based on intrinsic properties of the data. More specifically,
they evaluate features based on some dependence measure criterion between features and the target
variable and select the subset of features that optimizes this criterion. Let d be the number of original features. An exhaustive search, which involves 2d possible feature subsets is computationally
impractical. Thus, one commonly employs heuristic search strategies, such as greedy approaches
(e.g., sequential forward/backward search (Pudil et al., 1994)). However, these strategies can lead
to local optima. Random search methods, such as genetic algorithms, add some randomness to help
escape from local optima. When the dimensionality is very high, one can only afford an individual
search. Individual search methods (Guyon and Elisseeff, 2003; He et al., 2005) evaluate each feature
individually according to a criterion and then select features, which either satisfies a condition or
are top-ranked. The problem with individual search methods is that they ignore feature interaction
and dependencies. To account for such interactions and dependencies, Yu and Liu (2004) selects
relevant features individually and then add a separate redundancy removal step to account for linear
correlation between features; Peng et al. (2005) suggests another way, by maximizing relevance and
minimizing redundancy (mRMR) together.
In addition to search strategies, the performance of filter methods depend heavily on the choice
of dependence measures. The ability to measure the dependence between random variables is a
fundamental problem in statistics and machine learning. One of the simplest and most common
dependence measure is the Pearson correlation coefficient (ρlin ). However, this measure only captures linear relationships. Another popular measure is mutual information (MI). MI can capture
nonlinear dependencies but is difficult to estimate (Fernandes and Gloor, 2010; Reshef et al., 2011)
(see Theorem 3 in Section 4). Kernel-based dependence measures (Gretton et al., 2005a; Fukumizu
et al., 2007) (e.g., the Hilbert-Schmidt Independence Criterion (HSIC)) have been introduced as an
alternative to MI which does not require explicitly learning joint distributions. However, HSIC depends on the choice of kernels. Hilbert-Schmidt Normalized Information Criterion (HSNIC), also
known as normalized conditional cross-covariance operator (NOCCO) (Fukumizu et al., 2007), is
kernel-free, meaning it does not depend on the choice of kernels in the limit of infinite data. Even
though HSNIC is kernel-free, both HSIC and HSNIC’s values may vary when we use different
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In this section, we investigate the theoretical properties of different dependence measures. In particular, we would like the dependence measures to have the following characteristics. We would
like the dependence measures to rank a feature with less noise as having a stronger dependence with
the response variable compared to features with more noise. We do not want measures that prefer a
particular type of relationship (e.g., linear). Moreover, we do not want the measures to be too sensitive to sample size (i.e., when different features have unequal sample sizes, the dependence measure
should not prefer a feature simply because it has more samples, but should still rank the features

2. A Robust-Equitable Dependence Measure

oretical proof that the mutual information (MI)’s minimax risk is infinite. This provides a theoretical
explanation on the statistical difficulty of estimating MI observed by practitioners (Fernandes and
Gloor, 2010; Reshef et al., 2011). Moreover, we prove that although both MI and CD2 are selfequitable, they are not robust-equitable. Therefore, MI and CD2 may not rank the features correctly
by dependence strength in some cases, even in the large data limit. We confirm this phenomena on
both synthetic and real-world data sets. In contrast, RCD is consistently estimable under the same
condition. As for kernel-based dependence measures, HSIC and CMMD are neither self-equitable
nor robust-equitable, HSNIC and CHSNIC are self-equitable but not robust-equitable and their
estimators converge very slowly. Since RCD is the only measure that is both self-equitable and
robust-equitable among these measures, it can be very useful for feature selection.
In summary, the contributions of this paper are: (1) the introduction of the concept of robustequitability; (2) the identification of RCD as a dependence measure that is both self- and robustequitable and the proposal of a practical consistent estimator for RCD; (3) theoretically proving
that non-robust-equitable measures MI and CD2 cannot be consistently estimated and showing that
this can lead to incorrect selection of features when sample size is large or when sample sizes are
unequal for different features; and finally, (4) demonstrating that the robust-equitable RCD is a better dependence measure for feature selection compared to existing dependence measures through
experiments on synthetic and real-world data sets, in terms of robustness to function types, correctness in large sample size and correctness in unequal sample sizes. This paper is a substantially
extended version of our conference version (Chang et al., 2016). In particular, this work includes
the following additional materials: (1) a more complete treatment of the motivation and rationale
of equitability definitions—we discuss the relationship of equitability to Renyi’s theorems, to more
copula-based dependence measures, and to independence tests; (2) a more complete theoretical
treatment of the difficulty in estimation of mutual information (MI) versus RCD; in particular, we
add a theorem showing that the difficulty of MI estimation is not due to the unboundedness of
its definition, but is intrinsic due its being non-robust-equitable; and (3) more extensive empirical
studies illustrating how equitability helps in feature selection.
The rest of this paper is organized as follows. In Section 2, we motivate the equitability concepts, discussing different equitability definitions and relationship to copula and Renyi’s theorems.
Particularly, we propose the concept of robust-equitability, and define a robust-equitable dependence
measure called robust copula dependence. In Section 3, we prove MI and CD2 are not consistently
estimable. We also prove RCD can be consistently estimated and provide its estimators based on
kernel density estimation (KDE) and k-nearest-neighbors (KNN). In Section 4, we provide feature
selection experiments on synthetic and real data sets to demonstrate the advantage of RCD compared to existing dependence measures. We end with conclusions and discussions in Section 5.
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scales. Poczos et al. (2012) applied Maximum Mean Discrepancy (MMD) after empirical copula
transformation to make the kernel-based dependence measure invariant to strictly monotone transformation of the marginal variables. The Copula-MMD (CMMD) can also be written in HSIC
formulation after empirical copula transformation. Similarly, Reddi and Póczos (2013) applied
HSNIC after empirical copula transformation (CHSNIC). Other dependence measures can also
be applied after empirical copula transformation, resulting in measures that are also invariant to
strictly monotone transformations. However, they (e.g., CMMD and CHSNIC) may fail to treat
non-monotonic relations equally.
Reshef et al. (2011) proposed the concept of equitability, which states that a dependence measure should give equal importance to all relations: linear and nonlinear. For example, we expect
a fair dependence measure to treat a perfectly linear relationship and a perfectly sinusoid relationship equally. Kinney and Atwal (2014) mathematically defined equitability by proposing selfequitability—under a nonlinear regression model with additive noise, a dependence measure should
be invariant to any deterministic transformation of the marginal variables, under a nonlinear regression model with additive noise (a formal definition is provided in Definition 1, Section 2). A
self-equitable dependence measure will treat all forms of relationships equally in the large data
limit for the additive noise model. Kinney and Atwal (2014) proved that MI is self-equitable, and
recommended its usage.
To choose among the many self-equitable dependence measures, we further propose a new
robust-equitability concept such that the measure also treats all forms of relationships equally in
the mixture noise model. That is, in a mixture distribution with p proportion of deterministic
signal hidden in continuous independent background noise, the measure should reflect the signal
strength p. The mixture noise model reflects real applications where measurements (features) are
often corrupted with noise. For example, sensor data maybe corrupted by noise from hardware
and environmental factors. Reshef et al. (2011, 2015b) considered equitability for a statistic. Our
robust-equitability, as well as Kinney and Atwal (2014)’s self-equitability, is defined on the population quantity instead. Particularly, in the mixture distribution above, we define a dependence
measure as weakly-robust-equitable if it is a monotone transformation of the proportion p, and is
robust-equitable if it equals to p exactly.
In this paper, we show that among a class of self-equitable copula-based dependence measures,
only robust copula dependence (RCD), defined as the total variational distance (the half of the
L1 distance) between copula density and uniform (independence) density, is also weakly-robustequitable (and robust-equitable). Without referring to the copula density, RCD can be equivalently
stated as the total variational distance between the probability distribution and the (independent)
product of its marginal distributions, and is equivalent to the Silvey’s Delta measure (Silvey, 1964).
In the literature, the Silvey’s Delta (RCD) was only cited as an abstract benchmark. Here, we
propose a k-nearest-neighbor (KNN)-based estimator for RCD and prove its consistency. Besides
the L1 distance RCD, we also investigated properties of the L2 distance between copula density and
the uniform density (we call CD2 ). CD2 is the theoretical value of HSNIC in the large data limit
(Fukumizu et al., 2007).
In addition, the robust-equitability study in this paper provides insights on the difficulty of estimating MI. Some authors studied the convergence of MI estimators by imposing the Hölder condition on the copula density. This Hölder condition, while being a standard condition for density
estimations, does not hold for any commonly used copula (Omelka et al., 2009; Segers, 2012).
Under a more realistic Hölder condition on the bounded region of copula density, we provide a the3
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The weak-equitable dependence measures treat all monotone (but not all nonlinear) relationships
equally, and is a property shared by all copula-based dependence measures (e.g., CMMD and
CHSNIC). Sklar’s theorem ensures that, for any joint distribution function FX,Y (x, y) = P r(X ≤
x, Y ≤ y), there exists a copula C—a probability distribution on the unit square I 2 = [0, 1] ×
[0, 1]—such that
FX,Y (x, y) = C[FX (x), FY (y)]
for all x, y.
(2)
Here FX (x) = P r(X ≤ x) and FY (y) = P r(Y ≤ y) are the marginal cumulative distribution
functions (CDFs) of X and Y respectively. In other words, the copula C is the joint CDF of the two
copula-transformed, uniformly distributed, variables U = FX (X) and V = FY (Y ). In this way,
the copula decomposition separates the dependence from any marginal effects, and the copula C
captures all the dependence between X and Y . Figure 1 shows the data from two distributions with
different marginals but the same dependence structure.
Table 1 shows three simple examples and their respective copula transformations. We can
see that the linear correlation ρlin prefers the linear relationship in (A). Applying on the copulatransformed variables on the right half of Table 1, ρlin (now equivalent to Spearman’s ρ) becomes
invariant to monotone transformation in (B), but still cannot capture the non-monotone nonlinear
relationship in (C).
While copula-based dependence measures treats the monotone functions equally, equitability
aims to also treat non-monotone functions equally. However, the original Rényi’s Axiom A6 may
be overly strong, and self-equitability aims to treat non-monotone functions equally only under the
regression model (1).

Definition 2 A dependence measure D[X; Y ] is weak-equitable if and only if D[X; Y ] = D[f (X); Y ]
whenever f is a strictly monotone continuous deterministic function.

Table 1: Pearson correlation coefficient on three function relationships.

ρlin = 1

Kinney and Atwal (2014) recommended usage of a self-equitable measure: mutual information
(MI).
To understand self-equitability better, we notice that Definition 1 is very similar to Rényi’s Sixth
Axiom A6, both are defined through the invariance of the dependence measure under transformations. Rényi (1959) proposed seven axioms for dependence measures D[X; Y ]. (A1) D[X; Y ]
is defined for any random variables X and Y ; (A2) symmetric D[X; Y ] = D[Y ; X]; (A3) 0 ≤
D[X; Y ] ≤ 1; (A4) D(X; Y ) = 0 if and only if X and Y are statistically independent; (A5)
D(X; Y ) = 1 if either X = f (Y ) or Y = g(X) for some Borel-measurable functions f and g; (A6)
If f and g are Borel-measurable, one-one mappings of the real line into itself then D[f (X); g(Y )] =
D[X; Y ]; (A7) If the joint distribution of X and Y is bivariate Gaussian, with linear correlation coefficient ρ, then D[X; Y ] = |ρ|.
For a symmetric dependence measure (satisfying Axiom A2), Axiom A6 can be rewritten as
D[f (X); Y ] = D[X; Y ] for all Borel-measurable f . Hence self-equitability is a weaker version
requiring an extra assumption that f satisfies the model (1).
It is known that Rényi’s maximum correlation coefficient is the only measure that satisfies all
seven Rényi’s Axioms. However, Rényi’s maximum correlation coefficient has a number of major
drawbacks, e.g., it equals 1 too often and is generally not effectively estimable (Schweizer and
Wolff, 1981; Székely and Rizzo, 2009). Hence enforcing all seven axioms is often considered too
strong a constraint on the dependence measure, while some axioms are often considered desirable.
For example, HSIC is shown to satisfy the first four axioms by Gretton et al. (2005a) and Gretton
et al. (2005b).
For comparison, another weakened version of Axiom A6 is to restrict the transformations to
monotone functions (Schweizer and Wolff, 1981), but without imposing the regression model (1).
We may call this version of Axiom (A6*) weak-equitability.

Definition 1 A dependence measure D[X; Y ] is self-equitable if and only if D[X; Y ] = D[f (X); Y ]
whenever f is the function in model (1).

where f is a deterministic function,  is the random noise variable whose distribution may depend
on f (X) as long as  has no additional dependence on X.
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Figure 1: Left: Bivariate Gaussian with ρ = 0.75. Middle: Data with exponential marginal for X.
Right: The Gaussian copula. The first two distributions have the same copula as in the
right figure.
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based on the strength of the deterministic signal compared to noise). Note that it is becoming more
common for databases to have features that have unequal sample sizes due to the prevalence of data
collection from heterogeneous sources. For example, a clinical database may have more samples
with clinical features compared to samples with genomic information. In such as setting, we would
like to use all the data available to perform feature selection rather than to create equal sample sizes
by throwing away samples from the larger set. In this paper, we formalize these ideas through the
recently proposed equitability concept: We want to use dependence measures that reflect the noise
level, regardless of relationship type.

D ING , DY, L I , AND C HANG

Y
0.2

ROBUST C OPULA D EPENDENCE M EASURE

Y
0.0

0.4

1.0
0.8
0.6
0.4
0.2
0.0

ROBUST C OPULA D EPENDENCE M EASURE

I2

Z
log[c(u, v)]c(u, v)dudv,

(3)

We first consider some self-equitable copula-based dependence measures and further choose
among these measures based on a new equitability definition in the next Subsection 2.2. Mutual
information (MI), the recommended measure in Kinney and Atwal (2014), is self-equitable and is
based on copula density c(u, v),
MI =

I2

where I 2 is the unit square. We now consider a large class of self-equitable copula-based measures.
Since the marginal variables X, Y are independent if and only if the corresponding copula distribution is uniform, we measure the dependence between X, Y through the distance between their
copula distribution and the uniform distribution. Let the Copula Distance CDα be the Lα distance
between a copula density and the uniform copula density π(u, v) = 1.
Z
|c(u, v) − 1|α dudv, α > 0.
(4)
CDα =

Combining Eq.4 in Fukumizu et al. (2007) and Eq.(4) here, CD2 is the theoretical value of HSNIC
in the large data limit. Our first result is that, the Copula Distance is self-equitable when α ≥ 1.
Lemma 1 The Copula-Distance CDα with α ≥ 1 is self-equitable.
The proof follows from Theorems S3 and S4 of Kinney and Atwal (2014), since g(x) = |x − 1|α is
convex when α ≥ 1.
Remark: Schweizer and Wolff (1981) studied a class of dependence measures that are the Lα
distance between a joint copula C(u, v) and the uniform copula Π(u, v) = uv. The L1 , L2 and L∞
distance result in, the Wolf’s σ, Hoeffding’s Φ2 and Wolf’s κ respectively. Schweizer and Wolff
(1981) showed that these measures satisfy a modified set of Rényi’s Axioms, including Axiom
(A6*) weak-equitability. In contrast to the Copula-Distance CDα (Lα distance based on copula densities), these measures are based on the cumulative distribution functions and are not self-equitable.
Since C(u, v) = P r(U ≤ u, V ≤ v) is the cumulative distribution function, such measures cumulate the deviation from independence from u = 0 to u = 1, and do not remain invariant for all
nonlinear transformations f in model (1).
2.2 Robust Equitability
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To select among the many self-equitable dependence measures, we want to consider additional equitability conditions. Some self-equitable dependence measures may not perform well in practice.
For example, Rényi’s maximum correlation coefficient (Rcor) satisfies the stronger Rényi’s Axiom
A6, thus it is also self-equitable. Rcor(X; Y ) = supf,g ρ[f (X); g(Y )], where ρ is the linear correlation coefficient and the supremum is taken over all Borel-measurable functions f and g. Rcor
has a number of major drawbacks, e.g., it equals 1 too often and is generally not effectively estimable (Schweizer and Wolff, 1981; Székely and Rizzo, 2009).
We observe the deficiencies more clearly in another self-equitable measure, the ideal dependence coefficient (IDC): IDC(X; Y ) = 0 if X and Y are independent and IDC(X; Y ) = 1
otherwise. IDC satisfies the first six Rényi’s Axioms, and is self-equitable. It equals one for all
dependent X and Y , providing no distinction of the dependence strength. IDC is only an abstract
measure, the estimation of IDC is equivalent to testing independence between X and Y . However,
7
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Figure 2: Left: Additive noise for self-equitability. Right: Mixture noise for robust-equitability.

for feature selection, IDC is not helpful at all because it provides no distinction of the dependence
strength for different features. It is also hard to estimate. We wish for a new equitability criterion to
exclude trivial dependence measures like IDC.
The self-equitability definition focuses on the regression Y = f (X) + . However, in practice,
this additive noise model does not capture all data types. In some cases, for example in sensor measurements, the deterministic signal is hidden in continuous background noise. Figure 2 illustrates
these two types of noise. The Left subfigure shows additive noise on a deterministic sinusoidal function. The Right subfigure is the same deterministic signal on a uniform background noise. Mathematically, after the copula transformation, the second mixture noise model is described by a mixture
copula: a continuous copula on the unit square I 2 is added to a deterministic signal Cs , which is
a singular copula. Any copula can always be separated into a singular component and an absolutely continuous component (Nelsen, 2006, page 27). Independent background noise is represented
by taking the absolutely continuous component as the independence copula Π(u, v) = uv on I 2 .
Therefore, with p proportion of hidden deterministic relationship, the copula C = pCs + (1 − p)Π.
Here Cs is a singular copula representing the deterministic relationship, so that its support S has
Lebesgue measure zero. The equitability in this mixture noise model means that the dependence
measure should give the same value for all types of deterministic signal Cs .

Definition 3 A dependence measure D[X; Y ] is robust-equitable if and only if D[X; Y ] = p whenever (X, Y ) follows a distribution whose copula is C = pCs + (1 − p)Π, for a singular copula
Cs .

Z

S

C(du, dv) +

Z

I 2 \S

|(1 − p) − 1|dudv = p(1) + p = 2p.

|c(u, v) − 1|dudv.

(5)

Among the self-equitable Copula-Distances (α ≥ 1), L1 distance is the special case that does
reflect the proportion of deterministic relationship in the mixture copula.
CD1 = p

Z

I2
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Therefore we define the scaled version of CD1 as robust copula dependence (RCD)

1
1
RCD = CD1 =
2
2

Lemma 2 The robust copula dependence RCD is robust-equitable.

8

m→∞ A

9
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is weakly-robust-equitable. And CD1 is weakly-robust-equitable from Lemma 2.

I 2 \S

When
R α > 1, since CDα =R ∞ whenever p > 0, those are not weakly-robust-equitable. When
α < 1, S [cs (u, v)]α dudv = B [cs (u, v)]α−1 cs (u, v)dudv = 0 so that the contribution from the
singular region S is zero. In these cases,
Z
CDα = 0 +
|(1 − p) − 1|α dudv = pα

Lemma 3 The Copula-Distance CDα is weakly-robust-equitable if and only if α ≤ 1.

Definition 4 A dependence measure D[X; Y ] is weakly-robust-equitable if and only if D[X; Y ] is
a strictly monotone function of p whenever (X, Y ) follows a distribution whose copula is C =
pCs + (1 − p)Π, for a singular copula Cs .

convergent sequence of continuous copulas {C1 , C2 , ...} above, cm,s (u, v) = cm (u, v) − cc (u, v)
is the continuous
copula density that approaches
the abstract cs (u, v). For any open set BO ⊃ B,
R
R
Cs (BO ) = BO cs (u, v)dudv := lim BO cm,s (u, v)dudv, and Cs (B) = lim Cs (BO ). Hence
m→∞
BO →B
R
R
R
for any α > 1, B [cs (u, v)]α dudv = S [cs (u, v)]α−1 cs (u, v)dudv = S ∞cs (u, v)dudv = ∞. So
that CDα = ∞ whenever α > 1 and p > 0. Similarly, M I = ∞ for all p > 0. They do not
distinguish the dependence strength in the mixture distribution according to the signal proportion p,
and can not be transformed to be robust-equitable as they over-emphasize the singular component
(high copula density region).
If the dependence measure does not equal p exactly but is a monotone function of p, then we
can scale it to get a robust-equitable version, and call it weakly-robust-equitable.

m→∞

0, where the supremum is taken over all Borel sets A. A second way of interpretation is helpful
in thinking about why CDα , when α > 1, can not be made robust-equitable and why this leads to
statistical difficulties in estimation which we will discuss in detail in the next section.
Roughly speaking, for the mixture copula C = pCs + (1 − p)Π, the copula density for the
absolutely continuous component is cc (u, v) = 1 − p, Rwhile we can imagine
R cs (u, v) as an abstract
copula density for the singular component such that B cs (u, v)dudv := B C(du, dv) = Cs (B)
for any subset B ⊂ S. Since S has Lebesgue measure zero, cs (u, v) = ∞ for (u, v) ∈ S so that
cs is not a proper density, but rather an abstract limit of the sequence lim cm,s . Here for any

m→∞

converges to C. The convergence means that lim kCm − Ck1 := 2 lim sup |Cm (A) − C(A)| =

m→∞

where pX and pY are the marginal probability densities for X and Y , p is the joint probability
density for X and Y , and φ(x, y) = p(x, y)/[pX (x)pY (y)]. We write equation (5) in terms of the
absolutely continuous copula density for ease of understanding. When part of the copula is singular,
the RCD in (5) can be defined as in Silvey (1964), interpreting φ as the Radon-Nikodym derivative
of the joint distribution with respect to a dominating probability measure which does cover the
possibility of singularity. Alternatively, for a mixture copula C, the RCD can be defined as the
limit of lim RCD(Cm ) for equation (5) on any sequence of continuous copulas {C1 , C2 , ...} that

φ>1

Mathematically, RCD is the same as Silvey’s Delta (Silvey, 1964):
Z
[p(x, y) − pX (x)pY (y)]dxdy,
∆=
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Xi ∈S
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Xi ,Xj ∈S
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where S is the optimal feature set, the first term maximizes relevance and the second term minimizes redundancy. Notice that this method only requires bivariate dependence between different
features D[Xi ; Xj ] in addition to the bivariate dependence between each feature and response variable D[Xi ; Y ]. The feature selection results of mRMR with an asymmetric dependence measure
would depend on how the features are ordered, which is an undesirable characteristic.

Having introduced our measure, RCD, and the robust-equitability definition, we can further compare them to the other equitability definitions in the literature. Reshef et al. (2011) considers equitability as the ability of a statistic D̂ to approximately reflect the nonlinear R2 over different
relationships. They proposed a statistic MIC and demonstrate numerically such equitability through
simulated examples. Kinney and Atwal (2014) propose to formalize such concept for the population parameter D[X; Y ] such that an R2 -equitable measure equals g(R2 [f (X), Y ]) in the additive
noise model (1) Y = f (X) + , and showed that no nontrivial dependence measure can satisfy this
R2 -equitability. The self-equitability definition is proposed as an alternative. Murrell et al. (2014)
pointed out that such impossibility results are due to the non-identifiability due to the specification
of  term, allowing  to possibly depend on f (X). Under such specification, for example, a noiseless
parabola can be realized as a noisy version of a noiseless linear relationship (Murrell et al., 2014).
Reshef et al. (2015b) propose another formal equitability framework through interpretable intervals
of a statistic under additive homoscedastic noises for both X and Y .
Our robust-equitability definition shares some common characteristics with both Kinney and Atwal (2014)’s and Reshef et al. (2015b)’s approach respectively. Similar to Kinney and Atwal (2014),
our robust-equitability focuses on the population quantity D[X; Y ] instead of a statistic D̂[X; Y ].
This allows proof of theoretical equitability properties for specific dependence measures, as the
statistical estimation error D̂ − D can be kept as a separate issue. Robust-equitability does have
implications on the statistical estimation error bounds which will be discussed in the next section.
Self-equitability and robust-equitability focus on the invariance of D[X; Y ] as in Rényi’s Axiom
A6, but for different noise models. Reshef et al. (2015b) and our robust-equitability definition each
focuses on a noise model to avoid the non-identifiability issue in Kinney and Atwal (2014)’s model:
additive homoscedastic noise and mixture uniform noise respectively. Under each model, there is a
clearly identifiable quantity of interest: the nonlinear R2 and the mixture proportion p respectively.
Furthermore, our RCD satisfies the first five Rényi’s Axioms. Particularly, RCD = 0 if and
only if X and Y are statistically independent, RCD = 1 if X and Y are related through a deterministic relationship. And RCD is symmetric in that RCD[X; Y ] = RCD[Y ; X]. Notice that
this symmetric property is an appropriate requirement for feature selection with the filtering method
mRMR (Peng et al., 2005). Given a data set X ∈ Rn×d , where n is the number of samples, d is
the number of features, and target variable Y ∈ Rn×1 , let Xi denote the i-th feature, mRMR finds
from the d-dimensional feature space, Rd , a subspace of m features that optimally characterize Y ,
by solving the following optimization problem:
X
1 X
1
max
D[Xi ; Y ] −
D[Xi ; Xj ],
(6)
S |S|
|S|2

2.2.1 RCD, OTHER EQUITABILITY DEFINITIONS AND R ÉNYI ’ S A XIOM

The self-equitability for additive noise model requires that α ≥ 1, while the weakly-robustequitablity in the mixture noise model requires that α ≤ 1. Hence only α = 1 satisfies the equitability condition in both noise models, and resulting in the robust-equitable RCD.
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RCD satisfies self-equitability, which is a weakened version of the sixth Rényi’s Axiom. The
Rényi’s Axiom A7 requires the dependence measure to agree with the natural quantity of |ρ| for
bivariate Gaussian distributions (which corresponds to a linear regression model). Our RCD does
not satisfy that, but instead agree with |ρ| for the mixture noise setting with a linear deterministic relationship, since in that case p = |ρ|. Our robust-equitability definition requires the measure
equals p exactly, which provides an easy interpretation in that it is an equitable extension of Pearson’s correlation |ρ| to all forms of hidden nonlinear deterministic relationships. It is not essential to
require the exact equality to p, as equaling to a monotone function of p (weakly-robust-equitability)
would enable a robust-equitable version of the measure through a transformation. However, precisely equaling to p is nice due to the above easier interpretation. Notice that R2 = ρ2 for the
additive noise regression model with a linear relationship (bivariate Gaussian distribution). Hence
the nonlinear R2 can be similarly considered as an equitable extension of Pearson’s correlation in
the additive noise model to all forms of nonlinear regression relationships. However, unlike p, R2
does not satisfy the symmetric property since regressing Y on X and regressing X on Y do not give
the same value.
For discrete random variables, Equation (5) corresponds to the Kolmogorov dependence measure in the pattern recognition literature (Vilmansen, 1972, 1973; Ekdahl and Koski, 2006) and also
known as the Mortara dependence index (Bagnato et al., 2013). In the discrete case, the measure has
a maximum value less than 1. In contrast, RCD = 1 when X and Y are deterministically related.
For continuous random variables X and Y , Silvey’s Delta has been cited only as an abstract concept
and no practical estimator was used in the literature for data analysis. The new name, Robust Copula Dependence (RCD), emphasizes the fact that it is a robust-equitable copula-based dependence
measure.
2.3 Testing Independence Versus Estimation Errors of Dependence Measures

JMLR 18(71):1-46, 2017

In practice, feature selection is based on an estimator D̂(X; Y ) on the data set, since the exact value
of the dependence measure D(X; Y ) is unknown to the user. Hence the feature selection results are
affected by the estimation error D̂ − D. The estimation error also needs to be studied.
An estimator D̂[X; Y ] is often used to test the independence between X and Y . Some studies
compare different dependence measures D[X; Y ]s by the power of independence testing using their
corresponding estimators D̂[X; Y ]s (Reshef et al., 2011; Simon and Tibshirani, 2011; Reshef et al.,
2015a). However, while independence testing is related to the estimation of dependence measures
D[X; Y ], the power of the independence test is not a proper way of comparing dependence measures
D[X; Y ]. In fact, as mentioned in Section 2.2, the independence test corresponds to an estimation
of the trivial measure IDC: IDC(X; Y ) = 0 if X and Y are independent and IDC(X; Y ) = 1
otherwise. Thus the power comparison is comparing the performance of D̂[X; Y ] in estimating
IDC(X; Y ) rather than estimating its corresponding parameter D[X; Y ]. Also, good independence
test statistics may not have corresponding interpretable dependence measures (Sun and Zhao, 2014).
As Reshef et al. (2015b) pointed out, the estimator D̂[X; Y ] for equitable D[X; Y ] is most
powerful at testing the hypothesis if the signal strength exceeding a threshold D[X; Y ] ≥ D0 ,
rather than being most powerful at testing independence D[X; Y ] = 0. Besides simply testing for
independence, dependence measures serve another important purpose: ranking the strength of the
dependence relationships. For example, in the World Health Organization (WHO) data set in Reshef
et al. (2011) the vast majority of the hundreds of the variables show dependence with other variables.
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ρ = 0, RCD = 0.1, M I = ∞
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(b)

ρ = 0.1, RCD = 0.1, M I = 1

(c)

Figure 3: Hidden in background noise are 10% (red colored) data on a deterministic curve in (a)
and (b), on a narrow strip around the line in (c).

So the independence tests do not provide much information there. To achieve sparse representation
(feature selection), it is important to pick out the strongest dependence relationships. Equitable
dependence measure ensures that the signal strength is reflected, rather than the functional form.
The robust-equitability definitions also have implications on the estimation errors. Some selfequitable measures can equal one too often, the extreme case being the IDC. When the dependence
measure D[X; Y ] equals one for too many type of distributions, it does not distinguish dependence
strength among them, and also makes its estimation difficult. Robust-equitability excludes such
measures. In the next section, we theoretically show that robust-equitable RCD is intrinsically
much easier to estimate than non-robust-equitable (but only self-equitable) MI and CD2 . This is
due to the instability in the theoretical values of MI and CD2 . The following examples illustrate
the difference between self-equitability (Figure 3: a versus b) and robust-equitability (Figure 3: a
versus c). The self-equitable measures (RCD, MI), unlike ρ, have the same value in Figures 3(a) and
3(b) where each has 10% deterministic data on two different curves. In Figure 3(c), 10% of the data
fall around (rather than exactly on) the line in a very small strip of area 0.1/exp(10) = 4.5 × 10−6 ,
which is very close to the distribution in Figure 3(a). The robust-equitable RCD values are very
similar (differ only in 10−6 order) in Figures 3(a) and 3(c), but the M I values changes from ∞ to 1.
Since these two almost indistinguishable distributions result in very different theoretical MI values
(∞ and 1), no estimator can do well.

3. Statistical Estimation Errors

In this section, we study the estimation errors theoretically, and provide a practical estimator for
RCD. In particular, we analyze the statistical estimation error D̂ − D.

3.1 The Inconsistency Results on Estimation of Mutual Information and CD2

JMLR 18(71):1-46, 2017

We theoretically show that MI and CD2 are much harder to estimate compared to the robustequitable RCD. We formally quantify the estimation difficulty through the minimax convergence
rate over a family C.

12

= ∞, and

C∈C

13

(8)
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d α (C) − CDα (C)|] = ∞, for any α > 1.
sup E[|CD

C∈C

dI(C) − MI(C)|]
sup E[|M

dI be any estimator of the mutual information MI based on the observations
Theorem 4 Let M
d α be any
Z1 = (U1 , V1 ), ..., Zn = (Un , Vn ) from a copula distribution C ∈ C. And let CD
estimator of the CDα in equation (4). Then

(9)

14
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The equitability definitions and error analysis above assume a bivariate dependence measure. In
this section,R we will state the estimation results for a general d-dimensional RCD in equation (5):
RCD = 12 I d |c(z)−1|dz for d-dimensional z. That is, for z = (z1 , ..., zd ), the copula transformation
to uniformly distributed variables uj = Fu−1 (zj ), j = 1, ..., d. Then
R changes each Rdimension
R
|c(z) − 1|dz := ... |c(u1 , ..., ud ) − 1|du1 ...dud . The robust-equitability definition can be easily changed to the d-dimensional mixture copula with a singular component and the d-dimensional
uniform distribution. And, in the d-dimensional case, the calculation above equation (5) still holds
so that RCD is robust-equitable. Notice that other equitability definitions such as self-equitability is
only defined for the bivariate case, and the filtering feature selection method mRMR also uses only
the bivariate dependence.
Mathematically, MI (and M Icor) is unstable because it overweighs the region with large density
c(z) values. From equation (3), MI is the expectation of log[c(z)] under the true copula distribution
c(z). In contrast, RCD in (5) takes the expectation at the independence case Π instead. Even if c(z)
cannot be consistently estimated in the region AcM (the complement of AM ), its error contribution
\ can be bounded. The following theorem, which is proved in Appendix C, shows the result
to RCD
for the KDE estimator for RCD.

3.2 The Consistent Estimation of RCD

The detailed proof is provided in Appendix B.
The estimation difficulty of these dependence measures is due to their lack of smoothness related
to being not weakly-robust-equitable. Reshef et al. (2015a, Section 4) proved a similar lack of
smoothness of MI and M Icor, while their proposed statistic M IC may be considered a smoothed
version which shows equitable behavior under their framework. Our results are stronger in that: (a)
our results establish the statistical difficulty of estimation via minimax rate, and (b) our results apply
to a broader class of dependence measures.

for a positive constant a2 .

C∈C

\
sup E[|M
Icor(C) − M Icor(C)|] ≥ a2 > 0,

\
Theorem 5 Let M
Icor be any estimator of M Icor based on the observations Z1 = (U1 , V1 ), ...,
Zn = (Un , Vn ) from a copula distribution C ∈ C. Then

The detailed proof is provided in AppendixA. This theorem states that MI and CD2 cannot be
consistently estimated over the family C. This result does not depend on the estimation method
used, as it reflects the theoretical instability of these quantities. There are many estimators for MI:
kernel density estimation (KDE) (Moon et al., 1995), the k-nearest-neighbor (KNN) (Kraskov et al.,
2004), maximum likelihood estimation of density ratio (Suzuki et al., 2009). However, practitioners
are often frustrated by the unreliability of these estimation (Fernandes and Gloor, 2010; Reshef
et al., 2011). This theorem provides a theoretical explanation.
Notice that the inconsistency results over this family C is not due to the unboundedness of MI
and CD2 . They can√be transformed into correlation
measures with values between 0 and 1 (Joe,
p
1989): M Icor = 1 − e−2M I and φcor = CD2 /(1 + CD2 ). The M Icor is known as the
Linfoot correlation in the literature (Speed, 2011). We use the name M Icor to indicate it as the
scaled version of MI. The next theorem showed that M Icor cannot be consistently estimated over
the family C also.

Denote z = (u, v). Let C be the family of continuous copulas with the density satisfying the
following Hölder condition on the region where c(z) is bounded above by some constant M > 1,
denoted as AM :
|c(z1 ) − c(z2 )| ≤ M1 kz1 − z2 kl1 ,
(7)

for a constant M1 and for all z1 ∈ AM , z2 ∈ AM , and k · kl1 denotes the l1 norm.
The estimation of MI has been studied extensively in the literature. Over all distributions, even
discrete ones, no uniform rate of convergence is possible for MI (Antos and Kontoyiannis, 2001;
Paninski, 2003). On the other hand, many estimators were shown to converge to MI for every distribution. These results are not contradictory, but rather common phenomena for many parameters.
The first result is about the uniform convergence over all distributions, while the second result is
about the pointwise convergence for each distribution. The first restriction is too strong, while the
second restriction is too weak. The difficulty of estimating a parameter needs to be studied for
uniform convergence over a properly chosen family.
As MI is defined through the copula density, it is natural to consider the families generally used
in density estimation literature. Starting from Farrell (1972), it is standard to study the minimax
rate of convergence for density estimation over the class of functions whose m-th derivatives satisfy the Hölder condition. Since the minimax convergence rate usually is achieved by the kernel
density estimator, it is also the optimal convergence rate of density estimation under those Hölder
classes. Generally, with the Hölder condition imposed on the m-th derivatives, the optimal rate
of convergence for two-dimensional kernel density estimator is n−(m+1)/(2m+4) (Silverman, 1986;
Scott, 1992).
Therefore, when studying the convergence of MI estimators, it is very tempting to impose the
Hölder condition on the copula density. In fact, imposing the Hölder condition (7) on the whole I 2 ,
Liu et al. (2012) showed that the kernel density estimation (KDE) based MI estimator converges
at the parametric rate of n−1/2 . Pál et al. (2010) also considered similar Hölder condition when
they studied the convergence of k-nearest-neighbor (KNN) based MI estimator. However, such a
condition is usually too strong for copula density, thus these results cannot fully reflect the true
difficulty of MI estimation. When c(u, v) is unbounded, the Hölder condition (7) cannot hold for
the region where c(u, v) is big. Hence imposing this Hölder condition (7) on the whole I 2 would
exclude many commonly used continuous copula densities (e.g., Gaussian, student-T, etc.) since
their densities are unbounded (Omelka et al., 2009; Segers, 2012). Therefore, we impose it only
on the region where the copula density is small. Specifically, we assume that the Hölder condition
holds only on the region AM = {(u, v) : c(u, v) < M } for a constant M > 1. Then this condition
is satisfied by all common continuous copulas in the book by Nelsen (2006). For example, all
Gaussian copulas satisfy the Hölder condition (7) on AM for some constants M > 1 and M1 > 0.
But no Gaussian copulas, except the independence copula Π, satisfy the Hölder condition (7) over
the whole I 2 .
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i=1

n
1 X
Zi − Z
).
K(
h
nhd

(10)

Theorem 6 Let the KDE estimator of the d-dimensional copula density based on observations
Z1 , · · · , Zn be
ĉkde (Z) =
We assume the following conditions:
• The bandwidth h → 0 and nhd → ∞.

R

B0

K(s)ds = 1, µ22 =

R
B0

(11)

K 2 (s)ds < ∞

• The kernel K is non-negative and has a compact support in, B0 = {Z : kZkl2 ≤ 1}, the
d-dimensional unit ball centered at 0.
• The kernel K is bounded. MK = maxs∈B0 K(s),
\ = RCD(ĉkde ) has a risk bound
Then the plugged-in estimator RCD
√
\ − RCD|] ≤ M1 h + √ 2µ2d + O( 1 ).
sup E[|RCD
nhd
nh 2
C∈C

In addition to the KDE based RCD estimator, we can estimate RCD consistently by plugging in the KNN estimator (Loftsgaarden and Quesenberry, 1965) of the copula density: ĉ(z) =
k/n/Ar(k,n) using copula based observations Z1 , Z2 , · · · , Zn . Here r(k, n) is the distance from
(d-dimensional) z to the k-th closest of Z1 , Z2 , · · · , Z
n , and Ar is the volume of the d-dimensional
P
\ = RCD(ĉ) =
hyper-ball with radius r. Then RCD
ĉ(Zi )>1 [1 − 1/ĉ(Zi )]/n.

k 2
c˜2
) d + √ + 2,
n
k

(12)

Theorem 7 Assuming c in C has bounded continuous second order derivative in AM , k → ∞ and
\ = RCD(ĉ) has a risk bound
(k/n) → 0 when n → ∞. Then the plugged-in KNN estimator RCD
\ − RCD|] ≤ c˜1 (
sup E[|RCD

C∈C

for some finite constants c˜1 and c˜2 , and  = (n) is any sequence converging to 0 slower than k/n.
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Here, the extra technical assumption on the second order derivative allows a simpler proof (provided
in Appendix D) by citing formulas in Mack and Rosenblatt (1979). Without it, RCD can still be
estimated consistently as in Theorem 6. The error bound (12) is minimized by  = (k/n)2/(d+2)
√
and k = n4/(d+6) . Hence, in the bivariate (d = 2) case, we have k = O( n). Simulations in
√
Appendix E suggests a practical estimator with k = 0.25 n.
When RCD is estimated well under a sample size, further increasing the sample size does not
change its estimation value much. In contrast, the estimated MI and CD2 values can continuously
change by a large margin as sample size increases, altering the ranking of features, sometimes to
the wrong order.
Computational Complexity of KNN-based RCD Estimator The computation of KNN-based RCD
is dominated by empirical ranking for each dimension and k-nearest neigbhor search for each sample. The ranking can be solved by mergesort, which costs O(dn log n) for d dimensions (Cormen, 2009). The k-nearest neighbor search can be solved using k-d tree construction, which
has O(kdn log n) complexity when d is small (no larger than 20) (Bentley, 1975). However,
the complexity can increase to O(kdn2 ) if d becomes large. Therefore, the overall complexity
is O(kdn log n) for low dimension data and O(kdn2 ) for high dimension data.
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4. Experimental Results
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In this section, we empirically verify the properties of RCD in our theoretical analysis.
We first check the estimation errors for RCD in synthetic experiments with additive noise and
mixture noise respectively. For each type of noise, we simulate data with several different relationships so as to show the effect of self-equitability and robust-equitability respectively. In particular,
we compare the RCD estimator with an MI estimator based on the same density estimation. Due to
the non-robust-equitability of MI, in the mixture noise cases, the MI estimator varies widely with
the sample sizes. In contrast, RCD converges as sample sizes increases. Therefore, MI may provide
misleading ranking of features with unequal sample sizes. Also, the ranking between relationships
with the two different noise types are greatly affected by the sample sizes under MI, while ranking
under RCD remains relatively stable.
We then conduct several synthetic experiments to illustrate the properties in feature selection,
and then show that similar patterns exist on real-world data sets. In Section 4.3, we show that: (1)
Non-self-equitable dependence measures may provide misleading ranking under additive noise; (2)
Non-robust-equitable dependence measures may provide misleading ranking under mixture noise
when features have unequal sample sizes; (3) The ranking by non-robust-equitable dependence
measures between the two types of noises are sensitive to sample size. Section 4.4 shows that
similar behavior occurs in three real data examples. This confirms that the advantages of selfequitable and robust-equitable dependence measures are not just theoretical, but are real in some
practical situations.
Furthermore, we compare the performance of feature selection by the filter method mRMR (Peng
et al., 2005) as a feature search strategy and using various dependence measures as measures of relevance and redundancy (refer to Equation (6)). We conducted the mRMR method first on synthetic
examples in Section 4.5, to illustrate why non-self-equitability or non-robust-equitability could lead
to misleading results. We then perform mRMR on nine benchmark data sets from the UCI Data
Repository (Lichman, 2013) in Section 4.6. Notice that the feature selection performance on a
particular data set is affected by the type of existing relationships and the type of predictors used.
For example, Pearson’s correlation with a linear regression predictor should perform best if linear
relationship is dominant in a data set. For a fair comparison, we measure performance by 10-fold
cross-validated MSE of spline regression, a general nonlinear predictor (Friedman, 1991), using the
selected features. Self-equitability and robust-equitability lead to equitable and robust feature selection. Hence RCD should provide stable performance across different types of data, not necessarily
best in each situation. However, over many data sets with different types of nonlinear relationships, robust-equitable RCD would provide best average performance as confirmed on these nine
benchmark data sets.
There are some parameters to be set for computing various dependence measures. For kernel
based measures, we follow the settings used by Fukumizu et al. (2007). For HSNIC, we set the
regularization parameter n = 10−5 n−3.1 to satisfy the convergence guarantee given by Theorem
√
5 from Fukumizu et al. (2007). As discussed in the previous section, we set k = 0.25 n for the
k-NN estimator of MI, RCD and CD2 .
4.1 Estimation Errors and Equitability
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In this section, we study the estimation errors of our RCD estimates through synthetic experiments,
and examine the equitability effect in ranking features. We first generate data from four different
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0.4
0.6
0.8
0.4
0.6
0.8

level

Linear
1k
10k
0.35(0.01)
0.38(0.00)
0.54(0.01)
0.58(0.00)
0.76(0.00)
0.79(0.00)
0.43(0.02)
0.43(0.01)
0.62(0.02)
0.62(0.00)
0.81(0.01)
0.81(0.00)

Square Root
1k
10k
0.36(0.01)
0.38(0.00)
0.54(0.01)
0.58(0.00)
0.76(0.01)
0.79(0.00)
0.42(0.02)
0.42(0.01)
0.61(0.02)
0.62(0.00)
0.80(0.01)
0.81(0.00)

Cubic
1k
10k
0.36(0.01)
0.38(0.00)
0.55(0.01)
0.58(0.00)
0.76(0.01)
0.79(0.00)
0.42(0.02)
0.42(0.01)
0.61(0.02)
0.62(0.00)
0.80(0.01)
0.81(0.00)

Quadratic
1k
10k
0.35(0.01)
0.37(0.00)
0.53(0.01)
0.57(0.00)
0.75(0.01)
0.78(0.00)
0.39(0.02)
0.42(0.01)
0.59(0.01)
0.61(0.01)
0.78(0.01)
0.80(0.00)

0.4
0.6
0.8
0.4
0.6
0.8

level

Linear
1k
10k
0.77(0.01)
0.77(0.00)
0.90(0.00)
0.90(0.00)
0.98(0.00)
0.98(0.00)
0.40(0.03)
0.40(0.01)
0.60(0.03)
0.60(0.01)
0.80(0.02)
0.80(0.01)

Square Root
1k
10k
0.77(0.01)
0.77(0.00)
0.90(0.01)
0.90(0.00)
0.96(0.00)
0.96(0.00)
0.33(0.03)
0.33(0.01)
0.52(0.03)
0.51(0.01)
0.73(0.02)
0.72(0.01)

Cubic
1k
10k
0.75(0.01)
0.75(0.00)
0.87(0.01)
0.87(0.00)
0.91(0.00)
0.91(0.00)
0.34(0.03)
0.33(0.01)
0.51(0.03)
0.5(0.01)
0.69(0.03)
0.69(0.01)

Quadratic
1k
10k
0.00(0.04)
0.00(0.01)
0.00(0.04)
0.00(0.01)
0.00(0.04)
0.00(0.01)
-0.01(0.03)
0.00(0.01)
0.00(0.03)
0.00(0.01)
0.00(0.04)
0.00(0.01)

0.4
0.6
0.8
0.4
0.6
0.8

level

Linear
1k
10k
0.94(0.04)
1.23(0.02)
1.7(0.04)
2.25(0.02)
3.62(0.06)
5.06(0.03)
1.29(0.09)
2.62(0.07)
2.70(0.15)
5.78(0.10)
4.75(0.15)
10.24(0.11)

Square Root
1k
10k
0.96(0.04)
1.28(0.02)
1.81(0.05)
2.46(0.02)
3.72(0.07)
5.47(0.03)
1.30(0.09)
2.69(0.072)
2.73(0.15)
5.89(0.09)
4.79(0.17)
10.34(0.11)

Cubic
1k
10k
1.08(0.04)
1.45(0.02)
2.19(0.06)
3.11(0.03)
4.35(0.10)
7.52(0.05)
1.24(0.10)
2.59(0.06)
2.66(0.17)
5.76(0.10)
4.75(0.16)
10.24(0.11)

Quadratic
1k
10k
0.88(0.03)
1.19(0.01)
1.6(0.04)
2.27(0.02)
2.93(0.06)
4.96(0.03)
0.83(0.06)
1.71(0.04)
1.69(0.08)
3.63(0.06)
2.87(0.08)
6.27(0.07)
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4.2 Multivariate Equitability Analysis
We now perform equitability analysis on simulated multivariate data. Following the framework of
Reshef et al. (2014); Murrell et al. (2016), we generate noisy data from various functional forms,
and plot the estimated dependence measure values against the signal level in Figure 4. Our robustequitability definition extends the natural signal level to higher dimensional case in the mixture
noise model. Here we study three dimensional (d = 3) cases of six different nonlinear function
relationships, generated with different portion of uniform noise from 0 to 0.9 (with signal portion
from 0.1 to 1). The sample size n = 1000 is used in this experiment. Figure 5 plots the six three
dimensional different nonlinear function relationships at signal level 0.8 (0.2 proportion of uniform
noise).
According to Reshef et al. (2014), a measure is more equitable if the length of a band, when
cutting each plot in Figure 4 with a horizontal line, is smaller. That is, the measure with smaller
bandwidth could capture the dependence purely based on the noise level, and is robust to different
(linear and nonlinear) relationships. On the other hand, if the band is very wide, it will give the same
score for data with a wide range of noise levels, and hence could not identify strong relationships
correctly. Figure 4 shows that RCD is the most equitable, since it has the narrowest bandwidth and

two features have unequal sample sizes, then the feature with larger sample size has a built-in
preference by CD2 . For each of the functional types, CD2 ranks a feature with mixture proportion
(of deterministic data) 0.6 but large sample size n = 10000 as more dependent than a strongly
dependent feature with mixture proportion 0.8 but smaller sample size n = 1000. Also, for features
with different noise types, their ranking are inconsistent when sample size changes. For example,
for the linear relationship under sample size n = 1000, CD2 ranks the feature with RCD = 0.6
mixture noise as less dependent than the feature with RCD = 0.8 additive noise. But when sample
size is increased to n = 10000, the ranking between these two features reverses. While it is not
necessary for other dependence measures to rank features across different noise types in the same
order as RCD, the stability of the ranking under different sample sizes is desirable. The non-robustequitable dependence measures may not provide consistent ranking.
In summary, we observe three advantages of RCD for feature selection, in comparison to other
dependence measures. (1) Non-equitable measures such as ρ may prefer certain functional relationships (say, linear), while RCD treat them equitably. (2) Self-equitable but non-robust-equitable
measure such as CD2 prefer features with larger sample size. (3) Self-equitable but non-robustequitable measure such as CD2 does not provide stable ranking among features when sample size
changes.

Table 4: The expected values of CD2 estimates (with standard deviation in parenthesis) based on
100 simulations.

mix

add

type
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functional types: linear, square root, cubic, and quadratic (cases A, C, D, F in Table 11 of Appendix E) with two sample sizes of n = 1000 and n = 10000 respectively. Also, data with two
different noise paradigms and three noise levels are tested with three measures, RCD, (non-selfequitable) ρ and (non-robust-equitable) CD2 .
As we can see from Table 2, the standard deviation of the RCD estimates are small, and the
expected value of RCD converges to the true values as sample size increases. The expected values
of RCD was similar for the different functional relationships. They are closer to the true values
under the mixture noise than under the additive noise. For either noise type, the estimates are very
accurate for sample size n = 10, 000. Although there are some random estimation errors, the
RCD estimates would not miss-rank features with moderate difference in true RCD values. That
is, it never ranks features with real RCD = 0.2 as more dependent than features with real RCD
= 0.4, under samples n = 1000 or n = 10, 000. So the RCD estimates can be used to provide
reliable dependence ranking that do not change dramatically under sample sizes n = 1000 versus
n = 10, 000.
In contrast, the non-self-equitable Pearson’s ρ values depend on the functional relationship.
Under the mixture noise, the estimated ρ values are close to the mixture proportion only for the linear
relationship. Hence its ranking of features is heavily influenced by the functional relationships.
Particularly, it fails to detect the quadratic relationship in the last column of Table-3. Even when
80% of data follows the deterministic quadratic relationship, it is still ranked as less dependent than
the features with other functional relationships (even if the other features has only 40% deterministic
mixture proportion).
For the non-robust-equitable CD2 in Table 4, its value changes dramatically under sample sizes
n = 1000 versus n = 10, 000, especially under mixture noise. This demonstrates that sample
size affects the ranking by CD2 in contrast to the ranking by the robust-equitable RCD. If the

Table 3: The expected values of ρ estimates (with standard deviation in parenthesis) based on 100
simulations.

mix

add

type

Table 2: The expected values of RCD estimates (with standard deviation in parenthesis) based on
100 simulations, under various functional types, sample sizes, noise types and noise levels.

mix

add

type

ROBUST C OPULA D EPENDENCE M EASURE

Circle
Parabola
Sine
Twist
Cross
Spiral

0.4

rcd

0.6

1.0

0.4

Circle
Parabola
Sine
Twist
Cross
Spiral

0.2

mi

0.6

hsnic

Signal Level

0.6

Signal Level

0.4

Circle
Parabola
Sine
Twist
Cross
Spiral

0.2

0.8

0.8

1.0

1.0

0.4

Circle
Parabola
Sine
Twist
Cross
Spiral

0.2

dcor

0.6

chsic

Signal Level

0.6

Signal Level

0.4

Circle
Parabola
Sine
Twist
Cross
Spiral

0.2

0.8

0.8

1.0

1.0

0.08

x

Sine

0.4

Circle
Parabola
Sine
Twist
Cross
Spiral

0.2

hsic

0.6

chsnic

Signal Level

0.6

Signal Level

0.4

Circle
Parabola
Sine
Twist
Cross
Spiral

0.2

0.8

0.8

1.0

1.0

1.0
0.8
0.6
0.4
0.2
0.0 0.2 0.4 0.6 0.8 1.0 0.0

x

1.0
0.60.8
0.20.4
0.0 0.2 0.4 0.6 0.8 1.0 0.0
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lies on the signal level line. The self-equitable mutual information is second best, has relatively
narrower bandwidth compared to other measures except RCD.
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Y

1.00

D ING , DY, L I , AND C HANG

0.75

X4

0.00
0.00 0.25 0.50 0.75 1.00

0.25

0.50

1.00

X3

0.00
0.00 0.25 0.50 0.75 1.00

0.25

0.50

1.00

0.8

1.00

0.50
0.25
0.00

X2

0.75

0.50
0.25

X1

0.00
0.00 0.25 0.50 0.75 1.00

0.4

0.75

0.0

0.75

Y

Y

300
0.021
0.036
0.034
3.40
3.30
5.06
21.37
0.93
0.00098

X1
10k
0.00043
0.033
0.034
3.57
3.60
7.62
102.09
0.99
0.0023

300
0.98
0.095
0.095
3.63
3.59
2.28
3.75
0.77
0.0033

X2

10k
0.98
0.093
0.095
3.98
3.95
2.37
3.74
0.80
0.0031
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300
0.75
0.061
0.060
3.55
3.53
3.65
24.10
0.75
0.037

X3

10k
0.75
0.057
0.056
4.08
4.07
5.46
146.73
0.76
0.037

300
0.51
0.025
0.026
1.84
1.84
1.82
7.86
0.52
0.064

X4

10k
0.51
0.025
0.025
1.81
1.81
2.97
44.15
0.52
0.063
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To compare the performance of each dependence measure in feature selection, we consider four
features X1 , X2 , X3 , X4 and target variable Y as shown in Figure 6. Y has a nonmonotonic but
deterministic relationship with X1 and a linear relationship with X2 plus some additive noise. In
addition, Y has linear relationships with both X3 and X4 corrupted by increasing level of continuous
background noise. For each feature Xi , we calculate its dependence measure with Y for different
sample sizes n = 300 and 10, 000. Results are presented in Table 5.
Since X1 has a deterministic relationship with Y , it should be ranked as more dependent than
the other features. X3 and X4 has mixture noise with the mixture proportions of 0.75 and 0.5
respectively. We can see that the values learned by RCD are close to those values and correctly ranks
X3 as more dependent than X4 . The last row of Table 5 reports the 10-fold cross-validated meansquared-error (MSE) of a nonlinear predictor using each feature. Here RCD results are consistent
with the MSE results, providing higher scores for those with lower MSE values (more predictive
of Y ). Now, we inspect the other dependence measures and observe the three issues mentioned in
Section 4.1.
Self-equitability. We expect the self-equitable measures to treat linear and nonlinear models equally
(i.e., they should prefer X1 over X2 because X1 is purely deterministic while X2 has some noise).
As we can see from Table 5, Pearson correlation coefficient ρlin , and kernel-based measures prefer

4.3 Synthetic Data Sets I: Ranking Features

Table 5: Dependence measure values for synthetic data. Sample sizes n = 300 and n = 10, 000
are considered. Each row corresponds to one type of measure. The MSE is presented in
the last row.

n
ρlin
HSIC
CMMD
HSNIC
CHSNIC
MI
CD2
RCD
MSE

Figure 6: (X1 , Y ) has a nonmonotonic relationship with deterministic signal. (X2 , Y ) has linear
relationship with uniform additive noise with width d = 0.2. (X3 , Y ) has background
noise with a 0.75 linear signal portion. (X4 , Y ) is similar to (X3 , Y ) but with a 0.5 signal
portion.

Y
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0.8

Parabola

Figure 4: Seven dependence measure values versus signal levels.

Signal Level
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0.8
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y
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2
1
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z
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Figure 5: Six function types, circle, parabola, sine/cosine, twisted curve, two cross lines, and a
spiral curve, with 20% uniform noise from 0 to 0.9 (with signal portion from 0.1 to 1).
The examples in this figure is of signal level 0.8.
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1. http://lib.stat.cmu.edu/
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In this subsection, we verify that the equitability properties in Subsection 4.3 are also observed on
real data.
Self-equitability. Consider the stock data set from StatLib1 . This data set provides daily stock prices
for ten aerospace companies. Our task is to determine the relative relevance of the stock price of
the first two companies (X1 , X2 ) in predicting that of the fifth company (Y ). The scatter plots of
Y against X1 , X2 are presented in Figure 7. Ideally, self-equitable measures should prefer X1 over
X2 because the MSE associated with X1 is lower even though it has a more complex function form.
As we can see from Table 8, self-equitable measures MI, CD2 , and RCD all correctly select X1 .
While measures that are not self-equitable fail to select the right feature.
Selection Correctness in Unequal Sample Sizes. Consider the KEGG metabolic reaction network
data set (Lichman, 2013). Our task is to select the most relevant features in predicting target variable ‘Characteristic path length’ (Y ). The ‘Average shortest path’ (X1 ), ‘Eccentricity’ (X2 ) and
‘Closeness centrality’ (X3 ) are used as candidate features. Observe the ranking of X1 and X3 from
Table 6, when they have equal sample sizes (either 1000 or 20,000), MI, CD2 and RCD all rank
X1 as being more relevant than X3 . The MSE values also confirmed that X1 is more predictive of
Y than X3 . However, if there are missing measurements of X1 , then we may need to compare X1

4.4 Real Data Sets I: Ranking Features

X2 more than X1 . On the other hand, self-equitable measures MI, CD2 and RCD were able to rank
the features correctly. Although HSNIC and CHSNIC have the same value as CD2 in the large data
limit, empirically they behave similarly to other non-self-equitable kernel-based measures due to
slow convergence of their estimators (Reddi and Póczos, 2013).
Selection Correctness in Unequal Sample Sizes. In real applications, some features may have some
missing measurements, resulting in unequal number of samples among the various features. In this
setting, we still want to compare feature relevance. An ideal dependence measure should not be
influenced greatly by unequal sample sizes. Let us take a closer look at MI and CD2 and on how
they rank features X3 and X4 . Note that X3 has a stronger signal-to-noise proportion than X4
(p = 0.5 versus p = 0.75); thus, ideally, one would like the measure to rank X3 higher than X4 as
empirically confirmed by the MSE results. The ranking provided by MI and CD2 is correct when
both features have the same sample size, n = 10, 000. However, if the stronger feature X3 has
missing measurements so that n = 300 for X3 , then X3 is ranked lower than X4 by CD2 , which
would mislead feature selection algorithms. MI will make the same mistake if the sample size for
X4 further increases.
Selection Stability in Different Sample Sizes. Ideally, a measure should not vary too much as the
sample size changes. However, we observe that MI, CD2 , and HSNIC’s ranking of features X2 , X3
and X4 is affected when the sample size is increased. With fixed sample size n = 300, MI ranks
X2 as having higher deterministic relationship with Y compared to X4 . However, when the sample
size is increased to n = 10, 000, it reverses the ranking of these features. This is due to its nonrobust-equitability and resulting estimation difficulty, as proved in Theorems 4 and 5. Additionally,
similar phenomenon appears for CHSNIC and HSNIC on features X2 and X3 . We observe that
when n = 300, they rank X2 as having higher dependence with Y compared to X3 . However, when
n = 10, 000, these rankings are reversed. These inconsistencies may mislead feature selection
algorithms.
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In this part, we investigate the performance of feature selection for each dependence measure with
mRMR (Peng et al., 2005). We generate data from the following additive regression model Y =
1.5 cos(3πX1 ) + (1 − 2|2X2 − 1|)2 + , where X1 and X2 are uniformly distributed on [0, 1], and
 ∼ N (0, 0.05). We consider feature selection from twenty features. The first two features are X1
and X2 . The next six features are noisy versions of X1 and X2 , with some as mixtures. They are
also related to Y . A good feature selection method should select X1 and X2 before these more

4.5 Synthetic Data Sets II: mRMR Feature Selection

with 1000 samples and X3 with 20,000 samples. The feature X3 with less signal strength but larger
sample size is given higher ranking by MI and CD2 , degrading the performance of feature selection
algorithms. In contrast, RCD correctly identifies X1 as being more relevant than X3 even with the
unequal sample size.
Selection Stability in Different Sample Sizes. Ideally, a measure should not vary too much as the
sample size changes. However, in Table 6, CD2 ’s ranking of features X2 and X3 is affected by
the increase in sample size. If we fix sample size n = 1000, CD2 ranks X2 as more relevant than
X3 in predicting Y , agreeing with the MSE ranking. However, when the sample size increases to
n = 20, 000, CD2 will prefer X3 . CD2 will select the feature X3 when the sample size is large
even though it is less relevant to Y. RCD has the same ranking under both sample sizes.

Table 6: Dependence measure for three features in metabolic reaction network data set

n
MI
CD2
RCD
MSE

Figure 8: Measures for X1 , X2 in stock data set

Measures
ρlin
HSIC
CMMD
HSNIC
CHSNIC
MI
CD2
RCD
MSE

Figure 7: (Xi , Y ), i = 1, 2 in stock data set
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X1
X2
25% X2 and 75% Y with additive noise U (−0.75, 0.75)
20% X2 , 20% Y and 60% background noise
X2 with additive noise U (−0.05, 0.05)
50% X2 and 50% background noise
X1 with additive noise U (−0.2, 0.2)
50% X1 and 50% background noise
pure random noise

Figure 9: Scatter plots of the features X1 , · · · , X8 versus Y .
Feature X1
Feature X2
Feature X3
Feature X4
Feature X5
Feature X6
Feature X7
Feature X8
Feature X9 ,...,X20

Table 7: Features that are used in the additive regression model.
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noisy features X3 to X8 . The rest 12 features X9 to X20 are simply random noise not related to X1 ,
X2 or Y . The features are listed in Table 7. And we plot the first eight features versus Y in one
simulation run in Figure 9.
We generate data sets with size n = 1000, and select the features with mRMR based on the
eight dependence measures. We repeat this experiment fifty times and record the order of each
feature being selected in each data sets. We then apply spline regression model using the top one
to ten selected features and report their respective cross-validated mean square error (MSE). The
cross-validated MSE averaged over 50 runs are plotted in Figure 10.
In this synthetic example, RCD yields the lowest MSE. We can see why by looking at the feature
selection result in more details. Table 8 reports the features that are most frequently selected as the
top one to five features using mRMR. Inversely, Table 9 shows the median order of being selected
for each relevant feature X1 , ..., X8 .
From the tables, RCD correctly selects the two true features X1 and X2 as the top two features,
thus resulting in the lowest MSE curve in Figure 10. The non-self-equitable measures, for this data
distribution, incorrectly ranks first the feature X3 which has linear relationship with Y in parts of
the data (75% mixture). Then Pearson’s correlation ρ does not rank X1 and X2 high because the relationships are nonlinear. Some nonlinear non-self-equitable measures (HSNIC, CMMD, CHSNIC)
are able to rank the feature X1 second, but cannot select feature X2 which has a nonlinear relationship with Y . That is due to X2 , which also has some dependence with X3 , was penalized when X3
was selected first. The self-equitable measures MI, CD2 and RCD, in contrast, correctly rank X1
first. However, only the robust-equitable RCD ranks X2 second. The non-robust-equitable MI and
CD2 incorrectly ranks the noisy X4 second, instead of X2 , due to mishandling of the mixture noise.
23
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Table 9: Median of the order of selection for the first eight features in each dependence measure
experiment among fifty repeated runs.

Feature
ρ
HSIC
HSNIC
CMMD
CHSNIC
MI
CD2
RCD

Table 8: The most frequently selected top five features, with the relative frequency in parenthesis.
Asterisk indicates one of the random noise features (X9 , ..., X20 ).

Order of selection
ρ
HSIC
HSNIC
CMMD
CHSNIC
MI
CD2
RCD

Figure 10: Cross-validated MSE plot with error bar based on 50 repeated runs.
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Using nonlinear dependence measures, rather than the Pearson’s correlation, in high-dimensional
data analysis (e.g. independent component analysis) is becoming more popular to deal with possibly non-Gaussian noises. The equitability properties of RCD make it an ideal choice of dependence
measure in such applications. Replacing measures such as MI by RCD may lead to more robust
results as shown in the examples of Section 4. RCD estimation in high-dimensional case however,
similar to MI, may be inaccurate as it involves high-dimensional density estimation. The improvement on nonparametric RCD estimation remains an ongoing research effort, and can lead to wider
applications.

Through theoretical and empirical studies, we have shown that RCD does better in ranking
the features according to deterministic signal strengths compared to other dependence measures.
The non-self-equitable measures may prefer noisy features with certain types of relationships (e.g.,
monotonic) over less noisy features with more complex relationships. Self-equitable but non-robustequitable measures (such as MI and CD2 ) overcome this deficiency but have estimation problems,
leading to non-robust feature selection particularly when comparing features with unequal sample
sizes. RCD can be used in feature selection to overcome these limitations.

As the data size explodes, researchers are studying increasingly complex relationships among features. Restricting the focus on simple linear relationship can miss very informative features. Therefore, how to measure the dependence strength equitably for various functional relationships has
attracted recent interest from researchers (Reshef et al., 2011; Kinney and Atwal, 2014; Murrell
et al., 2014; Reshef et al., 2015b). This paper provides a theoretical treatment of various equitability
definitions, including our proposal of the robust-equitability concept. The robust copula dependence
(RCD) is proven to be both self-equitable and robust-equitable. Theoretically we show that RCD
is intrinsically easier to estimate than some other self-equitable dependence measures (such as MI
and CD2 ). Particularly, through minimax rate of convergence, we provide a theoretical explanation
for the difficulty of accurately estimating MI which is noted by practitioners. A practical estimator
is provided for RCD, which enables its usage in feature selection.

5. Conclusions and Discussions

in whitewine was not selected by RCD. Overall, RCD has the best performance in mRMR-based
feature selection compared to competing dependence measures.

Table 10: Measures ranked by predictive M SE

Data set
abalone
bodyfat
building
chemical
housing
metabolic
protein
stock
whitewine
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Here we used the various dependence measures as measures of relevance and redundancy in the
mRMR-based search strategy, and compare the feature selection results on nine real-world data
sets. Due to the cubic computational cost of kernel-based measures (HSNIC, CHSNIC), up to
1000 samples are used for each data set. We compare the results of RCD versus other dependence
measures by showing plots of 10-fold cross-validated MSE using spline regressor with the features
selected by these measures versus the number of selected features in Figure 11.
We used the Kruskal-Wallis test to compare the MSE between different measures. Table 10
lists the top dependence measures in order of their MSE. For each data set, we only include the
dependence measures resulting in MSE equivalent to the best MSE (p-value > 0.05 for KruskalWallis test) in the table. We can see that RCD performs as one of the best in 8 out of 9 data sets.
Most other measures are worse off in more than half of the data sets. Only CHSNIC and CMMD
are close in performance. In particular, CMMD is among the best measures in 5 data sets. CHSNIC
performs as one of the best in 6 data sets and actually beats RCD in one data set, whitewine. RCD in
fact find the best top feature in every data set including whitewine. However, the best second feature

4.6 Real Data Sets II: mRMR Feature Selection

Figure 11: MSE of mRMR-based Feature Selection on nine real-world data sets

MSE

MSE

MSE
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MSE
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Appendix A. Proof of Theorem 4

(13)

For simplicity, we focus on the bivariate case (X and Y are each one-dimensional variables). The
extension of the proof to the multivariate case is straight forward. We first work on mutual information, then show the similar arguments on the copula distances. To prove the theorem, we use
Le Cam (1973)’s method to find the lower bound on the minimax risk of the estimating mutual
information M I. To do this, we will use a more convenient form of Le Cam’s method developed
by Donoho and Liu (1991). Define the module of continuity of a functional T over the class F with
respect to Hellinger distance as in equation (1.1) of Donoho and Liu (1991):
w(ε) = sup{|T (F1 ) − T (F2 )| : H(F1 , F2 ) ≤ ε, Fi ∈ F}.
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Here H(F1 , F2 ) denotes the Hellinger distance between F1 and F2 . Then the minimax rate of
convergence for estimating T (F ) over the class F is bounded below by w(n−1/2 ).
We now look for a pair of density functions c1 (u, v) and c2 (u, v) on the unit square for distributions that are close in Hellinger distance but far away in their mutual information. This provides
a lower bound on the module of continuity for mutual information MI over the class C, and hence
leads to a lower bound on the minimax risk. We outline the proof next.
We first divide the unit square into three disjoint regions R1 , R2 and R3 with R1 ∪ R2 ∪ R3 =
[0, 1]×[0, 1]. The first density function c1 (u, v) puts probability masses δ, a and 1−a−δ respectively
on the regions R1 , R2 and R3 each uniformly. The a is an arbitrary small fixed value, for example,
a = 0.01. For now, we take δ to be another small fixed value. The area of the region is chosen
so that c1 (u, v) = M on region R2 and c1 (u, v) = M ∗ on region R1 for a very big M ∗ . The
second density function c2 (u, v), compared to c1 (u, v), moves a small probability mass ε from R1
to R2 . We will see that the Hellinger distance between c1 and c2 is of the same order as ε, but the
change in MI is unbounded for big M ∗ . Hence module of continuity w(ε) is unbounded for mutual
information MI. Therefore the MI can not be consistently estimated over the class C.
Specifically, the region R1 is chosen to be a narrow strip immediately above the diagonal, R1 =
{(u, v) : −δ1 < u − v < 0}; and R2 is chosen to be a narrow strip immediately below the diagonal,
R2 = {(u, v) : 0 ≤ u−v < δ2 }. The remaining region is R3 = [0, 1]×[0, 1]\(R1 ∪R2 ). The values
of δ1 and δ2 are chosen so that the areas of regions R1 and R2 are δ/M ∗ and a/M respectively.
Then clearly c1 (u, v) = M ∗ on R1 ; c1 (u, v) = M on R2 ; c1 (u, v) = (1−a−δ)/(1−a/M −δ/M ∗ )
on R3 . And c2 (u, v) = M ∗ − ε(M ∗ /δ) on R1 ; c2 (u, v) = M + ε(M/a) on R2 ; c2 (u, v) = c1 (u, v)
on R3 . See the Figure 12.
Then we have
p
R p
2H 2 (c , c ) = p
( c2 (u, v) − c1 (u,√v))2 dudv
1
2
p
√
= ( pM ∗ − ε(M ∗ /δ) − p
M ∗ )2 δ/M ∗ + ( M + ε(M/a) − M )2 a/M
= δ( 1 − ε/δ − 1)2 + a( 1 + ε/a − 1)2
= δ(ε/2δ)2 + a(ε/2a)2 + o(ε2 )
1
1
+ 4a
) + o(ε2 ).
= ε2 ( 4δ
27

v
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δ2

1

(14)

Figure 12: The plot shows the regions R1 , R2 and R3 . The other two narrow strips neighboring R1
and R2 are for the continuity correction mentioned at the end of the proof.

1
1
+
+ o(ε).
8δ 8a

Hence the Hellinger distance is of the same order as ε:
r

H(c1 , c2 ) = ε

On the other hand, the difference in the mutual information is

MI(c1 ) − MI(c2 )
= δ log(M ∗ ) + a log(M ) − (δ − ε) log[M ∗ − ε(M ∗ /δ)] − (a + ε) log[M + ε(M/a)]
= ε log(M ∗ ) − ε log(M ) − (δ − ε) log(1 − ε/δ) − (a + ε) log(1 + ε/a).

Here M , δ and a are fixed constants. Hence when M ∗ → ∞, this difference in M I also goes to ∞.
2
For example, if we let M ∗ = e1/(ε) , then the module of continuity w(ε) ≥ O(1/ε). That means,
the rate of convergence is at least O(w(n−1/2 )) = O(n1/2 ) → ∞. In other words, MI can not be
consistently estimated.
R
Now, let us consider the CDα = I 2 |c(u, v) − 1|α dudv, for α > 1, where I 2 is the unit square.
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CDα (c1 ) − CDα (c2 )
= |M ∗ − 1|α δ/M ∗ + |M − 1|α a/M − |M ∗ − 1 − ε(M ∗ /δ)|α δ/M ∗ + |M − 1 + ε(M/a)|α a/M
= [|M ∗ − 1|α − |M ∗ − 1 − ε(M ∗ /δ)|α ]δ/M ∗ + [|M − 1|α − |M − 1 + ε(M/a)|α ]a/M
= α[(M ∗ − 1)α−1 M ∗ /δ − (M − 1)α−1 M/α]ε + o(ε2 ).
(15)
Again, M , δ and a are fixed constants. Hence when M ∗ → ∞, this difference in CDα , α > 1
1
also goes to ∞. For example, if we let M ∗ = (ε−2 + M α ) α−1 + 1, then the module of continuity
w(ε) ≥ O(1/ε). Note that α > 1 is essential here. That means, the rate of convergence is at least
O(w(n−1/2 )) = O(n1/2 ) → ∞. In other words, CDα , α > 1 can not be consistently estimated.

28

1−e−2M I(c2 )

29
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For the difference M Icor(c1 ) − M Icor(c2 ) to be the same order of the difference M I(c1 ) −
M I(c2 ), we need to set M I(c1 ) at constant order when ε → 0.

≥ 12 |e−2M I(c1 ) − e−2M I(c2 ) |
= 12 e−2M I(c1 ) |1 − e−2[M I(c1 )−M I(c2 )] |.

1−e−2M I(c1 ) +

p
p
|M Icor(c1 ) − M Icor(c2 )| = | 1 − e−2M I(c1 ) − 1 − e−2M I(c2 ) |
−2M
I(c
)
−2M
I(c2 ) ]
1 ]−[1−e
√
|
= | √[1−e

The proof is almost the same as the proof for MI, but need some modification of the pair of least
favorable c1 and c2 above. The small difference in Hellinger distance of c1 and c2 can lead to
unbounded √
difference in M I(c1 ) and M I(c2 ) since M I is unbounded. After the transformation
M Icor = 1 − e−2M I is bounded. The difference between M Icor(c1 ) and M Icor(c2 ) in the
above example is actually small since the M I are big for both c1 and c2 (leading to corresponding
M Icors close to zero). However, M Icor is also very hard to estimate over the class C. To see this,
we follow the same reasoning above but modify the example of c1 and c2 . First, we notice that for
any pair of densities c1 and c2 ,

Appendix B. Proof of Theorem 5

Another technical subtlety is that the c1 and c2 defined above are only densities on the unit
square but not copula densities which require uniform marginal distributions. However, it is clear
that the marginal densities for ci s are uniform over the interval (δ3 , 1 − δ4 ) and linear in the rest
of interval near the two end points 0 and 1. The copulas densities c∗i ’s corresponding to ci ’s can be
calculated directly through Sklar’s decomposition (1) in the main text. It is easy to see that the order
for the module of continuity w(ε) remains the same for using the corresponding copula densities
c∗i ’s.

Therefore, we modify the above c1 to have probability mass δ = 2ε in region R1 , varying with
the ε value instead of fixed as before. And we set M ∗ = e1/ε , leading to

The above outlines the main idea of the proof, ignoring some mathematical subtleties. One is
that the example densities c1 and c2 are only piecewise continuous on the three regions, but not truly
continuous as required for the class C. This can be easily remedied by connecting the three pieces
linearly. Specifically we set the densities ci (u, v) = M , i = 1, 2, on the boundary between R1 and
R3 , {(u, v) : u − v = −δ1 }, and on the boundary between R2 and R3 , {(u, v) : u − v = δ2 }. Then
we use two narrow strips within R3 , {(u, v) : −δ3 ≤ u−v ≤ −δ1 } and {(u, v) : δ2 ≤ u−v ≤ δ4 } to
connect the constant ci (u, v) values on the rest of region R3 with the boundary value ci (u, v) = M
continuously through linear (in u − v) ci (u, v)’s on the two strips that satisfies the Hölder condition
(7) of the main text. By the Hölder condition, the connection can be made with strips of width
at most (M − 1 + a + δ)/M1 . This continuity modification does not affect the calculation of the
difference MI(c1 ) − MI(c2 ) or CDα (c1 ) − CDα (c2 ) above as c1 and c2 only differ on regions R1
and R2 . Within regions R1 and R2 , the densities c1 and c2 can be further similarly connected
continuously linearly in u − v. As there is no Hölder condition on AcM , the connection within R1
and R2 can be as steep as we want. Clearly the order obtained through above calculations will not
change if we make these connections very steep so that their effect is negligible.

2

M2

R

Z

K(

z−Z
)c(z)dz =
h

Z

K(s)c(Z + sh)ds.

R
K(s)c(Z + sh)ds − c(Z)| ≤ B0 K(s)|c(Z + sh) − c(Z)|ds
R
≤ B0 K(s)M1 hds
= M1 h.

1
hd

=

µ22
[c(Z)
nhd

30

+ M1 h].

(17)

(16)
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Z1 −Z
1
1
1
2 Z1 −Z
|V ar(Z)| = n1 V ar[
R hd K( h )] ≤ n E[ h2d K ( h )]
= nh1 d B0 K 2 (s)c(Z + sh)ds
R
≤ nh1 d B0 K 2 (s)[c(Z) + M1 h]ds

|Bias(Z)| = |

Hence

c̄n (Z) = E[ĉkde (Z)] =

\ = T1 (ĉ) + T2 (ĉ)
c(Z))+ dZ, RCD = T1 (c) + T2 (c), and RCD
Firstly, we consider the region AM2 with bounded copula density. Here we calculate the bias
and variance of the kernel density estimator using standard methods first.

The first two terms in (11) corresponds to bias and standard deviation of kernel density estimation
when the copula density is bounded. When the copula density is unbounded, the kernel density
estimation ĉ(Z) is not consistent. However, a smaller order O( nh1 d ) term bounds the overall error
\ resulting from ĉ(Z) in the unbounded copula density region.
contribution to RCD
R
R
Let M2 = M2+1 , AM2 = {Z|c(Z) ≤ M2 } , T1 (c) = AM (1 − c(Z))+ dZ, T2 (c) = Ac (1 −

Appendix C. Proof of Theorem 6

a positive constant a2 = e−2a1 (1 − e−2 )/2. Therefore, M Icor can not be estimated consistently
over the class C either.

ε→0

1
1
lim w(ε) ≥ lim e−2M I(c1 ) |1 − e−2[M I(c1 )−M I(c2 )] | = e−2a1 (1 − e−2(1) ),
ε→0 2
2

which converges to 1 as ε → 0. Hence we have

M I(c1 ) − M I(c2 )
= ε log(M ∗ ) − ε log(M ) − (δ − ε) log(1 − ε/δ) − (a + ε) log(1 + ε/a)
= 1 − ε log(M ) − ε log(1/2) − (a + ε) log(1 + ε/a),

which converges to a fixed constant a1 = 2 + a log(M ) + (1 − a) log[(1 − a)/(1 − a/M )] as ε → 0.
Using (14), recall that δ = 2ε and M ∗ = e1/ε , we have

M I(c1 )
= δ log(M ∗ ) + a log(M ) + (1 − a − δ) log[(1 − a − δ)/(1 − a/M − δ/M ∗ )]
= 2 + a log(M ) + (1 − a − 2ε) log[(1 − a − 2ε)/(1 − a/M − 2εe−1/ε )],
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≤ M12 h2 +

ROBUST C OPULA D EPENDENCE M EASURE

2
AM [Bias (Z) + V ar(Z)]dZ
R 2 2 2
µ22
AM2 [M1 h + nhd [c(Z) + M1 h]dZ

2µ22
nhd

µ22
[1
nhd

+ M1 h]

MK
c̄n (Z)
nhd

Hence the integrated mean square error of the density estimator ĉn (Z) over regions AM2 is
R
IM SE(Z) =

≤

≤ M12 h2 +
\ on AM2 is bounded by
Hence the error of RCD
R
E|T1 (ĉ) − T1 (c)| ≤ E AM |(1 − ĉn (Z))+ − (1 − c(Z))+ |dZ
R 2
≤ E AM |ĉn (Z) − c(Z)|dZ
q R2
≤ E AM (ĉn (Z) − c(Z))2 dZ
2
q
2µ2
≤ d2 M12 h2 + nh2d
√
≤ dM1 h + 2µ2 ( nh1 d )1/2 .

1
nhd

B0

K 2 (s)c(Z + sh)ds ≤

< 1) ≤

MK
nhd

B0

>

c̄n (Z)

− 1)

K(s)c(Z + sh)ds =

−

ĉn (Z)|

MK M4
nhd

(18)

(19)

c with unbounded copula density. For Z ∈ Ac , ĉ(Z) does not
Now we consider the region AM
M2
2
have a finite variance bound in (17). But we can bound the variance by the expectation c̄n (Z) =
c
c . Hence
E[ĉn (Z)]. Let M3 = M22+1 , when h small, Z ∈ AM
implies
Z + sh ∈ AM
2
3
Z
Z

|V ar(Z)| ≤

=

P (|c̄n (Z)

E[1{ĉn (Z)<1} ]dZ ≤

V ar[ĉn (Z)]
≤
[c̄n (Z) − 1]2
MK
MK M4
c̄n (Z)
≤
nhd [c̄n (Z) − 1]2
nhd
≤

2

c
AM

is bounded by
Z

P (ĉn (Z)

Using Chebyshev’s inequality,
E[1{ĉn (Z)<1} ]

M3
.
(M3 −1)2

\ on
Hence the error of RCD

where M4 =
c
AM
2

E|T2 (ĉ) − T2 (c)| = E[T2 (ĉ)] ≤
Combining the above results:

√
2µ2
MK M4
+
.
nhd
nhd/2
\ − RCD|] ≤ M1 h + √
E[|RCD
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This finishes the proof.
Note that we can use any Lp norm (1 ≤ p ≤ ∞) in the Hölder condition: equation (7). The
kernel K is then assumed to have support in the unit ball B0 corresponding to that Lp norm. The
proof remains exactly the same. We in fact will use L∞ norm in our estimator for computational
simplicity. In that case, the unit ball B0 = {Z : kZkl∞ ≤ 1} is in fact the d-dimensional cube.
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Appendix D. Proof of Theorem 7

Ar(k(n),n),Z

k(n)
n

,

(20)

\ = RCD(ĉ) we use the k-NN estimator (Loftsgaarden and Quesenberry, 1965) of
Here for RCD
the copula density

ĉknn (Z) =

∂ 2 c(Z)
∂ 2 c(Z)
]ij =
.
∂Z2
∂zi ∂zj

where Z1 , Z2 , · · · , Zn are the copula based observations, r(k(n), n) is the distance from Z to the
k th closest of Z1 , Z2 , · · · , Zn and Ar(k(n),n),Z is the volume of the d-dimensional hyper-ball with
radius r(k(n), n).
In the following, without ambiguity, we denote r(k(n), n) by r, and k(n) by k. Hence the
volume Ar,Z is vd · rd , where vd is the volume of the d-dimensional unit ball B0 . And ĉknn (Z) =
k/(vd nrd ). For l2 norm, vd = π d/2 /Γ[(d + 2)/2] where Γ(·) denotes the Gamma function.
Moore and Yackel (1977a) showed that, for bounded densities, there is equivalence between the
consistency of the KDE density estimator and the consistency of the k-NN estimator. To cite the
results of (Moore and Yackel, 1977a), we assume a slightly stronger version of the Hölder condition
than (7). That is, we assume that c also has bounded continuous second order derivative in AM .
2 c(Z)
Let Q(Z) = tr[ ∂ ∂Z
2 ] denote the trace of the Hessian matrix of copula density c(Z). For the
d-dimensional vector Z = (z1 , ..., zd ), the Hessian matrix ∂ 2 c(Z)/∂Z2 has entries
[

k 2 2M
) d + √ + 2,
n
k

Then we rewrite the error bound in Theorem 7 explicitly as

\ − RCD|] ≤ 2Q̄(
sup E[|RCD
C∈C

Q̃(Z) k 2/d
(
)
+
c(Z)2/d n
c2 (Z)
1
k + o( k ).

k 2/d
O( c(Z)
),
k ) + o(( n )

(21)

1
where Q̄ = 2(d+2)π
Γ2/d ( d+2
2 ) supZ∈AM Q(Z), and  = (n) is any sequence converging to 0
slower than k/n. We suppress the n from the notation in  without ambiguity as in k and r above.
We shall use the following asymptotic results on k-NN density estimator in Mack and Rosenblatt
1
(1979). Denote Q̃(Z) = 2(d+2)π
Γ2/d ( d+2
2 )Q(Z). Then

=

Bias[ĉknn (Z)] =
V ar[ĉknn (Z)]
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\ when c(Z) is
These expressions provide control on the error contribution of ĉ(Z) to RCD
\ we prove that
bounded both from above and from below. Similar to the proof of KDE-based RCD,
\ from the big copula density region is of a smaller order O(1/k).
the error contribution to RCD
Different from the KDE, the k-NN density estimator also does not have finite bias bound in (21)
when the copula density c(Z) is not bounded below. Therefore, we also need to control the error
\ from the small (< ) copula density region separately.
contribution to RCD
As before, let M be a constant between 1 and M , say, M2 = M2+1 . We now separate the three
2
c
regions by copula density: AM
= {Z : c(Z) > M2 } (big), AM2 , = {Z :  ≤ c(Z) ≤ M2 }
2
(middle) and A = {Z : c(Z) < } (small). Then we can separate RCD into three components

32

k 1/d def
)
= r̄.
nvd

2

AcM

Z

E[1{ĉknn (Z)<1} ]dZ ≤

1
1
= O( ).
M3 k[1 − 1/M3 ]2
k

np̄(1−p̄)
(np̄−k)2

E|ĉknn (Z) − c(Z)| ≤

2[Q̄(

k 2/d M2
) + √ ][1 + o(1)]. (22)
n
k

33
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Thirdly, we look at the error bound on A , the region of small copula density. From equation
(20), ĉknn (Z) ≥ 2 if and only if
k 1/d def ∗
r≤(
)
=r .
n2vd

|ĉknn (Z) − c(Z)|dZ] ≤

√

p
√
k
M2
E[(ĉn (Z) − c(Z))2 ] ≤ 2[Q̄( )2/d + √ ][1 + o(1)].
n
k

AM2 ,

Z
E[T2 (ĉknn ) − T2 (c)] ≤ E[

We get

Hence

=[

Q̃(Z) k 2/d 2 c2 (Z)
k
1
( ) ] +
+ o(( )4/d + )
k
n
k
c(Z)2/d n
Q̄2 k
M2
k
1
≤ ( 4/d )( )4/d + 2 + o(( )4/d + ).
n
k
n
k


E[(ĉn (Z) − c(Z))2 ] = bias2 (Z) + V ar(Z)

Secondly, we look at the error bound on AM2 , , the region of middle copula density. Using (21),
for Z ∈ AM2 , , the mean squared error of ĉknn (Z) is

E|T1 (c) − T1 (ĉknn )| =

Hence

V ar[N̄ (Z)]
P r[ĉknn (Z) < 1] = E[1{N̄ (Z) < k}] ≤ {E[
=
N̄ (Z)]−k}2
1
1
≤ np̄[1−k/(np̄)]2 ≤ M3 k[1−1/M3 ]2
= O( k1 ).

This occurs when at most k − 1 of observations Z1 , Z2 , · · · , Zn fall into the ball B(Z; r̄) which is
centered at Z with radius r̄.
Let N̄ (Z) denotes the number of observations
R falling into B(Z; r̄). Then N̄ (Z) follows a binomial distribution with mean np̄, where p̄ = B(Z;r̄) c(z)dz. Since k/n → 0, r̄ → 0. Hence
M1 r̄ < (M2 − 1)/2 when n is large enough. Then the whole ball B(Z; r̄) is contained in AcM3 with
R
M3 = (M2 + 1)/2 as before. Hence p̄ = B(Z;r̄) c(z)dz ≥ M3 vd r̄d = M3 k/n. Using Chebyshev’s
inequality,

r>(

R
R
RCD = T1 (c) + T2 (c) + T3 (c): T1 (c) = A c [1 − c(Z)]+ dZ, T2 (c) = AM , [1 − c(Z)]+ dZ and
M2
2
R
T3 (c) = A [1 − c(Z)]+ dZ.
Firstly, we look at the error bound on AcM2 , the region of big copula density. Similar to the
KDE, the error in ĉknn (Z) can be arbitrarily large for Z ∈ AcM2 . However, the error only leads to
\ if ĉknn (Z) < 1. From equation (20), ĉknn (Z) < 1 if and only if
the error in RCD

ROBUST C OPULA D EPENDENCE M EASURE

B(Z;r)

V ar[N ∗ (Z)]
[k−E(N ∗ (Z))]2

=

np∗ (1−p∗ )
(k−np∗ )2

34
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\ we need to decide the bandwidth in KDE-based estimator or
For a practical estimator for RCD,
the number of neighbors k in KNN-based estimator. Theorem 4 and Theorem 5 provides the rates.
√
For bivariate case, h = O(n−1/4 ) and k = O( n). To decide the constant coefficient, we used
empirical simulations.
\ on nine functions (listed in Table 11) with various
First, for KDE estimators, we tested RCD
levels of additive noises. Four sample sizes of n = 102 , 103 , 104 and 105 are used.Figure 13 plots

Appendix E. Selection of Tuning Parameter in the Practical Estimator

which finished the proof.
Note that we can use other lp norms, which changes the vd in the proof to the volume of the unit
ball under the corresponding norm. The rate does not change.
We can also prove the consistency under Hölder condition without assuming continuous second
derivatives. However, that involve tedious derivation of bias and variance bounds similar to (21) for
k-NN density estimators. We provide the simple proof here by citing (21) from Mack and Rosenblatt
(1979).
To minimize the error bound in (12), we get  = (k/n)2/(d+2) and k = n4/(d+6) . So in
1/2
4/(d+6) rate will make the
bivariate
√ (d = 2) case, we take k = O(n ). Taking k below the n
O(1/ k) term dominant in √
the error bound. In that case, the asymptotic results on the k-NN
density estimation states that k[ĉ(Z) − c(Z)]/c(Z) converge to a standard Gaussian distribution.
√
\ − RCD] converges to an integral of a Gaussian process.
Then k[RCD

Since c(Z) ≤ , if ĉknn (Z) ≤ 2, then |ĉknn (Z) − c(Z)| ≤ 2. Hence
R
R
E|T3 (c) − T3 (ĉknn )| ≤ A E|ĉknn (Z) − c(Z)|dZ ≤ A {2 + P r[ĉknn (Z) > 2]}dZ
3
1
< 2 + k = O( + k ).
√
√ √
Finally, when combining the three parts, the terms O(1/k) = o(1/ k) < (2− 2)/ k. Hence
we arrive at
\ − RCD|] ≤ 2[Q̄( k )2/d + M
√ 2 + ],
sup E[|RCD
(23)
n
k
C∈C

P r[ĉknn (Z) > 2] = E[1{N ∗ (Z) < k}] ≤
0.6k
3
≤ (0.4k)
2 < k
1
= O( k ).

Therefore, using
→ 0, we have p∗ = c(Z)vd (r∗ )d [1 + o(1)] ≤ vd (r∗ )d [1 + o(1)] which
converges to k/(2n). Hence for n big, p∗ < 0.6k/n. Using Chebyshev’s inequality,

r∗

This occurs when at least k of observations Z1 , Z2 , · · · , Zn fall into the ball B(Z; r∗ ). Since
k/(n) → 0, r∗ → 0.
∗
Let N ∗ (Z) denotes the number of observations
R falling into B(Z; r ). Then N̄ (Z) follows a
binomial distribution with mean np∗ , where p∗ = B(Z;r∗ ) c(z)dz.
Using Taylor expansion, we have (from last line page 228 in Biau et al. (2011))
Z
c(z)dz = c(Z)vd rd + Q̃(Z)vd rd+2 + o(rd+2 ).

D ING , DY, L I , AND C HANG

ROBUST C OPULA D EPENDENCE M EASURE

\ improves
the simulation results using h = 0.25n−1/4 . We can see that the performance of RCD
as sample size increases, and gives very accurate estimates for RCD under big sample sizes. For
illustration, we showed the plots with bandwidth h = 0.1n−1/4 and h = 0.5n−1/4 in Figure 14
and Figure 15 respectively. Those bandwidth choices are clearly either too small (h = 0.1n−1/4
estimator overshoot in several cases when RCD is small) or too big (h = 0.5n−1/4 estimator
converges slowly when RCD is large). Hence the bandwidth h = 0.25n−1/4 is a good choice.
y=x
2
y=x
√
y= x
y = x3
y = 4(x − 1/2)3
y = 4x(1 − x)
y = [cos(2πx) + 1]/2
(x − 1/2)2 + y 2 = 1/4
y = ±(x − 1/2)
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Figure 13: The comparison of RCD with its estimated values under different sample sizes. This
estimator uses the square kernel density estimator with bandwidth h = 0.25n−1/4 .
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(2x − 1)2 + y 2 = 1
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Table 11: The function relationships used in Figures 13 - 18.
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Circle
Cross 2
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1.0
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1.0
0.8
0.2
0.2
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According to the equivalence results between the KDE and the KNN estimator by (Moore and
Yackel, 1977b), the k in the KNN density estimation corresponds to the bandwidth in KDE estimator
as c(z)(2h)2 = k/n. As the mean of copula density c(α) is one, h = 0.25n−1/4 corresponds
√
\ with k = 0.25√n,
to k = n(2h)2 = 0.25 n. The simulation results for KNN-based RCD
√
√
k = 0.1 n and k = 0.5 n are plotted in Figures 16 - 18. Similar pattern as in KDE-based
\ to use k = 0.25√n.
estimator are observed. Hence we propose the practical KNN-based RCD
\ on the mixture noise setting used in defiFurthermore, we also checked the KNN-based RCD
nition 2: a proportion (p) of deterministic function is hidden in independent continuous noise. Six
\ is close to
types of deterministic function are used, as listed in Table 12. When n = 5000, the RCD
√
√
the true value p in the simulations. And compared to the two choices of k = 0.1 n and k = 0.5 n,
√
k = 0.25 n provide a good balance of approximating the true values when RCD is small or large.
A
B
C
D
E
F
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Table 12: The function relationships used in Figures 19.
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Figure 15: The comparison of RCD with its estimated values under different sample sizes. This
estimator uses the square kernel density estimator with bandwidth h = 0.5n−1/4 .
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Figure 14: The comparison of RCD with its estimated values under different sample sizes. This
estimator uses the square kernel density estimator with bandwidth h = 0.1n−1/4 .
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Figure 17: Additive noise with k = 0.1 n.
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Figure 16: Additive noise with k = 0.25 n.
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Figure 19: Mixture noise with k = c n, where c = 0.1, 0.25, 0.5.
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Figure 18: Additive noise with k = 0.5 n.
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Isabelle Guyon and André Elisseeff. An introduction to variable and feature selection. The Journal
of Machine Learning Research, 3:1157–1182, 2003.

Isabelle Guyon, Jason Weston, Stephen Barnhill, and Vladimir Vapnik. Gene selection for cancer
classification using support vector machines. Machine learning, 46(1-3):389–422, 2002.

Xiaofei He, Deng Cai, and Partha Niyogi. Laplacian score for feature selection. In Advances in
neural information processing systems, pages 507–514, 2005.

Harry Joe. Relative entropy measures of multivariate dependence. Journal of the American Statistical Association, 84(405):157–164, 1989. doi: 10.1080/01621459.1989.10478751.

Kenji Kira and Larry A Rendell. The feature selection problem: Traditional methods and a new
algorithm. In AAAI, volume 2, pages 129–134, 1992.

Justin B Kinney and Gurinder S Atwal. Equitability, mutual information, and the maximal information coefficient. Proceedings of the National Academy of Sciences, 111(9):3354–3359, 2014.

Thomas H Cormen. Introduction to algorithms. MIT press, 2009.

Ron Kohavi and George H John. Wrappers for feature subset selection. Artificial intelligence, 97
(1):273–324, 1997.

Yale Chang, Yi Li, Adam Ding, and Jennifer Dy. A robust-equitable copula dependence measure
for feature selection. In Proceedings of the Nineteenth International Conference on Artificial
Intelligence and Statistics. Citeseer, 2016.

David L. Donoho and Richard C. Liu. Geometrizing rates of convergence, ii. The Annals of Statistics, 19(2):pp. 633–667, 1991. ISSN 00905364.
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1. Introduction

This paper presents a multiscale approach to efficiently compute approximate optimal
transport plans between point sets. It is particularly well-suited for point sets that are in
high-dimensions, but are close to being intrinsically low-dimensional. The approach is based
on an adaptive multiscale decomposition of the point sets. The multiscale decomposition
yields a sequence of optimal transport problems, that are solved in a top-to-bottom fashion
from the coarsest to the finest scale. We provide numerical evidence that this multiscale
approach scales approximately linearly, in time and memory, in the number of nodes,
instead of quadratically or worse for a direct solution. Empirically, the multiscale approach
results in less than one percent relative error in the objective function. Furthermore, the
multiscale plans constructed are of interest by themselves as they may be used to introduce
novel features and notions of distances between point sets. An analysis of sets of brain
MRI based on optimal transport distances illustrates the effectiveness of the proposed
method on a real world data set. The application demonstrates that multiscale optimal
transport distances have the potential to improve on state-of-the-art metrics currently used
in computational anatomy.
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The study of maps between shapes, manifolds and point clouds is of great interest in a
wide variety of applications. There are many data types, e.g. shapes (modeled as surfaces),
images, sounds, and many more, where a similarity between a pair of data points involves
computing a map between the points, and the similarity is a functional of that map. The
map between a pair of data points however contains much more information than the
similarity measure alone, and the study of networks of such maps have been successfully used
to organize, extract functional information and abstractions, and help regularize estimators
in large collections of shapes (M. Ovsjanikov and Guibas, 2010; Qixing Huang, 2014; Huang
and Guibas, 2013). The family of maps to be considered depends on the type of shape,
manifold or point cloud, as well as on the choice of geometric features to be preserved in a
particular application. These considerations are not restricted to data sets where each point
is naturally a geometric object: high-dimensional data sets of non-geometric nature, from
musical pieces to text documents to trajectories of high-dimensional stochastic dynamical
systems, are often mapped, via feature sets, to geometric objects. The considerations above
therefore apply to a very wide class of data types.

Submitted 3/16; Revised 6/17; Published 8/17

In this paper we are interested in the problem where each object is a point cloud – a set
of points in RD – and will develop techniques for computing maps from one point cloud to
another, in particular in the situation where D is very large, but the point clouds are close
to being low-dimensional, for example they may be samples from a d-dimensional smooth
manifold M (d  D). The two point clouds may have a different number of points, and they
may arise from a sample of a low-dimensional manifold M perturbed by high-dimensional
noise (for more general models see the works by Little et al. (2012), Maggioni et al. (2016)
and Liao and Maggioni (2016)). In this setting we have to be particularly careful in both
the choice of maps and in their estimation since sampling and noise have the potential to
cause significant perturbations.
We find optimal transport maps rather well-suited for these purposes. They automatically handle the situation where the two point clouds have different cardinality, they handle
in a robust fashion noise, and even changes in dimensionality, which is typically ill-defined,
for point clouds arising from real-world data (Little et al., 2012). Optimal transport has
a very long history in a variety of disciplines and arises naturally in a wide variety of
contexts, from optimization problems in economics and resource allocation, to mathematics and physics, to computer science (e.g. network flow algorithms). Thus, applications
of optimal transport range from logistics and economics (Beckmann, 1952; Carlier et al.,
2008), geophysical models (Cullen, 2006), image analysis (Rubner et al., 1998; Haker et al.,
2004) to machine learning (Cuturi and Doucet, 2014; Cuturi and Avis, 2014). Despite
these widespread applications, the efficient computation of optimal transport plans remains
challenging, especially in complex geometries and in high dimensions.
For point sets the optimal transport problem can be solved by a specialized linear program, the minimum network flow problem (Ahuja et al., 1993; Tarjan, 1997). The minimum
network flow problem has been extensively studied in the operations research community
and several fast algorithms exist. However, these algorithms, at least on desktop hardware,
do not scale beyond a few thousand source and target points. Our framework extends the
applications of these algorithms to problem instances several orders of magnitude larger,
under suitable assumptions on the geometry of the data. We exploit a multiscale representation of the source and target sets to reduce the number of variables in the linear
program and quickly find good initial solutions, as illustrated in Figure 1. The optimal
transport problem is solved (with existing algorithms) at the coarsest scale and the solution
is propagated to the next scale and refined. This process is repeated until the finest scale is
reached. This strategy, discussed in detail in Section 3, is adaptable to memory limitations
and speed versus accuracy trade-offs. For some of the refinement strategies, it is guaranteed
to converge to the optimal solution.
Our approach draws from a varied set of work that is briefly summarized in Section 2.
The proposed approach generalizes and builds on previous and concurrently developed
hierarchical methods (Glimm and Henscheid, 2013; Schmitzer and Schnörr, 2013; Schmitzer,
2015; Oberman and Ruan, 2015). The work in this paper adds the following contributions:
• The description of a general multiscale framework for discrete optimal transport that
can be applied in conjunction with a wide range of optimal transport algorithms.
• A set of propagation and refinement heuristics, including approaches that are similar
and/or refine existing ones (Glimm and Henscheid, 2013; Oberman and Ruan, 2015;
Schmitzer, 2015) as well as novel ones. In particular we propose a novel propagation
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strategy based on capacity restrictions of the network flow problem at each scale.
This new approach proves to be very efficient and accurate in practice. Overall, the
heuristics result empirically in a linear increase in computation time with respect to
data set size.
• An implementation in the R package mop that allows the combination of multiple
heuristics to tailor speed and accuracy to the requirements of particular applications.
Compared to other linear programming based approaches, the multiscale approach results
in a speedup of up to multiple orders of magnitude in large problems and permits to solve
approximately transportation problems of several orders of magnitudes larger than previously possible. Comparing to PDE based approaches is difficult and PDE based methods
are limited to low-dimensional domains and specific cost metrics. The proposed framework is demonstrated on several numerical examples and compared to the state-of-the-art
approximation algorithm by Cuturi (2013).
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Figure 1: Optimal transport between two noisy elliptical shapes in 2-D. We visualize coarseto-fine approximations to the source (purple dots) and target (yellow dots) point
clouds, together with the optimal transportation plan at each scale (gray edges).
The intensity of the points is proportional to mass – at coarser scales each point
represents an agglomerate of points at finer scales, and its mass is the sum of
the masses of the points it represents. Similarly the intensity of the lines is
proportional to the amount of mass transported along the line. Notice that the
optimal transport formulation permits multiple lines exiting a source point or
entering a target point.

3

2. Background
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(1)

Optimal transport is the problem of minimizing the cost of moving a source probability
distribution to a target probability distribution given a function that assigns costs to moving
mass from source to target locations. The classical formulation by Monge (1781) considers
the minimization over mass preserving mappings. Later Kantorovitch (1958) considered the
same problem but as a minimization over couplings between the two probability measures,
which permits to split mass from a single source across multiple target locations. More
precisely, for two probability measures µ and ν on probability spaces X and Y respectively,
a coupling of µ and ν is a measure π on X × Y such that the marginals of π are µ and
ν, i.e. π(A × Y) = µ(A) for all (µ-measurable) sets A ⊆ X and π(X × B) = ν(B)
for all (ν-measurable) sets B ⊆ Y. We denote by C(µ, ν) the set of couplings between
µ and ν. Informally, we may think of dπ(x, y) as the amount of infinitesimal mass to
be transported from source x to destination y, with the condition that π is a coupling
guaranteeing that the source mass is distributed according to µ and the destination mass is
distributed according to ν. Such couplings always exist: we always have the trivial coupling
π = µ × ν. The trivial coupling is uninformative, every source mass dµ(x) is transported
to the same target distribution ν. In Monge’s formulation the coupling is restricted to the
special form π(x, y) = δT (x) where δy is the Dirac-δ measure with mass at y ∈ Y, and T is
a function X → Y: in this case the coupling is “maximally informative” in the sense that
there is a function mapping each source x to a single destination y; in particular the mass
dµ(x) at x is not split into multiple portions that are shipped to different target y’s.
To define optimal transport and optimal couplings, we need a cost function c(x, y) on
X × Y representing the work or cost needed to move a unit of mass from x to y. Then for
every coupling π we may define the cost of π to be

E(X,Y )∼π [c(X, Y )] ,

X

Z

c(x, T (x))dµ(x) ,

with (X, Y ) being a pair of random variables distributed according to π. An optimal
coupling π minimizes this cost over all choices of couplings. When seeking an optimal
transportation plan, the above becomes

EX∼µ [c(X, T (X))] =

min

π∈C(µ,ν)

X

Z Z

X

1
p
ρ(x, y)p dπ(x, y)
.

(2)

and one minimizes over all (measurable) functions T : X → Y. One often designs the
cost function c in an application-dependent fashion, and the above framework is extremely
general. When X = Y is a metric space with respect to a distance ρ (with suitable technical
conditions relating the metrics and the measures µ, ν that we will not delve into, referring
the reader to Villani (2009)), then distinguished choices for the cost are those that are
related to the metric structure. The natural choice of c(x, y) = ρ(x, y)p , for some p > 0
leads to the definition of the Wasserstein-Kantorovich-Rubinstein metric on the space of
probability measures on X:
Wp (µ, ν) :=

JMLR 18(72):1-32, 2017

Computational solutions to optimal transport split roughly in two settings: Approaches
based on the solution of partial differential equations derived from the continuous optimal

4

For source and target data sets with the same cardinality and equally weighted δfunctions, Kantorovich’s optimal transport problem reduces to an assignment problem,
whose solution is a Monge optimal transport map. In this special case, the optimal transport problem can be efficiently solved by the Hungarian algorithm (Kuhn, 1955). The
assignment problem results in a degenerate linear program since only n entries are non-zero
(instead of 2n − 1). We can therefore think of optimal transport as a robust version of
assignments. This can also be seen from the point of view of convexity: in the assignment
problem, π is a permutation matrix deciding to which yj each xi is transported. The convex
hull of permutation matrices is exactly the set of doubly-stochastic matrices, to which a
coupling π belongs as a consequence of the constraints in (3).
For point sets with different cardinalities and/or points with different masses the optimal
transport problem can be solved by a linear program and is a special case of the minimum
cost network flow problem. The minimum cost flow problem is well studied and a number
of algorithms (Ford and Fulkerson, 1956; Klein, 1967; Cunningham, 1976; Goldberg and
Tarjan, 1987; Bertsekas and Tseng, 1988; Orlin, 1997) exist for its solution. This discrete
solution approach is not constrained to specific cost functions and can work with arbitrary
cost functions.
However, the linear programming approach neglects possibly useful geometric properties
of the measures and the cost function. Our work makes assumptions about the underlying
geometry of the measure spaces and the associated cost function, and in this way is a
mixing of the low-dimensional “geometric PDE” approaches with the discrete non-geometric
optimization approaches. It exploits the geometric assumptions to relieve the shortcomings
of either approach, namely it scales to high-dimensional data, provided that the intrinsic
dimension is low in a suitable sense, and does not require a mesh data structure. At the
same time we use the geometry of the data to speed up the linear program, which per–se
does not leverage geometric structures.
The refinement strategies of the proposed multiscale approach add subsets of paths
among all pairwise paths at each subsequent scale to improve the optimal transport plan.
This strategy of adding paths, is akin to column generation approaches (Desrosiers and
Lübbecke, 2005). Column generation, first developed by Dantzig and Wolfe (1960) and Ford
and Fulkerson (1956), reduces the number of variables in a linear program by solving a
smaller linear program on a subset of the original variables and introducing new variables
on demand. However, the proposed approach exploits the geometry of the problem instead of relying on an auxiliary linear program (Dantzig and Wolfe, 1960) or shortest path
computations (Ford and Fulkerson, 1956) to detect the entering variables.

transport formulation, briefly discussed in Section 2.1 and, more relevant to this paper,
combinatorial optimization methods to directly solve for a discrete optimal transport plan
discussed in Section 2.2.

.

(3)

5

2.3 Approximation Strategies

6
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c(xi , yj )π(xi , yj )

In the computer vision literature, the Earth Movers distance or equivalently the Wasserstein1 distance, which is simply the cost of the optimal coupling, is a successful similarity measure
for image retrieval (Rubner et al., 1998). In this application the transport plan is not of
interest but only the final transport cost. For this purpose Indyk and Thaper (2003), Shirdhonkar and Jacobs (2008) and Andoni et al. (2008) developed algorithms that compute an
approximate cost but do not yield a transport plan. Some of these approaches are based
on the dual formulation of optimal transport, which involves testing against Lipschitz func-

i=1,...,n
j=1,...,m

P

Pj π(xi , yj ) = µ({xi }) = w(xi )
i π(xi , yj ) = ν({yj }) = v(yj )


π(xi , yj ) ≥ 0

The solution is called an optimal coupling π ∗ , and the minimum value attained at π ∗ , is
∗
called the cost
optimal cost of the transport problem, and is denoted by
P of π , or the
∗ (x , y ). The constraints enforce that π is a coupling. The
cost(π ∗ ) =
c(x
,
y
)π
i
j
i
j
i,j
variables π(xi , yj ) correspond to the amount of mass transported from source xi to target
yj , at cost c(xi , yj ). The linear constraints are of rank n + m − 1: when n + m − 1 of the
constraints are satisfied, either the n constraints of the source density or the m constraints
of the target density are satisfied. Since the sum of outgoing mass is equal to the sum
of incoming mass, i.e. µ(X) = ν(Y), it follows that all constraints must be satisfied.
The optimal solution lies, barring degeneracies, on a corner of the polytope defined by the
constraints, i.e. is a basic feasible solution. This implies that exactly n + m − 1 entries of
the optimal coupling π are non-zero, i.e. π is a sparse matrix. The optimal coupling is a
Monge transport map if and only if all the mass of a source xi is transported to exactly one
target location. A Monge solution does not exist for every optimal transport problem, in
fact a small perturbation of µ will always suffice to make a Monge solution impossible.

π

min

X

2.2 Discrete Optimal Transport and Linear Programming
P
Pm
Pn
w(xi ) =
For
P two discrete distributions µ = 1 w(xi )δ(xi ) and ν = 1 v(yi )δ(yi ) with
v(yi ) = 1 the optimal transport problem is equivalent to the linear program

In case that at least the source distribution admits a density, and when the cost function
is the squared Euclidean distance, the optimal coupling is deterministic, i.e. there exists
a transport map, and the optimal solution is the gradient of a convex function (Brenier,
1991). This has been exploited to solve the optimal transport problem by numerical partial
differential equation approaches (Benamou and Brenier, 2000; Angenent et al., 2003; Haker
et al., 2004; Iollo and Lombardi, 2011; Papadakis et al., 2013; Benamou et al., 2014).
An alternative formulation proposed by Aurenhammer et al. (1998) shows that the optimal transport from a source density to a target distribution of a set of weighted Dirac delta’s
can be solved through a finite dimensional unconstrained convex optimization. Mérigot
(2011) proposes a multiscale approach for the formulation of Aurenhammer et al. (1998).
Both the numerical PDE based approaches as well as the unconstrained convex optimization require a discretization of the full domain which is generally not feasible for higher
dimensional domains. For arbitrary cost functions and distributions the optimal transport
problem does typically not result in a deterministic coupling and can not be solved through
PDE based approaches.

2.1 Continuous Optimal Transport

Gerber and Maggioni

Multiscale Optimal Transport

Multiscale Optimal Transport

in a variety of learning tasks; the connections between learning and optimal transportation
are still a very open field, to be explored and exploited.

Gerber and Maggioni
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(4)

(5)
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To derive approximation bounds for the error of the multiscale transport problem at each
scale we rely on the notion of a regular family of multiscale partitions formally described
in Section 3.1.1. The multiscale partition is used to define approximations to µ and c at
all scales. An integral part of the definitions is that the constructions can be interpreted
as a tree, with all nodes at a fixed height corresponding to one scale of the multiscale
partitioning.

3.1 The Coarsening Step: Multiscale Approximations to X, µ and c

(III) A way of refining the propagated solution to the optimal coupling at scale j. This is
described in Section 3.4.

(II) A way of propagating a coupling πj solving the transport problem µj  νj at scale
j to a coupling πj+1 at scale j + 1. This is described in Section 3.3.

This coarsening step is described in Section 3.1 and the resulting multiscale family of
transport problems is discussed in Section 3.2.

(Y, µ) =: (YJ , νJ ) → (YJ−1 , νJ−1 ) → · · · → (Yj , νj ) → · · · → (Y0 , ν0 )

connecting the scales from fine to coarse, with Xj of decreasing cardinality as the scale
decreases, and the discrete measure µj “representing” a coarsification of µ at scale j,
with supp(µj ) = Xj (the support of µj is the set of points with positive measure).
Similarly for Y and ν we obtain the chain

(X, µ) =: (XJ , µJ ) → (XJ−1 , µJ−1 ) → · · · → (Xj , µj ) → · · · → (X0 , µ0 )

(I) A way of coarsening the sets of source points X and measure µ in a multiscale
fashion, yielding a chain

Solving the optimal transport problem for two point sets X and Y directly requires |X||Y|
variables, or paths to consider. In other words, the number of paths along which mass can
be transported grows quadratically in the number of points and quickly yields exceedingly
large problems. The basic premise of the multiscale strategy is to solve a sequence of
transport problems based on increasingly accurate approximations of the source and target
point set. The multiscale strategy helps to reduce the problem size at each scale by using
the solution from the previous scale to inform which paths to include in the optimization
at the next finer scale. Additionally, the solution at the previous scale helps to find a good
initialization for the current scale which results in fewer iterations to solve the reduced size
linear program.
The multiscale algorithm (see Algorithm 1 and Figure 2 for a visual illustration) comprises of three key elements:

3. Multiscale Optimal Transport

tions, and observing that Lipschitz functions may be characterized by decay properties of
their wavelet coefficients. In this sense these approaches are multiscale as well.
To speed up computations in machine learning applications Cuturi (2013) proposes
to smooth transport plans by adding a maximum entropy penalty to the optimal transport
formulation. The resulting optimization problem is efficiently solved through matrix scaling
with Sinkhorn fixed-point iterations. Because of the added regularization term, the solution
will in general be different from the optimal transportation. It may however be the case
that these particular (or perhaps other) regularized solutions are better suited for certain
applications.
2.4 Related Work
Very recently a number of approaches have been proposed to solve the optimal transport in
a multiscale fashion (Glimm and Henscheid, 2013; Schmitzer and Schnörr, 2013; Schmitzer,
2015; Oberman and Ruan, 2015). Glimm and Henscheid (2013) design an iterative scheme
to solve a discrete optimal transport problem in reflector design and propose a heuristic for
the iterative refinements based on linear programming duality. This iterative scheme can
be interpreted as a multiscale decomposition of the transport problem based on geometry of
the source and target sets. The proposed potential refinement strategy extends the heuristic
proposed by Glimm and Henscheid (2013) to guarantee optimal solutions and adds a more
efficient computation strategy: Their approach requires to check all possible variables at
the next scale. In Section 3.4.1 we introduce a variation of the approach by Glimm and
Henscheid (2013) by adding a branch and bound strategy to avoid checking all variables,
and an iterative procedure that guarantees optimal solutions.
Schmitzer and Schnörr (2013) propose a multiscale approach on grids that uses a refinement strategy based on spatial neighborhoods, akin to the neighborhood refinement
described in Section 3.4.2. Schmitzer (2015) uses a multiscale approach to develop a modified auction algorithm with guaranteed worst case complexity and optimal solutions. We
use data structures that enable us to quickly construct neighborhoods, even for point clouds
that live in high-dimensions, but have low-intrinsic dimension; we also exploit these structures to not compute all the pairwise possible costs, as well as the candidate neighborhoods
in our propagation steps. This can result in substantial savings in the scaling of the algorithm, from |X|3 to just |X| log |X|. We are therefore able to scale to larger problem, solving
on a laptop problems an order of magnitude larger than those in Oberman and Ruan (2015)
for example, and showing linear scaling on a large range of scales. Schmitzer (2015) use
the c–cyclical monotonicity property of optimal transport plans (Villani, 2009, Chapter 5)
to construct “shielding neighborhoods” that permit to exclude paths from further consideration. The idea of shielding neighborhoods is combined with a multiscale strategy that
permits to quickly refine initial neighborhood estimates.
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Finally, in our work we emphasize that the multiscale construction is not only motivated
by its computational advantage, but also as a way of revealing possibly important features
of the optimal transportation map. As we show in Section 5, features collected from the
multiscale optimal transportation maps leads to improved predictors for brain conditions.
More generally, we expect multiscale properties of optimal transportation maps to be useful
7

K

KX

X
Cj+1,k
0

⇡j+1 (xj+1,k0 , yj+1,k00 )

⇡j (xj,k000 , yj,k )

Y
Cj,k

Y
Cj+1,k
00

Yj+1

Yj
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9

KX

X } j , of cardinality
The space Xj will be the partition at scale j, namely the set {Cj,k
k=1
X
Kj . The measures µ and ν may be coarsened in the natural way, by letting µj be defined

Figure 2: An illustration of the multiscale framework. The coarsening step constructs from
a set of weighted points Xj+1 at scale j + 1 a smaller set of weighted points at
scale j (blue bars). An equivalent coarsening is performed on the target point set
Yj+1 Neighboring points at scale j +1 are combined into a single representative at
scale j with mass equivalent to the weights of the combined points. The optimal
transport plan (green arrows) is solved at the coarser scale j, then propagated to
scale j + 1 and refined.

Xj+1

X
Cj,k

Xj

Y } j }J
and {{Cj,k
k=1 j=0 (we assume the same range of scales to keep the notation simple). The
construction of the multiscale approximations is illustrated in Figure 2.

KY

X } j }J
dimension d, we construct the corresponding families of multiscale partitions {{Cj,k
k=1 j=0

been used to construct multiscale decompositions of data sets in high-dimensions (Little
et al., 2012; Allard et al., 2012; Iwen and Maggioni, 2013; Chen et al., 2012). We say that
Cj+1,k0 , or even (j + 1, k 0 ), is a child of Cj,k (respectively, of (j, k)) if Cj+1,k0 ⊆ Cj,k , and
that such Cj,k (respectively (j, k)) is a parent of Cj+1,k0 (resp. (j + 1, k 0 )).
Given two discrete sets X and Y in a doubling metric space of homogeneous type with

Gerber and Maggioni

To ease the notation we will fix θ = 2 in what follows, but the constructions and results
hold, mutatis mutandis, for general θ > 1. The properties (i) and (ii) above imply that
there exists a tree T , with nodes at scale j (i.e. at distance j from the root) in bijection
Kj
with {Cj,k }k=1
, such that (j + 1, k 0 ) is a child of (j, k) if and only if Cj+1,k0 is contained
in Cj,k . Moreover properties (iii) and (iv), together with the properties of spaces with a
doubling measure, imply that µ(Cj,k )  2−jd and Kj  2jd . These partitions are classical
in harmonic analysis, mimicking dyadic cubes in Euclidean space, and they have recently

(iv) each Cj,k contains a “center” point cj,k such that Bcj,k (θ−j ) ⊆ Cj,k .

(iii) there exists a constant A > 0 such that for all j, k we have the diameter diam(Cj,k ) ≤
Aθ−j ;

(ii) either Cj+1,k0 does not intersect a Cj,k , or it is completely contained in it;

j
j
(i) the sets {Cj,k }k=1
form a partition of X, i.e. they are disjoint and ∪k=1
Cj,k = X;

K

A regular family of multiscale partitions, with scaling parameter θ > 1, is a family of sets
Kj J
{{Cj,k }k=1
}j=0 , where j denotes the scale and k indexes the sets at scale j, such that:

3.1.1 Multiscale Approximations to X and µ

We start with some notation needed for the definition of the multiscale partitions. Let
(X, ρ, µ) be a measure metric space with metric ρ and finite measure µ. Without loss of
generality assume that µ(X) = 1. The metric ball of center z and radius r is Bz (r) = {x ∈
X : ρ(x, z) < r}. We say that X has doubling dimension d if every ball Bz (r) can be covered
by at most 2d balls of radius r/2 (Assouad, 1983). Furthermore, a space has a doubling
measure if µ(Bz (r))  rd , i.e. if there exist a constant c1 such that for every z ∈ X and
d
d
r > 0 we have c−1
1 r ≤ µ(Bz (r)) ≤ c1 r . Here and in what follows, we say that f  g if there
are two constants c1 , c2 > 0 such that for every z in the domain of both functions f, g we
have c1 f (z) ≤ g(z) ≤ c2 f (z) (and therefore a similar set of inequalities holds with the roles
of f and g swapped), and we say that f and g have the same order of magnitude. Having
a doubling measure implies having a doubling metric, and up to changing the metric to an
equivalent one, one may choose the same d in the doubling condition for the metric and in
that for the measure: we assume this has been done from now on. This family of spaces is
rather general, it includes regular domains in RD , as well as smooth compact manifolds M
endowed with volume measures.

Algorithm 1: Multiscale Discrete Optimal Transport
Input: Two discrete measures µ and ν, and a stopping scale J0 ≤ J
0
Output: Multiscale family of transport plans (πj : µj  νj )Jj=0
Construct multiscale structures {{Xj , µj )}Jj=0 and {{Yj , νj )}Jj=0 .
Let π̃0 be an arbitrary coupling µ0  ν0 .
for j = 0 . . . J0 − 1 do
Refine initial guess π̃j to the optimal coupling πj : µj  νj .
Propagate πj from scale j to scale j + 1, obtaining a coupling π̃j+1

Multiscale Optimal Transport

recursively on Xj by
X

(j+1,k0 ) child of (j,k)

X
µj+1 (Cj+1,k
0) ,

Multiscale Optimal Transport

X
µj (Cj,k
)=

(6)

and similarly for νj . These are in fact projections of these measures, and may also be interpreted as conditional expectations with respect to the σ-algebra generated by the multiscale
X to each C X in various ways, by “averaging” the
partitions. We can associate a point cj,k
j,k
X
X
X
0
points in Cj+1,k
0 , for (j + 1, k ) a child of (j, k). At the finest scale we may let cJ,k = cJ,k
(this being a “center” for CJ,k as in item (iv) in the definition of multiscale partitions), and
then recursively we defined the coarser centers step from scale j + 1 to scale j in one of the
following ways:

(j+1,k0 ) child of (j,k)

(j+1,k0 ) child of (j,k)

X
ρp (c, cj+1,k
0) ,

X is a weighted
(i) If the metric space is also a vector space a natural definition of xj,k := cj,k
X
average of the cj+1,k
0 corresponding to children:
X
X
X
µj+1 ({cj+1,k
0 })cj+1,k 0 .
X
cj,k
=

=

argminc∈X

X as the point
(ii) In general we can define xj,k := cj,k
X
X
cj,k

for some p ≥ 1, typically p = 1 (median) or p = 2 (Fréchet mean).

Y . We
Of course similar constructions apply to the space Yj , yielding points yj,k := cj,k
discuss algorithms for these constructions in Section 4.1.1.

3.1.2 Coarsening the cost function c

Y
X
Y
X
, cj,k
cj (cj,k
0 ) := c(xj,k , yj,k 0 ) ,

(α − c(x, y))2 =

(α −

P

c(x, y)
X ||C Y |
|Cj,k
j,k0

X , y∈C Y
x∈Cj,k
j,k0

;

(8)

(7)

The multiscale partition provides several ways to coarsen the cost function: for every xj,k
and yj,k0 we consider
(c-i) the pointwise value

X

X

,

∗
c(x, y))2 πj−1
(xj−1,k1 , yj−1,k10 )

∗ (x
πj−1
j−1,k1 , yj−1,k10 )
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∗ (x
c(x, y)πj−1
j−1,k1 , yj−1,k10 )

X , y∈C Y
x∈Cj,k
j,k0

X , y∈C Y
x∈Cj,k
j,k0

where xj,k and yj,k0 are defined in any of the ways above;

:= argmin

(c-ii) the local average
X
Y
cj (cj,k
, cj,k
0)

α

:= argmin

P

X , y∈C Y
x∈Cj,k
j,k0

P

α

(c-iii) the local weighted average
X
Y
cj (cj,k
, cj,k
0)

=

X , y∈C Y
x∈Cj,k
j,k0
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where π ∗ is the optimal or approximate transportation plan at scale j − 1, defined
j−1
X ⊆ CX
0
in (9); k1 is the unique index for which Cj,k
j−1,k1 and k1 is the unique index for
Y ⊆ CY
which Cj,k
j−1,k0 .

3.2 Multiscale Family of Optimal Transport Problems

:= argmin
π

X

cj (xj,k , yj,k0 )π(xj,k , yj,k0 )

P
X

Pk0 π(xj,k , yj,k0 ) = µj ({xj,k }) ∀k ∈ Kj
s.t.
∀k 0 ∈ KjY
k π(xj,k , yj,k0 ) = νj ({yj,k0 })


π(xj,k , yj,k0 ) ≥ 0

With the definitions of the multiscale family of coarser spaces Xj and Yj , corresponding
measures µj and νj , and corresponding cost cj , we may consider, for each scale j, the
following optimal transport problem:

πj∗

k=1,...,KjX
k0 =1,...,KjY

X

cj (xj,k , yj,k0 )πj (xj,k , yj,k0 ) .

(10)

(9)
The problems in this family are related to each other, and to the optimal transportation
problem in the original spaces. We define the cost of a coupling as
cost(πj ) =

k=1,...,KjX
k0 =1,...,KjY

The cost of the optimal coupling πj∗ at scale j is provably an approximation to the cost of
the optimal coupling π ∗ (which is equal to πJ∗ ):

Ej (π ∗ ) :=

X

X
k=1,...,KjX x∈Cj,k
Y
k0 =1,...,KjY y∈Cj,k
0

X


cj (xj,k , yj,k0 ) − c(x, y) π ∗ (x, y) .

(13)

(12)

(11)

Proposition 1 Let π ∗ be the optimal coupling, i.e. the solution to (3), and πj∗ the optimal
coupling at scale j, i.e. the solution to (9). Define

Then

cost(πj∗ ) ≤ cost(π ∗ ) + Ej (π ∗ ) ,

and if cj = c and c is Lipschitz with constant ||∇c||∞ , we have

cost(πj∗ ) ≤ cost(π ∗ ) + 2−j A||∇c||∞ ,

X ), diam(C Y )} ≤ A · 2−j .
where A is such that maxk,k0 {diam(Cj,k
j,k0

=

X

X ,y∈C Y
x∈Cj,k
j,k0

π ∗ (x, y) .
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Proof Consider the coupling πj induced at scale j by the optimal coupling π ∗ , defined by
πj (xj,k , yj,k0 )

12

x∈X
y∈Y

X

πj∗

X
x∈Cj,k
Y
y∈Cj,k
0

X


cj (xj,k , yj,k0 ) − c(x, y) π ∗ (x, y)

=:Ej

(π ∗ )

{z

}


cj (xj,k , yj,k0 ) − c(x, y) π ∗ (x, y) .

X

X
k=1,...,KjX x∈Cj,k
Y
k0 =1,...,KjY y∈Cj,k
0

X

X
k=1,...,KjX x∈Cj,k
Y
k0 =1,...,KjY y∈Cj,k
0

X

X k=1,...,K X
k : x∈Cj,k
j
Y k 0 =1,...,K Y
k0 : y∈Cj,k
0
j

X

||∇c||∞ 2−j Aπ ∗ (x, y)

(a)

B

Z

1

Y

A

(b)

1

B

Z

1
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13

3.3.1 Simple Propagation
The most direct approach to reduce the number of paths considered at subsequent scales
is to include only paths at scale j + 1 whose endpoints are children of endpoints of mass-

transport problem at scale j + 1 given the solution πj∗ at scale j is to distribute the mass
πj∗ (xk , yk0 ) equally to all combinations of paths between children(xk ) and children(yk0 ).
This propagation strategy results in a reduction in the number of iterations required
to find an optimal solution at the subsequent scale. This warm-starting alone is often not
sufficient, however. At the finest scale the problems still requires the solution of a problem
of size O(n2 ). This quickly reaches memory constraints with Ω(104 ) points, and a single
iteration of Newton’s method or a pivot step of a linear program becomes prohibitively
slow. Thus, we consider reducing the number of variables, which substantially speeds up
the algorithm, albeit we may lose guarantees on its computational complexity and/or its
ability to achieve arbitrary accuracy, so that only numerical experiments will support our
constructions. These reductions are achieved by considering only a subset Rj+1 of all
possible paths Aj+1 at scale j + 1.
To distinguish the optimal solution on the reduced set of paths at scale j from the
optimal solution over all paths we introduce some notation. Let Aj+1 be the set of all
possible paths between sources and targets at scale j + 1. Let Rj+1 ⊆ Aj+1 be the set of
paths propagated from the previous solution (e.g. children of mass-bearing paths found at
∗ | be the optimal solution to the transport problem restricted to a set of
scale j). Let πj+1
P
∗ |
∗
∗
paths P ⊂ Aj+1 . With this notation, πj+1
Aj+1 = πj+1 . The optimal coupling πj+1 |Rj+1
∗
on the reduced set of paths problem does not need to match the optimal coupling πj+1
on
∗ |
all paths. However πj+1
Rj+1 does provide a starting point for further refinements discussed
in Section 3.4.

Figure 3: An example that illustrates that closeness in cost does not indicate closeness of
the transport plan. The transport plans (green arrows) between the sources A
and B (purple) and the targets Y and Z (orange) in (a) and (b) are -close but
their respective target locations are very far.

Y

A

1
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The approximation bounds in Section 3.2 show that the optimal solution πj at scale j is
∗
|Ej+1 − Ej | close to optimal solution πj+1
at scale j + 1. This suggests that the solution at
scale j can provide a reasonably close to optimal initialization for scale j + 1.
As proposed by Glimm and Henscheid (2013) the solution at a given scale can be interpolated at the next scale (or finer discretization). The most direct approach to initialize the

3.3 Propagation Strategies

In the discrete, finite case that we are considering, µj → µ and νj → ν trivially since
µJ = µ and νJ = ν by construction. If µ and ν were continuous, and Rat least when
c(x, y) = ρ(x, y)p for some p ≥ 1, then if µ and ν have finite p-moment (i.e. X ρ(x, x0 )p dµ
and similarly for ν), we would obtain convergence of a subsequence of c(πj∗ ) to c(π ∗ ) by
general results (e.g. as a simple consequence of Lemma 4.4. in (Villani, 2009)).
Note that the approximations do not guarantee that the transport plans are close in
any other sense but their cost. Consider the arrangement in Figure 3, the transport plans
are -close in cost but the distances between the target locations of the sources are far no
matter how small  gets.

with A as in the claim.

≤ 2−j A||∇c||∞ ,

≤

X k=1,...,K X
k : x∈Cj,k
j
Y k 0 =1,...,K Y
k0 : y∈Cj,k
0
j

Since
≤ cost(πj ) (since
is optimal), we obtain (12). When cj = c and c is
Lipschitz with constant ||∇c||∞ , we have
X
X
Ej (π ∗ ) ≤
||∇c||∞ · ||(xj,k , yj,k0 ) − (x, y)||π ∗ (x, y)

cost(πj∗ )

|

k=1,...,KjX
k0 =1,...,KjY

X

c(x, y)π ∗ (x, y) +

= cost(π ∗ ) +

=

k=1,...,KjX
k0 =1,...,KjY

X } and {C Y } 0 are partitions, it is immediately verified that π is a
First of all, since {Cj,k
j
k
j,k0 k
coupling. Secondly, observe that
X
X
X
cost(πj ) =
cj (xj,k , yj,k0 )πj (xj,k , yj,k0 ) =
cj (xj,k , yj,k0 )π ∗ (x, y)
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bearing paths at scale j. The optimal solution at scale j has exactly KjX + KjY − 1 paths
with non-zero weight. Thus, the number of paths at scale j +1 reduces to O(C 2 (KjX +KjY )),
where C is the maximal number of children of any node at scale j. In particular, C  2d for
a doubling space of dimension d. This reduces the number of variables from “quadratic”,
O(KjX KjY ), to linear, O(KjX + KjY ). This propagation strategy by itself, however, often
leads to a dramatic loss of accuracy in both the cost the transportation plan, and the
transportation plan itself.
3.3.2 Capacity Constraint Propagation
This propagation strategy solves a modified minimum flow problem at scale j in order to
include additional paths at scale j + 1 that are likely to be included in the optimal solution
∗
πj+1
.
This
is
achieved
by
adding
a
capacity
constraint to the mass bearing paths at scale j in
the optimal coupling πj∗ |Rj : The amount of mass of a mass bearing path πj∗ |Rj (xj,k , yj,k0 ) is

constrained to λ min µj (xj,k ), νj (yj,k0 ) with λ random uniform on [0.1, 0.9]. The randomness is introduced to avoid degenerate constraints. The solution of this modified minimum–
flow problem forces the inclusion of nc additional paths, where nc is the number of constraints added. There are various options for adding capacity constraints, we propose to
constrain all mass bearing paths of the optimal solution at scale πj∗ |Rj . The capacity constrained problem thus results in a solution with twice the number of paths as in the coupling
πj∗ |Rj . The solution of the capacity constrained minimum flow problem is propagated as
before to the next scale.
To increase the likelihood of including paths required to find an optimal solution at the
next scale, the capacity constrained procedure can be iterated multiple times. Each time the
mass bearing paths in the modified solution are constrained and a new solution is computed.
Each iteration doubles the number of mass bearing paths and the number of iterations
controls how many paths are propagated to the next scale. Thus, the capacity constraint
propagation strategy bounds the number of paths considered in the linear program. The
optimal transport plan on a source set X and Y results in a linear program with |X| + |Y|
constraints and |X||Y| variables and the optimal transport plan has |X| + |Y| − 1 mass
bearing paths. It follows that the capacity
 constraint propagation strategy considers linear
programs with at most O 2i (|X| + |Y|) constraints, where i is the number of iterations
of the capacity propagation scheme. This results in a significant reduction in problem size,
since at each scale we only consider a number of paths scaling as O(|X| + |Y|) instead of
O(|X||Y|).
3.4 Refinement Strategies

JMLR 18(72):1-32, 2017

Solving the reduced transport problem at scale j + 1, propagated from scale j, can not guarantee an optimal solution at scale j+1. Propagating a sub-optimal solution further may lead
to an accumulation of errors. This section describes strategies to refine the reduced transport problem to find closer approximations or even optimal transport plans at each scale.
These refinement strategies are essentially batch column generation methods (Desaulniers
et al., 2002), that take advantage of the multiscale structure.
15

3.4.1 Potential Refinement

i=1,...,n

µ({xi })φ(xi ) −

Gerber and Maggioni

j=1,...,m

This refinement strategy exploits the potential functions, or dual solution, to determine
additional paths to include given the currently optimal solution on the reduced set of paths
from the propagation. The dual formulation of the optimal transport can be written as:
X
X
ν({yj })ψ(yj ) s.t. φ(xi ) − ψ(yj ) ≤ c(xi , yj ) . (14)
φ,ψ

max

The functions φ and ψ are called dual variables or potential functions. From the dual formulation it follows that at an optimal solution the reduced cost c(x, y) − φ(x) + ψ(y) is larger or
equal to zero. This also follows from the Kantorovich duality of optimal transport (Villani,
2009, Chapter 5).
The potential refinement strategy uses the potential functions φ and ψ from the solution
of the reduced problem to determine which additional paths to include. If the solution on
the reduced problem is not optimal on all paths, then there exist paths with negative
reduced cost. Thus, we check the reduced cost between all paths and include the ones
negative reduced cost. A direct implementation of this strategy would require to check all
possible paths between the source and target points. To avoid checking all pairwise paths
between source and target point sets at the current scale, we introduce a branch and bound
procedure on the multiscale structure that efficiently determines all paths with negative
reduced cost.
Let φj∗ |P and ψj∗ |P the dual variables, i.e., the potential functions, at the optimal solution
πj∗ |P on the set of paths P for the source and target points, respectively. Define Vj (πj∗ |P )
as the set of paths with non-positive reduced cost with respect to φj∗ |P and ψj∗ |P


Vj (πj∗ |P ) = πj (xk , yk0 ) ∈ Aj : c(xk , yk0 ) − φj∗ |P (xk ) − ψj∗ |P (yk0 ) ≤ 0 .
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The potential refinement strategy now refines the propagated solution πj∗ |Rj by including
all negative reduced cost paths Qj0 = Vj (πj∗ |Rj ). Let πj∗ |Q0 be the associated optimal
j
transport. This new solution changes the potential functions which in turn may require
to include additional paths. Thus the potential refinement strategy can be iterated with
Qji = Vj (πj∗ |Qi−1 ) leading to monotonically decreasing optimal transport plans πj∗ |Qi . Since
j
j
a solution is optimal if and only if all reduced cost are ≥ 0 this iterative strategy converges
to the optimal solution.
The set of paths with negative reduced cost given φj∗ |P and ψj∗ |P are determined by
descending the tree and excluding nodes that can not contain any negative reduced cost
paths. This requires bounds on the potential functions for any node at scale smaller than
j. The bound is achieved by storing at each target node of the multiscale decomposition
the maximal ψj∗ |P of any of its descendants at scale j. Now for each source node xk the
target multiscale decomposition is descended, but only towards nodes at which a potential
negative reduced cost can exist.
Depending on the properties of φj∗ |P and ψj∗ |P , this refinement strategy may reduce the
number of required cost function evaluations drastically. In empirical experiments the total
number of paths considered in the iterative potential refinement was typically reduced to
O(2d (KjX + KiX )), with d being the doubling dimension of the data set.

16
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The error induced by this multiscale framework stems from two sources. First, if J0 < J,
i.e., the optimal transport problem is only solved up to scale J0 , the solution at scale J0
has a bounded approximation error, as detailed in Section 3.2. By solving the transport
problem only up to a certain scale permits to trade-off computation time versus precision
with guaranteed approximation bounds. However, to speed up computation we rely on
heuristics that, depending on the refinement strategy, yield solutions at each scale that

3.5 Remark on Errors

When moving from one scale to the next the cost of any path can change at most two times
the radius r of the parent node which suggests to set the radius of the neighborhood in
consideration as two times the node radius.
This heuristics does not guarantee an optimal solution, but does reduce the number of
paths to consider at scale j to O(qr2 (KjX + KjY )) with qr being the number of neighbors
within radius 2−j r, for a doubling space with dimension d, qr  rd .
The neighborhood strategy requires to efficiently compute the set of points within a ball
of a given radius and location. Depending on the multiscale structure there are different
ways to compute the set of neighbors. A generic approach that does not depend on any
specific multiscale structure is to use a branch and bound strategy. For this approach, each
node requires an upper bound u(ci ) on the maximal distance from the representative of
node ci to any of its descendants. Using these upper bounds the tree is searched, starting
from the root node, while excluding any child nodes for which c(x, ci ) − u(ci ) > r from
further consideration. For multiscale structures such as regular grids more efficient direct
computations are possible. For this paper we implemented the generic branch and bound
strategy that works with any multiscale structure.

This section presents a refinement strategy that takes advantage of the geometry of the
data. The approach is based on the heuristic that most paths at the next scale are suboptimal due to boundary effects when moving from one scale to the next, induced by the
sharp partitioning of the space at scale j. Such artifacts from the multiscale structure are
mitigated by including paths between spatial neighbors in the source and target locations
of the optimal solution on the propagated paths. This refinement strategy is also employed
by Oberman and Ruan (2015).
Let Nj (πj , r) be the set of paths such that the source and target of any path are
within radius r of the source and target of a path with non-zero mass transfer in πj . The
neighborhood refinement strategy is to expand the reduced set of paths using the union of
paths in the current reduced set and its neighbors:

Ej = Rj ∪ Nj πj∗ |Rj , r

18

1. available on https://bitbucket.org/suppechasper/optimaltransport
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Various approaches exist to build the multiscale structures described in Section 3.1, such as
hierarchical clustering type algorithms (Ward Jr, 1963), or in low dimensions constructions
such as quad and oct-trees (Finkel and Bentley, 1974; Jackins and Tanimoto, 1980) or
kd-trees (Bentley, 1975) are feasible. Data structures developed for fast nearest neighbor
queries, such as navigating nets (Krauthgamer and Lee, 2004) and cover trees (Beygelzimer
et al., 2006) induce a hierarchical structure on the data sets with guarantees on partition size
and geometric regularity of the elements of the partition at each scale, under rather general
assumptions on the distribution of the points. The complexity of cover trees (Beygelzimer
et al., 2006) is O(C d Dn log n), for some constant C, where n = |X|, d is the doubling
dimension of X, and D is the cost of computing a distance between a pair of points.
Therefore the algorithm is practical only when the intrinsic dimension is small, in which
case they are provably adaptive to such intrinsic dimension. The optimal transport approach

4.1.1 Algorithms for Constructing Multiscale Point Set Representations

The R package mop provides a flexible implementation of the multiscale framework and is
adaptable to any multiscale decomposition that can be represented by a tree. The package
permits to use different optimization algorithms to solve the individual transport problem. Currently the multiscale framework implementation supports the open source library
GLPK (Makhorin, 2013) and the commercial packages MOSEK (Andersen and Andersen,
2013) and CPLEX (IBM, 2013) (both free for academic use). MOSEK and CPLEX support
a specialized network simplex implementation that runs 10-100 times faster than a typical
primal simplex implementation. Both the MOSEK and CPLEX network simplex run at
comparable times, with CPLEX slightly faster in our experiments. Furthermore CPLEX
supports starting from an advanced initial basis for the network simplex algorithm which
improves the multiscale run-times significantly. Thus, the numerical test are all run using
the CPLEX network simplex algorithm.

4.1 Implementation Details

We tested the performance of the proposed multiscale transport framework with respect to
computational speed as well as accuracy for different propagation and refinement strategies
on various source and target point sets with different properties.
The multiscale approach is implemented in C++ with an R front end in the package
mop1 . For comparisons, we also implemented the Sinkhorn distance approach (Cuturi,
2013) in C++ with an R front end in the package sinkhorn1 . Our C++ implementation
uses the Eigen linear algebra library (Guennebaud et al., 2010), which resulted in faster
runtimes than the MATLAB implementation by Cuturi (2013).

4. Numerical Results and Comparisons

might not be optimal. This second type error is difficult to quantify; however, for the
potential refinement strategy that we introduce Section 3.4.1, an optimal solution can be
guaranteed. The propagation and refinement strategies introduced in Sections 3.3 and 3.4
permit trade-offs between accuracy and computational cost.

The potential refinement strategy is also employed by Glimm and Henscheid (2013) without the branch and bound procedure. The shielding neighborhoods proposed by Schmitzer
(2015) similarly uses the potentials to define which variables are needed to define a sparse
optimal transport problem and also suggests to iterate the neighborhood shields in order
to arrive at an optimal solution.

3.4.2 Neighborhood Refinement

Gerber and Maggioni

Multiscale Optimal Transport

Multiscale Optimal Transport

does not rest on a specific multiscale structure and can be adapted to application-dependent
considerations. However, the properties of the multiscale structure, i.e., depth and partition
sizes, do affect run-time and approximation bounds.
In our experiments we use an iterative K-means strategy to recursively split the data
into subsets. The tree is initialized using the mean of the complete data set as the root
node. Then K-means is run resulting in K children. This procedure is recursively applied
for each leaf node, in a breadth first fashion, until a desired number of of leaf nodes, a
maximal leaf radius or the leaf node contains only a single point. For the examples shown
we select K = 2d with d the dimensionality of the data set. For high-dimensional data
K could be set to an estimate of the intrinsic dimensionality. Since in all experiments we
are equipped with a metric structure we use the pointwise coarsening of the cost function
as in Equation (7). The reported results include the computation time for building the
hierarchical decomposition, which is, however, negligible compared to solving the transport
problem at all scales.
4.1.2 Multiscale Transport Implementation for Point Sets
Algorithm 2 details the steps for computing multiscale optimal transport plans using the
newtork simplex for solving the optimization problems at each scale and iterated K–means
to construct the multiscale structures.
Algorithm 2: Point Set based Multiscale Optimal Transport Implementation
N .
Input: Source point set X = {x}i=0
M .
Target point set Y = {y}i=0
A propagation strategy p.
A refinement strategy r.
J
Output: Multiscale family of transport plans (πj : Xj  Yj )j=0
N
M using iterated K–means.
Construct multiscale point sets {Xj }j=0
and {Yj }j=0
if N < M then
J
Add scales {Xj }j=N
+1 by repeating the last scale.
if N > M then
J
Add scales {Yj }j=M
+1 by repeating the last scale.

Set J = max(N, M )
Form the measures µj and νj as in equation (6).
Compute optimal transport π0 at coarsest scale with the network simplex.
for j = 1 . . . J do
Propagate the πj−1 from scale j − 1 to scale j using the propagation strategy p,
obtaining a set of paths Sj = p(πj−1 at scale j
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Use the network simplex algorithm to solve for optimal transport on the set of
paths Sj yielding a coupling π̃j
Create the refined set of paths Rj = r(π̃j ) using the refinement strategy r.
Use the network simplex algorithm to solve for optimal transport on the set of
paths Rj yielding the optimal coupling πj on the paths Rj .
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4.2 Propagation and Refinement Strategy Performance

Figure 5 illustrates the behaviour of the different propagation and refinement strategies on
two examples: The ellipses example in Figure 1 and Caffarelli’s smoothness counter example
described in Villani (2009, Chapter 12) and illustrated in Figure 4. The ellipse example
consists of two uniform samples (source and target data set) of size n from the unit circle
with normal distributed noise added with zero mean and standard deviation 0.1. The source
data sample is then scaled in the x-Axis by 1.3 and in the y-Axis by 0.9, while the target
data set is scaled in the x-Axis by 0.9 and in the y-Axis by 1.1. Caffarelli’s example consists
of two uniform samples on [−1, 1]2 of size n. Any points outside the unit circle are then
discarded. Additionally, the target data sample is split along the x-Axis at 0 and shifted by
+2 and −2 for points with positive and negative x-Axis values, respectively. We tested 7

(a)
(b)
Figure 4: Optimal transport plans on the (a) ellipse and (b) Caffarelli data sets with 5000
points for the source and target point set each. The optimal transport plans are
indicated by black lines with transparency indicating the amount of mass being
transported from source to target.
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different strategies of different combinations of propagation strategies from Section 3.3 with
refinement strategies from Section 3.4:
1. (ICP) Iterated capacity propagation (Section 3.3.2) with 0 to 5 iterations with no refinements. Note iterated capacity with 0 iterations is equivalent to simple propagation
(Section 3.3.1).
2. (NR) Simple propagation (Section 3.3.1) with neighborhood refinement (Section 3.4.2)
with radius factor ranging from 0.5 to 2.5 in 0.5 increments.
3. (ICP + NR) Iterated capacity propagation with 1 to 5 iterations combined with
neighborhood refinement with radius factor fixed to 1.
4. (CP + NR) A single iteration of capacity propagation combined with neighborhood
refinement with radius factor from 0.5 to 2.5 with 0.5 increments.
5. (IPR) Simple propagation with iterated potential refinement (Section 3.4.1) with 1 to
5 iterations.
6. (ICP + PR) Iterated capacity propagation with 1 to 5 iterations combined with a
single potential refinement step.
7. (CP + IPR) A single iteration of capacity propagation combined with 1 to 5 iterations
of potential refinement.
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In this section we compare the CPLEX network simplex algorithm (IBM, 2013) and the
Sinkhorn approach (Cuturi, 2013) to three different multiscale strategies:
1. (CP) Capacity propagation strategy using a single iteration with no further refinements.

4.3 Comparison to Network Simplex and Sinkhorn Transport

is less effective for transport problems where most mass is transported very far, relative
to the distances within source and target point set. This is because a small change in the
length of a path can include many possible source and target locations and the transport
polytope has many suboptimal solutions with similar cost. If on the other hand most mass
is transported on the order of the nearest neighbor distances within the source and target
point set, there are many fewer possible paths within a small change in path length and the
transport polytope is “steep” in the direction of the cost function.

This is due to tolerance settings in the network simplex algorithm which are on the order
of 10−11 . Thus, depending how the network simplex approaches the optimum it might stop
at different basic feasible solutions.
Figure 5 shows that the computation time and relative error for problem of equal sizes
depends on the type of problem. An important aspect of the problem type is the ratio of

Figure 5: A comparison of different multiscale propagation and refinement strategies on the
(a) ellipse and (b) Caffarelli data sets with 5000 points for the source and target
point set each. For a description of the different strategies see text, the lines in
the relative error graphs indicate increasing number of iterations or radius factor
for the different strategies. Both the time and accuracy axes are in logarithmic
scale. All strategies, except capacity propagation with 0 iterations (ICP) and
neighborhood refinement (NR) with radius factor 0.5, find solution with relative
error less than one percent. The capacity propagation strategies can find optimal
solutions up to numerical precision.

(a)

Figure 6: The effect of distance to support size ratio on computation time and relative
error for the different multiscale propagation and refinement strategies source
and target point sets of 5000 points each sampled uniformly from a square of side
length one and ground truth transport distance (a) 0 and (b) 2. Both the time
and accuracy axes are in logarithmic scale.

(b)

the transport distance to the diameters of the source and target point sets. To illustrate
this effect we computed optimal transport plans for two data sets with source and target
distributions uniform on [0, 1]2 . In the first case the distributions are perfectly overlapping
and in the second case the target distributions shifted by 2 units in the x direction. Figure 6
shows that for large ratios the relative error is typically much smaller. This is expected since
variations in the transport plan only change the cost marginally. For small ratios, i.e. source
and target distributions that are almost identical, a small variation in the transport plan
leads to a large relative error. Another observation is the following: the potential strategy

Figure 5 shows that almost all strategies have less than one percent relative error. The
exception is the simple propagation with no refinements applied (i.e. iterated capacity propagation with no iterations). The randomness of the iterated capacity constrained algorithm
can results in worse results despite a larger number of iterations. However, it will always
perform better than using the simple propagation strategy. The neighborhood refinement
strategy improves the results significantly, but after a radius factor of one the improvements
start to level out. The potential refinement strategy finds the optimal solution when iterated a few times. Combining the refinement strategy with capacity propagation reduces
relative error and computation time. The computation time is reduced because the capacity propagation yields a closer initialization to the optimal solution. The combination of
potential refinement strategy and capacity propagation has the additional benefit that the
branch and bound strategy is more efficient since fewer comparisons need to be made when
checking for paths and smaller linear programs have to be solved in each refinement step.
For very small relative error (< 10−11 ) the optimal solution is sometimes not achieved.

(a)
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(b)

2. (CP + NR) Capacity propagation combined with neighborhood refinement with radius
factor fixed to one and a single capacity constraint iteration.
3. (CP + PR) Capacity propagation combined with potential refinement with a single
iteration each.

(a)
Figure 7: (a) A comparison of computation time (solid) and relative error ( dashed ) with
respect to the network simplex solution for the CPLEX network simplex, Sinkhorn
distance and the proposed multiscale strategy with increasing number of points.
(b) The number of total paths considered is roughly constant with four times the
number of points in the problem, i.e., the multiscale approach results in only a
linear increase in problem size instead of quadratic for a direct approach. The
number of points on the x-axis denotes the number of source points |X| which is
approximately equal to the number of target points |Y|. The Sinkhorn approach
is competitive in computation time for smaller problems. For larger problems
only the multiscale strategies outperform the Sinkhorn approach quickly, and are
the only algorithms that remain viable.

JMLR 18(72):1-32, 2017

Figure 7 shows computation time, relative error and problem size for increasing sample
size on the ellipse data set. The Sinkhorn transport employs a regularization term and
is thus not expected to converge to the actual transport distance. The comparison of the
relative error provides an indication of how far the regularization strays from the true
transport distance. For small size problems the Sinkhorn transport is as comparable in
speed to the multiscale approach.. The multiscale approach outperforms both competitors
for moderate data sizes of a few thousand source and target points. The multiscale approach
scales roughly linear in the problem size while both the Sinkhorn and network simplex scale
approximately quadratically. The capacity propagation without refinement runs an order
of magnitude faster than including refinements and results in relative errors less than one
percent for more than a few hundred points. The network simplex and Sinkhorn approach
run out of memory on a 16GB computer for problems larger than around 2 · 104 constraints
and about 108 variables. The proposed multiscale framework results in a linear increase in
problem size for the propagation and refinement strategies tested and, on the same 16GB
computer, can solve instances with 2 · 106 constraints (source and target points) in a few
hours, which would result in about 1012 variables (paths) for the full optimal transport
problem. The computation times are comparable to the results reported by Oberman and
Ruan (2015); Schmitzer (2015) on examples on regular grids that result in similar sized
problems.
23
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(b)

(c)

The relative error and computation time depend again on the type of problem. Figure 8(a) shows computation time and relative error on transport problems on source and
target data sets sampled uniformly from [0, 1]2 with different shifts in the target distribution. If required, the relative error can be reduced using multiple capacity propagation and
potential refinement iterations as illustrated in Figure 6. In these experiments we set the
tolerance parameter for Sinkhorn to 1e−5 , and tried also 1e−2 to see if this would result
in significant speed ups, with minimal accuracy loss, but it resulted in only approximately
a 10% speedup, and no fundamental change in the behavior for large problem sizes. The
tolerance parameter for CPLEX is set to 1e−8 . The approach by Schmitzer (2015) is similar
to the refinement property strategy, we expect that computation time grows similarly as for
the potential strategy for problems with large transport distances compared to the source
and target support size.
The final experiment tests the performance with respect to the dimensionality of the
source and target distributions. We used two uniform distributions [0, 1]d with d varying
from 2 to 5 and the target shifted such that the actual transport distance is 0 and 2.

(a)

Figure 8: Computation time (solid) and relative error (dashed) with respect to (a) changes
transport distance to support size ratio in two dimensions and (b,c) dimensionality
with ground truth transport distance (b) 0 and (c) 2. The source and target
distributions are uniform on a square of side length 1 with approximately 5000
points each. The potential refinement increases proportional to the transport
distance to support ratio. The neighborhood strategy is less effective in higher
dimensions, due to the curse of dimensionality, but performs better than the
Sinkhorn approach. The capacity propagation strategy is less affected by the
dimensionality of the problem.

5. Application to Brain MR Images

JMLR 18(72):1-32, 2017

An important building block for the analysis of brain MRI populations is the definition of
a metric that measures how different two brain MRI are. A mathematically well motivated
and popular approach for distance computations between brain images is based on large deformation diffeomorphic metric mappings (LDDMM (Miller et al., 2002)). Here we explore
optimal transport distance as an alternative metric for comparing brain images.
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(d)

(c)
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To compare the optimal transport distance to the LDDMM distance we compare how
well the distances can be used to predict clinical parameters. Using the pairwise distances,
we employ classical multidimensional scaling (MDS) to embed the pairwise distances into

Figure 9: Slice of (a) source and (b) target brain image and optimal transport map for (c)
Euclidean and (d) squared Euclidean cost function. For the squared Euclidean
cost the optimal transport solutions typically prefer to move many locations small
distances, i.e. shift mass among nearest neighbors. For images the neighborhoods
are on regular grids resulting in a staircase appearance of the transport plan.

(b)

(a)

To solve for the optimal transport map between two 3D brain images we extract for each
image a point cloud from the intensity volumes. Each point represents a voxel as a point in
3-dimensional space, the location of the voxel. The mass of the point is equal to the intensity
value of the voxel, normalized to sum to one over all points. For illustration, Figure 9 shows
a single slice extracted from the original volumes and optimal transport maps between the
two slices. This 2D problem resulted in point set of approximately 20, 000 points.
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Residual
10.5
10.87
12.04
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3.38
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0.25
0.26
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0.82
0.82
0.78
0.82
0.06
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223.9
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53.1
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<
<
<
<
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4.3e-15
<
<
<
<
<
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1. A five dimensional MDS embedding based on the transport cost at the finest scale.

The MDS computation requires pairwise distances. To speed up computations we reduce
the number of points by downsampling the volumes to size 44 × 52 × 44. This results,
discarding zero intensity voxels, in point clouds of approximately 40, 000 points for each
brain MRI. A single distance computation with capacity propagation takes on the order of
10 seconds resulting in a total computation time of around 2 weeks for all pairwise distances.
For embedding the optimal transport distance we consider two approaches:

Within this framework we compare Euclidean, LDDMM and optimal transport distances
as the input to the multidimensional scaling step. Note, for the Euclidean distance, i.e.
treating each brain MRI as a point in Euclidean space, classical multidimensional scaling is
equivalent to a principal component analysis. For the comparisons we used the OASIS brain
database (HHMI et al.). The OASIS database consists of T1 weighted MRI of 416 subjects
aged 18 to 96. One hundred of the subjects over the age of 60 are diagnosed with mild to
moderate dementia. The images in the OASIS data set are already skull-stripped, gain-field
corrected and registered to the atlas space of Talairach and Tournoux (1988) with a 12parameter affine transform. Associated with the data are several clinical parameters. For
the linear regression from the MDS embeddings we restrict our attention to the prediction
of age, mini mental state examination (MMSE) and clinical dementia rating (CDR).

Euclidean space. In this embedding each point corresponds to a 3D brain image and thus
provides a coordinate system for the relative locations between the brain MRI’s. The
Euclidean structure of the embedding permits to use standard statistical tools to form
prediction models, in our case linear regression.

Table 1: Optimal linear regression models from the OASIS data set, for age, mini mental
state examination (MMSE) and clinical dementia rating (CDR). The PCA coordinates from the Euclidean distances are denoted with li , the diffeomorphic manifold
coordinates with xi , the transport coordinates by zi and the multiscale transport
coordinates with zij from coarsest j = 1 to finest j = 6 scale. An entry with “< ”
denotes quantities smaller than machine precision. The best results are indicated
in bold.

Model
P
age = a0 + 5i=1 ai li
P
age = a0 + 3i=1 ai xi
P
age = a0 + 5i=1 ai zi
age = a0 + a1 z11 + a2 z21 + a3 z12 + a4 z22 + a5 z13 + a6 z24 + a7 z54 + a8 z15
MMSE = a0 + a1 age
MMSE = a0 + a1 l1
MMSE = a0 + a1 x1
MMSE = a0 + a1 z1 + a2 z3 + a3 z5
MMSE = a0 + a1 z22 + a2 z23 + a3 z43 + a4 z54 + a5 z15 + a6 z35 + a7 z36
CDR = a0 + a1 age
CDR = a0 + a1 l1
CDR = a0 + a1 x1
CDR = a0 + a1 z1 + a2 z3 + a3 z5
CDR = a0 + a1 z43 + a2 z15 + a3 z35 + a4 z55 + a5 a63
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2. A multiscale embedding using multiple five dimensional MDS embeddings, one for the
transport cost at each scale.
From the embeddings we build linear regression models, using the embedding coordinates as independent variables and the clinical variables as dependent variables. As in Gerber et al. (2010) we use the Bayesian information criterion (BIC) on all regression subsets to
extract a models that trade-off complexity, i.e. number of independent variables, with the
quality of fit. Table 1 shows the results of the optimal transport, with squared Euclidean
cost, distances compared to the results reported in Gerber et al. (2010). The transport
based approach shows some interesting behaviours. The single scale model performs worse
on age while performing similar on MMSE and CDR. The multiscale transport models
perform similar to the LDDMM approach except for MMSE where it almost doubles the
explained variance R2 . This suggests that the multiscale approach captures information
about MMSE not contained in a single scale and prompts further research of multiscale
based models to predict clinical parameters.

6. Conclusion
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Learning continuous valued control policies directly from sensory input presents a major
obstacle to applying reinforcement learning (RL) methods effectively in realistic settings. In
such settings, there exist two major problems. First, the dimensionality of sensory inputs
often makes discretization of the state space infeasible. Secondly, in such settings, the
amount of data that can be used to learn policies is often severely limited, increasing the
bias in policy updates which can lead to oscillations or divergence (Mannor et al., 2007;
Peters et al., 2008).
For the first problem, algorithms have been developed that rely on human-designed
features for value function approximations or specialized parametric policies (Kaelbling
et al., 1996; Kober et al., 2013; Bartlett, 2003). However, the applicability of such methods
is limited in non-linear, redundant sensory domains where defining good features to linearly

1. Introduction

Learning complex control policies from non-linear and redundant sensory input is an important challenge for reinforcement learning algorithms. Non-parametric methods that
approximate values functions or transition models can address this problem, by adapting
to the complexity of the data set. Yet, many current non-parametric approaches rely on
unstable greedy maximization of approximate value functions, which might lead to poor
convergence or oscillations in the policy update. A more robust policy update can be obtained by limiting the information loss between successive state-action distributions. In this
paper, we develop a policy search algorithm with policy updates that are both robust and
non-parametric. Our method can learn non-parametric control policies for infinite horizon
continuous Markov decision processes with non-linear and redundant sensory representations. We investigate how we can use approximations of the kernel function to reduce the
time requirements of the demanding non-parametric computations. In our experiments, we
show the strong performance of the proposed method, and how it can be approximated efficiently. Finally, we show that our algorithm can learn a real-robot under-powered swing-up
task directly from image data.
Keywords: Reinforcement Learning, Kernel Methods, Policy Search, Robotics
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1. This paper draws from our earlier conference papers (Peters et al., 2010; van Hoof et al., 2015a,b).

approximate value functions or policies is non-trivial. Alternative methods use deep neural
networks to represent value functions or policies non-linearly (Mnih et al., 2015; Schulman
et al., 2015; Lillicrap et al., 2016; Mnih et al., 2016). These representations have many
parameters, and thus tend to require sampling many data points.
Recently, there has been a lot of progress towards avoiding the dependence on engineered
features by using non-parametric techniques. Such techniques often use kernel functions
to implicitly define a (possibly infinite) features space, replacing the manual definition
of features. In contrast to task-specific hand-tuned feature spaces, many popular kernels
are applicable to a large number of problems as the resulting representation can adapt
to the complexity of the data. Non-parametric techniques have successfully been used
in value-function methods, for example by Grünewälder et al. (2012b), Nishiyama et al.
(2012), and Kroemer and Peters (2011). An overview of related work on non-parametric
methods is given in Section 4.3 on page 32. Such methods generally require the inversion of
matrices that grow with the number of data points, which limits their applicability. Another
shortcoming is that these methods are still susceptible to the problem of data scarcity.
The problem of data scarcity is aggravated by the lack of a notion of the sampled data
or sampling policy in many reinforcement learning approaches. At any point in the learning
process, knowledge about the learning problem tends to be represented in two ways. First,
the outcomes of recently sampled state-action pairs are stored in memory. Secondly, the
current sampling policy implicitly represents the state-action pairs sampled longer ago (as
well as the initial policy). Any policy update that causes the policy to represent new samples
better might cause the policy to represent older samples less well, thus losing information.
Many methods update policies or value functions without regard to the sampling policy.
Since the recently sampled state-action pairs stored in, e.g., a mini-batch or replay memory
are usually not sufficient to completely characterize the learning problem, such updates can
result in a critical loss of essential information.
As a result, choosing an improved policy purely based on sampled returns often yields
fast but premature convergence to a sub-optimal policy. Such updates favor biased solutions
that eliminate states in which, by chance, only bad actions have been tried out. This
problem is known as optimization bias (Mannor et al., 2007). Optimization biases may
appear in both on- and off-policy reinforcement learning methods due to under-sampling
(e.g., if we cannot sample sufficiently many of the state-action pairs prescribed by a policy,
we will over-fit), model errors or even the policy update step itself.
In an on-line setting, many methods address this problem implicitly by staying close
to the previous policy. For example, policy gradient methods allow only small incremental
policy changes. The Fisher information metric—that occurs in policy updates using the
natural policy gradients (Kakade, 2002; Peters and Schaal, 2008)—can be seen as a Taylor
expansion of the loss of information or relative entropy between the path distributions
generated by the original and the updated policy (Bagnell and Schneider, 2003a). Instead
of bounding this Taylor approximation, we can explicitly bound the relative entropy between
successive state-action distributions, leading to our Relative Entropy Policy Search (REPS)
algorithm.1 We discuss related policy search methods that limit the information loss in
Section 4.1 on page 29.
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In this paper, we propose a method based on this insight, that allows us to compute new
policies given a data distribution for both off-policy and on-policy reinforcement learning.
We start from the optimal control problem statement subject to the constraint that the loss
of information is bounded. For continuous domains, where a suitable set of features is often
not available, we develop a non-parametric version of this algorithm. This algorithm uses
general kernels to define (possibly infinite) feature spaces implicitly, and considers ways to
efficiently approximate this method to make it applicable to large data sets.
In our experiments, we show that our method outperforms other non-parametric methods on a reaching task and an under-powered swing-up task. We also show that our method
performs well compared to neural-network based methods on a variant of the puddle world
task with a 400-dimensional redundant input representation. Furthermore, we evaluate different approximations to process larger data sets efficiently. Finally, we show that using
such an approximation, a real-robot pendulum swing-up task can be learned from vision
data.
1.1 Problem Statement and Notation

¨
π(a|s)µπ (s)Rsa dads,
¨S×A
π(a|s)µπ (s)dads
= 1,
¨S×A
a
0
π(a|s)µπ (s)Pss
0 dads = µπ (s ),

(4)

(3)

(2)

(1)

In a Markov decision process (MDP), an agent in state s selects an action a ∼ π(a|s)
according to a (possibly stochastic) policy π and receives a reward Rsa ∈ R. We will assume
continuous state-action spaces: s ∈ S = RDs , a ∈ A = RDa . If the Markov decision
is ergodic, for each policy π, there exists a stationary distribution µπ (s) such that
´process
´
a
0
a
0
S A Pss0 π(a|s)µπ (s)dads = µπ (s ), where Pss0 = p(s |a, s). The goal of a reinforcement
learning agent is to choose a policy such that the joint
´ ´ state-action distribution pπ (s, a) =
µπ (s)π(a|s) maximizes the average reward J(π) = S A π(a|s)µπ (s)Rsa dads.
The goal of relative entropy policy search is to obtain policies that maximize the expected
reward J(π) while bounding the information loss with respect to reference distribution
q(s, a), i.e.,

π,µπ

max
s. t.
∀s0

S×A

KL(π(a|s)µπ (s)||q(s, a)) ≤ ,

p(x) log(p(x)/q(x))dx.

where Eqs. (1)–(3) specify the general reinforcement learning objective (Eq. 1) with the
constraints that π(a|s)µπ (s) is a distribution (Eq. 2) and µπ is the stationary distribution
under policy π (Eq. 3). Equation (4) specifies the additional bound on the KL divergence,
where
ˆ
KL(p(x)||q(x)) =
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The reference distribution q is usually set to the state-action distribution induced by previous policies, where the initial explorative policy is a wide, uninformed distribution such
as a zero-centered Gaussian with a larger variance. In each iteration, the policy is adapted
3
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to maximize the expected reward while respecting the constraint on the KL divergence.
Thus, as learning progresses, the policy typically slowly converges towards a deterministic
reward-maximizing policy.
In this paper, we aim at developing a reinforcement learning algorithm for continuous
state-action MDPs with non-linear and redundant state representations. We assume the
transition and reward models of the MDP are unknown. Furthermore, we will concentrate
on infinite-horizon problems.

2. Stable Policy Updates for Stochastic Continuous MDPs

The relative entropy policy search optimization problem in Eqs. (1)–(4) defines controller
updates that maximize the expected average reward under a bound on the information loss.
However, for continuous systems with stochastic dynamics and non-parametric controllers,
it is not straightforward to solve the optimization problem directly. In this section, we
explain the steps to obtain a practical algorithm. First, we show how to find the dual of
the optimization problem. Subsequently, we discuss how this problem can be solved for
stochastic systems that are continuous and non-linear. After that, we discuss how to relax
the assumption of ergodicity of the MDP by transforming the average reward MDP into a
discounted reward MDP. Solving the optimization problem results in a new optimal policy
that is, however, only defined on the current set of samples. Therefore, we discuss how
the sample-based optimal policy can be generalized to the entire state space. Finally, we
discuss how to set the hyper-parameters of the different steps of our method with minimal
manual tuning.
2.1 Finding the Dual Problem

To find the dual to the optimization problem in Eqs. (1)–(4), first, we formulate the Lagrangian. For every constraint, we introduce a Lagrangian multiplier. Because Eq. (3) represents a continuum of constraints, we introduce a corresponding continuous state-dependent
Lagrangian multiplier V (s). Instead of summing the contributions for each constraint in the
Lagrangian, here, we have to integrate instead. Analogously to the sampling distribution
q(s, a), we will write pπ (s, a) = π(a|s)µπ (s) for the proposed state-action distribution to
keep the exposition brief. Therefore, the Lagrangian

´

A pπ (s, a)da,

the Lagrangian can be re-shaped in the more

¨

¨
ˆ
a
0
0
L(p, η, V, λ) =
pπ (s, a)Rsa dads + V (s0 )
pπ (s, a)Pss
ds
0 dads − µπ (s )
A×S
S
A×S




¨
¨
pπ (s, a)
+λ 1−
pπ (s, a)dads + η  −
pπ (s, a) log
dads .
q(s, a)
A×S
A×S
Using the identity µπ (s) =
convenient form
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ˆ
pπ (s, a)
a
0
L(p, η, V, λ) = λ−Epπ (s,a) [V (s)]+η+Epπ (s,a) Rsa − λ + V (s0 )Pss
.
0 ds − η log
q(s, a)
S

4

a
0
V (s0 )Pss
0 ds − η log

S

pπ (s, a)
− η − V (s) = 0.
q(s, a)

(5)

π(a|s) ∝ q(s, a) exp


δ(s, a, V )
η


.

1
1
=
,
Eq(s,a) exp (δ(s, a, V )/η)
q(s, a) exp (δ(s, a, V )/η) dads

(6)

2. A detailed derivation is given in Appendix A.

5
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To solve Eqs. (1)–(4), we need to find the Lagrangian parameters that minimize the dual
function in Eq. (7), i.e., (η ∗ , V ∗ ) = arg min g(η, V ). V is a function with domain S, hence, for
continuous domains, we will surely over-fit without additional assumptions. One possibility

2.2 Solving the Dual Problem

To compute the Bellman error δ, the transition distribution is required. As this distribution is generally not known, δ needs to be approximated. The dual function (7) depends
implicitly on reference distribution q through the samples.

i=1

We typically do not know the sampling distribution q, as it depends on the unknown system
dynamics. However, the expected value over q can be approximated straightforwardly by
taking the average of samples 1, . . . , n taken from q. Note that λ and q do not appear in
the final expression of the dual function
!
n
1X
g(η, V ) = η + η log
exp (δ(si , ai , V )/η) .
(7)
n

To obtain the dual function, we re-insert the state-action distribution pπ (s, a) in the Lagrangian2


pπ (s, a)
g(η, V, λ) =λ + η + Epπ (s,a) δ(s, a, V ) − λ − η log
q(s, a)

=η + η log Eq(s,a) exp (δ(s, a, V )/η) .

which yields the policy

A×S

exp (−λ/η − 1) = ˜

´
a ds0 −
The function V (s) resembles a value function, such that δ(s, a, V ) = Ras + SV (s0 )Pss
0
V (s) can be identified as a Bellman error. Since pπ (s, a) is a probability distribution, we
can identify exp (−λ/η − 1) to be a normalization factor

Therefore, we obtain the new state-action distribution
 a ´


a ds0 − V (s) 
Rs + SV (s0 )Pss
−λ − η
0
pπ (s, a) = q(s, a) exp
exp
.
η
η

∂L
= Ras − λ +
∂pπ (s, a)

ˆ

To find the optimal p, we take the derivative of L with respect to p and set it to zero

Non-parametric Policy Search with Limited Information Loss

(10)

ĈS 0 |S,A = Φ(Ksa + lC I)−1 ΨT ,

6

3. This means [Ksa ]ij = ks (si , sj )ka (ai , aj ), [ksa (s, a)]i = ks (si , s)ka (ai , a).
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where ĈS 0 |S,A is a learned conditional operator that allows the computation of embedding
strengths β(s, a) = (Ksa + lC I)−1 ksa (s, a), as suggested by Grünewälder et al. (2012a,b). In
this equation, lC is a regularization coefficient, the matrices Ψ = [ψ(s1 , a1 ), . . . , ψ(sn , an )]
and Φ = [φ(s01 ), . . . , φ(s0n )] consist of implicit feature factors, whereas matrix Ksa = ΨT Ψ
and vector ksa (s, a) = ΨT ψ(s, a) contain kernel function evaluations between pairs of data
points.3 The mean embedding µ̂S 0 |s,a can be seen as a vector-valued kernel ridge regressor
that maps s, a pairs to the expected function ks (s0 , ·) (Grünewälder et al., 2012a).

(9)

µ̂S 0 |s,a = ĈS 0 |S,A ψ(s, a) = Φβ(s, a),

a in Eq. (5) is unknown, we need to approximate E 0 [V (s0 )|s, a].
Since the transition model Pss
0
s
One way to do so would be to estimate
p(s, a, s0 ) using, e.g., kernel density
´ the0 joint density
estimation, and solving the integral S V (s )p(s, a, s0 )ds0 . However, kernel density estimation
in S × A × S requires many training samples, and solving the integral generally requires a
time-consuming numerical procedure. Instead, as suggested by Song et al. (2009), we can
directly estimate a conditional operator CS 0 |S,A that maps features ψ(s, a) of state-action
pairs to the expected value of implicit features φ(s0 ) = ks (s0 , ·). The resulting embedding
µs0 |s,a = Es0 [φ(s0 )|s, a] can subsequently be used to approximate functions in F, such as V .
Using such embeddings avoids estimating the joint density and leads to good results even
for high-dimensional data, and renders calculations of expected values over a function in F
straightforward without numerical integration (Song et al., 2013).
In order to learn the conditional operator, we will use a kernel over the state-action
space to implicitly define state-action features ψ(s, a) = ks (s, ·)ka (a, ·). Given a sample
{(s1 , a1 , s01 ), . . . , (sn , an , s0n )}, the empirical conditional embedding is defined as

2.2.1 Embedding the Transition Model.

for some set of states S̃ and scalars α, and a chosen reproducing kernel ks . In other words, we
assume V ∗ ∈ F for a reproducing kernel Hilbert space (RKHS) F with kernel ks . The kernel
ks implicitly defines a (possibly infinite dimensional) feature map φ(s) = ks (s, ·) (Schölkopf
et al., 1999). Such an implicit definition has the advantage that we do not need to explicitly
compute a feature basis for V ∗ (Hofmann et al., 2008). Kernels are in most cases easier to
choose than feature vectors as the complexity of V ∗ can grow with the amount of training
data. In the final algorithm, we will only work with inner product of implicit features
that can be computed using the kernel function, φ(s)T φ(s0 ) = ks (s, s0 ). Therefore, we do
not need to explicitly represent the (possibly infinite dimensional) feature maps (Hofmann
et al., 2008; Schölkopf et al., 1999).

s̃∈S̃

would be to assume V a function linear in designed features, but good features are taskspecific and often hard to define. We will therefore make the more general assumption that
V ∗ is of the form
X
V∗ =
αs̃ ks (s̃, ·),
(8)
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2.2.2 Evaluation of V .
In the next step, we want to use the conditional embedding to evaluate V . Conditional
embeddings in reproducing kernel Hilbert spaces have the property that conditional expectations of functions in F can be calculated as inner product in the Hilbert space (Song et al.,
2009). Since V ∈ F, i.e., is of the form (8), the expected value of V can be approximated
using the embedded distribution (Song et al., 2009; Grünewälder et al., 2012a,b), i.e.,

F

i=1

n
D
E
X
Es0 [V (s0 )|s, a] = V, µ̂S 0 |s,a
=
βi (s, a)V (si0 ).

s.t. η ≥ 0,

(12)

(11)

In the dual function g from Eq. (7), V is now only evaluated at sampled states si and si0 .
As we assumed V ∈ F, the generalized representer theorem (Schölkopf et al., 2001) tells
us that there is at least one optimum of the form (8) with S̃ the set of all sampled states.4
Consequently, Es0 [V (s0 )|s, a]−V (s) = αT K̃s β(s, a)−αT ks (s), where K̃s is the Gram matrix
with entries [K̃s ]ji = ks (s̃j , si0 ), and [ks (s)]j = ks (s̃j , s).
2.2.3 Finding a Numerical Solution.
The dual problem can now be restated in terms of η and α, as

!
n
X
δ(si , ai , α)
1
exp
,
min g(η, α) = η + η log
η,α
n
η
i=1


δ(s, a, α) = Rsa + αT K̃s β(s, a) − ks (s) .

+ αT (φ̃(s0 ) − φ̃(s)).

(13)

This objective is convex, and since the analytic gradient and Hessian for this objective
are straightforward to obtain5 , we employ second order optimization methods to find the
optimal η and α. Jointly optimizing for η and α is rather slow because of the need of a constrained optimization method. As proposed by Lioutikov et al. (2014), we use a coordinatedescent-like approach where, iteratively, η and α are minimized separately, keeping the
value of the other variable fixed. Thus, a fast unconstrained convex optimization algorithm
can be used to minimize α, whereas a more expensive constrained minimizer can be used
for η. Minimizations are run for a fixed number of updates (instead of until convergence),
and every iteration is initialized at the result of the last optimization, to speed up the
optimization. Iterations continue until the constraints are fulfilled within an acceptable
tolerance.
If we choose kernels ks (si , sj ) = φ̃(si )T φ̃(sj ) and ksa ((si , ai ), (sj , aj )) = 1{(si ,ai )} ((sj , aj )),
we obtain the original REPS formulation (Peters et al., 2010) as a special case, with corresponding Bellman error
δ(s, a, α) =

Rsa
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of widely applicable kernels that do not depend on hand-crafted features. Furthermore,
avoiding the identity kernel function over the state-action space allows efficient learning in
stochastic systems.

2.3 Ensuring a Stationary Distribution

ˆ

0
0
0
0
a
γPss
0 V (s ) + (1 − γ)p1 (s )V (s )ds ,

(14)

The REPS formulation (Eqs. 1–4) assumes the existence of a stationary distribution. However, not all MDPs have a stationary distribution for every policy π. For systems that
do have a stationary distribution, steady-state behavior might not be realizable for real
systems that need to be started and stopped. Furthermore, transient behavior, such as the
swing-up of a pendulum, might be of greater interest than steady-state behavior.
We can ensure the system has a stationary distribution that includes such transients by
resetting the system with a probability 1 − γ at each time step. The system is subsequently
set to a state from the initial state distribution p1 (s). In this case, the expected value of V
at the next time step is given by
E[V (s0 )|s, a] =

S

= γαT K̃s β(s, a) + (1 − γ)αT µ̂S1 ,

a are
where µ̂S1 is the empirical (observed) embedding of the initial state distribution and Pss
0
the transition probabilities of the original MDP. Such a reset procedure enables learning by
removing the impracticable requirement of infinite roll-out length. In this way, we obtain
a discounted setting similar to that used in RL methods that optimize the accumulated
discounted reward.

2.4 Generalization of the Sample-Based Policy

p(θ) = N (0, α−1 I),

The parameters resulting from the optimization, η and α, can be inserted back in Eqs. (12)
and (6) to yield the desired probabilities {pπ (s1 , a1 ), . . . , pπ (sn , an )} at the sampled (s, a)
pairs (where pπ (s, a) = π(a|s)µπ (s) as before). Conditioning on the current state yields the
policy to be followed in the next iteration. However, since states and actions are continuous,
we need to generalize from these weighted samples to nearby data points. To this end, we
want to find a generalizing stochastic policy π̃(a|s) conditioned on the observed policy
samples.
We first consider parametric policies π̃(a|s; θ) linear in features φ(s) with parameters θ.
Later, we will generalize our results to non-parametric policies. We place a Gaussian prior
over the unknown policy parameters, and choose a Gaussian noise model for the conditional
over actions. Consequently, a Bayesian model is specified that will allow us to find a
posterior over parameters θ

π̃(a|s; θ) = N (θ T φ(s), β −1 I).

p(θ|a1 , . . . , an , s1 , . . . , sn ) = z −1 p(θ)

i=1

n
Y

π̃(ai |si ; θ)
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(si , ai ) ∼ pπ (a, s).

By conditioning on the sampled state-action pairs, we obtain the familiar update equation

4. A sketch of the proof following Schölkopf et al. (2001) is given in Appendix B.
5. The dual and its partial derivatives and Hessians are given in Appendix A, together with a proof of
convexity of the dual function.

8

In these equations, 1 is the indicator function, φ̃ is a set of hand-crafted features, and s0 is the
observed outcome of applying action a in state s. Our generalization allows the selection

JMLR 18(73):1-46, 2017
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Eq. 11
Eq. 13
Sec. 2.4
Sec. 2.4

i=1

i=1
n
X

i=1
n
X

log π̃(a|s; θ)

pπ (a,s)
q(a,s)

+ const.

pπ (a, s)
log π̃(a|s; θ) + const.
q(a, s)

log π̃(a|s; θ) + const.

(si , ai ) ∼ q(a, s),

(si , ai ) ∼ q(a, s),

(si , ai ) ∼ pπ (a, s),
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9

i=1

n
X

10

φ(s̃i )T φ(s0i ) − φ(s̃i )T ĈS 0 |S,A ψ(si , ai )

2

,

The conditional operator has open hyper-parameters, namely, the hyper-parameters of the
kernels over s and a as well as the regularization parameter lC . We set lC and the hyperparameters of kernel ka through two-fold cross-validation on the objective

2.6 Hyper-parameter Optimization

which minimizes the difference between actual embedding strength and the embedding
strength predicted using the conditional operator ĈS 0 |S,A introduced in Eq. (10). This
objective is based on the cross-validation objective proposed by Grünewälder et al. (2012a),
but exploits the fact that the embedding will only be evaluated at known functions φ(s̃).

Sn = (βΦT D−1 Φ + αI)−1 , (15)

(17)

(16)

Sec. 2.2
Eq. 11
Eq. 12
Sec. 2.4
Sec. 2.5

where kernel vector ks (s) = φ(s)T Φ, kernel matrix Ks = ΦT Φ, and l is a free regularization
hyper-parameter. Together with other hyper-parameters, such as the kernel bandwidth, l
can be set by performing cross-validation on a maximum marginal likelihood objective.
Kober et al. (2011) derived an EM-based policy search approach that uses similar costsensitive Gaussian processes (GPs). The regularization term in these GPs is modulated with
the inverse of the weight at each data point. However, there are some notable differences.
First of all, in our case the weights w are found by transforming the advantage function
rather than the reward function, allowing decision making in longer-horizon problems. Furthermore, that approach used a maximum likelihood perspective which allows derivation of
the mean, but not the variance. In contrast, we derive our policy update using importance
sampling from a Bayesian perspective that allows a principled derivation of the covariance
update. Algorithm 2 shows how the different steps of our approach, non-parametric relative
entropy policy search (NP-REPS), fit together.

σ 2 (s) = k(s, s) + l − ks (s)T (Ks + lD)−1 ks (s),

π̃(a|s) = N (µ(s), σ 2 (s)), µ(s) = ks (s)T (Ks + lD)−1 A,

For non-parametric policies, Eq. (15) can be kernelized straightforwardly, to yield

2.5 Non-Parametric Generalizing Policies

Algorithm 2 Policy iteration with non-parametric REPS (NP-REPS)
repeat
generate roll-outs according to π̃i−1
calculate kernel embedding strengths
β j ← (Ksa + lC I)−1 ksa (sj , aj )
minimize kernel-based dual
η ∗ , α∗ ← arg min
 g(η, α)

calculate kernel-based Bellman errors
δj ← Rj + α∗T K̃s β j − ks (sj )
calculate the sample weights
wj ← exp(δj /η ∗ )
fit a generalizing non-parametric policy π̃i (a|s) = N (µ(s), σ 2 (s))
until convergence
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where D is a diagonal weighting matrix with Dii = 1/wi and A = [a1 , . . . , an ]T .
The policy mean is of the form of the lower bound introduced by Dayan and Hinton
(1997), and the policy that maximizes this lower bound can be found through a weighted
linear regression (Peters and Schaal, 2007), although that framework does not employ a
Bayesian formulation and therefore cannot represent uncertainty in the parameters. Note
that instead of basing the weights on a transformation of the reward function, our approach
uses a transformation of the Bellman error, which takes the long-term expected rewards
into account. The critical step of choosing the transformation was done by manual design
in earlier work (Peters and Schaal, 2007; Dayan and Hinton, 1997)), while here the transformation directly results from the optimization problem (1)–(4). Algorithm 1 shows how
the different steps of our approach fit together in the special case of linear value functions
and policy, when sampled outcomes are used to approximate the Bellman error. This form
of the algorithm was introduced in our earlier work (Peters et al., 2010).

π̃(a|s) = N (βφ(s)T Sn ΦT D−1 A, φ(s)T Sn φ(s) + β −1 ),

Since π̃(a|s; θ) is Gaussian in our model, raising to the power of wi simply scales the variance
by 1/wi . By exponentiating both sides again, and using the familiar procedure for weighted
Bayesian linear regression (Gelman et al., 2004), we find the predictive distribution

As the new state-action distribution pπ is of the form given in (6), we can write the importance weights


pπ (si , ai )
δ(si , ai , V ∗ )
wi =
= exp
.
q(si , ai )
η∗

= log p(θ) +

≈ log p(θ) +

log p(θ|a1 , s1 , . . . , an , sn ) = log p(θ) +

n
X

Here, z −1 is a normalization factor. However, our samples are drawn from q(a, s) and
not pπ (a, s). From a log transformation of the update equation, we see that we can use
importance sampling to estimate θ using the approximation

Algorithm 1 Policy iteration with relative entropy policy search (REPS)
repeat
generate roll-outs according to π̃i−1
minimize dual
η ∗ , α∗ ← arg min
 g(η, α)

calculate Bellman errors for each sample δj ← Rj + α∗T φ̃(s0j ) − φ̃(sj )
calculate the sample weights
wj ← exp(δj /η ∗ )
fit a generalizing policy
π̃i (a|s) = N (µ(s), σ 2 (s))
until convergence
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−1
k(xn , xn ) − km (xn )T Kmm
km (xn ). The matrix Knm denotes a Gram matrix between all n
input points and the active subset of m data points, while km and km denote a scalar and
vector of corresponding kernel values.
To derive a sparsification with the same type of effective kernel using the rewarddependent regularization terms introduced in Section 2.5, we can consider the regular update
equation for the non-parametric policy mean in Eq. (16),
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−1

12

−1
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where l2 is an additional regularization parameter. As the covariance does not depend
on the inducing output at the training points, the standard update equation for Gaussian
processes can be used in this case. The update equation for the mean corresponds to that
−1
−1
of a Gaussian process with an effective kernel k(x, x0 ) = km (x)T K̃mm K̃mm km (x0 ).

ỹ = (K̃mm Kmn DKnm K̃mm + l2 I)−1 K̃mm Kmn Dy,

−1

where K̃mm is the regularized inverse (Kmm + lI)−1 . The inducing output values ỹ are

−1

Analogously, a cost-regularized version of the PLV approach can be obtained in a similar
form, but omitting the Λ terms. As the proposed sparsification scheme depends on the
inverse of Kmm , numerical problems can potentially ensue if the active subset m is poorly
chosen (such that two almost-equal data points are present). To address this issue, we
regularize Kmm where necessary.
Alternatively, we consider fitting a regular Gaussian process to a set of M inducing
inputs, with pseudo-targets given by weighted linear regression. For pseudo-outputs ỹ
of M sparse inputs, a Gaussian process would predict ŷ = Knm (Kmm + lI)−1 ỹ at all
(active and passive) inputs. Since we know the true outputs y for the training data, a
maximum likelihood solution can be found using weighted linear regression, considering
Knm (Kmm + lI)−1 as design matrix. This approach yields the update equations for the
mean
−1
µ(x) = km K̃mm ỹ,

−1
σ 2 (x) = k(x, x) − km (x)T (Kmm
+ (Kmm + Kmn (lD + Λ)−1 Knm )−1 )km (x) + l.

The empirical conditional embedding (Eq. 10) can similarly be approximated using this
effective kernel. Considering the regular update equation for the non-parametric policy
covariance in Eq. (17), in similar a fashion we can derive the predictive variance

µ(x) = km (x)T (Kmm + Kmn (lD + Λ)−1 Knm )−1 Kmn (lD + Λ)−1 y.

Now, we can apply the Woodbury identity to obtain the update equation

−1
−1
µ(x) = km (x)T Kmm
Kmn (Knm Kmm
Kmn + lD + Λ)−1 y.

where y is the vector of all training outputs. We replace the occurrences of the kernel with
the effective kernel

µ(x) = kn (x)T (Knn + lD)−1 y,

The hyper-parameters of ks , the kernel for the predicted variable s0 , cannot be tuned
this way as trivial solutions exist. For example, essentially constant features φ(s0 ) with
very high bandwidth minimize the prediction error. Instead, we set the hyper-parameters
of ks through minimization of the mean squared TD error in a two-fold cross-validation
procedure. We choose this objective since the (residual) TD error is a common objective
for feature selection (Parr et al., 2008) in reinforcement learning.
We optimize the hyper-parameters of the Gaussian process policy separately from finding
the hyper-parameters of the conditional operator. The employed optimization objective is
the weighted marginal likelihood, with weights wi as discussed in Section 2.5. This objective
is maximized in a cross-validation procedure where every roll-out is used as separate fold.
2.7 Efficient Approximations for Large Data Sets
The proposed algorithm requires inverting several n × n matrices, where n is the number
of samples. If open hyper-parameters (such as regularization parameters or kernel bandwidths) need to be optimized, this inversion happens inside the optimization loop. As a
consequence, learning becomes slow if more than approximately 5000 samples are used (on
current computing hardware). Especially for complex problems and problems requiring a
high control frequency, such a soft limit can be prohibitive. In order to scale our method to
larger problems, approximate methods with high time efficiency have to be considered. In
this section, we will discuss two families of such approximation methods: sparsification of
the kernel matrix, and approximation of the kernel function using stochastic features. Related work on efficient calculations for non-parametric reinforcement learning are discussed
in Section 4.4 on page 33.
2.7.1 Sparsification Approaches.
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One way of scaling up kernel methods is to consider sparsifications, where a small number
of pseudo-inputs are used rather than the full data set. Multiple sparsification schemes have
been proposed in the context of supervised learning, notably the likelihood approximation
used in the projected latent variables (PLV) approach (Seeger et al., 2003) and the Bayesian
derivation of sparse pseudo-input Gaussian processes (SPGPs) by Snelson and Ghahramani
(2006).
Such sparsifications have been used in a number of RL algorithms (Engel et al., 2003;
Xu et al., 2014; Jung and Polani, 2007; Xu et al., 2007; Lever and Stafford, 2015). In many
of these algorithms, a quadratic program is optimized to learn the embedding strength of
the data points in the active set m. This approach typically results in an approximation
−1
km (x0 ). In this equation, km (x) and Kmm are a vector and a matrix,
k(x, x0 ) ≈ km (x)T Kmm
respectively, of similarities to the active set of m data-points (Jung and Polani, 2007; Xu
et al., 2007). The same effective kernel is used in the PLV approach (Seeger et al., 2003).
Note that, effectively, a non-stationary kernel is obtained, that is parametrized by the data
points in the active set m (Jung and Polani, 2007; Xu et al., 2007).
The SPGP approach uses a very similar kernel, but includes a state-dependent regularization term. This term proves to be helpful in gradient-based hyper-parameter optimization (Snelson and Ghahramani, 2006). The covariance of output points is then given by
−1
Knm Kmm
Kmn + lI + Λ. In this equation, the nth element on the diagonal of Λ is given by
11

L

i=1

1X
cos(ω Ti x + bi ) cos(ω Ti y + bi ) = z(x)T z(y),
L

JMLR 18(73):1-46, 2017
14

JMLR 18(73):1-46, 2017

13

6. As a consequence, the reference distribution q is a mixture of the previous three state-action distributions
in our experiments.

Instead of the non-parametric form of V assumed in this paper, we can follow earlier work
and define a fixed feature basis (Peters et al., 2010; Daniel et al., 2016). We choose to use a

3.2.2 Feature Based REPS with Fixed Basis Functions.

REPS only needs Es0 [V (s0 )|s, a] at observed state-action pairs (si , ai ). Therefore, if the
system is deterministic, this expectation is simply V (s0i ) at the observed values for (si , ai ).
In stochastic systems, this sample-based method is used as approximation.

3.2.1 Sample Based Model.

We compared learning progress of the proposed approach to that of various other approaches. On the one hand, we consider the non-parametric value-function based methods introduced by Grünewälder et al. (2012b) and Pazis and Parr (2011). On the other
hand, we will compare to the performance of neural-network based methods introduced by
Lillicrap et al. (2016) and Schulman et al. (2015) that are well-suited for redundant input
data. We also compare to versions of REPS with the sample-based model approximation
used by Peters et al. (2010) and Daniel et al. (2016), and one that uses a fixed feature set.
The relationship of the proposed approach to earlier non-parametric reinforcement learning
methods will be discussed in Section 4.3 on page 32.

3.2 Compared Methods

We assume a realistic exploration setup in which the agent cannot choose arbitrary stateaction pairs. Instead, as shown in Alg. 2, from an initial state distribution our agent explores
using its stochastic policy. After every 10 roll-outs, the model learner and the policy of the
agents are updated. To bootstrap the model and the policy, the agent is given 30 roll-outs
using a random exploratory policy initially. To avoid excessive computations, we include a
simple forgetting mechanism that only keeps the latest 30 roll-outs at any time.6 As each
roll-out contains 49 time steps on average in the larger tasks (as episodes are reset with a
constant probability after each step), most computations are performed on approximately
1500 × 1500 matrices.
After each update, in simulated runs, the learning progress is evaluated by running the
learned policy on 100 roll-outs with a fixed random seed. This data is not used for learning.
For every method, we performed 10 trials, each consisting of 20 iterations so that 220
roll-outs were performed per trial (30 initial roll-outs plus 10 per iteration). In real-robot
runs we evaluate the learned policy on the training samples, and performed 6 trials of 10
iterations each. The model and policy are refined incrementally in every iteration.

3.1 Experimental Set-up

a real robot that has access only to camera images rather than joint angles. In this section,
we will first discuss elements of our set-up that are the same across tasks. Subsequently,
we discuss implementation specifics and results for each task separately.

Van Hoof, Neumann and Peters

We first evaluate our method first on a reaching task, and the under-powered pendulum
swing-up task. Then, we will consider two tasks with redundant inputs: we compare different methods on a variant of the puddle-world task with a 400-dimensional input representation, and show the ability of the proposed method to learn a variant of the swing-up task on

3. Experiments

Products of Gaussian and periodic kernels can likewise be written as a single multivariate
Gaussian kernel on appropriate features of the inputs and handled in a similar way. As a
result, all matrix inversions are now performed on L × L rather than n × n matrices.

Therefore, suitable random features can be generated as
√
zi (x) = 2αL−1 cos([cos(x), sin(x)]ω i + bi ).

kp (x, y) = kes ([cos(x), sin(x)]T , [cos(y), sin(y)]T ).

with zi (x) = 2αL−1 cos(ω Ti x + bi ). As the chosen number of samples L gets smaller, the
approximation gets coarser but computations will get faster, as we will need to invert L × L
covariance matrices.
In this article, we will use the squared-exponential (or Gaussian) kernel kes (x, y) =
α exp(−0.5||x−y||Σ−1 ) with diagonal covariance Σ. This kernel has a corresponding Fourier
transform pes (ω) = N (0, Σ). Furthermore, for periodic data we will use a periodic kernel
kp (x, y) = α exp(−2 sin2 (0.5|x − x0 |)/σ 2 ). This kernel is equivalent to the Gaussian kernel
on periodic features

√

k(x, y) ≈ 2α

We can approximate this integral using samples (ω i , bi ) with i = 1, . . . , L and obtain

Rd

Instead of sparsification, where the exact kernel function is used at a subset of data points,
we might instead use an approximation of the kernel function at all data points. One such
approach is proposed by Rahimi and Recht (2007). They define a distribution p(z) over
mapping functions z such that the inner products in sampled feature spaces are unbiased
estimates of the kernel evaluation k(x, y) = E[z(x)T z(y)] ≈ z(x)T z(y), where zi (·) ∼ p(z).
They propose two kinds of random features that obey this criterion: Fourier features and
binning features. As the binning features are suitable only for kernels that solely rely on the
L1 norm between data points, we will focus on the Fourier features in this section. These
features have been used successfully in various classification and regression tasks (Rahimi
and Recht, 2007; Hernández-Lobato et al., 2014; Lu et al., 2016).
For the Fourier features, we require the Fourier transform αp(ω) of a stationary (shiftinvariant) kernel k(x, y), where α is a normalization factor that ensures p(ω) is a probability
distribution. The inverse Fourier transform is thus
ˆ
T
k(x, y) = α
p(ω)eiω (x−y) dω = 2αE[cos(ω T x + b) cos(ω T y + b)], b ∼ U(0, 2π).

2.7.2 Random Fourier Features.

Non-parametric Policy Search with Limited Information Loss
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samples tend to be highly correlated. We again use the RLlab implementation (Duan et al.,
2016) with fixed episode length.
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Additionally, we compare to the sparsification method proposed by Seeger et al. (2003). As
in the previous method, we interpret the Knm matrix as features and use these to calculate
embedding strengths and Bellman error terms.

3.3.3 Projected Latent Variables (LPV).

We use the method proposed by Snelson and Ghahramani (2006) to approximate the Gaussian process policy. To incorporate the desirability of data points, we use the modifications
proposed in Section 2.7. There is no straightforward extension of this method to learn
the Bellman error terms (Eq. 12). Therefore, in these steps of the algorithm we interpret
the matrix Knm introduced in Section 2.7 as a feature matrix. Subsequently, we calculate
the Bellman error terms using the feature-based formulation introduced by Peters et al.
(2010). In contrast to that work, we do not use single sample roll-outs, but calculate the
embedding strengths β (Section 2.2) using a linear kernel with the pseudo-features as input. Snelson and Ghahramani (2006) suggest choosing the active subset by maximizing
the marginal likelihood. However, this maximization is a computationally intensive process, and for the value function approximation, there is no criterion available equivalent to
the maximum likelihood criterion for the supervised learning set-up. Therefore, we choose
random subsets when applying this method.

3.3.2 Sparse Pseudo-input Gaussian Processes (SPGP).

For the sub-sampling baseline, we simply train the method as described in Section 2.2 with
a subset of the data points, ignoring the points that are not in the random subset.

3.3.1 Sub-sampling as Baseline.

We compare the approximation methods described in Section 2.7 to each other, as well as to
a naive baseline. This comparison evaluates the trade-off between a better approximation
quality and a faster computation time across a range of different numbers of features and
inducing inputs.

3.3 Approximation Methods

As an example of a linear method, we use LSPI (Lagoudakis and Parr, 2003). This method
learns a Q function by minimizing temporal differences. We only include this method
to show that linear methods in general do not suffice on our task with pixel inputs. As
suggested by Lagoudakis and Parr (2003), we use this method off-line, in contrast to the
other methods. Thus, all data used in this method has been gathered using the initial
exploration policy.

3.2.7 Linear Least Squares Policy Iteration

similar number of the same radial basis functions used in the non-parametric method, but
distribute these according to a regular grid over the state-action space.
3.2.3 Approximate Value Iteration.
In this approach by Grünewälder et al. (2012b), the value function is assumed to be an
element of the chosen RKHS. The maximization of the Q function requires discretizing a,
for which we choose 25 uniform bins in the allowable range. A deterministic policy selects
a∗ = arg max Q(si , ·), but this policy does not explore, yielding bad performance in onpolicy learning. To obtain an exploration-exploitation trade-off we replace the maximum
by the soft-max operator a∗ ∝ exp(Q(si , ·)c/stdev(Q(si , ·))). The free parameter c specifies
the greediness of the exploration/exploitation trade-off on normalized Q values. In an onpolicy scheme, the new policy is used to obtain samples for the next iteration.
As a comparison to this on-policy scheme, we also compare using a grid of state-action
pairs as training data. For a dense grid, this method has a richer input than all other
methods, as those other methods start with uninformed roll-outs from the initial-state
distribution. In a real system, obtaining such a grid is often unrealistic as the state cannot
be set arbitrarily.
3.2.4 Non-parametric Approximate Linear Programming.
Pazis and Parr (2011) introduced a non-parametric method, NPALP, that assumes the value
function is Lipschitz. This assumption allows the RL problem to be formalized as a linear
program. This method assumes the dynamics are deterministic. A greedy policy is obtained
that is optimal if all state-action pairs have been visited. Since visiting all state-action pairs
is infeasible in continuous systems, we include exploration by adding Gaussian distributed
noise to the action in a fraction  of the selected actions.
3.2.5 Trust Region Policy Optimization.
This method, introduced by Schulman et al. (2015), uses a bound on the expected KullbackLeibler divergence between successive policies, inspired by a theoretical policy iteration
algorithm that guarantees non-decreasing expected returns. The method, TRPO, requires
a parametric policy to be defined, but has been shown to work well with deep neuralnetwork policies that can be used in many different tasks, thanks to their flexibility. We
use the reference implementation provided in the RLlab framework (Duan et al., 2016).
This TRPO implementation requires a fixed time horizon, so we evaluate this model on a
modified version of the tasks where the episodes are of fixed length, equal to the expected
episode length used for other methods.
3.2.6 Deep Deterministic Policy Gradients.
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Lillicrap et al. (2016) introduced a policy gradient algorithm, DDPG, that works with
deterministic policies. DDPG is an actor-critic method that uses neural networks for both
the Q function and the policy. After each time step, the new experience sample is stored
in an ‘experience replay’ buffer, a randomly sampled batch from this buffer is then used
to calculate the policy gradient. This technique diminishes the problem that successive
15
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The results of the reaching task are shown in Figure 1. As this task is deterministic, the
sample-based model is optimal and provides an upper bound to the performance we can

3.4.1 Results of the Reaching Task.

composed of three simpler kernel functions.
Feature-based REPS needs a grid over the complete state-action space. Due to difficulties with the six-dimensional state-action space, we omitted this method. The exploration
parameter  of the NPALP method was set to 0.1, with the standard deviation of Gaussian noise set to 30Nm2 . The Lipschitz constant was set to 1 with the velocity dimensions
scaled by 1/5 for calculating distances. The exploration parameter c of the approximate
value iteration method was set to 1.5. These values were manually tuned to yield fast and
consistent learning progress. For REPS, we use a KL bound  of 0.5 in our experiments,
as this value empirically yielded acceptably fast learning progress while keeping updates
smooth enough on a range of learning problems.

k((θ i , θ̇ i , ai ), (θ j , θ̇ j , aj )) = kp (θ i , θ j )kse (θ̇ i , θ̇ j )kse (ai , aj ),

In the reaching task, we simulate a simple two-link planar robot. In this task, the agent’s
actions directly set the accelerations of the two joints. Each link is of unit length and
mass, and the system is completely deterministic. The agent gets negative reinforcement
r(s, a) = −10−4 ||a||22 − ||x − xdes ||22 according to the square of the applied action and of the
distance of its end-effector to the Cartesian position xdes = [0.5, 0]. Note that actions are
two dimensional and states are four dimensional (joint positions and velocities). The robot
starts stretched-out with the end-effector at x = [0, 2]. The maximum applied acceleration
is 50ms2 . We use γ = 0.96, which resets roll-outs after 24 samples, on average.
We use the commonly used squared-exponential (or Gaussian) kernel for angular velocities θ̇ and actions. This kernel is defined as kse (xi , xj ) = exp(−(xi − xj )T D(xi − xj ))
(with D a diagonal matrix containing free bandwidth parameters). However, for the angles θ we need a kernel that represents its periodicity. We use the kernel kp (xi , xj ) =
P
(d)
(d)
exp(− d sin((xi − xj )/(2π))2 /l2d ), where l is a vector of free bandwidth parameters.
Consequently, we obtain a complete kernel

3.4 Reaching Task Experiment

The last method we consider is based on the work of Rahimi and Recht (2007), with the
extension to desirability-weighted samples as described in Section 2.7. As this method
approximates the policy using features, we can use these features to calculate embedding
strengths and Bellman error terms in the feature-based formulation introduced by Peters
et al. (2010).

3.3.5 Fourier Transform Based Approximation

We also consider the regression-based sparse Gaussian Processes proposed in Section 2.7.
Again, the Knm matrix is interpreted as design matrix for calculation of the embedding
strengths and Bellman error terms.

3.3.4 Regression-based Sparse GPs.

Non-parametric Policy Search with Limited Information Loss

Figure 1: Comparison of learning progress of
different methods on the reaching
task. As this environment is deterministic, sample-based approximations of the transition functions are
optimal. Error bars show twice the
standard error of the mean. The
value-iteration method does not depend on roll-outs, its performance is
shown for comparison.

NP-REPS, with model
NP-REPS, sample based
NPALP
Value iteration on-policy
Value iteration grid
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The algorithms directly access the state variable encoding the angle θ and the angular
velocity θ̇, i.e., the state is defined as s = [θ, θ̇]T . The same kernels are used as in the reaching
task experiment (Section 3.4). The NPALP method was not designed for stochastic systems
and is consequently omitted. We set the grid size for feature-based REPS to [10 × 10 × 10]
and for the value-iteration method to [19 × 11 × 11]. The greediness parameter c for onpolicy value-iteration was set to 2 after manual tuning. We compare the KL bound  used
in the previous experiment, 0.5, to two extreme settings  = 5 and  = 0.05 to illustrate the
effect of this bound.

In this experiment, we simulate a pendulum
with a length l = 0.5m and a mass m =
10kg distributed along its length. A torque
a can be applied at the pivot. The pendulum is modeled by the dynamics equation θ̈ = (glm sin θ +a−k θ̇)/(ml2 /3), where
k = 0.25Ns is a friction coefficient and g = 9.81 is the gravitational constant. The controller’s sampling frequency is 20 Hz, i.e., every 0.05s the agent gets a reward and chooses
a new action. The maximum admissible torque is 30Nm, which prevents a direct swing-up
from the downwards position. Additive noise with a variance of 1/dt disturbs the controls,
resulting in a standard deviation of about 4.5Nm per time step. The reward function was
set to r(s, a) = −10θ2 − 0.1θ̇2 − 10−3 a2 , where θ is mapped to [−0.5π, 1.5π) to differentiate
the rewards of clockwise and counter-clockwise swing-ups. We use a reset probability of
0.02 (γ = 0.98).

3.5 Low-Dimensional
Swing-up Experiment

The baseline methods NPALP and value
iteration using RKHS embeddings obtain
good performance after the couple of iterations. However, if we iterate performing
roll-outs and policy updates after those first
steps, these methods fail to improve the policy consistently. The grid based value iteration scheme fails in this case: due to memory limitations the maximum grid size we
could use was [5 × 5 × 5 × 5 × 2 × 2] in the
6-dimensional space, which appears to be
insufficient to learn the task.

expect to get. Since non-parametric REPS with model learning needs to iteratively learn
the transition distribution, its convergence is slower. After inspection of individual trials,
the wide variance seems to be caused by occasional failures to find good hyper-parameters
for the state-action kernel.
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(b) Comparison of learning progress under different bounds  on the KL-divergence.
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(a) Comparison of learning progress of different
methods on the swing-up task.

Figure 2: Results of the low-dimensional swing-up experiment. Our non-parametric relative
entropy method outperforms the other on-policy learners. Error bars show twice
the standard error of the mean.

3.5.1 Results of the Low-Dimensional Swing-up.
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We show a comparison of the discussed methods in Figure 2a. The value iteration method
starts out competitively, but fails to keep improving the policy. Large variance indicates
the learning process is unstable. The bounded policy update in REPS makes the learning
progress smooth by limiting information loss, limiting exploitation to retain more exploration in early stages of the learning process.
The sample-based baseline model per30
15
forms considerably worse in this experi20
10
ment, as it cannot account for stochastic
10
5
transitions. The variant with fixed features
0
0
performs well initially, but in later itera−10
−5
tions, the non-parametric method is able to
−20
−10
focus its representative power on frequently
−30
0
π
2π
3π
4π
visited parts of the state space, resulting in
angle
an improved performance.
We show a comparison for different val- Figure 3: Mean of the learned stochastic polues of the KL bound  in Figure 2b. We
icy. Superimposed are 15 trajectoplotted two rather extreme values for . For
ries starting at the x-axis between
a large value of  = 5, we observe behavior
0 and 2π. Most roll-outs reach the
that is similar to the greedy value iteration
desired inverted pose, possibly afscheme. Initially, performance increases,
ter one swing back and forth. One
but learning progress has a high variance
roll-out overshoots and makes a full
and is not smooth. Sub-optimal perforrotation before stabilizing the penmance to both the proposed value  = 0.5
dulum.
and the greedy value-iteration is caused by
19

angular velocity
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instability of the policy fitting described in Section 2.5 when the sample weights span several orders of magnitude. For a low value of  = 0.05, learning progress is very stable but
slow. We found that setting  = 0.5 yielded good performance in all tasks we tried.
In contrast to the previous experiment, here, the grid-based value iteration method
worked well, as shown in Figure 2a. The policy learned by NP-REPS, shown in Figure 3,
sometimes overshoots the inverted position, which the grid based value iteration avoids.
However, to reach this performance, a grid of training samples covering the full state-action
space was needed. Providing such a grid is only feasible in simulation, as without an existing
controller, it is generally not possible to start the dynamical system with arbitrary position
and velocity. Furthermore, on higher-dimensional tasks, a grid of sufficient resolution would
require impracticably many samples.

3.6 Image-based Puddle World Experiment
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In this experiment, we investigated a modified version of the classical puddle-world task
with a 400-dimensional redundant representation. In the puddle world task, the agent
has to navigate to one corner of a two-dimensional world while avoiding high-cost areas
(‘puddles’). The aim of this experiment is to confirm the ability of our proposed method
to handle such representation, and to compare our method to other method that have been
shown to work well with raw sensory representations. We mostly follow the description for
the puddle world by Sutton (1996). As size of the goal region we use the area above the
line x + y = 1.8. We represent the state by a simple rendered pixel image, where the agent
is represented by a circle of 8% of the image size (the agent does not ‘see’ the puddles, but
has to learn where they are from experience). We found that for the policy search methods
we studied, a relatively low discount factor (γ = 0.96) or corresponding reset probability
(0.04) provided lower-variance results. Such a discount factor makes long-term rewards less
salient, thus we modified the per time step reward to -10. To make the task sensible in an
average-reward setting, we do not restart when the goal area is reached, rather requiring
the agent to learn to maintain this desired position.
A Gaussian kernel directly on pixel images would be very sensitive to even small shifts.
A better choice is a kernel exponential in the squared difference between low-pass filtered
images. To this end, we convolve the image with a Gaussian kernel of 20% of the image
size. The same representation is also used for the other methods. Note, that methods based
on neural networks would be able to learn this and other invariances, but this additional
expressive power comes at the cost of many parameters that have to be learned. The image
is finally down-scaled to 20 × 20 pixels to be able to reduce the size of a batch of images
in working memory. This does not change much for non-parametric methods (as relative
distance between images should stay roughly constant), and reduces the number of weights
in neural network based methods. We again performed 10 separate trials for each method,
using 15 iterations for REPS and an equivalent amount of training experiments for the
other methods. In each iteration, 20 roll-outs were performed, retaining the roll-outs from
the last 3 iterations in memory as before.
The methods under comparison were tuned as follows. For NP-REPS, we set the bandwidth of the value function to half the maximal pixel intensity and added a l2 regularizer
10−9 αT α to Eq. (11) to avoid over-fitting as this yielded good empirical performance.
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Overall, the SPGP and LPV sparsification methods perform very similarly and yield similar asymptotic values as the regression-based sparsification methods. The main difference
between these methods is the additional regularization term based on the approximation
accuracy that Snelson and Ghahramani (2006) introduced. One of the main benefits of
this additional regularization is a better behavior of the marginal likelihood for the purpose
of optimizing the inducing input points (Snelson and Ghahramani, 2006). As we did not
optimize for these points (as that would be too computationally costly to do inside the
reinforcement-learning loop), our results seems plausible in this respect.

In Figure 5c, the available number of bases is reduced even more, to about 7% of the
available training data. In this case, the regression-based sparsification method allows faster
learning than the Fourier-based methods and both other sparsification methods, possibly
because we used induced inputs ỹ that were optimal in a least-square sense. Considering
that only 7% of the basis is available, the drop in performance relative to the full availability
is modest.

An indication of the time requirement of the different methods is given in Figure 5d. The
implementations of the algorithms are not directly comparable, so drawing hard conclusions
about the algorithms is not possible on the basis of this data. For example, cross-validation
can be implemented using a fast decremental update of the matrix inverse only for the
sub-sampled and Fourier-based methods. For the other sparsification methods, there is no
straightforward way to implement this speed-up so these were trained using a 2-fold crossvalidation setup (rather than using one fold for each trajectory, which would have been

A comparison of our results using different numbers of features is shown in Figure 5. In
Figure 5a, all available inputs were used, and hence no approximation is needed. Thus,
the sub-sampling method reduces to the original methods, and performs best. However, if
the number of available bases is reduced to 500 (about one third of the available training
points), just training on a sampled subset performs very badly, as shown in Figure 5b. In
this set-up, the approximation based on a Fourier transform of the kernel seems the most
suitable, both in terms of sample efficiency and of asymptotic average reward.

The performance of the compared methods
is shown in Figure 4. The poor performance
of the LSPI method directly on raw pixels indicates that the problem is non-linear.
TRPO with a neural network policy learns
relatively slowly (we tried higher learning
rates, however, these made learning more
unstable but did not yield higher average returns). In our experiments, TRPO needed
at least 1000 roll-outs to converge to a good
solution. DDPG with a neural network policy and Q function learns about as fast as
NP-REPS, but yields high-variance results
that tend to be slightly worse by the end of Figure 4: Results of the image-based puddlethe experiment.
world experiment. The RLlab version of DDPG only reports perforWe want to stress two potential limitamance once the replay memory is
tions of this experiment. First, difference
initialized, so this graph starts after
between the compared methods might be
80 roll-outs. Error bars show twice
due to either the representation of the polthe standard error of the mean.
icy and/or value function or the algorithm
itself. Where NP-REPS uses kernel methods to represent the V function and the policy, TRPO and DDPG use neural networks.
LSPI used a value function linear in the raw pixels with a greedy policy. Where in this
experiment a non-parametric representation seems beneficial, in domains with visual distractors neural networks might do better. Secondly, this experiment evaluates how well
TRPO and DDPG do in a situation with a low number of training roll-outs, whereas these

3.6.1 Results of the Image-based Puddle World Experiment.

3.7.1 Results and Discussion of the Approximation Experiment.

We evaluated different schemes for approximating the kernel matrix on the pendulum swingup task described in Section 3.5. We do this by training policies using the various methods
discussed in Section 3.3. The trade-off between accuracy and computational speed is defined by the number of inducing inputs for the sparse kernel methods, or by the number
of random features used for the Fourier-transform based approximation. The number of
features (respectively, inducing inputs) was varied to investigate the trade-off between approximation accuracy and computation speed. We measured the learning progress using the
average reward, and additionally logged the time needed per iteration for each condition.
We report the average time needed over 10 trials of 10 iterations.

3.7 Approximation Experiment on the Swing-up Task

methods are commonly used to work with a much higher number of roll-outs where they
tend to do well.

Other hyper-parameters were optimized as explained previously, with the bandwidth of all
pixels for the model and policy tied together to speed up optimization. The KL-bound  was
again set to 0.5. For LSPI, we discretized the actions in horizontal and vertical directions
to three values: the maximum in either direction or 0.

For the neural-network based methods, we started from the default values in the RLlab
implementation (Duan et al., 2016). We adapted the batch size / epoch length to the
20 roll-outs performed per iteration. We manually tuned other parameters to maximize
empirical performance. This procedure resulted in a KL bound of 0.05 for TRPO (much
higher than the default, which is tuned for situations where a lot of data is available but the
task is harder). For DDPG, we obtained a learning rate of 10−4 for both the Q function and
policy, a minimum replay memory size of 1500 and a maximum memory size of 5000 and
a batch size of 64 (the relatively high batch size made the method more sample efficient).
For DDPG, we used a Gaussian exploration strategy with a decay period of 5000, as well
as multi-layer perceptron for the Q function. We tried several convolutional and three-layer
feed-forward architectures, and got best performance for two layers with 4 hidden units
each for TRPO and two layers with 8 hidden units for DDPG.
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When all data is available, applying any approximation takes more time than the baseline
‘sampling’ method. However, the ‘Fourier’ method tends to be much faster when the number
of features is reduced—one of the reasons for this effect is that in our implementation,
calculated features are cached. This caching benefits feature-based approximations, but
not kernel-based ones. Compared to using all available bases without approximating, the
‘Fourier’ method with 500 bases is about twice as fast at a similar level of performance.

even more expensive computationally). Therefore, these three methods (‘SPGP’, ‘LPV’,
and ‘Sparse’) are slowest in cases with many available inducing inputs.

Figure 5: Results of the evaluation of different approximation methods using different numbers of features. In all graphs, error bars indicate twice the standard error of the
mean. The learning curves show error bars only for every fifth iteration to keep
the figures interpretable. At a medium number of features (b), the Fourier-based
random features deliver performance that is almost equal to the original algorithm, while requiring fewer computational resources (d). More computational
resources can be saved by using only 100 features or inducing inputs, at the cost
of a larger performance gap to the original algorithm (c).

(c) Different approximation methods using
100 features or inducing inputs.
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3.8 Real-Robot Swing-up Experiment from Vision Data

In this last experiment, we aim to validate our method on a real-robot task. We consider
two scenarios: the learner either has access to the joint angles and velocity, or only to a
redundant image-based representations of the state obtained through a camera pointed at
the robot. Considering the time it takes to perform robot evaluations, and the wear to the
robotic system, we provide a proof-of-concept of the proposed method without comparing
to other methods.

3.8.1 Robot Set-up and System Dynamics.

To the end-effector of a Kuka light-weight robot arm, we attached a wooden rod with a
mass of roughly 1kg and a length of roughly 80 cm. Red cardboard was used to make the
pendulum visually salient. We aim to swing this rod up using the last degree-of-freedom,
and limit the torque of the corresponding motor such that the pendulum cannot be swung
up directly from the downwards position. This set-up is shown in Figure 6a.
A couple of characteristics of the robot system make the task different from the simulated
pendulum swing-up task in the previous section. The robot link is limited in its range of
motion to less than 2π and in its velocity to less than about 4.2/s, whereas the simulation
had no such limitation. To prevent the robot from moving hard into these limits, we add
a feedback signal that stops the robot if it gets close to those limits for safety.7 The joint
limits are illustrated in Figure 6b.
To perform exploration on the real robot, another issue to address is that high jerk
motions might damage the gearboxes. Therefore, instead of controlling the torque as in
the previous experiments, we will control an increment to the torque. This increment will
smoothly be added to the previous torque over the course of one time step. Controlling
the increment, rather than directly controlling the torque, has the additional benefit that
the applied torque tends to be more consistent over time, preventing ‘washing out’ of highfrequency control signals on the robot system. To preserve Markov properties, the previous
torque has to be appended to the state vector. To provide comparable results over the
different robot trials, instead of resetting the system randomly, we reset the system every
50 time steps to a set of ten different starting angles. The starting velocity and acceleration
are set to zero.

3.8.2 Camera Set-up and Image Processing.

JMLR 18(73):1-46, 2017

The camera provides video frames at a rate of about 30Hz, but this rate can fluctuate
slightly during the experiments. To prevent synchronization issues between the camera and
the control system, we let the arrival of camera images govern the time step length. Since
we want to control the robot at about ten Hertz, we choose a new action whenever every
third camera image is received. Consequently, not all torques are applied for the same
duration, providing a source of transition noise.
To keep the amount of storage space and processing time limited, we down-sample the
images to 15 × 20 pixels and reduce the image to a single channel (by subtracting the
average brightness from the red channel value, since the color of the pendulum is red). The

7. The exact feedback signals used are given in Appendix C.

24

−5/4π

θ

(b)

−π

0π

−π/2

25

JMLR 18(73):1-46, 2017

where the first term rewards the robot for being close to the upright position and the second
term penalizes the robot for being too close to the joint limit. All else being equal, we prefer
solutions that do not needlessly change the torque, as jerky motion can damage the robots.
Therefore, the third term penalizes large control actions.
As kernel on the state variables, we used a Gaussian kernel with three separate bandwidth parameters: one for all pixels of the current image, one for all pixels of the difference
image, and one for the previously applied torque. The bandwidth parameters for all pixels
of each image were tied together in this way to keep the hyper-parameter optimization
manageable. For the learned transition model, the kernel on the action (torque increment)
is again a squared exponential.

In contrast to the earlier experiment, the real robot system is not periodic as it cannot turn
the joint more than 2π. Consequently, we need a reward function that punishes the robot
for getting too close to the joint limit. We use the reward function

r(s, a) = exp −(1.5θ)2 − 2(θ − 0.25) 1{x∈R:x>0.25} (θ) − 0.0005a2 ,

3.8.3 Employed Reward Function and Kernel.

image is blurred slightly with a low-pass filter to smooth out sensor noise, using a Gaussian
kernel with a bandwidth of 6% of the image width. To provide the learner with a notion
of velocity, the 15 × 20 pixel image and the 15 × 20 difference image to the previous time
step were given to the robot as a concatenated 600-dimensional feature vector, as shown in
Figure 7.

Figure 6: The set-up of the real-robot swing-up experiment with redundant representation.
(a) The robot set-up. One of the robot arms holds a pendulum which has a mass
of about 1 kg and a length of about 80 cm. The Kinect camera in the foreground
is used to provide feedback to the robot (proprioceptive joint information is not
available to the robot). (b) An illustration of the set-up that illustrates the
coordinate system used. As the image is shown from the camera’s point of view,
the coordinate system is inverted (clockwise θ). In the shaded area, an additional
torque is applied to keep the robot from running into the joint limit at π/2.

(a)

π/2

π/4

Non-parametric Policy Search with Limited Information Loss

-

26

JMLR 18(73):1-46, 2017

Figure 7: Sensor representation used by the robot. The Kinect camera image is downsampled into 15 by 20 pixels and converted to a single-channel image by subtracting the average intensity from the red channel values. From the resulting
sequence of images, the current image and the difference between the current image and the previous image are concatenated with the previously applied torque,
yielding a 601-dimensional feature vector.
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Figure 8: Results of the real-robot experiment from vision data. (a) Phase-space trajectories of one of the learned policies. Color indicates the applied torque (Nm). In
most trajectories, the robot manages to swing up the pendulum and balance it
around the upright position (θ = 0). Near this position, the pendulum tends to
oscillate as a consequence of time discretization and system delays. (b) Learning
progress with input from either joint angles or pictures only. The REPS algorithm would converge to a locally optimum solution regardless of input modality,
but seems to need more training time to reach such a local optimum using visual
input. The graph shows the average reward over six independent trials. Error
bars show twice the standard error.

average reward
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In this experiment, the heuristic for setting the bandwidth for the value function approximation according to the TD-error did not always work. Therefore, these three bandwidth
parameters were set by hand to 0.5, 1.4, and 4.0, respectively, as these values allowed good
prediction performance while being able to represent the value function with enough accuracy. The bandwidth parameters and other kernel parameters for the learned transition
model and the policy were set automatically by maximizing the same cross-validation objectives used in the previous experiments. The bound on the KL divergence was set to
 = 0.8.
We used the Fourier feature approximation to the full kernel matrix, as the simulation
experiments showed these features to yield good performance with an intermediate number
of bases while also requiring relatively little computation time. Furthermore, computing
the features and evaluating the linear Bayesian policy is straightforward to implement on a
robotic system and can run in real-time as it has relatively low computational demands. We
used 1000 random basis features, as the system is intrinsically higher dimensional compared
to the simulated pendulum swing-up experiment (as we appended the previously applied
torque to the state vector).
Sometimes, a feasible solution to the dual optimization problem could not be found.
We considered this effect could be due to over-fitting to the sensor noise in the camera
that made the system partially observable. We addressed this issue by projecting the 1000dimensional feature vectors on all principal components with principal values at least 5% of
the maximum principal value for purpose of optimization of the dual function (Eq. 11) only.
This procedure yielded between 100 and 200 components on our data set and addressed the
problem satisfactorily. The dimension reduction also sped up the optimization of the dual
function. Models and policies were still learned in the original 1000-dimensional spaces, as
these steps contain regularization terms that make them robust to such over-fitting.
3.8.4 Results for the Real-robot Swing-up from Vision Data.
The results of the robot swing-up task are shown in Figure 8.8 Of the six trials we performed,
five resulted in policies that successfully swing-up and balance the pendulum. An example
of the phase-space is shown in Figure 8a. It is apparent that the pendulum oscillates near
the target position which occasionally causes the pendulum to drop. The pendulum-camera
system has some system delay which could cause such oscillations, and which also prevents
a finer time discretization.
Figure 8b shows the average learning progress for the task. The system learns from
an initial uninformed policy that hardly obtains high rewards. Our result shows that nonparametric methods are a promising approach to dealing with redundant state representations such as images, since the task is successfully learned. Nevertheless, knowing a good
representation, such as joint values, still resulted in better learning performance. Generally,
many different representations could be used as long as a kernel yields appropriate similarity values can be defined that. In the end, the algorithm only performs operations based
on those similarity values. Some pixels will never change their value. Such pixels are not
problematic, as stationary kernels such as the squared exponential are not influenced by
them.

JMLR 18(73):1-46, 2017

8. A video illustrating the experiment and the results is available at http://youtu.be/y00HJu2qcO0.
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Perhaps the most straightforward way to limit the information loss of a policy is to stay
close to a previous policy. Policy gradient methods (Williams, 1992; Sutton et al., 1999),
for example, limit the policy update δθ to a step in the gradient direction of fixed Euclidean

4.1 Policy Updates with Limited Information Loss.

Over the years, many different reinforcement learning (RL) algorithms have been proposed,
as reviewed by, among others, Bertsekas and Tsitsiklis (1996); Szepesvári (2010); Sutton and
Barto (1998); Busoniu et al. (2010); Powell (2007); Bartlett (2003); Kaelbling et al. (1996);
Wiering and Otterlo (2012); and Deisenroth et al. (2013). Many of the most well-known
algorithms are value-function methods. However, there is no notion of the sampled data or
sampling policy in the value function, making it impossible to limit the loss of information
as the policy is updated (Peters et al., 2010). Furthermore, in continuous state-action
spaces, such methods need to be approximated, which means that policy iteration does not
necessarily improve the policy (Kakade and Langford, 2002; Bartlett, 2003).
Policy search methods are a complementary class of reinforcement learning approaches,
which explicitly represent the sampling policy (Deisenroth et al., 2013). Such methods might
additionally represent a value function, e.g. (Williams, 1992; Peters and Schaal, 2008; Sutton and Barto, 1998), in which case they are referred to as actor-critic algorithms. Policy
search methods allow the learning agent to take the sampled data or the sampling policy into
account. Policy search methods offer other advantages: policies might be easier to represent
than value functions and convergent algorithms for policy search are known (Bagnell and
Schneider, 2003a). Furthermore, for certain policy parameterizations, stability guarantees
can be given (Deisenroth et al., 2013). If prior knowledge or task demonstrations are available, these can usually be integrated straightforwardly in policy search methods (Deisenroth
et al., 2013; Peters and Schaal, 2006). For these reasons, policy search methods have in
practice proven to work well on real (e.g. robotic) systems (Deisenroth et al., 2013).
In high-dimensional domains, both value-function and policy search methods have often
relied on hand-crafted feature representations (Kaelbling et al., 1996; Kober et al., 2013;
Bartlett, 2003). This hand-tuning can largely be avoided by learning a suitable representation (Jonschkowski and Brock, 2015; Böhmer et al., 2013). Such an approach, however,
often requires a lot of training data and usually relies on non-convex optimization. Defining
a representation can also be side-stepped by using non-parametric methods (Ormoneit and
Sen, 2002; Rasmussen and Kuss, 2003), that implicitly use very rich representations that
can adapt to the complexity of the data. Such methods, however, have the disadvantage
that they usually rely on inverting matrices that grow with the data set. As a solution,
efficient approximations can be used (Seeger et al., 2003; Snelson and Ghahramani, 2006;
Rahimi and Recht, 2007).
We discuss these issues in more detail in the remainder of this section. First, we discuss
various RL methods that provide stable policy updates. Subsequently, we give an overview
of different studies addressing RL with high-dimensional states, followed by a discussion
of non-parametric RL techniques. Finally, we discuss various methods for efficiently approximating non-parametric methods that allow such methods to be applied to large data
sets.

4. Related Work

Non-parametric Policy Search with Limited Information Loss
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Kober et al. (2013) observed that “in practice, reinforcement learning algorithms tend
to work best for real systems when they are constrained to make modest changes to the
distribution over states while learning”. However, depending on the system dynamics, a
small change in the policy might cause a large change in the distribution of states visited by
the policy. Thus, it may be advantageous to limit the relative entropy between successive
state-action distributions rather than between successive policies or trajectory distributions.
Empirically, a bound on the state-action distribution has been shown to outperform a bound
on the policy for relatively large step-sizes (Lioutikov et al., 2014). Moreover, bounding
the information loss between subsequent state-action distributions has been shown to have
optimal regret in an adversarial Markov decision process (MDP) settings for discrete finite
horizon problems (Zimin and Neu, 2013).

Another line of work, that is related to bounding the divergence between successive
policies, has focused on guaranteeing improvement of the policy by limiting the policy update. In conservative policy iteration (Kakade and Langford, 2002) and safe policy iteration
(Pirotta et al., 2013), the updated policy is a mixture of the old policy and a greedy policy
that maximized a lower bound on the policy improvement. Trust region policy optimization
(Schulman et al., 2015) similarly guarantees policy improvement, using the relative entropy
between successive policies in the lower bound.

The first formulation has led to various algorithms that provide stable policy updates.
For example, the dynamic policy programming algorithm (Azar et al., 2011) uses the relative
entropy between successive policies as an additional cost term in the value function. Similar
update equations have been derived from two points of view. Firstly, from the point of view
of maximizing the cumulative reward under constraints on the communication bandwidth
or data processing capacity (Tishby and Polani, 2011), or, equivalently, minimizing the policy complexity under a constraint on the policy’s value (Still and Precup, 2012). Another
derivation minimizes the relative entropy from the trajectory distribution conditioned on obtaining maximal rewards to the proposed policy (Rawlik et al., 2013b). In these approaches,
the trade-off between greedy exploitation and maintaining stable updates—analogous to the
(inverse) temperature of a Boltzmann distribution—is a free parameter. To obtain convergence, an update schedule that decays the temperature over time has to be designed. In
contrast to adding the relative entropy as a cost-term, Levine and Abbeel (2014) employ a
bound on the relative entropy between successive policies.

There are two main approaches to specifying such an information constraint. As suggested by Bagnell and Schneider (2003a), the loss of information between successive path
distributions might be bounded. Such a formulation is equivalent to bounding the expected
loss of information between successive policies, since the transition dynamics are the same
under both path distributions. In our previous work (Peters et al., 2010), we instead proposed to bound the information loss between successive state-action distributions.

length δθ T δθ = . However, this metric is not invariant to re-parametrization of the
policy. This problem can be addressed by instead using the Fisher information metric
F in the constraint δθ T F(θ)δθ = ε, as suggested by Kakade (2002). This constraint can
be interpreted as the second-order Taylor expansion of the loss of information (relative
entropy) between the path distributions of the original and the updated policy (Bagnell
and Schneider, 2003a).
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In our previous work (Peters et al., 2010), the Relative Entropy Policy Search (REPS)
algorithm was derived based on such a bound on the relative entropy between successive
state-action distributions. Policies learned using REPS re-weight the previous state-action
distribution using a soft-max of the advantage function. This soft-max policy is reminiscent of the common ad-hoc exploration-exploitation trade-off using Boltzmann exploration
(Kaelbling et al., 1996; Sutton, 1990; Lin, 1993), expectation-maximization based updates
(Peters and Schaal, 2007; Kober et al., 2011), and the previously discussed algorithms by
Azar et al. (2011) and Rawlik et al. (2013b). The advantage of REPS is, that the ‘temperature’ parameter that governs exploration is set directly by the algorithm. As a result, the
algorithm is invariant to re-scaling of the reward function, and the temperature automatically decreases as the policy converges.
Alternative techniques search an optimal policy within the space of policies of similar
exponential form (Lever and Stafford, 2015; Bagnell and Schneider, 2003b). In REPS, the
exponential form does not result from an imposed search-space of the policy, but is a direct
consequence of solving the bounded optimization problem. Under specific assumptions
on the environment and the reward functions, exponential transformations of the value
functions are also used in the definition of the optimal policy in the non-parametric method
by Rawlik et al. (2013a). The embedding of the exponentiated value function, however,
suffers from numerical problems where the value function is low.
Earlier approaches based on the REPS formulation (Lioutikov et al., 2014; Kupcsik
et al., 2013; Peters et al., 2010; Daniel et al., 2016) have shown to be successful on a variety
of problems. In all these approaches, a function-valued Lagrangian multiplier V emerges
from the resulting optimization problem, which can be seen as a value function (Peters
et al., 2010). However, these approaches assume the Lagrangian multiplier V is linear in
manually-defined features, making it hard to apply the algorithm to domains with highdimensional non-linear sensor representations. We relaxed this assumption, by requiring V
to be a member of a non-linear RKHS, allowing implicit infinite feature representations. In
contrast to earlier approaches based on the REPS optimization problem, our method can
naturally handle non-parametric policies, such as Gaussian process policies.
REPS requires the estimation of the Bellman error. This estimation can, for example, be
performed using a learned transition model. Thus far, work on learned transition models for
REPS has been limited. The transition dynamics have been approximated by deterministic
single-sample outcomes (Daniel et al., 2016; Peters et al., 2010) which only works well for
deterministic environments, or by time-dependent linear models (Lioutikov et al., 2014).
Gaussian process models have been used in the bandit setting (Kupcsik et al., 2013) to
learn a simulator that predicts the outcome of new roll-outs. Instead, similar to previous
value function methods (Grünewälder et al., 2012b; Boots et al., 2013; Nishiyama et al.,
2012), we will employ empirical conditional RKHS embeddings to obtain non-linear models
for step-based reinforcement learning.
4.2 Reinforcement Learning for High-dimensional State Representations.

JMLR 18(73):1-46, 2017

Recently, several researchers have started to address the problem of reinforcement learning
with high-dimensional state representations such as camera images. In many of these works,
learning consists of two fully separate steps: learning a representation and, subsequently,
31
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learning a policy or value function. One possible approach is to view the problem as
reducing the dimensionality of the high-dimensional states while losing as little information
as possible. For such a purpose, deep neural networks such as deep auto-encoders have
become popular. For example, Lange et al. (2012) and Mattner et al. (2012) used such
networks to learn state representations that were subsequently exploited to learn visual tasks
using fitted Q-iteration or non-parametric approximate dynamic programming, respectively.
Finn et al. (2016) used spatial auto-encoders, that exploit the spatial coherence of images,
to learn visual pushing tasks using guided policy search.

The discussed methods do not explicitly make use of the structure of reinforcement
learning problems. In domains where salient sensory distractors occur, taking such structure
into account can help avoid representing those distractors. Jonschkowski and Brock (2015)
proposed a method that takes observed transitions and rewards into account using a set of
robotic priors, to learn representations for, among others, a visual navigation task. Another
way to take the dynamics into account is to use slow-feature analysis, which encodes diffusion
distances based on the transition kernel (Böhmer et al., 2013). The learned representations
were used in an LSPI approach to learn visual navigation. A visual navigation task was
also addressed by Boots et al. (2011), who select features based on their ability to predict
characteristics of possible future events. Forcing the dynamics to be linear in the latent space
is another way of enforcing a task-relevant representation. Watter et al. (2015) showed this
principle to be successful at learning representations for model-predictive control of several
dynamical systems in an off-policy setting.

The goal of finding a state representation that takes the task structure into account can
also be reached by directly learning neural network policies that map from high-dimensional
sensory information to control actions (Levine et al., 2016). In this approach, the hidden
neurons act as feature representation. As the network is trained to reproduce correct actions, those neurons are optimized to provide a representation that helps the learning agent
succeed at its task. This method requires having a low-dimensional task representation
available at train time. It guides the neural network training using locally optimized trajectories. Mnih et al. (2015) instead directly used a neural network as an approximate Q
function, as such an approach is able to scale to large networks and data sets. Their method
obtained superb performance on playing Atari games, but is limited to problems with a discrete set of actions. Other methods have used neural networks that represent policies and
have achieved impressive results on simulated dynamical systems, including bipedal locomotion and a driving simulator (Schulman et al., 2015; Mnih et al., 2016; Lillicrap et al.,
2016). These methods, however, tend to require data sets with a million transitions or
more to achieve these results. Such large data sets are impractical to obtain for real physical systems, e.g., robots. Furthermore, all neural-network based learning methods rely on
non-convex optimization of all the network weights.

4.3 Non-parametric Reinforcement Learning Methods.

JMLR 18(73):1-46, 2017

Non-parametric kernel methods use an implicit representation of the data, and therefore
avoid the explicit choice of a feature representation. Many different approaches in reinforcement learning have been re-formulated to use non-parametric methods. For example,
non-parametric value iteration methods have been proposed for (partially observable) MDPs

32

JMLR 18(73):1-46, 2017
34

JMLR 18(73):1-46, 2017

33

We show that the resulting algorithm is able to outperform other non-parametric algorithms on a reaching task and a pendulum swing-up task with control noise in on-policy
settings. We also show good performance of the proposed algorithm relative to neural-

In this paper, we have developed a policy search method with smooth, robust updates to
solve continuous MDPs. Our method uses learned non-parametric models and allows the
use of non-parametric policies, avoiding hand-crafted features. By taking the sampling distribution into account during policy updates, stable learning progress was obtained even
with relatively small batches of data. By embedding the conditional transition distribution,
expectations over functions of the next state can be computed without density estimation. The resulting predictions are robust even with state representations with hundreds of
dimensions.

5. Conclusion and Future Work

Yet another method takes an approach complimentary to sparsification approaches.
Whereas sparse Gaussian process approaches essentially find coefficients for the true kernel
matrix at a subset of data points, Rahimi and Recht (2007) propose an approach that
evaluates an approximation to the kernel function at all training data points. To the best
of our knowledge, this type of approximations has, so far, not been explored in the context
of reinforcement learning. This approach approximates the kernel function as an inner
product of random Fourier features. As such, it is reminiscent of the work by Fard et al.
(2013) and Ghavamzadeh et al. (2010), who use random projections for parametric value
function methods. However, these studies aim at reducing the dimensionality of sparse or
redundant features using random projections, the method of Rahimi and Recht (2007) is
used to project low-dimensional vectors into high-dimensional feature spaces so that the
function approximation problems become linear. Konidaris et al. (2011) employ Fourier
basis features for value function approximation. The parameters of the basis features were
predetermined whereas in our approach the parameters are drawn from a distribution based
on the kernel bandwidth, which can be optimized using standard techniques.

Kernel-based non-parametric methods usually require inverting Gram matrices, which are
of dimension n × n, where n is the number of data points. This step is a bottleneck for
scaling up these methods to large data sets (1000 - 10000 samples being the upper limit
where most of these methods start to be prohibitively slow). Therefore, non-parametric
approaches benefit from efficient approximations for large data sets.

4.4 Efficient Approximation for Non-parametric RL Methods.

Alternative non-parametric methods were proposed by Rawlik et al. (2013a) and Deisenroth and Rasmussen (2011). The method by Rawlik et al. (2013a) considers continuous-time
systems with continuous actions. This method assumes the environments injects observable control noise and that the system is control-affine. Deisenroth and Rasmussen (2011)
describe a model-based iterative method. They explicitly marginalize the uncertain nonparametric model to avoid over-greedy optimization. However, their method requires the
reward function to be known and to be of squared exponential form. Additionally, it selects
actions greedily and so it does not address the exploration problem.

Policy-search methods can be applied to address these shortcomings, by iteratively improving a policy. Kober et al. (2011) introduced cost-regularized kernel regression, which
finds non-parametric policies for contextual bandits. In contrast, other approaches have
focused on step-based decision making. For example, Bagnell and Schneider (2003b) developed a policy gradient method embedding a desirability function that defines a policy in a
RKHS. However, their approach is restricted to discrete actions, and as a model-free method,
cannot exploit learnable system dynamics. More recently, Lever and Stafford (2015) introduced another policy gradient approach, which searches for the mean function of a Gaussian
process policy within a RKHS. Although this method cannot represent non-Gaussian policies, unlike the method of Bagnell and Schneider (2003b), it can represent policies that are
close to deterministic more easily. A disadvantage of this method is that a schedule to decay
the co-variance of the Gaussian towards zero has to be manually defined. Vien et al. (2016)
introduced a non-parametric variant of the natural policy gradient, together with a natural
actor-critic algorithm and expectation-maximization based updates.

Multiple non-parametric RL algorithms handle large data sets by selecting a subset of
data points, and then finding coefficients for each of the kernels using a quadratic programming problem (Engel et al., 2003; Xu et al., 2014; Jung and Polani, 2007; Xu et al., 2007;
Lever and Stafford, 2015). In most cases, this sparsification approach results in an approximation of the kernel function by a non-stationary kernel function parametrized by a subset
of active data-points, as pointed out by Jung and Polani (2007) and Xu et al. (2007). If all
data-points were chosen to be active, this approximation would be exact.

(Grünewälder et al., 2012b; Nishiyama et al., 2012), and non-parametric approximate dynamic programming method have been proposed by Ormoneit and Sen (2002), Taylor and
Parr (2009), Deisenroth et al. (2009), Kroemer and Peters (2011) and Xu et al. (2014). Engel
et al. (2003) proposed a Gaussian process (GP) temporal difference algorithm, and furthermore, there are examples of non-parametric policy iteration schemes such as kernelized
least-squares policy evaluation (Jung and Polani, 2007) and least-squares policy iteration
(Xu et al., 2007; Rasmussen and Kuss, 2003). The approximate linear programming algorithm, proposed by Pazis and Parr (2011), does not use kernels. Instead, this model-free
method assumes the value function is Lipschitz, and assumes deterministic dynamics. Such
value function methods use greedy maximization with respect to approximated value functions. Consequentially, these methods use deterministic actions. If exploration of the state
space is required, heuristics such as an -greedy or a soft-max policy can be used. Furthermore, Grünewälder et al. (2012b) and Nishiyama et al. (2012) consider only discrete action
sets and assume the state-action space can be sampled uniformly. For robotic systems, this
can generally only be done in simulation.

A sparsification approach for the method of Ormoneit and Sen (2002) has been proposed
by Barreto et al. (2011). The proposed stochastic factorization approach, however, works
only on stochastic kernel matrices, such as used in Nadaraya-Watson kernel regression.
Another approach for applying cost-regularized kernel regression to large data sets is to
apply a learning algorithm to separate subsets of the data and combine the results (Macedo
et al., 2014). However, as the authors state, this approximation is not mathematically
equivalent to the original problem, and if, as suggested, data from multiple iterations is
combined, the on-policy assumption of the algorithm would be violated.
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network based methods on a variant of the puddle-world task with a redundant input
representation.
A limiting factor in applying the method to larger problems is the computational cost
of inverting the Gram matrix. To address this issue, we evaluated different approaches
to approximate this matrix that allow the inverse to be calculated efficiently. We found
the approximation of the kernel function using random Fourier features to have desirable
properties: they are computationally fast, easy to implement, and yielded good performance
for moderate numbers of basis features. Sparsification yielded better performance on a
smaller set of basis functions.
We evaluated the applicability of the algorithm to a real-robot under-powered swing-up
task, with 600-dimensional visual representations of the pendulum’s state. Here, we found
that our method could successfully learn policies that swing up and balance the pendulum,
from high-dimensional data.
Many tasks concerning sensory data are similar to the real-robot under-powered swingup task, in that they have a high extrinsic dimensionality, but are intrinsically low-dimensional.
Kernel-based algorithms perform all operations on kernel values, so they are invariant to
the extrinsic dimensionality. Our kernel-based RL algorithm can, thus, be applied to such
tasks without a separate dimension reduction. However, underlying distractor dimensions
would negatively impact kernel-based algorithms unless the kernel parameters would be set
(by design or using learning techniques) to ignore those effects.
The proposed algorithm is designed with data scarcity in mind, and shows good empirical
performance in such cases. However, even with the proposed approximation of the Gram
matrix, the run-time of the algorithm can still be a limiting factor. As the complexity of
learning problems grows, we need more data and more approximating features, increasing
the computational requirements. Thus, the proposed algorithm is likely to be a good choice
when obtaining samples is costly or restricted, but might not be the best choice when
samples are cheap relative to computation time.
In future work, we want to investigate synergies between the optimization problem and
the generalizing policy. We will also address hyper-parameter optimization in systems with
multi-dimensional controls, as our current objective does not always yield suitable hyperparameters. We plan to apply our algorithm on real-world robotic tasks, including tasks
with high-dimensional visual or tactile sensors, and investigate how to exploit structural
knowledge about dynamical systems in such tasks. To avoid the need to enhance visual
salience, learning task-relevant kernels will be essential.
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Appendix A. The Dual and its Derivatives

To obtain the dual function, we re-insert the state-action probabilities pπ = π(a|s)µπ (s) in
the Lagrangian to obtain the dual


pπ (s, a)
g(η, V, λ) =λ + η + Epπ (s,a) δ(s, a, V ) − λ − η log
,
q(s, a)
=λ + η + Epπ (s,a) [−λ + λ] + Epπ (s,a) [δ(s, a, V ) − δ(s, a, V ) + η] ,

=λ + η + Epπ (s,a) η dads = λ + η + η = η + η log(Z),

=η + η log Eq(s,a) exp (δ(s, a, V )/η) ,

i=1

where we used that exp (−λ/η − 1) = Z −1 , so λ + η = η log(Z). The expected value over
q can straightforwardly be approximated by taking the average of samples 1, . . . , n taken
from q. Note that λ and q do not appear in the final expression.
!
n
1X
exp (δ(si , ai , V )/η) .
n
g(η, V ) = η + η log

δ(si , ai , α) = Rsaii + αT (Kβ(si , ai ) − ks (si )).

When employing the kernel embedding, the Bellman error is written as

We define

exp (δ(si , ai , α)/η)
wi = P n
i=j exp (δ(sj , aj , α)/η)

i=1

to keep equations brief and readable. The partial derivatives can be written as:
!
n
1X
exp (δ(si , ai , α)/η) ,
n
i=1

n
∂g(η, α)
1X
=−
wi δ(si , ai , α) +  + log
∂η
η

i=1

n
∂g(η, α) X
=
wi (Kβ(si , ai ) − ks (si )) ,
∂α

i=1

i=1

and furthermore, we obtain the Hessian:


T !
n
1X
−δ(si , ai , α)
−δ(si , ai , α)
H(g(η, θ) =
wi
Kβ(si , ai ) − ks (si )
Kβ(si , ai ) − ks (si )
η
i=1

 n  
T
n 
X
1X
−δ(si , ai , α)
−δ(si , ai , α)
wi
wi
.
Kβ(si , ai ) − ks (si )
Kβ(si , ai ) − ks (si )
η

−

−δ(si , ai , α)
Kβ(si , ai ) − ks (si )
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The Hessian of a function is positive semi-definite on a set if and only if the function
is convex on that set. Since η is the Lagrange multiplier for an inequality constraint, we
have η ≥ 0.To show that H(g(η, θ)) is positive semi-definite on (η, θ) ∈ [0, +∞) × Rn we
introduce the following abbreviation:

T
.
ui =

36

1
η

i=1
n

 1
wi ui uTi −
η

i=1
n

n
X

n
X

(wi ui )
i=1
n

n
X

(wi ui )T

η

i=1





j=1



(wj uj ) +

T

(wj uj )T

j=1

j=1

n
X

(wj uj )
j=1

n
X

j=1

Pn

j=1



(wj uj )



T

j=1



j=1

=





n

j=1

2 

i=1

2

j=1

X
1 X  T
wi a ui −
wj aT uj   .
η

n

i=1

j=1


a

37

JMLR 18(73):1-46, 2017

P
The factors aT ui − nj=1 wj aT uj
are squares of real numbers and thus non-negative.
Since the wi are the result of a soft-max operation and thus non-negative, this holds for the
weighted sum, too. Thus, for any η ≥ 0, aT Ha ≥ 0 and g is convex.





T
n
n
n
X
X
1 X
T
=
wj uj  ui −
wj uj 
wi a ui −
η



i=1

Note that we have used the property that
i=1 wi = 1. H is positive semi-definite if
aT Ha ≥ 0 for any a.

 

T 
n
n
n
X
X
X
1



aT Ha =aT 
wj uj  ui −
wj uj    a
wi ui −
η

i=1



j=1

j=1

n
X

(wj uj )

i=1

wi ui uTi − 2ui

i=1

(wi )

n
X

T 
n
n
n
X
X
1 X 

wj uj  ui −
wj uj   .
=
wi ui −
η

=

η

n
1X

+

n
1X

i=1

X
 2X
1X
wi ui uTi −
(wi ui )
(wj uj )T
=
η
η

H(g(η, α)) =

n
X

Now, we can re-write the Hessian
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which can represent an error function between the value of a function V (s) at the samples
si and the corresponding desired outputs yi . In our case, we do not have desired output
values yi for our objective function. This is inconsequential as c can be arbitrary, and so
can be independent of all y values.
P
Any function V can be written as V = s̃∈S̃ αs̃ ks (s̃, ·)+v(s), where v(s) is an additional
bias term. If V is constrained to be in the Hilbert space defined by k, Schölkopf et al. [2001]
show that c is independent of the bias term v(s). This means that for any optimal V 0 that
is not of the proposed form, there is a V ∗ of the proposed form that has the same objective
value which is obtained by subtracting v(s) from V 0 .
As the dual function g satisfies the conditions to cost function c, for us this means that
there is at least one V ∗ optimizing g of the proposed form. Note that it is inconsequential
that the dual g also depends on Lagrangian parameter η. For any optimum (η ∗ , V ∗0 ), if V ∗0
is not of the proposed form, projecting V ∗0 on the proposed basis yields another function
V ∗ that satisfies g(η ∗ , V ∗0 ) = g(η ∗ , V ∗ ), so (η ∗ , V ∗ ) must be an optimum as well.
Therefore, there is always at least one minimum of any such function c of the proposed
form.

where S̃ is the set of states samples during the roll-outs. We follow some steps in the
proof of Schölkopf et al. (2001). They consider arbitrary objective functions c mapping to
R ∪ {∞} of the form
c((s1 , y1 , V (s1 )), . . . , (sm , ym , V (sm ))),
(19)

s̃∈S̃

We want to show that at least one of the functions V minimizing the dual functional g can
be represented using a weighted sum of kernel functions centered at the sample states, i.e.,
that
X
V∗ =
αs̃ ks (s̃, ·),
(18)
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Appendix C. Feedback signals to avoid joint angle and velocity limits

(d)

In our real robot set-up, the control action selected by the algorithm is the increment in
the torque to be applied. However, to avoid running into joint angle and velocity limits,
the resulting torque is modified when these limits are approached. Therefore, the torque
applied at time step t




(t) (t)
(t)
τ (t+1) = max min τt + u + τs(t) + τd , τmax
, τmin ,
(t)

where τs and τs terms that act as spring and damper when the robot gets close to the
(t)
(t)
joint limit, and τmax and τmin are the maximum and minimum torque, respectively, that
can be applied without breaking the velocity limit. The definition of θ, as well as the joint
limit and the area where the feedback terms are applied, are illustrated in Figure 6b.
The feedback terms are defined as follows. The spring-like term

0
if − 5/4π < θ < 1/4π,

τs(t) = 15(−5/4π − θ) if θ < −5/4π,


15(1/4π − θ)
if 1/4π < θ,

is applied whenever the joint gets close to the joint limit at 1/2π = −3/2π. The damper-like
term

0.3(−5/4π − θ)θ̇ if θ < −5/4π and θ̇ > 0,

(t)
τd = 0.3(1/4π − θ)θ̇
if 1/4π < θ and θ̇ < 0,


0
otherwise,

is applied in the same region, as the feedback has to be higher when the pendulum has a
high velocity. To prevent the velocity from exceeding the velocity limit, additionally, the
minimum and maximum torques


(t)
(t−1)
τmax
= min τmax
+ 0.05, 20(3.85 − θ̇) + 4.5 cos(θ) ,



(t)
(t−1)
τmin = max τmin − 0.05, 20(−3.7 − θ̇) + 4.5 cos(θ) ,
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are applied. The cosine term is a rough compensation for the torque induced by gravity.
The term linear in θ̇ is a linear damping term. Furthermore, the system has some delays
which tended to induce oscillations close to the maximum torque. Therefore, the maximum
(respectively minimum) can only be increased (decreased) by a small amount relative to
the previous value.
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S. Grünewälder, G. Lever, L. Baldassarre, M. Pontil, and A. Gretton. Modelling transition dynamics in MDPs with RKHS embeddings. In Proceedings of the International
Conference on Machine Learning (ICML), pages 535–542, 2012b.
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